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Tykin Peslome

l'encen Tercisniriniy faneni amsk Typae  Jokosanue Hepagenctro I'encena
anrebpanblk Qopmama kepceTimred. Byn mokasano p OTKpBITOM  anrebpuyeckoi
TeHCi3[iK 0acka Ja aTakThl TeHCI3MiKTep i dopme. Dro HEPAaBEHCTBO  MOXET
ASNENACYTE XOHE NE COM TEHCI3MIKTEpre NpHUMEHSTCH AT NOKO3aHWsA  ApPYTHX
GalinaHeICTEI CypakTapra Kayal pETIHAE M3BECTHBIX HEPaBEHCTB a TaKk)ke OTBETHTH
KOJIAHBUIa  anamel.  Bynm  skymeicTeiy Ha HEKOTOpBIE BONPOCH! KacaTeNLHO STHX
HETI3Ti HAESCH, OChI TEHCI3AiKTIH 6acka na HEPaBCHCTB. OCHOBHOM mjen  jjanHOM
TEHCI3MiKTepAi  Kanaii Ronenued  paGoTel  sBNSGTCH  MOKa3aTh KAk C©
JIATHIHBIH KOPCETY. TIOMOIUBIO 3TOTO HEPAaBCHCTBA MOXKHO

AOKa3aTh Ipyrue HepaReHCTRA.
Kinr cesmep: Tencen TEHCI3AITi, OeHec

byHKIYs, offpic (13730910508 Kniouennie clioBa: HepagsencTBO
I'encena, BBIYKJIas (DyHKIMs,, BOTHyTast
byHKuwMs.

is shown in explicit algebraic form. The

show how the inequality is widely used to prove the inequalities.

Introduction:

JENSEN’S INEQUALITY
Let f be a convex function on the interval 7

If X1, X2, ..., Xnel and t,t, >+« are nonnegative real numbers such

Let f be a concave function on the interval I. If X1, X2
t, t o, . S are  nonnegative reg|

that & +#, +...+%, =1 then f(Ztixi) ZZtif(xi)
i=1 i=1

Let’s prove when the function is convex.

>+ Xn€ I and
numbers such

93



www.sdu.edu.kz CIIY XABAPHIBICHI 2 (30) 2014

Thus to apply Jensen’s Inequality, we have three conditions:

1. The function f must be a convex function on the Interval [ .

2. Xy, X355, €1 And t,0,5,05,....,1, are non negative real
numbers.

3. t+t, + -t =1

Jensen’s Inequality can be easily proved by mathematical
induction. So let’s prove it.

Step 1 Let’s prove for n =2
OWEIE WRCH
=1 i=1
+t, =1
Sx +6%,) <4 f(x0)+5f(x,) {tl 12 }
t,=1-t,

SEx +(=1)x <Hf(x)+A-4)f(x,) (D
Note that, inequality (1) gives the definition of convexity of a function.

Since our function is convex, for B =2 itis true.
Step 2 Assume that for B = K it is true.

Step 3 Show for n =k +1

k+1 k-+l

We f(ztixi)SZ(nﬁ&ci) show
i=1 i=1
k+1
f(Zt,x,) f(tli»+lxk+l +thi)
— D> X
B f(tkﬂx“] +(] rk+l) (1 _tk+1) er l ,) By the definition

of convex.
1 k
= tk+lf('xk+l)+(1 Lint )f(—T—"Z’x)

it ) A=) S rl

<t (o) + (- tk+1)Z f(x)

l"l Ttk

=t fOr)+(A=t)—— th(X)
k+l kA ( k+l)l=1
k+1
_Zt f(x ) k+1
i1 f(ztx)<er(x)

i=1

94



www.sdu.edu.kz CIOY XABAPUIBICHI 2 (30) 2014

Then is true when the function fis

convex.
Now let’s prove some known inequalities.

1. Proving Arithmetic- Geometric Mean Inequality

Theorem: If X1, X,...,X, are nonnegative numbers ,then
EtHX ek,

y e -
Proof: Let f(x) =Inx, f"(x)= -1

)
<«

X

<0, fis concave

1
For t,=t,=---=¢ = e by the Jensen’s inequality:

H n
FQtx) 231 f(x,)
i=] i=]
Hence, In(t,x, +t,x, teettyx,) 2t Inx, +t, Inx, +---+ £ Inx

1 1
In(—x, +=x, +-~+1xn)_>_l]nx, +-1—|nx2 +---+llnxn
n n n n n n

X+ X +-+X,  Inx; +Inx, +---+Inx,

In( )2
n n
lrl(xl-l-x3+---+xn)2ln(xl-xz-n-xn)
n n
X, +X, 4+ 4+ X 1
In(——=2 “)2]n(x1~x2-~--xn)n
X, +X, +oo+X 1
( : = n)Z (XI°X2"'°XH)M

n

X, +X, +++X 1
L2 2)> (X, %, X, Jn

(

X;+X, 44X
nNXI.XZ....Xn)S( 1 2n “)

2. Proving Holder's Inequality
Theorem: For xi, X2,...,Xn and y,,Y,,...Y, are nonnegative numbers ,

if " p2= then
: P 4

1 1
(x1y1 +X,Y5 o +xnyn)s (x’l’ + x5 +...+xﬂ)o -(y‘l‘ +y5 +... +y§)q Proof:
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Let
1 1
INER +'"+x")s(x§+x§ +...+x2)3-(i+ L Y
. n n? 19 n?
X, +XxX, +...+X 1 n \a
= | =1 B ")S(X;’ +Xg+..,+xz)p.( )q
n _n"
(L
X, +X, +...+x 1| 9
e | 2 ")s(x'{'+x§+...+x§)p- L
n n
4
X, +x, +...+Xx 1
= 1 2 n S(xp +xP +---+XP)P . 1
1 2 n :
n 1
\n Y

= )
1
‘1=y2=yn=— )

n X, + X, +oFX,
=
1

P P P [
X;+ Xy et x, ) [ X3 +Xp A+ X,
= <
n n

Let f(x)=x"= f"(x)=p(p-Dx"" >0, hgn{ is conygx.
By Jensen’s inequality f (Zf,X,) Zf f(x;)
For t;=t,=...=t,=1/n

K+1 k+1

f(Z )<Z f(x)
xl+x,+ +A_])”_<_(x1+xz+ +x]

n n

Hence (

3. Proving Arithmetic- Quadratic Mean Inequality

Theorem: If Xi, X2,...,Xn are nonnegative numbers ,then

2 oo
\/x,z bxy et X, X Xt

n n
Proof: Let f(x) =x% f"(x)=2>0, fis convex

o=t = l, by the Jensen’s inequality:

FOT t':tzz "

k+1

f(th )<th(x )
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LX) F (X)) + -+t (X)) 2 (8, + 6,3, 441 X))

n-n

X7 +1,X5 e+t X2 2 (63, +1,x, +---4+1,x, )

2
1 . 1, 1, (1 1 1
=Xyt =Xyt =X 2 =X =X+t —x,
n n n n n n

\/xf +X5 et X S X HXy et x,
n n

4. Discussion and conclusion

APPLICATIONS OF JENSEN’S INEQUALITY IN PROBLEMS
Examplel

If A, B,C are the interior angles of a triangle then, prove that

SinA+ SinB+ SinC < %/E

Proof:
Let f(x)=sinx
S"(x)=(sin x)" =—sin x
—Sinx <0 When x € (0, 7)
As f(x) is concave, we can apply the Jensen’s Inequality.
If 4+, +....4+¢ =1, then

Sfx +t,x, +...... X)) 20 f(x) 4+, (X)) + et £ f(x)
AndLet f(x)=sin x

f(A+B+C)> D+ 1B+ L L)

Sm(@) > — (SmA + SinB+ SinC)

Sin(60°) = %(SinA +SinB + SinC)

3 ‘/—_ 2N > SinA + SinB + SinC
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Example2
A1y seenstt, € R U {0} And all@,’s are not 0 directly.

hn n
If A=>a, , B=Y1ia, and R is the positive real root of the
=1

x"—ax" = —a_,x—a =0, thenprovethat A4 < R®

For R being the real root

SoR"—a,.R"™ —....—a,_ R-a, =0-rv (1)
1=y %y +a—’;
R R R

Consider the function f(x)=-Inx
f”(x)=i2>0 So the f function is a convex when function in the

interval (0, 00).

a. .
If we take ¢, =— (i=12,...... J)
A
@+t A,
Then L+l e tt, = y =
A .
By taking  x, = 7 (i=12,....... )
We can apply the Jensen’s Inequality.

t(~-Inx)+t,(~Inx,)+....+£,(-Inx,) = —In(t,x, +1,x, +....+1,X,)

=31, .(— In }A}) > —ln(gti —I’:—,)

i=1

" q. ; sa; A
:Zj(-lnA+lnR)Z“l“(i§A'Ri

i=1

:ﬁi'Ai(-mAHn Ry2-l1 ,(-In1=0)
i=l1
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n . . " q.
>3- mR >2Y%"mA4
%4 4

i=1

= In RZ”: ia,2In A.) a,
i=1

i=1
=>B.InR>A.In A4

Consequently=> R® > 44
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