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MATHEMATICAL MODELING OF HEAT TRANSFERRING IN
ELECTRICAL CONTACTS

Abstract. Research work is about solving Heat equation, exactly, One
phaseStefan problem, which, solved with modern method, called Integral Error
Function by Hartree. Stefan problem consider heat transferring in electrical
contact from one phase to the second. Simple example to the Stefan problem
are the melting of ice and the freezing of water. To solve the Stefan problem,
which is known problem in numerous industrial and technological applications,
such as the manufacture of steel, ablation of heat shields, contact melting in
thermal storage systems, ice accretion on aircraft, evaporation of water, used
the program «Matlab» by approximation method. Physical meaning of this
research is finding melting point by giving heat flow.

Keywords: Integral error function, Stefan problem, Heat
equations,temperature,approximation.

L

Anparna. 3epTTey JKYMBICHI KbUITy TEHJEYIH IIelIyre apHaJfaH,
HaKThIpaK anTkanma, Oipdazaner Credan moceneci XapTpu oijIam TamKaH
MHTETPAIIBIK KaTeNliK (QYHKIMACH JEN aTaJaThlH 3aMaHayd OICIIeH IIemTy.
CredannbiH MpoOJEeMachIHBIH MOHI SJEKTPIIK KOHTAKTiAETi KbUTyabl Oip
¢azanan exinmricine aybicThlpy. CTedaHHBIH MAOCEIECiHIH KaparnaidbiM MbICAJIbI
— MY3IBIH €pyl JoHe CYIObIH Karybl.  KemnTereH ©HEpKOCINTIK JKOHE
TEXHOJIOTHSUTBIK ~ KOCBIMIIIANIap/ia, MbICAllbl, 0OoJar JalblHAAy, IKBLUTY
KaJIKAaHAAPBIHBIH ~ aOJSIIUACHI, KBTIy CaKTay OKyhenepiHaeri OailiaHpic
OaNKBITy, >Ka3BIKTBIKTa MY3 KaJIBIITACTBIPY, CYABIH OYIIaHBIN KETYyl CHUSKTHI
CredanHbIH MoceJeCiH MIenTy YIIiH JKYbIKTay djiciMeH mmemiieTin «Matlaby
Oarmapnamachl KOJNIAHBUIAABL. 3epPTTEYAiH (PUIMKAIBIK MAaFbIHACHL KBLTY
arbIHBI APKBUTBI 0ANTKY HYKTECIH Ta0y OOJIBITT TaObLIA b,

Kiar ce3nep: unrerpannbik katemik (ynkuuscel, Credan moceneci,
KBUTY TEHICY1, TEMIIEpaTypa, )KYBIKTay.

fekk

AnHoTtanus. VccnemoBatenbckas paboTa TOCBSIIEHA PEMICHUIO
yYpaBHEHHUs TEIUIONMPOBOJHOCTH, B TOYHOCTH, OnHOHM (a3bizamaua Credana,
KOTOpas, peumacTtcda COBPECMCHHBIM MCTOAOM, HA3BIBACTCA HHTeraHBHOﬁ
byHKIMe  ommOOK  KoToporompuayMan Xaptpu. 3amada Credana
peIycMaTpUBAET Nepeady Teria B AJEKTPUUECKOM KOHTAKTE OT OJHOM (a3bl
Ko BTOpoid. [IpocTeiM mpumMepom npobiemblr CTedaHa SBISIFOTCS TassHUE JIbJA U
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3amep3anue Boxbl. st pemenns npoOmemsl Credana, KOTOpas W3BECTHA B
MHOTOYHCIICHHBIX MPOMBIIUIEHHBIX U TEXHOJOTHUECKUX MPUIOKEHUAK, TAKHX
KaK M3TOTOBJICHWE CTalH, a0 TEIUIO3AIIUTHBIX SKPAHOB, KOHTAKTHOE
IUIaBJICHHE B TEIUIOBBIX HAKOMUTENIBHBIX CHCTEMaX, HapacTaHWe JbJa Ha
caMolieTe, MCIIapeHue BOJBI, MCIONb3yeTcs mporpamma «Matlab» meromom
npubikenns. DPU3NYECKUH CMBICT 3TOrO MCCIEIOBAHUS 3aKIIOYaeTcs B
HaXO0X/ICHUH TOYKH TUIABJICHUS ITYTEM I10/1a41 TEIUIOBOTO ITOTOKA.

KawueBble cjoBa: (yHKIUS MHTErpadbHONM OMMOKH, 3ajada
Credana, ypaBHEHHs TETTIONPOBOAHOCTH, TEMIIEPATYpa, IPUOIIDKEHHE.

General overview

The Stefan type problems

In this chapter we consider the formulation of the Stefan problem as a
classical initial boundary value problem for a parabolic partial differential
equation. A portionof the boundary of the domain is a priori unknown (the free
boundary), and therefore two boundary conditions must be prescribed on it,
instead than only one,to obtain a well posed problem. Also this chapter is
devoted to introduce specialmethods by the help of which Heat Equations in
the domains with fixed and movingboundaries are solved. Heat equations are
solved by the help of Integral ErrorFunctions (IEF method) and its properties,
which were introduced by Hartree in 1935 and reasonably sometimes called
Hartree functions. As it will be shown infurther paragraphs, method can be
used to solve first, second and third boundaryvalue problems for Heat
Equations with fixed and moving finite, semi-infiniteandinfinite boundaries.

Generalization of integral error function
Thel ntegral Error Functions
The integral error functions determined by recurrent formulas below

oo

i"erfelx) = / .r'”'lr'-'rf{"[:)]rh.». n=12..

Yerfe(z) = er fe(z) =

j___ / o.\:pf—uf]{'fr.f (2.1.1)
were introduced by Hartree in 1935.
We can obtain from (2.1.1)

o

2 _
ierfe(z) = — [ (v —x)" exp(—1?)dv [2:1:2)

v

These functions satisfy the differential equation
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(f2
dz?

andrecurrentformulas

2ni"er fe(x) = i Zer fe(z) — 2xi" er fe(z) (2.1.4)

—i"erfe(z) + E.Edi-zi”e-r.fc-{r) — 2ni"erfe(z) =0 (2.1.3)
I

Integral error functions (some times they are called also Hartree
functions) are very usefulfor investigation of heat transfer, diffusion and other
phenomena which can be described by the

equationgivenbelow
du f_’}‘ u
— = (2.1.5
at H r? \ )

in a region D(t > 0,0 < x < a(t)) with free boundary = = a(t), however functions

ta(kz. ty =12 ?"E’?ff_’

af
satisfy the equation (2.1.5 ) as well as their linear combination or even series
T Z [AH un(z, t) + Buu,(—z, i}]
n=0

for any constants A, B,,. We can choose to satisfy the boundary conditions at = = 0 and = = n(t),
if given boundary functions can be expanded into Taylor series with powers ¢ or /1.

Properties of Integral Error Functions
Let us derive new properties of IEF, which are not considered in
abovementionedpapers.

1) If is an integer, then
nap I ! —72 2 d" o
i m'fca‘:m aliz) = o ”’(.’ e —e
with 7 = /1 and Hermite polynomials /, (x) in the right side . Indeed , using formula (2.1.2)
we can write

i"erfe(—z)+(-1)

o0

£ ]'ft + x)"exp(—v?)dv+

||-.'J

i"erfe(—z) + (=1)""er fex =

V/_ ]ﬂl "
*‘%\%f{?‘— )" ezp(—1 L‘/— f[a +xz)"exp( —H)dy = s ,nh,Hl{ix}
T —00
Using formula for Hermitepolynomials we can derive
(5] P Im
i"er fel—r) —1)""er fox = 2.2.1)
i ) fe Z P2m—Tmplin — 2m)!

m=(l
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If n is even, n = 2k, then

rrfu—i‘j”ufc{—.x]_z Som

m=

T.?‘n’k—rn':-

m!(2k — 2m)!

In particular

erfelz) + erfe(—z) =2
ierfer + ilerfo(—z) =1/2 + 22
iter fexiler fe(—z) = 1/8 4+ 1/42% + 1/122*

If n=2k + 1, then

’ . k I,2{.?.:—?1".\}—&]
J"k+1t’:"."‘ft’.'.]‘. B é‘k"'le-r'fr:{—:r) =

X:“ 2m—1mq)(2k — 2m + 1)1

In particular
ier fo{—x) — ier fex = 2x
B el —) — B e = 102 L
ierfe(—x) — iPer fer = 1/16x + 1/242% 4+ 1/60z°
2) The proof of the formula
| ad' o

S e _ pme | — L S S 900
i‘er fo(—z) — i"er fex = i diln{t.. er fex) (2.2.2)

where
T
i = i = [ (—)d
erfr=1—erfer = — | exp(—v~)dv
v’f.ﬂ

can be obtained by mathematical induction method using recurrent formula
(2.1.4).

3) Differentiating the right side of formula (2.2.2), we obtain

B2
=]
%)

7
Perfe(—z) — (—1)""er fex = Py(z)er fxr — Qn(x)—exp(—2z?), (2.2
o ﬁ

where polynomials Pn(x) and Qn(x) are defined by formulas

5]

! n—1
zn A Z (—1)"*Hyg1(z)
nlx) = ),.r Az
- mz_:u 22m=1ml(n — 2m)! aos e~ I HKn—E) Flz)

4) From (2.2.3), (2.2.4) we can obtain the explicit expressions for Hartree
functions of an integer
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index
[; L l ].'I

i“er fex = [Pr, (z)er fer + Qnlx) :'5.\:1.:['—.;'2;': (2.2.4)

" ey

A

- 2
| Pa(z)er fe(—z) — Qnlz)—

| = b3

i"er fel—z) = expl —3'2}] (2.2.,5)

I~

5) Using L’Hospital rule and representation (2.1.1),it is not difficult to show
that

6) Using property 2 one can derive following formula

S0 T mn

ufz,t) = Z |:-"lfn Z J-Qﬂ -thm Ban.m + Asn Z -3'9”--}m-l-lfmif}bn-- 1,m [22?"

n=I{ m=( m=(

Where u(x; t) is Heat polynomial which exactly satisfy Heat Equation and
1

m!(n — 2m)!

3

P = pnrm1

Analytical solution of the one phase stefan problem (direct)

Introduction to the problem

The first analytical solution of one phase Stefan problem, which
describes the dynamics of soil freezing has been published by Lame and
Clayperon. Solution of one phase Stefan problem was represented by Stefan.
Solutions of these problems were obtained for «()=a+/({)case and some auto
model cases.

As for applications: a wide range of electric contact phenomena, in
particular, the phenomena occurring at the interaction of electrical arc with
electrode can be described in dynamic use of the presented method see e.g., for
very short arc duration (nanosecond diapason), when experimental
investigation is very difficult. In this study we will try to find solution of one

x(t) = Z Xt
=0

Phase Stefan problem for degenerate domain with ‘moving
boundary.

Tracking answers of these questions will be organized as following. In the
continuation of this section Integral Error Functions and its properties
necessary for elaboration of new methods are presented. In subsection 1.4 a test
problem is solved by proposed method. In sections two and three one phase
Stefan problem, its analytical solution and convergence of series represented.
For finding analytical solution we mainly follow the method proposed by
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S.N.Kharin in applying Faa Di Brunos formula for Integral Error Functions.
For Heat polynomials we utilize Newtons polynomial (generalization of
Newtons binomial) and its multinomial coefficients.

Problem formulation
Heat transfer between two bars that have ideal contact is described by
the equations:
B o8
B e

0<z< oo (32.1)

withtheinitialconditions:
U0,0)=0 (322) Ulz,0)=f(z) (32.3)

conditions of conjugations of temperature and heat flux
MU0, 8) = P(t)  (3.2.4)
Ulavi,t) =U, (3235)

il der
A lecai= Ly (326)

Suggesting that initial function and function of heat flux can be expanded in
Maclaurin series
= f= D sl LT ()]
fg) =3 ™ :'z", P@t)=Y" P :I[v"?j“ (3.2.7)

1 1
n=10 i n=0 ™

we represent the solution in the form

= =]

i T ‘T T 1 -7 —I i
Uz, t) = gu[zw’i; [.4,,: er oy + Bud Erfﬂm:l (3.2.8)

P(t)

=
=
=

alt)

Fig.1. (3.2.1) Boundary between two (liquid and solid) phases
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Solution of particular case of One phase Stefan problem

a0 _ .

E .I'T F'— |:| "ol s nffj .

U(0,0) =0 (3.3.1)

o, t) = Pt) (3.3.2)

O{alt), ) = U, (3.3.3)
arl ey

gt e (2.9.4)
B \==aft i it

Solution:

Ufa Z (lavr]”[*lﬂf"crfc

ni=f(l

‘|"|!

= V,] (3.3.5)

Lemma:

])] i"erfe(—z) _ 2

a-c e ]

2 i QasVt) i"er fo
) |L 2 } f 2 fﬂ/_
Using (3.3.5), fromcondition (3.3.2), weget

—AU(0,8) = —A f (2a+/T)"[Ayiner fc0 + Bpiter fc0] = P(t)
—AU(0,%) —)\Z (2av/1)"[A, + B,Jerfcl = P(t) = E i U]

n=(0}

(v2)"

n!

00
By denoting P, = >~ %{\/E ", we have left
n=f

i /\(Zei)” mer fol)

. P,
Bm b}’ Sl]bstlmtlng m

Ay=—B.— B, (3.3.6)

to the 3., we get

Atthecondition n=0;
Ay — B — By (3.3.7)

From condition {3 3.3), using a(t) = m/_. we have

Ulavt.t) = Z \/_)nl Ani® Prfr —I— B,i ] =l
n=0: _ = _
[Aner“-j‘“fgiq_—'t J?D-éﬂ(_-'r{ r;—;‘] =
Byusing (3.3.7) condition, weget
(Bo — Bﬂ)m‘ ch—T i Bufﬂm- f(:__“"] -
Byler fe— =Un, + )’unfc—
G
J’ 5
B o 2 (3.3.8)

(erfegs —erfes)
From condition (3.3.4), by taking the derivative of (3.3.5), we get

115



CAY xabapwwicer. 2018/4 (47). SDU bulletin

e &]
A Y- (2av/D)! [— Aninler fe + Bin~ler fc:%] = Ly

Forthecondition n=0:

2
- [~4o+ By = Lvg
B}' using cnndmons (3 37, we get
Z"Bu + Gol—

And usmg condition (3.3.8), we finally get our equation, which consists only from « and coeffi-
cients

= Lf'yctein

)‘ derfes : a2
. a = Lyoet? 3.3.9
S Foma o] = et (33.9)

a=1 U
A=1 L="50
Py =107 v=2

Firstly, we find j5;, however it depends only from coefficients as F, A, and a to which we have
given numbers. After finding 4;. we come to the last equation (3.3.9) that we obtained. There
are two equation which are equal to each other and depends only from « that we should find.
We denote left side of equation as f(«), and right side as g(«).By the way we use approximation
method by Matlab which code shown in Figure(3.3.1).

a=1;
lambda=1;
p0=107;
Um=100;
L=50;
gamma=2;

beta=p0/ (lambda) ;

Elfor i=1:100
®=1/100;
y1({i)=-(lambda*2)/ (a*sqgrt(pi))* ((1/ (1-erfc(x/2})})* (Un-beta*erfc(x/2))-beta);
yg(i}=L*gamm&*x*exp(x.“?!k]:

-end

plot (1/100% (1:100) ,v1,"'-r");
hold on

plot (1/100#%(1:100),y2, "-b");
grid on

Fig.2. (3.3.1) Codeofequation (3.3.9)
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Fig.3. (3.3.1) Graph view of solution of the equation(3.3.9)

We can see that, our n=0.36.

Conclusion

In conclusion, mathematical modeling of heat transferring in electrical
contacts has been constructed. In Stefan problem, we have solved analytical
solution. Analytical solution of One phase Stefan Problem (direct) and its
particular solution in Matlab has been shown .The result from particular case
shown in the graph. Faa di Bruno and Leibnizs formulas are used to find
solution for analytical solution . By undertaking research, we have an exact
result that will allow to economy energy in manufacture, partially in steel
manufacture in Kazakhstan where needed solving of this problem. It will give
great benefit in the financial plan.
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