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Chapter 1
Hypothesis testing

1.1. Introduction

Inferential statistics consists of methods that use sample results to
help make decisions or predictions about a population. The point and interval
estimation procedures are forms of statistical inference. Another type of
statistical inference is hypothesis testing. In hypothesis testing we begin by
stating a hypothesis about a population characteristic. This hypothesis, called
the null hypothesis, is assumed to be true unless sufficient evidence can be
found in a sample to reject it. The situation is quite similar to that in a
criminal trial. The defendant is assumed to be innocent; if sufficient evidence
to the contrary is presented, however, the jury will reject this hypothesis and
conclude that the defendant is guilty.

In statistical hypothesis testing, often the null hypothesis is an
assumption about the value of a population parameter. A sample is selected
from the population, and a point estimate is computed. By comparing the
value of the point estimate to the hypothesized valuc of the parameter we
draw a conclusion with respect to whether or not there is a sufficient
evidence to reject the null hypothesis. A decision is made and often a
specific action is taken depending upon whether or not the null hypothesis
about the population parameter is accepted or rejected.

- 1.1.2. Concepts of hypothesis testing

Let us consider example about coffee cans. A company may claim that, on
average, its cans contain 100 grams of coffee. A government agency may
want to test whether or not such cans contain, on average, 100 grams of
coffee.

Suppose we take a sample of 50 cans of the coffee under investigation. We
then find out that the mean amount of coffee in these 50 cans is 97 grams.
Based on these resuits, can we state that on average, all such cans contain
less than 100 grams of coffee and that the company is lying to the public?
Not until we perform a test of hypothesis. The reason is that the mean

x =97 grams is obtained from the sample. The difference between 100
grams (the required amount for the population) and 97 grams (the observed

7
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average amount for the sample) may have occurred only because of the
sampling error. Another sample of 100 cans may give us a mean of 105
grams. Therefore, we make a test of hypothesis to find out how large the
difference between 100 grams and 97 grams is and to investigate whether or
not this difference has occurred as a result of chance alone. If 97 grams is the
mean of all cans and not for only 100 cans, then we do not need to make a
test of hypothesis. Instead, we can immediately state that the mean amount
of coffee in all such cans is less than 100 grams. We perform a test of
hypothesis only when we are making a decision about a population
parameter based on the value of a sample statistic.

1.1.3. The null and alternative hypothesis

We will begin our general discussion by using 6 to denote a
population probability distribution parameter of interest, such as the mean,
variance, or proportion. Our discussion begins with a hypothesis about the
parameter that will be maintained unless there is strong contrary evidence. In
statistical language it is called the null hypothesis.

For example, we might initially accept company’s claim that on
average, the contests of the cans weight at least 100 grams. Then after
collecting sample data this hypothesis can be tested. If the null hypothesis is
not true, then some alternative must be true. In carrying out a hypothesis test
the investigator defines an alternative hypothesis against which the null
hypothesis is tested.

For this coffee cans example a likely alternative is that on average
can’s weights are less than 100 grams. These hypotheses are chosen such
that one or the other must be true. The null hypothesis will be denoted as

H , and the alternative hypothesis as /1, .

Definition: A null hypothesis is a claim (or statement) about a population
parameter that is assumed to be true until it is declared false.

Definition; An alternative hypothesis is a claim about population
parameter that will be true if the null hypothesis is false.

Our analysis will be designed with the objective of secking strong evidence
to reject the null hypothesis and accept the alternative hypothesis. We will
only reject the null hypothesis when there is a small probability that the {1‘111
hypothesis is true. Thus rejection will provide strong evidence agains

H,and in favor of the alternative hypothesis, H,. If we fail to reject

H ; then either H , is true or our evidence is not sufficient to reject H,and

hence accept /. Thus we will be more comfortable with our decision if we
reject Hand accept H, .

A hypothesis, whether null or alternative, might specify a single
value, say @, , for the population parameter 0 . In that case, the hypothesis is
said to be a simple hypothesis designated as

H,:6=0,
That is read as, “The null hypothesis is
equal to the specific value 8,
\J?Jtelc’lnatively, a range of yalues might be specified for unknown parameter.
e define such hypothesis as a composite hypothesis, and it will hold true

for more than one value of the i
: population parameter. In many applicati
simple null hypothesis, say Y appliedtions. &

H,:0=0,
is tested against a composite alternative. One ibili
. : . possibility would be to test
null hypothesis against the general two-sided hypothesis e
H :60,
In other cases, only alternatives op one side of the null hypothesis are of

wmterest. For example, a government agency would be perfectly happy if the

mean weight of coffee cans great ¢ i
ol by & greater than 100 grams. Then we could write the

that the population parameter @ is

H,:0>0,
and the alternative hypothesis of interest might be
H,:6<0,
We call these hypothesis one-
Example:
31;0;3?{11 mtelnc(i)s to accept the product unless it has evidence to suspect
an 10% of products are defective. Let 8 denote the population

proportion of defective is i
oo mar ! s. The null hypothesis is that the proportion is less

sided composite alternatives.

H,:0<0.1

¢ and the alternative hypothesis is




H, :6>0.1

The null hypothesis is that the product is of adequate quality overall, while
the alternative is that the product is not adequate quality. In this case the
product would only be rej ected if there is strong evidence that there are more
than 10% defectives.

Once we have specified a null hypothesis and alternative hypothesis and
collected sample data, a decision concerning the null hypothesis must be
made. We can either accept the null hypothesis or reject it in favor of the
alternative. For good reasons many statisticians prefer not to use the term
“accept the null hypothesis” and instead say “fail to reject”. When we accept
or fail to reject the null hypothesis, then either the hypothesis is true or our
test procedure was not strong enough to reject and we have committed an
error. When we use the term accept a null hypothesis that statement can be
considered shorthand for failure to reject.

From our discussion of sampling distributions, we know that the
sample mean is different from the population mean. With only a sample
mean we can not be certain of the value of the population mean. Thus the
decision rule we adopt will have some chance of reaching an erroneous
conclusion. One error we call Type 1 error. Type I error is defined as the
rejection of the null hypothesis when the null hypothesis is true. We will see
that our decision rules will be defined so that the probability of rejecting a
true null hypothesis, denoted as O, is “small”. The probability, o, i8
defined as the significance level of the test. Since the null hypothesis is
cither accepted or rejected, it follows that the probability of accepting the
null hypothesis when it is true is (1—o). The other possible error, called

Type U error, arises when false null hypothesis is accepted. We say that for
a particular decision rule, the probability of making such an error when the

null hypothesis is false is denoted B . Then, the probability ‘of rejecting @
false null hypothesis is (1 - B) which is called the power of test.

10

Type I error
A type L error occurs when a true null hypothesis is rejected. The val
@ represents the probability of committing this type of error. thatvizsl -
o= P(H, istejected / H, is true) ’
The value ¢ represents the significance level of the test.

AT Type 11 error

Al ypeﬁ II error occurs when a false null hypothesis is not rejected. The
ue D represents the probability of committi .

e \ ing a Type I error,

B = P(H, isnotrejected / H, is false)
The val‘u.e (1 B)is called the power of the test. It represents the
probability of not making a Type II error.

1.1.4. Tails of the test

{)r; ts}fastﬁtégs‘,vti?; reJectlgn region fpr a hypothesis testing problem can be on
e e with g;)n. Crlejecftlon region in .the middle, or it can be on the left
rogioms caue% astlw e 0 t.hc non rejection region. A test with two rejection
oo g oo o ! (t) ?ﬁlea test,_ and a test with one rejection region is
rejention resien o esh ' | e one tailed test is called a left tailed test if the
O region, n t_e e':ft.tall of Fhe distribution curve, and a right tailed
rejection region is in the right tail of the distributi
a) A two tailed test e
Example:
The m ily size i i
e zjlrlletfﬁzllévr srif;: tx}rll'a particular country was 3.75 in 1990. We want to
Size has thanged 1r hls mean has changed since 1990. The mean family
This io an ot as ether increased or decreased during this period.
ple of two tailed test. Let H be the current mean family size;

for all famili i
ilies. We write the null and alternative hypothesis for this test as

H,:u= i
o ‘M =3.75 (The mean family size has not changed)

H .
1P M #3.75 (The mean family size has changed)

11
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This shaded This shaded Shaded area is o

areais o /2 area is & /2
| 2 ;C M
o u=3.75 u=120
Rejgctlon Non rejection RCJ?CUOH Rejection Nonrejection region
region region region region
Fig.1.1

Fig.12
As shown in Figure 1.1, a two tailed test has two rejection regions, one in ¢) A right tailed test

each tail of the distribution curve. Suppose that mean monthly income of all households was 45 500 tg in 2001

We want to test .if current income of all households is higher than 45 500 tg.
The key phrase in t}'ns case is higher than, which indicates a right tailed test.
Let i be the mean income of al] households.

We write the null and alternative hypothesis for this test as

H

b) A left tailed test

Reconsider the cxample of the mean amount of coffee can produced by
company. The company claims that these cans, on average, contain 100
grams of coffee. However, if these cans contain less than the claimed amount
of coffee, then the company can be accused of cheating. Suppose that the
government agency wants to test whether the amount of coffee can is lessp, this case, we . )
than 100 grams. Note that the key phrase this time is less rhan, whichSt tes th > We can also “./me the null hypothesis as H, : 11 < 45500, which
indicates a left tailed test. Let [ be the mean amount of coffee in all cans. Aa ©s that current mean income 1s either equal to or less than 45 500 tg.

—gam, the result of the test will not be affected whether we use an equal to
(=) or a less or equal 1o (< ) sign in H o as long as the alternative hypothesis
has a greater than (>) sign.

o * 4 =45500 (The current income is not higher than 45 500 tg)
H, : 1> 45500 (The current income is higher than 45 500 tg)

The null and alternative hypothesis for this test are written as
H,: =120 grams (The mean is not less than 120 grams)
H, 11 <120 grams (The mean is less than 120 grams)
In this case, we can also write the null hypothesis as H, : £t 2120 grams.

This will not affect the result of the test as long as the sign in /| is less than.

When the alternative hypothesis has a less than (<) sign, as in this case, ﬁ_le
test is always left tailed. In a left tailed test the rejection region is always I -
the left tail of the distribution curve, as shown in Figure 1.2. U =45500

Nonrejection region Rejection region

Fig.1.3
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4. Write the null hypothesis and alternative hypothesis for each of the
When an alternative hypothesis has a greater than (>) sign, the test is alwe}y following e?iamples. Determine if each is a case of a two tailed, a left tailed,
right tailed. As shown in the Fig. 1.3, in a right tailed test, the rcject{m or aright tailed test. .
region is in the right tail of the distribution curve. The arca of this rejectior @) To test whether or not the mean price of houses in a certain city is greater

iomi 1 rei ; than $ 45 000,
ion i I toor , the significance level. We will reject H , if the value o _
resion 1s equat o s ° b) To test if the mean number of hours spent working per week by students

wise, we wil Who hold jobs is different from 18 hours.

: c) To test whether the mean life of a particular brand of auto batteries is less
not reject ;. ’ ‘ than 28 days.

Remark: Note that the null hypothesis always has an eq ual 10 (=) or a 1?5 d) To test if the mean amount of time taken by all workers to do a certain job
or equal to (<)or a greater than or equal to (2)sign and the alternativi is more than 45 minutes.

hypothesis always has a not equal to (#) or a greater than (>) or a less tha f) To test the mean age of all managers of companies is different from 40
- years.

g) To test the mean time for an airline passenger to obtain his or her luggage,
once luggage starts coming out the conveyer belt, is less than 180 seconds.

x obtained from the sample falls in the rejection region. Other

(<) sign. .
Exercises

1. Explain which of the following is a two tailed test, a left tailed test, or

richt tailed test. 1.2. Tests of the mean of a normal distribution:

a) H, : =25, H, :p<25 Population variance known
by Hy: )t <134, H :u>134 In this apd following sections we will present specific procedures for
¢) Hy:u=16, H :u=#16 developing and implementing hypothesis test procedures with applications to

t of th b business and economic problems.
jecti jecti i of these cases 0 : _

Show the rejection ar}d nonrejection regions for eac o th We are given a random sample of n observations from a normal population
drawing a sampling distribution curve for the sample mean, assuming t

sample size is large in each case. with mean [ and known varianceo?. If the observed sample mean isx,
2. Consider H, : =35, against F, : {4 <35. then the test statistic is
a) What type of error would you make if the null hypothesis is actually fals -
7! - P
and you fail to reject it? S.=z

Co/n

and we can use the following tests with significance level ¢ .
i 1. To test either null hypothesis

b) What type of error would you make if the null hypothesis is actually ttv
and you reject it? '
3. For each of the following rejection regions, sketch the samp

distribution for z and indicate the location of rejection region. Hy:p=p, or Hy 1< 1, against the alternative
a) z>2.05; b) z>2.75; c)z <—1.28; H sy,
d) z <-2.13; f) z<-2.5750r z>2.575; the decision rule is
g) z<-1.820rz>1.82 Reject H,if 7.5, > 5
a

2. To test either null hypothesis




#0:0 =po or# 0:[ > [0 against the altemative
#1:0<00

the decision rule is
Reject //0if 7\S. <-z0
3. To test the null hypothesis
A0:0=/[00 againstthe two sided altemative

Hx:O* 00
the decision rule is

RejectHOif T.S.> 1242 or T.S. < Za12.
where z o012 is the number for which

P(Z > Zal2) = CCi2
and z is the Standard normal distribution.

Step 1. State the null and alternatife hypothesis
We write the null and altemative hypothesis as

Ho:4 > 160 grams

I1j:p <160 grams
Step 2. select the distribution to use

Since population Standard deviation is known we will usez =—~ .

alan
Step 3.Determine the rejection and nonrejection regions
The significance level is 0.1. The < sign indicates that the test is left tailed.
Ne look for 0.9 ffom in the Standard normal distribution table, (Table 1 of
\ppendix). The value ofz is-1.28. (Fig. 1.4).

>tep 4. calculate the value o fthe test statistic
The decision to reject or not to reject the null hypothesis will depend on

A statistical test of hypothesis procedure contains the following five steps: vhether the evidence ffom the sample falls in the rejection or nonrejection

1. State the null and altemative hypothesis
2. Select the distribution to use
3. Determine the rejection and nonrejection regions
4. Calculate the value of the test statistic
5. Make a decision.
ExaTpie:

A manufacturer of detergent claims that the content of boxes sold ~ W |
average at least 160 grams. The distribution of weights is known to
normal, with Standard deviation of 14 grams. A random sample of 16 bax
yielded a sample mean weight of 158.9 grams. Test at the 10% significan

level the null hypothesis that the population mean is at least 160 grams.
Solution:

egion. If the value of the sample mean «x falls in rejection region, we
ejectiTO. Othenvise we do not reject the null hypothesis. To locate the

rasition of x = 158.9on the sampling distribution curve of xin Figire 1.4

e fl{ls(,:t calculate z value forx = 158.9. This is called the value o fthe test

Ve, |
atis

TS.=z7- X-0 158.9-160

=031
o/yn 14/\V16

Let O be the mean average of ali boxes and x bc the corresponding ntfl

for the sample.

n —16; (T=14; x = 158.9 jl
The significance level is a is 0.1. That is, the probability of rejectmg
null hypothesis when it is actually is tme should not exceed 0.1. This®

probability of making a Type | error. We perform the test of hypot
using the five steps as follows.



Solution:

Step 5. Make a decision Let i be the mean length bolts made on this machine andx be th
In the final step we make a decision based on the value of the test statistic corresponding mean for the sample. ¢

T.8.=zfor x in previous step. This value of z=-0.31is not less than the n=49; x=249cm;  5=0.021 om

critical value of z=-1.28, and it falls in the nonrejection region. Hence we rhe mean length of all bolts is supposed to be 2.5 ¢cm. The significance leve!
accept ,and conclude that based on sample information, it appears that the (s & is 0.05. That is, the probability of rejecting the null hypothesis wheLnV?t
mean weight of all boxes is greater than 160 grams. ts actually is true should not exceed 0.05. \ Y
By accepting the null hypothesis we are stating that the difference between %9_1- ftat_e the nfi_f” and alternative hypothesis

¢ are testing to fi : ; :

the sample mean x =158.9and the hypothesized value of the population machine Wi]lgneed Zr(li ;Vd}jlsggfezlt 11119 :htil Z}n;:rfhl?:g?lfzdfs tgz;sb: Sd{llSFed.'The
mean U =1601is not too large and may occurred because of the chance or essthan 2.5 cm or more than 2.5, Olts 1s etther

sampling error. There is a possibility that the mean weight is less than 160 Ve write the null and alternative hypothesis as

grams, by the tuck of the draw, we selected a sample with a mean that is not : Hy:1t=2.5 cm (The machine does not need adiustment
too far from required mean of 160 grams. H u#25 . J ent)
1+ -5 cm (The machine needs an adjustment)
1.3. Tests of the mean of a normal distribution: step 2. Select the distribution to use

Population variance unknown (Large sample size)
3ecause the sample size is lar ) :
. L . . e (n >30), t P N -

When the population standard deviation is unknown, we simply estimate ge ( ). the sampling distribution of x is
o with the value of the sample standard deviation S We must consider approximately) normal. Consequently we will use 7=
separately the large sample ( » 2 30 ) and small sample size (7 <30) cases. “= s/dm
If the sample size » is large, the test procedure developed for the case when ‘est.

population variance is known can be employed *when it is unknown, {192_; Determine the rejection and nonrejection regions
replacing ¢’ by the observed sample variances . All the hypotheses and 0.05. The #sign indicates that the test is two tailed

ht; significance level is
Vi ‘ecti . .
decision rules are stated in the same way as before (i.e. when o~ is known). o fwo rejection regions, one in each tail of the normal distribution curve
Example: Tx. Becaise the total area o . ) o

When a machine that is used to make bolts is working properly, the mean *veD), the area of the rejectigi ?2;1;0?;0:51265;@5 1 0.05 (the significance
length of these bolts 2.5 cm. However, from time to time this machine falls ‘h_ese areas are shown in Fig.1.5. To ﬁrfd t?ll b 0025

out of alignment and produces bolt that have a mean length of either less oints, we look for 0.975 in the staﬁdard nort led'z Yaluc?s for these critical
than or 2.5 cm or more than 2.5 cm. When this happens, the process i lence, the z values of the two critical point . ;Stnblmon, table.

stopped and the machine is adjusted. To check whether or not the machine 15 nd 1.96. ponts as shown in Fig.1.5, are -1.96
producing bolts with a mean length of 2.5 cm, the quality control department

at the company takes a sample of bolts each week and makes a test of
hypothesis. One such a sample of 49 bolts produced a mean length of

2.49 c¢m and a standard deviation of 0.021 cm. Using the 5% significanc®

level, can we conclude that the machine needs to be adjusted?

to make the
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here is a possibility that the mean length of bolts equal to 2.5 cm. If so, we
o /2=0.025 we wrongfully rejected the null hypothesis /. This is Type I error and

o /2=0.025 obability of making such an error in this case is 0.05.
- Z x Exercises
Reject H, Dounth Reject H, Make the following tests of hypotheses.
reject Mo Hy:p=25; Hy:u#25; n=81; x=28: s=3: q=00l
1;6 1.%96 ) Hy:u=12; Hy:pu<12;  n=45; x=11; 0=45; a=0.05
© Figl$ Hy:p=40; H:u>40; n=100; x=46; s=7: =01
Step 4. Calculate the value of the test statistic Consider H,, : 11 =100 against the two sided alternative H,:u#100.

ndard deviation of 12. Usingar=0.01, would vyou reject the null
z value as follows

pothesis?
x— 2.49-25 Another random sample of 64 observations taken from the same
TS =z :;ji = W_ =-3.33 pulation produced a sample mean of 104 and a standard deviation of 10.
stn .

o ingo =0.01, would you reject the null hypothesis?
z=-3.33 is the value of the test statistic. mment on the results of parts a) and b).

< i . (A survey showed that people with a bachelor’s degree earned average of
Step 5. Make a decision . o t1 y sh peop g g
The value of z=—3.33 is less than the critical Value. ofz=-1.96, anld 53‘116 a year m 2001. A sample of 900 persons with a bachelor’s degrec
in the rejection region in the left tail. Hence we I’S]eCtH o and conclu b{;en recently by a researcher showed that the persons in this sample earned
based on sample information, it appears that the mean length of all Waverage of $2345 a year with a standard deviation of $210. Test at 5%

produced on this machine is not equal to 2.5 cm. Therefore, the madhnificance level whether people with a bachelor’s degree currently earn an

eds to be adjusted . rage of $21 16 against the alternative that it is more than $2116 in a year.
.11_13(; rejecting the null hypothesis we are stating that the difference bet™ The manufacturer of a certain brand of auto batteries claims that the

) _ ¢ the popul 40 life of these .batteries is 45 month. A consumer protection agency that
the sample mean x=2.49and the hypothesized value of the PoPU¥nts 16 check this claim took a random sample of 36 such batteries and

mean [ =2.51s too large and may not have occurred because of th; C}::ild the t;lnean.life for thii sar.npl‘e is 43.75 month with a standard deviation
sampling error. This difference seems to be real and', he'nce the i' month, Usmg'the 2.5% s1gmﬁcgnce level, test the manufacturer claim
or sa1 pf bb s is different from 2.5 cm. Note that the rejection of the1 unst the alternative that the mean life of batteries is less than 45 month.
ilengttlho is ?ioes not necessarily indicate that the mean length Of_ bzﬁ%} r'andg(t)n sample of 100 observations from a population with standard
yfp_o 'tels1 different from 2.5 cm. It simply indicates that there 15 Ifll‘at]m:h Yleldedasample mean of 110,
:sigzniey (from sample) that the mean length of bolts is not equal to 251est the null hypothesis that

: =100against the alternative hypothesis
t £>100usingar = 0.05 . Interpr

et the results of the test.
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b) Test the null hypothesis that u=100against the alternative hypothes; 1.4. Hypothesis testing using the p —value approaches

that 1 # 100 using = 0.05 . Interpret the results of the test.

¢) Compare the results of the two tests you conducted. Explain why th In previous section, the value of the significance level o was
results differ. slected before the test performed. Sometimes we may prefer not to
6. In a random sample of 250 observations, the mean and standard deviaticredetermine & . Instead, we may want to find a value such that a given null
are found to be 169.8 and 31.6, respectively. Is the claim that u larger thaXPOtheSiS will be rejected for any o greater than this value and it will not be
169 substantiated by these data at the 10% level of significance? sjected for any o smalller than this value. In this approach, we calculate the
7, From records, it is known that the duration of treating a disease by -V?Iue for -the test, which is defined as the smallest level of significance at
standard therapy has a mean of 15 days. It is claimed that a new therapy cich the given null hypothesis is rejected.

reduce the treatment time. To test this claim, the new therapy is tried on 7@1395 .

patients, and from the data of their times to recovery, the sample mean anl,le p-value is the smallest significance level at which the null hypothesis is
standard deviation are found to be 14.6 and 3.0 days, respectively.

jected.

Perform the hypothesis test using a 2.5% level of significance. sing the p-value approach, we reject the null hypothesis if
8. Suppose that you are to verify the claim that u>20on the basis Ofx dwod p-value<a o
random sample of size 70, and you know thato = 5.6. ' e do not reject the null hypothesis if
p-value 2

a) If you set the rejection region to be x>21.31, what is the level ¢
significance of your test? teps necessary for calculating the p-value for a test of hypothesis
b) F'ind the numerical value of ¢ so that the test x2=chas a 5% level eDeterrning the valu.e of the test statistic 7.S.= z corresponding to the result
significance. Ethe sampling experiment.

Apswers

Y If the.test 'is one- tailed, the p-value is equal to the tail area beyond z in the

L) 7.5.=9.00  reject H,: b)T.S.=~1.49; do not reject H, ) T‘S.:8.57unethd1r'ec-tlon as the alternative hypothesis. Thus, if the alternative
. ) 0 - i .

reject H,; 2. a) T.5.=—1.33; do not reject H g ; b)T.5.=3.20 ; reject Hy; ypothesis 1s of the form >, the p- value is the area to the right of, or above,

le observed z value. Conversely. if the z Iternative i
3. 7.8.=32.71; rejectHy; 4. T.5.=-1 87; acceptHy; 5. a) z=I 6l value is the area to the left off/’or beleo:v iﬁdgg:e;isg tzhiafizfem(;};th 1.7)

reject Hy; b) z=1.67; acceptHy; 6.7.5.=04; accept H ;1. z=-11
H s not rejected at o =0.025; 8. a) o =0.025; b) c=21.10.

p-value
lue
O § 4
atistic z 0 \ z
Fig.1.6. Left tailed test Test statistic

Fig.1.7. Right tailed test

2 . : 23




b) If the test is two tailed, the p-value is equal to twice the area beyond t £ 5 -
. D . R 70 f x where v 2. is .
observed z-value in the direction of the sign of z. That is, if z is positive, 1 x x is less than 9.2. To find this arca, we first find the z value for

p-value is twice the area to the right of, or above, the observed z- valy = 9.2 a5 follows
Conversely, if z is negative, the p-value is twice the area to the left of, B
below, the observed z-value. (See Fig.1.8) 78 =z=2" o 92-10

siNn 247036

-2.00

o 2 he area to the left of x =9.2 under the sampling distribution of x is equal to
1e area under the standard normal curve to the left of z = —2.00 . The area to
4 , 1€ left of z=-2.001is 0.0228. Consequently,

P w p—value=0.0228
Test statistic Test statistic hus, based on the p- value of 0.0228 we can state that for any

Fig.1 8. Finding the p-value for a two tailed test ! és;gmﬁcance level) greater than 0.0228 we will reject the null hypothesis
1d for any « less than 0.0228 we will accept the null hypothesis.

uppose we make the test for this example ator = 0.01. Because o =0.01is

The management of Health club claims that its members lose an averagef;pg;znw‘z-;il: tﬁi tof;;)tzaifx’ 1\]3 (gllanot reject the ngl] hypothesis. Now
10kg or more within the first month after joining the club. A random samyj,e 00228, we will rei =005 Because o =0.05 is greater than the p-
of 36 members of this health club was taken and found that they lost 0228, we will reject the null hypothesis.

average of 9.2 kg within the first month of membership with stand
deviation of 2.4kg. Find the p- value for this test.

Solution: . Find the
Let u be the mean weight lost during the first month of membership by

VAo pu=18; H,:u=18,

Example:

Exercises

Dp-value for each of the following hypothesis tests

members and xbe corresponding mean for the sample.
Step 1. State the null and alternative hypothesis Y Hypu=15; H,:u<15;

H, : 11210 (The mean weight lost is 10kg or more) VHyipt=38; H,:u>38; 1n=35; x=406; $=72
H,: 1 <10 (The mean weight lost is less than 10kg) . Consider 1, : j1 =29 ; against the alternative /7 P IH#E29.

Step 2. Select the distribution fo use ‘ ra;l]‘elor;n Samﬁle o8 60 observations taken from this population produccd a
Because the sample size is large we use the normal distribution to make!™ ean of 31.4 and a standard deviation of 8.

) Calculate the p-value.

) Considering the p-value of

1€ test were made at the signi
Considering the p-

1 test were made at

test and calculate p-value.

Step 3. Calculate the p-value.

The < sign in the alternative hypothesis indicates that test is left tailed.
p- value is given by the area in the left tail of the sampling distribution ¢

part a), would you reject the null hypothesis if
ficance level of 0.057

value of part a), would i
.. > you reject the null | is i
the significance level of O.Ol‘?J rull bypothesis if




3. In a given situation, suppose H,was rejected ata =0.05. Answer th‘he val

following questions as “yes”, “no”, or “can’t tell” as the case may be.

a) Would 77 also be rejected-atar = 0.02 ?
b) Would H also be rejected ata =0.10?

¢) Is the p-value smaller than 0.05?
4. In a problem of testing H, : 4 =75 against 4, : ;1 >75, the followin; To test either null hypothesis

Hyu=q,
Hy > p,

e decision rule is

sample quantities are recorded.

n=56; x=77.04 5=6.80
a) State the test statistic and find the rejection region with¢ = 0.05 .
b) Calculate the test statistic and draw a conclusion witha = 0.05.

¢) Find the p-value and interpret the results. To test either null hypothesis

Hy:p=p,
H, <y,
L. 2) 0.0046; b) 0.0017 ;¢) 0.0162; 2. a) 0.0204; b) yes, reject H,; ) no, & decision rule is

Answers

Reject Hif 7.S.<~,

x— 75 1
not reject Hy:3. a) can’t tell; b) yes; ¢) no; 4. a) T.S.=Z=> =10 testthe null hypothesis
s/n Hy:pu= Hy
Hy s,
e decision rule is
3ject Hoif T'S'>tn—la/2
’re, ¢

Z21.645;b) T.5.=2.24,Hisrejected at @ =0.05;¢) 0.0125;

1.5. Tests of the mean of a normal distribution:
Population variance unknown. Small samples

Many times the size of a sample that is used to make test of hypothesis abol

(,;{is. ls)maLl, t;lat is, 1n$30. Ifdthz C[i)O}D.ulz.rti()n i's (ap;l)(roximatelgzhnomjﬂlere the random variable ¢
istributed, the population standard deviation o 1s not known an € sa P,_l) degrees of freedom.

size is small (n<30), then the normal distribution is replaced by #

Student’s ¢ distribution to make a test of hypothesis about i . In such a ¢ ::Toéle;iany that prod

the random variable T an average, for I;t ast 64 da

- y ch batteries to che.
be 62 days with

n-l“s/\/;

has a Student’s ¢ distribution with (1 —1) degrees of freedom.

t

26

s/vn
1d we can use the following tests with significance level o .

Reject H,if T.8.>¢,

or Hy: 2 p, against the alternative

or
-1, 18 the number for which

P(tn‘l > tn~l,a ) =0

-1 follows a Student’s 7 distribution with

leas‘t 64 days. A consumer p
ck this claim. It found the me

or Hy: [L < U, against the alternative

against the two sided alternative

T.8 <—¢

n-lea/2»

batteries claims that jts batteries are good,

rotection agency tested 15
an life of these 15 batteries



tep 4. Calculate the value of the test statistic

Solution: s o is not known, and sample size is small, we calculate the 7 value as

Let 1 be the mean life of all batteries and x be the corresponding mean PIIOWS

the sample. Then from the given information, rs x— i 62—64 550
S=t=—-—x= =2,
n=15; x=62days;  s=3days s/An 3/415

The mean life of all batteries is supposed to be at least 64 days. Titep S. Make a decision
significance level is ot is 0.05. That is, the probability of rejecting the mhe value of 7.S.=1=-2.50is less than the critical value of7=-1.761, and

hypothesis when it is actually is true should not exceed 0.05. falls in the rejection region. Therefore, we reject Hgand conclude that the

Step 1. State the null and alternative hypothesis imple mean is too small compared to 62 days (company’s claimed value

We write the null and alternative hypothesis as fu) and the difference between the two may not be attributed to chance
H,: 1264 days (The mean life is at least 64 days) lone. We can conclude that the mean life of company’s batteries is less than
H, : i <64 days (The mean life is less than 64 days) 2 days.

Step 2. Select the distribution to use temark: The conclusion of a #-test can also be strengthened by reporting

The sample size is small (n=15), and the life of a battery is approximate'® signiﬁ(.:ance probability (p- value) of the observed statistic. Since the
normally distributed. Since population standard deviation is unknown, gble provides only a few selected percentage points, we can get an idea

use the Student’s 7 distribution to make the test. bout the p-value but not its exact determination. For instance, the data in
Step 3. Determine the rejection and nonrejection regions xample above gave an observed value 7.S.=f=-2.50with degree of

The significance level is 0.05. The < sign in the alternative test indicates tfeedom=14. Scanning the 7 table for(n—1)=14, we notice that that 2.50
the test is left tailed with the rejection region in the left tail of thées between #,,s and¢,,, . Therefore, the p-value of ¢ =-2.50is higher than

distribution curve. .025 but not as great as 0.010.
Area in the left tail=a = 0.05
Degree of freedom=n-1=15-1=14, Exercises

From the Student’s ¢ distribution table (Table 2 of Appendix), the critic
value of ¢ for 14 degrees of freedom and an area 0.05 in the left t. For each of the following examples of tests of hypothesis about u , show

is—1.761. (Fig.1.9). 1e rejection and nonrejection regions on the 7 distribution curve.
) A two tailed test with o = 0.2 and n=14
Rejection region Nonreiection region ) A left tailed test with o =0.005and n =23

) A right tailed test with & =0.025and n=14
« Consider the null hypothesis H, : 1 = 45 about the mean of a population

a =0.05 hat is normally distributed. Suppose a random sample of 20 observations is
Aj ; Ialfen. from this pf)pu_lation to make this test. Using o =0.05show the
eJeCUOI{ and nonrejection regions and find critical value(s) for ¢ for
-1.761 0 ) left tailed test; b) two tailed test; ¢) right tailed test
Fig.1.9
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3. Consider H, :u=40versus H,:u >40 for a population that is normal® 25 225 38; 16;. 26;. . 19; 23; 41 33
distributed 1ssume that the time spent on leisure activities by all adults is normally

e . o .
a) A random sample of 16 observations taken from this population produce;iﬁgfiﬁgil?sg:r}if 7% significance level, can you conclude that the claim
a sample m}fan 0111’ ;15 ang a‘sgandard deviation of 5. Usinge =0.025, WOU_ According to the department of Labor, private sector workers earned, on
you rejec}‘it ¢ nud ypot 651[5- 16 ob . ken f 0 verage $354.32 a week in 2001. A recently taken random sample of 400
b) Another random sample of 16 observations taken from the Salyjaee sector worker showed that they earn, on average, $362.50 a weck

%OPulaglinopgggucjgu?dsagnpl?‘ néfi}?eonf ‘1111}'19 ant(}il;is‘;andard deviation of sy standard deviation of $72. Find p-value for the test with an alternative
C(S)glfn en—t O-n the’ :esult o}f/‘ plzl;?‘;) o b)ll YpOtIesIS ypothesis that the current wean weekly salary of private sector workers is
i . 1 0). o ifferent from $354.32.

4. Assyml}l:g that respective populations are normally distributed, make #f A manufacturer of a light bulbs claims that the mean life of these bulbs is
following hypothesis tests. t l.easjc 2500 hours. A consumer agency wanted to check whether or not this
) H, =60 H, :u#60; n=14; x=56; 5=9; o=005 laim is true. The agency took a random sample of 36 such bulbs and tested

0 > 44 : ’ ’ iem. The mean life for the sample was found to be 2447 hours with a
by Hy:p=35; H,:u<35; n=24; x=29; s-54;a=0005 *ndarddeviation of 180 hours.

) Do you think that the sample information supports the company’s claim?

) Hy:u=47; Hy:u>47; n=18;x=51;  s=6; 0=0.001 'S¢ *¥=2.5%. o
5. A business school claims that students who complete a three month cour) What is the Type 1 error in this case? Explain. What is the probability of

of typing course can type on average, at least 1200 words an hour. la\l;pl% this error? . i . ,
A random sample of 25 students who completed this course typed, ypelI grig; icso;;:luslon of part a) change if the probability of making a
average, 1130 words an hour with a standard deviation of 85 words. Assuﬂo' Given the i rli)t. sample ob .

that the typing speeds for all students who complete this course have {st the null h fthes?s tI}D1 ct Sh servations 31, 29, 26, 33, 40, 28, 39’ and 25.’
approximate normal distribution. Lot yp_ 00 at the mean equals 35 versus the alternative that it
Using the 5% significance level, can you conclude, that the claim of o8 ot Let or=0.01.
business school is true?

6. The supplier of home heating furnaces of a new model claims that i

average efficiency of the new model is at least 60. Before buying the 2) reject H. i . )
heating furnaces, a distributor wants to verify the supplier’s claim is vl eject Hoif 1<~1.3500rt>1.3503b) reject H,ifr <~2.819 jo)reject
To this end, the distributor chooses a random sample of 9 heating furnaces doif1>2.160; 2. a) reject H 01f7<~1.729 ; b) reject H, if either ¢ >2.093

a new model and measures their efficiency. The data are r1<-2.093;¢c) reject Hift >1.729 ;3. a) T.5.=¢=4.00; reject H,;

63; 72; 64; 69; 59; 65; 66; 64; 65 )T.8.=t=1.086 ;accept H ;4.a) 7.5 :_1 665 - -’b o 0> N

Determine the rejection region of the test withor =0.05. Apply the test al’:j ect Hy; ) T.5.=2 828'0 s2:8) L5, =—-1.663 jaccept H3b) 7.5, = -5.443;

state your conclusion. 0 =028 accept Hy 35, T.5.=—4.118:reject Hy;
7. A past study claims that adults spend an average of 18 hours a week ¢f21’860 s T.8.=4.26; H, s rejected at o =0.05 7. 7.5.=2.692 ;
leisure activities. A researcher wanted to test this claim. He took a sample Hect H, 8. 7.8.=2.27; p - value= 0.0232; 9.) T.S.=z=~1.77
10 adults and asked them about the time they spend per week on leis¥) 0.025; ¢) no; 10. 7.8.=-285. 14 -
activities. Their responses (in hours) were as follows

Answers

saccept H g, ;
o 18 not rejected.
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1.6. Tests of the population proportion (Large sample)

Often we want to conduct test of hypothesis about a population proportion,
This section presents the procedure to perform tests of hypothesis about {

)nce again, z, is the number for which
PZ>z)=«

population proportion. p for large samples (n>40). The procedure to mand Z is the standard normal distribution.
such tests is similar in many respects to the one for the population mean y Xample:

A

ir. A and Mr. B are running for local public office in a large city. Mr. A

The value of the test statistic 7.S. = z for the sample proportion p computys that only 30% of the voters are in favor of a certain issue, a law to sell

as

A

TS =z=—o Lo

NPo=py)in

~

where p -is the sample proportion, and the value of p, used in this formpelution:

is the one used in the null hypothesis.

Then, if the number of sample observations is large and observed proporti

A

is p, the following tests have significance level o :

1. To test either null hypothesis
H,: p=p, or Hy: p<p, againstthe alternative
Hiip>p,

the decision rule is

Reject H,if T.5.>z,

2. To test either null hypothesis i
Hy:p=p, or Hy:p2p, againstthe alternative
Hy:p<p,

the decision rule is
Reject Hif T.8.<~z,

3. To test the null hypothesis

Hy:p=p, against the two sided alternative
Hy:p#p,
the decision rule is
Reject H it 7.8.>z,,, or TS <—z,,
32

quor on Sundays. Mr. B doubts A’s statement and believes that more than
0% favor such legislation. Mr. B pays for an independent organization to
1ake a study of this situation. In a random sample 400 voters, 160 favored
1e legislation. What conclusions should the polling organization report to
Ir. B?

~

et p,be proportion of all people who favor such legislation and pthe
brresponding sample proportion. Then from given information,
1=400; P, =030; p=%:0.40.Leta=0.05.
‘he null and alternative hypotheses are as follows
Hy:p=p,=030

H,:p>0.30

he decision rule is to reject the null hypothesis in favor of alternative if
7.8.>z,
o =0.05; o/2=0.025.

P(Z>2,5)=P(Z > 2, 3,) = 0.025
P(Z > zy35) = F(24,5)=0.975 and
Zar2 = Zoos =1.645

rom the given information we calculate the value of test statistic as

A

TS=z=— P"Po____ 040-030
NPod=pg)/n 40.30-0.70/ 400

ince 4.36 >1.645 we reject H. o- We make conclusion that more than 30% of
oters are in favor of a law to sell liquor on Sundays.




Exercises 6. A magazine claims that 25% of its readers are university students. A
random sample of 200 readers is taken and 42 of these readers are university

L. Make the following hypothesis tests about p. . students. Use «=0.10level of significance to test the validity of the
a) Hy,: p=045; H,:p#045; n=100; p=048; «=magazine’sclaim. , :

A 7. Suppose that in order to test the hypothesis that p=0.6against the
b) Hy:p=0.72; Hy:p<072; n=700; p=0.65: O=qiternative that p <0.6,we decide to obtain a sample of size 100 and reject
¢) Hy:p=030; H,:p>030; n=200; p=034; o =Hoif we obtain fewer than 48 successes.

: = . a) What is the approximate size of the Type 1 error?
2. Consider H, : p=0.70 versus /, . p#0.70. . b) If the value of p is really 0.5, what is the size of Type II error?
a) A random sample of 600 observations produced a sample propomor& An educator wishes to test I/, : p=0.3 against 4, : p> 0.3, where

to 0.67. Usingo = 0.01, would you reject the null hypothesis? ] . oo
b) Another random sample of 600 observations taken from theD-Proportion of football players who graduate university in four years.

population produced a sample proportion of 0.76. Using ot =0.01, wo a) State the test statistic and the rejection region havinga = 0.05 .
reject the null hypothesis? ' ’ ) If 19 out of a random sample of 48 players graduated in four years, what

? -
Comment on the result of parts ) and b). does the test conclude? Also evaluate p-value.

3. A food company is planning to market a new type of ice cream. }9_ The president of a company that produces national brand coffee claims

o .
marketing this ice cream, the company wants to find what percen tagethat 40% of the people prefer to buy national brand coffee. A random sample

people like it. The company’s management has decided that it will ‘2£f7f2£ people who buy coffee showed that 252 of them buy national brand
this ice cream only if at least 35% of people like it. The company’s r¢ ;

department selected a random sample of 400 persons and asked thema) Usingor=0.01, can you conclude that the percentage of people who buy

. L7 0
this ice cream. Of these 400 persons, 128 said they liked it. gatlgnal brand coffee is different frpm 40,%' .

. o i ) Find the p-value for the test. Using this p-value, would you reject the null
a) Testing at 2.5% significance level, can you conclude that the coy . .

g ypothesis ator = 0.05 ? What ifor =0.02 7

should market this yogurt?
b) What will your decision be in part a) if the probability of making a
error is zero? .
4. A mail order company claims that at least 60% of all orders are 11 TS = 2= 0.60- . .
within 48 hours. The quality control department took a sample of 500= a) T.S.=z=0.60; do not reject H,; b) T.5.=~4.12; reject H;
and found that 310 of them were mailed within 48 hours of the placer®) 7.5.=1.23; do not reject H; 2. a) T.S.=-1.60; do not reject Hg;
the orders. "ll"eistir'lg at ‘71% significance level, can you conclude th) 7.8.=321; reject H,; 3. a) T.S.=—1.26; do not reject I7,; b) do not
company’s claim is true? reject H,; 4.7.5.=0.91; . . . - o
5. Let p=proportion of adults in a city who required a lawyer in the paSI; 6 Y?S_— a1 Dl acceptHy; 3. a) 221.645; b) TS 2.45; re.Ject
a) Determine the rejection region for o = 0.05 level test of H,, : p=0170>= 77 752"» accept Hy ; 7. a) about 0.0071 b)approximately 0.6554;
8.2) 221.645;b) T.5.=1.45; accept H, for ot =0.05; p — value=0.0735;

. a) T.8.=-2.16; do not reject H,b) p-value=0.0308; reject H,at

Answers

against H, : p > 0.25.

b) If 65 persons in a random sample of 200 required lawyer service™ .
does the test conclude? 0 =0.05; do not reject Hat o =0.02




1.7. Tests of the variance of a normal distribution

In addition to the need for tests based on the sample mean and sam
proportion, there are a number of situations where we want to determing
the population variance is a particular value or set of values. The basis {here Xf—l is a Chi-square random variable and P(Xf_1 > X3-1 L) =0

developing particular tests lies in the fact that the random variable
(n—1-s*
X =
c
follows a Chi-square distribution with (# — 1) degrees of freedom.
The value of the test statistic y, , is calculated as

:(n—l)-s2

2

T.S.=x%,

We are given a random sample of » observations from a normally distribuﬂj—‘l!-'!-t-iﬂ‘-‘i

population with variance” . If we observe the sample variance s>, then
following tests have significance level o :

1. To test either null hypothesis

H,:6’ =0, or H,:6’<0] against
alternative

H,:0> >0}
the decision rule is

Reject Hyif T.5.> 2, ,
2. To test either null hypothesis

H,:6°=06; or H,:0’ 20 against
alternative

H, :0? <o}

the decision rule is
Reject Hyif 7.5.< )0 o

3. To test the null hypothesis

H,:0?=0! against the two sided alternative

36

H :c’#0,
he decision rule is
Reject H,if T.5.> %2 41

2
or TS.< XH—I,F(HZ

ixample: .
/ariance of yearly earnings of all state employees for all 40 states is

149000 square dollars. A sample of 29 employees selected from state A
roduced a variance of their earnings equal to $600 000 square dollars. Test
t 5% significance level if the variance of yearly earnings of state employees
n state A is different from $490 000 square dollars. Assume that the yearly
arnings of all state employees in state A have an (approximate) normal
listribution.

(rom the given information,

n=29; o =0.05; 57 =600000
“he null and alternative hypotheses are
i Hy 07 =49000

H, :07 #49000
Ve use Chi square distribution to use. The decision rule is
Reject Hif 7.8.> Zf_m/z or T.S. < X;_m-a/z
x/2=0.025; 1-0/2=0.975;
“hen from Table 3 of appendix we obtain
Xim/z =X228,0.025 =44.461 and x;i],l—a/Z =Z228,0,975 =15.308

f'he value of the test statistic is
_(n-D-s’ _(29-1)-(600000) _

o’ 490000

[‘}12e value of the test statistic 34.286 is between the two critical values of
X5 15308 and 44.461, and falls in the nonrejection region. Consequently
ve fail to reject H,and conclude that the population variance of yearly

:larlxllings of all employees in state A is not different from 490000 square
ollars,

Vv=n—-1=29-1=28

TS.=x2, 34.286




Ixercises d le of ten student ked, in hours, for ti
1. A sample of 24 observations selected from a normally distribut:’—'gl:an .ontlhsampig fen : p Tns was %; ed’tm ours,f ﬁr ““}e they spent
population produced a sample variance of 12. studying in the week belore 1mal exams. 1he data are as 1ollows:

a) Write the null hypothesis and alternative hypothesis, and decision rule 8 .57; 42; 35.; .61;. . 39.; >3 46; o 4,9; . 38
test if the population variance is different from 10. Assuming that the Populatlom d1§tr1but10n is normal, test at 5% mgmﬁcagce
. . -, . evel against two sided alternative the null hypothesis that the population
b) Usingor =0.05, find the critical values of ¥, ;. Show the rejection ay, 4.9 deviation is 10 hours
nonrejection regions on a Chi-square distribution curve. 3. Company claims that its employees earns a mean of at least $40 000 in a
¢) Using the 5% significance level, will you reject the null hypothesis statyear and that the population standard is no more than $6 000. Earnings of a
in part a)? -andom sample of nine employees of this company produced
2. A sample of 25 observations selected from a normally distribut 9 9 7
population produced a sample variance of 18. Using the 2.5% significan Y x,=333  and > (x, -x)* =312
level, test hypothesis if the population variance is less than 25. =1 =
3. Usually people do not like waiting in line for service for a long time. ~ where x,are measured in thousands of dollars and population distribution
A bank management does not want the variance of the waiting time for lcan be assumed to be normal. Test at 10% significance level the null
customers to be higher than 4.0 square minutes. A random sample of hypothesis that the population standard deviation is at most $6 000.
customers taken from this bank gave the variance of the waiting times eq. State whether each of the following statement is true or false
to 7.9 square minutes. Test at 1% significance level if the variance of t) The significance level of a test is the probability that the null hypothesis is
waiting time for all customers at this bank is higher than 4.0 square minutfalse.
Assume that the waiting time for all customers is normally distributed. ~ b) A Type L error occurs when a true null hypothesis is rejected.
4. Test H,:0 =10against H,:6 >10 with a =0.05 in cach case ¢) A null hypothesis is rejected at the 0.025 level, but is accepted at the 0.01
0 level. This means that p-value of the test lies between 0.01 and 0.025.
a) n=25; Z (x, —%)? =4016 d).If a null hypothesis is rejected against an alternative at the 5% level, then
= using the same data, it must be rejected against that alternative at the 1%
b)n=15; s=12 level.
5. A sample of seven observations taken from a population produced i) .If a null hypothesis is rejected against an alternative at the 1% level, then
following data using the same data, it must be rejected against that alternative at the 5%
10, & 13 15 6 8 I3 level.
Assuming that the population from which this sample is selected is ncnﬂal%g) The p- value of a test is the probability that the null hypothesis is true.
distributed, test at 2.5 significance level if the population variance!
different from 10. ) Answers
6. A drug manufacturer requires that the variance for a chemical containedil: b) reject Hif %23 >38.08 or 25 <11.69; b) T.8.= x4 =276 do not
the boitles of certain type of drug should not exceed 0.03 square gramSireject H,; 2. T.S. ' . o
sample of 25 such bottles gave the variance for this chemical as 0.06 59 rejectf H.-
grams, Test at the 1% significance level if the variance of this chemical 11} 0
such bottles exceeds 0.03 square grams. Assume that the amount of @
chemical in all such bottles is (approximately) normally distributed. Find®¥ o =0.0005;7.7.5 = x?
interpret p-value of this test. {2: a) false; b) true; ) fals

= %2 =17.280; do not reject Hyi3. T.8.= y2, =47.400;
4:2) T.8.=40.16; reject Hy;b) 7.8.=20.16 ; accept H,;

5.T8.= . -
2: T.8.=6.571; do not reject Hy; 6. T.5.=48.00 ; reject H,; reject H, for

=9.999 sacceptH,; 8. 7.5.=8.67 ; accept H, ;
e; d) false; f) true; g) false.
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1.8. Tests for the difference between two population means H, :u, -, <D,
TR

1.8.1. Tests based on paired samples . .
e decision rule is

Suppose that a random sampl\e of n matched pairs of observations is obtain Reject Hif T.8. <, 1,
from populations with means u and it,. The observations will be denotTo test the null hypothesis
by (31, 1)y (X5 Y3 Doerereeen (x,,,). Hy:p,—u, =D, against the two sided alternative

Let Hl::u'x_‘luyiDO
e decision rule is

Reject H,if 7.8.>1, 1, or TS.<—t, 4
ere, £, , is the number for which
! - P, >t =0
zd,z_n(d)z (71% nl,a) ‘
“ here the random variable 7,_, follows a Student’s 7 distribution with
and s =
P 1 2—1)degrees of freedom.

emark: When we want to test the null hypothesis that the two population
denote the observed sample mean and standard deviation for theeans are equal, we setD, =0.

differences d, =x, —y, . Let us denote difference between two populatixample:

means by D, =i, — i, . In this case test statistic will be calculated as medical researcher wishes to determine if a pill has the undesirable side
: ffect 9f reducing the blood pressure of the user. The study involves
. d-D, :corfimg the initial blood pressures of 7 college age adults. After they use
S.= T te pill regularly _for three mon‘gh, their blood pressures are again recorded.
2 «, he researcher wishes to draw inferences about the effect of the pill on blood

If the population differences is a normal distribution, then the following tef ©SS%r® from the information given in table

have significance level o

Before x, |64 |71 |68 |66 |73 |62 |70

1. To test either null hypothesis After y, | 60 |66 |66 169 |63 157 |62
Hy:p, -1, =Dy or Hy ity =y, <0,

Jo the data substantiate the claim that use of the pill reduces the blood

against the alternative ressure? Use o = 0.01 . As

Hy:it, — i, > Dy iLaS ano distribution. ume that the population of paired differences
the decision rule is yolution;

Reject H,if 7.5.>¢,

2. To test either null hypothesis
Hype =y =Dy or Hyp, = p, 20,

jetd i
the difference between the pressures before and after using pills.
- d=before —gfter= X, =y,
calculations are shown in the following table

against the alternative
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Before | After | Difference | d? ; .
P Exercises
64 60 4 ! 16 . £ hypothesi e th . .
7 66 | 5 5 , Perform the following tests o ' ypot esis assuming that the population of
68 66 5 4 aired differences are normally distributed.
gg gg 130 1(9)0 ) Hytfiy=Dy=0:H 1t =Dy #0:n=9;d=6.7:5,=2.5;0=0.10
% (5;; 2 2451 Y Hy:l, =D, =0H, 1 jt;=Dy>0:n=22;d=143:5, =6.4;0=0.05
Yd=31 | Y =243 VHyifly =Dy =0;H,:fi, =Dy <0;n=17;d=-93;5, =48;a=0.01

. It is claimed that an industrial safety program is effective in reducing the
ss of working hours due to factory accidents. The following data are
The values of d and S, are calculated as follows: sllected concerning the weekly hours due to accidents in nine plants both
efore and after the safety program is installed
2d 31,
=—=443
n 7

d= Before x, |90 |86 |72 |65 |44 |5

65 |4 l
: Taa |
Sd:\[nl_l[Zaﬂ—n-(d)ﬂ=\[%(243~7.4.432):4.198. After y, |85 |87 [70 |62 [44 |5

;46
;42

o]

(SRR o
(USRS
e

P
[ IRV

T

jo the data substantiate the claim? Use o =0.05.

. ssume that the population of paired differences is (approximately)
the pill. ormally distributed.

The null and alternative hypotheses are : A company claims that the course it offers significantly increases the
Hg:u, —~p, =0 (no difference) miting speed of secretaries. The following table gives the scores of 8
against scretaries before and after they attended this course
H,:y,—pu,>0 ( mean decreases)

Let i be the mean blood pressure for all adults before and u  -after

The decision rule is that
Reject Hyif 1°.8.>1, .,

Before x, | 81 |75 | 89 | 91 | 65 | 70 190 |69
After y, |97 |72 193 | 110 78 | 69 | 115175

d- D,  443-0 Jsing the 5% significance level, can you conclude that attending this course

1= In 4198747 =279 " s the writing speed of secretaries?
P ssume that the population of paired differences is (approxi
! Iorma_ny distributed. p erences is (approximately)
lnra =leoo =314

Since 2.792<3.14, we accept H,and make conclusion at the level 0/
using pills does not affect blood pressure.

veness . .
oA of hypnosis on their job performance. The following table

OE ec:: random sample of nine employees was selected to test for the
EV Jjob performance ratings (on a scale of 1 to 4, with | being the
i
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lowest and 4 being the highest) before and after these employe‘a standard normal distribution. If the population variances are known,

hypnoss. . for the difference between the population means can be based on this
' st x— V)i ted as
Before x, l 23 f 2:8 ! 3.1 | 2.7 I 3.4 | 2.6 ' 2.8 ! 2.5 it The value of the test statistic z for (x— y)is compu
After y, [26 [32]3.0 [35 37 [24 [29 |29 G-, —1,)
ITS=z= TS
Test at the 5% significance level if there is an improvement in { 95,+ﬂ
performances of employees due to hypnosis. n,

Assume that the population of paired differences is (approximately)

i a significance level o
normally distributed. the following tests have a sign

‘0 test either null hypothesis
HO:"L,\’_‘u’y:DO or HO:HX’VI'LIVSDO

Answers
inst the alternative
L a)T.S.=8.040reject H ;b) T.5. = 10.847 sreject Hy; ¢) 7.5. = —7.989 Hytp, =iy > Dy
reject Hy; 2. 7.5.=1.48 ; do not reject H ;3. T.5.=-2.807 ; reject Adecision rule is
4. 7.5.=-2.236; accept H,. Reject H,if T.5.>z,
‘o test either null hypothesis
1.8.2. Tests based on independent samples Hy:pt, — 1, =D, or Hy:p, —p, 2D,
(Known variance or large sample size) inst the alternative
Hl = zuy < DO

Let us consider the case where we have independent random sample . .
two normally distributed populations. The first population has mean decision rule is

‘ 2 . . Reject H,if 7.5.<~z,
variance G and we obtain a random sample of sizen,. The s .
' ! ' ‘o test the null hypothesis

population has mean p and variance O'i and we obtain a random samy Hy:pe =, =Dy against the two sided alternative
sizen,, . Hytp, —p, %D
We' know that if the sample means are denoted ;candj/, then the raldecision ru}eliiseject H 7.5 2, or T.S. <=z,
variable o nark: If the sample sizes are large (n, >30;n, >30) then a good
7= (=»- ('“'*' il v”) roximation at significance levelorcan be made if the population
al . a; lances o} and ¢ are replaced by the sample variances sand s .
ne n, wddition the central limit theorem leads to good approximations even if

populations are not normally distributed.
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Example: 7> 72.58 and the value of test statistic 7.S.=z =5.57 falls in the rejection

According to the Bureau of Labor Statistics, last year university instiOn, We reject the null hypothesis . Therefore, we C(?HCIUde that the
earned an average $440 per month and college instructors earned an agn monthly earnings of the two groups of instructors are different.

of $420 per month. Assume that these mean earnings have been calculage that we can not say for sure that two means are different. All we can
samples of 400 and 600 instructors taken from the two populz is that the evidence from the j[WO samples is very strong that the
respectively. Further assume that the standard deviations of monthly earesponding population means are different.

of the two populations are $50 and $63, respectively. Test at 1% signifj

level if the mean monthly eamings of the two groups of the instructg Exercises
different. '
Solution; The following information is obtained from two independent samples
From the information given above, :cted from two populations

n, =400, x=440; o, =50; n =155, x=558 5 =162

n, =600 ; y =420, G, =63; n, =190; y=4.80; 5,=1.52
where the subscript x refers to university instructors and y-to cot at the 1% significance level if the two population means are the same
instructors. Let inst the alternative that they are different.

1t = mean monthly earnings of all university instructors Daily wage is $13.62 for transportation workers and $11.61 for factory

rkers. Assume that these two estimates are based on random samples of
)0 and 1200 workers taken, respectively, from the two populations. Also
We are to test if the two population means are different. The nulume that the standard deviations of the two populations are $1.85 and
alternative hypotheses are 40, respectively.
Hy:p, —p, =0 (the monthly earnings are not differeilest at the 5% significance level if the mean daily wage of transportation
) rkers and factory workers are the same against the alternative that it is
her for transportation workers.
The decision rule is What will your decision be in part a) if the probability of making a Type I
Reject Hif 7.5.>z,,,, or T.S.<~z,,, oiszero. Explain. .
First of all we find the value ofz,,,. Sincer /2 =0.005, the value of Zé’ co nsulting firm was asked by a large insurance company to investigate
) &he Jusiness majors were better salespersons. A sample of 40 salespersons
(approximately) 2.58 and -z, = -2.58. h a business degree showed that they sold an average of 10 insurance

#, = mean monthly earnings of all college instructors.

Hytp,—p, 20 (the monthly earnings are different).

The value of the test statistic 7.5.= z is computed as follows: icies per week with a standard deviation of 1.80. Another sample of 45
G- k)-»(,u B ) espersons with a degree other than business showed that they sold an
78§ =z= ¥ < Hy) _(440-420)-(0) _ 557 rage of 8.5 insurance policies per week with a standard deviation of 1.35.
o} g the 1% significance level, can you conclude that person with a
~= 266*"&)6 siness degree are better salespersons than those who have a degree in
ny dther area?
47
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4. The management at the bank A claims that the mean waiting time Answers

customers at its branches is less than that at the bank B, which . _ Lo . o .
competitor. They took a sample of 200 customers from the bank A ang-S-= z =4.56 reject i, 2:2)T.5.=28.27; rcj.ect Hysbydo mot reject H,;
that they waited an average of 4.60 minutes with a standard deviation”.s. = 4.30 ; reject H,; 4. a) T.5.=-2.06; reject H,;b) p-value=0.0197;

minutes before being served. Another sample of 300 customers takey, ¢ reject H, at o=0.01?; reject H; at @ =0.05; 5. 7.5.=-5.15;
the bank B showed that these customers waited an average of 4.85

i ; r ; =7;reject H,; 7. T.S.=13; reject H, at any level.
with a standard deviation of 1.5 minutes before being served. ot Hy; 6. T.5.=7;reject Hy; L. ) 0
o e . .
Ezlgl(ei zlist 31562.54 significance level if the claim of the management 1.8.3. Tests based on independent samples
: - a l
b) Calculate the p-value. Based on this p-value, would you reject th (Population variances are unknown and equal)

hypothesis if ¢ =0.017 What if o = 0.059 ) .

. L . i ble to take large samples from
S. A production line is designed on the assumption that the differe 'Many tmes .lt may not be posst/ ffe botw g tw P Jation
mean assembly times for two operations is 5 minutes. Independent el lations to make inferences about the difference between two populatio

the two assembly operations show the following results: ms. This section discus§es how to test a hypothesis about the dxffer‘encle1
Operation A Operation B veen two populfmon means whfzn samp.les _are  smal

7 =100 . =50 <30),(n, <30)and independent. Our main assumption in this case is

] : . the two populations from which the two samples are drawn arc

x = 14.8 minutes v =10.4 minutes yroximately) normally distributed. 1f this assumption is t_rue_, ar}d we

s, = 0.8 minutes s, =0.6 minutes w the population variances, we can still use the normal distribution to

infe bout — ) when samples are small and independent.
Fora=0.02, test the hypothesis that the difference between the e interences about (4, — }) P p

. . . - . 2 3
assembly times is 5 minutes. vever, we usually do not know the population variances ¢ ando, . In

6. An investigation was carried out to determine if women employees, cases, we replace the normal distribution by the Student’s ¢ distribution
well paid as their male counterparts. Random samples of 75 males 4

) . ake inferences about (u, — ) for small and independent samples. In
females are selected. Their mean salaries were 45 530 and 44 620, sts ) ] i . . £ the tw
deviations were 780 and 750, correspondingly. If you were to test th slec‘.uon we will rila:;;:hone }rlnore e?ssumptlfonhthat the var;a?ces of the ;V;f
hypothesis that the mean salariés are equal against the two sided alters™ 2HOnS arz equat. ezn the vzarxarllces 0 ;' © two populations are equa,
what would be the conclusion of your test witha = 0.05 ? 7 can use ¢“for both o’ ando v+ Since ¢ is unknown, we replace it by
7. For a random sample of 125 state companies, the mean number Soint estimator si , which is called pooled sample variance.
changes was 1.91 and the standard deviation was 1.32. For a random s ) )
of 86 private companies, the mean number of job changes was 0,21 a assume that we have independent random samples of size n.andn,
standard deviation was 0.53. Test the null hypothesis that the popiervations from normall
means are equal against the alternative that the mean number of job cf . ) 5 2
is higher in state companics than for private companies. and a common variance. The sample variances s;ands,are used to

npute a pooled variance estimator

y distributed populations with means i and
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The value of the test statistic - for (x~ y)is computed as

TS.=i= Mi‘;&_)

K

S
+ -
nx n v

and the following tests have 4 significance leve] ¢
1. To test either null hypothesis

Hozux~;1),:Do or
against the alternative
Hyp, —4,>D,
the decision rule is
Reject H,if 7.8, ¢
2. To test either nul} hypothesis
Hy:u, ~H, =D, or
against the alternative
Hp, ~H, <D,
the decision rule is
Reject H,if 7.5 <
3. To test the null hypothesis
Hyp, —H, =D,
Ho:p, —H,#D,
the decision rule is
Reject H,if 7.8, 5

o

}‘d |9

l

HO ::u’,\‘ —uy SD()

netn, -2

HO ::ux _)uyZDO

leﬁ'-n'l,—zga G

Netn, =20 /2 or
Here, Unein,—20 15 the number for which

P(Z"r’f"y -2~ tnx+n‘v~2,a )=«
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against the two sided alternatively : My — B, #0

T.8.<~t, ., santn-2ai2 =Mu1s 20005 =15 goos =2.787 and
x T TR -

the random variable 7, ,, _,, follows a Student’s ¢ distribution with
ere =2,

. +n, —2) degrees of freedom.

amples f 12 cans of Brand A diet soda gave a mean number of calories of
D ith a standard deviation of 2 calories. Another sample of li? cans
g:;;gziet soda gave the mean number _of galories of 24 pe‘r c;n with a
ndard deviation of 3 calories, At the 1% significance lcvel,.ale tde ;nean
ﬁber of calories per can different for these two brands of ‘dle.tbso gf )
isume that the calories per can of die? soda are normally dxstr’x uted fo

ch of the two brands and that the variances for the two populations are

ual.

dution: ‘ . .

it 1, and u  be the mean number of calories per can for diet soda of Brand
it U, 5

and Brand B, respectively, and let xand y be the means of respective
mples. From the given information,

2

[\
]

N

n, =12, X

N

“’A
Il
U8}

y=24;

n,=15;

he significance level is¢r =0.01. . .
’e are to test for the difference in the mean number of calories per can for

vo brands. The null and alternative hypotheses are ‘
Top:fi, =, =0 ( the mean number of calories are not different)

( the mean number of calories are different)

he decision rule is

Reject Hif 7.8.> byin <2002 or TS.<~ty ip 2

—Iys 0005 =—2.787.
'he pooled estimate is

R e SR I VO _(12-1-27 +(5-1)-3° _
P (n, +n,-2) (12+15-2)

The test statistic is then computed as

6.8
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‘he following summary statistics are recorded for independent random

TS == (x— y) - (y.x - U y) (22 -24)-(0) ples from two normally distributed populations with equal variances

= 3 o3 =-1.98 Sample 1 Sampie 2
\/,f_;_f’ \/EWL’E n =9 n, =6
nx n\’ -
' x=16.18 y=4.22
Because the value of test statistic 7.S.=¢=-1.98 for (i—j/) falls i s, =1.54 5, =137

nonrejection region (Fig.1.10), we fail to reject the null hypot the null hypothesis i, — K, =10against the alternative that

Consequently we conclude t i i e :
q y onclude that there is no difference between lhe_u2 >10witha =0.01.

number of calories per can for the two b i if ; i
) ) p or the two brands of diet soda. The dlffcreralary surveys of marketing and management majors show the following
x and yobserved for two samples may have occurred due to samplingting annual salary data

only. Marketing majors management majors
n =14 n, =16
Reject H Do not reject H, Reject H - -
! ’ ! ‘ ‘ x=$14800 x, =$14300
s, =$1000 s, =$1400
o /2=0.05 /2 =0.05 isider the test of the hypothesis that the mean annual salaries are the same

both majors. For o = 0.05 can you conclude that a difference exists in the
in annual salary for the two majors?

\ professor took two samples, one of 21 males and another of 15 females
n university students who were enrolled in business statistics at the same
versity. He found that the mean score of male students in a mid-term
mination in statistics was 75.3 with a standard deviation of 6.4, and the
in score of female students was 78.3 with a standard deviation of 7.3.
ume that the scores of all male and all female students are normally
Exercises ributed with equal but unknown standard deviations.

o . t-at the 2.5 significance level if the mean score in business statistics for
1. The following information was obtained from two independent sammale and female students are the same against the alternative that male
selected from two normally distributed populations with unknown but dents have lower score than that for all female students.

td Z
1

-2.787 0 2.787

Fig.1.10

variances The management of a supermarket wanted to investigate if the male
- tomers spend less money on average, than the female customers. A
n, =20; x=3375; s, =5.25; 4 o’

iple of 16 male customers who shopped at this supermarket showed that
n =23 522850 / spent an average of $55 with a standard deviation of $12.50. Another
y ’ TR

. ' 5, =4.55 iple of 22 female customers who shopped at the supermarket showed that
a) Test at 1% significance level if the two population means are diffcrent/ Spent an average of $63 with a standard deviation of $14.5. Assume that

b) Test at 5% significance level if 1, is different than i, amounts of money spent at this supermarket by all male and female
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1.9. Tests for the difference between two population proportions

customers are normally distributed with equal but unknown po (Large samples)
variance. Test at the 5% significance level if the mean amount sper ) . .
male and female customers are the same against the alternative th; we will develop procedures for‘ comparing two population proportions.
customers at this supermarket spend less than that of female customewill consider standard model with a random sample of n, observations
6. A bank has two branches. The quality department wanted to chec o, » and an ind dent random samole of 7
customers are equally satisfied with the service provided at theProportion p, “successes and an mndependent rando P Y
branches. Randomly selected customers asked to measure the satisfa . . . e 5
services (on scale of 1to 11, 1 being the lowest and 11 being the highfvations from population with proportion p , “successes”.
A random sample of six customers from the branch A produced f¢ know that for large samples, proportions can be approximated as
data: nally distributed random variables and as a result
9.50; 8.60; 8.59; 6.50; 4.79; 429 roor
An independent random sample of six customers selected from the by (p TPy )'— (px *p»">
produced following data: Z=
10.21; 9.66; 7.67; 5.12; 4.88; 3.12 p(d-pr) p,(0-p,)
Stating any assumptions you need to make, test against two sided alte n, n,
the null hypothesis that the two populations mean satisfaction index, standard normal distribution.
customers for the two branches are the same.

want to test the hypothesis that the population proportions p, and pare

7. Given that n, =14,5€=22,Z(X1- ~x)* =30, andn, =13, y=18, 1. Denote their common value by p,, then the value under this

- i _ sthesis
Z(yi—y)‘:24.Test Hy:u=p,against H, :y, > pt, withoe =010 A e
8. A researcher wants to test the mean GPA (grade point averages 7= (p,~p,)

male and all female university students. She took a random sampl \/ po(1-py) L Do (I-py)

male students and 24 female students. She found that GPA’s of
groups to be 2.62 and 2.74, respectively, with the corresponding st L. o
deviations equal to 0.43 and 0.38. Test at the 5% significance leve!™S 2 800d approximation a standard normal distribution. 7
mean GPA’s of the two populations are equal against two sided altemflly> Unknown common proportion p,can be estimated by a pooled
Assume that the GPA’s of all male and female students are nmator defined as
distributed with equal but unknown standard deviations. R n
Answers M pytn,-p, X+

1. a) 7.5.=r=3.514 ;reject H;b) 7.S.=1=3.514; reject H,; Po= n +n or Pozm

—f = C actod: 111 . o * 7y
2. T.8.=1=2.52; H,is not rejected; 3, 7.S.=¢ ‘M L accept 3 e x;and x, are number of “successes” in n.andn , respectively.
4. T.5.=~1.308; accept H;; 5. T.5.=~1.778; reject H  ; 6. We assif Y
the values are normally distributed with equal variance; T.S. = 0.183;]
reject H,at 20% significance level; 7. 7.5.=7.071; reject Hy;

8. T.5.=-1.058; accept H,, .

n, n,




Reject Hif T.S.<-z,
Which of these formulas is used to calculate p, depends on whetheTo test the null hypothesis

values of x;and y, or the values of p_and p , are known. Ho:p=py=0 against the two sided altemafive
Hy:p,—p,#0
Testing equality of two population proportions: e decision rule is
Reject H,if T.5.>z 4 or T.8.<-z,,
We are given independent samples of size #, and n, with proporti
successes p, and p,. When we assume that the population proportion%o%n%%y is planning to buy a few machines. Company is considering two
equal, an estimate of the common proportion is pes of machines, but will buy all of the same type. The company selects

1e machine from each type and uses for a few days. A sample of 900 items
n,-p.+n, -p X + ‘oduced on machine A showed that 55 of them were defective. A samp]e.: of
po=——"—>—L or Po= DA )0 items produced on machine B showed that 41 of them were defectxye.
e Ty Ny ® 0, asting at 1% significance level, can we conclude based on the information
s om these samples that the proportions of the defective items produced on
For large sample sizes (n “pq >9J the value of the test statistic zfg two machines are different?
slution:
et p, be the proportion of all items in all items produced on machine A,

A ~

computed as

TS =r= (p.—p y) -(p,-p }n) d pybe the proportion of all items in all items produced on machine B.
\/ﬂ(l = Po) + 2o = py) st ;x and ;7 , be the corresponding sample proportions. Let x;and x, be the
x n) mber of defective items in two samples respectively.
' Machine A: n, =900, x, =55
Then the fqllowing tests have .signiﬁcance levelo: Machine B: ' n‘ =700 ; y, =4l
! To test cither null hypothesis he two sample proportions are ¢ ? lated as follows:
Hy:p,—p,=0 or Hy:p,—p, <0 N xlp I;S alculaied as :
against the alternative p,= w = 300 =0.0611;
Hyp.~p,>0 - yx a1
the decision rule is pb,= ;l— = 00" 0.0586
Reject A if 7.8.>z,, he null and altz rmative hvpoth
2. To test either null hypothesis H - E'po _eges are N . ual)
Hy:p,~p,=0 or Hy:p,—p,20 HO.'px Dy = (t etwoproport.1ons are e.q
against the alternative he decision u] 1 ‘Px—p,#0 ( the two proportions are different)
Hl:px—py<0 rule is
the decision rule is 57

56 Ee———




Exercises

Reject H,if T.5.> z,,, or T.S. <=z,
Let us check if the sample sizes are large: The following information is obtained from two independent samples
b o ' ected from two populations
n, p.q,>91=900-0.0611-0.9389=51.63>9 A g
n, =750; p,=0.56; ny:600; py=0.61;
[n), : 17) q,> 9)= 700-0.05860-0.9414=38.62>9 st at the 1% significance level if p, is equal p,, against the alternative
t it is less.

Since the samples are large and independent we apply the no A sample of 600 observations taken from the first population

Gistribution to make a test. ve x, =320 . Another sample of 700 observations taken from the second
the pooled sample proportion i pulation gave y, =370. Show the rejection and nonrejection regions on

X+ Y 55+41 o
Py = = =0.06 ) o '
n,+n,  900+700 s sampling distribution of p,—p, for Hy:p,=p, against the
The value of the test statistics is ernative H, : p, > p, using significance level of 2.5%. Will you reject the
(p.=p,)-(p:-p,) 0.0611-0 I hypothesis?
I.S.=z= = -4 0>86) = 0.20According to the statistics, 65% of single women and 80% of single men
/EOQ ~Po) + ol - _f’pl 0.06-0.94 + 0.06-0.94 m cars. Assume that these estimates are based on random samples of 1700
\ n, n, 900 700 igles women and 1900 single men. At the 1% significance level, can you
Let us find the value of z nclude that the proportion of single women who own cars is the same as
/2"

> proportion of men who own cars against the alternative that it is less than
> proportion of men who own cars? Also find p-value.
F(zy0)=F,(2)45)=0.995 The management of a supermarket wanted to investigate if the percentage
Zgo0s =258 and — z;, 05 =—2.58 men and women who prefer to buy national brand products over the store
The value of the test statistic 7.5.=z=0.2089 falls in the nonrejecim d pro ducts are different. A sample of 600 men shoppers at the
region. Consequently, we fail to reject the null hypothesis. As a result,gganzo; Sltlp ermarl}(lets showed tha.t 246 of them prefer to buy navtlonal
can conclude that proportions of defective items produced by two machio procucts over the store brand products. Another sample of 700 women
are not different. ppers showed that 266 of them prefer to buy national brand products over
> store brand products. Testing at the 5% significance level, can you
nclude that the proportion of all men and all women shoppers at these
permarkets who prefer to buy national brand products over the store brand
oducts are equal?
A sampl? of 500 male registered voters showed that 57% of them are in a
vor of higher taxes on wealthy people. Another sample of 400 female
gistered voters showed that 54% of them are in favor of higher taxes on

ealthy people. Test at the 1% significance level if the proportion of all male

o =0.01;0/2=0.005

%
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Chapter 2

voters who are in favor of higher taxes on wealthy people is not diffe Some nonparametric tests

from that of female voters against two-sided alternative.

6. A medical researcher investigates if the smoking results in wrinkled g
around the eyes. By observing 150 smokers and 250 nonsmokers, |
researcher finds that 95 of the smokers and 103 of the nonsmokers I

prominent wrinkles around their cyes. Do these data substantiate the b . rtain probability distribution, such as
that proruinent wrinkles around eyes are more prevalent among smokers ﬂfS“mPUOD that the POPUIaUOH ha§ a certain pro | ty ; e e
nonsmokers? Answer by calculating p-value. e normal, the resulting collection of statistical tests and procedure

i ethods. In this chapter we will consider several
7. In a comparative study of two new drugs, A and B, 120 patients Uearferred to as parametric me p

atistical procedures that do not require knowledge of the form of the
g A and 130 patients with drug B, and the following results bablhtypdlstrxbutlon form which the measurements come. The methods of

2.1. Introduction

When the methods of statistical inference are based upon the

ohtained ,atlsucal inference we will study here are called nonparametric methods.
Cured: Dggg A Dg;;g b ince nonparametric methods do not require assumptions about the form of
Ngiecﬁred- 68 62 1e population distribution they are often referred to as distribution free
Total: 120 150 rethods.

rom this discussion we see that one reason for using nonparametric
Do these r.esults demonstrz.tte stateme.nt that these two firugs have ;he A ethods is that in some situations there is insufficient knowledge about the‘
effec(; Oasg ainst the alternative that higher cure rate with dug A’ Te’St)rm of the population distribution. Thus assumptions necessary for use of
o=

8. According to a 2001 survey, 48% of managers “would choose the Saﬂarametrlc tests can not be made. ' ;
& Y & . second reason for using nonparametric methods concerns data

career if the); were starting over again”. IS a similar survey conducted yenrement. Nonparametric methods are often applied to rank order or
years ago, 60% of managers said that they “would choose the same careelyeference data, Preference data are the type of data generated when people
they were starting over again”. Assume that the 2001 survey is based o

. press preference for one product over another, one service over another,
sample of 800 managers and the one done 10 years ago included §

.o . . c. Parametric procedures can not be applied with these data, but
managers. Test at the 5% significance level if the proportion of all manag‘onparamem ¢ ones can.

who “would.choose the same career if they were stgrting over again” has ;¢ chapter presents an introduction to some of the commonly used
changed against the alternative that it decreased during the past 10 years. -atigtical procedures that can be classified as nonparametric or distribution

ee methods. The emphasis will be on the type of problems that can be
slved, how the statistical calculations are made, and how appropriate

onclusions can be developed to assist management in the decision-making
1 7.8, =z=-1.85; accept H; 2, 7.5.=0.17 ; accept [,;3. T.S.=-9.8rocess.

reject  ; can reject H  at virtually any level; 4.7.5.=2=1.10; do not rej¢
Hy; 8. T.5.=0.90; accept H,; 6. T.5.=428; p-value=0.0002; claim
strongly supported;7. Hy:p,=p,iH :p, <pg; T.5.=-2.52; reject H,
8. 7.5.=—4.45; reject 1.

Answers
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2.2. 1. The Sign test for paired or matched samples S has a binomial distribution with p=05and n=the number of
In Chapter 1 we considered z and ¢ statistics for testing hypeero differences. ) )

about a population mean. For both of them, the sample was sele¢ determining the null and alj[ematlve hypotheses and finding a fest

random from a normal distribution. The question is: How can we contic, the next step is to determine the p-value and to draw conclusions

test of hypothesis when we have a small sample from a nonnl on a decision rule.

distribution? . .

The Sign test is a relatively simple and most frequently emp Determining p- value for a Sign test

nonparametric procedure for testing hypothesis about the central tenden . . . e e .

a nonnormal probability distribution. The sign test is used in studp-value for a Sign test is found using the binomial distribution with

identify if consumer preference exists for one of two products. 1e number of nonzero differences, S = the number of pairs with positive

Suppose that paired or matched samples are taken from a population, agences and p =0.5.

differences equal to 0 are discharged, leaving 7 observations. The Sigr right tailed test,

can be used to test the null hypothesis that the population median ¢ H,:p>05, p-value= P(x2=S)
differences is 0. Let “+ indicates a positive difference, and “- indick Jeft tailed test,
negative difference. If the null hypothesis were true, our sequence of “¥ H,:p<0.5, p-value= P(x<S)
“- differences could be regarded as a random sample from a populati(r two tailed test
which the probabilities for “+” and “-“ were each 0.5. In that case ’

. . . . : . (p—val
observations would constitute a random sample from a binomial popul Hy:p#05, 2-(p-value)

in which the probability of “+’ was 0.5. Thus, if p denotes thetple:
population pl;’oportiony of “+”s in the popul ationp(that ‘s, the study 8 individuals were asked to rate on a scale from 1 to 10 the test

. - . . oducts of two brands: Brand A and Brand B. The scores of the test
proportion of positive differences), the null hypothesis is simply arison are shown in the following table

The Sign test is then based on the fact that the number of pos N

Brand A Brand B
observations, S, in the sample has a binomial distribution (with p: T 5 7
under the null hypothesis). 2 3 10
Hy:p=05 3 4 8
4 9 6
Sign test for paired samples 3 8 8
6 5 7
Suppose that paired random samples are taken from a population an 7 6 5
differences equal to 0 are ignored. Calculate the difference for each patf data indi 9 6
record the sign of this difference. The Sign test is used to test: f A‘)ta indicate an overall tendency to prefer the Brand B to the

Hy:p=05
where p-is the proportion of nonzero observations in the population thd
positive. The test statistic S for the Sign test for paired samples is simply

S = the number of pairs with pesitive difference
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Soluti this example p- value is 50%. We are unable to reject the null hypothesis
olution:

i i ta is not sufficient to suggest that population have a
tefall Jetus cateulate diferences iﬁiug; glf;ngaB% éince the p-value is the smallest significance level eﬁ
N Brand A Brand B Difference (A-B) Sign of differsh the null hypothesis can be rejected, for this example, the nu

i i i t i likely that one would be
thesis can be rejected at 50% or higher. It is uni

1 f | -% ] ;1g to accept such a high significance level. Again, we cor}clude that the
:;Z Z 18O ' -4/1 s not statistically significant to recommend that Brand B is preferred by
4 9 6 3 4 ority.
5 8 8 0 0 . . imati e samples)
6 5 7 2 2.2.2. The sign test: Normal approximation (Larg p
; g 2 ; j 1 consequence of the central limit theorem, the normal distribution can be

. ; : istribution i le size is large
We are discarding those who rated the brands equally. In this exalmpi rtto ;il;g:zﬁ?: et::abg;%r:ilglof 15? 1]13;:;2? @;hsuézrenslt) ;:tliﬁelnormil
values for fifth person is omitted in future analysis and the effective gzaxsimation is acceptable if the sample size exceeds 20. With large n, the
lf::e; .re?}? Cte(tihtroe n0=f7ﬂ.1 Thee onl}tr s?mple ngorn;aglonbon ‘gh:h}i ur l;mial distribution with p=0.5 is close to the normal distribution with
is tha e € seven tasters preferred the brand A. Hene . Fas Sy
value of the Sign testis S =3. n n/2 and standard deviationo =+/n-p-gq =025 n=+n/4.

Let p-denotes the true proportion of “+”s in the population. Then thtest statistic is

hypothesis is S-ni2 S-n/2
TS =z= =
: o n/4d
H, : p=0.5 There is no overall tendency to prefer one Brand to the Oth:re

§-is the number of positive signs,
A one tailed test is used to determine if there is an overall tendency t0f  »-is the number of nonzero sample observations.
the Brand B to the Brand A. The alternative hypothesis is that i pup hypothesis to be tested is that the proportion p- of nonzero
population, the majority of preferences are for Brand B. The altefyrvations in the population that are positive is 0.5; that is
hypothesis is expressed as ' 0 test either null hypothesis
H,:p<0.5  Majority prefer the Brand B Hy:p=05 against the alternative
The next step is the finding the p-value. If we denote by P(x)the probd

H:p>0.5
of observing x “successes” (“+”s) in »=7 binomial trials, each decision rule is
probability of success 0.5, then the cumulative binomial probabili

: _ : _ Reject Hif 7.5.> z,
observing tree or fewer “+”s can be obtained using binomial formula ‘0 test either null hypothesis
p—value= P(x<3)=P(x=0) + P(x=1)+ P(x=2) + P(x = 3) Hyip=05 against the alternative
7 0 7 7 1 6 , 7 2 s 7 3 ‘ Hy:p<05
=C3(0.5)°(0.5)7 +C/(0.5)(0.5)° +C] (0.5)2(0.5)° + €7 (0.5)(0.5)

decision rule is
=0.0078 +0.0547 + 0.1641+ 0.2734 = 0.5000
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Reject H,if T.S5.<-z, ace the null hypothesis can be rejected at all significance levels greater

n 10.32%.

Exercises
3. To test the null hypothesis

Ho:p=0.5 against the two sided alternative T'wo computer specialists estimated the amount of computer memory (in

Hi:p#0.5 abytes) required by five different offices. o
the decision rule is Office Specialist A Specialist B

Reject H,if 7.8.>z,,, or T.S.<-z,, 1 4.2 6.1

2 6.3 6.7
Example: 3 31

In a TV commercial, filmed live, 100 persons tested two brands of o
say brand A and brand B and each selected their favorite. 56 p

7.2 10.9
preferred coffee of brand A, 40 preferred coffee of brand B, anfy g Sign test to test the null hypothesis that two specialists estimations
expressed on preference. Test at the 5% significance level thg

. ; , t the same against the alternative that specialist B estimates higher than
hypothesis that for the population, there is no overall preference for cof,

scialist A.
brand A over the brand B.
Solution:
From the information given above we obtain that
S§=56; n=96
To test if there is no overall preference in this population for one br

3.0
22 2.9

In a test of two chocolate chip cookie recipes, 13 out of 18 subjects
'ored recipe A. Using the sign test, find the significance probability when
 States that recipe A is preferable.

A firm attempting to determine if a difference exists in two manufacturing
coffee over the other. the hypotheses are tthods. A sample of 10 workers was selected, and each worker completed
» the iyp production task using each of the two production methods.

H,:p=0.5 (People have no preference for either brand of cof Worker

H,:p#0.5 (People have preference for one brand of coffee)
The decision rule is

Method 1(minutes) Method 2(minutes)
10.2 9.5
9.6 9.8
9.2 8.8
10.6 10.1
9.9 10.3
10.2 93
10.6 10.5
10.0 10.0

10.7 10.2
109 10.2

S-n/2"<_z S—n/2

Vn/4 2 Jn/4

The value of the test statistic is
S-n/2 56-96/2

Jnid  \Jos/4
0=0.05; z,,,=1.9and —z,,, =-1.96.

Since —1.633is not less than —1.96 we fail to reject the null hypotheSisLe S
e the

at 5% significance level we accept that there is no preference for either gn test and perform the . .
e Tm null hypoth t
of coffee. : feﬁn&fbr one method over ypothesis that there is no overall

T . the other.
From the standard normal distribution it follows that the approximate 4‘
p—value=0.1032 or 10.32%. ]

Reject H,if >y

=-1.633
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4. A social researcher interviews 25 newly married cou
and wife are independently asked the question: “How many children ved these skills had deteriorated and 4 saw no change. Evaluate the

you like to have?” The following data are obtained

Answer of

Answer of

Husband Wife

Couple Husband Wife Couple
-3 14
15
16
17
18
19
20
21
22
23
24
25
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¢ a random sample of 150 university instructors, 62 believed that

ples. Each hl{]t’s skills in solving problems increased over the last decade, 54

1th of the sample evidence suggesting that, for all university instructors,
;rs are divided evenly on the issue against the alternative that more
ers believe that student’s skills in solving problems have improved.

a coffee taste test 48 individuals stated a preference for one of two well-
n brands. Results showed 28 favoring brand A, 16 favoring brand B,
- undecided. Use the sign test with & =0.10to test the null hypothesis
here is no difference in the preferences for the two brands of coffee
st a two sided alternative.

Answers

value = 0.1874 or 18.74%;2. p-value = 0.0482 or 4.82%,;

value =0.1798 or 17.98%; 4. 7.5.=0.94 ; accept H,3 5.7.5.=3.39;
ue = 0.06%; 6.7.5.=1.77 ;p-value = 3.84%.7.7.5.=0.74 3

ue =22.96%; 8. 7.5.=1.81; reject H,.

Use the Sign test with o = 0.05 to test against two sided alternative th
hypothesis that, for the population of families no difference in opi

between husbands and wives.

3. A random sample of 80 sale managers was asked to predict whethe
year’s sale would be higher than, lower than, or about the same as i
current year. The results are shown below. Test the null hypothesis th
opinion of managers is evenly divided on the question against a two!

alternative.
Prediction Number
Higher 37
Lower 28
About the same 15

6. Of a random sample of 120 university students, 67 expected to achi

better GPA than last year, 48 expected a lower GPA than last year, and

5 expected about the same GPA. Do these data present strong evidenc?
for population of students they are divided evenly on the expec@i
against the alternative that more expect a lower GPA compared wi

year?
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2.3. The Wilcoxon signed test im nt.in. terms of completion times.
jthesis can be written as . o o
2:3.1. The Wilcoxon signed test for paired samples ! H, :The two populations of task complet}on t‘lmes are 1den.t1cal.
(semiall sample size) | H,:Thetwo populations of task completion times are not identical
: s i i f “0”, so sample size in
Wi e sien test, we ignore any difference o , am
yll)tll; 't:bd‘vag[ils reduced ton=10. The nonzero absolute differences are

‘ranked i ascending order of magnitude. That is, the smallest absolute
0.1 is given a rank of “1”. If two or more values are equal, they are

Thus the null -and alternative

One disadvantage of the sign test is that it takes into accouy
very limited amount information-namely, the signs of the differen
Wilcoxon signed rank test provides a method to use information g

magnitude of the differences between matched pairs. It is still a dist od the average of the next available ranks. In example above, absolute

free test. Like many nonparametric test, it is based on ranks. s of 2

ce-0.4 occurs twice, The rink assigned to them is therefore
\verape of ranks 3 and 4-that is 3.5. The next absolute value-0.5 occurs
_ Table 214 [ ¢ assigned to them is therefore the average of ranks 5 and 6-
Worker | Method | Method | Difference | Absolute | Rank | R 5 55" T'he next absolute value is assigned rank 7, and so on.
I it value of +) s for positive and negative differences are summed separately. The
L difference __ler of these sums is the Wilcoxon Signed Rank Statistic 7.5.
10.2 9.5 0.7 0.7 8 ce T.S.=5.5.
9.6 9.8 -0.2 0.2 Iwill now suppose that the population distribution of the paired
9.2 8.8 0.4 0.4 3.5 rences is symmetric. The null hypothesis to be tested is that the center of
10.6 10.1 0.5 0.5 5.5 distribution is 0. In example above, we are assuming that differences in
9.9 103 -0.4 0.4 3ask cptﬁpletion times have a symmetric distribution, and we want to test
10.2 9.3 0.9 0.9 her that distribution is centered on 0O-that is no difference between task
10.6 10.5 0.1 0.1 sletion times.
10.0 10.0 0 0 ff points for the distribution of this random variable are given in
11.2 10.6 0.6 0.6 ndix (Table 4) for tests against a one sided alternative that the
10.7 10.2 0.5 0.5 . lation distribution of the paired differences is specified either to be
10.6 9.8 0.8 0.8 9 red on some number bigger than 0 or to be centered on some number
) ’ 9.5 | Shan 0. For sample size, 1 , the table shows, for selected probabilities ot ,

umber T, such that P(T <T,)=c . In other words, the null hypothesis
To demonstrate the use of the Wilcoxon signed ranked test let us cOMected if T.S.is less than or e

manufacturing firm that is attempting to determine if a difference et .

two production methods. A sample of 11 workers was selected, andamp
worker completed the production task using each of the two prod‘j
methods. Each worker in the sample provides a pair of observatio
shown in Table2.1. Table 2.1 also provides the difference in the comy
times. A positive value indicates that Method I require more time, !
negative value indicates that Method Il require more time. The staf
question is whether or not the data indicate that the methods are signifi

OO0~ O L) D

— s
—_—

qual to the corresponding number in the

le above, 7.5.=5.5. For n =10 we find that the null hypothesis will
ected for any significance level greater than o = 0.005 .
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Steps in the Wilcoxon Signed Rank test for paired samplesie number of nonzero differences is large and T'is the observed value of
Wilcoxon Signed test statistic, then the following tests have significance
1. Calculate the differences o,
2. Discard (ignore) any difference of “0” *the alternative hypothesis is one sided, reject the null hypothesis if
3. Find absolute value of differences T-U;
4. Rank the absolute value of differences in ascending ord T <% ,
mzitgmtude. Rank positive and negative differences in two dﬂf the alternative hypothesis is two sided, reject the null hypothesis if
columns
4. Assign tied absolute differences (if any ties) the average of the; Z:-&—
they would receive if they were unequal but occurred in successive, Or
3. Find separately sum of ranks of positive and negative differenceample;
6. The smaller of the two sums is the Wilcoxon Signed Rank Statisandom sample of 38 students who had just completed courses in statistics
7. Reject the null hypothesis if the value of the test statistic is less tf accounting was asked to rate cach in terms of level of interest, on a scale
equal to the value in Appendix table 3. n one (very uninteresting) to ten (very interesting). The 38 differences in
pairs of ratings were calculated and the absolute differences ranked. The
2.3.2. The Wilcoxon signed test for paired samples tler of the rank sums, which was for those finding accounting the more
(large sample size) resting, was 278. Test at 5 % significance level the null hypothesis that
_population of students would rate these courses equally against the
When the number of 7 nonzero differences in the sample is large (n >2fnative that the statistics course is viewed as the more interesting.
normal distribution provides a good approximation to the distribution#0 find the p-value.
Wilcoxon statistic 7 under the null hypothesis that the population diffefitions
are centered on 0. m the given information
Let T denote the smaller of the rank sums. ‘ n=38; T=278
With increasing sample size of » (n>20) nonzero differences, thé méan and variance of the Wilcoxon statistic are
hypothesis is that the population differences are centered on 0, Wik = n(n+1) 38-(38+1)
. . . T= =—>=3705
Signed Rank test has mean and variance given by 4 4
E(T)=n, _n(n+1) 10_%=n(n‘+l)(2n+1)=38.39.77
4 24 24
and the standard deviation is
Var(T) = o2 < T+ DN 1) L oy =6895
()y=o; 24 , Pfdmgt? the condition, the null and alternative hypothesis can be written
For large n, the distribution of the random variable, Z, is approxi e
standard normal where &") :both courses rated equally interesting
3 flz “statistics course rated more interesting
[ is theobserved value of the test statistic
[ost one sided alternative if

™

<=Zun2

=4754.75

» the null hypothesis is rejected




7T—u Twelve customers were asked to estimate the selling price of two models
T B

Tq f refrigerators. The estimates of selling price provided by the customers are
. o1 L. 1jown below:
Here, the value of T'is 7' =278 and the value of test statistic is Customer Model A Model B

T—~p, 278-370.5 —_134 1 $650 $900

c, 6895 2 728 Zgg
3 7

a=0.05; F o (2545)=0.95; Zogs =165 —zg =—1.6 4 700 850
Since —1.34 is not less than —1.65 we fail to reject H,,and accept it. 5 590 920
The value of « corresponding to =z, =-1.34is, from Table 1 4 6 620 800
Appendix, (1-0.9099)=0.0901. Then the null hypothesis can be rejer -~ 7 700 890
. . ‘ 8 690 920

all significance levels greater than 9.01%. The data contain modest evi 9 900 1000
suggesting that statistics course is more interesting. 10 500 690
E . 11 610 760
Xereises 12 720 700

LT .. h . ) 4 winni se these data and test at the 0.05 level of significance to determine if there
L 1Wo critics rate the service at six award winning restaurants y, gifference in the customers’ perception of selling price of the two

continuous 0 to 10 scale. Apply Wilcoxon signed rank test with ot ={

'odels. -
there is no difference between the critics’ ratings? . A certain brand of microwave oven was priced at 12 stores in'two
Restaurant Critic 1 Critic 2 fferent cities.
1 6.2 8.4 hese data are presented below:
2 53 5.8 ., District A District B
3 7.5 7.1 18 500 16700
4 7.4 7.0 16 600 20 500
5 v 4.3 5.1 - 12000 23 000
6 9.8 9.9 20 000 17 500
2. Two computer specialists estimated the amount of computer memory 19 000 22000
(in gigabytes) required by five different offices 17 000 21 000
Office Specialist A Specialist B 16 500 21 500
1 5.7 6.1 19000 19 500
2 6.4 6.8 15 500 17 000
3 3.2 3.1 16:000 23 000
4 2.0 29 17500 21000
5 8.1 123 ‘18000 22 000

Apply Wilcoxon signed rank test with @ =0.05to test the null hypﬂ;t’e 2 0.05 level of significance and ap
© not prices for the micr

that there is no difference between estimations against a two T,
alternative.
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5. The company is interested in the impact of the newly introduced Answers

management program on job satisfaction of workers. A random samy S.=7;acceptHy; 2. T.S.=1;reject H33. T.5.= 6; reject H,;
workers was asked to assess level of satisfaction on a scale from 1t _~ .
month before the program. These same sample members were asked
this assessment again two month after the introduction of the progral -S-=
34 differences in the pairs of ratings were calculated and absolute diffat any levels; 8. 7.5.=~0.71; reject H,.

ranked. The smaller of the rank sums, which was for those more g

before the introduction of the program, was 178. What can be ca 2.4. The Mann-Whitney test

from these findings?

6. A random sample of 90 members was taken. Each sample memi  Suppose two independent random samples are to be used to compare
asked to assess the amounts of time in a month spent watching TV populations. We may be unwilling to make assumptions about the form
amounts of time in a month spent reading. The 90 differences in timye underlying population probability distributions or we may be unable to
were then calculated and their absolute differences ranked. The smin exact values of the sample measurements. If the data can be ranked in
the of the rank sums, which was for watching TV, was 1680. Testtr of magnitude for either of these situations, the Mann-Whitney test
hypothesis that the population amounts of time spent on watching hetimes called Mann-Whitney U test) can be used to test the hypothesis
reading divides equally against the alternative that watching TV take the probability distributions associated with the two populations are
amounts of time. ivalent.

7. Suppose you wish to test hypothesis that two treatments, A andume that apart from any possible differences in central location, that the
equivalent against the alternative that the responses for A tend to b¢ population distributions are identical. Suppose that n, observations arc

than those of B. If the number of pairs equals 25, and smaller of theljaple from the first population and 7, observations from the second

the absolute differences is 273, then what‘ would you decide? Use ﬂllation. The two samples are pooled and the observations are ranked in
then find p-value for the test and interpret it. J'nding order, with ties assigned the average of the next available ranks.

8. An experiment was conducted to compare two print types, A an 5 d .
- . . . ’ enote th ~ -
determine whether type A is easier to read. A sample of 22 persd 1 © sum of the ranks from the first population. The Mann

given the same material to read. First they read the material printed witney statistic is

A, then read the same material printed with type B. The times neces# U=n, -n +0 (ny +1) —R
L R R

each person to read the materials (in seconds) were .

Type A: 95;122;101,99;108;122;135;127;119;127;99,98,97;96;1 12;9%sting the null hypothesis that the central locations of the two population

S.=3; reject H,virtually at any levels;5.7.5.=-2.04 ;p-value = 4.12%;
—1.48; reject H,at levels higher than 6.94%:7. T.5.=2.97; accept

1

116; 111:117;102:103 :1buti.ons are the same, we assume that the two population distributions
Type B: 110;102;115;112;120;117;119;127;137;119;99;100;102;103;identical. It can be shown that if the null hypothesis is true, the random
99;89;97;112;116; 178; 94. able U has mean

Do the data provide sufficient evidence to indicate that print type A @ EU)=p, = no-n,

type B are the same for reading against the alternative that print tyf v

easier to read? Test usingo = 0.05 . variance

Var(Uy=g} =M (n +m +1)

12
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e . Table2.2
Then for large sample sizes (both at least 10), the distribution of t aoie

; Branch 1 Branch 2
variable, U-u, Sampled Account Sampled Account
Z=—-"Y Account balance account balance
Oy 1 1095 1 885
is well approximated by the standard normal distribution. ) 955 2 850
3 1200 3 915
Decision rules for the Mann-Whitney test 4 1195 4 950
5 925 5 800
Suppose that two population distributions are identical, a 6 950 6 750
any possible differences in central location. In testing the pu]l hypoﬂ 7 805 7 865
two population distributions have the same central location, thef  g- - 945 8 1 000
test have significance level o : 9 875 9 1050
H, : Two population distributions have the same central location ° 10 . 1055 10 935
1. If the alternative hypothesis is one sided hypothesis that the lo g ;70525
population ! is higher éhan the location of population 2, the dec1smn} first step in the Mann, Whitney test is to rank the combined (pooled)
Reject Hif —Fu o —2, 2 from the two samples from low to high. Using the combined set of 22
Oy ervations shown in Table 2.2, the lowest value of $750(item 6 of
2. If the alternative hypothesis is one sided hypothesis that the l%lgz):js ranked number 1. Continuing the ranking, we have
population 1 is lower than the location of population 2, the decisionmmbgm Item Rank
. LU=y ! 750 6 of sample 2 1
Reject Hyif ———>z, 800 5 of sample 2 5
. v . o . . 805 7 of sample 1 3
3. If the alternative hypothesis is two sided hypothesis that
population distributions differ, the decisiorg/ rule is g 1 1 95 4 ofsamplel . 21
Reject H,if Uty <=z, Or Hy >z, - 1200 ‘ 3 of sample 1 2
ay Oy 1 6 of sample 1 and jtem 4 of sample 2 both have the same account

ce, $950. We could give

Example: .
this could lead to

Let us demonstrate the methodology of the Mann-Whitney test bf 13,
conduct a test on the population of account balances at two branches ﬂiﬂ usual treatment for tied data values is to assign each value the
Bank. Data collected from two independent simple random sam t:gmm ﬂle.average of the ranks associated with the tied items. Thus
from each branch, are shown in Table 2.2. i ~°§§§fVaUOns of $950 are both assigned ranks of 12.5. Table 2.3
}”3 the entire
1 : .

one of these items a rank 12 and the other a
an erroneous conclusion. In order to avoid this

data set with the rank of each observation.
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Tablg t the null hypothesis that the central locations of
Branch 1 Branch 2 “ose that we want to test the null hyp

~=—_ distributions of account balance are identical against the two-sided

Sampled Account Sampled Account pative for o = 0.05 . The decision rule is to reject the null hypothesis if
Account balance Rank account balance § U-p U-u
I 1095 20 1 885 - 2 gy, or ——L >z,
2 955 14 2 850 Oy Ou
3 1200 22 3 915
4 1195 21 4 950 | o U-y _28.5—60:_208
5 925 9 5 800 : oy © 230 '
6 950 12.5 6 750 =z =196 and — 7. =—1.96
7 805 3 7 865 T “oe2s ™o 0025 T .
8 945 11 3 1000 ®© -2.08 iS less than -1.96, we reject the null hypothesis that two
9 875 6 9 1050 Matiog account balances are identical. Thus we conclude that two
10 1055 19 10 935 hatl ns are not identical. The probability distribution of account
11 [ 025 17 nces at branch 1 is not the same as that at branch 2.
12 975 15 b ﬁ’om T'ablel of the Appendix, the value of /2 corresponding to a
Sum of ranks 169 5 — (-2.08) is 0.0188, so the corresponding « is 0.0376

The next step in the Mann-Whitney test is to sum the ranks for eachs; P tv}alue =2-(1- F, (test statistics)) = 2(1- 0.9812) = 0.0376

These sums are shown in Table 2.3. The test procedure can be basefnull hypothesis will be rejected for any significance level higher than
the sum of the ranks for either sample. In the following discussion ¢o. Thus, these data do not contain strong evidence against the
the sum of the ranks for the sample from branch 1. We will denote thihe }Wt the central locations of accounts at two branches are the
by R,. Thus, in our example R, =169.5 . ' :18 very strong support that two branches account balances are

The value observed for the Mann-Whitney test is
ﬂ%ﬂ— 1253 1695=2835

Us=n, -n,+ R =12-10+-=

i

Since two samples are selected from identical ‘populations and 7
each is 10 or greater, the sampling distribution of U can be approximd
a normal distribution with mean

noon, 12-10
E(U):uU:——‘2 2:——2 =60

and variance
nyony-(m+ny, +1) 12-10.23
12 12

Var(U)=0] = =230




Exercises Starting salaries of graduates from two leading universities were
1. Starting salaries were recorded for ten recent business administpared, Independent random samples of 40 from each university were
graduates at each of two well-known universities. Use & = 0.1 and tm, and the 80 starting salaries were p.oolec.l .and ranked. The sum of the
the difference in the starting salaries from the two universities is zerogs for students from one of these universities was 145Q. Tpst .the null
the alternative that starting salaries are higher for the university A.  pthesis that the central locations of the population distributions are

University A University B tical against two sided alternative. o '
Student Monthly salary ($) Student Monthly salggL stock market analyst produced at the beginning of the year a list of

I 890 1 1 000ks to buy and another list of stocks to sell. For a random sample of ten
2 950 2 1 020ks from the “buy list”, percentage returns over the year were as follows:
3 1200 3 1 140K6; 525 12.8; 16.2; 10.6;  4.3; 3.1; 11.7; 13.9; 113
4 1150 4 1000i‘an"‘§ﬁdgpendent random sample of ten stocks from the “sell list”,
5 1300 5 975 hgei‘et\n’ns over the year were as follows:
6 1350 6 925 16; 6.1y 9.9; 11.3; 23; 3.9, -23; 13; 79; 10.8
7 990 7 900 ?’(x =0.05 use the Mann-Whitney test to interpret these data. Also find
8 1050 8 1 025 interpret p-value.
9 1400 9 1075 h
10 1450 10 930 Answers

2. The following data show product weights for items produced Olf-s-= sreject Hy;2. T.5.= reject H 3 p-value = 0.3%;

production lines !’S.= - sacceptHy; 4. T.5.= ; p- value =12.36%; H,will be rejected

Line 1: 13.6; 13.8; 14.0; 13.9; 13.4; 13.2; 13.3; 13.6; 12.9; 14.4 : o - . - . ;
Line 2: 13.7; 14.1; 14.2; 14.0; 14.6; 13.5; 14.4; 14.8; 14.5; 14.3; 15.0; lev:lfs‘hlfher t:fm 12.36%; -5-‘0T'S'“ 5 p-value = 0.101; OHO will be
Test that the difference between the product weights for the two lines i - any , evel higher than 10.1%; 6. 7.S.=  ; reject H, at 5%;
against the alternative that product weights of second line is higher. ) i=“258%
Use o =0.10. Also find p-value. , R
3. A random sample of 14 male students and an independent random S
of 16 female students were asked to write essays at the conclusior
writing course. Their grades were recorded below:
Male: 75; 80; 60; 80; 95; 100; 65; 70; 75; 60; 50 55;90; 95 ;
Female: 85; 70; 90; 100; 95; 67; 50; 50; 67; 83; 78; 62; 43; 97: 89; 73 |
Test the 5% significance level null hypothesis that, in the aggregate thel
and female students are equally ranked, against a two-sided altemativc-§
find p-value. 1
4. For a random sample of 12 management department gradates ﬂ%
economics department graduates were asked their starting salaries-
salaries were then ranked from 1 to 26. The following rankings resulte
Management:  2;6; 7; 1; 11; 20; 8; 14; 21; 12; 4; 26
Economics:  13:3;17;25: 5; 9; 10; 24; 15; 23; 16; 22; 18; ¥
Analyze the data using the Mann-Whitney test, and comment on the r¢s}.
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Chapter 3 y

Simple linear regression p
S
3.1. Introduction
Eg

/>

In day-to-day decisions-making situations, businessperson ra
economists frequently draw conclusions and make recommendations Z
on the relationship between two variables. For exawpie, a md ¢
manager may project sales volime based upon observed relations le <
advertising expenditures and sales volime. Although in some iustam
manager will rely on his or her intuition as to how the variables are i + +
the safest approach, by far, is to colleet data on the two variables an 1 2 3 45678910 112 13
evaluate their relationship statistically. These relationships are eg .
mathematically as Years of experience

y - fix) Fig.3.1. Scatter diagram of annual sales and years of experience

where the function may follow linear and nonlinear forms.
regression analysis statisticians commonly will classify a variable as an

3.2. The scatter diagram lependent or a dependent variable. The classification is used to indicate

ich variable is doing the predicting or explaining (independent variable)

As a first step in determining if a relationship exists betvveen two el which variable is being predicted or explained (dependent variable). In

we could plot or graph the available data for the two variables. Suppos exatpie, the years of selling experience is referred to as the independent
a sales manager has recorded containing data on annual sales and yeflable. It is used to predict the sales voliime, or dependent variable.

experience. The information is given in the following table: sthe scatter diagram in Fig. 3.1 allow us to draw conclusions?
;ives us an overview of the data. It indicates that in this case there is a
Salesperson 1 2 3 4 5 6 7 8 9 'd chance that the variables are related. In fact, it appears that the
Years 1 3 4 4 6 8 10 10 j1 1tionship betvveen these two variables may be approximated by a straight

of experience sor linear function.

Annual sales 80 97 92 102 103 111 119 123 117

(SI000’s) -
Let us plot these data on a graph with years of selling experience d
horizontal axis and annual sales on the vertical axis. We now have as
diagram. It is given this name because the plotted points are “saiti
over the graph or diagram. The scatter diagram for these data is sho’
Figlre 3.1.
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3.3. Correlation analysis , 7 -

zxiy TR xy

We will introduce some statistical measures that provide greater m ro= L=l
for describing relationships.

xy n n A
N2 2 N2
Let X and Y be a pair of random variables, with means andy [foz —n(x) J(;y L) J

i=1
variances o;ando. As a measure of the association betweg
variables, we introduced the covariance, defined as ye sample correlation coefficient ranges from —1to +1 with,
C - - Loayr, =+l indicates a perfect positive linear relationship;
Z(xi - X)(y; -Y) e

- 0 indicates no relationships between X and Y
Cov(x,y)= S, = =l }

n—1 3 3 -1 indicates a perfect decreasing linear relationship between

where x;and y, are the observed values, X and Y are the sample meq

. . ’ ions indicate positive or increasing linear relationshi
n is the sample size. correlatio ) g p

values closer to +1, indicating data points closer to a straight line, and
celationshins and i e of . indi d i to 0, indicating greater deviations from a straight line.
¢:ationships and a negative value ol covariance indicates a decreasing ative correlations indicate negative or decreasing linear relationship

gelanonsb‘f"dposzg‘;f ELSSOC]latiOI‘lflr)lfdiCZte]S that th?hh;gh values of X Ivalues closer to -1, indicating data points closer to a straight line, and
© associated with high values of T and low X with low Y. When thy icating greater deviations from a straight line.

negative assomaﬂqn, 50 that high Valugs Of‘X. are asso ciated with .low is said to be a case of perfect positive linear correlation. In such
of ¥ and low X with high ¥, the covariance is negative. If there is nf e
association between X and 7, their covariance is 0. : 5 in the scatter diagram lie on a straight line that slopes
Another measure of the relationship between two variables is the corrg® Rt to right, if 7, =-1, the correlation is said to be a perfect
coefficient. In this section we will consider the simple linear correlatitive Iiear-correlation. In this case, all points in a scatter diagram fall on
short linear correlation, which measures the strength of the linear asso§ i &ax slopes downward from left to right.
between two variables. L - If the correlation between two variables is positive and close to 1,
Definition: sy ‘.ﬂ’mt the variables have a strong positive linear correlation. If the
The simple linear correlation, denoted by, r,, , measures the strength between two variables is positive but close to 0, then the
linear relationship between two variables for a sample and is calculated, m 8 weak p ositiv? linear' correla.tion. On the other hand, if the
) ; between two variables is negative and close to 1, then the
2(«*{ “;C)(}’, _ 5,) e to have a strong negative linear correlation. Also, if the
_Cov(x, y) _ = 3.k €0 two variables is negative and close to 0, there exists a

.., .
T s, ., L . Bar correlation between the variables.
> -0 Y -y
i=1

i=1

mterested in the relationship between food expenditure and

. o the sample correlation coefficient for the data recorded on
An equivalent expression is and food expenditure of seven households.




ﬂggfﬁ:%lldoo,s of ) ;5 29 gl 39 iS 8 jsample correlation, 0.96, indicates very strong positive relationships
Food expenditure (100°s of §) 28 _~ nmonthly income and food expenditure. The high value of monthly
15 7 n 5 8 tends to be associated with the higher value of food expenditure.
Solution: The sample means are 3.3.1. Hypothesis test for correlation
X 212 =30.29
- e y=——=— ‘6 14 sample correlation coefficient rxyis useftil as a descriptive measure of

i trength of linear association in a sample. We can also use the correlation
i he sample correlation coefficient can be calculated either by (3.1) orficient to test the null hypothesis that there is no linear association in the
It is more convenient to use (3.2) to calculate correlation coefficient: ilation between a pair of random variables; that is

Necessary calculations of the sample correlation for the data are st #0:p-0
the following table 3.1 :an show that when the null hypothesis is true and the random variable
ajoint normal distribution then the random variable
) Food V-2
Household Income  expenditure Y 1 ny-vn-
=Y x f Yi
0, (v.) ' foox
; 35 9 315 1225 81 ws a Student’s t distribution with (n-2) degrees of ffeedom. The
49 15 735 2401 225  wingtests of the null hypothesis
3 21 7 147 441 49 ‘p=
4 39 1 429 He:ip=0
5 15 5 T 125;%1 1221 a significance level ofa :
5 . .
6 8 8 224 - &1 Stest A Oagainst the altemative
7 25 9 205 65 8l . . Aip >0
Sums 212 64 e 2150 7299 646 ecision rule is
reject # Oif T.S.>th 2a
Hence, the sample correlation is: "tes* 1 0against the altemative
n
Y IXiyi —h exy . ) A, :p<0
ro=- = ecision rule is
xy — . .
(n \ (o \ reject S10if T.S.<~t,,2a
X *2-n W2 X t2-»-(t)2
VH [ v=i ) test HOagainst the two sided altemative
2150-7-(30,29)-(9.14) 212.05
(7222 - 7+(30.29)2) «(646 - 7+(9.14)2) 22125 ecision rule is Ai+P"0
reject A0if T.S. >tn 2al2 or TS.<-thoap
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rxy-\/n—2

1/1—rfy

where the random variable z,_,

whereT.S. =

,and t,_, , is the number for which
P,y >t, 54)=2

degrees of freedom.

Example:
A sample data set produced the following information

n=10; Ex,:66; Zyi=588;

x? =396 and 2 =58734
Z ! zyl

S, -2y 4605

Exercises

follows a Student’s ¢ distribution witConstruct a scatter diagram

Zor the data set
X 10 1 6 3 5
y | 4 0 2 1
Suess the sign and value of the correlation coefficient
~alculate the correlation coefficient.
A sample data set produced the following information.
Y % =9880; 3y, =1456; S x,y, =85080;

Y x? =485870; and Y y?=135675

Find the sample correlation, and test against a two sided alternative {culate the linear correlation coefficientr,

hypothesis that the population correlation is 0. Take ot = 0.05.
Solution:
H,:p=0
against the two sided alternative
H :p#0
the decision rule is
reject Hyif T.S.>1, 5,7 or T.S.<~t, 341
Firstly, let us find the value of sample correlation coefficient

2244 -12-5.5-49 990
Ty = s . 09360
\[(396—12-(5.5) }-(58734 -12-(49)%) -
The value of the test statistic is

—-0.996

rglo VT2 -0996:410-2 2817 _ 4
NIE 1-(-0.996)”  0.0894
Ln2ai2 =ls 0025 =2.306 and —ty 5 =-2.306

Since —31.5 <—2.306we reject H, . Virtually for any level of o we rej
hypothesis that there is no association between x and y. These data con

very strong evidence of positive (linear) association between x and y.

90

alculations from a data set of » = 48 pairs of (x, v) values have provided

Denoting by p the population correlation, we wanttfollowing results

(5, -%)?=2602; 3 (v~ =403.7; 3 (x, =)y, - ¥)= 298.8
culate the linear correlation coefficient.

The following table gives the experience (in years) and monthly salaries
bundred of dollars) of nine randomly selected secretaries

Experience |14 3 5 6 4 9
‘Monthlysalary [22 12 15 17 15 19

18
24

5
13

16
27

:39 you expect the experience and monthly salaries to be positive or
ptively related?

rompute the correlation coefficient.
fest at the 10% signiﬁca}nce level, against a two sided alternative, the null
pthesis that the population correlation coefficient is zero.

following data were collected regarding the starting monthly salary

{he
{the grade.pfﬁnt average (GPA) for students who had obtained a degree in
ess administration and economics:

GPA | 2.6 34

3.6
Monthly salary (§) | 900 1200

600

32
1100

3.5
1400

2.9
1000




a) Develop a scatter diagram for the above data. 3.4. Spearman rank correlation

b) Compute the sample correlation coefficient between grade point gppose that a random sample (%1,31), (¥, 3 )sereeee
and salary. . »servations is taken. If x; and y; are each ranked in ascending order and the
c) Test at the 5% significance level the null hypothesis that the POPimple correlation of these ranks is calculated, the resulting coefficient is
correlation coefficient is zero against the alternative that it is positive, Hled the Spearman rank correlation coefficient. If there are no tied
6. The management of a supermarket wanted to check the effect nks, an equivalent formula for computing this coefficient is

number of broadcast on TV on the gross sales at the store. The manag e LI

experimented for eight weeks by broadcasting a different numg 6- Zd i

commercials each week on TV. The following table gives the nun. r = ___’:-1_—

commercials during each week and the gross sales (in 1000°s of dollarsf , n(n® -1

| here the d, are the differences of the ranked pairs:
Number ' 22 16 28 12 30 19 24 1 - : di =rank(x[.)—rank(y,-)

,(x,,¥,)0f n pairs of

f ial Lo
%rgcq)zn Sr:lzrsma : 3.64 3.12 408 284 398 335 4 02M Spearman rank correlation shares the properties of 7, that
per week I ;15r,;\$land that values near +1 indicate a tendency for the larger values

' X to,be paired with the larger values of Y.

a) Compute the sample correlation coeftficient between number of brozke fgn;pwmg test of the null hypothesis H,of no association in the
and gross sales, i
b) Test the null hypothesis that number of broadcasts and gross sal§. .
uncorrelated in the population against the alternative that popu:
correlation s positive.

Answers
1. b) high negative correlation: ¢) -0.992; 2. 8.99; 3. 0.92; 4. a) positivel .
b) 0.95; ¢) T.S.=8.051; fail to reject H,;5.b)0.114; ¢) 7.5.=0.23; ;ro

H,;6.2)096;b) T.5.=8.40; reject H,at virtually any level.

- Hy:xand yare independent

nce level o :

the alternative of positive association, the decision rule is

Reject Hif . >r,

dgainst the alternative of negative association, the decision rule is
Reject H,if r, <, ,

against the two sided alternative of some association, the decision

Rej i
Ject HO if ¥y >rs,a/2 or r, <~rs,a/2

f critical values of the Spearman rank correlation coefficient is
gble 5 of the Appendix.

salesmen made on a test that measures their aggressiveness (x ),
n thousands of dollars for their second year with a certain

28 42 25 19 34
46 50 32 33 42
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a) Find and interpret Spearman rank correlation
b) Test the null hypothesis that aggressiveness and sales are ind o ] , ametric test for rank
again the alternative that they are positively correlated. Take oz = 0,05 Specify the rejection region .for Spearman’s nonpar

Solution: -relation in each of the following cases

a) First of all, let us rank separately x and y in ascending order. TheH, :p=0; Hy:p#0; n=10; @ =0.05

rank appear in third and fourth columns of the following table 3.2 Hy:p=0; H :p>0; n=20; c=0.025

Exercises

Table32 H0:p=0'7 Hl:p<0;n:30;a2001
* Y | Rank x, | Rank y, | d, =x, -y, | d; ] Compute Spearman’s rank correlation coefficient for each of the
30 |35 4 5 1 1 Jowing pairs of sample observations
17 |31 8 8 0 0 b)
25 | 48 ; ; A . 3361 20 19 40 x [5 20 151073
80 83 91 82
42 | 50 1 1 0 0 26 36 65 25 35
25 132 6 7 -1 1
19 {33 7 6 1 i ) .
34 142 3 | 3 0 0 A random sample of nine pairs of observations are recorded on two
sum | i 16 | siables, x and y.
The differences between ranks and squared differences between rail x (19 27 15 35 13 29 16 22 17
shown in the last two columns of the table. Substituting the values n= 12 19 7 25 i1 10 16 13 18

Z d? =16 into formula for Spearman rank correlation, we obtain

» the data provide sufficient evidence to indicate thatp, the rank
6 < 2 Telation between x and y, differs from zero? Test using o = 0.05 . '
Z i 6:16 Two expert wine testers were asked to rank six brands of wine. Their
ro=1- ’;’ =1- =1-0.19=0.81 tkkings are shown in the table.
n(n” —1) 8-63
It means that there exists strong positive correlation between aggressi¥ Brand Expert | Experi2
and sales volume. A G s
b) The null and alternative hypotheses are B 5 6
Hy :x and y are independent C q 5
M, :x and y are positively correlated D 3 1
The decision rule is E 2 4
Reject H,if r, > Yo s_F\‘ 4 3
For a sample of size n=8, andax = 0.05 ,

' the data. present sufficient evidence to indicate a positive correlation in
: rankings of the two experts?

Since 0.81>0.643 we reject H,,, and accept the alternative hypothesis ﬁefer to the data of Exercise 6 of the previous section, Find Spearman’s
and y are positively correlated.

rs,(x = rK,O.()S = 0643

correlation coefficient, and use it to test, against two sided alternative,
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the null hypothesis of no association in the population between tfais pet(lependent variable is the one being explained and the independent variable
random yanables. . w is the one used to expiain the variation in the dependeiit variable.

6, Refer to the data of Exercl® 5 of the previous section. Fmd Spent relationship between two variables in a regression analvsis is expressed
rank correlation coefficient, and use 1t to test the null hypothesis that# araathematical equation called a regression equation or model.

quantities are uncorrelated m the population against the altematlvehp{%'\@ggm gaHgﬂgﬂ that @iVQs g §Engi&Hf fife relationship Ketween two

population correlation is negative. variables is called a linear regression model; othenvise, it is called a
nonlinear regression model. In this chapter we will consider only linear
regression model.

Inaregression model, the independent variable is usually denoted by x and
L a)rs >0.648 or rs <-0.648 ; b) s> 0.450;c) rs <-0.437;2.a) rs-0le dependent variable is usually denoted by y. Simple linear regression
b) rs=0.2; 3. rs=0.48; accept#0; 4. r, = 0.66; reject H ovirtually atrrockl is written as

Answvvers

level; 5. rs =0.93; reject HOvirtually at any level; 6. rs=0.143; n y=a +[X 1)
reject HO at 5% level. moc® (0> a gives the value ofy forx=0, and /3 gives the chaiige iny
iue to a change of one unit in x. This model simply States that y is
3.5. The linear regression model ietermined exactly by x and for a given value of x there is one and only one
raine ofy. For exatpie, ify is food expenditure and x is income, then model
Let us retum to the exaTpie of an economist investigatiij* "jtP 700c™exPenditure is determined by income only and that

relationship between food expenditure and income. What factors or variall ouse 0,s 1L I'le same income will spend the same amount on food.
does a household consider when deciding how much money should bes U 3 menjloae above, food expenditure is determined by many variables,
on food every week or every month? Certainly, income of household id .7 °ne 0 W.IC is included in model (1). In 1eality, different households
factor. Many other factors, say, thesize ofhousehold, thepreferencesk ,. ®same mcome spend different amounts of money on food because of
tests of household members,are someof the variables that will inflefi0 / “rences m size of the household, their preferences and tastes. Hence,

household’s decision about food expenditupe. These variables are ese vanables into consideration and make model complete, we add
independent variables because they are ali vary independently an(lert j erm.t0 !'le s"e  model (1). This term is called the error
expiain the variation in food expenditure among different households™Jj Is enote b> e (Greek letter epsilon). The complete regression
other words, these variables expiain why different households $ bitten as

different amounts of money on food. Food expenditure is calld Y, =« + 3 +£ 2

dependent variable because it depends on the independent vard

Studying the effect of two or more independent variables on a depenf lon s called the population (or true) regression line ofy onx.
variable using regression analysis is called multiple regression. y " 10n(2) ccand /3 are the population model coefficients and e
choose only one (usually the most important) independent variable and arandom error term .

the effect of that single variable on a dependent variable, it is called a siij

regression. Thus, simple regression ineludes only two variables: Fjjhon data are difficult to obtain. As a result, we almost always use

independent and one dependent. ) ) »***& to estimate model (2). The estimated regression model is"given
Defmition: A regression model is a mathematical equation that dsC4  equation
relationship betvveen two or more variables. A simple regression L] za+b-x +e

ineludes only two variables: one independent and one dependentl



where a and b are estimated values of the coefficients and e is the differg
between the predicted value of>’on the regression line, defined as

Y, - a+bw

and the observed value yi . The difference betvveen ytand y, for each %
ofx is defined as the residual

A

=y, =Y, =Yi -(a + b-X,)

Thus for each observed value of x there is a predicted value ofy fraffl

estimated model and an observed value. The difference between:

observed and predicted values ofy is defined as the residual. The residi Fig. 3.2

e,, is not the model error, e, but is the combined measure of the nu

error and errors in estimating, a and b, and in tum the errors in estimatinglSome of the e, will be positive and some negative. We then compute a
predicted value. mathematical function that represents the effect of squaring ali of the

residuals and computing the sum of the squared residuals. This function-
3.5.1. Least squares coefficient estimators whoe left side is labeled SSE -includes the coefficients, a and b. The

quantity SSE is defined as the “Error Sum of Squares”. The coefficient
The population regression line is useful theoretical construct, hut estimators a and b are selected as the estimators that minimize the Error Sum
applications we need to determine an estimate of the model using awiltiof Squares.

data. Suppose that we have n pairs of observations O,,y,), (x2,y2),... |
.{xn,yn). We would like to find the straight line that best fits these pt 3.5.2. Least square procedure

To do this we need estimators of unknown coefficients a and /3af T,
Ihe least square procedure obtams estimates of the linear equation

population regression line. coefficients, a and b, in the model
We obtain the coefficient estimators, a and b using equations derivefl
using the least squares procedure. As shown in Figlre 3.2 there b y,=a +b-xt

deviation, e, betveen the observed,y, and the predicted value, y,, 0> minim™ 8 *e sum of the spuared residuals e,

estimated regression equation for each value ofx , where e. =y, - y,* LI Ee E'f' '
ecoelficients a and b are chosen so that the quantity

SSE=" e] =7 (y, ~(a+bx))2
ramimized. It can be shown that the resulting estimates are



Table3.3

i > , Y, XiY,-n-x-y Food
e - Household ~income  expenditure | g xo
2>2-"0 2 -Y) u)
i R 1 35 9 315 1225
d b 2 49 15 735 2401
an a-y-b-x 3 21 7 147 44
. . 4 39 u 429 1521
here jcand yare the respective sample means.
" . ) Y pectiv P S 15 5 75 225
The line . 6 28 8 224 784
y=a+hb-x 7 25 9 225 625
Sums 212 64 2150 7222
is called the sample regression line or the least squares regression lirg
y onx. X-TT,-n-x my
. L . . Kl 2150-7-(30.2857)-(9.1429) _
Find the least squares regression line for the data on incomes (in hundrech 1929.7.(30.0857)2 0.2642
dollars) and food expenditures of seven households given m the table tde 2> ’2~ n'(x)2 -7-(30. )
Household 1 2 3 4 5 6 7 _ _ _
income X 35 49 21 39 15 28 35 a=y- bm=9.1429 - (0.2642) -(30.2857) = 1.1414
Food expenditure y 9 5 7 1S hes, our estimated regression model y = a + b «x is
Use income as an independent variable and food expenditure as a depeni M A= 1414+ 0.2642 -*
variable. '"Ns regression line is called the least squares regression line. It gives the

agression offaod expenditure on income.

Solution: ISg IS o timated model, we can find the predicted value ofy for a
We are to find the values of a and b for the regression modely, =6 +" vatie °f x- For exatpie, suppose that we randomly select a
The folloYving table shows the calculations required for the computati# » hose; « n'hly income is $3500 so that x = 35 (x dcnotes income
aand b U 01 dollar m our exatpie). The predicted value of food
it . *Penditure for this household
Using data frorn the table 3.3 we find " 15 NOUs ®
Y R V=5 _ 91429 ,Ofe 11414+ 0.2642 +35 = $10.3884 hundred
' i dth a mMWr~S based on our regression line, we predict that a household

mifood °nt™V ‘ncome °f $3500 is expected to spend $1038.84 per month
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3.5.3. Interpretation ofa and b values ofy- intercept and slope calculated from sample data on x and y
a) Interpretation ofa called estimated values of a and /3 and denoted by a and b. Using a and
Consider a household with zero income. Using the estimated regresl we can write estimated model as
obtained above, the predicted value ofy for x=10 is
y =1.1414 + 0.2642 0 = $1.1414 hundred y=a+h
Thus, we can State that a household with no income is expected to»here y (read asy hat) is the estimated or predicted value ofy for a given
$114.4 per month on food. We should be very careful while makiAlue ofx
interpretation ofa. In exatpie of seven households, the incomes varyt 3.5.4. Assumptions of the regression model
minimum of $1500 to a TaxiTuT of $4900. Hence, our regression t
valid only for the values ofx between 15 and 49. If we predicty foraLike any other theory, the linear regression analysis is also based on certain
of x outside this range, the prediction usually will not hold true. Thus,assumgtions. Consider the population regression model
x =0 is outside the range of household incomes that we have in theg yt=a +/3¢x, +e,
data, the prediction that a household with zero income spends Si 14 prere are four assumptions made about this model.
month on food does not carry much credibility. Assumptionl: The random error terme has a mean equal to zero for each x.
) Interpretation of b Inother words, among ali households with the same income, some spend
The value of b m a regression model gives the change iny (dep«ethan predicted food expenditure; others spend less than predicted food
variable) due to a change of one umt m x (mdependent variable). expenditure. Some of positive errors equal to the sum of negative errors so

For exatpie, by using the regression line y = 1.1414 + 0.2642 m that the mean of errors for all households with the same income is zero.
n Assumption 21 The errors associated with different observations are

whenx =30; y —1.1414 + 0.2642 -30 =9.0674 independent. According to this assumption, the errors for any two
n households are independent. Ali households decide independently how much
whenx =31; y=11414+0.2642 +31=9.3316 spendonfood.

n “~sumgtionS: For any given x , the distribution of errors is normal. In other
Hence, when x increased by one unit, ,from 30 to 31, Yinc"ords, food expenditure for ali households with the same income are
by 9.3316-9.0674 =0.2642, which is the value of b. Because of unormehy distributed.
measurement in hundred of dollars, we can state that, on average, ap”\iSETion 4: The distribution of population errors for each x has the same
increase in income will cause a $26.42 increase in food expenditure. W3xstant) Standard deviation, which is denoted byo>e. This assumption
also state that, on average, a $1 increase in income of househoM®xlicates that the sprcad of points around the regression line is similar for ali
increase the food expenditure by $0.2642. 1values.
Note that when b is positive, an increase in x will lead to an increase ic
decrease in x will lead to a decrease iny. Such a relationship betvveenf
is called a positive linear relationship. On the other hand, if the value4
negative, an increase in x will cause a decrease iny and a decrease i
cause an increase iny. Such a relationship betvwveen x and y is cp
negative linear relationship.
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Exercises b) Suppose five electronic companies spent 2000$ each on advertising
during that year. Do you expect these five companies to have the same actual
1. Plot the following straight lines. Give the values of the y-mterceji gross sales for that year? Expiain.

slope for each of these; lines and interpret them. Indicate whether eachd 6 An economist wanted to determine whether or not the amount of phone

lines gives a positive or réjjative rélationships betweenx andy . bilis and income of households are related. The following table gives
#y =53+7x; b)y =75-6x information on the monthly incomes (in hundreds of dollars) and monthly
2. The following information is obtained from a sample data telephone bills (in dollars) for a random sample of 10 households
_ w 0 W, 1 .
=10, Y2100 Ay,=220; ' Xy,=3680; AEx2=1140 income 16 45 36 32 30113 4 15 36 40
- a Phone bili 3 78 102 5 75 26 130 42 59 g5

Find the estimated regression line.
3. Computing from a data set of (x, y) values we obtamed the tdla & Find the regression line with income as an independent variable and the

summary sHtistics amount of the phone bili as a dependent variable.
L 1082 Give an interpretation of the values ofa and b calculated in part a
» 4] X-3.5 y=51 o ¢) Estimate the amount of the monthly phone bili for a household with a
monthly income of $2500.
V> -ixr _yy:2 677 > -201 L An auto manufacturing company wanted to investigate how the price of
’ ’ T = ' re 0 Its car models depreciates with age. The research department at the
Obtain the equation of the estimated regression line. company took a sample of 9 cars of this model and collected the following
AGiven the five pairs of (x, y) values ntormation on the ages (in years) and prices (in hundreds of dollars) of these
8 3 7 10 3 5 &6 9
1 6 3 S
\]; 2 . . ) ) e 16 74 38 21 98 56 49 30
a) Construct a scatter diagram - bFbl th” 3 Sgatter diagram for these data. interpret your results.
b) Calculate the least squares estimates a and b. dependentv I r A PI"Ce aS a dePendent variable and age as an
-— fitted line and draw the line on the scatter diagr « ¢Gwe C
~ i ann T
on this
Fepresents -he total gross sales (in thousands of dollars) of that < ofonsa™, sentte, diagram for n n
that year.
n
y —5.6+225 x S —— 0.5 1 15
a) An electronic company spent 2000$ on advertising during a ye* abtthTfbir| 2 1 3
are its expected gross sales for that year? DYy =3_x anfj

2) y =1+x



b) Which of these lines would you choose to characterize the relatii

betweenx and/? Expiain partitioned into deviation of the predicted value from the mean and the
c) Show that the sum of errors for both of these lines equals O. deviation of the observed value from the predicted value

d) Which of these lines has smaller SSE ?

e) Find the least squares regression line for the data and compare ito Yi-y =iy, -y) +{y-y)

lines described in part a. Wesquare each side of the equation-because the sum of deviations about the

meanis equal to zero-and sum the results éver ali n points

[(F, -y)2=X0'<y)2+ g d(yi-y)2
1=1 1=1 i=l

Smeofyou may note the squaring of the right- hand side should include the
5. a)$50.6 thousand; b)different amounts;6.a)y = 2.3173 + 2.1869 x\ awsprogjuct Of the two terms in addition to their squared quantities. It can

Ansvvers

2.y =-83.714 +10.571 «* ;3.y =4.225 + 0.247 = ;4.c) y =3.845 - odii

¢) $56.99; L )J/1=I I1-9.84n : 8 b)’?hesecondl'l'ne;d)’JFhesecondImSgoé\élgagt;hat the cross predicted term goes to zero. This eﬂuatlon is
n_ SST =SSR + SSE
g) Y~"+ X VW see that the total variability-ISiST- consists of two components-.SOT-the
" ) ] arout of variability explained by the regression equation- named
3.6. Ihe explanatory power 0 a Lieai regression equa |  “Regression Sum of Squares” and -SSE-random or unexplained deviation of
. - T iJpojnts from the regression line-named “Error Sum of Squares”. Thus
In Figure 3.3 it is shown that the deviation of an mdividual y value ['lem gresston i ! quares .
mean can be el sum of squares: ssT=A (y, - )2
1=1
L n n n
«gression Sum of Squares: SSR="(y-y)2=h2 -x)2
SE =1 H

BrrSum ofSquares:SSE=" (y,-y)2=J>, -(a+bx,))2=£(e,)2

Tora H 1=1 1=1 . 1=1 .
blven set of observed values of the dependent variables, y, the SST is

%d tEe tOta*var'abihty of ali observations from the mean. We see that in
a Targer values of SSR and hence smaller value of SSE indicate

Patyes5'°n eduatren that “fits” or comes closer to the observed data. This
11ing is shown graphically in Figire 3.3.

WS ncTSST, SSR and SSE for the data on incomes and food expenditure.

r a f Culati°n given in the table 3.3 we find the value of total sum of
Fig.3.3 5
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(7 v

>
SSTAMIly.-yy”™y fl-_l’\ - —646—642=60.8571
M M n
Table3.4
X 7 :
Y T y2 el xi-X  0,-*)2 el
35 9 10.3884 81 -1.3884 4.7143 22.2246  1.9277

49 15 14.0872 225 09128 187143 350.225 0.8332
21 7 6.6896 49 03104 -9.2857 86.2242 0.0963
39 1 114452 121 -0.4452 87143 75.9390 0.1982
15 5 51044 25 -0.1044 -15.286 233.653 0.0109
28 8 85390 64 -0.5390 -2.2857 5.2244  0.2905
25 9 7.7464 81 1.2536 -5.2857 27.9386 1.5715

646 801.429 4.9283

The error sum of squares SSE is given in the sum of the eights columii
Table 3.4. Thus,

SSEAMNN-y)2=£ (e,)2=4.9283
/=1 i=l
The regression sum of squares can be found from SST = SSR + SSE.
Thus
SSR=SST - SSE =60.8571 - 4.9283 = 55.9288.
The value of SSR can also be computed by using the formula.(Checkii)

SSR= >02=&2 i>,-*)2-

The total sum of squares SST is a measure of the total variation infd
expenditures, SSR is the portion of total variation explained by the regresi
model (or by income), and the error sum of squares SSE is the portion
total variation not explained by the regression model.
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3.6.1. Coefficient ofdetermination R1

Ifwe divide both side of the equation
SST-SSR + SSE

by SST, we obtain
SSR, SSE

SST SST
Wk have seen that the fit of the regression equation to the data is improved

a SSR increases and SSE decreases. The ratio :—iprovides a descriptive

measure of the proportion or percent of the tota! variability that is explained
by the regression model. This measure is called the coefficient of
determination-or more generally R2.

R = SSR i SSE

SST SST
The coefficient of determination is often interpreted as the percent of
variability in y that is explained by the regression equation. We see that

Rincreases directly with the spread of the independent variable.

R2can vary from 0 to 1 since SST is fixed and 0<SSE <SST . A larger
Reimplies a better regression, everything else being equal.

Interpretation of R2: About (I00/12)% of the sample variation in y
(measured by the total sum of squares of deviations of the sample y values

about their mean y ) can be explained by using x to predicty in the straight
lire model.
Exatpie:
Calculate the coefficient of determination for the data on monthly incomes

andfood expenditures of seven households.
Solution:

Fomearlier calculations

SSR—55.9288 and SST = 60.8571
Hence,

SST 60.8571
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We can State that 92% of the variability in y is explained by linear
regression, and the linear model seems vely satisfactoly in this respect. In
other words, we can State that 92% of the total variation in food expenditures
of households occurs because of the variation in their incomes, and te
remaining 8% is due to other variables, like differences in size of te
household, preferences and tastes and so on.

3.6.2. Estimation of model error variance

When we consider income and food expenditures, ali households with te
same income are expected to spend different amounts on food
Consequently, the random error £(will have different values for tese

n 2

households. The variance <7, measures the spread of these errors aroundthe
A2

population regression line. Note that a, denotes the variance of errors for
A2

the population. However, usually @, is unknown. In such cases, itk
estimated byS|, which is the Standard deviation of errors for the sanple

data.
An estimator for the variance of the population model error is

n

Division by (n- 2) instead of (n- Dresults because the simple regression

model uses two estimated parameters, a and b, instead of one.
The formula for SSE is

If we introduce the following notations
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4. Computing from a data set of (x, y) values produced the following
summary statistics

«=14; e x=1.2; y =5.1;
=14.10; SSw=2.31; SS~=2.01
Determine the proportion of variation in y that is explained by lirer

regression.
5. A calcuiation shows thatSS”™ =10.1,SS”™ =16.5, and SS™ =93

determine the proportion of variation in y that is explained by lirer
regression.

6. The following table lists the sizes of offices (in bundreds of square reters)
and the rents (in dollars) paid for those offices.

Size of offices 22 7 19 28 35 24
Monthly rent 710 590 730 880 1080 820

a) Find the regression line y =a+bxwith the size of an office as @

independent variable and monthly rent as a dependent variable.

b) Give a brief interpretation of the values ofa and b.

c) Predict the monthly rent for the office with 2400 square meters.

d) One of the offices is 2600 square meters and its rent is $850. What is te
predicted rent for this office? Find the error for this office.

e) Compute the Standard deviation of errors.

f) Calculate the coefficient of determination. What percentage of te
variation in monthly rents explained by the sizes of the offices? We
percentage ofthis variation is not explained?

7. Refer to exercise 7 of previous chapter. The following table which gies
the ages (in years) and prices (in hundred of dollars) of eight cars of specific
model, is reproduced from that exercise.

Age 8 3 7 0 3 5 6 9
Price 6 74 38 21 98 56 49 30

a) Calculate the Standard deviation of errors.
b) Compute the coefficient of determination and give a brief interpretation o
it.



Answers

L22.2; 0.99; 2.50.06; 0.04; 3. a) y =1.454 + 0.247 *x ; b) S] =0.031;
n

4 0.188; 570.5190; 6. a) y=194+251 * e)40.2; f) 0.953;
;7.d) 11.39; b) 0.856

37. Statistical inference: Hypothesis tests and confidence intervals

Ore of the main purposes for determining a regression (ne is to find the true
value of the slope /3 of the population regression line. However, in almost
di cases, the regression line is estimated using sample data. Then based on
the sample regression line, inferences are made about the population
regression line. The slope b of a sample regression line is a point estimator
of the slope /3 of the population regression line. The different sample
regression lines estimated for different samples taken from the same
population will give different values of b. If only one sample is selected,
then the value of b will depend on which elements are included in the
sample. Thus, his a random variable and it possesses a probability
distribution called a sampling distribution.

Assurre that assumptions 3.5.4 are hold. Then b is an unbiased estimator of
Band has a population variance

af=— = at _

i=l /=1
adunbiased estimator of a Fis provided by

1x.--X)2 £x?-n-Cx)2 SS
/=1 m=]

in applied regression analysis we first would like to know if there is a

relationship. We see that if j3is zero then there is no relationship- y would

natcontinuously increase or decrease with increase in * .



3.7.1. Hypothesis testing about P

Let P be a population regression slope and b its least square estimate lesd
on n pairs of sample observations. Assume that assumptions 3.5.4 hold aud
also assume that the errors e, are normally distributed. Then the randoi
variable

is distributed as Student’s t distribution with (n- 2) degree of freedom.
If we use notation
TJS.-t=——
sb

for the test statistic then the following tests have a significance level a
1. To test either null hypothesis

HO'-P=Po or HO:13<P0
against the altemative

Hl:p>po0
the decision rule is

Reject tf0if T.S.>tn 2a
2. To test either null hypothesis

HO:P=P0or HO:P>pO0
against the altemative

H\‘P<Po
the decision rule is

Reject HOif T.S.<-tn2a
3. To test null hypothesis

h,-P =P,
against the two sided altemative

Hx\pdpi
the decision rule is

Reject # 0if T.S.>tn 2a/2or T.S.<-t,, 2An
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Remarkl: To test the hypothesis that x does not determine y linearly and
there is no linear relationship, we will test the null hypothesis that the slope
of the regression line is zero, that is#0:/3=/30=0; the altemative
hypothesis that HXx:j3®P0®P0means x determines y linearly;
Hx:j3> /30 = 0means x determines y positively; Hx:P <j50=0 means x
determinesy negatively.

Remark2: The null hypothesis does not always have to be/3=0.We may
test the null hypothesis that fi is equal to a value different from zero.
Esample:

Test at the 5% significance level if the slope of the population regression line
for the exatpie on incomes and food expenditure of seven households is
positive.

Solution:
Fromearlier calculations we have
n=7; £=0.2642 and se=0.9922
2
S, =- 0.9856 =0.001229; and sb=0.0350.
] 801.429
Y,(Xi-x)2
M

W& are to test whether or not slope /1 of the population regression line is
positive. The two hypotheses are
HO :f3=p0 (Slope is zero)
#, :P > PO (Slope is positive)
The decision rule is
reject # 0if T.S.>tn 2a.
Trevalue of the test statistic is
TS =t= b-p 0.2642-0 _
sb 0.0350
Tresignificance level is 0.05. Therefore,
in-2,a = 15005 =2.015
irevalue of the test statistic T.S. = 7.549 is greater than the critical value of

(=2015and it falls in the rejection region. Hence, we reject the null
hypothesis and conclude that x (income) determines y (food expenditure)

7.549



positively. That is, food expenditure increases with an increase in incors
and it decreases with a decrease in income.

3.7.2. Confidence intervals for the population regression slope § i

We can derive confidence intervals for the slope /3 of the population

regression line by using coefficient b and variance estimators we hae
developed.
If the assumptions 3.5.4 hold, and if the regression errors, e,, are normally

distributed, then 100(1 —a)% confidence interval for the population
regression slope /3 is given by

b {n-2,a/2 'sb< fi<b + tn 2ai2 'Sb
where tn-2a.’s ~ number for which P(tn2>t,, 2a/2)=a/2and te
random variable r,_2follows Student’s t distribution with (n- 2) degrees of

freedom.

ExaTpie:

Construct a 95% confidence interval for /3 for the data on incomes and food
expenditures of seven households.

Solution:

From earlier calculations we have

n=7; b=0.2642; 5e- 0.9922 and sb =0.0350

The confidence level is 95%. So
100(1-a)% =95%

1-a =095
a =0.05
a /2 =0.025

K-2,a2 =15005 = 2.571
The 95% confidence interval for /3 is
b~t, 202 'sbh<P<b+t, 2a/2'sb
0.2642 - 2.571+0.0350 < /3<0.2642 + 2.571 «0.0350
0.17<P <0.35
Thus, we are 95% confident that slope /3 for the population regression ne is
betvveen 0.17 and 0.35.



Exercises
f The following information is obtained for a sample of 16 observations

taken fforn a population A

ss~ =340.700; se =1.951; and y =12.45+6.32- X
a) Make a 99% confidence interval for[i .
b) Using a significance level of 0.025, test the null hypothesis that /3 is zero
against the altemative that /3 is positive.
¢) Using a significance level of 0.01, can you conclude that /3 is zero against

the altemative that it is different from zero?
d) Using a significance level of 0.02, test vvhether /3 is different from 4.50.

2. The follovving information is obtained for a sample of 100 observations
taken from a population. (Note that because n>30, we can use the normal
distribution to make a confidence interval and test a hypothesis about /3)

A

ssn =524.884; ae=1.464; and y = 5.48 + 2.50 *x

a) Make a 98% confidence interval for /3

b) Test at the 2% significance level whether /3 is zero against the altemative
that it is positive.

¢) Can you conclude that /3 is zero? Use a =0.01.

d) Using a significance level of 0.01, test whether f3is 1.75 against the

altemative that it is greater than 1.75.

3. Refer to exercise 7 of previous chapter. The following table which gives
the ages (in years) and prices (in hundred of dollars) of eight cars of specific
model, is reproduced from that exercise.

Age 8 3 7 10 3 5 6 9
Price 16 74 38 21 98 56 49 30

a) Construct a 95% confidence interval for/3 .

b) Test at the 5% significance level if /3 is zero against the altemative that it
is negative.



4. The follovving table gives the experience (in years) and monthly salaries
(in thousands of tenge) of nine randomly selected secretaries

Experience 14 3 5 6 4 9 18 5 16
Monthly salary 22 12 15 17 15 19 24 13 27

a) Find the least squares regression line with experience as an independent
and monthly salary as dependent variables.

b) Construct a 95% confidence interval for /3 .

c) Test at the 2.5% significance level if /3 is zero against the altemative thet
it is positive.

5. The data on the size of six offices (in hundreds of square meters) and tre

monthly rents (in dollars) paid by firms for those offices are reproduced
below from exercise 6 of the previous section.

Size of offices 22 7 19 28 35 24
Monthly rent 710 590 730 880 1080 820
a) Construct a 99% confidence interval for/3 . You can use the calculations

made in exercise 6 of previous section here.
b) Test at the 5% significance level the null hypothesis that /3 is zero aggirst

the altemative that it is different from zero.

6. The follovving data give information on the ages (in years) and the nurber
of breakdovvns during the past year for a sample of six machines at a 1
company. [

Age 9 14 18 15 10 n
Number of breakdovvns 34 446 52 64 42 44

a) Find the least squares regression line y =a +b-x
b) Give a brief interpretation of the values a and b.

¢) Computc and intcrpret R2.
d) Compute the Standard deviation of errors.
e) Construct a 98% confidence interval for /3.

f) Test at the 2.5% significance level the null hypothesis that 3is
against the altemative that it is positive.
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7. The followmg table gives information on the temperature in a city and
volime of the ice cream (in thousands) sold at the stipermarket for a random
sample of eight days during the summer.

Temperature 22 6 28 2 30 19 24 32
ice creamsold 3.64 3.12 408 284 398 355 4.02 438

a) Find the least squares regression liney = a + b-x. Take temperature as an

independent variable and voliime of ice cream sold as a dependent variable.
b) Give a brief interpretation of the values a and b.

¢) Compute and interpreti?2.
d) Compute the Standard deviation of errors.
€) Construct a 95% confidence interval for /3.

f) Test at the 1% significance level the null hypothesis that /3 is zero against
thealtemative that it is positive.

Answers

La) 6.01 to 6.63;b)r.1S,.=t=59.792;reject//0;c)r.*S. = r = 59.792; reject HO
d)7\5, =t =17.219; reject H0;2.a)2.35 to 2.65;b)7°.5.= n=39.12; reject A0;
0 NS.=z=239.12;rejectA0; d) T.S.=: =11.74;reject#0; 3. a) -15.53 to -

717,b) T.S. =t =-6.645; reject A0;4.a) y -10.4986 + 0.8689 -x; b) 0.5559

to 1.1819; c¢) T.S.=t=8.323;reject HO; 5 a) 1234 to 3792 ; h)
| n
TS.=t =4.604; reject A0 6.a) y=-1.4337 +0.8916-jc;c) R2=0.94;

d st =0.9285; €) 0.5708 to 1.2124; f) T.S.=t=935f>; reject A0;

7.d) y=2.0680+0.0714 c) R2=0.92;d) se=0.1537; e) 0.0511 to
00917, f)T.S. =t = 8.602 reject HO.



3.8. Using the regression model for prediction a particular value ofy

The second major use of a regression model is to predict a particular value d
y for a given value of x, say x0. For exatpie, we may want to predict te
food expenditure of a randomly selected household with a monthly incone
of $3000. In this case, we are not interested in the mean food expenditure o
ali households with a monthly income of $3000 but in the food expenditure
of one particular household with a monthly income of $3000. This predicted
value ofy is denoted byyp. To predict a single value ofy for x =x0ftmn

estimated sample regression line, we use the value of y as apoint estimated]

y p. Using the estimated regression line, we find y forx =30 as
n
»=1.1414 + 0.2642 w(30) = 9.0674

Thus, based on our regression line, the point estimate for the fu
expenditure of a given household with a monthly income of $3000 &
$906.74 per month.

Different regression lines estimated by using different samples of ®a
households each taken from the same population will give different valueso:
the point estimator for the predicted value of y for x =30.Hence ,s
confidence interval constructed for y p based on one sample will give anoi

reliable estimate of ypthan will a point estimate. The confidence irtena
constructed for y pis more commonly called a prediction interval.

Suppose that the population regression model is

yt=a+P-xt+e, (i=12....,n+1
and that the Standard regression assumptions hold, and that the £$
normally distributed. Let a and b be the least squares estimates of a ath
It can be shown that the following are 100(1- a)% intervals:
1. For the forecast of the single value resulting forynt at a given x,,#\$
prediction interval is
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ym—on2all LT (")

y/4 %_1(*’_*)’

2 For the forecast of the conditional expectation, E{ynXIx,+l), the
confidence interval is

1 (*,,+1 - X)
Yn+\~K-2,al!2 n n
i=
where
n
| * .
jo= ! and Ynii=a +b-x).,.
Exatpie:

For the data on incomes and food expenditures of seven households, find

a) 99% prediction interval for the predicted food expenditure for a single
household with a monthly income of $3500;

b) Obtain a 99% confidence interval for the expected food expenditure for ali
households with a monthly income of $3000.

Solution:

a) The point estimate ofthe predicted food expenditure for x = 35 is given by

A

y =1.1414+ 0.2642-(35) = 10.3884
100(1-«)% =99%
a =001
a/2 =0.005
Mm-2,a72 ' A5,0.005 - 4,032
Using data ffom the previous chapters

0.9922; i =30.2857; and SSr =801.4286

”



Hence, the 99% prediction interval for ypfor x =35 is

Yo+ —(n-2,al2 %

10.3884 + 4.032- 1+ _71+( (35-30.2857)2 ) 5ors =

801.4286

=10.3884 + 4.3284= 6.0600 to 14.7168
Thus, with 99% confidence we can State that the predicted food expenditure

of a household with a monthly income of $3500 is between $606.00 ad
$1471.68.

b) Once again, the point estimate of the expected food expenditure fa
x=35is

y = 1.1414 + 0.2642 +(35) = 10.3884
Hence, the 99% confidence interval for E(yn{ /35) is

i (35-30.2857)

7 801.4286
=10.3884 +1.6523 = 8.7361to 12.0407

Thus, with 99% confidence we can State that the mean food expenditur6"

ali households with monthly income of $3500 is between $873.61
$1204.07.

As we can observe, the interval in part a) [606.00 to 1471.68] is much">;
than the one for the mean value of y for x=35calculated in mt
[873.61t0 1204.04], This is always true. The prediction interval*

predicting a single value ofy is always larger than the confidence intenal
estimating the mean value ofy for a certain value of x.

10.3884 + 4.032- -0.9922 =

12



E xercises

1 Construct a 99% confidence interval for the mean value ofy and a 99%
prediction interval for the predicted value ofy for the follovring

a) y=3.25480 & for x=15given se —0.954;

x =18.52; SS,, =144.65; and n=10
n
b)y =-27 + 7.67 ox for x = 12 givense =2.46 ;x = 13.43;
SS,, =369.77; and n=10

2 Refer to Exercise 4 of the previous section. Construct a 90% confidence
interval for the mean monthly salary of secretaries with 10 years of
experience. Construct a 90% prediction interval for the monthly salary of a
randomly selected secretary with 10 years of experience.

3. Refer to Exercise 6 of the previous section. Construct a 95% confidence
interval for the mean number of breakdowns for ali cars which are 16 years
old. Determine a 95% prediction interval for y for x = 16.

4. The following data give information on the lowest cost price (in dollars)
and the average attendance (thousand) for the past year for eight football
teas
Ticket price 36 33 28 26 27 29 20 26
Attendance 24 21 22 22 18 13 19 6

a) Taking ticket price as an independent variable and attendance as a
dependent variable, estimate the regression of attendance on the ticket price.
b) Interpret the slope of the estimated regression une.

o Find and interpret the coefficient of determination.

d Find and interpret a 90% confidence interval for the slope of the
population regression line.

€) Find a 90% confidence interval for expected number of attendance for
whichthe price of ticket is 20.

5 A sample of 25 employees at a production plant was taken. Each
enployee was asked to assess his or her own job satisfaction (x), on scale
from 1to 10. In addition, the number of days absent (y) from work during
trelast year were found for these employees. The sample regression line



y =13.6-1.2-x

was estimated by least squares for these ¢
¢ level against the appropriate one_sdd
that job satisfaction has no linear effectol

,h satisfaction level 4. Find a 90% conMww
vvould be absent from work»

Chapter 4

Multiple regression analysis
4.1. Introduction

In Chapter 3 we showed how regression analysis could be used to
develop an equation that would estimate the relationship betvveen two
variables. Recall that we limited our discussion to the development of a
linear relationship between the two variables, or what is commonly referred
toas simple linear regression. There are many important situations, however,
where the underlying relationship betvveen two variables can not be
explained adequately with a straight-line relationship. in addition, the most
of real vvorld problems require the consideration of more than one
independent variable in order to predict the dependent variable. In this

chapter we discuss how multiple regression analysis can be used to handle
such situations.

4.2. Multiple regression model

Usually a dependent variable is affected by more than one independent
variable. When we include two or more independent variables in a regression
model, it is called a multiple regression model.

Amultiple regression model with y as a dependent variable and x,,X2 as
independent variables is written as
y=a +/3 X +/32x2+e
'miecthe numbers a, /3,,and /3, must be estimated from sample data.
More generally, a multiple regression model with yas a dependent variable
~ X\, X2,X3,....... and xkas independent variables is vvritten as
y=a + /3 X, + [32ex2+ /33-x3+ ...+ mk+e (1)
where the numbers a represents the constant term and /3,,/39,/33,.....[3k are
e regression coefficients of an independent variables x1,x2,jd3,.......
, respectively.
if each ofthe independent variables is set to 0, it follovvs that
E(y/x1=0;x2=0;....xk=0) =a



Thus, cis expected value of the dependent variable when every independem 4.3. Standard assumptions for the multiple regression models
variable takes value 0. Frequently this interpretation does not carry pratica

mteres_t and ofter? leads to meanmgles; . dsobased on certain assumptions.
The interpretation of the coefficients Px P.wP3» Pk extremeh | consiaer the multiple regression model

important. For exaTpie, /3 is expected inerease iny resulting ffom 1 ui| y=a +Plm§ +p2ex2+ [3x3+....+ Pk xk +e

inerease in x,when the values of the other independent variables remain The following assumptions are often made:

constant. In general, /3 is expected inerease in the dependent vaidde Assumption 1: For any given set of values of x,,x2,x3}...... and XK, the
resulting from a 1-unit inerease in the independent variable x, when te randomerror e has a normal probability distribution with mean equal to o

Like the simple linear regression model, the multiple regression model is

values of the other independent variables remain constant. advariance equal to a 2.
If model (1) is estimated using sample data, which is usually the case, te Assumption 2: The errors associated with different sets of values of
estimated regression model is written as independent variables are independent.

Assumption 3: The independent variables are not linearly related. If any of
trem is linearly related, then we can eliminate one of the variables by

o _ meking substitution and reduce the number of independent variables.
In mOde| (2) a,BX,bZ,B‘b, ..... andbkare the Samp|e StatIStICS, WhICh al’elhE Assumptlon 4 |t |S not pOSS|b|e to flnd a set of numbers CO,C,,CZ

point estimators ofet, /3,,/32,/33,....and [3k, respeetively. arhthat
In model (1)y denotes the aetual values of the dependent variable. In noH @+ X +c2ex2+Cc3ex3+.... +ckexk=0

y=a+h eX]+hb2m2+63ex3+. .+ =Xu 2

2), y denote the predieted or estimated values of the dependent varidde . . .
@)y P P 4.4. The explanatory porver of a multiple regression equation

The difference betweeny and y gives the error of predietion. L .
The method of fitting multiple regression of least squares model is sinilartc 44.1. Estimation of error variance
that of fitting the linear regression model: method of least squares. Thatisi

. Tre variance of errors (also called the variance of the estimate) for the
we choose the estimated model

N multiple regression model
y =a+bxmq + b2 m2 + T3 + ... + bk Kk y-a+rI B+ P x2- BB, . PkBK+E
that minimizes ks denoted by o ]. Flowever, when sample data are used to estimate
SSE="(y-y)2. Multiple regression model (1), the variance of errors, denoted bys@ , is an
unbiased estimate ofthe «c . The formula for calculating sj is as follows
2 /):(1?t SSE
n-K-1 n-K-I

2-is the sample size



K-is the number of independent variables included in the model.
The positive square root of the variance seis also called the Standard emr
of the estimate.
4.4.2 The coefficient of determination

Multiple regression uses independent variables to expiain the behaviour d
the dependent variable. Part of the variability in the dependent variable anl
be explained by its linear association with the independent variables. W
will develop a measure of the proportion of the variability in the dgpendeffl
variable that can be explained by the multiple regression.

Let the multiple regression model fitted by least squares }Pe

Y, =a + br-xb +b2-x2 +bb-xu +.....+bk-xk +e, =yi+ei
where a, bxb2,b3,.....and bkare the least squares estimates of the popuiffi

regression model and e, ’s are the residuals from the estimated reyesicc

model. I
The model variability can be partitioned into the components

SST = SSR + SSE
where

Total sum of squares:

Error sum of squares:

n
Regression sum of squares: SSR =

The coefficient of determination for a multiple regressio

called the coefficient of determination, is denoted by R2
the proportion of the total sample sum of squares SST th;
the multiple regression model.

FQn2 _ SSR_ 1 SSE

T SST T SST
It telis us how good the multiple regression model is a
independent variables included in the model expiain the def
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The value of the coefficient of determination R2always lies in the range 0 to
1 that is

O<R2ul

4.4.3 Adjusted coefficient of determination

There is a potential problem with using R2 as an overall measure of the

quality of a fitted equation. The value of R2generally inereases as we add
more and more explanatory variables to the regression model. Therefore, by
adding a large number of variables to our regression model (even if they are
not ineluded in the model) we can make the value of R2 very elose to 1
Such a value of R2will be misleading, and it will not represent the true
explanatory power of the regression model. To eliminate this shorteoming
of R2, it is preferable to2 use the adjusted coefficient of determination,

_ 2
which is denoted by R . The value of R may inerease, decrease, or

day the same as we add more explanatory variables to our regression
~mocel. If a new variable added to the regression model contributes

significantly to expiain the variation iny, then R inereases; othervvise it
decreases. The value of R is calculated as follows
R~2=1-(1-R 2)- or
n-K-1

D2  SSE/(n-K-}
SST/(n-1



4.4.4 Predictions from the multiple regression models

3iven that the population regression model

y=a + fil -x1+fi2 -x2 +fi3-x3+....+ Pk-*k +£
holds and assume that the Standard regression assumptions are vahd. |
abb ... bkbe the least squares estimates of the model coefficiel

a.filfi],.....fik, correspondingly. Then given a new observation of ad,

the best linear unbiased forecaSt Of Ml iS

Yy )=a+ b]exj.+ + b2 mxomh+ + bk mkitH
Remark: U is very risky to calculate forecasts that are based on >v*
37" 3he range ofthe data nsed to estimate the model coefficents, ta.
»e have not included these points to the linear model.

point, Xt ; *2nH

Exercises

1. The regression model y, =t*+ A sH +Pr' + was fltted “ "
set obtained from 20 nins of an eaperiment in whicb two predictors J,

x4 were
were
a=4.21; bx=11.37;  P2=-0.513
Predict the response for
a J=8; x2=30
by =8; x2=50 i

2. The following model was fitted to a sample of 25 families m

expiain household milk consumption
yi=a +13 exh + fil x2 +

where
y .-milk consumption, in liters per week

xy -weekly income, in hundreds of dollars

-family size
The least squares estimates of the regression parameters were
a=-0.30; bx=2.32; b2=1.41
4  »etimates bxand b2

observed along witb the responsey,. The least squares esti»

b) Is it possible to provide a meaningftil interpretation of the estimate a ?
3 The following model was fitted to a sample of 20 students using data
obtained at the end of the education year. The aim was to expiain students’

Weight gains.
Yi=a +fil xu + fi2m2 +fi3mx3 + ¢,
where
y. -welght gained. in kilograms. during the academic year
Xu-average number of meals eaten per week
x2 -average number of exercise per week, ( in hours)
xsi -average number of beers consumed per \veek
Treleast squares estimates of the regression parameters were
a=12.9; K =4.5; b2 =~6.3; b3=3.14
a) Interpret the estimates bi,b2and b,
b Is it possible to provide a meaningful interpretation of the estimate a ?

t " elmdy ofe”ercise 2, where the least squares estimates were based on
sets of sample observations, the follovwvmg data were found

YL, SST'=160.6 and SSR=80.3
g Findand interpret the coefficient of determination.
md the adjusted coefficient of determination.

°f eXerCiSe 3’ Sample of 20 °bservations were used to
culate the least squares estimate. The regression sum of squares and error

mot squares were found to be
yi, «ST=82.6 and SSE=49..3

T and interpret the coefficient of determination.
~ Anii the adjusted coefficient of determination.

°Ta\u tIPie ILLEal regression was fitted tO a data set obtained from 27 runs
aloE T 1’ INWhICh four P-edictors x,,x2,*3, and x4were observed

a- r ! 1le resPonse>'". The follovving results were obtained:
6, =2.35; b2=18.4; i3=-0.91; b4=6.2;
W SSR=920.60; SSE = 78.92

b6 1B FOT ** = 14" , = 0-6%3= 5, x4 =5.2
QW'E‘? the error Standard dg\,/,ietig[] 2}

proportion of they variability' | explained by the fitted regression?
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Ansvvers
1. a) 79.78; b) 69.52; 4. a) 0.5; b) 0.45; 5. a) 0.4; b) 0.52; 6. a) 66.17,
b) 1.89; c) 0.92.

4.5 Computer solution of multiple regressions

Usually the calculations for a multiple regression model are made by g
statistical softv/are package for computers, such as MiNi F'AB, instead
using the formula manually. In this chapter we will analyze the mutiple
regression models using MINITAB statistical software. The Sdutias
obtained using other packages can be interpreted the same way.

Remark:

To use MINITAB meni follow the follovving instructions

1. Select Stat>Regression

2. Select Response column

3. Select Predictors columns

4. Click OK.

Exatpiei:

Suppose that we want to find the effect of driving experience and the runber

of driving violations on auto insurance premiums. A random sample of D

drivers insured with a company and having similar auto insurance policie
was selected. Table 4.1 lists the yearly auto insurance premiums (in ddlas)

paid by these drivers, y, their driving experience (*,, in years), and te

number of driving violations that each of them has committed during the

five years.
Table 4.1

*2
74
50
97
57
99
35
40
49
101
42

2

[E=N

P RBwR M o <
OO NP ORFL Ww?*

10

Uea Computer package to perform a regression analysis using model
Yi=a +Pr1 + P2 ex2j +£,.

adanswer the following questions:

g Write the estimated regression equation;

b Interpret the meaning of the estimated regression coefficients;

0 What are the values of the variance and Standard deviation of errors, the

coefficient of determination, and the adjusted coefficient of determination?
dWhat is the predicted auto insurance premium paid per month by a driver
withseven years of experience and four driving violations?

Solution:

Wirg MINITAB, we first enter the data of y, x,, x2in three different

Oums and then use the regression command. The Computer executes a

mutiple regression analysis. We focus our attention on the principal aspects
dithe output as shown in Figire 4.1

h * Figlure 4.1
Tre regression equation is
=87.9 - 3.39 XI + 2.33 X2
Predictor Coef st. dev. T P
‘onstant 87.92 13.96 6.30 0.000
o -3.3869 0.9930 -3.41 0.011
2.327 2.264 1.03 0.338
| ;=13-77 r—sq = 78.4% R-SQ(adj) = 72.3%
~ lysis of Variance
‘SUrce DF SS MS E p
Sien 2 4824.5 2412.3 12.72 0.005
Asidua.lError I 1327.9 189.7
9 6152.4
SEQ. SS
4624.1
\ 200.4

Jthd'1Pr0Ceed tO interPret the results in Figire 4.1 and use them to make
RIh  t'stical inferences.

eediation of the fitted linear regression is



y =87.9- 3.39 -*! +2.33 «x2
Frouw this equation,

a—_87.9; bx=-3.39; b2=2.33
We can also read the values of these coefficients from the column labeled
COEF in the MINITAB solution of Figlre 4.1.
Notice that in this column the coefficients appear with more digits aftertkt
decimal point. With these coefficient values, we can write the edinaed
regression equation as

y = 87.92 - 3.3869 ¢jg + 2.327-
b) The value of a =87.92is in the estimated regression equation givestk

value of y for jc, =0and x2=0. It means that a driver with no experiel
and no driving violations is expected to pay an auto insurance premiumo
$87.92 per year. This is the technical interpretation of a

The value of hj=-3.3869in the estimated regression model givesi

change in y for a one unit change in jg when x2 is held constant. Thus«
can State that a driver with one extra year of experience but with the s»
number of violations is expected to pay $3.3869 less for the auto ireuac
premium per year.

The value of b2 =2.327 in the estimated regression model gives change'l o

for a one unit change in x2 when xt is held constant. Thus, we can Satei

a driver with one extra driving violation but wijil| the same years of dn'-
experierce is expected to pay $82.327 more per year for the auto iramf*
premium

1327.9

SSE : =189.7, so

b) o 2is estimated by s = -
n-K-1

=13.77.

The values of the Standard deviation of errors, the coeffici®, Hd]

determination and the adjusted coefficient of determination are also gu
MINITAB solution. From Figure 4.1 we obtain

2
s=se=13.77 ; R-SQ=72=784%; R-SQ((adj)= R =723%

The value of R2 = 78.4%telis us that the two independent variableslIC a>v

in our model expiain 78.4% of the variation in the dependent variabls-

Tre value of 72 - 72 30/

.djustri for degrees of freedoém. It
freedom, the two independent varir,h . . when adJusted for deurees of
dependent variahle. Vanab,es «.3% ofthe variad,,?L thf
e) To predict auto premium paid per year by a d '
mpenence and four dnVi,g ~ w T"
estimated regression model tUte

ofdM™ inatio,,

N

T °f
=7*nd *2- 4in the

Y=87.92-3.3869-r
I *+2-327m~= 87.92-3.3869-7 +2.327-4=735,97
Note that this value of v js a,, =t

which is denoted byyp . ~ Mate °f the Predi<Ted value ofy.

Remark:
so,u,io,, i,, the end reprodnced beiow
TTUSEQ ss
)4 4624.1
200.4

A °fthe eXamPles-From figlire 4.1 we have

e . .
estimate the simple linear .
regression ofy on

Y-a+p .x +£
yalue of SSR wH| be 4624.3 which * th
labeled SEQ.SS. Thatis' r sinni " va" e inthe

"% 'fweadd‘v7,,modT™M 'S * N1lreduce Nby4b2n’

*x isthe{//,,,,,A.v ab°Ve- ,he ® V «» further |
ity #y Value intherow ofX2andzZ 7
** «fthe two numbers N

AB24 14 968.4 1&g 4¥mn of SFQ.SS 1
Value ofSS”* in the Figiire 4.1.

A rediCed
SEQ.SS.

200A

are

4Nht r tT 12' in srudf Ing the biood

Sampieof



Y X
120 76
160 84
134 9%
149 9
153 74
164 83
130 92
170 110
148 80
126 79
Usea
yi=cc¢ +.p01~’:1/+:P« -x2 te,
Solutions

of the output as shown in Table 4.2

jhe regression equation is
V=812 + 0.493 Xl + 0.474 X2
Predictor ~ Coef ~ St. dev.
Constant 81.17 43 .50
XI 0.4929 0.4749
%) 0.4741 0.3641
s = 16.32 R“SQ - 30,2%
Analysis of Variance
Source DF SS
Regression 2 805.2
Residual Error 7 1864.9
Total 9 2670.1
Source DF SEQ S
X 1 353.4
%) 1 451.8
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X

60
45
37
46
49
70
38
54
28

A

NN\
Using MINITAB, we first enter the data ol y

.., X2in three dfferef

Tablei2
T , P
1.87 0.104
1.04 0.334
1.30 0.234
VB F
402.6 151
266.4

Vi now proceed to interpret the results in table 4.2 and use them to make
flirtrer statistical inferences.

o The equation ofthe fitted linear regression is

B' n
y=81.2+0.493-x, + 0.474 &2

Thismeans that the mean blood pressure increases by 0.493 if weightxj
increases by 1 kilogram and age x2remains fixed.

Similarly, a 1-year increase in age with the weight held fixed will increase
tremean blood pressure by 0.474.

B The estimated regression coefficients and the corresponding estimated
Starcard errors are

<=81.17 estimated Standard error S.E.(a) - 43.50
bj = 0.4929  estimated Standard error S.E.(b]) = 0.4749
b2=0.4741

estimated Standard error S.E.(b2) = 0.3641
Futher, the error Standard deviation a estimated by s = 16.32 with
degrees of freedom =n - (number of variables) -1 = 10-2-1 =7.

lhee results are usefill in interval estimation and hypothesis tests about the
*gression coefficients.

9InTable 4.2, the result "R - SQ =30.2%" or R2=0.302 telis us that

{1260fthe variability ofy is explained by the fitted multiple regression of
von JJand x2. The analysis of variance shows the decomposition of the

*hlvariability ~ (y -y ) 2=2670.1 into the two components

2670.1

=805.2 +
el variablity Variability7explained
dy

by the regression
v y gressi

1864.9
Residual or
unexplained variability

r2 =_805:2_=0302
2670.1

1864.9

g2 estimated by 52 = =266.41, so5=16.32.
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4.6. Confidence interval for individual coefficients me 90% confidence interval for j5t js

The values of a,bxb2,....andbkobtained by estimating model (1) wsing b -sh < /3 <b}+t

sample data give the point estimates ofa,/3,,/12,......and [ik, respectively, -3.3869-1.895-0 9930 n

which are the population parameters. Using the values of the sanple
statistics a, b],b2,.....and bk, we can make 100¢(1- a)% confidence intervals  ta . the 90% confidence mtenndi for n is , , ,,

I -5.269<]j3, 505 <' 33869 +1-895.0.9930

for the corresponding population parametersa, /3,,/32,......and (5k, anState with 90% confidence th»t f  * 5-269 to ~ 1-505 « That is we
respectively. S * insura” “
If the population errors, £,, are normally distributed, then _
100-(1-a)% confidence interval for the regression coefficients [, ae Exercises
given by L hi the study of exercise 2 of th
N\
bi ~t,-K-\,a/2 "Sb, < Pi < bj + tn-K-i,a/2 'Sh r 7.4—;.6(]8[ 1* 25 - oss errorsm

where tn Kja/2 is the number for which
n E nd 90% and 980{) ggr)fidence intervals for fi
Find 95% and 99‘4/0 n
[

Wi/o confidence intervals for j32

@
P(fn-K-1>tn-k-\,all) = -2
and the random variable tnKAfollows a Student’s t distribution with j
(n-K -7 degrees of ffeedom.
ExaTpie:
Determine a 90% confidence interval for /3j (the coefficient of experience)

for the multiple regression of auto insurance premium on driving experience

and the number of driving violations. Use the MINITAB solution of Fig. 4T )
regression ofy on

Solution: _
The portion ofthe solution is shown below | Fen ssiori e'guation’is
Predictor Coef St. dev. T p X 2'4 + °-24 X1 + 0.036 X2
Constant 87.92 13.96 6.30 0.000
Xl -3.3869 0.9930 -3.41 0.011 .‘Star?ttor Coef st
X2 2.327 2.264 1.03 0.338 12 410

0.2415

0.0362

SF76

From the given information we obtain RSO = .
= 10; b,=-3.3869; and sb =0.9930 W= 978%  ResQ(ad)) = 96

The confidence level is 90%. So,

In-K-\,al2 = ~10-2-1,0.05 = U,0.05 =

138
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Analysis of Variance

Source DF SS MS F P
Regression 2 849.65 424.83 130.10 0.000
Residual Error 10 ° 32.65 3.27

Total 12 882.30

Source DF SEQ. SS

X1 1 841.25

X2 1 8.40

Using the MINITAB solution, answer the following questions for te
population regression model y = C+  mX + /32ex2+£

a) Write the estimated regression equation.

b) Write the values of a,6,, b2 and expiain the meaning of these estinsated
regression coefficients.

c) Write the values of the Standard deviation of the coefficients of a . o v o

d) What are the values of the variance and Standard deviations of errors, te
coefficient of determination, the adjusted coefficient of determination, ss.
SSR, SSE, MSR, and MSEP.

e) What is the predicted value ofy for xr = 74 and x2 =140?

f) Construct a 99% confidence interval for the coefficient of x]in te
population regression model.

g) Make a 95% confidence interval for the coefficient of x2in the population
regression model.

h) Determine a 90% confidence interval for a , the constant term inte
population regression model.

4. The followving is the MINITAB solution for a regression ofy on xvh

and x3.

Regression Analysis: Y versus X1, X2, X3
The regression eguation is
Y = 22.2 + 0.203 XI - 0.0499 X2 - 0.216 X3

Predictor Coef SE Coef T P
Constant 2.212 4.602 4.83 0.003
Xl 0.20276 0.06171 3.29 0-0r
X2 -0.04991 0.04166 -1.20

140



x -0.21648 0.04836 -4.48 0.004

S=1.016 R-SQ = 98.6% R-SQ(adj) = 97.8%
Analysis of Variance

Source DF SS VB F P

Regression 3 422.21 140. 74 136.44 0.000
Residual Error 6 6.19 1.03

Total 9 428.40

Source DF SEQ SS

A 1 401.42

x 1 0.12

3 1 20.67

Wing the MLUITAB solution, answer the following questions for the
population regression model y =a +P1-x1+/52-x2 +Pi -xi +£

g Write the estimated regression equation.

b Write the values ofa,bl,b2, b3and expiain the meaning of these
estirreted regression coefficients.

oWfite the values of the Standard deviation of the coefficients of a,bx,b2,
K

dWhat are the values of the variance and Standard deviations of errors, the
coefficient of determination, the adjusted coefficient of determination, SST,
SR,SSE,MSR, and MSE1

§What is the predicted value ofy for xx=33, x2=50and x3=60?
| Construct a 95% confidence interval for the coefficient of jgin the
population regression model.

Y Meke a 90% confidence interval for the coefficient of x2in the population
regression model.

H Determine a 99% confidence interval for x3, in the population regression
tiocH.

i ina study of revenue generated by national lotteries, the following

".gression equation was fitted to a data from 26 countries with lotteries:
>'=3029+ 0.0354 *, + 0.9734 #x2 - 340.9524 *x3

(0.00652)  (0.3210) (225.78)



R2=0.56%
where
y - dollars of net revenue per capita per year generated by lottery;

X -mean per capita personal income of the country

x2-number of hotel, motel, resort rooms per thousand of people

x3- spendable revenue per capita per year generated by legalized gambling
The numbers in parentheses below the coefficient estimates are te
corresponding estimated Standard errors.

a) Interpret the estimated coefficient on xx, x2 and x3.

b) Find and interpret a 90% confidence interval for the coefficient on X2, in
the population regression.

¢) Find and interpret a 99% confidence interval for the coefficient on x3.in
the population regression.

Answers
L a) 2.167 to 2.473; 2.135 to 2.504; b) 0.48 to 2.34; 0.142 to 2.678; 24.19

to 4.814; 4.12t0 4.88; 3.98 t0 5.02; 3. a) y =12.4 + 0.24 &, + 0.036 *x2;
b)a = 12.410; & =0.2415; b2=0.0362;c)sa =5.234; stx=0.0345;

2

sl =0.024; d) ~ =3.0976;  =1.76; R2=97.8%; R =%6%
SST = 882.30; SSR = 849.65; SSE = 32.65; MSR = 424.83; MSE = 3.27;
e) yp =35.2; ) 0.132 to 0.348; g)-0.017 to 0.089; h) 2.93 to 21.89;

n

4. a) y=222+0.203 w -0.0499x2-0.216x3;b) a =2.212; K =0.20276;
b2=-0.04991 ;b3=-0.21648;c).v0=4.602;5A=0.06171; sh = 0.04166;

2
sh =0.04836 ;d)se =1.032;se =\.0\6;R2=98.6%; R =97.8%;

SST = 428.40; SSK=422.21; SSE =6.19; MSR =140.74; M5£ = 1.03;
e) =13.444; f) 0.051 to 0.355; g)-0.132 to 0.031; h)-0.394 to -0.038;
5. b) 0.422 to 1.524 c) -977.42 to 295.52.



4.7. Test of hypothesis about individual coefficients
We can make a test of hypothesis about any ofthe fi. coefficients of model

y=a +PxX-xx+p2-x2+p3m3+.... + pk Kk +£
Using the same procedure that we used to make a test of hypothesis about /3

for a simple regression model in previous chapter. The only difference is the
degrees of freedom, which are equal to (n- K -1) for a multiple regression.

Inthis case the value ofthe test statistic t for btis calculated as

TS.=t=-L~

Thevalue of /3 is substituted from the null hypothesis.

If the regression errors £, are normally distributed and the Standard

regression assumptions hold, then the following hypothesis tests have
significance level a

1 Totest either null hypothesis
HO:p, =p0.. HO:p, <pO0
against the alternative
H.A>P
the decision rule is
Reject HOIif TS.>t,,_Kia
2 Totest either null hypothesis
Hq:Pi =Po ov HO:P,>PO0

-A<P

against the alternative

tredecision rule is

Reject HOif T.S.<-t,, KXa
2 Totest null hypothesis

A0:/3,=/30
agpirst the two sided alternative

R

Reject HOif T.S.>tn K Xa/20oT T.S.<—n K la/2
&flLlrk In most cases we are interested in the null hypothesis HO:P, = 0.

4e decision rule is
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ExaTpie:

For exaTpie 1 of the section 4.5, using 1% significance level, can you
conclude that the slope of the number of driving violations in regression
model is O against the alternative that it is positive? Use the MINITAB
solution given in Figlre 4.1.

Solution:

x2is the number of driving violations committed during the past five years.

The portion ofthe solution is reproduced below

Predictor Coef St. dev. T P
Constant 87.92 13.96 6.30 0.000
X1 -3.3869 0.9930 -3.41 0.011
X2 2.327 2.264 1.03 0.338
We are to test the following null and alternative hypotheses
HO:[32=0
HI:P2>0

The decision rule is
reject # 0if T.S.>tnK la

From solution we obtain that t =T.S. = 1.03. It also can be found as
b - /3 _2.327-0
2.264
df.=n-K-\=V)-2-\=I
= +7,0010 =2.998
Since 1.03<2.998, we accept the null hypothesis. Consequently, «
conclude that the slope of x2in regression model is zero. That is, the runber

of driving violations is not significant and an increase (or decrease) inte
number of driving violations does not affect the auto insurance premium.

Remark:
Note that the observed value of test statistic T (test statistic t) is obtairel

from the MINITAB solution only if the null hypothesis is
However, if the null hypothesis is that /32is equal to a number other te

zero, then the t value obtained from the MINITAB solution is no logf
valid. In this case observed value of the test statistic will be calculated as

N J

TS =/= =103

TS -t. 'z ™



4.8. Tests on sets of regression parameters

In the previous section we developed a hypothesis test for individual
regression parameters. There are situations, where we are interested in the
effect of the combination of several variables. Now we will perform a test of
hypothesis with the null hypothesis that the coefficients of ali independent
variables in the regression model are equal to zero and the altemative
hypothesis that the coefficients of ali independent variables are not zero. For
tremultiple regression model

y=a+pr xl+p2-x2+p3-x3+..+Pk xk+e
tretwo hypotheses for such test are written as

tfor =fil =P3=..... ~Pk=0

H] :at least one /3, * 0
Atest of hypothesis for this case is performed by using the F distribution.
Tre F distribution has 2 degrees of freedom- df for numerator and - df for
denominator. Table 6 in Appendix lists the values of F for F distribution.
Trevalue of the test statistic T.S.=F can be obtained from the Computer
solution, or it can also be calculated by using formula

s SSR/K
SSE/(n-K-1)
T.S. MSR
MSE

where MSR stands for the mean square regression and MSE for the mean
LB error.

MSR = SSR . MSE = SSE
K ; (n-K-1)
hthe end, to test the null hypothesis
Ho Wi =P2~P3- ... =Pk =0

apinst the altemative hypothesis
4, :at least one /3, ®0O

edecision rule for a significance level a is
reject tfO if T.S.=F>FKm_ha
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where Fxnk_nais the number for which P(FK n.k\ > Fk,n-k-\a) ~a ad
Fx i ,follows an F distribution with numerator degrees of freedom K and

denominator degrees of freedom (n—K —1).
ExaTtpie:

Using 5% significance level, can you conclude that the coefficients of di
independent variables in the exatpie 4.1 are equal to zero? Use te

MINITAB solution shown in Figlre 4.1
Solution:
The two hypotheses are
HQ:F=[32=0
Hx:at least one /370
The portion ofthe solution is reproduced below

Analysis of Variance

Source DF SS MS F P
Regression 2 4824.5 2412.3 12.72 0.005
Residual Error 7 1327.9 189.7
Total 9 6152.4
From the portion of MINTAB solution we obtain

MSR =2412.3; MSE = 189.7

and the value of the test statistic is T.S.- F =12.07
FKn-k-1,a ~ 72102-1,006 = 727006 =4.74

Because the value of the test statistic T.S.=F =12.07 greater than 4.74, iL

- ThS fol,owing is the MINITAB solution ¢,

andr,.

Te regression

falls in the rejection region. Consequently, we reject the null hypothesisad 98 the Minitar c,I *

conclude that at least one of the two j3 ’s is ditferent from zero.

Exercises

L Refer to the study on milk consumption, described in exercise 2 andJ

after the section 4.4.4. Test the null hypothesis that /3, = 12=0
2. Refer to the study on vwveight gains, described in exercises 3 and 5 aftef
section 4.4.4. Test the null hypothesis that /3 =/3, =/33=0

a regression of y on

eguation 1is
%

Y- 51.6 - 0.0599
+ 0.0850 X2 - 0.00477 X3
Predictor Coef
Constant 51.61 Sllzl Cz?sef T p
A “0.05993 ' 4.59 0.000
n 0.01526
0.08497 -3.93 0.003
3B 0.02875 2 06
-0.004773 0.008707 0-55 0.014
3= 0.8995 e 0.596
- R-SQ = 99.7% _ _
) R sQ(adj) = 99.6i
~"HIE£ _of Variance
3urce Dp
. $S NS
-gression 3 F
ssidual Error 2909.91 969 97 1198.86
«otal 13 8.09 0.81 '
2918.00
-°urce
X DF
X 1
3 1
1
A %he esdOn mod i I * fe fol'O® Ouestions for the
t
*ri,e regre“ IO o a ' +A ~ +A +£

"o A

' r37d * plain \he «

HalUe fOr each oftheco Sd ItsT fa”, X -T,Ue °f tCSt SaitiC> and



e) What is the predicted value ofy for x, =310, x2 =260 and x3 =180?

f) Construct a 95% confidence interval for the coefficient of Xjin te
population regression model.

g) Make a 99% confidence interval for the coefficient of x2in the population
regression model.

h) Make a 98% confidence interval for the coefficient of x3in the population
regression model.

i) Determine a 95% confidence interval fora, the constant term in
population regression model.

j) Using the 5% significance level, test the null hypothesis that
coefficient of X in the population regression model is zero against te
altemative that it is negative.

k) Using the 1% significance level, can you conclude that the coefficient o
x2in the population regression model is zero against the altemative that itis
positive?

I) At the 2.5% significance level, test if the coefficient of x3in te
population regression model is zero against the altemative that it is neggtive.
m) Using the 5% significance level, can you conclude that the coefficients of
ali independent variables in the population regression model are equal ©
zero?

4. The Corporation has a large number of restaurants through the country
The research department wanted to find if the sales of the restaurants dep
on the size of the population within a certain area surrounding the restaurants
and the mean income of households in those areas. They collected
information on these variables for 10 restaurants. The following table guod
information on the monthly sales (in thousands of dollars) of the*
restaurants, the population (in thousands) within 10 kilometers of tf
restaurants, and means monthly income (in hundreds of dollars) of ®
households of those areas.

Sales 18 28 16 20 13 29 34 23 19
Population 22 16 33 19 47 70 30 45 77
income 39 51 28 32 28 37 42 27 20



Using MINITAB (or any other statistical sofhvare package), fmd the

regression of sales on a population and income. Using solution, answer the
following questions.

a) Write the estimated regression equation.

b) Expiain the meaning of the estimates of the constant term and regression
coefficients of the population and income.

0 What are the values of the Standard deviation of errors, the coefficient of
determination, the adjusted coefficient of determination?

d What are the value of the total sum of squares? What portion of SST is

explained by our regression model? What portion of SST is not explained by
aurregression model?

€ What is the predicted sales for a restaurant with 52 thousand people living

within 10 km surrounding it and $3600 mean monthly income of households
living in those areas?

f) Construct a 95% confidence interval for the coefficient of income.
g Using the 5% significance level, test the null hypotliesis that the

coefficient of population in regression model is zero against the two-sided
alterrative.

HUsing the 1% significance level, can you conclude that the coefficients of

bath independent variables in the population regression model are equal to
s (04

Ansvvers
i: US.=11; reject HO virtually at any level; 2. T.S.=3.06; reject HO at 5%
n

bel; 3. ) y =51.6-0.0599 -x, +0.0850 j2-0.0048-x3; b) a=51.61;
\ =-0.05993; b2=0.08497 ;b3=-0.004773 :c)se =0.8995; R2=99.7%

* =09.6%; SST = 2918.00; SSR =2909.91; SSE = 8.09; MSR = 969.97;
=081;d)sa=11.25\ta=4.59;pa=0.000;" =0.01526;" =-3.93;
f= 0.003 ;sk? = 0.02875 ;thh =2.96; ph =0.014 =0.008707;
=-0.55; Pb) =0.596; e) yp =54.2724; f) -0.09393 to -0.02593 ;@) -

Joel4 to 0.17608; h) -0.028839 to 0.019293; i) 26.545 to 76.675; j)
U ~3.927; reject tf0; k) T.S.=2.955; reject HO; 1) T.S.=-0.548;
mPLAO0;m) €.S. = F =1198.86; reject HO



4.9. Dummy variables in the regression models Yearl .
y Driving o
Number of violations

In the discussion of multiple regression we have assumed that te premlgj/m experience (past 5 years) Gender
independent variables, x,, have existed ¢ver a range and contained narn 74 *1
different values. Ali independent variables we have considered vae 50 g 2 Male
quantitative.  We may include in regression model a variable thet & 97 4 1 Female
qualitative. Such a variable contains different categories instead of nneica 57 1 6 Female
values. We will introduce independent variable that will take only t@ 99 3 3 Female
values: 0 and 1 This structure is commonly defmed as a “dummy varigble, 35 19 1 Female
and we will see that it provides a valuable tool for applying mitide 40 15 0 Male
regression to situations involving categorical variables. 49 3 1 Female
Let us consider a simple regression equation 101 > 2 Female
42 10 8 Male
y=a+l3 3 Male
Now suppose that we introduce a dummy variable, x2, that has values Oa years M irrirncifherbeT oli auto.insurance premium On
Jvers. Answer the follovving questions ™ LU the gender of

1 and the resulting equation becomes
S ' Aefimated regression equation.

Y=<+Pi mxl + /32 -x2 . . . .
‘m~pendenttakble”If ~ GStlmaed regression coefficient of the
When x2=0in this equation the constant is a , but when x2 = 1the @#® . . . .
] ) . . . 13 K HwPardofed aUt® Insurance premium Paid P - year by . male
is a +/3,. Thus we see that the dummy variable shift the linear relatio» JWhet is the predictedT ?8 eXPenenCe drivinS violations?
between y and X by the value of the coefficient fi2. mewith 14 years of dnV ° mSurance Premium paid per year by a female
The number of dummy variables in a regression model is equal " dConstructa99°/ r£n T§exPerience and 3 driving violations?
*** _fHcientoigelJer.

number of categories minus 1 For instance, if a variable contains M or

categories, then we introduce one dummy variable in the regression ® ksi 0 1 gnifiCanCe leVd’ teStthe -P Ao Anhm tS'coefficient of

for this variable. If a qualitative variable contains three categories, e Ie:;'ggnl

introduce two dummy variables and so on. n . o . .
is a qualitative variable. So, we will

The following exatpie shows how a dummy variable is used in regreH ;|"dr|V|nT Vanable f°r K in re§ression model. Let
model. exPerience (in years)

A~ eadbU °fdnving violations (during past 5 years)

ExaTpie:
Refer to exaTtpie 1 Following table reproduces the data from that 88  "Pose  tCdUmmy Vanab,e bYx3 *Also we can denote it by letter D.

with additional column that contains information for each ofthe FOdn
D=j ’Padriverisamale

[L ifadriverisafemale



In this case, our population regression model becomes
y =a +A-xi+ p2—;’(V2q|-‘E|'B it

data . iolati
Yearly Driving Number ofgnolatlons
premium experience (past ;/ears)
Y x\ X2
74 5 1
50 6 6
97 4 3
57 u 1
99 3 0
35 19 1
40 5 5
49 B 8
101
42 10 I E—
The following figiire shows the MiINITAB solution
Regression Analysis: y versus X1, X2, D
The regression equation 1s
Y = 845 - 3.32 XI + 2-56 X2 + 3.5/
T
Predictor Coef i;%;v 4.81
Constant 84.54 : o
xi -3.318 1.078 e o8
X2 2559 2.502 é'gé
D 3.573 9.829 '
R-Sq(adj
= 14.72 Bsi [89% 9(adp

Analysis of Variance

S DF SS M
ource 4853 .1 1617.7

Regression 1299'3 216.5

Residual Error 6 . '

Gender

coO—rROr PR PO

0.003
0.022

0.346
0.729

= 68.3*

Mtai 9 6152.4
source DF Seq SS
0 1 4624.1
0 1 200.4
1 28.6
iyTheestimated regression equation is
y=845-3.32 ¢« +256mk2+3.57 D Q)

\éalso can use column labeled COEF and write the estimated regression
jugtionas

y=84.54-3.318-jg + 2.559,r +3.573 D (2

Tre coefficient of the variable gender is b3=3.57 . It indicates that the
;nale drivers pay, an average, $3.573 more than male drivers with similar
inirgexperiences and the same number of driving violations.
Jfad, by using dummy variable D in our regression model, we have
mingted two regression models: one for male drivers, and another for the
frdle drivers.  Since for male drivers D —0, after substituting it into the
imeted regression model we find the estimated model for male drivers as

y=84.54- 3.318 -jg + 2.559 -j2

fetrele drivers D = 1. Substituting it in the regression model, we obtain
mestimeted regression model for the female drivers

1=84.54-3.318-" +2.559-x2+3.573-(1) =

=88.113—3.318-jg + 2.559 *x2
~Athat, the constant term for female drivers is 3.573 greater than that
A eHie drivers” model. Thus, on average, female drivers pay a yearly
Ajnsurance premium that is $3.573 more than the yearly auto insurance

mPaid by male drivers with similar driving experiences and the same
/ driving violations.

the predicted auto insurance premium for a male driver with 14
AN i . .. . . .
fdriing experience and 3 driving violations, we substitutev, =14,

D=0in the estimated regression model (2),



n

y =84.54 - 3.318 w4 + 2.559 «3 + 3.573 «0 = 45.765 = $45.765
Thus, a male driver with 14 years of driving experience and 3 driving
violations is expected to pay a yearly auto insurance premium of $45.765.
d) To find the predicted auto insurance premium for a female driver with 4
years of driving experience and 3 driving violations, we substitute x, =14,

x2=3,and D - lin the estimated regression model (2),

Yy =84.54- 3.318 «14 + 2.559 «3+ 3.573 «1=49.338 = $49.338

Thus, a female driver with 14 years of driving experience and 3 driving
violations is expected to pay a yearly auto insurance premium of $49.338.
e) We are to make a 99% confidence interval for /33. From the given

information and from the MINITAB solution we obtain
n=10; b3=3.573; and sb}=9.829
tn-K-\,a/2 —10-3-1,0.005s = *600B =3.707
So, from
B~ tn-K-l,a/2 "SIB<03 <*3 +H,,-K-\,cx/2 ' SB
a 99% confidence interval for /3, is
3.573 - 3.707 «91829 < j33 < 3.573 + 3.707 #9.829
-32.863 < 33 <40.009
Thus, the 99% confidence interval for /3is -$32.863 to $40.009. We can
State with 99% confidence that female drivers pay somewhere between
$32.863 less than to $40.009more than male drivers with similar values for
the and x2 variables.
f) We are.to test whether or not the coefficient j33ofgender in model (1) is
zero. The two hypotheses are
tfo:& =0
Hx:'j83*0
The decision rule is
Reject HO if T.S.=t>tnKX/7 or T.S.=t<-tnKla/2
From MINITAB solution we find that the value of test statistic is
TX=t=0.36
Nk=\,al. ="0-3-1,0006 = 6006 ~ 3.707 and



~ 1n-K-\,al2 = —3.707
Since 0.36 is not greater than 3.707, the value oftest statistic falls in the non
rejection region. Consequently, we fail to reject the null hypothesis and
conclude that /33in regression model is not different from zero. That is, the

variable gender has no effect on the auto insurance premiums paid by
drivers.
Remark:
Trenumber of dummy variables used for qualitative variable in a regression
model is one less than the number of categories for that variable. For
exatpie, we may want to investigate influence of quarters. Because the
variable quarter is a qualitative variable, we will use dummy variables to
represent it in our regression model. Since there are 4 quarters in a year, we
will use 3 dummy variables. Let D{- be the dummy variable for the first
quarter, D2 - be the dummy variable for the second quarter and 23 - be the
dummy variable for the third quarter. Then

D, =1 for the first quarter, and zero for other quarters

D2 =1 for the second quarter, and zero for other quarters

Db =1 for the third quarter, and zero for other quarters
Ifour regression model consists of two independent variables xxand x2,
trenwe will estimate regression model as

y =X+ 3] oX + /3B ex2+ j83 ¢2)j + /34 «D2 + +£

Exercises

i The following model was fitted to data on 28 insurance companies.

y =6.85- 0.12x, +2.13 1
(0.006)  (0.532) °

"here
y - price-eaming ratio
xX- size of insurance company assets, in millions of dollars
D - dummy variable, taking the value 1for foreign companies,
and o for national companies

Interpret the estimated coefficient on the dummy variable



b) Test against a two-sided altemative the null hypothesis that the true
coefficient on the dummy variable is zero. Take a = 0.05
2. The follov/ing model was fitted, to expiain the selling prices of home, toa
sample of 815 sales.
y=-1264+ 48.18-m, +3382-X, +3219- ji3+ 2005-x4 -2
1 L J 4 R =08
(0.91) (515) (947) (768)

where
y - selling price of home, in thousands of dollars
jd - square meters of living area
X2 - size of garage, in square of meters
x3- dummy variable taking the value 1ifthe house has a fireplace,
and 0 othenvise
x4 - dummy variable taking the value 1 if the house has a wood
floors, and 0 othenvise
a) Interpret the estimated coefficient of x3.
b) Interpret the estimated coefficient of x4.

c) Find a 95% confidence Interval for the impact of fireplace on a selling

price, ali other being equal.

d) Test the null hypothesis that type of flooring has no impact on selling

price, against the altemative that, ali other things equal, house with wood

floors have a higher selling price than other flooring.

3. The follovving MINITAB solution was obtained for the regression model
y=a + 3 exx+ [32x2+P3"'x3+ /34D +e

for a sample data set.

The regression eguation is
y = 22.3 + 0.190 XI - 0.0533 X2 - 0.190 X3 - 1.

Predictor Coef SE Coef T P

Constant 22.315 2.802 7.96 0.001
Xl 0.19019 0.03776 5.04 0.004
X2 -0.05325 0.02538 -2.10 0.090
X3 -0.19033 0.03046 -6.25 0.002

D -1.9349 0.5785 -3.34 0.020
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s=0.6183 R-Sq = 99.6% R-Sq(adj)
Analysis of Variance

Source DF SS MS F
Regression 4 426.49 106.62 278.87
Residual Error 5 1.91 0.38

Total 9 428.40

Source DF Seq SS

Xl 1 401.42

X2 1 0.12

X3 1 20.67

D 1 4.28

WingMINITAB solution, answer the following questions.
gdWrite the estimated regression equation.

99.2%

P
0.000

HExpiain the meaning of b4 obtained by estimating the given regression

nuH

QWhat is the predicted value ofy forx} =45;x2=40;j3=60;and D=07?

d Construct a 99% confidence interval for the coefficient ofD .
gking the 5% significance level, test the null hypothesis that the
coefficient of D is zero against two-sided altemative.

1The salaries of workers are expected to be depending on the number of
vas they have spent in school and their work experience. The following
tede gives information on annual salaries (in thousands of dollars), number
dyears of studying, and years of experience for 10 persons. It also includes
mforretion on gender. In the table, M represents males and F refers to

ferdes

Slay 30 22 21 45 36 39 17 22
itudying 18 16 15 22 20 20 14 16
Jxperience 8 7 6 15 14 16 2 4
gender F F M M F F M M

srg MINITAB (or any other statistical softvvare package),

18

19
2 14
4
M
find the

'agession of salary on studying, experience, and gender. Then answer the

°Howing questions.



a) Write the estimated regression equation.

b) Expiain the meaning of the estimated regression coefficient of the dummy
variables.

c) By estimating the regression model with gender as a dummy variable, you
have actually estimated two regression models-one for males and the oter
for females. Write these two regression equations.

d) How much salary is a male vvorker with 18 years of studying and 7 years
ofwork experience expected to eam?

e) How much salary is a female vvorker with 18 years of studying and 1
years of work experience expected to eam?

f) Determine a 95% confidence interval for the coefficient of dummy
variable.

g) Using the 5% significance level, can you conclude that female workers
are paid lower salaries than male vvorkers?

Answers

JL a) Ali else being equal, expected price-eaming ratio is higher by 213
million of dollars for foreign companies; b) T.S.- 1=4; reject HO;

2. a) Ali else being equal, expected selling price is higher by $3219 if house
has a fireplace; b) Ali else being equal, expected selling price is higher by
$2005 if house has a wood floor; c)l 363 </33<5075 ;d)7.5". = 2.611 ;&

reject # Oat 05%; 3. a)y=223+0.190-x1-0.0533-x2-0.190-r3-
-1.93 > ;) 17.32375; d) -0.4025 to 4.2625; €) T.S.=t=-3.34; reject Hr



Chapter 5

Analysis of variance (ANOVA)
5.1. lutroduction

In Chapter 1 we discussed how to test whether or not the means of
two populations are equal. Recall that the test involved the selection of an
independent random sample from each of the populations. In this chapter we
will discuss a statistical procedure for determining whether or not the means
of more than two populations are equal. The technique that we will be
introduced is called the analysis of variance (ANOVA) procedure.

5.2. One-way analysis of variance

This section discusses the one-way analysis of variance procedure
tomake tests comparing means often is called one-way analysis, because we
will analyze only one factor. Sometimes we may analyze the effects of two
factors. This is called two-way analysis of variance.

Suppose that we have independent samples of sizes nxn2,n3,.....nK
observations selected randomly from K populations. Assume that population
mears are /tj, 4 2>03>..... 4K . The one-way analysis of variance procedure
designated to test the null hypothesis

#0:4 = 3=....= K (Ali population means are equal)
apiret the alternative hypothesis

# 1: At least one ofthe population has different mean
Treapplication of one way analysis of variance requires that the following
Tssumptions hold:

Tre populations from which the samples are selected are (approximately)
"amd.

The populations from which the samples are selected have the same
ariance (or Standard deviation).

The samples selected from different populations are independent.

nmpoeee that from K populations samples of sizes nl,n2,n3,.....nK are
eledted (Figlire 5.1)
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where - denotes .ha .ota. number of sample observabons

n=1i>

An equivalent «pressin» for overall mean .s

i LI
X =-ih
u.

,

we “onsider variability within-groups. n
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the observations about their sample means. Within-groups variability will be

1 denoted by SS. For exatpie, for the first group the sum of squared

deviations of the observations about their sample mean Xi is

®1=|>U -«)2
=

Farthe second group, whose sample mean isX2, we calculate

SS2=Yj(x% - xr)2
=1
adso on.

JInfourth step, we find total within-groups variability, denoted SSW. That

SSW =SS} +SS2+ + SSK

SSIV = -ig
k (
-)Nowwe need a measure of variability between groups. It is based on the
laePancies betvveen the individual group means and the overall mean.
T°tal between-groups sum of squares denoted SSG, and defmed as

SSG=Yn, -(x,-x)2

sa last step, we calculate the sum of squared discrepancies of ali the

Pe observations about their overall mean. This is called the total sum of
€ares- denoted SST, expressed as

B

ssr=" (x 0-x)2

shown, that the total sum of squares is the sum of the within-groups
Aveen-groups sum of squares, that is

SST = SSW + SSG

L\ 6eclUa’ity of population means is based on the assumption that K
j9 °nsbave equal variances (or Standard deviations).



If a,, —N2 ~M3 —..... —U-K

is trae, each of the SSW and SSG can be used as the basis for estimate of the
common population variance. To obtain these estiinates, the sums of square$
must be divided by the corresponding numbers of degrees of freedom.

SSW divided by (n- K) results estimate called the within-groups mean

square, denoted MSW, so that

n-K
SSG divided by (K - 1) results estimate called the between-groups nmean
sguare, denoted MSG, so that

K-1
The test of null hypothesis is based on the ratio of the mean squares
MSG
MSW
If this ratio is close to 1, there would be little cause to doubt the rul
hypothesis of equality of population means.
Summary
We define the follovving sums of squares:
PN |
Within-groups: ssw =y ~ {X y-x)2

Between groups: ssG ="'~ n im(X,—x)2
i=1
Kn

We define the mean squares as follows:

Within-groups: MSIV =
n-K

Between groups: MSG = K

The null hypothesis is
do M —  —M3 —....~Nk



Tredecision rule is
Reject tfoif TS.=F=1lW >FKIM

where FK jn Kais the number for whichP(FK X K > FK lj1 Ka) =a and
FKInKfollows an F distribution with numerator degrees of ffeedom (. +.1)

addenominator degrees of ffeedom (n—K). (Table 6 of Appendix).

Fa convenience, these calculations are often recorded in a table called a

oeway analysis of variance table or ANOVA table, sfiown below
(Table5.2):

Table 5.1
Souree of Sum of Degrees of Mean F ratio
\ariation squares ffeedom squares
Betweengroups  SSG (K-1) MSG MSG
Aithin groups SSW (n- K) MSW MSW
Tad SST (n-2
Ewnpie:

Acompany buys thousands of light bulbs every year. The company is
corsidering three brands of light bulbs to choose from. Before the company
dadks which light bulbs to buy, it wants to investigate if the mean life of
liethree types of light bulbs is the same. The research department selects
randondy a few bulbs of each type and tested them. Table lists number of
laus (in thousands) that each of the bulbs in each brand survived before
kdrgbumed o u t.

Brand I  Brand Il Brand IlI
22 18 27
23 23 24
26 22 20
27 21 21
22 23

the 5% significance level, test the null hypothesis that the mean life of
s for each of these three brands is the same.



Solution:

There are 3 groups: Brand I,.Brand Il, and Brand llI:

=5:n2=4; n3=5; n=14

1) Let us calculate mean of each group
- 22+23+26+27+22 120
X1 = -=—=24
5 5
18+23+22+21 ?4 a1
4 4
- 27+24+20+21+23 _ 115
*3~ 5 5
2) Overall mean is
Sw@4 +4-21 +5m@3 319 _ 2279
n 14 14
3) Inthe first group, sum of squared deviations is
55, = YAXX§ - XxT= (22- 24)2+ (23- 24)2+ (26- 24)2+
+(27- 24)2+(22- 24)2=4 +1+4+9+4=22
Similarly,

4
SS2="(x2-X2)2=(18—21)2+(23—=21)2+(22—=21)2+
+(21—21)2=9 +4+1+0=14

and
553=]T (jc3; - 1 3)2=(27 - 23)2+ (24 - 23)2+(20- 23)2+
+(21- 23)2+(23- 23)2=16 +1+9+4+0 =30

4) SSW =55, +552+...... + SSK =22 +14+ 30 = 66

5) Now, let us calculate between group variability



+4-(21-22.79)2+5-(23-22.79)2 =7.32 + 12.82 + 0.22 =20.36.
6  SST =SSW +SSG = 66 + 20.36 = 86.36

Within-groups mean square is obtained as
MSW=SSW = 66_ .6
n—K 14-3
Between-groups mean square is obtained as
MSG=SSG = 2036 =10.18
K-1 3-1
Trenull hypothesis is
HO:jJ =02=7r*3
Thedecision rule is reject HO if

=F=N . N
TS =F MSW F L(_ _Ié

Trevalue of test statistie is F = =-----=170
MSW 6
Fi\rKa = 1211006 = 3.98 .
Since 1.70 is not greater than 3.98 we fail to reject//0. We accept

hypothesis that mean of ali three populations are equal, in other words, there
isno difference for company which brand to choose.

tathe end, substituting the values of various quantities in Table 5.1, we write
alANOVA table for our exaTpie as

Source of Sum of Degrees of Mean F ratio
Anation squares freedom squares

detween groups  20.36 2 10.18 _
4ithin groups 66 u 6 loél S=L70
lotal 86.36 13



Remarkl: An altemative formula for SSB and SSW are

"t A
SSB=1 a M
: n 2 \
n ZiTIIZ_:j-EaZI -Fa. +“,,
i= «2 1B
where
r -the sum of the values in sample 1

\S7 x, _the sum ofthe values in ali samples= 1T, + T2+ 3+ ... "

H
-the sum of the squares of the values m ali samples.
E|
g Ste.he following da,a ottained for » samplos sdtad ta -
populations
Sample|  Sample Il

9 4

3 1

7 1

8 6

8

Set out the analysis of variance table for these data.
Solution:
IJx=9+3+7+8=27



X*2=92+32+72+82+42+12+12+62+82=321
@

Substituting ali the values in the formula for SSG and SSW, we obtain

(n V
~yn2z K2 .
SSG= -i—+-2-+ — +....
d «2 I» /
272 202 472
+ - = 16.81
4 5 |9
SSW:’\X?—(TZ T} T2 4
H oo /
272 202\
321- - - = 58.75

7
Hence, the variance between samples MSG and the variance within samples
MBW are

MSG=- " =-~~ =1681
K-1

2-1
MSW = X1 58.75 — 830
n-K 9-2

Wwrite an ANOVA table for our exawupie as

Soure of Sum of Degrees of Mean
2ration sguares ffeedom sguares
3etweengroups  16.81 1 16.81

ithin groups 58.75 7 8.39
‘otal 75.56 8

U hr2:

°4se MINITAB meni follow the following instructions:
. Select Stat>ANOVA>0One-way (Unstacked)

; Select data columns
ClickOK
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Exercises
L The following ANOVA table, based on Information obtained for four
samples selected from four independent populations that are normally
distributed with equal variances, has a few missing values

Source of Sum of Degrees of Mean F ratio
variation squares freedom squares

Betvveen groups

Within groups 16 8.245 F- Fa 567
Total 19

a) Complete the analysis of variance table.

b) Usinga = 0.05, test the null hypothesis that the means of the four
populations are equal against the altemative hypothesis that the means ofthe
four populations are not equal.

2. Respond to each of the following questions using this partially completed
one-way ANOVA table

Source of Sum of Degrees of Mean F ratio
variation squares freedom squares

Between groups 3 F =2
Within groups 405

Total 888 3

a) How many different populations are being considered in this analysis?

b) Fiil in the ANOVA table with missing values.

c) State the appropriate null and altemative hypothesis.

d) What conclusions should be reached regarding the null hypothesis?

Test using an a = 0.05.

3. Three samples randomly selected from three independent populations thet
are normally distributed with equal variances produced the following data.

Sample 1 Sample Il Sample I
32 45 47
28 43 32
40 38 43
36 44 37

39 33 4



a) Set out the analysis of variance table for these data.

b) Test at a 1% significance level, the null hypothesis that the means of these
three populations are equal.

4. Consider the following data obtained for two samples selected at random
from two populations that are independent and normally distributed with
equal variances

Sample | Sample Il
29 37
3 27
27 36
28 20
25

a) Set out the analysis of variance table for these data.

b) Test at a 5% significance level, the null hypothesis that the means of these
three populations are equal.

5 A company hired three new salespersons with degrees in mathematics,
economics and marketing. The company wants to check if the fields of study
hae any effect on the mean number of sales made by these salespersons.
Tre following table lists the number of items sold by these three
salespersons during certain randomly selected days.

Person with Person with Person with
Math. degree economics degree marketing degree

7 2 3

8 5 1

6 3 1

u 1 2

9 2 6

13 5 5

a) Set out the analysis of variance table for these data.

b) Using the 5% significance level, can you reject the null hypothesis that the
mean number of items sold per day by ali salespersons with degrees in each
ofthese three areas is the same?



6. A consumer agency that wanted to compare drying times for paints mede
by three companies tested a few samples of paints from each of thee
companies. The followving table lists the drying times (in minutes) for these
samples of paints

Company A Company B Company C
43 58 44
52 64 49
42 62 50
46 54 57
4 52 43
50 62 40
55 46

a) Set out the analysis of variance table for these dala.
b) Using the 1% significance level, test the null hypothesis that the nmean
drying times for paints of these companies are equal.

Answers
Lb) T.S.=F =567 ;reject HO;2.a) 4;d) T.S. = F = 11.13; reject AQ;
3.a)

Source of Sum of Degrees of Mean F ratio
variation squares freedom squares
Betvveen groups  94.5 2 47.3
Within groups 333.2 12 27.8 ¥= o
Total 427.7 14 i
b) accept HO;
01 a)
Source of Sum of Degrees of Mean F ratio
variation squares treedom squares
Betvveen groups 8.9 1 8.9
Within groups 214.0 7 30.6 F =0.29
Total 222.9 8
b) acceptHO;
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54)

Source of Sum of Degrees of Mean F ratio
variation squares freedom squares

Between groups  144.00 2 72.00

Within groups 70.00 15 4.67 F - 15.43
Total 214.00 17
BrgectHO;

bl

Source of Sum of Degrees of Mean F ratio
variation squares freedom squares

Between groups  571.7 2 285.8

Within groups 481.3 17 28.3 F =10.10
Tol 1053.0 19

b)reject//0.

5.3. The Kruskal-Wallis test

Oeway analysis of variance test is based on an assumption that the
nnderlying population has a normal distribution. If the population
iistribution is not normal, it is possible to develop a nonparametric
alterretive to the one-way analysis of variance. This nonparametric test is
kown as the Kruskal-Wallis test. Like the most of nonparametric the
Kruskal-Wellis test is based on the ranks of the sample observations.

Sppse that we have independent random samples of sizes

....... ,nK observations, selected from K populations. Let

n=n, +n2+un3+. .+n.
Caote the total number of observations. The null hypothesis is
HowF =R2=F3= ... ~Fk

"ogpply Kruskal-Wallis test it is necessary to take following steps:
Podl together ali sample observations.

Rarkali of pooled sample observations in ascending order.
Denoe by R}, R7,....... RK the sums of ranks for the K samples
Calculate the value of the test statistic

12 KR;



A ,est ofsignifrcance .eve. « is given by .1« Vision rule
Reject HOi fW > %k-i,a

«here M ,, N . nnmberthat is exeeed wNe prohabilic a by «
X'tandom variable with (K - 1) degrees of freedom. 1
Exawpie: m  ({ minutes) of three fire

The following table gives the resp i
companies in a eity for certam randomly selected

reported.

incidents after a fire was

ali fire incidents are the same.

fSfflS . we poo. a., ssnnp, “

Trenull hypothesis is

HomM = = M3
Tredecision rule is

Reject tfOif W > XlI-\,a
Trevalue of the test statistic is

K D2
w= 2 oy i 3(.+Dh=
nin+l)£n,

N
12 7902 4692 351271 5 L0041y = 66.35-63 = 3.35

20-(20+) 7 6

1 Xk-\,a ~ £2,005 = 5-9°9

Sre 3.35 is not greater than 5.99, we fail to reject the null hypothesis. And

\eaccept that the mean response time for each of these fire companies for
dfire incidents is the same.

Exercises

IAmanufacturer of wall papers is considering three altemative colors: red,
Menand blue. To check whether such consideration has an effect on sales,

1Soesare chosen. Red color papers are sent 7 of them, green color papers
lesent 9 ofthem, and blue color papers are sent to the remaining 5. After a

‘&days, a check is made on the number of sales in each store. The results
" shown below

Red Green Blue
44 53 84
38 77 29
58 29 46
77 65 85
60 89 35
29 34
58 43

62

35



At the 5% significance level perform a Kruskal-Wallis test of the null
hypothesis that the population mean sales levels are identical for three wall
paper colors. Also find thep-value.

2. A study was conducted in which samples were selected independently
from four populations. The sample size from each population was 21. The

data were converted to ranks. The sum of the ranks for the data from each
sample is

Sample A Sample B Sample C  Sample D
Sum of ranks 642 784 458 1361

a) State the appropriate null and alternative hypothesis if you wish to
determine whether the populations have equal means.

b) At the 2.5% significance level perform a Rruskal-Wallis test.

3. The following summary data have been collected from three samples
selected from three populations

nx= 20 n2 =25 n3=35
=1660 R2=1150 1r43=1350

Based on these data, what can be concluded about the means for three

populations? Apply Kruskal-Wallis test at an a = 0.01.
4. Given the following data:

Group 1 Group 2 Group 3 Group 4
21 28 16 22
27 26 15 23
26 pal 18 19
22 29 20 17
25 30 15 20
30 25
23

Use the Kruskal-Wallis procedure to test the null hypothesis that the mean
values for ali four populations are the same. What conclusion should be
reached using a significance level of 0.10? Also find the p-value.
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5. Suppose as a part of yourjob you are responsible for installing emergency
lighting in a series of buildings. Bids have been received from four
manufacturers of battery-operated emergency lights. The costs are about
equal, so the decision will be based on the length of time the lights last

before failing. A sample of five lights from each manufacturer has been
tested, and values (time in hours) recorded for each manufacturer

Type | Type 2 Type 3 Type 4
1025 1222 121 989
1122 1250 1201 987
1250 1390 1190 1087
1023 1426 1122 1121
1130 1322 1390 1200

Wsingce = 0.01, what conclusion should you reach about the mean length of
timethe lights last before failing for the four manufacturers? Expiain.

Ansrvers

LTS =0.0376; accept HO;2. T.S.=-1.1A; accept HO; 3.
1S.=206.58; reject HO; 4. b) T.S.=14.95; reject HO; 5. T.S. = 2.22; fail
toreject HO.

5.4. Two-way analysis of variance

fasection 5.2 we introduced one-way ANOVA for testing hypothesis
favolving three or more population means. This ANOVA method is
appropriate as long as we are interested in analyzing one factor at a time and
ve select independent random samples from the populations. There are
situations in which another factor affects the observed response in a one-way
cbsign
Spose that we have K groups and |1 blocks. We will use xItto denote the
spe observations corresponding to the T;group and the j"hblock, as it
iown in Figtre 5.2. There are total

n-KH
Iffier of observations.



Our aim is to test the null hypothesis that ali group means are equal, and the
null hypothesis that ali block means are equal.
To develop these tests we need to set two-way ANOVA table.

BLOCK GROUP
1 2 K
xn ol XK
2 X2 X2 XK
H XIH OH
Figlre 5.2

To set this table \ve will use follovving steps:
1) Find sample mean for each group. For the mean of the i*hgroup we use

notation xi. , defined as
H

H

2) Find sample mean for each block. The mean ofthe j thblock we use

notation x»j, defined as
K

; O"W o
K

3) Find the overall mean of the sample observations. The overalinean

denoted x , defined as
K H

leénvi H M
n



4) Find between groups sum of squares, denoted SSG, defmed as

SSG=H"(Xi.-x)?2
5) Find between blocks sum-ofsquares, denoted SSB 9defmed as
H
SSB=K-Jj(x.j- x)2
j=
6 Find the error sum of squares, denoted SSE, defmed as
K H
SSE=" Y (xtI- xi.- xj»+X)2
i=l j=1
NFind the total sum of squares, denoted SST , defined as

SST=Y ™ { Xij-x)2
=1 j=1
tcan be shown that
SST = SSG+ SSB+ SSE
W define the following mean squares

SSC
Between-groups: MSG=-K tl
Between-blocks: MSB = SSB
Error: MSE =- SSE

(E-1)(A-1)
nWe define two F ratios
MSG MSB
and
MSE MSE

h wiil use ratios above to test the null hypothesis about equality of
pulation blocks and population groups.

[The null hypothesis H Othat the K population group means are the same is
ovided by the decision rule

Reject Hi}if 1/— > F,
MSE
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2) The null hypothesis HO0that the H population block means are the same is

provided by the decision rule
Reject HOif MSB >F,
MSE

where, F is the number exceeded with probability a by a random

variable following an F distribution with numerator degrees of freedom
Vj and denominator degrees of freedom v 2.

It is very convenient to summarize the calculations in tabular form, calleda
two-way analysis of variance table or ANOVA table, shown below
(Table5.2):

Table 52

Source of Sum of Degrees of Mean F
variation squares freedom squares ratios
Betvveen groups SSG -

group (A-) o1 VSG
Within blocks ~ SSB (tf-1) MSB= SSB MSE

H-1 MSB
Error SSE VEE
T (& ')(# 1)

Total SST («-1)
Exercise:

Four drivers tested three types of cars for fuel consumptions. Tre

Block (Drivers) Group (Cars)

A B C
1 22 24 26
2 21 25 22
3 19 20 23
4 18 19 21

a) Set out the two-way analysis of variance table.
b) Test the null hypothesis that the population mean fuel consumption

same for ali three types of cars. Takea =0.05 . J
e) Test the null hypothesis that population values of mean fuel consufflp
are the same for each driver. Takea = 0.05 .

Solution:
3
D Let us find sample mean for each group
XU
Xi. =-LL
H (/=123
iu = 9+18 80
74 S —— =T =2°
x> =ZIl_25+20+]9 88
=T =22
v3 =26+22+23+21 92
2)Ind sample mean fokeach block.
. _H
K Y=1234)
r.:;22+24+26 72
.2, 1 1 n
i.3=11£20+23 62
3 y =20.67; yM-10 £ S % «

L, the OVera]l mf n  the sample observatiol

% 1 xy 2’\-

N

. K«

2267

1933



5) Find between blocks sum ot squares
* - -2 _3.((24-21.67)2+(22.67-21.67) +
SSB=K ~(.x.j'X) -3 «24

+(20.61 - 21.67)2 + (19.33- 21.67)2) =38.71

6) Let us find total sum of squares 2
=(22_21.67)2+(24-21.67) +

ssr=Y,2,(xv'-x) {

+(19-21.67)2 +(21-21.67)2=68.67

TJBgSU""".S rS.OT-1»~-37~ "1129
SE —bol +Ee mean squares are

«® SF TS H
SSE 1129 188

MSE-- IXAA)  (B-1)@ 3
o\ \Ve define two F ratios
: AgG 9.34_

AISE  1-88
MSB = 12-90.
and MSE  1-88
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b) We can write the null hypothesis that the population means fuel
consumption is the same for ali three types of cars as

HOwWh =BI =M
The decision rule is

Reject ffOIf > AK-\iK-\\H-\\a

Fk-\,(k-\yH-\a ~ 26,006 —5.14
Since the value of test statistic 4.97 is not greater than 5.14, we fail to reject

tre null hypothesis. Therefore, we accept the hypothesis that the fuel
consumptions are the same for ali types of cars.

0 We write the null hypothesis of equality of the population values of mean
fuel consumption for ali four drivers as

HO:/t, =M2=/i3
Tredecision rule is

. MSB o
Reject tfOIf iXa-i),a

Fr-\,(K-\H-Y),a ~"36006 =4.76
I Se the value of test statistic 6.86 is greater than 4.76, we reject the null

Ivpothesis. Therefore, we accept the hypothesis that the fuel consumptions

I aenot the same for each driver age class. In other words, fuel consumption
fcar depends on driver’s habit.

Uemarkl:
louseMINITAB men followv the following instructions:
Select Stat>ANOVA>Two-way
sEnter Response variable
Enterrow factor
Erter column factor
CiickOK.
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Remark2:
For exaTpie above the MINITAB instruction is shown below

cl C2 C3
Driver Car Fuel consumption
1 1 22
1 2 24
1 3 26
2 1 21
2 2 25
2 3 22
3 1 19
3 2 20
3 3 23
4 1 18
4 2 19
4 3 21

in this case the row factor is “Car” and the column factor is “driver”
Exercises

1. An ANOVA was performed and the following partially completed
ANOVA table is available:

Source of Sum of Degrees of Mean F
variation squares Ifeedom squares ratios
Betvveen groups 7 26

Within blocks 14

Error 57.900

Total 402.100

a) Complete the analysis of variance table.

b) How many populations are being tested?

e) How many blocks were used in this analysis of variance?

d) Using an alpha equal to 0.05, test the null hypothesis that the population
means are equal for ali groups.

e) Using an alpha equal to 0.05, test the null hypothesis that the population
means are equal for ali blocks.



2 Three analysts were asked to predict eamings growth éver the coming
year for four companies producing cars. Their forecasts (in percentage
increase in eamings) are given below

Analysts Cars companies

A B o D
1 7 n 10 13
2 8 9 13 12
3 9 13 16 15

a) Set out analysis of variance table

b)For a = 0.01 test the null hypothesis that the population mean growth
forecasts are the same for ali car companies.

gFor a = 0.05 test the null hypothesis that the population mean grovvth
forecasts are the same for ali analysts.

3 Asoft drink producer wants to compare the effects on sales of can colors:
red yellow, and blue. He selects four regions and in three Stores in each
region, each to seli one color cans. The follovving table shows number of
ses (in hundreds of cans) at the end ofthe experiment.

Regions Can colors

Red Yellow Blue
Region | 37 28 25
Region 11 29 33 22
Region 111 a 29 27
Region IV 23 26 26

g Set out analysis of variance table

b) Testthe null hypothesis that the population mean sales are the same for
eachcan color. Use ;>value approach.

§Test the null hypothesis that the population mean sales are the same for ali
farregions. Use /5-value approach.

i Three real estate agents were each asked to assess the values of five
buses. The results, in thousands of dollars, are shown below.



o1Set out analysis of variance table. )
S jlst at 5% significance level the null hypothesis that populaiion nean
valuations are the same for the three real estate agents.

Answers

,b) 8; ) 15; d) =44.06 ; reject 40 ;e) =19 63 ; redect 9°;
Source of m of Degrees of Mean F
variation iares freedom squares rigg;
Betvveen car comp. 54.00 3 1181%% oo
Within analysts 22.17 2 :

Error 10.50 6 1.75
Total 86.67 1

b) T.S.=10.29, reject A 0; c) accept A0;

3.3

Source of Sum of Degrees of Mean
variation squares freedom squares
Between colors ~ 56.0 2 ff(?
Within regions ~ 42.0 3 :
Error 98.0 6 16.3
Total 196.0 1

4. a) "
Source of Sum of Degrees of ean
variation squares freedom squares
Betvveen agents ~ 1000.0 2

Within houses 2285.3 4 53;1-3
Error 270.7 8 .8
Total 3556.0 14



Chapter 6

Statistical quality control
6.1. Introduction

In manufacturing process, there is always some variation in the
ites manufactured. For exatpie, even though a machine is designed to cut
Ipiece of pipe a certain length, the lengths of the pipes cut will not ali be
exactly equal. There are two causes of variation: normal or chance of
variation; and variation that is due to human or mechanical reasons in the
manufacturing process. If the variation is due to human or mechanical
ressars in the process, this causes defective parts, it must be detected at an
ealystage and corrected.

A real life exatpie concems the weights of canned food. In this
e a food producer wishes to provide assurance that the minimum weight
dits canned product is being met. Food producers have a tendency to fiil
@s with more food than the can’s label indicates, out of fear of being
cagtwith under weight cans by the State inspectors.

The question is, “how does one determine (with the variability in the
flling process) with assurance that the minimum weight of ali cans is being
ahieed and at the same time, not lose money by overfilling each can? This

hepter will expiain a technique called statistical quality control, which can
teused to answer this question.

6.2. Variation

te of the fundamental principles of the statistical thinking is that variation
Kisin ali process. It is important to understand variation in order to predict
“future performance of the process. There are two causes of variation:

1) common causes

2) assignable causes
fmon causes of variation (also called uncontrollable causes) are those
ldes that are random in occurrence and are happens during ali process.
-nagement, (not workers), are responsible for these causes.

‘ignable causes of variation (also called special cases) are the results of
temal sources, that is, sources that are outside of the system. These causes



ean and must bl
them from the process. Not taking acfo

the quality.
Definttioni
A production process Is
removed; thus, varmtion results only trom

w'inncm S”i°" and lower

., ble (in-control) if ali assignable causes are
common causes.

6.3. Control charts
” , fo,roreuy control chart. The upper

Tonl N ilr — >operating regioe for the process.

X- chart

s—chart
p - chart

c - chart

6.3.1 Control charts for means and Standard deviations

Let us consider a production process that yields an output wvhose
characteristic of interest can be measured on a continuum. It is necessary to
set up a quality control scheme for that process. it can be done by taking,
over time, a sequence of small samples of output. Often samples of four or
five are taken. The frequency of sample observations depends on the
characteristics of production process. Management is often interested in both
average performance of production process and the variability in process.
Sample means and Standard deviations are used to track process
performance. Three measures used in the development of control charts for
means and Standard deviations. They are: overall mean, the average sample
Standard deviation, and the process Standard deviation.

Assume that a sequence of K samples, each of n observations, is selected

owr time from the production process. The sample means denoted X, for

'=1,2,3,......Kkcan be graphed on an Xx-chart. The average of these
saple means is called the overall mean of ali the sample observations

- K
X =Y xil/lK
i=l
Tasample Standard deviations denoted s, for i=1,2,3,..... K can be graphed

*an s—ehart. The average sample Standard deviation is
K

|.|.|| s='";SilK
t* process Standard deviation, a is the Standard deviation of the

’_\Pulation from which the samples were dra\vn, and it must be estimated
INthe sample data.

(the sample Standard deviation s, is based on n observations, it can be

V that
E(s.))=ca g

c4is the number that can be computed as a fimction of the sample size
tf°llows that

E(Gs)=c4a



and hence that an unbiased estimate of the process Standard deviation is
given by

0 =sic4
The value of c4-control chart factor, can be found in Table 6.1. Table 61

lists values ofe4, corresponding sample sizes from two to ten. It dso

contains factors for other control charts that will be discussed throughout this
chapter.

Tabled.l Factors for control charts

c4 A3 B3
0.7879 2.659 0 3.267
0.8862 1.954 0 2.568
0.9213 1.628 0 2.266
0.9400 1.427 0 2.089

0.9515 1.287 0.030 1.970
0.9594 1182 0.118 1.882
0.9650 1.099 0.185 1.815
0.9690 1.032 0.239 1761
0.9727 0.975 0.284 1.716

HBoo~vour~wN Z

To determine control limits for x -charts, we assume that the process hes
been operating at a constant level of performance 6ver the whole observation
period and, assume that ali sample observations have been drawn from te
same normal distribution.

The sampling distribution is centered on the overall mean, and the value of
the overall mean determines the central line, called ¢enter Gne. Then, if
three-standard error limits are to be used, the control limits are

X +3-c/4n= x £3-s/(c4-4n)= x +tA3-s
where
A3=3/(c4+4n)
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Control chart for x- means

The x- chart is a time plot of the sequence of sample means.
Tre genter line is

CL - x

inaddition, there are three-standard error control limits.
Thelowcr control limit is

LCL = x ~Ar-s

Tre upper control limit is

UCL = x +A3®

X

where the values of A3are given in Table 6.1.

Elample:

The accompanying table shows sample means and sample Standard
deviations for a sequence of 10 samples of seven observations on a quality
daracteristic of a product

Sample a s
1 145.2 2.3
2 139.2 31
3 146.3 21
4 138.2 19
5 141.2 2.4
6 144.3 2.2
7 140.1 31
8 139.9 2.3
9 1455 2.7
10 143.3 2.8

T)Find the ¢enter line and lower and upper control limits for an x- chart.

BDraw the x—ehart.



Solution:

a) First of ali, let us find overall mean and average of the sample Standard

deviations are

s . 1452+139.2+...+1433
10
N3+3;1+ N +2.8=249
10
The sample size is seven. So from table 6.1 we obtain A3=1.182.
The Central line is

=142.32

CL = x =142.32
The lower control limit is

LCL = x -A3-s =142.32-1.182-2.49 =139.38

The upper control limit is

UCL = x +A3-s =142.32 + 1.182-2.49 = 145.26

X

b) Each of the individual sample means are plotted on x - chart in Figire 61
Three of the values fail out side of the control limits and there seems a grest
cause for concem. It is necessary to take action to correct the production

process.
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CoHtrol chart for s - Standard deviations

The s - chart is atime plot of the sequence of sample Standard deviations.
The ¢enter line is

CLs=s

Inaddition, there are three-standard error control limits.
The lower control limit is

LCLS= =
The upper control limit is

UCLS= B4-s
wherethe values of B3 and BAare given in Table 6.1.
ExaTtpie: Refer to the data of exaTpie above.
a) Find the ¢enter line and lower and upper control limits for an s - chart.

b) Draw the s - chart and discuss its features
Solution:
------------- -- =249

)

10
Tre sample size is seven. So from table 6 of the appendix we obtain
fi3=0.118 and B4 =1.882

S 23+3.1+..+28

Trecenter line is

CLs=s =2.49

braddition, there are three-standard error control limits.
Trelower control limit is

LCLS= B3m =0.118+2.49 =0.29
Treupper control limit is

UCLS= B4 m =1.882¢2.49=4.69
BWe plot each of the individual Standard deviations on a control chart with
ter line CLS=2.49, lower control limit LCLS=0.29, and upper control
UCLS=4.69. The x-chart will look like Figtire 6.3.



UCL

CL

LCL

The observed sample Standard deviations are fail between lower and upper
control limits. From this point of view, the process is under control. But
since, the mean production process is out of control, the general production
process must be corrected.

6.4. Interpretation of control charts
Once control charts have been developed, they can be used to detcrmine
whether the process is in control or out of control. The control charts are
used to provide signals that something has changed. There are four primary
signals indicating that a process might be out of control:
1. One or more points outside the upper or lower control limits
2. Nine or more points in a row above (or below) the center line
3. Six or more consecutive points moving in the same direction (increasing
or decreasing).
These signals reduce to variation called assignable-cause variation. This
variation is not random and is due to defects or problems in the
manufacturing process, such as operators using the machine incorrectly, rawv
materials changing, ete. Assignable cause variations must be corrected in
order to maintain quality in the production process.

Remark:
To use MINITAB meni follow the follovving instruetions
1 Select Stat>Control charts>Select Xbar S

2. Enter variable location (for exaTpie, Cl)
3. Enter subgroup size
4. Click OK.
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Exercises
1 Data were collected on a quantitative measure with a sample of 6
observations for a sequence of thirty samples. 30 samples were collected,
and following results were found

* =423, 5=42

d Find the ¢enter line and lower and upper control limits for an x—¢hart.
b) Find the center line and lower and upper control limits for an 5- chart.
2 Weights of samples of canned fruit were measured. Results were available
for a sequence of thirty samples, each of seven observations. The overall
mean of the sample observations was 192.6 grams, and the average sample
Standard deviation was 5.42.

IUse an unbiased estimator to find an estimate of the process Standard
deviation.

BFind the center line and lower and upper control limits for an x—¢hart.

t)Find the ¢enter line and lower and upper control limits for an s - chart.

i The accompanying table shows sample means and sample Standard

deviations for a sequence of 14 samples of eight observations on a quality
racteristic ofa product

Sample L S
1 146.4 4.37
2 152.8 6.79
3 150.6 3.17
4 149.2 4.71
5 150.6 4.98
6 150.4 6.28
7 1511 6.20
8 152.9 6.97
9 147.2 4.28
10 154.3 7.29
n 151.8 31
12 149.9 5.31
13 146.7 4.73
14 152.1 6.12



a) Find the overall mean of the sample observations.
b) Find the average sample Standard deviation.

c) Use an unbiased estimator to find an estimate of the process Standard
deviation.

d) Find the c¢enter tine and lovver and upper control limits for an x—ehart.

e) Draw the x—<¢hart and discuss its features.

f) Find the center line and lower and upper control limits for an s - chart.

g) Draw the s —chart and discuss its features.

4. Ten samples, each consisting of five automobile batteries, are tested for
strength. The means and sample Standard deviations are given here.

Sample Mean Standard deviation
1 12.2 2.1
2 125 13
3 12.3 15
4 11.9 2.1
5 11.8 12
6 11.2 11
7 121 13
8 12.0 13
9 12.2 18
10 11.8 2.0

a) Find the overall mean of the sample observations.
b) Find the average sample Standard deviation.

c) Use an unbiased estimator to find an estimate of the process Standad
deviation.

d) Find the center line and lovver and upper control limits for an x- chart.

e) Dravv the x - chart and discuss its features.
f) Find the ¢enter line and lovver and upper control limits for an s - chart.
g) Draw thes - chart and discuss its features.
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Answers
Ta) CL =42.3; LCL_=36.89;UCL_ =47.71; b) CLS=4.2; LCLS=0.13;
X X X

UCLS=8.27 ;2.a)cr =5.65 :b)CZ_ =192.6; LCL = 186.20;UCL_ =199.00;
X X X
¢) CLS=5.42; LCLS=0.64; UCL, =10.19; 3. a) 150.43; b) 5.307;
¢) ¥=5.50; d) CL =150.43; LCL =144.60\UCL =156.26;
X X X

f) CLS=5.307; LCLS=0.98; t/CZ, =9.63; 4. a) 12.00; b) 1.57; c) 1.67;
d) CL =12.00; LCL_=9.76 ;UCL =14.24; f) CLS=1.57; ICT, =0.00;
X X X

UCLS=3.28;

6.5. Control charts for proportions

Now let us consider situations, where individual product items will
ke checked to have conformed or not to have conformed to specifications.
Again, a sequence of samples is taken dver time to control product quality.
Qur interest is the proportion of nonconforming, or defective, items in each
sample. It is clear that, it is desirable that this proportion be as small as
possible, and any increasing trend éver time should cause concem.

Tre p - chart is used to monitor the proportion of defective items. One
important difference betvwveen p - chart and charts of previous section is that
here much larger sizes are necessary. Any competently engineered
production process is not going to generate a large proportion of
nonconforming items. Therefore, to get a reasonable result, a relatively large
sanple size is necessary.

Suppose that a sequence of K samples, each of n observations, is taken ffom

production process. The proportions of sample members not conforming to
conforming can be determined as

P,=— »=12,3,....,K

«l
where X - number of not conforming items;
n- sample size
iftre samples are the same size, the average of the sample proportions is
'heoverall proportion of nonconforming items. This is
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Simte,othe i-chart and s —ehart, three-standard error limits will be used

for p-chart. chart foL P- proportions

plot of the sequetice of sample proportions

The lower control limit is

LCLn= P-3

The upper control limit is

UCLp= p+3.-

f the lower control limit gets a negative value, which is impossible, we set
the lower control limit at zero.
temark?2:

Interpretation of p - chart is similar to the interpretation of x-chart and
s- chart.

Remarka3:

Touse MINITAB meni follow the following instructions:

1 Select Stat>Control charts>Select P

2 Enter variable location (for exatpie, Cl)

3 Enter subgroup size (200, 300 ete.). If sample sizes vary, corresponding

sanple sizes should be in column (for exatpie, C2)
IClick OK.

Exercises

Un the study of produetion process, 25 samples, each of 300 observations
wee taken. The average of the sample proportions of nonconforming items
was 0.064. Find the c¢enter line and upper and iower control limits for p-
jehart.

N Data were collected from a process in which the factor of interest was
Ivhether the finished item contained a particular attribute. A total of 30
Iffittples were seleeted. The common sample size was 100 items. The total
jttmber of nonconforming items was 270. Based on these data, compute the
Ivtml line, the upper and lower control limits for p-ehart.

I Samples of bowling balls are seleeted and sereened to see vvhether there

j'eany defects on their surfaces. The number of defeetive balls recorded for
Hdlsamnle is friven bere

Sample Size Number of defeetive balls
1 200 10
2 200 8
3 200 9
4 200 32
5 200 15
6 200 35
7 200 38
L 8 200 10



a) Find the center line and upper and lower control limits for /»-chart.

b) Draw the p-chart and discuss its features.

4. Baseball caps are manufactured and checked to see whether the logos are
properly printed on them. The number of defective logos per sample is
shown below

Sample Size Number of defective balls
1 100 8
2 100 6
3 100 5
4 100 27
5 100 9
6 100 10

a) Find the c¢enter line and upper and lower control limits for /»-chart.

b) Draw the /»-chart and discuss its features.

5. Proportions of nonconforming items in a sequence of 12 samples, each
400 observations, are given below

Sample " Sample
P P
1 0.061 7 0.068
2 0.060 8 0.036
3 0.043 9 0.064
4 0.051 10 0.056
5 0.037 n 0.046
6 0.042 12 0.039

a) Find the ¢enter line and upper and lower control limits for/»-chart.
b) Draw the /»-chart and discuss its features.

Answers
1.CLp=0.064 ;LCLp =0.022 ;UCLp-0.106 ;2.CLp =0.090;

LCLp =0.004 ;UCLp =0.176 ;3.a) CLp = 0.098 ; LCLp = 0.035;
UCLp =0.161 ;4. a) CLp =0.108 ;LCLp =0.015; UCLp =0.202;
5.a)CLp =0.050 ;LCLp=0.017; UCLp=0M3;
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6.6. Control charts for number of occurrences: c-chart

The p-chart just discussed is used when you select sample of items
and you determine the number of the sample items that possesses a specific
attribute of interest. Each item either has or does not have that attribute. In
practice often we meet the situations that involve attribute data but differ
ffom the p-chart. Each sampling unit could have one or more of the
attributes of interest. Number of attributes of interest, called the number of
occurrences , counts number of imperfections per item dver time. This is
called a c-chart.

As with the other control charts studied in this chapter, some general
notations used for control charts for number of occurrences are necessary.

Assume that, a sequence of K items is inspected dver time, and for
each item, the number of occurrences of some event, such as imperfections,
isrecorded. These numbers of occurrences denoted ¢, for/=12,...K .

The sample mean of occurrences is

A3-sigma (3 Standard deviation) control chart for the number of occurrences
(c-chart) can be constructed in the usual way:

Control chart for c- number of occurrences

Tre c- chart is atime plot of the number of occurrences dver the time.
Tre Central line is



ExaTtpie:
Handheld calculators are manufactured and checked for defects. If a
calculator is not defective, it is packaged and shipped to a retail store. Any
defective calculators are repaired before they are shipped. Twelve of the
defective calculators are checked for the number of defects per calculator.
The numbers of defects per calculator are:

6,3 2 5 6 7, 4 3, 7 8 9 andb
a) Find the Central line and lower and upper limits for c-chart.
b) Draw the c-chart and discuss its features.
Solution:

a) First ofali, let us find the mean number of defects per calculator, c .

V-6 _6+3+2+5+6+7+4+3+7+8+9+5 65 _
c=> —= =—=542
bl * 12 12

CLc=c=5.42
The lower and upper control limits are

LCLc=0 since ¢<9

UCLc = c+ 3e-fc =5.42 + 3+J1I5/12 = 12.40
b) Figlre 6.4 represents c-chart

uCL

CL

LCL



Since, ali points fail within the upper and lower control limits, the process is

in control. That is, in the defective calculators, the number of defects per
calculator is not excessive.

Remark:
To use MINITAB menti follow the following instructions:
Select Stat>Control charts>Select C

2. Enter variable location (Cl; C2; ete.)
3. Enter subgroup size (200, 300 ete.)
4. Click OK.

Exercises

1 Sixty minute cassette tapes are checked for defects. The number of defects
ineach of 8 tapes is shovwn below

Tape 1 2 3 4 5 6 7 8
Number of defects 1 2 1 1 1 3 6 2

a) Find the Central line and lower and upper limits for c-chart.
b) Draw the c-chart and discuss its features.

.. Workers are painting a large apartment building. An inspector checks

several walls for paint defects. The number of defects per wall is showwn
below

Sample 1 2 3 4 5 6 7 8 9 10
Number of defects 6 2 9 8 8 6 2 10 11 8

aFind the central line and lower and upper limits for c-chart.
JDraw the c-chart and discuss its features.
3 A reader has very carefillly read local paper for 15 weeks. For each

Sunday’s edition he has counted the number of typographical and spelling
‘frors. The results are shown below



Week Errors Week Errors

1 13 9 12
2 15 10 13
3 14 n 21
4 17 12 9

5 12 13 17
6 20 14 19
7 7 15 22
8 14

a) Find the sample mean number of errors for these 15 weeks.
b) Find the Central line and lower and upper iimits for c-chart.
c) Draw the c-chart and discuss its features.

4. In a large market, the number of complaints in a week was recorded éver
16 weeks. The results are shown in accompanying table

Week Errors Week Errors
1 17 9 23
2 n 10 15
3 15 n 10
4 22 12 16
5 21 13 17
6 29 14 22
7 8 15 23
8 18 16 20

a) Find the sample mean number of complaints per week.
b) Find the Central line and lower and upper limits for c-chart.
c) Draw the c-chart and discuss its features.

Answcrs
L a)CLc=2.125; LCLc=0; UCLc=6.498 ;2. a)CLc=9.00; LCLc=0;
UCLc =18; 3. a)15; b) CLc=15; LCLc=3.381 ;UCLc=26.62;
4.a) 17.94; b) CLc=17.94; LCLc=5.232; UCLc=30.64 .
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Chapter 7

Time serics analysis and forecasting
7.1. Introduction to index numbers
7.1.1 Price index for asingle iteni (Simple index number)

While analyzing time series data, decision maker often compares one
value measured at one point in time with other values measured at
different points in time. For exaTpie, a student may wish to compare
book price in 2005 with prices in previous years. A common procedure
for making relative comparisons is to begin by determining a base
period index to which ali other data values can be compared. This kind
of index is called a price index for a single item. To form a price
index, one time period is chosen as a base and the price for ali other
periods are expressed as a percentage of the base period price. If we
denote the price in the base period bypO0, and the price in another

period by p x, then, the price index for the another period is
100 [ PIN

\P°J
For exaTpie, the price of the house in 2001 was $73.000 and in 2004
the price was $121.000. If we take 2001 as a base period, then

p0=$73.000 and p]=$121.000 . The price index is

fo\
P\ 100 172160(?00 = 165.75%
\P°) :

h means that the price of house increased by 65.75% in 2004
pared with 2001.

100

7.1.2 Unweighted aggregate price index

While price index for a single item can be used to identify price
danges of a single item, we often are interested in the general price
change for a group of items taken as a whole. An unvveighted
~gregate price index can be developed by simply summing the unit

nnz



prices in the time of interest and dividing this sum by the sum of the

unit prices in the base year. Suppose that we have K number of items.
Let

p Q- denote the price ofthe i*hitem in base period

p u - denote the price of the ithitem in period t
The unweighted aggregate price index in period t, denoted I,, is given

by
(xk ~

I P u
I, =100- #

IPo,

=1

ExaTpie:
The following table lists prices of three different types of cars in
different years

Year Car types

A B C
2000 15.000 32.000 25.000
2001 16.000 34.000 26.000
2002 18.000 35.000 31.000
2003 21.000 37.000 32.000
2004 23.000 39.000 35.000

Use 2000" year as a base year, find and interpret unvveighted
aggregate price index.

Solution:
Year Car tvnes
A B c Sum
P\ Pi Pb .00.
Z,Po

2000 15.000 32.000 25.000 72.000 100%
2001 16.000 34.000 26.000 76.000 105.56%
2002 18.000 35.000 31.000 84.000 116.67%
2003 21.000 37.000 32.000 90.000 125 %
2004  23.000 39.000 35.000 97.000 134.47% ]
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for exatpie, 116.67 % indicates that as a group, prices for the three
types of cars in 2002 year have increased by 16.67 % since 2000 year.

7.1.3 A weighted aggregate price index

Tre philosophy behind the weighted aggregate index is that each item
inthe group should be vveighted according to its importance. In most

ases the quantity of usage provides the best measure of importance.

Suppose that we have a group of K items. Let

qa - be the quantity of ilhitem in the base period,;
p O - be the price of i*hitem in the base period;

pu - be the price of i*hitem in the period oft
le Laspeyres price index for the period t is given by
\

( K
i-Pu
IP=io0
mPol
=
trecompany selis beer, wine, and soft drinks. Prices and quantity are
below
Quantity Unit price ($)
item (bottlesl 2000 2004
Beer 35 000 51 5.7
Wine 5000 35.0 37.0
Soft drink 50 000 2.80 35

pute a weighted aggregate price index for the company sales in
,with 2000 as the base period.
jution:
“wthe information
g0l =35000; g@®=5000; q® =50000
Por =5.1; p®=35.0; p03=2.80
P11=5.7; pn =37.0; pn =3.5
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/5735000 + 37.0 #5000 + 3.5 550000 559500
- 100 = 113.37%
b - 5.1+35000 + 35.0 +5000 + 2.80 #50000  ~ 493500 "0 - 113:37%

It means in year 2004, at the prices prevailing, the total income of
company from sales in the base period would have been increased by

13.37%.

7.1.4 A weighted aggregate quantity index

Suppose that we have a group of K items. Let
p g —be the price of i hitem in the base period;

p u - be the price of ithitem in the base period;

qQ - be the price of ilhitem in the period oft
The Laspeyres quantity index for the period t is given by
f K n

JTPol An
I=1

7.2. Commonly used index numbers
a) Consumer Price Index

To most of us, inflation has come to mean increased prices and
less purchasing power of dollar. The Consumer Price Index (CPI)
attempts to measure the overall changes in retail prices of goods and
Services. The CPI uses a “market basket” of goods and Services used
by a typical wage eamer living in a certain area. The CPI based on
items grouped into seven categories, including food, housing, clothing,
transportation, medical ¢are, entertainment, and miscellaneous items.
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b) Producer Price Index

The Producer Price Index (PPI), measures the monthly
changes in prices in primary markets in the US. The index is based on
prices for the transaction of each product in nonretail markets. Ali
commodities sold in commercial transactions in these markets are
represented, including those imported for sale. One of the common
uses of this index is as leading indicator of the future trend of
consumer prices and the cost of living An increase in the PPI reflects
producer price increases that will eventually be passed on to the
consumer through higher retail prices.

c) Dow Jones Average

The Dow Jones averages are indexes which are designed to
show price trends and movements on the New York Stock Exchange.
The best known of the Dow Jones indexes is the Dow Jones Industrial
Average, which is based on common-stock prices of 30 industrial
stocks. It is a weighted average of these stock prices where the weighs
are revised ffom time to time to adjust for stock splits and svvitching of
companies in the index.

7.3. Deflating a series by price indexes

Many business and economic series reported Over time, such
as company sales, industry sales, and inventories, are measured in
dollar amounts. These time series often show an increasing growth
pattem dver time which is generally inteipreted as showing an increase
in the physical voliime associated with these activities. In periods
where price changes are significant the changes in the dollar amounts
mav be very misleading unless we are able to adjust the time series to
eliminate the price-change effect. Whenever we remove the price-
increase effect from the time series, we say we are deflating the
series.

Inthe area of personal income and salaries we often hear discussions

concerning issues such as “real salaries” or the “purchasing povver”.
ese concepts are based on the notion of deflating salary index. For
nmple, the follovving table shovws monthly salary income of factory
orkers for the past 5 years.

207



Year Salary ($)  CPI (2000 base)

2000 490 100
2001 .540 105
2002 585 113
2003 640 122
2004 700 138

At first glance, we see sharply increasing trend in monthly salaries,
with excellent growth from $490 to $700. Should the factory workers
be pleased with this growth in salary? Perhaps yes, but on the other
hand, ifthe cost of living has increased just as fast as salary, maybe the
answvver is no. 1fwe can compare purchasing power of the $490 in 2000
with the purchasing power of the $700 in 2004, we will have a better
idea of the relative improvement in salaries. Table above also shows
the Consumer Price Index (CPI) for the period 2000-2004. Here we
use 2000 as the base for CPI. With these data we will see how the CPI
can be used to deflate the index of monthly salaries. In effect we will
be removing the consumer price increases from power of salaries in an
attempt to measure the change in purchasing power ofthe wages.

The calculations used to deflate the salaries are not difficult.
The deflated series is found by dividing the monthly salary in each
year by the corresponding value of CPI

Year Deflated salary
2000  ($490/100) TO0=$490
2001  ($540/105) T00=$514.3
2002  ($585/113) T00=$517.7
2003  ($640/122)-100=$524.6
2004  ($700/138) T00=$507.2

What does deflated series of salaries telis us about the “real salary” or
“purchasing power” of workers during 2000-2004? In terms of 2000
dollars, the monthly salary has risen from $490 to $507.2 or
approximately 3.5% In fact, after we remove the price increase effect
we see that factory workers are doing little more than keeping even
with the inflationary price increases of the period. Thus, we see that
the advantage of using price indexes to deflate a series is that we have
a clearer picture of the real dollar changes that are occurring.
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E xercises

1. Consider the following revenue data for the past 8 years
Year Revenue tin
18.2
22.6
25.2
32.6
38.6
39.7
40.2
413
Use year 1 as a base year to construct a relative index showing how
revenues have increased.
2. The accompanying table shows monthly salaries 6ver 5 years for
three types of employees in a small company

O~NOUTAWN

Year Economist Manager Clerk
1 450 420 320
2 490 510 350
3 520 550 390
4 560 600 400
5 600 650 420

ake year 1 as a base. In that year there were 20 economists, 15
ianagers and 5 clerks.
a) Find the unweighted index of monthly salary rates.

5Find the Laspeyres index for monthly salary rates.

3 Company produces three types of items: A, B, and C. The
beginning-year cost per item, the ending year cost per item, and the
number of items sold in the beginning-year period are shown below:

items Beginning Ending year Number of
year cost cost items sold
A 2.50 3.95 25
B 8.75 9.90 15
C 0.99 0.95 60

Compute the price index for single items.



b) Compute a weighted aggregate Laspeyres price index. What is your
interpretation ofthis index value?

4. Total personal income for the 5 years 1995 to 1999 as follovvs

Year Total personal income (in millions of dollars)
1995 1200
1996 1450
1997 1650
1998 1800
1999 2050
Use following Consumer Price Index below

Year CPI

1995 100

1996 110

1997 118

1998 122

1999 130

to deflate the personal income series. What has been the percent
increase in “real personal income” from 1995 to 1999? Sketch actual
and real personal incomes and interpret your results.

5. The following table reports total inventories of ali companies for
the 5years 1990 to 1994 as follows

Year Total inventories (In billions of dollars)

1990 155

1991 163

1992 178

1993 198

1994 227
Use following Producers Price Index below

Year CPI

1990 100

1991 105

1992 113

1993 122

1994 138

to deflate this series. Sketch the real and actual total inventories and
interpret your findings.



Answers
L 100%; 124.18%; 138.46%; 179.12%; 212.09%; 218.13%; 220.88%;
226.92%; 2. a) 100%; 113.45%; 122.69%; 131.09; 140.34%; b) 100%;
113.61%; 121.89%; 131.36%; 141.12%; 3. a) 158%; 113%; 96%; b)
120%; 4. 1200; 1318.2; 1398.3; 1475.4; 1576.9; 5. 155; 155; 158; 162,
164.

7.4 A nonparametric test for randomness
In the process of analyzing time series the first step is to
consider a test for randomness. We will consider the runs test, which
is a nonparametric test.
7.4.1. The runs test for the small sample sizes
To demonstrate this test, we will consider series with even number of

observations. Let us consider a series of 14 observations. The data are
shown below

N Value N Value
1 99 8 90
2 92 9 109
3 100 10 121
4 76 n 119
5 123 12 89
6 27 13 84
7 78 14 129

Hrst of ali we write data in ascending order and find the median.

t '15' "
Median - n;—l 125 Th+ 8n 92+99_=95.5

Therun test developed here separates the observations into a subgroup
above the median and a subgroup below the median. Then letting a
“+”denote observations above the median and a denote

j observations below the median we find the follovving pattem dver the
Syuence
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This sequence consists of a run of one followed by a one run of
one arun of one “+”, arun ofone  arun of one a run of
three a run of three arun of two , and one run of “+”. In
total there are R=9 runs.'

The null hypothesis is that the series is a set of random variables. The
table 7 in the Appendix gives the smallest significance level against
which this null hypothesis can be rejected against the altemative of
positive association betvveen adjacent observations, as a function of
Rand n.

If the altemative hypothesis is two-sided hypothesis on randomness,
the significance level must be doubled if it is less than 0.5.
Altematively, if the significance level, a , read from table is greater
than 0.5, the corresponding significance level for the test against the
two sided altemative is 2(1- a) .

In our case, n=14, and R=9. From table in the appendix we see that
for n=14observations, the probability under the null hypothesis of
finding 9 or fewer runs is 0.791. Therefore, the null hypothesis of
randomness can only be rejected against the altemative hypothesis of
positive association between adjacent observations at the 79.1%
significance level. We have not found strong evidence to reject the null
hypothesis that series are randomness.

7.4.2 The run test for the large sample sizes

If the sample size is large (n>20), the distribution of the runs under

the null hypothesis can be approximated by a normal distribution.
Under the null hypothesis the random variable

has a Standard normal distribution. In formula above, R, defines the
number of runs, as the number of sequences above or below the
median.
We want to test the null hypothesis

HO :The series is random
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1) If the altemative hypothesis is positive association between adjacent
observations, the decision rule is

V4(«-1)
2) If the altemative hypothesis is that series are nonrandom, then the
decision mle is

Van-1) Van -1)
Remark:
To use MINITAB meni follow the following instructions
1 Select Stat>Nonparametrics>Runs test

2 Enter time series variable (for exaTpie, Cl)
3 Select  Above and below
4. Insert value of the median
5 Select “generate forecasts”
6 Click OK.
Exercises
L The following table shows country’s industrial production index
over 14 years.

Year Index Year Index
1 65 8 83
2 74 9 88
3 80 10 98
4 86 n 100
5 89 12 99
6 87 13 104
7 89 14 112

Testthis series for randomness using the run test.



2. The following table shows 24 annual observations on sale of certain
brand of product

Year Sales Year Index
1 857 13 995
2 690 14 1234
3 710 15 987
4 839 16 653
5 858 17 345
6 791 18 674
7 768 19 980
8 478 20 945
9 658 21 783
10 751 22 342
n 723 23 456
12 567 24 610

Use the large- sample variant of the runs test to test this series for
randomness.

3. The following table shows annual retum on a stock market index
over 14 years.

Year Retum % Year Retum %

1 -8.9 8 35
2 5.6 9 32.6
3 184 10 195
4 345 n 3.4
5 -78 u 12 16.6
6 23.4 13 321
7 19.6 14 0.3

Test for randomness using runs test.
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4. The table shows eamings per share of a company Over a period of

28 years.

Year  Eamings
1 49.3
2 345
3 18.3
4 23.6
5 37.7
6 313
7 17.9
8 12.2
9 18.0
10 219

Year
n
12
13
14
15
16
17
18
19
20

Eamings
19.6
25.7
29.1
375
48.3
42.1
36.6
30.1
213
19.3

Year
21
22
23
24
25
26
27
28

Eamings
9.5

195
45.2
76.6

72.1
67.7
87.3
46.5

Use the large-sample variant of the runs test to test this series for

randomness.

Answers

J Median=88.5; R=6; p -value=2 (0.209) = 0.481; Fail to reject
ffOat 10% level; 2. Median = 737; R=10; 2 =-1.2523;

Ip-value = 1- 0.8944 = 0.1056; Reject HOat level above 10.56%;

T; Median = 17.5; R=9; p- value = 0.791; Fail to reject # Oat 10%
llewel; 4. Median = 30.7; R=1; Z=-3.0813 ;p- value =

la(l- 0.999) =0.001; Reject HOat 0.01%.



7.5. Components of time series

A critical aspect of managing any company is planning for
future. In fact, the long-run success of any company is closely related
to how well management is able to foresee the future and develop
appropriate strategies.

Let us suppose for a moment that we have been asked to provide
quarteriy estimates of the sales voliime for a particular product during
the coming 1-year period. We wiill certainly want to review the actual
sales data for the product in past periods. From these historical data we
can identify the general level of sales and determine vvhether or not
there is a long-term trend sucli as an increase or decrease in sales
voliime Over time. The historical sales data referred to here is called a
time series.

The classical time series model has been developed in an attempt to
expiain the pattem or behavior of the data in a time series. The
classical model is based on the assumption that four separate
components

-Trend (T)

-Cyclical (C)

-Seasonal (S)

-Irregular (1)
taken together cause the time series to assume specific values. By
analyzing each of these four components separately, we hope to
identify the effect each of these components has had on the time series
in the past.

a) Trend component
Trend is defmed as the long-term movement in a time series. In other
words, an increase or decrease in the values of a variable occurring
dver a period of several years gives a trend.

b) Cyclical component
It is fact that most of time series show altemating sequences of points
below and above the trend line. The regular pattem of sequences of
points above and below the trend line is attributable to the cyclical
component of the time.

c) Seasonal component
Seasonal component in a time series are defmed as the movement that
occur in atime series within one-year period. Many business activities,



such as production and sales, exhibit seasonal pattems Over different
time periods of a year. For exatpie, a manufacturer of snow removal
equipment and heavy clothing expects low sales activity in the spring
and summer months, with peak sales occurring in the fail and winter
months.
d) irregular component

The random or chance variations in a time series are referred to as the
irregular component. For exaTpie, strikes and natural disasters such
as storms and earthquakes can cause unpredicted irregular movement
in the time series. Since this component accounts for the random
variability in the time series, it is unpredictable. Thus we can not
attempt to predict its impact on the time series in advance.

7.6. Moving averages

Sometimes the irregular component in time series may be so
large that it creates difficulties in interpretation of the time plot series.
Insuch cases we reduce this problem by using moving averages. We
an smooth any irregularities using moving averages, based on the
icka that any large irregular component at any point will have a
sinailer effect if we average the point with its immediate neighbors.
This procedure is called a simple centered (2m+1)- point moving

Le x{,x2,....... ,Xxnbe n observations in a time series. A smoothed
sies can be obtained by using a simple centered (2m+1) - point
ving averages

1 m
Xt=-— — T xs  (t=m+Im+2,.,n-m)
2m+\ rr,,

forinstance, if we want to find 3-point moving averages, then solve
[ 2m+1=3

find m=1. If m - 1, then the first available data will be X*.
Wal X* in this case is
X<\ + X, + XM

Hset m=2, then a 5-point moving averages will be fonried as



s X2 X, _x+X, XA HFE2

w0 5
ExaLupie:

The following data show the sales dver the past six years. Compute a
simple centered 3-point moving averages to smooth data

Year Sales
1999 2169
2000 3678
2001 2789
2002 4783
2003 1280
2004 2379

Solution:
Since we need to find 3-point moving averages then (2m+1) =3, and

Then LD X oo

Using formula above, we obtain

i & tn32 %3 2169+3678+2789 _ 0.0

X2+ w5 s s 3678+2780+4783 .

N*3+ %4 +*5 2789 + 4783 +1280 " Q"

x4 +x5+x6 4783+ 1280 + 2379

X: =2814

.aand smoothec data are given below:
Year Sales
1999 2169 -
2000 3678 2878.67
2001 2789 3750
2002 4783 2950.67
2003 1280 2814

2004 2379



Actual
a Smaothed

------- Actial
----Smoothed

Moving Average

Lengtti: 3

The original data and smoothed data are graphed in Figtre 7.1.

Remark:
Touse MINITAB meni follow the following instructions:
1 Select Stat>Time series>Moving averages

2 Enter time series variable (for exatpie, Cl)
TEnter the moving average length

TClick results and select summary table and results table
S.Click OK.



1. The following table gives the gross domestic product (in billions of
dollars) of the country for'the years 1990 through 1997

Exercises

Year GDP

1990 1768.4
1991 1974.1
1992 2488.6
1993 3030.6
1994 3405.0
1995 4038.7
1996 4268.6
1997 4900.4

Compute a simple centered 3-point moving average for the GDP. Plot

the smoothed series and comment on your results.

2. The following table shows the year-end price of gold (in dollars)

over 10 consecutive years.

Year

Price ($)

D0 00 1 O W e L B

120
135
147
220
256
289
312
350
430
535

Compute a simple centered 5-point moving averages for the gold price

data.

Draw a time plot of the smoothed series and comment on your results.
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where a is a smoothing constant whose value is fixed between 0
and 1. And standing at time n, we obtain forecasts of future values,
xt+h ofthe series by

xth=Xh\ h=123,
Exatpie:
The following table shows the price of a share of common stock for a
well-known Computer firm dver the past 8 weeks. The price shown is
the closing price on the same day of the week for 8 consecutive weeks.

Week Stock price
50
53
49
50
42
57
52
57

O~NOUTAWN R

Use the method of simple exponential smoothing to obtain forecasts of
stock price dver the next three weeks. Use a smoothing constant of
a = 0.4 . Graph the observed time series and the forecasts.

Solution:

As mentioned above, we let the smoothed value of the time series for
the first period equal the actual first value of the time series. So,

x\=x]=50

To illustrate the nature of the computation, we will use a smoothing
constant of a - 0.4 . Thus the smoothed value for period two becomes

Xl =a-jci+(l-a)-x2=0.4-50+ 0.6-53 =51.8
The smoothed value for period 3 becomes
+3=a+2 +(l-a)+ 3=0.4-51.8+ 0.6-49 =50.12

Continuing this process in the end we obtain the following complete
set of smooth values shown in the table:



Week Stock price Smoothed time

series value
1 50 50.00
2 53 51.80
3 49 50.12
4 50 50.05
5 42 45.22
6 57 52.29
7 52 52.12
8 57 55.05

Now, let us use the results of exponential smoothing to develop a

Iforecast of the stock price for the 9rt,10™,and 1I'hweeks. The
assumption of the simple exponential smoothing is that the smoothed

lvalue of the time series at one period provides the best estimate of the
time series for the next periods. Thus, the simple exponential
smoothing model forecast of the stock price for the follovving 3 weeks
i5$55.05.

*9=$55.05; *10 =$55.05; xn =$55.05
Figlre 7.2 shows the plot of smoothed values for the time series.

Price per share

X X X

| 1 1 1 1 1 1 -
1 2 3 4 5 6 7 8 9 10 11
Week

Figure 7.2. Exponential smoothing of stock price time series
with smoothing constant a = 0.4
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Remark;

To use MINITAB menu follow the following instructions

1. Select Stat>Time series™>Single exponential smoothing
2. Enter time series variable (for example, C1)

3. Select o Use

4. Tnsert (1-)

5. Select “generate forecasts”

6. Number of forecasts: Insert an integer to indicate number of
forecasts you want.

7. Starting from origin: Enter a positive integer to specify a starting
point for the forecasts. For example, if you specify 4 forecasts and 10
for the origin, Minitab computes forecasts for periods 11, 12, 13, and
14, based on the level and trend components at period 10. If you leave
this space blank, Minitab generates forecasts from the end of the data.
8. Select Options

9. Select graphics, outputs

10. Enter 1 to the window “Use average of __observations”

11. Click OK.

Exercises
1. The following time series shows the sales of a particular product
over the past 12 month.

Month Sales Month Sales
1 105 7 145
2 135 8 140
3 120 9 100
4 105 10 80
5 90 11 100
6 120 12 [ {10

Use a=0.3to compute the simple exponential smoothing to obtain
forecasts of sales over the next three months. Graph the observed time
series and the forecasts.




2. The following table gives the gross domestic product (in billions of
dollars) of the country for the years 1990 through 1997.

Year GDP

1990 1768.4
1991 1974.1
1992 2488.6
1993 3030.6
1994 3405.0
1995 4038.7
1996 4268.6
1997 4900.4

Use the method of simple exponential smoothing, with a smoothing
constant of & =0.7, to obtain forecasts of GDP for the next two years.
Graph the observed time series and the forecasts.

3. The following table shows the year-end price of gold (in dollars)
over 10 consecutive years.

Year Price ($)
120
135
147
220
256
289
312
350
430
B 10 ‘ 535
Use the method of simple exponential smoothing, with a smoothing
 constant of o = 0.6, to obtain forecasts of the price of gold in the next
four years. Graph the observed time series and the forecasts.

Answers

OO0~ W B W N —

A ~ ~

l: X13 =X14 = X15 =

= X3 = x4 =425.369.

106.053; 2. xo = x10 =3869.67; 3, x11=xp =




7.8. Double exponential smoothing
(Holt-Winters exponential smoothing forecasting model)

Many business forecasting procedures are based on extensions
of simple exponential smoothing. Double exponential smoothing (also
called the Holt-Winters exponential smoothing procedure) allows for
trend (seasonality also) in time serics. In double exponential
smoothing, a second smoothing constant, 3, is included to account

for the trend. We will consider a nonseasonal time series.

A

We denote the observed value as x, and x, as the estimate of the level.
The trend estimate is represented as T, . in Holt-Winters exponential
smoothing forecasting model these two variables will be estimated as

X =0 (xe+T_)+0-0)-x,; O<a<l)

T,=B-T4+(-B) (xi=x11); (0<p<h
where o and f are smoothing constants whose values lie between 0
and 1.

To apply double exponential smoothing, we begin the computations by
setting

T, =%, ~ X and X2=x,
Then the above equations are applied fort=34,....... ,n. Standing at
time n,
We obtain forecasts of future values, x,,, , of the series by

A A

Xpih =Xp+ R Tn ’ (;1—': 1,2,3,....)
Example:
The sales manager needs to determine a monthly forecast for the
number of men’s sweaters that will be sold so he can order an

appropriate amount of packing boxes. Data for the past § months are
given below:
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| 145
| 165

]
2 l
3 175

4 149

5 ! 167

6 ) 156

;

176
o 195

Develop Holt-Winters double exponential smoothing mode} using
=02 and B=03as smoothing constants to forecast sales for the
next three months.

Solution:

The initial estimates of level and trend in month 2, are

S

[r—
=]

X2=x, =165 and T, =x, ~x, =165-145 =20
‘This smoothing application will usex=0.2 and B=03and the
equations

A

X0 =02 -(x;0+ 7,,)+0.8 x,;

T, =03 T, +0.7 (o= xor)
rThen for t=3:

X3 =02 (524 1534 0.8 x, =02- (165 +20) 1 0.8-175 = 177
and in addition

T, =03.7, +0.7-(x3-x2)=0.3.20 + 0.7-(177-165)=14.4
ﬁen for t=4:

A

X6=0.2-(x3+7;)+0.8 x, =
=02-(177+14.9) + 0.8-149=157.48
d in addition

=03-7, +0.7. (xa—x3)=03-144 + 0.7-(157.48—177) = -9.344
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T R e diime = e

=02-(x4+T,)+08 x, =
=02-(157.48-9.344) + 0.8-167=163.23

T3=03-T, +0.7 - (x5—x4)=0.3-(-9.344) + 0.7 - (163.23 ~157.48) =1.22
For t=6:

XG——OZ (xs+T)+08 x6—02 (163.23+122)+0.8:156=157.7

Ty=03-T, +0.7- (x6—x5) 03-1.22+0.7-(157.7-163.23)=-3.51
Forz—7.
x7 =02 (x6+T,)+08-x,=02-(157.7-3.51)+0.8-176 =171.64

A

T,=03-T,+0.7 - (x7—x6)=0.3-(-1.04)+0.7-(171.64 - 157.7)=8.7
For t=8:
x$ =02 (x7+T,)+08 x3=02-(171.64+8.7)+0.8-195=192.2

I;3=03-T,+07 - (xs—x7)=03-87+0.7-(1922-171.64) =17.00
In general for % periods forecasting is

Xn+h =Xn+h-T,
The most recent level and trend estimates are

xg =192.2; Ty =17.00
Then the forecasts for the next three months are

X9 =192.2+1-17.00=209.2
x10 =192.2+2-17.00=226.2

x11=192.2+3-17.00=243.2
The results of these calculations are shown below:




f Month ) Sales | - MINITAB
| Y1 solution
I 1 145 | - 146.150
2 165 { 165 161.457 {
3 175 [ 174.503
4 149 } 157.48 156.590 [
5 167 163.23 163.157 |
6 156 1577 | 157.823 |
L 7 | 176 171.64 l 171.735 !
8 | 195 192.2 192.106

The last column of the table above contains MINITAB solution.
According to MINITAB solution the predictions are

x9 =209.004 ; X10 =225.902; x11 =242.800

The values calculated by the MINITAB program differ slightly from
those in the third column of the table above. The MINITAB
procedures will generally provide slightly better forecasts compared to
the more simplified procedure we have shown. The observed time
series and forecasts are shown in Figure 7.3,
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Figure 7.3
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Remark:

To use MINITAB menu follow the following instructions:
1. Select Stat>Time series>Double exponential smoothing
2. Enter time series variable (for example, C1)

3. Select o Use

4. Enter 1— « -for level

5. Enter1 - f3 - for trend

6. Select “gencrate forecasts”

7. Enter number of forecasting

8. Enter number of starting point for forecasting

9. Select Options

10. Select graphics, outputs

11. Click OK.
Exereises
5 1. The table shows the sales of a particular brand of automatic
i dishwasher detergent in a store over a period of 7 weeks.
b Week Sale i
3 1 22
iy 2 23
! 3 19
i 4 16
: 5 21
6 28
7 19

Use the Holt-Winters procedure, with smoothing constants ¢ = 0.4 and
B =0.5 to obtain forecasts over the next 5 weeks.
2. The following table shows manufacturing monthly earnings over 12

il months.
:g ’ Month Earnings Month Earnings
i 1 350 7 420
2 370 8 400

3 340 9 350

4 370 10 420

5 390 11 360

6 410 12 450
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Use the Holt-Winters procedure, with smoothing constants ¢ =0.3 and
B = 0.4 to obtain forecasts for the next 3 months. Graph the data and
forecasts.

3. The following table shows percentage profit of a company over a
period of 8 years.

=<
@
2

Profit margin
7.6
6.4
6.9
7.9
8.1
7.0
82
6.2

20~ N W B W e

Find forecasts for the next three years, using the Holt-Winters
procedure, with smoothing constants & =9.7 and  =0.6 . Graph the
data and forecasts.

Answcrs

1.22.31; 22.50; 22.68; 22.87; 23.06; 2., 449.01; 474.56, 500.12; 3.
7.29;7.23;7.17.
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Table 1: Cumulative distribution function of the standard normal distribution

Tz | F@ : | F@) z #(z) z F(z) z F(z) F(z)
.00 .5000 |
o1 | 040 | 21 | 5832 41 6591 61 7291 81 7910 | 1.01 | .8438
02 | .5080 2 5871 42 6628 62 7324 82 7939 | 1.02 | 8461
03 | 5120 | 23 5910 43 6664 63 7357 83 7967 | 1.03 | .848S
04 | 5160 | 24 5948 44 6700 64 7389 84 7995 | 1.04 | .8508
05 | 5199 | .25 5987 45 6736 65 7422 85 8023 | 1.05 | 8531
|
06 | 5239 | 26 6026 46 | 6772 66 7454 86 8051 | 1.06 | .8554
07 | 5279 | 27 6064 47 6803 67 7486 87 8078 | 1.07 | 8577
08 | 5319 | 28 6103 48 6844 68 7517 88 8106 | 1.08 | .8599
09 | 5359 | 29 6141 49 6879 69 7549 89 8133 | 109 | 8621
40 | 5398 | 30 6179 50 | 6915 70 7580 90 8159 | 110 | .8643
1| 5438 | 31 6217 51 6950 71 7611 91 8186 | 111 | 8665
92 | 5478 | 32 6255 52 6985 72 7642 92 212 | iz | 8686
13 | 5517 | 33 6293 53 7019 73 7673 93 8238 | 113 | 8708
a4 | 5557 | 34 6331 54 7054 74 7704 94 8264 | 114 | 8729
a5 | 5596 | 35 6368 55 7088 75 7734 95 8280 | 115 | .8749
16 | 5636 | 36 6406 56 7123 76 7764 96 8315 | 116 | 8770
A7 | 5675 37 6443 57 7157 77 7794 97 8340 | 117 | 8790
18 | 5714 | 38 6480 58 7190 78 7823 98 8365 | 118 | 8810
19 | 5753 39 6517 59 7224 79 7852 99 8389 | 1.19 | 8830 |
20 | 5793 | .40 6554 60 7257 80 7881 1.00 8413 | 120 | 8849 J
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Table 1: Cumulative distribution function of the standard normal distribution (continue)
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| = [F@ | = F(z) | z | F(z) | z F(z) | =z F(z) | z F(z) z F(z)
1

271 | .9966 | 2.91 |.9982 | 3.11].9991 | 331 | .9995 | 351 |.9998 | 3.71 |.9999 |3.91 | 1.0000
272 1.9967 | 292 |.9982 [3.12].9991 [3.32 |.9996 | 352 |.9998 [3.72 |.9999 |3.92 | 1.0000
273 | .9968 | 2.93 | .9983 [3.13].9991 | 333 |.9996 |3.53 |.9998 [ 3.73 |.9999 |3.93 | 1.0000
1274 19969 | 2.94 | .9984 | 3.14].9992 | 334 | .9996 |3.54 |.9998 [3.74 |.9999 |3.94 | 1.0000
(275 |.9970 | 295 | .9984 | 3.15].9992 |3.35 |.9996 |3.55 |.9998 |3.75 | .9999 |3.95 | 1.0000
276 | .9971 1296 | .9985 | 3.16|.9992 |3.36 | .9996 |3.56 | .9998 [ 3.76 |.9999 | 3.96 | 1.0000
277 | 9972 | 297 | 9985 [3.17].9992 | 337 |.9996 | 3.57 |.9998 |3.77 | .9999 |3.97 ! 1.0000
2.78 | 9973 | 2.98 | 9986 | 3.18|.9993 | 3.38 | .9996 |3.58 |.9998 | 3.78 | .9999 |3.98 | 1.0000
2.79 | .9974 | 2.99 | 9986 | 3.19 " .9993 |3.39 | .9997 | 3.59 | .9998 ! 3.79 | 9999 | 3.99 | 1.0000
2.80 |.9974 | 3.00 | 998 | 320 9993 |3.40 | .9997 | 3.60 |.9998 |3.80 | .9999

2.81 | .9975 | 3.01 | 9987 |321|.9993 |3.41 | 9997 |3.61 |.9998 |3.81 | .9999

2.82 | .9976 | 3.02 | 9987 322 ].9994 | 3.42 | .9997 |3.62 |.9999 |3.82 | .9999

2.83 |.9977 | 3.03 | .9988 | 323 1{.9994 |3.43 | 9997 |3.63 |.9999 |3.83 | .9999

2.84 | 9977 | 3.04 | 9988 |324|.9994 [ 3.44 | .9997 |3.64 |.9999 | 3.84 | .9999

2.85 | .9978 | 3.05 | .9989 | 325].9994 | 3.45 | .9997 |3.65 |.9999 |3.85 | .9999

2.86 | .9979 | 3.06 | 9989 | 326 |.9994 | 346 | 9997 | 3.66 |.9999 | 3.86 | .9999

2.87 19979 13.07 | 9989 |327(.9995 | 347 | 9997 |3.67 | .9999 | 3.87 | .9999

2.88 |.9980 [3.08 |.9990 | 328 |.9995 |3.48 | .9997 |3.68 |.9999 |3.88 | .9999

2.89 | 9981 [3.09 9990 | 3.29|.9995 |3.49 | .9998 | 3.69 |.9999 | 3.89 | 1.0000

290 |.9981 | 3.10 19990 | 3.30|.9995 | 3.50 | .9998 [ 3.70 |.9999 |3.90 | 1.0000
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Table 2: Cut-off point of Student’s ¢ distribution

v [e4

0.100 0.050 0.025 0.010 0.005
1 3.078 6.314 12.706 31.821 63.657
2 1.886 2.920 4.303 6.965 9.925
3 1.638 2.353 3.182 4.541 5.841
4 1.533 2.132 2.776 3.747 4.604
5 1.476 2.015 2.571 3.365 4.032
6 1.440 1.943 2.447 3.143 3.707
7 1.415 1.895 2.365 2.998 3.499
g 1.397 1.860 2.306 2.896 3.355
9 1.383 1.833 2.262 2.821 3.250
10 1.372 1.812 2.228 2.764 3.169
11 1.363 1.796 2.201 2718 3.160
12 1.356 1.782 2.179 2.681 3.055
13 1.350 1.771 2.160 2.650 3.012
14 1.345 1.761 2.145 2.024 2.977
15 1.341 1.753 2.131 2.602 2.947
16 1.337 1.746 2.120 2.583 2.921
17 1.333 1.740 2.110 2.567 2.898
18 1.330 1.734 2.101 2.552 2.878
19 1.328 1.729 2.093 2.539 2.361
20 1.325 1.725 2.086 2.528 2.845
21 1.323 1.721 2.080 2.518 2.831
22 1.321 1.717 2.074 2.508 2.819
23 1.319 1.714 2.069 2.500 2.807
24 1.318 1.711 2.064 2.492 2.797
25 1.316 1.708 2.060 2.485 2.787
26 1.315 1.706 2.056 2.479 2.779
27 1.314 1.703 2.052 2.473 2.771
28 1.313 1.701 2.048 2.467 2.763
29 1.311 1.699 2.045 2.462 2.756
30 1.310 1.697 2.042 2.457 2.750
40 1.303 1.684 2.021 2.423 2.704
60 1.296 1.671 2.000 2.390 2.660

1.282 1.645 1.960 2.326 2.576
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Table 3: Chi- square distribution

o

995 .990 975 950 .900 100 | .050 |.025 |.010 | .005

0.0%393 | 0.0°157 | 0.0°982 | 0.0°393 | 0.0158 | 2.71 3.84 1502 |6.63 7.88

0.0100 | 0.0201 | 0.0506 | 0.103 0211 | 461 |599 1738 |9.21 10.60
0.072 | 0.115 | 0.216 0.352 0.584 1625 |7.81 1935 |11.34 | 1284
0207 | 0297 | 0.484 0.711 1.064 | 778 1949 | 11.14 | 1328 | 14.86
0412 | 0554 | 0.831 1.145 1.61 924 | 11.07 | 12.83 | 15.09 | 16.75
0.676 | 0.872 1.24 1.64 2.20 10.64 | 12.59 | 1445 | 16.81 | 18.55
0.989 1.24 1.69 2.17 2.83 12.02 | 14.07 | 16.01 | 18.48 | 20.28
1.34 1.65 2.18 2.73 3.49 1336 | 1551 | 17.53 | 20,09 | 21.96
1.73 2.09 2.70 3.33 4.17 1468 | 1692 | 19.02 | 21.67 | 23.59
2.16 2.56 3.25 3.94 4.87 1599 | 1831 | 2048 | 2321 | 25.19
2.60 3.05 3.82 4.57 5.58 17.28 | 19.68 | 21.92 | 24.73 | 26.76
3.07 3.57 4.40 5.23 6.30 18.55 | 21.03 | 23.34 | 26.22 | 28.30
3.57 4.11 5.01 5.89 7.04 19.81 | 2236 | 24.74 | 27.69 | 29.82
4.07 4.66 5.63 6.57 7.79 21.06 | 23.68 | 26.12 | 29.14 | 31.32
4.60 5.23 6.26 7.26 8.55 2231 | 25.00 | 27.49 | 30.58 | 32.80
5.14 5.81 6.91 7.96 9.31 23.54 | 2630 | 28.85 | 32.00 | 34.27
5.70 6.41 7.56 8.67 1009 12477 | 27.59 | 30.19 | 33.41 | 35.72
6.26 7.01 8.23 9.39 1086 | 2599 | 28.87 | 31.53 | 34.81 | 37.16
6.84 7.63 8.91 10.12 11.65 | 2720 | 30.14 | 32.85 | 36.19 | 38.58
7.43 8.26 9.59 10.85 12.44 | 2841 | 3141 | 34.17 | 37.57 | 40.00
.03 8.90 10.28 11.59 1324 | 2962 13267 | 3548 | 38.93 | 41.40
8.64 9.54 10.98 12.34 14.04 | 3081 |33.92 | 3678 | 4029 | 42.80
9.26 10.20 11.69 13.09 14.85 13201 | 3517 | 38.08 | 41.64 | 44.18
9.89 10.86 12.40 13.85 15.66 | 3320 | 36.42 13936 | 42.98 | 45.56
10.52 11.52 13.12 14.61 16.47 | 3438 | 37.65 | 40.65 | 4431 | 46.93
11.16 12.20 13.84 15.38 1729 | 3556 | 38.89 | 41.92 | 45.64 | 48.29
11.81 12.88 14.57 16.15 18.11 | 3674 | 40.11 | 43.19 | 46.96 | 49.64
12.46 13.56 15.31 16.93 1894 13792 | 41.34 | 44.46 | 48.28 | 50.99
13.12 14.26 16.05 17.71 19.77 1 39.09 | 4256 | 4572 | 49.59 | 52.34
13.79 14.95 16.79 18.49 2060 | 4026 | 43.77 | 46.98 | 50.89 | 53.67
20.71 2216 | 2443 26.51 29.05 | 5181 | 5576 | 59.34 | 63.69 | 66.77
27.99 | 2971 32.36 34.76 3769 | 63.17 | 67.50 | 71.42 | 76.15 | 79.49
3553 | 37.48 | 4048 43.19 46.46 | 74.40 | 79.08 | 83.30 | 88.38 | 91.95
4328 | 4544 | 48.76 51.74 5533 1 85.53 | 90.53 | 95.02 | 100.4 | 104.2
51.17 | 53.54 | 57.15 60.39 6428 | 96.58 | 101.9 | 106.6 | 112.3 | 1163
5920 | 61.75 65.65 69.16 7329 | 107.6 | 113.1 | 118.1 | 124.1 | 1283
6733 | 70.06 | 74.22 77.93 8236 | 1185 | 1243 | 129.6 | 1358 | 140.2
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Table 4: Cutoff point of the distribution of the Wicoxon test

statistic

P ERRRE S Searu—coco

n 0

0.005 0.01 0.025 0.05 0.10
4 0 0 0 1
5 0 0 1 3
6 0 1 3 4
7 1 3 4 6
3 2 4 6 9
9 4 6 9 11
10 6 9 11 15
11 8 11 14 18




Table 5: Cutoff point of the distribution of the Spearman’s
rank correlation coefficient

n (04
0.05 0.025 0.01 0.005
5 900 - - -
6 829 .8§86 .943 -
7 714 786 .893 -
8 .643 738 833 .881
9 .600 .683 783 .833
10 564 648 745 794
11 523 623 736 818
12 497 591 703 780
13 475 566 673 745
14 457 .545 646 716 :
15 441 .525 623 689 |
16 425 507 601 666 !
17 412 490 .582 645
18 399 476 .564 625
19 388 462 549 608
20 377 450 534 591
21 368 438 521 576
22 359 428 508 .562
23 351 418 496 .549
24 343 409 485 537
25 .336 400 475 526
26 329 392 465 515
27 323 385 456 505
28 317 377 4438 496
29 311 370 .440 487
30 305 364 432 478
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Table 2: Cutoff points for the F distribution

o =0.05
Vv, — denominator Vv, — numerator -
] 3 5 3 7 8§ |9 10 12 [15 [20 24 [30 401 26?2 i 2152303 =
1 1614 | 1995 2302 | 2340 | 2368 | 2389 | 2405 | 2419 | 2439 | 2450 | 2480 | 249.1 | 250.1 | 251.1 ; 31725
2 1851 | 19.00 1930 | 1933 | 1935 | 1937 | 1538 | 1940 | 1941 | 1943 | 1945 | 1945 | 1946 | 1947 | 1948 19.f9 1950
3 TI6.03 [ 955 S0 804 |89 |8 8B [ 879 |¥7 [0 |86 w64 882 [8 |¥5 |5 |85
4 |71 | 6% 626 | 616 | 609 | 504 | 600 | 596 | 591 | 586 | 580 | 577 | 575 | 572 | 569 | 566 | 543
56 155 505 | 495 | 488 | 482 | 477 | 474 | 468 | 462 | 456 | 455 | 450 | 446 | 443 | 440 | 436
2 T390 | 504 430 [ 428 | 421 | 415 | 410 | 406 | 400 | 3.94 | 387 | 384 | 381 | 377 | 374 | 370 | 347
7 559 | 474 397 | 387 | 379 | 373 | 368 | 3.64 | 3.57 | 351 | 344 | 341 | 338 | 334 | 330 | 327 | 323
8 537 | 446 360 | 358 | 350 | 344 | 339 | 335 | 338 | 322 | 31s | 312 | 3.08 | 304 | 301 | 3.97 | 2.93
9 512 | 426 348 | 337 | 320 | 323 | 318 | 314 | 307 | 301 | 294 | 300 | 28 | 283 | 279 | 275 | 271
10 [ 496 [ 410 | 371 | 348 | 333 | 322 | 514 [ 307 | 302 | 298 | 200 | 285 [277 [ 274 | 270 | 266 | 262 | 2.58 | 254
11 |48 [398 [359 | 336 | 320 | 309 301 z.sﬁ 290 285 |29 1270|7265 16T |25 255 249 | 245 [ 240
TWLTW 349 1326 30500 301 285 [ 280 [ 295 | 269 | 262 | 254 | 251 | 247 | 243 [ 238 [ 334 | 230
3 | 467 | 381 | 341 | 318 | 303 | 292 28 | 277 |27 | 267 | 260 |25 246 242 |2 [ 234 1230 935 103
:4 360 | 374 1334 300 296 | 285 1376 | 270 | 265 | 260 | 255 | 246 | 239 | 235 | 231 | 227 | 237 | 218 [ 213
15 | 454 | 368 | 320 | 306 | 290 | 279 271 | 264 | 239 | 254 | 248 | 240 | 233 | 229 [225 [ 220 | 216 | 211 | 207
16 | 449 [363 [ 324 [ 300 | 285 | 274 | 266 | 259 | 254 | 249 | 242 | 235 | 228 | 224 | 219 | 205 | 211 | 206 | 201
> 445 [ 359 | 320 [ 29 | 28U | 270 | 261 | 235 | 249 | 245 | 238 | 231 [223 | 209 (205 | 230 | 206 | 201 | 196
}; 441 | 355 | 316 | 293 | 277 | 266 | 258 | 251 2.@“2?41 234 227 1219 [7205 [ 2101 | 206 | 202 1197 | 192
19 | 438 [ 352 | 313 | 290 | 274 | 263 | 254 | 248 242 [ 238 | 231 | 223 |26 |20t | 207 | 205 | 198 | 195 | 188
20 | 435 | 349 | 310 287 | 271 [ 260 | 251 | 245 | 239 | 235 | 28 220 1202 17208 204 7199 1195 To0 [
(21 [ 4% [347 [307 |28 |26 257 [ 0@ [242 237 1237 1225 208 210205 001 |15 192 1187 T8l
V28 [ 266 |25 [240 | 240 [234 | 250|223 205|207 [200 [T98 [TTo4 | L85 |8 |18
3.03 ] 2.80 '! 264 {253 | 244 2_37J 232 [ 227 220 [ 213 | 205 | 20! 196 | 191 |18 | 1.81 | 176
240
L 1 {2 I3 4 5 6 7 8 9 10 [12 [15 [20 [24 [30 40 T60 120 [
24 [ 426 [340 [301 [278 [263 | 251 [ 342 236 2306 | 255 |28 T30 1503 198 1194 | 185 | 184 [ 179 | 173
25 | 424 |33 [ 299 [ 276 1260 | 249 17240 [ 234 | 228 | 224 | 206 | 205 [ 200 | 1% 1% 1is Tim 177 | 171
26 | 4B 1337 1298 1274 1259 [ 247 239 | 232 | 227 | 222 | 215 | 507 [ 198 1195 1790 T T Tis0 175 77169
27 | 4M 1335 1296 | 273 1257 246 237 [ 231 | 235 | 220 | 213 | 206 [ 197 |19y |18 s NI RN Y
28 | 420 334 71295 271 | 256 | 245 | 236 | 239 | 324 P 219 1232 T204 T096 | 19T 187 |18 117 190 16
29 | 418 333 1293 1270 255 [ 243 235 1238 | 222 | 208 | 200 | 203 | 194 |19 18 1Ts T 170 | 164 ]
30 | 417 [ 332 T292 [ 269 | 253 | 242 | 233 | 237 | 330 P26 1209 1201 [ 193 |18 | 184 179 | 174 1168 1163
40 | 408 1323 | 284 | 261 1245 234 1225 [208 [202 208 | 200 | 192 [ T8 [ TiA TG e TS 151
60 | 400 315 J276 [253 1237 1225 297 1200 | 204 195 | 192 [ 184 | 175 im0 T [T TS TS 139
120 | 392 | 307 1268 1245 1229 1207 1209 [ 202|196 1oT | 183 | 175 | 166 16T [ 15T TS 135 | 125
co | 384 300 1260 1237 T221 F2100 [ 201 [194 | 188 | 183 | 175 [ 167 |15 (15 | 146 15 132 |12 ’“1".6(7_’]
o =0.01
v, — denominator V| — numerator
1 2 3 |4 5 6 7 1|8 9 10 (12 [15 [20 [24 (30 |40 |60 120 | =
1 #052 | 4999 | 5403 | 5625 [ 5764 | 5859 |5928 | 5982 | 6022 | 6036 | 6106 | 6157 | 6209 | 6335 | 62t |08 T @D 6339 | 6366
2 98.50 | 99.00 | 9917 | 9925 1 9930 | 9933 | 9936 [ 9937 | 99.39 | 99.40 | 9942 [ 99.43 | 9945 | 9945 | 9947 | 9547 | 557g 99.48 | 99.50
3 3412 [ 3082 | 2046 | 1871 | 2824 | 2791 | 2767 | 2749 (2735 | 2723 | 2705 | 9687 | 26,60 | 3660 | 3630 [ a T E D 2622 | 26.13
4 2120 | 1800 ) 1669 | 598 | 1552 | 1521 | 1498 | 1480 | 1466 | 1435 | 1437 | 1420 | 1402 | 1393 | 1380 175156 1356 | 13.46
5 16.26 | 13.27 112,06 | 139 [ 10.97 71067 [71046 [ 1029 | 1016 | 1005 | 989 | 972 | 955 947 938 1935 1 97 911 | 9.02
6 1375 1 1092 1978 |95 1835 7847 [826 ['R10 | 798 | 787 | 772 | 756 | 746 [ 730 (73 51 506 6o 6.88
7 1225 | 9.55 | 845 | 785 1746 [ 719 1699 1684 [ 672 | 661 | 647 | 631 |66 | 607 |59 390 |35 57 565
) 1126 | 865 | 759 1701 | 663 | 637 | 618 | 603 | 591 | 587 | 567 552 ['536 [528 | 530 | 502 | 503 | 495 | 4%
9 1056 | 802 699 | 642 | 606 | 580 | 5.61 | 547 535 17526 [ ST | 496 | 481 | 4.73&5 | 457 445 |40 4.31“#
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il 2 3 4 5 6 7 8 9 10 12 15 |20 24 |30 |40 |60 120 | oo
10 | 1004 [ 756 | 655 | 599 | 564 | 539 [520 506 | 494 |48 | 471 1456 |44l [ 433 | 425 | 417 | 408 | 400 | 391
; ‘

5
11 965 | 721 22 1567 | 532 | 507 | 489 | 474 | 463 | 454 | 440 | 425 | 410 | 402 | 394 |38 | 378 | 369 | 360
12 935 695 [ 595 | 541 | 506 | 482 [46d [450 | 459 | 430 | 4le [ 401 |38 [378 [370 |36 354 |345 1336
137 1907 [ 870 574 | s2l | 486 [ 462 | 444 [ 430 [419 [ 410 | 396 |38 366 [ 359 | 351 [ 343 [ 334 [335 (307
14 | €86 | 651 | 556 | 504 | 469 | 4dc | 428 [ 414 | 403 | 394 | 380 [ 366 | 351 | 343 [ 335 327 [318 [ 309 | 300
15 | 868 | 636 | 542 | 485 | 456 | 432 | 414 [ 400 |38 ]380 367 [352 338 [329 | 321 | 313 [ 305 | 296 | 287.
16 | 853 | 623 [ 529 | 477 | 444 | 420 |403 | 380 [378 [560 [355 1341 326 | 308 [310 [3.02 1293 [284 | 275
17 | 840 | 611 [ 508 [ 467 | 43% [ 410 | 353 [ 379 [368 | 359 |34 | 331 [316 | 308 [73.00 | 292 [ 28 [275 [ 265
18 1829 [ 60t | 509 | 458 | 425 [ 401 | 384 | 371 | 360 | 351 [337 ['323 [ 308 [ 300 [29 [284 [275 [266 | 257
10 | 818 [ 503 | 501 | 450 [ 417 | 394 {377 | 363 [ 352 | 343 | 330 [ 315 | 300 1292 | 284 2767 [ 267 | 258 [ 249
20 | 810 [ 585 | 494 | 443 | 410 | 387 [ 370 | 356 | 346 | 337 | 323 [ 309 [ 294 [286 | 278 | 269 [261 [252 [24
21 802 | 578 | 487 | 437 | 4.04 | 3.81 | 364 | 351 | 340 | 331 | 217 | 3.03 | 288 | 280 | 272 | 264 | 255 | 246 | 236
22 795 | 572 | 482 | 431 | 399 | 3.76 | 359 | 345 | 335 | 326 | 242 | 298 [ 283 [275 | 267 | 258 | 250 | 240 | 231
23 788 ] 566 | 476 | 426 | 304 | 371 | 354 | 341 | 330 | 320 | 307 |293 | 278 | 270 | 262 | 254 | 245 | 235 | 226
24 | 782 | 56t | 472 | 423 | 390 | 367 [ 350 {336 |326 [ 317 [ 303 [289 [274 266 | 258 [ 249 | 240 | 23T | 220
35 | 777 | 557 | 468 | 418 | 385 | 363 | 346 | 332 [ 322 | 313 [ 299 [285 [ 270 | 202 254|245 [ 236 227 | 217
26 | 772 | 553 | 464 | 414 [ 382 | 359 [ 342 [ 329 {318 [309 [296 [ 281 |266 [ 238 | 250 | 242 | 233 [2237 |23
[ a7 | 768 | 549 | 460 [ 41t | 378 1356 | 339 | 326 | 305 | 306 | 293 [278 [263 |255 | 247 |238 [229 220 [ 210
rzg 764 1545 | 457 1 407 | 375 | 353 | 336 | 323 | 312 | 303 {290 | 275 | 260 | 252 | 244 | 235 | 226 | 217 | 206
29 | 760 | 542 | 454 | 404 | 373 [ 350|333 [320 [3.09 (300 | 287 {273 1257 [249 [ 241 [ 233 | 223 [ 214 | 203
30 | 756 | 539 [asi 402 1370 | 347 [330 [307 | 307 [298 | 284 [270 [255 | 247 | 239 | 230 220 | 211 | 20
r Y 7.31 l 5.18 u..}l 383 | 350 | 329 | 312 | 2090 |28 |28 | 266 |25 1237 220 | 220 {231 202 [ 192 | 180
[ X 7.08 l 4.98 ‘ 413 | 365 | 334 | 312 | 295 [ 28 |27 | 263 | 250 [235 1220 {212 [203 [ 194 |18 [ 173 | L&
r120T(’85 {7a7m0 [ 305 T34 1377 129 279 [266 [256 [247 [234 1219 203 1195 |18 [176 [ 166 | 153 | 138
\ oo \()63 \ 4.61 Dqs \3.32 \ 3.02 } 280 1264|251 241 1232 | 218 204 [ 188 J ’”J 170 { 159 [ 147 | 132 | 1.00

242

6 100 | 300 | 700 | 900 | 1.00
8 029 1 .114 | 371 | 629 | 886 | 971 | 1.00
10 | .008 | .040 | .167 | 357 | .643 | .833 ] .960 | .992 | 1.00
12 1 .002 | 013 | .067 | .175 | 392 | 608 | 825 | .933 | .987 | 998 | 1.00
14 §.001 | .004 | .025 | .078 | .209 | .383 | .617 | .791 | 922 | 975 | .996 | 999 1 1.00
16 | .000 | 001 | .009 | .032 | .100 | .214 | 405 | .595 | .786 | .900 | .968 | .991 | .999 | 1.00 | 1.00
18 | .000 | .000 | .003 | 012 | .044 | .109 | .238 | .399 | .601 | .762 | .891 | .956 | .988 | 997 | 1.00 | 1.00 | 1.00
20 | .000 | 000 | .001 | .004 { 019 | 051 | 128 | 242 | 414 | 586 | .758 | .872 1 949 | 981 | 996 | .999 | 1.00 | 1.00 | 1.00

243
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