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ABSTRACT 

The paper was devoted to the study of issues on the existence and compactness 

of a resolvent, as well as estimates of the distribution function of singular numbers 

(s-numbers) of a differential operator of mixed type in a noncompact domain. We 

used the embedding theorems for Sobolev-type weighted spaces, the method of a pri- 

ori estimates, the uniform localization method. In this paper, besides the above me- 

thods, an approach is proposed that allows one to find two-sided estimates of singular 

numbers (approximation numbers, s-numbers) of differential operators containing a 

sign-changing parameter. As a result of the study, the following results were obtained 

for a class of mixed-type differential operators defined in a noncompact domain: a 

theorem on the existence of a bounded inverse operator was proved: a theorem on the 

compactness (discreteness of the spectrum) of the resolvent of a mixed-type operator 

was proved; a conditions to the two-sided estimate for the distribution function of 

singular numbers (s-numbers) of the resolvent of a mixed-type differential operator 

given in an unbounded domain are obtained.



AHAATHIA 

By cKYMbIC KOMMAKTiN «eMec  oO;bICTa) = Oepinrell =apanac | THTITI 

andPepeHunarbikK OMepaTOPAbIH peB3O.IbBeHTACbINbIH Oap OOAYbI ‘ASHE 

KOMMAKTBLIBIFbI. *WOHE Ae COHbIMeH KaTap CHHIY.1APJIbIK CaHapblHbIH (S-CaH1apIbIH) 

yAlecTIPIMAMIK (YHKUMATapb! Oaranayiapbl Macetenepid 3epTTeyre 7KyMbicTa 

CodoneB THNTI CasIMaKTbI KeHICTIKTepJIH eHF3y) TeOpeMatapbl. anpHoputbl 

Oarataylap adicl. OIPKanbINTbl AOKAM3auNAay aMiCl KO/IaHbIMabI. Korapplia 

aTalraH odicTepteH Oejek, *yMbicTa TaHOacbl aybicnatbl mMapamMetpi oap 

aAnddepeHunarAblk OMepaTOpAapAbIH CHHTYJAPbI CAHAAPbINbIN (ANMPOKCHMATHBTI 

CaHaap, S-CaHJapbl) eCKVKAKTbI OaFafiayiapbid TaOyFa MYMKIHZIK OepeTiH Toaciiaep 

VCbIHbIIFaH. 3epTTey HATHKeciIHde MbIHadaiHaTHAeNep AIbIHFaH: WeHeNreH Kepl 

“OMepaTopabid Sap Ooaybl Typabl Teopema Aanengendi:apatac THNTi onepatop 

pe30.1bBeHTACbIHbIH KOMMAKTITITI (CMeKTp AHCKpeTTIr!) Typaibl Teopema 

TaNeATeHAMWeHeMereH OOJIbICTa OepiireH apanac THNT] ANppepeHunaIpik 

omepaTop pe30JIbBeHTaCcbIHbIH CHHIYJAPIIbIK CaHAapbIHbIH = (S-CaHJapbIHbIH) 

yiecTipim (byHKUMaapbIHbIH eKiakaKTbI Oaranaylapbly allyFa  asFbluaptTtap 

*KacaslFau.



AHHOTAUHS 

Padota bla MOCBALLEHA HCCAeAOBAHHIO BOMpOCOB O CYLIECTBOBAHHH Hf KOM- 

HAKTHOCTH pe30-IbBeHTbI. a TaK#Ke OO OLEHKAX MYUKUNH pactpeyereHa CHHTYTAp- 

HBIX dice (S-4ncer) aNddepenunaNbHoro OMepaTopa CMeUIAHHOrO THITa B HEKOM- 

nakTHol oOaacTH. B padote Obl HCMOAb3OBaHbr TEOPeMbI BAOACHIA BECOBBIN MpO- 

cTpaHcTB THMa CodoreBa. MeTOJ aMpHOPHBIX OLEHOK, MeTOT paBHOMepPHO!! -TOKaNH- 

3auun. B padoTe, KpoMe BbILWeyKa3aHHbIX MeTOAOB, NpeAOAKEH MOAXOD MO3BOALO- 

Wit HafiTH OBYCTOPOHHHe OWeHKH CHHPYJAPHbINX UHC (AMMPOKCHMALNOHHbIN Ui- 

cen, s-yHcet) audepeHunarbHbIX OMepaTOpoB coTepxKaLIX MapaMeTp MeHAFOUMITI 

3Hak. B pesybTatTe Hcce1OBaHilA AAA OAHOFO KAacca ANdepenHuNanbHbIX OMepa- 

TOPOB CMeLIAHHOFO THMa, 3a7aHHbIX B HEKOMMAKTHO! OOMACTH, MOAYeHbI caenyio- 

lle pe3yIbTaTbl: Toka3aHa TeopemMa O CyleCTBOBaHIil orpaHii¥eHHoro oopaTHOro 

onepaTopa; 10Ka3aHa TeopeMa O KOMMAKTHOCTH (AHCKpeTHOCTH cIleKTpa) pe30.1bBeH- 

TbI OllepaTopa CMe€WaHHOrO THMa; MOMYYeHbI YCNOBUA WIA ABYCTOPOHHHX OMWeHOK 

(PYHKUNH paciipeteeHHia CHHIYAApPHBIX ylicem (S-4iceM) Pe30AbBEHTbI auddepex- 

aibHOro OMepaTopa CMelMaHHOro THMa 3a7aHHOrO B HEOrpaHiiteHHOH OONACTH. 
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1ON SPECTRAL PROPERTIES OF A MINED TYPE OPERATOR 

Consider a differential operator of mixed type 

Lu =- SCY )Uyy - Uyy Tp(y)uy +q(y)u (1 1.1 ) 

initially defined on C/.(Q), where s(y) is a piecewise-continuous. as well as 

bounded in R and s(0)=0, ys(y)>0. as y#0, Q=t(yy):-7<v<7-*% << x! 

Cy.- is a set consisting of infinitely differentiable functions and satisfying 

conditions u(-7.y)= u(y), Uy(—7, y= uy(7t,y) and compactly supported y. 
It is known that operator (1.1.1) is called a mixed-type operator, which in the 

upper part of the considered domain belongs to the elliptic, and in the lower part, 
to the hyperbolic type; these parts are separated by a transition line, on which the 

operator degenerates into a parabolic. 
Firstly, we are interested in how the solutions look, te. resolvent 

representations R(A.L)S(L+2E)' of the L as Ax. 
Then, special attention is paid to: 

1) questions about smoothness (coercivity, separability). 

2) estimated solutions in different weights. 

There are significant difficulties in estimating the derived functions from D(L). 

And finally, the spectral properties of operators (1.1.1) are investigated. that is, 
the following questions: 

3) discreteness of the spectrum of an operator of mixed type in a noncompact 

region; 
4) Schmidt estimates of eigenvalues and their distribution functions: 

5) estimates of eigenvalues and spectrum locations; 

6) completeness of root vectors. 

1.1 The existence of the resolvent and its compactness 

The operator (1.1.1) admits a closure, which we denoted by L . 

Suppose that the coefficients a (y), c (y) satisfy the condition 

i) p(y), e(y) are the continuous functions: g() 26 > 0, a(y) 20 or a(v) <0; 

Theorem 1.1.1. Let the condition i) be fulfilled. Then: 

a) L + AE is continuously invertible for sufficiently large A> 0: 

b) the estimate is valid: 

lel so S<¢l(LtA+)ull, (1.1.2) 

for any ueD (y), 

Proof. We have:



(L+AE)u.u) = feu . +((c(vy+2 yuy \dvdy = fk Jdxdy. 
Qo . Q 

for UEC’ (QQ). 

Hence. on the basis of condition i) and Jung's inequality we have: 

(L+ AE Vu 2c fue uy Fu dedxdy — [GA(v ie ) )dxdy. (1.1.3) 
2 i 9 

It is also easy to establish that 
| 

i<(Lut+ZE)u. ul) 2) fac yu / vd 
re) 

From here we get that 

(L +AE ul >c(d)ur (1.1.4) 

Combining (1.1.3) and (1.1.4): 

CL + AE ul. ZCuUs; (1.1.5) 

(L+AE uct, , (1.1.6) 

where c=c(C},C2). 
Due to (1.1.5). there is a continuous inverse operator of operator (1.1.1). How 

easy to see 

-1 = myo d y lin (L+XAE)'f = DU), +28) ‘fe (1.1.7) 

for all feL2 (Q). The clause a) of Theorem 1.1.1 is proved. Proof of the clause b) 
follows from inequality (1.1.6). Theorem 1.1.1 is proved. 

Theorem 1.1.2. Assume that i) is fulfilled. Then the resolvent of L is compact 
iff, then for all a>0 

lim f ‘c(t)dt =~, (1.1.8) 
Ion! 

Proof. According to Theorem 5.3.1 

lim 
|n| > 

(I, +2E)'|=0. 

From here and (1.1.7) it follows that the inverse operator (L+AE)" is completely 

10
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continuous iff, then (ly+7E)° 1s a completely continuous. 

1.2 On the materiality of the condition on the coefficient with the lowest 

derivative on the solvability 

Consider an operator 

Lu =—S( VM Uy + PCV), Fy yu (1.2.1) 

in a 

Q) = (ay) D-a<xN<a7,-l<¥<) t 

with piecewise continuous and bounded coefficients. originally defined on C7; _(Q), 

where ©/.(Q) consist of infinitely differentiable elements that are compactly 

supported to y and satisfy the following conditions: 

u(—7,¥) =u(7,V), U(-tev) =u, (7.1) (1.2.2 

u(x,-1) = u(x,l) = 0 (1.2.3 

The operator L admits a closure and its we will denoted by L. 

Let the coefficients of (1.2.1) satisfy the following conditions: 

a) p(y), q(y), S(y) are piecewise continuous functions on the segment [-1,1]; 

cev)20>0, p(v) 29 or pi) <0; 

b) the following condition is satisfied: 

\ 2 
lim sup —~-——<c, 
Hr ve [K, (v)]° 

where c>0 is any fixed number and K(x) is an averaging function defined by the 

following equality (introduced by M. Otelbaev) 
, d 

Ve 

K,(v)=inf {dd > [K, dr} 
d>Q d 

Ve 4 

where the kernel K,(r) = (| p(r) | s(7) )) + 9(r) > 0, for Ve E[-Ll], -2 <t <a 

The main results of this section are formulated in the following Theorems. 

Theorem 1.2.1. Assume that a)—b) be fulfilled. Then 1+7£ is a continuously 

invertible for large enough 2 >0. 

Theorem 1.2.2. Assume that a)—b) be fulfilled. Then there exists a sequence of 

positive eigenvalues of operators (1.2.1) and for them fair estimates 

1]
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where ¢ is any constant number. 

Before to the prove these theorems we have to consider several auxiliary 

lemmas. . 
Consider an operator 

1 , a) . .- . 

Lus=-u"(v)+(t-s(y) + itp) + qQ'))ucy) 

or we may simply write 

fu=—u"+ (¢7s(4") +itp(v)+q(v))u 

on the set Cy (-1,]), rae -x<r<x, 

Lemma 1.2.1. Assume that a) be fulfilled. Then for all v<¢C;(-1.1) for large 

enough 7>0 the inequality 

(m+1\(r° +1 I, +7E\u||5> [lee’ |? Hr (in| PV) |-|sQ) +4 +1) ul yd, 

t
u
l
e
 

t
o
y
 

holds, where m is any positive constant, -«<t<x. 

Proof. Consider the scalar product 

|< (/, + AE Ju, —itu >|= 

| 

[Ppanu \- dy ~it [(Ps(v) + qn) + [uy he dyv+ 

“| 

+ it {u"(v (yd 

-| 

Using the method of Integrating by parts the last term and by virtue of the 
finiteness of u(y), we obtain 

. <(/, + AE)u,-itu>| = 
] 1 

[epi |uP dv-it[ fla’ P +?) +g) +A luP Tas 
-| -| 

Hence 

I< (1, + AE)u,—itu >|2 7 

| 

fe parla? ay 
-| 

Since the coefficient p(y) does not change the sign 
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1 

k< (1 + AE). — itu se [rp Mr) iul dy. 
-| 

In view of the Cauchy-Bunyakovsky inequality, it follows that 

oe 

WC, + AE [ls iter 2) | pO [fe de, 
-1 

Based on this inequality and using the Cauchy inequality with e> 0, we get 

~ 

, re ee a 
lie +1) |) (1, #AL Ya |S += —<-—- |] free || 2 [r | pCa) fale dv, (1.2.4) 
9 277 4+] : -| _ 

fore =1 (+1). 
Now consider the following scalar product 

</ut Au, == fu nds [0 s(v)tgiv tA) ful? drei vyfal a 
-| -| | 

Using the method of integrating by parts to the first term and by virtue of the 

finiteness of u(y), we obtain 

fw +(t7 os) (0) +4) ane jar +itf pfu dv K Lut Au, u >| = 

-| -| | 

Hence 
| 

[uF + (2sQ)+ qc +a) |e Play 2 
-l 

Kx /utAu,u >|2 

I I 

> {U u'll) +(g(v) +A) |. "Ja ~ [Pisco | td Ph 
| _] 

Similarly, as for the first scalar product using the Cauchy-Bunyakovsky 
inequality, and then Cauchy with ¢ >0 (c=I/(t?+1)), we have 

(¢° +1) 1 
————= || Lut Au ||,> + s{st -] u || ; In) + [ey Je 

| 

> JI Ju’ |? +g v)tA)|u| yay — [2 [sv [uP dy 
-| 
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By assumption <(1,+/E)u, v>=0. which means uv'v : =0 or u(l)o(l)=u(- 

1)o (+1). 
Let o(1)=ca, 0 (-1)=B. Suppose that a#0 and B=#0 and by virtue of the 

arbitrariness of u. we get 

u(yJ=(yt])(y—1), (u(-l) = u(1)= 0). 
Then | 

u(y)=2(y—1) + (yt1Y H u(—1)=0. u(1)=4. 

It follows that o (-1 =o =0 or v(—1)=v(1)=0. Now, it is easy to verify that 

the v(-1 )=v(1)=0. ve LZ.(-1.1) the following inequality 

{ 

I + AE)vI, > lol, 

holds, it follows from the above same calculations and arguments obtained for |,. 

From the last inequality, by virtue |,*u+?.v = 0 it follows that v=0. 

Consider the operator 

Liu = —S(V Uy Ty. DV )uy + q(y)u 

initially defined on Cy -(Q). 

It is easy to verify that the adjoint operator L' admits a closure, which we 

denote by L’. 

Lemma 1.2.1. Assume that a)-c) be fulfilled. Then 

DIL)eD(L") 

where the sets D(L) and D(L'*) is the domain definitions respectively of L and 

adjoint operator to L'. 

Proof. According to the definition of a adjoint operator, the following equality 

<L'uyv>=a<u,Ly>, 

holds for all u(x, 1) ¢ D(L'), vx, yy) € D(L™). 
If we prove that the last equality holds for any v belong to D (L.), then the 

statement of this lemma will be proved. 

Let wv, (vv) ¢€ Cy, (Q) and u, sue DIL’), V(X VE Cy (Q) u v, >veD(L). 

Then the following equality 

<L'u,.V, >=<u 
Nn? Ly, > (1.2.7) n? 

holds for all w,,.¥, €C,y -(Q). Check this equality. We have (index n with uy, va 
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omitted here to avoid notation complications): 

Liv = | (—9(V th, TU, — POM, Fg rdxd= |- sv, vara 
QD Q) 

1 7 1 

— u,,vdxd | piu Tdxdve | (vuiidxdy= _ | s(y) { vdee H — [ax| vd, 

Q Q Q -| L-7 -l 

] [= 1 7 

- 0 fi vi fond fe - nb 

l a 

— ite “Je adv fo | | PO fe | - fu or fort 
-7 Q 

forall u,veCy-(Q). 

By virtue of ee) .3) for functions belong to C/.(Q) we have: 

Cus =-| [ sk i v ae ith av fte= for} fs wd + 

+ Jaco yuvdxdy = -[s for _ for ds ie iJon — fur 
- 

— j f pw) uv dxdy + Ja yuvdxdy 
-|-- 

Again, due to (1.2.2) - (1.23), we get 

(L'u,v) = Jus, —V. + pCV)Y, + q(y)v dxdy = (u, Ly) 

Q 

which proves equality (1.2.7). 

Now moving to equality (1.2.7) to the limit, we have 

(L'u,v) =u, Ly) 

Proof of Theorem 1.2.1. 

Let w(x,v)€Cy,(Q) wu Lu=f. Then for operatora .L+XE cnpaseanuso 

npeACcTaBAeHHe 

k k 
(L+AE)u, =(L+AE) dou, (vye"™ => (1, + AE)u,e" 

n=~k n=—-k 
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where Uy. = > W,(vjer" and Uy OX: )-> u( VV ), as kx. 

nek 

According to the Lemma 1.2.5 as 2 > 0 we have 

A 

W(L+ AB, = Do, + AEM, (52 Ye Ha i= dete 
n=—t n=—h 

Passing to the limit in the last inequality, we get 

> clu l| 
— UE 

ML + AE Jul ; 

and the last estimate is valid for all w(v,v) e Cy -(Q) 

Since the considering operator admits closure, due to the continuity of the any 

norm, the above inequality is valid for all u(v,1)¢ D(Z). 

Now we show that the kernel of L is empty (consists only of the zero element, 

i.e. N(L)=Ker(L)={0}) 

Repeating the calculations and reasoning used as proof of the reversibility of 

Int2E, we get I',+AE has a continuous inverse operator (I ytAEy!. here |’, +AE = —- 

u" +(n-s(y)—inp(y) + q(y)+A)u. 

It is known that for any feL2(Q) the inequality 

(x, y) _ = > fie 4 fin 

yors, 

‘\ 

holds. From here it is easy to show that 

A 

u,(X,V)= YU + AE)” f ye” 

n=—-k 

is a solution of the following problem 

(L'+XE)u = fk, (1.2.1') 

ul..=ul,. uy l= Ula, (1.2.2’) 

(x,-l)=u(x, 1)=0, (1.2.3') 

where 

f(x, y) = y fe 

By Lemma 1.2.5 we get 
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fA Vr =(L+/7E) WS = Sol +/E)u, : > 
nomk 

4 k ! 2 . 2 

207 Solu, Hc lu, | 

nak ~ 

aGena) > clu, |, (1.2.8) 

From here and from fj (x. y)—> f(x, y) it follows that the sequence jw, (x.1){/_, iS 

a fundamental sequence (Cauchy sequence). 

By virtue of the completeness of L.(Q) we obtain: 

u(x, yY)—> u(x, y)EL> (1.2.9) 

Therefore, for all f(x. y)eL, there exists so called a strong solution of 

(1.2.1')-(1.2.3’). 
It can be directly verified the definition of a strong solution of the problem is 

4 

oO 

equivalent to the closure of L’+AE, initially defined in IV 2,.-(Q). 

From the above it follows that the set R( L'+AE) it coincides with the whole 

Lx(Q), 1.e. 

R(L'+AE) =L2(Q) (1.2.10) 

By virtue of the general theory of linear operators it is known that 

L3(Q) = R(L'+2E)LN((L'+AE)) 

From here and (1.2.10) we obtain N((L'+AE)")={0}. 

Therefore, from Lemma 1.2.6 we get 

N(L+AE)=Ker(L+a E)EN((L'+AE)")= Ker((L'+ AE) )={0} 

ie. N(L+AE)=Ker(L+AE)={0}. 

Repeating all the calculations and arguments used to prove (1.2.8) and using 

the completeness of Lx(Q),we get for any f there exists only one strong solution of 

(1.2.1)-(1.2.3), such that 

and for him there is the representation



w=(L+7E)' f= VU, +2E)V' fe". 

where c is any positive constant. 

Proof of Theorem 1.2.2. Eigenfunctions of (1.2.1)-(1.2.3) we are looking for 

~~ au(X, y) = > uw (ve . Then with respect to the element u(y), we get the Sturm- 
N= 7. 

Liouville spectral problem 

~ u(y) + ('s(y)+inp(y)}+q(y)u =u, (1. u(-1)=u(1)=0 C 

As condition a) in the case of n = 0, problem (1.2.11) - (1.2.12) takes the 

following form: 

Inu= — u’’(y) + q(y)u=2.u, 

u(-1 )=u(1)=0. 

It is easy to verify that, due to the boundedness of the function q(y). the domain 

of ly it coincides with Wy (-L.1). 

By Mo we denote the unit sphere in WS (-1,1). For widths of the set Mo the 

following two-sided evaluations take place: 

| 1 

c'L2<N (A)Sed ?, 
XN 

. Q 

where No(.) is the number of widths ¢, of the set Mo greater than A>0, ¢ is any 

positive constant. By the last inequalities and the properties of No(A) we get: 
0) 

cl! —<d, <ce-~. 
k- ko 

0 

Further, given the self-adjointness of ly and equality 4,., (/,')=d,., for the 

eigenvalues of the operator |, finally get that 

Ck SA (I) Sek’, k=. 

Theorem is proved. 

1.3 Separability of a operator and the completeness of its root vector 

system 

Definition. Let's call the operator L is separable if for ny elements ueD(L) 

we have the following estimate 

2| ~



-s() Yuu Fp! Hicg(y ul SeC Lull + wl) 

here constant c does not depend on the function u (x,y). 

Theorem 1.3.1. Assume that 1)-ili) be fulfilled. Then.L is separability. 
) Proof. From (1.1.7) and from the orthonormality of the system je}! in L, 

(-7,7) - - 

(py (L+ AE) "| =suplnl’ plontl, +E)‘ (1.3.1) 
: tye 22 

n= +1,42,..., where p. — . ©=0,1, p(y) is any continuous function. 

» 
[> 

Since for all feL+(Q) 

5 

[pQyDZ(L + 2Ey" AL = a purl, + ABNF, 

f, = (fe), 7 (1.3.2) 
then 

Joona? (1, + AE)" fil]. <p) De(L + AEY" fh. 

1.e. ; 

eco’ u, ¢ 2B" I, <|jpnD7(L422)"I|. 1.3.3) 
n=+1,+2,... 

On the other hand we get by (1.3.2): 

II 

Jpn L + 2E) "LI, S sup floral, #4By" 

=sup|p(ryel (.*26)"| irl 
Hence 

Jody (L+2E) ', < sup oon nf, + AE)! i (1.3.4) 
ny 

Inequalities (1.3.3) and (1.3.4) prove equality (1.3.1). 
From equality (1.3.1), using Lemma 1.8, we obtain 

(1.3.5) [PWIDULAAEY | Sc(A)s (va P ;( ni 
tht ot) 22 

to
 

in
)
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From Theorem 5.2.2 we obtain that the root operator vectors (1.3.9) are complete 

in L, (R). Consequently. the root functions of the problem (1.3.7) - (1.3.8.) The 

corresponding eigenvalues 74, will be functions =, (4Je"*. Obviously, the 

system {u,, | Will be complete in L; (Q). 

Example. Assuming that p(y/=e? . q(y=|ry +1. 

Then, according to Theorem 1.3.1 the operator L separable, i.e. the 

estimate 

2 a eu, +fkvP + Lu BS e(||Lu 
5 

, +|lee SCV) a) + a): 

holds. where the constant c does not depend on the element u(x.y). 

Further, it is easy to verify that all the conditions of Theorem 1.3.2 are 

satisfied, therefore, the root vector system of operator (L+AE)' are complete in 

L3(Q). 

1.4 On separation conditions for an operator of mixed type 

In this section, we investigate the role of the coefficients for separability of a 
operator of mixed type in a non-compact region. 

Consider a operator 

Lu = SY Mtg, My + POM, ECV (4.1) 
initially defined on C,.(Q), where’ s(y) is piecewise continuous and bounded 

function in R=(-», +%) and s(0)=0, ys(y)>0 as y#0. Where Cy. (Q)-is a set 

consisting of infinitely differentiable functions satisfying the conditions u(- 

T,y)=u(7,y), U(-7.y)=u(7,y) and finite variable y, where 

It is easy to show that operator L admits a closure and its closure is also 

denoted by L. The domain of definition of an operator is denoted by D (L). 

Definition. We say that: operator L is separable if for all functions 

u(x,y)€D(L) the estimate 

II- SCyUss > Uyyll> +[Ip(yuslotllq(y)ull< c(|[Lulla+ifull2). 

holds, where c>0 is a constant independent of u(x,y). 

Here, and further by |Je/|, denotes the norm of L». 
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Theorem 1.4.1. Let the following conditions 

i) p(y) and c(y) are piecewise continuous functions on any compact in R, 

IPCy)|>d0>0; 

i) gays c,p(¥). for all yeR, cy >0 is a some fixed number: 

iii) [ty = sup PAY) <K,  fle= sup 4) <n 
“ore P(t) : vst G() 

be fulfilled.: Then value y is finite, iff 

inf y(y)=e>—% (*) 
where 

SCV yy Uy Ils 
y= sup — — (1.4.2) 

veD( Ly | Lu l|> + | u ll. 

The necessity will be proved without the use of any auxiliary assertions. 

Then, as for the proof of sufficiency, we need a number of auxiliary lemmas. 

Consider the operator |, (n=0,+ 1, +2, ...), defined by the equation 

Lu =-u"(y) + (n7s(v) + inp(v) + quay) (1.4.3) 

initially defined in C;(X) is the set of functions infinitely differentiable and finite 

on R=(-x, +%), where s(y) is a piecewise continuous on any compact in R and 

bounded in R, ys(y)>0 as y#0 and s(0)=0. 

The operator (1.4.3) allows closure in L2(R) and its closure will also be 

denoted by 1, and further, referring to expression (1.4.3), we will keep in mind 

this closure. 

Denote by D(],) the domain of the now-closed operator 1), consisting of finite 

functions, which, together with their derivatives up to the second order, belong to 

L>(R). 
For the operator |, we have the following lemma. 

Lemma 1.4.1. Let the conditions i) and (*) be fulfilled. Then the operator 

| ,+AE continuously invertible as A>0. 

Lemma 1.4.2. Let the conditions i)-iii) and (*) be fulfilled. Then the inequlity 

ip(val’ (J, + AE)"| , < (A) sup|p(r)|nl" @ UI, + AE)" 
| ? 

2-4 1232 

holds as A>0, where the operator /,,, defined by equality 

[ju =-u"(y) + (a s(y) + inp(y) + q(y))u 

2 N
n



and by boundary conditions 
“(A . y=ucA . y=0 

where A i A are the left and the right ends of intervals A =(j-1.7 +): p(y) is a 

continuous function inR; c(A) depends on 2 and a =0,1. 

Lemma 1.4.3. Let the conditions of Lemma 1.4.2 be satisfied. Then. 

ial anal, +AE) Ne <x 

‘cM, + ey. <x 
>? 

Proof of lemmas 1.4.1. - 1.4.3 and The proof of the sufficiency of the main 

theorem will be borrowed from [50] and for the completeness of the exposition is 
presented here in a more compact form. 

Proof of Lemma 1.4.1. Consider a scalar product 

[1,0 + Auinu)| = [rw [ur |?dy ~in fli P +r s(vytqQ) +4) ful? “Av, 
r ! 

where u(y) is an arbitrary function belonging to Cy (R). 

Hence, using the Cauchy-Bunyakovsky inequality it is easy to get 

1, + 2nd, 2 hdd lel (1.4.4) 

In the same time for n=0, i.e. for Ju = —u"(v)te(v u(y) the estimate 

Ilo +A (1.4.5) 

holds, where 6 =C +2= inf gy )+A>Q. 

Indeed, having considered the scalar product 

(iy + AE ute | = [rw Jar Pdy in fq +Aa)|u | ‘ 

due to the Cauchy-Bunyakovsky inequality we get (1.4.5). 
Now from (1.4.4) and (1.4.5), we get 

I/, » 2 Cy (\n) + Del, (1.4.6) 



. . ‘ oO, oO ' 

where cy= min | —.—! 
y a) 

Consider the operator /,,. from Lemma 1.4.2. 

As fulfilling the conditions 1) and (*) the operator / _+7E has a continuous 

inverse defined whole 1,(A,) for 4>0.and for the inverse operator the inequalities 

! ig 2rd (1.4.7) 

id f 
MO, FAB eS (1.4.8) 
icly lag A | 

hold, where c>0 is a constant. 

We prove these statements. 

Integrating in parts, we get the inequality: 

(1, + AB \u 
|, 2c, |u|, 

forall w(1)e¢DU,,;), where c)>0 is a constant. 

Now, if we show that the set of values of operators is everywhere dense in 

L.(A,), it will be clear that operator la +E It has a continuous inverse for .>0. 

_+2E) not everywhere dense 
nf Assume the opposite. i.e. set of meanings R(/ 

in £A,). Then there exists an element vel,(v #9) such that for all 

ue DI, +2£) 

lu, + AE) vy=((l \ = dg + E) v= + AE)u,v) =0 (1.4.9) 

holds, where (/,,; + AE )” is the adjoint operator to |, + AE, which defined by the 

equation 

(1, #AEY u = —v"(y) + (ns) + inp(y) + gv) + AY) 

From (1.4.9) follows (/, +AE) v=0. Because s(y), p(y) and q(y) bounded 
nj 

and piecewise continuous functions on a segment Aj, then the function (n’s(y)— 

inp(y)+qly)+A)ve |.-(A;) and therefore v €L,(Aj) 

Now integrating the expression in parts



del 

+ RE) ors | u(v)f- FO) + (7s) —mp(v)+q(vyt4ayriryjav nef O=<u, (/ 

Jol 

and by virtue of arbitrariness ueD(/,, +2£ ),easily make sure that v(A;) =v(A; )=0 

_ Hence, by the method of integrating by parts, we obtain the inequality: 

Mla +7E) ‘| > Ci{[v]b, 

where c;>0." . | 

From this inequality to the force (/, , + AE) v =0, it follows that lv = (). 

Thus, we come to a contradiction. which proves our statement. 
It remains to prove inequalities (1.4.7) and (1.4.8) 

For this we compose a scalar product <(/, ,+AE)u, u>, where ueD(/,, , + 2E). 

Integrating in parts and using the boundary conditions, we get: 

<(/,,,+ AE)u, u>| = | 
nf 

=|[lu Pdv+ fo n?s(y) + inp(v) +(y) +2) [eu Pld}. (1.4.10) 
MV Ai 

Using the Cauchy-Bunyakovsky inequality and the condition 1) we have: 

°. (1.4.11) coll(ly, 7+ AE)ulls > colnl? min [p(y) Iful 
\ 

From (1.4.10), using Cauchy inequality with e>0, we get 

SWF MEDS > fle’ P egy AS) fae Pde = 0? fs) | Py 
2€ ) 2 ; 

M Aj 

Combining this inequality with inequality (1.4.11) we get the inequality: 

nj 
(= +e), +22), 2 fla’ PCO + a2) [uP et 
2é 2 Ni 2 

+ Jr? (c, min | p(y) —sQ") [u? dy. 

Aj 

From the last inequality, taking into account the condition (*), for sufficiently 

large A>0, we get: 
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Se hun, (1.4.12) 

l 
where c(é) = cot : 

H& 

Inequality (1.4.12) and proves inequality (1.4.7). 

From (1.4.10), ), by virtue of (1.4.12), inequality (1.4.8) follows easily 

Consider the operator K, defined by the equation 

Kf=)19,0,, +22.  fels(R), 

where {Qj} IS a a set of non- nese functions belong to Co”(R) such that 

dg, =1, supp oj C Aj and Us.= = 

It is easy to show that KfeD(1,). Now acting on the Kf operator (1,+AE) we 
have: 

(In tAE)KE= f+ >° ; (Inj TAEY of 2D 9 m (Ing PREY ) lof. 
J 

Since f is arbitrary, it can be seen that equality is performed for any function 

feL.(R). From inequalities (1.4.7), (1.4.8) it is easy to get the following estimate: 
le Sir lei tir 24 x If lls + | >| ote |] <, Wa +KE)Kf]|2 < 

\ 

Based on the above reasoning and the inequality (1.4.6), we conclude that as | 

sufficiently large A>0, the operator |, +AE has a continuous inverse in space L+(R) 
Lemma 1|.4.1. 1s proved. 

Proof of Lemma 1.4.2. Let the conditions i)-iii) be fulfilled. Then by Lemma 

1.4.1 and continuous reversibility 1,;+AE for any function feCy(R) the equality 

(ytXE) | f= (lyt?.E) | Bag f+ Mas (1.4.13) 

holds, where By af = [E - >) (njtAE)i(InjthEY '@i}f, Maa f= >. pngthE) ‘gif 
J J 

For A>0, we get: 

2 f. (InjthE)"I[o-42 < 5 . (1.4.14) (Un j+AE) Mp. >? < Q 5 ! 
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Now the representation of the operator By; and 5° pr =l Hn f-> oy f=0. for 

By. Wwe get: 

Bi f= > 2 20; mau jth Ey 0; “f+ 2 On "(y. iv AE! QF 

If we now turn to the estimation of the operator norm B,,;, then due to the fact that” ~ 

Aj = [j-1.j+1] only functions @j.1, Qj, @j-;-are not zero, we have: 

2 

j+l itt 

(Bua.fil? <D { Ylo, (yy #2E)" ?; £ #29, 21, #267 2; fe 
j-t (irl 

Hence. given that (atb+c)" < 3(a" +b-+c7 *) and (atb)"< Aa +b) it follows 

that 

He, + AE)" o f Buf ll} <24cy) |U,,, + AE) "| lo, fl, + 
J 

5 

Ia) 

From the inequalities (1.4.14) and the last inequality, it is clear that if A>0 is 

large enough, then ||B,,;|| <1. Then according to the well-known functional analysis 

theorem the operator E~B,,;, has a continuous inverse and for operator (IytAE)', by 
(1.4.13) the equality 

(HAE) = Mn. (E-B,y)! 
\ 

holds. This shows that the operator e(y) {nF UrtAE) | is bounded (or unbounded) - 

together with the operator p(y)|nPM,.7, ie. the inequality 

lo(ynPUntAEY [hs < c(A)IIp(y)In-Mnalp : 

holds, where o = 0,1; p(y) is a continuous function. 

From the last inequality and the definition of Mn, A, we get the Proof of 

Lemma 1.4.2. 

Proof of Lemma 1.4.3. For the operator (lnjtAXEy! the estimate 

WajtAE Ib < 7, 
c(7;) 

holds, where c( ¥;) = min q(y). 

According to this inequality and Lemma 1.4.2. we have: 
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qty) (a27-EY Hs < (2) sup tiq’y)@njt2 EY Ys < 

raen c(t) 

Similarly, we obtain the second inequality of Lemma 1.4.3 is proven. 

Proof of the main theorem. . 
INX y 

Necessity. Let u(x.y)eD(L). Since the system {e""} 7__, complete in L+(Q), 

then for u(x,y) fair decomposition in the sense of L2 

x. 

u(x, y) = dou, (yen 

N= st 

It is not difficult to establish that 

> [ow I (14.15 
Te Gy tgs the Ts wh) 

where u(y)€D(lo), Inu = - u (y) + q(y)u(y). 

Indeed, it is clear from the representation of the function u(x, y) as n=0. From 

it. in particular, it follows that u(y)¢D(y)cD(L), from where by definition y, 

follows (1.4.15). 

Let the conditions 1)-i1i) hold, and the condition (*) not fulfilled and value y 

is finite. N 
: . a 7 

Take a sequence of non-overlapping intervals A=[-> +7k, tak], 
2) 

J Aw=R, where k=0, +1, +2, ... 

Let c(y) = —(k*+1) as yeAy. It is easy to check the condition 111) holds to the 

function c(y). . 

Consider the following sequence of functions: 

7 
snk(v—y, —-= ), up rea, 

Zy) 2 ; 

| 0, npr éA, 

where y, is the average of the interval A, . 

Let 
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Now for the function u(y)€D(lo) we will take a sequence of-functions a(y — 
Yi Za) (Ye Is the middle). Then 

HOLY = Yeas)" TMOLY — Ye )Zay = ACY — Ye) sin kCy — ye = y= 

—2ka!' (y — ye)eosk(y — yx~ 5 )-o"(y-ya)sin K(y-yk-=) (1.4.16) 
—
 

—(A(y-Yk )Z sy)’ = =k A(Y-Yx} sin k(y-yir>) _ 

— Ika! (y-yx) cos k(y - yir<) — a" (y-yx) sin k(y-yx -=) (1.4.17) 

We estimate the norm: 

I] CACY - YEIZsy)"” + QCyOCy-YE) Zs [2 < C1 + 2ke2 + c3 
| -(a(y-yK) Zsiy9)""I]2 2k-c) — 2ke2 — C3, 

where 

c1= llay-ye) sin ky - yk -= If, 

co=|a’ (y-yx) cos k(y - yx- = lh. 
‘\ 

cs = |la""(y - yx) sin k(y - yx = Milo. 

Here all norms are finite due to the fact that A, functions vanish, i.e. are compactly 

supported. 
Now by inequality (1.4.15) and the last inequality \ we get: 

5 
ke, —2ke,- ey 

7 > 5 

c, t+ 2ke, +e, 

Letting k tend to infinity we see that yx, which contradicts the finiteness of the 

magnitude y. 

Proof of sufficiency. Assume that i)-iii) and (*) be fulfilled. Prove that y is 

finite. 
Consider the scalar product <(L+AE)u, u> and <(L+AE)u, u,.>, given the 

conditions i) and (*), we get 
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(L+7.E)ull2> cllull>, for all ueD(L) 

where c>0 is a constant. 

Due to the last inequality and Lemma 1.4.].we get L+/E is continuously 

invertible as A>0 and: 

(Lt2Ey' t= YU, + AE)" fe. (1.4.18) 
Nas 

holds. for any fe L2(Q). . 

From (1.4.18) and orthonormality of the system fe"! ’y-., in L2(-7, 2) easy to. 

follow 

IPQ ¢ (L+AEY"' 52 < sup [lo(y nl“ at AE)" |l252 
ay 

Cc . . . 
where Do=—-, n=+ 1, +2 ...5 p(y) is a continuous in R. xR 

From here and from Lemma 1.4.2 we get 

llp(yDS (L#2.E)"'Ils-42 < c(A) sup sup llp(y)In[* 9 (at AED" Ih-s2 
may wt 

Now, if p(y)=p(y), p(y)=q(y) then according to the last inequality and Lemma 
1.4.3 there is an inequality 

IIp(y)D .(L+AEY "Inna < %, lq(y)(L+AE) ps2 < 

Using the last inequality, we obtain the inequality 

Il — S(y)Uxx— Uyy|]2 = [(LFAE)u — p(y)uy — q¢y)u - Aull < 
< |(L+AE)ulls + |Ip(yusth + Ilq¢y)ulls + [Aull < 
<|\(L+AE)ull2 + |p(y) D(L+AE) (L+A E)ull + 

Hiq(y)(LtAE) (L+2E)ulls + |JAC(L+AE) (L+AE)ully $ Scl|(L+AE)ulls, 

where c>0 is a constant. 

It follows that |] — s(y)uyy — Uyy|l2 <cl[(L+tAE)ulb for any ueD(L). It means that 
y < «, which was required to prove. 

Theorem is proved. 

1.5 Two-sides estimates of s-numbers (eigenvalues according to 
Schmidt) and eigenvalues of the resolvent of a mixed-type operator 

This section is devoted to the study of the spectral properties of operators 

(1.1.1). Non-zero s-numbers (Schmidt eigenvalues) of the resolvent of operator 
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1.6 Spectrum estimates of one class of operators of mixed type in an 
unbounded domain 

Consider the mixed type operator 

Li =-s(V tly — Uy + POU, FQ (1.6.1) 

where s(y) iS a piecewise continuous function on a segment [-1,1] and ys(y)>0 as 

y#0. k(0)=0 (as y=0). _ 

Initially define operator on Cj.(Q) is a set consisting of infinitely 

differentiable functions satisfying the conditions: 

W(-7.V) = u(t, V),U (H-t.V) Hu (7.0) 

and finite to variable y, where Q = (xy, Vyi-t<x<a,-l<v<l} 

Note that operator L admits a closure, and we also denote it by L 

Let us introduce a number of necessary notation and definitions, which we will 

need in the future. 

Let the function u(x, 1) ¢ 2,(Q). Then the following decomposition hold 

tL 

u(x, V)= yu, yen" ; 
HM=- 7. 

Definition. Fractional derivative D@u by x order o20 of function u(x, y) 

let's call the expression [30]: 
\ 

ia ima 
— . -*-) 2! _ 

Diuse? Yn®u,(vje™ +e 7 Sala, ye". 
n=0 n=-k% 

Here equality is understood in the metric in L,(Q). 

Formulation of the main results 

Theorem 1.6.1. Let the condition: 

i) IPQ | 20) >0,g(1')26 >Ois a continuous functions on the segment [ 

1,1] 

be fulfilled. Then: 

) the operator (ZL + AE)is continuously invertible as A>0; 

b) the operators r(v)D,(L + AE) r(v)D(L + AE) is bounded in L,(Q), 

C a . 
here D, == ~,D, -; t(y) is a continuous function on the segment [-1,1]. 

OX Cy 

c) the operator r(v)D" (L + AE)! is a completely continuous if 0<a<1. 
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Theorem 1.6.2. Let the conditions of Theorem 1.6.1 be satisfied. Then for 

eigenvalues according to Schmidt the following estimate holds 

where c>0 does not depend on k. 

Theorem 1.6.3. Assume that 1) is fulfilled. Then: ~ 

a) the spectrum o(L')is a discrete; 

6) for any non-zero 2 €o(L"') the following estimate holds: 

k 

where the positive constant c>0 does not depend on k. 

Recall that op denotes the set of all completely continuous operators such that 

Pp _ Z Pp Sy . 

cp =D Si (4) < a 

where s,(A) is a Schmidt eigenvalues of a completely continuous operator A. 
In the following theorem, assertion is made about as the membership of the 

resolvent of the operator (1) to the class op. 

Theorem 1.6.4. Assume that i) is fulfilled. Then the resolvent of L belong to 

Gp. if p>2. 

A 

Auxiliary lemmas and inequalities 

Lemma 1.6.1. Assume that i) is fulfilled. Then L+AE is continuously 

invertible as A420 and the estimate 

(L+AE)' f= SU, + AE)" fe (1.6.2) 
has 

holds in £,(Q), where (/,, + AE) '~ inverse operator to the closed operator (/, + 2£) 

determined by equality 

(1, + AE)u = —u"(y) + (n°s(y)¥) + inp’) + gar) + Au(y) (1.6.3) 

initially on C7 (-L1). 

A proof of this lemma can be found in the paper [12]. 

Lemma 1.6.2. Let (/,+A£) defined by equality (1.6.3) on C/(-L1) 

(1 =0.+1.42....) and suppose that i) is fulfilled. Then the estimate 
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Then the following Lemma takes place. 

Lemma 1.6.5. Let condition i) is fulfilled. Then the followi ing inclusions are 

valid 

where c>0 is a constant independent of u(x, y). 

Proof. Let u(x.v)¢€ Mf ,, Then 

Lad, + (ul; = - S(V)Uyy — Uy + porn + gu, + [ul < 

< |- s(V it... : + ' I 

= c(t : + | ry 7 hl ;) S =n { +10, , 

+e. vs yse-e” <1], 

where c = max NAG 

It follows that 

MoM. 

Let ueM. Then by virtue of point b) of Theorem 1.6.1 we have: 

y< o(|Lull; + lel; se, lel 
2 

Ul. 5 + 

1.e. 
McM. 

Lemma is proved. 

Lemma 1.6.1. Let condition i) is fulfilled. Then the estimate 

> ~ a 

cod, S8,,, Sed, ,k =1,2,..., 

4l 

; 



holds. where c>0 any constant. s,,, are singular numbers of operators L7: d,.d, 

are widths of corresponding sets \/.AZ. 
Proof. It follows from Lemma 1.6.5 and the properties of the diameters that 

cod, s d,, S cd, 

Hence, given the equality s,, =d, (second definition of s-numbers) we obtain 

the proof of Lemma 1.6.1. . 7 
We introduce the following function NY) = 2 Is a quantity of ¢, greater than 

4 

A>0. 

Lemma 1.6.7. Let the condition of Lemma 1.6.5 be satisfied. Then the estimate 

N(cA)S NU) S M7) (1.6.9) 

holds, where V(A) = Si, N(A)= DHE N(A)= DI. 

Spay >t dy >h di vA 

Proof. Using Lemma 1.6.6 we find: 

N(A)= Dis Dil= 2! = N(c'A) 
Spap>4 ody >A dy sok 

Nays Y= Dis DisNw) 
dy, >ck Noe anh >h She prs 

Similarly 

Where we finally come to inequality (1.6.9). Lemma proven. 

We now turn to the proof of Theorem 1.6.2 and 1.6.3. 

Proof of Theorem 1.6.2. 

For the function N(A)= Dd, Na)= = >! the estimates 

dy>d deh 

clAP SNA) SCA”, (1.6.10) 

clA's N(A)sca", | (1.6.11) 

hold, where c does not depend on A>0. 

Let 2=d,, Then N(d,)=k and from (1.6.10) it follows that 

- —? —? 

cldy <ks<ede. 
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Hence 

Same way we have: 

Now, using Lemma 1.6.6, we obtain that 

co des Sc k=1.2,... (1.6.12) 
k fei 2? 

Theorem 1.6.2 is proved. 

Proof of Theorem 1.6.3. 

For completely uninterrupted operators, Weil's inequality holds true [9]: 

k 

I12,(A)|< ITs (A), k=1,2,.., (1.6.13) 
k 

isl isl 

where A is a completely continuous operator, 2,(4)are the eigenvalues numbered 

in order of non-increasing absolute values, s,(4) are the non-increasing singular 

numbers. 

From (1.6.12) and (1.6.13) it follows that 

l ko k _— 
! k . n{ <1|A}|< Ts, <c8(a) ? 

Jer” I= 

Next, using the inequality e*k!> k"(k =1.2....) we get 

Hence finally we have: 
I 

i, | SCK oan T= 1,2,..- A, |Sck 2, k=1,2 
Theorem 1.6.3 is proved. 

Proof reopembr 1.6.4. The proof of the assertion of Theorem 1.6.4 

immediately follows from Theorems 1.6.1-1.6.2. 
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2 ON THE EXISTENCE OF RESOLVENTS OF A SECOND ORDER 
OF A SECOND ORDER WITH A COMPLEX POTENTIAL WHEN THE 

CURRENT PART OF CAPACITY CONTAINS A PARAMETER A 

CHANGING SIGN 

2.1 A priori and coercive estimates for a second-order differential 

operator with complex coefficient (case on a finite interval) 

Consider the operator 

(m,,. + AT eS -u" +(- s(v er +it(a(v)+7)+e(r) \4+ 2 (2.1) 

defined on the set C?(A,) of twice continuously differentiable functions satisfying 

the conditions: #(i-1!)=u(i+1)=0, where j-1 and i+1 are respectively the right 

and left endpoints of the interval a, =(i-1. i+1), ie Z, the sign of the real number 

y coincides with the sign of the function a(1), ¢ is the parameter (-x <1<<x), 

s(v) is a piecewise continuous and bounded function that changes sign in 

R(R=(-x.x)), @ =-1, aly), cl) are continuous functions in R, 2 >0. In what 

follows we denote A,. A, respectively the right and left endpoints of the interval 

AL, 

It is not difficult to verify that the operator m,;,,+A/ admits a closure in 

L,(A,). We also denote the closure of this operator by ,;, + Al. 

Remark. The real number y plays an auxiliary character. 

In what follows we assume that the coefficients a(1) and c(1) (1 € R) satisfy 
the condition: \ 

a) ia(v} 26, > 0. e()2 6 >0 are the continuous functions in R (R =(-2,2)). 

In this subsection the following assertions are proved: 

Lemma 2.1 (a priori estimate). Suppose that condition a) holds. Then the 

estimate in L,(A,) 

Im. + All, 2 

holds for all w¢ DL,,. ) as “20, where c(5.5,)> 0is a constant number. 

(2.2) 

Lemma 2.2. Suppose that condition a) holds. Then the operator /,;, + A/ is 

continuously invertible in £,(A,) asA 20. 

Lemma 2.3. (coercive estimates). Suppose that condition a) holds. Then the 

following estimates 

(2.3) 

(2.4) 

Cc: (5 +Al hil, 

o\(m,. +A |,2 none 
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ad 
1 

7 srl sod ah Uo a UT, | ; o-(m,,. + Al}, 2 clin "y +iye(r)+ A i + yay) eit | (2.5) 

hold for all we Dil. }, where ¢>0 is a constant number (different in different 

places). 

The proof of these assertions can be found in [1-3]. 

2.2 Spectral and differential properties of the resolvent of a second-— : 

order local differential operator with complex coefficient, when the real part -:- 

of the coefficient contains a parameter that changes sign (the case on a finite 

interval) 

properties of the following operator: 

Operator | 

(i, +A Ju =a" + ( sly)? + it(a(y) + y) + c(¥) + aT (2.6) 
5 

defined on the set C; (A, ) of twice continuously differentiable functions satisfying 

the conditions: u(i-1)=u(i+1)=0, where, i—1,i+1 the right and left ends of the 

interval A =(i-1. i+1). ie Z, respectively, ¢ is a parameter(—« <1<»), s(s) is a 

piecewise-continuous and bounded function that changes the sign in R, a(x), c(v) 

are continuous functions in R, 7? =-1,A 20. 

When 1 =0 the operator /,,.. + za is a Sturm-Liouville operator 

(ito, + Ary =—y"+(c(v)+A)y, ve Dl; ). 
‘\ 

As is known, in this case the elements from the domain of the Sturm- 

Liouville operator belong to the space I7(A,) (closed operator), where 1¥3(A,) is 
the Sobolev space. The operator itself is semibounded and the spectrum is discrete, 
nonnegative. 

For the operator (2.6), for example, in the case s(v)=1, —t? >-00 as 

Won, 

Hence we see that the operator is not semibounded for f #0. Consequently, a 

comparison of the properties of a given operator for ¢#0, with similar results, 

related to the Sturm-Liouville operator for +=0 and its various generalizations 

show that the operator m,;, +A/ differs significantly from the Sturm-Liouville 

operator (for t=0). 
Its main distinguish is non-semiboundness. 
Lemma 2.4. (differential properties). Let condition a) and A 2=0Q. Then for. 

all w ¢ D(m,;, ) we have the estimate 

In this subsection we have been studying the spectral and differential . 
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=| 
operator /1, ;... 

Lemma 2.6. Let condition a) be satisfied and 20. Then: 
-1 \. . -1 )\. | . 

1) the spectrum @ (7-1. J is a discrete set, where 7 (m7, ) is the spectrum of 

the operator [yh : 
Ree eee eee ~~: 7 . ( -] . . . te ee 

2) forany O#A€ om.) the following estimate holds 

ison. ke=l2... 
toe A \ 

where c>0 is a constant independent of k. 

Lemmas 2.5 and 2.6 are proved in exactly the same way as Lemmas 4 and 5 

of [39]. 

2.3 Weighted spaces and their approximative properties 

Here we studied the spectral properties of a second-order two-term 

differential operator with a complex coefficient (potential) when the real part of the 

coefficient contains a parameter that changes sign: 

(m, + AD)u = -u"(v) + (—s(v)t? + ita(y)+e(v) + 2)ucy), 

(2.7) 

with domain D(m,) , where D(m,) is the set of infinitely differentiable and finite 

functions, s(v) is a piecewise-continuous bounded function in R (R=—-x.+x)), 

72>0, -K<1<4%. 

As is well known, the spectral properties of the operator (the Sturm- 

Liouville operator) my =-u"(1)+e(xju(v), we D(L,) strongly depend on the 

behavior of c(x) at infinity for + =0. In this case, the spectral characteristics of the 

above operator are sufficiently well studied in [16-37]. 

This section is devoted to the study of embeddings of spaces with weight: 

2 | ta . . : . . 

L,(R.O,(¥)). £,(R. K, (1), which are obtained by completion with respect to 

norms: 
1 

a4 QO, jl? var | 5 
} 

yr 

ron _ " 

Meco ") -| fu 
~~. 

nk 

le ceacern ~ JP +h, (vel av 
-f 

,K,(v)=\a(y)i+c(v) are called — weight where @Q,(1) =|" + ita(y) + c(y) 

functions. 

Here we give some results on compactness and on estimates of the widths of 
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the embedding operators of spaces: 

L(R.O (rv) c_, LER): 

l 
Li(R.K (vr) _, LR 

Definition 2.3. Let B, and B; be are Banach spaces. We say that it-is“B 

invested in B .if = 

1) Bis contained j in B, asa linear subset; 

2) there exists a constant ¢ > 0° such that 
wi jl 
in S clu! for anyone we B,. 

1 iDy ‘ ren 

To emphasize this, write 8, <_, 8,. 

then the identity operator E acting from B, to B, is called the If Bos, B 

imbedding operator. 
They say that B, it is embedded (embedded) in B, bounded or completely 

continuous if the corresponding imbedding operator is bounded or completely 

continuous. 

We define functions 0, K, as in [28-29]: 

O.(r)= inf{d "id ; > forown 

| ;; 
K, (1) =inf {d7 = [Ko )dth, 

doy 

_~ 

Theorem 2.1. Suppose that condition 7) is satisfied. Then the embedding 

operator £, (8.6, (1) c_, £, (4) is compact if and only if 

K (vy) > as jx. 

Theorem 2.2. Suppose that condition i) is satisfied. Then the embedding 

: operator 4268-2, ¢, £08) is compact if and only if 

2.10) > x as |yl>x 

2. Repeating the calculations and arguments Proofs of Theorems 2.1 and 2 

used in [28-29], we obtain the proofs of the above theorems 

The theorems given here can be formulated in terms of coefficients. To this 

end, we prove the following lemma. 

Suppose, without loss of generality, that the coefficients a(1:), c(1) satisfy 

the following conditions: 
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are continuous functions in R: oatv) 21, ey) 21 

cl) a(v) 
li)c, = sup—> <4, ¢, = = sup <x, 

i c(t) - a(t) 

~ Lemma 2.7. Suppose that conditions i) -ii) are satisfied. Then 

11 bobo 

(2.8) cUK2(v)<K (ys? Ki”), 

~ where c>0 is a constant number. 

Evidence. Let d, = Ki ), then the following equality holds: 

val 

(2.9) 

The last equality follows from the definition of the function A, (1°). Further 

1. therefore, taking into account the last to condition j) K,(V)2 

inequality, we have: 
d 

Ve 

-| 
d= 

according 

From this it is not difficult to verify that d, <1. Consequently, by virtue of 

condition i) -ii), on the interval d, <1 the following inequality holds 

K,() acy i+ c(V) ita v)| c(\) 
sup — = sup Saree SL SUP poo FSU pS 
wrest K, (tT) ret \ta(z) +e(t) wrsifta(r)}te(t)  y-rsilta(r)| + c(t) 

acy ) c(V) ye lav) c(v) 
< sup ——— ~ pot + a 2.10 
an a(t} veel c(t) y-rstla(r) ee c(T) en) 

In proving inequality (2.10), condition /) was taken into account 

Now taking into account conditions () -ii) from (2.10), we find that 

la el) su 
Kt)” a la) -rél At) 
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< sup an) + sup cO) Se, te, <c<% (2.11) 
yer cl U(T) veri C(T) , 

Here we also took into account, according to condition ii), that the function 

a(1') does not change sign in. 

From inequality (2.11) we obtain that 

K,(y) 

K,(t) t 

cl< Sc mpu |r—-t<i | (2.12) 

Further, from (2.9), by virtue of inequality (2.12). we find that 
cf : 

dy >c! [K,Qndz =c'K,(v)d, 
d 

ve 4 

Hence we obtain that 

d> 200K, (1). 

From the last inequality we have the following inequality 
1 4 

dy! 2 c?2K2(4). 

Thus, we obtain the left-hand side of (2.8). 

To obtain the right-hand side of (2.8), we proceed analogously. Indeed, 

using (2.9) and using (2.12), we obtain that 
d 

va 

d\' se [K,(v)dt <cK,(v)d, 
d 

Hence we have 

or 

Thus, the right-hand side of (2.8) is proved. Lemma 2.7 is completely proved. 
Lemma 2.8. Suppose that conditions /) -ii) are satisfied. Then 

c'O?(v) SO (v)<cO7(0), (2.13) 
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3 SPECTRAL PROPERTIES OF ONE CLASS OF SINGULAR 

DIFFERENTIAL OPERATORS OF A MIXED TYPE 

3.1 On the existence of a bounded inverse operator of a singular 

operator of mixed type and the discreteness of the spectrum 

Singular’ differential operators, for example, operators’ defined in an 

unbounded domain.can. in general, not only have a discrete but also a continuous 

spectrum. In this connection, the expansion of an arbitrary function into a series in 

terms of their eigenfunctions becomes impossible in.the general case. Therefore, 

for this reason, the most important question of spectral theory in the study of the 

spectrum, depending on the behavior of the coefficients, in the case of an 

unbounded region, is the sign of the discreteness of the spectrum. 

The spectral characteristics of singular differential operators of elliptic type 

have been fairly well studied and the typical difficulties encountered in connection 

with the poor behavior of the coefficients are elucidated. An extensive literature is 

devoted to their study, we mention papers [16-37]. 

A review of the literature shows that such questions as: 1) the existence and 

compactness of the resolvent; 2) the discreteness of the spectrum of differential 

operators of mixed type given in an unbounded domain is not sufficiently studied. 

We note that a systematic study of spectral questions, depending on the 

boundary conditions and the geometry of the domain in the case of a bounded 

domain for operators of mixed type, has been started [8-10]. 

We consider a differential operator of mixed type in L,(Q) 

M ou = s(v ty my F aly he, +e(v)u 

with a domain C/.(Q). which consist of infinitely differentiable functions that 

satisfy the conditions u(— miv)= wa), u, (— 7; y)=u, (ay) and are finite 

belong to 3°, where Q= (x, y)i-z Sx<a7.-K<y< x}, s(¥) is a piecewise- 

continuous and bounded function in R =(—%,+%) u s(0)=0, ys(v) > 0 for #0. 

In what follows we assume that the coefficients satisfy condition 

i) |a(v)| 25, >0, c(v)2 6 > Oare continuous functions in R= (— 20; 20) 

It is not difficult to verify that the operator MQ in L,(Q) admits a closure, 

which we denote by \/. 

The main results of this paper are the following theorems. 

Theorem 3.1. Let the condition 7) is satisfied. Then the operator M+AE is 

continuously invertible for A 20. 

Theorem 3.2. Suppose that condition ) is satisfied. Thén the resolvent of the 

operator M is compact ifand only if 
yeu 

lim fc(r)dt =X, 
(**) 

VO . . 

The last theorem shows that condition (**) is a necessary and 
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sufficient condition for the discreteness of the spectrum of the operator. 
The question of the existence of a resolvent and the discreteness of the 

spectrum in an unbounded domain with increasing and oscillating coefficients was 
previously investigated only in the case of elliptic and pseudo-differential 

operators [16-37]. 
Suppose that the coefficients of the operator A/ . in addition to the condition 

i), satisfy condition oe 

ely) aly) ii) My = SUP ~~ <%, f= sup <n, 
vers a c(t) yet a(t) 

Then from Theorem 3.2 easily implies the following theorem: 

Theorem 3.3. Let the conditions /)-7i) are satisfied. Then the resolvent of 

the operator AZ is compact if and only if 
lim e(v)=~%. 
Ve 

3.2 Auxiliary lemmas and inequalities 

Lemma 3.1. Suppose that the condition i) is satisfied and 420. Then the 

inequality ; 

f+ ADul, cj, (|, is the norm in L,(Q)), (3.1) 

holds, for all « ¢ D(A), where c=c(8,.9) 

Proof. Let Ci (Q). Integrating by parts of the expressions < (Af + A/)u,u > 

and <(Af +Al)ju.u, >, we obtain the following inequalities 

aay, + AD, > iv P +(0 +A = nd” "Java —f ’ 
Ye 
ho Q 

(3.2) 

WM + AD ul, = oye (3.3) 

where <--> is the scalar product in L(Q). Here we have used the Cauchy 

y . . 
inequality with ««>0». We can choose e=5, Now we multiply both sides of 

inequality (3.3) by «, >9 and combining this inequality with (3.2) we have 

; + |u|” dx + [end —|s(v)plu,f dvdy 
Q 

F + cult + ADul, > 4 cae 

Choosing «, so that (cy; —|s(s)|) 20 from the last inequality we get that 

c\(M + Adu, > lu. 

where c=c(0.c,(0)). By virtue of the closedness of the operator M+A/, it 

remains valid for vw € D(M +A/). 

Let A, =(A Mj (jek ft) (j;¢Z), y such a constant that ja(y)>0. We 

4 an
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where ¢,() = x +1), 

Hence. according to condition i), we have 

C(O Hoa lean, FAD, 2 uly. G.10) 
VO+HA: oe 

From the inequalities (3.5), (3.8), and (3.10) we ahh mn abe estimate 

c,(O) +1) a ary (ue jel” Pa (i, HAL, 2 ae’ dy + n —|s(v))ul dr 3.11 as: : I i; Sierra me s(rypyurd (3.11) 

; (0, 
Choosing ; so that - -—!s( ) >0 from the inequalities (3.7). (3.9) and 

VOL 

(3.11) we obtain the estimate a). The estimate mi pews from (3.10). The 

i 
2 a? 

lm, Alu Soul. inequality (3.11) implies the — estimate 
v ° +)! 

c,(8) =, (5) +1. The estimate c) is proved. 

Lemma 3.2 is proved. 

Lemma 3.3. The operator m,;.+// has a continuous inverse 

(Mm, ; 4A)! as A>0, defined onall 2,(4;). eZ. 

proof By virtue of estimate b) in Lemma 3.2, it suffices to show that the 

range R(m,.., +72) of the operator m,.,+A/ coincides w ith L,(A,). Let us 

assume the contrary. Then there is an element veL.(A,), v#0,, which satisfies 

equation 

(nig, FAL v=o" + sty? = ina 7) e+ Ab =0B.12 

in the sense of the theory of distributions. It follows from (3.12) v"eL,(A,). 

Integrating by parts <(m,;, +Aluv>y , we have 

(+o itb-w'(j-boU-)=0 where w is an arbitrary function of C;(A,). Then 

vo(jtl=vo(/-)=9. Using these conditions, similarly to the derivation of (2.10), we 

obtain the inequality 

(mj + ary ul = clol 19? (3.13) 

this implies v =0. The lemma is proved. 

We denote by m,. +Af (n= 0.4142...) the closure in 1,(R) a differential 

expression (17), +ADu= =u" +(-s(y yar tinta(n)+y)+e()+ Adu, defined on a 

set C/(R) of arbitrarily differentiable finite functions. 

Lemma 3.4. Suppose that the condition i) is satisfied and «20. Then the 

inequalities 

(mo + Al) vill. + Alyn, > ln\(do +|y))fel,. n¥0 > / 7 NV 
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lim [ (nels )+elr)dt =x. ( 
pow 

A 

Necessity. Suppose that condition (3.21) does not hold. Then there exists a 

sequence of intervals Q.(v,)<R such that 

Le
 

to
 

-_
 

sup [bn W(t} - + c(t (t) dt <x foreach finite n. (3.22) 
we Oy(r, — 

where d>0. ie. the itetval 0 Q;( ). preserving the length, it goes to infinity. Tet 

w(x) eC; (Q,(0)) and consider the set of functions such that w,(r)=u(r-¥,} It-is 

not difficult to establish for each finite n=0 inequality the following: | 

i- uw + (—s()a" + inaly) +c(¥) + Ayu, (sv) _ 

= faut(v)+l s(v)ne + ina()+ c(1)+ ale, (vr) a < 

< 8 f(-wf0} +(js(¥) oa Sera (vee (ver Yu j(v Yay (3.23) 

From inequality (3.23), taking into account inequality (3.22) and the properties of 

the function w,(v)=o(v-17,), for each finite » +0, we obtain that 

ewe e(-sQnn? +ina(y Jtely J+ al, ( ry <c<Kn, 

where c>0 it does not depend on j. 

We set 

F(y)= ui le) (— (90? + ina) e(v)+ Ahr (r) sup PF (r)< Q, (1-,) 
‘ 

Now we show that /,(1) the weakly convergent to zero in L,(R): 

, } | 

| - 2 PP 

<F (vhs J FiO) (os [EF Odde | | Pee Gar (3.24) 
on 

i\ 
. 

4 d,(v,) O,lv,) 

It is obvious that fre (vlay 0 as j->%. since reL,(R) Taking into account 

Ov; ) 

this from (3.24), we find that the sequence iF, ; converges weakly to zero. 

It can be directly seen that 
i| | 

bo Oy, =a>0. (3.25) 

Since, if the operator (/, + 4)’ is compact, then \w,(v)} it must converge to 

zero in the norm of L,(R). It is impossible by virtue of (3.25); we came to a 

contradiction. 

Thus, we have proved that in the case 1 #0 of a necessary condition for the 

compactness of the resolvent of the operator m,, + A/, condition (3.21). 

60



19 

(ee) fener) tuajqod ayy OF UONNJOS BUOS & S| 

(o¢'e) wn (AYE (ree my] =Oexys ee Y= OO 

(oO) 734 Auv JO} YI (OTE) MOA SMOTOF | 

(67) ‘yey SB ne Tl 

| yey} yons (%5)°7 22 UOROUNY onbiun e 

SISIXD DID) JY) SMOTOF UW‘ (G)°7 aoeds aya JO ssauaza;duios oy} JO AMIIA UT ‘a0udH 

he Ul y se Oe oy Yjos c “a= ac 

WU (STE) WOY puYy Udy OAV" J a “Ff BOUTS 

“y JO JuUapuadapul JUBISUOD B SI O<? DIO AN 

yas ; eC cee Yds a Ney) Lyall 

(87°€) I(t x) Yes re x) ni ; 

soapy am “(°¢) AWpenbaur suls/) 

‘(47+ "/) Joyerado ayy ©} oywAado ISJIAU! JU} 

yrs 

sl (9+ "7) “U-= 2) and (ty EZ =(txy tf (UN) faa (EX) "{ O4OUA\ 

Y 

tae) we ae a Oe 
(vex) Y= (vex) ary + W) 

wurazqoid ay} JO UONN[OS B SI 

Yrs 

(Lc°¢) wn (8) (e+ “aye = (x) 2 
¥ 

JEU] B'S BUILT WOL] SMOT[OF I “Ee E-1'€ suUd1OdY | JO JOOld 

‘paaold si ¢]°¢ BULA] Jo AouayyNs oy _L ‘yuayeainba 

aie (97°C) pue (,) suopucs ay ivy? [67-SZ] UL paroid sea UY “aOULOYLINg 

Tez] (Yo uonouny oy) Jo SuiSesaae [eroads e syuasaidar (1) 2 uorouny ay} eos 

re 

(97°) ‘se =(1) 9 UW] 
JL ATO pur yi (77 ur yoedutoa st (U1) °Y) {7 

aoeds Jo Jas papunog Aue yey} paroid si yt saded si) uy “c’¢- | "¢ Sttlatoay_] FO syNsat 

ay} WO SsMo]f[o} UONsanb sy} 1OJ taarsue ayy “JoRduu0s eB st (y)°7 O} (0) -w) 7 

OI JOyIado Surppaquia ayy yey} Avoys 0} sureuiai Ww Jooid sty ajajduuo0s Of 

: [sn aes + )2)+ Jay] [aoe gron, 

—
t
e
l
 

tUIOU dy} 0} adsas YIM (y) 9 UONafdtuos ayy Aq poureiqo 

aoeds ay) si (wT + (yy + “w) Joyerado ayi fo adurr aya si UY + “Wy 

aay a “(UO 2Y)ST D> 7+ “wy WY) OLE PULA] WO SArorfO} 1] “APUALOYyNS 

“TSS VSM |e IOP sy + “eu aowaiado ayy Jo waarposar ay] Jo ssauoVdwiod ay) OJ 

uoIIpuos Aiessagau v st (,.) Kuenba ay} wy) (PTE) pue (,,) WO SAVOppOF Y



co 

au? -(0) wa ¢ = (t Nf 

‘SMOI[O] SB UdPLIA aq uBd JUaLale AUY “JOOld 

it)" y(t) “6 uo puadap jou sao0p 0 < ? 

qugysuos B67 + (AI +|(0 DU = (YY ‘i + (1)o + (0)0 ur + l= (1)"G osoys 

Lon 

. — pry bere Vo 4 
(ys) Zyiys Vsout y°< Q 

| yf 

pool 

SIN S(,Y, PSO) Ory alsa, YX? \ ft 

SIBLUILISA dU} US|] “paysiyes aie (J- (J SuoTpuoD yey asoddng pre tuo40eY | 
- cs 

"N<Y uey) Jo]ea1s Ye 40 Jaquinu ay) SI < = (YN uOTOUNS oy} sonpo.ljul aM 

yey] OS APOC [Nu Aayy UNODOR OFUL BuLye} osvasdap ALOU} FO Jop.1o 

ay} ul (g+7) sojerado ay} JO Siaquinu-s Qlazuou ay] Jaquinu [jeys eA\ 

‘PABA! Bw SUOIOUNJ UOHNGLUSIP dy} PUB SIAQUINU IBINSUIS JO Sa}UITSE SB YONS 

sugjgoid ‘winajoads ay} JO SSauajoJosIp Jo Wa]qoid ayr Jo uoLNjOs ay} WAN 

adj paxnu Jo 10)¥.19d0 .1ejNSUIS & JO 

SLIQUINU AV[NSUIS Jo UOTIUNJ UOYNLYSIP dy) JO SaJBUUIISa Popys-OMT CC 

“cre wIaIOdy_] Jo Jooid ayy Apdunt 7'¢ wasoay pue Ayypenbout sty L 

al 

(A)aon- "VS pao | S (joa. Ort 
we 

dAby aa ‘(7 UOLIPUOS O} 

BuIp10goe “| S.4 yeyy auunsse aM ‘Aj PE1IUIs JO SSO] INOUA\ “C°E O1O9Y | JO JOOId 

“C]E BUILD] LOL] SMOT[OJ Wa1OIY} OU) 

MON ‘snonuuod Ajajapduuod $1 a 17+ ‘uty ji A[uo pue jt jordurod st i Iv+ JV) 

Joywiodo ay) yey] aavey aM “(QE'E) WOY Jas-2 dy] Suisn pue ‘siy} JO MITA U] 

‘Q= os Uv + “ui) 

JeY}-99S 0} ASA SII “TIE CUILUDT] BUISA) “TE WAIOSY| JO.JOOId 

‘parold st [°¢ tuatooay | 

"QZ [Je 10} PHBA St souaquas Ise] YI IY} | ["¢ BUILT WAZ SMO] [OF J] qt 

Joyeiado pasoja B JO AISIIAUL OU} ST (OEE) JY] Gas 0} psey JOU ST “MON 

cj 
i 

wen 

LUI 

rey se ge Nf nyt yo a 

}ey} yons Cpq@ ri tint aouanbas Ty SI aay yl 

“UOUN[OS BUOIS BJO UOIIULAp IU} [JPEA 9 A\ 

(TEE) (rr) ns (ttyay airy ys (ty 



C9 

‘[g¢] (Surppaqua oy} Fo syIpIA\- ‘? ) 

Yp= sayy yey) JUNODIE OJUT U9Ye) DALY OA\ DIOP] “ATISBI SMOTOJ H'E wa10ay | JO 

jooid ay} ‘o°z pue cz SWIalOay, |, pue SITY] WOIy ° ml vt n) Ii (iv+ n) 1ojye13do 

ay} jo tunnoads ay] Jo yulod B si Y ust} ‘( Iv + “ut) [1-t Iv+ ‘ut) s1ojeiado at} 

jo au0 jo winnoads ayy Jo wuod oy} SI Y Jl ‘BSIOA DOTA pue ml yt “w) | -( vt ‘u) 

siojeiado ayy Jo suo Jo unsjoads oy} Jo JWlod eB sty uAat Uv + W) [ -( Vt w)| 

loyerado ou JO tunajoads ayy Jo yurod oy si ¥ Ji yey (CE"E) LUO, SMOTIOF 1] 

(cep 

1a1Inoy 

Loma 

wy COL (re a) (Cree "eal = Cree wi) [ e+ AY 
{UOTJOR SULMO]JOJ BY} SULZOP 0} J]NIYJIP JOU SI I ALON 

L-=U 

an CYL (e+ ‘w= an (17 + A) 

dABy aA\ 1oje1odo JuIOfpe ay} Jo UOLUYap.oy} pue SIy} WO1y 
nes 

FC YE =F (FW) 
VeY} SALOTJO} M1 (OEE) UOLBIWAsaIdas oy} WOIY 

“SJUAaIOJI09 

ayy ae (Af IH or tla ate >> ea xy HGH Oey 



A
L
 

CONCLUSION 

The paper is devoted to the study of the existence and compactness of the 

resolvent. as well as estimates of the distribution function of singular numbers (s- 

numbers) of a differential operator of mixed type in a noncompact domain, This 

research allows us to formulate the following new scientific results: 

- a theorem on the existence of the resolvent of a one-dimensional 

_. Schrédinger operator with a complex potential is proved, when the real part of the 

potential contains a parameter that changes sign (the case on the whole line); 

: - a representation of the resolvent of a one-dimensional Schrédinger operator 

with a complex potential is obtained, when the real part of the potential contains a 

parameter that changes sign (the case on the whole line). 

On the basis of these results, the following new results are obtained for a 

class of mixed-type differential operators defined in a noncompact domain: 

- the theorem on the existence of a bounded inverse operator is proved: 

- a theorem on the compactness (discreteness of the spectrum) of the 

resolvent of an operator of mixed type is proved; 

- two-sided estimates of the distribution function of singular numbers (s- 

numbers) of the resolvent of a differential operator of mixed type given in an 

unbounded domain are obtained. 

The obtained results are of theoretical interest and can find application i in the 

spectral theory of differential operators of mixed type and in other sections of the 

theory of boundary value problems. 
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