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In this paper, we study the dimension of a family of sets arising in open dynamics.
We use exponential mixing results for diagonalizable flows in compact homogeneous
spaces X to show that the Hausdorff dimension of set of points that lie on trajectories
missing a particular open ball of radius 7 is at most
rdimX
dimX + C 1 ,

ogr

where C > 0 is a constant independent of » > 0. Meanwhile, we also describe a general
method for computing the least cardinality of open covers of dynamical sets using
volume estimates.
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1. Introduction

As a subbranch of dynamical systems, open dynamical system is an active research area.
A typical example is the dynamics of a billiard ball on a table with holes. For some of
the recent developments in open dynamics research we refer to [1-6]. In this paper, we
would like to study the Hausdorff dimension of the open systems with holes arising in
homogeneous spaces. Let G be a Lie group and I' a uniform lattice in G. Consider the
compact homogeneous space X = G/I" and one parameter semigroup (g;); > ¢ of diagonal-
izable elements of G acting on X by left translations. In many situations, using uniqueness
of the measure of maximal entropy and variational principle for topological entropy one
can show that the Hausdorff dimension of the set of trajectories under g, that miss a fixed
open set is strictly less than dim G. Our goal in this paper is to find an effective bound for
the Hausdorff dimension of such sets. We fix a right invariant Riemannian metric d on G
and use the same notation d for the induced metric on X. Let H be the unstable subgroup of
G w.rt. g1, that is,

H:={geG:d(g.gg—n,e) > 0asn - —oo},

where e € G is the identity element. Let v be the Lebesgue measure on H, u the probability
Haar measure on X, ||-||; a Sobolev norm in WZZ(X ), and |[|-|| is the maximum norm.
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Definition 1.1: We say that a flow (X, {g,}) has property (EM) if there exist D, A, k, £ > 0

such that for any x € X, f € C°(H), and ¥ € C*°(X) such that the map g — gx is injective
on some ball in G containing supp( f), and for any ¢ > 0 one has

< const(f, ¥)e ™,

‘ /H FrY(gih)dv(h) — fH Fdv(h) /X Vdu
where

k
const(f, ¥) = DI fllell¥lle (mfgillvlﬂllf IfIdV> :
xXe H

Our definition of property (EM) is a consequence, (c.f. [7, Proposition 2.4.8]), of
property (EM) defined in [7]. We note that the const(f, 1) is not stated explicitly in [7],
however as pointed out in [8], one easily gets the above explicit constant.

From [7, Lemma 2.4.1] we see that, in particular, if [" is an irreducible lattice in
G and G has an essential factor G’ which is not locally homeomorphic to SO(m, 1) or
SU(m, 1), m € N then the property (EM) holds for the flow (X, {g;}).

For any metric space (Y, d), we define open balls by

BY(x,r):={ye?Y :dx,y)<r)

When Y is a group with identity e we simply let BY(r):= BY(e, r). Since X is compact we
can pick a constant 7 € (0, 1) such that for any x € X the map g — gx is injective on B%(ry).
We consider I' = eI as an identity coset in X and for simplicity, we write BY(r) for BX(T",
7). Our main result is the following.

Theorem 1.2: Let G, T, g;, , ro be as above. Assume that the flow (X, {g,}) has property
(EM). Then, there exists a constant C > 0 such that for any r € (0, ry) and xo € X the set

{x € X : gix & BX(xo,7) for any t > 0} )
has Hausdorff dimension at most

1(BX(r))

dimG + C——— .
log W(BX(r))

Similar results were studied in different contexts, see e.g. [4,6,8—11]. It is desired to
obtain the similar results when I' is not necessarily uniform. However, to derive nontrivial
estimates from exponential mixing we need to assume that the complement of an open
ball in X is compact which is not the case if X is not compact. We will make no claim on
sharpness of our result. In fact, we think the following should hold true.

Conjecture 1.3: Let G be a Lie group, I' a lattice, {g;} a one parameter diagonalizable
subgroup of G acting on X = G/I". Assume that the Haar measure p on X is the unique
measure of maximal entropy. Then, there exists a constant C > 0 such that for any x, €
X and r > 0 such that the map g — gxo is injective on BY(r), the set (1) has Hausdorff
dimension at most dim G — Cu(BX(r)).

In this generality, it is not known if the Hausdorff dimension of the set (1) is strictly
less than dim G. This was observed in [12] for X = G/T" when G is of R-rank one.



Dynamical Systems 151

We will adopt some of the ideas from [8], where the Hausdorff dimensions of the level
sets of uniformly badly approximable systems of linear forms were estimated. In the next
section, we will prove some known results in a more general setting. In Section 3, we use
the property (EM) to obtain Theorem 1.2.

2. Auxiliary results

This section may be of independent interest. In certain cases, it may be possible to estimate
the measure of certain subsets arising in ergodic theory and one may wish to study the
covering of these sets by certain balls. In this section, we provide a general version of some
well-known results useful in such occasions. See e.g. [7] where tessellation method was
introduced for such purposes.

Let G be a Lie group and I" a discrete subgroup of G and set X = G/T". Let {g,} be a one
parameter diagonalizable semigroup and H be the unstable subgroup w.r.t. g;. As before,
let us fix a right invariant Riemannian metric d on G and to simplify the notation let B(r):=
B(r). For any set K of X we let 3,K denote the thickening of K by r, that is, 9,K = {x €
X: d(x, K) < r}. Let v be the Haar measure on H. By Bowen (¢, r)-ball in H we mean any
translate of g_,B(r)g; in H.

Proposition 2.1: For any r, t > 0, a subset K of X, a point x € K, and a natural number
k € N, let Ex(t, r, K, x) denote the set given by

Ev(t,r,K,x):={heB(r):guhx e K, L =1,2,...,k}. 2)

We have that the set Ei(t, r, K, x) can be covered with at most

sup
x'€d, K

<V(Elg,2narkyxo)>k
v(g—+B(r/2)g:)
Bowen (tk, r)-balls in H.

Proposition 2.1 follows inductively from the following.

Lemma 2.2: Foranyr, t > 0, a point x € X and a subset K of X we have that the set E(t,
r, K, x) can be covered with

W(E\(t,2r, 3, K, x))
v(g—1B(r/2)g:)

Bowen (t, r)-balls in H.
Proof: Let us pick # € E\(t, r, K, x) so that g,ix € K. Any i’ € g_,B(r)gh satisfies

d(g:h'x, K) <d(g:h'x, g:hx) < d(g:h', g/h) <r.

Hence, g,/'x € 9,K. Moreover, g_,B(r)g:B(r)CB(2r) so that g_,B(r)g;hCE1(t, 2r, 9,K, x)
whenever /1 € E(t, r, K, x). A finite subset S of E|(, r, K, x) is said to be (¢, r)-separated if
for any distinct £, g € S we have d(g:h, g:g) > r. Let S be a (¢, r)-separated set of E (¢, r,
K, x) with maximum cardinality. Then, it suffices to estimate #S from above as maximality
implies that E,(¢, , K, x)CUj ¢ sg—B(r)g:h. On the other hand, the sets g_,B(r/2)g,h and
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g_B(r/2)g,g are disjoint for distinct g, & € S since otherwise if g_,#'g.h = g_,g'g,g with I/,
g € B(r/2) then we would have

d(gg. gh) = d(gg. (W) 'g'gig) = d(e, (W) 'g)
<d(e,g)+d(g (W) 'g) <r

Also, any & € S satisfies g_,B(r/2)g:hCE\ (¢, 2r, 9,K, x) so that

| |- B(r/2)g:h C Et. 2, 8,K, x).
heS

Thus,

- v(E (t,2r, 0, K, x))
v(g-:B(r/2)g:)

Remark 2.3: We note that in the conclusion of Lemma 2.2 and Proposition 2.1 one may
replace 2r by r + 1diam(g_, B(r/2)g).

Proof of Proposition 2.1: The case £ = 1 is considered in Lemma 2.2. Assume that k& >
2. We note that Ey(z, r, K, x)CEy — (¢, r, K, x) so that any covering of E; _ (¢, , K, x) also
provides a covering for Ey(z, r, K, x). Assume that the set E; _ (¢, , K, x) can be covered
with

Ei(t,2r, 3, K, x )\ !
- (V( 17, 2r X))) 3)
x'€d, K

v(g-B(r/2)g:)

Bowen (#(k — 1), r)-balls in H and let g_,x — 1)B(r)gyx — 1)/ be one of these Bowen balls.
We are interested in the covering of the set

D := g_;q—1)B(r)gixk—1yh N Ex(t, 1, K, x).

If the set D is empty there is nothing to cover. Let us assume that D is nonempty. We
claim that D':= gy — 1)Dh’1g_,(k _nCE(t, r, K, x'") where X" = gy _ 1)hx. First note that
D’'CB(r). Next, for any /' € D', we note that g_,i — 1y/'gyx — 1y € D so that

1.0

8ik8—1k—1yh' gr—yhx = gh'x" € K.

This proves the claim. Now, we apply Lemma 2.2 to see that the set D’ can be covered with
at most

W(E\(t,2r, K, x"))
v(g—B(r/2)g:)

“)
Bowen (¢, r)-balls. Fix any 4" = g_ - 188« — 1yh € D, then

d(x", K) < d(gik—nyhx, gx—1yh"x) < d(gux—nyh, gg&ix—1yh) < d(e, g) <,
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where e € G is the identity element. So, x”" € 9,K. Together with (4), we see that the original
set D can be covered with

v(E (¢, 2r, 3, K, x")) < sup v(E\(t,2r, 3,K, x"))
U]
v(g_:B(r/2)g:) T veak V(g B(r/2)g)

)

Bowen (tk, r)-balls. Finally, combining with (3), we obtain that the set Ex(#, r, K, x) can be
covered with

“ (v(El(t,Zr, a,K,x’)))"
ek \ W(g-B(r/2)g)

Bowen (tk, r)-balls in H. O

3. Proof of Theorem 1.2

In this section, we use the exponential mixing estimates, that is, the property (EM) to deduce
Theorem 1.2. For any » > 0 and xy € X, we define the compact set

K(xg,r)={x e X :d(x,xp) >r}.

We recall that v is the Lebesgue measure on H and B(r) = B"(e, r). Using the countable
stability of the Hausdorff dimension, it is easy to see that Theorem 1.2 follows from the
following.

Theorem 3.1: Assume that the flow (X, {g:}) has property (EM). Then, there exists a
constant C > 0 such that for any x, xg € X and r > 0 sufficiently small so that g — gx is
injective on BY(r), the set

E(r/2, K(xo,7),x):={h € B(r/2): gshx € K(xo,r), VYt > 0}

has Hausdorff dimension at most dim H + C %.

We now give the proof of Theorem 1.2 assuming Theorem 3.1.

Proof of Theorem 1.2: Let xo € X and » > 0 be given. From countable stability of the
Hausdorff dimension it suffices to show that for any x € X there exists some 7' > 0 such
that the set

{g € BC(r') : gigx € K(xo, r) forany r > 0}

w(BX(r)
log w(BX(r))"
H™ ={g e G:g,gg_, — easn — oo}. Then, locally G is a direct product of H~, H’, and
H. Once ¥ > 0 is sufficiently small, for any g € BY(+') we may write g = 4'h where h €

B(#')and i’ € BH H°(+'). Note that for any y € X, we have

has Hausdorff dimension at most dim X + C Let H' = {g € G: gg| = g1g} and

d(gigx,y) < d(gh'hx, ghx) +d(ghx,y) < d(ghx,y)+r'".
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Thus, g,gx € K(xo, r) implies g,hx € 3, K (xg,r) C K(xo,r — 1) for any ' € (0, r). There-
fore, we deduce that the Hausdorff dimension of the set (1) is at most

dimy ({h € B¥(r) : gihx € K(xo,r — 1), ¥t > 0} x H™H")

for any # € (0, 7). By letting #¥ — 0 and using dim X = dim G = dim H + dim(H~H"),
we see that the Hausdorff dimension of the set (1) is at most

1(BX(r))

dimX + C—————,
log (BX(r))

as desired.

For the remaining of the paper, we focus our attention to the proof of Theorem 3.1.
To estimate the Hausdorft dimension, we need to find covering of the set with small balls.
Clearly, E(r/2, K(xy, r), x)CEx(t, ¥/2, K(xy, r), x) for any k € N and ¢ > 0, where the latter
were defined in the previous section. To apply the results obtained in the previous section,
we need to obtain a measure estimate of

El(t, r, 8,«/2[(()(0, r),x) = El(t, r, K()C(), r/2),x).

To optimize the estimates, we will later specify ¢ > 0.
Let n = dim H and m = dim G. Recall that ry > 0 is an injectivity radius of X. From
property (EM), we will deduce the following.

Proposition 3.2: Let (X, {g;}) be the flow with property (EM). There exist constants D, E,
A > 0 such that for any x, xg € X, r € (0, ro/2), and t > /\l log } we have

V(E\(t, 1, K(xo,7/2), X)) < v(B(r)) — Dr'"™ + Ee™".

To make use of the (EM) property, we need smooth functions that approximates the
characteristic functions of small balls.
Lemma 3.3: For any unimodular Lie group G' of dimension d and € € N, there exist

constants My, 4, My, 4 > 0 such that the following holds. For any €, r > 0, there exist
functions f.: G — [0, 1] such that

e /. =10nB%(r)

o fe=00n(B9(r +¢)°
o [[felle < Mg ge= @+ 0

o [IVfell <My 4!~

Proof: The proof is essentially contained in [8] and for completeness we will recall the
proof here. Let g : B (1) — [0, oo] be a smooth function with ||g||,1 = 1 and define
g2e(x) = (c(d)/e?)g(2x/€) where c(d) > 0 is chosen so that ||g.||,1 = 1. For any a =
(oey, g, ..., ag), let D, denote the differential operator % The convolution f, =

Xl Xd
8e * 1 g/ (,4¢ 1) 18 smooth as Dy fe = (Dgge) * 1, 4¢/2) and it has the support contained
in

supp(8e)supp(1 go'(s 1¢/2)) € BY (r + €).



Dynamical Systems 155

Clearly, 0 <f; as 0 < g.. From [g. = 1 it follows that f; < 1 and further with unimodularity

assumption we see that f= 1 on B9 (r). Thus, it remains to prove the last two assertions. As
g is smooth and compactly supported, we see that |Dgf; (x)| < Mg, 4 ¢~ /. This clearly
implies | V£ || < My, 4¢ '~ and Young’s inequality yields

1D fellz < I1Dagell 2l porrrepmylinr < Miajae™ ",

so that ||f; [lg < My, ge =@+ 9, O

Proof of Proposition 3.2: Let us fix some r € (0, r(/2), xo € X and define
A(t,x) = {h € B(r) : gshx € BX(xq,7/2)}.
Observe that E (¢, r, K(xo, /2), x)UA(¢, x) = B(r). Thus, it suffices to prove
V(A(t, x)) > D" — Ee™".

We choose ' > O such that A — (2¢ 4+ m + n + k + km))’ > 1/ and forany 1 > 4 log !
we consider the following functions f;, v,. We apply Lemma 3.3 for G’ = H,d =n,r > 0,
and e = e*" to obtain f; := f, ... Then, apply Lemma 3.3 for G = G,d = m, r/2 > 0, and
€ = ¢~*" to obtain y,. We will identify v, with the function on X given by gxo — ¥,(g).
This is well defined as g — gxo is injective on BY(2r) and supp(y;) C B¢(2r) whenever
t > L log L. From property (EM), we have

' /H (g hx)dv(h) — fH fudv /X wfdu‘
k
< DI lelvile (r;ea;c V@)l fH Iﬁldv> =

Therefore,
/ ft(h)lp,(gthx)dv(h) > / ftd\)(l’l)/ w[du _ Dle)»/t(2€+m+n+k+km)_)\t
H H X

2/ f,dv/ Vrdu — Dye .
H X

Letf: lB(r) and ‘(ﬂ = 1BX(XOJ/2). Then,

V(A x)) = fH Fy(ghx)dv(h)
> /H FinW(gihx)dv(h) — / i — fldv
> [ ftbywtennarin - v (50 + e 0\BC))
H

> / £ (eihx)dv(h) — Cre".
H
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Similarly using ¥ > ¥, — |, — |, we obtain

V(A(t, x)) = / fi(h)(ghx)dv(h) — 2Cie ™"
H
> / f,dv/ Vidu — Dye ™" —2Ce™*"
H X
> Dr'"™ — (D; 4+ 2Cy)e .

Taking £ = D; + 2C,, we obtain the proposition.

Proof of Theorem 3.1: From Proposition 2.1, we see that for any k € N the set Ex(¢, r/2,
K(xp, 7), x) (and hence the set E(r/2, K(xy, 7), x)) can be covered with at most

sup (v(E1(l‘,r, 8,/2K(x0,r),x’))>k (6)

v(g_:B(r/4)g,)

x'eX
Bowen (tk, r/2)-balls. Since 9,,K(xg, ) = K(xg, 7/2), using Proposition 3.2 we obtain that
V(Ei(t, 1, 8,2K (x0,7), x')) < v(B(r)) — Dr'"*" 4 Ee™*" for any x’ € X.
We define
Ao = max{|A| : A is an eigenvalue of Ad,, }.

Then, it is easy to see that any Bowen (¢, 7/2)-ball can be covered with

o (Ve-nBr/Dgw)\ _ (V& B>/Hs)
v(B(re=*k)) V(B(re~ o))k
balls of radius re 'k where the implicit constant does not depend on ¢, r, k. Hence, the
set E(7/2, K(xo, r), x) can be covered with

o [ (2B - Dot g\
v(B(re=?))

balls of radius re=*'*. Note that v(B(re="")) = v(B(r))e " = O(r"e~*"'). Let dim,
and dimy denote the lower box dimension and the Hausdorff dimension, respectively.
Then,

W(B(r))—Dr"+" + Ee="
k log ( U(B(ref)‘ol)) )

— log(re—"otk)

log (e™™ (1 — D'r™ + E’r‘"e‘“))
Aot

log (1 —D'r" + E/r_”e_“)
Aot '

dim E(r/2, K (x0,r), x) < lim
—00

:I’l+
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To optimize the estimate, we want to choose a suitable > % log } We have r € (0, ) and

ro < 1. Letus pick p > 1 such that r” < rf <

D

L and let 1 = 2L Jog % Then, for any

r € (0, ro) we have

, D’
E'r e ™ = E'yymtntr Yr'".

Thus,
dimyg E(r/2, K(x9,7), x)
, log(1 — Zrm) , "
<dimgzE(r/2, K(xg,7),x) <n+ — <n—-D el
0 og -
This finishes the proof.
Acknowledgements

The author would like to thank the referee for useful comments.

References

(1]

Bruin H, Demers M, Melbourne 1. Existence of convergence properties of physical measures
for certain dynamics with holes. Ergodic Theory Dyn Syst. 2010;30(3):687—-728.

Bunimovich L, Yurchenko A. Where to place a hole to achieve a maximal escape rate. Isr J
Math. 2011;152:229-252.

Demers M, Wright P, Young LS. Escape rates and physically relevant measures for billiards
with small holes. Commun Math Phys. 2010;294(2):253-288.

Ferguson A, Pollicott M. Escape rates for Gibbs measures. Ergodic Theory Dyn Syst.
2013;32:961-988.

Keller G. Rare events, exponential hitting times and extremal indices via spectral perturbation.
Dyn Syst. 2012;27(1):11-27.

Keller G, Liverani C. Rare events, escape rates and quasistationarity: some exact formulae. J
Stat Phys. 2009;135(3):519-534.

Kleinbock DY, Margulis GA. Bounded orbits of nonquasiunipotent flows on homogeneous
spaces. Am Math Soc Trans Ser. 2 1996;171:141-172.

Broderick R, Kleinbock DY. Dimension estimates for sets of uniformly badly approximable
systems of linear forms. 2014. Available from: http://arxiv.org/abs/1311.5474.

Kadyrov S. Effective uniqueness of Parry measure and exceptional sets in ergodic theory.
Monatsh Math. Forthcoming 2014.

Urbanski M. Invariant subsets of expanding mappings of the circle. Ergodic Theory Dyn Syst.
1987;7(4):627-645.

Hensley D. Continued fraction Cantor sets, Hausdorftf dimension, and functional analysis. J
Number Theory. 1992;40(3):336-358.

Einsiedler M, Kadyrov S, Pohl A. Escape of mass and entropy for diagonal flows in real rank
one situations. Isr ] Math. Forthcoming 2014.


http://arxiv.org/abs/1311.5474

	Abstract
	1.Introduction
	2.Auxiliary results
	3.Proof of Theorem 1.2
	Acknowledgements
	References



