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ABSTRACT

Let G be a connected semisimple Lie group of real rank 1 with finite center,
let T be a non-uniform lattice in G and a any diagonalizable element in
G. We investigate the relation between the metric entropy of a acting on
the homogeneous space I'\G and escape of mass. Moreover, we provide
bounds on the escaping mass and, as an application, we show that the
Hausdorff dimension of the set of orbits (under iteration of a) which miss
a fixed open set is not full.

* M. E. acknowledges the support by the SNF (Grant 200021-127145).
** S. K. acknowledges the support by the EPSRC.
T A. P. acknowledges the support by the SNF (Grant 200021-127145) and the Volks-
wagen Foundation
Received September 25, 2011 and in revised form September 7, 2014

245



246 M. EINSIEDLER, S. KADYROV AND A. POHL Isr. J. Math.

CONTENTS
1. Introduction. . . . .. .. ... ... ... ... 246
2. Fundamental domains in thecusps . . . . . ... .. ... 248
3. The height function . . ... ... ... ... ... ... 250
4. Coordinate system for G . . . . .. ... ... 252
5. Variation of height . . . . ... ... ... ... ... 254
6. Common cusp excursions of nearby points . . . . . . . .. 258
7. Estimate of metric entropy and proof of Theorem A . . . 264
8. Hausdorff dimension of orbits missing a fixed open subset 278
9. Modification of the partition from [EL10] . .. ... ... 292
References . . . . . . . . .. 294

1. Introduction

Let G be a connected semisimple (real) Lie group of R-rank 1 with finite center
and I a lattice in G. Suppose that

X:=T\G

denotes the associated homogeneous space. Let A be a one-parameter subgroup
consisting of R-diagonalizable elements. Pick an element a € A ~\ {id} and
consider the right action

X=X

T +— xa

T:

of a on X. Further let (i, )nen be a sequence of T-invariant probability measures
on X which converges in the weak* topology to the measure v.

If v is itself a probability measure (which is always the case if I is cocompact),
then upper semi-continuity of metric entropy is well-known, that is

limsup hy,,, (T') < hy(T).

n—00

In this article we investigate the case that I' is non-cocompact and v is not a
probability measure. We show that if upper semi-continuity does not hold, the
amount by which it fails is controlled by the escaping mass. More precisely, the
main result can be stated as follows.
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THEOREM A: Let h,,(T) denote the maximal metric entropy of T and suppose
that v(X) > 0. Then

v(X)h » (T)+ Lhp(T) - (1 — (X)) > limsup hy,, (T).

v() ( n—o00
In [KP] it is shown that the factor } is sharp. A consequence of this theorem

is the following result about escape of mass, which is of interest on its own.

COROLLARY: Suppose that limsup h,,, (T') > ¢. Then

v(X) > B (T) 1.

Thus, if the entropy on the sequence (u,,) is high, meaning at least éhm(T)—i—s,
then not all of the mass can escape and the remaining mass can be bounded
quantitively.

For X = SL3(Z)\ SL2(R) and T being the time-one map, this control on
escape of mass is already shown in [ELMV12]. For recent results of this kind
in different settings and their applications we refer to [EK12, Kad12, KKLM].

In case of equality in the corollary above, Theorem A yields the following

consequence for the remaining normalized measure.

COROLLARY: Iflimsup hy,, (T') > ¢ and

2c

v(X) = o (T)

—1>0,

then h »

50 (T) = hp(T) and u(x) is the Haar measure on X.

As an application of these results and the methods for their proofs we show
in Section 8 the following observation, thereby answering a question of Barak
Weiss. Its positive solution is already used in [HW13].

THEOREM B: Let O be an open nonempty subset of X, and let & be the set
of points in X whose forward trajectories (forward A-orbits) do not intersect
O. Then the Hausdorff dimension of € is strictly smaller than the (Hausdorff)
dimension of X.

We outline the strategy of proof for Theorem A. The key tool for its proof is
the existence of a finite partition 7 of X such that for each T-invariant proba-
bility measure p on X the entropy of u, the entropy of the partition 7 and the
mass “high” in the cusps of X are seen to be related as in Theorem A. More
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precisely, if X~ denotes the part of X above height s (the notion of height is
defined in Section 3 below), then

hM(T) < hy(T, n) +cs + ;hm(T)M(‘xx)

with a global constant ¢, such that ¢ — 0 as s — co. We remark that 7 is
independent of p. To achieve this we use a partition of X into a fixed compact
part, the part X<, above height s, and the strip between the compact part and
Xss. The compact part is refined into very small sets, depending on the width
of the strip, such that this part and the strip do not contribute to entropy.

The entropy of u is estimated from above using the Brin—Katok Lemma,
which reduces this task to counting Bowen balls needed to cover some set of
fixed positive measure. In Lemma 7.4 below we provide a non-trivial bound
for this number. In order to be able to establish this result, we translate the
situation to Siegel sets in G (which is possible thanks to a result of Garland and
Raghunathan [GR70] on fundamental domains), and conduct a detailed study
how nearby trajectories behave high up in the cusp.

These investigations do not use the classification of R-rank 1 simple Lie
groups. Rather we take advantage of the uniform and easy to manipulate con-
struction of rank 1 symmetric spaces of noncompact type provided by [CDKR91]
and [CDKR98] and the coordinate system of the associated Lie groups adapted
to their geometry.

ACKNOWLEDGMENT. We thank the anonymous referees for many valuable com-
ments that helped to improve the presentation of the paper.

2. Fundamental domains in the cusps

Let A be a one-parameter R-diagonalizable subgroup in G containing the di-
agonalizable element & defining the transformation 7' on X via = +— za. Let
C = C4(G) denote the centralizer of A in G and let ¢ be its Lie algebra. Let
g denote the Lie algebra of G. Since G is of R-rank 1, there exists a group
homomorphism a: A — (Rsg, ) such that with

g ={X€g|VacA: Ad, X =a(a)2X}, je{£l,+2},
we have the direct sum decomposition

(1) g=0 209 1DcDg1 D ga
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We choose the homomorphism « such that «(a) > 1. The Lie algebra g is the
direct product of a simple Lie algebra and a compact one. Unless this simple
Lie algebra is isomorphic to so(1,n), the homomorphism « is then unique and
(1) is the restricted root space decomposition of g. If the simple factor of g is
isomorphic to so(1,n) for some n € N, n > 2, then there are two choices for a.
Depending on the choice, either go or g; is trivial. In this case (1) simplifies to

g=9g-1PcDgr resp. g=g-2DcDgs,
each of which is the restricted root space decomposition of g. The first one cor-
responds to the Cayley—Klein models of real hyperbolic spaces, the second one
to the Poincaré models. Define n := go @ gy and let N be the connected, simply

connected Lie subgroup of G with Lie algebra n. By the theorem concerning
Iwasawa decompositions of G, there exists a maximal compact subgroup K of

G such that
NxAxK—=G, (nak)— nak
is a diffeomorphism. Let
M:=KnC.
For any s > 0 we set
As:={a € Al ala) > s}.
Moreover, for any s > 0 and any compact subset 17 of N we define the Siegel set

Q(s,n) == nA;K.

Garland and Raghunathan provide the following result on fundamental domains
for the non-cocompact lattice I' in G.

PROPOSITION 2.1 (Theorem 0.6 and 0.7 in [GR70]): There exists so > 0, a
compact subset g of N and a finite subset = of G such that
(1) G = FEQ(S()v 770)7
(ii) for all ¢ € Z, the group I N ENE™! is a cocompact lattice in ENETL,
(iii) for all compact subsets n of N the set

{’7 er | VEQ(SOﬂ?) N Q(SOan) 7é @}

is finite,

(iv) for each compact subset 1) of N containing no, there exists s1 > sg such
that for all £&1,& € E and all v € T' with v&1Q(so,m) N &Q(s1,n) # 0
we have &1 = &5 and v € §1NM§f1.



250 M. EINSIEDLER, S. KADYROV AND A. POHL Isr. J. Math.

For the remainder of this article we fix s; > so > 0, a compact subset 19 of N
and a finite subset = of G which satisfy (i)—(iv) of Proposition 2.1 with n := nq.
The elements of = are a minimal set of representatives for the cusps of
X :=T\G,

and for each & € Z, the Siegel set £Q(s1,7) modulo TNENME™! is a neighbor-
hood of the corresponding cusp of X. In the following we will often identify this
cusp with its neighborhood (I'NENME1)\EQ(s1,1) C X, and also refer to the
latter one as the cusp represented by &.

3. The height function

For each £ € =, we introduce a height function which measures how far a point
x € X is “in the cusp represented by £”. More precisely, the &-height of = is the
maximal value a(a) for an z-representative {nak in G = ENAK. The maximum
over all £-heights gives the total height of z € X. For a coordinate-free definition
of the height functions, we introduce a representation derived from the adjoint
representation. This representation was also used in [Dan84].
For each £ € = we set

Le = ENME!
and denote its Lie algebra by l¢. Set £ := dim[¢ (which in fact is independent
of £) and let V' be the ¢-th exterior power of g,

¢
V= /\ g.
Let o be the right! G-action on V' given by the /-th exterior power of
Ado ()7': G — End(g), g+ Ady-1,

hence
oi= N(Ado ()71): G = End(V).

We fix a non-zero element v¢ in the one-dimensional space
?
Wg = /\ [5

Oc: ENMAE™ = Ry

and let

1 When applying o(g) for g € G to v € V, we will write vo(g) instead of p(g)v to stress
that it is a right action.
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be the unique group homomorphism into the multiplicative group (Rsg,-) such
that for all g € ENM A~ we have
veo(g) = Oe(g)ve.
One easily shows that 6¢(g) = 1 for ¢ in the connected component of L¢, and
be(6as™") = afa)~(3 imortdimez)
for a € A. Let
q:= ; dim g; + dim go.

We choose a p( K )-invariant inner product (-, -) on V (e.g., induced by the Killing
form) and denote its associated norm by || - ||
For ¢ € =, the £-height of x € X is defined as

o)l
@) hte(a) = sup { (1, 22)1)

If g € G is represented as g = énak withn € N, a € A and k € K, then by
definition

g€ G, x:Fg}.

loge(g)ll )‘3
= afa).
(va e
Hence this value only depends on the A-components of g when represented in
ENAK (= @G), of which we may think as an Iwasawa decomposition of G relative
to £.
The height of z € X is

ht(z) := max{hte¢(z)| £ € E}.
For s > 0 and £ € = we set

(€, 5) = {z € X | hte(x) > s}
and
(3) Xss :={z e X|ht(z) > s} = U X(§, s).

3=

In the following we will see that the points in X(¢, s) correspond to the ele-
ments in the Siegel set £Q(s,n). To that end let Bs denote the open || - ||-ball
in V with radius § > 0, centered at 0. We define

Og(s) == s~ vga(§)ll
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ProposITION 3.1 (Corollary 2.3 in [Dan84)): Let £ € £, s > 0, and g € G.
Then I'g € I\I'§€2(s, n) if and only if veo(vg) € Bs,(s) for some ~ € I'. Further,
if s > sy and y1,72 € I' satisfy veo(v,9) € Bs,(s) for j = 1,2, then

veo(119) € {Fveo(r29)}-

Thus
X(&, ) = T\LEQ(s, n)
for all £ € Z and s > 0. If s > s1, the supremum in (2) is attained. Moreover,
by Proposition 2.1(iv),
X(&,8)NX(E,s) =0
if £ # ¢ € E. Hence the sets X(&, s) are then disjoint neighborhoods of the
cusps of X, and the union in (3) is disjoint.

4. Coordinate system for G

Recall that the Lie algebra g is the direct sum of a simple Lie algebra of rank
1 and a compact one. Since the height function is right-o(K)-invariant and
all further considerations are right-o(K)-invariant, we can restrict to g being
simple. [CDKR91] and [CDKR98] provide a classification-free construction of all
Riemannian symmetric spaces of noncompact type and rank one. Their results
rely on the choice of a certain coordinate system for real simple Lie groups G of
real rank 1, which allows us to treat all these groups without refering to their
classification. In the following we recall this coordinate system, the one for the
associated symmetric spaces and some essential formulas.

The semidirect product N A is parametrized by
R>0X92Xgl_>NAa (S,Z,X)HGXP(Z‘FX)'G,S,

where we may assume s := a(as). The (left) action of as = (s,0,0) € A on
n=(1,Z,X) € N is then given by

asn = (s,sZ,s'%X).

We define an inner product on n = go @ g; as follows. Let € be the Lie algebra
of K. Let # be a Cartan involution of g such that £ is its 1-eigenspace. For
XY € n we define

1

X,Y):=—

B(X,0Y)
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where B is the Killing form of g. It is well-known that (-,-) is an inner product
on n. As in [CDKR91, CDKR98], we identify G/K = NA = Ry X g2 X g1 with

D:={(t,Z,X)p € Rx ga x g1|t > ;| X|*}
via
Rogxgaxgi =D, (£,2,X)— (t+3X[*Z X)p.
We will include the subscript D when denoting elements (-,-,-)p of the sym-
metric space D to avoid confusion with elements of the group NA. The (left)
action of an element s = (ts, Zs, X5) € NA on a point p = (tp, Z,, X,)p € D
becomes

s.p = (bstp + 31 Xo|* + 50272 (Xs, Xp), Zo + 12y + 382 (X, X, X + 12 X,) .
These coordinates of G/K enable us to use [CDKR91, CDKR9S]|, and they

simplify some of the expressions below, in particular the one for the geodesic
inversion. To state the geodesic inversion, we define the linear map
J:ge = End(g1), Zw— Jgz,
via
(JzX,Y)=(Z,[X,Y]) forall X,Y € g;.
Then the geodesic inversion o of D at o := (1,0,0)p is given by (see [CDKR98])

1
24|22
We identify o with an element in K which acts as geodesic inversion on D=G/K
at 0. Then G has the Bruhat decomposition ([CDKR98, Theorem 6.4])

G=NAMUNAMOoN.

O‘(t,Z,X)DZ (t,—Z,(—t-i-Jz)X)D.

Multiplying this with £ € = from the left and o from the right, we get
G=(ENAMoUENAMU

with U := 0 No. This decomposition provides a coordinate system on G adapted
to the cusp represented by &. The set ENAMo we call the small £-Bruhat
cell and ENAMU the big £-Bruhat cell.

The group M is parametrized by the pairs (¢, 1) consisting of the orthogonal
endomorphisms ¢ on go resp. 1 on g; such that ¥(JzX) = J,z)¥(X) for all
(Z,X) € g2 x g1. The action of (¢,9) € M onp = (t,Z,X)p € D is given by

By [CDKR98, Proposition 7.1], |JzX| = |Z]||X| for all Z € go, X € g;.
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5. Variation of height

Suppose that the point z € X is of big height and its trajectory stays far out
for some time. In this section, we provide non-trivial bounds on the unstable
components of a group element g € G representing x. In Proposition 6.3 be-
low, this bound implies constraints on the perturbation allowed for x without
destroying the qualitative behavior of its trajectory during this time.

LEMMA 5.1: Let a;,ar € A, m € M and n € N with n = (1, Z, X) such that
omnay € Na,.K. Then

t
S+ X2+ |21
Proof. By Iwasawa decomposition we know that omna; = n’a,k for suitable

n' € N, k € K and r € Rsg. Suppose that m = (¢, ). Applying both omna;
and n’a,k to the base point 0o = (1,0,0)p in D, we find

/ /
omna; -0 =n'a.k-o0o=n'a, - o.

In the coordinates of D one easily calculates that
1
(t+ 31X +]22

Suppose that n’ = (1, Z’, X’). Then

omnas - 0=

(t+ 41X —0(2), (== | X+ T2 (X))p.

na, 0= (r+ 411|X/|2,ZI,XI)D.

Thus
1
X' = —t—XP*+J X
(t+ i|X|2)2+|Z|2( 4| | + LP(Z))’L/J( ))
| /|2: 1
((t+ 31X )2 +1]212)2
X ((t+ X PPIXP + [Ty (X0F = 20t + 11X (X)), Tz (X))
_ X2
(t+ 3 1X[2)2 + 122
and

t+ 41 X2

t
1 112
(t+ 1x]2)2 122~ A

(t+ 31X + 12>
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LEMMA 5.2: Let £ € 2 and g € G. If g = Enasmo withn € N and m € M,
then
(va(gat)ll)*é _s
[lveo(€) t
If g = énasmo(1,Z, X))o withn € N and m € M, then
1

(IIst(gat)ll)—é .. ‘
[vgo(E)l (; + 1 X12)2+121>
Recall the identification of the cusp represented by £ € = with the cusp
neighborhood (TNENME1)\EQ(s1, n) from Section 2. Let us note that the first
case corresponds to a trajectory pointing straight out of the cusp represented by
. In the second case, the element u = o(1, Z, X )o determines the perturbation
to the trajectory pointing straight into the cusp. If (Z, X) = (0,0), the second
case corresponds to a trajectory pointing straight into the cusp, and the formula
simplifies to
(Ilvzg(gat)ll)‘é _ g
lvgo(&)l '

Proof of Lemma 5.2. At first we suppose that g = £énagmo. Then
gay = &nag,mo = §nas/t§71£ma € (§NA§71)(§K).

Hence

lveegan)ll = Oe(€asyee lvee(©ll = () " loee©)ll

Suppose now that g = Eénmagu with u = on’c and n’ = (1, Z, X). Then (for
some m' € M)

lveo(gar)ll = s~ [[vco(Eom'n'oas)|| = s~ ||veo(§om’n’ar /o)
= s~ Jvco(§om'n’ay /)|
Lemma 5.1 yields
om'n’ay;, =n"ack

for some n’/ € N, k € K and
1

— t
(¢ + 4 1X1)2 +12P

Thus,
1

o+ 122)
KRR 4121

q
s~ vee(E)]]-

Jueetged)l = (

t



256 M. EINSIEDLER, S. KADYROV AND A. POHL Isr. J. Math.

The following proposition describes the amount of time a trajectory spends
in a neighborhood of the cusp represented by &.

PROPOSITION 5.3: Let £ € Z and g € G. Write 6 := |lveo(g)||. If g € ENAMoo,
then vep(gar) € Bs if and only if t < 1. If g = {nasmu € ENAMU with
u=0(1,Z,X)o, then veo(gas) € Bs if and only if

1
te ( ,1) U (1, )
61 X1 +12)2 6| X 14+ 122
Ifu =id, then (|| X|*+]Z|?)~" is to be understood as co.

Proof. The first part of the statement follows immediately from Lemma 5.2.
Suppose now that ¢ = {nmasu with u = on’c and n’ = (1,Z,X). By
Lemma 5.2,

@ leetoanll = (1, 1y g ze) * “eee©ll

Applying (4) for » =1 and r = ¢, we see that

lvee(gar)|l < [lvee(g)l
if and only if

1
1 t

< )
L+ X2 +1Z12 7 (G +3X12)2 + (2P

which is equivalent to

1 1 1
1 )(_ X[ 2) .
( t [+ X 1217) <0

This is the case if and only if
1 1 1 1
Z|? X4 1 Z|? X 1.
||+16||<t< or||+16||>t>

Suppose that ||veo(gar)|| = |lveo(ygar)|| for some g € G, v € T" and all ¢ in a
non-trivial interval (i.e., an interval which contains at least two points). Then
Lemma 5.2 yields that g and yg have the same A-component in £ N AK and they
are in the same &-Bruhat cell. If, moreover, g and yg are in the big &-Bruhat
cell, then also the norms of their U-components are equal. The following lemma
shows that far out in the cusp much more is true.
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LEMMA 5.4: Let £ € £ and suppose that g € G and v € I' are such that

lveo(g)ll = llvee(vg)ll < de(s1)-

Then v € ENM¢L. In particular, if g = énamo resp. g = &énamu withn € N,
a€ A, méeM and u € U, then vg = &n’am’o resp. vg = &n’am’u for some
n' € N,m' € M.

Proof. By [Dan84, Lemma 2.2] (see also Proposition 3.1), for each s > 0 we
have

Le§AK = {g € G| veo(g) € Bse(s)}-
Hence g,vg € L¢€A,, K. By [Dan84, Remark 1.3] (with 7 as in Proposition 2.1),

ngAle = (F N Lg)gﬁAle.
Hence there exist v1,v2 € I'N L¢, hi, ha € nA,, K such that

g =m&h1, ~vg=128ha2.

Therefore
9 € MEQs1,m) Ny~ 726051, 7).
Proposition 2.1(iv) yields 4, 'y~ 1y, € ENME™!. Thus, v € ENMEL.

For the proof of the following proposition we recall that the supremum in the
definition of {-height (2) is realized if hte(z) > s;.

PROPOSITION 5.5: Let s > sy and x € X. Suppose that there exists an interval
I in R such that ht(za;) > s for all t € I. Then there exists a unique cusp
representative £ € = and a (non-unique) element g € G with = T'g such that

[veo(gar)ll\ ~a
ht(zar) = hte(var) = ( Higg(é)ll )

for all t € I. Moreover, if 1 € I and if there exists t € I with t > 1 and
ht(xa:) > ht(z), then g = &na,mu for some r > 0, n € N, m € M and
u € U. The elements a, and u do not depend on the choice of g. Finally, if
u=o0(l,Z,X)o, then

|X| < 2t7Y* and |Z] <t™Y2

Proof. If y € X and £ € = such that htg(y) > s, then there exists h € G such
that y = T'h and

ey~
bte) = (egel)
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Since the function
R>0 — R

r = [lugo(gar)

is continuous, there exists an open neighborhood J of 1 in Ry such that
hte(yay) > s1 for all r € J. For £ € Z let

Je = {t € I|hte(zar) > s}

These sets are pairwise disjoint, open in I and cover I. Since [ is connected,
there exists a unique § € = with I = J¢. Thus

ht(za;) = hte(zay)

for all t € I. For each t € I pick an element g; € G such that x = I'g; and

Tay) = [lveo(gear)||\~a
hte (zar) (HW@H) _

Let J; be the set of p € I such that
lveo(geap) |\~ a
beteen) = (Mo )
Then I is covered by the sets J;, and these are open in I by Proposition 3.1. If
Jy and J,. overlap for some t,r € I, t # r, then Lemmas 5.4 and 5.2 imply that
Jy = J.. In turn, J; = I for each t € I.
The remaining statements follow immediately from Proposition 5.3 and
Lemma 5.4.

6. Common cusp excursions of nearby points

For s > 0 we define
xgs = x \ x>s.

Further, we let
ro = «a(a)
and recall that o > 1 by our choice of «.

Each connected component of X of height above s; can essentially be identified
with a Siegel set (cf. Proposition 2.1). For the proof of the main theorem,
trajectories of points x € X are only considered time-discretized by the map
T. In the following lemma we construct a height level sy above which we can
identify pieces of these discretized trajectories with trajectory segments in a
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Siegel set. More specifically, as soon as we know that two consecutive points
of the discretized trajectory stay above height s > so, then the (continuous)
trajectory segment of the corresponding geodesic also stays above height s and,
in particular, does not visit the compact set X<s,. Then we construct a second
height level s3 > sy such that any discretized trajectory entering X-s, can
locally be identified with a continuous trajectory segment in the Siegel set.
In Section 8 below this will be crucial to effectively determine the behavior
of nearby starting trajectories. Of special importance for Section 7 below is
the item (v) of the following lemma, which states that if we start to descend
somewhere high in a cusp, then we actually descend up to below height ss.

LEMMA 6.1: There exist s3 > so > s1 such that we have the following proper-
ties:
(i) Ifz € X~s,, then ht(za;) > 251 for all t € [ry*, ro).

(ii) If s > s9 and ¢, Tx € X~, then ht(zas) > s for all t € [1,1g].

(iii) Let s > s3. If x € X<, and Tz € X5, for some j € N, then there
exists n € {0,...,j — 1} such that ht(T"z) < s3 and ht(za;) > sy for
all t € [rg, 7).

(iv) Let s > s3. If v € Xsg and T7x € X<, for some j € N, then there
exists n € {1,...,7} such that ht(T"z) < s3 and ht(xa;) > sy for all
te[l,ry]

(v) Let s > s3. If v € Xs5 and Tx € X<, then there exists n € N such
that Tz € X<y, and T*x € X<, for allk =1,...,n.

Proof. We will choose s3 > s1 below. Let x € Xs5,. We wish to prove that
zap € Xsas, forall t € [7"0_1, ro]. Since sa > s1, there exist by Proposition 3.1 a
unique £ € = and an element g € G such that x = I'g and

loee(@)lly -
bu(e) = bee(a) = ()

Further, for all ¢t € [ry L 7], we have

||v59(gat)ll)*3
[vge(€)]l '

However, now it is clear that if so is sufficiently big? or equivalently ||veo(g)]| is

ht(za;) > hte(zay) > (

sufficiently small, this will force |lveo(gay)| for t € [ry*, ro] sufficiently small to
get the claim in (i).

2 A more careful analysis using Lemma 5.2 reveals that so > 27"831 suffices.
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For the proof of the remaining properties we will use the (quite natural)
monotonicity properties of the functions appearing in Lemma 5.2. So assume
that

R

forz = I'g (with the cusp representative { and fv¢p(g) uniquely determined by
Proposition 3.1). If g = £nagymo is as in the first part of Lemma 5.2, then the

s
t

decreasing until it reaches the value s (at which point Proposition 3.1 will not

trajectory comes straight out of the cusp. Hence ht(za;) = 7 is monotonically

apply any longer). In the more general case, if g = Eénasmo(1, Z, X)o is as in
the second part of Lemma 5.2, then the height of za; is given by the formula

1
S

t
1,1 - YR
(0 + X212 Ly xR+ 22+ SO

ht(za:) = s -

at least for all ¢ for which the right-hand side is > s;. If X =0 and Z = 0, the
right-hand side equals st and the orbit points straight into the cusp. However, in
general the right-hand side has a unique maximum, is monotonically increasing
left to the maximum and monotonically decreasing to the right of the maximum.

Property (i) and these monotonicity properties imply (ii).

We choose s3 in the same way as so but with so replacing s; in (i). Assume
now s > s3, ¢ € X<, and Tz € X5 for some j € N. We choose the maximal
integer n < j with ht(T"x) < s3. By our choice of s3 we have ht(za;) > 2s2
for t € [rg~ !, i), Using the above monotonicity properties now implies (iii).
Property (iv) follows in the same way using the first n < j with ht(7T"z) < ss.

Property (v) follows directly from the monotonicity properties.

Given a point x € X whose orbit stays near the cusp represented by £ for the
next S steps, Proposition 6.3 below provides non-trivial constraints on small
perturbations of & which do not destroy the qualitative behavior of the orbit
for these next S steps. The following lemma is needed for its proof.

LEMMA 6.2: Let DY be a bounded subset of U. Let £ € Z and g = &na,mu € G
withn € N, a, € A, m € M and u = o(1,Z,X)o € DY. Suppose that

lecalgan)\ =3 _ ./ lvee(@)ly -
Creool ) > *oco@)
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for somet > 1 and A > 0. Then there exist ci,cs > 0, only depending on DY
and A, such that

IX| < eit™* and |Z| < eat™ Y2

Proof. For X\ > 1, the statement is already proven in Proposition 5.5. So sup-
pose 1 > A > 0. Invoking Lemma 5.2 we find

(5) (34 xP) +1zP] < (1 1xP) #1217,
Thus,

t(i + i|X|2)2 < i(1 + i|X|2)2 Oz

For ¢t > A~ 1, it follows that

11,002 1
t( +4|X|2) <)\_1(1+4|X|2)

2

t
Therefore,
A2 -1
X <aT) 21
t2 — )\ 2
Hence, for t > A=! + 1, we have
|X| < Clti‘lL

for some constant ¢; > 0. Since |X| is bounded, by possibly choosing a larger
¢1, this estimate holds for all ¢ > 1. To deduce the bound for |Z| we note that
(5) yields
(=2 zP <X (1 XP) oG+ Ixp)
4 t 4
-1 L 2\?
<A (1 + 401) = c3.
Suppose that ¢ > A1 + 1. Then
C3 C3

Z? = t= L
e

The factor in front of t~! is bounded. Thus,
|Z| < CQt_;

for some constant co > 0. As before, since |Z| is bounded, this estimate holds
for all ¢ > 1 after possibly choosing a larger co. This completes the proof.
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Let d be the left-G-invariant metric on G induced from a left-invariant Rie-
mannian metric that is induced by an inner product on g. For r > 0 let BS
denote the open d-ball in G centered at the identity of G with radius r. For
k > 0let DY denote the subset of U consisting of the elements u = o (1, Z, X )o
with |Z| < k and |X| < &, and let DNAM := BE N NAM. Further, let

(6) D, := DYDNAM,

Then D, is open. We choose x > 0 such that for all h € D, we have
_ s1\ ¢
(7) le)l e < (7).
S2
We consider k to be fixed throughout and will shrink it if necessary (e.g., in the
paragraph before Lemma 7.3).

PROPOSITION 6.3: There exist c3,cq4 > 0 such that the following holds: Let
r € X, S €N, h € D, be such that ht(T7z) > sy and ht(T7(zh)) > s
for j = 0,...,S, ht(T%z) > ht(x) and ht(T(zh)) > ht(xh). Suppose that
h=o0(1,Z,X)ona,m. Then

| X < CgTO_S/4 and |Z| < 047"0_5/2.

Proof. By Lemma 6.1 we have ht(za;) > so and ht(zha;) > s2 for all t € [1,7§].
Since so > s1, Proposition 5.5 shows that there exist a unique cusp representa-
tive £ € Z and an element g € G such that x =T'g and

~ /lveo(gas)||\ ~a
he(aar) = ()26 )

forall ¢t € [1, rg |. Moreover, there exist a unique cusp representative £&; € = and
an element g; € G such that zh = I'g;h and

_ ||U€19(91hat)|| —a
hi(whar) = ( e, o€ )

for all t € [1,75]. In the following we show that ¢ = & and that we can choose
g1 = g. We have

lvgo(ghay)l| = [lvgo(garas-rhar)|| < |lvee(gar)ll - [|e(ar-1hay)|.

Now, a;-1ha; € D, for ¢t near 1, say in the non-trivial interval I. By (7), for
t € I this yields

S1\ ¢4
lo(a-shad) < (7))
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Thus, for t € I,

Ivcolghan) | < oce(gar)l () )
= 57" ueal©)]l.

< (M) s el

52

Hence, for t € I,
1
(va@(ghat)ll)*q .
lvgo(©)l

The uniqueness of & yields & = &. Moreover, we can choose g1 = g for t € I.
As in the proof of Proposition 5.5, we see that we can choose g; = g for all
t e [1,r5].

Proposition 5.5 shows that ¢ € ENAMU, say g = &nga,,miuy with
uy = o(1, Z1,X1)o, and that

(8) 1X1| < 2rg %" and | Zy] < g2

Suppose that h = ugnsa,,mo and set hy := nza,,ma. Then
S1\ ¢
lvee(gh)|l = llveo(guaha)|| < [lveo(gua)lllo(he)]l < ||v£@(gm)||(82)
and

[veo(guaa®)| = [lveo(gha®a=5hy e

_ _ S1\ ¢
< lvee(aha®)lllola™h3*a%)| < veelaha®)] (7} )
This yields

va(guzas)ll 7}1 S1 ||U50(gha5)|| ,; s ;

51 51 (|lveo(gh)|l\ ~a
o ety = 2 ( loee(©)] )

S (81)2(va(guz)||>*é
~ 2/ A Jluee(€)
Let U = O'(].,ZQ,XQ)O'. Then

V

ULUg = 0‘(1,Z1 + Zs + é[Xl,Xg],Xl =+ XQ)O‘.
From (8) and uy € DY it follows that

| X1+ Xo| < [Xq] + [ Xo| <2+ k.
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Moreover, using triangle inequality and [Poh10, Lemma 2.12, Proposition 3.3]
we find

|Z1 + Za + 5[ X1, Xa)| < |Z1] + | Zo| + 5|1 X1]| X2| < 1+ 2k

Thus, ujusy is contained in the bounded set DY, ,.. Note that this set only
depends on k. Then Lemma 6.2 gives

| X4 +X2|<clras/4 and |Zl+Z2+é[X1,X2]|<czras/2,

where the constants c1, co only depend on s1,s2 and k. It follows that
1 Xs| < errg °* + |1 X3 | < (c1 + 2)rg 5
and

| Zo| < |21+ Zo+ 3[X1, Xa]| + | Z1] + 51 X1]| X2

S/ S/2

< cory 2 —i—raS/Q + (1 +2)rg

This completes the proof.

7. Estimate of metric entropy and proof of Theorem A

This section, in which we prove Theorem A, can be understood independently
from the previous ones if one is willing to accept the following facts previously
shown: The height level s3 is chosen such that the connected parts of X,
(thus, cuspidal ends of uniform “length”) can be identified with (I' N P)\C,
where C is the cylindrical set C = A, NK at the cusp represented by £ of
the considered end and P is the corresponding minimal parabolic subgroup in
G. In particular, this means that connected parts of geodesic trajectories in
Xss, can be identified with any representing geodesic trajectories in C. As a
consequence we know (see Lemma 6.1) that (discretized) geodesic trajectories in
Xs s, which start to move out of the cusp actually descend to below height level
s3, and geodesics in X which move from one of these cuspidal ends to another
one necessarily have to pass through the compact part X<g,. Moreover, if the
trajectories of two nearby points z,zh in X (h € G) stay together near a cusp
(meaning in the same connected component of Xsg,) for “time” t, then the
unstable component of h is restricted (up to a multiplicative constant) by t—1/2

1/4

in the direction of the long root and by ¢t~/% in the direction of the short root

(see Proposition 6.3).
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Let M;(X)T denote the set of T-invariant probability measures on X. Let
p € My(X)T and suppose that P is a partition of X (consisting of measurable
sets). We denote the static entropy of P with respect to p by
(9) Hy(P) == u(P)log u(P).

Pe?

For n € Ny let

Pp = \/ TP ={P,NT 'P;,N---NT "P;, |P;, € P}.
j=0
Then
neN N

h,(T,P) = inf 1Hu(ﬂ>g‘1)
(T,7)

is the dynamical entropy of with respect to . Finally,

hu(T) = sup{h,(T,?P) | P partition of X, H,(P) < oo}
= sup{h,(T,P) | P finite partition of X}

is the (metric) entropy of T with respect to p.

In our set-up there exists a unique maximal entropy measure for 7. We
provide a reference for this statement and recall how to calculate its value in
the following proposition. Set p; := dim g1, p2 := dim g2 and recall that @ = a,,.

PROPOSITION 7.1: The maximal entropy of T is achieved by the Haar measure
m on X and is given by

ho(T) = max{h,(T) | p € My(X)T} = (p; +p2) logro.

Moreover, the Haar measure is the only T-invariant probability measure that
achieves this maximal entropy.

Proof. The statement follows from a combination of the proposition in Sec-
tion 9.3 in [MT94] and Lemma 9.5 and Proposition 9.6 in [MT94]. If G is
algebraic, a more accessible reference is [EL10, Theorem 7.6]. Note that

—logdet(Adqg |g_,@g_,) = (p21 +p2) log rg.

For » > 0 we call
L—1
(10) By :=By(r):= ) aBfa’
=0
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a (forward) Bowen L-ball in G with (radius) parameter r. Further, any
subset of X of the form

(11) xBr, = xBL(r)

with 2 € X is called a Bowen L-ball in X with center x and (radius) pa-
rameter r.

Through the work of Brin—Katok [BK83] it is well known that entropy is
strongly related to the decay rate of the measure of Bowen L-balls. For the
Haar measure this can be established quite directly and in the following strong
form (which will be used in many covering arguments below).

LEMMA 7.2: Let r > 0 be sufficiently small (depending only on G) and L € N.
Then

pdim G o —hm (T) L < m(BL(r)) < rdimGe—hm(T)L,
where the implied constants only depend on G and a.

Proof. Recall from (6) the definition of D,. We find 71,72 > 0 (uniform for
small 7) such that

Dy, € BY C D,,,.

Then
L-1 L-1 L-1
D (ryr) = (@ Dypra? C Br(r) = (| @BZa™ C () @ Dy
j=0 j=0 =0

One easily checks that
D(L)(r) _ delDTUaf(Lfl)DiVAM
and
&LleTUaf(Lfl) ={0(1,2,X)0||Z] < W,O—(L—l)/27 1X| < TTO—(L—l)/4}.

Let du,dn,da and dm be Haar measures on U, N, A and M, respectively, and
let dg denote the Haar measure on G. With appropriate normalizations we have
([Hel00, Chapter I, Proposition 5.21], and [Hel00, Chapter I, Corollary 5.2] for
the change of order of integration)

/ f(g)dg :/ f(unam)dudndadm
G UXNxXAxM
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for all f € C.(G). Further, we recall from [Hel00, Chapter I, Theorem 1.14]
that if the support of f € C.(G) is contained in the canonical coordinate neigh-
borhood of G, then

_ ,—adW

(12) [ st = [ steowyaec (75 Jaw

where dW is the Euclidean measure on g which coincides with (dg)iq.

We now use the coordinates (Z, X) € ga x g; for the Lie algebra u of U. Since
u is two-step nilpotent, the Jacobian determinant in (12) (applied for G = U)
equals 1 for all W € u. With an appropriate global constant ¢y, the Haar
measure du is then

my(f) :/Uf(u)duCU/f(J(l,Z,X)o)dZdX.

Thus,
mU(&L—ng&—(L—l)) — CU,rdim Ue—hm(T)(L—l)'

Hence

m(D(L) (7"17’)) _ CU,,,(liim UTdim Uefhm(T)(Lfl)mNAM (Di\ifM)v

where myapy = dn ® da ® dm. We may assume that DiVAM = B,{VAM. For
sufficiently small 7 > 0, the parameter space in nx a xm for the set DN4M is the
spherical normal neighborhood V,, = {W € n x a x m | ||W|| < r} (see [Hel01,
Chapter I, Proposition 9.4]). On this neighborhood, the Jacobian determinant
(12) (applied to G = NAM) is bounded from above and from below by some
positive constants. Hence, (12) yields

rdlm NAM D7]‘VAM) < rdlm NAIW'

<myam(

This completes the proof.

We pick A > 0 such that rgX is an injectivity radius of X<, and use it
throughout as radius parameter for Bowen balls. Recall the set D, and the
choice of k from (6)—(7). We may choose A so small such that BY C D,,.

In Lemma 7.4 below we will estimate how many Bowen L-balls are needed to
cover P € ngfl, P C X<, for certain partitions n of X.

LEMMA 7.3: Let s > s3. Then there exists kmax € N such that whenever
x € X~ satisfies Tx,...,T*z € X<s N Xy, then k < kpax.
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Proof. Let x € X<4 be as in the statement of the lemma. Lemma 6.1 and
Proposition 5.5 show that there is a unique £ € = and some g € G such that
I'g =z and

~ /lveo(gas)||\ ~a
he(aar) = ()26 )

for t € [1,7K]. We suppose first that g = £na,mo for some n € N, r > 0 and
m € M. Then ht(za;) = 7 for ¢t € [1,r§]. Therefore s > ht(Tz) = +- This and
ht(T*z) = 7, > s3 yield

7o

T

lo log °T°
k< b < & a
logrg log g
Now we suppose that g = Ena,.mo(1, Z, X)o for some n, (1,72, X) € N, r >0

and m € M. For t € [1,rf] we have
t—l
ht =r. .
(zar) =7 (t=1+ 1 X|2)2 + |22

Then ht(xza:) > sg is equivalent to
(13) 0>t =2t =2y

where

1/1 r 1/1 o\ 2 1
Ay = — ( XP? - )i\/ X2 — ) —( X 22).
£ ==y (X 53 4(2' | 53 16 X1 121

Since ht(z) > s3, (13) is satisfied at least for ¢ = 1. Therefore, the roots Ay are
real and

Ay >1> A
From Ay > 1 it follows that
1,7 1
- IX12) > 0.
2(83 2| |
In turn, A_ > 0. Now ht(T*x) > s3 implies
M AR A - MR - (X122
T'O < )\7 - 1 4 2 .
161X 11+ 2]

From s > ht(Tx) it follows that

1 2
r<ros|(rgt + ,IXP) +12P).
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Therefore
_ros (ro' +3IX1)7 + |2
T 83 16| X[+ 12]?
_ s 7’0_1+§|X|2 roS8
53 116|‘X|4+ |Z|2 53 .
From ht(xz) > ht(Tx), a straightforward deduction yields
X112 > gt
Hence,
rot + 51 XI7
161 X[+ + 1212

is bounded from above (independent of x), and so is A~'. This completes the
proof.

In the following, for s’ > s > s3 we define various numbers which vary with
s and §'.

Let ¢ denote the maximal number of T-steps between X s and X<,,, that is,
(14) £:=max{k e N| Iz € Xsy: Tx,...,T"r € Xoy,NX<y, TFHz € Xy, ).

We note that this maximum exists by Lemma 7.3. It equals the maximal number
of T-steps between X<,, and X, in the sense that

Ci=max{k €N |3z € Xcyy: Tx,..., T"x € Xsy, N X<y, TF 2 € Xs),

which follows since all sets of the form X<; or X+, are invariant under ¢ and

1

since caoc = a~ . We note that the maximal amount of time a trajectory can

spend continuously within X5 s, NX<; is then bounded by 2¢+5 (corresponding
to a trajectory that reaches about height s and then returns to X<s,), i.e., that

max{k €N |3z: z,Tx,...,TFz € Xsy, N X<} <20+ 5.

We define ¢’ in the same way using s’ in place of s.
Let s > s3 and L € N. Let n be a finite partition of X of the form

77:{x>57x>53ﬂxSS;P17"'7PT}

with P; C X<, for i =1,...,7. For any P € nt~" we define

(15) Vpi={jec{0,....,L —1}T'P C X}
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For brevity we use the notation
[m,n) :={m,m+1,...,n—1}

for an interval of integer points with endpoints m < n € N.
An interval k + [0, K) C [0, L) of a trajectory of a set P € nt ™! is said to be
an excursion into Xs; (of length K) if

TP C X<,, TFP,...,T*E-1pC .,
and either TF*X P C X<sork+ K =1L.

Clearly, Vp is a disjoint union of intervals which are excursions into X~ ;.

For the statement of the following lemma we remark that X<, is compact by
[Dan84, p. 27]. Further, we recall that X is the parameter used in the definition
of Bowen balls, and that Bf C D,.

LEMMA 7.4: Let s’ > s > s3 and define ¢,{ as above. Let X' € (0, \] be such
that ro A is an injectivity radius of X<, . Suppose that

77:{x>57x>53ﬂxSS;P17"'7PT}

is a finite partition of X such that diamT7(P;) < X for each j = 0,...,2¢' +5
andi=1,...,r. Then for each L € N and P € né_l with P C X<, the set P
can be covered by

M phn (T)em 3l (T)| Vi |

Bowen L-balls. Here the constant ¢ only depends on G,rq,s1,S2 and \. The
constant m (not to be confused with the Haar measure m) is the number of
excursions of P into X .

We note that while the partition 7 is (in a strong way) adapted to the heights
s,s’, our definition of Bowen L-ball does not depend on s, s’.

Proof. Let P € 775_1 with P C X<s,. We decompose Vp into a disjoint union
of excursions into X~s. We denote those intervals that contain excursions into
Xse by Vj = [kj, k;j + K;) and their union by

(16) V=JVi=I[k b+ K1) U Ulkm, km + Km) C Vp.
j=1

We may suppose that k1 < ko < -+ < k. We note that each of those
excursion Vj is contained in an excursion V; = [n;,n;+h;) C [kj—£, kj+K;+£)
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into Xs,. We define V = Uit V; (which is a disjoint union). Analogously, we

decompose W := [0, L) ~. V into a disjoint union
m+1
w=|Jw
j=1

where each W, is a maximal subset of W of the form [I;,l; + L;) with
0=104 <ly < - <lpy1. The set W,,41 might be empty. It follows that
[0, L) is the disjoint union of Wy, Vi, ..., Vin, Wint1 in that order.

s’ .‘... ML
° Ve
S .‘.. = > ..'o
... ...
.. ...
o" .°.
... ‘/j g V o'.
S . * > .,
3 ... ..
° °
Figure 1. An excursion V; into X, containing an excursion
into X< and contained in the excursion f/] into Xs,-
For R running iteratively through ||, |W1U‘71|, co W utiu- - -UWme/m|,

Wy U ViU---UW,, UV,, U Wint1|, we now show that the number of R-boxes
with center in P needed to cover P is bounded by

=15 hm (T) V1V UV |

for Re {(WiUViU---UW;|,|WhUViU---UW,;_1UV; 4|}, j=1,....,m+1,
where c¢ is a constant depending only on G, a,s1,s2 and A, but not on s or s'.
We determine ¢ in (21) below.

THE STEP CORRESPONDING TO ADDING W);: Note first that even though an
interval W; = [I;,1; + L;) may contain one or more excursions into X, it does
not contain an excursion into X~ . Each of the excursions into X s is of length
at most 2¢/ + 5.

Suppose now that we have already found (at most)

(17) Cj_leéhm(T)\VlUwuf/jiﬂ
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Bowen [;-balls with center in P whose union contains the given element
P e 77(%71. If j = 1, and hence I; = 0, we may define a Bowen 0-ball as a
Bowen 1-ball and the claim on the covering number is trivial. We claim that
T4 (P),..., T4+ Li=1(P) being contained in X< implies that 7% P is so small
such that if P is covered by the Bowen [/;-balls with centers x1, ..., 2, € P, then
P is already covered by the smaller Bowen [; 4 L;-balls with these centers.
The choice of X, ¢/ and 7 implies that any element Q € n with Q C X<, is

contained in
k
(18) w(a'BSa™"
i=0

for k < 20/ +5 and for any w € Q as long as Q,T(Q),...,T*(Q) C X<g.
A simple induction shows that Q € nOL/_l, @ C X<s,, belongs to the “small”
Bowen L’-ball (18) (defined with the radius \') with kK = L’ — 1 if it is known
that Q,T(Q),..., T ~1(Q) C X<.. This applies to the partition element Q
containing 7% (P) and L' = L;, and shows that 7% (P) is contained in

L;—1
(19) w () @Ba
=0

for any w € T%(P). Let zB;, be one of the Bowen balls used in the cover
associated to (17). Set w := xali. From xa' € X<, and the choice of N < A
it follows that
Lj-1
PNzB;, C ((zalf) () aBSa'n (zdlf)d_lfBlj&lj)d_lf
i=0

Lj—1
C (m”)( () aBSa"n aljBljalj>alf CaBiyr,.
i=0
Note that n; = l; + L;, which is the starting point of f/j for j < m. Thus, P can
be covered with the same number of Bowen n;-balls with center in P as with
Bowen [;-balls, so that (17) is still an upper bound for the necessary number.

THE STEP CORRESPONDING TO ADDING VJ Suppose now that we have already
found (17)-many Bowen nj-balls with center in P whose union covers P. Let
xBp; be any Bowen nj -ball used in this covering. Define

E .= {y € xB"j |Tnj_1y € x§337Tnjya e 7Tnj+hj_1y S x>s3}'
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Then PNxB,, C E. If y € E, then there exists g € B, with y = xg. This
implies h := a " +gani—! = (1,7, X)og’ € B for some bounded (with the
bound only depending on G and X) ¢’ € NAM and o(1,Z,X)o € U. Set
2’ :=T" "1y and ¢ := T™ 1y so that y' = 2’h. Moreover, we have

Ta',..., Tz € Xsyy, o' € X<y, N Xy,

Ty, ...,Thy € Xsy,, ¥ € Xy, NAss,.

Applying Proposition 6.3 to z’,y’ shows that

(20) 1Z| < cary ™% and | X| < esrg ™7

We claim that this bound implies that we can cover P NxB,; with not more
P1 P2 .
than cry * 2% Bowen lj+1-boxes with centers in P (recall that I 11 = n;+h;).

Here c is some constant that does not depend on s, s'.

To see that, notice first that (20) implies that a="3/21ha!"i/21 is still bounded
uniformly in y and j. More precisely, we may accommodate the constants cs, ¢4
by finding some absolute integer b > 0 (depending on rg,cs,cq and A) such
that (20) implies that a~["i/21+05(1, Z, X)oalhi/21=% € B{. Note that we also
have

g’ aThi/21+b g1 hs/21=b ¢ BS,

for some constant ¢’ > 0 that only depends on the choice of the Riemannian
metric on GG and b. Together we see that g € B,,; actually belongs to the Bowen
(nj + [hj/2] — b)-ball B’ defined by the radius (1 4+ ¢/)A. Define B” to be the
Bowen [;+1-ball defined by the radius A\/2. Let now yi,...,y4 € PNaB’ be
a maximal collection of points for which the sets y1 B”,...,y,B" are pairwise
disjoint. By definition we have y;B” U --- U y,B"” C zB’B”. Also note that
B'B” C B®, where B® is the Bowen (n; + [h;/2] — b)-ball defined by the
radius (3/2+ ¢’)A. With the lower and upper bounds for the Haar measure of a

hon (TN

Bowen n-ball of the form ce™ from Lemma 7.2 for two values of ¢ (which

depend on the radius used) we obtain

m(B(g)) 1 —hom (T) (n+Thy /2] =b)4+-hum (T)1;
(21) q< m(B") < e hm (D) (ng+Thy /2] =0)Fhm (T)Ljt1
Finally note that by maximality of the collection yi,...,y, it follows that
P NzB is covered by y1 B,

is1r- -2 YqBi,,,, which gives the claim (by recall-
ing that lj+1 = nj —+ hj)
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Finally note that the bound (17) for 5 = m (if Wy41 = @) or for j =m + 1
gives the conclusion of the proposition since |V;| < |Vj| + 2.

PROPOSITION 7.5: For all s > s3 there exists a finite partition
N =1{Xss,Xssys NX<s,P1,..., P}
of X such that for each T-invariant probability measure y on X we have
h(T) < hu(Tom) +  + 3 hn(T)(1 = p(X<s))-

Proof. Using the ergodic decomposition of T-invariant measures we may re-
strict to ergodic T-invariant measures. Also note that every T-orbit visits X<,
(Lemma 6.1(v), which also holds for 7! in place of T'), so that we have

0y = /L(:X:SS?.) > 0.
Let s’ > s. Define £ as in (14) and let
¢’ :=min{k € N[Fz € X<y, : TF 2 € Xoy}

Let n = {Xss, Xss, N X<, P, ..., P} be as in Lemma 7.4.

We will show the proposition using [BK83], more precisely in the form of
Lemma B.2 in [ELMV12]: There it is shown that for any small § > 0, the
entropy of u is the limit as A — 0 of

log Ny (0, L
liminf & A9, L)

L—oo L ’

where N, (d, L) is the minimal number of Bowen L-balls, with A being the
parameter used in the definition, that are needed to cover some set of y-measure
0. However, there is one important difference between our definition of Bowen L-
balls and that of [BK83]. In the latter, one takes the intersections of pre-images
of A-balls within X. In our definition of Bowen L-ball we took the intersection
in the group, which results in general in a smaller set (namely in those cases
where the orbit ventures near the cusp). As we are seeking an upper bound of
entropy, we may use [BK83] also together with our definition of Bowen L-balls.
This has the advantage that we do not have to take the limit as A — 0. Within
the group a bounded number of translates® of Bowen L-balls defined by A > 0

3 Let A < M. If 91BL(A/2),...,9sBL(\/2) is a maximal collection of disjoint left trans-
lates for some g1,...,9p € Br(\'), then b < m(Br (N 4+ \/2))/m(BL(\/2)) is bounded
independently (see Lemma 7.2) of L and Br, (X)) C 1B (A) U--- U gy BL ().
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can be used to cover a Bowen L-ball defined by X' > 0, and as L — oo this
difference becomes unimportant.
By ergodicity J;Z, T77X<s, has full measure. Hence there exists M with

M—1 5
I, 11—t
,u(jL_JOT DCSSJ) > 9

The intersection of the preimage of this set under T2 with X<, has measure
at least d1/2. It follows that there are infinitely many L (of the form L' + j for
some j € [0, M)) for which

_ 01
/L(:X:g53 nr Lx§53) > oM
We now proceed making Y7, := X<s, N T’LDC§53 smaller, taking care that

the resulting sets have measures that do not approach zero, and obtaining more
information on the smaller sets.

Since p is ergodic, the value h,(T,7n) has the following interpretation: for
every € > 0 and every sufficiently large L there exists a set Zy . such that its
measure is bigger than 1 —¢ and Zy, . can be covered with elru(Tm+e)L olements
of n§ ™. We choose ¢ = min( ., % ), and take the intersection Y] = Yz N Zp ..

1AM
We now know that p(Y7) > 4%51 and that Y} can be covered with e (T-m+35.)L
elements of né_l.

Finally, we may make Y/ again a bit smaller to ensure that the ergodic aver-
ages for the characteristic function X ¢ are correct up to an error of (3sh,, (7)) !
and for sufficiently large L. More precisely, there exists a subset Y}’ C Y/ (ob-
tained by intersecting Y,/ with a set of near full measure) with p(Y/) > 6 = 5‘51\1/[

and some Lg such that for all L > Ly and all z € Y}/ we have

L-1
1 . 1

In the following we assume L > Ly. Now apply Lemma 7.4 to each of the
partition elements of 770L ~1 obtained earlier. Notice that for each of the partition
elements we have m < eL,, . Finally, notice that the above ergodic sum is constant
on each P € nf~!. For those P that intersect Y} we then have

1

)L.
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Thus, Lemma 7.4 together with the above covering estimate on Y] implies
that Y/” can be covered with Ny, Bowen L-balls, where

NL < e(hM(T,T])Jr 315 )L(Cehm(T)e) ﬁ/ eéhm(T)M(x>8)L+ GlsL_

Choose s so big such that (logc+ hy(T)0)/¢" < .. This implies the proposi-
tion.

We now restate and prove Theorem A from the introduction.

THEOREM 7.6: Let (u;) be a sequence of T-invariant probability measures on
X which converges to the measure v. Then

v(X)h T)+ %hm(T)(l —v(X)) > limsup hy,; (T),

V(0 ( Jj—o0

where it does not matter how we interpret h » (T) if v(X) = 0.

Proof. Pick s > s3 such that v(0X<s) = 0 (this holds for all but countably
many s). Let n = {Xs5,Xss, N X<s, P1,..., P} be a partition of X as in
Proposition 7.5 such that ¥(0P;) =0 for j =1,...,r. Let ¢ > 0. Suppose now
that v(X) > 0. By definition of entropy we may fix m € N such that

1 m—1
hy('{x) (T)+€ > mHV(l:lx:) (7’]0 )

and
2e ! 1
<% and - logv(X) <e.
m 2 m

Then using (9) we get

v(X)h y (T) +2e > 7; > v(P)logv(P).

Peng)n—l

Note that this holds trivially if v(X) = 0.
Let

m—1
Q = ﬂ Tﬁk:X:>5.
k=0
Since

Yo w(P)logp(P)=F Y v(P)logu(P),
Peny—\(@} Peny=\{@}
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we find jo € N such that for all j > j, we have

D DI R
Penf,"*l
<Y (P loans(P) — v(P)logu(P))

Peny = \{Q}

s Q) og 15(Q) — (@) log (@)

e 2!
<_+ <e.
2 m

This and Proposition 7.5 yield

VR, (T) 436> | Hy (8™) > hy, (o)
> h#j (T) - l - %hm(T) : (1 - Mj(xSS))-

v(X)h v (T)+ 3hm(T) - (1= v(X<y)) + 3+ L > limsup hy,, (T).

v
x :
v(*) j—oo

Letting € tend to 0 and s tend to infinity, it follows that

v(X)h v (T) + Jhw(T) - (1 — v(X)) > limsup hy,, (T).

V(’{x) ;
_]—}OO

As an immediate consequence of Proposition 7.1 and Theorem 7.6 we obtain
the corollaries stated in the introduction.

COROLLARY 7.7: Let () jen be a sequence of T-invariant probability measures
on X such that liminf; .. h,,(T) > c. Let v be any weak* limit point of (j;).
Then

2¢c
> — 1.
V0=
Moreover, if
2c
X) = -1
v(X) () 10

then b . (T) = hyn(T) and u(x) is the Haar measure on X.
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8. Hausdorff dimension of orbits missing a fixed open subset

In this section we prove Theorem B from the introduction, which is an appli-
cation of Theorem 7.6 and the methods for its proof and answers a question
by Barak Weiss about the Hausdorff dimension of the set of all orbits which
miss a fixed open subset of X. We note that for a compact quotient this is a
simple corollary of semi-continuity of entropy and uniqueness of the measure of
maximal entropy. In the presence of cusps, the methods of this paper become
relevant. We also note that related results have been obtained by Shi [Shil2]
but to our knowledge these do not provide the following results as corollaries.

Let O C X be a non-empty open subset. Let & denote the set of points in X
whose forward- A-orbits do not intersect O, that is

E:={zeX|Vt>0:za ¢ O}.

In the following we will show that & cannot have full Hausdorff dimension as
claimed in Theorem B of the introduction. Instead of Theorem B we will prove
a (stronger) discretized version. To that end we now define T using a = a,
(e = exp(1)), so that

T: X =X, x> xae,

denotes the time-one (discrete) geodesic flow. Note that then the maximal
entropy of T is

We consider the set
& ={reX|VneNy: Tz ¢ O}.
Then Theorem B is implied by the following
THEOREM 8.1: The Hausdorff dimension of & satisfies
dimpg & < dim X = dim G.

For convenience we recall the following definitions, adapted to our current
set-up. For r > 0, the open ball in G centered at the identity of G with radius
r is denoted by Bf . For L € N, the Bowen L-ball in G with radius parameter r
is

L-1
Br =Bp(r) = ﬂ a!B%a7.

Jj=0
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Finally, for each x € X, the Bowen L-ball in X with center x is
xBr, = B (r).

Strategy for the proof of Theorem 8.1. We cover &' by countably many (small)
bounded open sets, say by A(n),n € N, and estimate the Hausdorff dimension
of each of the sets

W, ==& nA(n).
By countable stability of Hausdorff dimension we have
dimgy & = sup{dimy W,, | n € N}.
Thus, we have to show that
dimg W, <dimX — gy =dim G — gy

for some g9 > 0 not depending on n € N. To seek a contradiction we assume
that for (some small, to be determined below) g9 > 0 we find a set W = W(gg)
among the sets W,, such that

(22) d :=dimg W > dim X — &o.

Frostman’s Lemma assures the existence of a probability measure 1 on W such
that

(23) u(xBf) < ri=eo < pdimG=2e0

for any z € X and any r € (0, 1], with an implied constant only depending on
. Then we will give an upper bound for the number of Bowen L-balls needed
to cover W as well as the p-mass of an Bowen L-ball. Bounding the p-mass of
W (which is 1) via these Bowen balls will result in a contradiction.

We start by choosing a good value for g9. Recall that M;(X)” denotes the
space of T-invariant probability measures on X and that h,,(7T") is the maximal
entropy of T' (see Proposition 7.1).

LEMMA 8.2: There exists 09 > 0 such that h,(T) < hy,(T) — & for all
v € My (X)T with suppv C €&'.

Proof. To seek a contradiction assume that there exists a sequence (v, )nen in
My (X)T with supp v, C &' for each n € N such that

1

hy, (T) > hp(T) — .
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Let v be any weak* limit point of (v,). Then suppv C &’ as &’ is closed. Since
limh,,, (T) = hm(T'), Corollary 7.7 yields v(X) = 1 and h,(T') = hp,(T). Thus,
v is the Haar measure on X and hence supp v = X. This is a contradiction.

We fix §g € (0, h(T)/4] with the properties as in Lemma 8.2 (the upper
bound will be needed for Proposition 8.6 below), set

do

0T 9

and assume the existence of W C &’ satisfying (22). We also fix a probability
measure p on W satisfying (23).
We pick a weak* limit point v of

L-1

ZTfﬂ as L — oo.
j=0

1
L

Then v is T-invariant and v(0) = 0. We will see in Proposition 8.6 below that
v(X) > 0. Then Lemma 8.2 shows
0 (1) < b (T) = b,
which will allow us to establish nontrivial bounds on the number of Bowen
L-balls needed to cover W.
We start by deriving a lower bound for v(X), where the following will be
needed.

LEMMA 8.3: For any sufficiently (depending only on G) smallr > 0, any © € X
and any L € N we have

w(xBr(r)) < ¢, rdim@=2oe(-hm(1)+20) L

where the constant ¢, depends on the implied constant in (23) and on G.

Proof. Choose a maximal collection of elements g1,...,g, € Br(r) for which
the balls g1Bc-z, ..., gqBr.—r are pairwise disjoint. Note that B,..-r C By (r)

and so ¢;B.-r C Br(2r). By Lemma 7.2 the Haar measure of By, (r) is between

dim G p—hon (T) L

bounded multiples (depending on G) of r and the Haar measure

of B,.-1 is between bounded multiples of r4m @=L dim& Hence it follows that

! o L(dim G—h

qg<c m(T) for some constant ¢ that only depends on G.
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The maximality of ¢ implies *Bp, (1) C g1 Bape-2 U+ UxgqBaye-z. We now
apply (23) and obtain

[J,(,TBL(T)) < qciL2dimG—250,rdimG—2506—L(dimG—2ao)

< C,urdim G—QEOe(dim G—hy (T)—dim G-|—260)L7

where ¢, is the implied constant in (23).
For a subset V' C [0, L — 1] we set
Qsvi={reXVje[0,L—1]: (TVz € Xss=j€V)}
LEMMA 8.4: Let s > s3 and

L2210g(8)+1.
s3

Then there are at most e/ )% subsets V C [0, L—1] for which Qv Is nonempty,

where

4log(2log( > ) +2)
f(s) = IS
log(,)

Proof. Let V' C [0,L — 1] and decompose V as in (16) (using s’ := s). We
will show that ), being nonempty implies that there is a uniform nontrivial
minimal distance between k,, + K,, and k, 41 since a trajectory going down from
X s cannot go back up before entering X<, (see Lemma 6.1(v)). The existence
of this distance yields restrictions on those V' for which Qs v # 0.

At first, suppose that we have z € X with ht(z) < s3 and ht(T7z) > s for
some j € N. By Lemma 6.1(iii) we may suppose ht(za;) > 2s; for all ¢ € [1, €7].
We aim to prove a nontrivial lower bound on j. By Proposition 5.5 there exists
a unique cusp representative ¢ € = and an element g € G with x = I'g such
e Ivco(oan)| -

veolgag Ta
ht(way) = hte(war) = ( Iveol®)l )
for all t € [1,€7]. Proposition 5.3 implies g € ENAMU, say g = Ena,.mu with
u=o0(l,Z,X)o. Lemma 5.2 shows
1
t
(; +41X12)2+12)2

t

hte(zay) =1 -

for all ¢ € [1,€]. In particular,

> hte(x) "
S X)) =
s (14 11X [2)2 + |22
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and
h ¢
t(xae ) =1- ) > s.
( J) (67J+ i|X|2)2+|Z|2
Therefore
A+ XPR+IZE s

. e .
(=7 + 11X[%)2 + 122 53
Together with the elementary estimate
s (L IIXPR 4|2
= (e Xz

, S
j>log( )
83

Suppose now that we have z € X with ht(z) > s and ht(77z) < s3 for some
j € N. Invoking Lemma 6.1(iv), we can deduce as before that

j > log (;3)
o= fos(2)]

kn + Kn + 2.]0 S knJrl

it follows that

We set

Lemma 6.1(v) implies that

forn=1,...,m; — 1. Let
L—1
= \/ T7{Xcs, X5}
j=0

If L = 2jo — 1, the definition of jy yields that the cardinality of Qf(s) is (note
Jo=>1)

. . 2
<1+ (230) = (2320) +1—jo < (240)%

For an arbitrary L the set [0, L — 1] is covered by the disjoint union
[0,L—1] U h-(2jo — 1) + [0, 2jo — 2]

with
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For each h € {0,...,kp}, the cardinality of
{Va(h-(2jo—1)+[0,2j0 — 2))[V € [0,L — 1], Qs,v # 0}
is at most (2jo)?. Therefore, there are at most
(2jo) 2+

subsets V' C [0, L—1] with Qs v # (). Hence the cardinality of Q% (s) is bounded
from above by

exp(2ky, - 1og(240))-

Using
L
kr < 1
LS 2o — 1 +
and
log(2[log( ;) 1) 1 s
g < log (21 2
2flog(2)]—1 ~ log() os ( Og(53)* )

53

the statement of the proposition follows easily.
For L € N, a subset V C [0, L — 1] and s > 0 we set
Zop(V)i={2 e WNX< Vi€ [0,L—1]: (T2 € Xss = j€V))

Lemma 8.4 immediately provides an upper bound on the number of nonempty
sets Zs (V). By increasing s3 we may assume from now on that W C X<, .

LEMMA 8.5: Suppose that the parameter r in the definition of Bowen balls is
an injectivity radius of X<g,. Let s > s3, L as in Lemma 8.4 and V C [0, L —1].
Then the set Zs 1, (V) can be covered with

Crpec®Lthm (T (L=31V])

Bowen L-balls, where c¢(s) — 0 as s — oo and the constant ¢, does not
depend on s, L and V.

Proof. The proof is similar to that of Lemma 7.4 with s = s’. We can cover
Zs,1,(V) with finitely many balls 2B, with z € Z; 1 (V), say

Cr,w

(24) Z,(V)C | 2B

j=1
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The necessary number c¢, 1 of such balls is bounded by a constant independent
of s, L and V. Suppose now that xqB, is one of the sets used in the covering
(24) and consider

Z = ZS7L(V) NxzoB;.
If Z is covered with say d; Bowen (-balls with center in Z, then, as in Lemma 7.4
“step corresponding to adding f/j”, an excursion into X~ of length ¢; starting
at £ + 1 has the effect that Z is covered by

Cdl e ; hm (T)el

Bowen (¢ + £1)-balls. In contrast (as in Lemma 7.4 “step corresponding to
adding W;”), a stay in X<, of length ¢5 only leads to a trivial estimate, that is
Z is covered by

cdpelm (Mt

Bowen (£ + {3)-balls.
By iteratively applying these two steps, we see that Z can be covered with

(2m gl (T) (L= V')

Bowen L-balls, where c¢ is a constant independent of s, L and V', and m is the
number of excursions into X 4. The proof of Lemma 8.4 now shows that

2L
m < <\ T 1L
log( )
This completes the proof.
PropoSITION 8.6: We have
450 1
X)>1-— >1-
O A=
Proof. For L € N set
=
(25) pLi= ZO T p.
j=

Then py converges along some subsequence to v in the weak™ topology. For
any s > s3 we have

L-1 L-1

1 . 1 .
ML(x>s) = L ZM(T ]x>s) = I Zﬂ(xgs nT ]x>s)a

Jj=0 Jj=0
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since W C X<s,. For z € X we set
Vo i={j €[0,L —1]|T’z € Xs}.

In the following let ¢ > 0 be a constant depending on s, to be fixed below.
Then, it follows that

L—1 L
1 . 1
LD (X VTN = Y il{ € Xey | Vel = )
7=0 n=1
1 [eL]—-1
=7 > nul{r € X<y | [Va| = n})
n=1
1 L
+, > np({w € X<y | [Va| = n})
n=[oL]

< (ToL]~Du(Xe)+ | - Lon({r € Xy | Val > oL))
<o+ p({r € X<s | [Vi| > oL}).

Using Lemmas 8.4 and 8.5 for sufficiently large L allows us to estimate the latter
term. Combining this with the estimate in Lemma 8.3 we get

p({z € X<s | |V > oL})

<p ( U ZS,L(V))

[V|>eoL
Scrﬁwef(s)Lec(s)L+hm(T)(L7 ; oL) . C#Tdim G72506(7hm(T)+250)L

30/6(5(5)4»2807 3hm(T)e)L

where ¢’ is a constant depending on r but not on s or L, and ¢(s) := f(s)+¢(s)
tends to 0 as s — oco. If we choose p so that the exponent is negative, i.e. with
B 2¢(s) + 4eg
then
(L) =p{r € X<s | |Vz] > 0(s)L}) - 0 as L — oo.

Therefore, for sufficiently large s and L, we have
1 (Xss) < ofs) +(L).

In turn,
pr(X<s) = 1= (o(s) + (L))
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Letting L — oo along the subsequence that gives v as the limit we obtain

v(X<s) 21— o(s),

and A
v(X) >1—p forall o> hmi;)-
This proves the claim if one recalls that §y < hm4(T) and g9 = gg.

Our next goal is to use h « (T) < hp(T) — do to give an upper bound on
the number of Bowen L-balls needed to cover W. Let €1(X)T denote the space
of T-invariant ergodic probability measures on X.

PROPOSITION 8.7: Let ¢ >0. There exist L1 €N and Y CX with v(Y) >v(X)—e
such that for all L > L1, the set Y can be covered with

o(hm(T)=80+e)L

Bowen L-balls (with centers inY'). Here we may use a radius parameterr = r(g)
in the definition of the Bowen balls such that 10er is an injectivity radius on
the compact set Y.

Proof. We normalize the measure v to
v
)
By the ergodic decomposition of o and since o(0) = 0 we find a subset X’ C &’
with ¢(X’) = 1 and a measurable map X’ — &;(X)T, z + o, such that

a://amda(z)

and 0,(€') =1 for all z € X'. Let P be any countable partition of X with finite
partition entropy H,(P) < oo. For any n € N and any z € X let [.’L‘]Tgfl denote
the partition element in ng_l which contains z.

We want to find a lower estimate of O'([.’L'].:Pg—l). For this, let

L@ (@) == ~log o([elp-1)

denote the information function of ?8_1. By the Shannon—McMillan—Breiman
Theorem (see, e.g., [ELW, Theorem 3.2]) there exists a subset X" C X’ with
o(X"") =1 such that

1
L(Py 1) (@) = ho, (T,P) asn — oo
n
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for all € X" and in L.
Fix some ¢ > 0. By the above there exists a subset Y1 C X" with o(Y7) > 1—¢
and L; € N such that for all L > L; and all x € Y; we have

1

LIU(fPé_l)(:E) < he, (T,P) + €.
From Lemma 8.2 (note that suppo, C &' for z € X’) and the definition of the

dynamical entropy it follows that
h/cr: (Ta :P) S hcrx (T) S hm (T) - 50
for each z € X’. Thus, for any L > L1 and z € Y; we have
1
I 1oga([:c]ﬂ>£71) < hp(T) = dp +e.
Hence

(26) 0'([,(6](})571) > e_L(hm(T)—éo-i-E)-

We now pick a more specific partition as follows. A slight modification of the
proof of [EL10, 7.53] (we provide more details in Section 9) allows us to choose
a relatively compact subset @@ C X with o(Q) > 1 — € such that there exists a
countable partition P of X with H,(P) < oo such that*

(27) [w]fpgf1 CzxBg

for all x € @ and all L € N.

Set Y :=Y1NQ. Then o(Y) > 1—2e. Let L > L;. For any € Y the
formula (26) gives a lower bound on the o-measure of the partition element
that contains z. It follows that we get the upper bound eX(*=(T)=%0+¢) for the
number of distinct (and hence disjoint) elements that intersect Y nontrivally.
For each of those we pick an element in Y to use as the center for a Bowen L-
ball, which then covers the associated partition element by (27). These Bowen
L-balls now cover Y as required.

LEMMA 8.8: There exist Y C X and L; € N with the following properties. Let
Ly > Ly and choose a cover by Bowen Lg-balls as in Proposition 8.7. Denote

4 The construction of the partition P takes into account any previously fixed injectivity
radius r > 0 on Q, and the Bowen balls in (27) will use this as the radius parameter.



288 M. EINSIEDLER, S. KADYROV AND A. POHL Isr. J. Math.

the closure of the union of the cover by Yy. Then there exist infinitely many K
with the property that

,_.

Z TFop(Yoa,™) > 1 — oe0

. T (T)

K—
(28)
k

for some n € {0,...,Lo — 1}.

Proof. Let € € (0,1) (determined below). Let (Y, L1) be as in Proposition 8.7.
Let Lo > Ly and define Yj as in the statement of the lemma. As Y is closed
and by the definition of v we have

=

liminf Z T u(Yo) > v(Yy),
7=0

where liminf is taken over a subsequence of L’s such that (ur) converges to v
(cf. the definition of v and (25)). Since Yy 2 Y we have v(Yy) > v(Y) > v(X)—e.
Hence there exist infinitely many L with

L-1

1 _
I > TIu(Yo) > v(X) — 2.
Jj=0

We divide L by Lo with remainder, write K = [ LLO] and obtain

1 L-1 _ Lo—1K-—1 L—1 _
L) = (3 Y T + Y T
j=0

n=0 k=0 j=LoK
Lo 1 1 L-1

kL +n j
SIS SETTEIS Sl
n=0 j=LoK

The last sum has at most Lo summands and so converges to 0 as L — oo.
Moreover, IL{ converges to L . Therefore, for large enough L from our sequence

we must have
Lo—1 , K—1

1 1 k}L() n
P —3s < Y0 3 TRy,

Lo = K i3
Hence we find n € {0,..., Ly — 1} such that

K-1
1
K Z THOT™ (V) > v(X) — 3e.
k=0
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Proposition 8.6 now gives

450
m(T)

Choosing ¢ > 0 sufficiently small, the lemma follows.

K-—1
1
TFLo | (Voao™) > 1 — — 3.
Kkzzo * :u‘( 00, )> h €

PROPOSITION 8.9: Assuming that Lo in Lemma 8.8 is sufficiently big, there
exist infinitely many K such that a u-proportion of at least 1/2 of the set W
can be covered with

e(hm(T)f g6o+280)KLO

Bowen LyK-balls.

Proof. Let € = ¢y > 0 and apply Proposition 8.7 to obtain L. Let Ly > L,
(below we will give another constraint for Lg) and let Yy be the closure of the
union of the Bowen Ly-balls covering Y as in Lemma 8.8. Fixing Lo there are
infinitely many K for which the conclusion (28) of Lemma 8.8 holds. Fix one
such K and the corresponding n. For a given y € W we define

V(y) = {k € [0,K) | T""°(y) € Yo}.
We fix one subset V of [0, K) and define
2(V)={y e W[V(y) = Vo}.
We claim that we can cover Z(V') with

(29) Croypby ehm (DI pE (VI (T)=80-+20) Lo o (K= V) (T) Lo

Bowen K Lg-balls, where by is a constant independent of K, L,V and s.

We may phrase the conclusion of Lemma 8.8 (in the case where n = 0) by
saying that most points in W spend a lot of time in relatively few Bowen Lg-
balls under the orbit w.r.t. 750, We will use this together with a concatenation
procedure to bound how many Bowen LyK-balls are needed to cover a portion
of W. To ensure that we always work with Bowen balls with the same radius,
we have to multiply the number of possibilities with an extra factor of b; at each
concatenation step resulting in the b¥-factor (and need the bye=(T) o factor
to handle the case where n # 0).

More precisely, let b; be an upper bound for the number of Bowen L-balls
gBy, (with parameter r) that are needed to cover By, (2r) independent of L. The
existence of b; follows using a maximal collection of pairwise disjoint Bowen L-
balls gBr(r/2) with g € Br(2r) and Lemma 7.2. The simple concatenation step
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is now as follows. If y1 By, and y2Br, are two Bowen balls such that y» € Yj,
then v, Br, N (y2Br,a; %) can be covered by by Bowen L; + Lo-balls. Indeed
take some y € y1 Br, N (y2Br,a; %

- 1) and we get

(y1BL, (1) N (y2BL,(r)ag ™) C yBr, 4 1,(2r)

and the claim follows from the definition of b;. For the inclusion in the last
step we need to know that 2er is an injectivity radius at ys, which we know as
ys € Y} is assumed.

We may also assume that b;e"(T)L2 is an upper bound on the number of
(L1 + L3)-Bowen balls that are needed to cover By, (choose a pairwise dis-
joint collection of Bowen (L; 4+ Lo)-balls gBr,(r/2) with g € By, and apply
Lemma 7.2), and note that in the case where Ly = 0 we may define By to be
the r-ball around the identity. The second possible step (which we will call
an extension step) then concerns the case where the first Bowen ball y; By, is
given, but we have no additional information about y;aZ*. In this case we cover
y1 By, by bie (T2 Bowen (Li + Lo)-balls.

Using the above concatenation and extension steps iteratively we see that
Z(Vp) can be covered by (29)-many Bowen K Lg-balls. Indeed we first cover
W by ¢, w balls of radius r (or equivalently by Bowen 0-balls) and use the
extension step with L1 = 0 and Ls = n. Starting with k =0 and if k € V, we
use the concatenation for Ly = n + kLg and Ly = Lo using all possibilities for
the Bowen Lg-balls appearing in the definition of Y; in Lemma 8.8, or use the
extension step if k ¢ V. For k = K we obtain Bowen n + K Lo-balls and the
claim follows.

Note that the above estimate is monotonically decreasing as |V| increases.
Fix some « € (0,1) and consider all subset V' C [0, K) with |V| > Ka. The
above now gives that

(30) U zm

VI>Ka

is covered by

K
Crpbl I elim (1) Lo gl (T) =d0+20) K Lo o (1=0)hm (T)K Lo Z (K)

k=|aK|
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Bowen K Lg-balls. It is well known that Sterling’s formula can be used to
estimate the last sum. In fact, using Sterling’s formula, one obtains

(Ik() _ KHUD0E) o Ky oo

independent of k € [0, K] and where
H(z) = —zlogz — (1 — z)logx.
Note that there are at most K = e°®) summands. Bounding H by log 2 and

taking the sum we obtain the upper bound

(31) ¢ Wb%-‘rKehm(T)Loea(hm(T)750+50)KL06(170¢)hm(T)KL0eK(lOg 2+1)

if K is sufficiently large. Note that the product of the constant and the factors
containing K or Lo, but not both, can be bounded by e*0LoK if Ly and K are
sufficiently big. We now choose o = 1 — hi?(i}) and recall that g < hm4(T) and
gg, which gives a > g. Putting these estimates into (31) we get

(32) e z (hm(T)—60+ao)KLoe;hm(T)KLoeaoKLo < elhm(T)— T80+2e0)K Lo

Eo =

for the upper bound on the number of Bowen K Ly-balls.
We finally apply Lemma 8.8 to bound the set that is not covered by the
Bowen balls in (32). In fact, using the above notation we may rewrite (28) to

get
-~ & WV =k >1— %
D ey €W IVEI =k =1, "y
(1= WV (y)| =k o0
kZ_o( gy EW V@) =k <, 0
The latter implies
(- a)ulty € W V@)l <k} <, 0

or

p{y €W IV() < ak}) < .

From this, and since (32) gives an upper bound for the number of Bowen K L-
balls needed to cover (30), we obtain the proposition.
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Proof of Theorem 8.1. Let Ly be sufficiently big for Proposition 8.9 to hold.
Together with Lemma 8.3 we obtain

1 1 . 7
_ W) < ¢, pdim G=2¢0 o (—hm (T)+220) K Lo , (h (T) = § S0+2€0) K Lo
9 2#( ) < iz
— 66(450_§60)KL0
for some constant ¢ independent of K, and for infinitely many K. Note that
deg — ;50 < 0, which leads to a contradiction. This completes the proof.

9. Modification of the partition from [EL10]

The partition P in the proof of Proposition 8.7 is essentially identical with the
partition in [EL10, 7.51]. However, our situation is slightly different to the one
in [EL10] for which reason we outline the necessary steps of the proof. The
differences are as follows:

e The measure o is not necessarily ergodic, and we cannot reduce to an
ergodic situation as in [EL10].
e We want to find a big set (2 on which the inclusion relation

[.T]T(ij—l C zBN

holds for all N € N (in [EL10], the mass of ) does not matter as long
as it is positive, and it is asked for the (weaker) relation

[:L'](pgo g SCBN

for N € N such that za’¥ € Q).
e We do not need the lower bounds from [EL10] on the atoms, which

allows us to simplify P a bit.

The construction of P and the proofs of its properties proceeds in a number
of steps.

(1) Pick a subset @ C X which is open, relatively compact and which has
mass 0(Q) > 1 —e. Pick an injectivity radius r of @ and decompose @
(up to measure zero) into finitely many subsets Q1, . . ., @ with positive
measure such that each of these subsets is contained in a Bowen ball
with parameter r/16. Set

Q:={Q1,...,Qr, X\ Q}.
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(2) Foreachi=1,..., R and each j € Nlet Q;; be the set of points = € Q;
which return to @ with the j-th step but not earlier, that is

Qij={r€Qi|zal €Q,zal g Qfor t=1,...,5—1}.
Set
Q:= {X\Q, Qij |’L:1,,R,_76N}
(3) We now decompose the partition elements ;; into smaller subsets. For

this we remark that each ball zBS,

can be covered with
r/16

ce'™
balls with parameter e=7r /8 (here ¢ = ¢(G) is a constant and £ = dim G

would work). Let i € {1,..., R} and j € N. Note that Q;; C 5171'3516

for some z; € Q. We fix a cover By, ..., By(;) with N(j) < ce™ by
balls with parameter e ~7r/8. We define

Qij1 = Qi N By,

Qij2 == Qij N (B2 \ B1),

Qijz = Qi N (Bs \ (B1 U By)),

and so on. Set
P = {Qijka X\Q |i: 1,...,R, jeN k= 1,,N(j)}
LEMMA 9.1: For o-almost every x € (Q we have
[.’L‘]T(J)V—l C zBy
for all N € N.

Proof. By the Poincaré Recurrence Theorem, o-almost every point in @ returns
infinitely often to (). We restrict to these points and pick such an . Let N € N
and let

y € [wlpy-1.
There exist ¢ € {1,...,R}, j € Nand k € {1,...,N(j)} such that z,y € Qij.
Thus, there exists g € BeG,
have

ir/4 such that y = xg. Then for any £ =0,...,j we

g€ alBA.,, 07t C atBOa;".
In the case j > N — 1 it follows immediately that

Yy € vBy.
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Suppose that j < N — 1. Then we find is, j2, k2 such that zal,yal € Qi,joks-
Since

yal = wal(a;” gal),

and a;7gal € BY and r is an injectivity radius, it follows that actually
ac’gal € Bliy, 4

Now reasoning inductively as above finally shows y € By

LEMMA 9.2: The partition P has finite partition entropy H,(P).

Proof. We note that®

ZJU(QU‘) <1.

Using this, the proof is parallel to that in [EL10].

References

[BK83] M. Brin and A. Katok, On local entropy, in Geometric Dynamics (Rio de Janeiro,
1981), Lecture Notes in Mathematics, Vol. 1007, Springer, Berlin, 1983, pp. 30-38.

[CDKR91] M. Cowling, A. Dooley, A. Kordnyi and F. Ricci, H-type groups and Iwasawa
decompositions, Advances in Mathematics 87 (1991), 1-41.

[CDKR98] M. Cowling, A. Dooley, A. Koranyi and F. Ricci, An approach to symmetric spaces
of rank one via groups of Heisenberg type, Journal of Geometric Analysis 8 (1998),
199-237.

[Dan84] S. G. Dani, On orbits of unipotent flows on homogeneous spaces, Ergodic Theory
and Dynamical Systems 4 (1984), 25-34.

[EK12] M. Einsiedler and S. Kadyrov, Entropy and escape of mass for SL3(Z)\SL3(R),
Israel Journal of Mathematics 190 (2012), 253-288.

[EL10] M. Einsiedler and E. Lindenstrauss, Diagonal actions on locally homogeneous
spaces, in Homogeneous Flows, Moduli Spaces and Arithmetic, Clay Mathemat-
ics Proceedings, Vol. 10, American Mathematical Society, Providence, RI, 2010,
pp. 155-241.

[ELMV12] M. Einsiedler, E. Lindenstrauss, Ph. Michel and A. Venkatesh, The distribution
of closed geodesics on the modular surface, and Duke’s theorem, L’Enseignement
Mathématique 58 (2012), 249-313.

[ELW] M. Einsiedler, E. Lindenstrauss and T. Ward, Entropy in ergodic theory and ho-
mogeneous dynamics, book project, http://maths.dur.ac.uk/~tpcc68/entropy/.

[GR70] H. Garland and M. S. Raghunathan, Fundamental domains for lattices in R-rank
1 semisimple Lie groups, Annals of Mathematics 92 (1970), 279-326.

5 Actually there is equality if Q D X<, but this is not needed for the proof.



Vol. 210, 2015 ESCAPE OF MASS AND ENTROPY FOR DIAGONAL FLOWS 295

[Hel0O]

[HelO1]

[HW13]
[Kad12]

[KKLM]

[KP]

[MT94]

[Poh10]

[Shi12]

S. Helgason, Groups and Geometric Analysis. Integral Geometry, Invariant Dif-
ferential Operators, and Spherical Functions., Mathematical Surveys and Mono-
graphas, Vol. 83, American Mathematical Society, Providence, RI, 2000.

S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Graduate
Studies in Mathematics, Vol. 34, American Mathematical Society, Providence, RI,
2001.

P. Hubert and B. Weiss, Ergodicity for infinite periodic translation surfaces, Com-
positio Mathematica 149 (2013), 1364-1380.

S. Kadyrov, Entropy and escape of mass for Hilbert modular spaces, Journal of
Lie Theory 22 (2012), no. 3, 701-722.

S. Kadyrov, D. Y. Kleinbock, E. Lindenstrauss and G. A. Margulis Singular
systems of linear forms and nonescape of mass in the space of lattices, Journal
d’Analyse Mathematique, to appear.

S. Kadyrov and A. Pohl, Amount of failure of upper-semicontinuity of entropy in
noncompact rank one situations, and Hausdorff dimension, arXiv.org:1211.3019.
G. A. Margulis and G. M. Tomanov, Invariant measures for actions of unipotent
groups over local fields on homogeneous spaces, Inventiones Mathematicae 116
(1994), 347-392.

A. Pohl, Ford fundamental domains in symmetric spaces of rank one, Geometriae
Dedicata 147 (2010), 219-276.

R. Shi, Convergence of measures under diagonal actions on homogeneous spaces,
Advances in Mathematics 229 (2012), 1417-1434.





