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YIK: 519.111:2
PROPERTIES OF WEIGHT FUNCTION
P.C. CynramypartoB, Marucrpanr 2 kypca 6M010900 — MaTtemaTuka
Cyaeiiman [leMupenab aTbIHAAFbI YHHBepcuTeT, KazakcTan

AHHOTALUSA

Ota Hay4Has paboTa JaeT HEKOTOpbIC MOJIEC3HbIC W WHTEPECHBIC CBOMCTBAa BECOBOW (DYHKITHH.
OmpeneneHo, 4To eciau OOIIMH JETUTEIb BCEX CJaraeMbIX pas3JIOKEHHs OOJIbIIE OJHOrO, TOra
pasiokeHue He TPUHAISKAT MHOXKECTBY 00pa3a BECOBOM (DyHKIHH.

Kpowme Toro, 65110 00HApYKEHO, MAKCUMAIILHOE YUCIIO CIaraeMbIX B BECE MEPEropoIOK U APYToro
CBOHCTBa M300paKeHHS U3 BECOBOH (DyHKIIHH.

OpHAKO OCTAIOTCSI HEKOTOPHIE Ba)KHBIE BONPOCHI B U3YUECHUH 3TON (PYHKITHH.

Keywords: partition, weight function, Sn-module structure, combinatorics, number theory.

Summary
This scientific work gives some usefull and interesting properties of weight function. It is defined
that if the great common divisor of all parts of a partition is more that one then the partition does not
belong to the set of image of the weight. Also, it is found the maximum number of summands in weight
partitions and another properties of Image of weight function. However, there remain some important
questions in studying this function.

Tyiiin

ByJ1 FBUIBIMU KYMBIC CalMaKThl (QyHKIMS Typasibl Maiiaaisl xKoHE MaHbI3Abl MaFinymat Oepeai. Erep
KIKTeyiH OYKiJI KOCBIHABUIAPBIHBIH OpTaK Oeirimn OipJeH yiakeH Ooyica, OHJA COM KIKTEY CalMaKThI
GyHKUUSAHBIH MOHiHE >kaTnaiasl. OmaH Oacka, caJMakThl (DYHKIMAJAFbl KOCBHIHABLIAPABIH MaKCUMyM
CaHbl aHBIKTAJIFAH JKOHE CAIMaKThl (DYHKLUMSHBIH MOHAEPiHIH Oacka Jja KacHeTTepl aHbIKTalFaH. bipak,
OyJ1 QyHKIHUSHBI 3epTTey/e OipkaTap MaHbI3/IbI CYpaKTap Kaiay/a.
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Ozet

Bu bilimsel ¢aligma agirlik fonksiyonu bazi kullanigl ve ilging 6zellikleri verir. Bu boliimiin tim
parcalarin ise biiylik ortak boleni bir sonra boliim agirhigmin goriintii kiimesine ait olmayan daha
olmasidir tanmimlanir. Ayrica, agirlik boliimleri summands ve agirlik fonksiyonu baska bir 6zellikleri
Goriintii sayis1 bulunur. Ancak, bu islev okuyan bazi énemli soru var.

Def. The weight function is
wia) =sort(n+ 1—i,— i, — - —i,iq0s..,10;)
where @ = (1%, 2%, ..., n%].
If & denotes partition
n=1l#:a, +2%a,++n*d,,
then w(8) - n + 1 denotes sorted partition of
n+1=6,+6,+-~-4+6,+(n+1—-6,-6, ——6,)
About weight function we can notice that w: P(n) = P(n+ 1).
It means that if & + n, then w(6) + n + 1.

For example, & = 5
(5) = (5,1)
(4,1) = (419
(3,2) = (217
(31%)- (3.20)
(2%1) - (321)
(21%)- (321)
(1°) - (51

Some properties of weight partitions.
Theorem.3. If all summands of partition & has a common divisor (greater than 1), then & is non-weight.

Definition. Length of partition is number of summands in that partition.
DOl 11 1]

2

Theorem.4. The length of partition B € Im(w) do not exceed [

Def. The summand (»n + 1 —6, — 6, — -~ —6,,) in partition that w[ﬁ] F 1 + 11is called newsummand for
w( ).

Theorem.5. New summand for weight partition is one of two largest summand of that partition.
Theorem.6. If 8 = (B4, B4, ..., By ) F Im(w) and g, is largest in g, then

B4 =1+ Eg + 234 +--+ [,I,— ZIE;(

Proofs of the theorems.
Theorem.3. If all summands of partition o has a common divisor (greater than 1), then o is non-weight.
Proof of theorem.3. We solve it by contradiction method. Assume that & € Im(w).
Let © mean partitionn + 1 = g; + =, + -+ g, (1.1) and without lost of generality let g, be new for e.
All this means that there exists {r,75,...,71_1} € 11,2, ...,n}:

n=ng +tne, +t+r 8., (12)

Also we have that 3d « N,d = 1 Vig; id.
Since all of z; are divisible by d from (1.1) we can say that n + 1 i d and from (1.2) that i d .
But it’s impossible for d = 1. Contradiction. Q.E.D.

Corollary. Also we can say that if all summands of partition E except one have a common factor (greater
than 1), then the partition can be good if only that summand is new for E.
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Theorem.4. The length of partition & € I'm(w) do not exceed [_3'“*'1"'1]_

Proof of theorem.4. Let w(&) = = mean partitionn + 1 =&, + 2, +--- + 2, (2.1), where k is maximum.

ABnfisl <k+1

Also notice, that the number of welghts of 6 Fmisk — 1.
It means that & + 7 can have k — 1 distinct summands at maximum, so
i1+2+~+hk>=nz=1+2+-+(k—1)
(k+Dk_  _ (k—1)k
—} }-H_ET
(k+1)2=4k" +4k+1>8n+ 124k’ —4k+1=(2k—1)?
2k+1>vVen+1=2k—1
VEn+1+1
k+lz——>=k

2
Q.E.D.

So we have to prove that k =

Theorem.5. New summand for weight partition is one of two largest summand of that partition.
Proof of theorem.5. W.L.O.G. [1] we can give an order to summands of partition
n+l=g +8,++5, (3.1)
We say that e, = e, = -+ = g, (3.2).

So we have to prove that the new summand for B is n, arn..
Using identities (3.1) and = r, 8, + %, B, + =+ 7B, — 1.E. , Wwhere g, is new for g, we get
TiBy TF3Bp T T T B — 7B T L= By T Bz T T B

b

B.=14+(ri— e, +(ro— ey +-+(r—

D ri-nm (33)

i=Litt
Since =, are distinct naturals and e, = &, = -+ = g, by the property of rearrangement inequality [2]

have
k

N r-1e ?u— De;  (3.4)
e

(=Lt
And if g, is not g, or B, then
k

T (i—1)g =0#%8; +1%8; (3.5)
| : :

i=Li#t
So conclusion of statements (3.3) , (3.4) and (3.5) is
B; —1=Bs

What is impossible, because from (3.2) we know that g, = g,. Q.E.D

Theorem.6. If 8 = (B4, B4, ..., B,) + Im(w) and e, is largest in &, then holds
Bi=1+e3+28s ++ E-E:L_EIE'C

Proof of theorem.6. According to th.5. &, (new) is g4 or E,.

If B, = B4 statements (3.3) and (3.4) give us

By — 1= Ej + 234 +- 1 E;b_ EIEk

If &, = B, statements (3.3) and (3.4) give us

Es — 1= Ej + EE,; +- 1 E;u_ EIE}(

Since B, = B, both cases give us needen inequality. [3]
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YIK 510.51
TYBIHJBIFA KOJJIAHBLIJIATBIH TEOPEMAJIAP 'KOHE TYBIHABIHBIH
TOKIPUBEJE KOJJAHBLTYBI

IlekTidoaesa Illyrruna Cepikkpizbl, SB010900 — MaTtemaTika MaMaHAbIFbI

Ecenrep mprrapranna exi (yHKUUSHBIH KOOSHTIHIICIHIH N-Ii PeTTi TyBIHABICHIH TabyFa Typa
xeneni. u = f(x), v=p(x) Gonca,

(uv)(") =u"+ Clu N 4

6omanpl. by tenuik JleitOnun hopmyrnacel nen aramansl, 01 KeOiHeCEe MaTEMAaTHKAIBIK WHITYKIHS
onicimen nonenneneni. ®opmynanarel C; kodddunmentrepi — Heroron GMHOMBIHAArs! Tepyniep. Ecte
cakTay YIIiH OMHOM KIKTeNyiHiH

w+v) =u" +Clu Dyt 4y

(OpMyIIachIH Ka3blll, TOPEKE KOPCETKIMTEPiH TYBIHABIHBIH PETi €Til, jKaKIIara almy KepeK KoHe
OipiHILI MYLIEre v aKbIPFbl MYLIETe u KOCA jkKa3y Kepek.

yv=f (x) GyHKUMACBIHBIH TuddepeHuansl dy = f ’(x)dx OoJlaThIH MOJIM. 9JETT€ OHBI OipiHIII
perti muddepennuan aen ataiael. dy nuddepeHnnanbH ©3iHEH d(dy) g depeHInanbH MbIFapyFa
6onansl. By — exinmi perti quddepenmman. Exinmi perti nuddepentman d’y nen GenrineHesi, srHu:
d’y=d (dy). d’y epHeK «I» eKi urpex» jen okbinaasl. Con cuakTel: d°y =d (d g y),..., d"y=d [d (n-1)y ]

Bynap — exinmi perti nuddepenumanap.

dy=f '(x)dx KeOeHTIHICIH x OoibIHIIA nuddepeHraniaradia dx maMa TYpakThl KeOeHTKill
pominme Gomanel, efTkeHi on x-ke Toyencis. Comuelktan d 'y =d [ f '(x)dx], d’y= [ f "(x)dx]dx,

d?*y = f"(x)dx)* 6onansr. XKammet Typae: d"y = f (”)(x)(dx)”. Onerte (dx)' opubma dx” nem xasambl.
byn apana n — nopexe KopceTKill.

I'paduxre (1 cyper) QyHKIUSHBIH €H YJIKEH MOHIH KECKIHICHTIH HYKTEHIH KOpIIi HYKTeJepiHeH
KOFapHI («TOOCIIIKTE») TYPATHIHBI, Jl €H Killll MOHIH KECKiHIECHTIH HYKTEHIH KOpIIi HYKTeIepiHeH TOMEH
(«urykpipay) TypatbiHbel ManmiM. OHIal HYKTeJIepleH OTEeTiH jkaHaMasap abcuuccanap ociHe mapasuienb
Oomanpl, arHU tga = (0. COHIBIKTaH AWTBUIBIN OTBIPFAH HYKTEJEpAE TYBIHABI HOJIBI€ TEH OOajbl.
TybIHABIHBIH OYJ1 KacHeTi Oblail alThUIaIb:

Erep (a,b) MHTEPBAJBIHIA Y3MIKCI3 y = f (x) (YHKIHACHI OCBI HHTEPBAJIIBIH Oip iIIKi ¢ HYKTECiH/Ie
©31HIH €H YJKEH HeMece eH Killli MOHIH KaObUIIauThIH 00Jica )koHe (DYHKIMSHBIH ¢ HYKTECIHAE TUSHAKTHI

TYBIHJIBICHI 00JICa, OJ1 TybIH/IbI HOJIbIe TeH Oonaabl. (Pepma Teopemacsr).
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