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PREFACE

There are two basic ways to formulate mathematical statements
(problems, hypotheses, theorems ...): Russian and French.
Russian way is to select the most simple and concrete case

(so that no one could simplify the formulation, while maintaining the essence of the
case).

French way is to generalize the statement so that no one could generalize it further.
V. Amold

The textbook is written as an introductory course in Discrete Mathematics
for Computer Science and Engineering. It will be divided into 3 volumes:

1. Fundamental Concepts of Mathematics: Mathematical Logic, Set Theory,
Relations and Functions, Induction and Combinatorics, Number Systems

2. Elements of Discrete Structures: Modular Arithmetic, Graphs, State Ma-

chines

3. Elements of Discrete Probability Theory

Why do we need another book on the basics of mathematics and for whom it
is intended? — asks the reader opening this book. For 30 years the author has
taught basic courses of algebra, analysis, and general mathematics for students of
mathematical, technical, financial and economic departments of various universi-
ties of the former Soviet Union. Later, working as a professor of mathematics at
the universities of the French speaking countries, I found that the teaching of
mathematics in those countries methodologically was seriously different from the
approach concretized (Soviet, American, British), namely, was much influenced by
the world-famous school of Bourbaki, i.e. was based on the abstract axiomatic ap-
proach, while concretized approach is based on visuality and proceeds from inter-
ests of applications. Both approaches have their positive and negative sides. Posi-
tive aspects of the axiomatic approach are a unified presentation style, the most
general wording of definitions and theorems, and as a consequence, students’ un-
derstanding of mathematics as a whole object. Negative aspects are the comple'xity
of the perception of abstract definitions by students, the lack of easy applicatxo.ns
and practical computations. Positive aspects of the concretized approach are easier
assimilation by students of the learning material because of its visuality, oﬁe.n in
conditions of real variables, because of the use of graphs, charts and drawmgs.
Negative aspects are, above.all, a narrow perception of mathematics as a set of fhs-
connected with each other computational methods and, as a consequence, the ina-
bility of students who know how to solve a certain range of tasks to transfer this
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skill to solve mathematically similar problems in other words and with other ob-
jects. _

The question arises: Is it possible to combine these two approaches by re-
taining only their best parts? As shown by a long-term experiment: Yes, it is possi-
ble! And the main idea in this way is to illustrate each abstractly formulated con-
cept by maximal large number of elementary examples of different nature familiar

since high school. Of course, this requires a certain amount of time, but it is far

outweighed by the later.

Anyone who undertakes to write a textbook of mathematics, is faced with
the dilemma between completeness and rapidly growing volume, between rigor
and understandability, and therefore must constantly seek a compromise between
these contradictions. Since this textbook is designed for students — non mathemati-
cians, author avoided too abstract concepts. Also were skipped the objects and the-
orems serving exclusively to justify the foundations of mathematics and not used
in applications.

The textbook can also be used as an introduction to the university courses of
algebra and calculus.

In conclusion, I would like to thank the Fulbright Scholarship Program of
the United States Department of State, without the aid of which the writing and
publishing of this book would have been impossible. ’

Chapter 1
MATHEMATICAL LOGIC

1.1. Basic notions of Mathematical Logic

1.1.1. Propositions.

Proposition is a primary and indefinable notion.

We call proposition any statement that is either frue or false.
The notions true and false are also primary and are not defined.
They are called “logical constants”.

Example 1. .
Proposition “Washington is the capital of the USA” is true.
Proposition “New York is the capital of the USA” is false.

We denote propositions by italic letters p, q, 7 etc., and we denote the words

true and false by the letters t and f respectively. Truth or falsity of a proposition
is called its truth value and we write briefly

p =torp = f.

Example 2. )
Letp = (6 is divisible by 3), g = (2 +2=4) and 7= (5 is an even

humber).

Thenp =t,q=tandq=f.

Notice. Using of the equality sign “=",

In this textbook we use the equality sign A = B

for different purposes like follows:

1. to express the identity of two objects A and B: for exam
2. to assign to the object A his value B: for examplep =
3. to define a new object A by a known object B:

for example g = (2 + 2 = 4), (see ex.2)

plel=1
t (see ex.2)

Note 1.

Not each statement is a proposition. For example, the statement “Mathemat-

. . " (7] ?
ics is more interesting than Physics” is not proposition. Why

9
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Note 2.There are propositions, which truth value is not easy to establish
immediately. For example, the statement “there are still undiscovered elementary
particles” is the proposition.

Note 3. There are statements which are not propositions, but can become it
with additional information. For example, the statement “There was a rain” is not

proposition, but with the precision “Yesterday there was a rain” it becomes propo-

sition.

Exercises 1.1
Determine which of the following statements are propositions and find their truth values:
a)2x3 =6; b)5< 3; c) "New York is the biggest city of USA",

d) New York is the best cify of USA; e) "Do you like New York?".

1.2. Operations on Propositions.

We can create compound propositions from two elementary ones by us-
ing propositional connectives "and”, "or", "if...then", "if and only if".

Using the particle "not" we can create a new proposition from old one by
negation. :

1.2.1. Definition. Negation. A
We call negation of the proposition p a new proposition denoted by 7
(or 7p),read “not p” and defined by its truth table:

p p
t f
f t

In other words
Pis falseif pistrue, andis trueifpis false.

Examples:
Ifp = (6 is a prime number) = f,

then p = (6 is not a prime number) = (6 is a composite number) =t

Ifq = (4 is an odd number) = f,

10

then § = (4 is not an odd number) = (4 is an even number) = t.

fr=7=7=t,

thenF=(7#7)=f.

Ifs=(3islessthan5)=(3<5) =t

then § = (3 is not less than5) = (3=5) = f. .

More generally, there exist special notations for the negations of comparison
relations:

(a=Db)=(a=b); (a#b)=(a=h),
(@>b)=(a<b); (a<h)=(a>bh),
(a=2b)=(a<b); (a<b)=(azbh).

Notation. Expression “Number n is divisible by number m” is denotec! 3
briefly m|n and we read m divide n. For example, 3|6. Negation “n is not divisi-
ble by m” is denoted by m + n and we read m doesn't divide n. For example,
317.

So,m|n =m t n.

1.2.2. Definition. Conjunction. N
We call conjunction of two propositions p and g a new proposition deno

edby p Aq (or p&q ), read “p and q” and defined by its truth table:

P q pAq
t t ¢
t f f
f t f
7 f !

In other words ) .
P A qis true if p and q are both true, and is false otherwise.

Or once more

P Aqis false if at least one of the propositions p, g is false.

4 1



Example 1.
(1<3<5)=(1<3)A@B<E)=tAt=t,
(A1<3)A@B>5)=tAf=Ff,

(1>3)A@B<5)=fAt=Ff,
A>3)AB>5)=fAf=Ff,

Example 2. _
Forecast “there will be fair weather and warm tomorrow”

is conjunction of two propositions:

“there will be fair weather tomorrow” and “there will be warm tomorrow”

It’s clear that forecast as proposition will be true if and only if both of last
propositions will be true..

Example 3.

Proposition "(snow is black) and (Earth is bigger than Moon)" is
false

because f ALt = f

Note. Conjunction "and" corresponds to the union “and” in English. -

1.2.3. Definition. Disjunction. -
We call disjunction of two propositions p and q a new proposition denoted
bypvaq,read"por q" and defined by its truth table:

Kot e T
Y Gl e Ll S
Sher o e

In other words g

PV qis false if p and q are both false, and is true otherwise.

Or once more

PV qis true if at least one of the propositions p.qis true (or both).

Example 1.
(355)=(3<5)V(3=5)=tvf=t,
(5”'55)=(5<5)v(5=5)=th=t,

12

Example 2.
(number 2 is even) v (number 2 is prime) =t vt = t,
(number 2 is even) v (number 2 is composite) =tV f =t,
(number 2 is odd) v (number 2 is prime) = fVt = t,
(number 2 is odd) v (number 2 is composite) = fVf = f,

Example 3. N
Proposition "(snow is black) or (Earth is bigger than Moon)" is true

because f vVt =t.

Note. Disjunction "or" in the definition above corresponds to the union?
“or” in English and can mean also “both”, that is can be true when the proposi-
tions p and g are both true according to the last line of the truth table. For exam-
ple, the proposition .
"I will go to the cinema with my friend A or my friend B" will be also true

if we will go to the cinema all three. o |
The next definition gives us another example of the union “or”, namely

“either ...or".

1.2.4. Definition. Exclusive “or”. - ;
We call exclusive or of two propositions p and q a new proposition denote

by p v q, read “either p or q" and defined by its truth table:

14 q rvq
t t f-
t f t
f t t
f f f

In other words . .
PV q is true when exactly one of p and q is true (not both).

Example 1.

a) The Expression
in reality means the proposition '
"Twill go either to the cinema or to the theatre tonlg e
because it is jmpossible to go to the cinema and to the theatre at the

b) ExBression x = +1 means (x = -1V (x = +1)

13

"] will go to the cinema or to the theatre tonight
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Example 2.
(number 2 is even) v (number 2 is prime) = t vVt = f,
(number 2 is even) v (number 2 is composite) =tV f = t,
(number 2 is odd) v (number 2 is prime) = fVt = t,
(number 2 is odd) v (number 2 is composite) = fV f = f,

Example 3.

Proposition ‘
"snow is either white or Eath is bigger than Moon" is false

because tvt = f.

1.2.5. Definition. Conditional.

We call conditional of two propositions p and q (taken in definite order) a
new proposition denoted by p — g, read “if p then q"

(or "p implies q") and defined by its truth table:

p q p—q
t t t
t f f
£ t t
f f t

In other words

P = qis false in only case when p is true and q is false", and is true

otherwise,

Example 1,

(>3- @4is even)) =(t->t) =t,

((6>3)> (4isodd)) =(t-f) =,

(5<3)> @is even)) =(f > t) =t,

((5<3)- (4isodd)) =(f-»f)=t.

As we see from this example (lines 3 and 4) or from truth table, just intro-
duced mathematical “implies” differs from “implies” used in the ordinary speech-

The next example likely can help understand this so “strange” definition.

Example 2. ’

As we know Boston is the capital of the Massachusetts state.

So, it is natural to recognize that the conditional

"If Mary is from Boston then Mary is from Massachusetts"
14

is always true, i.e.

if Mary is really from Boston then (t = t) = t,

if Mary is from Lowell (city in Massachusetts) then (f = t) = ¢,

if Mary is from Washington then (f = f) = ¢.

Example 3. y

Proposition "(snow is black) implies (Earth is smaller than Moon)" is
true

because (f = f) = t.

Note.

As follows from the 3™ and 4" lines of the truth table . .

(f > t) =tand (f = f) =t, so we can make an “interesting” declaration:
“falsehood implies anything you want”.

As follows from the 1* and 3 lines of the truth table .

(t > t) =tand (f » t) = t, sowe can make another “interesting declara-

tion: “truth follows from anything you want”.

1.2.6. Definition. Biconditional. W
We call biconditional of two propositions p and g a new proposition ce

noted by p < g, read "p if and only if q" (or 'p is equivalent to q") and
defined by its truth table:

P 1 A
t £ -
: I f
f L :
f A s
In other words dis fazg}g oth-

p & q is true if the truth values of p and q are the same, an
Crwise,

Example 1. 4 _
[2 + 3 = 5) e (7 is prime number)] = (¢t © t)=t, )

[(2 + 3 = 5) © (7is composite number)] = teN=F
[(2 + 3 = 4) o (7is prime number)] = (f © =1 _,
[(2 + 3 = 4) & (7is composite number)] = fef)=t

b
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Note. In ordinary daily speech we use often “if”

but mean in reality “if and only if”.

Example 2.

Proposition "I will go to the cinema if you go with me" means in reality
proposition-biconditional ) ‘
"I will go to the cinema if and only if you go with me"

Example 3.

Proposition
"(snow is black) is equivqlent to (Earth is smaller than Moon)" is true
because (f & f) = ¢.

Important notice. Reminder.

In contrast to the ordinary speech when we combine compound propositions
with propositional connectives

"and(A), or (V), either ...or (V), if ...then(=), ifand only if ()"

we do not pay attention to the verbal meaning of the propositions p and q wich
may be even unrelated as we saw in all three examples above. All we need to €5
tablish truth or falsity of a compound proposition is to know the truth values of its
components p and g.

Note. Arity of operations.

The number of arguments (or operands) involved in operation is called arity

of this operation. For example, negation is a unary operation; conjunction, dis-
Junction, exclusive disjunction, conditional, biconditional are binary operations.
Constants t and f can be considered sometimes as nullary operations.

Note. Other notations. There exist other notations of logical constants and
logical operations used by different authors. For example, instead of t and f
they use “1” and “0”. Instead of A and V they use - and “+”.

Exercises 1.2, ’

1. Formulate the negations of the following propositions and find their truth values:
a) "January is summer month"; b) "8 is not divisible by 4", ¢0)2<3;

d) 2 < 3; ¢) "all prime numbers are odd".

2. Prove or disprove the following propositions by forming their negations:

a) 2 < 2; example of answer: 2 < 2 = 2 > 2 is false, that is 2 < 2 is true;
b)2<3;¢c)223.

3. Generalize conjunction on arbitrary number of propositions:
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(P1 AP2 A . ADR) = (. (P2 AP2) AP3) = APn)- y
Prove that p, A p; A ... A Py is true if and only if all propositions py, Pz, ... Pn 8¢ true.

4. Generalize disjunction on arbitrary number of propositions:

(P1VP2V .V Dp) = (- (@1 VP2) VP3) -V P)- N

Prove that p, V p, V ...V py, is true if at least one of the propositions py, P2, -

5. Find the truth values of:

a)2<3; b)223;¢)2-2 S4;d)2~224;e)(2-326)/\(2-3S7);

f) (2 2 = 4) V (elephants live in America).

6. Find the truth values of p, q,7, s if:

DPAR-2=4)"=tb)"gA(-2=9"=f:

O"rv(2-2=5"=td"sv@-2=5"=f

7. Find on the coordinate plane x0y the sets of points (x. y) such that:

A >0A(Y>0); b (x>0)A=<0) AQx=0A=0)

HE>0)VE>0;e(x>0V(H<0); Hx=0)VE=0).

8. Find on the R the sets of the points x such that:'

a) {i .i_ 8; b) {i Z (1) : remainder: {Zish’ue if and only it.‘ 1.7./\qls true:

6. Find the truth values of: ("mjn" is by definition "nis divisible by m”)

2) 6]12 > 3(12; b) 6|7 - 3|7:¢) 69 » 319 d) 319 = 6/9.

9. Find the truth values of p, q.7. s ift

a)"4iseven »p"=t; b)"q - 4isodd" =t

c)"4iseven 1" =f; d)“s—»4isodd"=f.

10. Find the truth values of:

a) 6]12 & 3}12;b) 67 © 3]7;¢) 6|9 « 3[9; d) 3|9 — 619.

11. Find the truth values of p,q,7.s if:

Ape <2 =tb'ge(1>2)=t

)'re@d<2)'=fdse a>2y =f.' '

12. Is there a day of the week when the proposition . ,

a) “If Today is Monday, then tomorrow will be Friday 1,5: !x'ue. ,

b) “If Today is Monday, then tomorrow will be Tuesday” is false?
Answers: a) any day, but not Monday; b) no.

., Dp is true.

1.3. Logical Laws.

propositions of varying complexity from

compound
Note. We can create P r etc. by means of introduced above

elementary propositions (operands) P, @
logical operations, logical constants ¢, f and brackets:
for example (p A q)—=((rV p)ea) .
There is no order of precedence of logical operations,
must be properly bracketed like in example above.
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so all propositions
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Further below saying “proposition” we mean elementary proposition or
compound proposition or even logical constants t and f.

1.3.1. Definition. Tautology.

A proposition that is true no matter what are the truth values of its operands

is called a tautology.
Example. p vV p is tautology.

Proof
[4 p pvp
t f tvf=t
f t fvt=t

The last column consists only true, hence the proposition p V P is a tautolo-
gy. : ‘
Definition. Contradiction.

A proposition that is false no matter what are the truth values of its operands
is called a contradiction.

Example. p A B is contradiction.

Proof
p P PAP
t f tAf=f
f t fAt=f

The last column consists only false, hence the proposition p A p is contra-
diction.

Definition. Contingency.
A proposition that is neither a tautology nor a contradiction is a contingency”

1.3.2. Definition. ‘Logical Implication.
We say that proposition p logically implies proposition q
if the implication p — q is a tautology and we denote it by p = q.

Note. In fact, p = qif q is true whenever p is true.

Really, according to the truth table (1.2.5.) conditional p - q can be false i*
only case when p is true and q is false, so to prove p = q it is sufficient to check !
there is no such set of values of the operands occurring in p and q so that p is t7#¢
and q is false. )

Example. Prove that P-9Arp=>q
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1. Proof by truth table

q p—>q (» = q)AD (p-Ap)=q
t t t t t
t f f f £

t t f t

f t f 2

The last column consists only true, hence (p = Q) Ap = q.
2. Proof by reasoning. .
Really, as we know the implication ((p = q) Ap) — q can be false in only
Case when (p — q) A p is true and q is false. But it’s impossnble: bec?use (-
9) Ap is true if and only if p and p — q are both true, and this implies g = ¢ be-
Cause if not then t — f = f. So, once again that (p » Q) Ap = ¢.

Note. If p doesn’t logically imply g (i.e. p - q is not a tautology) we denote

this relation byp # q.

Exercise. Prove thatp v q # p.

1.3.3. Definition. Logical Equivalence. - N
Two propositions p and q are called logically eqqulent if _thet)r equiv
alence p q is a tautology and we denote it by p <> g (sometimes p = q)-

In other words, p ¢ q if p and q have the same truth values no matter what
truth values their component operands have.

Example. Prove thatp © g < (p = @) A(q = P)-

1. Proof by truth table. 5
Tz Zfl; oA -op ]| Ped (qu)‘-’((Pt”Q)"(q )
t t t
t f f i
f f [ :
¢ £ (p—-)q)A(q"p)'

The last column consists only true, hencep © 4 <

2. Proof by reasoning.
Suppose that p « q is true, i.e. p
Then p—qand g — pare both true,

s

19

th values.
and g have the same tru .
hence (p > ) A (@~ p) is true too.




Suppose now that (p —» q) A (g = p) is true. Thenp > g and g = p are
both true that is p and q cannot have different truth values, otherwise one of
p — q or g = p must be false. So, p « g is true and we proved once again

thatp - g (p->q)A (g - p).

In other words we can say thatp < qisthesameasp = qandq = p.

So p & qif and only if p = q and q = p, what will be used often in theo-
rem’s proof.

Note. If p is not logically equivalent to g (i.e. p « g is not a tautology) we
denote this relation by p ¢ g.

Exercise. Prove thatp —» q & q - p.

Note. Attention! Logical Implication p = q and Logical Equivalence p < ¢
are not operations on propositions. They represent respectively the fact that the
propositions p — q and p « q are always true. Logical Implication and Logical
Equivalence are the Relations between the propositions, like equality between the
numbers, parallelism between the straight lines etc. (they are propositions of fact;
they do not have a truth table).

1.3.4. Classical Logical Laws.

Definition. Logical implications and logical equivalences of compound
propositions are often called Logical Laws.
* Here are below the list of the most used logical laws:

L. Law of Negation of the Negation (or Double Negation Law).

p=p
Proof:
D P
t f:(t =f=t
f f:ﬁ:f:f

The Law says that the double negation of any proposition is logically equiv-
alent to the proposition itself,

I1. Law of Contradiction.
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Proof: see example of contradiction above. . )
The Law of Cohtradiction says that any proposition and its negatlon cannot
be true simuitaneously.

Note. However, there exists a Biblical legend about the King Solomon who
had a ring on opposite sides of which were carved two great wisdoms.:

“All passes” and “Nothing passes”. If, in real life we philosophically ac.cept
both of these mutually exclusive propositions as true, we cannot do the.z same in
mathematical logic. This example illustrates that the mathematical logic as a mm.iel
of the real complicated word of human reasoning is not perfect, as all models built
by man to explain the ambient world.

II1. Law of Excluded Middle.

Proof: see example of tautology above. Sl
The Law says that any proposition is either true or false, no middle.

Note. As you know there are political and financial foreca-stexzs who al.ause .
this law, “unmistakably” doing any prediction simultaneously with its n.ega(tilon an
Connecting them by disjunction “or” like an old fortune-teller who predicted a

Pregnant woman, “give birth to a boy or a girl”

Note. In the most of books on mathematical logic the law of excluded mid-
dle is given in the equivalent form pvp & t.

IV. Commutative Laws

of conjunction[pAq & qAD
of disjunction [pvge qVp

V. Associative Laws
of conjunction|(pAQ) AT S PA(G AT
of disjunction [(pvq@)Vr < pV(qV )

e



VL. Distributive Laws

[PA@VD © A VAN
[Pv@rn e Gvaaevn)

VIL Idempotent Laws

[PAP =Dl PVvp S

VIII. Bound Laws

[PAt =], [pAfof]
Bvtsd [pvres)

IX. Absorption Laws

|£v(p/\q)¢:ﬂ
]p_/\(qu)@—p|

X. De Morgan’s Laws
PAGoPVY

PVaoDPATg

XI. Contrapositive Laws

P~a=7-7

XIL. Inference Laws:

a. Modus Ponens l@ 2 q)Ap ﬂl,
b. Modus Tollens ,(l—’ Y] =>ﬂ
€. Law of Syllogism I(_p—> DA(@->1r)= p "-7']
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(7] q frozf—»q qo7 | @o@QA@@-1) | poT | (PoQA@G-T)> (@)
e le el ¢ t t ¢ ;

Lt t f Ji f ;

LLfle] ot f : ;

LAV VAN Y f L ;
flele] ¢ t t £ ,

flt t f f ¢ ;
L1fle] ¢ t t : ;
vavAVANN; t t t

7
The last column consist only true, hence (p = q)A(g > 1) = (p—> 1)

Note. You see that the truth table of propositions x:vith 1 operand has
2! = 2 row (see ex-s for tautology 4and con_tradict.lon z.abov.e), ' .
Wwith 2 operands has 22 = 4 rows (see ex-s for logical implication anXI (i))
cal equivalence above), with 3 operands has 23 = 8 ro.ws (see ex. for Lf:ll:vhave zn.
More generally the truth table for proposition with n operaflds w!
TOWs that you can be able to prove later during the study of combinatorics.

Note. Equivalent Transformations. If in a compound p.r0p05ition we re;.)tl-ac:
an operand by another logically equivalent one, we will receive a new;a;;:'ogom iol
logically equivalent to the initial proposition. Such replac.ements 'flre e] e
Equivalent Transformations. They allow us to simplify the dlffefe"t Otga L
eXpressions. In such simplifying we replace a tautology by the logical cons
and a contradiction by the logical constant f.

Example. (ﬁv @A r))/\ @vpA@@vn & (;’_V%v (?Ar)) AtA

(qu)@(ﬁv(ﬁ/\r))/\(q\/r)@(@AG)V@”))A@W)@?A

(qu)/\(qu) S DpA(QVT).

. ; i ical
Explain each transformation in this chain of transformations by using log
laws. :

Exercises 1 3
3. . ) hort wa
) 1. Prove Logical Laws I - XII by creating appropriate truth tables or by another s y
' possibje,
2. Find the solution of the following well-known fun task: Lois and Tom.
© police detained four gangsters suspected in car thefl: Henry, Ge‘,)f%e’ Lois”
During the interrogation they gave the following t&stlm'on.les: .chl'y. . t m&: . was' me”
is: “Tom made it”. George: “It’s not me”. Tom: “Lois is lying, saying that i .
# 23



Further investigation showed that only one of them told the truth. Who stole the car?
Solution. If we denote the propositions L = "Lois stole the car”,
T = "Tom stole the car",

G = "George stole the car" then according to 4 testimonies above during interrogation
the result is disjunction L v T v G v T and according to the investigation is true because at least
one of them is true (Bound Laws VIII). According to the Law of Excluded Third one of the
propositions Tor 7 is true and the all others are false because according to the investigation only
one testimony is true. Suppose first T is true. Then L, G, T are false. But if G and T are false then
G and Tare true, i.e., there are two true testimony that contradict to the investigation. If T is true
then L, G, T are false or only G is true. So, answer is “George stole the car”.

3. Defendants A, B and C gave the following testimonies.

A: “B is guilty and C is not guilty”,

B: “A is not guilty or C is guilty™,

C: “Iam not re true guilty but at least one of A and B is guilty”

Assuming that all four testimonies are true at the same time, find which one of them is
guilty.

Answer: B is guilty. :

Hint: Prove first that BACAAANCIAICAAVB)] & ANBAC.

4.Using the definition of the Logical Implication, Logical Equivalence and Syllogism
Law prove that .

2) (P1= P2 = = pp) = (p, = py),

b) (R P2 pn) = (pl < D),

Olp,=p, = =p,=p thenp, @p, o ep,

S.Prove that &g @pvg.

1.4. Definitions and Theorems

1.4.1. Theorems ef Logical Implication. Converse, Inverse and Contra-
positive Propositions.

Any theorem is given as a proposition. To prove a theorem it is to prove that
this proposition is a tautology.

Definition.

Theorems of the form p = q are called

Theorems of the Logical Implication.

p is called hypothesis and q is called conclusion.

Most often, theorems are given in the form of a Logical Implication.
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To prove such theorems is to prove that the conditional proposition p — q is
atautology, in other words that it is a logical implication p = q.

Example. The theorem
"Mary is from Boston" = "Mary is from Massachusetts" .
was proved in fact in 1.2.5 (example 2). According to the nctte.2 (1.3.2)in
order to prove this theorem it is sufficient to assume that hypothesis is true. Then
Conclusion is obviously true because Boston is a city in the State of Massachusetts.

Definition.

For each conditional proposition p — q o

we can construct three propositions: § —» P, g = p, P — q called respec
tively et

contrapositive, converse, and inverse proposition of the direc
Proposition p - q.

Let’s build the tables of truth for these four propositions:

di- contra- co in
rect positive nverse verse
q p—4g q-p g-p | p—4q
e t t t i
—Lt | f f f t
t t t f f
—f | t t t t

N ; then
Let consider a direct conditional proposition “If Mary is fr m?] B(t);tm:em
Mary js from Massachusetts“, This proposition is always true, i.e. Is a theorém.
1. Contrapositive proposition. ) husetts the;n
The contrapositive proposition “If Mary is not from Massac
ary is not from Boston” is true, i.e. is a theorem.
As we see generally from the 3" and 4 columns of the truth table above
Poqgog-p.
. i rem.
Conclusion: Contrapositive proposition of a theore.m tsa tl'lle(; uiva-
This theorem is called contrapositive theorem and it is logically =4

lent to the direct theorem.

2. Converse proposition.
25
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But the converse proposition “If Mary is from Massachusetts then Mary is
from Boston” is false, i.e. is not a theorem. :
(Example when converse proposition is also a theorem will be given soon
below).
As we see generally from the 3" and 5 columns of truth table above
P2qéHq-p.
Conclusion:
Not each converse proposition of atheorem is a theorem.

3. Inverse proposition.

The inverse proposition “If Mary is not from Boston then Mary is not from
Massachusetts” is false, i..’is not a theorem.

As we see generally from the 3" and 6™ columns of the truth table above
Poqap-q.
Conclusion: Not each inverse proposition of a theorem is a theorem.

Note. As we see generally from the 5% and 6 columns of the truth table
above

9o pP=p-q,thatis .
converse and inverse propositions are logically equivalent

1.4.2. Proof of the theorems: by Contrapositive, by Contradiction, by
Syllogism.

Proof by Contrapositive.

The last conclusion about contrapositive proposition allows us instead of

proving the direct theorem to prove its contrapositive which may be sometimes
easier.

Example. Instead of proving the direct theorem
"If m? is odd then m is odd"

we will prove its contrapositive " f mis even then m? is even”.
Really, if m is even then m = 2n,n € N,hence m? = 4n% = 2 - (2n?) =
2p,

i.e. m? is even, Contrapositive theorem is proved, consequently direct theo-
rem is proved too. '

Note. As we see also from the 4 and 5™ columns of the truth table above

9-P <P -7, ie. the converse and inverse propositions are logically
€quivalent,
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Proof by Contrapositive is the special case of more general

Proof by Contradiction (Reductio ad Absurdum). o
In a proof by Contradiction we prove a proposition 7 (which |s. not nec—essary
an implication) by assuming its negation ¥ and deriving a contradiction 7 AT.
Example. Prove that V2 is not rational number, i.e., there are no natural
numbers m and n such that V2 = m/n. - .
Proof. Assume negation of the theorem: there are two naturals m,n
such that

V2= m/n and m/n is an uncancelled fraction. i.e. is written in least terms.
Then

(\/f = %) = (2 = ':—:-) & (2n? = m?) = (m? is even) & N
(m s even) & (m = 2m’,m' € N). Then (2n? = 4m'?) & (n? -—;n 2m2m)', ie.
(7% is even) < (n is even) & (n = 2n',n’ € N). Consequently — ===
Contradicting the hypothesis that m/n was uncancelled fraction. So. V2 is not ra-
tional number.

Proof by Syllogism: (p > @) A (@ 1) =>p—>T

Example. Let . <
P = “Mary is from Boston”, ¢ =“Mary is from Massachusetts™,
= “Mary is from USA™.

Then Syllogism (p — g) A (g = r) = p — r for this example will be
“If Mary is from Boston then Mary is from Massachusetts.

If Mary is from Massachusetts then Mary is ﬁ‘Ol:n USA. i
Conclusion: If Mary is from Boston then Mary is from USA

1.4.3, Necessary and sufficient conditions. . |s called

Definition. In any theorem of the formp = q the. Pwpos.ltlon pd
Sufficient condition for the proposition g and the proposition q ls.calle ]
nECessary condition for the proposition p. So, the theorem p = q instead 0
:if P then ¢ can be also read as "p is suf ficient for q", or

118 necessary for p".

Example 1. Let’s consider the same example from above. The the?rce; .
. If M ary is from Boston then Mary is from Massachusetts
also read a5

P 27
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’
“(Mary is from Boston) is sufficient for (Mary is from Massachusetts)

or

’
“(Mary is from Massachusetts) is necessary for (Mary is from Boston)

You must clearly distinguish the difference between necessity and
sufficiency.

Sufficiency of "Mary is from Boston" guarantees
"Mary is from Massachusetts".

Necessity of "Mary is from Massachusetts" doesn’t guarantee that
"Mary is from Boston" (for example Mary can be from Lowell). It means only
"if Mary is not from Massachusetts then Mary is not from Boston". Real-
Iyasweknowp-»q@ﬁ—;f),but pPogeqgop.

1.4.4, Theorems of Logical Equivalency.
Definition.

Theorems of the form P < q are called
Theorems of the Logical Equivalency.

Theorems p < q are read “p if and only if q" and are written sometimes

shortly "p if f q".

To prove such theorems is to prove that the biconditional proposition p © ¢
is a tautology.

As we know yet p & qifandonlyifp = q and g = p.

" Therefore we can replace the proof of the theorem P & q by the proofs of

two theorems p = g and q = p. It’s clear that in this case
P is necessary and suf ficient condition forg

and q is necessary and sufficient condition for P

and the theorem p ¢ q instead of "pif and only if q" can be read also
"pis necessary and suf ficient forq".

Example. The proposition “Two Squares are congruent if and only if their

areas are equal” is a theorem. To prove this theorem is equivalent to prove two
theorems

“If two squares are congruent then their areas are equal” and -
“If the areas of two Squares are equal then they are congruent™.

1.4.5. Definitions.
Consider the definition of the square:
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“A rectangle is called a square if all its sides are equal”. Th.is deﬁmtloln
means in addition that there is no any square with unequal sides, i.e. a complete
definition of the square should be an equivalency as fo'l]owt/s: "

“A rectangle is called a square if and only if all its sides ar<-3 equa : oo

In fact, all definitions contain hidden convention about logical equivalency;

, def def
and instead of “if and only if” we use its symbol & (or /).
def . "

For example: “A rectangle is a square < all its sides are equal

b i initi d we write brief-

But most of all we miss the mark “def" in the definitions an
ly o
(or =) without ambiguity. N heo
With the definition given above for the square it is easy to prove the
rem; : )

. i ther

"A rectangle is a square < its diagonals are perpendicular to each o

(**)

el i J ively, and
We can interchange the signs <> and & in (*) and (**) respectively

then * esa
(**) becomes a definition which should be given before and (*) becom
theorem which should be proved after.

. ens.
1.4.6. Valid and Invalid Arguments. True Conclusion. Modus Pon
Modys Tollens.

We consider here below only the most used methods of proof:

direct, by conrapositive,and by contradiction . :

" s A A
Definition. An argument is a conditional proposition (Py /\Siltvizon Tiea
Pn) > q, where propositions py, pz, ..., Pn are hypotl‘!e.SeS arfd pzzzzrem (tautolo-
COHCIusion, An argument is called valid if this conditional is a

gy), . ,
ie.if (Py Aps A ...AD,) = q, otherwise it is called invalid.

. ' le of truth
To show an argument is invalid, it is enough to give one examp

. =t, dg=171.
values for the propositions such that py Ap; A ..Ap, = t,and q !

; xample is
This is called a counterexample to the argument. The simplest examp
p ‘)q‘

i

v
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Here below we consider the most used valid arguments.

Note. From now and further instead of write proposition p is true or
P is false we say and we write briefly p or p.

Modus Ponens: (p - DAp=>q.

Most of the simple theorems are given in the form of

Modus Ponens: (p — DAp=>gq.

Using the truth table we proved this tautology in the example of 1.3.2.

But it’s easy to prove it directly by definition of conjunction and conditional.

In fact, (p > q) Apis true if and only if p — q and p are both true. But ifp
is true in the true conditional p — q then q must be true.

QED (quod erat demonstrandum ~ which was to be shown).

Example. Consider once again an example from above:

P =“Mary is from Boston”, q ="Mary is from Massachusetts”.

Then Modus Ponens ® = q)Ap = q for this example will be

“If Mary is from Boston then Mary is from Massachusetts. Mary is from
Boston.

Conclusion: Mary is from Massachusetts”

Note. However, even if an a
conclusion to be true,

Example. Argument

"If 5 is divisible by 3, then 10 Is divisible by 3. 5 is divisible by 3.
50,10 is divisible by 3",
This argument is valid because it has the same type(@ > q)Ap=q.

But its conclusion "10 s divisible by 3" is false, since its hypothesis
"5 is divisible by 3" is false,

rgument is valid it is not sufficient to expect its

So to get a true conclusion g is to check that:
1. argument P1ApP2A ..A Pr) - qis valid,
2. all hypotheses P1,P2, .., Py of the argument are true.

Modus Tollens: P-rg> p.
If we replace in the Mody
and q by p we obviously obtain
bering Contrapositive Law P
we obtain definitive form of t

s Ponens: (p » q)Ap = ¢ everywhere p by §
anew tautology (¢ » p)Ag = P. Now remem-
2 qeq-pand doing equivalent replacement
he proof by Modus Tollens: -9 Arg=>7.
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So, if p — q is true, and we assume negation g (i.e. q is false) we obtain ne-
gation P (i.e. p is false). QED. .

Example. Consider the same example from above: i

p =“Mary is from Boston”, g =“Mary is from I\;iass:c;l:’usetts .

g=>7 i will be

Modus Tollens (p = q) A§ = P for this example . com

“If Mary is from Boston then Mary is from Massachusetts. Mary is not fro
Massachusetts. Conclusion: Mary is not from Boston”.

. =37,
Moedus Syllogism p A (p = @) A (@ - T) lusion 7.
If proving a theorem by syllogism we want to guarantee a true conclu
We must modify the argument: p A (p > @) A(q > 1) =T Associative Law of
Exercise. Prove it not by creating truth table but using As

conjunction and Modus Ponens! . e
Appropriate example in this case will be as follows: “Mary is fro

If Mary is from Boston then Mary is from ‘Massachuss:tts.
If Mary is from Massachusetts then Mary is from USA.
Conclusion: Mary is from USA™.

Exercises 1.4, . ing theorems
1. Fin(; the converse, inverse and contrapositive propositions of the following
and verify which of them a theorem is too: dicular”,
2) “If a quadrangle is a rhombus, then its diagf’"als are mutua:lll);'l]?e"::r'; endicular”,
b) “If a parallelogram is a thombus, then its dlagona{s are sy y
©) “If each summand of a sum is even, then the sum is event,nuse is equal to the sum of
©) “If a triangle is right, then the squared length of the hypote
the squareq lengths of its legs. _
2. Using contrapositive law prove the theorem: )
a) “If mn is odd numbser, then m and n are odd”,

b)“If a2 + b2 £ 0 then a # 0 or b # 0. ) o to the mov-
3. Parents said to their children: “If we go to visit on weekends, then you g

tes™
The children started to discuss it: o
John: “If we go to the movies, then the parents go to visit', the movies”.
Peter: “If the parents do not go to visit, then we do not go to i
Mary: “If we do not go to the movies, then the parents do not got the parent’s proposi-

tiogo %) Who of the children said the proposition logically equivalent to

ion?

b) Who of the children said the same proposition but in Othe.r words? s:

4. Find the necessary and sufficient conditions in the following t’l}COTCm :

a) “If the two rectangles are congruent then their areas are equal”, "

©)“The two squares are congruent if and only if their areas are equa
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What is fundamental difference between the theorems a)and b) ?

Could you change the wording of the theorem a) that it has the form “if and only if"?
5. There are two expressions:

a) “A rectangle is a square iff all its sides are equal”,
b) “A rectangle is a square iff its diagonals are mutually perpendicular”,
Taking each of them alternately for the definition of a square prove the second as a theo-

6. Prove that the following example is the argument
of Modus Ponens and determine pand q.

“If a rectangle ABCD is a square then its diagonals are perpendicular o each other. A
rectangle ABCD is a square. Conclusion: diagonals of ABCD are perpendicular to cach other™.

7. Prove that the argument ((p - q) A q) - p is invalid.
Examples: :

a)"If 4 is even, then 8 is even. 8 is even. Consequently, 4 is even".
Conclusion "4 is even" js true.

b) If a = b, then lal = |b). |a| = IbI.Consequently,a =D"

Conclusion "a = b" is false if. for example a = —p.

So. the conclusion in an invalid argument with true hypotheses may be true or false.

8. Prove that the argument ((p - q) AB) - § is invalid.

Example: “If mathematics is interesting. then it is useful. Mathematics is not interest-
ing”,

Could you affirm that conclusion “Mathematics is not useful™ is true? Answer; No!

Arguments of the exercises 7 and 8 arc the most widespread logical errors.

LS. Propositional Forms.

L5.1. Operations on Propositional Forms. Logical Equivalence and Im-
plications, ) '

Definition.

There exist statements depending on variable and becoming propositions if
we substitute instead of the variable its value from a domain given. We call them
Propositional Forms and denote p(x), x € D.

An example of p(x) is the value of x for which p(x) is true.

A Counterexample is a value of x for which p(x) is false.

Example 1. Let x an integer number, then
p(X) = “number x is odd” is the propositional form.
For example p (3) = t,p(4)=f.

Value x = 3 is gn example, value x = 4 is counterexample.
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Example 2. Let p(x) ="x is American", x € all Humanity.

. ables.
There are propositional forms depending on two or more v)anab es
Example 3. Let x, y real numbers and p(x,y) = (x <Y).
Then for example p(1,2) =t, p(2,1) = f.

Example 4. Let p(x,y) = "x is the wife of y",
X € Set of all wives,y € Set of all husbands.

. ar-
Note. Arity. Arity of propositional form i§ determmedlby t:; Z:x;n::; :;
8uments involved in it, e.g. propositional forms m‘examp'l;:]:is ::ncept cunan.
and propositional forms in examples 3 and 4 are bmary.d e tex )
rally extended till n-ary forms. The order of arguments o:ﬁon
Nullary propositional form is an elementary proposition.

D are called
Definition. Two propositional forms ;?(x) and q(x), xi:ci de and
IOgicauy equivqlent if for all x € D their truth values co

we denote it p(x) « q(x).

..
—1=0&x=snz;
Example 5. Letx €R, x—1 2 .
Both sides are true when x = 1 and are false for all other values of

ied i sitional
All operations on propositions are applied in natural way to propo
forms,
Examples. Let x € R
1) Negation
a) If p(x) = (2 + x = 5) then p(x) = (2 +x3$ 5).
P(x) is true for x = 3 and is false for allx # 3,
PG is true for all x # 3 and false for x = 3.
D (x>2) e (x<2).
2) Conjunction ;
) (x| <3) @ (-3<x<3) & (x>-3)A(x<3), -
b){x+y=g'<=((x+y)=2)/\((x—y) =0)e (x=1)
X-y= .
©) (x% + 2 = 0) & (x = 0) A(y = 0)
3) Disjunction
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A (x[>3) e (x< =3)v(x>3)
Dx(x-1)=0(x=0)v(x= 1)
4) Implication

(x <1) = (x? < 1) is false for x < —1 and is true for all other x (prove
it!).

5) Equivalency

A(x=1 e @x2= 1) is false for x = —1 and is true for all other x (prove
it!).

b)(x=1)<—’(y=2)istrueforx=1andy=20rx;tlandyahz;and
isfa]seifx=1andy¢20rx¢1andy=2.

Definition. We say that the propositional form p(x), x € D logically im-

Plies the propositional form q(x), x € D and we write p(x) = q(x) if for all
xX€ED

the implication p(x) — q(x) is true.
Example. Let x € R, (x is divisible by 4) = (x is divisible by 2).

Example. Prove that

"m is divisible by 6 if and only if m is divisible by 2 and m is divisible by 3

or briefly: (6|m) < 2[m) A 3[m).

Proof:

=.  Really: (6/m) = (m = 6n) » (m=2(3n)) > (2|m).

By analogy (6|m) = (m = 6n) = (m= 3(2n)) = (3Im).

So (6jm) = 2Im) A 3jm)

< @m)ABIm) = (m = 2a) A (m = 3(2a)) = (m = 6a) = (6|m)
So, (6Im) < (2|m) A (3|m). QED. '

Note 1. Identically true and identically false propositional forms.

If a propositional form p(x),x € D is true or false for all x € D it is called
identically true or respectively identically false propositional form.

For example, the propositional forms x?20and x? < 0 are respectively th?
identically true and identically false propositional forms on R.

Note 2. The rule of using of the chain of & and = in the equivalent trans-
formations of compound propositions is also true for propositional forms:

a) (p; = P2==2p)=(p, = Pn),

pieope.o Pr) = (p1 © py),
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© e S Py
¢)Ifp, = p; = - = py, = py thenp, & p; . o
Obvic:usly, if in a mixed chain of = and & there is at least o.ne I{I:]p[],::?::n
= the total relation between the first and the last membe.r of the chain wi
Plication p, = p,,. We use these rules to solve the equations.

Examples: ‘ -
1) Solving an equation and using of chain of = we can get by acciden

= =+1l)&
“extra roots”, for example (x =1) = (x*=1) & (Vx% = £1)
r= + 11 M -
( ;ol )(,x = 1) = (x = +1). The root x = —1 is the “extra root” and is not a so
lution of the initial equation (x = 1). . . N
2) When we divide the equation by an expression contammglthe unknow
2 : .
We can lose a root of the equation. In this case p; # pp, for Pixa::‘l’ere e oo
= — 1 = 0) (why?). So we los
(-1D(x-2)=0)»(x-1
X=2 .
; = =1)vx=2
The correct solution is (x — 1)(x —2) =0 & (x = 1) _]_e( )
3) If a chain contain only (<) then p; < py, for ex‘;‘“g; o 0=1)
(7Tx-2=2x+3)e (7x-2x=3+2)=(5x=
So,(7x—-2=2x+3)e (x=1).

Note 3. Convention about extension.o.f prOpOSI,twrlw:rfffm,;e con-
~ Usually domain of definition D of a proposnflon?l form is ¢ :ob]ems by de-
text (see examples 1-4 above). But we can extend it without any p
fining p(x) = f for all x for which p(x) makes no sense. luding x = 1.
For example, p(x) = (ﬁ = 1) is defined for all x € R excluding

We define p(1) = f. So, now domain of definition is R and p(x) =t for

X =2and p(x) = f forall other x € R.

g or x = 0 the left side is
E"ample. Letx ER; x=x & T=x because fi

: i . But if we re-
17U and the right side (according to the convention above) is false

- ‘= 0}thenx=x=>ﬁ=x°"R"
Strict the domain of definition x € R* =R —{ x

. _ x) = 0).
Exercise. Let x € R. Prove that (xlogx = 0) & (x =0) v (log )

=1
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1.5.2. Quantifications.
A propositional form can become a proposition not only by substitution of
the variable its value from the domain of definition, but also by means of the word

expressions such that “for all” and “there exists” putting before the propositional
form.

Definition. Universal quantification. )

If p(x), x € D is a propositional form, the proposition “for all x € D p(x) is
true” called the universal quantification of p(x) and denoted briefly

Vx € D, p(x). This is a proposition, and is either true or false.

The symbol V is called an universal quantifier.

Example.

Ap(x)="x+2=5"x€N.

The proposition V x € N,x + 2 = 5 is false.

b)q(x) ="(x+1)2=x2+2x+1"x€R

The proposition V x € R, (x + 1) = x2 + 2x + 1 is true.

Definition. Existential quantification.

Ifp(x), x € D is a propositional form, the proposition “there exists an x € 7
such that p(x) is true” is called the existential quantification of p(x),

and denoted briefly 3x € D, p(x). This is a proposition, and is either true

or false. The symbol 3 is called an existential quantifier.
"~ Example.

Apx)="x+2=5"x€N.

The proposition 3x € N, x + 2 = 5 is true. It is x = 3.

b)qx) ="2x=5",xeN

Ax €N, 2x =5 is false (attention x € N1!).

But if we consider R as a domain for x then this proposition is true (why?)-

Note 1. The letter x in the expressions Vx € D,p(x) and 3x € D, p(x) is 'fot
real variable, i.e. you cannot substitute instead of x its value from D. Variable x i
these expressions is called “dummy variable” because you can replace it by any
letter. That is Vx € D, p(x) < Vy € D,p(y),also3x € D,p(x) © 3y € D.PO’)'

Note 2. Defined above logical equivalence and implication for propositional
forms can be written now in the form of quantifications:
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p(x) @ q(x) g vx € D, p(x) « q(x) (is true),

def R
p(x) = q(x) & Vx € D,p(x) = q(x) (is true)l;
H M 1+ (134 ts'
Usually we omit the expression “is true™ in bra? 'e .
So, in the equivalent transformations of propositional forrr.ls t?xe (?xpl:es:;‘zn
“for all x ” always implicitly present even if we do not write 1t, like in

exercises below. ‘ .
i or
Note 3. The universal quantification V can be read also as “for any”,

every”, “for each” etc. o some
The existential quantification 3 can be read also as “for s

“there exists at least one” etc.

, . . want
Definition. Existential quantifier 3'. If in 'the expres'sxc?n 3;’ \vvv; i
to emphasize the uniqueness of the x, we use existential quantifier

read “there exists only one”.

Example-exercise. What is the difference between two propositions:
3xeZ x*=4and Ix€EN, ¥* =42

. o
Quantification negation rule. It is obviously that the negation of the prop
Sition )
 “forallx €D p(x) is true” is “there exists an x € D such that p(x)
faISe”
’ : vx €D,
ie. Vx € D,p(x) & Ix € D, p(x). By analogy: 3x € D,p(x) &
b(x).
So, we have got a rule: .
In order to negate quantification one must change quantnﬁe( to
(V to 3 and 3 to V) and negate propositional form.

other type

Examples. :

a) Let L and L' two straight lines on same plane. parallehslm other words
the proposition vx € L, x & L', where x is a point of the plane. In 0

L and L’ have no common points. Negation of the ?arallehsm,

. .. e el

i. e. intersection or coincidence is: 3x € L, x b —0.

b) ifan equation f(x) = O hasa real root we write it 3x € R, f(x)

Negation of this proposition is Vx € R, f (x) # 0.

fLand L is
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Note 3. If in the expression 3x we want to emphasize the uniqueness of the
X, we use existential quantifier 3' which is read “there exists only one”

or “there exists a unique”.

Example-exercise. What is the difference between two propositions:

3x€Z,x*=4and I'x€N, x2 =49

Note 4.

Application of quantifiers to one of the two variables (for example to x) of
the propositional form p(x,y) keeps the second variable free and creates a new
propositional form of one variable y: Vx € D,p(x,y) or 3x € D, p(x, y).

Application of a quantifier to the second variable creates an elementary
proposition. The quantifiers of the same type you can swap:

Vy €D,Vx € D,p(x,y) & Vx € D, Vy € D,p(x,y) or )

3y €D,3x € D,p(x, y) & 3Ix €D, 3y € D, p(x, y), but you cannot apply it
generally for the quantifiers of the different type. For example,

VX €R,3y €R,(x +y = 0) s true, butay € R,VX ER,(x +y = 0) is
false.

However, for any form P we can write

3y €D,Vx€D,p(x,y) = 3x €D, vy € D,p(x,y).

Note 5. The Rule of the Negation of quantifiers can be naturally extended 10
the propositional forms with any number of variables. For example,

Vx€D,3y€D,p(x,y) = vx €D, (FyeD,p(xy)) &
©3xeD,(3yeD,plx,y)) = 3xe D,vy € D,p(x,y).

Exercises 1.5,

1. Investigate whether the following propositional forms can have false value:
a) “If x is the brother of ¥, then x and y are the relatives”;

b) “If x is the brother of ¥, then y is the brother of x”;

€) “x is the son of y if and only if y is the father of x:

d) “x is older than y if and only if y is younger than x”

2. Letx,y € R. Prove that

a) (x =1) = (x? = 1), but (x2 =D#H@x=1),s0(x=1)e» (x2=1),
b)(x 1) #» (x2 # 1), but (x? # 1) = (x # 1), 50 (x 1) & (x2 = 1),
(x21) = (x? 2 1), but (x2 > DaGxzD,s0(x21) e @221),
x<1)»@x?2< D,but(x?<1)= (x<1),s0(x<1) & (x2 < 1),
N (xl <0) & (sinx = 2); (x2 > 0) & (sinx + cos?x = 1),
=D =1); (x+1) e (= 1),

NEsDeE3<1); x> 1) e (x3>1),
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)xy=0e(x=0)Vv(y=0);xyz0e (x=0)A(y+0),

Dx2+y2=0(x=0)A(y=0),

K x/y=0 (x=0)A(y 0),

D Ixl=sle@=1)v(=-1).

mixl<le (x>-1)A(x<1),

nx|>1e(x<-1)vE>1),

o) Ix|>2ex2>4 |x|<2ex2<4,

P x2-3x+2=0=(x=1)V(Ex=2). o

3. Let x € R. Find the truth values of the following propositions:

vy, (x2-1)=(x—-1(x+1);

b)vx, |x| > 0;

) Vx, xX2+x+1>0;

d)3x, [x] <0;

) 3x, |x|+2=3;

d)3x, x2+x+1=0;

, X2 > x. ' o
:? z:t xxe R. Write the following propositionssusmg quantifiers:
xists a number x such that x + 3 = 5; .

:; 27::3 one number x is a root of the equation x2 + bx + ¢ = 0;

d) Whatever the number x, x-0 =0, .

€) Any number is positive or negative or is equal to zero. .

§. Verify that the two following propositions are both true:
a)3x, cosx # 2; b)Vvx, cc?s : #* ?.t.bn bout 2

i ives us more informati ? L

6. vli,;lj:; feth:];‘gmd the truth values of the following propositions:
a)Vx Vy (x—y)? = x% —2xy + %
b)vx3dy xy=1,
¢)Ix3Iy xy=1,

xy =0,

7. g;:g:)t’;y n];gation the true proposition to the false one and

the false proposition to the true one:

a)Vx€R, x2=0; b)axe€R,|x|<0. .

8. Determine whether the following propositional forms - enton
x2=1 and (x +V2)(x —05)(x - 1)(x+1) are Zq)mzs :
a)R, b) Q, ¢) Z, d) N. Answers:a)no, b) no, c) y;s, S.y )

9. Find the sets of truth for the following propositional form .. a1, 5)]-2 ol

X2_X45 _ g p)5(4—x) < 3(x+12). Answers:a) {11}

a)——T=—

i iti implies the
10 U«‘t3 x € R. Determine which of the following two propositional forms imp:

Second; .. 4 _

@) |x] <5andx? - 3x+2=0, b)x*=-1 am:;x:’-l—xii.
11. Find the positive values of § such that |x — 2| <
S €0, 1]

Pl

4

4| < 5. Answer:
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Chapter 2
SETS

2.1. Basic notions of Sets.

2.1.1. Set representation.

The notions of a set, of an element, of the relation “to be an element of a set

are basic and indefinable and we used it in fact in previous chapters.

. » 9
Sometimes instead of “set” we can use as synonyms “collection”, “domain’
family, etc. and instead of “element” we use “ member”, « object”, “point”, etc.

Here below are some examples of the sets well-known from the school:
1. Set of natural numbers:

N={1,2,..,n w}
2. Set of integers:
Z={.,-2,-1,0,1,2,.. 1
3. Set of rational numbers:
Q={, mez neNj,
4. Set of real numbers:
R= (—00, +00),
5. Set of prime numbers:
Pr={2,3,5,7,.. }
6. Set of composite numbers:
Cmpst = {4,6,8,9, w}
7. Set of even numbers
Ev={2nne Z3},
8. Set of odd numbers
0d = {2n+1|nez).

We express that “a is element of the set A” or “a belong to A” by writing
acA.

def
Negation of this relation is denoted by definitiona ¢ A < g€ A,
€8 —5€Z -5¢N.
Examples:

a) A singleton {a} is the set containing only one element q.
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i is false.
Note that a €{a} is true, but {a} € a is .
If b = {1,2}, (i.e. contain two elements 1 and 2), then the singleton
{b} = {{1,2}} still contain only element {1,2} € {b}. e iab)
b) The set S = {a, {a}, {a. b}} contains three elements: afa . {em;, o
The first element a € S. The second element {a} € S is the sing!

i containing two
taining one element a, and the third element {a, b} € S is the set
elements @ and b.

A set can be represented in one of the threfe wa?'s: emonts between braces
1. Explicit listing: by listing (or enumeration) its ele

eg.A={a,b,cd, e} . e and by
Z.glmplicgt listing: by listing enough of its elements to findap

using three dots (...), as we did e.g. for the sets N and Z above.

Ues

= {x € N|x > 1 A"has no divisors other than 1 an

i ts.
3. By the Property of its elemen D
Let p(x) is a propositional form defined on a doma:::elite « set denoted
Then the collection of x € D such that p(x) is true ith the property p(x)-
A = {x € D| p(x) is true}, called the set of x € D WlVertical bar "|"
Usually we omit the expression is true in the -braiei.ch that”.
(or sometimes colon ": ") replaces the expression ‘iional form p in D.
The set A is called also “set of truth” of the proposi = {x|]x € D Ap(X)},
Another notation of the set A is A = {x E.D | Pg)g ;A and f(2) € B.
4 By the function. Let y = f(x) a funetio? W]h e x runs through all val-
Then {f(x)|x € A} is the set of all f(x) € B wher

in 4, e.g. the set of even numbers Ev = {2n|n € Z}.

Examples:

DixeN|l-2<x<2}={1},

{xezj1<x <5 ={12345}

N{xeRx2-x=0}= '{0;1}'4 e =

4) Pr = {x € N|x is a prime num Jisself") =
itself}.

5) Cmpst = {x € N|x has a divisor other than 1 and itse £

6) 0d = {x € Z| x is not divisible by 2},

7) Ev = {x € Z| x is divisible by 2},

8) Ny =1{0,1,2,...}

92 ={xeZjx#0}

) Q" = (x e Qlx # 0}, 41



IDR" = {x € Rjx 0},

12)Z, ={xezjx=0}, z_ ={x €Z|x <0},

130, ={x€Q|x =0}, Q. ={xeQ|x<0)

14)R, ={x€R|x>0}, R_= {x eR|x <0},

15)Zy ={x € Z|x > 0}, Z:={x€e€Z|x <0},

16) Q;={er|x>0}, Q:={er|x<0}

I7)R, = {x €Rlx > 0}, R> = {x € R|x < 0},

]8)[a,b]={xeRlansb}, (a,b) = {x € Rla < x < b},
[a,b)={xER|an<b},(a,b]={xeR|a<xsb}.

2.1.2. Equality (coincidence) of sets.

def
(A=B) & (xeAoxeB)

- thNote 1. Order.of elements in sets, According the definition of equality of

. e order of the listed elements does not matter, for example, {a,b} = {b,a}»

1.<;..the order of listed elements does not matter. But there exist “;rde'red sets” in

\Cv a:h .the order of the elemen'ts is important. They will be considered later in the
esian products and Combinatorics and they will be denoted in parentheses. FOf

example, (a, b) and (b, a) are different 2-tuples.

ol Not: 2. Repétitiox.l.ﬂf of elements. Multisets. According the definition of

{2 . lt;’ of sets the repetition of the elements in sets does not matter, for exampleé,
+0,C5 = = i ,

et {a: b, 'b, c} ={a,b,c,c}. So, in future we assume that the sets are con-

sidered in their simplest form, i.e. without repletion.

However, in mathematics there is a notion of “multisets” where repetition of

element.s m.ore than once is allowed and does matter. The notion of multiset is 2
generalization of ti-ne ‘notion of set and will be considered in Combinatorics.
et 'nl,n order to dlst.mguish sets and multisets the square brackets are used for the
o e number of times an element belongs to the multiset is called its multip!i®”
di;,a]i e to;al numbe.r of elements in a {nultiset, including the repeated is called Caf'
: ty of the multiset. For example, in the multiset [a,a,a,b,b,¢] the multiplic?”
fles of the elements q, b, ¢ are respectively 3,2, 1 and the cardinality of the multis
is 6. In rultisets, as in sets the order of elements does not matter.

Examples. The collection of the dividers of the number 360 is the multise!
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[2,2,2,3,3,5], because 360 = 23 - 32 - 5. The collection of the roots of the
€quation x3 — 4x2 + 5x — 2 = 0 is the multiset [1, 1, 2].

Note 3. Obviously, p(x) & q(x) if and only if {x|p(x)} = {x|q(x)},

i.e. equivalent “properties” defined the same set.
Example. Since “Triangle is equilateral” < “Triangle has three equal an-

gles™.
So, the set of all equilateral triangles is equal to the set of all triangles with

three equal angles.

2.1.3. Empty set.
Definition. A set containing no elements is called empty set and denoted

by 9.

Empty set can be defined by any contradiction.
Example. ¢ = {x|x # x};
or, once again, @ = {x e N|[-1<x <1}.

2.1.4. Inclusion. Subset.
Definition. Inclusion. Subset. A set 4 is called subset of t

ly if each element of 4 is an element of B. It is denoted by A € B and read
Als included in B (or B includes A: B 2 A). So,

def
ACB & (xeA=XEB).

he set B if and on-

IfAC Band A+ Band A # 0, then A is called a proper subset of B and

We write 4 < B.
Note. By definition: A S B < B 2 A.

Examples.

a)NcNycZcQCR, ]

b) “The set of all equilateral triangles” & «“The set of all isosceles
8les” ¢ “The set of all triangles”,

©) “The set of all squares” € “The set of all rectangles” &

c “The set of all parallelograms”,
C “The set of all hombuses” &

C “The set of all parallelograms”,
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d.’)ﬂ“The set of all squares”
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2.1.5. The Power Set.

Definition. Power set of a set § denoted P(S) is the set of all subsets of S.

So,
POS)={AlAc S}.

Obviously,
A)ACS o AeP(s),
blaeSe{a}e P(S),
)A€ P(S), 0 € P(S).

Examples:

S=0, P = {9},

S ={a}, P(S) = (9,{a}),

S ={a,b}, P(S) = (9, {a}, (b}, {a,b}},

S={ab,c}, P(5) = {0,{a}, (), {c}.{a,b},{a,c}, {b,c}, {a, b, c};.

2. 1.6. Cardinality of finite sets. Finite and infinite sets,

Definition. The set § is called finite if it contains a finite number of ele-
ments, otherwise it is called infinite. The number of elements in finite set S is
called cardinality of the set S and denoted by Card § (or |SD.

Theorem. Cardinality of the Power Set of a finite set,
IfSisa ﬁnite_,se't, then

Card § = 2¢ards

The Proof will be given in C ombinatorics. It also can be done by using
“The Principle of Mathematical Induction as an exercise,

Example. Consider the examples just above:

0.5=0, P(S) = {8}, Card PE)=2°=1,

I.S={a}, P(5) = {0, {a}}, Card PS)=21=2,
2-5={a,b}, P(S) = (8, {a}, (b}, {a, b}}, Card P(S) = 22 = 4,
3.8 ={a,b, c},

P©) = {0, {a}, (1), {c}.{a,b}.{a,c}, b, ch{a,b,c}}, Card P(S) = 2% =
8, etc.

Exercises 2.1,
1. List the elements of the following sets:

4

2_1=2},d
a) {x € N|x? < 50}, b) {x € Z|x* < 50}. ) {x € QIx* ~1=2}. d)
{xe Rix?2-1= 2},

e) {x € N|x* = 16}, f) {x € Z|x* = 16}

: ower P(S).
2. Find all the subsets of the set S = {a, b, ¢, e}, i.c. create the p

3. Prove that Inclusion € is
a)reflexive:VA, A € A,

b) transitive: (AS B)A(BEC) = (AS (),
¢) not symmetric: (A € B) # (B € 4),
dA=Bo (ASB)A(BEA),

€) VA, @ € A, in particular @ € 0.

4. Prove that B
a)lfASB,thenAnB:A,e.g.R.Fnl}??:!;p,
b)IfAc B, then AUB =B,eg. R,UR=

5.Provethat A-B=0< AEB

6. Prove the Arguments:
D(aeA)A(AcB)=>a€EB
by(AcByr(@agB)=»ae4

2.2. Operations on Sets.

2.2.1. Intersection. Disjoint sets.

ition. Intersection. A N B consisti
’ll?l:ﬁ!“:lon c::?on of two sets A and B is the set denoted by ;
€ interse

I . )

Examples:
2){1,2,3,4}n {3,4,5,6} = {34}
NN, ={0}, - s
* = 7* Z_ n Z‘ = 4_ . o fa" Squares
;;fg ? oiall rf:t;ngles” A “Set of all rhombuses”= “Set 0
e
’ 45
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ements belonging to 4 or to B. So

fla,b]n [b,c] = by,
8) ifa<b<c<dthen [a,c]n[b,d] = [b,c).

Definition, Disjoint Sets. Two sets 4 and B are called disjoint if An B =

Examples:

a) R} and R® are disjoint,
b) [a, b) and (b, c] are disjoint,

¢) “Set of all triangles” and “Set of ajj rectangles” are disjoint,
d) Pand Cmpst are disjoint

2.2.2. Union,

Definition. Union, |
Union of two sets 4 and B is the set denoted by A U B consisting of the el

£

AUB={x|xeAVxEB}.

Examples:
2){1,2,3,4}u(3,4,5, 6} ={1,2,3,4,5,6),
b) {0} UN = No

){0}UR* =g,
d) R_UR, =g,

€) “Set of all'even numbers” U “Set of all odd numbers” =

2.2.3. Symmetric difference.

Definition. Symmetric différence,
Symmetric difference of two sets 4 and B s the set denoted by AAB con-

taining the elements which belong to ejther AorB. So,

AAB ={x|xe Ay B}.

Examples:
2){1,2,3,4}4(3, 4, 5,6} = {1,2,5,6),

DA4=100,2), p=y, +00),  AAB = [0,1) U [2, +co).
¢) “Set of all rectangles” A “set of aj] rhombuses” =
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with a

which

hoted

lal'ge

i ides” U ¢ Il thombuses
= “Set of all rectangles with unequal adjacent sides” U “Set of a
ngles other than right angles”

2.2.4. Difference. Compliment.

iti i . . ts of A
]l?: ﬁ:,g‘on. I:;fj::e;c:f sets 4 and B is the set consist of the elemen
e differen

long to B. So,
donotbeong A\B = {x € Alx & B)

. imesas A — B.
Note. The difference of sets A \ B is denoted sometim

Examples: )

a){1,2,3,4}\ {3,4,5,6} = {1,2},

) [0,2] \ [1, ) = [0,1),

C)N\No={0}, ) =R:,
d)R\{o] =R, R,\{0} =R}, R\R,

€)N\ {1} = P U Cmpst

f) “Set of all rectangles”\“Set of all rhomb:'s:z e
= “Set of all rectangles with unequal adjac

9% e

i difference is de-
Definition. Compliment. In particular, if A 2 B then the
b
’ C.B=A\B
and called compliment of B in A.

E"amples:

) C23.0(3,4) = (L2},

b) (N = Z_,

C) c R = R:s . . frectangles”=
d) “éo;pliment of the set of all squares in th;se:: ::t e

= “Set of all rectangles with unequal adjac

=

¢ (as
B iverse. | £ discourse are the subsets of some large (
We always assume that all sets 0

t.
. iversal set), and deno
as we like, but fixed) set called the Universe (or unive

; ints of the plane,
*dby v, For example, in plane geometry - it is the set of all po
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which subsets are the points, lines, figures. In elementary arithmetic — it is the set
of all rational numbers. When we talk about propositional forms p(x) we can as-
sume that their domains of definition are the Universe U, if not we can extend
these domains till i/ assigning p(x) = f for those x for which p(x) does not make
sense. Therefore, in the expressions A = {x € U | p(x) is true} to determine sub-
sets A by the property p(x) we omit common U and we write briefly 4 =

{x| p(x)}.

Definition. Compliments in the Universe.
For the compliment of set 4 in the universe U we use special symbol
' A=CA=U \A

Exercise. Prove that § = U T7=g¢.

2.2.6. Laws of Set Operations. .
The laws of the sets operations remind appropriate laws of the propositions

So, for any sets A,B,C:

1. Double Compliment Law (Analog of Double Negation Law).
A= 4,

II. Compliments Law (Analog of the Law of Contradiction).
AnA=g

II1. Compliments Law (Analog of the Law of Excluded Third).
Aud=y

IV. Commutative Laws
of intersection 4 NB=Bn4g
of union 4y B =BUA

V. Associative Laws

of intersection (AnB)nC=4n (Bno)
of union (AUB)UC=AU(BUC)
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V1. Distributive Laws
An(BUC)=(ANB)U(ANC)
AU(BNC)=(AUB)N(AU()

VIL. Idempotent Laws
AnA=A4A
AvuAd=4

VIIL. Bound Laws: AuU=U, A 03 fg,
Identity Laws: AU@ =4, AnU=A4,

IX. Absorption Laws

AU(ANB)=4
An(AuB)=14
X. De Morgan’s Laws
ANB=4UB
AUB:Z“B

XI. Analog of Contrapositive Law
ASBoBCA

XII. Analog of Syllogistic Law
(ASB)A(BESC)= (ASC)

i e@-PrE-
XI11. The principle of extensionality (Analog of p © ¢ p
p)).
A=B o (ASB)A(BEA)

2.2.7. Venn Diagrams. _ closed areas in the
Venn diagrams fre pictorial representations of sets as en

i resent
olored regions rep
Plane, Tpe universal set U is represented as reCtal?gle and;e very useful to get an
215 A, B, C... as subsets of the Universe. Venn dlagramslace certainly a serious
idey When you prove equality of sets, but they do not rep

mélthem‘@tical proof.
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Universe U )
Set A

Complement 7 = 1y — y

—_—

—_—
—_—

.

( ™
\ § ) :

P

;

Intersection A Y]
Union AUB

|

Dif ference A\ B Symmetric dif ference A& B

3.2.8.. Inclusion-exclusion principle.
n this section for the cardinality of the set A, for brevity, we will use

|A] = Card A.
T .
heorem. Let A;, A, ... , A, be finite sets. Then the cardinality of the union

;): all these sets is:
V]
% :2 U Udy] = A1) + [Az] + -+ [Anl -
1N 4| = Ay N Ag| =+ = |Ap-1 N Anl +
1Ay LAy 1Ay e g 11 gy N Al D™ Y4 n4zn.. N

n

The proof in general case can be done by Mathematical Induction and you

c ;
4N make it after the study.
We verify the theorem for two sets A and B:

]AuBl=IA|+|B|—-iAnB].

thigi arRea“y’ the set A U B consist of elements of A and of those elements of B

i e]e not contained in A. Then adding |4| + |B| we count two times the com-
ements of A and B, i.e. the elements of AN B.

an American university is 1000.

anguage is 600, who
f students who speak both

T nu]i':;mple. The total number of students in
SPeak Fre er of student's who speak Spanish as a foreign |
oreign IanCh asa forelgn language is 500. The number 0
’ nguages is 200. Find the number of students:
2' Who speak a foreign language,
- Who speak only Spanish,
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3. who speak only French,

4. who speak exactly one foreign language

5. who do not speak any foreign language.

Solution. Denote the set of all university students as the universe U, A —

the set of the students who speak Spanish, B — the set of the students who speak
French.

1. The number of students who speak a foreign language is

600 + 500 — 200 = 900,
2. The number of students who speak only Spanish is 600 — 200 = 400,
3. The number of students who speak only French is 500 — 200 = 300,
4. The number of students who speak only one foreign language is

400 + 300 = 700,

5. The number of students who do not speak any foreign language is
1000 - 900 = 100.

Exercise. Deduce a formula from the theorem forn=3
|Au3u¢|=|A|+|B|+|C|—|An3|—|An'cl—|3n0|+|.4n3n€l

and solve the problem above including Chinese as foreign language and taking int?
account additional information: U] = 1000,

ISpl = 600, |Fr| = 500, ICh| = 200,

ISp 0 Frl = 200, sp 1 Chl = 100, [Fr 0 ch| = 50, |Sp N Frnch| =5
Use the following drawing,

Solution.

z
1. Speaking a foreign language 600 + 500 + 200 — 200 -100-50 + 5
955,

2. Speaking only Spanish 600 — 200 — 100 + § = 305,
52

3. who speak only French 500 — 200 — 50 + 55=_2F;55

3'. who speak only Chinese 200 — 100 — 50 + ;55 _'*_ 55 = 615,

4. who speak exactly one foreign ]anguagel?:)%z*' 955 = 5

5. who do not speak any foreign language ien lan-

6. Find the total number of students who speak (.exactl)‘; t(‘:‘;::::l%:ench and
8uages and then separately: Spanish and French, Spanish an >
Chinese.,

Exercises 2.2.

1. Prove that:

A)AAB=90 = A=B.
b)AAB=AUB e ANB=90

©) AAB = {x|(x € AUB)A(x € AN B)}
d)AAB=(A-B)U(B-4)

2. Prove that the sets: o
A - B,B — A,A N B are pair wise disjoint
and AUB=(A-B)U(B—-A)U(ANB)

3. Prove that:
a)AAB = (AUB)—(ANB),
b) AAB = (A—-B)U (B - A).

4. Prove that: (,B =0 A=B
5. Prove that: AU B = (4 N B) U (AAB)

6. Prove all the Sets operations laws.

itional form p(x)

7. Let U, = {x € U|p(x)} the set of truth of the propositional form p

. b=
defined on universe U. Prove that
8) Uﬁ = ﬁp’
b) Upng = Up 0 Ug,
c) UDVQ = Up ¢] Uq;
I Upyq = UpAU,,
€)p < qifand only if Up = Ug,
f)p = gifandonlyif U, S Ug-

o = ,e}. Find

8)Let U = {a,b,c,d,e}, A={ab.c} B —_{c.d }

-4, A B,
ANB, AUB, AAB, A—B, B—A A
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- i s.
2.3. Family of Sets. Partition of a Set into Classes. 2.3.2. Partition of a set into classe

Definition. Partition of a set into classes. . . CAf
Let A asct. The family of the nonempty sets {A;}ig; is a partition of the s
2.3.1. Family of sets. Intersection and Union.

. . [ SR ii i ] A nA' = 0’
Definition. Family of sets 1. sets A; are pair wise disjoint: Vi,j €1 i #j = AiN4;
Let / be a set and for every i € I we assign a set A,. The set / is called set of indexes- 2. Uiy A=A Obviously that each element of A belongs to one
and the set {A;}ie; = {Ayli € I} is called family of sets. The sets A, i € I are called classes.

and only one class 4.
Definition. Intersection of the family of sets.

We define intersection of the family of all {4;};¢, as the set of elements belonging to all Exan‘fp!es: o
A; simultaneously and denote it by L Tt satitons ofa - .
a) family {4} containing only one cleme e
b) family consist of all singleton St.|bsets {a}o A’ _LisDlie)
ﬂ o e 2. Family of the half open intervals with integer ends {4; = [i,
tel ) " |
form the partiton of % i i itioned into two classes:
itions Ily partition

e L= e ' fon® 3. The set of all elementary propositions 1S nf.it'um y p

p ar, if / = N we denote mterseoftlon Y class of true and class of false propositions. domain D is parttioned o

! 4. The set of all propositional forms defined on the s.a{nealogm
= t the classes logically equivalent to each other proposxt.lon " sn:aight lnes parale

A ) 5. Let A the set of all points of a plane. Then the family 0
Exercises: to one straight line form a partitio: o:l' :14 - bers respectvely. Then hey form a partition
iy 6. Let A and B the sets of even and odd n

o -0 - of Z,
a)ifi €N, 4; = [0.71] then N2, 4, = {0}, 2 .
b)ifie N, A4, = (0,9 then N2, 4, = 0. 8: Three sets Pr, {1}, Cmpst form a parti'ti.on oft:x.
2)ifi € No, A = {x € N|x < i} then find N1 4 B e P o priion o . o

. 10. The group of boys and the group of girls form a part

Definition. Union of the family of sets, S. Why?
We define uriion of the family of all {A:}ier as the set of elements belonging to at least .

Counterexample. Power set P(S) is not partition of
one of A; and denote it by

UA( ={x]3iel x € A}
ier

Exercises 2.3. ane, find Urer Atr NierAi- B

; o ight line on a pl artition of
o 1.1fi € R, Az y = ix is a straight line ve that they form a p
In particular, if | = N we denote it by 2.0fieR A:' y=x+iisa straight lineon a plane, pro
© - . s e
this plane i
‘ ' Ve. . -
L‘lJAi 3. Prove the partitions of al 10 examples abo the intersection and union of any fam

4. Prove that De Morgan’s Laws are generalized t0
ily of sets: )
N4, = Uit Air Ui A= Mier Ai

Exercise,
1) Prove that

ifieN, 4 = (o,&) then Uew 4, = (0,1).
2)ifL € No. A = {x € Nix < i} then find U2, 4,
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2.4. Cartesian Product.

2.4.1, Cartesian Product.
Definition. Let A, B be two sets. Cartesian product of A and B is the set of
all ordered pairs (x, y), where x € 4,y € B, denoted by A X B. So,

AXB={(x,y)lJx€AAy€EB}.

The elements of the set 4 X B, i.e. the pairs (x,y) € A X B are called som¢”
times points of the set A X B, and the elements x and y are called coordinates of
the point (x, y) or the first and the second projections of the point (x, y) and we
write respectively x = Pry(x,y) and y = Frz(x, ).

By definition: (x,y) = (x",y) & (x = x)A(y = ).

When we say “ordered pair” (x,y) we mean that x is necessarily from the
firstset Aand y is necessarily from the second set B. So, generally A X B # B X
A. Obviously, AX B =B x A & A = B. In this case we denote Cartesian produ".t
by A% = A x A and we call it Cartesian square of A. Ordering of the pair (x,Y) in
this case means that generally (x,y) # (y,x) and (x,y) = (3,x) & (x = y)! .

In other words x and y are in the pair (x,y) are naturally ordered by thei"
index numbers (i.e. by their place) in the pair but not compared with each other:
i.e. x is the first and y is the second. In particular, in the ordered pair (x, x) the firs
and the second elements are equal each other, however we consider the pair (X, x)t
as the ordered pair, where there is.the first element and there is the second elemé™”

General notion of ordered sets will be given in the next chapter.

As you can see for the ordered sets the parentheses are used instead of
braces.

Definition. Diagonal of the Cartesian Square.
Diagonal of A2 is the subset

D ={(x,y) € A%y = x} = {(x,x)|x € 4}.

Examples:
1. Chess board. Let A = {a,b,c,d, e, f, g,h}and B = {1,2,3,4,5,6,7, 8}
Then Cartesian product A x B is a “chess board™:

AXB ={(a,1),(a,2),..,(a,8),(b,1),(b,2),... ,(h8)}
containing 8 X 8 = 64 points (elements).
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2. Rational numbers. For the purpose of constructing complete theory of
rational numbers based on the integers we will use the ordered pairs (m,n) € Z X
Z" instead of the usual 1:- _ We call them rational numbers (fractions), m,n ﬂ“m‘e"a'
tor and denominator respectively. We will build this theo.r)./ step ?‘Y step- Cartc,a’slan
Product Z x Z* = {(m,n)|m € Z,n € Z"} after the definition of “quotient set’,
addition and multiplication will be called set of rational numbers Q.

3. Arithmetic plan R? and physical plan P. o Riewe

Consider Cartesian square R? = {(x,y)|x,y € R}. This set b:]sild LA
Venient to describe the real physical plan P (see note below). If v::b“s}l e
lar (Cartesian) coordinate system on the surface P, th?n we c? e:astes o and coh
one correspondence between each point of M € P wnth2 czoor ]:nd ariﬂ"metic n
element (x, y) € R? also called point. For this reason RZ is calle
R? Diagonal of R? is the set o

D = {(x, x)|x € R}, i.e. is the straight line y = X.

ry con-

LetE =[a,b] cR, F=[c,d]cR twozintervals inR.
Their Cartesian product is rectangle in R”: 2
EXF={(xy) eRxelablryelcd}cR

y
I

D:y=x

EXF
—————_—T'"
X

b
P
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2.4.2. Cartesian Product of Several Sets. .

Definition. Cartesian product of two sets is naturally generalized to an arbi-
trary number of factors: A X B X C = {(x,y,z)|[x € AAy € BAz € C} whicheF
ements (x,y, z) are called ordered triples or 3-tuples, etc.

S1 X 82 X e X Sp = {(X1, X2, e , Xp)|X; € S, X5 € S, ..., Xy € Sy} which
elements (x;, x,, ... , x,) are called ordered n-tuples.

In particular, Cartesian exponents are: $3 = {(x,y,2)|x,y,2€ S5}, ...,

S*={(x1, %z . , X)X €S Vi=1,2,...,10).

Notes:

1. When the n-tuple (x;, x;, ... , x,,) is called “ordered” that means that the
coordinates x,, x,, ... , x, are ordered only by their indexes (or their places) in the
n-tuple. The order or any other relation between X3, X3, ... ,Xp as the elements of
the set S is not assumed. )

2. Memorize that n-tuple (x1, X3, ... ,Xp) € S™ is not a set {xy, X5, ... ,Xn} 1?
general sense. So, the repetition of the elements (coordinates) in the writing of th®
n-tuple (x1, xz, ... , ) € S™ is allowed, e.g. (a,a, ..., @) € Diagonal of S™.

2.4.3. Cardinality of the Cartesian product of finite sets.
Theorem. If S, S,, ..., S,, are finite sets and, then

card (S, x S, X..XSy)=cardS,- card$,- ...- card S,
In particular, -

card S™ = (card S)™

Proof. Let card S, = n,, cardS, = n,, ..., cardSy, = n,,. Then card (51 *
S5 ) is the number of all pairs (xy, x,), where x, can be replaced by any of ny ele”
ments of S; and x, can be replaced by any of n, elements of S,. So, the number 0,
all pairs (xy,x,) is n, - n2. The number of all 3-tuples (x,, x,, x3) is equal to nuf®
ber of all pairs (xy, x,) equal to ny - n, multiplied by n; because x5 can be re*
placed by any of n, elements of S3. 8o, card (S; x S, X S3) = ny *n, - n3.

A similar reasoning till k complete the proof. z

In particular, if S, =S, = .= §,, = S, and card S = n, then card S™ ~
nm,

Examples:
1. The riumber of all cells on the chessboard is 8 - 8 = 64.
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. - 151
2. The number of all three-digit numbers is 9 - 10- 10 = 900, because

digit belongs to {1,2, ...,9}, 2™ and 3" digits belong to {0,1,2,...9}

Digression. A set R, where R is the set of real numbers, is called 7 —
dimensi rithmetical spase. . '
erilt(l:’;:tli: space R3can be is associated wit}'n surroundmg:i:‘;a;iz'e’ﬁ’e?gm
space § by building in it a single rectangular coordinate systemaCh ontof M €S
Scale and by establishing one-to-one correspondence b:tweel::ll d it
with coordinates x, y, z and each 3-tuples (X, » zZ)€ R. also “h a real physical
Analogously, arithmetic plan R? can be is associated W}l] e e sca sur
plan P like a surface of paper, surface of blackboard, the earth’s s
face ete. by building on them (x,Y) coordina.te sysiem. tric or physical interpreta-
Spaces R™ with n > 3 do not have a simple ge?me
tion, except the space-time R* (but with afmther metrlfl-;)- cans of R or physical
A real opportunity to descrl>® physica spsee l): mrem would be true on
Plane P by means of R? with so, that the Pythagoreaf e o/ 'y ooical in-
the whole space (or plane) is far from obvious and cam'1°s and moreover, of exper-
ference. It is a problem not of mathematics but of physic

imental physics. , o spherical sur-
aC:)):i/iS(;:: an example of hypothetical universe which is a huge sp

face, P d exploring at
2- dimensional intelligent creatures living in t}:s u:::;i::ii::g wo:d, they

the first time of their development “small” areas of Idet:ke it for flat. The theorems

Would not feel the curvature of the surface and ‘:Vouh high precision on these

of the Euclidian plan geometry would be tru with the g

i inate system. But ex-
‘ ly Cartesian coordina . - ]
s e ey vl yf'md significant deviations from the the

plori larger areas they would . ibility of a build-
Or e;:r;gol;:f: I;Sinc(liid?;i plan geometry and would find -the ‘mp:::lb(:;zsly sur-
ing of a single Cartesian coordinate system in such universe.

«curvature” which does
rounding us 3- dimensional physical space 5 ca;n : os;e;;xb:s may also arise when
not allow us to identify it in its entirety with R*. Suc ic dimensions. However,

We use Euclidan geometry in the mictoc0sm @ P00 P i geomety i
Modern experimental knowledge allows us to asse jons near massive stars, and in
applicable in large scales titl 10?° cm, except the regi

Small scales till 10~**cm.
We must also add, that the fzfct that the <ti eapite
the time) iwqual to 3 is also experimental fact,

imension of our space (not counting
obviousness. There aré
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hysic i i i
phy: .fal tlfeone.s where the dimension of the physical space is greater than 3, but i
manifests itself in scales smaller than 1025 ¢m ,
T - . 3 ’
menSionhe; reader can find a.serlous discussion of problems associated with the di-
mersia 3 _urvature.of Phys:cal space in the special literature on cosmology, gen-
relativity, gravitation and atomic physics. ,

Exercises 2.4.

Let A, B,C, D be sets. Then
LAX(BNC)=(AXB)N(AXC),
2AX(BUC)=(AXB)U@AXO),
3.(AxB)nC=(AxC)n(BxC)
4.(AxB)UC=(A'xC)U(BxC)
5AX0=0%xA=0.
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Chapter 3.
RELATIONS and FUNCTIONS

3.1. Relations. Graphs of Relations.

3.1.1. Binary Relations. Graphs.
Definitions. Binary Relations.
) Let X and Y two sets. Any propositional form
binary relation from X to ¥ (or sometimes on X X ).
If a pair (x,y) € X X Y is such that p(x, y) is true, i.e. belongs to the set of
truth of p, then we say that x is related to y by p and we write Xpy. Otherwise we

say that x is not related to y by p and we write Zpy.

p defined on X X Y is called

Expression “from X to ¥ is often denoted byX Y.

Definition. Graph of Relation.
Let p be a relation from X to Y. Set of truth 0

XX Y is called graph of p and denoted by Gr(p):
Gr(p) = {(x,y) € X x Y lxpy}:

Obviously, 6r(p) €S X xY.

f the propositional form p in

Definition. Relations “on”.

If X = Y, then we say that the relation p is defined 0
X x X”)
or between the elements of X. And we can say th
related (or not) by p instead of “x is related (or not) to y by p”-

n X (instead of “on

at the elements X,y € X are

Examples:
1. Let X and Y be two sets. Trivial relations fromXtoY:
a) full relation py: py(x,y) = t V(% y) EX X Y,Gr (o) = XxY.
b) empty relation pe: pe(%,y) = f V(% y) EX XY, GT.(Pe) =0.
2.LetX ={2,3),Y ={4,56,738 9}, xpy & xly (X devide y).
Then Gr (p) = {(2.4),(2,6),(2,8), (3.6) (3,9} _
3. Let M be-a set of all men and W be a set of all women, then the relation
mpw & "mis the husband of w" is the binary relation from MtoW.

A

”
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Gr (p) is the set of all married pairs (where the first is husband and the sec-
ond is wife), is the subset in M x w. )

4. If we consider the relation "m is married tow" from M to W we will
get the same graph (so, the same relation). But, if we consider this new relation o
the more convenient set H (H = M u W — Humanity) (in other words from H 10
H), then the graph of this new relation (in H?) will be different. Why?

3. Relation “to be friend of” is the binary relation on the set of all people

H.
The graph of this relation is the subset of all pairs of people in H2
having at [east one friend.
6. Relation “to be parent of” is the binary relation on the set of all peopl€
H.

The graph of this relation is the subset of pairs in H? which the first )
element is the parent (mother or father) and the second element is I
(her) child (son or daughter).
7. Relation of Identity I (equality, coincidence). Let X be a set.
Relation xIy & x = y is called relation of identity on X.
Graph of this relation is the diagonal of X2: {(x,y) € X?|y = x}.
8. Let L be the set of all straight lines on the same plan.
a) Parallelism a || b is a relation onL.
b) Perpendicularity a L b is a relation on L.
9. Let Tr be the set of all triangles on the same plan, .
Then the relation of the similarity of triangles (~) is the binary relatio”
onTr.

10. Logical implication and logical equivalency are two binary relations
on the set ofall propositions. '
11. Logical implication and logical equivalency are two binary relations
.onthe setofall propositional forms defined on the same domain.
12. Belonging. Let S be any set and P(S) its power. Then the relation @ €
A, (where a is an element of §, and A is a subset in §,i.e. is an element of P )
is the binary relation on S x P(S). ¢
13. Inclusion and equality. Let S be any set and P(S) its power. Then th
relations AC Band A = B between the subsets in S are the binary relations
on the P(S). )
4. LetX=Y =R and xpy = x2+y2 <1,
Then Gr(p) is the disk in R? of radius 1 centered at the origin 0.
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Note. As we see any relation p between the sets X anfi Yas ‘a propo;it;:r;:l)
form is completely determined by its set of truth on X X Y, i.e. by its grap
So,

xpy < (x,y) € Gr(p).

Example.

Let » P
X=1{23}, ¥ ={456789), 6r(p)={(24.26.2 180)0 é?;t?,a(jem?\},dy,

Relation p is completely defined by its grap!n But if \:v; Ty (xdevide )

we can find its propositional form’s expression xpy

€xample 2 considered above.

3.1.2. Domain. Range. Codomain. Equality of relations.
Definition. Let p be a binary relation from X to Y. cllows
The domain of p is the set denoted and defined as )oe ) S,
D(p)={x€XAyeY|xpy} ={x€X I(J«f.f;/"ows
The range of p is the set denoted and defined ;s(x e G €Y.
Ran(p) ={y € Y|3x € X|xpy} ={y € I(;o';(p) o
The codomain of p is the set Y and denoted by

Examples: (see examples 1-13 above)_ i
1.D(py) = X, Ran(pf) =¥, D(pe) = Ran(pc)
2.D(p) = X, Ran(p) = {4,.6,8,9} c Y.M
3.D(p) = {set of all marrzed.men} c i CW
Ran(p) = {set of all married worfu;n < zé
4. D(p) = Ran(p) = {set of all marneh pmp ;
5. D(p) = Ran(p) ={set of all people having

}cH,
t least one frf‘end}c

j ild},
= Il men having at least one chi

. gtgfz)(p) S?steotj;‘; all people hgving the father},
7.D(I) = Ran(l) = X, _,
8.D(I) = Ran(ll) =L, D(L) = Ran(L) = L,
9.D(~) = Ran(~) =Tr,

= -0
11.D(e) =S, Ran(e) = P(S) 3 )
12. D(C) = Ran(S) = P(S), D(=) = Ran(
13. D(p) = Ran(p) = [-1,1].

)=?(S),

N e F point (x,¥) € X XY we defined yet its projections:
ofe. For any g
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x =Pri(x,y) andy = Pr,(x, ).

Then for any subset A € X X Y we define projections of A as follows:
Pr;(4) = {xlx =Pry(x,y) A(x,y) € A} S X,

Pry(4) = ly =Pr(x, ) A(x,y) €A} S Y.

Exercise. Prove that D(p) = Pr,(Gr(p)), Ran(p) = Pry(Gr(p)).

Notation: A set X with a binary relation p is often represented briefly

by the pair (X, p). So, e.g. (N, <) means the set of the natural numbers with
the relation of non-strict inequality.

Definition. Equality of Relations. - - der
Equality of two binary relations p from X to Y and py fromX toY; 15
fined as follows:

P=pSX=XAY=YAV(xy) EXXY xpy & xpY.
Obviously, p = p; & Gr(p) = Gr(p,).

Note. n-ary relations between the sets X1, X2, ... , X, (order of indexes do°:
matter!) are naturally defined. Any propositional form p(x1, X3, ... Xy, defin€
X1 XXy X ... XXpiscalledn — ary relation.

Example. The sum of natural numbers x + ¥y = z generates a ternary
(n = 3) relation p(x, y, z): x + Y =2z definedon N x N x N.

For example, p(1, 2, 3) is true, but p(2,3,4) is false.

3.1.3. Composition of Relations. Inverse Relation. T
Definitions. Composition. Let X, Y, Z be sets and P1, p2 be binary fe]atina’
fromXtoY and fromY to Z respectively. Composition of p, and p, is the
ry relation from X to Z, denoted by p; ° p; and defined as follows:
x(pz°p1)z < 3y € Y|xp,y Ayp,z
Then the graph of the composition is »
Grlpz 2 p0) = {(x,2) € X x 2|3y € ¥|(x,y) € Gr(py) A (3, 2) € 67
: o
Attention. The relation p, acting first in the composition is the second !
writing of p, o p,.
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Examples:
1.X={1,2,3}, Y={ab}, Z= {A,B,C},
Gr(py) = { (L, a),(2,0),(2,b).3,b)},
Gr(py) = {(a,4), (a, B), (b, B), (b, C)}. o
(pz')l‘herf Gr(p, © py) = {(1,A), (1,B),(2,4), 2, B),(2,0). (3, f)z' (3.0}
2. LetX=Y=Z=R, xpyy=>x2+y* <1, ypzz¢=y<_ 1 -
Then the composition x(p; ° p1)Z & (—1' <x< 11A"S.: ;e\/hquand o
3. Let py, p, be binary relations on humanity H, p1 = )
P2 =" to be mother of . Then p, o py = "to be father of . ,
p1 © p, = "to be mother in law of". So, py ° P2 ¥ P2 ° P1
4.1fp = “to be parent of”, Then pt=pep=
"to be grandparent of ", . '
5. Let L be the set of all straight lines on the same plan.
Then Lo | =L, lol=L, leli =1, Lel=1. _
. o=,
6. Let ~ be the similarity of triangles on Tr. Then

7. Let P(S) be the power of the set S.

c C, =o=&>=,
Then =0 C & C, So=&C, S5

ectively.
Note. Let p;, p, be binary relations on X X Y and Y X Z resp

: XxZ.
Generally, p; © p; # 1 © pa. First of al.l, pz2° Pl';d:f:z: (i):X _y=2Zand
Whereas, p, © p; is not even defined ifX # 2. u-l equal each other what

P20 p, and py P are defined both, they are not necessart y €q

We saw in example 3 above.

Definition. Inverse Relation. e
Let p is binary relation from X to Y. Thel

from Y to X defined as follows:
yp~ix & xpy-

. ’ _‘l
rse of p is binary relation o

Obviously, ,
L.Gr(p~Y) = {(y.x) e Y X Xlyp
2.D(p~1) = Ran(p), .

3. Ran(p~1) = D(p).

4. (p-l)'1 = p.

~15} = {(3x) € Y X Xlxp¥}
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Examples:

1. Trivial relations py, p. from X to Y. Inverse relations p;‘, pzlare
fromY to X.

p; = pr, 2" = pe.

2. Consider once again example 2 from above;
LetX ={2,3},Y = {4,5,6,7,8,9}, xpy © x|y (x devide y).
Gr (p) ={(2,4),(2,6),(2,8),(3,6),(3,9)} S X x Y. .
Inverse relation p=! fromY to X will be yp~lx & "y is divisible by *
with the Gr(p™1) = {(4,2),(6,2),(6,3),(8,2),(9,3)} S Y x X.
3. Inverse relation of the relation “to be husband of” from M to W is

the relation “to be wife of” from W to M.
4. Inverse relation of the relation “to be'married to” on H is

the same relation “to be married to” on H .
5. Inverse relation of the relation “to be friend of” on H is

the same relation “to be friend of” on H.

6. Inverse relation of the relation “to be parent of” defined on H is “to b€
child of”. _

7. Inverse relation of the Identity relation / on X is [~1 = .
8. Let L be the set of all straight lines on plan P. Then:
a)lIml=|l, byL =1,
11. Inverse relation of the relation @ € 4 on § X P(S)
is the relation 4 3 a on P(S) x S.
12. Inverse relations of the relations < and = on P(S)
are respectively the relations 2 and =.
o

Note. The graphs Gr (p) and Gr(p~?) are included in the different s:he
XXYand Y xX respectively. When we use Cartesian coordinate system of
plan to represent them we find that these graphs coincide. And it is natural cof o (4
to the widespread mistake in mathematical textbooks where these graphs m e t?
symmetrical relatively the bisector of the 1** and 3" quadrants. We will try he e
understand this misconception. If we use the horizontal axis for the set X & 6‘,6"
vertical axis for the set Y and draw both graphs, of course they coincide. Ho tpﬁ‘
if the sets X and Y are both of the “same nature” and if there exists a set S SU° %
XCSSandY <SS (in particular, if X=Y=5), then XXV, yxx/sa,ﬂ‘
Gr(p),Gr(p™") < S2. And only in this case we can draw both graphs in th° ¢ ey
coordinate system differently. Namely, using for Gr (p) horizontal axis fof (he o

X and the vertical axis for the set Y, but for the Gr (p~1) horizontal axis fOf
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i i hs on the same
Y and the vertical axis for the set X, we receive two different grap!

plan;
Gr(p) = {(x.y) ES*[x EXA xm'i
- 2|y e Y Axpy}
Grip-Y) = ((9,x) € S*ly o e
The points (x. y)re(psz zmd (v.x) € §2 are called symmetric “gtl;;i;;ielc) te
e pol . X
diagonal Dp= {(x,y) € S%|x = y}. Therefore, the graphs Gr(p) an

i iy =X
also called symmetric with respect to the diagonal D:y

i ic relatively x
jon p defined on X is symmetric relatively

Note. If,in particular, he relat 1 coincide and their common

and y, i.e. if xpy < ypx, then the graphs of p an:-p onal D:y = X.
graph is symmetrical to itself with respect to the diag

Examples: .
1. Let p be the binary relation R

The inverse relation p~" is: xp™y X =
The graphs of p and p~* are symmetrical with respe

: ) 2
ey = +E)
1 =y? (ory = vx. .
iy - cttothediagonaly=X-

y:xz y=X

X = yz(ory = '_t\/;)

2=1.

2
R-R xpy <X +;V2+y2=1@yz+

i relation .
2. Let p be the binary th respect to X and y: X

This relation is symmetrical Wi
X2 = q 4
' itci ed at
Their common graph is the unit circle center
Metrical with respect to the diagonal y = X:

the origin O and is sym-
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. | )
Definition. Set R(X, Y). The set of all binary relations from X to Y is deno
ed by R(X,Y). : .

Exercise. Number of all binary relations from X to Y.

Let X, Y be finite sets with card X = n and card Y = m. he

Prove that the set R(X,Y) is finite too and find its cardinality, i.e. find
number of all binary relations from X to Y. ' in

Solution. As we know any binary relation is determined by its truth s¢t
X XY and vice versa. The cardinality of X x Y = nm. Since any subset of
Ycan be the truth set of appropriate binary relation from X to Y, it follows that
number of all binary relations from X to ¥ is equal to the number of all subsets
X XY, ie.to the cardinality of the powerof X X Y i.e. to 2"™. So,

. " card R(X,Y) = 2card X-cardy

Inverse of a composition of relations.

Prove the following important theorem as an exercise: X

If py, p, are binary relations respectively from X; to X,, and from Xz 10 ’
respectively, then the composition relation p, o p, is from X, to Xa, its inversé l
the binary relation from X3t0 X, and

(P2°p1)"1 = p1lop;t

Example. Let p, = “to pe brother of”, p, = " to be parent of ".
Then -
P2°p1 ="to be parent of" s “to be brother of” = "to be uncle of "
pi! = “to be brother of", p7' = " to be child of ",
Then, (p; ©p;)™ = "to be nephew or niece of the uncle ".
prlopst ="to be broter of" o " to be child of " ==
“to be nephew or niece of the uncle " = (p20py)7%.
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More generally: . .
If py, P, .. , P are the binary relations respectively from X, to X;, from X,

t0 X3, ..., from X, to Xn+1, then the binary relation py © ... Pz ©P1
is from X, to X, and its inverse ) B

n (pn 0.0 Py °Pl)_1 = Pfl opzl ©..°pn
is the binary relation from Xp. to X;.

Notes. ‘ .
I. Inverse is defined only for binary relations.
2. Any binary relation has an inverse.

Compositional degrees of relations. _
Ile =X2="'=Xn+1 =X, prL=P2= %

Compositional degrees of relations:
pt=popo..op(ntimes,n€N) fromX_th. I,
Besaseof (7" = pope o) =7 oo 08

We define negative compositional degrees p™ = (

By definition p° = I - identity relation on X. inez

So, compositional degrees p™ are defined foralln € 2.

=0 then we can define

3.1.4. Representation of Relations.
Arrow diagrams. Arrow diagrams can
€xample from above: de ).
pa) LetX ={2,3},Y = {4,5,6,7,8,9}, xpy < J;I;’)}(x devide y
Then Gr (p) = {(2,4),(2,6),(2,8), (3, 6),(3,9)}

be easily explained by the following




b) If in particular, the binary relation is defined from X to X, i.e. on X, the?
Arrow diagram for the relation, for example of divisibility on the set X =
{1,2,3,4,5,6,7,8} will be as follows:

Matrix of a Relation. We will demonstrate it on the example a):

4 5 6 7 8 9

Exercises 3.1.

1. Let py, p,, ps be binary relations réspectively
fromX, toX,, from Xato Xy, from X5 to X,,.

Prove that the composition of relations is associative:

(P3°p2)op, =p3e(pz0p).

2. Let p be binary relation from X to Y,

Iy, Iy be relations of identity on X and on Y respectively.
Prove that,

Apoly=p, lyop=p,

In particular, if X = ¥ then poly =1y
b)plep=1Iypopt=y,

In particular, if X = ¥ then p~1op = pep =1y

°p=p,
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3. Let p be the binary relation R = R, xpy @y > X. Find:
a) the inverse relation p~1, .
b) on the plan R? the graphs of the relations p and p™"

4. Let p be the binary relation R = R, xpy ¥ > 0. Find:
a) the inverse relation p~1, o
b) on the plan R? the graphs of the relations p and ™"

5. Let p be the binary relation X = {2,3} »Y = {4,5,6,7.8,
Find:
a) the inverse relation p~, .
b) on the plan R? the graphs of the relations p andp~’.

9}, xpy « x devide y.

3.2. Equivalence Relations.

3.2.1. Reflexive, Symmetric and Transitive Relations.

Reflexive Relation. . fexive if
Definition. Binary relation p on the set S is called reflexive 1I.

Vx €S xpx.
Examples:

1. Relation of equality (=) on the set of natural numbers N is reflexive:

vxeEN x=x.
2. Relation (<) on N is not reflexive: x < X I false.

Definition. Symmetric Relation.
Binary relation p on the set S is called symm
xpy = ypx

etric if:

Examples:

. N is symfnetric:
1. Relation of equality (= .

) on the set of natural numbers
X = y = y = X. <
2. Relation (<) on N is not reflexive: X <Y HYy<X.

Transitive Relation. . e if:
Definition. Binary relation p on the set S i called transitiv
xpy Aypz = XpZ
Examples: ’ . S
) tive:
1. Relation (<) on the set of natural numbers N is transiti
x<yNy<z3X<Z

i 71



2. Relation L on the set L of all straight lines on the plan P is not transitive*
xlyAylz#xlaz

3.2.2. Equivalence Relations.

Definition. Equivalence Relation.

Binary relation p on the set S is called the equivalence relation, denoted by
special symbol (~) if:

1. ~ is reflexive: x ~ x,

2. ~ is symmetric: x ~ y=2>y~zx,

3.~ is transitive: x ~ yAy ~z = x ~ 2

Properties 1-3 are called axioms of equivalence relation.

A set S with equivalence relation ~ on it, is denoted by (S, ~).
Examples:

i
1. Let S be any set. Then relation of equality (identity) (=) is the equ"" .

lence relation on S:

X=X, X=y=y=x, x=yAy=z=x=2z of

2. Relation of the logical equivalency <> on the set of all propositions ol: .
the set of all propositional forms with the same domain of definition is the €q¥!
lence relation: p = p, p = q) = (g & P, pedr@@er=@eT) ?

3. Relation of the parallelism || on the set L of all straight lines on the plaf
is the equivalence relation:alla, allb=blla, allbAblic=alc.

4. Trivial full relation p; on any set X is the equivalence relation:

all elements of X are equivalent between themselves. .. thé

5. Relation of similarity of triangles on the set of all triangles 77 15
equivalence relation: A~ A, Ay~ Ay= Ay~ Ay, Ay~ Ay ADy~ Bg= Ay~ B3 of

6. In the shop we define a binary relation on the set of all goods: @~
cost (a) = cost (b). Check that such defined relation is equivalence. otrie

7. Congruence relation is the equivalence relation on the set of all geO™
shapes.

8. Relation “has the same birthday as” is the equivalence relation on t
of all people H.

e %

Counterexamples. The following relations are not equivalence: igﬂd
1. Relation “to be friend of” is reflexive (everybody is supposed t0 be
of himself/herself), is symmetric, but not transitive.
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2. Relation “to love” is only reflexive, is not transitive and unfortunately is
not symmetric. . -
2. Relation “to be brother of” is transitive, is not rit:rlve;
. i men.
on the set of all people, but can be symmetric on tt.le se't 0 O e and is o
3. Relation “to be parent of” is not reflexive, is not sy
transitive. By
4. Divisibility x|y is reflexive and is ﬂm§lt|ve,
6. Perpendicularity a L b is symmetric, is not
onl, .
7. Inclusion A € B is reflexive, transitive bu

is not symmetric

but is not symmetric. N
reflexive and is not transitive

t not symmetric on P(S).

3.2.3. Congruent Relation Modulo m. N
Definition. Letm € N, x,y € Z. We write
x =y (mod m)
and we say “x is congruent y modulo m" if m|(x = ¥).
i oter word;,s y(modm) & In€Z (x-y) =mn.
The number m is called modulus.

Examples:
1.9 = 12 (mod 3), 8 % 12 (mod 3).
i ion. Really:
Congruent Relation Modulo m is an equivalency r;latlon y
1. Reflexivity: x = x (mod m) because x = J: = )m= n;n .
2. Symmetry: x =y (mod m) = 3n € Z|(x J;m)
(y - x) =m(-n) and (-n) € Z=Y= x(’ZO ) :-
3. Transitivity: x = y (mod m)Ay = 2 (mz (m_ -2 _
(x—y)=mnA(y-z)=mk=>@x—-2)=&~Y
m(n + ).

So, (x — z) = m(n + k), (n+k) € Z = x =2z (modm).

i t relation
Example. We use often in geometry and trlgonometry)tlle ;;t;gruen
Modulg 247 vx,y € R x =y (mod am) e 3nel (x -;e}; = I nod 20,
If x and y are the radian measurements of the ang s x  edon
&eometrically they rebresent the same angle. lf t:x:]ethi Sgpom T o can
€ unit circle, then they correspond to the same pomb o (s PO 0,20
® fepresented by the “standard” value as a real numbe:
6
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3.2.4. Rational numbers.
On the set Z X Z* we define the relation of “equality” as follows:
(m,n) = (m',n') © mn’ = nm',
e.g. (1,2) = (2,4) = (3,6) etc.
(remember equality of the rational numbers: = = LD mn' =nm').
n n

It is easy to check that, such defined “equality” is an equivalence relatio™
Really:
1. reflexivity: (m,n) = (m,n) & mn = nm,
' 2. symmetry: (m,n) = (m',n') @ mn' =nm’ <
mn=n'me (m',n') = (m,n)
3. transitivity: (m,®) = (m’,n') A m,n)y=m"n") e
mn' =nm' Am'n" = n'm"” o mn’ - mn" =nm' -n’'m" < mn' =nm'
& (m,n) = (m",n").

’

So, this “equality” is equivalence.

3.2.5. Vectors-arrows.
Vector-arrow in the real space (or on the real plan) is defined as a straight

segment AB wit!m start point A and end point B. On the set of all such vectors we
define the equality relation as follows:

. We assume that the “parallel translation” of vectors in the space is deter”
mined by one way or another. We assume that the vector A’'B’ = AB if ﬁ ifit
:?;)t:; by combined by mean of “parallel translation” with vector AB. We ass4"

a't the:_s;3ace _hfs no “curvature” and the “parallel translation” satisfies the
properties: AB = AB, AB =A'B’' = AR’ = 4B
AB=AB'NA'B = A7B" = 4B = 775" 5
E ual- - ’ . . 3 ) i 35
e thatc:he :‘tzrﬁdeﬂn:d in this manner is an equivalence relation. We note 1% P &
i _°" of parallel translation in the real space is far from trivial an
pend on physical properties of the space, in particular on its curvature.

3.3. Equivalence Classes. Quotient Set.
3.3.1. Equivalence classes. t
Definition. Let ~ be an equivalence relation on S and a € 5 be an elemeﬂ

Equiva!ence class of the element a is the subset in S, denoted by @
(or cl(a), or [x]) and defined as follows:

a={x53|x~a},
74

‘angles with the common origin O and com

i.e. @ is the set of all x € S equivalent to a.

es, D € L be a line. Relation I, as

Example: Let L be a set of all straight lin
the set of all lines parallel to D.

we know, is equivalence relation on L. Class D is

Prove the following theorem as an exercise.

Theorem. Fundamental Properties of the equiva

Equivalence class is completely determined by any 0
representative of the class, i.c.

lence classes:
f its elements called

a~bed~b

So, the equivalence classes are either coinciding or pair wise disjoint.

Examples:

1. Equivalence class of the element a for the equ
isa singleton.

2. The set of all elementary propositions is
classes: those who are true and those who are false.

3. Equivalence class of the relation “has the same
People born in the same day.

4, Residue classes modulo m.

For the equivalence relation x =y (mod m) defined on z

a={aatmax2m ke
Classes g are called residue classes modulo m, €.2.
0= {0, +m, +2m,..}, 1= {1,1£m 1L 2m w}

“1={-1,-1+m-1%2m, .. } etc.

ality relation is @ = {a},ie.
divided into two equivalence

birthday as” is the set of

mon adjacent O

the set of the angles represented by the same radius-vector 0B:

F={ryt2nytsm..}

6. Rational numbers.
Let (m,n) € Z X Z*. Its equivalence cl
ADove js

ass according to the definition given

‘ !
= ! x Z*|mn' =nm }
(m,n) = {(m',n YEZ N on
Note, that the elements (m, 1) and (km', kn"), where k_e Z f:a::yélass thi
© the same class. So, we consider as the simplest representa.tlve 0 fass the
b (m, n), where m and n are mutually prime numbers, 1. ha\{e no ¢
, the Fundamental Arithmetic Theo-

Actors Oﬂ:fr than 1 and —1. It is easy (usir;g
1 7



rem) to prove that this representative is unique up to simultaneous change of S'gnz
of the numerator and denominator. For example, for the 01‘:';
{(-1,2),(1,-2),(-2,4),(2,-4),(-3,6),(3,—6), ...} the simplest repr"-'Se“we
tives are (—1,2),(1,~2). In the case when m and n have the same sigh i
choose the simplest representative of where numerator and denominator are PO
tive.

. de
We call from now rational number the whole equivalence class and wé

note it = instead of (m, n). For example,% =12 = {(1,2),(-1,-2),(2,4: )

Theorem. . . 1enCE

An equivalence relation ~ partitions a set S into classes, namely eCIU'"ale
classes of ~. ' . on$

Inversely, any partition of S into classes define an equivalence relation o5
whose equivalence classes coincide with these classes. This equivalence relatio
defined as follows:

Let {A;}i¢; be a partition of S. We define binary relation p: -

o ce rEl
xpy <> 3i€l|x € A; Ay € A; and we prove that p is an equivalen
tion.

. ing {0
The proof of this theorem is not difficult, but we omit it here by refer™

any textbook for mathematics students.

3.3.2. Quotieni Set.
Definition,

o
. . . . . get
Quotient set of a set-S with respect to an equivalence relation ~ is the
equivalence classes and it is denoted by S/~.

Examples:

. 6 th
1. Quotient set of the set of all people with respect to the relation has
same birthday as” consist of 366 elements. Each element (class) is the set ©
people born in the same day.

(4

o" v
2. Residue classes modulo m. Consider congruent relation modul© ms: ed
x =y (mod m). 1f m = 2, then there are only two equivalence c125%°
0=1{0,2,-24,—4,..}, and 1 ={1,3,-1,5,-3,..}. Note, that
0=2==2=+., 1=3 =11 = So, the quotient set is deno*®

-~y

Z, =2/~ and contains only two elements: Z; = {6, i} By analogy, it is

= {0,1 —~1}, where
easy to find in general case Zm= {0,1,...m-1}
= {0,m,-m,2m,-2m, ...},
={Lm+1,-m+12m+1,-2m+1,.} .
m-1={m-12m-1,-1,3m- 1,—m——-_E...}ant
G=me=m=Zm=-l=mFl=l-m="eo
3. Free vectors-arrows. ) ) et of
Since equality of vectors-arrows is defined as equivalence rei:ltll:: :l::e o
all vectors-arrows can be partitioned into the equwalent clas:lsiled vigin 0 and
tors-arrows. Usually we fix an arbitrary point in the spaci;e oresemtative it
from each class of equal (equivalent) vectors we choose

. . o 0 iS the “model”
Starts at the origin 0. The set of vectors starting at the same origin
of the quotient space of all free vectors. » ‘ and sliding
?\Iote. In :ddition to free vectors in physics are also used fixed
Vectors, which should not be confused.

4. Rational numbers. . o1 < called set of ra-
The set of equivalence classes, i.e. quotient set.Z. xZ ¢/i mﬁlt‘;?)lif:ation on Q
tional numbers and denoted by Q. Operations of addition an

are defined as follows:

= ol

+

S
m B=_7r_1£p_n_ thatiS (m‘n)+(p’q)=(mq+Pn,ﬂQ)
n q nq ! ——

D2 thatis (m,n) - (p,q) = (mp.4)

n g nq

. the choice of
These operations are defined correctly, i.e. do not depend on

representatives. Really, if L s e then
(m,n) = (m',n") &mn’ = m'n and (p,q)l=’(p.:’)(r:; ?1?1) =P q
(mn")(pq") = (m'n)(@'q) © mpn'q' =m'p'nq ) :

(m’p’ 't
e dition. -
or =2 = ™! g multiplication. Check analogously for ad
nq negr
Exercises 3.3.

ws:
Let "~ be a binary relation defined on N x N, as follo

mn)~(m',n) om+n' =m' +n -
PTOVe)thz(it SO de)ﬁned relation is an equivalence relation:
3) (m,n)~(m,n), ..

b) (m, n)~(m’,n') = (m',n")~(m;n), .
c) (ml n)~(ml’ n')A (m" n')~(m", n') = (m, n)
and describe its equivalence classes.

( mu' nl’)

ki
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3.4. Order Relation. Partial and Total Order. Strict order.

3.4.1. Order.

. r-
Definition. Binary relation on a set S, denoted by < is called order (or ©
dering relation), if:

l.reflexive: Vx € S x < x,

2. anti-symmetric: x S yAy s x > x = b2

3. transitive: x S yAy<z=x <z, i

We say in this case, that the set S is ordered by relation < and we denot®
5 <. '

Properties 1-3 are called axioms of order.

Relation x < y is called often inequality (or non-strict inequality).

Examples:
1. Equality relation on any § set is an order, called trivial order.
In particular, a set S can be a singleton: § = {a}. o
2. Logical implication = on the set of all propositions (or prO})OSi"Ona
forms defined on the same domain) is order:
PP (=qrq=p)s(peq), @=qag=r)=@="
3. (P(S), S)is an ordered set: )
ASA (ASBABSA) > (A=B), (ACBABCC)=(AS
4.(N,=), (2,<), are ordered sets,
5. (N,|) is ordered set:
nn, (nlmAmin) = (n =m), (nimAmlk) = (njk). [ b8
6. Order of rational numbers. On the set @ = Z x Z*we define orde
on the order in Z as follows: . !
(m,n) < (m',n") A (nn’ > 0) & mn’ < nm’. Check all three axio™ .
7. Alphabetical order. of 5 (
Let S be a finite set consist of 7 elements. There are n! permutation’ ¢ e
will be shown later in combinatorics). So, we can establish n! different Ordet o
tions. Usually, one of them is taken as main, e.g. if the set § = {1,2, ... n} t;o"'

. \ Vi
the main permutation is 1,2,..,n).If Sis alphabet, then the main permv
(a,b,c,d, ..., z) etc.

o

Definition. Inverse Order.
On the ordered set (S, <) we define inverseorder: x z y & y < %'

o

Exercise. Prove that 3= is an order relation.

. 3 17
Exercise. Why strict inequality < is not order on Z7

,y €S are
Note. Let (S,<). We cannot assert that every two elements x,y

le:
Comparable, i.e. that x < y or y < x. For examp . d B 2
1. obviously, 34, B € (P(S),S) that are non-comparable: 4 & B
A.

: 3.
2. the elements 2,3 € (N, |) are non-comparable: 3 + 5and 5 +

3.4.2. Total (or linear) Order. . ;
Definition. Order relation < is called'tptal (or'hlnet;:);::hotomy om:
the 3 axioms of order, it satisfies else 4th axiom, namely

4. Vx,yES x<Xyorys<x, -
i.e. if any two elements of S are “comparable. tore
A set S with total order on it is called totally orae

er if, in addition to

d set or chain.

3.4.3. Partial Order. Chains.
Definition. Partial Order. )
Order which is not total order is called partial o;?:;- ,
So, set of all ordering relations is equal to the u
Yions and of al total order relations.

f all partial order rela-

Examples: .
1. examples 2, 3, 5 are examples of partial orc:;rl:
2. examples 1, 4, 6, 7 are examples of total order.

Definition. Chains in the partial ordered sets.d < subset in the partially
We can use the term chain also for a totally order

the subset A=
Qrdered~ For example, (N,|) is a partially orfiel:edENbI\;t
L2, 4,8,16,..27, ...} is totally ordered. i.e.1s 2 chain in (,

. . : S,z)isalsoa chain. ]
e Obviously,if 5, <) is chall then gvely increasing and decreas

The chains (S, <) and (S, ¥) are called respec

ng Chaing,

3.4.4. Definition. Strict Order. » -
Let (] <) be ordered set with non-trivial order <.
79



Binary relation on S denoted by < and defined as follows
X<YySXSYAXZY

. san e
is called strict order relation corresponding to non-strict order relation

Relation x < y is called often strict inequality.

Examples of the strictly ordered sets:

on N.

Example. Lexicog'raphic order,

za
Let (S, <) be a totally ordered set. We define on the Cartesian square S

new binary relation < as follows: ¥(a,, a,), (b, b,) € §2
(a1,a2) £ (by, by) & (a, < b)) v (a, = by Aa, < by).
Prove yourself that = is a total order on S2.
This relation of total order is naturally extended on $™:
(a,a5, ... ,a,) & (b, by, ..., by)
(@, <b)Vv(a; =bAa,<b)V..
V(ay =bAay=byA.. Aay_y = by_y Aay < bn)

. . . . ie
and called lexicographic order. It is used for example, in compiling diction?’

list of students in the class. Set S in such cases is alphabet with natural order-

Exercises 3.4. .

1. Prove that a strict order < is not order relation:

1. “antireflexive™ Vx € § x < x is false.

2'. “antisymmetric™ vx, YES x<yAy<xis false
3'. transitive: X<YyAy<z=d>x<z

4'.if < is a total order, then the

property of dichotomy become a trichotomy:
eithe

TX<yory<xorx=y,ie. only one of 3 relations is true.

. ¥
2. If < is a relation satisfying 1,2, 3' then the relation < on S defined byx <Y

YV x =y isanorderrelation. And if < satisfies also 4', then < is a total order.

. e i i oa
3. Prove that in the definition of total order we can omit 1% axiom reflexivity, b°
dichotomy axiom = reflexivity axiom.

4. Let (S, <) be an ordered set. On §2
(azb,) & (a; < a) A (b = by).
Prove that (52,

, b)) €
we define relation £ as follows: (a1,

E) is partially ordered, even if (S, <) is totally ordered.

on

: .t ord
1. (Z,<), 2. (P(S),<). 3. Relation apb < (alb Aa # b) is a strict ©

s ots
3.5. Intervals and their extreme points in ordered s

3.5.1. Definition. Intervals. i

Let (S, <) be an ordered set, a,b € Sanda < b. T:le

[a,b] = {x € Sla < x < b} is called closed interval, |

(a,b] = {x € S|a < x < b} is called left half-open m.terv ;l

[a'b) = {x € S|la < x < b} is called right half-op|en interval,
' i interval.

= {x € S|a < x < b} is called open In . - ends of
|(:'elll,|)cas§:the !lements a and b are called respectively left and rig|
the interval.

Minorants. Bounded Set.
a non empty subset.
bound) of A

3.5.2. Definition. Majorants.
Let (S, <) be an ordered set and A € 5 be
1. Element a € S is called minorant (or lower
VxEA axx & of A
| 2. Element b € S is called majorant (OL u;)per boun
vr€Ed x= e minorant.
3.AsetA €S is called bounded bellow.lf: it has atllza;t;r;emajoram.
' 4. Aset ACS is called bounded above if it has a:] e;v o
' S.AsetAC S is called bounded ifit bounded bello

f
g0

Examples: e
i 1. In the set (R, <) we consider the. subse .
Majorants are e.g. 2, 5, 103 etc. Minorants are &.8.
Set A is bounded. Set R is not bounded.
2. In the set (N, |) we consider the subset A :
Any common multiple of the numbers m, 71

-1,2).
[ -1,-3, -102 etc.

= {m, n}. : . :
s a majorant of 4 and, inversely,

P f
‘ 30y majorant of A is common multiple of mand7. F?r:oiants of A is the set of
= {6,9} are 18, 36,54 etc. Analogously, the set of r;‘"A = {6,9) are 1and 3.
60( ®*Mmon divisors of m and n. For example, minorants O

. i ded bellow by
The set A is bounded. Note, that any subset in (N, |) is boun

“Umber 1.

3. In the set (P(S), <) - for any sut;:e;
and the minorant; it is @. Any subset A =

A C P(S) there exits the majorant; it
P(S) is bounded.
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. e

Note. A set A C S bounded in (S, <) is not necessarily bounded if f”’e c0 ¢
sider it independently in (4, <). In fact, [0, 1) is obviously bounded above in (K
), but is not bounded above in ([0, 1), <).

3.5.3. Definition. Maximum and Minimum.

Let(S,<), ACSS, A+ 0.

Minorant a is called minimum (or least element) of 4 if a € A and W€
note it a = min A.

Majorant b is called maximum (or greatest element) of A if b € Aan
denote it b = max A.

In other words,a =minA & (Vx€ A a<x)A(a € 4),

b=maxAe (Vxe€A x<b)A(beEA)

de”

d we

Theorem. Uniqueness of minimum and maximum.
If there exits min A (max A), then it is unique.

Proof. Suppose that there are two minimum a = min Aand a’ = mm,A(;raﬂ‘

Then a < a' because a is minorant of 4 and a’ < a because @' i mif
too.

So, by virtue of the antisymmetry of the order relation a’ = a.

Analogously we can prove that max A is also unique.

Examples: ’
1. (R, £), min[-1,2) = —1, max [—1,2) does not exist.
Note, that R itselfhas no max, has neither min nor max.
2. (N,]), A= {m,n}has max and min if and only if m|n. it
In this case min A = m, max A = n. E.g. {6,9} has no max, has no )
But min {3,9} = 3, max{3,9} = 9. o 0
3.(N,<), VA S N (4 + 0) there exist min A. If A is bounded 2%

there is else max A.
4. Let (S, <), and {a} S S be a singleton. Then min{a} = mGX{a} i
5. Let (P(S),S). Then VA € P(S) @S ACS, corollary @ is™

ismax in P(S). :

=z .
.

3.5.4. Definition. Infimum. Supremum.
Let(S,%), ACS, A% 0.

pty and has the greatest element,

: of A is not em .
L. If the set of minorants m d) of A and denoted by inf A:

then it is called infimum (or greatest lower boun
inf A =maxm.
t, then
2. If the set of majorants M of A is not empty and:as t:::l :35;::;’:5“
it is called supremum (or least upper bound) of A and denoted by
supA = min M.

. i miane.
Th . If infA (sup A) exists, then it is umqu ofan
Th:‘;::;f follo{vs from the uniqueness of the greatest (least) element of any
setiif it exists.

Examples:

1. Let(R, <), A=[-13).

min[-1,3) = inf[-1,3) = —1, max [-1,3) does not
ist, sup [-1,3) = 3.

2. Let (Nn I)l A= {m, n}' .
inf{m,n} = GCD (the greatest common dz'msor),
Sup{m,n} = LCM (the least common multtple3).

For example, sup{6,9} = 18, inf{6,9} = 3

i n

4. Let (P(S),S), ABE P(S) (i.e.ABS S), the:

inf{a,B} = An B, sup{A,B}=AU B.

:tence) of majorants
Note. We must remember that the existence (or r}o;]‘ilmss:f;A)depend on A
and minorants of a set 4, and thus of min A, max4, nf&

Considered independently or as subset of anothe:r set. 1 1 not bounded ahove
For example, 4 = (10,1), <) considered independently

= [0,1) considered as
and hence does not have neither max nor sup. But th(::t ie:i‘:t su[p o
the subset of (R,S)is bounded above, max A does s

. in (S, <) has ama-
Exercise 3.5. Duality of <. Prove, that ifa Sull))sett ((I;11 i)) li'rll ((S, ?)) will have
Jorant (minorant), maximum (minimum), then the st -seum)' If (A, <) is increasing
l‘QSpecﬁvely the minorant (majorant), minirf\um (maxll:‘(s ))
Chain in (5, <), then (4, ) will be decreasing chain 11 %
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3.6. Functions (Mappings). Graphs.

3.6.1. Function. e

Definition. Let X and Y be sets. Binary relation f from X toY is called fU [
tional relation or function (or mapping) from X to Y if for every element x
there exists one and only one element y € Y such that xfy is true, or briefly !

vxeX A'yeY: xfy

So, function is a special case of binary relation with two special condit‘ons'
1. for every x € X there exists y € Y such that xfy is true

2. this y is unique.

When a relation f from X to Y is a function we write it

f:X - Y and instead of xfy we will write y = f(x)

f f
(or sometimes X = Y, x = y,0r x » f(x)).
In particular, the function f: X — X is called transformation of X.

As the function is a special case of binary relation the notions of the graph’
domain, codomain and range remain valid for the function:
. % Yy
6r() = (Y eXx¥ly=fG) = ((ufN eXxYIxeN) X
Any function (like a relation) is completely determined by its graph-

D(f) = X, elements x € X are called inputs.

¢
p tf
The definition of the domain of the function is simpler and shortef tha g1

domain of the general relation because of the 1% condition of the definition 7
Cod(f) =Y,
. gio”
Ran(f) = {y € Y|3x € X|y = f(x)} € Y (as well as for binary rel?

But for functions there is another notation of Ran(f) = Im(f)
(Im is from Image).

Note also that not each element y € Y, i.e. generally m(f) & Y.

Definition. Image. Preimage. Let f:X Y bea function.

Element f(x) € Y is called image of x € X under f. .

Element x € X is called preimage of f(x)eY under f, note that it is not
Necessarily unique.

Sometimes element x is called point, variable or argument, element f(x)
is called value of the function f at x.

Definition. Let f: X — Y be a function and A S X be a subset.
The image of A under f is defined as follows: A
f(A) = {f(x) eY|x €A}, ie. astheset of all images f(x) whenx € A.

In particular, f(9) = @, f(X) = Ran(f) = Im(f).
The concept of function is s0 important in mathematics, that the definition of
function independent on binary relation is desirable.

Definition. Let X and Y be sets.
A function (or mapping) f from X to ¥, denot
Corresponds) to each element x € X exactly one elemen

edby f: XY, assigns (or
tyev, denoted y = f(x)-

As a function is a special case of a binary relation all definitions and theo-

d-
£ in thi functions can be deduced from the correspon
e detigons a torems iy But for the independence of the

Ing definitions and theorems for the relations. °
p.reSentation we will give independently the definitions of the equality of the func

i i istenc
tons, of the composition of the functions, of the inverse function. .The :::::e doni
Of these definitions with the corresponding definitions for the relations

Y the reader himself as the exercise.

Examples: o
1. Let M be the set of all men and W be the set of all women. Then the rela:

fion from M to W: "m is the husband of w" is not function: Really,“'];’lt ;ach man
s Married, so the 1* condition of the definition of a function 1S nott fu dl Peb-e e set
2. Let C be the set of all children having at least one paren an

. i " function.
oall Parents, Then the relation from C to P: nc is the child of : zlidn::nd;:ion of
®ally, some children have two parents (father and mother), so the

© definition of a function is not fulfilled. .
3. 1fin exan{ple 1 we consider the same relatio

/ i then this
t‘uom Mr to W, where Mr is the set of all married men,
Nction,

n "misthe husband of w"
relation is the

85



Really, for every married man there exits his exactly one wife.
4. Constant function. The function f: X — X such that ot
vx €X f(x) =c, where c is fixed element from Y, is called const
function. Im(f) =c. Gr(f) = X x {c}.
5. Identity function. The function I: X — x such that
vxeX Ix)=x
is called identity function on X. Im(I) = X.
Gr(l) = {(x,x)|x € X} — Diagonal of X?.
6. Characteristic function of a set. Let X beasetand A € X bea subset
The function x4: X = {0,1} such that -
1,ifxeA
XA(x) = {0’ i]j:x g A
is called characteristic function of a set A.

7. Sequences. Let X be a set and N be the set of natural numbers. a]ues
The function x:N — X,n v x(n) is called sequence in X. The V& 4
x(n),n € N are usually denoted x,, and sequence is denoted (xn)n€"
(X1, X20 v ) Xy e }- o
For example, the function x(n) = X, =, n € N defines in R the sed

1 11 1 . )
n 2’3" e
(")neN or {1,2,5su,7s - }- A sequence is called numerical sequenc

if X = R- the set of real numbers. t ol
8. Function-compliment. Let U be the universe and A be its quse i
every A there exits its compliment A =U — A. Let P(U) be the power ©
the set of all subsets of U, so A,4 € P(U). Then
£ P -»PW), fA)=4
is the function. )
o’
8. Canonical function. Let (X, p) be a set X with an equivalence re:; ﬁ,ﬂ‘
on it and % be the equivalence class of x, X/p be the quotient set. Then ¢
tion
gX-X/p g)=x
is called canonical function. 0{
oft
cti0
9. Function of two variables. Function f:X XY = Z, is called fu? u"!‘ﬁ
two variables. In practice instead of z = f((x,¥)), (x.y) €X X y we 0 o

write z = f(x,¥), x €X, y €Y in order to underline expression “of tW
bles”.

/

-~

i

i

10. Binary operations on P(U). Let U be the universe and P(U) its power
and A,B € P(U) subsets in U. Then the binary operations N, U, = A generate
the functions of two variables f, g, b, p: P(U) X P) -~ PW):

f(A,B)=AnNB, g(A,B)=AUB, h(A,B) = A— B, p(A B) = AAB.

11. Projectors-functions. The projectors-ﬁmctions are defined as follows:
Pry:X x Y = X, Pry(x,y) = x and Pry: X X Y-V, Pre(6y) =Y-

i f n varia-
Functions of two variables are naturally generahzed to the case O

bles,

12. Predicates and Boolean functions.

€ Xux2 €

Every n — ary propositional form P(Xy, Xz - +Xn)> wherech;{ - 1hezset

X xp € X,, generate a function from the set X = X1 X ;(ze:ca o Sz 1l prop-
&, ich i - Predicate-function or just Predicate. 5% :

£} which is called n — ary e oy, w0 equive-

Ositional forms can be considered and cailed as Predic

lent propositional forma generate the same Predicate. opositions
In particular, when all variables X1, X2, - ,Xp are elcementar)(li pro e

Predicates are called Boolean functions. For example, all compount . :)‘S p

discussed above in the 1% chapter can be considered as Boolean f.unc 1<;h ;able .
Any Boolean function of n variables can be defined by its tru

faining 27 rows.

=greatest integer Jess than or equal

13. The “floor” function []:R = R, [x]
1. = -3, [—e] =-3.

tox,e,g,:[z_]= 2,[21]= 2,[e] = 2,[n] = 3,[-21]

D(1]) =R, Im([1) =2
I‘E?l?e ceiling ﬁEr;tion F:R-R Tx] =least integelwg_iej%ltfr —t-hzan or equal
tox, o1 [7] = 2,20] = 3101 = (A = 42 = 27T
D(ﬁ):R‘ 1m(FD=Z.‘ o ~{1'x¢Z
Obviously: vx € R [x] £ x < [x], K-[=1, xez
15. The “fractional part” function (yR-R (K}=%*~ B—l:; ef:Z 501
@ =y, {24} =0.1,{e} = 0.718 ., (m} = 0.141 ~-~§‘2;1} 'Tho.e;iod 3
D({'}j =R, Im({:}) = [0.1)- Function {"} is periodic with p
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C £l is a function g: A — Y then we call extension Ofg to the
11 t th hs of the floor. Ceiling and actional p rse'Y1 ifthereisa nction g:
Here bellow there are the grap A fr art onve

set X > A any function f: X — ¥ such that vx € A f(x) =9
functions respectively taken from Wikipedia.
Example. The function sign:R - R is defined as follows:
L ) * -1, ifx< 0
B ° 2 L] . _ 0, lf =0
' . R o sign (x) / x>0
= ’ b= Graph of sign.

1

v | . <
‘ 1

0 -1
usue? }
16. The modulus operator (mod) is the function of two variables . I—
written in the form of a binary relation mod: Z x Z; - Z,

mod (x) =reminder when x is divided by y. For example Obviously, Im (sign) = {~
20 mod 6 = 2 because 20 =3-6 + 2,
47 mod 7 = 5 because 47 = 6+ 7 + 5, etc.

1,0,1} and sign isan odd function.

_ X o the restriction of sign to
The function g: R = R, defined as g(x) = 518 the :

. . . f g from R’ to R.
and R* = R — {0}, and the function f is an extension g
3.6.2. Equality of functions. pi i of
ud . i but an extension f
| Definition. Two functions f: X - Y a(nd) fi: Xy » Y, are called €4 Note that a restriction g of given fis defined uniquely,
only ifX = X;, Imf = Img and vx € X f(x) = g(x).

8iven g is not defined uniquely.
This definition implies that

i is called abs
Example. The function abs: R = R is ca
f#ge (X #X)V(Inf+Img)v@xeX |f(x)#g*) amp R

olute value (or modulus)

3.6.3. Restriction and Extension of Functions.

Definition. Let f: X — Y and A € X be a subset. Restriction of
subset A is the function g: A - Y such that vx € A g(x) = f(x)- ‘

A restriction of f on A is often denoted instead of g by fa- -

o d as follows:
ft0 the \ define
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—X, ifx<0
abs (x) =|x|={ 0, ifx=0
X, ifx>0
Obviously, Im abs = R,, abs is an even function.

. oted by
Notation. Set F(X,Y). The set of all functions from X to Y is den
F(X,Y) and instead of f: X — Y they write in practice fEFXY).
If, in particular, X = Y they denote F(X,Y) by F(X).

Exercise. Let X, Y be finite sets with card X = nand card Y = m- 4 the

Prove that the set F(X,Y) is finite too and find its cardinality, i-€- fin
number of all functions from X to Y. ' . ffereﬂ’

Solution. Denote the elements of X = {a,, ay, ... , a,}. There are 7 di the
possibilities of choosing a value for f(1) from the elements of Y. There com”
same m different possibilities of choosing a value for £(2) etc, till (1) SO.’I be
mon number of possibilities of choosing f(1),f(2),..., f() w

AL =m-m-..m=m" So, card F(X, Y)=m"or
ntimes

|card F(X,¥) = card yeardX |

nd
If, in particular Y= {t, f} i.e. card Y = 2, then the number of all #
Predicate functions on X is equal to 2". - orics
The meaning of the symbol A%, will be clear in the study of combin? "
. = K
Exercise 3.6. Let X,,X,..,X, Y be finite sets with card X1
card X; =k, ...,card X,, = k, and card Y = m.
Prove that X = X, X X, X ... x X,, and F(X, Y) are finite too and

Icard g:(x’ y) = mkikz--~ kn — card ycard Xq-card X@ "
}

. oalu® |
ke theif ¥2 o¢s

If, in particular X,,X,, ... X, are the propositions, i.e. ta 0
{t.fLY={tf) thenk, =k, = = k, = card Y = 2 then the I
Boolean functions of n variables is equal to 22".
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3.7. Composition of functions.

3.7.1. Composition of functions. '
Definition. Composition of two functions
function denoted by g ° f and defined as follows:

f:x_,Yandg:YaZisthe

(gef):X~2, (geNX)= glf ()l

f y=f( g i=g(y)2=
—e— > ,
Q(f\@n\ /
(gef)
Example.

Letf:Z - N, f(x) =% g:N-R, g(x)_— x(:zT;; x2+m
Then(gof):Z - R, (ge N = glf@l = g . of is defined above,
Note that when f:X - ¥, g:Y = Z the composT’e/ gossible if and only if
Ut the composition f © g is not necessarily defined. sitions go f and fo g
= X. But even in this case when Z = X the two comp: eration of composi-
are defined from X to X but go f # fog in general. So, the op!

. . eswheng°f5f°9
tion of functions is not commutative. In the particular cas ‘
We say that the functions f and g commute.

Examples. »
l':':;:e; - R, f(x) = sinx; g:R—R g(x) = x*.
Then (g o f):R = R, and ((fog)):ks—i;:z;

(g f)(x) = glf (0] = g(sinx) =SIT-H .
(f°§)g)=f[g(x)]=f(x2)=smx2, sogef#f°g

sign:R = R commute, that is

2. Prove that the functions abs, mon graph.

abs o gign = sign o abs and draw their com
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Solution: Really,

1, ifx<0
(abs o sign)(x) = abs(sign(x)) ={ O, ifx=0
1, ifx>0
1, ifx<0
(sign o abs)(x) = sign(abs(x)) = { 0, ifx=0
1, ifx>0

. ndY
Note. If f: X — Y is a function, Iy, Iy are the identity-functions on Xa

respectively, then foly = Iy o f = f,
In particular, if X =Y,thenfoly=iyeof=Ff.

3.7.2. Associativity of a Composition of functions.
Theorem.

If f:X>Y, g:Y>2Z, h:Z >V, then

ho(gof)=(hog)ef
as functions from X to V.

The proof is obvious. Do it!

-

I~ ar
Note. Associativity of the functions composition allows omitting the P
thesis and write h ogof.

3.7.3. Compositiqnal Powers of a function. fun
Iff:X — X, then we can define the “compositional powers” of the

n. n o —
fRX =X, ft=fofo..of andfr(x) = fl..fIFI}-

n

We also define f° = [,,. o ooV

ctio™

: - \ . 1:.ative P, 2
Do not confuse this “compositional powers” with the “multip! icatl c?

3 ultipl‘
ers when on the set X is defined in some way a “multiplication” and me X

P4 .
tive powers” are denoted unfortunately by exactly the same notations: f ”:Xo 05"
FP=ffe o 1@ = f@) (). f(2). For example 0
tional and multiplicative squares of the function sin are respectively: ely di .
sin x = sin(sin(x)) and sin?x = sinx - sinx = sin? x are absol" ecﬂ"f;
ferent things. But there is no real danger with confusing of these notationi In o
it is always clear from the context what powers we are speaking abou™
chapter we speak only about compositional powers.
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3.7.4. Involution-function. . onif f2=1
Definition. The function f: X — X is called an involution if f¢ =Ix.

Examples: . . .
1. Identity-function Iy: X = X, Vx € X Ix(x) = xis involution. Really:

VieX 13(x) = Ix(lx(®) = Ix(x) = x.S0, 1§ = Ix.

2. Function f: R = R, f(x) = —x is involution. Really: .
VieR f2(x)=f(f()=f(-x) = ~(-x) = x.50, f" =lx.

3. Function f:R* = R*, f(x) = % is involution. Really:

21,
vx €R* fix)=f(f()) = f(;l-) = % =x.S0,f2=1Ix

3.7.5. Idempotent -function.

£ £2 = f
Definition. The function f: X — X is called an idempotent if f2=f

Examples:
1. Constant-function f:X =X, VX€X f (x)

Stant, is idempotent. Really: .
vx e")‘{ £200) = fIF (O] = f(©) = ¢ = fx): So,f2=f

potent. Really:

= ¢, where ¢ € X is con-

= x is idem
2.Identity-function Iy: X = X, VX € X I (x) sz_lsll e
Vi eX I3(x) = Ix(lx(x)) = Ix(x) = x. 50, kx = Ix-

of the projectors on RZ.

3. Projectors. Consider special case R2 be two functions:

Let R? be the arithmetic plan and f, g: R? -
V(x,y) € R? f(x,y) = (x,0), g(x, y)R= I(]g,.y)-
We prove that f, g are the idempotent. Reaty: ~ fap.So.
V(x,y) € R? f2(1,y) = fI(Fx )] = f@0) = @0 = £
2= f ’ .
¥(x,y) € R? g*(x,y) = gllgx:y)] =
=g. .

g(0,y) =0y = g(x,y). So,

Note also that} and g commute. Really:
¥(x,y).€ R? (g ° (x,¥) = glf (x:Y)]
V(x,y) € R? (f o 9)(x. %) = flg(x, ;2]

= g(x, 0)= (, 0) and
- f(o' y) = (0, 0).

e



So,gof=feg.

We call and we denote axis X and ¥ the sets

X={(x,y) eR*ly=0}c R? Y ={(x,y) € R}|x = 0} c R%.
The point (x, 0) is called projection of the point (x, ¥) on the axis X.
The point (0, y) is called projection of the point (x,y) on the axis Y.

For functions f and g we use the special names projectors on the axis X
and Y respectively and we denote themby Pry = f, Pry =g .

Y
Arrow diagram of surjection.

Exercises 3.7.
}.n Let f: J;: - Xbean invorllution. Prove that forall n = 2 Examples:
=lIyifnisevenand f* = f ifn is odd. i . dulus
2. Let Mp be the set of all married people and f:Mp — Mp be the function (traﬂsfo 1. The function absolute value (.c}r :1<0 ’ )
mation) defined as follows: f(x) = y & "x is married to y". % l =0
Prove that f is involution. f:R-R, f()= Ix| = 0 lfx - 0
3. Prove that abs and sign are idempotent-functions: abs? = abs, sign? = sig™ x,if x>

: is surjection.
ie. VX € R abs?(x) = abs(x), sign?(x) = sign(x) I« !

4. Let f:X — X be an idempotent. Prove that Vn = 2 m=f.
5. The functions f, g, h:R — R are defined as follows:

is not surjective, but the function f:R—R,, fx) =
Remember: R, = {x € R|x =0}

, 2. Projectors Pry(x,y) = yare
fG)=x%  g(x)=sinx, h(x)=2x-1. —x and Pry:X xY =Y, Pry(%
Find the functions ! Pry:XxY - X, Prx(x,y) =% Y

gef, fog hof hog, gofoh, fogoh, hoh, fohofoh, Surjective functions.
i.e. find the expressions !
@oNGE). (e, (o)), (hog®), (hoh)(®) iacti
. ’ 3.8.2. Injection. e
@ofoh)), * (FogeW@,  (fFohofoh)x) Defiition. A function f:X — X is called injective (or
if the different inputs in X have the different maie(s l'; :
_ # f(x2)
3.8. Surjection, Injection and Bijection. Inverse function. x # xz_? f (xl). fF(x )2 = f(x2) = X1 = X2
Or according to the contraposition law 1 fla .

one-to-one function)

3.8.1. Surjection. . n)
Definition. A function f: X — X is called surjective (or onto functio” at
ifImf =V, ie.ifforall y € Y there exists ( at least one) x € X such

y = f(x).

Note. In general Imf S Y. So, any function f: X — Imif is surjectio™

Y

Arrow diagram of injection.
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Examples:

. d
1. The function f:R = R, f(x) = x™, n € N is an injection if n 1S odd &

is not an injection if n is even.

Really: if n is odd, then x* = x2 = x; = x,, and if n is even, then

x37 # x; = x, because it is possible that x, = —x,.

2. Projector-functions are not injective if X and Y contain more th

ements. Let, for example, Pry: X X Y — X be thel® projector and y; # Yz
different elements € Y. Then (x,,), (x,yz) € X X Y and (x,y;) # (x,¥2)>

ﬂ/
1

but Pry(x,y,) = xand Pry (x,¥;) = x,50 Pry(x,y;) = Pry (%, )2 )-

an oné e
be

0

L iy . ictic
Note. Any no injective function f:X — Y has an injective restr

fa:X > Y, where A c X.

Really, for each y € Imf we choose in some way exactly on®

preimage x € X and include it into A. Then thus constructed function will
tive. We used implicitly here axiom of choice.

eV
Example. Let f:R - R, f(x) = x2. Here, Imf =R, and for

y € Imf there are no more than two x such that x2 = y, namely ¥ € "

xX€ER_.

. niectivé
Choosing as a set A the sets R_ or R, alternately we get two injec

strictions: o )
faiR- =R, fa(x) =x*and fp_:R, = R, fr,(x) =%
or briefly (without of ambiguity)

fiR_ >R, f)=x%and f:R, - R, f(x)=**

Exercise. Consider example just above and choose as a set
A={x€eR,|x®> € N}U{x € R_|x% ¢ N}

Then the restriction f4: A - R is injective.

Also the restriction fz: B — R, where B = R — A, is injective 00

3.8.3. Bijection.

i e
Definition. A function f:X — X is called bijective (or on-to-one ¢
spondence) if it is surjective and injective. f(x).

-

In other words, f is bijective if and only if Yy €Y 3'x € X]¥ =

of ¥
be %

efy

v

A
-—
[~ .
X 0
Arrow diagram of bijection.
Examples. . o
1. ldentity function I: X = X, I (x)=xis obviously bijective.

2. . . o » .Ve,
a) The function sin: R = R, sin(x) = sinx is not surj'ec.tlvte., :ot injecti
b) The function sin:R = [—1,1] is surjective, but not INjec tlv .
tecti injective.
ion sin: [-=,= is not surjective, but injecti
¢) The function sin:[— 3,31 = R

d) The function sin: [-3,5] = [-1.1] i bijective-
Verify 1) — d) and draw their graphs.

iiecti ectivel
Note. Instead of surjective, injective, bijective we a3y also resp y
surjection, injection, bijection.

; jons are bijec-
Exercise. Prove (show graphically) that the following functio

1. cosin: [0,7] = [-1, 1], cosin(x) = €05 %,
= si S X,
2. tan: ('%%) - R,tan(x) = tanx = sin x/eo

3. cot: (0,7) — R, cot(x) = cot x =¢0S x/S_l" f;

4.expiR —» Ry, expe () =0 @I 20 o
5.logg: Ry = R, loga(x) =109a % (loge(fi)n—is od'd.

6. degr,: R — R, degra(x) = o nf Y anN and n is even.
6.2) degry: R, = Ry, degia(®) =%, . Z N and n is even.
6.b) degry: R - Ry, degra(®) =% » nz« and n is odd.

7. degr,: R* = R, degra(X) = X" . ) € 7* and n is even.
7.a) degr,: R} = R, degra (%) = xn, . € Z: and n is even.
7.b) degr,: R~ = R, degra(x) = ’;7' nee-



Remember: Z* = {-1,-2,...},
R_={x€R|x <0}, R, ={x€Rlx=0},
R: ={x€Rjx<0}, R;={xeR|x>0)}

Exercise.
a) Let X, Y be finite sets with card X = m,card Y = n. Prove that:
there exists a bijection f: X =Y & m=n.

b) Let X, Y be finite sets with card X = card Y =n.
Prove that the set of all bijections Fy;; (X,Y) is finite too and
card Fp;j(X,Y) = P, =n! .

3.8.4. Inverse function.

Definition. Let f: X — Y be bijection. Then for each y € Y there
cause f is surjection) exactly one (because f is injection) preimage x €
that f(x) = y. This defines a function which we denote by

f~1:Y - X and call inverse function of f.

exiStS (bﬁ
X sue

So, according to the definition:
XEX yeY
=f0) < {x = () (i
Since any bijection has its inverse function, then it is called also invé
function.

Reminder. Do not confuse compositional degree £~ with
the multiplicative one% !

3.8.5. Properties of the inverse function: 4 uniq“""
1. Inverse function f~1:Y — X is obviously bijective and is defin®

2. Inverse of inverse is the origin function f,i.e. (f '1)f1 = f.

3.fYef=1I,ieVvxeX ff(x))=x and
fofl=l,ievyeY f[f 1M =y.

4.D(f*Y) =Ran(f) =Y, Ran (f™") = D(f) = X.

Exercise. Prove that the property 3 is the characteristic property‘ of the in-
verse function in the following sense. If for a function f:X- Y thfre e'xnsts z:j func-
tion g:¥ — X such that gof =1Iy and fog = Iy, then f is bijective and g =
f

Examples:

1. I: X - X is bijective and Iy = Ix.

2. Since the function sin: [—-g,%] -[-

N [_E .’5] denoted by arcsin. So,
2’2p

1,1] is bijective then there exists its

Principal inverse function sin™*:[-1,1]

T
x€|-5.35 yel-11]
{y-[sgw? ‘I’{x=arcsiny

3. By analogy, we define the other inverse functions

1) cos~! = arccos: [-1,1] = [0,7] - principal inverse

xefon] (yel-Ll]
{y =cos X x = arccosy

L incipal inverse
2) tan~! = arctan:R - (—-2-.-2-) - principal inv

T

5 y€ER

[xe( 2'2)®{x=arctany
y=tanXx

3) cot™ = arccot:R = (0,7) - P"incipalei';zverse

€ (0,7 y
{; = (Cotg * {x = arccoty

4) exp;! = logq:Ri — R

x€R yER:
{y=a"@{x=loga}'

(y=e*ex= Iny)

5)logz! = exp,:R — RY
Ga a ER: @{yER
—a
{y=logax x=a
@:lnx@x=e")
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6)degr;' =V :R-R, ifneNandnisodd
XER YER
{y=x" x=1fy

6)a)degr;' =V :R, > R,, if n € Nandniseven
X €ER, YER,
b {x =y
6)b)degr;' =YV :R, > R_, if n€ Nandniseven
X ER_ YER,
{y =x { =-y
Ndegr;' =V :R* > R*, ifn€eZ_andnisodd

{;ER'@ YER'
=x" x:'f\/;

Tya)degry1 =V :R. >R, ifneZ_andniseven

{;ER;:’ YER}
=xn x:"‘\/)—/

T)bydegr; =V :RL >R, ifn€Z_andniseven

{;GR:@ YER;
=x" x:—"'/;

. Wi e h8S
Notel. As we know any binary relation from X to Y is invertible: 1€ " i

inverse relation. Then why a function from X to Y, being a special casé Oft 6 i
tion is not always invertible? The answer is simple. If a function is not b"'ecm X
 is not invertible as a function, the inverse doesn’t exist. But any function ﬁ'octiof‘ if
Y considered as a binary relation has its inverse relation which is not 2 Y
original function is not bijective. o
d

Example 1. Let C be a set of all children, W be a set of all wome" aﬂW'
function f:C — W assigns for each child from C his/her unique mothef ﬂ,oeithe‘: ft

The inverse of this function doesn’t exist for two possible reaSOf‘s' cons‘d
women from W has no children or has several children. Nevertheless if relafio‘l
ered as a relation from C to W “to be child of the mother” then the inver®

£~ (not a function!) from W to € “to be mother of” exists.
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ons). Let f:R— Ry, f(x) = x?. Obviously
ecause (—x)? = x2, so f is not
binary relation f has an inverse

Example 2 (see inverse relati
this function is a surjection, but not an injection b
bijection and has no inverse function f~*. Butasa
relation

f~1:R, = R, f~1(x) = £Vx, which is shown on the graph below.

tions of this function:

. . ing two restric
But i we consider the following R, - Ry, 1) = 2,

fiR. =Ry, fitx)=x" and f
th tiacti invertible: - -
en they are bijective and inverti R, o Ry £ 1(x) = V.

-LR, > R_, f(1(x) = -V f . ith their in-
Here]:laelow+you can slee the graphs of these functions (blue) with

. = respectively on
Verses (green) symmetric with respect to the diagonal y = x (red) resp
the left and on the right.
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3.8.6. Inverse of an involution.

Theorem. Any involution f: X — X is bijectiveand f 1 = f.
Proof. Really, according the definition of involution f? = Ig or fe
Consequently according to the 3™ property of the inverse function

;IB"
ey

n¢
. . . . siple fU
Corollary. This theorem allows us to define involution as an invertl

tion whose inverse coincide with the original: f~! = f.

3.8.7. Graph of an inverse function. -~
Definition. Let f: X = Y and f~1:Y — X mutually inverse function>-
Their graphs, by definition, are:

Grf ={(xy) eXxYly=f()}SXxY,

' X
Grf™' = {(nx) €Y x X|x = f-1(3)} = ((n %) € ¥ x X|y = f)} S Y
. ary rela'
We repeat here once again all that was said for the graphs of bif

tions. ’
¢ 1
7\

e can repe 1 afa
use ¢ .ﬂgide'
phs co? 0“;

Note. For graphs of original functions and their inverses W
ally the same as for the graphs of binary relations. The graphs GT
included in different sets X X Y and Y X X respectively. When W€
coordinate system on the plan to represent them we find that these gr2 3
And it is natural contrary to the widespread mistake in mathematicd and i
where these graphs must be symmetric relatively the bisector of the .
quadrants. We will try here to understand this misconception. if we uS

zontal axis for the set X and the vertical axis for the set Y and draw both graphs, of
X and Y are both of the “same nature

cou incide. However, if the sets .
o oxse . dY € S (in particular, if X =Y = 5),

and if there exists a set S such that X € San partic
then X x ¥, ¥ x X € 8% Grf,Grf' & §2. And only in this case we can draw

both graphs in the same coordinate system differently. Namely, :su:ﬁ fcz;rrG;_): :z:
izontal axis for the set X and the vertical axis for the set Y, but for 'vee o it
izontal axis for the set ¥ and the vertical axis for the set X, we recel

ent graphs on the same plan drawing:
Gt = (o) € 5%k € XAy = £ = (S GeS;z'i;i};}}
Grf1={(x)ES*lyEYAY = fe0} = ((F().%) ic with res;;ect the
The points (x,y) € S? and (3, %) € §2 are called symmff:tnchm e e
diagonal D = {(x,) € S*|x = y}. Therefore, the graphs Cv‘r(ﬁin T s above
also called symmetric with respect to the diagonal D as we se€

and bellow. o \
Example. Consider fiR-R y=fX)= x°. ) .
3 of fand f
Its inverse f—1: R-R x= f"(y) = 3/}7 =. y3' ;I“h:ugr:p‘;ut iffinstead of
on the plan in the coordinate system XOY are coincide of course.

. _3 ill see that the graphs
t . _ i function y = VX we Wi .
" function x = 3/ we consider he ric with respect to the diagonal

Of y = x? (blue) and y = Vx (green) are symme ‘ot line y = ¥ (red).
D = {(x,y) € R2ly = x} or briefly with respet o the staiEl ne y =

Vs

/

8 =%

P

e (13 9 1012 13 14 ¢

s
"2 3458178

5 4 3 2 -Wu
1594939211109 8 7 5 5 /
13 412 -1 e

e

D R A G A R

103



3.8.8. Graphs of the involutions.

Since for the involutions f = f~1, their graphs coincide. On the other ha"
they must be symmetric with respect to the "

line y = x. Therefore the graphs of the involutions themselves are symmé
ric with respect to the line y = x.

d,

Exercise. Graphs of involutions.
Consider the followings involutions and draw their graphs

a) Involution f:R* - R*, f(x) = ;“., LR =R f(x) = i_
b) Involution f:R - R, f(x)=—x, f"L:R >R, f1(x)=—x.

3.8.9. Permutations.
Definitions. Bijection f: X — X is called permutation of X.
We denote the set of all permutations of X by P(X).

It follows directly from the definition that:
1./,g€PX)=>gofePX), fogePX)
2fePX)=>frePMXandfofl=f1lof=1I

Examples: Draw the graphs.

1. Permutation of R:
f:R->R, f(x) =x™ neNandnis odd.

2. Permutation of R*: )
fiR* >R, f(xX)=x" neZ: andnisodd. (Z* = {-1,-2 -3

3. Permutation of: R,:

f:Ry > R,,f(x) = x™n € N and nis even.

4. Permutation of: R}.:

f:RL = RL,f(x) =x™n € Z: and nis even.

3.8.10. Negative compositional powers of a permutation.

Above for a function f: X — X we defined non-negative powers of f- 051"

If f is a permutation, i.e. if f is bijective we can define negative com[’l z
tional powers of f. Since (f")"1 = (fofo..of) 1 =flo.. of T° |po"’6rf
(f71)", then (f™)~! = (f 1) So, we can define negative composition? . rmu‘”
as follows: f~" = (f")~1 = (f~1)", Thus, compositional powers f" of P
tion f are defined forall n € Z.

3.8.11. Permutations of finite sets.

Let X = (ay,ap, .. ,an) be a finite set W
dexes of their elements. Since we are not inter'est . Lat fo — X
X, then without loss of generality we denote it by X =(1, t, ble wuh o i
be a permutation of X. We will write this permutation as ata .
Which the first consist of inputs from X, and the secc?nd—rt}vgnc;n
Sponding images under f: i; = f(1), ;’z = 2f (2).n--- Jin = :

= ( h b - Ln) the permutations of

These permutations functions one-to-one cc?rrespondtht: nu?n‘l)aer ol ouch
Sets without repetition considered in comenatoncs. S?X i 2a e know from
Permutation functions is equal to permutations of the se >
Combinatorics is equal to B, = n!

Identity permutation of X has the form

1 2. n)
1":(1 2.1

i fin
utations and inverse permutation aré de

ith n elements ordered by the in-
ed in the nature of the elements of

ed naturally.
Composition of perm

We’ll show them by the next example.
Example. Let X = (1,2,3),
F=(! 2 3 _ (1 2 3)
h (3 1 z) » 9%z 1 3
Then,
gor_(1 2 3y 1 2 3) _ (1 2 i)
I= (2 1 3) ° (3 1 2/°\3 2

i ich maps permuta-
. - the function whic ‘
Do not forget that In oo Ofd the composition it is convenient to

0 s £ and the second is g. Therefore to fin
US¢ an intermediate step like follows:

. d the thi
123 ond line is from f an
(3 1 2) , where the sec 3o2el

rd line is obtained by

taps. 3 2 1
aing into account g. So, fin

By analogy,

ally1H3H3,2H1H2.
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Prove that there exists an injection f:X - Y @ m<sn.

6. Let X, Y be finite sets with card X = m, cardY =n.

(v 2 31 2 3 1 2 3) !
fog—(3 1 2)0(2 1 3)_(1 3 2/ | Prove that the set of all injections Finj (X, Y) is finite too and
|
|
|

It is easy to find inverse permutation for f. Really, if f:1+- 3,2+ 1,3~ Z
then f~%:1+- 2, 2 3, 3 1, hence

n!

.(n—m+1)=

card Finy(X,¥) = AR =n(n - 1) —2)" n—m)

7. Show that the following functions are injective (i.¢. one-to-one):

- 1 2 3 ' a)fiR-Rf(x)=2x+1

! 1=(2 3 1)' b)f:R-Rf(x)=ax+ba€R,DER
Of:R* =R f(x)=3

Verify that - ‘ A f:R {1}~ R, f(x) _xt

fof-1=f~1°f=.(1 2 3)=rx- e)f(_11)—»Rf(x)-1+xz
DfR-Rf(x)=x3
&) f:N >N, f(x) =%

Exercises 3.8. i h)f:N = N,f(x) =2*

1. Prove that the composition of two surjections is a surjection. 8. Show that the following functions are not injective

a)f:R > R,f(x) =x*
b) f:R > R, f(x) = |x]
Of:iR->Rf(X)=x>~x

2. Prove that the composition of two injections is also an injection.

3. Composition of two bijections is also a bijection. ]

Let f:X > Y, g:Y — Z be bijections. Prove that : ‘ 9. For all the functions in ex. 7 above:
a) (g © f):X - Z is bijection, i.e. is invertible (g o f)~1:Z - X

. e of the function (e .
b) @ o)t =f1eg7| . :; g:;g::‘:ih case whether the function is surjective (i.c. s onto)
c) Generalize the result: if 4it"
fi: Xy = Xo, f2: Xy » X3, o, fa: Xn = Xp4s are bijective functions, then the comp? )
fa® -0 fy o f; is a bijection from X, to X, 10. Let f:X - ¥, g:¥ - Z. Prove that
and (fpo ..o fzo f1)"1 = filo f310 .0 f71is a bijection from Xy, to Xi- ' a) g o f is injective = f is injective,
d) Consider example b) g o f is surjective = g is surjective.
tan: (—-g,g =R, y=tanx; exp:R - R}, z = e”. Prove that \ d in each case find their inverses:
(exp o tan): (_g'lz{) ~ R}, z = (exp o tan)(x) = "™ is bijection and ‘ 11. Show that the following functions ar;?;c"ve "
(exp o tan)™! = (tan)~* o (exp)~" = (arctan o In). ie. af:R-R, f(x)= a;c +b, a€R
x = (exp o tan)~1(z) = (arctan o ln)(z) = arctan In z. b)g:R-R, g(x) =x" =

¢ h:R-{1}=»R-{1} h(’f)‘fL1

Prove that h = h™1,i.e. h is an involution-
4. Let X, Y be finite sets with card X = m,card Y = n. Prove that: e.

there exists a surjection f: X - Y < m=n.
5. Let X be finite setand f: X — X. Prove that f is surjection & f is injectio™

5. Let X, Y be finite sets with card X = m, card Y = n. 107
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3.9. Image and Preimage of Sets.

3.9.1. Function f.: P(X) - P(Y).

Definition. Let f: X — Y be a function and 4 € X be a subset.

The image of A under the function f is the set of the images f(x) of all
X EA:

fAA={fx)eY|xeA}cV.

Thus for each subset of A € X, i.e. for each element A € P(X) the fun
f assigns an element f(A) € P(Y) and thereby define a new function

fiPX) - P).

ctio?

In particular, if A = X, then f(X) = Im f = Ranf.
i
. re ‘
The function f,:P(X) - P(Y) is not generally bijective and thefef:,h;gh
not invertible. However, there exists always a function from P(Y) to PX)
is conventionally called the “inverse function” of f,, denoted by
£ P(Y) - P(X) and defined as follows:

VBEP(Y)(i.e.BSY) f-1(B) = {x € X|f(x) € B} € P(X)-

Since £.71(B) € X, then it is called preimage of the set B S Y.

. y)
Note that thus defined function f, is always surjective, since vB Eféé
preimage f,"1(B) is always exists as an element of P(X), even if f-_i(B) ~
PX). P

In particular, for each y € Y (or for each {y} € P(Y)) the subset ffl({y
X(may be empty) is the set of all preimiges ofy ey, vy ¢

It is obvious, that the original function f:X — Y is surjective iff 7€ Gw;
Y £71({y}) # 0, is injective iff Vy € FX) £-1({y}) consists of exactly Olemaﬂ
ment x € X, and is bijective iff Vy € Y £,71({y}) consists of exactly oné ©
x€X.

Note. Often in practice the function f, is denoted, without ambiguity” (0 )
by the same letter f. So, henceforth, for simplicity, we often writé
meaning f."!(B). In particular, we write f ~(y) meaning £.”({y})-
Obviously, if f is not bijective then the real £~ doesn’t exist.

!

|
|

|

. A preimages of a € [1,1], and arcsi

But even if f is bijective and f -1 exists, do not forget that f and f, are the
different functions.

Examples:
1. The function f:R - R, f(x) = x*
is not surjective: f(R) = Ry #R,
is not injective: Vy € R} there are two preimages:

F710) = (= +} _—
2. i ain the example already studied. .
E:tn Z‘:‘::fet of all child[:en, W be a set of all women and the function
f:C > W assigns for each child from C his/her unique x.nother t.‘n"om.W. As
We  know this function is neither surjective nor injective, so is not bijective and
the set f-1(w) for some w € W is the set of all chilt.iren of the s.ame mc;tl::.r,
Which may be empty if w has no children or may contain several children of this
Mother.,
3. The function sin:R = R, f(x) = s;}n : .
i iective:  sin(R) = [-1L, , .
:z :z: ?;Zzzrw € [-(—1? 1] [there are an infinite number of preimages:
sin~1(a) = Arcsina = (-1)"arcsin a + nm, 1 eZ.

Remember that sin~1(a) = Arcsina is used here as a notation of the set of

. T
n a is the “principal value” € [ 53] of
the principal inverse arcsin at point @.

Exercises 3.9.

1. Verify other trigonometric formulas:

Va € [-1,1] there are an infinite numb
c os~1(a) = Arccos a = tarccosa+ ?nrr,

Va € R there are an infinite number of preimages: . (__E 5

tan~1(q) = Arctan a = arctana +nm, N € Z, arctana =3

Va € R there are an infinite number of preimages: racOm
cot™1(a) = Arccot a = arccot a + 1w, nez, art:ct;)on (map;ﬁng) .
2. Properties of images and preimages under a func

Prove the following properties:
LletAcX, BSX Then:
lLA=p e f(A)=0,

2. A€ B = f(A) < f(B)

3. f(AUB) = f(A) U f(B).
4.f(AnB)c f(A)N f(B).
ILLetAcY, BSY. Then

er of preimages:
nez arccosa€l0m]
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5AcB= fY(A)c f(B),
6.f"1(AUB) = f~Y(A) VU f~(B),
7.f7(AnB) = f~Y(A)nf~1(B),
8. f~Y(CyB) = Cyf~1(B).

. bsetS
Note that if f: X — Y is bijective, then the properties of f and f~1 relatively the s
from X and Y are equivalent, e.g. f(A N B) = f(A) N f(B).

. =Y
3.10. Canonical decomposition of functions. Solution of the equation f )
General and particular solutions.

3.10.1. Canonical surjection. ~ 18
Theorem. Let X be a set and ~ be an equivalence relation on X and X/
the quotient set of the set X with respect to an equivalence relation ~.
Then the function g: X —» X/~, g(a) = @ is surjection. ¢ the
Proof. Really, every @ € X/~ is not empty because it contains at l'eas.v e, vt
element a € X by the definition of the class @. So, the function g is surject!
in general, is not injective.

i ical
Definition. The function g: X - X/~, g(a) = d is called a canonic
(or natural) surjection.

3.10.2. Relation “the same image”. X deﬁned
Definition. Let f: X — Y. The binary relation p; on X (from X tO
" as follows:

apgb < f(a) = f(b)

is called relation “the same image”. genoted 24
Sometimes this relation is called “Kernel of a functionf” and d¢
Ker f.

Theorem. The relation “the same image” is the equivalence relation-
Proof is obvious:

1. Reflexivity : f(a) = f(a)

2. Symmetry: f(a) = f(b) = f(b) = f(a)

3. Transitivity: f(a) = f(b) A f(b) = f(c) = f(a) = f(©)B

As py is an equivalence relation, then X/py is a quotient set isa fam.ily of
the equivalence classes, each of which consist of elements having the same image
inY under f. . ‘

Function g: X = X/py is of course a particular case of the canonical surjec-
tion,

Examples: . .
1 Letpf:R - R, f(a) = a®. Each equivalence class & 15 the subset in R

consisting of two elements @ = {—a,a}, ifa # 0 and 0 = {0}.
The quotient set R/p; = (@|a € R}. . -
The function g:R - R/py, g(a) =ais a canonical surjection.

2.Let f:R—>R, f(a) =tana. Each equivalence class @ is the subset in R
consisting of an infinite number of elements & = {a+nn|n €z}
The quotient set R/p; = {@la € R}. o
ai i n.
The function g:R = R/py, g(a) =a1sa canonical surjectto

3.10.3. Canonical injection. o
Definition. Let f:X — Y. The function f:.X/p;

Called canonical injection corresponding to the funct_lon f. e of F@) = F@
By the definition of the equivalence class @ the v

; lass &, i.e. the func-
doesn’t depend on the choice of representative of a from the ¢

£ i i its definition.
tion £ is correctly defined. Injectivity of the f is obvious by its de

~Y, f@) =f() is

Examples:

F(a f(a) =tana.
In the examples above: 1. f(@) = a% 2.f @)

of functions.

ses ization)
3.10.4, Canonical Decomposition (facto™s® position of a surjection

Any function f: X — Y can be represented as a com
and an injection:

f=f-g
Where x 2, X/ps Ly

e function
If instead of Y we consider its subset fX) s Y, then th
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F:X/ps — FCX) will be bijective and invertible: Fif(X) > X/ps and e
equation f(X) = y will have one and only one solution for all y € f(X).

3.10.5. Solution of the equation f(x) = y. General and particular solw
tions.

Let f: X - Y. To solve the equation
f& =y, n

where y € Y is fixed element, is to find the set of all its preimages f s ¥
The set. F~Y({y)) is called a set of all solutions or general solution of (>
An arbitrary element of £ ~1({y}) is called particular solution of (1 )-
Ify & Im f (Im f = Ran f = £(X)), then the set of ll solutions s 2

is obviously empty and we say that the equation (1) has no solution i? *

. - — I - . ﬂ
eral solution is £~1({y}) = %, where % is the equivalence class of the elem®

when X is partitioned,.b)} the relation py.
If f~1({y}) is a singleton, i.e. ¥ = x, then we say that the solution of
equation (1) is unique. _

Note. From what was said it follows that: tiﬂﬂ
U

If f is surjective Im f = Y, then the equation (1) has at least on¢ sol

forally €Y. of
If f is injective, then equation (1) either has no solution (if ¥ ¢ Im P
has exactly one solution (if y € Im f). d

. If f is bijective, then there exists inverse function f -1,y - X and th°
tion (1) has exactly one solution x = f~1({y}) = f*(y) forally € Y.

Examples:

l.Let f:R > R, f(x) =x2

Equivalence class of the element x is ¥ = {—x, x}. Here Im f= R
The equation x? = y has no solutions if y € R,., (i.e.ify € R2)-

if y € R,, then the equation x2 = y has the general solution

s
. If y € Im f, then the set f~1({y}) is not empty and the equation ) h’ew
solution in X. Obviously, if x € f~1({y}) is a particular solution, then the =

=D =~/ |/} consisting of two particular solutions
=y and \[y. (which coincide if y = 0). If we consider the restriction of f, for
example, on R, (R_), then the equation x* =y has the unique solution /¥ (=/¥)
Vy €R,.

2.Let f:R - R, f(x) =sinx.

Equivalence class of the element x is X = {(—

Here Im f = [-1,1].

The equation sin x = y has no solutions if y € [—1,1]-

Ify € [~1, 1], then the equation sin X =Y has the general solution

%= YN = {(-Darcsiny + nmjn € Z}-consisting of the infinite
Number of particular solutions. If we consider the restriction of f, for example, on

T

[“ >3

then the equation sin x =y has th
[~1,1].

1)"x + nn|n € Z}.

e unique solution X = arcsiny Vy €

3.11. Morphisms and Isomorphisms.

Notation. A set X, with a binary relation P defined on it,

is denoted as an ordered pair (X, p)-

3.11.1. Morphism.
Definition. Let (X,p) and (¥,R) be sets .
function £:X — ¥ is called morphism from (X, p) to (¥, R), if

with binary relations on them. A

vabeX apb:f(a)ﬁf(b) ¥3)

We say that morphism f preserves the relations
and we write f: (X,p) = (¥, R)-

3.11.2. Isomorphism. .

Definition. Let (X, p) and (;®) be.
function f:X-VYis called isomorphism, !
phisms_

In other words if:

1. f is bijective,

with binary relations on them. A

sets
and f~1 are mor-

ffis bijective, f
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2. f is a morphism from (X, p) to (Y,R): Va,beX apb=

f(a) R f(b),
3. -1 is a morphism from (¥, R) to (X, p): VA BeY ARB=

T (A)pf 1 (B). _
We say that the pairs (X, p) and (Y, R) are isomorphic and we write
(X,p) & (¥, R) if there exits an isomorphism f: (X, p) = (V.R)

b
Exercise. Prove that the 2™ and 3" conditions in the definition abov€ caf

replaceable by the next one:
va,beX apbe f(a)Rf(b).

Exercises:

1. Prove that an isomorphism is an equivalence
X.p).

2.Let f: X - Y be a bijection and p be a binary relat
ry relation R on Y induced by the relation p on X as follows:

VA,B €Y ARB & f~1(A)pf " (B).

Prove that (X, p) and (Y, R) are isomorphic.

Prove that if p is an equivalence relation (or an order relation),
is an equivalence relation (or an order relation) too.

then and %

The definitions of a morphism and an isomorphism are naturally gen°
on the n-ary relations.
Let p, R be n-ary relations definedon X = X; X X3 X . X Xn and Y
be Cartesian product too) respectively.
A function f: X - Y is called morphism if
v(ay,...an) €EX  play,..,a) = R (f(ay), - ,fan))
If in additional, f is bijective and
v(ay,..,a,) €X  play, @) © R (f(al), ,f(an))'

then f is called isomorphism.

3.11.3. Algebraic structure. | cbr?
Definition. The most important case of the n-ary relatiors for the @ 'grl oty
the terriary (n = 3) functional relation (*) : XXX =X which is called b‘ce
operation on X and V(a,b) € X X X assigns a unique element ¢ € X den©

c=axbh.

iné
ion on X. Define 2 b

7

aifs
relation on the set of all P

9

i

i

i

d vy

i

The set X with the binary operation  is called algebraic structure and de-
noted as an ordered pair (X, *).

Algebraic structures from magmas to fields and linear spaces will be studied
in the next volume devoted to algebra. Now, here bellow we give only few exam-
Ples of algebraic structures. Instead of (a,b) € X X X we write often (a, b) € X?
ora,beX.

Examples:
1.(N,+),reallyva,beN a+b=cE€ N,
2.(Z, ), reallyva,b€Z a-b=¢ €Z.

3.11.4. Morphism and Isomorphism of Algebraic structures.

Definition. Let (X, *), (Y, ©) be two algebraic structures.

A function f: X — Y is called morphism if

va,beX f(a*b)=f(@Of (b).

If in additional, f is bijective it is called jsomorphism an
(X, %),(Y, @) are called isomorphic.

Obviously, if f is an isomorphism from X,
tion -1 is the isomorphism from (¥, ©) to X, *.

We say also that morphism (or isomorphism) f

d the structures
) to (Y, ©), then inverse func-

preserves the operations.

Examples: . .
1. Prove that the structures (R, +) and (R;, -) are isomorphic.

- — = x
Solution. Consider the function f:R = R+, f(x) =exp(x) =€

Then f is the isomorphism. Really:
vabeR expla+b)y=e*"=¢e"" eb = exp(a) fxp(b)-.
The inverse function f~1: R} = R, flx= In(x) is the inverse isomor-

va,b €R; In(a: p) = In(a) + In(b)

and (Rs, *)-
|x| is morphism. Really,
la} - b = f(@) - f(b).

se f is not bijective:

2. Consider two structures (R, *)

Then the function f:R = R+ [ x) =
va,beR f(a'b)= la- bl =

But this morphism is not-isomorphist, becau

a#—abutlal=|-al

Note. The deep meaning of morphisms f: (X, p) = (¥, R) (for relations) of
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f:(X, ¥) > (¥, ©) (for algebraic structures) is that they carry many of t°
properties of relations or operations from X (in the terms of p or *) to Y (inthe
terms of R or ®). While the isomorphisms do the structures (X, p) and ¥, % or
(X, +) and (Y, ©) in this sense mathematically identical or indistinguishablé de”
spite the possible difference in their “physical” nature. So, establishing an isomo’”
phism between the two structures, we work in a more comfortable one, get the 1
sults and then transfer them to the second.

Example. Slide-Rule.

The slide rule as a mechanical analog computer was invented in
and was used for multiplication and division and also for functions suc
and logarithms and trigonometry. It was based on the jsomorphism from
ple 1 above:

17t oo™

h as roOtSy
the €*

va,b € R} In(a-b) =ln(a)+In(). 18

The slide rule in its simplest form consisted of two wooden bars sliding rf:
tively to each other with logarithmic scales on them. In order to find the Produ 1o
a - b we find [ n(a) on the 1* bar and { n(b) on the 2™ Then sliding the bars rio
tively to each other find I n(a) + L n(b) which is equal to In(a - b) accordin® e
the formula above. Finally, using inversely the logarithmic scale on the S‘ide,rutioﬂ
find the product a - b. As we see due to this formula the operation of multipl®

has been replaced by a more simple operation of addition.

. e

Numerous examples of morphisms and isomorphisms of sets with pina”
lations , in particular ordered sets, will be given later in algebra and calculvs-

Chapter 4.
MATHEMATICAL INDUCTION and COMBINATORICS.

4.1. Mathematical Induction.

4.1.1. The Principle of Mathematical Induction.

Theorem. Let p be a propositional form defined on N and satisfying the fol-
lowing two conditions:

1. p(1) is true

2.p(n—-1)=>pn) ne€f23 .0 L}=N-{1}

Then p(n) istrue Vn € N.

Example:
1. Bernoulli’s inequality

Let x € R and x > —1. Prove that
vneN (1+x)"=21+nx

Proof.
Step 1. Really, if n =1, then (1+x0t=z1+1-xie p(1) is true.
Step 2. Assume that p(n — 1) is true, e+ 21+ (n— 1)x.
Then (1+ )" = 1+ 0" (1 +x) 21+ (n-Dx)A+x)=
=1+ nx + (n— a2 = 1+nx, ie.p(®) is true, or p(n — 1) = p(n).

So, inequality is proved ¥n € N.

2. Prove equality
1+3+5+-~+(2n—1)=n2
Proof.

Step 1. 1 = 12, p(1) is true.

Step 2. Assume p(n— 1) is tru;, i.e(. 15", Then
1+3+54+[2n-1)-1=0~"1" .
1+3+5+-~+[2(n—1)—1]+(2n—-1)= (n-1)72+@n-1)=n%

i.e. p(n)istrueorp(n=1) = p(n). So, equality is true V1 € N.

Exercises: . .
1. Try to prove the Principle of Mathematical Induction. N
2. Prove the theorem into the “pegative” part Z. = {0, ——f , ; , e Z

“if p(0) is true and p(n) = p(n ~ 1), then p(n) is true for Vi € &-
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Exercises 4.1.
Using Principle of Mathematical Induction prove, that for YneN:

n(n+1)(2n+1)

.124+22+3%2 4 -+n?= X

213423433 4+4n¥=(1 + 2+ 3+ +n)
3.1 42% +3% 4 tn® = Jn2(n + 1)

4,52" — 6n + 8 is divisible by 9

5.Card A =n= Card P(A) =2"

6. Inclusion-exclusion Principle:

Let Ay, 4, ... , Ay be finite sets.

Then the cardinality of the union of all these sets is:

|JAjUA V.. U Ayl = |A1l + IAzl + o+ |Ap] -

—|A1 N Azl — Ay NA3] =+ = |Ap-1 N An| +

+]A; NA; O Azl + -+ A2 NApo NALl + (-4, N4 0. N Aql
If, in particular Ay, A, ... , A, are pairwise disjoint sets, then

lAl U Az U.. UAnI = IA]' + |A2| + et |Anl.

1 0f 3: (), (b),(c) — 3 intotal, s0 Al =3.
20f 3: (a,b),(a,c),
(b, a), (b, )
(c, a), (c, b) — 6 in total, O A3 =6.
30f 3: (a,b,¢), (a,c,b),
(b,a,c), (b,c,a) \
(c,a,b),(c,b,a) — 6 in total, so 43 =6.

Theorem 1.

[am =n(n—1)(n—2)-...-(n—m+_lﬂ

Proof is by Mathematical Induction on'mwhenn is fixed. :
Step 1. m =1, A} = n.Really,in this case S = {a1, @z~ n}s

1- allocations of n are (1), (@2), > (ap)— n total.— 1]
Step2. Assume, that AR ™" = an—1) . [n—(m

=n(n-1) .- @-m+2) (2sms<n).
Each m- allocation without repetitions of 7 ele

an (m — 1)-allocation without repetitio

fromn — ()m -1)=n-m+1 remaining elements of S. Conqu:)en—tly,

AR = gm-1. (m-n)=nn- 1)-...~(n—-m+2) -.(n—md
=n(n-1).-(n-—m+ 1). So, the theorem is proved.

ments can be obtained from
ns of n elements by adding one element

4.2, Combinatorics. ] 6 AT=3-2" 1=6
. 20D ‘ . _ 2-3.2=6, A3 = -
4.2.1. Allocations (or sampling, or arrangement) without repetit \ ! In Example 1 above: A} =3, 43 3 _
(or replacements). ot O . ithout repetition of dig-
. . oo disti? ¢ numbers Wi
Definition. Let S = {a,, a;, ... a,} be a finite set with pairwise dis ) Example. The number of all ﬂ‘.re‘:;d_l_gls .4-3 =60, starting with 123 and
ements. mG5 :S dand composed from {1,2,3,4,5} 1845 =
Any naturally ordered subset (a,,ay, ... c § consisting 0 o Nding with 543.
y naturally ordered subse (al. 20 o (i) : n with? | g |
m < n) elements from n elements of S is called m — allocation © 1 B 212
repetitions. me’ Notation. By definition: 7t° = 9 Gi=1-2-3= 66t

For example, 1! =1, 21=1-2=
By convention: 0! = 1.

. . . . . at
(Sometimes it is called allocation of n different elements taken ™M

. oy otitioNS )
Notation. The number of all m- allocations of n without repetitio” l ula for the number of m = alloca

Theorem. There is another shorter formt

is denoted by A7'. | ‘ .
| tions of 5, without repetitions:

Example 1: _

letn=3, S= {a,b, C}. n%!%

Then 1,2, 3 —allocations of 3 without repetitions elements are: 1o

S L



Proof: A =n(n—-1)-...(n-m+1)=
_nn-1).-(n-m+1)-(n-m)-..-2:1_ n
- m-m)-..-2-1 T (m-m)!

Forexample: Al = —===-—"=3,

. . eil
Note. Note that allocations can differ by the content or by the order of th
elements.

4.2.2. Permutations without repetition.

Let S = {a,,a,, ... a,} be a set with n pairwise distinct elements.

Definition. Any n —arrangement without repetition of n elements 0
called permutation without repetition of S.

£S5is

P
whe
As we see a permutation is particular case of an m — arrangement of 7
m=n.
is
A . . o nts !
Notation. The number of permutations without repetitions of elem®
denoted P,,.

Example 2:

Letn=3, S ={a,b,c}.

Then permutations of 3 elemients are:

(a,b,©),(a,c,b), (ba,c), (b,c, a),(c,a,b), (c,b,a), so P; = 6.

Theorem 2. .
Proof follows from the theorem 2 when m = n:
PBo=At=n(n—-1)-..-1=n!

/

In example 2 above: P, =3!=1:2-3=6. t

. nly
- efef 0
Note. Note that permutations consist of the same elements and diff

the order of these elements.

1

)

tion of ny Ny, ..., Ny taken one-by-one

4.2.3. Combinations without repetition.

Let S = {a,,az, .. an}- -
Definition. Any subset (order doesn’t matter!) consisting of m lsm<

1) elements from n elements of S is called m —combination of n without repeti-

tions.

Notation.

The number of m-combinations of n without repetitions is denoted by €3’

(or sometimes () ).

Example 3.

Letn=3, S={a,b,c}. : g

1,2, 3 —combinations of 3 elements without repetitions are:
10of 3: {a},{b},{c} — 3 intotal, s0 c}=3.

2of 3: {a,b},{a,c},{b,c}—3in total, so C2 = 3.

3of 3: {a,b,c} — 1lintotal, so =1

Theorem 3.

n!
m — e
v = min—m)!

e s A
—arrangements of without repetitions is An and

rof m
Proof. The numbe n’t matter. So,

®ach arrangement is repeated m! times if order does
cm AR n!

no= et e )
B, mi(n—-m)! 2 _a =—3!__1'
132 =3 62="‘"’"‘31 3 ~ 30
In example 3 above: C3 = 7= > “3 ~ 21 1!

differ by the content of their elements.

Note. Note that combinations

e different finite sets.
s with cardinalities 721,72, - M

X oo X S
rdered set is called m —alloca-

4.2.4. Allocations (samplings) fro!n th
Definition. Let Sy, Sz, - Sm be finite sets
eSpectively. Any point (@, @z -~ dm) € Sy X Sz

pl = ., M), considered as an 0
S ‘ from the sets Sy)S2s s Sm
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Notation. The number of all such allocations is denoted by Zﬁ'nz ..... N’

Theorem 4. The number n of all such allocations is obviously is the card®
nality of S, X S, X ... X Sp,, i.e. is given by formula (see 2.4.3)

~m - - . .
Anl'nz ..... n m —nl nz oo n,n

Example 4.

1. The number of all three-digit even numbers composed from the
{0,1,2,3,4,5} is equal to 5-6-3 = 90, because 1* digit is one of the 5
from §; = {1, 2, 3,4,5}, 2™ digit is one of the six elements from

S; ={0,1,2,3,4,5} and 3" digit is one of the 3 elements from S3 =
{0,2,4}.

The first three-digit even number is 100 and the last is 554.

digits
eleme”

4.2.5. Allocations with repetitions (or sampling with replacemeﬂt)' o #
r’

e =

Definition. If, in particular §; =S, = =S, =S,ny =Nz ="
n, then a point (a,,ay, ..., ay ) € S™ (a; € S,i = 1,2, ..., m) considered 3° ’
dered set is called m — allocation of n with repetition (or sampling with ¢
placement).

Repetition of the elements a,, a,, ... a, in (a;, @z, -, m ) is POS
necessary if m > n, because all a,, a5, ...,a;, € S.

an 0
i5
sible and

bk t
Notation. The number of m —allocations of n with repetitions 15 den®

Am
An.

Example 5:
Letn = 2, S = {a,b}. Then 1,2, 3 — allocations of 2 with repetit
ments are:
10of 2: (a),(b),—2 intotal, so A} = 2, A% =22 =4.
20f 2: (a,a), (a,b), (b,a), (b,b) — 4 in total, so A3 = 4.
3of 2: (a,a,a),(a,a,b),(a,b,a),(a,b,b), ’ o6
(b,a,), (b,a,b), (b, b, a), (b, b, b) — 8 in total, s0 A3 = &

ion el

Theorem 5.

122
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Proof. Proof of the theorem 5 is a particular case of the theorem 4.
In the Examples. above: 4} =2' =2, A3=22=4, A3 =28 =8, etc.

Example. The number of all three-digit numbers composed from the digits
{1,2,3,4,5} is A2 = 53 = 125, starting with 111 and ending with 555.

4.2.6. Permutations with repetition.

Let S = {a,, a,, ... a,} be aset. . )
Definition. Allocations with repetition consisting of the same elements with

their multiplicities and differing only by their order are called permutations with
Tepetition. -

Notation. The number of all different permutations f:ontammg .
m, times element a,, m, times element dz,..., Mn times element a, an

Consisting

. HFmy,mz,.. .My
of m = m; + my + -+ + my, elements i denoted by P, .

.., G ) CODSiSting of m elements is

r of all permutations (a;, @z, -
The number o' a7 P f some elements the total

€qual, as we know, to m!. But due to the repetition 0 '
number of the different permutations will be less than m!

Example 6. Consider first all permutations of 3 distinct elements:

(a,b,0),(a ¢, b), (b,a,¢), (b, ¢,), (6,8, 0), (6.5, @)-

Total number is & = P3 = 6.

If we suppose now that a = b, then the permu
Ments @ and one element ¢ are:
" (a,a,¢), (a,¢,a),(aac) (@ca)cd a),(¢c.a
ion ig . o -

repeated 2! = 2 times (1% and 34 2" and 4*, 5" and 67) ‘::)mselrﬁtﬁ::?;:s
tations of ¢ and a. So, the number of the different (due to the order) p

is 21 = 3. They are: (a,4,¢), (@ a),(c,a,).
( by the order!) permutations with

tations containing two ele-

a), where each permuta-

Theorem 6. The number of the different

Tpetitions i
10ns 18 — (m1+m2+...+m")!
. — '—_____—___———'——"——_
B 5 pron p e ]
Pﬁ' ma,.. Mp ml!mz! ...‘@n-!__’tmllmzl .My
123
Pt



Proof. The total number of permutations is m = (m; + my + -+ Mn
each permutation is repeated m, times due to a,, m, times due to az, ---»
due to a,,. So, the number of the different permutations is

_ (my+ma+--+my)!
myim,l.my!

pmx,mz.... Mmy _ m!
m m,im,!..mpy!

In the example 6 above: B! = —— =6

Example. Find the number of the different letter permutations can be
formed using the letters PEPPER.
So,S={P,E,R}, m; =3,m;=2,my=1m=3+2+1=6
p32l — 6! 60
6 .

=3z

4.2.7. Combinations with repetition.

Let S = {a,, a,, ...a,}. ele

Definition. Any set (order doesn’t matter!) consisting of m (m eN) p
ments from n elements of § is called m —combination of n with repetitio™”

Notation. - o
7
The number of m — combinations of n with repetitions is denoted by

Example 7: ' o

Letn = 2, S = {a,b}. Then 1,2,3 — combinations with repetition °
ments are:

10f 2: (a),(b),—2 intotal, so } = 2.

2 of 2: (a,a),(a,b), (b, b) — 3 intotal, so CZ = 3.

~ et¢
30f 2: (a,a,a),(a,a,b), (a,b,b), (b, b, b) — 4 in total, so CF = *

Theorem 7.

= (m+n-1)!
' = Cim-1 = i = D)1

Proof. foll"‘ﬂg
For any m — combination of n with repetition we assign a chaif &

124

my m; ms my

@,0; .. 0; @ @y0; ...a; @ 0303 -3 @..@aya, ...a,

Where we put a separator @ (or any other symbol) between the gro.ups of repeated
elements in order to separate them, m=my + Mz + 1+ My 1S the.number ?f
all elements in the m — combination. If any group of repeated elements is absent in
the chain there will be two or more successive separators @-s in this place. For ex-

ample, if @, is absent, then the corresponding cha’i:‘l will be of the form
m, ms n

p———
0,4, ..a; @@azas .- a3 @..@a,a, .- 0n

So, all chains for m — combinations will have n — 1 number o.f szzaratiw
@-s. The total number of all elements in the chain, including @-s, willbem +n

1. .
— combinations? They can be differ

.., My, i.e. by the different loca-
umbers m and n are fixed. So, the

What is the difference between two 1
by the different collection of numbers m;, Mz, -

tions of the n — 1 separators @-s. Note that the 0
i ition i rmuta-
total number of all m — combinations with repetition 1S the number of all permu

i ’ et that the
tions with repetition with m elements and 72 = 1 separators. Don’t forg

» umber
order of the elements in combination doesn’t matter. So, the totaLt;r e et
m — combinations of n with repetition is equal to the num
n — 1 separators:

tions with repetition of m elements and
fm = pmnTl = ——————3 T “min-l
n m+n-1 mt(n— 1)!

The theorem is proved.

" @+2-D)! _ 3 (@3 =
~ +1-1) _ 2 LT 2 =3, (3
In example 7 above: (3 = Jo—r = 2, (3 = Zz-1
(21.3_1)!
3!(2_1)! =

n the normal domino game? ‘ .
dasthe 2 — combinations with repeti-
6}. The number of all such combina-

Example. How many domirioes aré i

Solution. Dominoes can be considere
tion of  the seven digits set {0,1,2,3,4,5
ti()ns iS

C~72 =£-2—+—7ﬁ!-=-§!—-=_73=28WhiChC
247-1)! 216! 2

ber o any domino player.

orresponds t0 the well-known num-
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. . . . " igs an”
Note. How to list all allocations with/without repetitions and not to mis$

ything,
If we replace temporary the elements in S = {a,, ay, ... a,} by their indexe®
then it will be easier to control them in allocations by ordering them as numbers:

In example 1 without repetitions § = {1,2,3} and the allocations are:

(1), (2), (3), (1,2), (1,3), (2,1), (2,3), 3,1), (3,2),

(1,2,3),(1,3,2), (2,1,3), (2,3,2), (3,1,2), (3,2,1).

In example 5 with repetitions S = {1,2} and the allocations are:

(1, (2), (1,1),(1,2),(2,1), (2,2),

(LLD),(1,1,2),(1,2,1),(1,2,2),(2,1,1),(2,1,2), (2,2,1), (2,2,2).

The same we do for permutations and combinations.

per of ek

Note. Since any set include empty set @ as its subset, then the num y nk
13

ements in 0 — allocations and 0 — combinations of n elements are by the
tion:

4.2.8. The Sum and Product Rules.

. aliti®®
Task 1. Let S, S5, ..., Sy, be finite pairwise disjoint sets with cal’dmal

ny, N, ... , Ny reSpECctively. colle?
Find the number n of ways to choose exactly one element from the
tion S;,55, ..., 5.
Solution of this task is given obviously by the formula of
the Sum Rule:
in=n, + Ny T T Mg
o

m
W
Example. You have 4 black, 3 brown and 2 white pairs of shoes- Ho
options do you have for your walking?

Answerrn=4+3+4+2=09,

Let Sy,5,, ..., S,y be finite pairwise disjoint sets with cardinalities

ny,ny, ... , N, respectively. ”
t
. o, . . 'ﬂfﬂ
Task 2. Let S;, S5, ..., S, be finite sets with cardinalities 74, 2 -

spectively.

1726

. 1,500,000 people. It is known that the numbe!

Find the number n of ways to choose a sequence of elements

(al, Az, .,y ),
(a; €S;,i =1,2,..,m).
Solution of this task is given obviously by the formula of
the Product Rule (see formula 4.2.4. for allocations from the different sets):

|n=n1- ng .. nmJ

Example. You have 4 shirts, 3 pants and 2 pairs of shoes. How many op-

tions do you have for your walking?
Answer:n=14-3-2=24.

4.2.9. Pigeonhole Principle.

Theorem. If m pigeons are put into 1 pigeonh
hole must contain more than one pigeon if m > n, an
Must be empty if m < n.

oles, then at least one pigeon-
d at least one pigeonhole

Example.

Hair-counting. The population of Almaty city (Kazakhstan) is more than

r of hairs of a human head is less than

1,000,000. So, at least two people of this city have the same number of hairs.

Exercise. The Birthday Problem.

Show that if the number of students of
least two students who share the same birthday,
then there exist the days when there is no birthday ce

Faculty is 370 then there exist at
and if number of students is 360
jebration on the Faculty.

Generalized Pigeonhole Principle.

i igeonhole
If m pigeons are put into n pigeonholes, then there is at least one pigeon

e : i taining at
Containing at least [ﬂ] pigeons and there is at Jeast one pigeonhole containing
n

8] ively “ceiling” and
ost [%] pigeons, where [-] and []are respectively “ceiling

. < Tx], for example,
Le. [x] and [x] are the closest to x integers such that [x] S x < [x], p

“floor” functions,

M=4m=32=[2=2

L X
Example. Among 1500 students of the university there are at leas

127 .
EA



of
[1500 ] 5 students with the same birthday and there is at least on¢ day

the year with the number of birthdays at most [ v =4.

Exercises 4.2.

1. How many striped three-color flags can be made using seven different ¢
colors mustn’t be repeated and the order of the colors matter? (Hint: allocations wi

tion).

2. How many striped colored flags can be made using all seven differen
ors mustn’t be repeated and the order of the colors matter? (Hint: permutations wi

tion).

jithout repe

olors if the .

lr
t colors if‘he:

ithout T¢!

. if
3. How many striped three-color flags can be made using seven different colors !

colors mustn’t be repeated and the order of the colors doesn’t matter?
(Hint: combinations without repetition).

4, There are 4 roads from the village A to the village B
and 5 roads from the village B to the village C.

a) How many ways are to travel from A to C?
(Hint: allocations from the different sets).

b) How many ways are to travel from A to B and back to A, without going

(Hint: allocations with repetition).

5. Find the number of the different letter permutations can be formed using th

the word MATHEMATICS. (Hint: permutations with repetition).

7. Ten different postage stamps are sold at the post office.
Find the number of ways to buy 12 stamps.
(Hint: combinations with repetition).

4.3. Binomial Coefficients. Binomial Theorem.

4, 3.1. Binomial Coefficients.

Definitions. The numbers C* (n€ N, m=0,1,...,

are called Binomial Coefficients.

Theorem.
1.cH=Ccx™

P

n)

to C?

e |ett6rs

2.CM=Cmt+ Gy, (n22)

Proof.
n! n! n-m.
LG = mi(n-m)! = (-mym! =Cn
~1)! (n—1)! (n—l)'(n-m+m) n!
2.6 + Gy = (m—(:)!(n)—m)! mi(n-1-m)t  min-m)! = e
Notations. i
1. There exists another notation for Cz" = (m)
23 a=atapt ot an
4.3.2. Binomial Theorem. ) .
Foralla, b € R, n € N there is Binomial Theorem:
n
(@+byr= Y, CHa™mb"=
m=0
npnt
= Cla™ + Cia™ b+t cmag=mp™ + o+ Cnb
Proof is by induction on 7.
1 esince Cf = Cl =
Stepl.n=1, the formula (a + b)* = C1 Cfa+Cibistd 1

_1 _ yn-1
Step 2. Assume that (a + p)*! = Zm=0 Cat

. n-1 rm_ gl
(@+b)"=@+b)@+p =@t b) Tmzo Ca-1@

\mo1 pm | gi-mADpT =
= yn-i gm, q(m™p™ + o Cem1 @

m-1 ,n-Mp™ =
= ym-1 gm, gmb™ + T Cam1 @

129

(n—1—m) p™ is true. Then

n-1-mpm —



=0 n-i cm gr-m)pm 4 yn-i cme “1lgn-mpm 4 CRp" =
a®+ @ Cg = onz: =1, C}= C? +C1 =2 CZ 2'0! =1
—m)b’“,
= C° + c™. + =1ygn-mpm 4 Chph" = §7 _ cm a®
a" + T (Gl =) " meo 0=2 -1 = cg+c§=3,c3=C§+C§=3c3--3,—-,—1andso
0 _ o = cm o+ Cm =0 E
taking account here that C? = Cp,q, C = n+1r Cn=1 n-1 on

b

The first six rows of Pascal’s triangle
So, (@ + b)* = X% _o C* a®~™b™, Theorem is proved.

1
Examples: ) ’ 11
l.n=2, (a+b)? = Ca2b® + Cla'b + C2a®h* = a* +2ab + b | 1 21
2.n=3, (a+b)? = C0a®b® + Cla?h' + Cia'b? + C§a’h® = | 1 3 31 _
—a3+3a2b+3ab2+b3 | 1 4 6 41
|

1 5 10 10 5 1

4.3.3. Corollary 1.

" al to the sum of the two directly above it.

Pascal’s triangle has many applications in various fields of mathematics.

You can use it to calculate binomial sums2 f(;r exan;;;li ”
(a+ b)S = as + 5a*b + 10a°b* + 10a2b® + 5a

Each number in the triangle is equ

n
ZC},"=C?,+C,1.+---+C}."+"'+C"n=2"

=0
Proof follows from 3.8.2. wherea =1, b = n el Exercises 4.3.
Since CI is the number of the subsets consnstmg of m elements fromt | 1. Find (a + b)" for nf= 4 Sla 6and evwrite it xplictly forn = 1.2 3,4
i ul
ments of the set S, then the sum 3.8.2. is the number of all subsets of the ¢ 2. Prove the following form

cluding empty set @) and is equal to 2™. b= i (~1)mCR athmb" =
=0

4.3.4. Pascal’s Triangle. o’

. . . . ed (r-m)pm 4 ot nrerb”
Pascal’s triangle is a triangular array of the binomial coefficients bas = (9" - Cla" b+t (-D™Cy'a
the formulas: |
m m m—l = n—m
cr m.(,, m).. Cr m.,(m=22), (] ’ bers " 3. Prove that Vn € N
Row number n (n = 0,1, ...) in this triangle consist of n + 1 num )mc"‘ b (~DPCR =0,
from i z (~mem=Cl -G+t (" n

m=q
m=0tom=n. k41
=c,’.+63+" T

| or C2 + C2 4 +C2* 4+
S0,C0 =1(o!=1),

C]o' =1, Cl_——=1,

o!1! 1t0! 131



Chapter 5.
NUMBER SYSTEMS.

5.1. Natural numbers, Integers and Rational numbers.

The set theory, elements of which were presented here above, is SO call i
naive set theory and goes back to Georg Cantor. A modern rigorous set theo” :
called axiomatic set theary. But for the purposes of our textbook we confine © 0
selves to the naive set theory and also omit axioms of choice, of Zorn, of Z¢ eo’
underlying the basic of the next constructions of the theory. We also omit th l.‘on
tion of well ordered set which is necessary for the proof of the transfinite indue ,rﬂ‘
and we confine ourselves to the mathematical induction for the set of naturé n he
befs. The modern construction of the set of natural numbers is also based o 8
a?(lomatic way, but we will base on the concept of natural numbers arising [
simple counting of objects. As for rational numbers, we continue and €9 e
their rigorous construction on the basis of integers, which in turn are bas€ 0
natural numbers.

5.1.1. Natural numbers N.

Historical digression.

Leopold Kronecker (German mathematician1823 — 1891). "

“God created the natural numbers, all the rest is the work of Man * nc®

In my opinion even natural numbers were the work of Man. And ot & WP
God gave Man the ability to observe, analyze, abstract and conclude. And ﬂ?at o
enough! Try to explain. Primitive Man from the very beginning of his actiV! fnalbl
forced to count what surrounds him: people, animals, leathers, stones, a"d. o
own fingers. And we believe that primitive Man counted them differentlys l'if'r‘
person, two people, etc., ten people, one animal, two animals, etc., ten & b
one finger, two fingers, etc., ten fingers, were different counting for him, t i
may dimly suspect that between one person, one animal and one finge" Is ¢
two people, two animals and two fingers etc., between ten people, ten an‘mas u'f"a
ten fingers there is some connection. But what? Something was missing’ 0 13
passed and life has gradually forced Man to learn how to add people: 1 per? ¢’
person = 2 people, 2 people + 1 person = 3 people, etc., for example,
people =10 people. He also began to make elementary subtractions. The ®
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erations he learned to do with animals, with leathers, with stones and finally with
his fingers. Primitive Man saw that the previously observed relation (one-to one
correspondence) between the counting people, animals, stones and whatever pre-
serve the operation of addition: the sum of 2 people + 3 people =5 people corre-
sponds to the sum of 2 animals + 3animals = 5 animals and also corresponds to the
sum of 2 stones + 3 stones = 5 stones etc., i.¢. he realized that in order to count the
number of animals entered in the corral if the 2 first animals entered before and
then 3 else, there is no need to go to the corral: just enough to add 2 stones + 3
stones or better yet to add 2 fingers+3 fingers (the first computer that was always
with him) and be sure that the quantity of animals in the corral is 5! The same phe-
nomenon he observed for the subtraction.
And in that moment something happened that should have happened! .
The Primeval Genius finally tore the property of the object from the object

itself and created an abstract concept of numbers 1, 2, 3, ...that do not .exist in na-
ture, but only in his mind and that can be safely applied to any new o.b_|ects of any
the first great mathematical model of

nature, We can say with certainty that it was

the real physical world.
Note. The mentioned above pheriomenon of correspondence between the

Numbers of the objects of different nature preserving the operations (addit:i,’or;, SU!;
traction) is called isomorphism that we touched in the end of the chapter 3. It wi

be clarified later in the study of algebra. |
This isomorphism is not obvious and is @ pur? . i
a limited number of objects, it gives us confidence in 1ts validity for any nu

y experimental fact. Tested on
mber of

them,
So, we take the set of natural numbers as the f»et N = {1, lZ,WS;n, ..} with
the operations of addition and multiplications and their properties (laws):
va} b,C eEN .
l.@a+b)+c=a+b+0)- associative law of addition
2.a+b = b + a - commutative law of adc?itl.on .
3. (ab)c = a(bc) - associative law of multlp.hcatlon
4. ab + ba - commutative law of multiplication Liton
5. distributive law of multiplication with respect to additio
{a(b+c) =ab+ac -
(b ol e uchthata-b=Othena=00rb=0.

6. No zero divisors: ifa, b € N ares
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Later, to denote the number of elements of the empty set people have adde:
the number zero denoted by 0 and this new set is denoted by Ny = {0, 1,2, at
called often also set of natural numbers. )

Still later to indicate historical dates before the birth of Christ, the depth bes
low sea level, the temperatures below the ice melting and many similar reaso™
people had to invent negative integer, which were initially seen as mystical-

But the main reason for the consideration of negative integers for matherrla
ticians is different. ble

In the set of natural numbers N, the equation @ + x = ¢ is always solv? i
if and only if @ < ¢ and we denote this solution by x = ¢ — @. What can W¢ do
order to solve the equation a + x = ¢ for all a,c € Ny, including a > ¢ ? !

The solution of this problem is to build a new wide set Z including ™
Ny, such that the equation a + x = ¢ has a solution for all a, ¢ € No. And th® I.nfdy
interesting part of this construction is that the newly constructed set Z iS ef e
based on Ny, i.e. does not use anything other than Np. This method was in
by the great German mathematician Karl Weierstrass (1815-1897).

io”

5.1.2. Integers Z.
ope™®

Consider the Cartesian square NZ = Ny X Np and define a binary

@ on it as follows:
2
e No-

)V(a b),(a,b')ENE (ab)®(a’,b’)=(a+b,b+a)

2) Associativity and Commutativity of the operation of addition + " Mo
1mplies the same properties for @ on N (check it!).

3) Consider the binary relation ~ on N¢ defined as follows:
v(a,b),(a',b") € N¢ (@ b)~(a',b") & a+b =a +b
Binary relation ~ is the equivalence relation on N§ (check it!)-

L te?
So, the set NZ can be partitioned into equivalence classes and gener?

quotient set N2 /~. y
i

4) The operation @ and the equivalence relation ~ are combatible’ ¢
(@, B)~(@’,b") and (¢, d)~(c", d") then (a, ))@®(c, d)~(@’, BN 4 of

(check it!). It allows us to define on the quotient set N§/~ a neW bin
eration @ ( we use the same notation for simplicity) as follows:

va,b). (@ ) eN; (ab)@@,b) = (a b))

P

where (a, b) means equivalence class of (a, b).
This operation is defined correctly due to the mentioned compatibility.
So, the quotient set N2/~ with operation © defined on it becomes a new al-

gebraic structure (N2/~ ,®) with associative and commutative operation @.

We denote NZ/~ by Z.
5) For any two pairs (a,
@' +bora—b=a —b,iec. the difference be
ments of the pair is the same.
For the classes (a, b) where a = b we choos€ z
the pair (a, 0) with a = 0 and denote it by a = (a,0). For example,
0 = [00) = {(0,0), (L1), 22), .}, 1 = (@0 = {(1.0). @1, (3.2),..}
2 = (Z,0) = {(2,0), (31), (4.2),..}, etc. Denote Ny the subset of Z of the

classes (a,b) witha = bor Np = {0,1,2,...}-

b),(a’,b'") € (a,b) we have by definition a + b’ =
tween the first and the second ele-

e choose as the simplest representative

Then the function _
fiN,~2Z f(a)=a=(a0)is isomorphism between No and No.
Really, f is bijective,

fla+c)=@+c0) —gtc=@0+@0)=f@+fE)

So, we can say that N is «jmmersed” in Z. . .
b) where a < b we choose as the simplest representative

For the classes (a, ose as ;
the pair (0, b) with b > 0 and denote it by -b = (0_,_11)_,_ b € N*. For example,
—1=0D = {01, (12,1312 = 0,2) =
{(0,2), (1,3), (2,4), ...}, etc. Denote this subsetby Z2 = {12, e
Finally, Z = 22 U Ng = {.,=2,~1,0.1, 2,..}={0,£1,%2,..}
The equation @ + X = € is solvable in Z for all natural a,¢ € Z.

Ifa < ¢ (c — a € Ny), then _
O)GNo:

x=c—a=m—(&f§5=(c—a, and the number x=

meﬁa,anditcorrespondstox=c-—a€N. _
If a>c, then x=¢c—a= c.0) - (@0)= c-a0=0a-0)=
s definiti
i is given by definition: )
Relation ofordr 0 it 4 p' <a' +b.So defined order gives

(a,b) < (a',b") ifand only if @ +
w<=2<-1<0<1<2<

The set Z has no divisors of zero- . L .
The set of integers with two operations of addition and [;?mp(:;-c::tir; :::S
fying the same properties as for natural numbers I called often Ring .
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5.1.3. Rational numbers Q.

Rational numbers were invented to indicate first of all fractions.

The main reason for mathematicians to construct the set of rational numb®
was the need to solve the equation ax = ¢ for all a,c € Z,a # 0 and ¢ is not 1¢”
essarily divisible by a. The set of rational numbers @ can be constructed in t°
same way on the base of the set Z as the set of integers was constructed abové
the base of the set Ny. In fact we constructed the set Q earlier in the chapter @
relations.

. The set of rational numbers with two operations of addition and multiplici
tion satisfying the same properties as for natural numbers and integers is €2 ed?
ten Field of Rational numbers.

ut

5.1.4. Real numbers R.
As we know there is no rational number a such that a? = 2. But "°
find the Tational numbers whose squares are as close to 2 as we like. Ther¢ ar® 0:3'
e'r quantities, for example numbers e, 7, etc, which cannot be represente
tional numbers, but can be approximated by rational numbers as close as W° ike.ng
. It means that if you represent rational numbers as points of an infinitelY l015’
]fne, then this line has empty holes which we call irrational numbers. The ©° sl
tion of the set Q by these irrational numbers is called the set (or field) f
numbers.
This completed (without holes) line is cold real line and is denoted bY f ot
Of course this definition of real numbers is not rigoi’ous definition for I
ern mathematics but it is enough for our current purposes. “6,15'
Addition, multiplication, relation of order with their properties aré
. ferred from the set of ratioiial numbers on the set of real numbers. 0
The main reason for mathematicians to construct the real number® s
able to make “passage to limit” that will be studied in the course of calculu®

pe

fif

y Note. We must note that for purposes of physical measurements in rembefs'
which always are made only approximately, there is no need to have rea "
we can manage only rational.

14

5.2. Complex numbers.

5.2.1. Complex number. Operations on complex numbers.

Definition. Let R? = {(a,b)|a € R,b € R}.
We call complex number any ordered pair (a, b) € R? and we denote it by

2 =(a,b).
The first a is called the reel part of z and is denoted by a = Re z.
The second b is called imaginary part of z and isdenoted b = Im z
Don’t forget that imaginary part b is reel number too.
Two complex numbers z = (a,b) and z' = (', b’) are equal by definition:
z=z’®(a=a')/\(b=b’)

Definition. We define the addition and multiplication of two complex

numbers
z=(a,b) andz' = (@, b") as follows:
() z+2z' =(a+a, b+b),
(2) z-2 = (aa’ —bb, ab'+ ba').

the definition of the difference Z — 7' as the complex num-

Exercise. Using
z=(@-ab- b")

ber 2" such that z = z' + 2", prove that Z —

The set of all complex numbers with these two operations is called a field of

complex numbers and denoted by C.

of the addition and multiplication of real

Exercise. Using the properties
the complex numbers as the

numbers as given prove the analogous properties for
following theorem. _
Theorem. Let z, 2", 2" € C, z= (@), 2 = (@, b), 2" = (@"b").

Then
1) addition is associative:
2) addition is commutative: Z +
3) element 0 = (0, 0) is the element
vzeC z+0= 0+z=2zals0Z"
4) element -z = (—4a, —b) is the “opposite
z+(-2)=-2+2=0,
so the subtraction " — " can be defined on
2—z=2+(-2)= (a' —a b’ = b),
5) multiplication is associative: (zu)v = 2(uv),
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(z+u)+v=z+(u+v),
u=u+z

«zero” for the addition:
0=0-2=0,

» element to z = (@, b):

C as follows:



6) multiplication is commutative: zu = uz,
7) element 1 = (1, 0) is the element “unit” for the multiplication:
VZzEC z'1=1-z=2,

8)Vz % 0 3’ “inverse” element z~! such that zz"! = z"1z =1
. _ -1 _ a -b
and ifz = (aq,b), thenz™1 = e Ty ),

so the division "/" can be defined on C as follows:

4 ’ 4 ’ ’
Z_ —_ ol =1 A a -b __fa a+b’b b'a-a b)
;=22 =(@.b) (a2+b2’a2+b2) - ( az+b? ' az+b? /'

(it is clear that the division by z is impossible in only case
z=0,ie.a=b=0).
9) multiplication is distributive over addition:
zu+v)=zu+zv, (u+v)z=uz+vz.

5.2.2. Immersion of R in C.

Consider a subset R’ < C defined by R’ = {(a,0) € C |a € R}, i.e. the P
set of all complex numbers which imaginary part is zero.

Wenotethatz,z' € R, thenz+2z' €R andz-z € R'".

Really, let z = (a,0), z’ = (a’,0). Then

Nz+2z =(a+ad,0)€eR,

2)zz' = (aa’,0) €R',

3)0eR,

4)-z = (~-a,0) €R’,

5)1=(1,0) R,

6)z7' = (5, ==) = (@™, 0) € R".

!

Let consider the function f:R - R’ < C, Va € R f(a) = (a,0) € R

Then,

1) f is obviously bijective,

2)f(a+b)=(a+b,0)=(a0)+(b0) = f(a)+f(b)

3) f(ab) = (ab,0) = (a,0)(b,0) = f(a)f (b),

i.e. f isisomorphism between R and R'. el

This isomorphism allows us to identify R and R’ and say that R is i%"
in C or C is extension of R.

Imaginary unit i. anit’
Consider the special complex number i = (0,1) called imaginary
12Q

o

Then i = (0,1)(0,1) = (02 -1%, 0-1+1:0) = (-1,0).

Since the number (—1, 0) corresponds to the reel number —1 we can write
by convention i2 = -1 ori = v-1.

Note. There are many books that introduce complex numbers after reel
numbers starting by the equality i = —1 or i = V-1 for a new symbol i. But
there is no reel number whose square is —1 or there is no reel square root of —1. It
should be well understood and remembered that conventional write i = —1 or
i = V=T means in reality i = (—1,0) ori = \/(-1,0).

Note. Don’t forget that there are two square roots of V=-1= i.

Exercise. Prove that i" has exactly four possible values:
. 22 3 s 24 4 = 1 i4n+l =1 i4n+2 =-1, i4n+3 =
L =_1:l ==Ll = TS / =1, ’)

-

5.2.3. Cartesian form of complex numbers. _
Complex number z = (a,b) = (a,0) + (0,0) = (@,0)+0)0,1)=a+

bi, where by convention (a,0) = a, (b,0) =b. . na]®
In particular, if b = 0, then complex number z = fl is c.alled” ‘reel bnumber,
ifa = 0, then complex number z = bil is called “purely imaginary~ numoer

Cartesian form of complex number z = a + bi will be l.lS'ed more ﬁ?c!uintly
than the initial form z = (a, b), because the operations of addlt.mn a_r-ld mu dtnp tl:a.
tion become more convenient and visible. Really, if 2 = ‘{"’ bi, u = c+at, then

z+u=(a+bi)+(c+di)= (@+c)+ (b +adk

—u= () — di =(a—-c)+(b"d)i,
z—u=(a+bi)—(c+ l)c.-bd)+(ad+b6)i,

zu = (a + bi)(c+di) =(a _
z_a+bi_(a+bi)(c—di)_ (ac+bd) E’iz”__%f_)i,
U crdi (crddc—dp ci+d?

in particular,
1 1 c d i
U c+di cE+d? c2+d?

— 7 4jy =23+ 2i. Then: )
Examples. Let z =7 14 1+8)+ (14~ 12)i = 29+ 2i,

Z+y=10-iz—u=4-6i2u=

z 1 3 21‘
w=1-200=937 13
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5.2.4. Conjugate.
Definition. Conjugate of the complex number z = a + bi = (a,b)
is the complex number denoted by Z = a — bi = (a, —b).

Exercise. Prove the following
properties of the conjugate:

1.Z2=2z,

2.z+Z=2Rez Rez=(z2+2)/2
3.z—-zZ=2ilmz Imz=(z-2)/2i
4.z7 = (Re 2)? + (Im 2)?,
S.z+u=2z+4,

6.z u=2-14.

Example. 3 + 4)(3F 1) = 3 +4i)(3—4i) =32 +4* =25

5.2.5. Modulus of a complex number.
Distance between complex numbers.
Definition. The modulus of a complex number z = @ + bi is the N0

negative reel number denoted by |z| = VaZ + b% = \/(Re 2)? + (Im Z)z‘, + p'i i#

The distance between two complex numbers z = a + bi and z'=
lz—2'| = J(a—a")? + (b - b')?

Exercise. Prove the following
properties of modulus:
1.1z} 20, |z]=0&z=0(a=0, b=0),
2.|z| = Vzz,
|z} |-1

z 1 1
3. |zu| = |z||u I-—I =-—in ricular l_.l = — 0r z"l = |Z
|zul = lzlful, |~ Jinparicular [ =1 |27

|l

4.|Rez| < |z|, |Imz| < |z|,
5.

" o
|z +ul < lz| + |ul, |iz| - Jul] < |z — u| — the triangle inequaliti®

Square root of a complex number.
Problem. Let ¢ = a + bi be a complex number.
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Find z = VG, i.e. find the complex number z = X + yi such that z2 = c.

Solution.
22 = (x + yi)? = x2 -y + 2xyi,

2 _—=aq 2
2 2 — X 2 4 2 b _
xf=y° = 4x sxt-axl-—=0
zz=c®{ ny—b iad b x 4

Y Y=%

Vaz+b2 b
a+Va?+b? _ ’a+ a+b = e—
Xe=——DX2 = * 2 » V12 +2 a+/aZ+b?

2
b2 . bz(a-\/az-r-bi) -
*signb ’m = +signb 2az-a?-b?)
+ W—a' if b > 0
VaZibi-a _ | ~ z

= +signb |— = :
g 2 ,—,,___——‘/57‘2'55‘“,1‘)’1:<o

i [, i are opposite.
S0,2, =Xy + i, Zz =Xzt Y2l = —x; =Nl 1€ 21 and z; ppo

Finally we can write briefly

A, b [-at B ) iep 2 0,
\/a+bi=i(,lg—7""+‘|b| 2

Ja+bi=+va, ifb=0.
Example . 22 = =5 + 124, p=12>0,

pus— S+425+144 = +3.
Ji‘?ﬁ= +2, =% 2 -

X2 =%

i =-2-3i
S0, 2, = (2 + 3)or z=2%+ 3i, z

Equation of the second degree. . 2 pz+c=0.
Exercise. Leta,b,c € C. Solve the equation & ¥
Solution.
b\2 b2-4ac]
a22+bZ+C—='a[(z +;;) - 4a32 ? ra b +a/b2-4ac
-4ac — = »
) 3 + 2 0022157 2
az? +bz+c=0e(27 3, 4a
_ ~b+VbZ-4ac
212 = 2a )
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in the field of the complex numbers C an equation of the second degre¢ is
+¢*=

always solvable. In particular, an equation of the second degree ax? + bx
with reel coefficients a, b, ¢ € R heel has no reel roots if its discriminant
d = b? — 4ac < 0, but it has two conjugate complex roots

-b+Vd -bziv—d
T = 22 (-d > 0).

Later in course of the algebra we will learn that any polynomial equation (,)
n-th degree is solvable in the field C and has n roots (complex in general)
their multiplicities.

?

5.2.6. Complex plane.
Let R? be the arithmetic plane with Cartesian coordinate system.

Consider the function f:R? —» C, f(x,y) =x + yi. né
This function is obviously bijective: to any point (x,y) € R? it assign® a0
and only one complex number x + yi € C and reciprocally. ¥
The plane of all points M(2), (z = x + yi) is called complex plane; the
0X is called axis of reels and the axis OY is called axis of purely imaginafies'
Im
T
a+ bi
__» Re
0] a
Letz = a + bi, z'=a +b'ieC, keR. e
Since z + 2’ = (a+ a’) + (b + b")i, kz = ka + kbi we can see that by f
addition of two complex numbers and multiplication of the complex !ﬂ‘ ¢ @ p)

reel number (scalar) are defined by the same rules as for the vectors oM
and OM = (a',b'): OM + OM = (a + a’,b+ 1), k-OM = (ka, kb)-
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5.2.7. Polar coordinate system.

Polar coordinate system on the plane P is constructed as follows.

We fix a point O on the plane called pole and a ray OL called polar axis.

To each point M € P, (M # 0) we assign a pair of real numbers (r, 6) called
polar coordinates of the point M, where the polar radius

r= IWI € [0, +0) is the length of the radius-vector OM (or the distance
from the pole O to the point M) and the polar angle 8 is the value of the angle
s-vector OM with polar axis OL measured counterclockwise
s of @ and clockwise for negative values of 6.
(or 360°n),n € Z. When a unique representa-
] (or sometimes 8 € [0, 2m)), respec-
usly r = 0 and the angle
erval (-, 7], often

formed by the radiu
from the polar axis for positive value:
The angle 8 is determined up to 2n7m
tion is needed it is usual to take 8 € (-1,
tively (—180°, 180°] (or [0, 360)). For the pole O obvio
8 is not determined and can be taken arbitrary from the int

g=0.

A
__’L

o ]

an and Polar coordinates.

dinate on the same plane such that its
tive direction of the abscissa ax-
rdinates are expressed in

5.2.8. Converting between Cartesi

Consider the Cartesian system of coor .
origin (0, 0) coincides with the pole 0 and the pos!
is coincides with the polar axis. Then the Cartesian c0O
terms of the polar coordinates as follows:
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ous 1

x|

T cos8

{x=rcose )
y=rsinb

The formulas (+) determine the function f:E - F, f(r,0) = (x,

E = [0, +00) x (—m,m], F = RZ. Restriction of this function f:E* F

where
E* = (0, +) X (-m,7], F* = R? — {(0,0)} is bijective and its inVe"See
fLF - E, fl(x,y) = (r,0) gives the converting formulas fro™
Cartesian coordinates to the polar coordinates inverse of (*):
r = \/x2 + y?, according to Pythagorean theorem,
9 € (—m, 7] can be found uniquely from the equations
Y = for example

cos 6 =—-’-‘-—, sSin @ = —=—
[xZ+y? [xZ4+y2

[ arctan G), ifx>0
arctane) +mifx<0andy =0

arctan({-)—n,ifx <0andy <0

0=
W Z, ifx=0andy>0
—g, ifx=0andy<0
\undefined, ifx=0andy=0

The function f~1 can be extended as f~*: R?

defining at point (0,0) r = 0 and 6 equal to any
for example 6 = 0.

In our days we often use another notation of this fo
came from computer sciences 8 = atan2(y, x) and has the same mean

fixed value from

rmula for the ang!®
ing-
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), whe®

- [0, +00) X (-1, Tt]’ Eyﬂ,ﬂ]’

gt

Example.
A point with Cartesian coordinates (1, 1) has Polar coordinates

(\/ 12 + 12,arctan G) (mod Zn)) = (\/7,% +2nm,n € 2).
A point with Polar coordinates (2, — %) has Cartesian coordinates

(Zcos(- E), 2sin(— %)) = (V2,-V2).

5.2.9. Polar equation of a curve.

Analogous to the equations of curves in
can be given in polar coordinates 7 = £@6).

Examples:

1.7 =1y, where g

Cartesian coordinates y = f(x) they

> 0 is constant, represent a circle of radius 7, centered at

pole.
2. 8 = 8,, where 8, is constant, represent a ray from the pole.

3.7 = 2sin 40 represent a “polar rose”

'\'\"""“‘S:s
)

./

s 612
IS4z 104 8 7 4 4@” C}s 5709 1N

12 1) 14E

5Z5@ @ 4 d kS

4.7 = 6/ represent the Archimedean spiral (on the drawing below

8 € [0, 6m]).
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5.2.10. Trigonometric form of complex numbers.
Deﬁn_ut:on. For any complex number z = x + ¥i we can assign the point M
(or vector OM) with Cartesian coordinates (x,y) or polar coordinates (r, 8).

The polar radius r and polar angle © of the vector OM are called respective!y

:;odulus (absolute value) and argument of the complex number z and are denot®

e |zl =7 = [OM|, argz= ¢ = (0X,0M) (mod 2m).
€ repeat h'erc the already known definition of the modulus in other words-
The expression mod 21 means “up to 2nm, n € Z”.

Ifz = 0, then lz] = 0 and arg z is not defined.

The value of an argument fro i w
. m (— J) i n
cipal value of argumen (=, m] (sometimes [0, 2m)) is called p

t of z and denoted by Arg z.
So,argz = {Argz+2nm, ne Z}
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Exercise:
Prove that |Z] = |z|, ArgZ = —-Argz

Imz
1
~Z=-a+bi
'z=a+bi
|z
ArA
'_mﬁ — Rez
Z=a-bi
—z=-a-bi

As we already know x =rcosf, y = rsiné.
Soz=x+yi=rcosf+rsinfi

. 1
And finally z = r(cos@ + isin@) - (_ )

trigonometric form of a complex number.

Exercise. Let z = r(cos@ + isin@)andz’ =1'(cos §' + ising’) betwo

complex numbers in trigonometric form. , 229
Prove that z=z’<=(r=’r')A(9=6)(mo .

Note. We can comparé among themselves real or imaginary parts, modules

bers), but we
or Arguments of two complex numbers (becatse they are rea‘:‘:::fr‘: 8]'6):']0( com-
cannot compare complex numbers themselves. Complex nu

parable!
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Examples:
lL.z=1-i,
Tr = 2
] V1IZ+ (=12 = VZ,cos @ =+, sinf = — =, hence § =
—3 (mod 2m). e 7

ZzZ= b .
ﬁ(cos; —i sinz)
4

2. Mo
2 igi‘“: g“dhAfgument of a reel number x.
b if x < 0’ th°"'|x| =x, Argx=0, x=x(coso+ isin0),
.then |x| = —x, Argx =m, x = —x(cosm + isinm)-

3. Modulus
»if and Argument of a purely imaginary number Yi-
Yy >0, thenlyi|=y, Ar _r . T, seink
. gx=3, y;=y(cos;+lsm2)’ﬂ

b)ify <0, th i| =
s the: iy -
nlyi| = -y, Argx = 1;, yi = y(cosg--"smz .

Let z
. r'c(l::szel :e.two complex numbers:
ising), z, = i si
%l\'gument ofa product] rcosty wstnte)
en zz, = .
1 =7171(cos@ + i sin@)(cosB, + i sindy) =

r11[(cosBcosd, — ging
1 ~.5indsin,) + i (cosOsind, + sinfcosd1)] =

4

2

rr,
- Tlcos(6 + 6,) + i sin(p + 8,)]

So lzz —_
> 1l = n
12||24), arg(zz,) =argz+arg zi (mod 2 )

Exam
ple. zZ= COSE'«}- i Sin E _ T L. i3
3 3’ Zy _Z(COS;"‘lSln '6')'

COSE 4 i cin B
z+‘$m3)=2i.

Argume
0t of 2 quotient. Assume 2, #0

Z T (cosb +is;
- sing

r (Crl gcosel + ising)) _ T (cosb + ising)(cosby — isinf) _
— 0S8 : ., 1 T (¢ P— - -
11 (cos@ * Lsing)(co 1(cos6, + i sinf,)(cosb, — 1 sindy)

$60, — isi
TS 1 Zising) _ 7 -
So m91)(C0391 ~1ising,) = T— [COS(G -8,) +isin(0 - 91)]

]
1

2] - 2zl z
zl "zl arg (Z) = arg z - arg z; (mod 2m)

z" =

. 1 1
In particular, - = (cos@ — i sinf), i.e.

=1, Arg (i) =—-Arg z.

Izt

1

z

_ R, oeain B
Examples. z = 6(cos + L sin :), z,=3 (cos§+ isin g),

:—l =2 (cos(— %) +isin(- %)) =v2(1-9).

5.2.11. De Moivre’s formula.
Let z = r(cosé + isin@), z€C*
Prove by Mathematical Induction
De Moivre’s theorem:

(ie. z#0), n€E N.

[2% =r"(cosnb + isinn6)|

ie. |z" = z|", arg S =nargz (mod 27).

For n = 0 by definition 29 = 1. Then 1 = r°(cos0 + isin0),
i.e. De Moivre’s formula remains valid.

, :
= —,where -1 € N.
z

ger n by definition z"
ve integer n toO.

For negative inte
De Moivre’s formula remains valid for negati

Really, if n < 0, then —n > 0. So,

1 1 1 . .
—_— —— = — cosn6+lsmn0)=
z™" r‘"[cos(-—ne) ¥ isin(-n0)] r (

+ i sinn@), where . < 0.

= r™(cosné
sg formula is valid forvVn € Z.

So, De Moivre

|=1

A special case of |z
= (cos né + isinn@).

(cos 8 +isin@)"
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This formula allows us to express cos n6, sinnd, tan nf by Example. Square roots of a complex number.

. . 2 0 + 2km
cos@,sind, tan 9: Vz= \/F(cos 8 + 2kn +isin ), k=01
cosn@ = Re (cos 8 + isinB)", sinnf = Im (cos 0 + i sin 6)™. 2 2
. .8
Example n = 3. (Vz), = \/F(cosg+ ising), (Vz), = -\/?(cos%+ i sm-z-).
(cos 8 +isinB)® = cos 36 + isin 30,
cos® 6 + 3icos?0sinf — 3cosh sin? § — isin3@ = cos 36 + i sin 30 As we see the square roots are opposite: (\/-z')1 = —(‘/5)0

0536 = cos® 6 — 3cosf sin? 6 = 4 cos® 6 — 3cosh,
sin36 = 3cos? fsing - 4sin® 0 = 3sinf — 4sin3 6.

i th - ) 5.2.13. n*" roots of unity.
5.2.12. n™ root of a complex number (n € Z). Findzifz" =1,n € Z,i.e find V1.
Definition. The n*" root of a complex number z is the complex number ¢ ' ’

such that c™ = z. Solution. .
v . 1=cos0+isin0, -
It is denoted by ¢ = Vz or ¢ = zn. 0 + 2k 0 + 2kn 2km | . n)
— n — n N . - _+ s n— B
So,c=Vzec' =2z z 1 w/T(cos +isin - ) (cos - isi -
k=01,.,n-1
Theorem. There are exactly n nt"* roots of a complex number z zp=1,
given by the formulas z = (cosy- +isin ZIr—),
I 6 + 2k 6 + 2k " "
Vz = \/;(COS——-—-+i$in—”),k=0,1,...,n—l .............................. ,
n n . 2n-1r . . 2(n-Drn
. ‘ Zp_1 = (cos—+ isin=—— )
Proof. We denote z = r(cos@ + i sin8), ¢ = p(cosa + i sina). These roots are uniformly located on the unit circle centered at the origin
Then z = ¢" & r(cos6 + i sinB) = p™(cos na + isinna) < with the angle ’7" between the two neighbors.
=}pn = rand na = o+ Zkﬂ, keZoe p= Wa_nda = 6+jkﬂ.’ ,k GZ° Example. Find VI'
- Despite the fact that 7 takes an infinite numbers of values in Z, the numbef zo=1,
of different roots.due to the 27 periodicity of sin and cos is exactly n. They can be 2 = (cos L iin? = 14 REl ,
exhausted by taking k = 0,1,... ,n — 1. 3 3 2 "2
Really, th : L (otm 4wy 1_ V3
eally, the formula of the roots rewritten in the form 2= (“’S G Tisin ?) =271
nf - 0 2k - . .
Va="3r (COS G+ Tn) +i Sln(% + ?)) gives the different values whe?!
k=0,1,..,n~1.For k = n the formula gives the same value of root 85 5.2.14. Euler’s formula. c
for k = 0, for k = n + 1 the same value as for k = 1, etc. Similarly, for k = =} Let U be the unit circle centered at origin 0 of the .cofnplex plane C.
the formula gives the same value of root as for k = 7 — 1. Really, without affec* Consider the function e:R - U, e(8) = cos 8 + isind
ing the formula we can add to the argument 2m. Then 6 + 2 — 2= = g + 3% ‘ This ﬁl{nctiqn is obviously periodic with the period 27
etc. n véeR e(d+2n)=e(®).
Moreover,

e(a+ b) = cos(a + b) + isin(a+b) =

150 151



(cosa+isina)(cosb+isinb) = e(a)e(b), +
that is the function e is the morphism (R, +) - (U, ).
We let by definition the next notation:

e =cos0+isino,

called Euler’s formula.

So, the trigonometric form of a complex number z = r(cos @ + i sin §) can

be written as follows: z = ref®.

Examples:

D1=1-€° 2yi=e's, 3H-1=em, 4)14i=vZeh
8+2kn

5) ¥z = Vret ,k=0,1,..,n—1

:Ote. :I'he Euler’s formula at the moment is only a convenient notation.
ater in course of complex analysis where complex variable function e is

defined independently this formula will be proved.

Computing with the e'® instead of cos 6 + i sin 6 becomes much easier.
For example,

Dzz' =rel? . r'eld’ = pygi@+8")
Z_T io-¢
2) ;= el0-6),

elf40-10 o__ 18
3)cos @ = , sing = &=
9, ~-tg.m
4)cos™g = (X ) —~ 17w —ig\m
=3 == (e +e71)

5..2.1 S. Rational Powers of complex numbers.
Finally, for any z # 0 and rational r = % € Q, wherem € Z,n € N have no

rime : .. )
prime common factor (i.e. the form % is unique), we can define the rational power
2" as follows:

m

Zh=zn = (zlln)m = (rv;)m

Since .
there are exactly n values of the roots 'z then there are exactly 1 val

ues of the rational power /Z.
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Exercises 5.2.

1. Find the following numbers:
) (1+30)
(1 + 2i)?, b (1 +3)2-1), C)TZ—_—I'—)- ,

and their real and imaginary parts.

d)1+i+i2++i1

2. Solve the equations:

1 i
a)(2-Dz+(-3+)=5+2, DbT—7=7¢ 573

z=1+i’

d)(2+)z2-(5-i)z+2-2i=0, e)z22+z=0, Nzl —iz=1-2i

gz2-22+z-1=0

ex numbers in trigonometric form and:

3. Express each of the following compl TS

01, b -4 o—i d)1+VE ")(T——f)

and then write down them in the form of Euler’s formula.

4. Express each of the following complex numbers in Cartesian form:

r .. T T E ~-in d3e29l'1r
a)S(casZHsmz), b)z(cosE—zstnG), e, d)

5, Using a trigonometric form calculate the following complex numbers:

QVZ, b)VE, Vi, Vi
6. Find the distance between the numbers 1—i and 4 + 3i.

i that:
7. On the complex plane C find the points z such '
Q)Rez>1, b)1<imz<3, o)lzl=1, dylz—-(@+301>1,

k4
e)1<lzl<3, Nargz=5 g) 5<argz<3

numbers.

tk € R*,c € C are fixed
8. Suppose thaf fa straight line on the plane C.

Prove that kz + kz + ¢ = 0 is the equation 0
' C are fixed, parameter k € Risthe

= zo + kt, where Zo, L € e
ation of any straight line

ane C. And vice versa: equ
=2z + kt.

9. Show that the equation 2

equation of a straight line on the pl

on the plane C can be written'in the form z
’ equality [z + ul+lz—ul= 2(lz] + lul) is an iden-~
terpretation of this identity.
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10. Show that for any z,u € C the ali
tity called “parallelogram law”. Give geometric in
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