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Annarna

Byn nges ry kebeiiTiHaiciHe »KoHe yT KebOeHTiHAICIHE apHaJIréH eKi TypJi
omepalusagaH 6acTallgbl KoHEe OJ1 KUCBIKChI3 — CUMMETDPHSIIBIK 00JIybl MiHIETTI
emec. 11IbIH MoHiHZE, 6i3 3 akcHOMaJapabl KAHAPATTAIAbIPDATHIH — XoHe k- cali-
KeCiHIIIe COJI YKoHe OH KoOeWTIHII Aen aTaJaThiH eKi acCOIMATHBTI ONepalusiMeH
KabABIKTANFAH BEKTODJIbIK KEHICTIK PeTiHAe AnuareOpaHbl AHBIKTAHMBI3. Byn ak-
croMasapbl KOJIaHy apKpliIbl 6i3 Keibip auairedpanapab!l KapacThIPABIK.

Tensdans - Jopdman 6uanrebpa (GD-anrebpanaper) — exi Typai (accouua-
TuBTI eMec) KebeliTiHAiMeH, [aMUIBTOHHAHHBIH MEHIIIK CUIIATHIH Bapuauus ¢pop-
MaJibIbl ecenTeMecinae kepcereni. By »xymbicta G D —anrebpanapibiy nudde-
peHIpa1 b [lyaccoH ajrebpasiapbina KATbIChl 6apJIbIFbIHBIH 3€PTTEYiHE apHAJIFaH.
Kebeitringi pertinge, a > b = d(a)b xeHe a < b = ad(b) onepauianapsisa ap-
HAJIFAH COMKECTIKTepiH »KaJlIlbl CAIATTAMACHIH aJaMbI3, MyHJArbl d — ajrebpa-

npH, augepe A b TyBIHABICH (aCCOLUATUBT] eMec) BOJIbIT TabblIambL.



AnaHOTaITNSA

Hpes cocTouT B TOM, YTOOBI Ha4aThb C ABYX Pa3JIMYHbIX ONepaluil Ajs yMHO-
>KEHUsS] TY U YMHOXKEHHS YZ, TaK 4TO cKobka Oosbille He 00A3aTEbHO SIBJISETCH
KococuMMeTpudHoii. Mbl onpezeinsieM guaiaredpy Kak BeKTOPHOE IPOCTPAHCTBO,
CHabXXEeHHOe JBYMsl aCCOIMATHUBHBIME orepauusaMu —| u b, Ha3bIBaéMBIMH COOT-
BETCTBEHHO JIEBBIM 1 IPABBIM MPOM3BEAEHUEM, YOBJETBOPAIOIIMMHI TAKXKE 3 aK-
cuomMaM. Mbl PacCMOTPENH HEKOTOpble PA3HOBUAHOCTH aiaredp C MOMOIIBLIO STUX
aKCHOM.

Buanre6ps Tenbdanga - Jopdbmana (GD-anrebpsl) siBISIOTCH HEACCOLIMATHB-
HBIMH CHCTEMAaMU C ABYyMs1 OMJIMHEHHBIMU OlIEPALIISIMHU, YIOBJIETBOPSIIOLIUMHI p;my
TOXKJECTB KOTOPble BbIpaXKalOT MaMUJIBTOHOBO CBOHCTBO OmepaTopa B opMalib-
HOM BapHaIOHHOM Hc4yucyeHun. Pabora nocssiena ucciegosanuto GD-anrebp,
CBA3aHHBIX ¢ guddepenuanpabpiMu anrebpamu Ilyaccona. Kak nobounsiii mpo-
JYKT, MBI IOJIy4aeM obiiee OMICaHue TOXK/IECTB, KOTOPbIE BBITOJIHSIIOTCS AJ1s1 Olle-
paunit a > b = d(a)bu a < b = ad(b) Ha (HeacconuaTuBHOH) qUuddepeHIUAILHONK
aarebpe ¢ auddepeHupopanueM d.
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1. Introduction

1.1 Motivation

A category (sometimes called an abstract category to distinguish it from a concrete
category) is a set of "objects" that are connected by "arrows". A category has two
basic properties: the ability to compose the arrows associatively and the existence
of an identity arrow for each object.

Definition 1. A category is:

1). A set ob(C) of objects.

2).A set hom(C) of morphisms, or arrows, or maps, between the objects. All
morphism f has a source object a and a target object b where a and b are in
ob(C). We denote f : a — b, and we say "f is a linear map from a to b" and
f is a morphism. We write hom(a,b) (or homc(a,b) to set the hom-class of all
morphisms from a to b.

3). For every three objects a, b and ¢, a binary operation hom(a,b) x
hom(b,c) — hom(a,c) called composition of morphisms; the composition of
f:a—band g:b— ciswrittenas go f or gf.

We consider category of a,lgebfas with two different multiplication and con-
struct homomorphism between them.

In chapter 4 we consider algebras with two binary operations (a,b) — a F b
and (a,b) — a 4 b. J.L. Loday has introduced so called O-dialgebras [2]. They

satisfy the following 0O-dialgebra identities:

ad(bdc)=a-(bFc) (1.1)

(aFb)Fc=(adb)Fc (1.2)
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There are three natural constructions for associativity identities in 0-dialgebras:

ab(bFc)=(akb)Fec (left-associative) (1.3)
ab(b-de)=(alk b) 4c (central-associative) (1.4)
a-(bdc)=(a-b)dc (right-associative) (1.5)

A 0-dialgebra is said left-associative (shortly lass) if it satisfies left-associative
identity. Similarly, 0-dalgebra is central-associative (cass), right-associative (rass),
if it satisfies identities (1.3), (1.4), (1.5) correspondingly.

Left-central-right-associative dialgebras was firstly considered by Loday and
called associative dialgebras [1],[2]. Cental-associative dialgebras are also called
L-associative [4]. Free bases for associative dialgebras was constructed in [2]. Free
bases for L-associative dialgebras was constructed in 3] and [4].

In our work we construct free bases of 0-dialgebras and their associative ver-
sions. Our constructions are based on binary trees. We consider trees whose
inner vertices are colored by two colors: black and white. We say that tree is
black (white) if all vertices are black (white).

Motivation of chapter 5 is series of non-associative structures related with
the formal calculus of variations a;)peared in [13]. These structures are nowa-
days known as Novikov algebras (they were independently introduced in [6] as a |
tool for classification of linear Poisson brackets of hydrodynamic type), Novikov—
Poisson algebras, and Gelfand-Dorfman bialgebras. The latter class of systems
was initially invented in [13] as a source of Hamiltonian operators: the struc-
ture constants of a Gelfand-Dorfman bialgebra may be used as coefficients of a
differential operator.

By definition, a linear space A equipped with one bilinear operation o : A x
A — Aissaid to be a Novikov algebra (the term was proposed in [21]) if it satisfies
the following identities: ‘

(aob)oc—ao(boc)=(boa)oc—bo(aoc). (1.6)
(aob)oc=(aoc)ob. (1.7)



A Gelfand—Dorfmann bialgebra [25] is a system (A,o, [, ]) with two bilinear
operations such that (A, o) is a Novikov algebra, (A4, [-,-]) is a Lie algebra, and
the following additional identity holds:

[a,boc] —[c,boa]+ [b,a]oc— [b,cJoa—bola,c]=0. (1.8)

In order to avoid a collision with the well-known notion of a bialgebra as an algebra
equipped with a coproduct, we will use the term GD-algebra for a Gelfand—
Dorfman bialgebra.

1.2 Aims and Objectives

Our aim is consider some classical problems for algebras with two multiplications.
One of them is construction of base and give a formula of dimension for multilinear
part and formula for degree n with k; — zth, kg — xath, ..., kn — z,th elements,
where k1 + ...+ km = n.

1.3 Thesis Outline

Chameleon trees is a appropriate type of trees for explain bases of 0 — dialgebras.
Firstly we considered magmatic dialgebras and for each 0 — dialgebra we define
special kind of chameleon trees.

We found homomorphism from G D—algebra to Poisson algebra and special
identities. Also there constructed base of Koszul-dual algebra and identities for
any algebra with derivation.



2. Preliminaries

We consider a binary trees with black and white vertices.
Colored tree is called chameleon if for any vertex v

e its left subtree is one vertex tree or black tree if v is black, and,
e its right subtree is one vertex tree or white tree if v is white vertex.

A chameleon tree is called left S-chameleon (left stairs chameleon), if left
subtree of any black vertex is a tree with one vertex or black stairs tree.

We say that a chameleon tree is right S-chameleon (right stairs chameleon),
if right subtree of any white vertex is a tree with one vertex or white stairs tree.

A two sided S-chameleon tree, i.e. left and right S-chameleon tree is called
S-chameleon.

We say that a S-chameleon tree is

N
e C-chameleon (central chameleon) if right son of any black vertex is black.
o L-chameleon (left chameleon) is right son of any black vertex is white.

o R-chameleon (right chameleon) if left son of any white vertex is black.

10



3. Algebras with two multipli-
cations and basic notions of
algebra

Definition 2. A vector space R is called an algebra if is equipped with a binary
operation * (i.e. a mapping * : (R, R) — R), called multiplication, such that
for any a,b,c € R and any o € K

(a+b)xc=axc+bxc

ax(b+c)=axb+axc

a(a * b) =\(aa) * b= a(a*b)

If the algebra R has a basis {e;|¢ € I'}, then in order to define the multiplication
in R it is sufficient to know the multiplication between the basis elements:

e ¥ e = E afjek,afj e K
kel

where for fixed 7 and j only a finite number of afj are different from 0. Oppositely,
for any given basis {e;|i € I'} of the vector space R and a given system of elements
afj € K with the property that for fixed 4, j only a finite number of af,j are not
0, we can define the multiplication in R by

(Z &ies) * (Z nj€5) = Z &nj(ez- * ej), e x e = Zaf,jek-

i€l jel ijel kel

11



The subset S of the algebra R is called a subalgebra if it is closed with respect
to the multiplication, i.e. s1, 82 € S implies s * so € S. The subalgebra I of E is
called a left ideal of Rif RI C I (i.e. rxi € I forallr € R,% € I). Similarly one
defines a right ideal and a two-sided ideal (or simply ideal), (=left+right ideal in
the same time, notation I < R).

The vector space homomorphism ¢ : R; — Ry of the algebras Ry, Ry is an

(algebra) homomorphism if

¢(a * b) = ¢(a) * ¢(b),a,b € R.

Similarly one introduces the notion of isomorphism, automorphism (:isomor;
phism of R and R), endomorphism(=homomorphism from R to R).

Let R be an algebra over K. The basic identities in algebras is

(¢) R is associative if (a *b) * c = a * (b* c) for every a,b,c € R;

(1) R is commutative if a x b = b* a for every a,b € R;

(i4¢) R is Lie algebra if for every a,b,c € R,

a *x a = 0, the anticommutative law,

(axb)*xc+ (bxc)*xa+ (cxa)*b=0,the jacoby law;

(iv) Ris Jordan algebra if for every a,b € R,

a x b = bx a,the commutative law,

(a?b)a = a?(ba); .

Let K be a field of characteristic 0 and IC = K(t1,12,...) be a free magma, .
i.e., a space of non-associative non-commutative polynomials with generators
t1,ty,.... Anideal I of K is called T-ideal if for any f(t1,...,t) € I and for any
endomorphism ¢ of K,

flo(tr), ... (k) € 1.

For non-associative non-commutative polynomials f1,..., fi € K denote by

J(fl)'“)fl)

a T-ideal of K generated by these elements.
As the same can be defined algebra with two multiplications is a set X
equipped with two maps called respectively left product and right product:

Fr X x X = X,

12



4 X xX = X.

Dialgebras satisfying the following axioms:
zd(ydz)=(zdy)dz=z4(yF 2)

(zFy)dz=zF (yH2)
(zHy)Fz=zF(yF2)=(cFy)t 2

for all z,y and z € X is called diassociative algebras. This identities firstly
introduced by Loday [2].

In the assumption z 4 y, z I y, the element 2 is said to be on the pointer side
and the element y is said to be on the bar side.

Observe that the given relations are the associativity of the products 4 and
F.

A morphism of dialgebras is a map f : X — Y between two dialgebras X
and Y which are satisfies to a following conditions: f(z 4y) = f(z) 4 f(y) and
f(zFy) = f(@) F f(y) for any ¢y € X.

We can see that there can be defined di-object in any monoidal category. One
does not need the monoidal category to be symmetric because all elements stay

in the same order.

13



4. 0-dialgebras

4.1 Colored trees

Colored tree is called chameleon if for any vertex v

e its left subtree is one vertex tree or black tree if v is black, and,

e its right subtree is one vertex tree or white tree if v is white vertex.

A chameleon tree is called left S-chameleon (left stairs chameleon), if left
subtree of any black vertex is a tree with one vertex or black stairs tree.

We say that a chameleon tree is right S-chameleon (right stairs chameleon),
if right subtree of any white vertex is a tree with one vertex or white stairs tree.

A two sided S-chameleon tree, i.e. left and right S-chameleon tree is called
S-chameleon.

We say that a S-chameleon trees

e C-chameleon (central chameleon) if right son of any black vertex is black.
o L-chameleon (left chameleon) is right son of any black vertex is white.

e R-chameleon (right chameleon) if left son of any white vertex is black.

In our paper we prove following results:

e chameleon trees generate free base of O-dialgebras.

e For W = C, L, R any W-associative 0-dialgebra is stairs algebra.

o If W = S,C,L,R, then W-chameleon trees generate free base of W-
dialgebras.

For chameleon trees with n leaves we establish the following results.

14



2n—2)

e number of chameleon trees is (7'-%).

e number of left (right) S-chameleon trees is 3"7% + %(2,:‘:12), ifn>1andl,
ifn=1

e number of S-chameleon treesis 2-3"2 ifn>1,and 1,ifn =1
e number of C-chameleon trees is 2" 3(n +2) if n > 1and 1, if n = 1.

e number of L-chameleon (R-chameleon) trees is Fy,_;, where F; are Fi-
bonacci numbers with F} =1, F5, = 1.

Example. Let n = 3. Then set of chameleon trees with leave-degree 3 consists
of the following 6 trees

t1=\</ t2=\<</ t3 =
lg = \>/t5= \>/t6= \>/

and all of these trees,

e are left (right) and two-sided S-chameleon
e except t; are C-chameleon

e except t4 are L-chameleon

e except t3 are R-chameleon

Example. n = 4. Then set of chameleon trees with leave-degree 4 consists of
the following 20 trees

1 =\<</ to =\<</ té =K<{ tq =\<</ :

ts = Wt6= Wt7= \Q/tz;: W

15



tg =\>>/ t10
t13 = :5/ t14
t17=% t18=\§ t19=% t20=\é

and, if number of leaves n = 4, all of these trees,

O e
NN G

15 tie =

e except t17, are left S-chameleon ( 19 left C-chameleon trees)

e except tig, are right S-chameleon (19 right S-chameleon trees)

e excet tig and t;7, are S-chameleon (18 S-chameleon trees)

e except tg, t10, t11, t14, t15, t16, L17, t19, are C-chameleon (12 C-chameleon trees)
e except ts, to, t10, t13, t16, t17, t1g are L-chameleon (13 L-chameleon trees)

o except 3,4, 88, 115, 116, t17, too are R-chameleon (13 R-chameleon trees)

4.2 Binary trees and magmatic algebras

Tree is a graph without cycle. A tree is called rooted, if one vertex is selected as
a root. We endow a tree by orientation directed from root to leaf. For a vertex
of tree number of its in-edges and out-edges is called in-degree and out-degree.
Rooted tree is called binary, if each vertex has out-degree 0 or 2. A vertex with
out-degree 0 is a leaf a vertex With in-degree 0 is root. Non-leaf vertex is called
inner. For example, root of tree is inner vertex.

Let V(t) be a set of vertices and E(t) set of edges of tree t. We denote by
root(t) root of tree t. Let Vieqr(t) be a set of leaves of ¢ and Vinner(t) set of inner

vertices of ¢.

16



If n = |Vieqs(t)| is number of leaves of ¢, say that ¢ has leave degree n = |t];.
Let degree of tree, denoted deg(t), be number of all vertices. Then

|Vinner(t)| = |t|l -1,

deg(t) = 2|t|; — 1.

Each inner vertex v € V(t) generates binary subtree ¢, of ¢ with root v. Any
vertex u € V (t,) is a vertex of ¢ connected with v by positive oriented edges. The
root v of subtree ¢, has left son denoted /(v) and right son denoted r(v). Any of
these sons generate subtrees. Left subtree l,(t) = #(,) is generated by left son I(v)
served as a root, all vertices of these subtree are connected by /(v) and all edges
are directed from [(v). Similarly, right son r(v) serves as a root of right subtree
Tv(t) = tr(v) and all vertices of r,(t) are connected by r(v) and edges are directed

from r(v).
For instance, if
Q
Cx.D G
t= B

then

N

Vzeaf(t) = {C’ D’ F, H) Q}, V;nner(t) = {A, B, E, G}, TOOt(t) =A

)

Q |
ts = 1a(t) Ly Pts = ralt) £3/6 16(t) =5 sri(t) Ty Q

Let T be set of binary trees and T, set of binary trees with n leafes. It is

: 1/2n—2

(n-th Catalan number). For example, Ty consists of one tree and T3 consists of

known that

two trees.

17



We endow set of trees by multiplication (bouquet product)
TxT—=T, (,t)Y—tvt
by the following rule
t=t' V", if Lou(t) =t and rrem)(t) = t".

We see that
[t v =]+ |t + 1.

For example,

Let 7 be a linear span of T. This means that we consider vector space T
whose base vectors are binary trees. We prolong by linearity bouquet product on
to linear span. So, we obtain binary trees algebra (7, V).

A magmatic algebra generated by X = {a,b,c,...} is absolute free algebra
generated by X. Sometimes it is called non-commutative non-associative algebra.
It has base generated by words, i.e. by sequence of elements of X with bracketing
type. The language of binary trees is very convenient to construct magmatic
words. Just one corresponds to leaves elements of X and to each inner vertex
correspond multiplication in magma. In other words, label leaves by elements of
X and color inner vertices by binary operation in rriagma. If binary tree ¢ has
g leaves, then for any word u; = ui(a,b,c,...),i = 1,2,...,q, by t(uy,...,u,)
we denote a word constructed by tree ¢ whose labels of leaves ( from left to
right) are uy, ... 4, and to each inner vertex v with subtree ¢, whose leave labels
are uj, . ..u;, corresponds a word constructed by subtree t,(u;,,...,u,;,). For
example,

¢ d
t= ig/é t(a,b,c,d)=ai§/ =a-((b-c)-d)

18



The following fact is well known

Theorem 1. Let X = {a;....,a,} and F(X) be magmatic algebra generated by
X. Then set of words t(x, . ..,x,), where t runs set binary trees with leave degree
q and x1,...,24 € X, forms base of degree q part of magmatic algebra F(X).
Dimension of subspace of F'(X) generated by 1, elements a1, ly elements ag, etc,

I, elements a,, is equal to

; (2575 k= 2)!
Iyl — .
(2;1 Li— 1)! H?:l Li

In partucular, dimension of multilinear part of F(X) is

dim F™#(X) = 2"~ 1(2n — 3)I!

One generator magmatic algebra is isomorphic to trees algebra (T, V). In par-
ticular, dimension of homogeneous part of degree n of magmatic algebra generated
by one element is equal to Catalan number

_ 1/2n -2
dim F(a,) :ﬁ(n—l)'

4.3 Colored trees anc} magmatic dialgebras

Let X = {a,b,c,...} be some alphabet. Recall that an algebra is a vector space
with one binary operation. Magmatic algebra F'(X) with generators on X has
base constructed by words with components on X. In terms of trees its base
elements have a form t(z1, ... %,). |

A dialgebra is a vector space with two binary operations. After J.L. Loday we
denote these operations as - and . In this section we construct di-analog of words
and magmatic algebras. Any di-word is a word constructed by two operations on
generators. A magmatic dialgebra as a vector space is a linear span of di-words.
Di-operations on words are di-concatination operations. They are extended by
linearity to di-operations on di-algebra. For example, if u = (@ 4 b) F c and

v=dVIl e, then
udv=((a-4b)Fc)d(dFe), uFv=(adb)Fc)F (dFe),

19



vhFu=(dFe)F((a-db)Fc), vdu=(dre)-d((a-d)Fc).

Now we give these constructions in terms of trees. To do that we color inner
vertices of binary trees by two colors: black and white. Such a tree is called
colored tree. So, any colored tree is defined by frame t € T and coloring o :
Vinner(t) — {®,0}. We denote colored tree ¢ whose all vertices are black by b(t).
Similarly, by w(t) we denote colored tree t whose all vertices are white.

Let color (T) be set of colored trees. We can prolong bouquet product V :
T x T — T to bouquet product of colored trees in two ways. For t',t" € color(T)
denote t' V. t” a tree t' V ¢’ whose new root is colored by black color and colors of
inner vertices of ¢ and ¢’ are not changed. Similarly, ¢’ V, t” is a tree whose new
root is white and other vertices are as before.

Let C be linear span of base vectors indexed by colored trees. Under two
products constructed above we obtain dialgebra (C, V., V,). It gives us di-analog
of magmatic algebra.

We imagine that leaves of colored trees are labelled by elements of X and
colored inner vertices correspond to di-operations. Namely, ® corresponds to
and o to 1. For instance,

e d
t= é/ﬁ t(a,b,c,d)=a§/ =ak ((bFc)-d)

The following is a di-version of Theorem 1.

Theorem 2. Let X = {a1,...,a,} and Fy(X) be magmatic di-algebra generated
by X. Then set of words t(zy,...,z,), where t runs set colored binary trees with
leave degree q and xi,...,Tq € X, forms base of degree q part of magmatic
dialgebra Fy(X). Dimension of subspace of Fy;(X) generated by I, elements a;,
Iy elements ag, etc, 1, elements ay, is equal to

dl L= 211+-"+ln—1 (2 Z?:l lz — 2)'
yeooybn - n n .
' (Zz’:l li — 1)! Hz’=1 l.i

In particular, dimension of multilinear part of Fgi(X) is

dim FiPUb(X) = 4" 1(2n — 3)!!
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Magmatic dialgebra with one generator is isomorphic to colored trees dialgebra
C. In particular, dimension of homogeneous part of degree n of magmatic dialgebra
generated by one element is equal to

4"=1(2n — 3)!!

dim Fy(ar) = o

4.4 Chameleon trees and magmatic 0-dialgebras

4.4.1 Chameleon map

A dialgebra (A, , ) is called 0-dialgebra if it satisfies the following identities

ad(bdc)=a-(blFc) (4.1)

(aFbFc=(adb)Fc (4.2)

In the notation a - b, b F a, the element a is said to be on the pointer side and
the element b is said to be on the bar side. So, identities (4.1) and (4.2) can be
summarized as "on the bar side, does not matter which product". To formulate
this rule in terms of trees we define a map cham : color (T) — color (T) that we
call chameleon map. b

If [t| = 1, we set cham(t) = t. Suppose that for any colored tree ¢’ with
|t'| < |t| a chameleon colored tree cham(t') is constructed. Let ¢ be a colored tree

with left subtree ¢’ = l.,0 () and right subtree " = Trooi(t)(t). We set

b(t') V'cham(t") if root(t) is black
cham(t') Vw(t") if root(t) is white

cham(t) = {

So, for any t € color(T) and v € Vigner(t) color of left or right subtrees of v is
uniquely defined by color of v: if v is black, then %, is black, and, if v white,
then t,(,) is white. For example, '

t= W = cham(t):\<>/
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)l

e
|

= cham(t) =

We say that colored tree t is chameleon if cham(t) = t.
Example. Any black (white) tree is chameleon.

Let
Co = {t € color(T)|cham(t) =t}

be set of chameleon trees. Let Cy be a linear span of Cy. Now we endow set of

colored trees C by structure of dialgebra. For chameleon trees t' and t” we set
t' Voo t" = cham(t' V. t"),

t' Voot = cham(t' Vo t").

t' =\®>/ t" =\<9)/

t' Voo t”W t' Veo W
t” vo,() t/W/ t,/ VO.U t’ —

In this section we prove the following result.

For example, if

then
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Theorem 3. Let X = {ai,...,a,} and Fyo(X) be magmatic 0-dialgebra gener-
ated by X. Then set of words t(z1,...,x,), where t runs set of chameleon trees
with leave degree q¢ and 1, ...,x4 € X, forms base of degree q part of magmatic
0-dialgebra Fy;o(X). Dimension of subspace of Fy;0(X) generated by l; elements
ai, ly elements aq, etc, I, elements a,, is equal to

A, = 2> li—2)! Diyyo,
b (Z?-_qli - 1)!H?=1lz’ C'll+...+l,, ,

where C; = 1(2’_2

=70 l) is t-th Catalan number and Di; is dimension of dialgebra
generated by one generator.

In particular, dimension of multilinear part of Fy, o(X) is

- 2n — 2
dim Fu(X) = n!( )
’ n—1
Magmatic dialgebra with one generator is isomorphic to chameleon trees dial-
gebra Co. In particular, dimension of homogeneous part of degree n of magmatic
dialgebra generated by one element is equal to

4.4.2 Labeling of chameleon trees

In this section we give labeling of vertices of chameleon trees. This means that
we construct bijective map N : V(¢) — {1,2,...,|t|}. Let T be chameleon tree
with degree |¢|. If |[t| = 1 then ¢ coincides with one vertex. Its label by definition
is 1. ‘

Let t' = lroor(t)(£), 1" = Troorsy(t). Suppose that labels of vertices of ¢ and ¢
are known. Then vertices of ¢’ are numerated by 1,2,...,k = |#/|. Let us label
root of ¢t by k + 1 and to all labels of vertices ¢’ add k£ + 1.

So, labeling algoritheorem of a tree with n leafes is the following

e label all leaves from left to right by consequative odd numbers, 1,3, ..., 2n—
1.

e if v is inner vertex with left subtree [,(¢) and w is leftmost leave of [, (%),
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then set N(v) = N(u) + |l.(¢)].

To construct chameleon tree with frame ¢ and weight w(¢) = (a,b), denoted
t(a,6) We color all first a inner vertices with increasing levels by black color.

11
3 13
1 457 9 12

Example.

We see that labeling sequence of inner vertices is (2, 4, 6, 8, 10, 12). Therefore,
for chameleon tree with weight (3,3) black color have vertices with labels 2,4, 6
and white color have vertices with labels 8,10, 12. As far as chameleon tree with
weight (4, 2) labels of black vertices are 2,4, 6,8 and labels of white vertices are
10, 12. So,

t(33) = ta2) =

4.4.3 A chameleon equivalence relation

Let ¢ and t” are colored trees with the same leave degree q. For any di-words
uy, . . ., u, we can construct elements of 0-dialgebra t'(uy, . . ., u,) and t"(uy, . . ., uq).'
Say that colored trees t' and t" are equivalent, and denote t' ~ t”, if as elements
of 0-dialgebra |

t'(ul,...,yq) =t"(u1,...,uy),

for any di-words uy, ..., u,. It is easy to see that the raltion ~ is really equivalent
relation on a set of colored trees.

Lemma 1. For any trees t',t" and a = e® oro

cham(t' Vo t") = cham(t') V4 cham(t"),

24



Proof. We have to prove that for any ai....,ax+m € A where A is 0-
dialgebra, [t'|; = &, |t"| = m,

cham(t' Vo t")(a1, . . ., akem) = (b(t) Vo cham(t")) (a1, . . . . Gktm),

cham(t' Vo t")(ay, ..., arem) = (cham(t') Vo w(t”")) (a1, ..., Grem).

Suppose that

We label vertices of t = t' V, t” as in section 4.4.2.

Let @ = e. Then 2k-th vertex is black. Suppose that for some | < 2k I-
th vertex is inner and its color is white and [ + 1-th vertex is black. Then by
O-dialgebra principle "on the bar side, does not matter which product" for any
I < I we can change colors of I’-th vertices to black. Repeat this procedure for
all [ < 2k + 1. We obtain that

cham(t' Vo t")(a1, - .., akem) = (b(t')(a1, . - ., ax) ® cham(t")(ak+1, - - -, Gesm).

In a similar way one consider the case « = o. In this case we also use 0-
dialgebra principle "on the bar side, does not matter which product" and we
recolor black inner vertices with labels 2k+1 <1 < 2(k+m) — 1 by white. Then

we obtain

~
cham(t' Vo t") (a1, ..., arem) = (cham(t')(ay, . .., ak) o w(t")(ars1, - - . ) Ghom)-

So, fora =e or o
cham(t' Vo t") = cham(t') Vo cham(t"),

O
Lemma 2. Any colored tree t is equivalent to chameleon tree cham(t).

Proof. Since for any colored tree frames of cham(t) and ¢ are coincide,

(t' Voo t") (U1, - . -, Unam) = (b)) (w1, . . ., Un) Ve (cham(t"))(Unt1, - - -, Untm),



(t' Voo t")(u1, -« s Unam) = (cham(t))(u1, . .., un) Vo (W(E")) (Unt1s- -+ Untm)-
Therefore, by Lemma 1
t' Vot ~ b(t') V, cham(t") = cham(t' V. t")

t' Vot ~ cham(t') Vo w(t") = cham(t' V. t")
O]

Lemma 3. If t is chameleon tree with root vertex v and [t|; > 1. Then its left
subtree is black if v is black and right subtree is white if v white.

Proof. -Let r is black. Since
cham(t) = b(t') V. t",
the condition cham(t) = t implies that ¢’ is black,
t' = b(t').
In a similar way, one consider the case when r white. In this case
cham(t) = t' Vo w(t"), cham(t) =t = ¢ = w(t").
Lemma 4. The map cham : color(T) — color(T) is idempotent map,
cham?® = cham.
Proof. We have to prove that for any t € color(T)
cham?(t) = cham(t).

We use induction on leave degree |t|;. If |¢|; = 1, our statement is evident.

Suppose that
cham?(t') = cham(t'),
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for any colored tree #' with |¢/|; < |t|;. Let ¢ be chameleon tree with root r, left
and right subtrees ¢’ = ¢,y and t" = t,(,) with [¢/| < [¢];, [t"] < [¢].

Now we consider the case |t|; > 1. Let ¢ be chameleon tree with root r, left
and right subtrees t' = t;(,) and t" = t,(,).

Suppose that r is black. Then by Lemma 3 ¢’ = b(¢'). Therefore,

cham(t) = b(t') Vo cham(t") = t' Vo cham(t").
Since by inductive suggestion cham?(t") = cham(t"), this means that
cham?(t) = b(t') V. cham(cham(t")) = t’' Vouier cham(t”) = cham(t).
Similarly, if 7 white, then by Lemma 3 ¢t = w(t", and
cham?(t) = cham(t' Vo w(t")) = cham(t') Vo w(t") = cham(t') V, t".
By inductive suggestion cham?(t') = cham(t’). Hence
cham?®(t) = cham(t') Vo w(t") = cham(t).

Lemma 5. Let t' and t" chameleon trees with leave degrees |t'|; = n, [t"], = m.
Thent' Voo t" andt' Voo t" are also chameleon trees with leave degree n + m.

and for any di-words uq, ..., Un+m,

(t' Voo t")(u1y - -, tntm) = (0())(u1, ..., un) Vo (cham(t"))(Uns1, . . ., Unsm),

(' Voo t")(ur, - . ., Un+m) = (cham(t)) (1, . - -, un) Vo (W(E"))(Unt1, - - ., Untm)-

Proof. Since ,
cham(t') =t', cham(t") =1",

by Lemma 3
cham(t' Vo, t") = b(t') Vo cham(t") = t' Vo t’,

cham(t' Vo t") = cham(t') Vo w(t") = ¢’ Vo t".
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Hence by Lemma 4
cham(t Voo t") = cham?®(t' Vo ") = cham(t' V. ") = t' V. ¢,
cham(t' Voo t") = cham®(t' Vo t") = cham(t' V. t") = t' V. t".
So, ' Vep t” and t' Vo t" are chameleon trees. It is evident that
[t Veo i = |t/ Voo t'|i = [t'li + It = n + m.
Lemma 6. (Cy, Ve, Voo) ts 0-dialgedra.
Proof. For any chameleon trees ¢/, t",¢"” with leave degree n,m, s,
(t' Voo t') Vep t" = b(t' Voo t") Ve cham(t"™) = (b(t') Ve b(t")) Ve cham(t"),

(' Voo t") Voo t" = b(t' Veo t") Ve cham(t™) = (b(t') V. b(t")) Ve cham(t").

Hence
(t, Vo,O tll) Vo,O = (t/ Vo,o t”) Vo,O v

Similarly,
' Voo (' Veo t") = cham(t') Vo w(t" Vo t") = cham(t') Vo (w(t") Vo w(t™)),
N
t, Vo,O (t” Vo70 t”l) = cham(t') Vo ’U.)(t” Vo,U t”’) — Cham(t') Ve ('U)(t”) Vs w(t"')),

and
t Vo0 (t” Ve, " =t Voo (t” Voo t’")_
4.4.4 Proof of Theorem 3.

By Lemmas 2 and by 6 elements ¢(z1,...,x,), where t € cham(T), |t|; = ¢, and
z1,...,%4 € X, forms base of magmatic algebra Fi;o(X).
By section 4.2 for any tree with n leaves there can be constructed n chameleon tree:
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Number of trees is Catalan number i.e.

: 1(2n -2
dim F(a,) =E(n—1)'

So number of . .
dim Fy(ay) = ( " )

n—1
Notice that identities (4.1) and (4.2) change only multiplications and there
elements remain at the same place. So there can be only equivalent trees with
generators which is stay at the same place. So dimensions of all colored trees are
equal to each other. By multiplication of tree with one generator and divided to
Catalan number there can be obtained dimension of any associative 0—dialgebra.

There known that number of this trees is dim Fy;(a;). So

o (20, Li—2)!  Diyy
Leooln (Z?:l I — 1)! sz:l Li Cis..41, .

4.5 Strong chameleon trees and associative ver-

sions of dialgebras

4.5.1 Special kind of chameleon trees.

Let n is degree of tree. Recall that degree of tree is odd number and |¢| = 2|¢|,—1,
where |t|; is leave-degree of ¢, i.e. a number of leafes.

We define special kinds of trees so called left and right stairs tree and denoted
Is, and s, respectively. Let Is; and rs; denote a tree with one vertex. Forn > 1
left stairs tree ls, and right stars tree rs, are trees of the form

ls, = \/ TS, = \/

So, by definition left stairs tree is black and right stairs tree is white if n > 1.
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Definition. S-chameleon is the subset of chameleon trees if left subtree of
any black vertex is s, and right subtree of any white vertex is rs,.

C-chameleon is the subset of S-chameleon trees if right son of any black vertex
is black. L-chameleon is the subset of S-chameleon trees if right son of any black
vertex is white. R-chameleon is the subset of S-chameleon trees if left son of any

white vertex is black.

Theorem 4. Bases of free dialgebras can be constructed by chameleon trees by

the following ways.

Set of chameleon trees generates base of free 0-dialgebra.

Set of left S-chameleon trees generates base of free left stairs 0-dialgebra.
Set of right S-chameleon trees generates base of free right stairs 0-dialgebra.
Set of S-chamelon trees generates base of free stairs 0-dialgebra.

Set of C-chameleon trees generates base of free central associative 0-dialgebra.

Set of L-chameleon trees generates base of free left associative 0-dialgebra.

Set of R-chameleon trees generates base of free right associative 0-dialgebra.

Theorem 5. Dimensions of given 0 — dialgebras generated by Iy ;s ,etc.,

ZTp'S 18 . '
d . = (2 Ez’:l li — 2)' Dzll+...+ln
e (e b= Dy b Clygeaa,
where C; = %(?:f) is i-th Catalan number and Di; is dimension of dialgebra

generated by one generator.

Corollary 1. Let n is number of leafes.
Dimension of 0-dialgebra generated by one generator of degree n is (2:_“12).
Dimension of cass generated by one generator is 2" 3(n +2) if n > 1 and
dimension for degree 1 is 1.
Dimension of lass and rass generated by one generator is Fy,_3 where F; is

Fibonacci numbers and n > 1. For degree 1 dimension is 1.

Corollary 2. Let n is number of leafes.
Multilinear parts of 0-dialgebra of degree n is (- *)n!.

n—1
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Multilinear parts of cass is 2"3(n + 2)n!.
Multilinear parts of lass and rass is Fy,_sn! where F; is Fibonacci numbers
and n > 1. For degree 1 dimension is 1.

Now we interpret colored trees as elements of dialgebras. Leaves of trees
correspond to elements of dialgebras and black vertex to multiplication + and
white vertex to the multiplication - . For example,

a d
\<>/ —(aFb)F (cHd)

So, any colored tree we interpret as an element of 0-dialgebra and the linear
map f : color(T,) — A, is epimorphism. There A, any 0-dialgebra of degree n.

There can be defined f~! : A, — color(T,). Let call that element a of 0 —
dialgebra satisfy to chameleon rule if f~!(a) € cham(T). Below we will prove
that if a is element of any 0 — dialgebra, then f~1(a) € cham(T).

4.6 Chameleon trees

Lemma 7. Any element of 0- dialgebra satisfy to the chameleon rule.

Proof: Firstly consider case when (a * b) - ¢ where a, b, ¢ some elements and
* can be any multiplication by (4.2) then we must show that a * b contains only
F type of multiplication. We can say that if there will be proved that b contains
only I then for a it can be proved by the same way. Let b = &’ % b” and there can
be any multiplication because |

(axb)Fe=(a—(t'*b"))Fec

and by (4.1) it is true. If &’ is not leave then make the same operation i.e.
b’ = d’'*d” and continue it to leave. By this way we can change any multiplication
to F by using (4.1) and (4.2.)

Analogically can be proved for case a - (b c¢). U

There we can say that lass,Tass, cass also satisfy to the chameleon rule.

For t € cham(T) let us define its weight w(t) as a pair of integers (a, b), where

a is a number of black vertices and b is a number of white vertices. For example,
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t= = w(t) = (3,3).

Example. Let us construct all chameleon trees for degree 3 by weights. There
are three kinds of weights: (2,0), (1, 1), (0, 2).
Trees with weight (2, 0):

X

Trees with weight (1, 1):

X

Trees with weight (0, 2):

Notice that in this example for A3 = cass two trees in weight (1, 1) are equal -
by (1.4). Analogically for lass two trees in weight (2,0) are equal by (1.3). For
rass two trees in weight (0.2) are equal by (1.5). So number of independent trees
for all this 0-dialgebras of degree 3 equal to 5

By (7) we can consider only trees of the set cham(T). We write every weight
in the form (a, b) for degree n. There a + b+ 1 = n and we have n + 1 different
weights Ui o(n — 1, 1).

Let call associativity identity for 0 — dialgebra is some identity of the form:

(axb)xc=ax*(bxc) | (4.3)

where x =+ or .
Let call that element of O-dialgebra satisfy to the left and right stairs if
f~Ya) € S — chameleon.
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Lemma 8. Any associative 0-dialgebra satisfy to the left and right stairs.

Proof: Let we have some associative 0 — dialgebra with identity (4.3). By
(7) we know that any 0 — dialgeba satisfy to chameleon rule. We prove that

al—b=(((a1|—a2)l—)l—an)l—b

By using (4.1) and (4.2) in a there can be obtained any type of multiplication
without changing of brackets. So there can be anytime used (4.3) and changed
any right normed element to the left normed i.e.

al—b=(al*(az*ag))I—b=((a1*a2)*a3)l—b=((a1I—ag)F—a;,)l—b.

Analogically can be proved right stairs.(]

Lemma 9. For any tree t with a + b + 1 leaves and weight (a,b) there exist
bijection to labeling sequence of inner vertices.

Proof: There easy to see that in sequences which is give in section 2.3 all
integer are even numbers i.e. all vertices labeled by even numbers and leaves by
odd numbers. Let prove that all trees which correspond to given sequences is
chameleon trees. By induction suppose that this labeling is true for all trees of
degree ¢ where deg(t) < a + b. Then we must prove that multiplication of two
trees which is their degree less than a + b+ 1 that their labeling also chameleon |
tree.

Let take any trees a,b where deg(a) = m,deg(b) = nstm,n <a+b+1.
Then we consider the tree a V b of weight (0,m + n — 1). Tree of the weight
(1,m+n —2) is equal to a( m-2) Vo bon-1). For weight (2, m +n — 3) is equal to
a(2,m-3) Vo bo,n—1). So for weight (i,m +n — 1 — 1) where s < m — 1 tree is equal
to

A(i,m-1-4) Vo b(0.n-1)-

For (m,n — 1) tree is A(m-1,0) Ve bon-1)- For (i,m +n —1—14) wherem < i <
m+n — 1 tree is

A(m-1,0) Ve O n-1-1)-
We can not write it by the other way because it will contradict to definition of

chameleon trees.In particular all chameleon trees of degree a + b + 1 satisfy to
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this labeling sequences. So induction is proved. It is easy to see that for this tree
a V b bijection between every weight and labeling sequence is satisfied. [

For any tree of degree a + b+ 1 we will give the way of construction of vertices
for all weights. It is equivalent to find inner vertex which is not change color of
other vertices by chameleon rule. Let we have tree a = @1,1Ve01,2;012 = G2,1VeQ22;

.5 Om2 = Gm+1,1 Ve Gmy1,2 and let apmy12 is leaf, then we start from ap, 9 and
change it’s color to white and this vertex do not change color of other vertices.
Let numerate this vertex by 2(a 4 b). This new tree will be element of weight
(a+b—1,1). Then we need to obtain element of weight (a+b—2,2). We make the
same thing for anm41, like for @ i.e. change color of vertex which is stay at right
side and it has only leaf at the right side i.e. this vertex also not change color of
other vertices. Numerate this vertex by 2(a 4+ b) — 2. Continue this operation.

By this way we numerate all vertices and obtain all trees for each weight i.e.
Am+1,1 Am+1,1

\/ Am+1,2 .\/ Am+1,2
a ‘a

-Am,2 ™m,2

We can’t change color of vertices by other way because it will contradict to
definition of cham(T). OJ .

Example. Let choose tree of the form Ty V (T2 V T;) and write it’s form for -
every weight.

Corollary 3. Let fix any tree t with (a + b+ 1) leaves then for any weight it
defined uniquely.
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4.7 Free 0-dialgebras on trees.

Let construct some di dialgebra with following multiplication: if a, b some trees
then
a Ve b = cham(a V, b)

a Vo b= cham(a V, b)

By (7) this algebra di € Var(0 — dialgebra) where Var(X) is variety of X
algebra.

Let prove that this O—dialgebra is free. Let take set of generator Y which
is leaves of trees. Let take any algebra A € Var(0 — dialgebra). Then make
some map 7 : Y — A. This map can be canonically extended to homomorphism
n: ®(Y) = A where ®(Y) is free magma dialgebra i.e. dialgebra without any
identities. But ideal I(®(Y)) which is constructed by (4.1) and (4.2) lies in any
kernel of homomorphism of ®(Y) to any dialgebra A. In particular it lies in kernel
of 7. It means that there exist homomorphism ¢ : ®(Y)/I(®(Y)) — A which is
make this diagram commutative

®(Y) = 2(Y)/I(2(Y))
N
A N

So ¢ is needed homomorphism. Uniqueness is obvious. This way is work for
any dialgebra. _

Now we construct dil dialgebra by the following multiplication: if a,b some
trees of degree m,n then a Vo b =a V, s, i.c.

N
a b a \/)3/
For a V, b we consider 2 cases: b = ¢V, d or ¢V, d where ¢, d some trees of
degree k,[. At first case



a Ve (cVod) =1lsy Ve (cV, rs%/'r.e.

\./ :
a\/bz \&y{

At the second case a V, (¢ Vo d) = Is;pik Vo d ie.

v
NS

It can be easily checked that dil € Var(lass). Analogically can be constructed

for rass dir dialgebra.
Let construct dialgebra dic for some trees a, b of degree m, n with multiplica-

tion a Vo b =a Vo s, i.e.

Y

a \/b =a \2{

For a V, b we consider 2 cases: b = ¢V, d or ¢V, d where ¢, d some trees of
degree k, . At first case a Vo (¢ Vo d) = (Is;, Ve €) Vo Ts.

oY
a b W .
For second case aV,(cV.d) = 0. It can be easily checked that dic € Var(cass).

4.8 Proof of (4),(5).

Set of chameleon tree with subtree of a form t = bV, (aV,c) is called C-chameleon,

where a is chameleon tree,b = bs,, and ¢ = ws,, or it can be leaves.
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Set of chameleon tree with subtree of a form ¢t = bV, (c V, a) is called L-
chameleon., where a is chameleon tree, b = bs, and ¢ = bs,, or it can be leaves.

Set of chameleon tree with subtree of a form (aV,b) Voc is called R-chameleon,
where a is chameleon tree, b = ws, and ¢ = ws,, or it can be leaves.

By the other words it means that there set of trees with subtrees of the fol-

lowing forms correspondingly:

_ a a a

Let define set of trees for any dialgebra A such that:
Annyp(A) = {x € Alz V. a = 0, where Va € A}.
Ann,.,(A) = {z € Ala V. x = 0,where Va € A}.
Definition: There can be defined left and right stairs for cham(T) if
a' Ve a" = bsjy V, a”

b’ V b(’ = b, V ws|b~|.

For left and right stairs Annyp(A) = {t—bsy|Vt € 0—dialgebra}, Annrw(A)
{t — wsy|Vt € 0 — dialgebra}.

Set of trees which is satisfy to left and right stairs called stairs chameleon
trees. There we define subsets of trees

C'—, L—, R — chameleon € cham(T)

which are satisfies to left and right stairs and
R — chameleon = cham(T)\R,

L — chameleon = cham(T)\L,

C — chameleon = cham(T)\C.
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Let B, be set of all black trees with n leafs, i.e. trees whose all vertices are
black and similarly denote by W,, set of white trees and '

Ky Vo K = {t' Vo "]t € Kp, t" € K}

where K =B or W.

By Vo Wy, = {t' Vo t'|t' € By, t" € W, ).
W, Vo B = {t' Vo t'|t € W, t" € B}

W, Vo W = {8/ Vo t'|t € W, 2" € W, ).

For convenience let write basis trees of central associative 0-dialgebra by other

way of degree m:

C — chameleon = {U (o (Ba Vo W) oo Vo Wi )}

where a + k1 + ... + k, = m,a # 1 and B;, W; satisfies to left and right stairs.
For lass, rass equations (1.3) and (1.5) are means associativity for a one
multiplication. So B, and W, in this algebras we consider in the forms of one

tree i.e.
~

fB,) =(..((arFax)Fa3)...Fas_1)Fa,
f(Wn) = Qg - (an_l ... (CL3 - (a2 - 0,1)) . )

correspondingly. ,
L set means that subset of trees cham(T) such that right son of any black
vertex is black i.e. contains all trees with subtrees of the form

... (Bx Vo (B V, (...))).

Analogically R set means that subset of trees cham(T) such that left son of any

white vertex is white i.e. contain all trees with subtrees of the form
() Ve W) Vo W)).

C set is the subset of cham(T) such that right son of any black vertex is white
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i.e. contains all trees with subtrees of the form
e (Bk Ve (( . ) Vo W[))

Example. Let construct base of cass for degree 3 and 4. By (4) for degree
3,4 is constructed above i.e. B3, By V, W, W;.

For degree 4 is B4, B3 V, Wl,(Bz Vo Wl) Vo W1i,By Vo Wy, W,y

Firstly let prove it for free 0 — dialgebra. In section 4 we constructed di free
0 — dialgebra and base of this dialgebra is cham(T). In (7) there shown that
we can vanish all trees which is not satisfy chameleon trees. So base of di and
0-dialgebra coincides. So basis of 0 — dialgebra is cham(T). By using linear map
f(cham(T)) there can be obtained basis of 0 — dialgebra. O

By (8) we know that cass, lass, rass satisfies to the left and right stairs.

Let firstly consider cenral associative 0 — dialgebra. Then by construction
which is given in (9) any tree of weight (a,b) defined uniquely and by using (1.4)
we can change any element of weight (a,b) to (... (Bay1VeWy,) ...V, Wy ) where

k1 + ...+ k, = b. By the other words (1.4) in terminology of trees means that:
b

a = C

where tree c is contain only whité vertices and ¢ = Wi, If tree b contain white
vertices then like above make the same operation by using (1.4) and there can be
obtained the form (... ((Bg+1) Vo Wg,) ... Vo Wy ).

In section 4 given dic free central associative 0—dialgebra and base of dic
and free central associative 0—dialgebra are coincides. By using f we obtain base
of cass = f(cham(T)/C).

Let consider left associative 0 —dialgebra. In this algebra all elements which
are satisfy to L set can be written in this form By Ve (B; V. (...)). By (1.3) we

can write
By V. (Bl Ve ( L)) = (Bk Ve B;) V, ( ..) = Bgt Ve ( )

By this way we can vanish all elements which are satisfy to L set.
We constructed dil free left associative 0—dialgebra and and base of dil and
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free left associative 0—dialgebra are coincides. by using f we obtain base of
lass = f(cham(T)/L). Analogically it can be wrote for rass.O]
For prove (5) there known that dimension of free magma algebra

4, = (2>, bl —2)! .
e (e b= DTy b

For free magma algebra any tree of degree n has the same dimension with

the other tree of the same degree. We know that given identities of dialgebras do
not change place of generators. There changed only brackets and multiplication.
So dimensions of all colored trees are equal to each other. By multiplication of
tree with one generator and divided to Catalan number there can be obtained
dimension of any associative 0 — dialgebra.

In particular for 0 — dialgebra dimension is

(225l — 2)!

Ay = (4. +1,).0
Hooln (Zi:l li — 1)! Hi:] li( : n)
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5. GD-algebras

5.1 Some notions of GD-algebras

It turned out [25] (see also [15]) that GD-algebras are closely related with con-
formal Lie algebras appeared in the theory of vertex operators [17]. Conformal
algebras and their generalizations (pseudo-algebras) also turn to be useful for the
classification of Poisson brackets of hydrodynamic type [5]. It worth mentioning
that Poisson algebras are also closely related with representations of Lie conformal
algebras [18].

The following statement provides a series of examples of GD-algebras. Recall
that a Poisson algebra is a linear space V' equipped with two bilinear operations,
i.e., asystem (V,-,{:,-}), where (V,-) is an associative and commutative algebra,
(V,{-,-}) is a Lie algebra, and the following Leibniz identity holds:

N

{z,yz} = {z,y}z + y{z, 2}.

Theorem 6. Let V be a Poisson algebra with a derivation d € Der V relative to
the both products. Define a new operation o on V in the following way:

z oy = zd(y). (5.1)

Then (V,0,{-,-}) is a GD-algebra.

The proof is straightforward. It is well-known [6, 13] that zoy = zd(y) satisfies
(1.6) and (1.7). It remains to show that (1.8) holds. Indeed, evaluate the left-hand
side of (1.8) in a differential Poisson algebra: [u, wov]—[v, wou]+[w, uJov—|w, v]o
u—wolu,v] = {u, wd(v)} — {v, wd(uw)} +{w, u}d(v) — {w, v}d(w) —wd({u,v}) =
{u, w}d + {u,d(v)}w — {v w}d(u) — {v, d(uw)}w + {w, u}d(v) — {w,v}d(u) -
w{d(u),v} — w{u,d(v)} = O

41



Let us call a GD-algebra A special if it can be embedded into a differential
Poisson algebra with operations {-,-} and o given by (5.1). The.class of all
homomorphic images of all special GD-algebras is a variety (i.e., a class of algebras
which is closed with respect to homomorphic images, subalgebras, and Cartesian
products). Let us denote this variety by SGD. The main purpose of this paper is
to describe a way for finding the defining identities of SGD.

In order to solve that problem, we need to study differential algebras and
answer the following question which is of independent interest. Suppose A is a
(non-associative) algebra with a derivation d. Introduce the following new binary
operations on A:

a>b=d(a)b, a=<b=adl), a,bcA. (5.2)

Assuming A satisfies a family of polynomial identities, what can be said about
identities on A = (A, >, =<)?

For example, if A is associative and commutative then @ > b = b < a and the
operation < satisfies (1.6) and (1.7). It was shown in [11] that there are no more
independent identities that hold on A for all associative commutative algebras
A and for all their derivations d. Moreover, it was proved in [8] that every Novikov
algebra may be embedded into a differential associative commutative algebra.

We find an explicit answer to the question about identities of A, It turns
out that, given a variety Var defined by multilinear identities (multilinear variety,
for short), the systems A, A € Var, d € Der(A), generate a variety governed by
the operad Var oNov, where Nov is the operad of Novikov algebras and o stands
for the Manin white product of operads {14, 20]. Hereinafter we identify notations
for multilinear varieties and the corresponding operads.

If Var is a variety of algebras then the free algebra in Var generated by a set X
is denoted Var(X). By Var Der we denote the class of all differential Var-algebras
with one derivation (this is a variety of algebraic systems with one additional
unary operation d in the language). The free algebra in Var Der generated by
a set X is denoted Var Der(X,d). We will often need to know the structure of
the free differential Var-algebra. It can be easily derived in general (c.f. [12] for

associative algebra case) that the following statement holds.

Lemma 10. For a multilinear variety Var, the free differential Var-algebra gen-
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erated by a set X with one derivation d coincides with Var(d* X), where d*X =
{d°(z) | s >0,z € X}. '

Indeed, consider the free nonassociative (magmatic) algebra M (d“X) and
define a linear map d : F(X;d) — F(X;d) in such a way that d(d*(z)) = d**!(x),
d(uv) = d(u)v + ud(v). Denote by Tva(X) the T-ideal of all identities in a set
of variables X that hold on Var.

Since Var is defined by multilinear identities, the T-ideal Tyar(d¥ X) of M {d“ X)

is d-invariant:
A(f(d (1), .-, & (2a)) = D F(d (1), ..., d% (@), d*(z)).
i=1

Hence, U = F(X;d)/Tva.(d*X) is a Var-algebra with a derivation d. Since all
relations from Ty, (d”X) hold in every differential Var-algebra, U is isomorphic
to the free differential Var-algebra. 0

Remark 1. In Lemma 10, a derivation d may be replaced with a generalized
derivation, i.e., a linear map D such that

D(zy) = D(z)y + zD(y) + Azy,

where ) is a fixed scalar in k. Indeed, it is enough to note that d = D — \id is

an ordinary derivation.

In order to study the relations between GD-algebras and differential Poisson
algebras we need more general settings. Namely, given an algebra A with a
derivation d, consider the system A = (A, >, <,-), where >, < are defined by
(5.2), and - is the initial multiplication on A. How to describe the identities that
hold on A@) provided that we know the identities of A? It turns out that the
answer involves the operad GD of GD-algebras. Namely, for a multilinear variety
Var, the systems A A € Var, d € Der(A), generate a variety governed by
Var o GD', where GD' is the Koszul-dual of the operad GD.

The paper is organized as follows. In Section 5.2, we calculate the operad GD'
and describe the free GD'-algebra. In fact, the variety of GD'-algebras is a proper
sub-variety of the class of Novikov—Poisson algebras. The defining identities of
GD' were earlier obtained in [8], but it was assumed in (8] that a Novikov-Poisson
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algebra has an identity element. We can not use this assumption for our purpose,
so we describe the free GD*-algebra explicitly and prove that it can be embedded
into the free differential associative and commutative algebra.

In Section 5.3, we define (generalized) derived identities of a multilinear variety
Var of algebras with binary operations as those identities that hold on all A
(resp., A“) for all A € Var and for all d € Der(A4). Denote the operads defined
by (generalized) derived identities by D Var (resp., D* Var). Then we prove

D Var = VaroNov, D*Var = VaroGD'.

In Section 5.4, we describe the linear basis of the free special GD-algebra
SGD(X) in terms of the enveloping differential Poisson algebra. This result gen-
eralizes what was done in [11]: here we have to add one more operation [-, ] into
consideration.

Section 5.5 is devoted to the description of defining relations of the operad
SGD governing the variety generated by all special GD-algebras. It is easy to see
that the operad SGD is a sub-operad of D*Pois generated by a proper subspace
of binary operations. We find the entire family of defining relations for D*Pois,
so all defining identities of SGD occur among their corollaries. In particular, we
are interested in special identities of GD-algebras, i.e., those identities that hold
on all SGD-algebras but do not hold.on the class of all GD-algebras. There are no
special identities of degree 3, but we can find two independent special identities of
degree 4. The complete list of special identities of GD-algebras remains unknown.

5.2 Dual Gelfand—Dorfmann algebras

Suppose Var is a multilinear variety of algebras. Fix a countable set of variables

X = {z1,z2,...} and denote

Var(n) = My (X)/Mn(X) N Tvar(X),

where M,,(X) is the space of all (non-associative) multilinear polynomials of de-
gree nin xy, ..., &n, Tya(X) is the T-ideal of all identities that hold in Var.
The collection of spaces (Var(n)),>1 forms a symmetric operad relative to the

natural composition rule and symmetric group action (see, e.g., [20]). We will
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denote this operad by the same symbol Var. The operad Var is a binary one, i.e.,
it is generated (as a symmetric operad) by the elements of Var(2). In the generic
case of algebras with one binary operation of multiplication, Var(2) is spanned
by z1x, and xyx;.

The variety of GD-algebras is defined by identities of degree 2 or 3. Therefore,
the corresponding operad is a quadratic one [14]. Let us compute the Koszul dual

operad GD'.
Denote two operations of a GD-algebra by u and v, namely, p = [y, zy],
v = z1 0 x3. Then GD(2) = Span{y, v, v12}, where 1/512) = Z90I.

As in [14], the Ss-space of multilinear terms of degree 3 is identified with
O3 = kSs kS, (GD(Z) ® GD(?)),

where the action of (12) € S; on GD(2)#? is given by id ® (12).

We may choose a basis ay, .. ., az7 of O3 as follows:
a; = 1 ®ks, (4 ® u) = [[z1, z2], 3], az = 1 ®xs, (L ® V) = [z1 0 z2, 73],
a3 = 1 ®xs, (1 ® v?) = [£; 0 71, 23], as =1 ®ks, (V@ u) = [r1, 3] 0 T3,
a5 = 1 ®s, (v ® V) = (z1 0 22) 0 23, as = 1 ®xks, (1/ ® 12 ) (x5 0 z1) 0 3,
a7 = 1 ks, (l/(12 Y u) = 30 [T1, T2, ag = 1 ®ks, (,,(12) ® V) = x30 (21 0 T2),
ay = 1 Qks, (V ( (12) & ,/(12)) = x30 (r3 011),

and ag4; = (13)a;, a1g+i = (23)a; fori =1,...,9.
Relative to the basis a1, . . . , a7, the vectors representing the defining relations

of GD may be presented by the rows of the following matrix:

100000000 -10000000 0-100 020 0 000
000010000 00000000 0 0 0 0 0-10 000
000001000 00000-100 0 0 0 0 0 0 0 000
000000000 00001000 0 0 00 0 0 —1000
000 01-1000 00000000 ~-100 0000 010
000000010 0000000-1000 00 1 -1000
000 00000-100001-100 0 0 0 0 0 0 0 001
010100000 00000010 0 0<-10-100 000
001-100000 00-110000 0 0 0 0 0 0 0 -100
000000100 01010000 0 0 0-110 0 000

Compute the sign-twisted orthogonal complement U+ C Of [14] for the Sj-
module U spanned by these vectors to obtain the defining relations of the Koszul
dual operad GD'. It turns out that a GD'-algebra has two operations u" (1, T2) =
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Z1 * 29 and vV (z1, T9) = 1 * T2, where
cxy=yxx. T*(yxz)=(T*y)*z (5.3)
i.e., * is associative and commutative,

(e %) w7 — ok (yn2) = (o52) 4y — 3% (2 %), 54)
Tx(Yy*z) =yx*(T*2), (5.5)

i.e., % is a right Novikov product, and

zx(y*z) = (x+y)* 2, (5.6)
Tx(y*xz)+y*x(z*xz)=(z*xy)*z. (5.7)

Remark 2. Relations (5.3)-(5.7) up to a change of notations
TY==T*Y, TOY=y*I

coincide with the identities defining a differential GDN-Poisson algebra [8]. This
is a proper sub-variety of the variety of Novikov—Poisson algebras introduced in
[24]. However, all algebras in [8] are assumed to be unital, i.e., with an identity
e relative to the associative and cognmutative operation x. This is an essential
restriction since it is unclear in general how to join a unit to a GD'-algebra. This -
is why in this section we have to study the free GD'-algebra without an identity

assumption.

Let us find a normal form of elements in the free GD'-algebra, i.e., a linear

basis of GD'(X).
Denote by BiCom the variety of algebras with two associative and commuta-

tive operations * and © such that
(zOy)*z2=20 (y*2). - (5.8)
It is easy to see that the following identities hold in BiCom:

(zOY)*z=(x*y) Oz zxyOz)=y*(x0O2) (5.9)
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Indeed, apply commutativity of * and (5.8) to obtain

(zOY)*xz2=(yYoOx)*x2=yO(z*2)=yO0O(2%xz)=(y®2)*zT
=(zOy)xz=20(yxz)=(x*xy) O =.

Similarly,
zx(yOz)=(z20y)*x2=20(y*2)=20(z*y) = (202)*y=y* (20 2).

Theorem 7. A linear basis of the free BiCom-algebra BiCom(X) generated by
a linearly ordered set X consists of the words

Tk *Tx (1O Op), T <<y <<y, (5.10)

Proof. It can be easily seen that every element of a BiCom algebra generated

by a set X can be transformed to a linear combination of words that have the

following form:
Tiy ¥ Tig % ... % T, % (Y5, © ... OY5), 5y € X.

Commutativity of * and © allows us \to assume z;, < -+ <z andy;, < --- < Yie- -
If x;, > v, then we may interchange them by means of the second relation in (5.9).
Hence, every element of BiCom can be transformed to a linear combination of
monomials (5.10).

To prove linear independence of (5.10), consider a linear space B’ spanned
by (5.10) and define multiplications * and ® on B’ in the following way. If
u=z1%.. %I *(YP1O...OYm), V=21%. .. x5 x (11 O... Ot,y) then

U XV = l1 LI ln+p+l * (ln+p+2 ©...0 ln+p+m+q)

u@u = ll ...k ln+p * (l'nH)-H ©...0 ln+])+m+q)

n+prm+q) 18 just the ordering of the sequence (Z1,...,Zn,

where the sequence ({1, - - -
,t,). It is easy to check that B’ is a BiCom algebra.

Yty - - ,Z/m,zlg- .. ’Zp7t1f”'
Hence, B’ = BiCom(X). >
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Let BiComDer(X,d) stand for the free differential BiCom-algebra generated
by a set X with a derivation d (i.e., d is a derivation relative to the both operations
* and ©).

Theorem 8. Let A be a BiCom-algebra with a derivation d. Then A is o GD'-
algebra relative to the operations x and x defined by

zxy=d(z)Oy.

Proof. The operation x *y = d(z) ® y is known to be right Novikov. It remains
to check the identities (5.6), (5.7):

*(y*2) = (zxy) %2z = d(z) © (y * 2) — (d(z) Oy) * z = 0,

zH(y*z)+yx(z+2) = d(z)O(y*2) +d(y) O (w*2) = (d(2)Oy)*z+(d(y) Ox) * 2
=(d#z)*xy) Oz+(d(y) *7) Oz =d(z*y) Oz = (T *y) * 2

by (5.9). O

Let us say that a GD'-algebra B is special if it can be embedded into an ap-
propriate differential BlCom-algebIa Denote by SGD' the variety generated by
special GD'-algebras (all homomorphlc images of special GD'-algebras). Obvi- -
ously, the free SGD'-algebra SGD'(X ) generated by a set X is isomorphic to the
subalgebra of BiComDer(X, d) generated by X relative to the operations * and .

For every monomial u € BiComDer(X,d) define the weight of u by the fol-

lowing induction rule:

wt(z) = -1, 2 € X,
wt(d(u)) = wt(u) + 1;
wt(u * v) = wt(u) + wt(v) + 1;
wt(u © v) = wt(u) + wt(v).

The space of differential BiCom-monomials of weight —1 has the following basis:
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T *”.*xt*(y]Q'“GyieriH(yiJrl)@"'@drk(yk)),
<<y fy L Ly,

t (5.11)

Titls-o - Tk >0, g+ -+ —k= -1,

(ri+1, Yi+1) < -+ < (7%, yk) lexicographically,

Theorem 9. An element f € BiComDer(X,d) belongs to SGD'(X) if and only

if all monomials that appear in f have weight —1.

Proof. The “only if” part can be easily proved by induction. For the converse
(“if”) part, it is enough to consider the case when f is a monomial of the form
(5.11). Note that if wt(f) = —1then f =x;*---*zy % w, wherew =9, 0--- ©
y; Od" 1 (Yiy1) O - - ©d™(yi), wt(w) = —1. As shown in [11], w can be expressed
via . Then f € SGD'(X). O

Theorem 10. For a linearly ordered set X, SGD'(X) is isomorphic to GD'(X).

Proof. First, let us prove the following technical statement.

Lemma 11. The following elements span the free GD'-algebra GD'(X) generated
by a linearly ordered set X :

Trx-ckpprw, T < STy T € X,

where w is a monomial from RNov(X) relative to the operation *.
Here RNov denotes the variety of right Novikov algebras defined by the iden-
tities (5.4) and (5.5). ‘

Proof. Let f be a monomial in GD.!(X ). Proceed by induction on n = deg f. If
n = 1,2 then the statement is clear. Suppose n 2 3. Then f =uxvor f =u*v,

deg u, degv < n. By the inductive assumption,

u:wl*...wr*wl, U—:yl*...ys*wg,

where w;, w2 € RNov(X).
Case 1: f =wuxv. Then f =:1;1*---*xr*yl*---*ys*(wl*wz). [fdegw;, =1

or deg wy = 1 then we are done. If w; = (wi * wyz), 1 = 1,2, then the inductive
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assumption implies
(wy *wig) * (W *waz) = Wiy * (wyg* (Wey *waz)) = wiy *(2xw') = zx (w*w'),

where z € X, w’ € RNov(X). Hence, f = x1 %% X, %y %+ - - Ys * 2% (W xw').
Case 2: f =uxv. Then f = (zy % -+ *x T, xwy) * (Y1 * -+ * Yy % wy). If
degu = 1 then the statement follows from (5.6) and commutativity of *:

f=zix(yi*  xyskw2) =y x - xyp * (T *wy).

For deg u > 1, we have to consider the following sub-cases: r = 0 and 7 > 0. The
first one is similar to what is done for degu = 1, in the second we have u = zyx/,

so by (5.7)
f=(@ *xu)*x (1% *xysxws) = (T xw') + (W *x1)) % (y1 * -+ % Yg * w).

The latter expression is of the type considered in Case 1. 0

Suppose X is linearly ordered. Consider the epimorphism
¢ : GD'(X) = SGD'(X) C BiComDer(X, d)

given by ¢(z) = z for z € X, p(u»w) = d(p(u)) © p(v), p(u*v) = p(u) * p(v).
Recall that elements from RNov(X) may be presented as differential poly-
nomials from the free differential commutative algebra ComDer(X,d) (relative

to binary operation ® and derivation d) by means of x xy = d(z) © y. Such
a presentation is known to be unique [11]. Therefore, by Lemma 11 GD'(X) is

spanned by elements

u=xz1 % xxx (@ (Y1) © - Od*™ (), T € X, y; € X, (5.12)

where z; = -+ < T, s+ - +s—k=-1,and

(51,91) < -+ < (Sk, yk) lexicographically.

Note that if w is ot the form (5.12) then ¢(u) = u € BiComDer(X, d). Moreover,
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Relation (5.9) implies that we may add one more condition on the words
(5.12): & < y1. '

Therefore, we have found a set of linear generators in GD'(X) whose images in
SGD'(X) are linearly independent. Hence, GD'(X) ~ SGD'(X). In particular,
the set of monomials (5.11) is a linear basis of GD'(X). 0O

Consider the class SNP of all algebras with two operations # and * obtained
from differential associative commutative algebras via

axb=ab, axb=d(a)b. (5.13)

Corollary 4. The class of all homomorphic images of algebras from SNP coin-

cides with the variety of GD'-algebras.

In other words, the defining identities of GD' and their corollaries exhaust all
identities that hold for operations (5.13) on commutative differential algebras.

Proof. Consider the homomorphism of GD'-algebras
¥ : GD'(X) — ComDer(X, d)

defined as follows: ¥(z) = x for x € X, ¥(f * g) = V(f)v(g), v(frg) =
d(v(f))¥(g). We are interested in the kernel of .
By Theorem 10, GD'(X) C BiComDer(X,d). Therefore, 1 is the restriction

of the following homomorphism of differential BiCom-algebras:

¢ : BiComDer(X,d) = ComDer(X, d),

o(z) =z for z € X, o(f * g9) = o(f © g) = v(f)e(9)-
Suppose X is equipped with a linear order and w is a monomial in BiComDer(X, d)

of the form (5.11). Then
p(w) = 1. -2y - $d " (Yir1) - A (yk),

wherez; < - < <y < -+ < ¥ T > 0, (ri+1, Yir1) < -+ < (rh, yp)
lexicographically. Therefore, the images of the basic monomials of GD'(X) are



linearly independent, so
Kery = GDY{(X) NKeryp = {0}.

O

In particular, we may find a simple form for a basis of the free algebra GD' (X).
Let w be a monomial in ComDer(X,d). Define the weight of w by induction
as follows: wt(z) = —1, z € X; wt(uv) = wt(u) + wt(v); wt(d(u)) = wt(u) + 1.

Corollary 5. A linear basis of GD'(X) consists of all monomials in ComDer(X, d)
of weight < —1.

Remark 3. For unital GD"-algebras, a more precise result was obtained in [8]: if
V is a GD'-algebra with an identity e relative to the operation * then V coincides
with an associative commutative algebra A with a derivation d € Der(A) equipped
with the operations z * y = zy, z vy = d(z)y.

5.3 Derived i1dentities

Let P and Q be two operads. Then the family of spaces (P(n) ® Q(n))n>; is an
operad relative to the componentwige composition and symmetric group action.
This operad, denoted P ® Q, is known as the Hadamard product of P and Q. If -
P and Q are binary operads then P ® Q may be non-binary. The sub-operad of
P ® Q generated by P(2) ® Q(2) is known as the Manin white product of P and

Q, it is denoted P o Q [14].

Example 1. The operad Lie o Nov is isomorphic to the operad governing the

class of all algebras (magmatic operad).

Indeed, both Lie and Nov are quadratic operads, and so is Lie o Nov [14]. Let
[z1,29] and z1 o z2 be the generators of Lie and Nov. It is enough to find the
defining identities of Lie o Nov that are quadratic with respect to the generators.

Identify [z1,22] ® (z1 o z2) with [x; < @3], then [z1,22] ® (z2 0 71) =
([x2, 1] ® (z1 0 22))1¥ = —[z3 < z1]. Hence, (Lieo Nov)(n) is an image of

the space M,(X) of all multilinear non-associative polynomials of degree n in
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X = {1, 22,... } relative to the operation [ < -]. Calculating the compositions

in the componentwise way, we obtain

my = [[z1 < 2] < 23] = [[71Z2)x3] @ (7} 0 T2) 0 3,

my = [T1 < [T2 < 23]] = [z1[zez3)] @ 71 0 (T4 0 x3),

It remains to find the intersection of the Ss-submodule generated by m; and
my in M3(X) ® M3(X) with the kernel of the projection M3(X) ® M3(X) —
Lie(3)®Nov(3). Straightforward calculation shows the intersection is zero. Hence,
the operation [- < -] satisfies no identities.

Example 2. The operad AsoNov is generated by 4-dimensional space (As oNov)(2)
spanned by

(z1 < 22) = 2122 @ 1022, (22 <21) = Zox1 ® T90 14,

(xl >‘£U2), = T1T2 ® Ty 0 X1, ($2>-$1), =$2x1®$10$2,

relative to the following identities:

(21> 22) < z3 — 71 = (T2 < 73) = 0, (5.14)

(;(;1 -<,’E2) <z3—21 < ($2>-$3)+(.’131 -<:1:2)>-x3—:c1 - (:L‘2>-:L‘3)=0.
\ (5.15)

This result may be checked with a straightforward computation. Namely, one
has to find the intersection of the S3-submodule in M3(X) ® M3(X) generated

by

(z1 < T2) < z3 = (2122)23 ® (T172)T3, T1 > (T2 = T3) = T1(T223) ® (T322)1,
(T > z2) < 23 = (z122)73 ® (zaz1)T3, 1> (T2 < x3) = 21(2273) ® (oz3) T,
(z1 < T3) = T3 = (T122)23 ® T3(T1Z2), T1 < (z2 = x3) = T1(2223) ® 71 (T322),

71 < (22 < 73) = T1(T2x3) @ T1(T2%3), (71 > T2) > T3 = (T172) 73 ® T3(7271)

with the kernel of the projection M3(X) ® M3(X) — As(3) ® Nov(3).
Given a (non-associative) algebra A with a derivation d, denote by A the

same linear space A considered as a system with two binary linear operations of



multiplication < and > defined by
r<y=uzd(y), z>y=d(z)y, =zy¢€cA.

In the same settings, denote by A% the system (A, <,>,"), where - is the initial
multiplication on A.

Definition 3. Let Var be a multilinear variety of algebras. A non-associative
polynomial f(z1,...,z,) in two operations of multiplication < and > is called a
derived identity of Var if for every A € Var and for every derivation d € Der(A)
the algebra A(@ satisfies the identity f (%1,...,20) = 0. A generalized derived
identity is a polynomial in three operations <, >, and - that turns into an identity

on A% for every A € Var and for every d € Der(A).

Obviously, the set of all (generalized) derived identities is a T-ideal of the
algebra of non-associative polynomials in two (three) operations.

For example, (z > y) = (y < ) is a derived identity of Com. Moreover,
the operation (- < -) satisfies the axioms of Novikov algebras (1.6) and (1.7). It
was actually shown in [11] that the entire T-ideal of derived identities of Com is
generated by these identities. Similarly, Corollary 4 implies that the identities of a
GD'-algebra (5.3)(5.7) present the complete list of generalized derived identities
of Com relative to the following chahbge of notations:

TH*RY=Y, T kY=T>yY=yY <1

Remark 4. For the variety of associative algebras, it was mentioned in [19] that
(5.14) and (5.15) are derived identities of As.

Our aim in this section is to show that (generalized) derived identities of Var
are exactly the same as defining relations of VaroNov (Varo GD!). We will focus
on the proof of the description of generalized derived identities.

Let Ay, be the class of all differential Var-algebras with one locally nilpotent
derivation, i.e., for every A € Ny, and for every a € A there exists n > 1 such
that d"(a) = 0.

Note that My, and the entire class Var Der satisfy the same (differential)
identities: we prove that within the following statement.



Lemma 12. Suppose f = f(z1,...,2n) is a multilinear identity that holds on
A for all A € Nyar. Then f is a generalized derived tdentity of Var.

Proof. Consider the free differential Var-algebra U, generated by the set X =
{z1, 2, ...} with one derivation d modulo defining relations d*(z) =0, z € X.
Then U, € Nvar. As a differential Var-algebra, U, is a homomorphic image
of the free magmatic algebra M(d“X). Denote by I, the kernel of the homo-
morphism M (d“X) — U,. As an ideal of M{d*X), I, is a sum of two ideals:
I, = Tya(d“X) + N,, where N, is generated by d"*(z), z € X, t > 0. Note
that the last relations form a d-invariant subset of M(d“X), so the ideal N, is
d-invariant.
If a polynomial F € M(d“X) belongs to I, and its degree in d is less than
n then F belongs to Ty (d“X). If f = f(x1,...,%,) is a multilinear identity in
D then the image F of f in M(d“X) has degreen — 1 in d, so F € Tyar(d”).
Hence, f is a derived identity of Var. 0O

Theorem 11. If a multilinear identity f holds on the variety governed by the
operad Var o GD' then f is a generalized derived identity of Var.

Proof. For every A € Ny, we may construct an algebra in the variety Varo GD'
as follows. Consider the linear space H spanned by elements ™, n > 0, with

multiplication N

m m

This is a GD'-algebra (in characteristic 0, this is just the ordinary polynomial
algebra with 2™ = z"/n!). Denote A = A® H and define operations <, >, and

-onfiby

(a®f) > (b®g) =ab® (f*9), (5.16)
(a®f)<(b®g)=ab@(g*f), (5.17)
a® f)b®g) =ab® (f xg), (5.18)

- : !
The algebra A obtained belongs to the variety governed by the operad VaroGD".

(]
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There is an injective map

d:A— A
am ) d’(a) @z, (5.19)
s>0

which preserves operations <, >, and -. Indeed, let us check that & preserves <.
Apply (5.19) toa < b, a,b € A:

(a < b) = ad(b) — Z d*(ad(b)) ® z*) = Z (8 + t) d*(a)d*+1(b) @ £+

s>0 s,t>0 S

= Z d*(a)d*' (b) @ 28 - g+ = (Z d*(a) ®x(s)) < (Z d'(a) ®x(‘)) .

s,t>0 s>0 t>0

Since ® is injective, A®) is isomorphic to a subalgebra of a (Varo GD!)-algebra,

so all defining relations of VaroGD' hold on A®. Lemma 12 completes the

proof. O

It is easy to see that if we forget about the operation - on A then we obtain a
proof of the following
Theorem 12. If a multilinear identity f holds on the variety governed by the
operad Var oNov then f is a derived identity of Var. O
It remains to prove the converse: why all generalized derived identities of Var

hold on all (Var o GD')-algebras.

Theorem 13. Let f be a multilinear generalized derived identity of Var. Then
f holds on all (Varo GD')-algebras.
Proof. Let X = {z1,22,...}, and let f(z1,...,%a) be a non-associative multi-
linear polynomial in three operations of multlphcatlon <, and >. By the con-
struction of the Manin white product, if an identity holds on Var(X) ® GD’ HX)
equipped with operations (5.16)- (5.18) then it holds on all (Varo GD’ ")-algebras.
By Corollary 5, GD'(X) is a subalgebra of C (@) for the free differential commu-
tative algebra C = ComDer(X,d). Therefore, Var(X) ® GD'(X) is a subalgebra
of (Var(X) ® C)\P*), where D(u® f) = u® d(f) for u € Var(X), f € C. Since
A = Var(X)®C € Var, the identity f(z1,... ,Tn) = 0 holds on AD® 50 it holds
on Var(X) ® GD'(X). 0



Similarly, we have

Theorem 14. Let f be a multilinear derived identity of Var. Then f holds on
all (Var oNov)-algebras.

Remark 5. In this section, we have considered algebras with one binary oper-
ation, so the operad Var has only one generator. However, Theorems 11-14 are
straightforward to generalize for algebras with multiple binary operations, i.e., for
an arbitrary binary operad Var. In the next sections, we apply these results to

Poisson algebras.

5.4 Free special GD-algebra

Denote by Pois the variety of all Poisson algebras, and let PoisDer stand for the
variety of differential Poisson algebras. Theorem 6 determines a functor from
PoisDer to GD corresponding to the following morphism of operads:

¢ : GD — PoisDer,
z1 0 Lo — T1d(X2),

[1171,332] — {1171,582}

Let us say that a GD-algebra A\is special if there exists V' € Pois such that
A is a subalgebra of V(®. Denote by SGD the variety generated by special GD-
algebras, i.e., the class of all homomorphic images of all special GD-algebras. The
main purpose of this section is to describe the free SGD-algebra.

Let X be a linearly ordered set of generators. Denote by PoisDer(X, d) the
ra with a derivation d. Consider the set d*X =

free Poisson differential algeb
(z) € d“X as pairs

{d*(z) | n > 0,z € X}. Letus consider the elements d"

(n,z) and compare them lexicographically. Then PoisDer (X, d) is isomorphic to

Pois(d“ X ) as a Poisson algebra. |
As a commutative algebra, PoisDer (X, d) is isomorphic to the symmetric al-

gebra over the space Lie(d“X). Recall that a linear basis of the free Lie algebra

Lic(Y') generated by a linearly ordered set ¥ may be chosen as follows. An as.so-
ciative word U € Y* is said to be a Lyndon-Shirshov word if for every presentation

U=UU, U €Y" we have U > UxUy lexicographically. This definition goe.)s
back to [9] and [23] (see also [7]). For every Lyndon-Shirshov word U there is
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a unique (canonical) bracketing [U] such that [U] € Lie(Y) and the set of all
Lyndon-Shirshov words with canonical bracketing forms a linear basis of Lie(Y').

Definition 4. Let u be a monomial in PoisDer(X, d). Define the weight function
wt(u) € Z by induction in the following way:

wt(z) = -1, z€X;
wi(d(u)) = wi(u) +1;
wt({u,v}) = wt(u) + wt(v) + 1;
wt(uv) = wt(u) + wt(v).

Since all defining identities of Poisson algebras are homogeneous relative to
{-,-} and -, the function wt is well-defined.

By the general algebra arguments (see, e.g., [16]) SGD(X) is isomorphic to the
subalgebra of PoisDer(X.d) generated by X relative to the operations [u,v] =
{u,v} and v ov = ud(v).

Consider a linear map

¢ : GD(X) — SGD(X) C PoisDer(X, d),
¢(z) =z, z€X,
o([u,v]) = {p(u), d(v)}, S(uov) = ¢(u)d(é(v)).
By Theorem 6, ¢ is an epimorphism of GD-algebras.
For a monomial © € GD(X), denote by m(u) the number of Novikov multi-

plications in u or, which is the same, the number of commutative multiplications
in ¢(u). For a monomial a € PoisDer(X, d), denote D(a) = n the total number

of derivations d in a. It is easy to see that D(¢(u)) = m(u).

Lemma 13. Leta = z; . .. z,[U] € PoisDer(X, d), where z; € X, U is a Lyndon-
Shirshov word in d*X, D([U]) = t. Then there ezists f € GD(X) such that

¢(f) =a
Proof. Let us prove the statement by induction on D([U]) and |U|, where |U] is

the length of U as of a word in v X. | |
If D([U]) =t = 0 then the desired pre-image may be obtained just b

placing {-, -} with [-,-]. We do not distinguish notations for [U] € Lie(X ) C

y re-

PoisDer(X, d) and its pre-image in GD(X).
o8



Suppose D(U) = 1. If |U| = 1 then the result is obvious. Let |U| = 2. Then

z1{d(y1), v2} = {z1d(y1), 32)} — {1, y2}d(v1),

0 [z7 0 Y1, Y2] — [®1,y2] © Y1 is a desired pre-image.
If |[U| =1 > 2 then [U] = {[d(y1)u], [v]} for some words u, |u| =7 < 1—1, and
v, [v| = j < I, by the definition of a Lyndon—Shirshov word (d(y;) is the greatest

letter in U). Assume there exists
Fyj(z1, W) € ¢7H (@ [W])
for all Lyndon—Shirshov words W such that D(W) =1, |W| =3 < l. Then

zi[U] = z1{ld(y1)u], [v]} = {1 [d(w1)ul, ]} — [d(yr)ul{z1, [v]}-

Therefore,

Fi(z1, [U]) = [Fresa(e, [dy)ul), 0] = Fraa([z, []], [d(y)u))

is a desired pre-image of z;[U].
Suppose D(U) =t > 1and |U| = 1, ie, U = d(y), y € X. Then there

exists a pre-image of z1 ... 2:d (y)

Fia(z1, .. .z, d (y)) € Nov(X) C GD(X),

as shown in [11].
Assume D(U) =t > 1, |U|=1>1, and

F%,j(.’L’l, vy T4y [W]) € ¢—I(III1 e a:,[W])

exists for all Lyndon-Shirshov words W such that either ¢ = D(W) < tor

D(W) =t, j=|W]| <l Since

U] ={[&ul, b}, 0<s<st yeX,



where
1< D(@(y)u)=i<t, Dw)=t—i<t, [dul=7<l [||=g<],
we have

... CL't[U] = Ti+1--- "L’t{l’] e a,z[ds(y)u], [’U]}

— kZCL‘I R C&k e ZL't[ds(y)u]{xkv [’U]},

where £, means that the factor zj is omitted. By the inductive assumption, there
exist
-1
P E ¢ ( .’L'z[d& ] ZJ(.'II], .. 1132, [dS( ]
and

Pk€¢ (i1 - -z {zk, [’U]}

where f stands for the linear combination of Lyndon—Shirshov words with canon-
ical bracketing representing a Lie polynomial f € Lie{(d”X ). Obviously, we may

choose

¢—](SC1 .. CIJt[U]) = F‘t iq+1(xi+h ceoy Ty {Z [’U]})l

—ZFH(,H 2Ty Bk Ty [ @)U |=p (5.20)°

Here we consider the variable z in the right-hand side of (5.20) as a new one, and
O

assume z < z for all ¢ € X.

Theorem 15. Differential Poisson monomials of weight —1 span the special GD-

algebra SGD(X) C PoisDer(X, d).

Proof. Obviously, ¢(f) is a linear combination of differential Poisson monomials

of weight —1 for every f € GD(X). .
Conversely, let a be a monomial in PoisDer(X, d) such that wt(a) = —1. We

have to show that there exists ¢~1(a) € GD(X). It is enough to prove it for basic

elements of PoisDer(X,d), i-e. elements of the form

o = [X][Xa] -+ [Xal (521)
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where X; are Lyndon—Shirshov words in d” X, [-] denotes the canonical bracketing,
X1 < < X -

Let us proceed by induction on D(a). If D([X;]) = k; then wt([X;]) = ki — 1,
so wt([X;]) > —1. Note that wt(a) = wt([X1]) + -+ + wt([X,]) = D(a) — n.
Hence, if D(a) = 0 then n = 1 and a = [X)] is a pure Lie element in X which
belongs to GD(X).

Assume that for some m > 0 all monomials b € PoisDer(X,d) such that
wt(b) = —1, D(b) < m have pre-images in GD(X). Suppose D(a) = m then,
without loss of generality, we may assume D([X1]) = k£ > 0, k < m. Then there

must exist & differential-free factors, say [Xa), . . . , [Xk+1] of weight —1. Lemma 13
allows us to replace [X1] - - - [Xk+1) with a new variable y, wt(y) = —1, find a pre-
image f(y) of y[Xk+2] - [Xn]) € GD(X U {y}), and find the desired pre-image

of a as a substitute f(y)|yes-1((X1][Xer))- O

In order to calculate dim SGD(n), we need to count Poisson differential mono-

mials in zi,...,Zn of weight —1. Let us introduce the following function on

nkeZ nk=>1

H(n,1) =1,
1
H(’)’L,k)= Z m’ k> 2.

1$d1<~--<dk_1_<_n-—1
N

In particular, H(m, 2) is the nth partial sum of the harmonic series.

Corollary 6. For the operad SGD, we have
, (n+k-— 2)4!
dimSGD(n) = ) ] H(n, k).

k=1

Proof. Consider the set X = {x1,%2, - .} which is linearly ordered as above:
_ Let us first calculate the number L(n, k) of homogeneous Poisson
that split into & Lyndon—Shirshov factors u; €
(n,1) = (n — ne It
he length of ug is d,

T, < T2 < .-
monomials U .. Uk € Pois(n)
Lie(X), u1 < " = % lexicographically. If & = 1, L
k > 1 then uy starts with the greatest letter Zn. Suppose t s
{ < d < n— 1. The number of such Lyndon—Shirshov words is d— 1))

The remaining n — d letters form a product of k — 1 Lyndon—Shirshov words
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ULe s ux—1. Hence,

n—k+1
L(n,k)= ) (d- 1)!(3:;)L(n—d,k—1)

d=1
Therefore,
L(n, k)
-y (=1l n—d— D (n—d;—dy—1!...(n—dy — -+ — dg—y — 1)!
dooodien (n—d)i(n—di—dy)!...(n—di — -+ — dk-1)!
—(n-1)! Y 1
b (n—d)(n—d—dg)...(n—dy — -+ —dig-1)’

where the sum ranges over all (dy, ..., dkg—1) such that d; > land dy+- - +dg-1 <

n. It is easy to see that

L(n, k) = (n—1)!H(n, k)

for n, k > 2.
In order to get a differential Poisson monomial of weight —1, we have to apply
L — 1 derivations d to the letters of a Poisson monomial uq...ug. There are n

letters zi, . - - » Tn, and we may differentiate every letter more than once. Hence
‘ ’

the number of all possible combinations is

+k—2 k—2)!
(n - )L(n, k)= (n(;;_ 1)!:‘2)|H(n, k).

In particular, forn = 1,...,7 we have the following values:
n 123 4 5 6 7
dmSGD(n) |1 3 17 130 1219 13391 167656

5.5 Defining identities of special GD-algebras

s section, we describe the defining relations of the operad SGD and derive

In thi
‘ties that distinguish GD and SGD.

examples of special identities, i.e., those ident
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By definition, the operad SGD is the sub-operad of Pois o GD' generated b
T1T2 ® To x 71 and {x1, T2} @ 71 * T3 ' ’

p - . :
r9p051t19n 1. The variety of (Pois o GD')-algebras consists of linear spaces A
c'aquzpped with four bilinear operations *, o, [-,-], and [- > -] such that (A, *,[,-])
is a Poisson algebra, (A, o) is a Novikov algebra, and the following z'dentitz,'es, ht;ld:

[z > 2], 9] = [z > =], 4] - [[&, 2] > 9], (5.22)

[y = ], 2] = [y > 2], =] + [ > [z, 2], (5.23)
(z*xy)oz=x*(yoz), (5.24)
zo(yxz)=(zxz)oy+(y*2)oz, (5.25)

[(z*2) = y]) = [(z02), 9] +[(z02),yl, (5.26)
[x,z]oy=[y>z]*2z— [(z0¥), ], (5.27)

yolz,z] = [z 2]xy—[z>z]*y, (5.28)

[y > (z%2)] =[(xoy). 2] +[(z09) 7], (5.29)
[y>-z]ox+[a;>z]oy=[w>—(zoy)]+[y>-(zox)], (5.30)

[(y02)>w]+[($OZ)>y]=$°[z>y]+[2’>y]°$
+[:L'>—(yoz)]—l—y@[z>:L']—l—[z>x]oy+[y>(a:oz)]. (5.31)

Proof. Apply the computation process similar to that in Examples 1, 2 relative

to the following notations for the generators of Pois o GD' in Pois ® GD":

T, % Top = T1T2 ® T1 ¥ T2, T107T2 = 2172 ® T2 * T1,

[-’151,562] = {371,332} Q T1 * X2, [561 ~ «’62] = {581,582} ® T * T2-

he corresponding linear algebra problem leads to the

Straightforward solution of t
O

required identities.
(X) coincides with the intersection of Tpgsoap! (X)

polynomials on operations o and [,]. In other

of the operad SGD it is enough to find all
n 1 that contain only the

Corollary 7. The T-ideal Tsgp
with the space of nonassociative

words, to get the defining relations

those corollaries of the identities stated in Propositio

operations o and [, -]
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According to Corollary 7, defining identities of SGD may be derived from the
identities of Pois o GD' given by Proposition 1. For example, we may use (5.27)
to eliminate the operation > in (5.28). As a result, we obtain (1.8).

Finding the complete list of defining relations for the operad SGD seems to
be a hard problem. We will deduce some of these relations below.

Consider the monomial [y > z] * (z o u). Apply (5.24) and then (5.27) to get

[y > z]* (zou) = (fy = 2] ¥ 2) ou = ([, 2] oy + [(z09), 2]) o w
On the other hand, apply (5.27) to get
[y > z]* (z0u) = [z, (z0u)] oy + [((zou) 0 y),x].
Therefore, the following identity holds on SGD-algebras:
(21, 230 %2) 0 T4+ ([73, 21] 0 T2) 024 = [21, (23024) 0 Zq] + [z30 24, 1] 0 T2. (5.32)

(It is also easy to check in a straightforward way that the corresponding identity

holds on differential Poisson algebras.)

Proposition 2. The identity (5.32) does not hold on the class of all GD-algebras.

Proof. Without loss of generality we may assume the base field k is algebralcally
closed. We will find an example of a GD-algebra which does not satisfy (5.32) by

means of algebraic geometry arguments using the approach of [22].
Let us fix a structure of a Lie algebra g on a n-dimensional linear space spanned
. zn. Namely, we fix a multlphca’mon table of this Lie algebra

ij, ij
[z 23] = E Far, ¢ ek
k=1

Consider the class of all Novikov products o on the space g satisfying (1.8) as a

Zariski closed set V(g) in the n3-dimensional affine space assuming
ar d

y g
l’go-ﬂjzzakjmk, a) €k
k=1
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A point (ag)i,j,k=1,_,.,n e k™ belongs to V(g) if and only if

n

ij _kp ip _kj
> (@ - afa’) =0, (5.33)
k=1
n
ik "y - .
(afa? — af*a}f — ala)” + al*a?) =0, (5.34)
k=1
n
ik gp  pk_gi | ji k ip ki ip jk
(cFad? — &l + cflaf? — clfaf — ifa]") =0 (5.35)
k=1
for all 4,7,p,0 = 1,...,n. These relations représent the defining identities -of

GD-algebras.
Denote by I(g) the ideal in klay | 7,5,k = 1,...,n] generated by the left-hand

sides of (5.33)—(5.35). If we assume that (5.32) holds for all GD-algebras in the

class V(g) then the corresponding polynomials

n

ik gp lg _ i lg _ il dd,kP il _jq_ k .. :
Z (Cl ay @ — C Qg Qs — CsA @ + ¢ ) asp), 50, qs=1...,1, (5.36)
kl=1

belong to the radical of I(g).

For dimensions n = 2,3 it is possible to compute the radical of I(g) in a
straightforwa.rd way by means of the computer algebra system Singular [10]. These
computations show that for every 2-dimensional Lie algebra g all polynomials

(5.36) belong to I(g).
However, even for the 3-dimensional Heisenberg algebra b3 spanned by 1, T2, %3,
e exist polynomials-of the form (5.36) that do not

[z1, Tg] = T3, T3 is central, ther
O

belong to /I(h3)-

Let us find one more (independent) special identity for GD-algebras. Consider

the expression
([z = (zow)]+ [y > (zo)]) *u.

Apply (5.30) first, then (5.24) and commutativity of *:

([TF(ZOZI)]'*‘[Q> (zox)])*u:([$>'3]0y+[y>-z]ox)*u
:([CC>Z]*U)O-y+([y>—z]*u)osc.



Relation (5.27) and right commutativity of o imply

([x = (zoy)]+[y > (zoz)])*u = 2([z, ujoz)oy+[(uox), z]oy+[(uoy), zox.

On the other hand, it follows from (5.27) that

(le> (zo9)] + [y~ (z02))) xu
=[(zoy),uloz +[(wox).(z09)] + [(z02). ] oy + [(woy), (z02)).

Finally, using (5.32) we obtain

2[x4, (T30 Tz) o T1] = [x40 21,730 To] + [T4 0 29, T3 0 ]

+ [fvzl,x,‘j o fL‘z] °0Z; + [374,373 © 501] o2+ [563,-’!74 o 331] o0 + [:c3,x4 oarg] oI;.
(5.37)

Proposition 3. The identity (5.37) does not hold on the class of all GD-algebras
satisfying (5.32).
Proof. Let us consider the class of algebras (V,o, [, ]) satisfying the following

identities:
z10(z2023) = (T1029) 0 T3 = 0,

[Ty, x2) 0 3 = 0,
[z1, 22 0 T3] — [x3, T2 0 T1] = T3 0 [y, 3], (5.38)'
[21, 22] = =[x, 21],
[x1, [x2, z3]] = 0.
Obviously, all these algebras belong to GD and (5.32) holds. If we assume that

(5.37) holds on all these algebras then

[x1 0 T, €30 T4 + [T10 T4, T3 03] = 0 (5.39)
has to be a corollary of (5.38). If chark # 2, relation (5.39) may be transformed
1 i

to
T10[T2023. 24 =0 (5.40)

(5.38). However, if we write down all those corollaries of (5.38) that

modulo ( .
tain two operations o and one operation [+, ] then we see that (5.40) does not
ntam e

co
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belong to this list. : O

Remark 6. We do not suppose that (5.32) and (5.37) exhaust all special iden-
tities of GD-algebras. Finding the complete list of special identities (or at least

determining whether it is finite) is an interesting problem.

Remark 7. If (A, o) is a Novikov algebra then (4,0, [+, -]) with
[a,b] =aob—boa

is a GD-algebra [13]. It is easy to check that (5.32) and (5.37) hold for such a
GD-algebra. We conjecture that all GD-algebras obtained in this way are special.

67



6. Conclusion

We considered new type of trees and called them Chameleon trees. In this work
is given base of free 0 — dialgebras and method of construction them by using
Chameleon trees. Also there wrote dimension for each class of such algebras.
Prove of freeness for algebra with one multiplication can be easily extended for
algebras with two multiplications. It will be interesting to find connection between
centralassociative —0—dialgebra and Novikov algebra. Main reason is equality
of dimensions of this two algebras.

Koszul-dual algebra for GD—algebra is a BiCom algebra. We constructed
free bage for BiCom algebra and find all identities of free special BiCom algebra.
There is not found all identities of a free special GD— algebra. Problem to find
all special identities is actual for this problem. Also there is given a way to find
all identities for free algebra with derivation. There is no the same equality for
Rota Baxter operator. It is interesting problem to find for what type of algebras

this equality holds.
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