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Abstract

The aim of the thesis is to consider solving heat equation with free houndaries
using by heat polynomials method, in particular, using by Laguecrre polynomi-
als. There are two problems were considered. It is spherical inverse and direct
problems the method of thermal polynomials is appropriate. As exactly as the
approximate solutions.

The inverse two-phase spherical Stefan problem for unknown boundary heat flux
is solved by the method of the heat polynomials. Side by side with exact solution
two methods for the approximate solution, collocation and variational methods,

convenient for engineering applications are presented and compared.



Angarna

iccepTalinsananiK KYMBICTBIH MAKCATEI XKLLTY HOJHHTONAPLI jiCIMEH YKbLIKbI-
MaTBI LICKAPATIAP/Ib KOJLIAHY apKBLIbI XKBLUIY TCIVICVIN HIenTy, jWilipek alTKaiaa,
Jlarepp Kelnyniceinn Kosijlany apKblibl.Ochl XKYMBICTa CKi Mocesie KapacTbipbLI-
Jibl. By cpepanbik kepl koHe Tikesedt npobiemaiiapbi. Qaap dKbLTY HOJIMHOMBI
ojici opbinnl. [Hlamamen meniiMaep cHSKTHI.

Besricis mekapasibik KbLTY arfblibl yiuin kepi dhasaninik edepannik Credan ao-
ceslect XKbUTY HOJIMHOMBL 9jiciMen nientineni. o epitingisien Gipnece OTBIPBIT,
YKAKBIHJACTBIPBLITAH WelliM, KOJJIEKTOPJILIK YKIHE BAPUALMOIJIbI ATTHI €Ki 9Jic

YCBhIHBLTFaH, oJiap I‘lH)K(—)HGpJIiK KOJI,II%LH()&F‘(L 1e.



AHHOTALINA

Leanio JMIIOMHON PabOThI sIBJsIeTest HAXOXKAeHHe PeNICHsT YPaBHENHsT TeILIo-
IPOBOJHOCTH € JIBHKYIIEHcs FpaHuLeit ¢ HCIOJNB30BAHICM METO/IA TCIIOBBIX MO-
JNHOMOB. B 4ACTHOCTH, € UCIIOJIb30BaneM HonoMos Jlareppa. 3jieen 6bum pac-
caoTpenbl JiBe mpobiembl. s cdyepuicekux obpaTHBIX 11 HPSINBIX 3aJa0 MeToj
TEPAIUCCKUX OIHTIOMOB sIBAsICTCS YMECTHBIM. Toulo Tak »e. Kak npHOJHDKeH-
HbIC PeleHNs.

O6patnag jiByxdasnaa cheprueckas 3ajada Credana Juiss HEIBBECTHOTO rpa-
HIUYHOTO TEIJIOBOTO TOTOKA PeIllaeTes MeTOA0M TeIioBbIX nojuHoMen. Hapsiy ¢
TOUYHBIN pellleHleM MPEJCTaBIeHbl X COTIOCTABJICHDBI JIBA METOMA NPHOIIIMKEHHOTO

peCHICHUA. KOJIJIOKALIMOHHBIA U B&pM&U,MOHHbIﬁ, KOTOpbIE y,1106ﬂblf‘, UL UHKeHep-

HBIX 3aj1a4.
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1. Introcduction

The radial heat polynomials and corresponding associated functions are intro-

duced, and their main properties based on the generalized Laguerre polynomials

are investigated. It is shown that they satisfy the generalized heat equation and

they are biorthogonal with respect to the associated functions.

The inverse Stefan problem for the reconstruction of unknown heat flux on the

moving boundary is considered. The solution is found in the form of linecar com-

bination of the radial heat polynomials. The unknown coefficients are found from

the conditions on the moving boundary.

The method of integral error functions and heat polynomials for the solution

of the heat equation in a domain with free boundary enables one to obtain the

solution in the form handy for engineering application. The solution of the spher-

ical Stefan problem with the boundary heat flux condition using this method is

considered in [3]. It was shown th\a,t a given boundary function can he approx- -
imated by the linear combination of the system of the integral error functions

i"erfe(x),n = 0,1,2..., and the first five terms of this combination is sufficient

to obtain the error less than 1 percent. It means according to the maximum prin-

ciple for the heat equation that the error of approximation of the final solution

has the same error. Then this approach was successfully applied for the solution

of different problems of the Stefan kind. One of the most important problems

in the theory of phenomena in electrical contacts is the definition of the arc heat

flux entering into electrodes. The experimental measurement the dynamics of this

flux is very difficult, and sometimes the mathematical modeling only is capable to

obtain required information [8]. The mathematical model describing the process

of the interaction of the electrical arc with electrodes and the dynamics of their
melting is based on the spherical Stefan problem, and if we want to define the arc

heat flux, the inverse spherical Stefan problem should be considered 12].



2. Preliminaries

2.1 Laguerre polynomials
In this scction , lets consider solution of cquation
zy"+(1-1z)y' +dy=0 (2.1)

on hounded z > 0, which grows at £ — oo no faster than some degree . So, lets

find solution of (2.1), by substitution
oo .
y=) Ba' (2.2)
t=0

Then, we obtain .

Bit(t = 1)2'"' + Bita'™ — Byta' + dBita’ = 0
Equating the coefficients at x', we get a recurrence relation

t—d
B = B —_—
All cocfficients By = 0, when N =1t + 1,£ 4+ 2.... Because, By, =0at t =d. It

(2.3)

means that, polynomial of degree m is a solution, which we have tried to find.

d
y= Z B! (2.2)
=0



By change index t to ¢+ — 1 in (2.3), we get

9
B, = Bt—f—
t—1-4d
at t = d,
?
'Bd—l = Bdm = —de-22
att=d—1. |
B..—B (d—1)? o (d —1)2 (d—1)
-2 = d——ld_l__l_d=_de__§‘—=de2 5
att=d— 2,
Bd—i _ _de2 (d - 1)2 — B dZ(d - 1)2((1 - 2)2
—9 d 1.2-.3
att=d—p,
Buy = (c1pB AU D A pr O
; (=1 Birs—m—  (2.4)
a=—pep *

p!

From equality t = d — p, can be obtained p = d — . This follows that expression
(2.4) takes the form N :

2
B; = (-1)*9B, d

(B2 (d —1)!

So, solution can be written in the form

d
y= Y Bua'=(- dd‘B _er

=0

Consider, that

and suppose

10



instead of (2.5), we get

d t

xr

y = Ly(z) = E (-1 - B -
=0 -

These polynomials are called Laguerre polynomials. They are convenient to find

by the formula

1, d
L(l(l'):E de(.de )

7]

Proof. Using by Leibniz formula, we get
d
[.’L'de_:”](d) — Z C(li(e—;r)(t) (Id)d—t
1=0

Separately calculate derivative ()4~
(.’I,'d)l =d- .’I,'d—]’,

(.’12‘1)2 — d(d _ 1) . l,d-—2
(x93 = d(d - 1)(d - 2) - 23,

.........

(z) =d(d~1)(x ~p+1)-2*7,

supposc that p = d — t, then we find

Consider, that (e™)® = (=1)'e™*, we get

[$d€ § Z Ba(— ’—$

t=0

11



By substituting this value into formula (2.7), we find

2.2 Orthogonality of Laguerre polynomials

Theorem 2.1. ¢~ % polynomials form a complete and orthogonal system of func-
tions on the half-line [0, 00]. Then,

0, at m#d
e "Ly (x)Lg(2)dx = i m7
1, at m=d
7]
Proof. Let mm > d. Proof, that
/ e""’:v"Lm(:v)d:I: =( (2.6)
0

Calculate (2.6) by integration by part:

/ e L (2) s = — / 2oz dy
0 0

m)!

Do substation by 2% = u, [e™ "’] Mde = dv, d-2% . dy = du, e~ "’] m=1) — .

So, 0o ' 1 0o o
/ e——.’l,'de (m)dr — / md[c—-mmm](m)dm —
JO

ml
1

. d [ .
— _n?xd(e—.txm)(m—l)lzo . ___n?/o iL’d 1 (8 .r:Lm) m—l)dIL‘ —

dt [
_ (_1\d 2 T pm (m—d) _
= (0t [ e moa -

1!
— (__1)d’_:m(e~:rwm)(m-d—l)lgo = ()

Let mn > 1. Consider integration

/ ¢ L (7)) d =
0

12



1 />
= — Lm( ) ( m) m)d’l — —L,,,(’I)( —I,Im)(m I)IO

m!

—1 m m-— —1 " o )
|/ [Lm(T )( l)d e = ( |) / [ m ]('") e~ " dx
m m! J,
m - L > . 1
[L,,,(ﬂ)]< =(-1)" = %/0 e faMdy = a—!F(m +1)=1

2.3 Generalized Laguerre equation

Lets consider equation
Y’ +(a+1-2)y +dy=0 (2.7)

The equation below is called Generalized Laguerre equation. We need to find its
solution, which is limited at the point 2 = 0, which grows at infinity no faster
than some degree x. We solve equation exactly as in the chapter above

- .
y=) B (2.8)
t=0

The coefficients at 2! are related by
N

Bin(t+ 1)t + Biyi(a + 1)(t+1) — Bit + mBy = 0

t—d
B—t"% _
‘Ct+a+ 1)

All coefficients, with starting Byy1 are equal to zero, because Byyy = 0 at t = d.

Bt = (2.9)

That is why, solution of equation is polynomial in the form
V=3 B
t=0)

By change index £ to ¢ — 1 in (2.9), we get

t(t+ )

B, =B ~TY
L R

13



at t = d,

By = Bd;(_L-:__a—)d = —Byd(d + o);
att=d—1, :
B d—1)(d—1+a)
By_» = —Bud(d + «) R -
L dd=-1)(d+o)d+a-1)
= By 5 :
at t =d —p,

Bip = (—1)”Bd[d(d —1)(d-2)..(d-p +p1')(d +a)..(d+a—p+1) _

did+a)(d+a—-1)..(d+a—-p+1)

— (_1\P
(—1)?Bq =) (2.10)
We introduce the notation
a\ ala—1)..(a—t+1)
(t) - #1 . (2.11)

Formula (2.10) gives a coefficient for 2%? that is, for 2*.From equality t = d — p,
can be obtained p = d — t. This follows that expression (2.10) takes the form

dl(d + a)(d + o _ ..t+a-1)
(t)(d —t)!

B = a-1m-1 ()

Thus, the desired solution can be presented as

= dd!BdZ( 1) (d+’f) (2.13)

B, = (-1)¢Y B,

. _1yd .
Putting in this formula By = % Finally, we get,

d y
i) =0 (105 (2.14)

t=0

14



Ata=0
Ly(r) =Ly (2.15)

Formula (2.14) is called generalized Laguerre function. It is conveniently calcu-

lated by the formula

1 d

:;(T) — _'(,z,r—-n — (‘,I’.(I'{’(\(z”.l').

Proof. Using by Leibniz formula, we get

d
[md+ne—x](d) — Z Cfi(e_u:)(t)(flfd+(y)(i_t —
t=0

d
Zt!(%tm—l)te‘” (d+oa)d+a—1).(t+a+ 1)t =

e S (40)2

7]

2.4 Heat equation for a solid with variable cross-

section.

To elucidate the physical meaning of the equation

o0 - , 0% vl

T =a ((’)—zi + 25;) ) (2.17)
for any v > 0 let us consider the surface generated by revolution of a curve r =
y(z,t) about z-axes. Let. us assume that the radial component of the temperature
gradient in the solid bounded by above surface is negligible in comparison with
the axial component , i.e. the solid can be considered as a bar with a variable
cross — section , that has only axial component of heat flux (see Figure 2.1) One
can find that the amount of the power dQ); entering the bridge clement between

cross—sections z and z + dz with corresponding radius y and y + dy during the

15



T4

z z+dz

A

Figure 2.1: A solid with variable cross-section

time dt is

@
0z

where 6(z,t) is the temperature and A is the thermal conductivity, while the

dQ1 = —A—| mdt,

-
<

amount d@y escaping this element from the cross — section z + dz is

00
dQy = -A—|  w(y+ dy)’dt,
0z 24dz
Using Taylor expansion
a0 o0 020 9
'0'; ods *& z+@ Zdz+0(dz )

and taking (y + dy)? = y® + 2dy + 0(dy?) onc can calculate

2

2ydydt — 717\0—(2

552 y*dzdt + 0(dz?, dy?)

2

Q2— Q) = —W/\gg )

&

The power required for the heating ( or cooling ) of the element from the temper-
ature # to the temperature 6 + df during the time dt is

00

T ‘
dQs = (:"yg[(y + dy)? + y? + y(y + dy)|dzdf = meyytdz 5

dt + O(dy)

If any source of heating with intensity g(z,t) (power per unit volume) is acting

inside element, then this additional power is
dQq = q(z, t)my’dzdt

16



From power balance

d@Qz — dQ1 + dQs = dQ4

one can derive

o6 9 %0 2y’ 06 1

Frimke (azQ 75;) + EQ(Z, ) (2.18)
or in the alternative form

o4 a2 0 9, 08 1

5 = 282 Wl t a) (219)

The equation (2.17) is the specific case of (2.18) at y(z,t) = z*/2 and q(z, £).[5] ‘

17



3. Heat polynomials for the so-

lution of free boundary prob-
lems

3.1 Basics of the generalized heat equatibn

& _0o% voh
ot Or: ror
Equation (3.1) is called The generalized heat equation, which portrays the warm

(3.1)

transfer with a variable cross-section in a rod [5].By solving this equation with an
initial condition containing a delta function, the Laplace transform is used in the

form, fundamental solution can be obtained [11]

l(vrl) 68_%]5(2), d= (-1

)
5 57 C=2"T@E+1) (3.2)

G(’ra r, t)
Consider the thermal potentials for this solution.
O
Via(r,t) =27°T(6 + 1)} / G(r,r, t)ridr (3.3)
Jo

Using by integration by part method, we get the explicit equation for the next

polynomials:

@ +1) .
” t) = 22k n 2n—2k k
) = z Hn—KT@E+1+n—k) g (34)

18



For applications it is more helpful to multiply right and left. sides of this equation

r(5+1)
L6+ 1+n) ok n!l(8 + 1+ n)
Rn ,t = nJ\ = 2k 22k
() = —psry @nilrt) ;2 TCT V7 N ey LA
' (3.5)
and
Ry y(r,0) = r* (3.6)

This could be shown in terms of the influence of the hypergeometric function and

the generalized Laguerre polynomials:

2 d+1+n) 2
. f = ' 4f\nL ) T ( n ‘T
In particular,
R()J(T, t) = 1
[
Ry(r,t)y=r +——;—11‘

Roy(r,t) =r* +4(1 + 3)r’t + 4(L + 1)(I + 3)#*,
Rs(r, t) = r0 4+ 6(1 + 5)T4t2 + 72(1+ 3)(1 + 5)7‘2t2 +8(1+ 1)1+ 3)(1 + 5)t3

N

It is easy to check that if [ = 0, then the function
R, o(z,t) = vy(r,t)

satisfies the equation (3.4), and for I = 1 the function

22k 2(n—k) gk

6(r, t) = ZA"R),, (r,t) ZA,, (4t 'L, [—_] Z Z k![(n — k;)!’]2

k=0 k=0
(3.8)
satisfies the equation
QQ_&V9+159
ot or2  ror (3.9)
The generating function for the radial polynomials can be written as
gs(r t; 2) = (l — 4z2t) T = Z 4, n(®) [__] (3.10)

k=0

19



The fundamental source of solution for the generalized heat equation is

2 [—-1
S,(r f) = (4’Tf) e T (s = —"—2'—- (311)
Use Appel transform
r 1 —2n
TI,,,[(‘)', t) = S/(T, t)Ru,l ;a _7 =t Rw,l (r, _t) (312)

We can construct the generating function for radial associated functions
oo
air,t;2) = Si(r,t +42) = £ Roy(r, —t) = > T f (3.13)
k=0 !

Taking into account the orthogonality of the generalized Laguerre polynomials, it
is easy to establish the condition of bi-orthogonality of the radial heat polynomials

and their associated functions

% 0, m
[ R 1) Toatr 10 = A s
0 m2*" T +m+1) m=n
where N
Wi(r) = 27+ (3.15) .

3.2 The generalized heat equation with the in-

verse Stefan praoblem

The cquation (1) is considered in the domain
D: 0<r<nt), 0<t<T (3.16)

On the boundary r = 7(t) the condition

u(n(t), t) = f(t) (3.17)

20



and the Stefan condition

QU0 py

5 (3.18)

should be satisfied. At the initial time the domain D collapses into zero, thus the
initial conditions arc

n(0) = u(0,0) = f(0) =0 (3.19)

It is required to find the functions u(r,t) and P(t), if n(t) and f(t) are given.
The solution can be represent by the formula

2

o r )
ll,(’l‘t = ZA,, 40,2t L(‘S (—ﬁ) (20)
=0 a“t

where § = '—;1 and L, (z) are associated Laguerre polynomials. The function
(3.20) satisfies the heat equation (3.1) for arbitrary constants A,,. Satisfying the

boundary condition (3.17) we get

oo n f o0
f(t)-—-gAnMa?t) “5( Zi%) ’; (3.21)

where ~ \
7 ( nf
ou(t) = ;)(mzt) L(‘)( Z(&'Z’l{) : (3.22)

Using the property of orthogonality of the associated Laguerre polynomials

TPt IO LOd = | t nzm
m Potsrl) i (3.23)
0 if n=m

n! )

we can expand the function (3.22) into series with respect to the associated La-

guerre polynomials

) .
<Pn Z ©n, kL( ) (324)
k=0

where

Pnk = ik h faP—tL((S) (f) (f)df 3.25
T Tk+d+1) f, 0 Tk WA (3.25)

21



Substituting (3.24) into (3.21) we get

n=0

6 => A, Z oar L (1) (3.26)
. k=0 .

Using the orthogonality property (3.23) we can write the system of algebraic

equations for determination of the coefficients A,

Y tumAn =bm, m=0,1,2,3.. (3.27)
n=0
where
= LTk + 6 b= [ L
an,m - 'm' So‘ll,"l, ( + + 1)7 m - 0 t € Ln) (t)f(t)dt (3.28)

It should be noted that an approximate solution of this problem can be found
using the approximation of the function f(t) with a finite sun in expression
(3.27). Such approximation can be achieved with an arbitrary small error e.
Then the approximate solution of the problem (3.1), (3.17), (3.18), (3.19) can be
obtained by the replacement of the series in the expression (3.20) for the finite
sum. Again, this is an exact solution of the heat equation (3.1), and also has
an error not exceeding £ due to the maximum principle for the heat equation.In
this case the infinite system of algebraic equations (3.27) becomes to be finite.
Thus the required temperature u(r, t) is defined by the expressions (3.20), (3.22),
(3.24), (3.25), (3.27). The unknown heat flux P(t) can be found now from the
expression (3.18) which can be written in the form

Py = A2U000) ) dn

or Tt (3.29)

where the right side is already found. This method can be cffectively applied for

the solution of the arc phenomena modeling in electrical contacts [6], |4].

22



4. The two-phase spherical Ste-
fan problem solutions with
using heat polynomials

4.1 Mathematical model

The inverse Stefan problem consists in the definition of the arc heat. flux P(#) and
the temperature distribution 6(r,¢) in the molten contact hemisphere

ro < r <7+ a(t), if a(t) is given from the measurement. If the arc burning
period is 0 < t < to and the final radius of the molten zone at t = ¢, is r, , then

the dynamics of the arc radius incrcasing at the melting can be approximated by
N\

the formula
a(t) =ro+ay(t) as = (ra—10)/Vio (4.1)

The heat equation for the melting zone can be written in the form

o6 2(029 289

5 = O 57'—24—;&) o <r<at), 0<t<t, (4.2)

The initial and boundary conditions are

bl,_,=0 | (4.3)
oLy
., T 4

and on the interface of the phase transformation

0(a(t).t) = O, (4.5)

23



a’ r=a(t) dt’ | (46)

where 6, is the melting temperature, a, L, v are the coefficient of the heat
conductivity, latent heat of melting and density respectively.

To simplify the calculation we can introduce the new dimensionless time #; =
t/t., then the time interval of arcing changes to 0 < #; < 1. Thus we can take
t, = 1 at once in the formula (4.2).

This problem for the spherical heat equation can be reduced to the ordinary
one-dimensional equation by the substitutions

‘U

0==, r—ro=z, B(t)=a()-r (4.7)

Then the problem transforms to the form

0 52
5%:&(9—;‘2-, O<z<pBt), 0<t<T (4.8)
0],_, =0 (4.9)

~A [ Ou 2p(¢
rod_:r, - u] » =riP(t) (4.10)
w(B(1),8) = Un, (4.11)
' ou dp
- [B(t)é}- - u] rplt) Rl dt (4.12)

The solution of this problem can be represented) in the form:

ZA ’l")n x,t +ZB11”2n+l(’B f (413)

n=40

where

< (2n)la g2 2% | DL (20 + 1)la2kg2n—2k+
Vo (T, 1) = t, w x,t) = : k
G ; k'(2n — 2k)! n41(7,7) ?_—:‘) K\(2n — 2k + 1)! t

. | (4.14)
arc the heat polynomials satisfying the equation (4.8) at arbitrary coefficients

A,,, B, , which should be chosen to satisfy the boundary conditions. The unknown

24



heat flux we represent in the form

l .
P(t) =) Pit* (4.15)
k=0

From the conditions (4.9), (4.10) we have the following system of equations for

A:n Bn.:

n I —D) m
M |a2k n 2k 2n+1 |a2L 2n—2k+1
ZAE foToy "y 5 p, 3 Bnt Dldtei B0,

' - y »
n=0 Kt 27L 2k =0 =0 k'(ZII — 2k + 1)'
i (2 l 2k ¢, 2n 2k m 2 1)' ok 2 okt (41())
n)a n + a n—
> 4,3 SN
! - =
n=0 k= k! (27’) 2k n=0 k=0 k'(2n 2k —l— 1)'
1 t
3 reh g+ Un (4.17)

To evaluate unknown coefficients we use two methods, variational and collocation.

4.2 Variational method

Similarly, like in [3], we take m = 5, U,, = 0 and the basic points
t=1t = “‘], i =0,1,2,3,4,5 To satisfy approximately the condition (4.16) we

consider the functional:

(2n)laZ* o2~ 2k (2n + 1)la?k g2n-2k+1 2
A n 0 " %
= [ (z z e Y5, s ) "

n=0 n=0 k=0 -

The minimum of this functional can be found from the equation

_0674% = 2/0 (ZA 1’271('6(’) f + % BnU2n+l(/B ) )) 1’2m(ﬁ(t)st)dt =

where ] o
| 42Kk 20—
van(B(t), 1) = (2n)la*ag "
= kl(2n - 2k)!
n
2 12k 2n—2k+1 l
o (8(1), 1) = Y Zt Dlaag 21

& " kl(2n — 2k + 1)
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5

Z ‘A‘HCILTI). = Dnm . (418)

n=()

1
Cnm = / 1)271(5(t), t)74'2m(6(t), f)(lt,

Dy / Z BnU2n+1 )”2171([3(f
0

m=20,1...n

Solving the system (4.18) with respect to A, from (4.18) and substituting the
result into the expression (4.17) we get

1 /3 2
— /0 (ZﬂBkw(k,t)+ f(t)) dt (4.19)

where

=" AUak(B(1), 1) + vaks1(B(2), 1),

n=0

a m)a2k=2m
ﬁz’c(ﬂ“)”*)‘z(w m!((22];c 22m)) £

n=0

k N v 2k-2in
(2k + 1)1a%*(2k — 2m + 1)a@F—2m+!

ok (A1) ) = ; ml(2k — 2m + 1)! s
Vi
3
f(t) = —XL’YOZ 5

From the condition of maximum of (4.19) we have

8] [ |
3B 2/0 (Z Byw(k,t) + f(t)) w(m, t)dt =0 (4.20)

k=0

where

1
E,‘,.n,,::/ w(k,t)w(m,t)dt, Fm—/ f@®w(m,t)dt, m=0,1.k
0
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From the expression (4.20) we get the following results:
By = —-0.784; B; =-0.062; By;=0.046 DB3=—-9.712 x ]_0—3;

By =6.788 x 107 By = —1.391 x 1075

Similarly, from expression (4.16) we obtain:
Ao = 0058, A] = 0904, A2 = —0389, A,'; = 0071,

Ay =—4.716 x 1073; A5 =9.516 x 107°

Now we should define the coefficients for the heat flux in the expression (4.15).
The corresponding variational functional for the condition (4.10) is

2
J = / (2 Pt" + g( t) dt | (4.21)

where

5
g(f,) = [Z A, (1’211(7 05 t) V2n (Tot)) Z Bn('l’é,wl(’l’o, t) — U241 (T()t))
n=0

n=0
N

n 2n)!a2k.,r2n—2k
Van (70, ) Z: Kl(2n — 2Kk)!

2n + 1)|a)k 2n 2k+1 ‘
/ > t — ( tk
Vgi1(T0,t) = ; K'(2n — 2k + 1)!

tk

7)2'n+l )Oa

‘i (zn)!a’%,rgn——?k tk
)

(2n+ 1)|a2k 2n—2k+1
— k'(2n — 2k)! z

van(r0, t) = K(2n - 2k 4 1)1

The minimum of (4.21) gives the equation

aP / (ZPt"—I—g )tmdz‘
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5

Z PILG'IUN =H,,,. . (422)

n=0
where

1 1
Gom = / tn+mdta H,, = / g(t)tmdtv m=20,1,2...n
0 0
From expression (4.22) we have the following results:
Py=-0.009; P, =0.085 P,=-238 P;=0.572;

Py = —7.406; Ps=2.872;

The results of testing fora =1, o=1, rn=1, L=1~v=1, U,=1
depicts in Figure 4.1 the approximated function

A 5 5
V(E) = =25 | An (0ha(r0, 1) — van(rot)) + Y Bu(0hns1 (10, ) — vansa (rot))

T
0 n=0 n=0

and the exact solution

5
P(t) =) Put" (4.18)

which can be obtained by the solutton of the direct Stefan problem [9],[10].

One can see the ideal coincidence of exact and approximated solutions.

4.3 Collocation Method

Let us take for testing m = 5 the basic points t = ¢; = ]2(%, = 0,1,2,3,4,5,

a = ]., on = 1, T0 = 1, L = 1, ¥ = 1, U,,,‘ = 0. Then we get the f()]]owing
values for A, and Bj:

A =0878; Ay =—-0.051; Ay= —0.069;
Ay =9.957x 1073 As = —3.073 x 107*

B, = —1.448; B2 = -—0514, B3 = —0.05;
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f(_t). j/
P(t) 0 /

Figure 4.1: Approximated and exact heat fluxes

By = —1.041 x 1073, B;=1.383 x 107°

From the condition (4.10) we have the following results:

P, =1212; P,=-6.219; P;=18.288;
Py = —21.\378; Ps =8.597
The Figure 4.2 depicts the approximate function
\ [S 5
V(t) = 7 ; Ay (V3q(r0, t) — ven(rot)) + ; Bu(van41(ro,) = vans1(rot))

and original function P(t) = S22 _o Pat™ taking for the corresponding direct Ste-

fan problem

The greatest error of approximation is in the neighborhood of zero and one.

The error of approximation is approximately 2 percent.
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0 —n

V(t)
P(t) f///

t

Figure 4.2: Approximated V() and exact P(t) heat fluxes

4.4 Experimental verification

Let us compare the results of approximation with the exact solution and experi-
mental data presented in [2]. The contact material is AgC'dO, the initial 1-;Ldi113
of the arc spot on the contact surface 7o = 107*m , the current I = 1.5kA . the
voltage U = 42V, the arc duration t, = 12ps. Then we have the coefﬁcien’tS of

original function
P =1.755 x 105, Pp=—6.17x 107, P = —8.254 x 10%

Py =—1673x10° Ps5=-9.202 x 10

Figure 4.3 shows that the approximation and the original functions are identical
lons are identica

everywhere without errors.

30



4x10'
V) /
P(t) /

210

t

Figure 4.3: the domain €, ; in the case II
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5. Application

5.1 Heat polynomials and their properties

Consider a one-dimensional heat conduction equation in dimensionless co-ordinates

o*U _oU
2% O (5.1)
where U = U(z,t). For a function in spacc of all continuous functions that
converge to 0 to co, portrayed by the taking after equation .
U(x1 + dz1, 32 + dx2, 23 + dz3..., 20 + dy) =
dU r,Ty,T3...,T
U= (-7}11‘7'.2’ xs3, 1'4....1:"‘) —+ ( T 3 n)+
N .
dzU(iL'],$2a .’L'3...,-'15n) + d3U(:L'1,iB2,iE3...,:L‘n) n dn_lU(xl,aJ‘g,.’L‘&”’xn) .
2! 3! T LR,
(5.2)
where

oU oU oU (k)
krr
d*U = (———axldl1 + ——deng + .. Ba (lq:n)

and R, stands for the nt* remainder. Extend U onto Taylor series at z and ¢

are zero. At that point, using the formula (5.1)to dispense with the second-order

derivatives with regard to x within the Taylor’s series extension, one gets

8U 8U z? U 3 U 2 2% 2

A RO e TR (Gt S ) (53)

U=Uy+—+—

In the equation (5.3) all the derivatives as well as U, are taken at x and ¢ are
sero. The polynomials gomg with the derivatives fulfill the formula (5.1). The
set of polynomials is finished. They are called heat polynomials. The n'* heat
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polvnomial has the [ollowing form:

[n/2]
polz,t) = Z—————— n=012. (5.4)

Using the formula (5.1) one can eliminate the first-order derivatives with respect
to  in the Taylor’s series expansion. However, such approach also leads to formula

(5.3).
The first polynomials of the sequence PulZ,t)—012..

po(z,t) =1

n(z,t) =2,
22

po(z,t) = —27 +t,

3
T
4 2 2
z xt ¢t
T,t) =5+ o + —.
With heat polynomials it is conceivable to search for an approximate solution of

a direct (initial—boundary) or inverse issue of heat conduction within the shape

N

U= Z Cnpn(a?'s t) (55)

n=0

The right-hand side of (5.5) satisfies the formula (5.1). In order to get the ap-

proximate solution one has to find such values of ¢,-sthat minimize an inaccuracy

of the conditions fulfillment.
The general solution of (5.1) in the class of fllIlCthllb bounded for any real z and

0 <t < ¢, ¢is a finite real number, may be expressed as a serics

oG

U= chpn(ma t) (5.6)

n=0
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convergent in domain (x,¢) : 0 < t < ¢, One can effectively demonstrate the tak-

ing after properties of the heat polynomials

_. == np"‘_l, n = ]., 2.-.

= n(n — 1)pn—2a n = 2, 3... (57)

x 2t
po(z,t) = ;l-p,,,_l(x, t) + ?pn_g(x, t) n=23.

In addition, for any real x and positive ¢

lim p,(z,1) =0 (5.8)

n—oc

In two dimensional and three dimensional Cartesian geometry the heat polyno-
mials have been determined, using the strategy of the producing functions. Be
that as it may, the comes about are the same as those gotten when changing the

Taylor series extension. They have the taking after form: In two dimensional:

'wnm(x: Y, t) = pm("l’.7 t)pm(y7 t)a m = Oa 1, 2... and n= O) 1, 2. (59)

In three dimensional: .

Ulmn(x) Y,z t) = pl(l'« t)pm(y, t)Pn(Z, t); (510)

1=0,1,2.., m=0,1,2..., and n=0,1,2..

where pi(%,t), Pm(y,t) and py(z,t) stand for one dimensional heat polynomials
In [1] the warm polynomials within the polar framework of arranges have been
inferred utilizing the strategy of producing capacitics. In this case two sets of
the warm polynomials appear. The heat polynomials of the primary kind are

characterized as
n (I)2n—2kt“-

Julrt) =) —2

& [(n — k) 2k!’

n=0,12.. (5.11)

The equations for the heat polynomials of the second kind contain Inr, hence they

onght to or maybe be called solving functions and not polynomials. Besides, they
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have the taking after form:

w,(r,t) = =7, (r, )lnr + g,r, t (5.12)
with . .
1 Ay - (%)271—21.71.
%(Ta t) = Z
— Y2
pr [(n — k)!])?k!
and a, given in a recurrent form:
Qg = 0,
a) = 11
and
am=lrosiilie L o s
" 2 3 4 o '

The set ju (7, 1), 1a(7,t),,—01,2.. 15 complete within the space of bounded arrange-
ments of the heat conduction equation in polar coordinates.
Within the cylindrical system or coordinates two independent sets of polynomials

appear once once more, [1]. The primary kind heat polynomials are characterized

as
bnm(ra Z',\f) = _jn(T, t)pm(za t); (513)

and the second kind polynomials:
Cknm(7, 2,1) = un(r, H)pm (2. 1); (14)

where jn, Un and pn, are given by (5.11), (5.12) and (5.4), separately. The set of
polynomials of the form (5.13) and (5.14) is complete within the space of bounded
solutions of the heat conduction equation in cylindrical coordinates.
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6. Conclusion

The inverse Stefan problem for the reconstruction of unknown heat flux on the
moving boundary is considered. The solution is found in the form of linear com-
bination of the radial heat polynomials. The unknown coefficients are found from
the conditions on the moving boundary.

The inverse two-phase spherical Stefan problem for unknown boundary heat flux
is solved by the method of the heat polynomials. Side by side with exact solution
two methods for the approximate solution, collocation and variational methods,
convenient for engineering applications are presented and compared. It is shown
that both methods give very good approximation even for use of several points
only. However, the collocation method gives better result for the initial stage of
heating, while the variational method is more preferable for the large values of the
Fourier criterion. The estimation of the error of approximation is obtained using
the principle of maximum for the heat equation. The application of the obtained
results for the calculation of the electrical arc heat flux at the contact opening is |

presented.
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A. Appendix A

A.1 Orthogonality of generalized Laguerre poly-

nomials

The generalized Laguerre functions are calculated by the formula

dd
il

Y 1 & —{(Y -+ _—r
Ly(z) = 3¢ T e, (A.1)

Theorem A.1. ez LY(x) polynomials form an orthogonal system of functions
on the half-line [0,00]. Then,

o . , 0, . at n#d
x%e " LY (z) Lilr)dx =
/0 d &%M’ o d (A.2)
Proof. Lets proof at n > d
o .
/ 2% L (2)dx = 0 (A.3)
Jo
We have
1 * —xotd jr . —af,—x, (n+a)y(n) 1 x d (
— e " Met ™ e T TV M dr = ~—'/ rl[e~ "M gy (A.4)
n: Jo n 0

by method of integration by part, we have following substitutions
1% =y

[e—mx(n+w)](n)dx = dv
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d- " 'de = du,

[e—:rx(n+(v)](n—l) =1,

So,

1 i d € 1 x
—i& . (nta))(n) _ di —a (n+a) (-
o /. T [6 T v] W dr = mx [6 11.( 1+ t)](n 1)
d = d—1 1 d! [
_ -1 [t (n+a)(n-1) 5., _ AL _ _
2 [T O e = (1) /0 e+ i=d) gy
I>'s

0

n!o

d.
_ (—l)dm[e ’B( +a)](n—d—1) =0

0

We calculate the integral:

o ' 1 o0 n > ¢]
~ T [ [ (e 2d.,’ — _/ o Ao—E p(nta)y(n) 3., (_1) o s —a
A e = [ Lh@HE e = S8 [ L) eno

‘ n) — 1 a I'(n +
L%z (n) = (-1 nl — _/ , (n+c) (n o+ 1)
|[ n('T)] ( ) | = e x dr = n! ( 1'5)

Calculate another integral:

[ erarin@la = [ et @@l (40)

N
. M o . .
For Lagucrrc polynomials L%(z), the rceurrence formula is known (H. Bateman,
‘ ]

A. Erdelyi):
DL2(@) = (o 20+ D) — (n+ DLE, () — @+ m)Loy(2). (A7)

Substituting (A.7) into formula (A.6) and taking into account the orthogonality
relations (A.5), we find:

* —w o+l ar\12 _ F(n +a+1
/0 e Ly (x))°dr = (@ + 2n + 1) — ) (A.8)
Show that
L)) = (1" (49)
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To do this, we write the expression L{(x) in a form

W (T ; nto f]l_ - wlnta)nta—1). . (k+a+l) k
piw) = Y0 () = e 2. t_

n
k=0

n

_ (N + a)( n+a— D..(k+a+1)2* ‘ . (n+a) 2
E ~1)* - = E ' —
(= (n — k)! k! ( l)k(n — W)k + )k

k=0

Hence it is clear that the coefficient at —;L—T is equal to

(n+ «a)!
(n —n)l(n + a)!

— (_l)n

(="

Considering now that the derivative

" (n)
)"
n:

we arrive at cquality (A.9) 9 7]

39



References

1]

2]

3]

4]

5]

[6]

8]
19]

S. Futakiewicz. “Heat Function Method in Solving the Direct and Inverse

Heat conduction problems. Doctoral Dissertation”. In: Doctoral Dissertation
(2009).

§.N. Kharin. Mathematical Models of Phenomena in Electrical Contacts.
The Russian Academy of Sciences, Siberian Branch, A.P. Ershov Institute
of Informatics System, Novosibirsk, 2017.

S.N Kharin. “The analytical solution of the two-face Stefan problem with
boundary flux condition”. In: Mathematical Journal 1 (2014), pp. 55-75.

§.N. Kharin. “The Influence of Phase Transformations on Welding at Con-
tact Closure”. In: Proceedings of the 62nd IEEE Holm Conference on Elec-
trical Contacts (9-12 October, 2016).

§.N Kharin. “The Stefan problem for the generalized heat equation and
its applications, Abstracts of the workshop of spectral theory, differcntial'
operators and applications”. In: Fethiye (2014), p. 13.

g N. Kharin M. Sarsengeldin. “Exact Solution of One Inverse Stefan Prob-
lem”. In: Filomat 31:4 (2017), pp. 1017-1029. DOI: http://www.pmf .ni .
ac.rs/filomat.

A. P. Melekhov. The hydrogen atom in quantum mechanics. State educa-

tional institution of higher professional education “Ryazan State University
named after S.A Yesenin, 2008.

P. Slade. Electrical Contacts. Principles and Applications. CRC Press, 2014,
H. Nouri S.N Kharin M.M. Sarsengeldin. “Analytical solution.of two-phase

spherical Stefan problem by heat polynomials and integral error functions”.
In: AIP Conference Proceedings 1759, 020031 (2016). DOI: http://dx.
doi.org/10.1063/1.4959645.

40



[10]

11]

M.M. Sarsengeldin.S.N Kharin. “Method of the Integral Error Functions for
the Solution of the One- and Two-Phase Stefan Problems and Its Applica-
tion”. In: Filomat 31:4 (2017). DOL: http://www.pmf .ni.ac.rs/filomat.

S.N. Kharin V.I. Kudrya A.E. Pudy. “Fundamental solution and heat poten-
tials of the heat equation for a rod with a variable cross-section, Equations
with discontinuous coeflicients and their applications”. In: Nauka, Almaty
(1985), pp. 76-81.

41



