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Abstract 

This thesis is a collection of 6 chapters .The Grébner-Shirshov basis is an impor- 
tant mathematical apparatus in algebra and commutative algebra, which is used 
to study and analyze polynomials and their ideals. The Grdébner-Shirshov basis 
has a number of important properties that make it a powerful tool for solving 
various algebraic problems, such as searching for ideals, solving systems of equa- 
tions and determining the basic invariants of polynomials. In this paper we will 
construct a Grobner-Shirshov basis for Zinbiel algebras. Algebra with the identity 
(ab) c = a(bc) + a(cb) is called the Zinbiel algebra. In the process of construct- 
ing the Grebner-Shirshov basis, two compositions are found and the composition 
lemma is proved. The method of mathematical induction is used to prove the 
lemma. 
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AHHOTalma 

Alucceprayus cocrour v3 6 riaB.Basuc Ppé6uepa-Iupuropa sasnaerca pax- HDIM MATe€MATH4eCKHM anmapaTom B asireOpe H KOMMYyTaTuBHolt asire6pe, KOTO- Phi Hcnomb3yerca aA usyyenna Hu anann3za MIIOrOWIeHOB H ux Hyeanos. Ba- 3uc I’pé6uepa-LIupmopa o6jaqaer pxOM BaxKHbIXx CBOHCTB, KOTOpbIe eraioT ero MOIIHbIM HHCTPYMeHTOM Ip pellenuM pasmM4HDlx anreOpandeckux 3aga4, Takux Kak NIOMCK Heanos, pelienue cuctem ypaBHeHuii MH ompeyzeenue ocHoBHEIX un- BapHaliTOB MHoroynenos. B aroit pabore MbI NlOCTpouM 6a3uc Ppé6nepa-IIupmosa ana anre6p Unn6nens. Anre6pa c Tor NecTBoM (ab) c = a (be) +a (cb) nasprBaerca anre6poi Lnu6uena. B Mlpovjecce noctpoeuna 6ba3suca l'pe6uépa-[upmopa nait- Heb! Be KOMNO3UMM WM TOKa3aHa JIeMMa o KOMMO3HuMH. Jina noKa3aTenbcrsa JI€MMBI HCHOJIb3YeTCA MeTOT, MaTeMaTHyecKolt HUJyKUMH. 
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AHZatTna 

Aluccepruuua 6 tapayzan Typagui. pé6nep-Iupuios 6asuci anre6pa men Kom- 
MYTATUBTi anreOpayarbl MaHbISALI MaTeMaTuKasbiKk annapaT OoubDIn Ta6Liiazbl, 
O71 KOI-MYIeNep Mel OapAbI HDealapbill 3eprrey 2xolle Tangay yun KouLa- 
ubuiant. pé6uep-Lupmios 6asuci apTypsi anreOpasbik ecenTepzi wemwyye onDI 
KyaTTb! Kypanira aviiianpbiparbiy OipKaTap MallLI3qbI Kacnerrepre Me, MbICaJIbI, 
ufearjapaLi Taby, Tenyeynep 2xyitecin Imelly Kove KOMMYyWenepAin Neri3ri HHBa- 
PHaNTTapbI aHbikTay. By »xympicra 613 Lun6nen aire6panapLr yin Ipé6nep- 
Iupmos 6a3ucinin teopnacnm Kypacripambl3. (ab) c = a (bc) + a (cb)coliKectiri 
6ap Anre6pa [un6uen avireOpacbi Jen aranagi. 'pé6nep-Iupmos 6asucin Kypy 
Oapbicbinga eki KOMNO3HIMA TabbuaE Kone KOMNO3HUMA TypaJIbI JIeMMa. JosIes- 
Aeuni. JlemmMann Zonenzey YUH M@TeMaTUKaJIbIK, HUYKUUA onici KOJalbwlayBl.
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Chapter 1 

Background and motivations 

1.1 Introduction 

For the first time, The Theory of the Grébner-Shirshov basis was developed 

and applied by A. I. Shirshov [5] (for Lie algebra) and B. Bukhberger [11] (for 
commutative-associative algebra) in their dissections. Shirshov’s work was based 
on the destruction of the leaders of the Lindon-Shirshov speeches. One of the 

main advantages of Grébner-Shirshov basis theory is that it provides a method 

for converting algebraic geometry problems into algebraic problems. This allows 

you to convert geometric problems into purely algebraic calculations, which can 
often be solved algorithmically. Grébner Shirshov bases method for a class of 
algebras is based on a Composition-Diamond lemma. Up to now, different versions 

of Composition-Diamond lemma are known for the following classes of algebras 

apart those mentioned above: Lie superalgebras [18, 19, 20], tensor product of a 

free algebra and a polynomial algebra [21], tensor product of two free algebras [8], 
associative conformal algebras [6], operads [16], modules [14, 15, 17], pre-Lie(right- 
symmetric) algebras [3], dialgebras [9], Rota-Baxter algebras [7], Lie algebras over 
a polynomial algebra [10], Gelfand-Dorfman-Novikov (GDN)-algebras [4]. Grébner 
bases theory for commutative algebras has been proved to be very uscful in different 
branches of mathematics, including algebraic geometry, see, for example, the books 

[1, 2, 12] Grdbner bases theory for noncommutative and rionassociative algebras 
s a powerful tool to solve the following classical problems: normal form, word 
problem,conjugacy problem; rewritting system; automaton; embedding theorem; 
expand Poincaré-Birkhoff-Witt theorem; extension; homology; growth function, 
Dehn function, complexity.



Chapter 2 

PRELIMINARIES 

2.1 Free Monoid 

Definition 2.1. The set S and the binary operation * defined in this set are called 

monids if they satisfy the following axioms Vz, y,z € M: 

1. (cey)*z=a2%(y*z) 

2. dee Mlexx=z¥ee=2] 

Let M be a Monoid X Cc M. If any element a € S is expressed by any element 

t>0,21,...t1 € X with elements a = 7 ...7% (we get t = 0 > a = e), we call 

X the generator of S. 

Let given two monoids < s,*s5,eg > and < T,*7,er > be. y: 5 +t a mapping 

is called a homomorphism if for a,b € S: 

p (ag b) = (a) *r (0) 

and 

w (es) = er 

Definition 2.2. Let X be a non - empty set. Monoid A(X), which generates a 

set X, we call the monoid A(X) a free monoid if any a : X > s mapping we find 

a homomorphism y, which performs 7): A(X) > s, Vz € X,p(x) = a(X). 

This homomorphism is defined on generators in a unique way, so w is unique. 

Let ’s construct a free monoid.Consider the set X* with the concatenation op- 

eration. That is for u = 21...2n,U = Yi---Ym, Ti, yi € X there uxv = uv = 

Z1...InYi---Ym. Taking the empty word as corresponding to the set X*, we see 

that < X*,*,e > is a monoid. Let’s mark the empty word as 1. 

Theorem 2.1. < X*,*,1 > will be an free monoid. 

Proof. Let S be monoid generated by X anda: X — S. Let’s define the mapping 

wy: X* > S as follows: 

p(1) = es 

(ay) --- Lin) = & (Xi)... (2;,,)



* _— _— then for u,v € X U = Fy. Li U = Yay ++ Yay 

w(uxv)=y (xi, 1 La Yi Vira) =a(zji,)...a (zi) a(Yyi,)...@ (vi) = 

= W (ining) B (dis Yi) = HCO) ECD) 
So w will be a Homomorphism. In it, the 7 - searched homorphism < X*,*,1 > 

is a free Monoid. 

2.2 Free Algebra 

Let X be a nonempty sect. Consider a vector space over a ficld k and the basis is all 

words of the form <j, x;,...2;,, and include empty words ¢ (where z;, € X). We call 

such words monomials. In this space , multiplication is defined as concatenation: 

(xi, Zin) (Ling Linn) = Li, Li Ling oe Din 

this multiplication in k{X} defines thé structure of the algebra. In this algebra, 
the unit will be an empty word. 
Theorem 2.2. Let X be a nonempty set. A algebra generated with a set X. For 

any mapping f : X — A There is a single homomorphism 

p:k{xX}4 A 

such that 

p(x) = f(z), Vee X 

f X x >A 

k{X} 

Proof. To do this, define the y function as follows 

(0) =1 

P(iy--2i,) = f(Tiz)--F (Bin) 

y(u + v) = v(u) + ov) 
It is clear that ,for x € X 

p(x) = f(x) 
We prove that y is a homomorphism. 

For u = Uj, ...Un, U = U,...Um € k{X}: 

p(uv) = f (ur)... f (un) f(v1)---F (Ym) = y(u)y(v)



Let w be a homomorphism satisfying the condition of the theorem. 

Naa 

k{X} 

For u = uUy...Un € k{X} 

pu) = p(uy...tn) = f(21)...f (tn) = O(21)...P(tn) = Y(21...2n) = Yu) 

That is, the images of the bases are the same, then the images of all elements 
are the same. This algebra is called Free Algebra



Chapter 3 

Grobner-Shirshov bases for 
Magmatic algebras 

3.1 Composition-Diamond lemma for Magmatic al- 
gebras 

LetX = {z; : i € I} be nonempty set and I a well-ordered set. We denote 
by X* the set of associative words in alphabet X. Also We denote by X** the 
set of nonassociative words in alphabet X. We call X** = M(X ) magmatic 
grouppoid.(22] We assume X* and X** contains an empty word and denote it 1. 
We donote by u,v,... the elements of the set X* and denote by (u), (v),... the 
elements of the set X**. 
Let ’s define the function |-| : X** > NU {0} 

1. If (x) is empty word |(x)|=0 

2. If (x)€ X > |2z| =1 

3. If (x) = ((u) (v)) = |(x)] = [(u)| + |(e)| 
kX**-linear space generated by the set X. A linear space kX** equipped with a 
concatenation operation is called a magmatic (magma) algebra. We will denote 
this algebra Mag(X). 
Let’s define the order in the set X** as follows. V(u) # (v) € X**: 

1. Let |(u)| = 0 = (v) > (a) 

2. Let |(u)| + |(v)| = 2 => (u) = 2; ,(v) = aj. Thent > j 2, > 2; 

3. Let |(u)|+|(v)| > 2. (u) > (v) is executed only in the following cases. 

(a) |(e)| > [(w)| . 
(b) Tf|(u)[ = |(v)|and (u) = (ur) (w2)),(v) = (v1) (v2)), then (m4) > 

(14) or (u1) = (v1) and (ug) > (0).



This order is called deg-lex order. 
Theorem 3.1. (X**, <) - well-ordered set. 
Remark. Any parenthesizing of words is linear basis of Mag (X). Then dimension 
is 

1 
C, = — -C 

n+1 —" 
where n- number of elements the set X. 
For any f € Mag(X) can be written the only way: 

f => ay fi + ao fo +...4+ Onin 

For each polynomial f € Mag(X) ,by f we denote the f;, that is maximal word 
in f. If aj = 1 we say the f is monic. 
Let S C Mag(X) be a sct of monic polynomials. We define S — word (u), by 
indution: ; 

1. (s), = s is a S — word of S-length 1. 

2. If (u), is an S — word of S-length k and (v) is a non-associative word of 
length J, then (uw), (v) and (v) (u), are S — words of S-length k + 1. 

Remark. For any S — word (u) s- 

(u), = (a(s) b) = (a(s) 6) 

where a,b € X* 

Let f,g € Mag(X) and f,g- monic polynomials. We denote by Id(f,g) ideal 
of Mag(X) generated by f,g. Assume that there are a,b € X* such that 

(f) =a (9) 6) 

Let S C Mag(X) be a set of monic polynomials. For all f , g € 5S, we define 

compositions of S as follows: 

(fq =F -(a(9)0) 

Then it’s easy to see that 

(hameld(fg) . (hag < (A) 

We say the inclusion composition (f, 9)F is trivial modulo (S, f), if 

(f,9)7 = > a; (a; (s;) bi) 

Where a; € k,aj.b, € X*, 5; € S, (a; (s;) bj) is S — word, and (a; (5) b;) < f. If



inclusion composition (f,g)7 trivial modulo (S, f) we write: 

(f,9)7 =0 mod (5, f) 

For z,y € Alay (X), and (w) € X**, we write 

z=ymod (S,(w)) 

If and only if 

t-y= So ai (a; (s:) bi) 

Where a; € k,a;.b; € X*, 5; € S, (a; (s;) b;) is S — word, and (a; (33) b;) < ao. And 

we say x is comparable to y modulo (5S, f). 
Definition 3.1. Let S C Mag(X) be a subset of monic polynomials and < a 
monomial ordering on X**. Then S is called a Grobner Shirshov basis in Mag (X) 
if any inclusion composition (f, 9); trivial modulo (S, f). 
Definition3.2. Let S C Mag(X) be a subset of monic polynomials. We define 
the set Irr(S) as follows 

Irr (S) = {(u) € X™: (u) F (a(s) b) ,Va,b € X*&Vs € S} 

Theorem 3.2.[22|Let S C Mag(X) be a subset of monic polynomials and < a 
monomial ordering on X**. Then the following statements are equivalent: 

1. S is Grébner-Shirshov basis 

2. If f € Id(S), then (f) = (a(S) ) for some s € S and a,b € X*, where(a(s)b) 

is a S — word. 

3. Irr(S) is a linear basis of the algebra Mag (X|S) = Mag(X) /Id(S).



Chapter 4 

Linear basis of some algebras 

4.1 Linear basis of Associative algebras 

Definition 4.1. The free Associative algebra Ass (X) = Mag (X|S) is the algebra 
generated X with the defining relations S, where 

S = {(ab)c — a(be) : a,b,c € X**} 

To find the basis, we use the deg-lex order. Let’s introduce markup as follows: 

(ay, Q2, 23, On] R => (a1(...(@n-2(@n-14n)))) 

Theorem 4.1.Let A(X) be the set containing elements of the form 

[1,22,..-Ln}p 
\ 

where 2, 22,...,Tn € X. Then Z(X) is linear basis for Ass (X) 

Proof. To prove the theorem, we use Buchberger’s algorithm for magmatic 

algebras. We need to find the basis of the algebra Mag (X|S) 

S = {(ab)c — a(bc) : a,b,c € X*} 

For f,g € S let’s look at all the compositions. To facilitate, we use the following 
letters: 

f = (zy)z — x(yz) 
and 

g = (ab)c — a(be) 

In the following cases, the composition may occur: 

1. f = (ug)v 

2. f = u(gv) 
3. f = gu



4, f=ug 

Let ’s look at these compositions 

1. Consider the first case: f = (ug)v 

£ = (xy)z = (ug)u = (u((ab)e))o 

Therefore 

ty = u((ab)c) 
and . 

z=v 

From this 

r=u 

y = (ab)c 

Consider the compositions (f, 9)7 

(f,9)7 = f — (ug)u 

(xy)z — x(yz) — (u((ab)c))v + (u(a(be)))v 
= (u((ab)c))z — u(((ab)c)z) — (u((ab)c))z + (u(a(be)))z 

= —u(((ab)c)z) + (u(a(be)))z 
= —u((a(be))z) + u((a(be))z) 

=0 mod (S,f) 

(f, 9)7 is trivial. 

2. f = u(gv) _ 
J = (zy)z u(gv) = u((ab)c)v) 

Therefore 

ry=u 

and 

z = ((ab)c)u 

Consider the compositions (f, 9)F 

(f,9)7 = f — u(gr) 
= (zy)z — 2(yz) — u(((ab)c)v) + u((a(be))u) 

= (xy)(((ab)c)v) — 2(y(((ab)e)v)) — (wy)(((ab)c)u) + (xy)((a(be))v) 
= —2(y(((ab)c)v)) + (ry) ((a(be))v) 

= —2(y((a(bc))v)) + x(y((a(be))v)) 
=0 mod (S, f)



3. f= gu _ 

T= (xy)z = Gu = ((ab)e)o 
Therefore 

zy = (ab)c 

and 

zZ=0v 

From this 

z=ab 

yc 

Consider the compositions (f, 9)F 

(f,g7=f-gv 

= (ry)z — x(yz) — ((ab)c)u + (a(be))u 

= ((ab)y)z — (ab)(yz) — ((ab)y)z + (a(by))z 
—(ab)(yz) + (a(by))z 

—a(b(yz)) + a((by)z) 
—a(b(yz)) + a(b(yz)) 
=0 mod (S,f) 

h
o
 

od 

f = (2y)z = ug = u((ab)c) 
ry=u 

and 

% = (ab)c 
Consider the compositions (f, 9)7 

(f.az=f-gv 
= (xy)z — x(yz) — u((ab)c) + w(a(be)) 

= (xy)((ab)c) — x(y((ab)c)) — (xy)((ab)c) + (xy)(a(be)) 
= —x(y((ab)c)) + (xy) (a(be)) 
= —2(y(a(bc))) + x(y(a(bc))) 

=0 mod (S, f) 

Therefore S-Grébner-Shirshov basis. Then Jrr(S) linear basis. And Irr(S) con- 
tains elements in the form [21, 22,... 2p] R 

4,2 Linear basis of Leibniz algebras 

Definition 4.2. The free Leibniz algebra Leib(X) = Mag(X|S) is the non- 

10



associative algebra generated X with the defining relations S, where 

S = {a (bc) — (ab) c+ (ac) b: a,b,c € X**} 

To find the basis, we use the inverse deg-lex order. That is , the order is defined 
as follows: V(u) 4 (v) € X** 

1. Let |(u)| = 0 => (v) > (u) 

2. Let |(u)| + |(v)| =2 > (u) = 2; ,(v) = 2;. Then i > j & 2; > 2;. 

3. Let |(u)| + | (v)| > 2.(u) > (v) is executed only in the following cases 

(a) [(u)| > [(w) | 
(b) If |(u)| = |(v)| and (u) = (ur) (ua) ,(v) = (Cor) (v2), then (ug) > 

(v2) or (u2) = (v2) and (wu) > (v1). 

Remark. In this order, the Grébner-Shirshov basis theorem for magmatic algebras 
also holds. Because the reverse deg-lex order is also a monomial order. Let’s 
introduce markup as follows: 

(a1, a2, a3, wee Gn}, = (((a1, a2) : a3) peer An) 

Theorem 4.2. Let N (X) be the set containing elements of the form: 

[v1,22,...%n)}, 

where 21, Z2,...,2, € X. Then N(X) is linear basis for Leib (X) 
Proof. . To prove the theorem, we use Buchberger’s algorithm for magmatic 
algebras. We need to find the basis of the algebra Mag (X|S) 

S = {a (bc) — (ab) cH (ac)b: a,b,c € X**} 

Let the order be reverse deg-lex. For f,g € S let’s look at all the compositions. 
To facilitate, we use the following letters 

f = x(yz) — (xy)z + (xz)y 

and 

g = a(be) — (ab)e + (ac)b 

The following compositions may occur: 

1. f = (ug) v for some u,v € X* 

f = (ug) v = 2 (yz) = (u(a(be))) v 

Therefore 

z = u(a(be)) 

yZ=U 

11



Consider the composition 

(f,9)7 = f —(ug)v = 
= x (yz) — (xy) 2 + (xz) y — (u(a(be))) v + (u ((ab) c)) — (u((ac) b)) v = 

(u(a(be)))(yz) — ((u(a(be)))y)2 + ((u(a(be)))z)y 
—(u(a(be)))(yz) + (u((ab)c))(yz) — (u((ac)b))(yz) 

—((u(a(be)))y)z + ((u(a(be)))z)y + (u((ab)c))(yz) — (u((ac)b)) (yz) 
= —((u((ab)c))y)z + ((u((ac)b)))y)z + ((u((ab)c))z)y — ((u((ac)b))z)y 
+((u((ab)c))y)z — ((u((ab)e))z)y — ((u((ac)b))y)z + ((u((ac)b))z)y 

=0 mod (S,f) 

(f,9)7 is trivial. 

. f =u(gv) _ 

f = x(yz) = u(gv) = u((a(be))v) 
Therefore 

L=u 

and 

yz = (a(bc))v 
From this 

y = a(be) 
z=v 

Consider the composition 

(f,9)7 = f — u(gv) = 

x(yz) — (xy)z + (xz)y — u((2(bc))v) + u(((ab)c)v) — u(((ac)b)v) 
= 2((a(bc))z) — (x(a(be)))z + (xz)(a(bc)) 
—x((a(be))z) + x(((ab)c)z) — 2(((ac)b)z) 

—(x(a(be)))z + (xz)(a(be)) + x(((ab)c)z) — x(((ac)b)z) 
—(x((ab)c))z + (x((ac)b))z + (xz)((ab)c) = (xz)((ac)b) 

+(2x((ab)c))z — (xz)((ab)e) — (x((ac)b))z + (xz)((ac)b) 
=0- mod (S, f) 

(f,9)7 is trivial. 

. f = ug _ 

f = x(yz) = ug = u(a(bc)) 
Therefore 

L=u 

yz = a(bc) 

12



From this 

Consider the composition 

(hgz=f—-ug= 
= (yz) — (ry)z + (xz)y — u(a(be)) + u((ab)c) — u((ac)b) = 

= u(a(bc)) — (ua)(be) + (u(be))a 

~u(a(bc)) + u((ab)c) — u((ac)b) 
~(ua)(be) + (u(be))a + u((ab)c) — u((ac)b) 
—((ua)b)c + ((ua)c)b + ((ub)c)a — ((uc)b)a 

+(u(ab))c — (uc)(ab) — (u(ac))b + (ub)(ac) 

= —((ua)b)c + ((ua)c)b + ((ub)c)a — ((uc)b)a 

+((ua)b)c — ((ub)a)e — ((uc)a)b + ((uc)b)a) 

—((ua)e)b + ((uc)a)b + ((ub)a)e — ((ub)c)a 

=0 mod (5S, f) 

(f,9)7 is trivial. 

4. f= gv 

f = x(yz) = gu = (a(bc))v 
Therefore 

x = a(bc) 

yz=v 

Consider the composition ‘ 

(f.9)7 = f-gv= 

x(yz) — (xy)z + (22z)y — (a(be))u + ((ab)c)u ~ ((ac)b)u 
= (a(bc)) (yz) — ((a(be))y)z + ((a(be))z)y 
—(a(bc))(yz) + ((ab)e)(yz) — ((ac)b)(yz) 

—((a(be))y)z + ((a(be))z)y + ((ab)c)(yz) — ((ac)b)(yz) 
—(((ab)e)y)z2 + (((ac)b)y)z + (((ab)e)z)y — (((ac)b)z)y 

+(((ab)e)y)z — (((ab)c)z)y — (((ac)b)y)z + (((ac)b)z)y = 0 mod (S, f) 

(f, 9)7 is trivial. 
Therefore S-Grébner-Shirshov basis. Then / rr(S) linear basis. And Irr(S) con- 
tains elements in the form [21, 29,. .. Zp L 

13



4.3 Linear basis of Zinbiel algebras 

Definition 4.3. The free Zinbiel algebra Zin(X) = Mag(X|S) is the non- 
associative algebra generated X with the defining relations S, where 

S' = {(ab)c — a(bc) — a(cb) : a,b,c € X**} 

To find the basis, we use the deg-lex order. Let’s introduce markup as follows: 

[@1, @2, @3,.--n]e = (a1(.-.(@n-2(@n-14n)))) 

Theorem 4.3. Let Z(X) be the set containing elements of the form 

[t1,Z2,---Znlp 

where 21, 22,...,2, € X. Then Z(X) is linear basis for Zin (X) 

Proof. To prove the theorem, we use Buchberger’s algorithm for magmatic 
algebras. We need to find the basis of the algebra Mag (X|S) 

S = {(ab)c — a(bc) — a(cb) : a,b,c € X*} 

For f,g € S let’s look at all the compositions. To facilitate, we use the following 

letters: 

f = (xy)z — x(yz) — x(zy) 

and 
g = (ab)c — a(bc) — a(cb) 

In the following cases, the composition may occur: 

1. f = (ug)u . 

2. f = u(gv) 
3. f= gv 

4. f=ug 

1. Consider the first case: f = (ug)v 

£ = (ay)z = (ug)u = (u((ab)c))v 

Therefore 

ry = u((ab)c) 

and 

Z=v 

From this 

L=U 

y = (ab)c 
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Consider the compositions (f, 9)7 

(f,9)7 = f - (ug)v 

= (zy)z — 2(yz) — 2(zy) — (u((ab)e))v + (u(a(be)))v + (u(a(cb)))o 
= (u((ab)c))z — u(((ab)c)z) — u(z((ab)c)) 
—(u((ab)c))z + (u(a(be)))z + (u(a(cb)))z 

= —u(((ab)c)z) — u(z((ab)c)) + (u(a(be)))z + (u(a(cb)))z 
= —u((a(bc))z) — u((a(cb))z) — u(z(a(be))) — u(z(a(cb))) 
+u((a(bc))z) + u(z(a(be))) + u((a(cb))z) + u(z(a(cb))) 

=0 mod (S,f) 

that is , (f, 9)7 is trivial. 

. Consider the case f = u(jv) 

f = (zy)z = uGu) = u((ab)c)v) 

Therefore 

ry=u 

and 

z = ((ab)c)v 

Consider the compositions (/, 9); 

(f,9)7 = J — u(gr) 

= (xy)z — x(yz) — 2(zy) — u(((ab)c)v) + u((a(bc))v) + u((a(cb))u) 
= (xy)(((ab)c)v) — x(y(((ab)c)v)) — 2((((ab)c)v)y) 
+(ay)(((ab)o)v) + (2y)((a(be))u) + (xy) ((a(cb))v) 

—2(y(((ab)e)v)) — x((((ab)e)v)y) + (zy)((a(be))u) + (wy) ((a(cb))v) 
—2(y((a(be))v)) — x(y((a(cb))v)) — x(((a(be))u)y) — 2(((a(cb))v)y) 

+x(y((a(be))v)) + x(((a(be))v)y) + 2(y((a(cb))v)) + 2(((a(cb))o)y) 
=0 mod (S, f) 

that is , (f,g9)7 is trivial. 

. Consider the case f = ju 

Therefore 

and 
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From this 

Consider the compositions (J, 9); 

(gp =S- gu 

= (2y)z — 2(yz) — 2(zy) — ((ab)o)u + (a(be)}v + (a(cb))v 
= ((ab)c)z — (ab)(cz) — (ab)(zc) — ((ab)c)z + (a(bc))z + (a(cb))z 

= —(ab)(cz) — (ab)(zc) + (a(bc))z + (a(eb))z 

= —a(b(cz)) — a((cz)b) — a(b(ze)) — a((zc)b) 
+a((bc)z) + a(z(bc)) + a((cb)z) + a(z(cb)) 

= —a(b(cz)) — a(c(zb)) — a(c(bz)) — a(b(zc)) — a(z(cb)) — a(z(be)) 

+a(b(cz)) + a(b(ze)) + a(z(be)) + a(e(bz)) + a(c(zb)) + a(z(cb)) 

=0 mod (S, f) 

that is , (f, 9)7 is trivial. 

4. Consider last case f = ug 

and 

Consider the compositions (f, 9)7 

(,g9)7 =f - ug 

= (zy)z — x(yz) — x(zy) — u((ab)c) + u(a(bc)) + u(a(cb)) 
= (xy)((ab)c) — x(y((ab)c)) — 2(((ab)c)y) 
—(xy)((ab)c) + (xy)(a(be)) + (xy)(a(cb)) 

= —x(y((ab)c)) — x(((ab)c)y) + (xy)(a(be)) + (xy)(a(cb)) 
= —a(y(a(bc))) — x(y(a(cb))) — x((a(bc))y) — 2((a(cb))y) 
+:c(y(a(be))) + x((a(be))y) + x(y(a(cb))) + x((a(cb))y) 

=0 mod (5, f) 

that is , (f, g)7 is trivial. 

All the composition is trivial so S is Grébner-Shishov basis. Then /rr(X) is the 
linear basis of the Zin(X) algebra . Irr(X) consists of words that do not begin 
with the leader S-words that is, words of the following forms: 

(x1, 22,. .-Zn]p 
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4.4 Linear basis of Perm algebras 

Definition 4.4. The free Perm algebra Perm(X) = Mag(X|S) is the non- 
associative algebra generated X with the defining rclations S, where 

S = {(ab)c — a(bc), x(yz) — x(zy) : a,b,c, z,y € X™,y > z} 

We need to find the basis of the algebra Mag (X|S) 

S = {(ab)c — a(be), x(yz) — x(zy) : a,b,c, z,y € X**,y > 2} 

For f,g € S let’s look at all the compositions. To facilitate, we use the following 
letters: 

f= (xy)z — x(yz) 

d = (pq)r — p(qr) 
and 

g=a(bc)—a(cb), b>c 

h=k(lm)-k(ml), l>m 

In the following cases, the composition may occur: 

1. f =(ud)u 

2. f =u(dv) 

3. f = du 

4, f=ud 

5. g = (uh)u 

6. 9 = u(hv) \ 

7. g9=hv 

8. G9=uh 

9. f = (ug)u 

10. f = u(gu) 
ll. f = Gu 

12. f= ug 

13. 9 = (uf)u 
14. 9 = u(fv) 

15. 9= fv 

16. g=uf 

17.9=f 

17



Let’s look at all these compositions 

1. f =(ud)u 

(xy)z = (u((pg)r))v 
Therefore 

ry = u((pq)r) 

zZ=U0U 

Then 

-2=u 

y = (pq)r 

Consider the compositions (f, d)7 

(f,d)7 = (zy)z — x(yz) — (u((pq)r))v + (u(p(qr)))v = 

= (u((pq)r))u — u(((pq)r)v) — (u((pq)r))v + (u(p(qr)))v = 
—u(((pq)r)v) + (u(p(gr)))v = —u((p(qr))v) + u((p(qr)))v) 

=0 mod (S,f) 

2. f = u(dv) 

(xy)z = u(((pq)r)v) 

Therefore 

(oy) =u 
z= ((pq)r)v 

Consider the compositions (f, d); 

(f,d)z = (xy)z — (yz) — u(((pq)r)v) + u((p(qr))v) 
= (xy)(((pq)r)v) — «(y(((pa)r)v)) — (zy)(((pa)r)v) + (ey) ((p(9r))v) 

= —2(y(((pq)r)v)) + (zy) ((p(9r))v) 

= —2(y((p(qr))v)) + e(y((p(ar))v)) 
=0 mod (S, f) 

3. f = du 

(xy)z = ((pq)r)v 
Therefore 

xy = (pq)r 
” z=U 

then 

r= pq 

yar 

18



Consider the compositions (f, d)7 

(f,d)7 = (xy)z — x(yz) — ((pq)r)u + (p(qr))u 
= ((pq)r)v — (pq)(rv) — ((pq)r)v + (p(qr))v 

~(pq)(rv) + (p(qr))v 
—p(a(rv)) + p((qr)v) 
—p(q(rv)) + p(q(rv)) n

o
u
 

ol 

=0 mod (S, f) 

f =ud 

(xy)z = u((pq)r) 
Thefore 

zy =u 

z = (pq)r 
Consider the composition (f, d)7 

(f,d)z = (xy)z — 2(yz) — u((pq)r) + u(p(qr)) 
= (zy)((pq)r) — x(y((pq)r)) — (xy)((pq)r) + (xy) (p(ar)) 

= —2x(y((pq)r)) + (xy) (p(ar)) 
= —2(y(p(9r))) + z(y(p(qr))) 

=0 mod (S, f) 

. 9 = (uh)v 

a(bc) = (u(k(im)))v 

Therefore 

a = u(k(lm)) 

be=v 

Consider the composition (g,h)z_ 

(9, h)g = a(be) — a(ch) — (u(k(Im)))u + (u(k(ml)))o 
= (u(k(Im)) (be) — (u(ke(tm)) (ch) — (u(k(Im))) (be) + (u(k(ml)))(be) 

= ~(u(k(Im)) (cb) + (u(k(ml)))(be) 
= —(u(k(ml))(cb) + (u(k(ml)))(cb) 

=0 mod (S,9) 

. 9 = u(hv) 

a(be) = u((k(tm))v) 
Therefore 

a=uU 
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then 

Consider the composition (g, h)s 

(9, 4)g = a(be) — a(cb) — u((k(tm))v) + u((k(ml))u) 
= u((A(Ine))v) — u(v(ke(Zm))) — u((k(lm))v) + u((k(ml))v) 

= ~u(v(k(im))) + u((k(ml))v) 
= —u(v(k(ml))) + u((A(ml))v) | 

Here we consider two cases: 

(a) If v > k(ml) then 

(9, h)g = —u(v(k(ml))) + u((k(ml))v) 
= —u((k(ml))b) + u((k(ml))v) 

=0 mod (S,9) 

(b) If v < k(ml) then 

(9, h)g = —u(u(k(ml))) + u((k(ml))v) 
= —u(u(k(ml))) + u(v(k(ml))) 

=0 mod (S,9) 

Two cases holds the composition te zero. Therefore (g, h); = 0 

7. 9=hv 
a(bc) = (k(im))v 

Therefore 

a = k(lm) 

be =v 

Consider the composition (g,h)5_ 

(9, h)g = a(bc) — a(cb) — (k(lm))u + (k(ml))u 

= (k(Im))(be) — (k(Lm)) (cb) — (k(lm)) (be) + (k(ml))(be) 

—(le(Im)) (cb) + (Fe(ml)) (be) 
—(K(ml))(cb) + (k(ml))(cb) 

=0. mod (S,9) 

a(bc) = u(k(im)) 
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Therefore 

Then 

Consider the composition (g, h)g 

(9, h)g = abc) — a(cb) — u(k(Lmn)) + u(k(md)) 
= u(k(Im)) — u((lm)k) — u(k(lm)) + u(k(ml)) 

= —u((lm)k) + u(k(ml)) 

= —u((ml)k) + u(k(ml)) 

Here we consider two cases: 

(a) If k > ml then Vo 

(9, h)g = —u((ml)k) + u(k(ml)) = —u((ml)k) + u((ml)k) 
=0 mod (S,9) 

(b) If mi > & then 

(9, h)5 = —u((ml)k) + u(k(ml)) = —u(k(ml)) + u(k(ml)) 
=0 mod (S,9) 

Two cases holds the composition to zero. Therefore (g,h)g = 0 

. f = (ug)v 
(xy)z = (w(a(be)))u 

Therefore . 

zy = u(a(dc)) 
z=v 

then 

L=u 

y = a(bc) 
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10. 

11. 

Consider the composition (f, 9)F 

(f,9)g = (ty)z — x(yz) — (u(a(be)))v + (u(a(cb)))u 
= (u(a(bc)))v — u((a(be))v) — (u(a(be)))v + (u(a(cb)))v 

= —u((a(be))v) + (u(a(eb)))y 

= —u((a(cb))v) + u((a(cb))v) 
=0 mod (S,f) 

f = uu) 
(2y)z = u((a(bc))v) 

Therefore 

ry =u 

z = (a(be))uv 

Consider the composition (f, 9)F 

(f, 9)7 = (wy)z — 2(yz) — u((a(be))v) + u((a(cb))v) 
= (xy)((a(bc))v) — x(y((a(be))v)) — (xy)((a(be))v) + (xy)((a(cb))u) 

—2(y((a(bc))v)) + (ay)((a(cb))v) 
—2(y((a(cb))v)) + x(y((a(cb))v)) 

=0 mod (S, f) 

f=9v 
(xy)z = (a(bc))v 

Therefore . 

ry = a(bc) 

Z=0v 

then 

T=A 

y = be 

Consider the composition (/, 9)F 

(1,9); = (ay)z — (yz) — (a(be)) + (a(cb))0 
= (a(bc))uv — a((be)v) — (a(be))uv + (a(cb))v 

= ~a((cb)v) + a((cb)v) 

=0 mod (5, f) 

(xy)z = u(a(bc)) 
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13. 

14. 

Therefore 

ry =u 

z = a(be) 

Consider the composition (/, 9)F 

(I, 9)7 = (wy)z ~ 2(yz) — w(a(be)) + u(a(cb)) 
= (xy)(a(be)) — 2(y(a(be))) — (ay)(a(be)) + (xy)(a(cb)) 

= ~2(y(a(be))) + (2y)(a(cb)) 
= ~x(y(a(cb))) + 2(y(a(cb))) 

=0 mod (S, f) 

9 = (uf)u 
a(bc) = (u((xy)z))v 

Therefore 7 

a = u((ry)z) 
be =v 

Consider the composition (g, f)z 

(9, fg = a(be) — a(cb) — (u((xy)z))v + (u(x(yz)))u 
= (u((zy)z))(be) — (u((xy)z)) (cb) — (u((xy)z)) (be) + (u(a(yz)))(be) 

= —(u((ry)z))(cb) + (u(x(yz)))(be) 
= —(u(2(yz)))(cb) + (u(x(yz)))(cb) 

=0 mod (S,9) 

g = u(fv) 
a(be) = u(((xy)z)v) 

Therefore . 

a=uU 

be = ((xy)z)v 

then 

b = (ry)z 

c=v 

Consider the composition (g, fs 

(9, fg = a(be) ~ a(cb) ~ u(((ary)z)v) + u((x(yz))v) = u(((zy)z)v) — u(u((ey)z)) — u(((ey)2)v) + w((x(yz))o) 
= —u(v((zy)z)) + u((z(yz))v) 
= —u(v(2(yz))) + u((2(yz))v) 
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15. 

16. 

Here we consider two cases: 

(a) If v > 2(yz) then 

(9, fg = —u(u(x(yz))) + u((2(yz))v) = —u((x(yz))v) + u((x(yz))v) 
=0 mod (S,9) 

(b) If v < x(yz) then 

(9, fg = —u(v(z(yz))) + u((z(yz))v) = 
=0 mod (S,9) 

Two cases holds the composition to zero. Therefore (g, f); = 0 

g= fv 
a(be) = ((ry)z)v 

Therefore 

a = (xy)z 

be=v 

Consider the composition (g, f)z 

(9, fg = a(be) — a(cb) — ((ay)2)v + (e(yz))v 
= ((xy)2)(be) — ((wy)2)(cb) — ((ay)2)(be) + (2(yz))(be) 

= —((zy)z)(cb) + (x(y2))(be) 
—(x(yz)) (cb) + (w(yz)) (cb) 

=0. mod (S,9) 
‘\ 

g=uf 
a(bc) = u((xy)z) 

Therefore 

a=u 

be = (ay)z 

then 

b=a2y 

c=2 

Consider the composition (9, f); 

(9, f)g = abc) — a(cb) — u((xy)z) + u(x(yz)) . 
= u((ry)z) — u(z(vy)) — u((2y)z) + u(x(yz)) 

= —u(2(zy)) + u(x(yz)) 
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17. 

18. 

19. 

g=f 
a(be) = (xy)2 

Therefore 

a=zry 

be =z 

Consider the composition (gq, f)3 

(9, fg = a(be) — a(cb) — (xy)z + x(yz) 

= (xy)(bc) — (xy)(cb) — (xy) (be) + x(y(be)) 
= —(xy)(cb) + x(y(be)) 
= —2x(y(cb)) + x(y(cb)) 

=0 mod (S,f) 

S°=SUHp 

Ho = {ho = —to(20(toyo)):+ to(%o(Yoz0)) : Lo¥o > 20, 20 > Zo} 

g = uho 

a(bc) = u(to(zo(zo¥o))) 

Therefore 

a=u 

bc = lo(zo(xoyo)) 

then 

b= ty 

C = o(Yo20) 

Consider the composition (9, ho); 

(9, ho)g = a(bc) — a(cb) — u(to(zo(zoyo))) + u(to(to(Yoz0))) 

= u(to(zo(toyo))) — u((Z0(Yo20))to) 
—u(to(zo(Zo¥yo))) + u(to(z0(yo20))) 

—u((2°9(yo20))to) + u(to(70(¥Yo20))) 

—u((9(Yo20))to) + u((x0(¥o20))to) 
=0 mod (S°,9) 

9 = (uho)v 
a(be) = (u(to(20(toyo))))v 

a = u(to(20(toyo))) 

be =v 
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(((020f)0x)0)n + (((0f0z)0z)0)n— 
((0}(9R0x))oz)n — (((0f0x)0z)0z)n = 

(((0z0ft)Ox)0))n + (((O1i0x)0z)0y)n — ((tz Ui) tx) ty — ((Witx) tz) ty = 8(04 6) 

h
o
w
 

oll 

oor = If 

oz = Iz



ty-= u(a(bc)) 

21(2141) =v 

(ha, Oey = ti(aa(t191)) — t1(t1(y121)) — u((a(be))v) + u((a(cd))v) 

= (u(a(be)))(z1(a191)) — (u(a(be)))(x1(y121)) 

—u((a(bc))(z1(2191))) + u((a(cb)) (21 (t191))) 
—(u(a(be)))(x1(yrz1)) + u((a(cd))(z1(t1y1))) 
—(u(a(bc)))(21(yrz1)) + u((a(cb)) (21 (2141) 
—(u(a(cb)))(x1(yr21)) + u((a(cb))(21(y121))) 

=0 mod (S°,hi) 

H
o
w
 

29. hy = ug 

ti(a(x141)) = u(a(dc)) 
“=u 

z1=a 

zx, =b 

yaec 

(hi, 9)m = tr(za(aiyn)) — t1(21(qr21)) — u(a(be)) + u(a(cd)) 
= u(a(be)) — u(b(ca)) — u(a(be)) + u(a(cb)) 

= —u(b(ca)) + u(a(cb)) 

= —u(c(ab)) + u(a(cb)) 

=0 \mod (S°, hy) 

30. hy = gv 

ti(zi(2191)) = (a(bc))v 

ty = a(bc) 

2(z1yi) = v 

(hi, gaz = 41 (21(t1y1)) — t(2i(yrzr)) — (a(be))v + (a(cb))v 
= (a(bc))(z1(214y1)) — (a(be)) (21 (4121) 
—(a(be))(z1(2191)) + (a(cb)) (21(2191)) 

= —(a(cb))(x1(y21)) + (a(cb))(21(y121)) 
=0 mod (S°,h1) 

oe
r)
 | 

| >|
 

Oo
 31.” 

(xy)z = to(20(z04o)) 
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0€ 

‘(Shiox)oz = A 
W= 2 

a(((040x)0z)07) = z (fix) 
any =f ve 

(f{‘9S) pou o= 

((0(((020A)0x)02) )A)a + ((a(((0z0R)0x)09))A)z— = 
(a(((0z0A)Ox)09)) (Ax) + (a(((OH0x) oz) 09) ) (har) — 

(((( (0a) 0z)07))A)a — (a(((0A0x)0z)09)) (fx) = 

(a(((020H)x)09) )m + (a(((0ROx)%z)%2))n — (zA)x — 2(Ax) = Loy ‘f) 

a ((0f0) 02) 09) = 2 
n= fiz 

(a(((9f0x)0z)02))n = 2(Az) 
(aoy)n = f gg 

(f‘9S) pow -0= 

(a(((0zF)0ar)07))m + (a(((92F)Ox)07))n— = 
a((((0z04)0x)07)n) + (a(((OR0r)0z)07))n— = 
a((((0z0f) 2) 07)n) + a((((OfOr)0z)07)n)— 
(2(((R0x)0z)02))n — a((((MH0x)0z)07)n) = 

@((((0z0F)0x)99)n) + a((((OROx)0z)02)n) — (2A) — z(Ax) = L(oy‘f) 

a=Z 

((Of0x)0z)07 = A 

n= 

a (((902)0z)04)n) = z(fx) 

(f 9S) pow 0= 
(((02f)0x)A)ax + (((02%)0x)A)ar— = 
((°208)0n)(fix) + (((0802)02)A)2— = 

((0z08)0x)(fix) + ((0fiex)o2)(fix) — (((Ofox)oz)A)x — ((onex)0e)(fx) = 
((0z08)0.)0y + ((0f0%)02)0y — (2A) — 2(fhr) = L(0y f) 

(M0x)oz = z 

0) = Ax



Tg 

(z(iz))n = 9 
a((2(Ax))m) = (00x) 02) 0g 

a( fn) = oy 

(Cys) pow 9= 

((((z4)x)0f)ox)n + ((((zA)x)0A)ox)n— = 
((Oh0x)((24)x))n + (((z(Ax))°f)or)n— = 
((fox)((2f)x))n + ((OfOx)(z(Ax)))n— 
(((z(Ax))0f)02)n — ((0f0x)(z(fix)))n = 

(0((2A)x))n + (a(z(Az)))n — ((0z0f) 0a) — ((0ff0x)oz)oy = “U( f ‘oy) 

a = Rox 

z(fiz) = 0% 

n = 09 

(a(z(Ax)))n = ((Wiox) 2) 09 

({‘,S) pou o= 

((((020%)Oa)0y)ft)a: + ((((0z0f) 02) 0))A)z— = 
(((0208)0x)0y) (fix) + ((((0f0r)02)09)A)n— = 
(((0z%) Oar) 09) (fxr) + (((OAOx) oz) 02) (Ar) — 
((((Aox) oz )07)A)x — (((0f0x)0z)0}) (Aa) = 

(((020f)0x)09)n + (((of0x)0z)09)n ~ (2A) — z(fiz) = L(0y f) 
((°f 9x) Oz) 09 =2Zz 

n=fr 

(((0n022)0z)0))n. = z(fx:) 

(f'9S) pou 9= 

(((20z 0/1 )02:)07) + (((0z0)0f)02)0)— — 
(((@9z0f)o2:)07) + ((0za)(OfOr))o7— = 
(((a0z0f) 0x)07) + ((a(9f0x)0z)o)— = 
a(((0z0%) 0x) 07) + (a((OfOx)oz))o,— — 

a(((02 0/0207) + a(((OAOx)0z)02) — (a((OfOr)Oz))07 — a(((9f02x)0z)07) = 
a(((20A)0x)07) + a(( (00x) oz)09) = (2A)x — x(x) = L(oy ‘f) 

Aa=Z 

LE 

(af)n = 0 -9¢



ce 

SdSBd ZUIMOTIOJ 9} JopisuogH 

(((of0xyA)x)n + ((((x)0R)om2)n— = 
((((of0a)A)x))n. + ((of0x) (Aar))m — (( (Aix) OR) Ox yn — ((0RO)((izr))n. = 

(((2A)z))n + (2(x) yr — (0208) 02)09 — ((0f er) 02)0y = SHY ‘0y) 

z= Of0r 

fix = 0z 

n= 04 ~ 

(z(fix))n = ((9f02:)0z) 0, 

(Oy ‘,S) pow O= 
((oz0f)ox:)((zA)x) + ((020f)0m)((zf)xx)— = 
((0f012)02)((zft)x) + ((0201)0x)(z(fr)) — = 
(0x) 0z)((zA)x) + ((Oxr) oz) (z(Ax))— 
((020f)0x)(z(Ax)) — ((0A0x)0z)(z(Ax)) = 

a((2A)x) + a(z(Aixr)) — ((9z0f)0x)07 — ((A0x)0z)07 = “Uf ‘oy) 

a = (%M0xr) oz 

z(fix) = % 

a(2(fix)) = ((0fx) 02) 04 
af = oY "SE 

(Cys) pow OF 

((0z0A)0x)(((zA)x)n) + ((920f)0x)(((zA)x)n)— = 
((f0x)0z)(((zA)x)n) + ((0zf) 0x) ((z(Ax))n)— = 
((f0x)0z)(((zA)x)n) + ((9R0x)oz)((z(Ax)))n)— 
((0z0f Ox) ((z(Aa))n) — ((R0x)0z)((z(fix))n) = 

a(((zf)x))n) + a((z(Ax)))n) — ((0z0f) Oa) 07 — ((Of0x)0z)07 = Y/ f oy) 

& = (Mx) oz



(a) If y > yo then xp > x because rpyp > 2 = xy 

(ho, fig = —u(2o(yo(zy))) + u(x(y(zoyo))) 

= —u(2x9(x(yyo))) + u(x(xo(yoy))) 

—u((x((yyo)to))) + u(x(xo(yoy))) 

~u((x(xo(yoy)))) + u(x(xo(yoy))) 
=0 mod (S°, ho) 

(b) If y < yo and x > Xo 

(ho, fag = —u(zo(yo(xy))) + u(2(y(xoyo))) 
= —u(x0(x(yyo))) + u(2(xo(yoy))) 

~u(Xo(2(yyo))) + u(zo((yoy)x)) 
—u(Zo(z(yyo))) + u(2o(2(yyo))) 

=0 mod (S°, ho) 

(c) If y < yo and x < a 

(ho, fxg = —u(Zo(yo(xy))) + u(x(y(xoyo))) 

= —u(x0(z(yyo))) + u(a(zo(yoy))) 
—u(x((yyo)%o)) + u(x(zo(yyo))) 
—u(x(zo(yyo))) + u(x(xo(yyo))) 

=0 mod (S°, ho) 

All cases leads composition cases leads composition to 0 

We have reviewed all the compositions in S°.We have reviewed all the compositions 

. All compositions are trivial. Then S°- Grébner-Shirshov basis. [rr(.S°)-linear 
basis Perm algebras. 
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Chapter 5 

Grobner—Shirshov bases theory for 

Zinbiel algebras 

5.1 Composition-Diamond lemma 

for Zinbiel algebras 

Let Z(X) linear basis of Zinbiel algebras generated by X.By theorem 4.3 Z(X) 

consists of [x1...2n]. Then any element of f € Zin(X) Alwi,...,Wn € Z(X), wi > 

We > ..-Wn, Ar, «An € K\{O}: 

f = )\yu, t+... + AnWn 

Denote by f the leading word w; of f 
An element f is called monic if the céfficient of f isl 

Let S be a monic subset of Zin(X). Denote by /d(S) the ideal of Zin(X) generated 

by S. 

Definition 5.1. For every s € S, we call s an S — polynomial and for every 

S — polynomial h, for every y in 6, both wh and hp are called S — polynomials. 

Definition.5.2 For each s € Sn > 0, 21,...2n € X the [x1,...,2,,5]z polynomial 

called normal S- polynomial (nSp) 
For every f € Zin(X) and w € Z(X), the polynomial f is sa to be trivial modulo 

S with respect to w, denoted by 

h=0 mod (S,w) 

if f can be written as a linear combination of normal S-polynomials such that their 

leading monomials are < w 
Definition 5.3. For all f,g € S, we define compositions of S as follows: 

1. If f = [bi,..., bm, 9] for some bi,...,bm € X then 

(f,9)F = f ~ [b;, be, Um, g] 

is called inclusion composition: 
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2. For each » € B, if fa # 0 Then we call f- py a right mulitiplication 
composition. 

The set S called a Grdbner-Shirshov basis in Zin(X) if every right mulitiplica- 
tion composition fa trivial modulo (S, fa) and every inclusion composition (f, 9)7 7 

trivial modulo (S, f) 

Lemma 1. Let S - Grébner-Shirshov basis. Then Vu € Z(X) and Wh — nSp.The 
expression = jth + hy-S can be written as a linear combination of normal S- 

polynomials whose leading monomials are < max{ph, hy}. 
Proof.h — nSp,h = [ai,a2,,,,a%, 8] for n, function is defined as n,(h) = k 

We perform induction on |u| + n,(h) = 1.Then |u| = 1 & n,(h) = 0 or 
|u| = 0 & n,(p) = 1. It is enough to indicate one of two cases.For |u| = 1,n,(h) = 0 

ph+hp= pst sp 

the first connector is nSp and the second is right nultiplication. There, the con- 

clusion of the Lemma is appropriate for them. For || + ,(h) < k , the lemma 
is executed . We will show that the lemma also holds for || + n,(h) = k. The 
following situations may occur. 

1. |u| =1 > pe X &n,(h) >1>h=ah 

ph+ hp = wh + (ahi) = ph + a(hip) + a(uhy) = ph + a(hip t+ phy) 

the first connector is nSp and the’second by induction , the conclusion of the 

lemma is fulfilled. 

2. jul>l&n(h)=OSh=sESk&p=myo& mex 

ph + hy = (wnpe2)s + sp = pi(pes + suo) + sy 

by induction , the conclusion of the lemma is fulfilled. 

3. [ul > 1 & n(h) > 05> h=ahy & w= pape, Ka, € X 

ph + hye = (uipo)h + (ahy) py = pa (ueh + hye) + a(hip + phy) 

by induction , the conclusion of the lemma is fulfilled. 

Corollary 1. Let S - Grébner-Shirshov basis. Then for Vu € Z(X) and Vh—-nSp, 
ph can be written as a linear combination of normal S-polynomials whose leading 

monomials are < ph. 

Corollary 2. Let S - Grébner-Shirshov basis. Then for Vu € Z(X) and Vh—nSp, 
hp can be written as a linear combination of normal S-polynomials whose leading 

monomials are < hp. 

Corollary 3. Let S - Grébner-Shirshov basis. Then VI- S-polynomial can be 

written as a linear combination of normal S-polynomials such that their leading 
monomials are < | 
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Lemma 2. Let S - Grébner-Shirshov basis. If f.g — nSp & f = 9, then 

f-—g=0 mod (S,f) 

Proof. Let f = [a;,a2,...,@n, 81], g = [b1, ba, ..., bn; 82] . Then f=9 > 

(a1, Ga, ...Qn, 51] = [bi, be, ....Bm, 5a] 

>a, = bi, vy On = bn, 51 = [bn+1; ...Dm, 34] 

f—9 = [a1, 42, ...dn, 81] —[b1, ba, ....bm, 52] = [@1, @2, ---An, (81, S2)] =O mod (S, f) 

Definition 5.4. 

Irr(S):= {2 € Z(X):2 4h VWh—nSp} 

Lemma 3. For every {f € Zin(X) we have 

= > Att + > ajh; 

uiSf hsf 

where \,;,a; € k, uj; € Irr(S),h; — nSp. 

Proof.f = >0; vvifin Z0,fi > fe > fs >... If fi € Irr(S) ,then we take 

g=f—nh, if fi ¢ Irr(S) > 3h — nSp[fi = h] > then we take g = f — nh. 

Both case 9 < f. then we will do the induction by f. 

Theorem 5.1 (Composition-Diamond lemma for Zinbiel algebras). Let S 

monic subset of Zin(X). Then the followings are equivalent: 

1. S- Grébner-Shirshov basis 

2. If f € Id(S) and f #0 then f = @ for some normal S-polynomial h 

3. The set Irr(S) is linear basis of the algebra Zin(X|S) = Zin(X)/Id(S) 

Proof.1) = 2) f € Id(S) Then 

f= 3 ah; 
i=1 

where hy = hg =... =k >My >... . 

If Sx!_, #0, the conclusion is correct. Let 7}, =0- 

f= Yah = Soa + DS aah = Soom - Saul (hy - hi) + 0 oh 

t=Il+1 1=2 i=l+1 

= So + 3 ah 

i=l+1 

h. < h;. Claim 2) follows by induction hypothesis 
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2) => 3) Let in algebras Zin(X|S) Dv aw; =0. Then > aw; € Id(S) > Vila; = 

0]. Because, if Jila; 4 0] then 5*a,w; = w; . This is contrary to 2) . 

By Lemma 3 /rr(S) linear shell ‘Zin(X |S) algebras. Therefore, Jrr(S) linear basis 
Zin( X |S) algebras. . 
3) > 1) Let f € S .By Lemma 3 and 3) f = )5a;,h;. All composiotions trivial 

then we obtain 1). 
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Chapter 6 

Conclusions and future work 

6.1 Conclusions 

The paper finds a linear basis for the Zinbiel algebra, Leibniz algebra, Associative 

algebra, and Perm algebra using the Groébner-Shirshov theory for magmatic alge- 

bras. The following theorem for Zinbiel algebras is obtained Let S monic subset 

of Zin(X). Then the followings are equivalent: 

1. S- Grdbner-Shirshov basis 

2. If f € Id(S) and f #0 then f =)/ for some normal S-polynomial h 

3. The set /rr(S) is linear basis of the algebra Zin(X|S) = Zin(X)/Id(S) 

This theorem is Composition-Diamond lemma for Zinbiel algebras. It is theory of 

basis of Grébner-Shirshov for Zinbiel algebras. 

\ 

6.2 Future work 

In [13], the Zinbiel superalgebras were defined. It is necessary to construct a theory 

of the Grébner Shirshov basis for Zinbiel superalgebra 
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