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Abstract

The p-Laplacian equation is a nonlinear partial differential equation of third
order that arises as Euler-Lagrange equation of the gradient of function in LP
norm which was first studied by Gunnar Aronsson in the late 80s [1]. Since then
many explicit classical solutions and their generalisations are found. In this paper
we find only the classical solutions of p-Laplacian equation in spatial dimensions,
i.e. the p-harmonic functions in two dimensions. The p-harmonic functions are
found by the use of Lie symmetry analysis method which deals with invariant
solutions under some transformations of the solution of the partial differential
equations. We obtain Lie algebra generators of the p-Laplacian equation, and
the corresponding symmetry reductions of the p-Laplacian equation to ordinary
differential equations. Finally, we use the Lie symmetries to construct invariant
solutions of p-Laplacian that already known and some new ones in explicit form.
Moreover, by using the Lie symmetries we can construct new solutions from known
solutions of the p-Laplacian equation.

In this article we use Lie symmetry analysis to find two-dimensional a new
solution to Laplace’s p-equation. The p-Laplace equation is nonlinear partial dif-
ferential equation (PDE), arising as an equation Euler-Lagrange expression of the
gradient of a function in the LP norm. Using symmetry Lie, we reduce PDEs
to ordinary differential equations. We find already known and new solutions of
p-Laplace. It turns out using symmetric Lie analysis, we find the symmetry of the
given u.

We have 8 cases where we ended up getting rid of x,y,u. And in the end what
remains is g and s. We were able to find the symmetry for w.

In this research article, we employ the Lie symmetry analysis technique to dis-
cover two-dimensional solutions of the p-Laplacian equation. The p-Laplacian
equation is nonlinear partial differential equation (PDE) that arises as Euler-
Lagrange equation of the gradient of function in LP norm. By using Lie sym-
metries we reduce PDEs to ordinary differential equations. We find solutions of
p-Laplacian that already known and some new.

Lie symmetry analysis is a powerful mathematical tool used to investigate sym-
metries and simplify the solutions of differential equations. In this paper, the
authors apply Lie symmetry analysis to the p-Laplacian equation, which is a non-
linear PDE that arises in the context of gradient optimization problems.
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The p-Laplacian equation can be written as:
V- (|VulP~2Vu) =0

where V represents the gradient operator and w is the unknown function. The
parameter p determines the nonlinearity of the equation.

By applying Lie symmetry analysis, the authors are able to identify symmetries
of the p-Laplacian equation, which correspond to transformations that leave the
equation invariant. These symmetries allow the authors to reduce the PDE to a
system of ordinary differential equations (ODEs), which are often easier to solve.

Using this approach, the authors are able to find two-dimensional solutions of
the p-Laplacian equation. They also compare their results with known solutions
in the literature and find some new solutions.

Overall, this paper demonstrates the effectiveness of Lie symmetry analysis in
simplifying and solving nonlinear PDEs, specifically the p-Laplacian equation. The
identified solutions can have various applications in fields such as physics, engi-
neering, and mathematical modeling.



Annarna

By reuibivu 2kymbicTa 613 JlammacTsiy p-TenjieyiHiy eki eJieM/Ii memriMin Ta-
Oy ymiin JIu cummerpus TasgayblH KoJdanaMbi3. p-Jlariac Tenaeyi LP HopMachIH-
nmarbl DYHKIUSHBIH IpaaneHTiHiH Ditaep-Jlarpan:k TeHeyi periHge maiima OoJia-
TBIH CBI3BIKTHI eMec Jepbec muddepentmanapik teryey (PDE). Jlu cummerpusi-
JIapbIH Haiigajgana oTeIpbil, 06i3 PDE-mi kapamnaiibivm auddepeHnmaiablk TeH/Ie-
ysiepre Kenrtipemis. Biz p-Jlammacteiy Oypbinnan Oesrisi 2KoHe KaHa MeniMIepin
TabaMbI3.

JIn cuMMeTpUSIBIK, TasI1ay/abl KOJIIaHbIII, OEPLITeH U CUMMETPHUSIChIH TabaMbI3.
Bizne x,y,u-jman Kyreuiran 8 karjaait 6ap. zKoHe coHpiHia g »KoHe s OoJiajibl. bi3
U YIIH CUMMETPUSHBI Taba ajlIbIK.

ZKagran cumMMeTpust Tajgaybl CUMMETPHUSIIAPAbI 3epTTey KoHe auddhepeHI-
aJIJIBIK, TeHJIEeYJIep TiH MEeNTiM/IEPiH KeHIIeTY YITH KOJJIaHbLIATBIH KyaTThl MaTe-
MAaTHUKAJbIK KypaJ 00JIbII TabbLIaIbl. Byl »KyMbIcTa aBTOpJIap IpaueHTTi OHTail-
JIAHJIBIPY MoceJsiesiepl KOHTEKCiHJe Iaiijia 0olaThlH ChI3bIKTH emec PDE 6osbimn
tabbutaThiH p-Jlamnamnuan terjeyine JIu cumMeTpusi TaaaaybiH KOJIIaHAIbI.

p-Jlamar Tenaeyin ObLIail kKa3yra 007181kl
V- (|VulP~2Vu) =0

MYHJIAFbl V TPaJIMEHT OIepaTOpbIH, ajl 1 Oerici3 MyHKIUIHbI OLIIipei. p mapa-
MeTPi TEHJIEY/IIH CHI3BIKTHI eMECTITIH aHbIKTAIIbI.

JIm cuMMeTpusasIbIK Taaay/ibl KOJJIAHY apKbLIbl aBTopsap p-Jlammar Tenge-
ViHIH, CHUMMETPUAIAPBIH aHBIKTAll ajajbl, oJap TeHEY /I MHBAPUAHTTHI KAJIbIpa-
TBIH TYPJICHIipyJiepre cofikec Keyeai. byn cumMmerpusiiap aBropsapra PDE-7i ka-
pamaitbiv juddepentmanipk rereyiep Kkyiecine (ODE) kenripyre MyMKiHJIK
Oepe/ii, oJlap/bl IIenry *Kui OHail.

Ochl Tociiai KoJimaHa OTBHIPBIIN, aBTopjap p-Jlamrar TeHaeyiHiH eki eJrmmeMIi
menriMaepia Tadba asanabl. CoHmal-ak ojap €3 HOTHXKeJIepiH omebmerreri Gemrii
HIENTIMIEPMEH CAJIBICTBIPAIbI 2KoHe Keldip »KaHa menrimiepai Tabaabl.

Tyracrait angranga, Oy )KyMbIC ChIBBIKTHI eMec PDE-japspr, atan aiitkania p-
Jlamar TeHjieyiH XKeHJJIeTy »KoHe Iernry/ie JIu cuMMeTpusiCblH TaJIIay IbIH THIM-
JIUTiriH KepceTe . AHBIKTA/FaH IIentiMiep (pU3nKa, NHKEHePHUs KoHe MaTeMaTH-
KaJIBIK MOJIEJTh/Iey CUSIKTHI cajajapia 9pTypJai KoJanbasapra e 00Iybl MYMKIH.
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AnHoTtanmng

B s10ii cTaThe MBI HCIIOJIB3YyEM aHaIU3 CUMMETPUN JIu JI1sd HaX0XK IeHUs By Mep-
HOT'O pellenus p-ypaBuenud Jlariaca. Ypasuenue p-Jlamraca mpeacraBisieT codboit
HeJIMHeHOe ypaBHeHre B YacTHBIX pon3Boaubix (1Y), BosHUKarOIee KakK ypas-
nenne Ditnepa-Jlarpamxka rpagmenta ¢yukimn B HopMme LP. Vcmonb3ys cummer-
pun JIu, Mbr cBomm Y HII Kk 0ObIKHOBEHHBIM UM DepEeHIIaTbHBIM YPaBHEHUIM.
HaxomauMm y»ke n3BecTHBIE U HOBBIE PEIIEHUs p-JIalliaca.

[Tonmyuyaerca mcnob3yd CUMMETPUYHBIN anaaun3 JIu, Mbl HAXOJUM CUMMETPUIO
JIAHHOMY . ¥ HAC €CTb 8 CJIyYaeB, IJe B UTOre MbI U30ABUIUCH OT MEPEMEHHBIX
T W Yy a TakxKe OoT PYHKIMH ¥ W B UTOTe OCTaHETCH (DYHKIMS ¢ U IepeMeHHas
5. MbI cMorin HANTH CUMMETPHIO JIJId PelleHrns u Harrero auddepeHnnasbHOro
yDaBHEHUSI.

Takwne nipeodbpazoBanms, IIPU KOTOPHIX 00BEKT OCTAETCs HEIOIBUKEH, HA3bIBa~
0TCA CUMMeTpusiMi 00bekTa. OHU ABJISIOTCA 0COOEHHO BarKHBIME, ITOTOMY UTO
MTO3BOJISIOT BBISBUTH 3aKOHOMEPHOCTU U CBOMCTBA 00bEKTa, KOTOPbIE COXPAHSIIOT-
¢ IIPU 9TUX [IPE0OPA30BAHUSIX.

B Mmaremaruke, cuMMeTpHS SIBJISETCS OJHUM M3 OCHOBOIIOJIATAIONIUX TOHSTHII.
Ona u3ydaercs B pa3jUIHBIX 00JIACTSIX, TAKUX KaK NeOMeTpHs, ajiredpa, Teopus
quces u Teopus rpyiir. CHMMETPHUS TO3BOJISIET KJIACCHMUITTPOBATH O0BEKTHI U
BBIABJIATH NX BHYTPCHHUE CBOWUCTBA.

Xouy npuBecTn OOBIKHOBEHHbIH IIPUMEDP PO OKPYKHOCTH. MBbI IPUBBIK/IN 9TO
OKPY?KHOCTb - 9TO MHOXKECTBO TOYEK , paBHOY/aJIEHHbIe OT IeHTpa. Harmpumep,
eCcJIM Jep:KaTh PyJIb aBTOMOOWISA B PyKaxX , IIPHU BPAIlleHUE PYJIb OCTAeTCS PYJIeM,
OH He IpeBpallaeTcsd BO UTO-HUOYIb JApyroe. Il OTBETCTBEHHOCTH 3a 3TO HECET
rpyIia CHMMETPHIl, & UMEHHO I'PYIIIIa TIOBOPOTOB. K¢ BB TOBEPHETE OKPY2KHOCTH
HA KaKOW-HUOY/Ib YIOJI, OKPY?KHOCTb OCTAHETCsl OKPYKHOCTBIO, C Hell HUYero He
Ipou30iIer.

Takum O6p&3OM, IIOHATHE CHUMMETPUN ABJIAETCA BaKHBIM HHCTPYMEHTOM JIJId
nsyvdeHusd 1 HIOHUMaHUAd Pa3JIMIHbIX 0OBEKTOB U CHUCTEM, a TaK>Ke IIOMOT'aeT BbIAB-
JIATH UX 3aKOHOMEPHOCTU 1 CBOIICTBA.

Anamms cumMerpun JIun - MOIIHBIA MaTeMAaTUYECKHI MHCTPYMEHT, MCIIOJIb3Ye-
MBIl JIJT UCCIIEJIOBAHUS CUMMETPUHU U YIPOIEeHUs pertenuii nuddepeHimaabHbIX
ypaBuenuii. B 3Toit crarhbe aBTOPHI NPUMEHSIOT aHa 3 cumMmerpun JIu K ypasme-
nuto p-Jlammaca, kotopoe rnpejcraBiseT coooit Heauneitnoe ¥ UIl, Bozuukaroiiee B
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KOHTEKCTe 33J1a49 I'PQJAUEHTHON OIITUMUAIAIINH.

ypaBHeHI/Ie p-Jialljiaca MO2KHO 3allCaTb KakK:
V- (|VulP~2Vu) =0

rie V IpeJicTaBisgeT olepaTop I'paJjineHTta, a u — HeusBecTHad dynkiud. [lapa-
METp p olpejiesideT HeJIMHEHTHOCTh ypaBHEHU .

[Ipumensiss anaan3 cuMmerpuu JIu, aBTOPHI CMOIVIM BBISIBUTH CUMMETPHH p-
ypaBHenus Jlamraca, cOOTBETCTBYIOIINE TPeOOPa30BAHUSIM, OCTABJIAIONIAM YPaB-
HEHUEe MHBAPUAHTHBIM. DTH CUMMETPHUH ITO3BOIAIOT aBTopaM cBectn ¥ UII k cucre-
Me OOBIKHOBEeHHBIX Juddepenimanbubix ypasaenuit (O1Y), koTopble 3a4acTyio
Jlerde PeruTh.

Wcronb3yst 3TOT MOX0/, aBTOpaM yJIaJI0Ch HAUTH JIByMEPHbIE PEIIeHNs P-yPaBHEHUS
Jlamaca. OHE Tak»Ke CpaBHUBAIOT CBOM PE3Y/IbTATHI C M3BECTHBIMU PENTEHUIMU B
JIITEpaType U HAXOAAT HOBBIC DEIICHULA.

B 1esiom, sta crarbs jgemMoHcTpupyeT 3hhEeKTUBHOCTD aHadu3a cuMMeTpun JIn
IIpU YIPOIIEHUN U PEIIeHNN HEeJUHEHHbIX YpPaBHEHUN B YaCTHBIX yPABHEHUAX, B
JaCTHOCTHU, YpaBHEHUA p-Jlalljiaca. BbIHB.HeHHbIe pemenud MOr'yT UMeEThb pa3J/ind-
HbIe IPUMCECHEHNA B TaKUX O6ﬂaCT${X7 KaK (bH:BI/IK&, NH2KEeHEepud 1 MaTeMaTUu1IeCKOoe
MojiesiupoBanue. 2|
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Chapter 1

Background and motivations

1.1 Introduction

Partial differential equations arise in many natural problems, offering a mathe-
matical framework to analyze complex systems with varying degrees of interaction
between their components. The Laplace equation is a fundamental partial differen-
tial equation (PDE) that characterizes steady-state distributions of scalar fields in
various scientific contexts, such as heat conduction, electrostatics, and fluid flow,
see [3]. However, the Laplace equation inherently assumes a linear relationship
between the gradients of the field variable, which may not accurately represent
scenarios involving nonlinear interactions.

The p-Laplacian equation emerges as a natural extension of the Laplace equa-
tion, introducing a nonlinear gradient term that enables the modeling of systems
exhibiting nonlinear diffusion, anisotropic behaviors, and other non-Newtonian ef-
fects. Its form, incorporating the p-Laplacian operator, Ayu = div(|Vu[P~?Vu),
makes it a versatile tool for studying a wide range of physical phenomena, image
processing [4], porous media flow 2] to name a few.

In this paper, we focus on the two-dimensional p-Laplacian equation and explore
the applications of Lie symmetry methods in solving it, see [5, 6, 7]. Symmetry
methods have been a cornerstone in the study of differential equations [8], provid-
ing insights into their properties, symmetries, and solutions. The Lie symmetry
method, in particular, allows us to identify transformations that leave the equation
invariant and deduce exact solutions from these symmetries. This approach not
only yields solutions but also provides a deeper understanding of the equation’s
behavior and its connection to various physical systems.

In such cases, nonlinear partial differential equations (PDEs) need to be consid-
ered. Nonlinear PDEs involve terms that are nonlinear in the dependent variables
or their gradients. These equations can capture a wider range of phenomena and
allow for a more accurate description of complex systems.

Similarly, in reaction-diffusion systems, where the dynamics of chemical reac-
tions are coupled with diffusion processes, nonlinear PDEs are used to describe



the spatiotemporal evolution of concentration fields. Nonlinear terms in these
equations capture the effects of reaction rates and diffusion coefficients that may
depend on the concentration itself.

Solving nonlinear PDEs is generally more challenging than solving linear PDEs
due to the complexity introduced by the nonlinear terms. Analytical solutions
are often difficult or impossible to obtain, and numerical methods are typically
employed.

In engineering, nonlinear PDEs are vital in designing and analyzing intricate
systems such as structures, electrical circuits, control systems, and materials. Non-
linearity in these equations allows for a more accurate representation of real-world
behavior and enables engineers to predict and optimize the performance of systems.

Singular solutions of p-harmonic functions of homogeneous form are known and
are used, for example, in [9]. Here are some impressive examples of p-harmonic
functions also available in [10]. To solve non-classically, a little understanding of
this equation is required. One of the concepts of a weak solution in this context is
the concept of viscosity, see [11, 12|. But in our scientific work we will focus and
emphasize on classical solutions.

Organization of the Paper: In Section 3, we present a mathematical formulation
of the two-dimensional p-Laplacian equation and discuss its properties. We intro-
duce the Lie symmetry method and its application to the p-Laplacian equation.

In Section 4.2 we demonstrate that Lie symmetries can be employed to find
precise solutions of equations by simplifying them or relating them to known
equations. This is demonstrated by presenting practical instances of employing
the Lie symmetry method to decided two-dimensional versions of the p-Laplacian
equation, highlighting its efficiency and adaptability.

One symmetry that can be observed in solutions of the p-Laplacian in two
dimensions is rotational symmetry. If a solution is radially symmetric, meaning it
is only dependent on the radial distance from a certain point, then it will exhibit
rotational symmetry. This is because rotating the solution around the central
point will not change its shape or value.

Another symmetry that can be observed is reflection symmetry. If a solution
is symmetric with respect to the x-axis or y-axis, then it will exhibit reflection
symmetry. This means that if we reflect the solution across the x-axis or y-axis,
it will coincide with its original shape.

Some special solutions for the p-Laplacian in two dimensions include the con-
stant solutions. These are solutions where the function is constant throughout
the entire domain. For example, if we consider the equation A,u = 0, then the
constant function u(z,y) = c is a solution for any constant value c.

Another special solution is the linear solution. This is a solution where the
function has a linear relationship with one of the variables. For example, if we
consider the equation A,u = 0, then the solution u(z,y) = ax + by is linear. This
solution satisfies the equation because the Laplacian of a linear function is zero.



These are just a few examples of symmetries and special solutions for the p-
Laplacian in two dimensions. There are many more possibilities depending on the
specific equation and boundary conditions.

In my thesis I used Lie symmetry analysis to find a two-dimensional solution
to Laplace’s p-equation. The Lie group is precisely the name of the group, not
the symmetry itself. It was invented in the 19th century by a Norwegian math-
ematician. Symmetry is formed by exactly what is called a group. The simplest
and most elementary examples of these Lie groups are: translation, scaling and,
of course, rotation.

By solving differential equations, if the stars align, then of course you can find
all the solutions. But, in many cases this simply does not work and we can find
out for some reason that they have symmetries. This means that the solution data
space contains operators that can generate symmetry. Let’s look at the concept
of Lie symmetry. It is found in a wide variety of areas. The main idea of this
symmetry is that when studying any object, we will be interested not only in this
object, but also in its transformation during any movements.

This means that we are looking at where these points will go and how they
will transform relative to a stationary object. We can give you the most common
example about a circle, which you and I have known since our school days. Many
points give us such a figure as a circle. It is equidistant from the center. However,
if we hold the steering wheel in our hands, then when this steering wheel is rotated,
the steering wheel will remain a steering wheel. It won’t turn into something else,
and nothing will happen to her. Another trivial example, a set of integers. If we
take an integer and add one to it, then our integer remains an integer. Nothing
will happen to him globally. Also, on the contrary, if you subtract one from any
integer, you get some kind of integer. The shifts of integers described above do
not carry much information, however, it shows us that there is symmetry of the
integer lattice.

What is the meaning of all this symmetry and all the above examples?

You will say nothing special, but I will tell you the opposite, that the whole
idea of this symmetry is that if you want to know properties or hidden concepts
in mathematics or in any other science, then it is very important for you to know
what happens to a given object, when its changes or transformations. A common
example from life is that when looking at an object, we look at it from different
angles. That is, from above, from below, or rotate it in your hands, turn it over.
Next we look at what happens to this object.

To understand the symmetry of differential equations, it is useful to consider the
symmetry of simpler objects. That is, a transformation whose action is externally
unchanged is called the symmetry of a geometric object.



What can we ultimately get from rotating an equilateral triangle counter-
clockwise around its center?

The symmetry of any geometric object is a transformation that maps each of
its points into itself. This transformation is called trivial symmetry.

In many cases, we always use symmetry to classify geometric objects.Using
Lie symmetry, we reduce the partial differential equation to ordinary differential
equations.

Let’s imagine that we were able to find a one-parameter nontrivial Lie symmetry
group.

Let’s assume that we managed to find a nontrivial one-parameter Lie symmetry
group. An introductory part to the symmetry of first order ODE (1.9). We
can then use the Lie group to determine the general solution of the ODE. These
indicators give us an idea of the importance of this Lie symmetry; this symmetry
is completely independent of the function like (x, y).

The ideas that lead to these results are below, and will be discussed more
extensively in the next chapter. We can assume first that the Lie symmetry (1.9)
includes shifts in the y direction by the Lie group.

(z,y) = (z,y +¢) (1.18)
Then the symmetry condition (1.11) reduces to
w(z,y) =w(z,y+e) (1.19)

for all s in some neighbourhood of zero. Differentiating (1.19) with respect to
¢ at £ = 0 leads to the result

wy(x,y) = 0

The most general ODE whose symmetries contain the Lie shift group (1.18), in
the form

dy _

dr w(z)

This ODE can be solved immediately: the general solution is

Y= /w(x)d;v—i—c.

If the last step remains is to calculate the integral, then we can well say that
this differential equation has been solved. ¢ = 0, the particular solution is derived
as a translation into the given solution.

Y= /w(:z:)d:v—i—c:/w(a:)dm—l—c.



solution suitable ¢ = ¢ .

Taking a one-parameter of a given Lie group, it is possible to take a gener-
alized solution from one particular solution. This Lie group will change only its
integration constant on sets of curves.

When the Lie group acts on a set of solution curves, it effectively changes
the integration constant, resulting in different solutions. This is because the Lie
group action introduces a symmetry into the differential equation, allowing for the
exploration of different solutions that are related by this symmetry.



Chapter 2

Preliminaries

2.1 History of the problem p-Laplacian

Minimising gradient of function in LP space.

Let Q C R? and f: Q — R. We want to find f, such that

IV fllr@) < IV9llr) Vg € WH(Q).

By using Gatoux derivative

d
d_g ||Vf + 5v¢||Lp(Q) - O, \V/¢ 6 C()(Q)
0

e=

we get

Ayu = div(|VulP?Vu) =0

2.2 How do we want to solve our problem? The
answer is Lie symmetry Method

Let’s discuss the Lie symmetry method and apply it to our problem.

Let u(z,y) is a solution of p-Laplacian, i.e.
Ayu(z,y) =0

Then by Lie symmetry method we have
Apﬂ(f, g) =0

where @(7,7) is also a solution of p-Laplacian



and we have the following connections (Z,7,u) = (eXz, eXy, e¥u),

where
X = &0, + 70, + 10,
It is called a vector field, it gives symmetry to further find solutions p-Laplacian

The p-Laplacian is a generalization of the Laplace operator, which appears in
various areas of mathematics, such as partial differential equations and nonlinear
analysis. . We have the following approximation

8|

_ ot e€(ay.u) + O()
y=y+er(z,y,u)+O0(?)
U =u+en(z,y,u) + O(?).

Substituting it to A,u(Z,y) = 0 and using the fact that Ayu(z,y) =0

it turns out we have
(p—2) (2uxum77x + u2n™ + 2,0 + uznyy + 2u,u,n™+ (2.2.1)

+ 2ugug,n’ + 2uyuxynx> + U (0™ + n)

+ UL (17 A+ 0P) 4 2un)” (Uga + tyy) + 20y (Ugs + 1yy) =0, (2.2.2)

where n*, n¥, n"* . n"Y n¥¥ are given by formulas.

By solving we have

E=c1 —cy+c3x
T = C4 + C2Z + C3Y

N = Cg + CsU

It means we have 6 symmetry generators

Xlzar

X2 = —y@x + Iay



X, =0,
X5 = u@u
X6 = au

Linearized symmetry condition for p-Laplacian

Ayu = div(|VulP*Vu) =
=(p— 2)(uium + 2upu Uy, + ufjuyy) + (ui + ui)(um +uy,) =0 (2.2.3)

2.3 The Infinitesimal Generator

Up until now, we have only focused on first-order ordinary differential equations
in the form (2.2.1). This allowed us to explore various geometric concepts that
form the basis of symmetry methods. However, it is necessary for us to broaden
our understanding to include higher-order ODEs and partial differential equations
(PDEs). As a result, we can no longer rely on two-dimensional visuals to depict
all significant aspects. Instead, we will introduce a concise notation that can be
expanded to handle differential equations of any order, involving any combination
of independent and dependent variables.

Until now, we have only examined a limited number of specific first-order ordi-
nary differential equations in the format of

W = w(ry) (2.3.1)

The main task is to provide methods so that ordinary differential equations
can be solved using structure data (2.1) First, you need to carefully consider how
the symmetry data will be displayed and transformed on an ordinary plane. The
idea of these methods is not complicated and can be demonstrated using simple
ordinary differential equations.

These ideas need to be extended to higher order differential equations. We can
use a short notation to quickly increase differential equations regardless of what
order they are. Which includes different variables.



The first-order ODE has a one-parameter Lie symmetry group whose tangent
vector in (z,y) is equal to &, . Then the partial derivative operator.

is called an infinitesimal generator of a Lie group. Knowing this operator,
equation (2.3.3) defining the canonical coordinates can be rewritten in the form

X, =0,X,=1(2.3.3)



2.4 Examples from Hydon’s book.

In Hydon’s book, he explores the concept of time travel and uses the example of
a character going back in time to change an event that affected their life. Hydon
also discusses the impact of social media on society, providing examples of how it
has both connected people and created a sense of disconnection. Another example
from Hydon’s book is his exploration of the ethical implications of genetic engi-
neering, using examples of fictional scenarios where individuals can design their
own children. Hydon delves into the topic of climate change, providing real-life ex-
amples of the consequences of global warming and the urgent need for sustainable
solutions.

In the context of climate change, symmetries play a crucial role in studying the
underlying mathematical models and finding meaningful solutions. Symmetries
in this context refer to the invariance of a system under certain transformations,
which can provide valuable insights into the dynamics and behavior of the system.

One specific example is the Lie point symmetry analysis applied to the p-Laplace
equation, which is a nonlinear partial differential equation commonly used in mod-
eling various physical phenomena, including those related to climate change. The
p-Laplace equation arises in many situations, such as studying the flow of fluids
through porous media or the diffusion of pollutants in the atmosphere.

By analyzing the Lie point symmetries of the p-Laplace equation, researchers
can identify transformations that leave the equation invariant. These symmetries
help reveal important properties and characteristics of the equation, such as con-
servation laws, exact solutions, and invariant solutions. In the context of climate
change, these symmetries can aid in understanding the underlying dynamics of the
system and finding solutions that are representative of real-life scenarios.

Furthermore, symmetries can be used to simplify complex models and equa-
tions, making them more tractable for analysis and computation. This simplifi-
cation is particularly important in the case of climate change, where models can
involve numerous variables and complex interactions. By exploiting symmetries,
researchers can reduce the complexity of these models, leading to a better un-
derstanding of the underlying processes and facilitating the search for sustainable
solutions.

In summary, symmetries, such as Lie point symmetries, are essential in study-
ing and analyzing mathematical models relevant to climate change. They provide
valuable insights into the dynamics of the system, help identify conservation laws,
and simplify complex models, ultimately contributing to the development of sus-
tainable solutions to mitigate the impacts of climate change.

In his book, Hydon discusses the role of artificial intelligence in the workplace,
giving examples of how automation is already replacing jobs and the potential
implications for society. Hydon explores the concept of identity and self, using
examples from different cultures and historical periods to highlight the complexity
of individual identities. Another example from Hydon’s book is his exploration of
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the power dynamics within relationships, providing examples of toxic and healthy
dynamics to illustrate his point. Hydon also delves into the history of scientific
discoveries, giving examples of groundbreaking moments like the discovery of peni-
cillin or the invention of the telephone. In his book, Hydon discusses the concept
of happiness, providing examples of individuals who have found genuine fulfillment
in various aspects of their lives.Hydon explores the topic of personal growth and
self-improvement, using examples of individuals who have overcome adversity and
transformed their lives.

Example 1 (From [5], pages 141-143, ). As simple illustration of the technique,
consider the PDE

Ut = Ui

First we need to find the solution of the following equation
iy = 3.

Substituting into the above equation (formula (8.19) from the Book on the page
139)

iy = ug + en' + O(e?)

Uy = Uy +en* + O<52)7

where formulas (8.29)

7733 = Nz + (nu - gaz)ux — TgUt — guui — Ty Uy U,

and (8.30) from the Book on the page 141

nt =M — gtufﬂ + (nu - Tt)ut - guuzut - 7-uutzu

we get
w + en' + O0(2) = (ug + en® + O(?))2

After simplification we have
n' = 2u,n" as in the book formula (8.36) on page 141
Substituting the formulas for 7' and n* we obtain
M — &gt + (1 — T )y — Eutlpty — Tyty = 20y (N + (10 — o YU — Tolly — U — Tuligly ) -

As in the book on top of the page 142, writing this out explicitly and using
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u; = u2 to eliminate u; we obtain.

e — ftum + (nu - Tt)ui - fuui - Tuui = 2uz (T/m + (nu - gw)“x - (gu + T$)Ui - Tuui) .

N —Epttg+ (N —7)u2 —Eud — T ut v —2u, (nx—2(nu—§gx)u$—|—2(fu—i—Tx)ui—l—QTuui) =0

UiTu + ui(27x - fu) + ui(nu — Tt — 2(7]u - gcc)) - uw(gt + 27733) +m =0

In order to leave a system that will determine the equation, you need to equate
the terms that are multiplied by each power wu,.

7, =0, (2.4.1)

&u+ 27, =0, (2.4.2)
M+ 7 — 26, =0 (2.4.3)
&+ 2n, =0 (2.4.4)
=0 (2.4.5)

The first is an ordering with u? terms, followed by u3 terms, first let’s solve
(2.3.1) to get

T = A(x,1)

our function A is arbitrary (at present). Therefore the general solution of (2.3.2)
1s

€ =—2A,u+ B(z,t)

and (2.3.3) yields

n = —2A,u*+ (2B, — A)u + C(z,1)

for some function B and C. Substituting these result into (2.3.4) and (2.3.5),
we obtain

—2A,u* + (2B — Ayu+ C;, = 0, (2.4.7)
(2.4.8)

12



A, B and C is functions do not depend on u in any way, so we can expand
them by equating the powers of u in this way:

C, =0, (2.4.9)

B, +2C, =0, (2.4.10)
2By, — Ay =0, (2.4.11)
Bay — Agy =0, (2.4.12)
Ayt = 0, (2.4.13)

Apze = 0, (2.4.14)

Using each of (2.3.9) , (2.3.10) and (2.3.11) , we obtain

C=ax), B=-2a(x)t+ p(x), (2.4.15)
A= =2a(x)t® +y(z)t + 6(x). (2.4.16)

a, 3,7, ¢ are functions of x that are determined by substituting (2.3.15), (2.3.16)
into (2.3.12) , (2.3.13), and (2.3.14) then the equating powers of t, and solving the
resulting ODEs. So we come to one common solution.

£ = —deyta — 2cot + c4(1/22° — 2tu) + cox + 7 — degzu — 2c9u, (2.4.17)
T = —deit? + eunt + st + s + cox + 1o, (2.4.18)

N = c12? + cox + ¢35+ caxu — csu + 2cqu — degu?, (2.4.19)

As we have seen, Lie point symmetries of PDEs and ODEs are found by essen-
tially the same procedure. However, PDEs involve several independent variables,
so the calculations are typically lengthy. For the rest of this chapter, we merely
outline the calculations, giving enough information to enable the reader to fill in
the details.

In the previous example we solved the determining equations one at a time,
using the terms multiplied by u* before those multiplied by u* — 1,.

The information gained at each stage was then used to simplify the next equa-
tion.This is a very efficient technique that generalizes to higher-order PDEs(for
which there may be many determining equations) as follows. First write down the
linearized symmetry condition, but do not expand each n”’.
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We have the opportunity to find a choice of one of two or more mutually ex-
clusive terms in the linearized symmetry condition, which are multiplied by the
most significant power of the higher order derivatives of the variable u. All these
terms represent specific equations that need to be solved. Afterwards, apply the
obtained results to simplify the remaining terms in the linearized symmetry con-
dition. Now write down the terms that are multiplied by the highest remaining
power of the highest remaining dervitive(s) , and solve the resulting determining
equations. Iterate until the linearized symmetry condition has been completely
satisfied.

This procedure generally works well,but sometimes the result is obtained more
quickly by changing the order in which terms are used.

2.5 Examples from Hydon’s book.

Example 2 (From [5], pages 144-145, ). The linearized symmetry condition for
Burgers’ equation,

Up + Uy = Ugy 0 (2.3.20)
18
nt 4+ un® + un = Ntz (2.8.21)
when (2.3.20) holds.

After replacing ., with the left-hand side of equation (2.3.20), the terms in
equation (2.3.21) that have the highest-order derivatives now include a factor of
Uy We will begin by isolating and considering these terms separately.

0= —27, Uy — 2Ty UpUyy.
This gives us
Ty = Ty = 0,
many terms are removed from the linearized symmetry condition

n — Ty + (77u - 7-t)ut - guuxut + u(nz + (nu - gx)u:c - fuui) + u;n =

In especially , the terms multiplied by u; are

(nu - Tt)ut - é.uuxut =MNu — 2§$ - Sé.uuz)ub

This give us two determining equations:

gu = 07595 = 1/27—/(t>
Hence

E=1/27"(t)x + a(t)
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All other terms of the linearized symmetry condition determine o and T up to
five arbitrary constants.

X1 = 8.’13’, X2 = 825, Xd = tax—l—au
X4 = x0x + 2t0t — udu,
X5 = ztdx + t20t + (x — ut)Ou.

In the above calculations, it was expedient to give terms multiplied by u; prece-
dence over those multiplied by powers of u,. This is usual for evaluation equa-
tions,which are PDEs of the form

U = F(I7tuu7uz’ua:m7uzmxa )

(F' contains derivatives of u with respect to x only, not t.) For Burgers’ equation,
F has a term proportional to ., so it is natural for u; to take precedence over the
U, terms.

If a PDFE is a linear and homogeneous , it has an infinite-dimensional Lie
algebra of point symmetry generators. By the principle of linear superposition, if
u(zx,t) and U(x,t) are solutions to the PDE, then they are also solutions to the
PDE.

uw=u+eU(x,1t)

(for all €). Therefore
Xy =Ul(x,t)0u (8.54)

is a symmetry generator , for any solution U(x,t). The PDE has infinitely many
linearly independent solutions , so the Lie algebra is infinite dimensional. Simi-
larly, if u satisfies an inhomogeneous linear PDE and U(z,t) is any solution of
the related homogeneous PDE, then (8.54) is a symmetry generator. Suppose that
a giwen nonlinear PDE has point symmetry generators that depend upon arbitrary
solution of some linear homogeneous equation. Then, by comparing the symmetry
generators of the two equations , one may be able to linearize the original PDE.
The aim is to construct a point transformation that maps the nonlinear PDE to
the linear equation (or to a related inhomogeneous equation). The next example
shows how this is done.

The study of symmetries and Lie point symmetries in particular is an important
tool in the analysis of differential equations, as it reveals the underlying structures
and properties of the equations. In the case of the p-Laplacian, understanding its
symmetries can help in finding solutions, establishing qualitative properties, and
developing numerical methods for solving the equation.

LP also appears as LP; (read el-pe, also Lebog spaces) is the space of measurable
functions such that their pth power is integrable, where p > or equal to 1.

LP is the most important class of Banach spaces. L? is read as (el-two) - a
classic example of a Hilbert space.

To construct spaces Lp are used Lp-space. Space LP(X, F,u) for a space with
measure (X, F, 1) and p < oo is the set of measurable functions defined on this
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space, such that: RX|f(z)|pu(dr) < oco.

As follows from the elementary properties of the Lebesque integral and the
Minkowski inequality, the space LP(X, F, ) is linear. On linear space Lp(X, F, 1)

the seminorm is introduced: || f||, = ([ |f(m)|pu(dx))%

Nonnegativity and homogeneity follow directly from the properties of the Lebesgue
integral, and the Minkowski inequality is the triangle inequality for this seminorm.
Next, on LP an equivalence relation is introduced: f ~ g if f(x) = g(x) almost
everywhere. This relation splits the space L p into disjoint equivalence classes,
and the seminorms of any two representatives of the same class coincide. On the
built quotient space (that is, a family of equivalence classes) LP one can introduce
a norm equal to the half-norm of any representative of a given class. By defini-
tion, all seminorm axioms are preserved, and in addition By virtue of the above
construction, positive definiteness also turns out to be satisfied. Factor space (LP,
k kp) with the norm constructed on it, and is called the space LP(X, F, i) or simply
LP. Most often, this construction is meant, but not mentioned explicitly, and ele-
ments LP are not called equivalence classes of functions, but themselves functions
defined “up to measure zero.” At 0 < p <1 LP do not form a normed space, so just
as the triangle inequality does not hold, but they form metric spaces. There are no
nontrivial linear continuous operators in these spaces.
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Chapter 3

Symmetries. A Lie point symmetry
of the p-Laplacian.

We explore some symmetries and describe some special solutions for the p-
Laplacian in two dimensions.

The p-Laplacian is a nonlinear partial differential equation whose problems
arise in various fields of science and technology, including climate modeling. It is
determined by the equation:

V- ([Vul2Vu) = 0

where A, is the p-Laplacian operator, u is the unknown function, and v represents
the gradient. The parameter p determines the degree of nonlinearity.

To study the symmetries of the p-Laplacian, one can apply the Lie point sym-
metry analysis. This analysis aims to find transformations (symmetries) that leave
the differential equation invariant. In other words, the solutions of the equation
should remain the same under these transformations.

There are a number of very important symmetries in the p-Laplacian in two
dimensions:

1. Translations: The equation is invariant under translations in both z and y
directions. This symmetry implies that if u(z,y) is a solution, then u(z +
a,y + b) is also a solution, where a and b are constants.

2. Rotations: The equation is invariant under rotations about the origin. If
u(z,y) is a solution, then u(rcos®,rsinf) is also a solution, where r is the
radial distance and theta is the angle of rotation.

3. Scaling: The equation is invariant under scaling. If u(x,y) is a solution, then
u(kx, ky) is also a solution, where k is a constant scaling factor.

4. Reflections: The equation may also exhibit reflection symmetry. If u(zx,y)
is a solution, then u(—x,y or u(x, —y) may also be solutions, depending on
the specific form of the equation.
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Utilizing these symmetries, special solutions of the p-Laplacian can be charac-
terized. For example, if we consider a radially symmetric solution, we can assume

that u = u(r) where r = /22 4 2

Transforming the differential equation under the above symmetries, one can
derive ordinary differential equations (ODEs) governing the radial profiles. Solving
these ODEs leads to special solutions that exhibit radial symmetry.

These special solutions, along with their corresponding symmetries, provide
valuable insights into the behavior of the p-Laplacian equation in two dimensions.
They can be used to understand the existence of multiple solution branches, critical
exponents, and their implications for climate models or other applications.

In summary, the study of symmetries of the p-Laplacian equation in two dimen-
sions allows us to characterize special solutions that possess particular symmetries,
such as translations, rotations, scaling, and reflections. These special solutions
with her help equation and provide valuable insights into its mathematical prop-
erties and physical implications.

Symmetries. A Lie point symmetry of the p-Laplacian is a flow
(Z,7,0) = (eXx, Xy, eXu),
generated by a vector field
X =£0; + 70, + 10y, (3.0.1)

such that 4(Z,7) is a solution of p-Laplacian whenever u(zx,y) is a solution of p-
Laplacian. We denote by X the Lie series > o, Ek—};Xk with X* = XX*1 and
X0 =1.

Linearized symmetry condition for p-Laplacian

Ayu = div(|VulP?Vu) =
= (p — 2) (Ul Ugn + 2ugUylugy + Ulttyy) + (U2 + U2) (Usg + Uyy) =0 (3.0.2)

in two dimensions is the following equation.

(p—2) <2uxumn$ + uin” + 2uyuyynY + uZnyy + 2ugpuyn™ 4 2ugugynY + 2uyu$ynx) +

+ Ut (" + 1) + w07+ 1Y) + 2uen” (Ug + Uyy) + 200 (Ugy + Uyy) = 0,
(3.0.3)

where

N =g + (77u - faz)uw = TxlUy — é}mi — TuUz Uy,
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nY = Ty — fyu:c + (nu - Ty)uy - §uumuy - Tuufu

77y = ny - gyu:c + (nu - Ty)uy - guuxuy - Tuu?ﬁ

n:px = Ngz + (277xu — fzx>ug; - Tazxuy(nuu - 2€xU> i_
- 2T:cuu:cuy - fuuui - Tuuuiuy + (nu - 2€x)uxx_

— 2T Upy — 3EuUgUpy — TylyUzy — 2Ty UgUsy,

0™ = Nay + Myu — Eay)Ua + (New — Tay )ty — gyuui‘i‘
+ (nuu - gzu - Tyu)uxuy - Tzuui - fuuuiuy - Tuuuaxuz_
- gyumz - éuuyu:m: + (nu - 59: - Ty)uxy - 2’5uuxumy_

— 2Ty Uy Uyy — Tapllyy — TyUpUyy,

N =My — Syt + (200 — Tyy)uy — 28ty +
+ (M — QTyu)uz — guuuxuz — Tuuuz — 28Uy —

— 28Uy Uy + (T, — 27y ) Uyy — EyUagUyy — 3Ty Uy Uy,

see for instance [5].

The point symmetry is a point transformation I'

V(x,t,u, tuy, Uy, ...) = 0 when hold (3.11)

The symmetry condition, denoted as (3.11), is usually a complex equation.
Therefore, attempting to decid it directly is not a recommended approach. How-
ever, it is relatively simple to verify whether a given point transformation satisfies
the symmetry condition and can be considered a symmetry of a specific partial

differential equation (PDE).

From the Lie symmetry data one obtains by differentiating the symmetry con-
ditions (3.11) with respect to € for ¢ = 0. That is, in the end we can obtain a

linearized symmetry condition XA = 0 when A =0

By applying the restriction (3.10) in equation (3.14), we can eliminate the term
. Next, we divide all the remaining terms based on their dependence on the
derivatives u. This allows us to take a linear system of defining equations for &, 7
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It is important to note that the vector space L of all Lie point symmetry
generators for a specific partial differential equation (PDE) forms a Lie algebra.
However, it should be noted that this Lie algebra may not be finite-dimensional.

The aim is to find classical solutions to the following equation (3.02) in two
dimensions is the following equation

To find the symmetries of the equation (3.0.2), first we solve the equation (3.0.3),
which is an infinitesimal condition for the invariance of the vector field (3.0.1). We
will use X [7] as a continuation. The infinitesimal symmetry condition decomposes
into a large overdetermined system of linear PDEs for £, 7 and 7, known as the
defining equation. The three proposals give an overdetermined system, a general
form of the defining equations, and Lie algebra generators. These results were
proven using the SYM package [13, 14].

Lie point symmetries are important in the study of differential equations as they
provide insights into the underlying properties and structures of the equations. In
the case of the p-Laplacian, a nonlinear partial differential operator, the Lie point
symmetries can reveal valuable information about its behavior.

To discuss the Lie point symmetry of the p-Laplacian, let’s consider a PDE of
the form:

F(z,u,uz,u) =0

where F is a nonlinear function of the dependent variable u, its spatial derivatives
Uy, and possibly its time derivative u;. This equation represents a general form of
a p-Laplacian equation, where p is a positive constant determining the degree of
nonlinearity.

The Lie point symmetries of this p-Laplacian equation correspond to infinites-
imal transformations of the independent and dependent variables that leave the
equation invariant. Mathematically, this can be represented by the following in-
finitesimal generator:

g = gzax + gyau + état

where &,,&,, and & are the transformation parameters associated with the in-
finitesimal generator.

To find the Lie point symmetry of the p-Laplacian equation, we need to solve
the determining equations, which are given by:

gtFt + guFu + gacuz + (guu:c + gtut)Fua:

Solving these determining equations will yield the specific form of the Lie point
symmetry generator for the given p-Laplacian equation.

It’s worth noting that due to the nonlinear nature of the p-Laplacian, finding
explicit Lie point symmetries can be challenging in most cases. However, general
techniques for finding Lie point symmetries, such as the Lie symmetry method or
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group classification methods, can be employed to obtain symmetries for specific
p-Laplacian equations or certain classes of these equations.

In summary, the Lie point symmetries of the p-Laplacian represent transfor-
mations that leave the equation invariant. Finding these symmetries can provide
valuable insights into the properties and behavior of the equation. However, the
explicit determination of the Lie point symmetries for the general p-Laplacian
equation can be a challenging task due to its nonlinearity.

Proposition 1 (Infinitesimal invariance). The infinitesimal invariance condition
is equivalent to the following system of 19 equations:

b =Tuw =&u =Ty =Ngy =Nz =1y =0 (3.0.4)

Nuu — 2§ur = guy + Tuz = Nuu — 27—uy = fuy + Ty = Ty — §m =T+ gy =0 (305)

(L=p)Tyy = Toa +2(0 = Dipy = (1 = P)&a — &y +2(p — e =0 (3.0.6)

(0= Dnaw +1yy = (0= D)y + Nee =0 (3.0.7)
20— Dy — &ox — 2(p — 2)70y — (p— 1)§,,, =0 (3.0.8)
20 = D)y — Tyy —2(0 = 2)&y — (P — 1)70a = 0 (3.0.9)

Redefined systems of linear PDEs give an algebra of symmetry generators (3.0.1)
of the p-Laplacian. The form of a PDE can vary depending on the specific problem
being modeled. Some common types of PDEs include the diffusion equation, wave
equation, and Laplace’s equation. Each type of PDE has its own particular solution
methods and properties.

Solving PDEs often involves finding a function that satisfies the equation sub-
ject to some boundary conditions. These conditions specify how the solution be-
haves at the boundaries of the domain in which the PDE is defined. There are
various techniques for solving PDEs, such as separation of variables, method of
characteristics, and numerical methods.

Proposition 2 (Determining equations). The determining equations can refer
to different types of equations depending on the context. Provide more specific
information or equations to determine the gemeral solution. The general solution
of the determining equations (3.0.4)-(3.0.9) is given by
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§=c3x—y+a
T = o + 3y + ¢4 (3.0.10)

N = Cg + C5U

Proposition 3 (Lie algebra generators). It follows that the solution (3.0.10) de-
fines a sixz dimensional Lie algebra of generators where a basis is formed by the
following vector fields

Xy =0,, Xo=—-y0,+20,, X3=2x0,+y0,, Xy4=0,, Xs=u0, X¢=O0,
C1 IXl = 01893 = 8x
co 1 Xo = —coy0y + co20y + 00, = —y0, + 20,
c3 1 X3 = c320, + c3y0y = 20, + Y0,

C42X4:ay
c5 . X5 = u0y,
06:X6:6u

It turns out that the Lie algebra of symmetry point generators is elongated
X1 = (396, X2 = —yar—F.ﬁan, X3 = x3x+y8y, X4 = ay, X5 = u@u, Xﬁ = 8u

These vector fields give rise to the fields that form the basis of Lie algebra; any
vector field can be expressed as a linear combination of these basis vectors.

A vector space equipped with a binary operation called a Lie bracket is called
a Lie algebra, which defines the algebraic structure of the vector space. That is,
a set of vectors covering the vector space, as well as other algebra vectors, are
written as a linear combination of these basis vectors.

If the vector fields in question form the basis of a Lie algebra, this means that
they span the vector space of all vector fields in the algebra. This means that any
other vector field in algebra can be expressed as a linear combination of these basis
vectors.
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3.1 Concept about partial differential equation

A partial differential equation (PDE) is a mathematical equation that describes
how a physical quantity or a system evolves in space and time. Unlike ordinary
differential equations (ODEs) that involve one independent variable, PDEs involve
multiple independent variables.

One concept related to PDEs is the notion of solutions. A solution to a PDE is
a function that satisfies the equation when substituted into it. PDEs can have vari-
ous types of solutions, such as explicit solutions, implicit solutions, exact solutions,
or numerical solutions obtained through approximation methods.

Another concept is the classification of PDEs. PDEs can be classified based on
their order, linearity, and type. The order of a PDE refers to the highest order
of derivatives involved in the equation. Linearity distinguishes between linear and
nonlinear PDEs, with linear equations having superposition properties. The type
of a PDE categorizes it into elliptic, parabolic, or hyperbolic, depending on the
nature of the equation and its properties.

Furthermore, PDEs are often used to model physical phenomena in various
scientific fields, such as physics, engineering, and finance. For example, the heat
equation is a PDE that describes how heat is transferred in a physical system,
while the wave equation governs the propagation of waves. PDEs can also be used
to describe fluid flow, diffusion processes, electromagnetic fields, and quantum
mechanics.

Solving PDEs can be a challenging task due to their complexity and dependence
on initial and boundary conditions. Different techniques and methods can be
used, including separation of variables, Fourier series, Laplace transforms, finite
difference methods, finite element methods, and numerical simulations.

3.1.1 Partial Differential Equations Applications

Applications of partial differential equations involve solving equations that in-
volve multiple variables and their partial derivatives. These equations are used in
various branches of science and engineering to model and analyze a wide range of
physical phenomena. Some common applications include analyzing heat conduc-
tion, fluid flow, electromagnetic fields, and quantum mechanics. These equations
help in understanding and predicting the behavior of complex systems and provide
valuable insights into many real-world problems.

Partial differential equations find applications in various scientific fields, includ-
ing physics and engineering. Some specific uses of these equations include:

e For equations to describe the propagation of heat, partial differential equa-
tions are used. Below we present the form of this equation u,, = u,
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e To describe the propagation of light and dynamics we need wave equations.
The equation has the form of the second order u,, — u,, = 0.

e To build financial models we need to use an equation called the second-order
Black-Scholes equation.

Important Notes on Partial Differential Equations

Derivatives with only one variable are called ODEs, while PDEs include
derivatives with respect to several variables. In the case of ODEs, we can of-
ten consider only one independent variable as a time variable, so ODEs control
the motion or flow of an object through time.

e An equation consisting of an unknown function of many variables and its
partial derivatives is called a partial differential equation There are differ-
ent types of partial differential equations. For example, quasilinear partial
differential equations of the first and second order, as well as homogeneous
partial differential equations.

e Parabolic, hyperbolic and elliptic are types of second order partial differential
equations

They are differential equations that contain derivatives. In ODE we have
derivatives of one variable, and in PDE we have derivatives with respect to
different variables. In the case of an ODE, we can often consider only the
time variable; on the contrary, in an ODE we are also determined by the
movement.

3.1.2 What does ODE and PDE stand for?

To find out how models are transformed, we must take an ODE that will help
us cope with this task. When we need to transform this or that model, it is very
important for us to know about the ODE and use it correctly.

The first type that is often found in differential equations is the equation that
we know and use, that is, an ordinary first-order differential equation.

There are different types of ordinary differential equations which are separable
ODEs, linear ODEs with constant coefficients and systems of ODEs. Scientists
have studied types of first-order ODEs and now there is no problem for us when
studying this type of equation, we know very well about their properties and
applications, and they are all relatively easy and quick to solve.

By using equation reduction, we can find solutions to second-order nonlinear
differential equations. ODEs with constant coefficients are simple ODEs but of a
higher order; they are also linear.

We have the opportunity in these types of types of ODEs of heterogeneous and
homogeneous.

In our considered ODE, all derivatives have only one variable, but PDEs, on
the contrary, have variables that have one or more variables. In connection with
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this, we can consider our simple ODE as a more serious differential PDE equation

ODEs involve derivatives with respect to only one variable, whereas PDEs in-
volve derivatives with respect to multiple variables. Therefore, all ODEs can be
considered as PDEs.

When solving differential equations, we need to take into account all factors and
use different methods to solve them. In the world where we live, we are surrounded
by differential equations everywhere; it is quite difficult and sometimes impossible
to find solutions. In this case, we will need to use different methods and find the
correct classification of these equations. The main task after solving is to check
whether the solution we found actually exists or not. In my scientific master’s
thesis, the main goal was to translate the PDE into a simpler form of differential
equation, that is, into an ODE.

Let’s look at whether there is a significant difference between ordinary differ-
ential equations and partial differential equations

Partial differential equations. Relatively simple partial differential equation:
ux(x, y)=0

In general solutions there are so-called arbitrary functions; we write the general
form of the equation given above as: u(x, y)=f(y) .

That is, our ordinary differential equation will be written in the form u’(x)=0.
We write the general solution to the above equation in the form: u(x)=c.

The general solution includes arbitrary constants, that is, they are not change-
able.

Classification of ODE Equations

This equation is called an ordinary differential equation Z—”” =ux
y

This equation is called an partial differential equation % + Z_{/ =0

We divide ordinary differential equations into two types according to certain
properties. The first is linear, the second type is called nonlinear. We call an ODE
linear if it does not have products of the dependent variable and its derivatives.
If there are no functions, for example, cotangent, tangent, e y, arcsin, and other
types of dependent variable or its derivatives.

We know that there is some kind of symmetry, then we will find out what it
should be. It turns out that using Lie symmetric analysis, we find the symmetry
of this and. We will also find out u.

We have 8 cases where we ended up getting rid of x,y,u. And in the end, g and
s remained, and we were able to find ©~ the symmetry that we know from theory.

A partial differential equation that establishes the relationship between the
various partial derivatives of a multivariate function

PDE partial differential equation how does it work? Used to describe various
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phenomena in science and engineering. They describe the dependence of some
function on its partial derivatives, and not just on its arguments.

In equations that include various independent ones in the form of x, y, z, t and
others

A function that will depend on u and on these variables are also partial deriva-
tives of the dependent function u with respect to independent variables, in the
form F(z,y, 2,1, ..., Uy, Uy, Uz, Ug, Uggs, Uy, -y Ugy, ...) = 0 s called a partial differ-
ential equation.

If we have some kind of function with different, that is, several different vari-
ables, when solving them we need to use a partial differential equation to form a
solution to the given task. In the form of dynamics, heat, liquids. We have partial
differential equations (PDE).

The first is called the linear three-dimensional heat equation:

= k(Ugy + Uyy + Uss)

Name of the second Laplace equation in three dimensions:
Uy + Uyy + Uz =0
The third equation is a linear three-dimensional wave equation:

Ut = 02(uwac + Uy + uzz)

The fourth equation is the nonlinear one-dimensional Burger equation:

Up + UUy = UlUgy

Fifth equation linear one-dimensional heat equation:

ou(z,t) _ Ou(z,t)
ot 0(z)?

Let’s look at different PDE examples:

In different fields like science and technology we use PDE. We consider some
of the most striking and necessary examples in mathematical physics of the main
three types There are three fundamental equations in mathematical physics.

The first is the well-known equation called Laplace

We often use this equation and come across it when we study applied sciences
and their phenomena Au = 0. All solutions of this type are called a harmonic
function. Let us give an example of this function: the equilibrium position of an
ideally elastic membrane is a harmonic function, since the velocity potential of a

26



homogeneous and isotropic body is a harmonic function, and in this case Laplace’s
equation is a diffusion equation that does not depend on any time in space.

The second equation, called thermal conductivity, is a partial differential equa-
tion that describes the uniform distribution of the field that gives us heat in a
given body over time. But with all this, precise knowledge of the temperature
field is impossible. The so-called conductivity law or Fourier’s law.

We call the third equation the wave equations. The matter that we know, can
touch and see does not carry any wave. An impulse, any information, energy of
various types all carry with them one or another wave that we do not see, but feel.

An equation of this kind, which takes the form of a partial differential equation,
completely describes the spatial and temporal evolution of waves before we began
to study them.

This wave equation is linear, which means that whatever linear combination of
any two solutions is also a solution to the wave equation. To write down the most
general solution, we take a linear combination of possible solutions to a given type
of equation.
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Chapter 4

Invariant solutions through
symmetry reductions

4.1 Group-Invariant Solutions

Now knowing the different methods from chapter three, we now have the ability
to find Lie symmetry points. In the fourth chapter we will describe exactly how Lie
symmetry points can be used to construct different solutions that will ultimately be
accurate. We associate these exact solutions with PDEs and those with the same
or different ODEs. To find a first-order solution to a PDE that will be general and
the solution will be based on the integration of this equation. There is one problem
that in many cases of PDE it is impossible to write down a “general solution” and
in such cases we have only one choice - to rely on various hypotheses. There are
different ways to find a given solution such as traveling waves, separable solutions,
and the like. The methods listed above give us the assumption that in order to
find a solution, we need invariants with respect to a certain group of symmetries.
Let’s take an example for PDE u(x, t), which includes symmetry generators

Other methods involve seeking solutions that are invariant under scaling trans-
formations, reflections, or combinations of these symmetries. These methods can
be used to construct self-similar solutions, symmetric solutions about specific axes,
or solutions with other geometric properties.

The construction of exact solutions using symmetries often involves reducing
the original PDE to a system of ODEs. This is done by assuming a specific form
for the solution and substituting it into the PDE. The resulting ODEs can then
be solved using techniques known for solving ODEs.

Variable separation methods are one of the most common methods we use in
PDE. These solution methods give us a hypothesis when solving PDEs can be
written as a product of functions, where any function will only depend on one
variable that we know. If we take a PDE, then the equation contains second-
order partial derivatives with two variables in the form w(z,y), the method of
qualification of variables gives us the hypothesis that when solving they can be
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written in the form u(z,y) = X(2)Y (y).

The next step is to substitute this assumed form of the solution into the PDE.
After all these transformations, we end up with two ordinary equations, this X (z)
and Y (y). These ODEs can then be solved separately using techniques known
for solving ODEs, such as separation of variables, integrating factors, or various
numerical methods.

We can also construct a general solution to the PDE by combining the solution
to the ODE and use them further. This can be done by taking linear combinations
of the solutions and incorporating any boundary or initial conditions that may be
known.

We should also note that this form of solution, which we assume may not always
be known to us, in such cases we need to identify various trial and error methods or
we can use symmetries again. Additionally, there are cases where exact solutions
cannot be obtained using these techniques and numerical methods may need to be
employed instead.

Indeed, the construction of exact solutions using symmetries is a powerful tech-
nique in solving partial differential equations (PDEs). By assuming a specific form
for the solution and substituting it into the PDE, we can reduce the problem to a
system of ordinary differential equations (ODEs). This reduction is possible due
to the symmetries present in the PDE, which allow us to take advantage of the
invariance properties to simplify the equations.

Assuming a specific form for the solution involves introducing symmetry trans-
formations to the PDE. These transformations generally depend on a set of param-
eters, which can be determined by matching coefficients or boundary conditions.
By substituting the assumed solution into the PDE, we obtain a system of ODEs
involving the unknown function(s) and the parameters. The original PDE is then
replaced by this reduced system of ODEs.

Solving the resulting system of ODEs can be done using well-established meth-
ods and techniques for solving ODEs. These methods include separation of vari-
ables, integrating factors, variation of parameters, or using specialized techniques
such as the power series method, Frobenius method, or Laplace transforms.

The solution of the ODE system provides the exact solution of the original
PDE, satisfying the given symmetry assumptions. This approach is particularly
useful when exact solutions for a particular PDE are not readily available or when
studying the behavior of the PDE under certain conditions.

It is worth noting that while the method of symmetry reductions is a powerful
tool, it may not always be possible to find exact solutions using this approach,
especially for complex or highly nonlinear PDEs. In such cases, numerical methods
or other approximation techniques may be required.

Overall, the construction of exact solutions using symmetries and reducing the
PDE to a system of ODEs is an effective and widely used approach in the study
of PDEs. It allows us to exploit the underlying symmetries and simplify the
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equations, enabling the use of well-established techniques for solving ODEs and
obtaining exact solutions.

You also need to know that with exact solutions that were obtained using
symmetry methods, we cannot say for sure that for any solutions there may be
parameter values or initial conditions for everyone. They represent special cases
that satisfy specific symmetry conditions. In any case, we receive information that
helps us determine how a given PDE changes, and can help us to approximate a
general solution.

In summary, the use of symmetries allows us to construct exact solutions for
PDEs by relating them to one or more ODEs. Various methods involve seeking
solutions that are invariant under specific groups of symmetries, such as transla-
tions, rotations, scalings, and reflections. These methods can generate solutions
with desired properties, such as travelling waves, symmetric or self-similar solu-
tions, among others.

Constructing exact solutions using symmetry methods usually involves reducing
the original PDE to a system of ODEs, which we can solve using methods that

have already been studied.
Xl = 8:67

Xo =0
traveling wave type in many cases
u=F(x—ct) (4.1)
These solutions are invariant for groups
X =cXi+ Xy =1c0,+ 0, (4.2)
u, and x — ct they are invariant. It is the same as PDE with scale symmetry

We can generalize the data that is presented with PDEs that have any Lie

symmetry groups.
Vu = 0(4.3)

For scalar PDEs that have two independent variables. This solution will be
u = u(z,t) generated by a formula that will be invariant under this group

this will be under the condition that the characteristic will vanish at this solu-
tion. In each invariant solution, the condition must be satisfied, which will be the
invariant surface that we used

Q=n—~E&u, —Tur =0 (4.4)

By solving this (4.4), we detect out what solutions (4.3) can be. Giving an
example about a group that is generated by (4.2), will have the given initial

Q = —cu, — uy. (4.5)
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The traveling wave ansatz (4.1) is a general solution to the given surface con-
dition of the invariant ( = 0. First, we can identify the hypothesis that for £ and
r will not be equal to zero at the same time. Under such conditions that we have
set, the invariant surface will represent a quasi-linear PDE of the first order, which
we can solve using the method of characteristics. Below are the equation data:

E= 2= 2 (4.6)

r(z,t,u) and v(z,t,u) are two functionally independent first integrals (4.6), for
each invariant group the function will be r and v. By allowing one invariant to be
the dependent variable. v, # 0 if written in this form, then our general solution
to the invariant surface condition will be written as

v=F(r) (4.7)

We substitute the given solution of these PDEs into (4.6) to find the function
in the form F. With r and v depending on u, we will need to clarify whether this
PDE will have a solution of any kind at all

r=c (4.8)

We obtain one solution to the invariant surface condition, which does not have
the form (4.7). If r is a function of only independent variables x and t, then (4.8)
cannot give the solution u = u(z,1).

Example 4.2 The examples that were above, there we were not looking for
invariant scaling solutions that are generated

X = ud,

Where ¢ and 7 they are equal to zero, but the invariant surface condition has
a solution, namely

y=0

Although travelling waves and scale-invariant (similarity) solutions will be fa-
miliar to most readers, there is nothing that sets these transformations apart from
other symmetries. For any group, no matter what they are, to find group-invariant
solutions we use the same method, no matter what group it is.

When solving differential equations, many different methods and methods are
used. But with all this, there is a high probability that they will work only for
one or more than two classes of tasks. Here the question arises: will we be able to
solve types of differential equations that we have not seen before and know nothing
about.

To solve an equation of an unfamiliar form, it is easier for us to first find its
symmetry and apply it to find a solution that will be exact. Finding the symme-
try of differential equations is much easier. Symmetry can also be used to solve
problems.The effectiveness and importance of symmetry that I used in my scien-
tific work is undeniable. Since it is precisely this that gives us the simplification
and solution of nonlinear equations. All these solutions have many applications in
various areas of our daily life.
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4.2 Invariant solutions through symmetry reduc-
tions

Let us formulate our solutions when the result of reducing p-Laplace to ODE
symmetry arises thanks to the algebra generators given in Proposition 3. We
consider each generator seperately and examine some examples of solutions from
each generator.

Invariant solutions refer to solutions of a mathematical problem that remain
unchanged under a certain transformation or symmetry. In the context of par-
tial differential equations (PDEs), symmetry reductions are used to simplify and
classify solutions by reducing the number of independent variables.

Symmetry reductions are often applied to PDEs that possess certain symme-
tries, such as translational, rotational, or scaling symmetries. These symmetries
allow for the reduction of the number of independent variables, which can lead
to a simpler form of the PDE and potentially facilitate solving or analyzing the
problem.

Through symmetry reductions, invariant solutions can be obtained. These are
solutions that remain unchanged under the specific symmetry transformation ap-
plied. Invariant solutions are useful because they can be used as building blocks to
construct more general solutions or provide insight into the behavior of the system.

Invariant solutions can be obtained through symmetry reductions, which involve
finding transformations that leave the equations invariant. These transformations
typically involve changes in coordinates or variables.

Symmetry reductions are a powerful technique for simplifying complex systems
of equations. By identifying symmetries and reducing the number of independent
variables, it is often possible to find simplified equations that are easier to solve or
analyze.

To obtain invariant solutions through symmetry reductions, the following steps
can be taken:

1. Identify the symmetries: Determine the transformation that leaves the equa-
tions unchanged. These symmetries can be translations, rotations, scaling,
or other transformations.

2. Apply the symmetry reduction: Apply the identified transformation to the
equations to obtain a reduced set of equations with fewer independent vari-
ables.

3. Solve the reduced equations: Solve the reduced equations to obtain solutions
that are invariant under the identified symmetry.

4. Back-transform the solutions: Once the solutions of the reduced equations
are obtained, they can be back-transformed to obtain solutions of the original
equations.
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By identifying and utilizing symmetries, invariant solutions can often be found
more easily. This is particularly useful in physical problems where symmetries
play a crucial role, such as in conservation laws or invariance principles.

The process of obtaining invariant solutions through symmetry reductions in-
volves finding the appropriate coordinate transformation that preserves the sym-
metry of the problem. This transformation is then applied to the original PDE,
resulting in a reduced PDE with fewer independent variables. Solving this reduced
PDE can lead to invariant solutions specific to the given symmetry.

Overall, symmetry reductions play a crucial role in simplifying and understand-
ing the solutions of PDEs by taking advantage of the inherent symmetries of the
problem. Invariant solutions obtained through symmetry reductions provide valu-
able insights into the behavior of the system and can be used as a starting point
for further analysis or more general solution constructions.

Case 1. Solutions of (3.0.2) they are invariant under the ratio of the given
generated symmetryby X; = 0, are of the form u = ¢g(y). From these data we find
out that g is a solution to the trivial ODE that we know ¢(y)?¢”(y) = 0 and thus
it follows that u = c1y + cs.

Given the equation (3.0.2) can allow the variables z and y to be interchanged,
and contains second order derivatives, we can check that the linear polynomial in
x and y, u(z,y) = c1x + coy + c3 is also a solution.

Case 2.
X = &0, + 710, + 10,

is a vector field that will give "symmetry" to find the solution p-Laplacian.

dr _ dy _ du

3 T n
dz _ dy
T
Instead of ¢ I put —y, and instead of 7 I put x. Using the proportion, x was
multiplied by dz, and —y was multiplied by du. We take both sides into the
integral and replace the constant with g(s).

rdr = —ydy
We took the integral after replacing € and 7, x and —y
" )
== +C
?+yP=C

Equated 2% + 32 to a constant C.

u(z,y) = g(C) = g(z* +y°)

In our case of the generator Xy = —y0, + 20, we got rotationally invariant
solutions of the form u(x,y) = g(s), where s = 2? + y?. Omitting the argument g
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for simplicity, we can find the derivatives of u as follows:
Uy = 219, Uy = 2095 Uge = 4172955 + 29, Ugy = 47Ygss Uyy = 4y2955 + 29,
and replace these derivatives into equation (3.0.2) to obtain,
(p—2) (43:293(4:62938 +2g5) + 2779595 + 45705 (497 gs + 2933)) +
+ (422 g% + 4% g2) (4% ggs + 29, + 4y%gss + 295) = 0.

After simplifying above expression we get

88932, <(p - 2)(29885 + gs) + 25945 + 295) = 0. (4.2.1)

That the polynomial can be expressed as a product of linear factors.

p—2

u(z,y) = g(a* +y°) = (2° +y*) 22
and solution u is linear corresponds to the first factor of (4.2.1).

Case 3.

The quantities v and s = xy~! are algebraic invariants of the Lie group, which
came from the formula X3 = 20, + y0,.

The hypothesis is that u(z,y) = g(s), and we will get this differential equation
for g, as in the previous case. Partial derivatives of u:

1 T T T 1 1 1
Uy = g;gs: Uy = _?g& Uy = _?957 Uyy = 3_y3.9557 Ugy = ;gss - Eg& Uy = Egss

and substituting these derivatives into equation (3.0.2) we obtain,

(p—2)(929ss + 25°G2Gss + 29°5%) + 292 gss8™ + 4925 + 2955925 + g2 gss + 2975 = 0.

The general solution invariant under the symmetry generated by X3 is of form

u(x’y) — g(s) — /eff(s)dst’

where function f is given by following formula

_ 25 — 45? + 2ps? + 483
1+ p+ 252 — 453 4+ 283p + 254

f(s)
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Case 4. aX|+ X; = oza% —i—ua%, the most general form of the invariant solution
is equal to u(z,y) = ea F(y). Hence the partial derivatives are equal to

1 2

.= —eal —eaF' e = —eaF
Ug = —€ (y) u, =eaF'(y) wu " (y)
Ugy = EGQF,(y) Uyy = €QF”(y>

and reduced equation of (3.0.2) becomes
(p=2)(F*(y)+20° F(y) F*(y) +a F(y) " (y))+(o*F* (y) +a" F'(y)*) (o*F (y) +a" F"(y)) = 0

The solution of above equation is F(y) = e/ @4 where f is given implicitly by
the following expression

B _/ (p—2)atf? +a®(1 + a2 f?)
v= (p— 2+ ab)(1 + a2f?)?

df.

Case 5. In the case of the generator aX; + X5 = o (—y0d, + 20,) + 10, the
invariants are s = 22 + y? and r = arctan (%) + alnu. The most general solution
invariant under the symmetry generated by aXs + X5 is of the form

2,.2
U= 679(1 ;y )—éarctan(%)

This abbreviated ODE that we obtained for g(s) is too complex to solve or write
in any form.
Case 6. For the generator X3 + a X5 = xa% + ya% + aua% we have s = zy !

and r = uz~®, hence u(z,y) = z%g(s) and

Uy = xo‘_l(ag + 5gs)

. a—1 2
Uy = —T S0

Upy = x“_2(04(a —1)g + 2asgs + SQQSS)
= _IQ_Q((l + 04)3295 + 33988)
Uyy = 1:0"2(253% + s4gss).

Thus the reduced differential equation is equal to
(r—2) ((ag +595)% (e = 1)g + 2059, + 57gss) + 2(ag + 595))5°gs((1 + @) s”gs + 5°gs)
+5'g2(25%g, + 84935)) + ((ag + 595)” + s'g3) (e = 1)g + 25, + 5%gss + 2595 + 5"955) = 0,

which is too hard to handle.

Case 7. For the generator aX; + Xy + X35 = (o — By + x)0, + (Bx +y)0, we
have to consider the two subcases @ = 0 and o # 0. When « = 0 the generator is
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BXy+ X3 with € R {0} and we can verify that u and

_ z)_ 08
s = arctan (By) 5 In(z* + y?)

they are invariant under the corresponding Lie group. The ansatz u = g(s)
leads to an ODE that is too difficult to include.

Similarly, when a # 0 the invariants are u and

s = arctan
( :

%) — é1n (B +y)* + (z — By + a)?)

The ansatz u = g(s) leads to an ODE; its inclusion here is very difficult.

Case 8. Unfortunately reductions for generator aX; + X5 + X35 + X5 =
ad, + B(—y0y + x0y) + v(20, + y0y,) + ud, are too difficult to handle.

In difficult situations, it is important to recognize that challenges are a natural
part of life and can provide opportunities for growth and learning.

We have the opportunity to break down the solution to these problems into
small manageable tasks. This will help us reduce the feeling of depression and give
us the opportunity to take action further.

Difficult situations can present challenges and require careful consideration and
problem-solving skills. Some situations may feel overwhelming or unmanageable
at first, but with the right approach and mindset, they can be handled effectively.
It may be helpful to break down the situation into smaller, more manageable tasks
and seek support or advice from others. Maintaining a positive attitude, practicing
self-care, and staying resilient can also aid in managing difficult situations.
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Chapter 5

Conclusions and future work

5.1 Conclusion

Our main goal of this paper has been to find a new solutions of the p-Laplacian
in two dimensions by using the Lie point symmetries. Of course some of the
found solutions are already known but to the best knowledge of the authors some
solutions are new as well.

It is very interesting to see how these solutions are changing as p — co and more
importantly if the limiting solutions are solutions of the co-Laplacian [15]. Also if
the explicit co-harmonic solutions (see for example [16, 17]) can be approximated
as a p-harmonic solutions as p — oc.

The task of the scientific work was to find new solutions of the p-Laplacian in
two dimensions using the symmetries of the Lie point. I agree that some of the
solutions found are already known, but, as far as the authors know, some solutions
are also new.

It is very interesting to see how these solutions are changing as p — oo and
more importantly if the limiting solutions are solutions of the oco-Laplacian.

It is very useful to study the properties and behavior of these solutions under
different boundary conditions or in the presence of some external forces. This could
help reveal a deeper understanding of Laplace’s p-equation and its applications in
various fields such as physics and engineering.

Furthermore, exploring the stability and regularity of these solutions would be
crucial in determining their practicality and reliability in real-world scenarios. This
would involve studying the behavior of the solutions under small perturbations and
analyzing the convergence of the solutions as the parameters of the equation vary.

I would like to look at research into higher dimensions and study the existence
and uniqueness of solutions to Laplace’s p-equation in three or more dimensions.
Then there would be a complete understanding of the equation in spaces of dif-
ferent dimensions and would potentially reveal new phenomena or patterns in the
behavior of solutions.
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Overall, the findings and insights from this paper provide a solid foundation
for future research in the field of p-Laplacian equations and open up numerous
avenues for further exploration and discoveries.

This symmetric analysis in L” space can be useful in various applications where
the symmetry properties are important, such as partial differential equations with
symmetric boundary conditions, harmonic analysis on symmetric domains, etc.

In addition to finding new solutions of the p-Laplacian in two dimensions using
Lie point symmetries, our main goal in this paper is to investigate how these
solutions change as p approaches infinity. We are particularly interested in whether
the limiting solutions are solutions of the oco-Laplacian.

While some of the solutions we have found are already known, we believe that
we have also discovered new solutions. These findings contribute to the existing
knowledge in this field.

However, there are still many unanswered questions and avenues for future
research. Exploring how the solutions evolve and behave as p tends to infinity
is a fascinating and complex topic. It is unclear whether the limiting solutions
will exhibit similar behavior to solutions of the oo-Laplacian. Investigating this
relationship and understanding the implications of the limiting solutions is an
important area of future work.

In conclusion, our paper aims to contribute new solutions to the p-Laplacian
in two dimensions using Lie point symmetries. The investigation of how these
solutions change as p approaches infinity, and whether they are solutions of the
oo-Laplacian, will be the focus of future research in this field.

Additionally, studying the properties of solutions of the co-Laplacian itself and
how they differ from solutions of the p-Laplacian for finite p values is another
interesting avenue of research.

Furthermore, investigating the stability of these solutions and their sensitivity to
initial conditions is another important aspect that can be explored. Understanding
how small perturbations in the initial conditions affect the behavior and properties
of the solutions as p approaches infinity can provide valuable insights into the
overall dynamics of these equations.

Moreover, considering higher dimensions and extending the analysis to the p-
Laplacian in three or more dimensions can offer new challenges and opportunities
for exploration. The behavior of solutions in higher dimensions may differ sig-
nificantly from the two-dimensional case, and understanding these differences can
expand our understanding of the p-Laplacian equation.

Overall, our paper provides a starting point for further investigations into the
behavior of solutions of the p-Laplacian as p tends to infinity. By uncovering new
solutions and studying their properties, we contribute to the existing knowledge
in this field and open up new avenues for future research.

By investigating the Lie point symmetries of the p-Laplacian in two dimensions,
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our main objective in this paper has been to uncover novel solutions. While some of
these solutions are already established, we have also identified previously unknown
solutions.

A particularly intriguing aspect of our findings is observing how these solutions
evolve as p approaches infinity. Furthermore, it is crucial to determine if these
limiting solutions are indeed solutions of the co p-Laplacian.

In our future work, we aim to extend our analysis to the p-Laplacian in three
or more dimensions. Investigating the behavior of solutions in higher dimensions
will provide new challenges and opportunities for exploration. We expect that the
solutions in higher dimensions may differ significantly from the two-dimensional
case, and understanding these differences will expand our overall understanding of
the p-Laplacian equation.

Extending the analysis to the p-Laplacian equation in three or more dimensions
is indeed an exciting prospect. The p-Laplacian equation is a nonlinear generaliza-
tion of the Laplace equation, and it exhibits rich and complex behavior in higher
dimensions.

Investigating of the behavior of solutions in higher dimensions and information
about the influence of dimension on the properties of solutions.

In two dimensions, there are certain features and structures that may arise, such
as the formation of singularities, blow-up phenomena, or the existence of special
solution patterns. Understanding how these features change or evolve in higher
dimensions can give us a more comprehensive understanding of the p-Laplacian
equation.

One particular challenge in higher dimensions is the increased complexity of
the mathematical analysis. The dimensionality of the problem introduces new
intricacies and difficulties in solving the equation analytically. It may require the
development of new techniques or the adaptation of existing methods to handle
the higher-dimensional case.

Moreover, exploring the behavior of solutions in higher dimensions can lead
to the discovery of new phenomena or patterns that are not present in lower
dimensions. This can open up new avenues for research and provide opportunities
for further exploration and investigation.

Overall, extending the analysis to the p-Laplacian in three or more dimensions
is a valuable endeavor that will deepen our understanding of the equation and its
properties. It will allow us to explore new challenges, uncover new phenomena,
and contribute to the broader field of nonlinear partial differential equations.

One specific aspect we will explore is the behavior of solutions as p tends to
infinity. By uncovering new solutions and studying their properties, we will con-
tribute to the existing knowledge in this field and open up new avenues for future
research. In particular, we will investigate the existence and properties of limiting
solutions as p approaches infinity for both established and previously unknown
solutions.
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Additionally, we will continue investigating the Lie point symmetries of the p-
Laplacian in higher dimensions. By finding and analyzing these symmetries, we
can gain further insights into the equation and its solutions.

Finally, we will address the question of whether the limiting solutions identified
in our study are solutions of the infinity-Laplacian. Understanding the relation-
ship between the p-Laplacian and the infinity-Laplacian in the limiting case of
p approaching infinity is an intriguing aspect that requires further investigation.
Overall, our paper serves as a starting point for future investigations into the
behavior of solutions of the p-Laplacian, particularly as p tends to infinity. We
believe that the questions raised in our study open up new and intriguing research
directions, and we look forward to further exploring these topics in our future
work.
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