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Abstract

This thesis is a collection of 6 chapters . The Grébner-Shirshov basis is an impor-
tant mathematical apparatus in algebra and commutative algebra, which is used
to study and analyze polynomials and their ideals. The Grobner-Shirshov basis
has a number of important properties that make it a powerful tool for solving
various algebraic problems, such as searching for ideals, solving systems of equa-
tions and determining the basic invariants of polynomials. In this paper we will
construct a Grobner-Shirshov basis for Zinbiel algebras. Algebra with the identity
(ab) c = a(bc) + a(cb) is called the Zinbiel algebra. In the process of construct-
ing the Grebner-Shirshov basis, two compositions are found and the composition
lema is proved. The method of mathematical induction is used to prove the
lemma.
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AHHOTAIIS

Hucceprauus cocrour uz 6 riaB.Basuc I'pébuepa-IlTupmosa spasercss Bask-
HLIM MaTeMaTHYeCKHM anmaparoM B anrebpe M KOMMYTaTHBIO! ajrebpe, KoTo-
PLI HCTIONL3YeTCss Anst usydenns u anaymsa MIIOTO4JIEHOB M HX HJeaJjioB. Ba-
3uc I'pébnepa-IlIupmosa obalaeT pANOM BasKHbIX CBOMCTB, KOTOpLIE AEAlOT ero
MOILHBIM HHCTPYMEHTOM MPH PEIIEHUH PasIuyYHbIX anrebpanyecKux 3a1a4, TaKux
KaK IOMCK HIEaJIOB, pellieHue CUCTeM YPaBHEHMHI U ONpejesieHHe OCHOBHBIX WIl-
BapualTOB MHOro4senos. B aroit paboTe Mbr mocTpouM 6a3muc I'pé6nepa-Tnposa
Ans anre6p UunGuens. Anrebpa c ToXAecTBOM (ab) ¢ = a (bc) +a (cb) nasviBaerca
anrebpoit [unbuens. B Ipouecce nocrpoenus 6asuca I'pebuépa-ITupmopa naj-
Z€Hbl ABe KOMIO3ULMK U JOKa3aHa JieMMa O koMmmosuuuu. Jns mokasarenncrsa,
JIEMMBI HCIIO/IBb3YETCsI METO, MaTEMaTHYECKO] HHAY KKK,
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Annarna

Huccepruuus 6 tapaynan Typazpt. I'pébuep-IlInpmos 6asuci anrebpa men kom-
MYTaTUBTI anreGpafiarbl MaHLIZALI MATEMATHKAIDLIK annapat 6oJbin TabblIagb,
OJ1 KON-MyLIeNep Mell o/lapAbll HAealapbill 3epPTTey JKolle Tajlfay Y KoJiia-
nbutaapt. I'pébuep-Ilnpmios 6asuci OPTYPJIi ajirebpasiblK, ecenTepAi LIelyae Oubl
KYaTTbl Kypaira apiajabiparbi GipKaTap Manbi3bl KaCHETTepre He, MbICAJIbI,
naeanaapasl Taby, Tenneysep xyifeci LIy 2XKole KOIMYILIeaepain, Heri3ri uiBa-
PHANTTapLI aHbIKTay. Byn xymolcra 6i3 Lun6uen anrebpanapor yiin I'pé6uep-
IMupmos 6a3ucinin Teopuscoin Kypacrbipambi3. (ab) ¢ = a (be) + a (cb)colikecriri
6ap AnreGpa Ilun6uen aurebpaco! gen atananpt. I'pé6nep-ITupiwos 6asucin KYpy
GapbicoInga eKi KOMNo3uIUs TaBLULIb KoHe KOMITIO3ULHUS TYPaJILl JeMMa. JDJIell-
Aenai. Jlemmanst nonenney YIIIH MaTeMaTUKAaJbIK, HILAYKIUS dmic KOJIOAHbIIa kL.
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Chapter 1

Background and motivations

1.1 Introduction

For the first time, The Theory of the Grobner-Shirshov basis was developed
and applied by A. I. Shirshov [5] (for Lie algebra) and B. Bukhberger [11] (for
commutative-associative algebra) in their dissections. Shirshov’s work was based
on the destruction of the leaders of the Lindon-Shirshov speeches. One of the
main advantages of Grébner-Shirshov basis theory is that it provides a method
for converting algebraic geometry problems into algebraic problems. This allows
you to convert geometric problems into purely algebraic calculations, which can
often be solved algorithmically. Grébner Shirshov bases method for a class of
algebras is based on a Composition-Diamond lemma.Up to now, different versions
of Composition-Diamond lemma are known for the following classes of algebras
apart those mentioned above: Lie superalgebras [18, 19, 20|, tensor product of a
free algebra and a polynomial algebra [21], tensor product of two free algebras [8],
associative conformal algebras [6], operads [16], modules [14, 15, 17], pre-Lie(right-
symmetric) algebras (3], dialgebras [9], Rota-Baxter algebras [7], Lie algebras over
a polynomial algebra [10], Gelfand-Dorfman-Novikov (GDN)-algebras [4]. Grobner
bases theory for commutative algebras has been proved to be very uscful in different
branches of mathematics, including algebraic geometry, see, for example, the books
[1, 2, 12] Grébner bases theory for noncommutative and rionassociative algebras
s a powerful tool to solve the following classical problems: normal form, word
problem,conjugacy problem; rewritting system; automaton; embedding theorem;
expand Poincaré-Birkhoff-Witt theorem; extension; homology; growth function,
Dehn function, complexity.



Chapter 2

PRELIMINARIES

2.1 Free Monoid

Definition 2.1. The set S and the binary operation * defined in this set are called
monids if they satisfy the following axioms Vz,y,z € M:

1. (zxy)xz=x*(y*2)
2. Jee Mexz=z%e=1]

Let M be a Monoid X C M. If any element a € S is expressed by any element
t>0,z;,...21 € X with elements @ = 7, ...z (We get t =0 = a = ¢), we call
X the generator of S.

Let given two monoids < s,*s,es > and < T,*p,er > be . ¥ : s = { a mapping
is called a homomorphism if for a,b € S:

¥ (a*gb) 2 (a) xr ¥ (b)

and

Y (es) = er

Definition 2.2. Let X be a non - empty set. Monoid A(X), which generates a
set X, we call the monoid A(X) a free monoid if any a : X — s mapping we find
a homomorphism 1, which performs 9 : A(X) — s,Vz € X, 9 (z) = a(X).

This homomorphism is defined on generators in a unique way, so v is unique.
Let ’s construct a free monoid.Consider the set X* with the concatenation op-
eration. That is for u = z1...2,,v = Y1-.-Ym, Zi,¥i € X there usxv = uv =
T1...Zu01 .. - Ym. Taking the empty word as corresponding to the set X*, we see
that < X*,*,e > is a monoid. Let’s mark the empty word as 1.

Theorem 2.1. < X* %, 1 > will be an free monoid.
Proof. Let S be monoid generated by X and o : X — S. Let’s define the mapping
P X* = S as follows:

P (1) =es

P (T, 2i,) = @ (i) ...« (24,)



* — p—
then for u,v € X JU= Tiy o T V= Yy Yy,

Y(uxv) = (ib'tl T Yiy - 'y"|u|) =a(r,)... « (;L'i|"|) a(yy)...« (yim) =
=% (2 i) ¥ (30 Bi) = @ B )

So v will be a Homomorphism. In it, the 3 - searched homorphism < X* *,1 >
is a free Monoid.

2.2 Free Algebra

Let X be a nonempty sct. Consider a vector spacc over a ficld k and the basis is all
words of the form ;, x;,...z;, and include empty words ¢ (where z;; € X). We call
such words monomials. In this space , multiplication is defined as concatenation:

(xil ...Il:in)(ﬂli"+1 ...:L'im) =T ...LL’i".’L','"H Y .

this multiplication in k{X} defines thé structure of the algebra. In this algebra,
the unit will be an empty word.

Theorem 2.2. Let X be a nonempty set. A algebra generated with a set X. For
any mapping f : X — A There is a single homomorphism

pk{X} = A

such that
p(z) = [f(z), VzeX

J
X N > A

k{X}

Proof. To do this, define the ¢ function as follows
e(0) =1

o(xiy-..xi,) = f(zi,)-- f (i)
p(u+v) = p(u) + o(v)
It is clear that ,for z € X
o(z) = f(z)
We prove that ¢ is a homomorphism.
For u=w,..up,v =v;..0,, € K{X}:

‘P(uv) = f('ul)---~f(un)f(vl)'--f(vrrl») = p(u)p(v)



Let % be a homomorphism satisfying the condition of the theorem.

X\fyfl

k{X}

For u = u;..u, € k{X}

o(u) = p(ur...un) = f(21)...f(Tn) = P(21).P(T0) = Y(21..2,) = P(u)

That is, the images of the bases are. the same, then the images of all elements
are the same. This algebra is called Free Algebra



Chapter 3

Grobner-Shirshov bases for
Magmatic algebras

3.1 Composition-Diamond lemma for Magmatic al-
gebras

LetX = {x; : ¢ € I} be nonempty set and I a well-ordered set. We denote
by X* the set of associative words in alphabet X. Also We denote by X** the
set of nonassociative words in alphabet X. We call X** = M (X ) magmatic
grouppoid.[22] We assume X* and X** contains an empty word and denote it 1.
We donote by u,v,... the elements of the set X* and denote by (u), (v),... the
elements of the set X**.
Let ’s define the function || : X** — N U {0}

1. If (x) is empty word [(z)| =0 <

2 If(zx)e X = |z|=1

3. If (z) = ((w) (v)) = |()| = [(w)] + |(v)]

kX**-linear space generated by the set X. A linear space kX** equipped with a
concatenation operation is called a magmatic (magma) algebra. We will denote
this algebra Mag(X).

Let’s define the order in the set X** as follows. V (u) # (v) € X**:

1. Let [(u)| =0 = (v) > (u)
2. Let |(W)[ +](v)| =2= () =z, , (v) = zj. Theni > j & z; > z;
3. Let |(u) | + | (v)| > 2. () > (v) is executed only in the following cases.
() [(w)] > |(v)] .
(b) ()] = |(v)|and (u) = ((w)(w2)),(v) = ((v1) (22)), then (uy) >

(n) or (w1) = (v1) and (ug) > ().



This order is called deg-lex order.

Theorem 3.1. (X**, <) - well-ordered set.

Remark. Any parenthesizing of words is linear basis of Mag (X). Then dimension
is

1
Cn=——_'cm
n+l 2

where n- number of elements the set X.
For any [ € Mag(X) can be written the only way:

f = Ollfl + a2f2 +...+ amfm

For each polynomial f € Mag(X) ,by f we denote the f, that is maximal word
in f. If @; = 1 we say the f is monic.

Let § C Mag(X) be a sct of monic polynomials. We define S — word (u), by
indution: '

1. (s), = sis a $ — word of S-length 1.

2. If (u), is an S — word of S-length k and (v) is a non-associative word of
length [, then (u), (v) and (v) (u), are S — words of S-length k + 1.

Remark. For any S — word (u)

s

(v), = (a(s)b) = (a(3) b)
where a,b € X*

Let f,g € Mag(X) and f, g- monic polynomials. We denote by Id(f, g) ideal
of Mag (X) generated by f,g. Assume that there are a,b € X* such that

(F) =Ya(g)b)

Let S C Mag(X) be a set of monic polynomials. For all f, g € S, we define
compositions of S as follows:

(9= f ~ (a(9)b)
Then it’s easy to see that
(f,9)meld(fg) » (19 < (F)
We say the inclusion composition ( f, g)7 is trivial modulo (S, ?), if
(f,9)7= Z a; (a; (s:) b)

Where o; € k,a;.b; € X*, s, € 8, (a;i(s;)b;) is S — word, and (a; (5) b)) < f. If



inclusion composition (f, g)7 trivial modulo (S, f) we write:
(f,9)7 =0 mod (S,7)

For z,y € Mag (X), and (w) € X**, we write
z=ymod (S,(w))

If and only if
Lr=y= Zai (a; (s:) bi)

Where o; € k,a;.b; € X*,s; € S, ((l,‘ (S,') b,) is S — word, and (a,- (ﬁ) b,) <w. And
we say x is comparable to y modulo (S, f).

Definition 3.1. Let S C Mag(X) be a subset of monic polynomials and < a
monomial ordering on X**. Then S is called a Gréhner Shirshov basis in Mag (X)
if any inclusion composition (f, g)7 trivial modulo (S, f).

Definition3.2. Let S C Mag(X) be a subset of monic polynomials. We define
the set Irr (S) as follows

Irr (S) = {(u) € X™: (u) # (a(s)b),Va,b e X*&Vs € S}

Theorem 3.2.[22]Let S C Mag(X) be a subset of monic polynomials and < a
monomial ordering on X**. Then the following statements are equivalent:

1. S is Grobner-Shirshov basis

2. If f € 1d (), then (f) = (a(5) b) for some s € S and a,b € X*, where(a(s)b)
isa S — word.

3. Irr(S) is a linear basis of the algebra Mag (X|S) = Mag(X) /1d(S).



Chapter 4

Linear basis of some algebras

4.1 Linear basis of Associative algebras

Definition 4.1. The free Associative algebra Ass (X) = Mag (X|S) is the algebra
generated X with the defining relations S, where

S = {(ab)c — a(be) : a,b,c € X**}
To find the basis, we use the deg-lex order. Let’s introduce markup as follows:

[0,1, 2, a3, ---an]R = ((ll(---(a'n—2(“'n——1an))))

Theorem 4.1.Let A (X) be the set containing elements of the form

[1,Z2, ... Tn]p
N

where ;,,...,%, € X. Then Z (X) is linear basis for Ass (X)

Proof. To prove the theorem, we use Buchberger’s algorithm for magmatic
algebras. We need to find the basis of the algebra Mag (X|S)

S = {(ab)c — a(bc) : a,b,c € X*}

For f,g € S let’s look at all the compositions. To facilitate, we use the following
letters:

f = (zy)z — z(yz)
and
g = (ab)c — a(be)

In the following cases, the composition may occur:

1. f = (ug)v
2. f = u(gv)
3. f=gv



4. f=ug
Let ’s look at these compositions

1. Consider the first case: f = (ug)v

I = (zy)z = (ug)v = (u((ab)c))v

Therefore
zy = u((ad)c)
and ’
z=v
From this
T=u
y = (ab)c

Consider the compositions (f, g)7

(f,9)5=f = (ug)v
(zy)z — z(yz) — (u((ab)c))v + (u(a(be)))v
= (u((ab)c))z — u(((ab)e)z) — (u((ab)c))z + (u(a(be)))z
= —u(((ab)c)z) + (u(a(bc)))z
= —u((a(bc))2) + u((a(be))2)
=0 mod (S, f)

(f, 9)7 is trivial.

2. f=u(gv) _
J = (2y)z =u(gv) = u((ab)c)v)
Therefore
Ty =u
and
z = ((ab)c)v

Consider the compositions (f, 9)7

(f,9)7= [ —u(gv)
= (zy)z — z(yz) — u(((ab)c)v) + u((a(be))v)
= (2)(((ab)e)v) — 2(y(((ab)e)v)) — (zy)(((ab)e)v) + (zy)((a(be))v)
= —z(y(((ab)c)v)) + (zy)((a(be))v)
= —z(y((a(bc))v)) + z(y((albe))v))
=0 mod (S, f)



3. f=gv _
T = (e)z = v = ((ab))o

Therefore
zy = (ab)c
and
z="
From this
x=ab
y=c¢

Consider the compositions (f, 9)7

(figg=f—-gv
= (zy)z — =(yz) — ((ab)c)v + (a(be))v
= ((ab)y)z — (ab)(yz) — ((ab)y)z + (a(by))=
—(ab)(y2) + (a(by))=
—a(b(yz)) + a((by)z)
—a(b(yz)) + a(b(yz))
=0 mod (S, f)

o

f = (zy)z = ug = u((ab)c)
TY=1u

and
z = (ab)c

Consider the compositions (f, 9)7
(f.9)g=f—-gv
= (zy)z — 2(y2) — u((ab)c) + u(a(bc))
= (zy)((ab)c) — z(y((ab)c)) — (zy)((ab)c) + (zy)(a(be))
= —z(y((ab)c)) + (zy)(a(be))
= —z(y(a(bc))) + z(y(a(be)))
=0 mod (S, f)

Therefore S-Grobner-Shirshov basis. Then Irr(S) linear basis. And Irr(S) con-
tains elements in the form [z, 22, ... z,) R

4.2 Linear basis of Leibniz algebras

Definition 4.2. The free Leibniz algebra Leib(X) = Mag(X|S) is the non-

10



associative algebra generated X with the defining relations S, where
S ={a(bc) - (ab)c+ (ac)b:a,b,ce X*}

To find the basis, we use the inverse deg-lex order. That is , the order is defined
as follows: V (u) # (v) € X**
1. Let [(u)] = 0= (v) > (u)
2. Let [(u)| +|(v)| =2 = (u) = x; ,(v) = zj. Theni > j & z; > ;.
3. Let |[(u) | + | (v)| > 2. (u) > (v) is executed only in the following cases
() ()] > |(v)] .
(b) If |(u)] = |(v)] and (u) = ((u1) (u2)),(v) = ((v1) (v2)), then (uz) >

(v2) or (u2) = (v2) and (w;) > (v1).

Remark. In this order, the Grobner-Shirshov basis theorem for magmatic algebras
also holds. Because the reverse deg-lex order is also a monomial order. Let’s
introduce markup as follows:

[al,az,as, ce an]L = (((al, 0,2) . CL3) yr oo an)
Theorem 4.2. Let N (X) be the set containing elements of the form:
[T1,Z2,... 2],

where 21, Z,...,2, € X. Then N (X) is linear basis for Leib (X)
Proof. . To prove the theorem, we use Buchberger’s algorithm for magmatic
algebras. We need to find the basis of the algebra Mag (X|S)

S = {a(bc) — (ab) e+ (ac) b : a,b,c € X**}

Let the order be reverse deg-lex. For f,g € S let’s look at all the compositions.
To facilitate, we use the following letters

f=1x(yz) - (zy)z + (zz)y

and

g = a(bc) — (ab)c + (ac)b
The following compositions may occur:

1. f = (ug) v for some u,v € X**
f=(ug)v =2 (yz) = (u(a(be))v

Therefore
t = u(a(be))

yz=u

11



Consider the composition

(f,9)5=1f—(vg)v=
=z (y2) — (zy) 2 + (z2) y — (u(a(bc))) v + (u((ab) c)) — (u((ac) b)) v =
(u(a(be)))(yz) — ((w(a(be)))y)z + ((u(a(be)))z)y
—(u(a(be)))(yz) + (u((ab)c))(yz) — (u((ac)b))(yz)
—((u(a(be)))y)z + ((u(a(be)))2)y + (w((ab)e))(yz) — (u((ac)b))(yz)
= —((u((ab)))y)z + ((u((ac)b)))y)z + ((u((ab)e))z)y — ((u((ac)b))z)y
+((u((ab)c))y)z — ((u((ab)c))2)y — ((u((ac)b))y)z + ((u((ac)b))z)y
=0 mod (S, f)

(f, 9)7 is trivial.

- = u(gw) _
f=2(yz) = u(gv) = u((a(be))v)

Therefore

T=u
and

yz = (a(bc))v
From this
y = a(be)
z=v

Consider the composition

(f,9)7=F—u(gv) =
(yz) — (zy)z + (22)y — uw((2(bc))v) + u(((ab)c)v) — u(((ac)b)v)
= z((a(bc))z) — (z(a(be)))z + (z2)(a(bc))
—z((a(be))z) + z(((ab)c)z) — z(((ac)b)z)
—(z(a(bc)))z + (z2)(a(be)) + 2(((ab)c)2) — z(((ac)b)2)
—(z((ab)c))z + (z((ac)b))z + (z2)((ab)c) = (z2)((ac)b)
+(z((ab)e))z = (zz)((ab)c) — (z((ac)b))z + (z2)((ac)b)

=0 mod (S, f)
(f,9)7 is trivial.
. 7 = ug _
f = 2(yz) = ug = u(a(bc))
Therefore
T=u
yz = a(bc)

12



From this

Consider the composition

(fig)5=F—ug=
= z(yz) — (zy)z + (z2)y — u(a(be)) + u((ab)e) — u((ac)b) =
= u(a(bc)) — (ua)(be) + (u(be))a
—u(a(bc)) + u((ab)e) - u((ac)d)
~(ua)(be) + (u(be))a + u((ab)c) — u((ac)b)
—((ua)b)c + ((ua)c)b + ((ub)c)a — ((uc)b)a
+(u(ab))c — (uc)(ab) — (u(ac))b + (ub)(ac)
= —((ua)b)c + ((ua)c)b+ ((ub)c)a — ((uc)b)a
+((ua)b)c — ((ub)a)e — ((uc)a)b + ((uc)b)a)
—((ua)e)b + ((uc)a)b + ((ub)a)c — ((ub)c)a
=0 mod (S, f)

(f:9)7 is trivial.

4. f=7gv _
[ = 2(yz) = gv = (a(be))v
Therefore
z = a(bc)
yz=v
Consider the composition N
(f:g)Tz f—-gv=

2(yz) = (2y)z + (z2)y — (a(be))v + ((ab)c)v ~ ((ac)b)v

= (a(be))(y2) — ((a(be))y)z + ((a(be))2)y

—(a(be))(yz) + ((ab)e)(yz) — ((ac)h)(yz2)
~((a(be))y)z + ((a(be))2)y + ((ab)e)(y2) — ((ac)b)(yz)
~(((ab)e)y)z + (((ac)b)y)z + (((ab)c)2)y ~ (((ac)b)2)y
+(((ab)c)y)z — (((ab)e)z)y — (((ac)b)y)z + (((ac)b)z)y =0 mod (S, )

(f, 9)7 is trivial.
Therefore .5-Grébner-Shirshov basis. Then J rr(S) linear basis. And Irr(S) con-
tains elements in the form [z1, Z2, . o Ty L

13



4.3 Linear basis of Zinbiel algebras

Definition 4.3. The free Zinbiel algebra Zin (X) = Mag(X|S) is the non-
associative algebra generated X with the defining rclations S, where

S = {(ab)c — a(bc) — a(cb) : a,b,c € X**}
To find the basis, we use the deg-lex order. Let’s introduce markup as follows:

[a1, a2, a3, ...an]r = (a1(.-.(an-2(an-122))))
Theorem 4.3. Let Z (X) be the set containing elements of the form

[%1, %2, - - - Znl
where z,22,...,2, € X. Then Z (X) is linear basis for Zin (X)
Proof. To prove the theorem, we use Buchberger’s algorithm for magmatic
algebras. We need to find the basis of the algebra Mag (X|S)
S = {(ab)c — a(bc) — a(ch) : a,b,c € X"}

For f,g € S let’s look at all the compositions. To facilitate, we use the following
letters:
f=(zy)z — x(yz) — x(zy)

and
g = (ab)c — a(bc) — a(cbh)

In the following cases, the composition may occur:

1. [ = (ug)v .
2. f=u(gv)

3. f=79v

4. f=ug

1. Consider the first case: f = (ug)v

f = (zy)z = (ug)v = (u((ab)o))v

Therefore
zy = u((ab)c)
and
2=
From this
T=u
y = (ab)c

14



Consider the compositions (f, g)5

(fr9)7=f— (ug)v
= (2y)z — z(yz) — z(zy) — (u((ab)e))v + (w(a(be)))v + (u(a(ch)))v
= (u((ab)c))z — u(((ab)c)z) — u(z((ab)c))
~(u((ab)c))z + (u(a(be)))z + (u(a(ch)))z
= —u(((ab)e)z) — u(z((ab)c)) + (u(a(be)))z + (u(alcb)))z
= —u((a(be))z) — u((a(ch))z) — u(z(a(be))) — u(z(a(cb)))
+u((a(be))2) + u(z(a(be) + ul((a(ch))z) + u(z(a(ch)))
=0 mod (S, f)

that is , (f, g)7 is trivial.

. Consider the case f = u(gv)
f = (zy)z = u(Gv) = u((ab)c)v)

Therefore
Ty=1u
and
z = ((ab)c)v

Consider the compositions (f, g)7

([,9)7=J — ulgv)
= (zy)z — z(yz) — x(2y) — u(((ab)c)v) + u((a(be))v) + u((a(ch))v)
= (zy)(((ab)e)v) — z(y(((ab)c)v)) — z((((ab)c)v)y)
+(zy)(((ab)e)v) + (zY)((a(be))v) + (zy)((a(ch))v)
~a(y(((ab))v)) — a((((ab)e)o)y) + (2v)((albe))v) + (2y)((a(ch)}v)
~2(y((a(be)))) — z(y((a(h))v)) — 2(((albe))v)y) — z(((alch))v)y)
Fely((albe)))) + 2((ab))0)y) + s{y((alch))v)) + =(((alch))v}y)
=0 mod (S, f)

that is , (f, )7 is trivial.

. Consider the case f = gv
J = (zy)z = gv = ((ab)c)v

Therefore

and

‘15



From this

Consider the compositions (/,g)7

([,9)7=/—-gv
= (29)z — o(y2) - 3(2) — ((ab)o)o + (a(be))o + (a(ch))v
= ((ab)e)z — (ab)(cz) — (ab)(zc) — ((ab)c)z + (a(be))z + (a(ch))z
= —(ab)(cz) — (ab)(zc) + (a(bc))z + (a(ch))z
= —a(b(cz)) - a((cz)b) — a(b(zc)) — a((zc)b)
+a((bc)z) + a(z(bc)) + a((cb)z) + a(z(cb))
= —a(b(cz)) — a(c(2b)) — a(c(bz)) — a(b(zc)) — a(z(cb)) — a(z(bc))
+a(b(cz)) + a(b(zc)) + a(z(bc)) + a(c(bz)) + a(c(zb)) + a(z(ch))
=0 mod (S, /)

that is , (f, )7 is trivial.

4. Consider last case f = ug
f = (zy)z = ug = u((ab)c)
Yy=1u
and A
z = (ab)c

Consider the compositions (/, g)7

([,9)7=/-ug
= (zy)z — z(yz) — z(zy) — u((ad)c) + u(a(be)) + u(a(ch))
= (zy)((ab)c) — z(y((ab)c)) — z(((ab)c)y)
—(zy)((ab)c) + (zy)(a(be)) + (zy)(a(ch))
= —z(y((ab)c)) — z(((ab)c)y) + (zy)(a(be)) + (zy)(a(ch))
= —z(y(a(be))) — z(y(a(ch))) — z((albe))y) — z((a(ch))y)
+(y(a(be))) + x((a(be))y) + 2(y(a(ch))) + =((alch))y)
=0 mod (S, f)

that is , (f, g)7 is trivial.

All the composition is trivial so S is Gtébner-Shishov basis. Then I7(X) is the
linear basis of the Zin(X) algebra . Irr(X) consists of words that do not begin
with the leader S-words that is, words of the following forms:

[SEl,xz,. ..J:n]R

16



4.4 Linear basis of Perm algebras

Definition 4.4. The free Perm algebra Perm (X) = Mag(X|S) is the non-
associative algebra generated X with the defining rclations S, where

S = {(ab)c - a(bc), z(yz) — z(2y) : a,b,c, 2,y € X,y > z}
We need to find the basis of the algebra Mag (X|S)
S = {(ab)c ~ a(bc), z(yz) — x(2y) : a,b,c, 2,y € X**,y > 2}

For f,g € S let’s look at all the compositions. To facilitate, we use the following
letters:

/= (zy)z — z(y2)
d = (pg)r — p(qr)

and ‘
g =a(bc) —a(ch), b>c

h=k(lm)-k(ml), I>m

In the following cases, the composition may occur:

1. f=(udov

2. f=u(dv)

3. f=dv

4. f=ud

5. 9= (uh)v

6. g = u(hv) N

7.9=hv

8. g=uh

9. f = (ug)v
10. f = u(gv)
1. [=7gv
12. [ = ug
13. g = (uf)v
14. 3 = u(fv)
15. g = fu
16. g=uf
17.5=f

17



Let’s look at all these compositions

1. f = (ud)v
(zy)z = (u((pg)r))v
Therefore
zy = u((pg)r)
Z=0
Then
=1
y = (pg)r

Consider the compositions (f, d)7

(f,d)7 = (zy)z — z(yz) — (u((pg)r))v + (u(p(gr)))v =
= (u((pg)r))v — w(((pg)r)v) — (u((pg)r))v + (u(p(gr)))v =
—u(((pg)r)v) + (u(p(gr)))v = —u((p(gr))v) + u((p(qr)))v)

=0 mod (S, /)
2. f =u(dv)
(zy)z = u(((pg)r)v)
Therefore
(@) =
z’= ((pg)r)v

Consider the compositions (f,d)7

(fd)7 = (zy)z — 2(y2) — u(((pg)r)v) + u((p(qr))v)

= (zy)(((pg)r)v) — z(y(((pg)7)v)) — (zy)(((pg)T)v) + (zy)((p(gr))v)
= —z(y(((pg)r)v)) + (zy)((p(gr))v)
= —z(y((p(gr))v)) + z(y((p(gr))v))

=0 mod (S, f)
3. f=dv
(zy)z = ((pg)r)v
Therefore
zy = (pg)r
. 2=
then
T =pq
y=r

18



Consider the compositions (f, d)7

(f:d)7 = (zy)z — z(yz) — ((pg)r)v + (p(qr))v
= ((pg)r)v — (pg)(rv) — ((pg)r)v + (p(gr))v
~(pq)(rv) + (p(gr))v
—p(g(rv)) + p((gr)v)
—p(q(rv)) + p(q(rv))

o

=0 mod (S, f)
f=ud
(zy)z = u((pq)r)
Thefore
TYy=1u
z = (pg)r

Consider the composition (f, d)7

(f, d)7 = (zy)z — z(yz) — w((pg)r) + u(p(qr))
= (zy)((pa)r) — 2(y((pa)7)) — (z9)((pa)T) + (zy)(p(qr))
= —z(y((pg)7)) + (zy)(p(gr))
= —z(y(p(qr))) + =(y(p(qr)))
=0 mod (S, f)

. 9= (uh)v
a(bc) = (u(k(im)))v

Therefore
a = u(k(lm))
bc=wv

Consider the composition (g, h);

(9, h)g = a(be) — a(ch) = (u(k(im)))v + (u(k(ml)))v
= (u(k(im))(be) = (u(k(tm))(cb) — (u(k(im)))(be) + (u(k(ml)))(be)
= —(u(k(lm))(cb) + (u(k(mi)))(bc)
= —(u(k(mi))(c) + (u(k(mi)))(ch)
=0 mod (S,9)

. g =u(hv)
a(be) = u((k(lm))v)

Therefore
a=1u

19



then

Consider the composition (g, h)z

(9, h)g = a(be) ~ a(cb) — u((k(im))v) + u((k(ml))v)
= u((k(lm))v) — w(v(k(Im))) — u((k(lm))v) + u((k(mi))v)
= —u(v(k(lm))) + u((k(ml))v)
= —u(v(k(ml))) + u((k(nd))v).

Here we consider two cases:
(a) If v > k(ml) then
(9, h)g = —u(v(k(ml))) + w((k(ml))v)

= —u((k(ml))b) + u((k(mi))v)
=0 mod (S,9)

(b) If v < k(ml) then

(9, h)g = —u(v(k(ml))) + u((k(mi))v)
= —u(v(k(ml))) + u(v(k(ml)))
=0 mod (S5,7)

"Two cases holds the composition to zero. Therefore (g,h); =0
7. 9=hv
a(be) = (k(lm))v
Therefore
a = k(lm)
bc=v

Consider the composition (g, h);

(9, h)g = a(bc) — a(cb) — (k(Im))v + (k(mi))v
= (k(Im))(bc) — (k(Im))(cb) — (k(lm))(bc) + (k(ml))(bc)
~ (k(im)) (cb) + (K(m1)) (bc)
—(k(ml))(cb) + (k(ml))(cb)
=0. mod (S,9)

)
)
I

e
=1

a(bc) = u(k(Iim))

20



Therefore
Then

Consider the composition (g, h)y

(9, 1)5 = abe) — a(ch) — u(k(lm) + u(k(ml)
= u(k(lm)) — u((Im)k) — u(k(lm)) + u(k(ml))
= —u((Im)k) + u(k(ml))
= —u((ml)k) + u(k(ml))

Here we consider two cases:

(a) If £ > ml then v

(9, h)5 = —u((md)k) + u(k(ml)) = ~u((mi)k) + u((ml)k)
=0 mod (S,9)

(b) If mi > k then

(9, h)g = —u((m)k) + u(k(ml)) = —u(k(ml)) + u(k(ml))
=0 mod (S,9)

‘Two cases holds the composition to zero. Therefore (g, h)g =0

- f=(ug)v
(zy)z = (u(a(be)))v

Therefore -
zy = u(a(bc))
z2="v
then
r=1u
y = a(bc)
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10.

11.

12.

Consider the composition (J, 9)7

(f,9)5 = (zy)z — 2(y2) — (u(a(be)))v + (u(a(ch)))v
= (w(a(be))v - u((a(be))v) — (u(a(be)))v + (u(a(ch)))v
= ~u((a(bc))v) + (u(a(ch)))v
= —u((a(cb))v) + u((a(ch))v)

=0 mod (S, f)
f=u(gv)
(2y)2 = u((a(bc))0)
Therefore
TYy=u
z = (a(bc))v

Consider the composition (f, 9)7

(f,9)7 = (zy)z - z(y2) — w((a(bc))v) + u((a(ch))v)

= (zy)((a(be))v) = z(y((a(be))v)) - (zy)((a(be))v) + (zy)((a(ch))v)

—z(y((a(be))v)) + (zy)((a(cb))v)
—z(y((a(ch))v)) + z(y((a(cb))v))

=0 mod (S, f)
f=gv
(zy)z = (a(bc))v
Therefore N
zy = a(bc)
z=v
then
T=a
y = be

Consider the composition (f, 9)7 .

(/,9)7 = (a9)2 = 5(2) — (a(be))o + (a(ch))o
= (a(bc))v — a((bc)v) — (a(be))v + (a(ch))v
= ~a((cb)v) + a((cb)v)
=0 mod (S,7)

\l
Il
I

Ql

(zy)z = u(a(bc))
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13.

14.

Therefore
Ty=1u

z = a(bc)

Consider the composition (/, 9)7

(/,9)7 = (e9)z = 2(y2) — u(a(be)) + u(a(ch))
= (zy)(a(bc)) - z(y(a(be))) — (zy)(a(be)) + (xy)(a(ch))
= ~a(y(a(be))) + (ay)(a(ch))
= ~a(y(a(eb))) + z(y(a(ch)))

=0 mod (S, f)
g=(uf)v
a(be) = (u((zy)z))v
Therefore B
a = u((zy)2)
bc=v

Consider the composition (g, f);

(9, f)g = a(be) — a(cb) — (u((zy)2))v + (u(z(yz)))v

= (u((zy)2))(be) — (u((zy)2))(cb) — (u((zy)2))(be) + (u(x(y2)))(be)

= —(u((xy)2))(cb) + (w(z(yz)))(be)
= —(u(z(y2)))(cb) + (u(z(yz)))(ch)

=0 mod (5,9)
g =u(fv)
a(be) = u(((zy)z)v)

Therefore a

a=u

be = ((zy)2)v
then '
b= (zy)z
c=v

Consider the composition (g, fz
(9, /)g = a(be) = a(ch) — u(((zy)2)v) + u((x(y2))v)
= w(((zy)2)v) = u(v((2y)2) ~ u(((zy)2)v) + u((5(y2)))
= —u(v((zy)2)) + u((z(yz))v)
= —u(v(z(yz))) + u((z(yz))v)
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15.

16.

Here we consider two cases:

(a) If v > 2(yz) then

(9, g = —u(v(z(y2))) + u((z(y2))v) = —u((a(y2))) + u((z(yz))v)

=0 mod (S,9)

(b) If v < z(y2) then

(9, /)5 = —u(v(z(y2))) + u((z(y2))v) =
=0 mod (S,7)

‘Two cases holds the composition to zero. Therefore (g, f)7 =0

g=fv
a(be) = ((zy)z)v
Therefore
a = (zy)z
be=v

Consider the composition (g, f)g

(9, g = albe) — a(ch) — ((ay)2)v + ((y=))v
= ((zy)2)(be) — ((29)2)(eb) — ((29)2)(be) + (2(y2))(be)
= ~((xy)2)(cb) + (x(y2))(bo)
~(@(y2))(ch) + (a(y2))(ch)

=0.. mod (S,9)
N
g=uf
a(be) = u((zy)z)
Therefore
a=1u
be = (zy)z
then
b=ay
c=12z

Consider the composition (g, f);

(9, f)g = a(be) — a(ch) — u((zy)2) + u(z(y2)) -
= u((zy)2) ~ u(z(zy)) — u((2y)2) + u(z(yz))
= —u(z(zy)) + u(z(yz))
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17.

18.

19.

g=17/
a(be) = (zy)2
Therefore
a=zy
be=z

Consider the composition (g, )z

(9, flg = albe) — a(ch) — (zy)z + z(yz)
= (zy)(be) — (wy)(cb) — (zy)(be) + z(y(be))
= —(zy)(cb) + z(y(bc))
= —z(y(cb)) + z(y(cb))
=0 mod (S, )

S°=SUH,

Ho = {ho = ~to(20(zot)) -+ to(o(¥020)) : Toyo > 20, 20 > To}

g = uhg
a(be) = u(to(20(20y0)))
Therefore
a=1u
be = Lo(20(20y0))
then

b=ty
¢ = Zo(Yozo)

Consider the composition (g, ho)z

(9, ho)z = a(bc) — a(cb) — u(to(2z0(zoyo))) + u(to(zo(Y020)))
= u(to(20(zo%p))) — u((z0(¥020))t0)
~u(to(20(zoy0))) + u(to(zo(yo20)))
—u((zo(y020))to) + u(to(zo(1020)))
—u((zo(y020))t0) + u((zo(yo20))to)
=0 mod (5°79)

g = (uho)v

a(be) = (u(to(20(Town))))v
a = u(to(20(oy0)))

be =v

25



9¢

00 =0
02_—_q
02:0..

((9A0)02)07 = (0q)v

(64S) pow (=
(40)(((9%204)02)07) + (90)(((°29A)0x)07)— =
(2)(((0z0f)0x)02) + (g0)(((%02)02)03) — =
(29)(((929A)0)07) + (7q)(((0x)0z)07)—
(92)(((9A0z)0z)07) — (0)(((%A°7)%2)%9) =
a(((020%)0x)07) + a(((%40)02)07) — (g2)v — (99) = £(0y ‘5)

a=0q
N
((9R0)0z)0 = 0

a(((0A0z)02)09) = (99)0

(6y8) pow (=
((((0z0/)0z)07)a)n + ((((929%)0z)%)a)n—
(a(((9296)0z)02))n + ((((9A0z)0z)07)a)n—

(a(((0z9R)0x)07))n + (a(((9A02)0z)07))n—
((((9302)0z)07)a)n — (a(((9A02)02)0))n =

(a(((%29%)0z)07))n + (a(((9402)02)09))n — ()0 — (29)2 = £(% ‘5)

=2
((0A0)02)07 = g
nN=1D..

(a(((%h0x)0z)0g))n = (29)0

(aO_q)n

(6°4S) powr (=
(92)((((°296)0x)02)n) + (0)((((°2£)0z)0)n)— =
(09)({((029%)0x)02)n) + (g0)((((9A0x)0z)03)n)— =

(9) ((((020)0x)0p)n) 4 (9g)((((%%E0z)0z)0p)n)—
(@) ((((9R0z)0z)07)n) ~ (ag)((((%A0)0z)07)n) =
07)

a((((°%296)0z)0)n) + a((((%692)0z)07)n) — (g2)v — (29)v = £(%y ‘6)

ady

1>

e

6 0z



Lt

01=IZ
n=10n

((080r)oz)op)n = ((11z)12) 1y
fyn =Ty "gg

(6°)S) pow o=
((121A) 1z)((((020R)0z)0n)n) + ((214) 1z )((((0208)0z)05)n) -
((Yitz)1z)((((906)0z)0)n) + (%2 1) w)((((hoz)oz)0g)n) —
((Br2)t2)((((9z0/)0)0n)n) + ((Vitz)1z)((((0A0x)oz)07)yn) -
((z18)1z)((((M0x)0z)0p)m) — ((Hitz)Tz)((((90z)02)05)n) =
= a((((%9%)0)%)n) + a((((°/0z)02)07)n)
((1218)1z) 1 — ((Yhtz)1z)1g = &(0y ‘6)

a = (1A1z)lz
((oR0z)oz)o))n = 1y

U(((O0)0z)))n) = ((12)12)1y
o(%yn) =1y g

(6°0s) pomr (=
(((((o0z)0z)09) i) Lr)m + (((((00)0z)07) 1) 1z)n— =
((WTz)(((0206)0z)07))n + (((((0)02)07) 1A) 1z)n— =

((Yitz)(((0298)0z)09))n + ((W1z)(((0A0x)0z)07))n —
(((((980z)0z)07) 1)) 1z)n — ((1A1z)(((9h0x)0z)0p))n =
(a(((%29)0z)07))n 4 (a(((0h0z)0z)07))n—
((121) 1)1y + ((1A12)12) 13— = £(0y '6)

a = 1Alxy
((Oﬁ,O:I;)Oz)Ol = 1z
n="1

(a(((or0z)0z)on))n = ((Wrz)1z)1y
(afy)n =1y -gg

((lz1h)1z)1y 4+ ((Mitz)tz)ly— =: Ly
ajouep s, 197

(6:58) pow o=
((0207)0)0p (0z(0i02))0y— =
((098)02)07 - ((0n0m)0z)0g — (02(0A0z))0 — ((9R0)oz)0y
((%29R)0)% + ((%02)02)% — (@o)v — (o) = £(0y ‘6



8¢

a(((og))n) = ((*hi1z)'2)"
a(bn) = 1y 'gg

(I_q‘oS) pour (=
((((@)2)A)a)n + (((2)0) ) - =
(1) (@))n + ((((20)) h) ) =
((12)((g2)2))m + (1812) (20)2))n — (((29)0) )12} — ((Wi12)((oq)m))m =
(a((go)v))n + (a((29)))n — ((21h)1z) 1 — ((1h1z)12) Ty = J(6 ‘1y)

a =1z
(g)p = 12
n=1
(a(a)o))n = ((A12)12)Y
(ab)n =1y "1z
(6'45) pom =
((=18)12)(((020)02)%) + ((1218) Vo) (((°9)°x)03) - =
(1) 2)(((0208)0z)%) + ((1278) ) ((%6°)%2)°)— =
(1) 12)(((=0R)0m) ) + (1) z)(((%60r) =) 07) -
(2 1)) (((9R02)02)07) — ((1h1z)1z)(((%60)02)%) =
a{((02°8)0z)%) + a(((980z)02)07) — (1)) — ((1A1z)12)Y = £(%y 6)

a = (MRlz)lz
((Oﬁ,Ox)Oz)O; =1

o(((00x)0z)0) = ((Mhrz)'2)Te
A% =14 "9g

(6°,8) powr o=
(((0302)0m)0z)n + (((0207)0)0z)n—
((93(029%))0z)n + ((0207)(00z))n—
(((29)0z)07)n 4 ((03(060z))0z)n—
(((020R)0z)0g)n + ((03(0A0z))0z)n—
(((020R)0x)0p)n + (((060z)0z)0p)n
((03(00z))0z)n — (((0A0)0z)0p)n =
(((020R)0z)0g)m + (((060)02 )03y — ((125) )Yy — (Vi) 1z) 1y = B(0y )

[ | (I

00z = 1A

0z = Iy



t1-= u(a(be))

21(3311111) =v

(1, 9)ir = ti(zi(mayn)) — ta(wa(mr21)) — w((a(be))v) + u((a(ch))v)
= (u(a(be)))(z1(z131)) — (u(a(be)))(z1(y121))
—u((a(be))(z1(z131))) + u((a(ch))(z1(z11)))

—(u(a(be)))(z1(y121)) + ul(a(ch))(z1(x191)))

—(u(a(be)))(z1(y121)) + u((a(eh))(21(z131)))

—(u(a(ch)))(z1(1121)) + u((a(ch))(z1(v121)))

=0 mod (S° hy)

o

29. hy = ug
t1(21(z191)) = u(a(be))
=1
z=a
=0

n=«c

(1, 9)i = bz (@) — ta(@1(y121)) — ula(be)) + u(a(ch))
= u(a(bc)) — u(b(ca)) — u(a(be)) + u(a(ch))
= —u(b(ca)) + u(a(cb))
= —u(c(ab)) + u(a(ch))
=0 mod (S° hy)

30. hy =gv
ti(z1(z191)) = (a(be))v

t1 = a(bc)

zi(z1h) = v

(h1, 977 = t(z(z1mn)) — ti(z1(r121)) — (a(be))v + (a(ch))v
= (a(be))(z1(z111)) — (a(be))(z1(y121))
—(a(be))(z1(z131)) + (a(ch))(21(z1%1))

= —(a(ch))(@1(y121)) + (a(ch))(z1(y121))
=0 mod (S° hy)

|
I
|

o

31,
(zy)z = to(20(zov0))
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0€
(R02)0z = i
==z
a(((°A02)0z)07) = z(fiz)
a0 = { 3

(f‘pS) pow =
((a(((029R)0x)02))R)x + ((a(((9298)0z)09))h)z— =
(a(((0298)0x)07))(fiz) + (a(((940x)0z)0p))(fiz)—
((a(((9h02)0z)0p) }i)x — (a(((040Z)02)03))(fiz) =
(a(((9298)02)07))n + (a(((0f0)%)%))n — (zh)z — 2(fiz) = L(oy ‘f)

a(((0802)02)09) = 2
n=~Az

(a(((980z)0z)0))n = 2(fiz)
(a%)n = [ -gg

(foS) pow -0 =
(a(((%298)0x)07))n + (a(((%29%)0z)0))n— =
a((((0%29f)0z)0p)n) + (a(((0A0x)02)03))n— =
a((((%207)02)07)n) + a((((9f0x)0z)07)n)—
(e(((0h02)02)09))n — a((((%A02)0z)0)n) =
a((((%29%)0z)0)n) + a((((%0z)%2)0)n) — (2h)z — z(fiz) = L(0y *))

=2z
((060z)02)07 = A
n=2x

a((((oR02)%2)07)n) = 2(Az)

(f,8) pow 0=
(((°z0f)0z)f)x + (((%294)0z)f)z— =
((0206)0m) () + (((080z)0z) )~ =
((020m)0)(Az) + ((i0)0z) () — (((9R0z)0z)R)z — (9h0z)oz)(fz) =
((9206)02)0 + ((0192)02)0y — (26)z — 2(iz) = L(0y )

(0A0z)0z = 2

O;I:ﬁ::l:



I€

(=(fz))n = o

(z(fz))n) = ((00z)0z)0
(l(i’ﬂ.) = ?_’l_{.

(%4*45) pour o=
((((=A)z)0R)0z)n + ((((2h)z)0)0z)n— =
((ORoz)((zA)x))n + (((2(fiz))oR)0z)n— =
((0hoz)((zfi)z))n + ((0h0z)(z(Az)))n—
(((z(fiz))oR)0z)n — ((0R0z)(2(fiz)))n =
(((2f)z))n + (a(z(fiz)))n - ((0z08)02)0p — ((0i0z)0z)0y = 2U({ <oy))

n = 0f0z
z(fiz) = 0z
n=0
(a(z(fiz)))n = ((%0z)0z)%

(f,8) pow o=
((((%298)0z)0n)i)a + ((((0z06)02)%)fi)z~ =
(((20m)0x)or) (Aiz) + (((980m)0z)0p) )z — =
(((°29%)02)03)(Aiz) + (((9A9z)0z)%)(fiz)—
((((9502)0z)09) i)z — (((00z)02)03)(fiz) =
((o=0R)0z)0)n 4 (((oR0z)0z)0r)n — (2A)z ~ 2(Az) = L(oy )

((Oﬁ,O;I;)Oz)Og =2
n = Az

(((oR0z)02)7)n = 2(Az)

(fpS) pow o=
(((a020)02)07) 4 (((0z)0)0z)0)— =
(((n020)0z)07) 4 ((0za)(0A0z))0r— =
(((2029%)02)07) + ((a(040z)0z) 03— =
a(((0207)02)07) + (a((0h0z)0z))07— =
a(((929)°x)07) + a(((0402)02)07) — (a((0A0z)0z))07 — a(((00z)0z)0p) =
o(((%29%)0x)07) + a(((%07)0z)07) = (2h)z — 2(Az) = L(oy*[)

n==z

PAY

(af)n =0y -g¢



(4%

S9sBd JUIMO[[0] oY) IopIsuo))

(oR0z)R)z)n + (((Az)oR)0z)n— =
(((oR0z)R)z))n + ((0z) () ~ ((82)R)0z)n — ((oR0z)(fz))m =
((2R)))n + (2(Bz))n — ((0208)0z)% ~ ((0R0z)0z)0g = %4(f ‘o)

z = 0R0x
iz = 0z
n= 0” N

(z(fix))n = ((O/i'ég;)oz)o;

(% ‘,8) pow =

((020m)0z)((2A)2) + ((02)0z) ((2)2)— =
(0R02)02)((28)) + (0208)0) (2 (z)) - =

((9F0x)0z)((2f)x) + ((00)0z)(z(fiz))—

((0208)0z)(2(fiz)) — ((90z)%)(2(fiz)) =

a((2h)7) + a(z(Az)) — ((%296)0z)0 — ((0A0z)0%2)0 = 24(f ‘0y))
a = (0A0z)0z
z(fr) =0
a(z(Az)) = ((A2z)02)0y
af =% -gg

(oy,S) powr Q=
((9298)0z)(((2R)z)n) + ((9296)0z)(((2A)z)n)— =
((0f0z)0z)(((2R)z)n) + ((9z9A)0x)((z(Az))n)— =
((0802)0z)(((2R)z)n) + ((9h0x)0z)((2(fix)))n)—
((9z08)0z)((z(fix))n) — ((0802)0z)((z(fix))n) =
a(((zf)z))n) + a((z(fix)))n) — ((0204)0z)0 — ((0/0z)0z)0; = 24( [ ‘0y)

a = (0i0z)0z



(a) If y > yo then z¢ > z because zoyy > 29 = Ty

(ho, N = —u(2o(t0(zy))) + w(z(y(zoyo)))

= —u(zo(2(yyo))) + u(z(xo(yoy)))

—u((z((yy0)z0))) + u(z(zo(voy)))

—u((z(zo(0y)))) + u(z(zo(30y)))
=0 mod (S° hy)

(b) Ify<yo anda:>xo

(ho: frg = —u(zo(yo(zy))) + u(z(y(zoyo)))
= —u(zo(z(yyo))) + u(z(o(voy)))
~u(Zo(2(y%0))) + w(zo((yoy)z))
—u(zo(z(yy0))) + w(2o(z(y10)))

=0 mod (S°, ho)

(c) fy<yoand z < xp

(ho, f)ry = —u(Zo(¥0(zy))) + w(z(y(zoyo)))
= —u(zo(Z(yyo))) + u(z(zo(v0y)))
—u(z((yyo)Zo)) + u(z(zo(yyo)))
—u(z(zo(yyo))) + w(z(zo(yyo)))

=0 mod (S° hyo)

All cases leads composition cases leads composition to 0

We have reviewed all the compositions in S°.We have reviewed all the compositions
. All compositions are trivial. Then S°- Grébner-Shirshov basis. Irr(S°)-linear
basis Perm algebras.
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Chapter 5

Grobner—Shirshov bases theory for
Zinbiel algebras

5.1 Composition-Diamond lemma
for Zinbiel algebras

Let Z(X) linear basis of Zinbiel algebras generated by X.By theorem 4.3 Z(X)
consists of [z;...z,). Then any element of f € Zin(X) Fwy, ..., wn € Z(X),w >
Wy > .. Wy, A1, .. Ay € kK\{0}:

f =Mwy + ... + Aw,

Denote by f the leading word w of f

An element f is called monic if the cofficient of fis1

Let S be a monic subset of Zin(X). Denote by Id(S) the ideal of Zin(X) generated
by S.

Definition 5.1. For every s € S, we call s an S — polynomial and for every
S — polynomial h, for every p in B, both ph and hy are called S — polynomials.
Definition.5.2 For each s € S;n > 0, z1,...2, € X the [21, ..., Tn, S|g polynomial
called normal S- polynomial (nSp) .

For every f € Zin(X) and w € Z(X), the polynomial f is sa to be trivial modulo
S with respect to w, denoted by :

h=0 mod (S,w)

if f can be written as a linear combination of normal S-polynomials such that their
leading monomials are < w
Definition 5.3. For all f,g € S, we define compositions of S as follows:

1. If f = [b1,..., bm, ] for some by, ..., b, € X then
(j7g)'f = f - [b11b21 -'-abmag]

is called inclusion composition:
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2. For each u € B, if fa # 0 Then we call f - u a right mulitiplication
composition.

The set S called a Grébner-Shirshov basis in Zin(X) if every right mulitiplica-

tion composition fa trivial modulo (S, fa) and every inclusion composition ([, g)+ 7

trivial modulo (S, f)

Lemma 1. Let S - Grobner-Shirshov basis. Then Vi € Z(X) and Vh — nSp.The

expression = pth + hyp-S can be writfen as a linear combination of normal S-

polynomials whose leading monomials are < max{uh, hy}.

Proof.h — nSp,h = |[a,as,,,,ax,s] for n, function is defined as n,(h) = k
We perform induction on |u| + ng(h) = 1.Then |u| = 1 & ns(h) = 0 or

|¢| = 0 & ny(p) = 1. It is enough to indicate one of two cases.For |u| = 1,n,(h) =0

ph+hyp = pus+sp

the first connector is nSp and the second is right nultiplication. There, the con-
clusion of the Lemma is appropriate for them. For |u| 4+ ny(h) < k , the lemma
is executed . We will show that the lemma also holds for || + ng(h) = k. The
following situations may occur.

1 |ul=1= p€ X &ny(h) > 1= h=ah
ph+ hy = ph + (ahi)p = ph+ a(hp) + a(phi) = ph + a(hip + phy)

the first connector is nSp and the second by induction , the conclusion of the
lemma is fulfilled.

2. |u|>1&nyh)=0=>h=s€S&p=mp & meX

ph+ hp = (pipz)s + sp = p(pes + spg) + sp
by induction , the conclusion of the lemma is fulfilled.

3. ul>1&ns(h)>0,=>h=0ah & p=pp &a,py €X
ph+ hp = (pap)h + (ahy)p = pa(u2h + hpo) + a(hip + phy)

by induction , the conclusion of the lemma is fulfilled.

Corollary 1. Let S - Grobner-Shirshov basis. Then for Vi € Z(X) and Yh~nS),
ph can be written as a linear combination of normal S-polynomials whose leading
monomials are < ph.

Corollary 2. Let S - Grobner—Shlrshov basis. Then for Vu € Z(X) and Yh—nSp,
hp can be written as a linear combination of normal S-polynomials whose leading
monomials are < 717;

Corollary 3. Let S - Grobner-Shirshov basis. Then Vi- S-polynomial can be
written as a linear combination of normal S-polynomials such that their leading
monomials are < |
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Lemma 2. Let S - Grébner-Shirshov basis. If f.g — nSp & f = g, then
f—g=0 mod (S, f)
Proof. Let f = [a1,a2,...,@n, $1], g = [b1,b2, ..., bn, 52) . Then f =g =
[a1, a3, ...a,,31) = [b1, b2, ....bm, 53

= a0 = bl, vy Oy = bn,§f = [bn+1, bm,gg-]

f—g=[a1,a2,...an,51]—[b1, b2, ....bm, 53] = [a1, 02, ...an, (51,82)s5] =0 mod (S,T)

Definition 5.4.
Irr(S):={z € Z(X):z #h Vh—nSp}

Lemma 3. For every [ € Zin(X) we have
= Z )\iu,- + Z CM,’h.,'
wis<f r<T

where \;, o; € k, u; € Itr(S), h; — nSp.

Proof.f = ), 'y,fz,'y, £0,fi > fo> f3 > ... If fi €Irr(S) ,then we take
g=f—mfi,if /i ¢ Irr(S) = 3h — nSp[fi = h] = then we take g = f — mh.
Both case g < f. then we will do the induction by f.

Theorem 5.1 (Composition-Diamond lemma for Zinbiel algebras). Let S

monic subset of Zin(X). Then the followings are equivalent:

1. S- Grobner-Shirshov basis

2. If f € Id(S) and f # 0 then f = & for some normal S-polynomial h

3. The set Ir7(S) is linear basis of the algebra Zin(X|S) = Zin(X)/Id(S5)
Proof.1) = 2) [ € Id(S) Then

f= i a;h;
=1

where by =hg = ... =y > lypy > ... .
If 3°'_, #0, the conclusion is correct. Let 3._, = 0.

[= Zath _Zath‘ +Za,h —Zaf,h,l Za‘ hl h)+z

i=l+1 1=2 i=l+1

-Z’ﬁh + Z al

i={+1

h_; < hy. Claim 2) follows by induction hypothesis
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2) = 3) Let in algebras Zin(X|S) 3 aiw; = 0. Then 3 cuw; € 1d(8) = Vi[o; =
0]. Because, if Ji[o; # 0] then Y ayw; = w; . This is contrary to 2) .

By Lemma 3 Irr(S) linear shell lZz'n(X |S) algebras. Therefore, Irr(S) linear basis
Zin(X|S) algebras. )
3) = 1) Let f € S .By Lemma 3 and 3) f = ) a;h;. All composiotions trivial

then we obtain 1).
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Chapter 6

Conclusions and future work

6.1 Conclusions

The paper finds a linear basis for the Zinbiel algebra, Leibniz algebra, Associative
algebra, and Perm algebra using the Grobner-Shirshov theory for magmatic alge-
bras. The following theorem for Zinbiel algebras is obtained Let S monic subset
of Zin(X). Then the followings are equivalent:

1. S- Grobner-Shirshov basis
2. If f € Id(S) and f # 0 then f = h for some normal S-polynomial h
3. The set /7r(S) is linear basis of the algebra Zin(X|S) = Zin(X)/Id(S)

This theorem is Composition-Diamond lemma for Zinbiel algebras. It is theory of
basis of Grébner-Shirshov for Zinbiel algebras.

N

6.2 Future work

In [13], the Zinbiel superalgebras were defined. It is necessary to construct a theory
of the Grébner Shirshov basis for Zinbiel superalgebra
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