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AHgatia 

Alou [yapux petresreH J0-MMHMMaJIbyi KypbIIbIMJapbIH 3epTTeymeH ait- 

HaJIbICThI. Ol, ata alirkanga, KanTrop xxublHbl mpeguKatT P peringe Oepinren 

(R, <, P) KypbIIbiMbIHbIH, Kapanaiibim T Teopvachl AN-MMHUMaIbAi 6onaTSIHbIH 

meneagen. Janengey peringe KBaHTOpmapszbI 2KO10 ogicin ocbt T Teopuacpina 

KommaHagpl. By »*ymbicTa 613 ocbl Teopuara OafiaHbIcTb! Gacka curHaTypameH 

6epireH KBaHTOPMapLbI 2KOIO offici apKbiVIbI Oacka Asie] YCbIHaMBI3. 

KanTop >KMbIHbI npequKaT P peringe Sepinren (R, <, P,r,l,0,1) perrenren 

CaHJap 2KMbIHbI MeH eki T 2KoHe | byHKUMAMAapbIH (TeMeHJe aHbIKTavIraH) Kapac- 

ThIpaliblk. 

Erep x caupi (0, 1] kecingicinge xarnaiirpi Gonca, onga U(r) = r(x) = =. 

Erep x caupi [0,1] Kecingicive »xararpi 6omca, onga U(x) - x caHbiHaH Kini 

OonaTbIH KanTop *KHbIHBIHbIH eH YIKeH Maxi, 6ommaca I(x)) = z. 

r PYHKIUMSIChI Typa Ocha aHbiKTalagbl. Erep x caHbl (0, 1] Kecingicinge 

2KaTca, OHA r(x) - © CaHbIHAH YIKeH GomaTpiH KanTop 2KMbIHbIHbIH CH a3 MOdHi, 

6ommaca T(z) = x. 

(R, <, P,7,,0,1) KyppiipimHpin ocbl Kapanalinim Teopuacbhl KBaHTOpsapzbl 

2KOIONbI PYKCAT CTETIH] DOE eve. . 

CoHbIMeH KaTap, peTTe/IreH TypakTbI TONTapAarbl (opMy asap 2KMbIHTbIFBI- 

HbIH KacweTTepi 3epTTeseni. ‘



AHHOTalMa 

B [5] Jakou Tyapuk wayan u3y4arb AN-MMHMMaJIbHble yMOopsO4eHHbIe CTpyk- 

TYpbl, Me, B YACTHOCTH, OH JOKa3a, YTO seMeHTapHad Teopua I’ cTpyKTypbl 

( R,<,P), rae P Bbigeaser KaHTOpOBO MHO?KECTBO, ABJIACTCA JM-MMHUMAJIbHON. 

JIna sToro oH goKa3a.1, YTO 9Ta Teopua T JoONycKaer BIMMHBUMIO KBaHTOpoB. B 

gTolt paOoTe MbI MIpeACTABJIAeM ele OHO AOKASATELCTBO 3INMMHAlMH KBaHTO- 

poOB JA JaHHOW Teopum OTHOCHTeIbHO Apyrou curHatypbl. 

PaccMoTp¥M yiopaO4eHHOe MHO?KECTBO BELIeCCTBEHHBIX YMCEII C BbIZeCHHBIM 

KAaHTOPOBOM MHo2KecTBOM (R, <, P,7, 1,0, 1), B KoTOpoM npeguKaT P nponntep- 

IIpeTHPOBaHO KaK KAHTOPOBO MHOXKECTBO M ABe yHapHble ynKynu ru | onpeze- 

JIeHbI CeTYIOWUM OOpasom. 

Ecau uvcno x He mexut B orpesxe (0, 1], To I(x) = r(x) =z. 

Ecam uucno x mexut B oTpesxe [0,1], To I(x) - sTo MakcuMambHoe 4MCIIO 13 

KAaHTOPOBO MHO>KecTBa, CTPOTO MeHbIlee, YM Z, CC/IM OHO CyIeCTByeT, B NpOTHB- 

Hom csryyae I(x)) = a. 

Dyukuua 7 onpesemaeTcA aHamorHyHbIM OOpasom. Ecim 4MCMO X Je%KUT B 

orpesxe [0, 1], To r(x) - 3TO MMHUMavIbHOe UNCIIO M3 MHOxKecTBa KanTopa, crporo 

IIpeBbiiuaiollee Z, CCIM OHO CYIMeCTBYeT, B IPOTHBHOM cuyuae r(x) =a. 

Toxaspipaerca, YTO 9Ta QeMeHTapHaa Teopua cTpyKtypp! (R, <, P,r,1,0, 1) 

MONYCKaeT SAMMMHALMIO KBAHTOPOR. 

Kpome Toro, uccilexyloTca CBolicTBa NOAMHO2KeCTB CopMy B yNOpAAOUeHHO | 

yCTOHUMBbIX YOPAOYeCHHBIX Ppynmax.
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Nomenclature 

J Exists 

Vv For all 

£ First order language 

Mt Model of T 

E Model 

a Negation 

~< Elementary extension 

— Implication 

Cc Subset 

t Bounded 

V Disjunction 

A Conjunction 

T Theory



1. Introduction 

1.1 Motivation 

Quantifier elimination is one of the most important tools in model theory. 

Indeed, if a theory allows quantifier elimination, then this theory is complete, and 

the description of all definable subsets can be reduced to describing only those 

subsets that are defined by a quantifier-free formula. One of the most important 

mathematical structures is the linearly ordered set of real numbers. On it, you can 

set an ordered group and field. It is known that the elementary theory of these 

structures admits quantifier elimination, and since these theories are computably 

axiomatizable, quantifier elimination implies their solvability. 

1.2 Aims and Objectives 

In [5], John Goodrick began to.study dp-minimal ordered structures, where, 

in particular, he proved that the elementary theory T structures (IR, <, P), where | 

P distinguishes Cantor’s one third set, is dp-minimal. In order to prove this, 

J.Goodrick proved that this theory T’ admits quantifier elimination. In this work, 

we present another proof of quantifier elimination for the given theory with respect 

to another signature. 

We work this the set of real numbers (R, <, P,r,1,0,1), in which Cantor’s set 

and two unary functions r and / are defined as follows. 

If the number x does not lie in the interval [0,1], then I(r) = r(x) = a. 

If the number z lies in the interval [0,1], then I(x) is the maximum number 

from Cantor’s set that is strictly less than 2, if such exists, otherwise I(x) = z. 

The function r is defined similarly. If the number z lies in the interval [0, 1], 

then r(x) is the minimum number from Cantov’s set that is strictly greater than 

x, if such exists, otherwise r(a) = x.



It is proved that this elementary theory of structure (R, <, P,r,l,0,1) admits 

the elimination of quantifiers. 

In addition, the properties of formula subsets in orderly stable ordered groups 

are investigated. 

1.3. Thesis Outline 

This chapter 3 is written with the help of the book of J. Barwise [2] and it is 

concerned with the fundamental relationship between mathematical statements 

(axioms), on the one hand, and mathematical structures (models) which satisfy 

them, on the other. The emphasis is on the model theory of first-order statements. 

This chapter, written for those with no prior knowledge of first-order logic, ex- 

plains the most basic notions. This material is really pre-model theory and is 

needed for most of the chapters. 

In this chapter 4 we introduce the notions of o-stable(see ) and superstable 

theories (see 4.2). We investigate the properties of formula subsets in orderly 

stable ordered groups. 

In the penultimate chapter 5, it is proved that an ordered set of real numbers 

with a distinguished Cantor set (R,<, P,r,/,0,1), in which the predicate P is 

perfected as a Cantor set, admits elimination of quantifiers (see 5.2). 

The final chapter 6 presents the conclusion.



2. Preliminaries 

Definition 2.1. A basic type over T is a set of basic formulas ®(x) with one 
variable which is maximal consistent with T. Given an element m of a model 

MM of T’, the set of all basic formulas (quantifier-free formula) satisfied by m is a 

basic type, called the basic type of m. 

Note that if every set of basic formulas consistent with T then we can extend 

it to a basic type over T’. 

Definition 2.2. A formula ¢() is said to be complete in T if the set 

{O(x) :T & $(z) > O(x)} 

is a type over 7’. A type which is generated by a complete formula is called 

an isolated type.



3. FUNDAMENTALS OF MODEL THEORY 

3.1 An introduction to first-order logic 

Let & be a given collection of function symbols, relation symbols and constant 

symbols. We make no restriction on the size of the collection X, though usually 

» is finite or countably infinite, but also it can be uncountable. Each function 

symbol f € & has a positive integer #(f) assigned to it; ifn = #(f), then f is 
called an n-ary function symbol. Similarly, each relation symbol R € © comes 
with a positive integer #(F); ifn = #(R) then R is said to be an n-ary relation 
symbol. 

Example 3.1. For the signature & = {+,0} appropriate to group theory there 
are no relation symbols and #(f) = 2. For the signature © = {€} of collection 
theory, there are no functions or constant symbols and #:(€) = 2. 

Given a signature © we have a natural notion of a structure or a model for 
u. A structure Nt assigns a nonempty collection M of objects over which the. 
quantifiers range, and 90 also assigns appropriate interpretations of the basic 

primitive relation, function and constant symbols of D. 

Definition 3.1. A (collection-theoretic) structure for 5 is a pair MN = (M, F) 
where M is a nonempty collection and F is an operation with domain © such 

that, writing x™ for F(z), 

(i) if R € D is an n-ary relation symbol, then R™ C M”: 

(ii) if f € & is an n-ary function symbol, then f2": M™—> M: 

(iii) if c € &, where c some constant symbol then 2 € M. 

Example 3.2. [f = {+,0} is the signature appropriate to group theory, then a 
structure for &: has the form N = (N,+%,0%) where N is a nonempty collection, 
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4N:NxN—>WN and0O’ EN. We usually use G rather than Nt and drop the 

superscripts. 

We now turn to syntactic notions of first-order logic. Recall the basic building 

blocks V,A,7, >,=,V,4,2;Y;2,---),(. Let © be a fixed signature. Any finite 

sequence, each element of which is one of these basic symbols or an element of %, 

is called an expression. From the collection of expressions we want to single out 

the ones to which we can assign a meaning. 

Definition 3.2. The terms of © form the smallest collection of expressions con- 

taining the variables z,y,2,..., all constant symbols of © (if any) and closed 

under the formation rule: if t),...,t, are terms of & and if f € % is an n-ary 

function symbol from &, then the expression f(t;...t,) is a term of &. A closed 

term is a term in which no variable appears. 

If there are no function symbols in & then the formation rule is vacuous so 

the only terms are variables and the constants of du. 

Example 3.3. If & = {+,0} then, strictly speaking, the terms are expressions 

like 

+(xy), +(0+ (20)). 

We naturally agree to abbreviate these by the more natural 
\ 

zsty, 04+(2#+0), 

respectively, thus moving the symbol + inside and leaving off the outer parentheses 

if no confusion arises. We use nz as an abbreviation of (... ((w+x)+2)+---+2), 

n times, forn > 1. For this language the only closed terms are the expressions 

built up from 0 and + , none of which are very interesting from a group theoretic 

point of view. 

Definition 3.3. An atomic formula of & is an expression of either of the two 

forms: . 

(t, = t), R(t, te , tn) 

where, in the first case, t) and ty are terms of &. In the second case R € & is any 

n-ary relation symbol and t),...,t, are terms of &. 

11



Example 3.4. In the language %: = {+.0} of group theory there are no any 

relation symbols, so the only atomic formulas are statements of equalities between 

terms, expressions like 

(c+y=2z), (rx+y=yts2), (x+y)+z2=24+(yH+2). 

Definition 3.4. The first-order formulas of & form the smallest collection of ex- 

pressions containing the atomic formulas and closed under the following formation 

rules: 

(i) If 6, 6 are formulas so are the expressions 

7, (68), (6V9), (6-4); 

(ii) if @ is a formula and v is a free variable, then (A v ¢) and (Vv ¢) are formulas. 

We associate parentheses to the right in strings where the same symbol is 

repreated. Thus 6A WA@ is (6A (WAQ8)) and d > w > @ is (9 > (W > 9)). 

Given a signature » we construct the collection of all formulas, which we call 

a language and usually denote by the symbol £. Note, that £ is uniquely defined 

by & and from £ we can recover the signature ©. So, sometimes we do not 

distinguish a language and a signature. 

Example 3.5. Let £ = {+,0}. The following are formulas: 

(x+y =0), 

dy(z +y = 0)), 

Va(dy(a + y = 0))). 

Note that in the first formula both z and y are sort of “floating free”, in the 

second formula y is “bound up” by 4 and in the last formula both x and y are 

“bound”. Only the last formula makes any intuitive sense as an axiom. This is 

similar to the situation in elementary calculus where 

e?+2r4+1 

12



is an expression which has a variable in it, but the expression 

1 

Je + 2x + 1)dz 

0 

has x “bound”; it has a meaning independent of x. The definite integral is per- 

forming roughly the same syntactic role that the quantifiers 3 and V play in logic. 

The next definition makes the notion of “free variable” precise. One can think of 

it as defined by induction on the length of the formula ¢. 

Definition 3.5. The collection S (¢) of free variables of a formula ¢ is defined 

following: 

(i) If ¢ is an atomic formula, then S (¢) is just the collection of variables 

appearing in the expression ¢, 

(ii) S(-¢) = S(¢), 

(ili) S(GAO) = S(PV 4) = S(o > @) = S(d)U S(4), 

(iv) S(a vd) = SV vd) = S() — {v}. 

Definition 3.6. A (first-order) expression of £L is a formula without any free 
variables. ‘ 

So far the terms, formulas and expressions of £ are finite strings. We need to 

check that our logical expression is true. This is done by the satisfaction relation 
IN - ¢ between structures on the one hand (the left one) and expressions on the 

other. 

Definition 3.7. Let It = (M,...) be given. For t a term of £ define 7” as 
follows: 

(i) all variables and constants are terms, that is, t"(s) = c™ and t™(s) = s(v) 
for all s; 

(ii) if ¢ is the term of function then, for all s, define 

(5) = f™(ER(s),...,1%(5)). 

13



In (ii), since each of t,....,¢, is simpler than t we can assume by induction 

on (the complexity of) terms that t7",...,¢?" are already defined. f™ is defined 

since IN is a structure for £ and f € L. If s;(v) = so(v), then t(s,) = t"*(s2). 

Thus t™, as a function, depends on a finite number of s. 

Example 3.6. Let £ be the language of rings and let t be the term, or polynomial, 

ee t+2Q¢4+1 

Then ¢™, for any ring SR, is the corresponding polynomial function from KR 

into M. If s(x) = a, then t?*(s) = a? + 2a + 1, the operations of + and - being 

those of the ring ® . 

In the following definition we use s(°) for the assignment s’ which agrees with 

s except that s’(v) =a. 

Definition 3.8. Let St be an £-structure. For all s and all formulas ¢, we define 

a relation 

ME ols], 

as follows. 

(i) DE (y1 = w)[s] > yi"(s) = ys), 

(ii) ME R(y..-dn)[s] + (yF(e),-.-,92"(s)) € RY, 
(ii) MK ~A[s] not MK fs], 
(iv) MN — (PA 6)[s] > Mt Pls] and M - Is], 

(v) ME (4 V8)[s] < IK dfs] oF ME O[s] or both, 
(vi) ME (¢ > 4)[s] © either not M - ¢[s] or else Mt - O[s], 

(vii) MF (Jv ¢)[s] a € M such that ME gs (°)], 

(viii) ME (Vv g)[s] @ aE M, ME Ml[s(%)]. 

We note that the falsity or truth of It — ¢[s] depends only on the values of 

s(v) for variables v. That is, if s;(v) = s2(v) for all v free in ¢, then Dt E ¢[s}] 

iff MN - [sz]. Thus, if @ is O(v1... Un) and a1 = s(v1),...,@n = (Un), then we 

may write IN — ¢[a1,..., an] for MN — ¢g[s] without. confusion. 

14



A structure It is a model of a collection ® of expressions if St — ¢ for all 

@ € ®. Given two structure Dt, Wt for L, we say that Dt and MN are elementarily 

equivalent, and write St = MN, iff for all expressions ¢ of L, Mt & ¢ iff NE ¢. If 

MM = M (ie. Mt is isomorphic to Mt, in the obvious sense) then Mt = Mt. Finally, 

let & be a class of structures for a language L. RK is (finitely) aziomatizable if 

there is a (finite) collection ® of first-order expressions of £ such that, for all 

structures It, Wt € K iff Mt is a model of ®. 

3.2 The Completeness ‘Theorem 

Surely the most important discovery for mathematics by the ancient Greeks was 

of the notion of proof, turning mathematics into the science of deduction. Note 

that the theorem ¢@ must have a proof or azioms. The proof can demonstrate 

that the conclusion ¢ follows from the axioms in T by the laws of logic alone. 

The mathematician implicitly assumes that he understands the notion of proof 

and that, in particular, he will be able to check in a rigorous manner whether 

a purported complete proof does indeed establish the conclusion from the stated 

assumptions. The natural question is: Can the notions “laws of logic” and “proof” 

be made mathematically precise? 

There is a seeming obstacle to our program. How can we hope to prove such 

a result without knowing in advanee what it means to follow by the laws of logic 

alone? Luckily, we do not need to know. All we need is to agree that, whatever ’ 

it means, it at least zmplies that @ will hold in all collection theoretic structures 

which are models of T; i.e., it implies T - ¢. Thus, to realize our goal, it more 

than suffices to provide valid rules of inference and show that ¢ is provable from 

T if and only if T — ¢. This is the content of Godel’s Completeness Theorem. 

Propositional logic is expeditious to break a study of first-order logic up into 

two parts, the trivial part having to do with the propositional connectives A, V, 

=, — and then the part having to do with equality and the quantifiers V and 3. 

Let P be a collection of objects called prime formulas. They might be expres- 

sions of some natural language or letters ¢,,0,... of the alphabet, for example. 

In our application, they will be those first-order formulas and this formulas are 

not propositional combinations of simpler formulas, that is, atomic formulas and 

formulas beginning with a quantifier. The collection of propositional formulas of 

15



P form the smallest collection-of statements which are consists the members of 

P and closed by the following rules: if ¢, 9 are propositional formulas then so 

are =o, (6A 4), (¢ V A) and (¢ > 6). The prime constituents of a propositional 

formula ¢ are just the prime formulas out of which ¢ is built. 

Example 3.7. Suppose P = {¢,,0}. The following are propositional formulas 

P: 

?, 9, (PV9), (OV¢), ((PV A) + (OV 9)). 

We want to show exactly how the truth or falsity of a propositional formula 

depends on the truth or falsity of its prime constituents. Then, going a step 

further, we show how to decide which propositional formulas are always true, 

regardless of the truth or falsity of their prime constituents, formulas like (¢V-6), 
(((@ — 6) A 76) + —¢) ete. Such formulas are called propositional tautologies, 
since they are true by virtue of their syntactic form alone. These tautologies 
provide a small first step in isolating the laws of logic. 

Suppose that t and f are new symbols and values of them can be chosen as 

“true” and “false”. A truth assignment for a collection P of prime formulas is, by 

definition, a function u: P — {t, f}. For each truth assignment wu we define its 

extension % to the collection of all propositional formulas of P by induction on 

length of formulas as follows: 

\ 

u(d) = u(¢) if @ is prime; 

u(-¢) = f if u(¢) =, 

u(-d) = ¢ if a(¢) =f; 

uPA) = t if a(¢) = H(6) =t, 

UpA0) = f if ud) =a) =f, 
u(dVe@) = ¢ if G(d) =¢ or UO) =¢ or both, 

u(d@Ve0) = f if a(¢) =f or a(0) =f or both, 

u(o@— 6) = f if a(d)=t and a(6) = f 

u(d¢— 0) = ¢ if Ud) =f and a6) =t. 

Finally we can write by truth table given definition: 

16



do 9|-d¢ (GAO) (VO) (6-8) 
t t| f t t t 

t f\f f t f 
f t|t f t t 

t fit f f t 

‘By constructing such truth tables we can completely analyze how the truth 

or falsity of a propositional formula depends on the truth or falsity of its prime 

constituents. We illustrate the method for the formula 

((—(¢ A 78) AG) > @). 

We simplify the table by leaving out some of the t’s. 

b 9}-8 (PAB) A(PA7O) A(PA-“O) ANB (~A(PGA-78) AD) > 

t tl ff 
t f f f 
f t|f f f 
ff f f 

Thus, the only circumstances under which our final formula is false is when ¢ is 

false and @ is true. 

Definition 3.9. A propositional formula ¢ of P is a tautology if u(A) = t for 

all truth assignments u: P > {t, f}. Ais consistent if a(A) = ¢ for some u: 

P > {t, f}. 

The method of truth tables makes it a trivial matter to see whether a proposi- 

tional formula is a tautology or not, or whether it is consistent or not. If we write 

o¢ + 6 for (¢ > @) A (6 > @), then we see that. the following are tautologies: 

(pV -=@) (law of the excluded middle), 

=(¢A-¢) (law of contradiction), 

AdA0) < (a¢V 78) 
AGV A) + (“GA -8) 

a7¢ 4 @ (law of double negation). 

(de Morgan’s laws), 

Just to make sure the method of truth tables is perfectly clear, we present an 

example with three prime constituents , w, 9: 

17



(Av) > 9 A (“O>¥)) > (9) ig NLL ear 
E F G 

ov O\¢Ab E -6 F EAF G [EAF|3G 
t tt f 

tt f f f of 

t f t| f f 

t f f| f f f f 

f tt) f f 

f t f\ f 

f f tl) f f 

fi f fl f f of 

Thus, since no falses turn up in the last column, the formula is indeed a 

tautology. 

In practise, there is a much shorter method to check to see whether a formula is 

or is not a tautology. One works backwards, trying to find a consistent assignment 

which makes the formula false. Applied to the above, to make [E'A F] - G false, 

we need to have (EF) = u(F) = t but a(G) = t. To make &(G) = t, we must 

make t(¢) = t, 9 = f. To have u(F) =t we must have ty) = t, since (6) = t. 

But now we have u(¢) = u(w) = t and u(@) = f which gives @(E) = f, a 

contradiction. Thus the above formula is a tautology. . 

A collection T' of propositional formulas is said to be consistent if there is a 

truth assignment u such that @(£) =¢ for all FE € T. 

Theorem 3.10. A collection T of propositional formulas is consistent => if every 

finite subset of T is consistent. — 

3.3 Model theory 

Model theory may be described as the union of logic and universal algebra. 

The leading characters are the expressions ¢@ and the structures Dt for a language 

L£. Classical examples in algebra have led to many notions in model theory. The 

use of expressions as mathematical objects is a powerful tool which has led to 

unexpected applications outside of model theory. 

18



For example, 300 years ago Leibniz conjectured that calculus could be devel- 

oped rigorously by extending the real number system R to a structure *R such 

that *IR contains infinitesimals but every statement true of R is true of *R. There 

was no chance of solving this problem until model theory developed to the point 

where the statements could be defined precisely and treated as mathematical ob- 

jects. Abraham Robinson solved the problem in 1960, taking the statements to 

be the formulas of first order logic. In the simplest formulation one starts with 

the structure $% which has the collection of reals R for its universe, and a symbol 

for each real relation and function. The first step is to form a proper elementary 

extension *SR of SA, that is, a proper extension which satisfies the same first order 

formulas as §%. This elementary extension is obtained easily using general results 

in model theory, either the compactness theorem or the Zos ultraproduct theorem. 

The surprise was the next step; Robinson showed that the early intuitive argu- 

ments with infinitesimals could be rigorously carried out in *R, and new results 

quickly followed. 

In North America these are often called western and eastern model theory, 

because ‘Tarski has lived on the west coast since the 1940’s, and Robinson was 

on the east coast from 1967 to his premature death in 1975. The distinction no 

longer has anything to do with geography, but it is still mathematically useful. 

Western model theory is in the tradition of Skolem and Tarski. It is largely 

motivated by problems in number theory, analysis, and collection theory. It em- 

phasizes the collection of all formulas of first order logic. 

Kastern model theory is in the tradition of Malcev and Robinson. It is moti- 

vated by problems in abstract algebra, where theories usually have at most two 

blocks of quantifiers. It emphasizes the collection of quantifier-free formulas and 

the collection of existential formulas. 

Many model theorists move back and forth between western and eastern model 

theory. In fact, Tarski and Robinson made major conributions to both areas 

(Tarski’s work on real closed fields and on equational classes are eastern model 

theory, while Robinson’s consistency theorem and his infinitesimal analysis are 

western model theory). 

The deeper proofs in model theory usually depend on the construction of a 

model with certain properties. The constructions almost always use one or more 

methods from following list: 
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e Elementary chains, 

e diagrams and other expansions of the language, 

e compactness theorem, 

e downward Lowenheim-Skolem theorem, 

e omitting types theorem, 

e forcing, 

e ultraproducts, 

e homogeneous collections. 

3.4 Theories 

In this section we present some of the fundamental notions of model theory. In 

particular we shall discuss various ways of classifying theories in first order logic. 

Let study a first order language £. By a theory T in £L we define a collection 

of expressions of £. The notion IN — T, read M is a model of T, means that 

Mt is a structure for £ such that every ¢@ € T holds in 98. Let given theories T; 

and T> and this theories are equivalent if models of this theories are the same. T 

is consistent, or satisfiable, if it has at least one model. There are two ways in ~ 

which theories commonly arise. 

First, consider a class K of structures for £. The theory of K a collection 

Th(K) of all expressions ¢ of £ such that @ holds in every IN € K. For example, if 

K is the class of finite groups then Th(X), the theory of finite groups, a collection 

of all expressions such that it is true in all finite groups. 

K is said to be an elementary class, or an EC, class, if K is the class of all 

models of some theory T (hence Th(‘)). The class of all groups is an elementary 

class. However the class of finite groups is not an elementary class. That is, there 

are infinite groups Jt which satisfy every expression true of all finite groups. To 

characterize the notion of a finite group one must go beyond first order logic. 

Given a structure 90, the theory of IN, Th({Mt}) or Th(M), is the collection 

of all expressions true in D0. 
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Definition 3.11. A theory T of a language L is complete if T is equivalent to 
Th(9t) for some structure M, or, that is the same, either T+ g, or T + 7¢@ for 

each expression ¢ of the language CL. 

Two structure IN and M are elementarily equivalent, IN = MN, if Th(M) = 
Th(9t). Thus IN = MW means that Mt and N satisfy exactly the same expressions. 

The second way in which theories commonly arise is as simple collections of 

expressions. A collection of expressions which is equivalent to Th(K) is called a 
collection of axioms for K. Examples are the theories of groups, abelian groups, 

divisible groups, and torsion-free groups. The first two examples are finitely 

axiomatizable. A language CL is said to be recursive if L is finite or countable 

with a recursive collection of symbols. 

Definition 3.12. A theory T is finitely ariomatizable if it is equivalent to a finite 
collection of expressions. A theory T is recursively axiomatizable if it is equivalent 
to a recursive collection of expressions in a recursive language. 

The compactness theorem can often be used to show that a theory is not 

finitely axiomatizable. Of course, finite axiomatizability implies recursive axiom- 

atizability. We list some additional examples. 

Example 3.8. The following theories are finitely axiomatizable: 
‘\ 

e Groups, 

e abelian groups, 

e rings, 

integral domains, 

fields, 

fields of characteristics P (p # 0, fixed), 

ordered fields, 

linear order, 

lattices, 
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e Boolean algebras, 

e Bernays-Godel collection theory, 

e the inconsistent theory. 

Example 3.9. The following theories are recursively but not finitely axiomatiz- 
able: 

e Divisible groups, 

e finite fields, 

e Zermelo-Fraenkel collection theory, 

e Peano arithmetic. 

Here is a conventient characterization of recursively axiomatizable theories. A 

expression @ is a consequence of T, T § @, if every model of T is a model of dQ. 

Theorem 3.13. A theory T in a recursive language is recursively aziomatizable 
if and only if the collection of all consequences of T is recursively enumerable. 

Usually the collection of consequences of a theory T is not recursive. Church’s 

Theorem shows that if £ has at least one binary relation or function symbol, the 

collection of consequences of the empty theory (i.e. the valid expressions) is not 
. \ 

recursive. 

Definition 3.14. A theory T in a recursive language is decidable if the collection 

of all consequences of T is recursive. 

Intuitively this means that there is an algorithm for deciding whether an ar- 
bitrary ¢ is a consequence of T. 

Theorem 3.15. Every complete recursively axiomatizable theory is decidable. 

Model theory has developed some powerful techniques for showing that a the- 
ory is complete; when the theory in question is a recursive collection of expressions, 
we can conclude that the theory is decidable. For example, in a classical paper, 
Tarski and McKinsey showed that the theory of real closed fields is complete and 
hence decidable. The problem can also be viewed as follows. Given a structure 

MM (such as the field of reals), determine whether Th(9) is decidable, and if SO, 
find a recursive collection of axioms. 
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Definition 3.16. A universal formula is a formula of the form 

Vx 1...Vingd 

where ¢ has no quantifiers. A universal theory is a theory which is equivalent to 

a collection of universal expressions. 

J is a substructure of Mt, Vt C M, if the universe of Jt is a subset of the 

universe of 9 and the interpretation of each relation, function, or constant symbol 

in Jt is the restriction of the corresponding interpretation in Jt. Equivalently, for 

every atomic formula ¢ and assignment s in 9t, 

NE dls] iff MNF gs]. 

Given a nonempty subset X C M, there is a least substructure 9t C Mt containing 

X, called the substructure generated by X. A finitely generated substructure of 

IM is a substructure generated by a finite X C M. 

Proposition 3.17. [fT is a universal theory, then every substructure of a model 

of T is a model of T. 

We shall prove the converse of this fact. 

For example, the theory of groups formulated in the language {+,0,—} is 

universal, and every substructure of a group is a group. However, when group - 

theory is formulated in the language {+,0}, it is no longer a universal theory 

because an existential quantifier is needed to assert the existence of an inverse, 

Valb(a+b=0Ab+a=0). 

When formulated in the language {+, 0}, a substructure of a group is a semigroup 

with unit but not necessarily a group. 

Some other examples of universal theories are the theories of abelian groups, 

rings, integral domains, lattices, linear order, Boolean algebras, and torison-free 

groups. 

The western analogue of a substructure is an elementary substructure (Tarski 

and Vaught). St is an elementary substructure of DN, Tt ~ M, if WC Mt and for 
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every formula ¢ and assignment s in SI, 

NE ols] iff ME gfsl. 

We also call M an elementary extension of Xt and write It > MN. Obviously, 

Yt~< Mt implies M= M. 

It is often more convenient to work with embeddings instead of substructures. 

An isomorphic embedding f : St > Mt is a mapping of N into M such that for 

every atomic formula ¢ and assignment s in Nt, 

NE dls] if Mb [so f] 

Ff must be one-to-one because x = y is atomic. Similarly an elementary embedding 

f : 3t —> IM is a mapping such that for every formula ¢ and assignment s in 9, 

NE dls] if ME fs]. 

An isomorphic embedding f : 9t + IM is called an isomorphism if M is the 

range of f, in symbols f : 91 = MM. This is the usual notion in algebra, and 

/:NIZMSs fs Mo_MsnN=M. 

Although the notion of an elementary extension is very strong, there is an 

abundance of examples in model theory. The following criterion is useful. 

Theorem 3.18. 3 ~ I if and only if N C M and for every formula W(x, y1,... Yn) 
andae M, by,...,b, EN, if Dt & Wa, bi,..., bn], then there exists bE N such 
that Nk lb, bi, ..., bal. 

Example 3.10. Let F’ be a field and let X, Y be infinite collections of variables 

with X CY. Then F[X] < F[X] where F [X] is the ring: of polynomials in X 
over F, and F(X) < F(Y) where F(X) is the pure transcendental extension of 
F by X. If G(X) ts the group freely generated by X, then G(X) < G(Y). 

Definition 3.19. A theory T is said to be model-complete if whenever M, MN are 

models of T and Dt C Mt, Mt is an elementary substructure of 9t. Equivalently, 
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every isomorphic embedding between models of T is an elementary embedding. 

Example 3.11. The following theories are model-complete. Algebraically closed 

fields, real closed ordered fields, atomless Boolean algebras, dense linear order. 

Thus, for example, the ordered field of real numbers is an elementary extension 

of the ordered field of real algebraic numbers. 

Each of the above examples has the following property which is even stronger 

than model-completeness. Given a formula ¢(a1,...,@n), the notation 

T EF $(a1,..., An) 

means that the expression Va, ... Vand is a consequence of T. 

Definition 3.20. A theory T’ admits elimination of quantifiers if every formula 

P(a1,...,@n) of L is T-equivalent to a quantifier-free formula w(aj, ...,an) of L, 

that is, 

T FE d(a1,...,4n)  W(a1,..., An). 

It is easy to see that every T’ which admits elimination of quantifiers is model- 

complete. In fact, for T to be model-complete it is sufficient that every formula of 

L is T-equivalent to a universal formula of £. We shall see in the next section that 

this condition is also necessary. An example of a theory which is model-complete 

but does not admit elimination of quantifiers is the theory of real closed fields. . 

The order relation can be defined from the field operations but a quantifier is 

needed. 

Eastern model theory concentrates on inductive theories, defined below. 

Definition 3.21. A theory T said to be znductive if T is equivalent to a collection 

of V3 expressions, that is, expressions of the from 

Va, ... Vand, ...dbaw 

where w is quantifier-free. 

Inductive theories are also called VA theories. Most theories arising in algebra 

are inductive. All the theories listed in 3.8 and 3.9 are inductive except finite fields, 

Bernays-Godel collection theory, Zermelo-Fraenkel collection theory, and Peano 

arithmetic. The next result is the reason for the use of the name “inductive”. 
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Proposition 3.22. If T is inductive, then the union of any increasing chain 

Mo SM, CMEC... 

of models of T is a model of T. 

The western analogue of a chain of structures is an elementary chain 

My ~ Mt, ~ Wl x... 

Elementary chains are an extremely important construction in model theory. 

Their importance is based on the following fundamental result of Tarski and 

Vaught. 

Theorem 3.23. (Elementary Chain Theorem). The union IN of an elementary 

chain 

My ~< Wty ~ Mo x... 

is an elementary extension of each structure M,, in the chain. 

Proof. Show by induction on the length of formulas ¢ that for each n and each 

assignment s in MI, 

M, K os] iff ME dfs] 
\ 

O : 

It follows that for any theory T, the union of an elementary chain of models of 

T is a model of T’. 3.22 and 3.23 hold not only for countable chains of structures, 

but also for uncountable chains and even for arbitrary upward directed systems 

of structures. 
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4. GENERAL PROPERTIES OF ORDERED STA- 
BLE GROUPS 

4.1 Definition of an o-stable theory 

The thought of an o-minimal structure was presented in [10]. Afterward, different speculations were proposed (for instance, the idea of a weakly o-stable structure [3, 4]). As is appeared in (8, 7], each o-minimal theory is quasi-o- 
minimal. It is anything but difficult to see that, for every cut in an o-minimal 
structure, there exists a unique complete type over the model extending this cut, cf. [10]. A similar assertion for weakly o-minimal structures is proven in [6]. Let 
IM be a totally ordered structure. Then IM is weakly o-minimal if and only if the 
following conditions hold: 

(1) for every cut (C,D) in 9, there exist at most two complete 1-types over 
M extending (C, D); 

‘\ 

(2) if there exist two complete 1-types over M extending (CD) then, for each — of these types, the set of realizations is convex in every elementary extension 
of Mt. 

It is immediate from the definition that, for every cut in a quasi-o-minimal mode] 
IM, there exists at most continuum many complete types over M extending this 
cut. 

Thus, for all these versions of o-minimality, every cut has a few extensions. 
Recall that stable theories have a few types. It is natural to combine these obser- 
vations. We obtain the notion of an o-stable theory: For every cut in every model 
of the theory, there exist a few complete types extending this cut. 

Throughout the work, It = (M,<,...) means a structure with definable 
(without parameters) linear order, which we will call a linearly ordered structure, 
and its elementary theory a linearly ordered theory. 

27



After such identifying, we obtain that on M we can naturally define a linear 

order extending the linear order by (M,<): (Ci, Di) < (Co, D2), if-and only if 

C, © Cy. Obviously, (MW, <) is an everywhere dense subset (M, <). 

A subset A of a linearly ordered set M is called convex if, for any a,b € A, 

the segment [a, b] lies in A. We define the length of a convex set A as sup{a —b: 

a,b € A}. The convex component of the set A is the maximal convex subset of 

A and we define the convex hull A‘ of the set A as follows in the following way: 

AS = {be M : Fay, a2 € Alay < b < ay)}, 

that is, it is the smallest convex set containing A. An ordered structure is said to 

be weakly o-minimal if any definable subset consists of a finite number of convex 

components [3, 4]. 

Let P be some condition. We say that the condition P is holds eventually on 

the set A if there exists an element a € M such that a < sup A and the condition 

P holds at the intersection (a,00) NA. If A = M, then we simply write that the 

condition P holds eventually. If sets B and C’ are eventually equal on A, then we 

denote it’s like B 2, C. Let BC ACM. The set B is called dense in A if, 

for any @1,@_ € A of A, there exists b € B such that aj < b<a,. If A= M, 

then we omit it. The dense component of B in A is the maximum subset Bo of 

B, which is dense in AN (inf Bo, sup Bp). 

Let T be a theory of the language £, and ¢(Z, 7) be some formula. 

Let T be a theory of a language £. A formula ¢(%, ¥) possesses the indepen- 

dence property (relative to T) if, for every n < w, there exists a model IM — T 

and two sequences (G@; : i <n) and (by : J C n) in M such that M — (G;, by) 

if and only if i € J. A theory T possesses the independence property if some 

formula possesses the independence property relative to T. 

Notation 4.1. Let s be a partial n-type and let A be a set. Put 

S"(A) * {p € S"(A) : pUs is consistent}. 

Notice that s need not to be a partial type over A. 

Definition 4.2. 1. An ordered structure D0 is o-stable in A (or o-A-stable) if, 

for every A C M with |A] < \ and every cut (C,D) in M, at most 
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1-types over A are consistent with the cut (C, D), ie. 

|Ste.0)(A)| <A. 

2. A theory T is o-stable in X (or o-A-stable) if every model of T is. 

A theory T is o-stable if there exists an infinite cardinal A such that T’ is 

Ww
 

o-stable in A. 

4. Atheory T is o-superstable if there exists a cardinal \ such that T is o-stable 

in every p with p > X. 

5. A theory T is strongly o-stable if T is o-stable and every definable cut in ev- 

ery model M of T is definable in the language of pure order (or, equivalently, 

sup A € M for every definable subset A of M). 

Lemma 4.3. /19] (the strict order property in a cut). Each o-stable theory lacks 

the strict order property in a cut. 

The following property of o-stable theories in proven in [1]. 

Fact 4.4. [12] Each o-stable theory lacks the independence property. 

4.3 and 4.4 entail the following criterion of o-stability. 

Theorem 4.5. /12] Let the language L contain the symbol <, and the theory T 

of the language L contain the axioms of linear order for the predicatex < y. A 

theory T is o-stable if and only if it lacks both the independence property and the 

strict order property in a cut. 

Let T be a theory of a language £ and let St and It be models of T’ such that 

M ~ Mand MN is |M|t-saturated. For every ¢(Z, &) with parameters a in N, we 

introduce a new relation symbol Pgz,a)() with Pyza)(M@) = @(N,a) 1M k Let 

L* denote the expanded language. 

4.2 General properties of o-stability 

In this section, by G we mean an ordered group with the unit element e, whose 

elementary theory is o-stable. 

29



Let H be a convex subgroup of a group G (possibly, not necessarily definable). 

Below we will work in cut sup H. As in the theory of stable groups, for each 

formula ¢(z, ¥) there exists a natural number n such that each chain L3H C 

InNH Cc --: C Ly, OH has a length not more than n, provided that L; is 

defined by the formula ¢(z,4@;) for some a; and each subgroup L; is unbounded 

in a convex subgroup H. We call this the trivial chain condition for H. Here, in 

a sense, we used only the fact that L; is a subset of the group G, in other words, 

the triviality condition of the chain follows from the absence of the strict order 

property in a cut. For two subsets # and F' of the group G, we put 

ERP! ENF if ENF is unbounded in F, 

~ | {e} otherwise. 

Note that here ERF is not necessarily equal to F RE. We use this notation to 

rewrite the trivial chain condition as follows: for any formula ¢(z, 7) there exists 

a natural number 7m such that the length of any chain LAH Cc LAH Cee 

LmAH is at most n provided that L; = O(G, a). 

Lemma 4.6. If H and L are definable subgroups of G then (HNL)° = H°NL*, 

i.e., if L° < H° then HOL is unbounded in L. 

This statement is proved in [12]. 
‘\ 

Lemma 4.7. The set of definable unbounded subgroups of G possesses the least — 

element. 

This statement is proved in [12]. 

Lemma 4.8. Let G be an ordered group. Then for any element g € G there exists 

a definable convex subgroup H, containing g, such that for any a € [g; +00) NH 

the centralizer C(a) intersected with H is not bounded in H. 

Proof. First we construct a convex subgroup L, which contains g and satisfies the 

condition that C(a) ML is not bounded in L for any a € [g; +oo) 1) L. 

It is easy to see, that L considered as the convex hull of (g) satisfies our 

requirements, where (g) stands for the subgroup generated by g, which is equal 

to {g" : n € Z}. Indeed, (g) is a subgroup of C(a), because 

9 P =G9'°(G°--- Q=aGs-..--g)Gg=G"-g



Let a € L be bigger than g. By definition of the convex hull there exists some 

positive n such that g” < a < g”*!. Then for each m there is k such that g” <a*, 

it means that (a) is not bounded in L. Since (a) is a subgroup of C(a)M L and 
is not bounded in K, so C(a) NL is not bounded in L. 

But this L is not necessary definable. We know that for each a € LM[g; +00) 

and for each b € LM (a; +00) the following holds: 

(ab, ab) NC(a) 4 @ 

We use this property in order to define H. Let 

o(z,a) := (ta=axr)Ar>an 

MVy(a <y <2 de(a'y < z < ayA za =az)) 

This formula says that x € C(a) and any interval (6, c) of length a? witha < b< 

c < x contains an element from C(a). 

Let 

P(x, a) = Jy(G(y, a) A || < y), 

where 

lf] <y@(t@>eAn<y)V(ue<eNe< zy). 

Note that (a) is a subgroup of WG. a), which is a convex subgroup of G. 

Let 

Q(x, z,a) = Wy(a<y <2 Y(2,y)). 
If x = z, then 

{gEG:GE Wg,9,a)} = W(G,a). 

If z = a”, then 

0(G,a",a) > K, 

so a” < sup @(G, a”,a). 

If a < b; < bg then 

sup 6(G, b1,a) > sup 6(G, be, a). 

Let u(x, a) = O(x,x,a). Since 0(G,b,a) > L for each b € L, we obtain that 
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u(G,a) > L. 

Note that 4(G, a) is a convex subgroup as an intersection of convex subgroups. 

We denote u(G,a) by H. We observe that 

1) L < H, as we have seen above; 

2) Vb € [a; +00) NA it holds that C(b) MN H is not bounded in H. 

Let 6 € A be bigger that a. Then G - p(b,a), that is G  4(b, ba). So 

GEVy(a<y<b— ¥(by)) 

A(G,b,a) = [} ¥(G,c) 
a<c<b 

H = p(G,a) =N {wooo candceé Qwieet 
a<xc 

Let (C, D) be the cut, such that 

1) a€C; 

2) for any c€ CN (a;+00), sup () ¥(G,c1) > supC; 
ax<c,<c 

3) ifsup f[) (Ga) >e, then cEeC. 
a<c,<c 

Let b € HM [a; +00). Let g € HN[b; +00). Then (b7'g, bg) NC(b) ¥ S, then 

this intersection contains some c, then bc € C(b) and bc > g. It means that C'(b) 

is not bounded in H. q 

Let B be a convex subset of G. The boundaries of the convex set B are 

determined with the help of convex subgroups Hj and H3: 

li Hy = {9 € GlVbe Bib + [gl € B)}, 
Hy = {9 €G|Vbe€ B(b— |g] € B)}- 

G is non-valuational if for any convex definable bounded set B



Fact 4.9. G has no definable non-trivial convex subgroup if only if G is non- 

valuational. 

If L < G and L is convex, then Hy = Af C L. 

Theorem 4.10. Let G be a non-valuational o-stable ordered group. We consider 

only densely ordered groups and let f be a definable continuous function. Then 

f is piecewise monotone, that is there exists a definable partition X, Aj,...An of 

domf, where X is finite and A; is convex for eachi, and f [ A is monotone. 

Continuity of f is necessary, because (R, <,+, f), where f is Dirichlet’s func- 

f(a) = f if rEQ 
tion 

0, if a ¢Q 

is o-stable [12]. 

This f is not piecewise monotone in our sense. But if we consider f [ Q and 

f | (R\Q,, then each function is a constant, that is f is piecewise monotone, 

provided that pieces need not to be convex. 

Lemma 4.11. Let f be continuous and A C domf be open. Then for anygEG 

both {a € Alf (a) > g} and {a € Alf(a) < g} are open. 

Proof. Let f(a)=h>g. Then , 

Ve >0 Ad >0 Va(|x -—al < 6 > |f(z) — f(a)| <e=h—gQ). 

Then f(x) < g for any x € V5(a). Then Vs(a) C {a € Al f(a) > g}, so this set is 

open. 0 

Lemma 4.12. Let A be a definable open subset of a non-valuational o-stable 

oredered group G. Then A is a finite union of convex sets. 

Proof. Assume the contrary, that A has infinitely many convex components A,, 

fori € I. Since A is open, each convex component of A is infinite, not a singleton. 

Let Aj, < Ai, < ---Ai, < ... be an increasing (or decreasing) sequence of 

convex components of A. Since we can assume that G is yj-saturated, that is 

any type over a countable subset is realized, we may assume that there is some 

6 € G such that inf A;, + kd < sup A; for each k € N. 
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Note that Hz = {0}, for any convex definable set B, then inf B+6 > inf B 

inf{b + 6|b € B} > inf{blb € B}. 

oO 

Let C = sup LU A;,, that is, 
n=1 

C={g9€G:9<sup|)Ai,} 
n=1 

and D=G\C. Then (C, D) is a cut in G. 

Let 

f(z,6) =z € inf A;, + 4), 

for every c € C, we obtain (c,supC’) N f(z, 4) C (c,supC) N f(z, 26) 
Let 

e(z,y) @LEAAYEA A (@SyOVelrSz<y>zEA))A 

A (y<axVely<z<472z€A)). 

Classes of € are exactly convex components of A. We denote e-classes of by [z]: 

f(x,6) = xé (inf[z], inf[z] + 6) 

which can be written as e(z, x + 4). 

Clearly, f has the strict order property in (C’, D), that contradicts o-stability 

of G. , O 
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59. SOME PROPERTIES OF ORDERED ALGE- 

BRAIC STRUCTURES 

5.1 On quantifier elimination for the ordered set 

of real numbers with named Cantor’s set 

Several years ago Shelah worked on non-independence theories [11]. In order to 

generalize the theory of stability in the context of the theories with the NIP, a lot 

of work has been done. As a result, a simplest class appeared called dp-minimal 

theories, which were introduced by Onshuus and Usvyatsov in [9]. 

Definition 5.1. 1. (Shelah) A sequence of pairs ((¢%(a; y%), K*) : @ < K) of 

formulas and natural numbers such that there is an array (be :@ < 4K) of wit- 

nesses is called an independent partition pattern of length k, or inp-pattern, 

that is, for all a < «, the "row" {G%(zx; b%) : i < w} is k*-inconsistent, but 

every "path" { o*(a; be be a))! a< r} (for 7 € w*) is consistent. 

2. A theory T' does not inp-pattern of length 2 is called an inp-minimal. 

3. (Onshuus and Usvyatsov) A theory T which is minimal and does not have 

the Independence Property (i.e. NIP) will be dp-minimal. 

In [5] he began to study dp-minimal ordered structures, where he proved that 

the elementary theory T structures (IR, <,P), where P defines the Cantor set, 

is dp-minimal. For this, he proved that this theory T admits the elimination of 

quantifiers. However, his proof is not entirely clear; therefore, we present another 

proof of the elimination of quantifiers for this theory. 

The Cantor middle third set (see 5.1) is constructed by removing the interval of 

the middle third of the segment and then repeating this process with the remaining 

shorter segment, i.e. from the unit segment Cp = [0,1] remove the middle third, 

that is, the interval (1/3, 2/3). The remaining point set is denoted by Cy. The set 
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C; = (0, 1/3] U [2/3. 1] consists of two segments; we now delete the middle third 

of each segment and denote the remaining set by Cp. Repeating this procedure 

again, removing the middle thirds of all four segments, we get C3. Further in 

the same way we obtain the sequence of closed sets Co D Cy D Cy D.... The 

intersection 
[ee) 

C=()C 
i=0 

is called a Cantor middle third set. 

0 1 

0 1/3 2/3 1 
oe =e? oe e—* 

0 1/9 2/9 1/3 2/3 7/98/9 1 

Figure 5.1: Cantor middle third set 

Consider (R, <, P), where the predicate P is interpreted as a Cantor set. If 

while constructing the Cantor set we dropped the interval (a,b) and z € [a, }], 

then I(z) = a and r(x) = 6, but if x ¢ [0,1], we understand that I(x) = x and 

r(x) = x. We can see that this two functions are equivalent: 

y=r(z) & (c=yAle<0Va> on 
A (0<4<1AP(y) At yAV2(z <2<y > -P(z))) 

y=l(x) & (r=yAle KOVED aA 

A (0<u<1AP(y)AyS<rAVzly <z<x 4 P(z))). 

Theorem 5.2. The elementary theory of structure (IR, <, P,r,1,0,1) admits the 

elimination of quantifiers. 

Proof. By Tarskii criterion, in order to prove the theorem, it suffices to eliminate 

the existential quantifier in a formula of the form dx A $i{x, ¥), where $;(z, J) 
i=1 

of one of the following forms: 
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(8). aP(t(x)). 

nr 

Note that we can assume that Ja A ¢i(z,¥) does not contain formulas like 

(2), (4) and (6). Indeed takes place = 

i(a) # t(y) © ta) < ty) V#y) < te) 

then, if ¢;(z, 9) of the form (2), then 

Ja(t(x) 4 t(y) AO(z,z)) + Ax((t(z) < ty) Vily) < t(z)) A A(z, z)) © 

<> dxr(t(r) < tly) A8) V (tly) < tz) AAS 

= Idar(t(x) < t(y) AA) V Aa(t(y) < t(z) A8). 

Thus, we can get rid of all formulas of the form (2). In addition, there are 

equivalences 

t(x) K tly) > ty) <t(x) Vi(x) = ty), 

t(x) A tly) = tx) < tly) Vt(x) = ty). 

So, similarly, we can get rid of formulas like (4) and (6). 

Consider the following types of atomic formulas obtained from formulas of the 

form (1), (3), (5); (7), (8), in which we defined the content of the term t(z): 
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(10). P(x): 

(11). -P(z). 

Here, only P(x) can be considered, not P(l(x)), P(r(x)), ~P(I(x)) and 
=P(r(z)), since 

P(i(z)) @ O0O<2< il, 

(z)) @ 0<2<l, 
aP(l(z)) @ «<0Ver >], 

aP(r(z)) @ «<0Vae>l1. 

f 

If one of ¢,(z, 7) of the form x = t(y), then Ax A ¢i(x, ¥) is equivalent to the 
i=l 

nN 

formula /\ ¢,(t(y), 9), more precisely, let ms 
a 

$;(2, 9) = «= ty), 

then 

an \ bile, yo /|\ dilt(y), 9). 
i=1 t#j 

a 
Thus, we can assume that dz A @i(x,¥) does not contain formulas of the form 

i=] 

(1). 
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From the definition of the functions J and r, it is easy to deduce the following 

equivalences; note that 

W((z)) =U(z), r(r(z)) = r(x), Ur(z)) =z), r(U(a)) = Uz). 

The left boundary of the variable x is less than or greater than t, then x < t 

or Z > t, respectively, and if 2 does not fall into the Cantor set, then respectively 

z < t, or its left boundary coincides with the left boundary of t or the variable z 

is greater than the right boundary of ¢. Consider formulas of the form (4), (6): 

i(z)<t & [(x<O0VaZz1VP(t))Ar<tv 

[0<x<1A-P(z) A(x < tv (I(x) = l(t) A(t) < t))]; 

liz) >t @ [((«@<0Va>z1VP(z))Ar>t]V 

[0<2%<1AA>P(r) Az > r(t). 

The right boundary of the variable x is less than or greater than t, then x <t 

or x > t, and if x does not fall into the Cantor set, then the variable z is less than 

the left border ¢ or x > ¢, or its right boundary coincides with the right boundary 

of t. Consider formulas of the form (7), (9): 

‘\ 

riz) <t @ [((@<O0VaZ21VP(z))Azr<tv 

V O0<4<1A-P(z) Ax < I(t)); 

r(x) >t & [(x«#<O0Vzes1VP(z))Azr>t]Vv 

V [(0<2<1A-P(x) A(x >tV (r(x) = r(t) At < r(t)))). 

Therefore, we can assume that there are no formulas of the form (4), (6), (7) and 

(9). The following cases remain: (2), (3), (5), (8), (10), (11). 

The formula ¢;(x, 7) can be considered a formula in disjunctive normal form. 

Recall that this means that there is a concept of conjunctions and each concept 

of several literals. 

x (Asa) @ de (Aa 9)) A(z € [0,1] Vx ¢ (0,1) )« 
ut 

39



& Idx (Aetoa Ax € (0, i) V (Asta Ax € (0, s)| cs 
i=1 i=1 

© dx (Asien Az € (0, i) V dr (Asien Ax¢g o.u) ; 

n 

In the formula Az( A o:(z. 9) Ax ¢ [0,1]) we have I(x) = x , r(x) = x, and the 
i=1 

formula P is false. Therefore, it suffices to consider ¢; of the form x < t, x > t, 

x = t. We eliminate the quantifier of existence as for the theory of dense linear 

order. 

Consider the formula 

Ax [Ascssno <a< 7 
i=1 

if there is a formula x < ty and x > ty, then 

da [n<a<tnvercinAatna)). 

i=1 

Let one of ¢; be P(x). Then [(x) = x and r(x) = x and consider ¢, of the 

form z < t, x > t and x = ft, then the variable x occurs only in inequalities. 

In other words, we are asked if there is a value of x that is greater than some 

variables and less than some other. 

> t < tz < tg A P(ts), da(t) <x <t,Axr =t3 A P(z)) 

) > ty <teA [ti < Ute) Vr(ti) < ty], 
) 

) 

( 
dar(t)<x2<teA P(x 

( 

( 

da(t; <<tAP(z)) & <i), 

da(a <teANP(z)) & t2>0. 

Consider only a formula of the form P(x), then 

drP(r) 60 =0. 

Let one of ¢; be ~P(x). Consider a formula where there are also z < tg, 
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x > t; formulas, that is, 

de C <@<tAVSarK< ta-Pia)n ale), 
i=1 

As before, we can assume that there is exactly one inequality of the form t < x 
and exactly one inequality of the form x < t. Therefore, we can say that x does 
not fall into the Cantor set. 

The case when the formula states that the element zx lies in the interval but 
does not lie in the Cantor set, the point from the Cantor set. nearest to it coincides 

with ¢3, and the point from the Cantor set nearest to it coincides with t, as follows: 

Az(t; <U<toN aP(xz) A I(x) = 13 A r(x) = ta) = 

= tz < ty ANl(ts) = tg Ath <&At, >t3 At, < ty, 

The case when the formula states that the element z lies in the interval but 

does not lie in the Cantor set, and the point from the Cantor set nearest to its 

left coincides with t3 as follows: 

da(ti <2 < tz P(x) Al(z) = t3) 6 

> dz(ty <2 <t,A\7P(x) Al(x) = ts Ar(x) = r(t3)) & 

<> tz < r(t3) Al(r(tz3)) = t3 Ati < r(t3) Ate > t3 Aty < ty. 

The case when the formula states that the element x lies in the interval but 

does not lie in the Cantor set, and the point from the Cantor set nearest to its 

right coincides with t, as follows: 

Ja(ty <u<toN P(x) A r(x) _ ts) yan 

& Ir(t) <2 <t,A7P(r) Ar(z) =t,A I(x) = I(t4)) & 

& IU(t4) < ta Nr(U(ta)) = ta Nt <tyAty > U(t4) Aty < ty. 

It remains to consider the case 

dx(ty <XL<toA -P(z)) & ty < te. 

4]



In all cases, we have reduced the quantifier of the existence of the element x. The 

theorem is proved. oO 

The fact that it is a dp-minimal structure is proved in the paper itself [5]. 

Note that all Cantor sets (for example, Smith-Volterra-Cantor set, etc.) with 

an order relation, equality, and bounds admit the elimination of quantifiers. Terms 

are treated in the same way as in the middle -thirds Cantor set. 

Thus, the elimination of quantifiers establishes the solvability of the elemen- 

tary theory of the structures of Cantor sets with equality, bounds, and order 

relation. 
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6. Conclusion 

In conclusion, the elimination of quantifiers establishes the solvability of the 
elementary theory of the structures of Cantor sets with an equality, bounds, and 

order relation. 

Quantifier elimination is one of the most important tools in model theory. 
Indeed, if a theory allows quantifier elimination, then this theory is complete, and 

the description of all definable subsets can be reduced to describing only those 
subsets that are defined by a quantifier-free formula. One of the most important 

mathematical structures is the linearly ordered set of real numbers. On it, you can 

set an ordered group and field. It is known that the elementary theory of these 

structures admits quantifier elimination, and since these theories are computably 

axiomatizable, quantifier elimination implies their solvability. In this work, we 

added not operations to the order, but select a Cantor subset on it and proved 

the elimination of quantifiers for the resulting structure. 

\ 
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