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Abstract

In this thesis, we derive the Hardy and critical Hardy inequalities using
any homogeneous quasi-norm in a unified way. Specifically, we establish a
sharp remainder formula for these inequalities. Our identity extend to Hardy and
critical Hardy inequalities for the radial derivative operator with any homogeneous
quasi-norm, offering enhanced versions of classical results. Our approach is based
on the factorization method of differential operators introduced by Gesztesy
and Littlejohn. As an application, we show Caffarelli-Kohn-Nirenberg type
inequalities with more general weight. Because of the freedom in the choice of any
homogeneous quasi-norm, our results give new insights already in both anisotropic
R™ and isotropic R". Our results not only generalize existing inequalities but
also uncover new perspectives in the study of partial differential equations and
functional inequalities. These advances could have significant implications for
theoretical research and applications in which anisotropic and isotropic properties
are relevant.
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Amnarna

By nuccepranmsibik 2KyMbICTa 013 Ke3 KeJITeH OIPTEeKTI KBa3MHOPMAaHBI OipTy-
Tac dJIiCIeH IaiiaJaHbll Xapau »KoHe KPUTUKAJJILIK Xapau TEHCI3IIKTEepiH IIbl-
rapaMmbI3. Aran aiiTkana, 0i3 OCbl TEHCI3JIIKTEp VIIiH HAKThl KaJJIbIK (hOpMy-
JlachlH Oeqriyienik. biziiH cofikecTeHAIpy KJIACCUKAJBIK HOTUXKEJIEPIiH, KeHenTiI-
reH HYCKaJapbIH YCbIHA OTBIPBIII, Ke3 KeJr'eH OIpTeKTi KBasmHOpMachl Oap pa-
JIMAJIIBI TYBIHJIBI OllepaTop VYIIiH Xapau TeHCI3IIKTepl MeH KPUTHKAJIBIK Xap-
I TeHCI3MIKTepiHe TapaJsiajbl. DizmiH Ke3kapachiMbI3 [emrecn Men JInTTiKoH
YCBhIHFaH M depeHIua bl oepaTop/ibl (paKTOpU3aIIsLIay d/liciHe HeTi31e/reH.
Kosanbichl petinjie 0i3 »kaJrbl caaMakTapbl bap Kadbdapern-Kon-Hupendepr
TUITI TEHCI3MIKTEp/ 1l KopceTeMis. Ke3 Kesiren OipTeKTi KBa3nHOPMaHbI TaHJIAYy €p-
KIHITHIH apKacblHIa Oi3/1iH, HOTU:Ke/IepiMi3z aHn30TponThl R™ »KoHe M30TPOITHI
R"™. GoitbIHINA Jla KaHa TYCiHIK Oepemis. Bizuin HoTm:Keepimiz 0ap TEeHCI3/iK-
Tepi 2KaJlIbliaMa, COHbIMEH Karap jepoec audddepeHiuaiblK TeHaeyaep MeH
QYHKIIMOHAJIBIK TEHCI3IIKTePIl 3epTTey/ie »KaHa IepcleKTuBagap amajbl. By
JKETICTIKTED TEOPUSIbIK 3epPTTey/iep MeH aHU30TPOITHI XKoHe M30TPOITHI KACHeT-
Tep MaHbI3/Ibl OOJIbII TaOBLIATHIH KOJIIaHOaIapra MaHbI3/Ibl OCep €Tyl MyMKIH.



AnHOTAIINA

B sTo0it aucceprammonHoil paboTe MbI BBIBOJINM Xap/ i U KpUTHUYECKNEe Hepa-
BeHCTBa Xap/Iu, UCIOJIb3ys JIOOYIO OJHOPOJHYIO KBA3MHOPMY €JIMHBIM CIIOCOOOM.
B gactHOCTH, MBI YCTAHOBHUJIN TOUYHYIO (DOPMYJIY OCTATKa JIjIsI 9TUX HEPaBEHCTB.
Harrre Tozk1ecTBO pacipocTpaHsieTcs Ha HepaBeHCTBa Xap/ i 1 KpUTHIeCKNe Hepar-
BeHCTBa Xap/u /Il olleparopa pajuajbHOil IIPOU3BOIHON ¢ JIFOOOI OTHOPO/I-
HOII KBa3MHOPMOIi, IIpejiiarasi paciiipeHHble BePCUN KJIACCHICCKIX Pe3yJIbTaTOB.
Harmr nosixor ocHoBaH Ha MeToje dakTopusanun jguddepeHInaabHbIX OlepaTo-
poB, npejioxkeaHom l'ecresu u JIurTiamkonom. B kadecTBe NpuioKeHus: Mbl 110~
Ka3bIBaeM HepaBeHcTBa Tuia Kaddaperun-Kona-Hupenbepra c 6oJiee ob1mnm Be-
coM. biarogapst cBobojie BbIOOpa J11000i1 0JIHOPOIHON KBA3MHOPMbI HAIITH PE3YJIb-
TAThI JIAIOT HOBOE IIOHUMAaHUE yrKe KaK B aHm30TporHOM R", Tak 1 B M30TPOITHOM
R"™. Harmmm pe3y/ibraThbl He TOJIBKO 0000IIAIOT CYIIECTBYIOIIIE HEPaBeHCTBA, HO U
OTKPBITh HOBBIE ITEPCIEKTUBBI B U3yUEHUN yPABHEHN B 9aCTHBIX ITPOU3BOIHBIX 1
PYHKIIMOHAJIBHBIX HEPABEHCTB. DTHU JIOCTUKEHIS MOI'YT UMETh BayKHOE 3HAUYEHIe
JIUIsT TEOPETUIECKUX MCCACOBAHNN U MPUJIOXKEHU, I/le BasKHbl aHI30TPOIIHBIE 1
N30TPOIIHbIE CBOVICTBA.

vi
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1. Background and motiva-
tions

1.1 Introduction

For certainly one hundred years, from 1918 to the present, mathematicians
have been continuously researching the fascinating topic of Hardy inequalities.
In [1], the original Hardy inequality was published by G. H. Hardy.

The classical Hardy inequalities, which are one of the most well-known and
widely applied inequalitaies in mathematics. They are significant in many
branches of mathematical physics and analysis. The Hardy-type inequalities,
along with their variations and generalizations, are the subject of several the-
ories and a large literature. We refer the interested reader to the historical
monographs [2], [3], [4], [5], and [6] which are some of the standard references
on the topic.

The principal objective of this note is to use the method of factorizations
of differential operators to study the improved Hardy-type inequalities. For a
comprehensive review of the history and properties of the factorization method,
the interested reader is referred to [7].

The main aim of this paper is to derive unified Hardy inequalities with
any homogeneous quasi-norm via the method of factorization. Gesztesy intro-
duced the factorization method to obtain the classical Hardy inequality in [§]
then in [9] the radial and logarithmic refinements. More recently, in the non-
commutative setting, the authors in [10] successfully applied the factorization
method to obtain improved Hardy and Hardy-Rellich type inequalities in gen-
eral stratified groups and weighted Hardy inequalities on general homogeneous
Lie groups.

1.2 A brief analysis of Hardy inequalities

Recall that the Hardy inequality for all functions f € CJ° (R") can be formu-
lated as



g s (1= 2P [ ()P
op@ra >t [ Eha nes 2)

where V is the standard gradient in R” |z|p = /2% + - - + 22 is the Euclidean

norm on R" and the constant ( 5 is known to be sharp If the right-hand
side of this inequality is finite, equality holds if and only if f(x) = 0 almost
everywhere.

The Hardy inequality has many applications in the analysis of linear and
non-linear PDEs. For example, the criteria on existence (or nonexistence) of
solutions for the following second order partial differential equations

0
|ul®
up o — Au = A—35 (1.2.2)
kv
Ut
depends on a relation between the constant A and the sharp constant —= from

the Hardy inequality. In the equation, instead of the Hardy potentlal B 2 one
may have a more general function which motivates the study of weighted Hardy
inequalities in [11] and [12].

Today, as I mentioned in (1.1), there are many works on various versions
of Hardy’s inequality. Let’s mention again only classic monographs such as [2],
3], [4], [5], and [6] and the recent open access book [13] on this subject and for
its applications.

This note aims to establish more general Hardy inequality, unifying both
sub-critical and critical cases, by employing the factorization method for differ-
ential expressions.

In this direction, recently Gesztesy and Littlejohn in [7] gave a simple proof
of (1.2.1) by using the non-negativity of 77T, on C§° (R"\ 0) and selecting
special value for the parameter «, where

T, =V + a|z| 2z,
and T'f its formal adjoint
T = —div(-) + alz| z-, £ € R"\ 0,

foraeR, x€R"\0andn > 3.

There, the authors also applied the factorization method to obtain Rellich
inequalities with remainder terms. For this method, we also refer to [14], [8],
[9] in the Euclidean setting as well as [10] on stratified Lie groups. In this note,
we plan to continue the research from [10] by applying the method to unified
Hardy inequalities with any homogeneous quasi-norm in a Euclidean setting
and generalizing all results to homogeneous Lie groups in [15]. Actually, in
this non-commutative setting, we show Hardy identities that imply improved
subcritical and critical Hardy inequalities.

2



Theorem 1.2.1 (Gesztesy, Littlejohn, Michael, and Pang [9]). Let Q C R"
open, n € N,n > 2.

o Then, for all f € C3°(Q),

2 m 2 m (”_2)2 -2 2 m
Liwn@ras> [ jop@rass "2 [ ek,

e Let m € N, and suppose in addition that €2 C R™ is bounded with xq € §).
Assume vy > 0 is such that 0 < diam(Q)) < /e, where e,, is given as in
(1.4), and let Iny (v/ |x — xo]) , k € N, be as in (1.3), (1.4). Then, for all
fede(€d),

[1@p@laas [ (on @

> [ |xxo|2|f<x>2{(";2) +33 T (v/livfcol)]?}d”l"-

Here, as you can see, this author improves the (1.2.1) by replacing the
gradient with the radial derivative 0.



2. Preliminaries

In this section we briefly review the necessary definitions and notations
from [9], [13]. A few other details that are necessary for our analysis will also
be covered.

2.1 Logarithmic improvement

The Hardy inequality extended involving the logarithmic refinements, which
were derived in [7]. In [7] this extension is called remainder terms (the latter
often associated with logarithmic refinements or with boundary terms).

Let 2 C R” be an open and bounded set with zy € Q, m € Ny := NU {0}.
We use the following notations:

Iny (7/ & = @ol) =M (/[ = xl), 0 <[z —zof <7,

g1 (7/ |z — xo|) :=In(Ing (v/ |x — x0])), 0 < |x—ax0| <v/€ks1, kEN,
(2.1.1)

for v > 0, x € R"\{zo} with 0 < |z — x| < diam(Q2) < v/e,,, where,

e1: =1, e =e”* keN. (2.1.2)
We denote 22:1(‘) =0 and [[)_,(-) := 1.

2.2 Homogeneous quasi-norm

Definition 2.2.1. A homogeneous quasi-norm refers to a continuous non-

negative function
R" 5z |z] € [0, 00) (2.2.1)

satisfying the following properties:
o | — x| =|z| for all x € R",
e |\z| = Alz| for all z € R” and A\ > 0,

e |z| =0 if and only if z = 0.



The following polar decomposition in R" will be very useful for our analysis:

there is a (unique) positive Borel measure ¢ on the unit sphere
S:={reR":|z|=1}

such that for all f € L}(R") we have

[ twde= [ [ o) dotg)an

We use the notation
df ()

Op f = s

(2.2.2)

(2.2.3)

(2.2.4)



3. Weighted Hardy identi-
ties with remainder terms

In this section, using differential expression factorization, we obtain Hardy-
type identities with remainder terms. The obtained results are already new
in the standard setting of R" in particular, including R" with both isotropic
and anisotropic structures. Moreover, all the results are generalized to general
homogeneous groups in [15], without weight in [16].

More precisely, by applying the factorization of suitable differential opera-
tors, it is shown that:

3.1 Weighted Hardy identities with remainder
terms with any homogeneous quasi-norm

Theorem 3.1.1. Let Q C R" be an open and bounded with a smooth section
boundary 02, n > 2, xg € Q, n € N, m € N. Let |-| be any homogeneous
quasi-norm. Assume that v > 0, is such that 0 < diam(Q2) < - L, where ey, is

as in (2.1.2) and let Ing(v/|x — x0]), kK €N, a € R for all f € C’O (Q) we have

x—xo\w R /|90—a:o|2“
1 Z Hk Iny, T—Tg
e 1( =) ()P
4 Q |.I'—.I'0|

A R n-zo-2 0 Sl o () f@)| da.
ol

T — xo|* 2|z — xo|oH! 2|z — x|t



o) )] e G

Next one using non-negativity of (1, , T} ,,.f)(x), we have following Theorem
(3.1.2) :

Theorem 3.1.2. Let Q2 C R" be an open and bounded with a smooth section
boundary 02, n > 2, xg € Q, n € N, m € N. Let |-| be any homogeneous
quasi-norm. Assume that v > 0, is such that 0 < diam(Q)) < ei, where e, 1s

as in (2.1.2) and let Ing(y/|x — x0]), k €N, a € R for all f € C3°(Q2) we have

|(8|x|f(x))\2d n—4a— /
— = _dr =
0 |z — 2| ‘x_x0‘2a+2

—-Z/W'Zowﬁl ()]

k=1
J —1
dx
o3 [ T e ()]
m ~ —1m—1 7 ~ -1
— | | d
\x—mWHE:IIL%Qx—%O] .]Il%<w—m0] !
j=1 k=1 j=1 k=1

+/‘_:%—f@%— - f@y+zﬁdﬁﬂpm<ﬁaﬂ}

allz —xol® 2|lx — x| t!
(3.1.2)

Remark 3.1.3. From Theorem (3.1.1) by dropping the last term in (3.1.1) we
have following weighted Hardy inequality:

| ({9|x|f n—2
/ - 2
| — xo\%‘ a—nt / |z — x0|20‘

1 Z; 1Hk 1 (mk o xo|)
/Q

+_
]x—x()]

|f(z)dz. (3.1.3)

4



Remark 3.1.4. From Theorem (3.1.2) by dropping the last term in (3.1.2) we
have following weighted Hardy inequality:

[@uf@)P - n(n—da = 4) [
- QW

O |33 _ x0|20¢ 4 _ xo‘?a—i—?

J ’Y -2
E— 1 d
Z/ |a:—wo|2a+2 [n’“<x—xo|>] !

: %iﬂ{wm]mlnllrlk(xgo)]ldx.

Remark 3.1.5. Let | - | represent the standard Euclidean distance. Inequality
(3.1.3) with m = 0 and xy = 0, offers an improved weighted form of the classical
Hardy inequality (1.2.1). This improvement is achieved by substituting the full
gradient with the radial derivative in a bounded domain.

|:C|204

(n—2)° [ f(@)P
> la(a—n+2)+ 1 S dx. (3.1.5)
Remark 3.1.6. Let a = 0 and | - | is the usual Euclidean distance, and with the
extension |V f(z)| = [0 f(x)|, we refer to [17].

Remark 3.1.7. Let a = 0 and | - | is the usual Euclidean distance with radial
derivative , we refer to [9]. Moreover, it was shown in [18] that the constants
(n —2)?/4 and 1/4 are optimal.

Proof of Theorem (3.1.3). Introducing the differential operators T on C5°(€),
respectively, 2 C R" open and §2 = B(0; p) on C§°(B(0; p)\{0}), m € N, a € R,
n > 2 as follows,

for m = 0:

—2a— 2
= Ja] 0| + ———la| ", (3.1.6)
and m € N:
m -1
T |.IJ| aam_‘_ ‘ ‘ a— 1+ ‘x’ a— 121—[ [lnk <|x|>] . (317)
j=1 k=1

Let us find the formal adjoint of a differential operator, denoted by To‘f s
which is defined such that it satisfies certain inner product relationships with

8



respect to a given function space. The inner product on the space of square-
integrable functions L?(Q): = L?(Q; dx) is defined as

(Tomfs9) 12 = {F- T m9) 1o (3.1.8)

To find the formal adjoint 777, in C§°(2), where & is the quasi-sphere as
n (2.2.2), and using (2.2.3), one calculates:

<To¢,mf7 g>L2 = /LQ(Q) Ta,mf(x)@dx

/9"62205 2!x T f(x)g(a)dx
L e ()] s

= — / ) 7"‘”"‘11‘“(@)%(g(ry))da(y)dr
0 S

b [l 1§:H[lnk(| N s

=1

<.
Il
_
.

:/Q\g;\—af(x)mdx—§/Qlw\‘“‘1f(w)@dfv
v I [mk (%)]_lf(x)mdx-

j=1 k=1

Thus, the formal adjoint operator of Ty, ,, has the following form:

' -1
* — n —Qa— a—
T ==z 0 — §|1’| L+ |:L'| IZH [lnk (‘x‘)] , mé&N.

7=1 k=1
(3.1.9)



When m = 0, we have a following the adjoint of T, is T} ,
* —o n —a—1
Tho=—|z|" "0 — E\x\ : (3.1.10)

Remark 3.1.8. Given differential expressions 5,7 = 1,2, their product 5195 is
used in the usual sense, that is,

(5152 f)(x) = (S1(52f))(2),

for f(x) in the underlying function space, and analogously for products of three
and more differential expressions.

We write

0< / (Ton f) ()] da = / (@) (T} Tomf) (x)de. (3.1.11)
Q Q
Now, show that
(T Tomf) (@) = — || 200, f(x) — (n— a = 1)z >y, f(x)

n—2

_ [a(a—n—l—Q) +( 5 >2] 2|22 f () 5112

I e \)]2“5”)'

7=1 k=1

Using the mathematical induction method on m € N. For m = 0, one
observes

n — 2«

—2
(TsoTo () = (—\x\—aa|x| — Sl ) (|x|—aax| + TW*) f(a)
— 200 — 2
el 08 0) — ol0 (el )
_ g‘f’f‘_m_lalwlf(x) _n <w) 2|22 f ()

2 2
—|z[” 2Oéa|gc|f($) -

n—2oa—2
n— 2«

] ()

ot 1) (552 bl ) = el 07

- g e L
el 0 () — (10— o — el F 10 ()

_ [a(& —n+2)+ (” > 2)2] 2|22 f(z).

10




Finally (T ¢To0f)(z), we have
(TroTaof) (@) = —|2[ 05, f(2) — (n — a = D)]| 1) f(2) -
2
— [oz(oz—n—l—2)—|— <n—2> ] |lz| 722 f (). (3:1.13)

2

For m = 1, a direct computation, employing (3.1.13), yields,

(151 Tan f) ()

~(zzr g o ()] ) (B 3o [ ()] ) 10-
= (T3 o)) + T (% ()] f(x)>
o] o o ()]

= (TaoTonf) (@) + I + I + i'xrm_z lln (%ﬂ
(3.1.14)

Let is direct calculate I;:




n—2a—2
= — x
4
(e
Now, calculate I5:

1 —a—1 Y -
Is :§|:1:| [ln (H)] Toof(x)

(e ] ) (oo
- (e B aer

Putting together

(151 Tan f)()

= |20, f(x) -

(

(3.1.13), (3.1.15)- (3.1.16) in

200 —

(n—a —1)]z| 9, f(z)—

12

(3.1.14):

ala—n+2)+ (” . 2)1 _n- 240‘ 2 lln (%)}j 2202 f(2)
()] -z o (3)]



(ToaTasf) (@) = —|a| 0, f(z) — (n — o = D]a| **710), f(2)

_ [a(a—n+2)+ <n;2> ] [ f () (3.1.17)

~ el i |>]_2f(‘”)'

Next, we evaluate the following identity for m := NU {0} :

el 1ﬁ [“”f ()] st 1ﬁ [“”“ ()] ore
:_<a+1)|x\—a—2ﬁ llnk (I%)]_l f@) + |27 1H {mk(’ |>]_18|xf(sc>
]) F(a) — Ja o H [lnk (ﬂ)] ()
S N

|
e fl ()] )] 0

(3.1.18)

where again note that Z?Zl(-) =0, H2:1(') =
Using (3.1.18), one can prove the following identity, which will be useful for
establishing Theorem (3.1.1)

Tamf#l™ mH[lQ \)] RAR WHIIQ o)) Tanfo) -

m—+1 -2
= Ay + Ay = —|z|” 2021_[[111( >] f(z),n € N;n > 2 and m € Ny.

(3.1.19)

13



First, one notes,
m-+1 ~ -1
Al :T£7a|$|_a_1 H llnk (m)] f(,flf) =
k=1

~ |2y (mH [mk (%)] 1f($)> -

(3.1.20)

Thus, applying (3.1.19) yields

AL+ Ay =

m+1 ~ 1-1 m+1 ~ -1
el T e ()] s+ o T e ()] Toasto

k=1 *




+ﬁ (1)) ) ) — (o + 1l ] i ()] st et
] ()]s

which is (3.1.19).
Now, we return back to the induction, that is, using (3.1.19) and assuming
that (3.1.12) is true for m € Ny, we prove it for m + 1 as follows:

e )

<Tam+ ol mH (1) ) (@)

+ 1 + —a—1 ?H_l Y -
- (Ta,mTa,mf)(x> + 5 Tm|$‘ ‘i[ [lﬂk (m)] +

k=1

)] )
e mH i ()] 7
- (T Tomd)a) ~ 3 (mﬁ e (1) ) )

Hal” mH[ (& )]_Qf(af)
= (T T ) (&) — Sl ﬁ[ (2 )]2f<x>

— |70 f(2) = (n — o = V)] 0 ()

15



_ [oz(a 4 2)+ (”T_Qﬂ 2] 202 ()

- qlel ™ mZH[IQ IRE!

j=1 k=1

(3.1.22)

Thus, we have proved (3.1.12). By the non-negativity of (T;’mTa,mf) (x), one
calculates,

o</| Tomf) (2)[° da;_/f Tanf) (2)dz (3.1.23)

where T, ,, and T as in (3.1.7), (3.1.9), respectively. For simplicity we will
work with f € C§° ( (0; p)\{0}) for m € N.
The (3.1.23) takes the form:

0</f wTamf) (x)dx
- /Qf z) (a0, f(x) = (n — a = D] 19 f (x)
_ [a(a —n+2)+ (n ; 2) ] x| 2 f ()

—gl™ QZHP“’“Q ) Qf(“””’)) o

j=1 k=1

/f )| 7208, f(@)de — (n —a = 1) /f )| 72 O f (2)da

[a(an+2 ("‘2)]/1“ |z ~2e 2

-3 T iHF( \)] eyt

7=1

(3.1.24)

Considering the identity,

/f—$]x|—2a (8|2x|f> x)dr = _/ |x\_20‘ }(8|:r\f) (l‘)|2dx

(3.1.25)
(n—a-—1) /!:cl 20 (@) (O f) (m)da,  f € C5° (Bn(0;p))

16



(3.1.24) has a form,
0 </ f T mL o mf )
= [l @) @[ do (0= a =) [ o] 2@ (01f) (0o
Q Q
C—a—1) /f—x)\xr%‘_l@ﬂf(a:)dx

[Q<an+2 +(”2 )]/f Jia| 2

L wilmnk( V] e

+ (”‘2)2] [l 21

— /4y [ =R @) P ] ] e/ 2] d
j=1 79 k=1

(3.1.26)

implying,

/Q 2% (8 f) (@) P > [am iyt

] [t spas

i 411 Em:/Q]f[l llnk ( )]_2 ) 777 | f () Pdr.
(3.1.27)

[]
Next, we prove Theorem (3.1.4) using non-negativity (7o, Ty, f) (7).
Proof of Theorem (3.1.4).

0</\ (2)] dx—/f ) (Tam Ty f) (x)de (3.1.28)
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Let us now show that

(TamT5 ) () = =[] 2“(5|2;E|f)( ) = (n—a = D9 f) ()

( n(n — 404 202 4 §|x20¢22m:1£[1 [ln <|%|>]2> f(z)
—(a+1) xlm”ilﬁlln[(%)] 1fx)

1

e S o (3)] S 1 [ (3)] 0

j=1 k=1 j=1 k=1
(3.1.29)

[y

For this we use induction on m € Nj. For m = 0 we have,

n—2ua—2

(BT ) = (Jol 00 + "

= o] (@ /)(@) = Slal 9 (el "' () -

o) (el (@)~ 3l 1) ()

n—2oa — 2

|| 72710, f(2)

2

P20 Dl ) = ol (@, 1)) — Dl ((—a — Dlal
el 01 () — I R @) - MO )
= (el @) = 00— @ = el @) - M a2 ) o),
Finally for (Ty15 f)(z):
(ToT5 f) (=)
z(wﬂQ%%f»—m—a—nu\lewﬂ—””‘f””%ﬂzav)u»

(3.1.30)

For m = 1, by a direct computation we get

(T T5,.0)(2)

() (o )

= (TuoT7 o f) () + T (%| |a+1f(a:) )

()]

18



1 1
(Taol)(x) + 5
! (2:15““ [ (%)}) i 4|x‘2a—|—2

In
. 1
= (TooToof) (@) + Ji+ Jo + =
4 T 20+2

Let is direct calculate Ji:

o )] s o ()]
A ()] s 2= )]

19



(WH [11 (%)]) (T2 of) (@)
i (2|x|a+1 11n (l)]) (~lal @) = Flal ') (2)
e o @] o ()] e

(3.1.33)
Putting together (3.1.30),(3.1.32) - (3.1.33) in (3.1.31):
(T T2 ) (2)
= (“lel @) - (== Dle = @) - M a2 ) )

A [m ()] ) L ()] o)
- %\x!‘m‘l lln <|Z—|>] Oufla) - %le‘m‘l lln (%‘ﬂ ) Oei f ()
_%m_m_z [m <\Z_\>} e )+1|x|2a+2f[§z)( ) :

= (Jel 20,7 = (0= a = a2 @) - "= a2 ) )

4
R4 N L )

4|z |20+2 [ln (m)}2 |z[20+2 1n <%|) :

Finally (T,1Ty 1f)(x), we have:

(Toa T @) = = (|2l 20, f = (n = a = D]a| 27 (0 )) (2)
nn—da—4) 5,
N 4 2 (=) (3.1.34)

+ 3/(x) — (a+1) f(x)

tap [n ()] o2in ()

Assuming that (3.1.29) is true for m € Ny, we will prove it for m+ 1. Before
this, let us show the following identity, which will be useful in this proof:

20



_l_

()] )T ()] 5"
A ()]
I ()] S ()]
T ()] oo

) |
Al ]
s L (5r)) S (5)
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2042

2042

= T
B
~

e

~ A
==

T ~— 5 et B
[\) | |

1
Ju—
o~
| /\

22



which is (3.1.35).

Again, we return back to the mathematical induction method, that is using

(3.1.35) and assuming that (3.1.29) is true for m € Ny, we prove it for m + 1
as follows:

ot~ (i 1o ()]
(oo i ()] )

T ()] R T e ()]
= (DTl )2) + 5 | T (%Zﬁj [mk (%)] 1) () +
I o )] 5]« sl o ()]
= (LT @) + 2 [—Q(ﬁ;ﬁzﬂé(@ Zﬁ (1))
s I e ()] ST ()]



s 11 o )]+l [ ()]

x|~ (<9| @) = (n—a =Dz f)(@)

s
( 10D ey Sy ikﬂ[l (%)]) (@)

T e ()] fzi() TT [ ()]
e e (3)] XTI ()
RN R

(n— o — 1)z, ) (z) n(n_j&_@ﬁgag
LG

(3.1.37)

Thus, we have proved (3.1.29). Then, plugging this into (3.1.28) we get

0<— /llf (0% )z nal/H (O f) (2
S )Q}f| g Z/HM [ (lﬂ_de
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o i/ _
EE I [ (27)

‘20(

0 |9U\20‘

ﬁ llnk (),

-1
dx

- / ol 2@ ) P —
f: |

=1

More concretely,

—1m—=1 7J -1
S 1L (p)] o
7j=1 k=1
—4a—4 2

oot Q:g;f;;mx

OS/Ix\_2“|((9|xf)(ﬂf)l2d9«“—n(n_ja_4) Q:i,(ﬂidx

T Z/mm H[ (l) b ‘Z/lfw+ kf [1“’“ (ﬁ)]d
AN

/ o 2“|(3|x\f)( edr > M2 }ff”d

k

-

yielding (3.1.4).
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4. Application

4.1 L*-Caffarelli-Kohn—Nirenberg inequalities

In this section, we establish Caffarelli-Cohn-Nirenberg type inequalities and
their proofs. The proof is based on the Hardy inequalities and Holder’s inequal-
ity.

Let us begin by recalling the classical Caffarelli-Kohn-Nirenberg inequality
from [19]:

Theorem 4.1.1. Letn € N and let p, q, r, a, b, d, 6 € R such that p,q > 1,
r>0,0<0<1, and

1 a1 b1
- ) (4.1.1)
p nqg nr n

where ¢ = dd + (1 — §)b. Then there exists a positive constant C' such that

el ALy < CNlST A gy Il f (112
holds for all f € C§°(R™), if and only if the following conditions hold:

1 1 —1 1 b
—+5:5<—+a >+(1—5)<—+—), (4.1.3)

romn p n qg n
a—d>0 if §>0, (4.1.4)

, 1 ¢ 1 a-1
a—d<1 if 6>0 and —+—-—=-+ : (4.1.5)
r o mn o p n

We actually obtain the Hardy inequality as (3.1.3) and (3.1.4), which plays
an important role in obtaining Theorem (4.1.6).

Theorem 4.1.2. Let 1 < ¢ < oo with2+q > r and 6 € [0,1] N [=2,2] and
b,c € R. Assume that %%—% =1andc=—6+b(1—9). Let|-| be any
homogeneous quasi-norm on R™. Then for all f € C5° (R"\{0}) we have the

following Caffarelli-Kohn-Nirenberg type inequalities:

lw®f

1-4
)

@ < ||‘a7‘_aalff|f“5L2(Rn) |waHLq(R" ’ (4.1.6)
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where,

N[—=

(ata=n++ L5

w =

e () )

Case § € [0,1] N [=2, 2], Recalling ¢ = § + b(1 — 6), a direct calculation

qgrves
cr r % f or f %
L7 (Rn) — (/ ‘w‘ d:C) - ( G |‘a()‘ )(lr ||w(| )blrl %) dSU) .
(4.1.7)

=1land2+q>r. Then

|33|0‘

lw®f

We want to use Holder’s inequality for (SQ—T +

(1=0)r
q
using Holder’s inequality in (4.1.7) we get following:

1-96

2\ ? ¢ \a
o Pl < ([ o) ([ E0ae) " = el

(4.1.8)
From Theorem (3.1.3) we have
H ‘x‘_aa|x|f||L2(Rn) (4.1.9)
/() Q=27 1577 (1w 2) )
_ 9y \¥ %)~ o, ——
2 ala—Q+2)+ 1 +4ZH nk|33|
7=1 k=1 L2(R7)
(4.1.10)
Recalling
( (a—Q+2)+ P T (e ) )
w(x) = : (4.1.11)
|90\°‘
we can rewrite it as
H\ﬂ?|_a<9|x|fHLz(Rn) > wa”B(R”) (4'1'12)
Using (4.1.12) in (4.1.8) gives the desired inequality (4.1.6).
Theorem 4.1.3. Let 1 < ¢ < oo with2+ ¢ > r and 6 € [0,1] N [=2,2] and

b,c € R. Assume that%+%—landc-—5+b(1—5) Let | - | be any
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homogeneous quasi-norm on R™. Then for all f € C§° (R™\{0}) we have the
following Caffarelli-Kohn-Nirenberg type inequalities:

le®f Lr(Rn) S Hm aalzlfHB R™) ‘waHLq Rn)’ (4.1.13)
where,
n(n— 4a 4) N —2 " i , -1\ 2
— 1 T <1nk m) + 2501 [ <1ch |7>
W= -
|z
-1 1\ 2
(ZJ 1H (lnk |$|> > i Ihe 1(1ﬂk |x|> >

]
Case 6 € [0,1] N [=4,2]. Recalling ¢ = 6 + b(1 — 8), a direct calculation
glves
ST @) @) T
(4.1.14)
=1and2+qg>r. Then

3=

lw®f

We want to use Holder’s inequality for %7‘ 4 (=)

using Holder’s inequality in (4.1.14) we get following:

5 1-5
f@P N (@ N )
L7 (Rn) < ( G ‘W|_2 dx G \w\_bq dx - waHL2(R”

From Theorem (3.1.4) we have

lw®f

‘ f

La(Rn) .
(4.1.15)

o f@) (nn—40—4) 371 (1 1)
H‘x‘ a|l’|f||L2(Rn) > |.I‘|O‘ 1 — ZZH lnk m (4 1 16)
j=1 k=1
m j -1
+3 11 <lnk %') (4.1.17)
7=1 k=1
m ] —1m—-1 7 -1 2
() X () )
j=1 k=1 j=1 k=1 L2(Rn)
(4.1.18)
Recalling
_ 1\ 2
(M 423 T (mk%) +>0n T <lnk |x> )
W =

]
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1
2

) (ZTl H}i:l <lnk %) o ZT:_H ‘/izl <1Dk |%> _1> (4.1.19)

]

we can rewrite it as

2100 1| 2y = N0 f 2 (4.1.20)

Using (4.1.20) in (4.1.15) gives the desired inequality (4.1.13).
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5. Conclusions and future
work

In conclusion, this research has provided a comprehensive study of Hardy
inequalities, which have captivated mathematicians for over a century. By uti-
lizing the method of factorizations of differential operators, we have derived
improved Hardy-type inequalities, extending the classical results originally in-
troduced by G. H. Hardy in 1918.

Our work unifies sub-critical and critical cases of Hardy inequalities with
any homogeneous quasi-norm, both in the Euclidean setting and on general
homogeneous Lie groups in [15]. Building upon the advancements by Gesztesy
and others, we demonstrated the effectiveness of the factorization method in
obtaining refined inequalities and explored its applications in various mathemat-
ical and physical contexts. This research not only enhances our understanding
of Hardy inequalities but also opens new avenues for further exploration and
application in the field of mathematical analysis.

Finally, in this note we have established a unified result that contains both
the critical and subcritical Hardy inequalities. Moreover, as a byproduct, a
Caffarelli-Kohn-Nirenberg type inequality is obtained. This work is based on
the conferences at [20], [21], [22], [23], [24] and was presented at the Interna-
tional Emerging Scholars Conference - 2024 on ” Towards Using Generative Al
in Academic Research”.

In future work, we plan to investigate the applications of the improved
Hardy inequality developed in this thesis to more general classes of partial
differential equations and operators as in [17], [25]. Specifically, we aim to
explore the implications of this inequality for the lower semiboundedness and
form boundedness of Schrodinger operators with strongly singular potentials.
One promising direction would be to study how the best constant b in the

inequality:
N-2\* 1
—A> bV
(*57) e

depends on the geometry and distribution of the singular points. Can sharper

constants be obtained by tailoring the inequality to the specific configuration
of singularities?
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Furthermore, we would like to understand how this inequality can be lever-
aged to establish essential self-adjointness, spectral properties, and resolvent
estimates for the corresponding Schrédinger operators. Another natural ex-
tension would be to consider more general nonlocal or fractional differential
operators in place of the Laplacian, and to investigate how the improved Hardy
inequality and its applications can be generalized to these settings. This could
lead to new insights into the interplay between the structure of singular po-
tentials and the properties of nonlocal Schrodinger-type operators. Overall,
the techniques developed in this thesis provide a promising foundation for fur-
ther advancing the mathematical understanding of partial differential equations
and operators with strongly singular interactions. We anticipate that exploring
these future research directions will yield valuable new theoretical results with
potential applications in physics, quantum mechanics, and beyond.
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