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ABSTRACT

The paper was devoted to the study of issues on the existence and compactness
of a resolvent, as well as estimates of the distribution function of singular numbers
(s-numbers) of a difterential operator ot mixed type in a noncompact domain. We
used the embedding theorems for Sobolev-type weighted spaces, the method of a pri-
ori estimates. the uniform localization method. In this paper, besides the above me-
thods, an approach is proposed that allows one to find two-sided estimates of singular
numbers (approximation numbers, s-numbers) of differential operators containing a
sign-changing parameter. As a result of the study, the following results were obtained
for a class of mixed-type differential operators detfined in a noncompact domain: a
theorem on the existence of a bounded inverse operator was proved: a theorem on the
compactness (discreteness of the spectrum) of the resolvent of a mixed-type operator
was proved; a conditions to the two-sided estimate for the distribution function of
singular numbers (s-numbers) of the resolvent of a mixed-type differential operator
given in an unbounded domain are obtained.



AHAATITIA

bya1 KyMbIC  KOMMOAKTLLL  enmec  olawicTa  Oeplaren  apaiac  THIITI
auddepeHunallblk - OMepaTopIblH  Pe30IbBEHTACLINBIHL  0ap  00Iybl  KoHE
KOMMAKTBLIbIFbL, KOHE 1€ COHbIMEH KaTap CHHIY.IAPAbIK CAHAAPbIHbBIH (S-CaHIaP1bIH )
yaecTipiMALTIK  (QYHKUIsLIaphl  Oaranayiaapbl  Macededepid 3eprreyre JKyMmblcTa
Co00eB  THNOTI CAJIMAKThl KeHICTIKTEPAIH eHri3y TeopeMalapbl. anpHopJbl
Oaraiayfnap aicl. OIpKadbIlThl JOKajH3auusaay oaicl KoalaHbiaael. JKorapelia
atanraH aJicTepleH 0e.eK, JKyMbicTa TaHOachl ayblcrmaibl mapameTpi oap
anddepeHUHaIAbIK OnepaTopaapAbIH CHHIYISAPAbl caHAapbIHbIH (ANTPOKCHMATHBTI
caHiap, S-caHlapbl) eKiKaKTbl OaranaynapbiH Tadyra MyMKIHAIK OepeTiH Taciaiep
VCBIHBLIFAH. 3€PTTey HOTH/KECIHAEC MblHAJallHoTHIKeNep alblHFaH: LIEHeIreH Kepi
omepatopabld Oap 00Jybl Typajbl TeopeMa AdejaeHli:apalac THITI onepaTop
pe30;bBEHTACLIHBIH ~ KOMMAKTIAIM  (CHOeKTP AMCKPeTTlIrl) Typaibl Teopema
Jaje1aeHal;leHeIMereH 00JIbICTa OepiiireH apanac THNTI AH(GPpepeHUHATIBIK
onepaTop Pe30JIbBEHTAChIHBIH CHHTYJSPNbIK  CaHIapbIHbIH  (S-CaHIaPbIHbIH)
ynecTipiM  QYHKUHSUIIAPBIHBIH  eKiKaKTbl —Oarajaynapely —ailyFa —ajifblliapTrap
KacaifaH.



AHHOTALMS

PadoTa Obl1a MOCBAILEHA HCCIe0BAHIII0 BONPOCOB O CYLIECTBOBAHMHI 1 KOM-
MAKTHOCTH PEe30.1bBEHTHI. A TAKAKe 00 OLUEHKAX (YIIKLI pacnpeleleHlia CHHTY.Iap-
HBIX diices (s-uncei) anddepeHiiiiaabHoro onepaTopa CMeUaHHOro THIIA B HEKOM-
nakTHoii -001acTi. B padote ObLiH HCMOABL30BaHbl TEOPEMbl BIOAKCHIIA BECOBBIX MPO-
cTpancTs Tina Cod01eBa. MeTO1 ampHOPHbIX OLEHOK, METOA PABHOMEPHOII JT0KaMi-
3auni. B padote, Kponme BblLIeyKa3aHHbIX METOIO0B, NPELIOKEH MOIAXO01 MO3BOAAI0-
uit HaifiTH ABYCTOPOHHHE OHUEHKH CHHIYJIAPHBIX UHCes (alfMPOKCHMALIOHHBIX Hli-
cen, s-umcen) TP PepeHIHATbHbIX OMePaTOPoOB COIEP/AKALLIX MapaMeTP MeHAOWII
3uak. B pesyibTare Hcciel0BaHllg 1is 0QHOro Kiacca nH(epenuanbHbIX onepa-
TOPOB CMEIIAHHOrO THIIA, 321aHHbIX B HEKOMITAKTHOI 00J1aCTl, NOAYEHbI caenylto-
LiHe pe3y bTaThl: 10Ka3aHa Teopena O CyLIeCTBOBAHIN orpaaneHHbro 00paTHOro
omeparopa; 40Ka3aHa TeopemMa O KOMMAKTHOCTH (AICKPETHOCTH CMEeKTpa) pe30JbBeH-
TblI OMeparopa CMEIUaHHOrO THIIA; MOJyYeHbl YCJIOBHA AJA ABYCTOPOHHHX OLCHOK
GYHKILIH pacrpeleseHHs CHHIYIAPHBIX HHCeN (S-4rcen) Pe301bBEHTbI auddepen-
[1a]BLHOrO ONepaTopa CMELIaHHOro THIA 3aJaHHOTO B HEOrPAHITIeHHOH 001aCTH.
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INTRODUCTION

The modern theory of equations of mixed type is one of the most important
sections in the theory of partial differential equations. This follows from the
theoretical significance of the results obtained, and their presence in applications of
gas dynamics. transonic flow, hydrodynamics. quantum mechanics and in other

“areas of the natural sciences. -

Works are known in the case of a bounded domain. the solvability of
boundary value problems and spectral questions are studied depending on the
boundary conditions and the geometry of the domain.

However. in applications there are often differential operators of mixed type
given in an unbounded domain and having increasing and oscillating coefticients.
Also, as is known from the spectral theory of differential operators, that the spectra
of differential operators defined in an unbounded domain can turn out to be not
only discrete, but also continuous. Therefore, any function from the domain of the
operator can not be expanded in terms of its eigenfunctions.

We note that equations of mixed type are called equations which in one part
of the domain under consideration belong to the elliptic type, and in the other part
hyperbolic. These parts are separated by a line (or surface) of the transition, on
which the equation either degenerates into a parabolic equation or is not defined.

A very exhaustive bibliography on the investigation of equations of mixed
type is contained, for example, in the works of M.A. Lavrent'ev [1], A.V. Bitsadze
[2,3], A.M. Nakhushev [4,5], M.M. Smirnova [6,7], T.Sh. Kalmenova [8], E.I
Moiseeva [9,10], M.S. Salakhitdinov [11-12], T.Sh. Kalmenova, M.A. Sadibekov,
N.B. Erzhanov [13], A.S. Berdyshev [14], S. Moravetz [15] and others. In these
papers, in the case of a bounded domain, the solvability of boundary value
problems and spectral questions arestudied depending on the boundary conditions
and the geometry of the domain. 4

However, in applications there are often differential operators of mixed type
given in an unbounded domain and having increasing and oscillating coefficients.
We note, as is known from the spectral theory of differential operators, that the
spectra of differential operators defined in an unbounded domain can turn out to be
not only discrete, but also continuous. Therefore, any function from the domain of
the operator can not be expanded in terms of its eigenfunctions.

A review of the literature shows that for singular mixed differential
operators given in an unbounded region, items such as:

1) the existence of a bounded inverse operator;

2) continuity and discreteness of the spectrum;

3) the asymptotics of the distribution function of eigenvalues have not been studied
sufficiently.

A singular differential operator of mixed type in L, (R : )

\G'u u
Mu = s(x)"— - ==+ a(x), + e(x ),
ot~ Ox”

6




is considered, where w< D(L). s(x) is a piccewise-continuous and bounded

function that changes sign in R. «a(x) is a locally summable real function. c(.\‘) is
a nonnegative. locally summable function.

It is easy to verify that the spectral problems of the operator 1/ can be
reduced by the Fourier method to the study of the spectral characteristics of a one-
dimensional Schrodinger operator with a sign changing parameter:

mu = —1"(x) +(—s(.\')f2 +ita(x)+ (), ue D). (*)
where ¢ is the parameter — ~ <r <+=%.
As is well known, when =0 the spectral properties of the Schrédinger

5

operator M, z——l—7+c(.\') strongly depend on the behavior ¢(x) at infinity. In
ax-

this case, the spectral characteristics of the Schrodinger operator are sufficiently
well studied in the following papers: A.M. Molchanov [16], T. Cato [17]. E.Ch.
Titchmarsh [18]. A.G. Kostyuchenko [19], V.G. Maz'ya [20]. M.Sh. Birman, M.Z.
Solomyak [21-22], K.Kh. Boimatov [23-24]. M.G. Gasymov, B.M. Levitan [25],
.M. Glazman, V.A. Skachek [26], V.A. Ilyin [27], M.Otelbaev [28-29], Ya.T.
Slutnayev [30], R.Richtmayer [31], C. Mizohato [32], M. Taylor [33], M.A.
Naimark [34]. M.Rid, B.Saimon [35], M.Rid, B.Saimon [36], V.B. Lidsky [ 37].

It is not difficult to see, for example, that in the operator m, we get

—s(x)t? ==t > —% when ks(x) =1. It is clear from this that an entirely different
situation arises, and in particular, the methods worked out for the Schrodinger
operator at ¢+ =0, turn out to be little adapted when studying the operator m, for

t = 0. We also note that the operator m, is not semibounded.

From this and from the foregoing it follows that for the Schrodinger operator
with the parameter changing the sign. the following questions are not sufficiently
studied or practically left out:

- the existence of the resolvent forall 1 (- w<r<+x);
- the compactness of the resolvent for all r (- = <r <+x%);
- estimates of eigenvalues and singular numbers (s-numbers).

Objective:

- study questions about the compactness and approximative properties of
embedding of weighted functional spaces of Sobolev type, which are the domain
of definition of differential operators under consideration;

- investigate and prove a theorem on the existence of the resolvent of a one-
dimensional Schrodinger operator with a complex potential when the real part of
the potential contains a parameter that changes sign (the case on the entire straight
line);

- to study and obtain a representation of the resolvent of the one-dimensional
Schrodinger operator with complex potential, when the real part of the potential

7




contains a parameter that changes sign (the case on the whole line).

Methods of research: embedding theorems for weighted spaces ot Sobolev
type. a priori estimates method, uniform localization method (developed mainly in
the works of M. Otelbaev). In addition to the above methods, the paper proposes
an approach that allows us to find two-sided estimates of the singular numbers
(approximation numbers, s- numbels) of difterential operators Lontammo a swn
changing parameter.

The results obtained and the novelty. As a result of the research. the
following new results were obtained to a class of mixed difterential operators
defined in a noncompact region: :
- the theorem on the existence of a bounded inverse operator is proved:

- a theorem on the compactness (discreteness ot the spectlum) of the resolvent of
an operator of mixed type is proved;

- two-sided estimates of the distribution tunction of singular numbers (s-numbers)
of the resolvent of a differential operator of mixed type given in an unbounded
domain are obtained.

The structure of the paper. The work consists of three sections. In the
second section, the following results are obtained for the operator (*) on a finite
interval (one-dimensional Schrédinger operator with potential when the real part
contains a parameter changing sign):

- a priori and coercive estimates were obtained;

- the differential properties of the resolvent are studied;

- two-sided estimates of the distribution function of singular numbers (s-numbers)
(case on a finite interval) are obtained.

- the theorem on the bounded invertibility of the operator (*) on the whole line is
proved;

- the representation of the resolvent is obtained.

- the compactness of the resolvent of (*); ,
- estimates are obtained for the distribution function of the widths of the
embedding.

In the third section, the spectral properties of a dlﬁelentnal operator of mixed type
are studied:

- the theorem on the bounded invertibility of a singular operator of mixed type is
proved;

- the theorem on the discreteness of the spectrum (on compactness) is proved;

- two-sided estimates of the s-numbers of a mixed-type operator are obtained.



1 ON SPECTRAL PROPERTIES OF A MIXNED TYPE OPERATOR
Consider a differential operator of mixed type
LU = - S(}’)U\\ - LI)}' +p(Y)u\ J’-q(y)u (] 11 )

initially defined on  C/.(€Q)), where s(y) is a piecewise-continuous. as well as
bounded in R and s(0)=0, ys(y)>0. as y=0, Q=!{x.)): =7 <y <7~% < v < 7]
- C, - is a set consisting of infinitely differentiable functions and satisfying

conditions u(-m,y)= u(my),  Ul-my)= udmy) and compactly supported y.

It is known that operator (1.1.1) is called a mixed-type operator, which in the
upper part of the considered domain belongs to the elliptic, and in the lower part,
to the hyperbolic type; these parts are separated by a transition line, on which the
operator degenerates into a parabolic.

Firstly, we are interested in how the solutions look, t1e. resolvent
representations ROLL)=(L+2.E)" ofthe L as A—x.

Then. special attention is paid to:

1) questions about smoothness (coercivity, separability).

2) estimated solutions in different weights.

There are significant difficulties in estimating the derived functions from D(L).

And finally, the spectral properties of operators (1.1.1) are investigated. that is,
the following questions:

3) discreteness of the spectrum of an operator of mixed type in a noncompact
region;

4) Schmidt estimates of eigenvalues and their distribution functions:

5) estimates of eigenvalues and spectrum locations;

6) completeness of root vectors.

1.1 The existence of the resolvent and its compactness
The operator (1.1.1) admits a closure, which we denoted by L .
Suppose that the coefficients a (y). ¢ (y) satisfy the condition
i) p(y), c(y) are the continuous functions: g(»)2 3 >0, a(y)20 ora(y)<0;

Theorem 1.1.1. Let the condition i) be fulfilled. Then:
a) L + AE is continuously invertible for sufficiently large A> 0:
b) the estimate is valid:

“”Hm.o SC”(LH&)UHZ_Q. (1.1.2)

for any ueD (y),
Proof. We have:



(L+AE)u.u) = “'(511' i: +((c(V)+ 4 )fuf [AVIARES .f(i’/((.l')'[llflz [AVZAR

O ‘ QO

foruec: ().

Hence. on the basis of condition i) and Jung's inequality we have:

WL+ AE0 > fqu ' +11‘ Ydxdy = [ok (3 [ Ydxdy. (1.1.3)
. o 0 :
It is also easy to establish that
1
<(Lu+E)u. i) 2 fra(y )111 * d\c/\f.
10
From here we get that
fi!(l_ +/1E)uf§f Zc,(é‘)u"i (L.1.4)
Combining (1.1.3) and (1.1.4):
;:(L +),E)u“i zclu, (1.1.5)
(L+);E)ui_>.cul, , (1.1.6)

where c=c(c|,Ca).
Due to (1.1.5). there is a continuous inverse operator of operator (1.1.1). How
easy to see

-1 - kSt BVARSRITAY
(L+2E)'f =\’;(/n+u~,) ‘e (1.1.7)

for all feL, (€). The clause a) of Theorem 1.1.1 is proved. Proof of the clause b)
follows from inequality (1.1.6). Theorem 1.1.1 is proved.

Theorem 1.1.2. Assume that i) is fulfilled. Then the resolvent of L is compact
iff, then for all ®»>0

lim j c(f)d{__ao (1.1.8)

o
Proof. According to Theorem 5.3.1

lim
‘n|—)~n

(1/{+/1E)"“=0.

From here and (1.1.7) it follows that the inverse operator (L+AE)" is completely
10



. AP .- . .
continuous iff, then (l,+2.E)" is a completely continuous.

1.2 On the materiality of the condition on the coefficient with the lowest
derivative on the solvability

Consider an operator

Lu==s(vu =, + p(yh,+qru (1.2.1)
n -
Q= {(.\'.,_\f) - <y<m, —-l<y<l }
with piecewise continuous and bounded coetticients. originally defined on C;_(Q),

where ¢,/.(Q) consist of infinitely differentiable elements that are compactly
supported to y and satisfy the following conditions:

u(=m, v)=u(mw,v), u (=7.v)=u (7.V) (1
u(x,—) =u(x,1)=0 (1.

W 1w

S~ —

o to

The operator L admits a closure and its we will denoted by L.

Let the coefficients of (1.2.1) satisfy the following conditions:

a) p(y). q(y). s(y) are piecewise continuous functions on the segment [-1,1];
c(v)20>0, p(¥)=20or p(¥)<0;

b) the following condition is satisfied:

N >
lim sup ———=<c,
i v [K (V)]

where ¢>0 is any fixed number and K, (v) is an averaging function defined by the

following equality (introduced by M. Otelbaev)
. d

v

K,*(y)zilnf{d“';d"] > J.-K,(r)dr}
d >0 y

V——

By

where the kernel K,(t)=(m| p(z) |H s(r) )+ ¢(r) > 0, for Vr e[-L1], —c <t <o
The main results of this section are formulated in the following Theorems.

Theorem 1.2.1. Assume that a)-b) be fulfilled. Then L+ ZE is a continuously
invertible for large enough 2 >0.

Theorem 1.2.2. Assume that a)-b) be fulfilled. Then there exists a sequence of
positive eigenvalues of operators (1.2.1) and for them fair estimates

11



kT, Skt k=12
where ¢ is any constant number.
Betore to the prove these theorems we have to consider several auxiliary
lemmas. ’
Consider an operator
P . ] . .
Li=—=u"(v)+ " s(v)+itp(y)+g()u(v)

or we may simply write

Li=-u"+ (fzs(_r) +itp(vY+q(v))u

onthe set C, (-11), rne —x<r<=,
Lemma 1.2.1. Assume that a) be fulfilled. Then for all « < C;(-1.1) for large
enough />0 the inequality

(m+1)(* +|(/, +).E)11||§2 [[11'|2 -Hfz(ml p(_\')|—|s(,r)+q(_v+l))|u|2]d\;

19—
boa— —

holds, where m is any positive constant, —o <t <x%.
Proof. Consider the scalar product

|<(l, + AE)u. —itu >|=

| |
.[fzp(_\’)Tll |2 (ly—ifj.(fzs(}‘)+q(_1')+/’» b I?' dv +
2

i
+ if'fu"(y)l—l(y)d)'
-l

Using the method of Integrating by parts the last term and by virtue of the
finiteness of u (y), we obtain

.

<l + AEu.~itu>| =

1 1

[ p( [ dy=ie [[ju P+ +g() + 2| ul 1y
- -1

Hence

|<(l, + AE)u,—itu >|>

b

|
[ pe|ui ay
-1

Since the coefticient p(y) does not change the sign

12



1
< (I, + AE . — it >izjf () L lT v

-1
In view of the Cauchy-Bunyakovsky inequality. it follows that
: I N
N+ 2B =it 52 [ | pQo ]l dy
-1

Based on this inequality and using the Cauchy inequality with €> 0, we get

—

, O S R T TR
l(1" + D[/, + AR5 + = —itu]|52 J.r' | pO) el dv, (1.2.4)
9 2 +1 ) -1

=

for e =1 (t7+1).
Now consider the following scalar product

|
|<l 1+ Aut, le1 ua/\—i—J‘f s+ + AN a’1+1fJ.p VY| d\l

- - |

Using the method of integrating by parts to the first term and by virtue of the

finiteness of u (y), we obtain
I[|u| +(t- 9(1)+q(1)+4 L1 %] cfl+1fI[)(1)|11| cI\}

.< [+, u >)
-1 - I

Hence

1
[0+ 250+ )+ 2) [ 1| 2

-1

|<l 1+ Au,u >

1 i '
> I[I ' +Hg()+ 1) |1t Iz]dy - J‘Il]s(.}‘){ | u 1
-~ —1

Similarly, as for the first scalar product using the Cauchy-Bunyakovsky
inequality, and then Cauchy with ¢ >0 (e=1/(t*+1)), we have

(1" +1) , 1 3
———— ||+ Au||,” + ~—( ) u |3
: el I

!

>'[ L' |* +(g( )Y+ A)|u| ]a’y—J.ileS(.VH“l2 dy
-1

13



Considering condition a) from the last inequality and inequality (1.2.4) for
some m> 0 and sufficiently large 7> 0, we finally get

I
[[|11| Hem (mla() | =] sQ) ) + g Jdv
-1

(m+1)(" +1) MW, +)£)zti]

l\JI--‘

Lemma is proved.
We introduce notation that will be useful in the future. Let d(y)=[K*(y)]"". then
d
Agqily) 18 the interval (v--- 14- ) A=A, (1) =0 ;—% o d)

From the above deﬁmtlon of Kt * (y) it is clear that it is positive. But besldee
this, Kt * (y) is a continuous function. The proof of this statement can be found in
[27] and here it is omitted. We note only that the Lipschitz condition was used for
the proof of continuity. which is sufficient condition to the continuity. In
particular, in [27] an estimate was obtained

K ) =K (] €2y, =) for Ve, ()

5

where A, (1 )=(xr, _[? v, +—)c( 1.D

Lemma 1.2.2 For an interval (-1,1), there exists no more than a covering {A
(k)! with nonintersecting intervals A (k) contained in the interval (-1, 1), up to a
countable set.

The proof of this lemma can be found in the paper [27] and is given here for
completeness.

Proof. Take any point y;e(-1, 1) and put A= Agos d(yn=[K*(y)] ™.
Assume that A" does not cover the interval (y;,b). Among the intervals
A0y Sy <d, d(v)=[K'()T"} is like intersecting at intervals A" (for example

A" so and not intersected. The last sentence follows the following property of
K, (y): by definition K, (y) easy follows that [K, (y)} ' 50 as y—1, therefore the
intervals A'"" and Ay, do not intersect if u is close to 1. Consider the function

k(o1 :
(//(.]f):'l;_-[—L-(—;—)—]—“‘ on [y, 1]. Field of values of this function vy, —e <y (1) <1.

a—

Therefore 1y, +~,;I—€(,)"| —¢, 1). Hence, by virtue of continuity of the function

e

y(y) there exist a function ye(y,, 1), such that w()r)=y1+f¥1‘~, i.e. left end of the

interval Agy coincides with the right end of the mtewal AV, The smallest
environments of such y (it exists) we denote by ya, A%'= Agy(y2). If at any step
(y1, y) is contained in (A"« , then the process of completing the intervals to the
right of A" finished. Otherwise, it can be continued to infinity. Obtained intervals
have to cover (yi, 1) because otherwise their centers y, will convergent to the y<l,

14



where [K:(J')] = lim[A’, (v, )17 =0. which contradicts the continuity and

k=
positivity of this function in (-1, 1). Similarly. the intervals are completed to the
left of the interval A",

Lemma 1.2.3. Assume that a) and b) be tulhllcd Then there exists a constant
“¢>0, such that

j [l [P+l et o) || s N+ | W2 [ | [ dr+d”™ (1) fluf dr|.
Adc_x ) *'\u'u ) \.;4 V)
forall veC(a,,, 0. where A, (y) < (=L1), where m>0 any constant.
Lemma 1.2.4. Assume that a) and b) be fulfilled. Then the following estimates

I+ 2B ||z e ffull (1.2.3)

holds for any ueD( |,) as 2>0.
Proof. By lemmas 1.2.1-1.2.3 we have:

[um—y

1
(= + D+ V|| (4, +AEu |52 . j (' [P+ (m] a() | = | SO N+ +2) [ Jdv=

>%Z\ [ 1P aved?oy) [l dvl,

ki A‘i/. (7 ) A‘;;\(.\'/\ )
where the constant ¢y from Lemma 1.2.3 without detracting from commonality,

they were taken as a unit in each interval Ay(yy).
Hence

m(e* +D)|| (L, + 2B Zd ) [l dz inf [K(v)]z [luf* dv=

""/' Ag () e Ay Q)
= 1nf (T J-lUi dy= 1nf [9 WIT U
From this inequality and considering b), we obtain

(m+D” +D) ||, + AEw |22 Pelul;

Hence we obtain (1.2.5).



Lemma 1.2.5. Assume that a) and b) be iulfilled. Then [ +AE continuously
invertible as 2>0. '

Proof. From LLemma 1.2.4 it follows that for the operator | +AE there is an
inverse bounded operator on a set of values R(I+2.E). Now. if the set of values of
I+2.E everywhere dense in Li(-1, 1), then the invers operator (I +72.E)" will be
continuous whole La(-1, 1).

Suppose by contradiction that the set of values is not dense in L. Then there
‘exists a function ve L (v=0) such that VLR(I+2E), 1.e.

<loutiu, v >=0 forany ueD(])

By the Riesz theorem, it is clear that veD(l,*) and mean [ *vel.»(-1.1), where
1* is the operator adjoint to 1. i.e. there is equality

<(1 +2E)u, v>=<u, (I #+AE)v>=0

and ([*+AE)u=-0" + (tls(y) —itp(y) + q(y) +A)v =0
Since a(y). c(y), s(y) satisfied the above conditions, then (t’s(y) - itp(y) +
q(y)+ +2.)u belong to L, (-1.1). From here v'"eLy(-1.1).
Now, if we show that v=0, then we get a contradiction and this Lemma will be
proved. Indeed, consider the representation <u./lv+Ziv>=0 . For him the

following calculations are true:

I
0=, lju+ )LU[‘) = Izl[— 0"+ (£7s(v) =i () +q(y) + /l)u]a’y =

-1

i I !
= —J‘uU"a{}f + J‘(fzs(_r) +ita(v)+q(v)+ Auvdyv = —J'ud(D“') +
2 . 2

|
J(ﬂs('\;) +itp(y)+q(y)+ 2»)1117((1" =

-1
1

| I
= —-115'&11 + JU'(!Z( + f(rzs(_\;) +itp(v)+q(v)+ A)uvdy = ju'dU +
-1 - -1
Lo | 1
+ j(f'S()') +itp(v) +q(y)+ A)uvdy = u'Uil_l - ju"ﬁ dy +
-1 S

I 1
+ I(iz.s(y) +ilp(y)+q(v)+ Aubdy = u't?ll_l + I(/,u +Au)-ody =
o o

U+ 2w 4Tl =0

16



By assumption <(lL+7.E)u, v>=0. which means «'v fl =0 or u(Do(l)=u'(-
Do (-=1).
Let o (l)=0. o (-1)=p. Suppose that =0 and p=0 and by virtue of the
arbitrariness of u. we get

u(y)y=(y+1)(y=1), (u=)=u(l)=0).
Then |
u'(y)=2(y2—:1')+(,y+1)3 n u'(-1)=0.u'(1)=4.

It follows that o (-1 )=L;)(1 )¥O or v(—=1)=uv(1)=0. Now. it is easy 10 \"ei'ify that
the v(-1)=v(1)=0. ve L.(-1.1) the following inequality
|

1;(/, + )'E)Utig > ’U}[_

holds, it follows from the above same calculations and arguments obtained for 1.
From the last inequality, by virtue 1 *v+2.v = 0 it follows that v=0.
Consider the operator

L'u = —S(.V)ll.\..\. — Uy p(y)“_\- - C](.\f’)ll

initially defined on C, . (Q).

It is easy to verify that the adjoint operator L' admits a closure, which we

denote by L'
Lemma 1.2.1. Assume that a)-c) be fulfilled. Then

D(L)eD(L™)

where the sets D(L) and D(L'*) is the domain definitions respectively of’ L and
adjoint operator to L.
Proof. According to the definition of a adjoint operator, the following equality

<L'u,v>=<u, L' v>,
holds forall u(x, )€ D(L"),v(x,y)e D(L").

If we prove that the last equality holds for any v belong to D (L), then the
statement of this lemma will be proved.

Let u,(x,v)€ Cy . (Q) and u, »ue DL, v, (x,y)€ Cy,(Q) u v, —>veD(L).
Then the following equality

<L'u,,v, >=<u

n?e

Lv, > (1.2.7)

no’

holds for all w,,v, e C,_(€2). Check this equality. We have (index n with u,, v,

17



omitted here to avoid notation complications):

L'uy = f (=50t =t = p(hit +g(vhdxdy= f— sV ydxdy=
0 O

] brs 1
- u'],'\_\_'d.\‘(/_ 1—‘—! ,1)(.1:)11.,\.\"(1’.\‘(/,)4-I(/(Jr')l!f'(,/_.\'af): — J s(1) J vl }((\ — _f({.\‘j \—zlzg

Q Q Q -1 L-7 -1

] [z 1 by
- 1?(1)“ (/ll}(()’-}—I(/(_\")lll_‘d.\'d)=*J‘SU‘)[UX\—‘:; ~ u‘\,(ﬁ}dr—

1 T
- J‘[u v le v }a’\ J. Pl )|:za, | J‘ud}dﬁ—J‘q(ﬂzn"'d.\‘(h‘
-7 Q
forall u,veC;.(Q).
By virtue of (1.2.2 .3) for functions belong to C,.(Q) we have:

'\'fL,”*";\’:" 5/\ ‘){ v CI'H} {J‘ du}d\—J’p(\){J‘\ l!d\}d\ +

+Jq(1 Juvdxdy = —'(v(\ ){uv " - Im’ a’\}d\ JT[H\"_lI_I - _l‘.ltf\.".(h}d\‘

-1

- I _[p(l uv dxdy + J.q Juvdxdy
I
Again, due to (1.2.2) - (1.2.3), wesget

f‘;iL'u,v:?) = J.u(—s(y)\_{\‘.\. =V, + PV +q(v)V)dxdy = <u,Lv>
0
which proves equality (1.2.7).
Now moving to equality (1.2.7) to the limit, we have
(L'u,v)y=u, Lv)

Proof of Theorem 1.2.1.
Let 1u(x,»)eCy.(Q) u Lu=f Then for operatora .L+AE cnpasennugo

npeacrtaBiaeHNC

k . k ‘
(L+2Eu, =(L+2AE) Y u,(y)e™ = (I, + AE)u,e™

n=-k n=-k

18
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\Vhel'e H/: = Z Un(.‘.)cm\- and ” (‘ _> ”( ALV )q as k-7~
n=-k
According to the Lemma 1.2.5 as 2. > () we have

I3
(L 2BV, (= 1+ 2B, 122 S fu, 2= g i

-/ n=—A
Passing to the limit in the last inequality, we get

2 c!{u!l

IE(L + ZE)I({ ,

and the last estimate is valid for all u(x, v) € C, . (Q)

Since the considering operator admits closure, due to the continuity of the any
norm, the above inequality is valid for all u«(x,1)e D(L).

Now we show that the kernel of L is empty (consists only of the zero element,
i.e. N(L)=Ker(L)={0})

Repeating the calculations and reasoning used as proof of the reversibility of
I, +2.E, we get I';+AE has a continuous inverse operator (l’ﬁkE)". here '\ +AE = —
u'’ +(n:s(y)—inp(y) + q(y)+2)u.

It is known that for any feL,(€) the inequality

\ ‘, _ Zf,,(v L inx

Hn=—1r
Y
holds. From here it is easy to show that

k

u (v, )= Y (I + AE) £ (p)e™

n=-k

is a solution of the following problem

(L'+XE)ju = f;, (1.2.1")
ul-n:uln.' ux|-7r=ux|7ro (122')
(x,-)=u(x, =0, (1.2.3")

where
fi(x, y) = Z 1, ()e™

n=-k

By Lemma 1.2.5 we get
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(X V)is =(L+/E) 1,:; =N (I'"+iE)w, ; >
ne=k
B k | 2 ~ 2
2cT Z{ZZIII“ﬁ :C—}“/{{!;
n=-h -
ka(.\’._\/')“: > C‘“I(,‘.HZ (1.2.8)

From here and from fi(x. y)— f(x, y) it follows that the sequence |, (x.2)},_, is

a fundamental sequence (Cauchy sequence).
By virtue of the completeness of L,(Q) we obtain:

ur(X, y)— u(x, y)el, (1.2.9)

Therefore, for all f(x. y)eL, there exists so called a strong solution of
(1.2.1)—(1.2.3").
It can be directly verified the definition of a strong solution of the problem is

By

O

equivalent to the closure of L'+AE, initially defined in 172 (Q2).
From the above it follows that the set R( L'+AE) it coincides with the whole
L:(Q), 1.e.
R(L'+AE) =L>(2) (1.2.10)

By virtue of the general theory of linear operators it is known that
Lo(Q) = R(L'+1E)LN((L'+AE)")

From here and (1.2.10) we obtain N((L'+.E)")={0}.
Therefore, from Lemma 1.2.6 we get

N(L+AE)=Ker(L+AE)cN((L'+AE)")= Ker((L'+AE))={0}
i.e. N(L+AE)=Ker(L+1E)={0}.
Repeating all the calculations and arguments used to prove (1.2.8) and using

the completeness of Lo(Q).we get for any f there exists only one strong solution of
(1.2.1)-(1.2.3), such that

clu.

kA
~

1o

and for him there is the representation



w=(L+7E)" f= Z(/” + B et

where ¢ is any positive constait.

Proof of Theorem 1.2.2. Eloenﬁmcllons of (1.2.1)-(1.2.3) we are looking for

Caux.y)= z i, (1)e™ . Then with respect to the element u(y). we get the Sturm-
n=- ;

Liouville spectral problem

- u''(y) + (WS(y)yFHnp(Y)Fq(y)u =hu. (L.
u(-1)=u(1)=0 (-

—_— —
l\) I\J

)
)

I\Jr—-

As condition a) in the case of n = 0, problem (1.2.11) - (1.2.12) takes the
following form:

lou=—u""(y) + q(y)u=2.u,
u(-1)=u(1)=0.

It is easy to verify that, due to the boundedness of the function q(y). the domain
of 1, it coincides with 117 (-11).

By M, we denote the unit sphere in 177 (=11, For widths of the set M, the
following two-sided evaluations take place:

i} 1

R < Ny(A)<eld 2,

. . 0 .
where Ny() is the number of widths «, of the set M, greater than A>0, ¢ is any

positive constant. By the last inequalities and the properties of No(A) we get:
0
¢ —<d, <c—.
k- k-
. ~ . . 1 0
Further, given the self-adjointness of 1, and equality A,,,(/, )=d, , for the
eigenvalues of the operator | finally get that

<A () ek k=120
Theorem is proved.

1.3 Separability of a operator and the completeness of its root vector
system

Definition. Let's call the operator L is separable if for ny elements ueD(L)
we have the following estimate

21
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H—‘ e~ —H?p(_l‘)u,\ﬁ +legUoul < c(Lul + )

here constant ¢ does not depend on the function u (x.y).

Theorem 1.3.1. Assume that i)-iii) be fulfilled. Then L. is separability.

AN

Proof. Fl:'ovm (1.1.7) and from the orthonormality of the system {1, in L
(-7,7)
D (LB =suplal” pLa 28| (13.0
: G | b

n= xl,£2,..., where p _ , o.=0,1, p(y) is any continuous function.

> 1

Since for all feL,(Q))

5

lp(DA L+ 2E)" £ = f_ PO+ 2E)
f,=(f,e™), - (1.3.2)
then
”p(y)lnla (, +iE)" f” <|lp( Dy (L+2E) 7.
Le. ~ h
locll @, & 2807 “ <|peipr a7 | . 133
n==+1,+2, ...

On the other hand we get by (1.3.2):

Il

loDtw+ 280" 1], Ssup |l i, + 2E) ’

—sup im.»-»nr"w+AE>"ilznfnz

Hence

‘p(_\f)D‘i./ (L+2E) '] <sup Hp(\ |, + 2E)"! ” (1.3.4)

tn

Inequalities (1.3.3) and (1.3.4) prove equality (1.3.1).
From equality (1.3.1), using Lemma 1.8, we obtain

(1.3.5)

E!p('\;)D'{:(L-F)LE)“]E}.) <C()L ’)lll' §0/ ni

Yo 22

9
(8



If we have p(y) = p(v). p(y) = qLy), then according to (1.3.3) we obtain

[jp('\‘)Di(I.,+/‘.E)” <9up\up p yirg ([ +/E)

%iq(_l‘)(L+ZE)iii <qupsup\(/(1 o (I +/E)" }

1

The boundedness of the last inequalities follows from Lemma 1.9, i.e.

’117(/(.\')D\(L+ZE)EEE <o, qu WL+AE) 1 <y (1.3.6)

Using these inequalities, we obtain the inequality

Ei— s(v) uo—u |l " (L+AEYu—p(iu —q(\)u—/m!
Li(L-{—)L “L: Np()«)u\“:+|{q(_1»)u}|:+!{Zu“:<|[(L +/E)u“

+p(ID(L+2E) (L+2E ] +[qlr) L+2E) '(L+AE ] +

L+ 2B L+ 2B <
< c”(L + /IE)UH2 ,oc=c(py, (1 A).
It follows that

s —u | +Hp(_1f)u\ii: +Hq(,1’)lli|2 << C(,U‘,a/"j-)(HL”H: o] )-

Vi

N
Theorem 1.3.1 is proved.

Theorem 1.3.2. Assume that 1)-iii) be fulfilled and c‘l(y)eL(R). Then root
vectors of the resolvent operator (4.1.1) complete in L, (€2).
Proof. Eigenfunctions of the problem

Lu=—-s(yu, —u,+ p(_\‘)u'\. +q(v)u=Au, (1.3.7)
u(—a,v)y=u(m,v), u (=z.v)=u (7,)) (1.3.8)

we are looking for a

ll(,\‘, y) = Z ", (,1")8[”"' .

n=-7

Then regarding function u,(y) we get the spectral problem

"

s ()OS +inp () + g, (V) = A, (). (1.3.9)

1"
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From Theorem 5.2.2 we obtain that the root operator vectors (1.3.9) are complete
in L, (R). Consequently. the root functions of the problem (1.3.7) - (1.3.8.) The

corresponding eigenvalues 7., will be functiocns  w«, (v)e™. Obviously, the
system 4 u,, | will be complete in L, (Q).

Example. Assuming that p(y)=c¢' . q(y)=[s{" +1.
Then, according to Theorem 1.3.1 the operator L separable, ie. the
estimate

2 'l'
e,

+H(I‘V'2 + I)UH < C(HLH

B

X +|ue

= s, —uvwfi‘f’ +

2).-

holds. where the constant ¢ does not depend on the element u(x.y).

Further, it is easy to verify that all the conditions of Theorem 1.3.2 are
satisfied, therefore, the root vector system of operator (L+XE)"' are complete in
L.(Q).

1.4 On separation conditions for an operator of mixed type
In this section, we investigate the role of the coefficients for separability of a
operator of mixed type in a non-compact region.
Consider a operator

L= =s(¥)ity, =1y, + p(ru, + g0 (1:4.1)

initially defined on C,;_(Q), where\s(y) is piecewise continuous and bounded
function in R=(-», +x) and s(0)=0, ys(y)>0 as y=0. Where C;.(2)-is a set

consisting of infinitely differentiable functions satisfying the conditions u(-
Ty)=u(m,y), u(-my)=u(m,y) and finite variable y, where

It is easy to show that operator L admits a closure and its closure is also

denoted by L. The domain of definition of an operator is denoted by D (L).
Definition. We say that operator L is separable if for all functions

u(x,y)eD(L) the estimate

1= s(y)uss = uyyll +Hlip(y)uxlFlg(y)ull< c(l[LullHull),

holds. where ¢>0 is a constant independent of u(x,y).
Here, and further by ||o||> denotes the norm of L.
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Theorem 1.4.1. Let the following conditions
i) ply) and c(y) are piecewise continuous functions on any compact in R,

Ip(y)[>6¢>0:
ii) g(v)< c,p (). forall yeR, ¢, >0 is a some fixed number:

iii) |y = sup Py <7, W= sup ﬁ‘—) <%

ez (1) ) st (1)
be fulfilled.: Then value v is finite, iff

infg(r)=c>—r. " (%)

where
| =sQ)u =, il

¥ = sup — - (142)
r=D(L) H L” “2 + H u “2

The necessity will be proved without the use of any auxiliary assertions.
Then, as for the proof of sufficiency, we need a number of auxiliary lemmas,
Consider the operator 1, (n=0, + I, +2, ...), defined by the equation

[ =-u"(y) + (n?s(y) + inp(y) + g(Vu(v) (1.4.3)

initially defined in C, (R) is the set of functions infinitely differentiable and finite

on R=(-%, +x), where s(y) is a piecewise continuous on any compact in R and
bounded in R, ys(y)>0 as y=0 and s(0)=0.

The operator (1.4.3) allows closure in Ly(R) and its closure will also be
denoted by 1, and further, referring to expression (1.4.3), we will keep in mind
this closure.

Denote by D(l,) the domain of the now-closed operator 1,, consisting of finite
functions, which, together with their derivatives up to the second order, belong to
La(R).

For the operator I, we have the following lemma.

Lemma 1.4.1. Let the conditions 1) and (*) be fulfilled. Then the operator
[,+2E continuously invertible as 2>0.
Lemma 1.4.2. Let the conditions i)-iii) and (*) be fulfilled. Then the inequlity

hp()')l/lla (/, + /'lE)"'H X < c()»)sqp”p(_ﬂlnla(pj(/,, +AE)™

‘ ?
2 1252

holds as 2>0, where the operator /, ; defined by equality

L, a0 =-u"(v) + (n°s(¥) + inp(y) + q(¥)u

2

N



and by boundary conditions
H(A _ ) = u(A - )= U

where A 1 A; are the left and the right ends of inteivals A =(j-1j+D: p(y)is a

continuous function in R; ¢(4) dependson 2. and v =0,1.
Lemma 1.4.3. Let the condmons of Lemma 1.4.2 be satisfied. Then

'a 1)|nl(/ + AE)” ]H <%

,’

ffC'(_v)(/,, + AE)_]H’ <>

Ny

Proof of lemmas 1.4.1. - 1.4.3 and The proof of the sufficiency of the main
theorem will be borrowed from [50] and for the completeness of the exposition is
presented here in a more compact form.

Proof of Lemma 1.4.1. Consider a scalar product

i<f/,,11+);11.—i1111>r!— jp(\ |1 |y —mj[lu 1P+ (7 s() g+ A) | ]d\J
v 1

where u(y) is an arbitrary function belonging to C; (R).
Hence, using the Cauchy-Bunyakovsky inequality it is easy to get

0+ 2B W], 2, ] (1.4.4)
In the same time for n=0, i.e. for /,u = —u"(y)+c(1)u(y) the estimate
(g +2 (1.4.5)
holds, where & =¢ + 4 = l\llt/;q(‘ )+ A >0.
Indeed, having considered the scalar product
(g + AE Y | = ffp(_v) | [Py —in T(qm + A |u i d.r‘l
due to the Cauchy-Bunyakovsky inequality we get (1.4.5).
Now from (1.4.4) and (1.4.5), we get
I/, L Z e+ D, (1.4.6)




. . ( 0‘“ o \
where cy=min | —=. -}
D b

Consider the operator /, . from Lemma 1.4.2.
As fulfilling the conditions i) and (*) the operator / +2.E has a continuous

inverse defined whole Z.(a ) for x>0 and for the inverse operator the inequalities

l‘(/“ it AE)” ”“‘)__,‘) ;—F‘z— (1.4.7)
d |

LT e (1.45)
v s A |

hold, where ¢>0 is a constant,
We prove these statements.
Integrating in parts, we get the inequality:

l, + 2

]3 201“““3

forall w(y)e DU, ), where ¢;>0 is a constant.
Now, if we show that the set of values of operators is everywhere dense in
L.(A,), it will be clear that operator /”.j +AE It has a continuous inverse for 2>0.
Assume the opposite. i.e. set of meanings R(/, ; +AE) not everywhere dense
in 7. ). Then there exists an element vel,(v=0) such that for all
we DU, +2L)
+/'1E)u =0 (1.4.9)

<u,(/ +/1E) v\—g(/

n.j n.j

holds, where (/, ; + AE )" is the adjoint operator to l,; +AE . which defined by the

equation

(, + 2EY 1=~ V() + (n7s(v) +inp(v) +q(v)+ ()

From (1.4.9) follows (l,,/ +AE) v=0 Because s(y), p(y) and q(y) bounded

and piecewise continuous functions on a segment A;, then the function (n s(y)-
inp(y)+q(y)+2.)vel.(4)) and therefore v' eLa(A)
Now integrating the expression in parts



g+l

-+ /1[5):;: Vs = J- u(v)- ¥ () + (112.,?(.1") —mp(v)+q(V)+ ) v () ]dv

n.j

O=<u, (/

7=l

and by virtue of arbitrariness usD(/, , + 2£ ),easily make sure that v(A;") =v(4; )=0
- Hence, by the method of integrating by parts, we obtain the inequality:

“(/M +IE) \” > v,

where ¢;>0.° . |
From this inequality to the force (/, ; + AE) v =0, it follows that D\; = ().

Thus, we come to a contradiction. which proves our statement.
It remains to prove inequalities (1.4.7) and (1.4.8)

For this we compose a scalar product <(/, ,+AE)u, u>, where ueD(/, ; + AE).
Integrating in parts and using the boundary conditions, we get:
[<(/,,+ AE)u, u>| = |

nJ

=\[lu Pdv+ [ n?s()+inp(r) + () +2) u Pldv].  (1.4.10)
BY)

A
Using the Cauchy-Bunyakovsky inequality and the condition i) we have:

. (1.4.11)

coll( 1, + AE)ull> > colnf* min [p(y)*|lu
N

From (1.4.10), using Cauchy inequality with >0, we get

L MBS > [l P g+ A= Sy L Py =0 [0 L Py
2e ’ 2 .

A A

Combining this inequality with inequality (1.4.11) we get the inequality:

n.j

(J_+QMU.+zEszjp/E+e{w+z—fnufy@+
2¢e 2 A 2
+ Inz(c‘, min | p(p)i* —s() | u? |)dy.
A '

From the last inequality, taking into account the condition (*), for sufficiently
large 2.>0, we get:
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VU, + 2Ew 2 i, (1.4.12)

~

1

where ¢(g) = ¢yt -7-
&
Inequality (1.4.12) and proves inequality (1.4.7).
From (1.4.10), by \utue of (1.4.12), inequality (1.4.8) follows easﬂy

Consider the operator K, defined by the equation

Kf=> 0, +2E0f. felLa(R),

where {@;{ is a a set of non- neoame functions belong to Cy"(R) such that
>, =1, supp ;A and U_\. =

It is easy to show that KfeD(l,). Now acting on the Kf operator (I,+21E) we

have:
(I, FAE)KE= £+ ; (Ij +LEY (p,f+7z (p, (1,],+xE ) oif .

J

Since f is arbitrary, it can be seen that equality is performed for any function
feL,(R). From inequalities (1.4.7), (1.4.8) it is easy to get the following estimate:
to, /1 !I<p A
24 %
I£]l + [ Z( || <

”(ln +}~E)I<ﬂl2 <

)
Based on the above reasoning and the inequality (1.4.6), we conclude that as

sufficiently large A>0, the operator 1,+AE has a continuous inverse in space L.(R)

Lemma 1.4.1. is proved.
Proof of Lemima 1.4.2. Let the conditions i)-iii) be fulfilled. Then by Lemma
1.4.1 and continuous reversibility I, /+AE for any function feC,"(R) the equality

(I +2.E) "= (1,+2.E) ' B,; £+ M, (1.4.13)

holds, where By, f=[E - 3 (L E)@j(l,+2E) '@f. Mas £ =D @il +AE) ' @/f

J J

For 2>0, we get:

2 f?,: (L +AE) s < ],/{ , (1.4.14)

!I(ln.j+)\ ”’ -32 < */1_ s

I
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Now the representation of the operator B,; and >’ (pjzsl nof-> (pj:f:O. for

B, we get:
Bn.},fz Z (.P (ln ,'*') E) (,D, f+ Z (p "1, ,'1 /x]:) (P,

If we now turn to the estimation of the operator norm B, ;. then due to the fact that ™~~~

Aj=[j-1. j+1] only functions o, @;, ©;-j-are not zero, we have:

)

‘3'] ,.L.]

1Byl <z j Slo, </,,,+AE> 0, f+’<0,—(/,,,+)E) ?, f]I

it il

Hence. given that (a+b+c) < 3(a +hP+e” ) and (at+b)’< 7(a +b7) it follows
that

—~(/,,, + AE)™ ”(p f

B.f I3 <24 ((l,, +AE)" H lo, 11 +
J

5
2

From the inequalities (1.4.14) and the last inequality, it is clear that if 2>0 is
large enough, then ||B,;|| <1. Then according to the well-known functional analysis
theorem the operator E-B,,; has a continuous inverse and for operator (l,+AE)™", by
(1.4.13) the equality

(ln"*'}\E)‘l = 1\/1I1.}. (E_Bn.}.)-]

N

holds. This shows that the operator p(y)|n|2(l,,+}\E)_I is bounded (or unbounded) -
together with the operator p(Y)In[*M,,, i.e. the inequality

|lp(}’)|n|2(ln+)"E)4”2 < C()M)HD(Y)IHIZMMIE .

holds, where o. = 0,1; p(y) is a continuous function.

From the last inequality and the definition of Mn, A, we get the Proof of
Lemma 1.4.2.
Proof of Lemma 1.4.3. For the operator (ln.j+7LE)'] the estimate

I(0uAE) o< 2,

o(¥;)
holds, where ¢( I¥;) = min q(y).

According to this inequality and Lemma 1.4.2. we have:
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lq(y) (1e=7.E) 2 < e(2) supllq(y)ey i +2E) 2 <

. (1
<¢(4) sup ) <.
raen C(f)

Similarly, we obtain the second inequality of Lemma 1.4.3 is proven.

Proof of the main theorem. .
il].\]

Necessity. Let u(x.y)eD(L). Since the system {e™} ' complete in L(Q).
then for u(x.y) fair decomposition in the sense of L,

-
U(X* y) = Z“” (},»)GIN\

==

It is not difficult to establish that

. > = 7 (1415
S I+ g I + 10 [ )

where u(y)eD(o). lhu=-u (v) + q(y)u(y).

Indeed, it is clear from the representation of the function u(x, y) as n=0. From
it. in particular, it follows that u(y)eD(lo)=D(L), from where by definition v,
follows (1.4.15).

Let the conditions i)-iii) hold, and the condition (*) not fulfilled and value y
is finite. N

. . T 7
Take a sequence of non-overlapping intervals A=[-5 + 7k, 1+/7k],
2

|J A=R, where k=0, +1. +2, ...

Let c(y) = —(k*+1) as yeA,. It is easy to check the condition iii) holds to the

function c(y). '
Consider the following sequence of functions:

_ T
simk(yv—y, —= ). upu yveq,
Zyyy 2 ;

I 0, npiy A,

where y is the average of the interval Ay .
Let
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Now for the function u(y)eD(ly) we will take a sequence of-functions o(y —
Yk)Zsy (yx 1s the middle). Then

—(a(y = ¥1)Zas))" QY)Y ~ Yi)Zyw = 0y — yi) sin k(y — yx = ; )=

~2ka!’ (y — yi)eosk(y = yi— % )0 (y-yi)sin k(y=yc =) (1.4.16)

u}q

—(o(y-yx)z \(\) = l\ a(y-vyi) sin k(y"Yk'—) _

- 2ka (y-yy) cos k(y - yk-i;) — o' (y-yx) sin k(y-yx —%) (1.4.17)
We estimate the norm:
| (oY - ¥i)Zgw)" T q(¥)oUy-yi) Zy |2 < ¢ + 2kex + ¢

| —(o(y-yk) Zyw)''|l2 2k ¢y — 2kea — ca,
where

cr= floy-yi) sin k(y - yi -2 )]s
cx=flor’ (y-yi) cos k(y - yi- )2

N
¢ = Jlo"(y - yi) sin k(y - yx -i:— 2

Here all norms are finite due to the fact that A, functions vanish, i.e. are compactly

supported.
Now by inequality (1.4.15) and the last mequalltv we get:

;
k~c, = 2kc, —c,

y > 5
¢, +2ke, +cy
Letting k tend to infinity we see that y—», which contladu,ts the finiteness of the
magnitude y.

Proof of sufficiency. Assume that i)-iii) and (¥) be fulfilled. Prove that y is

finite.
Consider the scalar product <(L+AE)u, u> and <(L+AE)u, u>, given the
conditions i) and (*), we get
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I(L+72.E)ull> > cllul|-, for all ueD(L)

where ¢>0 is a constant.
Due to the last inequality and Lemma 1.4.1.we get L+E is continuously
invertible as 2.>0 and:

(L+2.E)Y't= D (I, +')LE)“/;,0"”“'. (1.4.18)

n=—u%L
holds. for any feL.(Q2). '
From (1.4.18) and orthonormality of the system {e™} -, in Li(-mT. 7) easy to.
follow

IP(Y)D & (L+2E) " [l22 < sup [Ip(0)m[“(/ v+ 2E) 2o
Vi

C . . .
where D(\’j=-;(7, n=+1,+2 .; p(y) is a continuous in R.
XA

From here and from Lemma 1.4.2 we get

IP()D § (LH2E) 2oy < e(1) sup sup p(x)nl* @ (/o AE) [z
W
Now, if p(y)=p(y). p(y)=q(y) then according to the last inequality and Lemma
1.4.3 there is an inequality

IP(Y)D (L+AE) [lamsg < %0 lq(yLAAE) 22 < 2
Using the last inequality, we obtain the inequality

| = S(¥)uex— Uyl = [(LFAE)U = p(y)u, — q(y)u - Aufl <
< MLAAE)ll2 + [Ip(y)usll2 + lg(y)ulls + [[Aull <
< [(L+AE)ull2 + [Ip(y) D((L+XEY (L+AE)ulls +
+H|q(yLAXE) (LHALE )|l + [ LAAE) (L+AE)ul}2 < <c[(L+AE)ulf2,

where ¢>0 is a constant.

It follows that || — s(y)us — Uyl < c|(L+AE)ully for any ueD(L). It means that
v < o, which was required to prove.
Theorem is proved.

1.5 Two-sides estimates of s-numbers (eigenvalues according to
Schmidt) and eigenvalues of the resolvent of a mixed-type operator

This section is devoted to the study of the spectral properties of operators

(1.1.1). Non-zero s-numbers (Schmidt eigenvalues) of the resolvent of operator
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(1.1.1) will be numbered in the order of their decreasing taking into account their

multiplicities.
We introduce the following function N(/4)= Zl quantity of s, greater
5 >/
than 7.>0.

~ Theorem 1.5.1. Assume that i)-iii) be fulfilled. Then the inequality
¢! S 27 Pmes(ye Rz 'n:(s(_r)+ g)+inp(v) +Ecj(}')l <c'iT 2) <

_<_ N(A)<c Z/l—lllleS(J’ ER: inzs(.\‘) +inp(yv)+ q(}*)‘ <e), (1.5.1)

n=-—17

holds, where c=c(Lt;,Ltg), Co = Co(LL1-Lo,E).

On the basis of this theorem, we can obtain some important properties of the
eigenvalues of the operator (1.1.1), i.e. fair next theorem

Theorem 1.5.2. Let the conditions 1) and (1.1.8) be fulfilled. Then:

a) there exists a sequence of positive eigenvalues of the operator's resolution
(1.1.1);

b) Let in addition to the conditions i), (1.1.8) the condition iii) be fulfilled.
Then for the distribution functions of this sequence, the following two-sided
estimate is valid

c'A  imes(veR:ig(y)Sce ' AT )SN(A) S

<cld imes(ve Rig(y)<cl'?), (1.5.2)

where c=c(p); .
¢) if &, is the upper bound of the spectrum of this sequence, then the estimate

)

-] -2 -
c'0T <A LesT

holds with the constant c=c(pt).

C o | T
Proof of Theorem 1.1. It is known that {—=¢™ } __, is the complete
NTT
orthonormal eigenvector system of the next operator

Au=-u >
u(=my=u(z)u (~7)=u (x)

Any element f(x,y)eLa(Q2) can be written as follows

f(\', _V) = Z f” (.v)ein,\‘ ” .f,, (”) _ (.f-(x,y),eim’)

n=—1r
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From Lemma 3.3.1 it {ollows that

U= e

H=-7

From this and the definition of the adjoint operatora we have: .

/— Z(/n ) /n(‘ A

H==r

Now it is not difficult to determine the following action.

(L L = A (e (1.5.3)

n=-=1r7.

From (1.5.3) it follows that if X belongs to the spectrum of (Ly* L', then A is
the point of the spectrum of one of the operators (1:') * 1;' and vice versa if X is

the point of the spectrum of one of the operators (1;')*1:', then J is the

spectrum point of the operator (Ly* L
From here and from Theorem 5.3.1, the proof of Theorem 1.1 follows easily.

Proof of Theorem 1.5.2. The eigenfunctions of the operator (1.1.1) we are

inx

looking fora u(x,y)= > u, (v)e™ . Then, with respect to the function u (y), we

n=-—1v.

obtain the Sturm-Liouville spectral problem
—u! (V) + (17 s(y) +inp(y) + g, () = Aut, () (1.5.4)

It is known that as conditions i) and (1.1.8) are met in the case of n = 0, the
operator (1.5.4) has positive eigenvalues. Further, repeating the arguments of the
proofs of Theorem 1.5.1, we obtain the Proof of Theorem 1.5.2.

Cono]laly L et the conditions of Theorem 1.5.2 be satisfied. Then fair inclusion

(A A > ;cp(L ) is a resolvent set of operators L', where §=min{s,.5,},

c=c{u,0,.0,}.

Remark. As far as we know, similar resolvents about estimates of singular
numbers (eigenvalues by Schmidt) of the resolvent of a mixed-type operator have
not previously appeared in other papers.



D i R

1.6 Spectrum estimates of one class of operators of mixed type in an

unbounded domain
Consider the mixed tvpe operator

Lu=—=s(ty =t + pOdu, + gV (1.6.1)

where s(y) is a piecewise continuous tunctlon on a segment [-1,1] and ys(y)>0 as

vz0. k(0)=0 (as y=0).
Initially define operator on C;.(Q) is a set consisting of infinitely

differentiable functions satisfying the conditions:

u(—z. vy =ul(a, vu (=, v)=u (7.1)

and finite to variable y, where Q = {(.\', V)i—r<x<m-l<v<l]

Note that operator L admits a closure, and we also denote it by L
Let us introduce a number of necessary notation and definitions, which we will

need in the future.
Let the function u(x, v) e L.(Q) . Then the following decomposition hold

s
u(x, v)= Zu,,()‘)e”"‘" .

H=—17s

Definition. Fractional derivative D« by x order 020 of function (X, y)

let's call the expression [30]:
N

iza ima
- & - kbt )| -
Diu=e > > n“u,(v)e™ +e¢ ? Z"’la”/,(.l’)elll'\-

n=0 n=-=

Here equality is understood in the metric in L, (Q).

Formulation of the main results

Theorem 1.6.1. Let the condition:
1) |1)(\ |20, >0,q())20 >0is a continuous functions on the segment [

1,1]
be fulfilled. Then:
) the operator (L +AE)is continuously invertible as A>0;

b) the operators r( 1,-)D'\.(L+AE)",r(y)D.‘.(L+/1E)”' is bounded in LZ(Q);

g a , : :
here D =— D_ ; 1(y) is a continuous function on the segment [-1,1].

(\ (\

¢) the operator r(,\‘)[)’\’ (L + AE)"! is a completely continuous if 0<a<1.
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Theorem 1.6.2. Let the conditions of Theotem 1.6.1 be satisfied. Then for
eigenvalues according to Schmidt the following estimate holds

<5, <c¢c

¢! l
PIaRL
where ¢>0 does not depend on k.
Theorem 1.6.3. Assume that 1) is fulfilled. Then:
a) the spectrum o(L ') is a discrete;

6) for any non-zero 2 e o(L™") the following estihﬁate holds:

Ai<c =12,

[ 2
k

where the positive constant c>0 does not depend on k.
Recall that Gp denotes the set of all completely continuous operators such that

ll) _ = I, - N
G,’ —IZ—ISI‘ (¢’1) < p
where sx(A) is a Schmidt eigenvalues of a completely continuous operator A.
In the following theorem, assertion is made about as the membership of the
resolvent of the operator (1) to the class oy,
Theorem 1.6.4. Assume that i) is fulfilled. Then the resolvent of L belong to

Gp. if p>2.

14

Auxiliary lemmas and inequalities
Lemma 1.6.1. Assume that 1) is fulfilled. Then L+AE is continuously
invertible as 2>0 and the estimate '

(L+AE)" f= YZ(/” +AE) o™ (1.6.2)

n=-—=x

holds in £,(Q), where (/, + AE)™'- inverse operator to the closed operator (/, + AE)
determined by equality

(/, + AEu =—u"(y)+ (n7s(v)y) +inp(y)+q(y) + Al y) (1.6.3)

initially on '/ (-L1).
A proof of this lemma can be found in the paper [12].
Lemma 1.6.2. Let (/ +2F) defined by equality (1.6.3) on C/(-LD

(n=0+1+2...) and suppose that i) is fulfilled. Then the estimate
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(o, + MEYT < B
i ;2 ] /"1 -
holds, where ¢>0 is a constant independent of n.
Proof. For anv u(1 T(=LD
\(/ + ZE —Hu[ +(n- 3(1)+1np(1)+q +/)111 ]z (1.6.4)

-1

holds. From here and considering the condition i) we find:

1

Jlﬂp(\ )'u‘ dy
|

-1

‘ (/, + AE)u,u 1> —1”!001’“H

Now using the Cauchy — Bunyakovsky inequality, we get

W, + 2E)ul, 2|1y, (1.6.5)

From (1.6.4) and the Cauchy inequality with € = 1 it follows that

1
—2—H(/,, + A

! 1

> J.ﬁl{"' + (q(y) + /Ju)lll’~ }’y — "-”3 ‘S(y)“u‘- dy )

-1 -1
N

Using the condition i) and the fact that A> 0, we obtain

1
Hu’ +(q() + 2| ]ﬂ’ n‘,s(\)ﬂub dv. (1.6.6)

l

l\)l-—-

L)
- _.

—”(/ + ZE)uij’

Combining (1.6.5) and (1.6.6) finally we have
2|t + AE Y, 2 Al

The last incquality implies the assertion of Lemma 1.6.2.
Lemma 1.6.3. Let the conditions of Lemma 1.6.2 be satisfied. Then the

estimate
1

I ') ”-—-+l,i2, . (167)
IR RS

lt, + 260!

holds. The proof of L.emma 1.6.3 follows from inequality (1.6.5).
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Lemma 1.6.4. Suppose that i) is fulfilled. Then the estimate

y [?
w2y
,dl

<c

- K

252

holds, where ¢>0 any constant:

Proof. Due to condition 1) and 1nequa[1t1es (1 6 3) and (1.6.6), we obtain that

C||(/ + /IE)u; “
where ¢>0 does not depend on u and n.
Hence
] L+ 2 f
“— 1, + 2E)™ i = sup ! 7 = =
([y 1259 Tear (-1 ”.f“:
o]

= S . -
lIED(L[f,]:?Ff.E) “(/u + AE)ZI“}

Lemma is proved.
We now turn to the direct proof of the main theorems of this section..

Proof of Theorem 1.6.1.
Proof of a) the Theorem 1.6.1 immediately follows from the lemma 1.6.1.
We prove part b) of Theorem 1.6.1. By virtue of a) and Lemma 1.6.3 we have

2

\ s
"(,.V) Ziﬂ(l” + /lE)_I ) nein.\'

n=—~7r

(D, (L +2E)" 1, =

2

i I,(\ yin(l, + AE)™ f,e™ 17 < max ()] Z n l(/,, +lE)_]1|z‘

. = ve[-1,1] o

DA llfil

II"‘—f

|7 “ <c, sup|nl H(/“ + 1)

Hence

“r'(;y)D.\_ (L + AEY™ “2_)2 < —;—"O— <w,

Next, calculate the norm:
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1
i
i
1
s

. Lo

02

H/'(.\')D;_(L-:—/‘.E)*lfj{f= Z ,‘/U o (/, + L) ]",,(’\')‘E
! : 2 dv i

s N ['2 , .; J \‘ | ;
< max (] + JE < I ] 1§ R
L[m;py;;(h( ).ﬂ“ C“Z:M\U + E) B mer

{
2 n=-—s 1

From here. by Lemma 1.6.4, we get that
(D, AL+2EY <e<m.

[tem b) of Theorem 1.6.1 is proved..
Using the operator view and the definition of the fractional derivative, we
obtain that
iza .
FDIL+2E) f=r(x)e 2 3 n"(L, + AE)™ £, (1)e™ +
n=(}
—iTu

+ (1) Z|n| ([, + AE)Y™" £, (3)e™

n=-=

From Lemma 1.6.1 it follows that (/,+/E) has a continuous reverse
operator (/,+2E)", and from Lemma 1.6.4 it is clear that the domain of

(/, +E )" belong to 1}(-L1) for any n. Then, from the well-known theorems of

the Sobolev space (see namer [21]), it follows that operator r(y)(/, + AE)™" is
completely continuous for each n and*as this holds the inequality

‘”’a
<

252 ,/7’

- O a<l (1.6.8)

0, + 2E) 1

The last inequality follows from Lemma 1.6.3.

Since for each n the operator r(y)]nl” (/, + AE)™" completely continuous from
L, to Ly, then from the well-known theorems for completely continuous operators
(see [1]), it follows that operator r(y)Df (L + AE)™" is completely continuous if

(= 1im g = lim

n—7 nor

Pl 4, + 2B =0

2

From (1.6.8) it can be seen that u—0, as n—o. Completely continuity of the
operator r(v)D“(L + AE) " is proved. Theorem 1.6.1 is proved.

For further discussion, we need some important estimates and inclusions.
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Then the following I_emma takes place.
Lemma 1.6.5. Let condition i) is fulfilled. Then the followi mfr inclusions are

valid

where ¢>0 is a constant independent of u(x, y).
Proof. Let u(x.1) < ‘\7‘ .. Then

'l[,ui[f +!]u{§ = “— s =+ p(y)zt_\_ + q(y)u”i +Hu‘|i <
< ”— s(vu ., i + : i, |

= C(!!”A\:\" ; + 1 ”,\')', 5 | ) < C(Hl( ” +H”.\1\“ ;

+||11 +[~ut] )<ce-c b<,

where ¢ = max /\

It follows that
M. cM.

Let ueM. Then by virtue of point b) of Theorem 1.6.1 we have:

) < C(HLZIHE + Hu”; )<,

2
u, +
S 2

.
i.e.
McM,
Lemma is proved.

Lemma 1.6.1. Let condition i) is fulfilled. Then the estimate

,__l: ~~ L
cd, <sp, Sedp k=12,

41
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holds. where ¢>0 any constant. s, , are singular numbers of operators L': d,.d,

are widths of corresponding sets V.\7 .
Proof. It follows from Lemma 1.6.5 and the properties of the diameters that

A.C:j}f{k;:; ({L < C({k

Hence. given the equality s, , =d, (second definition of s-numbers) we obtain

the proof of Lemma 1.6.1. , .
We introduce the following ﬁmctlon N(2) = Zl Is a quantity of «, greater than

-

2.>0.
Lemma 1.6.7. Let the condition of Lemma 1.6.3 be satistied. Then the estimate

NeA) < N() < N(e™' 2) (1.6.9)

holds, where N(4) = ZI,N(A ZI N(A)_ Z]

S/ml>/.' ‘ll >/ (l; >4

Proof. Using Lemma 1.6.6 we find:

N()= 1< Y= Zl =N(c™'%)

Spa1>4 U/L >/ (/; s

Nie2)= Y= Yis< YI=N)

(IA\(/ N (// >4 Ry I\/

Similarly

Where we finally come to inequality (1.6.9). Lemma proven.
We now turn to the proof of Theorem 1.6.2 and 1.6.3.

Proof of Theorem 1.6.2.
For the function /V()L Zl N(/{) = Zl the estimates

dy>2 dy>2
AN Sl (1.6.10)
'A< N(A) e, | (1.6.11)

hold, where ¢ does not depend on A>0.
Let 2=d,, Then N(d,)=k and from (1.6.10) it follows that

- ] -2
c'd7 <k <cd[”.
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- ety
=20 e,

[

|

Hence

Same way we have:

Now, using Lemma 1.6.6. we obtain that

1 :
C‘|/l<S,lSC/ Fh=12. (1.6.12)

127

Theorem 1.6.2 is proved.

Proof of Theorem 1.6.3.
For completely uninterrupted operators, Weil's inequality holds true [9]:

k
i ()< Is,(A), k=12, (1.6.13)

/II

where A is a completely continuous operator, Z,(4)are the eigenvalues numbered

in order of non-increasing absolute values, s,(.4) are the non-increasing singular
numbers.

From (1.6.12) and (1.6.13) it follows that

k- k _—
| k .
L <Ol s, <t 2
J=r J=

Next, using the inequality ¢*k!> k" (k =1.2.... ) we get

ok

2 : [ : -

Hence finally we have:

|
’/lk|_<_ck 2 k=12,...
Theorem 1.6.3 is proved.

Proof reopemer 1.6.4. The proof of the assertion of Theorem 1.6.4
immediately follows from Theorems 1.6.1-1.6.2.
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2 ON THE EXISTENCE OF RESOLVENTS OF A SECOND ORDER
OF A SECOND ORDER WITH A COMPLEX POTENTIAL WHEN THE
CURRENT PART OF CAPACITY CONTAINS A PARAMETER A
CHANGING SIGN

2.1 A priori and coercive estimates for a second-order differential
operator with complex coefficient (case on a finite interval) =~
Consider the operator

(/71,_,_;,+/1[)111:——11"+( s(v)? +it(a(v)+y)+e(v) +))z (2.1

defined on the set C2(a,) of twice continuously differentiable functions satisfying
the conditions: u(i—1)=u(i+1)=0, where i—1 and i+1 are respectively the right
and left endpoints of the interval A, = (i-1. i +1). i e Z, the sign of the real number
v coincides with the sign of the function «(y), ¢ is the parameter (-= <7< x),
s(v) is a piecewise continuous and bounded function that changes sign in
R(R=(-=.%)), i" ==1, a(v), ¢(v) are continuous functions in R, A >0. In what
follows we denote A;. A, respectively the right and left endpoints of the interval
A

It is not difficult to verify that the operator m,; , + A/ admits a closure in

L,(a,). We also denote the closure of this operator by 1, ; , + A1 .

Remark. The real number y plays an auxiliary character.
In what follows we assume that the coefficients a(1) and c(y) (v € R) satisty

the condition: N
a) la(y}z 0, >0. ¢(y)=d >0 are the continuous functions in R (R =(-»,»)).

In this subsection the following assertions are proved:
Lemma 2.1 (a priori estimate). Suppose that condition @) holds. Then the

estimate in L,(A,)
’l(’”l.i.;f + ll)””g 2

holds for all « D(L,.,_, ) as x>0, where ¢(5.5,)> 0is a constant number.

(2.2)

[emma 2.2. Suppose that condition a) holds. Then the operator /,; . + A/ is

continuously invertible in £.(a) asA 20.

Lemma 2.3. (coercive estimates). Suppose that condmon a) holds. Then the
following estimates

(2.3)
(2.4)

c ”(m,.,.‘} + Al )11“
c-“(m, +/U)z ” é+/l)l4
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\ N T T e wa i N By sy W -
c-;?(m,_,._l., —i—/JM2 2 c"(?l( ' +§NC(}')+ /. uﬁiz +‘%\,;fl(a(y)-f—';/g)ui;’ ) (2.5)
hold for all « < D(/,J_: ), where ¢>0 is a constant number (different in different

places).
The proot of these assertions can be found in [1-3].

2.2 Spectral and dviffé}i:éﬁ“t'iaflfpn?opel'ties of the resolvent of a second-
order local differential operator with complex coefficient, when the real part --
of the coefficient contains a parameter that changes sign (the case on a finite

interval)

properties of the following operator:
Operator |

(m,.,.,;, + Al )u =—y"+ (— S(y)t3 + iz‘(a(y) + )/) + c(y) + )L}I (2.6)

.

defined on the set C; (Z,) of twice continuously differentiable functions satisfying
the conditions: u(i—1)=u(i+1)=0, where, i—1,i+1 the right and left ends of the
interval A =(i—1. i+1). ie Z, respectively, 7 is a parameter (-« <7< x), 9(1) is a
piecewise-continuous and bounded function that changes the sign in R, a(y), <(1)

are continuous functionsin R, i*=-1,420.
When 7 =0 the operator /. + 4/ is a Sturm-Liouville operator

(nzo.,. + /1[)_12 =—v"+(c(v)+ )y, ve D(/O',- )
N

As is known, in this case the elements from the domain of the Sturm-
Liouville operator belong to the space 17 (A,) (closed operator), where 17.7(a,) is
the Sobolev space. The operator itself is semibounded and the spectrum is discrete,
nonnegative.

For the operator (2.6), for example, in the case s(v)=1, -t - - as
==,

Hence we see that the operator is not semibounded for 7 = 0. Consequently, a
comparison of the properties of a given operator for =0, with similar results,
related to the Sturm-Liouville operator for =0 and its various generalizations
show that the operator m,; , + Al differs significantly from the Sturm-Liouville
operator (for 1 =0).

Its main distinguish is non-semiboundness.

Lemma 2.4. (differential properties). Let condition a) and A >0. Then for

all ue D(m,; ) we have the estimate

In this subsection we have been studying the spectral and differential




[ . . I

o\, + A1 )'1‘ 20+
Evidence. Lemma 2.4 is proved in exactly the same way as Lemmas 2.3-2.4.
Further. we established bilateral estimates for the s-numbers (singular
numbers) for the resolvent of the operator m1,; . + Al . As is known, the properties

" of s-numbers play an important role in the construction of a general theory of

symmetricallv-normed ideals of completely continuous operators, and also in the
investigation of asymptotic properties of spectra in other problems.
~Definition 2.2. [38] Let A be a completely continuous operator. Then the

eigenvalues of the operator (‘-{”,4)': are called the s-numbers of the operator A
(Schmidt eigenvalues). - .

We shall s-number the non-zero numbers in the order of their decrease,
taking into account their multiplicity so that

We give another equivalent detinition of s-numbers. But first we give a
definition of the notion of k-widths of Kolmogorov and their properties.
Let be M a centrally symmetric subset of a (A is a hilbert space),
Le. M ==M.
The value
d, =infsupintu—vj . k=0.12...

Wl ey VEN

are called k-widths of Kolmogorov of the set A7, where y, is a subspace of
dimension k.

Widths have the following properties:
1)d,2d, z2d.>....
2y d,(11)<d, (A1), T At k=12,
3) d, (nM )=nd, (M ). n>0. nM =" =nv.xe M 1.

The following statement allows us to give the second equivalent definition
of s-numbers. A

Proposition 2.2. [38]. Let A be some completely continuous operator. Then
5,.,(4) (k=1.2...) coincide with the k-widths of Kolmogorov of the set M =4S,

N

onto which the operator A maps the S={ve H:|q <1}.

In many cases this definition is more convenient than the original one.
Main results of this section.
Lemma 2.5. (at e R). Suppose that condition @) holds. Then we have the

estimate
A 2mes(_1' €A, :0, (v)< c"/l")s N(2)<e 'mes(y €A, : K,"’yz(y)s c[')

e
Where 0, (v)=|i" + i/a(y)+c(y){, K, =(a(y) +c(¥)) ¢ >0 is a constant, N(4)=D 1 is

A

the number of s, greater than A>0 large, s, is the singular numbers of the
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-1
operator /11, ; ...
Lemma 2.6. Let condition a) be satisfied and ¢ =0. Then:

-1 ). . -1 . | .
1) the spectium O (m,_,r_‘.,) is a discrete set, where G (lll,j_.,) is the spectrum ot
the operator /,’.,'.; :

e e e - Aq . / _1 . . . e e
2) forany 0# /4 € 0(177,.,;.,) the following estimate holds

|A,‘|5c—l.-. k=12.....

.o \
where ¢ >0 is a constant independent of .
Lemmas 2.5 and 2.6 are proved in exactly the same way as Lemmas 4 and 3

of [39].

2.3 Weighted spaces and their approximative properties

Here we studied the spectral properties of a second-order two-term
differential operator with a complex coefficient (potential) when the real part of the
coefficient contains a parameter that changes sign:

(m, + A =-u"(v)+ (=s(y)e? +ita(y)+c(v)+ u(y),
2.7)

with domain D(m,) , where D(m,) is the set of infinitely differentiable and finite
functions, s(y) is a piecewise-continuous bounded function in R (R=-x.+x)),
220, —£<I<+%,

As is well known. the spect\ral properties of the operator (the Sturm-
Liouville operator) myu =—u"(y)+c(x)u(y), u € D(L,) strongly depend on the
behavior of ¢(x) at infinity for ¢ = 0. In this case, the spectral characteristics of the
above operator are sufficiently well studied in [16-37].

This section is devoted to the study of embeddings of spaces with weight:
2 ] - . . ’ . .
Ly (R, O, (3). Ly(R.K (V) , which are obtained by completion with respect to

norms:
1

1. 0, (J’)illlz)d’_\’)- s
)

b
‘o _ "
4?““1@(/(.(_),1 v) _[ j(l“
-7

v

“““L';(R,K,t,vn - N“Il: +K, ("")‘”tz)d‘v

-7

, K, (") =la(y)+c(y) are called weight

where  Q, (V) =i!2 +ita(y) +c(y)

functions.
Here we give some results on compactness and on estimates of the widths of
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the embedding operators of spaces:
Ly(RQ () T (R

1
Ly(R.K (¥) < LR

Definition 2.3. Let B, and B, be are Banach spaces. We say that it-is~B

invested in B . 1f =
1) B, is conlamed in B, asa hneal subset;

2) there exists a constant ¢ > 0 such that

- 0ol
ey < cw}mf,, for anyone u € B,.
| 2N ' o0y ‘

To emphasize this, write 8, =_ B,.
then the identity operator £ acting from B, to B, is called the

If B < B
imbedding operator.

They say that B, it is embedded (embedded) in B, bounded or completely
continuous if the corresponding imbedding operator is bounded or completely

continuous.
We define functions Q,, K, as in [28-29]:
0, (y)= ipﬁ{a’" ' J-O(r)a’r
. b
K, (y)=inf{d” I_A(r )dt},
AN

5

Theorem 2.1. Suppose that condition i) is satisfied. Then the embedding

operator L, (R- K, () =, L, (R) is compact if and only if
K (v)— % as if— =,

Theorem 2.2. Supposc that condition i) is satisfied. Then the embedding

‘ operator L2 (R-Q, () < L, (R) i compact if and only if
0"(1*) — % as [y > =~
). Repeating the calculations and arguments

Proofs of Theorems 2.1 and 2
used in [28-29], we obtain the proofs of the above theorems
The theorems given here can be formulated in terms of coefficients. To this

end, we prove the following lemma.
Suppose, without loss of generality, that the coefficients a(y), c(v) satisfy

the following conditions:
48




are continuous functions in X;

i) a(y) 2zl c(y) 21
c(v) al(v)
ii)yc,=sup ——~<=%, ¢ = sup <%,
nie(T) 1 a(t)

~ Lemma 2.7. Suppose that conditions i) -ii) are satisfied. Then

1o N
(2.8)

¢ K,5 (v) < K,* (Y)< 2K (),

~ where ¢ >0 is a constant number.
Evidence. Let d, = 1{';-'(\ ), then the following equality holds:

)
d'= [K,(n)dr. (2.9)

.l.

The last equality follows from the definition of the function K (v). Further
I. therefore, taking into account the last

to condition /) K, (y)2

inequality, we have:
d
Riaaie

-l
d ~=

according

From this it is not difficult to verify that d <1. Consequently, by virtue of

condition i) -ii), on the interval d <1 the following inequality holds

K, (¥) l/(1(1 |+ c(v) }fa()')i c(v)
sup — = sup e < SUp =+ SUP o — <
e K () ra |fa(r)'+c(r) wratfta(o)f + (@) e silta(n)| + (1)

- 1_-pq |m(r)} vt ’| C(Z’) vl la(f)| v—r <1 C(T) . a

In proving inequality (2.10), condition /) was taken into account
Now taking into account conditions i) -if) from (2.10), we find that
K)o 190 e
su

LK (D r\l ](1(2-)| ~-r <l C(T)

Su
r(lK (T)
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< sup aty) + sup o) eyt <e<” (2.11)
veral a{T) -z 21 €(T) .

Here we also took into account, according to condition /i), that the function
a(v) does not change sign in.

From inequality (2.11) we obtain that
K (1)
K (1)

¢

' < <conpu [y-1 <l | (2.12)

Further, from (2.9), by virtue of inequality (2.12). we [ind that
o !

d;' >c”! J.-K,(}f)dr =c"1\’[(.1‘)d.\.
d

v——

5

Hence we obtain that
d?zc”'K,(1).

From the last inequality we have the following inequality
L

d;' > C_EK,S(}‘).
Thus, we obtain the left-hand side of (2.8).

To obtain the right-hand side of (2.8), we proceed analogously. Indeed,

using (2.9) and using (2.12), we obtain that
d

v

d;' <e [K,(0)dr <K, (v)d,
d

Hence we have

or

Thus, the right-hand side of (2.8) is proved. Lemma 2.7 is completely proved.
[.emma 2.8. Suppose that conditions /) -ii) are satisfied. Then

¢ 'O (1) S0 (1) <O (), (2.13)
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where ¢ >0 is a constant number.
Theorem 2.3. Suppose that conditions i) -ii) are satisfied.. Then the

I .
embedding operator L (R»K () SN L (R) s compact if and only if
K()—»vasH—> (=X << A%,
Theorem 2.4. Suppose that conditions i) -ii) are satisfied. Then thei

.‘

embedding operator L (RO () e LR s compact if and only if
0(1)—>ooasH—> L (—r<r<+%),

The proofs of Theorems 2.3 and 2.4 follow from Lemmas 2.7 and 2 8 and
also from Theorems 2.1 and 2.2,

Definition 2.4. Let M be a centrally symmetric Subset of the Hilbert space H;
M = -M. Then the quant1t1es

d, = c=0,1.2,...

k
el gz VEN

are called k-width of Kolmogorov widths of the set M, where , is a subspace of
dimension k.

Definition 2.5. k-width of Kolmogorov of the embedding B, < B, is

called k-width of Kolmogorov of the unit sphere of B, in B, .
We introduce the following function: N(A)= Zl is the number of d, k-

d, >

width of the embedding, greater than 7 >0 which is called the distribution

function (counting function) of the widths of the embedding B < B,

k-width are restored by their "counting" function by means of formula
d, =mf{A>0: N(AN) <k}, V>0

It follows from the last formula that instead of estimating «, it suffices to

deal with the estimation of their distribution function. .
Let N(») be the distribution function of the widths of the embedding

i
L2 (R. K: (1)) SN L, (R)

Then the following theorem holds.
Theorem 2.5. Suppose that conditions i) -ii) are satisfied. Then the estimates

b S
e "2 mes(y e R KA (v) < AN <N < cAmes(yeR: K2(y)< cA™),

hold, where ¢ >0 is a constant number.
Evidence. The proof of Theorem 2.5 follows from Lemmas 2.7 and 2.8, and

Theorem 2.3.
Proceeding in a completely analogous way, one can obtain an estimate for
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the distribution function of the widths of the embedding
L(R.Q (") = L,(R),

Theorem 2.6. Suppose that conditions i) -/i) are satisfied. Then the estimates
A -
¢ mes(yeR: Q0 (VS "W )S NSk mes(veR: 0, (¥) < ),

--~hold, where ¢ >0 is a constant number, T

LR e

52



3 SPECTRAL PROPERTIES OF ONE CLASS OF SINGULAR
DIFFERENTIAL OPERATORS OF A MIXED TYPE

3.1 On the existence of a bounded inverse operator of a singular
operator of mixed type and the discreteness of the spectrum

Singular~ differential operators, for example, operators defined in an
unbounded domain can. in general, not only have a discrete but also a continuous
spectrum. In this connection, the expansion of an arbitrary function into a series in
terms of their eigenfunctions becomes impossible in the general case. Therefore,
for this reason. the most important question of spectral theory in the study of the
spectrum, depending on the behavior of the coefticients, in the case of an
unbounded region, is the sign of the discreteness ot the spectrum.

The spectral characteristics of singular differential operators of elliptic type
have been fairly well studied and the typical difficulties encountered in connection
with the poor behavior of the coefficients are elucidated. An extensive literature is
devoted to their study, we mention papers [16-37].

A review of the literature shows that such questions as: 1) the existence and
compactness of the resolvent; 2) the discreteness of the spectrum of differential
operators of mixed type given in an unbounded domain is not sufficiently studied.

We note that a systematic study of spectral questions, depending on the
boundary conditions and the geometry of the domain in the case of a bounded
domain for operators of mixed type, has been started [8-10].

We consider a differential operator of mixed type in £,(€2)

Myu=s(yhu, —u, + a(.y)u'\. +C(y)u
with a domain C,/.(Q). which consist of infinitely differentiable functions that

satisfy the conditions (-~ Tiv)= uI/T;y), U, (— Y )1‘):1(.\4(7[;}1) and are finite

belong to -, where Q= {(\ y):-rf Sx<a.—w<y< ao} s(y) is a piecewise-

continuous and bounded function in R = (=7%.+%) u 5(0)=0, ys(y) >0 for y=0.
In what follows we assume that the coefficients satisfy condition

i) la(3) 28, >0, ¢(v)=0 > 0are continuous functions in R = (— o).
It is not difficult to verify that the operator M in L,(Q) admits a closure,

which we denote by M .
The main results of this paper are the following theorems.
Theorem 3.1. Let the condition i) is satisfied. Then the operator M+ AE is
continuously invertible for 4 20.
Theorem 3.2. Suppose that condition /) is satisfied. Then the resolvent of the
operator M is compact if and only if
VAW

[im j.C.’(f)({f = oC, (*¥*)

VT
. v

The last theorem shows that condition (**) is a necessary and
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sufficient condition for the discreteness of the spectrum of the operator.

The question of the existence of a resolvent and the discreteness of the
spectrum in an unbounded domain with increasing and oscillating coefficients was
previously investigated only in the case of elliptic and pseudo-differential
operators [16-37].

Suppose that the COPﬂIClemS ot 1he operator A/ . in addition to the condition
i), satisfy condition R

e(y) aly)

ii) pty = Sup —— <%, [ = sup < W,

Vel s l(-([) \/<]a([)

Then from fheoxem 3.2 casily implies the following theorem:
Theorem 3.3. Let the conditions i) -ii) are satistied. Then the resolvent of

the operator A/ is compact if and only if
lim ¢(v)= .

Vo7

3.2 Auxiliary lemmas and inequalities
Lemma 3.1. Suppose that the condition i) is satisfied and 2 >0. Then the

inequality )
I(M + 2D, 2 e, (}4,is the norm in L,(Q)), (3.1)

holds. for all « e D(M ), where ¢ =c(,.9)
Proof. Let C(T;T(fl—). Integrating by parts of the expressions < (A + Al u,u >

and < (M + Au.u, >, we obtain the following inequalities

_LH(M +/1/)11H§ > j['u l +(0 + A —-; iu‘ }n’.\'dy—(’[ y

Ve
e s

Q
(3.2)
WM+ AN = 55 e - (3.3)
where <--> is the scalar product in L,(Q). Here we have used the Cauchy

y . .
inequality with «¢>0». We can choose g:%. Now we multiply both sides of

inequality (3.3) by ¢, >0 and combining this inequality with (3.2) we have

‘ : +‘ui2)d\‘ci\f + J‘(c(,b‘ﬁ —IS(}/‘)I)!U'\.iZd.\‘d}'
3!

I+ oM+ 20uf, 2 ¢

—1|(M+)L

Choosing ¢, so that (¢,d; —|s(1))) =0 from the last inequality we get that

(M + /1[)11|[§ > "u“;

where ¢=c(3.¢,(5)). By virtue of the closedness of the operator M +Al, it

remains valid for v e D(M + Al).
Let A, =\ -A})i:(i—|~./’+1) (jez), v such a constant that yu(y)>0. We

4
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R

denote by m, . +/l the closure in L.a,) the ditferential expression

n.f.y
(m, ;. +ADu=~u"+ [—5(}')/12 +in(a(yv)+y)+c(y)+ /’;Ju , (n=0.x1.£2....), defined
on the set C;(A;) of twice continuously differentiable functions in A, satisfying

theCOlldltIOIlS u(A”;)=u(A";)=0

~-Lemma 3.2. Suppose that the condmon z} 18 SatISﬁLd and 42>0. Then the
followmo inequalities hold:

a)”(m +)J}r|| >c (u ', -||\ c(1)+}. u“ “\ '17!(1(1(3 |T|1f|) u'l ) weD(m,, ; + )J)

’

b) ’(’”n-j-;' +;J)_!

< Cy .
w2 (S+ )T

%

((5 ”{"/’JL)I";‘ ’

where ¢, =¢,(8), ¢, =¢,(6,.6), ¢, =c,(5).
Proof. Let ueC; (A;). We have

<

c) ;11 (m,,__,_;, + 7»[)_'

252

‘< (m,, ;. +ADu,u >| 2 Hu'ﬂi + 'f(c(y) + l)|11]2d1’ —; J‘nzs(y)[u[zd\* .
Aj

aj
(3.4)
from which the inequalities follow '
N(m”_j'}, + Al e, = J‘lu’lzdy— J.!n|2~is(y)uu|2d}f, (3.3)
Aj Aj
and h
—;—“(m,,__’,}, +/’J)ui§ %J(c(l)-!-/lﬂul d\z—ﬁnl |s(1)||u[ dy. (3.6)

i

Here we again used the Cauchy inequality with «&>0», where =

1) ]Cn

On the other hand, by transforming the expressions < (m,,_ iy TADuu > and

+ ADu,~inu >, ueCi(A;), we have

¢(0, )“(m,,_',.}, + /1[)u”2 > ”\ﬂ11|(|a(y)| +|)/|) ul )

< (m

nj.y

; (3.7)

and

0

“(m”_‘,_,,, + Al z > ? -|n|2 ”ul[j (3.8) -

Combining inequalities (3.6), (3.8) and choosing y so as (5,+|y)* -|k(3)|20 we
obtain
co@m, ., + 20w 2| e+ Au] . | | (3.9)
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where ¢, (8) = 2(-;7 +1).

Hence. according to condition /). we have
C‘,((S) . i oo
.._::-T(]” ‘{"/.[)U{tj 2{}”:‘, (310)
NO A - T

From the inequalitles (3.5), (3.8), and (3.10) we obtain the_ue_stui_mgt.e

c,(0)+ + |2
— (171 ..... +/J)lu i dv -Hn ” —ls(vll e
Joa ! I‘ r ' \J O +/{ il G-
, (et i)’
Choosing y so that - ) —ls(v )[ >0 from the 1nequ*1ht1€s (3.7). (3.9) and
A C +/

(3.11) we obtain the estimate a). The estimate b) tollo“s from (3.10). The

'

‘ o
I(m A =

inequality  (3.11) implies  the estimate

X 0 + 4"
c.(8)=¢,(8)+1. The estimate ¢) is proved.

Lemma 3.2 is proved.

Lemma 3.3. The operator m,,.+/[ has a continuous inverse
(m,, C+ AN as 220, defined onall Ly(4)). jeZ.

PlOOf By virtue of estimate b) in Lemma 3.2, it suffices to show that the
range R(m,.. +21) of the operator m, +Al coincides w ith L,(a,). Let us

assume the contrary. Then there is an element vel.(A,), v=0, which satisties

equation
(., +2) 0 ==0"+ |2 s ina(e) + p)+ )+ Ap=003.12)
in the sense of the theory of distributions. It follows from (3.12) v"eL.(a)).
Integrating by parts <(m,; +ADuo>, we have
WD+ D=1~ ~D =0 where u is an arbitrary function of C(A,). Then
u(j+1)=v(j -1 =0. Using these conditions. similarly to the derivation of (2.10), we
obtain the inequality

l(mn.:'.i + ’11);:0“3 = C'Hl)‘f"

e

(3.13)

this implies v =0. The lemma is proved.

We denote by m,. + Al (n=0z£1x2..) the closure in L,(R) a differential
€Xp169810n (n, +il)u = +(—s(1)n +in(a(v)+y)+c(¥)+ A, defined on a
set ¢/(R) of arbitrarily differentiable finite functions.

Lemma 3.4. Suppose that the condition i) is satisfied and x>0. Then the
inequalities

!;(m(,”, + /U)ui (m + /11)11” > |n|(oo +M)““Hv’ 120

/ 1
5 A\
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hold for ue D(m, . +41).

The lemma is proved by the transtormation of the expression
<(m, .+ Al u,~inu >, where weC/(R).

Let {;.o,(y),'ff_l = C/(R) be the set of such functions such that ¢ 20,

suppe, = A (jeZ), Zc,fr_f-(-y) =1: Suppose K, .[ = Zgo_/(m,,a,_:, + A])--"l-gojf' .

B S =20, (#2070, f 4230, —tm, #4079, 1
j==-7 EREE I v

==

feC/(R).220.Clearly
(m,, + 4K, f=f-B,.f O (314)
Lemma 2.5. Suppose that condition i) is satisfied. Then there is a number
/>0 such |B, | <l that forall 22 4.
Proof. Let feC;(R). On the interval A (jeZ), only the functions
0, .0, ¢, differ from zero, hence

5

'B/’,f L:(R’
= j Z(/)/ (”I”'j-}' +)L[)_lg0,f+2 z qpl ;—[(’”n,/’.;/ +/1[)‘|g0,/~ (It\'_<_
—r | J= ’ j=—7 ) '1: R :
SRR ' d 1 2
= Z ,[ Z @ (1, +/U)_I(/’/\f+2(pk d—(m,,_,\._;, + A0, f 1 dv.
j==7 — s (k=71 y

Hence. using the obvious inequality («+h+¢)” <3(a” +b° +¢?) and estimates
2 C CH

B e et ]nf
B (S+A)* (O+A4)°

¢ = 24 max {}cp',’.!.iqaflif and the constants ¢,.¢, from Lemma 2.2. Hence it follows that it

, <l for A2 4,.

b) and c) in Lemma 2.2, we have l

2
n

where

is not difficult to find a number A, >0 such that “B,H

RS
The lemma is proved.
Lemma 3.6. Suppose that condition i) is satisfied. Then the operator
m, , + Al 1S boundedly invertible asA>A4,>0 and the inverse operator

(m,,_:, + 1) the equality
(m,, +21)" =K, (E=B, )" : (3.15)

holds.

The lemma follows from the representation (3.14), taking Lemmas 3.5 and
3.4 into account.

Lemma 3.7. Suppose that the condition i) is satisfied and A2 4,, a=0.1,
o1 is a function defined on a continuous function. Then we have the estimate
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e -

ey oy . | X 2
L (m,l,_; -'.‘/./) ; Se (A)ysupip(yvin c,o,(z;z”_,v”-!-/ll)_lgf .(3.16)

i) b} :
252 jad i i 22
Proof. Let /¢ (Ri. From the representation (3.15). taking into account the

properties of the functions © 1(j<eZ).we have

5

=L g+l
f | [p(.‘\")iﬂi” Ol + 2] (E=B, ) ] dy

Nh=j-1

+

o

1<

'

IR

-

lVJ

i=—

; éip(_r)in%“ (m,,»., + /1)

oo the : N2 ) 22 : :
Hence, applying the inequality (a, +b, +¢)” <3(a +b; +¢;) again. and using

Lemma 3.6. we obtain (3.16). Lemma 3. 7 is proved.
The following lemma follows from Lemma 3.2, taking into account

inequality (3.16).
Lemma 3.S. Let condition /) and A= 2,. Then the following inequalities

hol‘d: |
a) ”\/c(}') + A (/71,,_;, + )J)_] {‘

S22

<% (n=0£LE2.0):

l. 2\l
b) “111(171 4+ Al }! <%

22

<o (n=020E200).

L, +AL)
C)‘d,\ m, .. )l

.1__,)7

Consider the equation
N =—u"+(=n" > yina() +e(W)+Au= 1, (3.17)
). By a solution of equatlon (3.17) we mean a function u e L,(R) for
c (R such that [u, —u)

(m,
where /e L.(R
which there exists a sequence i, A

“(111 + A, — ﬂl/ (R) — 0 as n—>=.N
Lemma 3.9. The operator i, + A1 (n=0x1+2..) is boundedly invertible for

e, })_)U’

and for the inverse operator (‘m,, +21)" the equality

TS
(m, +}L1)~l f=m,., +AH) ]()“'f‘;..;«)—l./ e LR (3.18)
W o <1. :
Pnoof. Let n=0. We rewrite the equation (m, + A u= feL,(R) in the
form, l)”A;__;,U:.f‘« where v=(m,  +Z2Du. A, . =imy(m, . + 207" It follows
ot ~ ERY l
from Lemma 3.4 that 1,0 o, or |4, <1 Hence

150 ‘H‘( 5“ —}-l}/‘)
w=(m o F=tm, + A (7 "44;,~,-.,) /. When n=0 the operator m,+Al is

essentially self-adjoint [36, p.208], and the estimate Ny + A1), 2 (8 + A)|ul, is

valid for all € D
(1, + an . defined on whole £,(#). Lemma 3.9 is proved.
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(m, +Al). 1t follows that the operator m, + Al has a bounded

inverse




From Lemma 3.8 and the representation (3.18) it follows that
Lemma 3.10. The cstimates

«) @;\!C(_v);ﬂ/';-(m” +/".[)_';} <7 (n=0x1220):

222

—1il
[!

b) i(in(/n” +21) -

i
'

H2—>Z

i ’
X g I
c) "ﬁ,— (nz,, + A1) ’il <L (n=0zx1%2....).

e liaan

hold for £ = Z,.
The following lemma is known [40, p. 350]. ,
Lemma 3.12. Let the operator M + A,/ (4, >0) 1s boundedly invertible in

L(R) and the estimate [(M + 27 )ul, > Cluf,. we DM +21) is satistied for
4 €[0. 2,). Then the operator M : L,(R) — L,(R) is also boundedly invertible.
Lemma 3.12. Let condition /) and 2 >0. Then for all n(n=+1%2..) we

have the inequality

1
< —.
22 ;”! . 0”
Proof. Let weC/(R). Integrating by parts the expression < (m, + AD)u.u >,

we obtain the inequality

(3.19)

H(mn + A0

j[£11,|2 +(=s()n” +c(}.’))|ui3]d}’ + J‘ina()')!uljdy ,
=7 e
Hence. taking into account condition i) and using the property of complex
numbers. we have
lm, + Al 2 {nf- 5, fu) (3.20)

Here it was taken into account that it does not change sign. From the inequality -
3.20) follows the proof of Lemma 3.12.

[emma 3.13. Let condition i) and 2>0. Then the operator (m, + Al )" s

completely continuous for all n(n=0.£1£2....) ifand only if for any >0

< (m, + Al)u,u > =

5

Ve

lim jc(r)df =7, (*)

A a
Proof. It follows from Lemma 3.12 that it is sufficient to prove Lemma 3.13
for every finite n=0. |
Let »=0. Then the operator /, +u£ is a Sturm-Liouville operator with a
potential ¢(y).1.e. |
(my + Al =—u"+c(y e, ue Dim,)
In this case. repeating all the calculations and the arguments used in [16, 17}, we

obtain the proof of Lemma 3.13, that is, Equality (*) is a necessary and sufficient
condition for the compactness of the resolvent of the operator m, + Al .

[ et us consider the case n=0. Let
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lim [(Vfuu(/ )+ clr )i = . (

Ve
\

Necessity. Suppose that condition (3.21) does not hold. Then there exists a
sequence of intervals O, (v,)c R such that

21)

49

sup J f\n + c )dr <« for each finite ». (3.2
:/' ( o

where d >0. ie. the mlel\al ( ) preserving the length, it goes to infinity. Let
w(x)e C(0,(0) and consider the set of functions such that u,(»)=w{r-v,} It.is
not difficult to establish for each finite » =0 inequality the following: '

;'— ujf +(=s(v)n” + ina(y)+c(v)+2)u; (_1.'); ; =

ﬂ ’/' (s(,\‘)nl+1'11(1(_1')+c(,\‘)+/1)”,,"(."):2(/."-<—

<8 J({—u"} “i +(s(») [‘n Yrntat(V)+ et (v)+ A7 )lu dy (3.23)
Q{.’(.\'/’)

From inequality (3.23), taking into account inequality (3.22) and the properties of

the function u, ()= m(v— \-,) for each finite » =0, we obtain that

l—l('—L(—’\(l)n +1na( )-i—c +)L)u )”j < <7,

where ¢>0 it does not depend on ;.
We set
Fily)=-uiln)+ (= s(n? +ina(y)+ () Ak, () sup pF, (V)€ Q, ()
N

Now we show that (1) the weakly convergent to zero in L,(R):

. ] 1
| . 2 R
<F (o)== [F, ) 1$ [E70 || [ (3.24)
. 1

g .
‘f 7/(\‘,) Q(,:(J',)

It is obvious that J“’—(J’)(/.V >0 as j—=. since veL.(R) Taking into account
Q,/(.",‘)
this from (3.24), we find that the sequence ', | converges weakly to zero.
It can be directly seen that
I |
H“/(T)dz =a>0. (3.25)
Since. if the operator (/, + )" is compact, then Ju,(v)f it must converge to
Jero in the norm of L,(R) It is impossible by virtue of (3.25); we came to a

contradiction.
Thus, we have proved that in the case 1 =0 of a necessary condition for the

compactness of the resolvent of the operator i, + Al', condition (3.21).
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It follows from (*) and (3.21) that the equahity (¥) is a necessary condition
for the compactness of the resolvent of the operator m, + A/ for all n=0.=1,22...

Sufficiently. It follows from Lemma 3.10 that E(m, +.0' < L'Z(R,c‘(_\')), where

E(m_ +21)" is the range of the operator (m, +2/)", Li(R.c(v) is the space

obtained by the completion ¢ (R) with respect to the norm

19 —

52)({1'] :

To complete the proof it remains to show that the embedding operator from
[L(R.c(x)) to L.(R) is a compact. The answer for this question follows from the
results of Theorems 3.1-3.2. In this paper it is proved that any bounded set of space
L' (R.c(y)) is compact in L. (R) il'and only if

lim ¢ (v)==. (3.26)
where the function ¢ (») represents a special averaging of the function ¢(») [28].
Furthermore, it was proved in [28-29] that the conditions (*) and (3.26) are
equivalent. The sufficiency of Lemma 3.13 is ploved

Proof of Theorems 3.1-3.3. It follows from Lemma 3.9 that
A

w (v, )= Y (m, + A () e™ (3.27)

n=-k

is a solution of the problem

1 LY(R.e( !!z J.(Eu'iz-l-(é‘(_)‘)%—/l)u

(M + A0, (v, 0)= £, (v, 0).
i, (- zov)=u, (7. ) u,\(-;r 1')=n,\(7r V),
where [, (x. 1) —E— F(x ), 16 y) Z £(v)-e™ (==, (0, +uE)" is
n=-k

the inverse operator to the operator (1, +uE).

Using inequality ( (3.1), we ha\e

fury (v, < el fi o)y | (3.28)

where ¢>0 is a constant independent of k.

Since /, —=— /. we then find from (3.28) that
‘i‘ﬁ SC!}‘,\ - f. I%j —0as h.m-o =z

Ez/,\. — U
Hence. in view of the completeness of the space L,(€), it follows that there exists

a unique function u € L, (Q2) such that

i, —>u as k- . | (3.29)
It follows from (3.29) that forany /e L,(Q)
ll(.\',_\‘) = (M + Al )-l f(.\',.\') = Z(/n + ﬂ[) fn( ) NIy (330)

is a strong solution to the ploblun
(M + 2= f (3.31)
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(=7 ) =u(T ), u (=7 v)=u (T.1V) (3.32)
We recall the definition of a strong solution.
We call a function « € L,(Q) a strong sotution of the problem (3.31) - (3.32)
if there 1S a sequence W, < D(L) such that

L, 2 0GM + 20w, ~ fi, >0 as k-
Now. it i$ not hard to see that (3.30) is the inverse of a closed operator
L+ uE . It follows from Lemma 3.11 that the last sentence is valid forall ©20.
Theorem 3.1 is proved.
Proofof Theorem 3.2. Using Lemma 3.12, it is easy to see that

}(m” + 1) =0.

I 22 ‘
[n view of this, and using the e-set from (3.30), we have that the operator
(A7 + A1) is compact if and only if (m, +A)" is completely continuous. Now

the theorem follows from Lemma 3.13.
Proof of Theorem 3.3. Without loss of generality, we assume that w<1, according
to condition /i), we have

Iim

n—

y+w
uytwee(y) < J-c(f)dr <A, wee(y)
.‘.

This inequality and Theorem 3.2 imply the proof of Theorem 3.3.

3.3 Two-sided estimates of the distribution function of singular numbers

of a singular operator of mixed type
With the solution of the problem of discreteness of the spectrum, problems
<uch as estimates of singular numbers and the distribution functions are related.

We shall number the nonzero s-numbers of the operator (I +uE )Y' in the
order of their decrease taking into account their multiplicity so that
s (M + DY = LM + 20T (M + D™ k=120
We introduce the function N(4) = Zl is the number of s, greater than 1>0.

v ol

Theorem 3.4 Suppose that conditions i) -ii) are satisfied. Then the estimate
I

¢ Z)L_E/nes(.\' eR:Q, (V)< SN <

n=-r

|
7 -
-1 ) e 11
¢ Y A mes(ye R:K ()< cd™),

=

where O, () —tn +in-a(y)+c() )+/zi. K, ()=l a()|+c(y)+ p, a constant

- >0 does not depend on Q, (V). K, (y). 4.

-~ it

Proof. Any element can be written as follows:
fla)y =Y [,
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where Q=x,V)i—7<y<m7,—-%<)¥< /1 i*=—i. [ () are the

coefficients.
From the representation (3 30) it follows that

M+ f= Zm + 1) £, ™

n==x

From this and the definition of the adjoint operator we have:

[(M-’-/[ ] f Z(m +/J )./J‘H(J.).ein.\-.

n=-

Now it is not difficult to dg-ﬁne the following action:

S

(o1 20y Tt w27 = 3 flm, 5200 G, 4207 f 0

H==7

Fourier

(3’.'35)

It follows from (3.33) that if 4 is the point of the spectrum of the operator

[(M + )" } (M + A1), then 2 is a point of the spectrum of one of the operators
[(m” + Al )—]] (m, + Al )" and vice versa, if 2 is the point of the spectrum of one of
the operators [(m,, + Al )"l ] (m,, + Al )", then 2 is a point of the spectnjm of the

operator [(M + A1) IA(M + Al ). From this and Theorems 2.5 and 2.6, the proof
of Theorem 3.4 follows easily. Here we have taken into account that the s,,, =d,

(d, -widths of the embedding) [38].
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CONCLUSION

The paper is devoted to the study of the existence and compactness of the
resolvent. as well as estimates of the distribution function of singular numbers (s-
numbers) of a differential operator of mixed type in a noncompact domain. This

research allows us to formulate the following new scientific results:

- a theorem on the existence of the resolvent of a one-dimensional

_.’Schrédinger operator with a complex potential is proved, when the real part of the
potential contains a parameter that changes sign (the case on the whole line);

: - a representation of the resolvent of a one-dimensional Schrédinger operator
with a complex potential is obtained, when the real part of the potential contains a
parameter that changes sign (the case on the whole line).

On the basis of these results, the ‘following new results are obtained for a
class of mixed-type ditferential operators defined in a noncompact domain:

- the theorem on the existence of a bounded inverse operator is proved:

. a theorem on the compactness (discreteness of the spectrum) of the
resolvent of an operator of mixed type is proved:

- two-sided estimates of the distribution function of singular numbers (s-
numbers) of the resolvent of a differential operator of mixed type given in an

unbounded domain are obtained.
The obtained results are of theoretical interest and can find apphcatlon in the

spectral theory of differential operators of mixed type and in other sections of the
theory of boundary value problems.
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