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LAGRANGE’S THEOREM AND 2- CONTINUED FRACTION
EXPANSION

Abstract. The simple continued fraction theory is a sub-branch of number
theory that is well developed. One of the classical results is due to Lagrange
which states that the simple continued fraction expansion of a real number has
eventually periodic expansion if and only if it is quadratic irrational. Similar
results are not available when one considers N-continued fraction expansion
which is not so well developed theory. In this article, authors aim to provide
computational evidence when a quadratic irrational may not necessarily have
eventually periodic 2-continued fraction expansion. Moreover, a proof is
provided for a special type of real numbers for which Lagrange’s theorem does
hold.
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seskosk

Anparna. KapamaiibiMm = y37ikci3 — OeJjIIIeKTep  TEOPHSCHI,  caHAap
TEOPHSICHIHBIH KAaKChl JaMbIFaH KOCAJIKbl TapMarbl OOJBINT TaObUTaIbl. byt
caJslaJIarbl KJIACCUKAJIBIK HOTHKENepaiH Oipi Jlarpamk Teopemacsl, oi 6osca, ap
KaHJal HAaKThl CaHIbI Y3MIKCI3 OONIIEKTEPMEH KOPCETKEH Ke3/e MEePUOATHI
OOJIBIN IIBIFYBI YIIIH OJ CaH MIHJETTI TYpAE KBaJpaTTHIK MpparoHai 00ybl
KepeK eKEHIIriH aitanbl. Jlarpamwk TeopeMachblHa coWikec Teopemanap N-
Y3AIKCi3 OeseKkTep cajachlHIa KOJ JKETIMII eMec, »oHe Oyn N- y3mikci3
OeJIIIIEKTeP TEOPHSCHI AJTi/IC TOJBIK IaMbIFaH TEOpUs OOJBIN caHanMaiabl. by
Makajgaja aBTopjap KBaAPATTHIK UPPALMOHAN HAKTHI CaHAAPIBIH 2- Y3HIKCI3
OeJeKTep KOpPCeTyAl KapacTelpajabl, Oyl Karmaima 2- y31IiKci3 OesekTep
KOPCETKEH Ke3[le MIHAETTI TYpJAe MEepHoATi OOJBIN IIBIKMAN Kalybl MYMKiH
€KCeHIH eCenTey TEeXHUKAChIH KOJIJJaHA OTBIPBIN 1ojen kenrtipenai. CoHbIMEH
kKarap, Jlarpamx Teopemachl OpBIHIANATHIH  €pEKIIe  >KaFaaiap/sl
MBICBIJIAPMEH KapacThIPaIbl.

KiaT ce3nep: Jlarpanx teopemackl, N-y3aikci3 Oemmekrep, Mathematica
KYHeci, KBapaTThIK HppaIlMOHAIl CaH.

skesksk
AnHoranus. IIpocras Teopuss HEMHBIX APOOEH SBISETCS XOPOIIO
pa3BUTON BETBbIO TeopHuU unces. OJUH U3 KIACCUUYECKUX Pe3yIbTaTOB CBS3AaH
¢ Jlarpamkem, KOTOpBIH YTBEP)KAAET, YTO MPOCTOE HEMPEPHIBHOE IPOOHOE
pasiio)KeHHue  JCUCTBUTENBHOIO  YWCIIAa HMMEeT B  KOHEYHOM  HTOTe
NEPUOINIECKOE PA3JIOKEHHE TOTNa M TOJBKO TOTAA, KOT/Ia OHO SIBJISIETCS
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KBaJIpaTUYHBIM UppalroHaIbHBIM. [1o100HbIE pe3yabTaThl HEAOCTYITHBI, €CIH
paccMoTpeTh 00001IeHnst N-1IeTTHBIX Ipo0eii, KOTOpoe He TaK XOPOILO Pa3BUTO
B Teopuu. B 3Toli cTaThe aBTOPHI CTPEMSTCS MPEAOCTABUTh BHIYUCIUTEIbHBIE
JI0Ka3aTeNnbCTBA, TOTO YTO €CJIM UPPALMOHAIBHOE YUCIO KBaJApaTUYHAasl TO 3TO
YUCJIO HE MMETh MEePUOJINYECKOEe MPEACTaBICHUsS 2 - IenHbIX apobeii. Kpome
TOT0, IPUBOAUTCS J10KA3aTEIbCTBO JUIS CHELUAIBHOTO THIA JAEHCTBUTEIbHBIX
yucell, Al KOTOPBIX Teopema Jlarpanka crpaBeiinBa.

KawueBble caoBa: Teopema Jlarpamxka, N- 1enHex — JIpoOei,
nmporpamMmMHoe obOecnieueHue Mathematica, kBaapaTudyHOE HPpPAIMOHAIBHOE
YHCII0

Introduction
It is well known that any real number has a simple continued fraction

. . a s R
expansion. For a given real number

expansion is written as

, its simple continued fraction

1
& =ag + I
a, +
ag + i
ag+-
. = . =
or s1mply':;c [@g; @y, ], where % €N, (nz1) and @0 S Z oy any
natural number ﬂ, we consider the following rational numbers, called "th
convergents,
P

q = [agiay, ay - a,].
n

Here Pn and 9nare relatively coprime and satisfy the recurrence relation:

[ =a'npn—1+pn—2 P4 = 1, P—a =10,
qn=anqn—1+Qn—EJQ—1=DJ i _q =1
(see [1, Ch.3]).Then, the above simple continued fraction expansion can be

a=lim_ _ I=
justified by """ One can generalize the simple continued fraction
expansion to N-continued fraction expansion [2]for © € Rby

N
a=a, + N
a, +—x—
E1+_E
ag+T
denote [agi ag.az, - 1y where its nth convergent Fn /T satisfies the
relation:
Pp = apPp-1+ Np,_2, p-,=1, Pg = ajag + by,

Gp = 0uqn—1 T Nqp_5, q-1 =0, g = Q4.
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1t % =V where ™~ ﬂ, then the expansion is called proper N-expansion or
best expansion due to M. Anselm and S.H. Weintraub [3]. In [4] this best

expansion for fixed N obtained through map Ty:[0.N] = [D’N], defined
T, (0) =0
by ¥ , and

N N
Ty(@ =—-|-|.a=o0.

N

= = |— _ _ (n—1)
By setting ay = ay(x) LtJ’and a, = a,(x) =a,(Ty ~(a)) where
(rm—1}
Ty (@) #0, the best expansion can be obtained recursively.

= [ag ay,a;, -]

Definition 1.1. A real number ¢ is eventually periodic if

= = ) = =N. .
there are numbers N =0 and k=1 with @n+ke = @k for o1 T = N In this case
we write
[ag; a1, 85, Gy 1 T ™ Ty ]

Q

Definition 1.2.A real number & is called quadratic irrational if* Qg

there are integers™ b€ with 8¢~ T ba+c=0.

The following is a classical result.
Theorem 1.3.(see [I, Ch.3]Lagrange Theorem) The simple continued

fraction expansion of @ s eventually periodic iff @ s quadratic irrational.

In[2] proved that quadratic irrational % can be expressed as a periodic
non-simple continued fraction having period length one. That is, showed that

quadratic irrational & ~ [a0; @y @ Gy, T Ty as a periodic N -
continued  fraction expansion having period length one, where
N = (pk‘fl - ﬂ'l}qi'{‘fl)‘ and pi'{‘fl:'lllqk'fl is (k + 1jth Convergent of

@u:""r@n+k From Theorem 5 in [5] follows if partial quotients of simple

periodic continued fraction expansions is bounded then if partial quotients of N

- continued fraction expansions also bounded, where N = (Prs1— a’ﬂ'qkﬂj‘.
Note that this is N - continued fraction expansions not proper.

In this work we want to study 2-continued fraction expansions and
eventually periodic orbits.

Using the above Lagrange’s theorem we obtain the following result:

Theorem 1.4. If 2—continued fraction expansion of a real number is
eventually periodic, then so does its simple continued fraction.

An interesting question is whether the converse of Theorem 1.4 holds,
namely, if a real number has eventually periodic simple continued fraction
expansion, is it true that its 2-continued fraction expansion will necessarily be
eventually periodic?
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In view of conjecture in [3] which states that for N=2 the proper

continued N expansion of a quadratic irrationality is not always periodic, we
can say that the answer to the above question may be negative. Nonetheless,
we show that in following cases the answer is affirmative.

Qg; Gy,a5, " ]

kel

Theorem 1.5. For a real number <, Iet[
if Dyt = 1for any

be its simple

continued fraction expansion,
continued fraction expansion of a satisfies
a = [ay; 2ay,a,,2a5, a, |,

then the proper 2-

In particular, in this case, if © has eventually periodic simple continued
fraction expansion, then so does its 2-continued fraction expansion.

For the remaining case when®2t = 1 for some k€ N, we provide a
computational evidence with seemingly unbounded 2-continued fraction
expansions of eventually periodic simple continued fraction expansions.

Proof of theorems
In this section we give the prove of theorems. To prove theorem 1.4 it is

enough to show that if 2-contined fraction expansion of ¢ is periodic then & is
quadratic irrational.

Lemma 2.1.If 2-contined fraction expansion of T s periodic then @ s
quadratic irrational.

Proof- Let @ = [0;ay, 8, = Gl Ty is,
2

rx:

(]

a +————
1 iyt -.1.‘

P
m T

Then for some integers 4,B,C,D
Aa + B
" Ca+D
Since, Camt (D —f-l]rx —5= l]for AB,CDE E a 1S quadmtic

. . . a = |ak'b Jbaja,, a
irration.al. The same way, we can prove it for [ Q 1 dy @y anl,

Proof of Theorem 1.4. Follows from Lemma 2.6. and Theorem 1.37]

Proof Theorem 1.5. Let © ~ [agi a1, a0 4,0 simple quadratic irrational
number, then we can find it’s 2-continued fraction expansion in the following
way. We multiply numerator and denominator of the first fraction by 2, so we
have
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2 2
ztﬂ-l'l' . +;j Zﬁll"l'ﬂ +';

g+ adg+=

Now, we again multiply the most upper numerator that is not equal to 2 and
it’s denominator by 2. We get
2 2
a =ay + > =ay+ 3
2a4 + P T 2ay + 5

o, +

i ]
z(ag+7) ag+T

If we will continue to repeat this process, then we will obtain as result 2-

continued fraction expansion
2
o =a, + > = [ag; 2a,, a,, 2a4, a4, 2a5 - ],
Eﬂi + T

oot

z
g+

Calculations of 2 —continued fraction expansions
In this section we show that for some periodic simple continued fraction
expansions with its first 40,000 terms the conjecture in [3]holds. We calculate
in Wolfram Mathematica 2-continued fraction expansions from simple
continued fraction expansions.

Let be * = [%1.23.45] Take its first 20,000 terms and find proper 2 —

continued fraction of ** Then the maximum number of partial quotients of

proper 2 — continued fraction of * is #4296 = 35863

In Table 1 we give list of periodic simple continued fractions and calculate its
first 20,000 terms of 2-continued fraction expansions. We use the following
notations: Max[af] - maximum of partial quotients and * its order.

Table 1

Sim Max
ple ) First 30 terms of proper 2-
cgntmu continued fraction
e .
fract L, * '
ion
_ [0:2,2,75,13,3,2,43,23,222,5,5,75,
1 [0;1.3 13 8039
2113,.22.6,...]
[0;
_15322751332,45,23,2225,5,75,35
2 [0;2.1 13 8041

2,28,2,11,3,2, ...
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[0;
4,3,2,2,7,5,13,3,2,4,3,23,222,5,5,75,3,5 804
3 [0;2.3 13 |
2,28,2,11,3.2, ...]
| [0;6,2,2,3,53,22,7,5,13,3,2,4,3,23,]
4 [0;3.7 13| 8045
78,3,20,2,28, ...]
[0; 16 1489]
[0; |4395393422433,124,332995%
5 2706
7341 14
6,2,51,17,53,..] 3
0,13 [0;2,2,64,11,5354,2,18,29,2,134 3
6 "1 9252,10,572,..] 5863 4295
[0; [0;5,3,2,3,2,2,10,3,2,2,2,4,2,6,8,3,2,
7| 555ss 30 351
2,1,345] 2,17,4,16,13,3, ...]
8 LO; [IJ- 4,3,2,410,2,7,3,7.2,4,78,2,15,2,2,6.67.] 7 12
2,3,1,4,3] ‘ 8
[0;
[0; |439.229824222.2421220562, 1 -
7123315 1916
28,5,2,11,3,7, ..
1 [0; [0;4,3,8,5,2,2,6,4,11,5,35,4,2,18,29 3 4290
0 2.3.451] 99,2,7,9,2,5, ...] 5863

From this table we have the following corollary:

Corollary 2.2 The proper 2-continued expansion of a quadratic
irrationality is not always periodic at least 27,063 terms.

As an example of theorem 1.4 we give list of periodic 2-continued fraction
expansions and its simple continued fraction expansions. Also, we see that if

we find the simple continued fraction of [053’4’5’6’?]2,then the length of
period of periodic simple continued fraction is equal to 206.

Corollary 2.3. The length of period of periodic simple continued fraction is
not necessary should be equal to the length of period of periodic 2-continued
fraction.

In Theorem 1.4 we proved that if 2-continued fraction expansion is
eventually periodic, then its simple continued fraction expansion is necessarily
eventually periodic. However, it is not clear how two periodic lengths are
related. The Table 2 below provides computational analysis that periods of
simple continued fractions may potentially be longer.
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Table 2
2- Max
continued Simple continued
fraction fraction
1, i
[0;1.2.3] [1;1.49411.1] g
[0;2.13] [3;3.21823.3] ]
[0;Z37] . 2TE23.3] j
[0;3.21] [E:W] g
2 3,&,01;] [2: 1123 ]
[0;1.23 [1;1.3.2.6,7.1,12,3,1,25,1,1,52,105,52,1,1,25] 05 I A
[0; [3;3.121.6116121.3321211.11.52411,18, |
11.3.4.3] 5117.21,35,1,217.1,5.81,11,4,2.5.1,1,1,1.2.1,2,3] 12
[0; [2;2,5.22.21,24,152.1,1,1,11.1,3.24,1,1,49,09 40, g
23.1.45] 11.2431111112514.2.1232] 9 |2
[0; [2;112613.21.217.121231,621123.55.11.1 g
23.41.3] 211,3.1,22,1,1,46,93,46,1,1,22,1,3,11,21,1,1,55,3.2] | 3
[0; [2;1.1.21.21,13.26.7.1.12,31.251,1,52,105,52.1, 1
0 | 23.451] 1,25.1.312.1.7.6.2.3] 05 |0
| %] [2; 1,1212.613.2532] 6
[3;2,53,71,1,21,2,6,3,1,3,1,2,1,12,1,1,8,2,26,17,
4,2,52,1,1,1,1,2,1,25,1,4,6,1,12,2,2,13,1,5,1,2,2,1,
4122151111,15,1,2,21,43,21,51,2,2,6,1,2,
[0; 12,1,6,41,25,1,2,1,1,1,1,52,2,4,105,1,6,52,1,17,2 g
2 | 34.5.67] 2,1,31,3,621,21,1,7,352331,1,1,10,1,61,14,] 5 |72
1,1,29,5,3,59,2,1,1,1,118,1,3,238,1,1,477,955,47]
118,1,1,1,2,59,3,5,29,1,1,1,10,14,1,4,1,4,1,1,6,1,1
]

Especially in the last row we see that a 2-continued fraction with period 5
translates to a simple continued fraction of length 206. So, it seems that there
may be no formula to estimate the periodic lengths. Moreover, the same table
last column provides the comparison of the maximum valued of partial
quotients, which again suggests that there maybe be relation.
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