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About kernel of inverse operator L' to third-order derivative’s Ly = —v" + g(x)) operator

In this article we studied Kolmogorov’s crosses of set M = J{;”L‘,H + IM &9

That relates to the domain of the third-ordered differential operator .and the kernels of
operators that lie in the basis of properties s-numbers

This work proves kernel of inverse operator L 5 operator Ly = —3" + ¢(x)y using the
problem . g

Ly(x)=-y"+q(x)yx) = fel, bnz_

Y€ =y (r), i=012. )

Before showing final results we look for helpful definitions and facts needed for proof

Definition 1.If for V (;!, }:H there exists an inner sequence in B " then iperzitorL b

called partially continuous.
Definition 2.If for function ¥V / € H condition < Lf, /' >> Oholds. then limited linear
operator L is called nonnegative, and shownas L >0,
Suppose that L; is any limited operator,
< L'Lf, f>=<Lf.Lf >=|Lf| = 0.
We define the operator |L| for any partially continuous linear oper
1| =VIL.
Definition 3.Local values of operator |Z| are called s -numbers of ope
g

by Schmidt).
Let’'s number §-numbers’ coefficients different

then L' L. > 0.Because:

ator L as written below:

ator L (Local values

from zero by
ass, (L) =2, (|L|),z' = 1,2.3.... where s -numbers are positive and rea| numbers }

Definition 4.If compact operator L satisfies the following condition

ZSJ(L)<OO,

then operator L is called kernel operator.

ascending order.

Assume that H,,H, are Banakh spaces and space H

1 1s inner of space H

sphere in space H . :and set Fis unit

Definition 5.For set [” taken with metric of space H, of gi
l mension

minimal value of linear mappings deviation is defined by do(H, ) = Sk M, cH, the
L) =inf S(F, 0 )k >1)

m<fk

where H, includes H, is called Kolmogorov’s crosses by defi

d, =inf supinf[[f —q],,

nition

msk fel
here Af, is the set of possible linear varieties,
dy(H, s H,)= “E‘ where £is embedding operagor

From definition we directly get the follow
l.d,2d z...

. d (D)=d, (), DcC

. d, (nM) = nd, (M),n >0 where nM

INg properties of Crosses:

R

(V8]

= ’—_ r
N=nx,x"'e yg

e — — —



CAY xabapruvicst Ne2(18)

Similarly to the second definition of Kolmogorov's crosses the following theorem will hold.

Theorem 1.Assume that L is any partially continuous operator, then number s,_,(L)is equal
to k-th Kolmogorov’s cross in setM = LS, sos,,,(L)=d,, whereS = ﬂe H,"x < 1" is unit
sphere.

In most cases the last definition of Kolmogorov crosses is more useful than the first one.

Let’s add the following function:

N4 = Z] for all values larger than A .

11'19).
This function is called cross spreading function or countable function. There exist following

connection between k -th Cross and Cross spreading function

d, =inf A>0:NA) <k ,Vk>0.
The last equation shows that we can evaluate crosses’ by evaluating cross spreading function.
Previously we showed that for operator Ly = —y”"+¢g(x)y there exists limited

operator L. Let’s show main result,
Theorem 2.Assume that g(x) =1 is continuous function in range [ﬁ;ﬂ' _, then L™"is kernel

operator.
To prove this theorem we use the following conclusions.
Lemma 1.Suppose that theorem 2 is true, then the inequality below is true

|- 5", +llaCox, < €l (3)
Proof: We know that ¢(x) is continuous and

|21, =y
From this we get:

g, < max g@olbl, = G, <Gl

And also from triangle inequality we get

=y, =l = aCol, <, +laGox, =y

The sum of last inequalities gives usinequality (3.3.3). Lemma is proved.

2

2

~ . . 3 .o - 0 -
The solution of (1)-(2) lies in space w, [77"177_. [t means that we can acquire properties of
eigen values by Schmidt’s method from evaluating Kolmogorov’s crosses in this space.
Let’s strengthen inequality (3). Then:

=", +‘|q(x)y”2 <C(Ly], +[vf, (4)

We will use it below.
Let’s look at the following sets:

M, = Re Ly bl + bl <2
7 = fe s bl o, <1
-n_/l_ﬁ(' = ﬂe L, :H_ y" > +||Q(x)y 2 <2C

, . , d..d,.q, ¢ :
Let’s denote this sets’ Kolmogorov's crosses as %’ o, Using the above mentioned

; : , =2Cd,
properties of crosses we can easily prove that ,
Lemma 2. Assume that theorem2 holds, thenfor crosses the following is true:
d, <d, £20d, )

Proof: Suppose that V' € M, then from inequality 3.3.4
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7], +latont, s st +1p

So M, c M g And also suppose that y € M . then
23], + I, <l=5"1, +2aCorl, <207

So, Hg M, c M.
Further proof of lemma is proved by properties of crosses. Lemima is proved.

|,)<2C.

L+

e, <2.

Let’s take two-side values of cross as spreading function of set M This result is known and
can be written as followed.
Lemma3. Assume that theorem is true, then for N(A) following is true:
' .
C'A3ENMA)SCAY
For cross of inequality the following is true
cli? <d, <Ci” ()

Proof of theorem: Considering S, = d,. and the properties of crosses

ZSM (L=>Yd, <2Cy d, o
i=0 1=1 i=1
And by applying 7 to ratio 6 we get

S5, () <203d, <CY % <o
=]

i=0 =1 !
It defines the kernel of operator ™', Theorem is proved.
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_ _ Rezume
In this article we studied Kolmogorov's crosses o Ext M I% “
A = A L“

the domain of the third-ordered differential operator g, d the k Ha + HLH <2 that relates 10
, o

hasis of properties s-numbers. rnels of operators that lie in the
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