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Abstract 

The aim of the thesis is to consider solving heat equation with free boundaries 

using by heat polynomials method, in particular, using by Laguerre polynomi- 

als. There are two problems were considered. It is spherical inverse and direct 

problems the mcthod of thermal polynomials is appropriate. As exactly as the 

approximate solutions. 

The inverse two-phase spherical Stefan problem for unknown boundary heat. flux 

is solved by the method of the heat polynomials. Side by side with exact solution 

two methods for the approximate solution, collocation and variational methods, 

convenient for engineering applications are presented and compared.



Angatia 

AliccepTaluyasiblk, 2KYMBICTHI, MAKCATHI OKBLTY TOJTHTOMJ[APbI OJUCIMCH OK bIDKBI- 

MaJIbI WeKapatapIbl KOJTAaHY APKPLIbI KV TCHUIEVII MeHTy, Jlostipek alirKanyla, 

JIarepp KOmMYNICCil KOsIaHy apKblibl.Ocbl »%«YyMbICTa eKi MoceJIe KapactTbIpbl- 

ub. By cchepastbikK Kepi *aHe Tiketel MmpobsemMaviapbl. Ostap xKbLTY HOJMHOMBI 

aici oppragybr. Wamamen memimgep CHaKTbI. 

Besrici3 WekapactblkK 2KbLTY aFbIHbl YI Kepi cba3asibik edbepasipik Creda Mo- 

celecl 2KbIIY MOJIMHOMbI aliciMeH merntise. Jon epitinginen 6ipmece OTBIDBbIIT, 

2KAKDIHJACTHIPbLIFAH WEUIM, KOJLICKTOPJIbIK XKOHE BAPUALMON bl ATT eKi aTic 

YCBIHbLIPAaH, OJ1ap HH >KeHepJK Kosanbara He.



AHHOTauua 

Lostbto QMIWIOMHOM paboTb! ABIIAeTCH HaXOPK EH PCHICHHA ypaBHeHsa TenNJIO- 

MpPOBOAHOCTH C ABHKYMleficd Tpanuuelt C MCNOJb30BAHUCM MeTO)[a TCILIOBBIX T1O- 

JINHOMOB, B YACTHOCTH, € MCHOTb30BAHHeM HOsINHOMOB Jlareppa. 3j1ecb 6pm pac- 

eMoOTpenb! JBe Wpobwiembl. Aa ccbepwseckux Obparublx I IPAMbIX 3aTAaT MeTOIT 

TCPMIHUCCKHX VOJMHOMOB sBIAeTCH YMeCTHDIM. Toulo Tak KC. Kak TpHOspKeH- 

HbIc peuleHua. 

O6patnaa AByxcha3nasa cchepiueckan 3ajaya Crecbania JIA Hel3BeCTHOrO rpa- 

HMUYHOFO TeMAOBOTO MOTOKA pelllaeTCA M€TOAOM TeIJOBbIX 1OJHHOMoB. Hapsiy c 

TOUHDIM PeleHHieM MpeCTAaBJeHbI MW COMOCTABJICHbI BA MeTOJa MpH6sKeHHOrO 

pculicHHa: KOJIJIOKALMOHHbIN UW BapuaALMOHHbIH, KOTOpble yaoOnbie AWA WIDKeHep- 

HbIX 3aJ1a4.
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1. Introduction 

The radial heat polynomials and corresponding associated functions are intro- 

duced, and their main properties based on the generalized Lagucrre polynomials 

are investigated. It is shown that they satisfy the generalized heat equation and 

they are biorthogonal with respect to the associated functions. 

The inverse Stefan problem for the reconstruction of unknown heat flux on the 

moving boundary is considered. The solution is found in the form of linear com- 

bination of the radial heat polynomials. The unknown coefficients are found from 

the conditions on the moving boundary. 

The method of integral error functions and heat polynomials for the solution 

of the heat equation in a domain with free boundary enables one to obtain the 

solution in the form handy for engineering application. The solution of the spher- 

ical Stefan problem with the boundary heat flux condition using this method is 

considered in [3]. It was shown that a given boundary function can be approx-— 

imated by the linear combination of the system of the integral error functions 

ierfe(x),n = 0,1,2..., and the first five terms of this combination is sufficient 

to obtain the error less than 1 percent. It means according to the maximum prin- 

ciple for the heat equation that the error of approximation of the final solution 

has the same error. Then this approach was successfully applied for the solution 

of different problems of the Stefan kind. One of the most important problems 

in the theory of phenomena in electrical contacts is the definition of the arc heat 

flux entering into electrodes. The experimental measurement the dynamics of this 

flux is very difficult, and sometimes the mathematical modeling only is capable to 

obtain required information [8]. The mathematical model describing the process 

of the interaction of the electrical are with electrodes and the dynamics of their 

melting is based on the spherical Stefan problem, and if we want to define the arc 

heat. flux, the inverse spherical Stefan problem should be considered [2].



2. Preliminaries 

2.1 Laguerre polynomials 

In this section , lets consider solution of equation 

cy" + (1—z)y' + dy =0 (2.1) 

on bounded x > 0, which grows at x — oo no faster than some degree x. So, lets 

find solution of (2.1), by substitution 

[oe] - 

y= >) Ba (2.2) 
t=0 

Then, we obtain - 

Byt(t ~ 1)a"! + Byta’! — Byta! + dByta' = 0 

Equating the coefficients at a’, we get a recurrence relation 

t—d 
B = B ——___ 

All cocfficients By = 0, when N =7¢+1,t+ 2.... Because, By; = 0 att =d. It 

(2.3) 

means that, polynomial of degree m is a solution, which we have tried to find. 

d 

y= > Bix (2.2) 
i=0



By change index ¢ to t— | in (2.3), we get 

t 

By =B 
Td 

at t = d, 
fe 

B, B,— _ 2 IL = DIF Bud’: 

at t=d-—l, 

d — 1)? (d — 1)? _ 
Ba-2 = Ba- ( 2 (d-1 
a2 = Bar ag = Bat = Batt? Y 

at. t = d— 2, 

— 1/2 2 
Bu-3 = Belt 1)" Balt )?(d — 2) 

—2 1-2-3 , 

at t= d—p, 

sp (d(d — 1)(d — 2)...(d - 1)]? 2 

Bay = (-1)Bal cit a) =(-1)?B a (2.4) 
Pp: (d — p)!2p! 

From equality t = d— p, can be obtained p = d—t. This follows that expression 

(2.4) takes the form . 

So, solution can be written in the form 

, | dat 
y= SoBe! = = (=1)"dBi )\(- "G-paa (2.5) 

t=0 t=0 

Consider, that 

and suppose 

10



instead of (2.5), we get 

d t 
L 

y= Lax) = ) (-1)' . Bi ‘ 7 

t=0 ‘ 

These polynomials are called Laguerre polynomials. They are convenient to find 

by the formula 

=I
 

Proof. Using by Leibniz formula, we get 

d 
[ate] _ S- Cie) (x4) ¢-! 

t=0 

Separately calculate derivative (x“)4-! 

(x")! — q. gt 

(2®)? = d(d—1)-a*, 

‘\ 

(x*)> = d(d — 1)(d — 2) - 23, 

(x)? =_ d(d — 1)(x —pt 1) . a? 

suppose that p = d — t, then we find 

d! 
.d\d—t a od 

= aP 

Consider, that (e~") = (—1)'e~", we get 

u dl 

dj-r\d __ Ry tf 
(a: € | =e 2, Ba(-1 Ho 

11



By substituting this value into formula (2.7), we find 

2.2 Orthogonality of Laguerre polynomials 

Theorem 2.1. e~? polynomials form a complete and orthogonal system of func- 

tions on. the half-line [0,00]. Then, 

0, at md 
e "Lm (x) La(a)da = 

1, at m=d 

[7] 
Proof. Let mm > d. Proof, that 

| e*2"L (x) dx = 0 (2.6) 
0 

Calculate (2.6) by integration by part: 

Do substation by x? = u, [e7*a" | da = du, d-at!.da = du, [e~* amy (m—D) =. 

So, , oo 1 00 
ea Lm (x) dx — afer a | dar — 

J0 ml Jo 

1 di_—x,.m\(m—1) | d i d-1 —£,.m\(m-1) 77, = ae x”) lo maf x" - (e*2"") dx = 

di f° _ 5 | (eT am y(™—4 hy. _ 

> J0 

qi! 

Let m > 1. Consider integration 

| e* [Ly (x) Pdx = 

0 

12



1 sx 
=— Lin(v ‘)- (e~ #4") (™) da — = Ll 2)( hm) (n= re 

mi! , 

et yl” m— —l m °° . 

ml aan [Lm(x)]’ ’ a")! Vda C= ( _ / [L mf (x). ena" dr 

x: 

m Mm —: t 1 [Zin (a2) = (-1)™| = al er a™dr = mit (m +1)=1 

2.3 Generalized Laguerre equation 

Lets consider equation 

xy" +(a+1—ax)y' + dy =0 (2.7) 

The equation below is called Generalized Laguerre equation. We need to find its 

solution, which is limited at the point 2 = 0, which grows at infinity no faster 

than some degree x. We solve equation exactly as in the chapter above 

oo . 

y= > Bix! (2.8) 

t=0 

The coefficients at 2! are related by 
‘“ 

Bilt + ljt+ Buyila+ 1)(#+1) — Bt + mB, =0 

t—d 
B,——————— 
‘(t+a+1)2 

All coefficients, with starting B,,1 are equal to zero, because B;,; = 0 at t = d. 

Bi = (2.9) 

That is why, solution of equation is polynomial in the form 

y= YB 

By change index ¢ to t — 1 in (2.9), we get 

13



at t = d, 

Bu-1 = Bye od = —Byd(d + a), 

att=d—1, 

= d—1)(d—1+ a) 
Ba-2 = —B,d(d + a) qin _ 

_ » Ud—1)(d+a)(d+a-1) = B, 5 . 

at t = d—p, 

Ba-p = (1B td —1)(d—2)..(d—p tue +a)..(d+a
—p+1) _ 

A(d+a)(dt+a-—1)...(d+a—p+1) — (_1)/P (—1)’Ba (d= pyr (2.10) 

We introduce the notation 

a\  a(a—1)...(a—t+1) 
(*) ~ tl : (2.11) 

Formula (2.10) gives a coefficient for z¢~?, that is, for z'.From cquality t = d—p, 

can be obtained p = d—1. This follows that expression (2.10) takes the form 

B= (—1)(e-) p 2 +a)(d+a _ 1)...(t+a@—1) 

(a — 1)! 

B, = an(—1)'B(-1'(“ : i) ; d—-t) t! 

Thus, the desired solution can be presented as 

: d+ \at 
— —_— d _ t ; ‘ ’ 

y = (-1)'d!By S"(-1) (Os (2.13) 

. _1)\d¢ . 

Putting in this formula Ba = iy Finally, we get 

d ' 

vite) = D(a 1) 
t=) 

14



At a=0 

Li(r)= La (2.15) 

Formula (2.14) is called generalized Laguerre function. It is conveniently caleu- 

lated by the formula 

Proof. Using by Leibniz formula, we get 

d 

[atte e-*](4) _ > Ch(e~*)O(gttraydt — 

t=0 

d 

Yaa” ‘(dta)(dt+a-l)..(t+a+ att? = 

acre Sen (t)e 
[7 

2.4 Heat equation for a solid with variable cross- 

section. 

To elucidate the physical meaning of the equation 

00: . 0°76 vAd0 
OE =a (53 + Ty) ; (2.17) 

for any v > 0 let us consider the surface generated by revolution of a curve r = 

y(z,t) about. 2-axes. Let. us assume that the radial component of the temperature 

gradient in the solid bounded by above surface is negligible in comparison with 

the axial component , i.e. the solid can be considered as a bar with a variable 

cross ~ section , that has only axial component of heat flux (see Figure 2.1) One 

can find that the amount of the power dQ, entcring the bridge clement. between 

cross-sections z and z + dz with corresponding radius y and y + dy during the 

15



Th 

Z z+dz 

A 
Figure 2.1: A solid with variable cross-section 

time dt is 
00 

Oz 

where @(z,t) is the temperature and A is the thermal conductivity, while the 

dQ, = —\—} ayPadt, 
yy 
4 

amount dQ, escaping this element from the cross — section z + dz is 

00 
dQo=—-A| n(yt+dy)dt, 

Oz ztdz 

Using Taylor expansion 

06 _ 08 00 3 
Oz vtds ~ Be eA e+ Ode ) 

and taking (y + dy)? = y? + 2dy + 0(dy?) one can calculate 

2 

2ydydt — nro Ay ydzdt + 0(dz?, dy?) 
2 

Q2-Q) = —aS ; 
& 

The power required for the heating ( or cooling ) of the element. from the temper- 

ature @ to the temperature 6 + dO during the time dt is 

00 1 ; 
dQ3 = eyslty + dy)? + y? + y(y + dy)|dzd0 = meyy'dz AL dt + O(dy) 

If any source of heating with intensity g(z,t) (power per unit volume) is acting 

inside element, then this additional power is 

AQs = q(z, t)ry*dzdt 

16



From power balance 

dy — dQ, + dQ3 = dQ4 

one can derive 
OG 9 076 2y., 06 1 
rane (aa + y dn + oy t) (2.18) 

or in the alternative form 

OG a @ 2, 00 l 

dt Poe Malt Bet (2.19) 

The equation (2.17) is the specific case of (2.18) at y(z,t) = z’/* and q(z, t).[5] 

17



3. Heat polynomials for the so- 

lution of free boundary prob- 

lems 

3.1. Basics of the generalized heat equation 

G8 _ 50 756 
Ot Or? rOr 

Equation (3.1) is called The generalized heat equation, which portrays the warm 

(3.1) 

transfer with a variable cross-section in a rod [5].By solving this equation with an 

initial condition containing a delta function, the Laplace transform is used in the 

form, fundamental solution can be obtained [11] 

C; 5 Pat Try I—1 _ 
G(r, rit) = srr) “e * I(S), b= 1 C= ATH +1) (3.2) 

Consider the thermal potentials for this solution. 

><) 

Vra(r, t) = 2°°T (6 +:1)7} | G(r,71, tr" dry (3.3) 
Jo 

Using by integration by part method, we get the explicit equation for the next, 

polynomials: 

(6 + 1) . Vp. t) = 2k n pane 2k k 

rst) = » M(n—KI(+14n—k) 34) 

18



For Applications, it is more helpful to multiply right and left. sides of this equation 

TEED 

r(6+1+n) ok nll(d +1+n) 
Rn jt = nl = 2k Pn 2kyk Wrst) = Bq Cale) 2? H@-HIetitn=b 

(3.5) 
and 

Rya(r,0) = 9°" (3.6) 

This could be shown in terms of the influence of the hypergeometric function and 

the gencralized Lagucrre polynomials: 

2 6+1+n) 2 
nn. yt = ! At)” Lt 8) mu at n or 

In particular, 

Roulr, t) => 1, 

l 
Ri(r,t) =r 4A, 

Roa(r,t) = 7? + 4(L + 3)r7t + 4(1 + 1)(U + 38, 

R3i(r, t) = ro + 6( + 5)rit? + 72(1 + 3)(1+ 5)r7t? + 8(1+ 1)(1+ 3)(1+ 5)¢3 

‘ 

It. is easy to check that if 1 = 0, then the function 

Rro(x,t) = vn(7, t) 

satisfies the equation (3.4), and for / = 1 the function 

22k 7 2(n—k) pk 
O(r, (r,t) = 57 Ay Ranl i(r, t) = AW (4t Ly |-5| = yA, >> 4 kil(n — ae 

k=0 
— 

(3.8) 

satisfies the equation 

08 _ 0°6 | 108 
Ot Or?" rar (3.9) 

The generating function for the radial polynomials can be written as 

( t ) @ 4 t)~§ er oc (6) r2 

Gs Lj) = — 4e2T el-42t = At ny a a . 

Dicey zh | 4 (3.10) 

19



The fundamental source of solution for the generalized heat equation is 

2 l-1 
Sir, t)= = (4nt)~° e ft x) = a (3.11) 

Use Appel transform 

r 1 —2n 
Tilt, t) = Si(r, t) Rus t? + =t Ryu (r, —t) (3.12) 

We can construct the generating function for radial associated functions 

[> ¢) 

g(t; 2) = Si(r,t + 42) = "Raat, -t) = So Tralr 1) (3.13) 
k=0 uf 

Taking into account the orthogonality of the generalized Laguerre polynomials, it 

is easy to establish the condition of bi-orthogonality of the radial heat polynomials 

and their associated functions 

oo 0, m [Pierrot Ayla = xr 3.14) 
0 mi2"T(6+m+1) m=n 

where . 

Wi(r) = 270? tp" (3.15) | 

3.2 The generalized heat equation with the in- 

verse Stefan problem 

The equation (1) is considered in the domain 

D: 0<r<nlt), 0<t<T (3.16) 

On the boundary r = 7(t) the condition 

u(n(t),t) = f(t) (3.17) 

20



and the Stefan condition 

_ oul.) — py — 2 Ay (3.18) 

should be satisfied. At the initial time the domain D collapses into zero, thus the 

initial conditions are 

n(0) = u(0,0) = f(0) = 0 (3.19) 

It is required to find the functions u(r,t) and P(t), if n(t) and f(t) are given. 

The solution can be represent by the formula 

oO r2 . 

urd) =) As (40D (— 25, ) (20) 

where 6 = it and L,,(x) are associated Laguerre polynomials. The function 

(3.20) satisfies the heat equation (3.1) for arbitrary constants A,,. Satisfying the 

boundary condition (3.17) we get 

ie. ¢) ny t) ~ 

FO =D Anlae%t 0 (- a) ~ d Ane\ (3.21) 

where 00, ; 

nm € H(t y,(t) = y (ta) 1.0 (- | . (3.22) . 

Using the property of orthogonality of the associated Laguerre polynomials 

* bet L(t) Eat = 4° to ngém m P(ntéH) ap (3.23) 0 if n=m ni ’ 

we can expand the function (3.22) into series with respect to the associated La- 

guerre polynomials 

yn (t) = De uly (t : (3.24) 
==() 

where 
_ k! 6-17 (8) ou =F D | Be Wonltat (3.25) 

21



Substituting (3.24) into (3.21) we get 

n=0 

f(t\)= 50 A, 3 On rb (t) (3.26) 
: k=0 . 

Using the orthogonality property (3.23) we can write the system of algebraic 

equations for determination of the coefficients A, 

Yo anmAn = bm, m= 0,1,2,3... (3.27) 
n=0 

where 

= nT (k +6 b= | eL Qnyn — m! Prim ( + + 1), to 0 t € Ly, (t) f (t)adt (3.28) 

It should be noted that an approximate solution of this problem can be found 

using the approximation of the function f(t) with a finite stn in expression 

(3.27). Such approximation can be achieved with an arbitrary small error e. 

Then the approximate solution of the problem (3.1), (3.17), (3.18), (3.19) can be 

obtained by the replacement of the series in the expression (3.20) for the finite 

sum. Again, this is an exact solution of the heat equation (3.1), and also has 

an error not. exceeding ¢ due to thé maximum principle for the heat equation.In 

this case the infinite system of algebraic equations (3.27) becomes to be finite. | 

Thus the required temperature u(r, t) is defined by the expressions (3.20), (3.22), 

(3.24), (3.25), (3.27). The unknown heat. flux P(t) can be found now from the 

expression (3.18) which can be written in the form 

“poy = aoulnltet) _ 1, dn 
Or vat (3.29) 

where the right side is already found. This method can be effectively applied for 

the solution of the arc phenomena modeling in electrical contacts 6], [4]. 

22



4. The two-phase spherical Ste- 

fan problem solutions with 

using heat polynomials 

4.1 Mathematical model 

The inverse Stefan problem consists in the definition of the arc heat. flux P(t) and 

the temperature distribution @(r, t) in the molten contact hemisphere 

ry <r <rta(t) , if a(t) is given from the measurement. If the are burning 

period is 0 < ¢ < to and the final radius of the molten zone at t = t, is ra , then 

the dynamics of the arc radius increasing at. the melting can be approximated by 
‘\ 

the formula 

a(t) = Ty + a(t) a0 = (ra — r0)/Vt0 (4.1) 

The heat equation for the melting zone can be written in the form 

00 (me 2.06 
ae ota] m<r<a(t), 0O<t<t (4.2) 

The initial and boundary conditions are 

| ,=0  - | (4.3) 

06 
ars 44) 

and on the interface of the phase transformation 

O(a(t).t) = Ar», (4.5) 

23



‘Or r=a(t) dt’ | (4.6) 

where 6,, is the melting temperature, a, L, y are the coefficient of the heat 

conductivity, latent heat of melting and density respectively. 

To simplify the calculation we can introduce the new dimensionless time ft; = 

t/ta, then the time interval of arcing changes to 0 < t; < 1. Thus we can take 

t, = 1 at once in the formula (4.2). 

This problem for the spherical heat equation can be reduced to the ordinary 

one-dimensional equation by the substitutions 

‘U 9=—, r—m=2, Bt) =alt)—ro (4.7) 

Then the problem transforms to the form 

a ey Sy = aS O<x<A(t), 0<t<T (4.8) 

A|,_) = 0 (4.9) 

_ Ou 2 P(t "07, _ u - = rp P(t) (4.10) 

u(B(t), t) = Um (4.11) 

' Ou dB 

“ pings 7 4 ral) olar dt (4.12) © 

The solution of this problem can be represented) in the form: 

)= eas Von ( x,t SS Bam t) (4.13) 
n=0 

where 

“ (Qn)la2hq2n-2k (Qn + Llarq2n-2k+1 
Von(X,t) = t, ov x,t) = : Lh 

an( 2, t) » k!(2n — 2k)! anti(® ) d k\(2n — 2k + 1)! t 

| (4.14) 
are the heat. polynomials satisfying the equation (4.8) at arbitrary coefficients 

A, Bn , which should be chosen to satisfy the boundary conditions. The unknown 

24



heat. flux we represent in the form 

l . 

P(t) = S— Pt! (4.15) 
k=0 

From the conditions (4.9), (4.10) we have the following system of equations for 

An, B,,: 

mu In—O- Mm on lg2k ay an 2k (Qn+1 Ig2*o 2n-2k+1 

Ade! Janeen aod et =, 
n=0 kM( 2n — OR n=0 k=0 k\(2n —2k+ 1)! 

( 2k gy 2n—2k kph (4.16) m 2n) la n— m (2n + 1)!a?* a m—2k+1 

yA “BS! mt ! _ = 

n=0 k= ki or DEI n=0 k=0 k!(2n — 2k " 1)! 

] 3vt 

ae tie (4.17) 

To evaluate unknown coefficients we use two methods, variational and collocation. 

4.2 Variational method 

Similarly, like in [3], we take m = 5 , U,, = 0 and the basic points 

t=t, = 2 t = 0,1,2,3,4,5 To satisfy approximately the condition (4.16) we 

consider the functional: 

(2n) lark a? 2n—2k (2n a 1)la?*q j2n-2k+1 2 A, #” a nt y= ff (>: » Hn 2b)! > k\(2n ~ 2k + 1)! at n=0 n=0 k=() - 

The minimum of this functional can be found from the equation 

OF Ly» [ (3:4 19n(B(t), t) ) + Bunga (BU (t), 0] vam (B(t), t)dt = 
n=0 

where . se Ou 2k 

{2k pj 2h 

von(B(t), t) = (2n)!a*" ag pe 

tay Rl(2n — 2k)! 

n 
2 1)! 2k, 2n—-2Qk+1 

Von+1(B(t), #) = ( nt )!a al pita 

<< k(n — 2k + 1)! 

25



i) 

S- An Crm = Dim , (4.18) 

n=0) 

1 

Cam = [ Von(B(t), t)vem(B(t), tdt, 

Dam -[ » Brvonsi(B ), t)0em (A(t), t 
0 

m =0,1...n 

Solving the system (4.18) with respect to A, from (4.18) and substituting the 

result into the expression (4.17) we get 

1/5 ? 
= | uo io) dt (4.19) 

where 

=D Ameae( Bl t),t) + voe+1(B(t), £), 
n=0 

a?k m)azt-2m 

ru(6tt),t) =o 8 TIE aE th 

k ‘ v 2k—-2in (2k + 1)!a?*(2k — 2m + 1)aph-2m+1 
Bon+1(B(t), t) = S- pktd 

“xs m!(2k — 2m + 1)! 

1 t 
f(t)= —jLrey 

From the condition of maximum of (4.19) we have 

aI of (< ) 5B, = i (>: Byw(k,t) + s0)) w(m, t)dt = 0 (4.20) 
k=0 

where 

! 
Fim = [ w(k:, t)w(m, t)dt, Fn = f(t)w(m, t)dt, m=0,1...k 

0 
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From the expression (4.20) we get the following results: 

Bo = —0.784; B, = —-0.062; By =0.046 Bs = —9.712 x 1073: 

By = 6.788 x 1074; Bs = —1.391 x 1075 

Similarly, from expression (4.16) we obtain: 

Ao = 0.058; Ay = 0.904; A» = —0.389; A3 => 0.071; 

Ay = —4.716 x 1077; As = 9.516 x 1075 

Now we should define the coefficients for the heat. flux in the expression (4.15). 

The corresponding variational functional for the condition (4.10) is’ 

2 

J= [ (>: P,t” + g( ) dt | (4.21) 

where 

5 

g(t) = [cae An (v,(7 05 t) — Van (rot)) + > Br(Von41("0, t) — V2n+1 (rot)) 
n=0 n=0 

\ 

n Qn) larhy2n—2k 

Yan (Tost) » k\(2n — 2k)! 

On 4 1)!a**r? 2n— 2k+1 ; 
/ ~ t = ( 

t 
Von41 (70, t) = 3 ki(2n — 2k +1)! 

tk 

v (2n)larer2n-2k Fi n (2n + L)la2hp2n—2k+1 

‘ " L) = t ) nT rT jt = 0 

Panlro 2, BOn = ae rn = k(2n — 2k + 1)! 

The minimum of (4.21) gives the equation 

—— of (Some +0 iy) mar=o 
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5 

S- PiGum = Anm. (4.22) 

n=0 

where I 1 

Grim = | or" dt, Ay, = / g(t)t dt, m = 0,1, 2...n 
0 0 

From expression (4.22) we have the following results: 

Py = —0.009; P, = 0.085; Py = —2.38; Ps = 6.572; 

Py = —7.406; Ps = 2.872; 

The results of testing fora=1, apg=1, ro=l, L=1l,y=1, U,=1 

depicts in Figure 4.1 the, approximated function 

d 5 5 

V(t) = — | S- An (vbn(705#) — van(rot)) + 5° Br (Yn41(70.#) — Yansa (rot) 
Tr, 

0 n=0 n=0 

and the exact. solution 
5 

P(t) = > Pt” (4.18) 

which can be obtained by the solutton of the direct Stefan problem [9],[10]. 

One can see the ideal coincidence of exact and approximated solutions. 

4.3 Collocation Method 

Let us take for testing m = 5 the basic points t = t; = a a = 0,1,2,3,4,5, 

a= 1, ago = 1, To = 1, L= 1, y= 1, Um = (0. Then we get, the following 

valucs for A, and B,: 

A; = 0.878; Ay =—0.051; A3 = —0.069; 

Aq = 9.957 x 107°; As = —3.073 x 1074 

B, = —1.448, By = —0.514; Bs = —0.05; 
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a 

P(t) 0-4 ea 

Figure 4.1: Approximated and exact heat fluxes 

B,=—1.041 x 1073; Bs = 1.383 x 107° 

From the condition (4.10) we have the following results: 

P, = 1.212; P, = —6.219; P3 = 18.288; 

P= 21.378; Ps = 8.597 

The Figure 4.2 depicts the approximate function 

[2 5 

V(t) = “3 > An (Van(T05t) — Van(rot)) + > Bn (Vansi(to; t) — Vane (rot)) 

and original function P(t) = 5-9 Pat” taking for the corresponding direct Ste- 

fan problem 

The greatest error of approximation is in the neighborhood of zero and one. 

The error of approximation is approximately 2 percent. 
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Figure 4.2: Approximated V(¢) and exact P(t) heat fluxes 

4.4 Experimental verification 

Let us compare the results of approximation with the exact solution and experi- 

mental data presented in [2]. The contact material is AgCdO, the initial — 

of the arc spot on the contact surface rg = 10~4m , the current J = 1.5kA . the 

voltage U = 42V, the arc duration t, = 124s. Then we have the voettiienity of 

original function 

P, = 1.755 x 10°; Ph = -6.17 x 10"; Py = —8.254 x 108; 

P, = —1.673 x 10° Ps = -9.292 x 108 

Figure 4.3 shows that the approximation and the original functions are identical 1ons are identica 

everywhere without errors. 
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Figure 4.3: the domain 2,.; in the case II 
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5. Application 

5.1 Heat polynomials and their properties 

Consider a one-dimensional heat conduction equation in dimensionless co-ordinatcs 

aU _ OU 

Ox? ot 
(5.1) 

where U = U(z,t). For a function in spacc of all continuous functions that 

converge to 0 to oo, portrayed by the taking after equation 

U(x + day, £2 + dae, 13 + dz3...,% + d&n) = 

dU L1,%2,03...,2 

U= (21, La, £3; L4..-Ln) + ( 7 3 n) 

‘ 

° 

dU (21, £2, 13-+-5 En) 4 BU (x1, £2, L3..-,Ln) 1 dU (21, 2, 23...5 Dp) . 

2! 
3! vee cms LR, 

(5.2) 

where 
aU OU aU (k) 

KT __. au = (50 + Day? +... ‘Da, site) 

and R, stands for the nt remainder. Extend U onto Taylor series at a and t 

are zero. At that point, using the formula (5.1)to dispense with the second-order 

derivatives with regard to 2 within the Taylor’s series extension, one gets 

aU OU vu 23 oe 4 a an 

In the equation (5.3) all the derivatives as well as Uy are taken at. x and t are 

vero. The polynomials going with the derivatives fulfill the formula (5.1). The 

set. of polynomials is finished. They are called heat polynomials. The n‘” heat 
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polynomial has the following form: 

P(x, t) = ————,, n=, 1,2... 5 
Pu (x,t) 2+ (n= 2k)Ih 1,2 (5.4) 

Using the formula (5.1) one can eliminate the first-order derivatives with respect 

to t in the Taylor’s series expansion. However, such approach also leads to formula 

(5.3). 

The first polynomials of the sequence Pr(Z, t)n=0.1.2... 

po(z, t) =1 

pa(z,t) = Gy + op FoF 

With heat polynomials it is conceivable to search for an approximate solution of 

a direct (initial-boundary) or inverse issue of heat conduction within the shape 

N 

Ux > CuPr(2, t) (5.5) 

n=0 

The right-hand side of (5.5) satisfies the formula (5.1). In order to get the ap- 

proximate solution one has to find such values of c,,-sthat minimize an inaccuracy 

of the conditions fulfillment. 

The general solution of (5.1) in the class of functions bounded for any real x and 

O<t<c«,cisa finite real number, may be expressed as a series 

OG 

U= So cnpa(2, t) (5.6) 
n=0 
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convergent in domain (x,t): 0<t<c, One can effectively demonstrate the tak- 

ing after properties of the heat polynomials 

oO, = NDPn—15 n= 1, 2... 

= n(n _ 1)py-2, n= 2, 3... (5.7) 

x 2t 
Pn(z,t) = 7 Pn-(2, t)+ Gy Pn-2l@, t) n=2,3... 

In addition, for any real-x and positive t 

lim p,(a,t) = 0 (5.8) 
NO 

In two dimensional and three dimensional Cartesian geometry the heat polyno- 

mials have been determined, using the strategy of the producing functions. Be 

that as it may, the comes about are the same as those gotten when changing the 

Taylor series extension. They have the taking after form: In two dimensional: 

Wnam(Z, y, t) = Dnn(Z, t)Din(y, t), m= 0, 1, 2... and n= 0, 1, 2... (5.9) 

In three dimensional: ‘ 

timn(2, Y,2, t) = p(x, t)n(y, t)pn(z, t); (5.10) 

1=0,1,2.., m=0,1,2.., and  n=0,1,2... 

where pi(x,t),Pm(y,t) and p,(x,t) stand for one dimensional heat polynomials 
In [1] the warm polynomials within the polar framework of arranges have been 

inferred utilizing the strategy of producing capacitics. In this case two sets of 

the warm polynomials appear. The heat polynomials of the primary kind are 

characterized as 

” (Z)2n—2kes 

jut?) = S$)? 
 [(n = bP 

n= 0,1,2... (5.11) 

The equations for the heat. polynomials of the second kind contain lnr, hence they 

ought to or maybe be called solving functions and not polynomials. Besides, they 
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have the taking after form: 

u,(r, t) = —jr(r, t)lnr + qur,t (5.12) 

with . 
? An—h* (£)?n-2ht 

Qn(r, t) = > — Bb\lyept = [(n — k)!]*k! 

and a, given in a recurrent form: 

an = 0, 

a= 1, 

and 

an =1tetetetit, for n>1 
" 2 3 4 nv 

The set: jn(7, t), tn(7; t),,-0,1,2... 8 complete within the space of bounded arrange- 

ments of the heat conduction equation in polar coordinates. 

Within the cylindrical system or coordinates two independent sets of polynomials 

appear once once more, [1]. The primary kind heat polynomials are characterized 

as 

ban (7, zyt) = Int, t)pm(z, t); (5.13) 

and the second kind polynomials: 

‘ Knm(1, 2, t) = Un(7, )Pm(2, t); (14) 

where jn, Um and pm are given by (5.11), (5.12) and (5.4), separately. The set of 

polynomials of the form (5.13) and (5.14) is complete within the space of bounded 

solutions of the heat conduction equation in cylindrical coordinates. 
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6. Conclusion 

The inverse Stefan problem for the reconstruction of unknown heat. flux on the 

moving boundary is considered. The solution is found in the form of linear com- 

bination of the radial heat polynomials. The unknown coefficients are found from 

the conditions on the moving boundary. 

The inverse two-phase spherical Stefan problem for unknown boundary heat flux 

is solved by the method of the heat polynomials. Side by side with exact solution 

two methods for the approximate solution, collocation and variational methods, 

convenient for engineering applications are presented and compared. It is shown 

that both methods give very good approximation even for use of several points 

only. However, the collocation method gives better result. for the initial stage of 

heating, while the variational method is more preferable for the large values of the 

Fourier criterion. The estimation of the error of approximation is obtained using 

the principle of maximum for the heat equation. The application of the obtained 

results for the calculation of the electrical arc heat flux at the contact opening is | 

presented. 
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A. Appendix A 

A.1 Orthogonality of generalized Laguerre poly- 

nomials 

The generalized Laguerre functions are calculated by the formula 

id 

Ly(x) = + or d 
dl qa 

dae) (A.1) 

Theorem A.1. e~222L*(x) polynomials form an orthogonal system. of functions 

on the half-line [0,00]. Then, 

°° 0, at n#d 
re * DS (2) Lobr)dx = i d Metnet) at nad (A.2) 

Proof. Lets proof at n > d 

oo 

| 2°xte* LS (x)dx = 0 (A.3) 
J0 

We have 

1 °° —9 +d it. —af 2 (n+a)}(n) 1 * d ( — Ce ete ee TON day = af reat) dr (A.4) 
Th: JO nN 0 

by method of integration by part, we have following substitutions 

w= u 

[ea FN dy = dy 
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d-a"-'dr = du, ~ 

[ental teyp (nD) =v. 

So, 

1 ” d uw 1 * ~(n+a)](n) _ dt —x(nta)i(n—- al |, r le ¢ ] Or i le Top i+ ye 1) 

d * d—| 1 d! f* 
_ -1 p,-#,.(nt+a)](n-1) 7,, qa: _. _ 

xh [eg eye dx = ...(— 1)" | femPgFN0-D yy — 

Pe 

0 

n! Jo 

dl. tm _ (—1)"—le pal ta))(n~d-1) — 

0 

We calculate the integral: 

x 1 oO n x 
Rene hal Ohad 2 da _ a a ow pl(n+a)y(n) 70. (—1) a n);_—2 i cta"[La(a)Pde = fo Lila) (e*x*) de =F [nace (een 

n) 1 2! (n+ 
L& (xr (rt) = (—1 nl — = a (n+a) (n a+ 1) 

I[ n()] ( ) | nl Jp e-2x dx = - ( 45) 

Calculate another integral: 

[eter naytac = fo etatg(ayletn(a)ldn (AS) 
‘\ 

. ’ (34 . . 

For Lagucrre polynomials L°(a), the recurrence formula is known (H. Bateman, ° ’ 

A. Erdelyi): 

pL&(x) = (a+ 2n-+ 1)LR(x) — (n+ YL (0) = (a+ n)LE y(n). (4.7) 

Substituting (A.7) into formula (A.6) and taking into account the orthogonality 

relations (A.5), we find: 

* —x atl pay..\j2 _ [(n +at+l 
i ee Li (a)|*dx = (a + 2n + 1) = ) (A.8) 

Show that 

[be (x)} = (-1)" (A9) 
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To do this, we write the expression L}(a:) in a form 

~ (nta\ xc < (nta)(nta-1)..(k+a+1)2* 
“(r) = S-(-1) = = S\(-1) : 7 Li (2) >| ) (*" - ‘) il »| 1) (n— ky! kl 

"  nta)(nta—N).(ktatia  < (nta)! at 
= V1) (n — k)! kl dG — kk +a) kt 

k=0 k=0 

. . ye pro. 

Hence it is clear that the coefficient at “7 is equal to 

(n+ a)! 

(i= njiinrayl 1)" (—1)" 

Considering now that the derivative 

we arrive at equality (A.9). [7] 
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