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AngatTia 

Byn ugea ry KeGelitingicine xone yx KoOeliTiHAIciHe apHauiraH ekKi TypJil 

onlepaluaAgaH OacTavIQbl 2KaHe OJ! KMCBIKCbI3 — CHMMETPHAJIBIK OO/TYbI MIHJeTTi 

emec. Illbmm MoHinge, 6i3 3 akcuoManapgbl KaHaraTTalgbiparpin 4 2xoHe F cali- 

KeciHIe CO 2KoHe OH KebeHTIHAI Del aTaaTbIH eKi aCCOWMATHBT! ONepalluaAMeH 

*KaOAbIKTAIFAH BEKTOPJIbIK KeHICTIK peTiHZe AMasIreOpaHbl aHbIKTAMBIS. Bya ax- 

CHOMasIapAbI KOJaHy apKbVibl 613 KeHOip quanrebpanapAb! KapacTbipablk. 

Tenpcang - lopdbman 6uanrebpa (GD-anre6panappi) — exi Typ (accomma- 

THBTi emec) KeOeliTingimen, TamMAbTOHMAaHHbIH MeHIIK CMNaTbIH Bapualia cop- 

MaJIblbl eceniTemecinye Kepceregi. By 2xymbicra GD—asreOpaapabiy audde- 

penunasgpi lyaccou aireOpalapbina KaTbIcb! OapJIbIPbIHbiH 3epTTeyine apHasiFaH. 

Ke6eliringi peringe, a > b = d(a)b xoHe a < 6 = ad(b) onepamtinnappina ap- 

HaJIFAH CoMKeCTIKTePAIH 2KaJIIIbI CHNATTAMACbIH alaMbI3, MYHJarbi d — ayreOpa- 

HBIH AucbpepenMaAbI TYbIHABICH! (accoumaTMBT! eMec) OovHIT Tapia yBl.



AHHOTAaIMNA 

Vines cocTouT B TOM, YTOObI HavaTb C ABYX Pa3JIMYHbIX ONepalui JIA yMHO- 

2KeHUA TY U YMHOMKeHUA YX, TAK 4TO cKOOKa OombIe He OONBATeIbHO AB/AeTCHA 

KOCOCHMMeTpu4HOn. Mb ompenzennem auanreOpy Kak BEKTOPHOe MpocTpaHcrTsBo, 

cHaO>KeHHOe JBYMA aCCOUMaTHBHbIMU onepalwamu 4 u |, Ha3bIBaeMbIMM COOT- 

BeCTCTBEHHO JICBbIM HM IpaBbIM MIpOM3BeJeHNeM, YAOB/IETBOPAIOLWMMM Take 3 ak- 

cuomam. Mbl paccMoTpesIM HeKOTOpble pa3HOBUAHOCTH asireOp C MOMOIIIbIO STUX 

aKCHOM. 

Buanre6ppi Tenpcbanaa - Jopdmana (GD-anre6pp!) aBsisioTca HeaccouMaTuB- 

HbIMM CHCTEMAaMH C JBYMA OWJIMHeEMHbIMH OllepalluAMN, YJOBJIETBOPAIOLUMMM pany 

TOPMKJECTB KOTOPbIe BbIParKAIOT TAMHJIBTOHOBO CBOMCTBO OlepaTopa B dopMavib- 

HOM BapHallMOHHOM ucuncenuu. Pabota nocBaljena ucciezoBaHni0 GD-anrebp, 

CBAH3aHHbIX C GudcdepeniMaIbHbimu astreOpamu Ilyaccona. Kak nobounbri mpo- 

AYKT, MbI Tosly4aem obnlee ONMCaHHe TOXKAeECTB, KOTOPbIe BbITIOHAIOTCA DIA OMe- 

pauntia > b = d(a)bua ~ b = ad(b) na (HeaccoumaTuBHot) qudbdepenunanbHott 

amre6pe c audbcbepenunpoBanuem d.
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1. Introduction 

1.1 Motivation 

A category (sometimes called an abstract category to distinguish it from a concrete 

category) is a set of "objects" that are connected by "arrows". A category has two 

basic properties: the ability to compose the arrows associatively and the existence 

of an identity arrow for each object. 

Definition 1. A category is: 

1). A set ob(C) of objects. 

2).A set hom(C) of morphisms, or arrows, or maps, between the objects. All 

morphism f has a source object a and a target object b where a and BD are in 

ob(C’). We denote f : a — 6b, and we say "f is a linear map from a to b" and 

f is a morphism. We write hom(a,b) (or hom-(a,) to set the hom-class of all 

morphisms from a to b. 

3). For every three objects a, b and c, a binary operation hom(a,b) x 

hom(b,c) — hom(a,c) called composition of morphisms; the composition of 

f:a—-bandg:b- cis written as gof or gf. 

We consider category of algebras with two different multiplication and con- 

struct homomorphism between them. 

In chapter 4 we consider algebras with two binary operations (a,b) H ak b 

and (a,b) ++ a 4 6. J.L. Loday has introduced so called 0-dialgebras [2]. They 

satisfy the following 0-dialgebra identities: 

at(bic)=a(bFc) (1.1) 

(ak b)Ekc=(ab)kc (1.2) 
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There are three natural constructions for associativity identities in 0-dialgebras: 

ak (bF-c)=(at b)Fk c (left-associative) (1.3) 

at (bitc)=(at b)4c (central-associative) (1.4) 

ait(bic)=(a4b)4c (right-associative) (1.5) 

A 0-dialgebra is said left-associative (shortly lass) if it satisfies left-associative 

identity. Similarly, 0-dalgebra is central-associative (cass), right-associative (rass), 

if it satisfies identities (1.3), (1.4), (1.5) correspondingly. 

Left-central-right-associative dialgebras was firstly considered by Loday and 

called associative dialgebras [1],[2]. Cental-associative dialgebras are also called 

L-associative [4]. Free bases for associative dialgebras was constructed in [2]. Free 

bases for L-associative dialgebras was constructed in [3] and [4]. 

In our work we construct free bases of 0-dialgebras and their associative ver- 

sions. Our constructions are based on binary trees. We consider trees whose 

inner vertices are colored by two colors: black and white. We say that tree is 

black (white) if all vertices are black (white). 

Motivation of chapter 5 is series of non-associative structures related with 

the formal calculus of variations appeared in [13]. These structures are nowa- 

days known as Novikov algebras (they were independently introduced in [6] as a | 

tool for classification of linear Poisson brackets of hydrodynamic type), Novikov— 

Poisson algebras, and Gelfand-Dorfman bialgebras.. The latter class of systems 

was initially invented in [13] as a, source of Hamiltonian operators: the struc- 

ture constants of a Gelfand—Dorfman bialgebra may be used as coefficients of a 

differential operator. 

By definition, a linear space A equipped with one bilinear operation o : A x 

A — Ais said to be a Novikov algebra (the term was proposed in [21]) if it satisfies 

the following identities: 

(a0b)oc—ao(boc) = (boa) oc— bo (aoc), (1.6) 

(aob)oc=(aoc)ob. (1.7)



A Gelfand—Dorfmann bialgebra [25] is a system (A,o,|-,-]) with two bilinear 

operations such that (A,o) is a Novikov algebra, (A,|-,-]) is a Lie algebra, and 

the following additional identity holds: 

[a, boc] — [c, boa] + [b, a] oc— [b,c] oa— bo fa,c] = 0. (1.8) 

In order to avoid a collision with the well-known notion of a bialgebra as an algebra 

equipped with a coproduct, we will use the term GD-algebra for a Gelfand— 

Dorfman bialgebra. 

1.2 Aims and Objectives 

Our aim is consider some classical problems for algebras with two multiplications. 

One of them is construction of base and give a formula of dimension for multilinear 

part and formula for degree n with k, — 2, th, kp — xoth,..., km — Zmth elements, 

where ky +... tkm = 7. 

1.3. Thesis Outline 

Chameleon trees is a appropriate type of trees for explain bases of 0 — dialgebras. 

Firstly we considered magmatic dialgebras and for each 0 — dialgebra we define 

special kind of chameleon trees. 

We found homomorphism from GD—algebra to Poisson algebra and special 

identities. Also there constructed base of Koszul-dual algebra and identities for 

any algebra with derivation.



2. Preliminaries 

We consider a binary trees with black and white vertices. 

Colored tree is called chameleon if for any vertex v 

e its left subtree is one vertex tree or black tree if v is black, and, 

e its right subtree is one vertex tree or white tree if v is white vertex. 

A chameleon tree is called left S-chameleon (left stairs chameleon), if left 

subtree of any black vertex is a tree with one vertex or black stairs tree. 

We say that a chameleon tree is right S-chameleon (right stairs chameleon), 

if right subtree of any white vertex is a tree with one vertex or white stairs tree. 

A two sided S-chameleon tree, i.e. left and right S-chameleon tree is called 

S-chameleon. 

We say that a S-chameleon tree is 
\ 

e C-chameleon (central chameleon) if right son of any black vertex is black. 

e L-chameleon (left chameleon) is right son of any black vertex is white. 

e R-chameleon (right chameleon) if left son of any white vertex is black. 
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3. Algebras with two multipli- 

cations and basic notions of 

algebra 

Definition 2. A vector space R is called an algebra if is equipped with a binary 

operation * (i.e. a mapping *:(R,R) —> R), called multiplication, such that 

for any a,b,c € Randanyae K 

(a+b)*c=axc+b*c 

a*(b+c)=ax*b+a*c 

a(a * b) = (aa) * b = a(a * b) 

If the algebra R has a basis {e;|¢ € I}, then in order to define the multiplication 

in A it is sufficient to know the multiplication between the basis elements: 

ej ¥ C5 = ) afex, a, ek 

kel 

where for fixed 7 and 7 only a finite number of ar, are different from 0. Oppositely, 

for any given basis {e;|7 € I} of the vector space R and a given system of elements 

al € K with the property that for fixed 7,7 only a finite number of ak, are not 

0, we can define the multiplication in R by 

(S° &e;) * (S- njej) = S| Ein; (e: * €;), ej * ey = S| aff jek. 

ie! jel ijel kel 
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The subset S of the algebra R is called a subalgebra if it is closed with respect 

to the multiplication, i.e. 51,2 € S implies s; * so € S. The subalgebra J of F is 

called a left ideal of Rif RI CI (i.e. r*xi € I for allr € R,i € J). Similarly one 

defines a right ideal and a two-sided ideal (or simply ideal), (=left+right ideal in 

the same time, notation J < R). 

The vector space homomorphism ¢ : R; — Rez of the algebras R,, R2 is an 

(algebra) homomorphism if 

d(a x b) = d(a) * d(b), a,b € R. 

Similarly one introduces the notion of tsomorphism, automorphism (=isomor- 

phism of R and R), endomorphism(=homomorphism from R to R). 

Let R be an algebra over K. The basic identities in algebras is 

(1) R is associative if (a xb) *c =a (b*c) for every a,b,c € R; 

(ii) R is commutative if a * b = ba for every a,b € R; 

(iti) R is Lie algebra if for every a,b,c € R, 

axa =O, the anticommutative law, 

(axb)*c+(b*c) *a+(cxa) *b = 0, the jacoby law; 

(iv) Ris Jordan algebra if for every a,b € R, 

a*xb=bxa,the commutative law, 

(a*b)a = a*(ba); . 

Let K be a field of characteristic 0 and K = K (ty, tz,...) be a free magma, . 

i.e., a space of non-associative non-commutative polynomials with generators 

ty, ty,.... An ideal J of K is called T-ddeal if for any f(t,...,t,) € I and for any 

endomorphism ¢ of K, 

f(O(ti),.-- (te)) € TL. 

For non-associative non-commutative polynomials f,,..., f; € K denote by 

J(fi,---s ft) 

a T-ideal of K generated by these elements. 

As the same can be defined algebra with two multiplications is a set X 

equipped with two maps called respectively left product and right product: 

FE: XxX > X, 
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4X xX > X. 

Dialgebras satisfying the following axioms: 

ri(yiz)=(e4ty)dz=r4 (yk 2) 

(ck y)dz=ak (yz) 

(cty)Fz=a2b(yFz)=(r4Fy)k2 

for all x,y and z € X is called diassociative algebras. This identities firstly 

introduced by Loday [2]. 

In the assumption z 4 y, xk y, the element z is said to be on the pointer side 

and the element y is said to be on the bar side. 

Observe that the given relations are the associativity of the products 4 and 

F , 

A morphism of dialgebras is a map f : X —> Y between two dialgebras X 

and Y which are satisfies to a following conditions: f(x 4 y) = f(x) 4 f(y) and 

f(t y) = f(x) F f(y) for any ey € X. 
We can see that there can be defined di-object in any monoidal category. One 

does not need the monoidal category to be symmetric because all elements stay 

in the same order. 
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4. O-dialgebras 

4.1 Colored trees 

Colored tree is called chameleon if for any vertex v 

e its left subtree is one vertex tree or black tree if v is black, and, 

e its right subtree is one vertex tree or white tree if v is white vertex. 

A chameleon tree is called left S-chameleon (left stairs chameleon), if left 

subtree of any black vertex is a tree with one vertex or black stairs tree. 

We say that a chameleon tree is right S-chameleon (right stairs chameleon), 

if right subtree of any white vertex is a tree with one vertex or white stairs tree. 

A two sided S-chameleon tree, i.e. left and right S-chameleon tree is called 

S-chameleon. 

We say that a S-chameleon tree's 

e C-chameleon (central chameleon) if right son of any black vertex is black. 

e L-chameleon (left chameleon) is right son of any black vertex is white. 

e R-chameleon (right chameleon) if left son of any white vertex is black. 

In our paper we prove following results: 

e chameleon trees generate free base of ()-dialgebras. 

e For W =C,L, R any W-associative 0-dialgebra is stairs algebra. 

e If W = S,C,L,R, then W-chameleon trees generate free base of W- 

dialgebras. 

For chameleon trees with n leaves we establish the following results. 

14



an~?) e number of chameleon trees is (“"7,). 

e number of left (right) S-chameleon trees is 3°~? + Qn?) ifm >1 and 1, 

ifn=1 

e number of S-chameleon trees is 2-3"-*, ifm > 1, and 1, ifn =1 

e number of C-chameleon trees is 2"-3(n + 2) ifn > 1 and 1, ifn=1. 

e number of L-chameleon (R-chameleon) trees is F2,-1, where F; are Fi- 

bonacci numbers with Fy, = 1, Fp = 1. 

Example. Let n = 3. Then set of chameleon trees with leave-degree 3 consists 

of the following 6 trees 

ae, a, 3 = 

t4 = \™ ts = ts = a 

and all of these trees, 

e are left (right) and two-sided S-chameleon 

e except ts; are C-chameleon 

e except t, are L-chameleon 

e except t3 are R-chameleon 

Example. n = 4. Then set of chameleon trees with leave-degree 4 consists of 

the following 20 trees 

ty <, te “<, ts <«, ta “<, 

t5 = NM” ts = NM” t= XY” t= MY 

15



to A tio 

ti3 = SY ti4 

es nee? noe XO m= 

and, if number of leaves n = 4, all of these trees, 

ade 

Ye te tis tig = 

e except t17, are left S-chameleon ( 19 left C-chameleon trees) 

e except tig, are right S-chameleon (19 right S-chameleon trees) 

e excet tg and t,7, are S-chameleon (18 S-chameleon trees) 

e except tg, t10, t11, ti, tis, tie, t17, 19, are C-chameleon (12 C-chameleon trees) 

e except ts, to, tio, t13, C16, £17; tig are L-chameleon (13 L-chameleon trees) 

e except tg, t4, tg, tis, tis, t17, tao are R-chameleon (13 R-chameleon trees) 

4.2 Binary trees and magmatic algebras 

Tree is a graph without cycle. A tree is called rooted, if one vertex is selected as 

a root. We endow a tree by orientation directed from root to leaf. For a vertex 

of tree number of its in-edges and out-edges is called in-degree and out-degree. 

Rooted tree is called binary, if each vertex has out-degree 0 or 2. A vertex with 

out-degree 0 is a leaf a vertex with in-degree 0 is root. Non-leaf vertex is called 

inner. For example, root of tree is inner vertex. 

Let V(t) be a set of vertices and E(t) set of edges of tree t. We denote by — 

root(t) root of tree t. Let Vieas(t) be a set of leaves of ¢ and Vinner(t) set of inner 

vertices of t. 

16



If n = |Viear(t)| is number of leaves of t, say that t has leave degree n = |t\v. 

Let degree of tree, denoted deg(t), be number of all vertices. Then 

[Vinner (#)| = [él —1, 

deg(t) = 2|t|, — 1. 

Each inner vertex v € V(t) generates binary subtree ¢, of ¢ with root v. Any 

vertex u € V(ty) is a vertex of ¢ connected with v by positive oriented edges. The 

root v of subtree ¢t, has left son denoted I(v) and right son denoted r(v). Any of 

these sons generate subtrees. Left subtree l,,(t) = ty, is generated by left son I(v) 

served as a root, all vertices of these subtree are connected by /(v) and all edges 

are directed from [(v). Similarly, right son r(v) serves as a root of right subtree 

Ty(t) = t,») and all vertices of r,(t) are connected by r(v) and edges are directed 

from r(v). 

For instance, if 

Q 

Cr. /D G 
t= B 

then 

\ 

Vieas (t) = {C, D, F, Hi, Q}, Vinner(t) = {A, B, E, G}, root(t) =A ? 

Q | 
tp = la(t) “pte = ralt) F/G lel) =p ret) Hy 

Let T be set of binary trees and T,, set of binary trees with n leafes. It is 

. 1 f2n—2 

(n-th Catalan number). For example, T2 consists of one tree and T3 consists of 

known that 

two trees. 

17



We endow set of trees by multiplication (bouquet product) 

TxToT, (@¢,t)Htvt’ 

by the following rule 

t=U Vt", if booay(t) =U and rrooay(t) = t”. 

We see that 

love" | = |e] + |e"] 4-1. 

For example, 

Let 7 be a linear span of T. This means that we consider vector space 7 

whose base vectors are binary trees. We prolong by linearity bouquet product on 

to linear span. So, we obtain binary trees algebra (7, V). 

A magmatic algebra generated by X = {a,b,c,...} is absolute free algebra 

generated by X. Sometimes it is called non-commutative non-associative algebra. 

It has base generated by words, i.e. by sequence of elements of X with bracketing 

type. The language of binary trees is very convenient to construct magmatic ~ 

words. Just one corresponds to leaves elements of X and to each inner vertex 

correspond multiplication in magma. In other words, label leaves by elements of 

X and color inner vertices by binary operation in magma. If binary tree t has 

q leaves, then for any word uy = u(a,b,c,...),¢ = 1,2,...,9, by t(ui,..., ug) 

we denote a word constructed by tree ¢ whose labels of leaves ( from left to 

right) are u1,...Ug and to each inner vertex uv with subtree t, whose leave labels 

are Ui,,---Us,, Corresponds a word constructed by subtree t,(u;,,...,u;,). For 

example, 

DY d 

t= SY, sasbe.d) = =a-((b-c)-d) 

18



The following fact is well known 

Theorem 1. Let X = {a)....,an} and F(X) be magmatic algebra generated by 

X. Then set of words t(x1,...,%q), where t runs set binary trees with leave degree 

gq and 21,...,2q € X, forms base of degree q part of magmatic algebra F(X). 

Dimension of subspace of F(X) generated by 1, elements a1, lg elements ag, etc, 

l, elements An, is equal to 

; (2071 hi — 2)! 
Ly yaly , 

(ie ly — 1)! TT l; 

In partucular, dimension of multilinear part of F(X) is 

dim F™t(X) = 2"-1(2n — 3)! 

One generator magmatic algebra is isomorphic to trees algebra (T, V). In par- 

ticular, dimension of homogeneous part of degree n of magmatic algebra generated 

by one element is equal to Catalan number 

1 f2n-—2 
dim F(a) are! 

4.3 Colored trees and magmatic dialgebras 

Let X = {a,b,c,...} be some alphabet. Recall that an algebra is a vector space 

with one binary operation. Magmatic algebra F(X) with generators on X has 

base constructed by words with components on X. In terms of trees its base 

elements have a form ¢(2,...2q). | 

A dialgebra is a vector space with two binary operations. After J.L. Loday we 

denote these operations as and A. In this section we construct di-analog of words 

and magmatic algebras. Any di-word is a word constructed by two operations on 

generators. A magmatic dialgebra as a vector space is a linear span of di-words. 

Di-operations on words are di-concatination operations. They are extended by 

linearity to di-operations on di-algebra. For example, if u = (a 4 b) F ¢ and 

v=dFe, then 

utv=((atb)Fc)d(dke), ubtv=((a1b)kc)F (dF e), 
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v-Eu=(dke)-((aitb)Fc), viu=(dke)4((atb)F ce). 

Now we give these constructions in terms of trees. To do that we color inner 

vertices of binary trees by two colors: black and white. Such a tree is called 

colored tree. So, any colored tree is defined by frame t € T and coloring a : 

Vinner(t) + {e,0}. We denote colored tree t whose all vertices are black by b(t). 

Similarly, by w(t) we denote colored tree t whose all vertices are white. 

Let color (T) be set of colored trees. We can prolong bouquet product V : 

T x T > T to bouquet product of colored trees in two ways. For t’, t” € color(T) 

denote t' V, t” a tree t’ V t” whose new root is colored by black color and colors of 

inner vertices of ¢’ and t” are not changed. Similarly, t’ V, ¢” is a tree whose new 

root is white and other vertices are as before. 

Let C be linear span of base vectors indexed by colored trees. Under two 

products constructed above we obtain dialgebra (C, V., Vo). It gives us di-analog 

of magmatic algebra. 

We imagine that leaves of colored trees are labelled by elements of X and 

colored inner vertices correspond to di-operations. Namely, e corresponds to F 

and o to 4. For instance, 

bY d 

t= SW, so.b.0.4) =< 0% =atk ((bk c) 4d) 

The following is a di-version of Theorem 1. 

Theorem 2. Let X = {aj,...,@n} and Fuj(X) be magmatic di-algebra generated 

by X. Then set of words t(z1,...,2%q), where t runs set colored binary trees with 

leave degree q and 21,...,%q € X, forms base of degree q part of magmatic 

dialgebra Fa;(X). Dimension of subspace of Fy(X) generated by |; elements ay, 

l. elements az, etc, |, elements an, is equal to 

dy = Qt thal (2 ict l; ~~ 2)! 
poten —_ Tr Tr . 

; (eiet bi — 1)! ies lj 

In particular, dimension of multilinear part of Fa;(X) 1s 

dim Fru xX) = 4"-1(2n — 3)!! 
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Magmatic dialgebra with one generator is isomorphic to colored trees dialgebra 

C. In particular, dimension of homogeneous part of degree n of magmatic dialgebra 

generated by one element is equal to 

4"-1(2n — 3)! 
dim Fu(a1) = nl 

4.4 Chameleon trees and magmatic 0-dialgebras 

4.4.1 Chameleon map 

A dialgebra (A,', 4) is called 0-dialgebra if it satisfies the following identities 

at(bic)=a(bkc) (4.1) 

(ak b)F}c=(ab)Fe (4.2) 

In the notation a 1 6,b' a, the element a is said to be on the pointer side and 

the element 6 is said to be on the bar side. So, identities (4.1) and (4.2) can be 

summarized as "on the bar side, does not matter which product". To formulate 

this rule in terms of trees we define a map cham : color (T) — color (T) that we 

call chameleon map. ‘ 

If |t} = 1, we set cham(t) = t. Suppose that for any colored tree ¢’ with — 

|t’| < |t| a chameleon colored tree cham(t’) is constructed. Let ¢ be a colored tree 

with left subtree ¢’ = l-oou)(t) and right subtree t” = Troot(t)(t). We set 

b(t’) Vicham(t") — if root(t) is black 

cham(t') V w(t") if root(t) is white 
cham(t) = 

So, for any t € color(T) and v © Vinner(t) color of left or right subtrees of v is 

uniquely defined by color of vu: if v is black, then ty) is black, and, if v white, 

then t,(y) is white. For example, . 

t= te > sunt) 
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Sf 
o
F
 | => cham(t) = 

We say that colored tree t is chameleon if cham(t) = t. 

Example. Any black (white) tree is chameleon. 

Let 

Co = {t € color(T)|cham(t) = t} 

be set of chameleon trees. Let Cp be a linear span of Cp. Now we endow set of 

colored trees C by structure of dialgebra. For chameleon trees t’ and t” we set 

t' Veo t” = chamit' V. t”), 

t' Voo t” = cham(t’ Vo t”). 

t! \Y t” KY 

t' Voo Oa t' Veo we 

t! Vo,0 <> yl" Ve t! = 

In this section we prove the following result. 

For example, if 

then 
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Theorem 3. Let X = {aj,...,Gn} and Fajo(X) be magmatic 0-dialgebra gener- 

ated by X. Then set of words t(x1,...,%q), where t runs set of chameleon trees 

with leave degree q and 21,...,%q € X, forms base of degree q part of magmatic 

0-dialgebra Faio(X). Dimension of subspace of Fu;o(X) generated by l, elements 

@1, lg elements ag, etc, l, elements an, is equal to 

d, 4 = (2 yi — 2)! Dins.4t, 
me (ore bi _ 1)! VTi bi Ciytetln 

where C; = 1? sy 1) is 1-th Catalan number and Di; is dimension of dialgebra 

generated by one generator. 

In particular, dimension of multilinear part of Fajo(X) is 

. an —2 dim Fpvlti(X) =n! ( " ) | 

Magmatic dialgebra with one generator is isomorphic to chameleon trees dial- 

gebra Co. In particular, dimension of homogeneous part of degree n of magmatic 

dialgebra generated by one element is equal to 

4.4.2 Labeling of chameleon trees 

In this section we give labeling of vertices of chameleon trees. This means that 

we construct bijective map N : V(t) > {1,2,..., |¢|}. Let T’ be chameleon tree 

with degree |¢|. If |¢] = 1 then ¢ coincides with one vertex. Its label by definition 

is l. 

Let t! = lpooecty(t), t” = Troott)(t). Suppose that labels of vertices of t/ and t” 

are known. Then vertices of t’ are numerated by 1,2,...,k = |t’|. Let us label 

root of t by k + 1 and to all labels of vertices t” add k + 1. 

So, labeling algoritheorem of a tree with n leafes is the following 

@ label all leaves from left to right by consequative odd numbers, 1, 3,...,2n— 

1. 

e if u is inner vertex with left subtree l,(t) and wu is leftmost leave of l.,(t), 

23



then set N(v) = N(u) + |ly(é)]. 

To construct chameleon tree with frame t and weight w(t) = (a, 6), denoted 

t(a,b) we color all first @ inner vertices with increasing levels by black color. 

11 3 13 
1 hr 912 

Example. 

We see that labeling sequence of inner vertices is (2, 4,6, 8, 10, 12). Therefore, 

for chameleon tree with weight (3,3) black color have vertices with labels 2, 4,6 

and white color have vertices with labels 8, 10,12. As far as chameleon tree with 

weight (4,2) labels of black vertices are 2,4,6,8 and labels of white vertices are 

10,12. So, 

t(3,3) = t(4,2) = 

4.4.3 A chameleon equivalence relation 

Let ¢’ and ¢” are colored trees witl! the same leave degree g. For any di-words 

Ul,..., Ug we can construct elements of 0-dialgebra ¢t’(u1,..., ug) andt”(u1,..., Ug). 

Say that colored trees t’ and t” are equivalent, and denote t’ ~ t”, if as elements 

of 0-dialgebra | 

t'(ur,.- +, Uq) =t"(u,..., Ug), 

for any di-words w),..., Uy. It is easy to see that the raltion ~ is really equivalent 

relation on a set of colored trees. 

Lemma 1. For any trees t',t” anda =e oro 

cham(t! Vq t”) = cham(t’) Va cham(t"), 
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Proof. We have to prove that for any @;,...,@z4m © A where A is 0- 

dialgebra, |t’|; = k, |¢”| = m, 

cham(t! V, t)(a1,..-, @kam) = (0(t') Ve cham(t”))(a1,....@k4m), 

cham(t' Vo t”)(a1,.-.,@k+m) = (cham(t’) Vo w(t’))(a1,...,@k4m): 

Suppose that 

We label vertices of t = t’ V, t” as in section 4.4.2. 

Let a = e. Then 2k-th vertex is black. Suppose that for some | < 2k I- 

th vertex is inner and its color is white and / + 1-th vertex is black. Then by 

Q-dialgebra principle "on the bar side, does not matter which product" for any 

l’! < 1 we can change colors of l'-th vertices to black. Repeat this procedure for 

all | < 2k +1. We obtain that 

cham(t' V.t")(a1,.--,@k+m) = (b(t')(a1,..., Ax) @ cham(t")(Qn41,---; Qk+m)- 

In a similar way one consider the case a = o. In this case we also use 0- 

dialgebra principle "on the bar side, does not matter which product" and we 

recolor black inner vertices with labels 2k +1 <1 < 2(k+m)-—1 by white. Then 

we obtain 

‘\ 

cham(t!' Vo t")(a1,.--;@k4m) = (cham(t’)(a1,..., 0%) 0 w(t”) (apsi,.--;Ok4m). 

So, fora =eoro 

cham(t! Vq t") = cham(t') Vq cham(t"), 

0 

Lemma 2. Any colored tree t is equivalent to chameleon tree cham(t). 

Proof. Since for any colored tree frames of cham(t) and ¢ are coincide, 

(t’ Veo t”)(u1,..-, Unam) = (b(t'))(ur,... Un) Ve (cham(t"))(tn41,---sUntm)s



(t’ Vogt”) (ui, ..-,Untm) = (cham(t’))(u,...,Un) Vo (w(t”)) (Unis. ++) Un¢m): 

Therefore, by Lemma 1 

tv. t” ~ W(t’) V. cham(t”) = cham(t’ V, t”) 

t'V,t” ~ cham(t’) Vo. w(t") = cham(t' V. t”) 

LJ 

Lemma 3. If t is chameleon tree with root vertex r and |t|, > 1. Then its left 

subtree is black if r is black and right subtree is white if r white. 

Proof. -Let r is black. Since 

cham(t) = b(t’) V. t", 

the condition cham(t) = t implies that U’ is black, 

t’ = W(t’). 

In a similar way, one consider the case when r white. In this case 

cham(t) = t' V. w(t"), cham(t) = t > t” = w(t"). 

Lemma 4. The map cham: color(T) > color(T) is idempotent map, 

cham? = cham. 

Proof. We have to prove that for any ¢ € color(T) 

cham?(t) = cham(t). 

We use induction on leave degree |é|,. If |t|; = 1, our statement is evident. 

Suppose that 

cham?(t') = cham(t'), 
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for any colored tree ¢’ with |t’|; < |t|,. Let t be chameleon tree with root r, left 

and right subtrees t’ = ty,) and t” = t,) with |t’| < |t|j, |t”| < |¢). 

Now we consider the case |t|; > 1. Let t be chameleon tree with root r, left 

and right subtrees ¢’ = ty.) and t” = ty). 

Suppose that r is black. Then by Lemma 3 t’ = O(t’). Therefore, 

cham(t) = b(t’) V. cham(t") = t' V. cham(t”). 

Since by inductive suggestion cham?(t”) = cham(t”), this means that 

cham?(t) = b(t’) V. cham(cham(t”)) = t' Vouttee cham(t”) = cham(t). 

Similarly, if r white, then by Lemma 3 t” = w(t", and 

cham?(t) = cham(t' V. w(t”)) = cham(t’) V. w(t”) = cham(t’) V. t”. 

By inductive suggestion cham?(t’) = cham(t’). Hence 

cham?(t) = cham(t') V. w(t”) = cham(t). 

Lemma 5. Let t' and t” chameleon trees with leave degrees |t'|, = n, |t" |) = m. 

Then t' Veo t” and t’ Vogt” are also chameleon trees with leave degree n +m. 

and for any di-words u,..., Un+m; 

(t! Veo t”)(ui,---; Untm) = (B(t'))(ur,..-, Un) Ve (cham(t”))(Un41,--.;Untm); 

(t' Voo t”)(t1,- +, Untm) = (cham(t'))(ui,-.-, Un) Vo (w(t"))(Unt1, +++; Untm): 

Proof. Since . 

cham(t') =t', cham(t") = t", 

by Lemma 3 

cham(t' V, t”) = b(t’) V. cham(t") =t' Vv. t”, 

cham(t' V. t”) = cham(t') Vo w(t") = t' Vo t”. 
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Hence by Lemma 4 

cham(t! V.9 t”) = cham?*(t’ V, t”) = cham(t' V, t”) =t' Vv. t", 

cham(t' Voo t”) = cham?(t' V, t”) = cham(t' V. t”) = t' Vo t". 

So, t' Veo t” and t’ Vo t” are chameleon trees. It is evident that 

lt’ Veo the = |t Vo t’ |p = tle +e = +m. 

Lemma 6. (Co, Veo, Vo,o) is 0-dialgebra. 

Proof. For any chameleon trees t’, t”, t’/” with leave degree n,m, s, 

(t' Voo t”) Veo t” = b(t’ Vogt”) Ve cham(t”) = (B(t') V. (t")) Ve cham(t’”), 

(t’ Veo t”) Veo t” = O(t' Veo t”) Ve cham(t”) = (b(t') V. b(t”) Ve cham(t’”). 

Hence 
(t! Veo t’) Veo "= (t! Vo0 t”) Veo t”". 

Similarly, 

t' Voo (t” Veo t'”) = cham(t’) V. w(t" V. t”) = cham(t’) Vo. (w(t”) V. w(t'”)), 
N 

t' V0.0 (t" Vo0,0 t"”) = cham(t’) Vo w(t" V 0,0 t”) = cham(t’) Vo (w(t) Vo w(t'”)), 

and 

t’ V 0,0 (t” Vo.0 tt") =t' Vo0 (t” Vo0 t’”). 

4.4.4 Proof of Theorem 3. 

By Lemmas 2 and by 6 elements t(z1,...,%q), where t € cham(T), |t\, = q, and 

Z1,...,2q € X, forms base of magmatic algebra Fiio(X). 

By section 4.2 for any tree with n leaves there can be constructed n chameleon tree: 
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Number of trees is Catalan number i.e. 

So number of 

Notice that identities (4.1) and (4.2) change only multiplications and there 

elements remain at the same place. So there can be only equivalent trees with 

generators which is stay at the same place. So dimensions of all colored trees are 

equal to each other. By multiplication of tree with one generator and divided to 

Catalan number there can be obtained dimension of any associative 0—dialgebra. 

There known that number of this trees is dim Fu;(a,). So 

_ (207-14 -2)! Dina. st, 
Lyd On, 1; — 1)! Tht Li Ch +.+ty . 

4.5 Strong chameleon trees and associative ver- 

sions of dialgebras 

4.5.1 Special kind of chameleon trees. 

Let n is degree of tree. Recall that degree of tree is odd number and |¢| = 2|¢|,—1, ~ 

where |t|; is leave-degree of t, i.e. a number of leafes. 

We define special kinds of trees so called left and right stairs tree and denoted 

ls, and rs, respectively. Let 1s; and rs; denote a tree with one vertex. Forn > 1 

left stairs tree ls, and right stars tree rs, are trees of the form 

ls, = \Z4 Sy = A 

So, by definition left stairs tree is black and right stairs tree is white if n > 1. 
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Definition. S-chameleon is the subset of chameleon trees if left subtree of 

any black vertex is /s, and right subtree of any white vertex is rsp. 

C’-chameleon is the subset of S-chameleon trees if right son of any black vertex 

is black. L-chameleon is the subset of S-chameleon trees if right son of any black 

vertex is white. R-chameleon is the subset of S-chameleon trees if left son of any 

white vertex is black. 

Theorem 4. Bases of free dialgebras can be constructed by chameleon trees by 

the following ways. 

Set of chameleon trees generates base of free 0-dialgebra. 

Set of left S-chameleon trees generates base of free left stairs 0-dialgebra. 

Set of right S-chameleon trees generates base of free right stairs 0-dialgebra. 

Set of S-chamelon trees generates base of free stairs 0-dialgebra. 

Set of C-chameleon trees generates base of free central associative 0-dialgebra. 

Set of L-chameleon trees generates base of free left associative 0-dialgebra. 

Set of R-chameleon trees generates base of free right associative 0-dialgebra. 

Theorem 5. Dimensions of given 0 — dialgebras generated by l, x1’s ,etc., ln 

Ln’s is ; 

d, = (2 ici li — 2)! Dity+.+ty 

ee (er  — DTT Catan, ’ 
where C; = tr?) is 1-th Catalan number and Di; is dimension of dialgebra 

generated by one generator. 

Corollary 1. Let n is number of leafes. 

Dimension of 0-dialgebra generated by one generator of degree n is (?n-?) 

Dimension of cass generated by one generator is 2"-3(n + 2) ifn > 1 and 

dimension for degree 1 is 1. 

Dimension of lass and rass generated by one generator is Fon_3 where F; 1s 

Fibonacci numbers and n > 1. For degree 1 dimension is 1. 

Corollary 2. Let n is number of leafes. 

Multilinear parts of 0-dialgebra of degree n is (*"-/\nl. 
n-1 
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Multilinear parts of cass is 2"-3(n + 2)nl. 

Multilinear parts of lass and rass is Fon-3n' where F; is Fibonacci numbers 

andn > 1. For degree 1 dimension is 1. 

Now we interpret colored trees as elements of dialgebras. Leaves of trees 

correspond to elements of dialgebras and black vertex to multiplication F and 

white vertex to the multiplication 4 . For example, 

a d 

x = (ab) (cd) 

So, any colored tree we interpret as an element of 0-dialgebra and the linear 

map f : color(T,) + An is epimorphism. There A, any 0-dialgebra of degree n. 

There can be defined f-! : A, — color(T,). Let call that element a of 0 — 

dialgebra satisfy to chameleon rule if f—'(a) € cham(T). Below we will prove 

that if a is element of any 0 — dialgebra, then f~'(a) € cham(T). 

4.6 Chameleon trees 

Lemma 7. Any element of 0- dialgebra satisfy to the chameleon rule. 

Proof: Firstly consider case when (a * b) k c where a, b,c some elements and 

* can be any multiplication by (4.2) then we must show that a * 6 contains only — 

F type of multiplication. We can say that if there will be proved that b contains 

only - then for a it can be proved by the same way. Let b = b/ « b” and there can 

be any multiplication because | 

(axb)Ek}c=(ai(bxb"))Fe 

and by (4.1) it is true. If 0’ is not leave then make the same operation i.e. 

b' = dd” and continue it to leave. By this way we can change any multiplication 

tok by using (4.1) and (4.2.) 

Analogically can be proved for case a 4 (b* c). 0 

There we can say that lass, rass, cass also satisfy to the chameleon rule. 

For t € cham(T) let us define its weight w(t) as a pair of integers (a, b), where 

a is a number of black vertices and 6 is a number of white vertices. For example, 
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t = => w(t) = (3,3). 

Example. Let us construct all chameleon trees for degree 3 by weights. There 

are three kinds of weights: (2,0), (1,1), (0, 2). 

Trees with weight (2, 0): 

Ne 
Trees with weight (1, 1): 

ae 
Trees with weight (0, 2): 

Notice that in this example for A3 = cass two trees in weight (1,1) are equal - 

by (1.4). Analogically for lass two trees in weight (2,0) are equal by (1.3). For 

rass two trees in weight (0.2) are equal by (1.5). So number of independent trees 

for all this 0-dialgebras of degree 3 equal to 5 

By (7) we can consider only trees of the set cham(T). We write every weight 

in the form (a, b) for degree n. There a +b+1= 7 and we have n + 1 different 

weights Uf_g(n — 7, 7). 

Let call associativity identity for 0 — dialgebra is some identity of the form: 

(a xb) *c=a(b*C) | (4.3) 

where * =+ or 4. 

Let call that element of 0-dialgebra satisfy to the left and right stairs if 

f(a) € S — chameleon. 
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Lemma 8. Any associative 0-dialgebra satisfy to the left and right stairs. 

Proof: Let we have some associative 0 — dialgebra with identity (4.3). By 
(7) we know that any 0 — dialgeba satisfy to chameleon rule. We prove that 

ak b=((...(a, ag) Fr...) Fan) bb. 

By using (4.1) and (4.2) in a there can be obtained any type of multiplication 
without changing of brackets. So there can be anytime used (4.3) and changed 
any right normed element to the left normed i.e. 

ak b= (a) * (a2 *a3)) F b = ((a) * ag) #3) Fb = ((ay Fag) as) bb. 

Analogically can be proved right stairs.0 

Lemma 9. For any tree t witha +b +1 leaves and weight (a,b) there exist 
bijection to labeling sequence of inner vertices. 

Proof: There easy to see that in sequences which is give in section 2.3 all 

integer are even numbers i.e. all vertices labeled by even numbers and leaves by 
odd numbers. Let prove that all trees which correspond to given sequences is 
chameleon trees. By induction suppose that this labeling is true for all trees of 
degree t where deg(t) < a + b. Then we must prove that multiplication of two 
trees which is their degree less than a + 6+ 1 that their labeling also chameleon | 
tree. 

Let take any trees a,b where deg(a) = m,deg(b) = nstmn<atb+1. 
Then we consider the tree a V b of weight (0,m +n — 1). Tree of the weight 
(1,m +n — 2) is equal to a(1 m—2) Vo b(o,n-1). For weight (2,m+n— 3) is equal to 
(2,m-3) Vo B(o,n—1)- SO for weight (z,m +n —1—i) where i < m—1 tree is equal 
to 

Q(i,m-1-4) Vo B(0.n-1): 

For (m,n — 1) tree is Q(m—1,0) Ve b@n-1): For (4,m +n — 1-1) wherem <i < 

m+n-— 1 tree is 

A(m—1,0) Ve 8(i.n-1-1): 

We can not write it by the other way because it will contradict to definition of 
chameleon trees.In particular all chameleon trees of degree a + b + 1 satisfy to 
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this labeling sequences. So induction is proved. It is easy to see that for this tree 

aV 6 bijection between every weight and labeling sequence is satisfied. 0 

For any tree of degree a+6+1 we will give the way of construction of vertices 

for all weights. It is equivalent to find inner vertex which is not change color of 

other vertices by chameleon rule. Let we have tree a = 1,1V001,2;01,2 = 2,1 0022; 

3 Am2 = Om+1,1 Ve Gm+1,2 and let @n+1,2 is leaf, then we start from am, and 

change it’s color to white and this vertex do not change color of other vertices. 

Let numerate this vertex by 2(a + b). This new tree will be element of weight 

(a+b—1,1). Then we need to obtain element of weight (a+b—2, 2). We make the 
same thing for @m4+41,1 like for a i.e. change color of vertex which is stay at right 

side and it has only leaf at the right side i.e. this vertex also not change color of 
other vertices. Numerate this vertex by 2(a + b) — 2. Continue this operation. 

By this way we numerate all vertices and obtain all trees for each weight i.e. 
Qm+1,1 Qm+1,1 
7 Qm+1,2 \/ Am+1,2 

a 50, ~Am,2 77,2 

We can’t change color of vertices by other way because it will contradict to 

definition of cham(T). 0 . 

Example. Let choose tree of the form T2 V (Tz V T;) and write it’s form for - 

every weight. 

Corollary 3. Let fix any tree t with (a + 6+ 1) leaves then for any weight it 

defined uniquely. 
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4.7 Free O-dialgebras on trees. 

Let construct some di dialgebra with following multiplication: if a,b some trees 

then 

aV,.b=cham(a \V, b) 

aV,b=cham(a V, 6) 

By (7) this algebra di € Var(0 — dialgebra) where Var(X) is variety of X 

algebra. 

Let prove that this 0—dialgebra is free. Let take set of generator Y which 

is leaves of trees. Let take any algebra A € Var(0 — dialgebra). Then make 

some map 7 : Y — A. This map can be canonically extended to homomorphism 

n : ®(Y) — A where ©(Y) is free magma dialgebra i.e. dialgebra without any 

identities. But ideal J(®(Y)) which is constructed by (4.1) and (4.2) lies in any 

kernel of homomorphism of ®(Y) to any dialgebra A. In particular it lies in kernel 

of 7. It means that there exist homomorphism y : ®(Y)/I(®(Y)) — A which is 

make this diagram commutative 

&(Y) + 8(Y)/1(@(Y)) 
\7 Lf 

A . 

So y is needed homomorphism. Uniqueness is obvious. This way is work for 

any dialgebra. 

Now we construct dil dialgebra by the following multiplication: if a,6 some 

trees of degree m,n then aV,b=aVoTSp ie. 

\ 

For a V, b we consider 2 cases: b = c V,. d or c V, d where c,d some trees of 

degree k,l. At first case



aV~(CVod) = 15m Ve (C Vo THe. 

Y 
\)- x 

At the second case a V. (c Ve d) = ISmiz Ve d i.e. 

Y 

Vi 

It can be easily checked that dil € Var(lass). Analogically can be constructed 

for rass dir dialgebra. 

Let construct dialgebra dic for some trees a,b of degree m,n with multiplica- 

tion aV,b6=@Vo7TSn 1.€. 

‘ov 

\ 

For a V, 6 we consider 2 cases: b = c V, d or c V. d where c,d some trees of 

degree k,1. At first case a V. (¢ Vo d) = (18m, Ve C) Vo TS}. 

vy Ww 
a b Kom . 

For second case aV,(cV.d) = 0. It can be easily checked that dic € Var(cass). 

4.8 Proof of (4),(5). 

Set of chameleon tree with subtree of a form t = bV.(aVoc) is called C-chameleon, 

where a is chameleon tree,b = bs, and c = wSm or it can be leaves. 
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Set of chameleon tree with subtree of a form t = b V. (c V. a) is called L- 

chameleon., where a is chameleon tree, b = bs, and c = bSm or it can be leaves. 

Set of chameleon tree with subtree of a form (aV.) Voc is called R-chameleon, 

where a is chameleon tree, b = ws, and c = ws, or it can be leaves. 

By the other words it means that. there set of trees with subtrees of the fol- 

lowing forms correspondingly: 

_ a a a 

Let define set of trees for any dialgebra A such that: 

Anniy(A) = {x € Alz V. a = 0, where Va € A}. 

Annrw(A) = {x € AlaV. x = 0, where Va € A}. 

Definition: There can be defined left and right stairs for cham(T) if 

a’ V.a" = bsjq Vea” 

b! Vo = b’ Vo WS\pr|- 

For left and right stairs Ann)»(A) = {t—bs)|Vt € 0—dialgebra}, Anny (A) = 

{t — ws,\|Vt € 0 — dialgebra}. 

Set of trees which is satisfy to left and right stairs called stairs chameleon 

trees. There we define subsets of trees 

C'—, L—, R — chameleon € cham(T) 

which are satisfies to left and right stairs and 

R— chameleon = cham(T)\R, 

L — chameleon = cham(T)\L, 

C — chameleon = cham(T)\C. 
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Let B, be set of all black trees with n leafs, i.e. trees whose all vertices are 

black and similarly denote by W,, set of white trees and . 

Kn Va Km = {t' Va t"|t' € Kn, t” € Kn} 

where K = B or W. 

Br Va Wm = {t' Vat" |t! € Bn, t” € Wr}. 

Wr Va Bm = {t' Vat" |t! € Wr, t” € Br}. 

Wr Va Wm = {t' Vo t”|t’ € Wr, t” € Wr}. 

For convenience let write basis trees of central associative 0-dialgebra by other 

way of degree m: 

C' — chameleon = {LJ (... (Ba Vo Wy)... Vo We,,)} 

where a+k,+...+k, = m,a # 1 and B,, W; satisfies to left and right stairs. 

For lass, rass equations (1.3) and (1.5) are means associativity for a one 

multiplication. So B, and W,, in this algebras we consider in the forms of one 
tree 1.e. 

‘\ 

f(B,) = (... ((a1 F ag) F a3)... F Qn) Fay 

f(W,) = An 4 (Qn—1 4d... (a3 + (a, 4 ay)) we .) 

correspondingly. 

L set means that subset of trees cham(T) such that right son of any black 

vertex is black i.e. contains all trees with subtrees of the form 

... (Br Ve (Bi Ve (...))). 

Analogically R set means that subset of trees cham(T) such that left son of any 

white vertex is white i.e. contain all trees with subtrees of the form 

..(((...) Vo W;.) Vo Wi). 

C' set is the subset of cham(T) such that right son of any black vertex is white 

38



i.e. contains all trees with subtrees of the form 

Lae (By Ve ((. . .) Vo W))). 

Example. Let construct base of cass for degree 3 and 4. By (4) for degree 

3,4 is constructed above i.e. Bs, By V. W,,W3. 

For degree 4 is By,B3 V. W,,(Be Vo W)) Vo W,,By Vo W2,W,. 

Firstly let prove it for free 0 — dialgebra. In section 4 we constructed di free 

0 — dialgebra and base of this dialgebra is cham(T). In (7) there shown that 

we can vanish all trees which is not satisfy chameleon trees. So base of di and 

0-dialgebra coincides. So basis of 0 — dialgebra is cham(T). By using linear map 

f(cham(T)) there can be obtained basis of 0 — dialgebra. 0 

By (8) we know that cass, lass, rass satisfies to the left and right stairs. 

Let firstly consider cenral associative 0 — dialgebra. Then by construction 

which is given in (9) any tree of weight (a, b) defined uniquely and by using (1.4) 

we can change any element of weight (a, b) to (... (Ba+1 Vo Wz,)...Vo Wz,,) where 

ki +...+k, = 0. By the other words (1.4) in terminology of trees means that: 
b 

a = Cc 

where tree c is contain only white vertices and c = W,,,- If tree b contain white | 

vertices then like above make the same operation by using (1.4) and there can be 

obtained the form (...((Ba+1) Vo We,)... Vo Wg,,). 

In section 4 given dic free central associative 0—dialgebra and base of dic 

and free central associative 0—dialgebra are coincides. By using f we obtain base 

of cass = f (cham(T)/C). 

Let consider left associative 0—dialgebra. In this algebra all elements which 

are satisfy to L set can be written in this form By V. (Bi V. (...)). By (1.3) we 

can write 

Br Ve (B; Ve (. j= (Bx Ve. Bi) Ve (. ..) = Bra Ve (. ..) 

By this way we can vanish all elements which are satisfy to L set. 

We constructed dil free left associative 0—dialgebra and and base of dil and 
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free left associative 0—dialgebra are coincides. by using f we obtain base of 

lass = f(cham(T)/L). Analogically it can be wrote for rass.0 

For prove (5) there known that dimension of free magma algebra 

di, 4= (2 i i — 2)! . 

men a & — DTT 

For free magma algebra any tree of degree n has the same dimension with 

the other tree of the same degree. We know that given identities of dialgebras do 

not change place of generators. There changed only brackets and multiplication. 

So dimensions of all colored trees are equal to each other. By multiplication of 

tree with one generator and divided to Catalan number there can be obtained 

dimension of any associative 0 — dialgebra. 

In particular for 0 — dialgebra dimension is 

(2 ier 4i — 2)! di... = ——= “_(l) +... +1,).0 
Ptr (doit Ly — 1)! Tien i ") 
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5. GD-algebras 

5.1 Some notions of GD-algebras 

It turned out [25] (see also [15]) that GD-algebras are closely related with con- 

formal Lie algebras appeared in the theory of vertex operators [17]. Conformal 

algebras and their generalizations (pseudo-algebras) also turn to be useful for the 

classification of Poisson brackets of hydrodynamic type [5]. It worth mentioning 

that Poisson algebras are also closely related with representations of Lie conformal 

algebras [18]. 

The following statement provides a series of examples of GD-algebras. Recall 

that a Poisson algebra is a linear space V equipped with two bilinear operations, 

i.e., a system (V,-, {-,-}), where (V,-) is an associative and commutative algebra, 

(V, {-,-}) is a Lie algebra, and the following Leibniz identity holds: 
N 

{x, yz} = {z,y}z + yf{z, z}. 

Theorem 6. Let V be a Poisson algebra with a derivation d € Der V relative to 

the both products. Define a new operation o on V in the following way: 

roy = xd(y). (5.1) 

Then (V,o, {-,-}) ts a GD-algebra. 

The proof is straightforward. It is well-known [6, 13] that roy = rd(y) satisfies 

(1.6) and (1.7). It remains to show that (1.8) holds. Indeed, evaluate the left-hand 

side of (1.8) in a differential Poisson algebra: [u, wov]—[v, wou]+[w, ulov—|w, uo 

u—wolu, v] = {u, wd(v)} —{v, wd(u)}+{w, u}d(v) —{w, v}d(u) —wd({u, v}) = 

{u, vot + {u, d(v) }w — i w}d(u) — {v,d(u)}w + {w, u}d(v) — {w, v}d(u) - 

w{d(u),v} — w{u,d(v)} = O 
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Let us call a GD-algebra A special if it can be embedded into a differential 

Poisson algebra with operations {-,-} and o given by (5.1). The-class of all 

homomorphic images of all special GD-algebras is a variety (i.e., a class of algebras 

which is closed with respect to homomorphic images, subalgebras, and Cartesian 

products). Let. us denote this variety by SGD. The main purpose of this paper is 

to describe a way for finding the defining identities of SGD. 

In order to solve that problem, we need to study differential algebras and 

answer the following question which is of independent interest. Suppose A is a 

(non-associative) algebra with a derivation d. Introduce the following new binary 

operations on A: 

a>b=d(a)b, axb=ad(b), a,bEeA. (5.2) 

Assuming A satisfies a family of polynomial identities, what can be said about 

identities on A® = (A, >, <)? 

For example, if A is associative and commutative then a > b = b ~ a and the 

operation ~< satisfies (1.6) and (1.7). It was shown in [11] that there are no more 

independent identities that hold on A for all associative commutative algebras 

A and for all their derivations d. Moreover, it was proved in [8] that every Novikov 

algebra. may be embedded into a differential associative commutative algebra. 

We find an explicit answer to the question about identities of AM. It turns 

out that, given a variety Var defined by multilinear identities (multilinear variety, | 

for short), the systems A, A € Var, d € Der(A), generate a variety governed by 

the operad Var oNov, where Nov is the operad of Novikov algebras and o stands 

for the Manin white product of operads [14, 20]. Hereinafter we identify notations 

for multilinear varieties and the corresponding operads. 

If Var is a variety of algebras then the free algebra in Var generated by aset X 

is denoted Var(X). By Var Der we denote the class of all differential Var-algebras 

with one derivation (this is a variety of algebraic systems with one additional 

unary operation d in the language). The free algebra in Var Der generated by 

a set X is denoted Var Der(X,d). We will often need to know the structure of 

the free differential Var-algebra. It can be easily derived in general (c.f. [12] for 

associative algebra case) that the following statement holds. 

Lemma 10. For a multilinear variety Var, the free differential Var-algebra gen- 

42



erated by a set X with one derivation d coincides with Var(d’X), where d’X = 

{d*(x)|s>0,re X}. | 

Indeed, consider the free nonassociative (magmatic) algebra M(d“X) and 

define a linear map d: F(X;d)  F(X;d) in such a way that d(d°(z)) = d**}(a), 

d(uv) = d(u)v + ud(v). Denote by Tyar(X) the T-ideal of all identities in a set 

of variables X that hold on Var. 

Since Var is defined by multilinear identities, the T-ideal Ty,,(d”X) of M(d’X) 

is d-invariant: 

d(f(d°*(x1),.-.,d°"(an)) = S > f(d*(a1),..., d(x), ..., d"(xn)). 
i=1 

Hence, U = F(X;d)/Tvar(d”X) is a Var-algebra with a derivation d. Since all 

relations from Tyar(d’X) hold in every differential Var-algebra, U is isomorphic 

to the free differential Var-algebra. oO 

Remark 1. In Lemma 10, a derivation d may be replaced with a generalized 

derivation, i.e., a linear map D such that 

D(xy) = D(x)y + cD(y) + Ary, 

where J is a fixed scalar in k. Indeed, it is enough to note that d = D — Aid is 

an ordinary derivation. 

In order to study the relations between GD-algebras and differential Poisson 

algebras we need more general settings. Namely, given an algebra A with a 

derivation d, consider the system A“) = (A, >, <,-), where >, ~ are defined by 

(5.2), and - is the initial multiplication on A. How to describe the identities that 

hold on A‘) provided that we know the identities of A? It turns out that the 

answer involves the operad GD of GD-algebras. Namely, for a multilinear variety 

Var, the systems A), A © Var, d € Der(A), generate a variety governed by 

Varo GD!, where GD’ is the Koszul-dual of the operad GD. 

The paper is organized as follows. In Section 5.2, we calculate the operad GD' 

and describe the free GD'-algebra. In fact, the variety of GD'-algebras is a proper 

sub-variety of the class of Novikov-Poisson algebras. The defining identities of 

GD’ were earlier obtained in [8], but it was assumed in [8] that a Novikov—Poisson 
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algebra has an identity element. We can not use this assumption for our purpose, 

so we describe the free GD'-algebra explicitly and prove that it can be embedded 

into the free differential associative and commutative algebra. 

In Section 5.3, we define (generalized) derived identities of a multilinear variety 

Var of algebras with binary operations as those identities that hold on all A@ 

(resp., A“) for all A € Var and for all d € Der(A). Denote the operads defined 
by (generalized) derived identities by D Var (resp., D* Var). Then we prove 

DVar = VaroNov, D* Var = VaroGD'. 

In Section 5.4, we describe the linear basis of the free special GD-algebra 

SGD(X) in terms of the enveloping differential Poisson algebra. This result gen- 

eralizes what was done in [11]: here we have to add one more operation [-, -] into 

consideration. 

Section 5.5 is devoted to the description of defining relations of the operad 

SGD governing the variety generated by all special GD-algebras. It is easy to see 

that the operad SGD is a sub-operad of D*Pois generated by a proper subspace 

of binary operations. We find the entire family of defining relations for D*Pois, 
so all defining identities of SGD occur among their corollaries. In particular, we 
are interested in special identities of GD-algebras, i.e., those identities that hold 

on all SGD-algebras but do not hold.on the class of all GD-algebras. There are no 

special identities of degree 3, but we can find two independent special identities of © 

degree 4. The complete list of special identities of GD-algebras remains unknown. 

5.2 Dual Gelfand—Dorfmann algebras 

Suppose Var is a multilinear variety of algebras. Fix a countable set of variables 

X = {x1,%2,...} and denote 

Var(n) = M,(X)/Mn(X) 9 Tvar(X), 

where M,,(X) is the space of all (non-associative) multilinear polynomials of de- 

gree n in 21,...,2n, Tvar(X) is the T-ideal of all identities that hold in Var. 

The collection of spaces (Var(n))n>1 forms a symmetric operad relative to the 

natural composition rule and symmetric group action (see, e.g., [20]). We will 
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denote this operad by the same symbol Var. The operad Var is a binary one, i.e., 

it is generated (as a symmetric operad) by the elements of Var(2). In the generic 

case of algebras with one binary operation of multiplication, Var(2) is spanned 

by 212» and x22}. 

The variety of GD-algebras is defined by identities of degree 2 or 3. Therefore, 

the corresponding operad is a quadratic one [14]. Let us compute the Koszul dual 

operad GD’. 

Denote two operations of a GD-algebra by w and v, namely, p = [21,29], 

vy = 21,022. Then GD(2) = Span{y, v, v?)}, where yo?) = 2202}. 

As in [14], the S3-space of multilinear terms of degree 3 is identified with 

O3 = kS3 Oks. (GD(2) &® GD(2)), 

where the action of (12) € S_ on GD(2)®? is given by id @ (12). 

We may choose a basis a@),...,@27 of O3 as follows: 

a, = 1 @xs, (u @ w) = [[x1, 22], zs], a2 = 1 @xs, (u @ v) = [x1 0 xe, a5], 
a3 = 1 @xs, (u@v") = [xz 0 21, 25], a4 = 1 @xs, (VY @ pw) = [x1, zy] 0 73, 

as = 1 @xs, (V @v) = (21 0 22) 043, ag = 1 @xs, (v @ yl?) )= (x2 0 21) 0 23, 

Q7 = 1 @xs, (vo) 0d js) = £3 0 (41, Xo], ag = | @ks, (v'"?) ® vy) = = £30 (2102), 

ag = 1 @xs, (V (v (12) @ y%2)) = = £3 0 (42023), 

and agi; = (13)a;, aigy4; = (23)a; for? =1,...,9. 

Relative to the basis aj, ..., @27, the vectors 's representing the defining relations 

of GD may be presented by the rows of the following matrix: 

100000000-10000000 0-100 00 0000 
000010000 00000000 0 0 0 0 0-10 000 
000001000 00000-100 0000000000 
000000000 00001000 0000 00-1000 
00001-1000 00000000-100 0000 010 
0000000100000000-100 00 01-1000 
00000000-100001-100 0000000001 
010100000 00000010 00-10-10 0000 
001-10000000-110000 0 0 0 0 0 0 0 -100 
00000010001010000 000-11 00 000 

Compute the sign-twisted orthogonal complement U* C OY [14] for the Ss- 

module U spanned by these vectors to obtain the defining relations of the Koszul 

dual operad GD'. It turns out that a GD'-algebra has two operations (21, £2) = 
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XZ. * Zq and v’ (x1, x2) = 1] * X, where 

cey=yr*u. «c*(y*z) =(r*y) *2, (5.3) 

i.e., * 1S associative and commutative, 

(w+ y)xz—ax (yz) =(crz)ey—ax(eny), 65.4) 
xr(yxz)=yx(xrx*2), (5.5) 

i.e., x is a right Novikov product, and 

xx (y*z) = (rey) * 2, (5.6) 
aw (y*xz)+yx*(o*z) = (x *y) xz. (5.7) 

Remark 2. Relations (5.3)-(5.7) up to a change of notations 

cy=o*y, TOy=yxu 

coincide with the identities defining a differential GDN-Poisson algebra [8]. This 

is a proper sub-variety of the variety of Novikov—Poisson algebras introduced in 

[24]. However, all algebras in [8] are assumed to be unital, i.e., with an identity 

e relative to the associative and commutative operation x. This is an essential 

restriction since it is unclear in general how to join a unit to a GD'-algebra. This 

is why in this section we have to study the free GD*-algebra without an identity 

assumption. 

Let us find a normal form of elements in the free GD'-algebra, i.e., a linear 

basis of GD!(X). 

Denote by BiCom the variety of algebras with two associative and commuta- 

tive operations * and © such that 

(cx Oy) *z=20 (y*2), : (5.8) 

It is easy to see that the following identities hold in BiCom: 

(xOy)*z=(re¥y)Oz, we(yO2z) =y*(zOzZ). (5.9) 
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Indeed, apply commutativity of * and (5.8) to obtain 

(rOy)*z=(yOu) *¥z=yO(t#¥2z) =yO(z*z)=(yOz)*zx 

=(zOy)*2=zO(y*z) =(xr*y) Oz. 

Similarly, 

t*(yOz) =(zOy)*z=zO (y*2) =z2O (uy) = (zOz) ty =y* (x Oz). 

Theorem 7. A linear basis of the free BiCom-algebra BiCom(X) generated by 

a linearly ordered set X consists of the words 

Tye KT (YO OY), TS SaSy<---< yp, (5.10) 

Proof. It can be easily seen that every element of a BiCom algebra generated 

by a set X can be transformed to a linear combination of words that have the 

following form: 

Li, ¥ Lig ¥ Li, * (YH, O---OYR), Ti Ys EX. 

Commutativity of * and © allows us to assume %j, S-++ < wy, and yj, < +--+ < Yige 

If z;, > y;, then we may interchange them by means of the second relation in (5.9). 

Hence, every element of BiCom can be transformed to a linear combination of 

monomials (5.10). 

To prove linear independence of (5.10), consider a linear space B’ spanned 

by (5.10) and define multiplications * and © on B’ in the following way. If 

U= 21 #2. In *(YLO.--OYm), V= 21 *...* * (tO... © ty) then 

U*vV= Ly #1... * ln+p+1 * Un+p+2 ©...© ln+p+m+q) 

UQV= I, 1... * lnep * (lntp4i O...0 ln4p+m-+q) 

ydn+p+m+tq) is just the ordering of the sequence (21,...,2n, where the sequence (J,.-- 

,ty). It is easy to check that B’ is a BiCom algebra. 
Y1y--- Um) 715° os Ap bry 

Hence, B’ ~ BiCom(X). 
~ 
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Let BiComDer(X, d) stand for the free differential BiCom-algebra generated 
by aset X with a derivation d (i.e., d is a derivation relative to the both operations 
* and ©). 

Theorem 8. Let A be a BiCom-algebra with a derivation d. Then A is a GD'- 

algebra relative to the operations * and « defined by 

rey=dx)Oy. 

Proof. The operation z* y = d(x) © y is known to be right Novikov. It remains 

to check the identities (5.6), (5.7): 

+ (y*z) — (wey) #z = d(x) © (y*z) — (d(x) Oy) *z =0, 

ax (yz) +yx(z¥z) = d(x) O(y*z)+d(y)O (az) = (d(x) Oy)*z+(d(y)@x)*z 

= (d(z) *y) Oz + (dy) *2z)Oz=d(axy)Oz=(xey) xz 

by (5.9). oO 

Let us say that a GD'-algebra B is special if it can be embedded into an ap- 
propriate differential BiCom-algebra. Denote by SGD’ the variety generated by 
special GD'-algebras (all homomorphic images of special GD'-algebras). Obvi- - 

ously, the free SGD'-algebra SGD'(X ) generated by a set X is isomorphic to the 

subalgebra of BiComDer(X, d) generated by X relative to the operations * and x. 

For every monomial u € BiComDer(X, d) define the weight of u by the fol- 

lowing induction rule: 

wt(z) =—-1, wEX; 

wt(d(u)) = wt(u) + 1; 

wt(u * v) = wt(u) + wt(v) + 1; 

wt(u © v) = wt(u) + wt(v). 

The space of differential BiCom-monomials of weight —1 has the following basis: 
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ZL ee KER (Y O° OY Od™ (y:41) O---O d™(yg)), 

Se Sey Se LH, 

(5.11) 
Tiths-+ Tk >O, Tig terete k=l, 

(Tritt, Yit1) S++ S (Tk. Ye) lexicographically, 

Theorem 9. An element f € BiComDer(X,d) belongs to SGD'(X) if and only 

if all monomials that appear in f have weight —1. 

Proof. The “only if” part can be easily proved by induction. For the converse 

(“if”) part, it is enough to consider the case when f is a monomial of the form 

(5.11). Note that if wt(f) = —1 then f = 2, *---*2,*w, where w = y,©---© 

yi Od" (y41)O-+-Od™ (yx), wt(w) = —1. As shown in [11], w can be expressed 

via x. Then f € SGD'(X). Oo 

Theorem 10. For a linearly ordered set X, SGD'(X) is isomorphic to GD!(X). 

Proof. First, let us prove the following technical statement. 

Lemma 11. The following elements span the free GD'-algebra GD'(X) generated 

by a linearly ordered set X: 

Lp KLEKW, TS SH, HEX, 

where w is a monomial from RNov(X) relative to the operation x. 

Here RNov denotes the variety of right Novikov algebras defined by the iden- 

tities (5.4) and (5.5). 

Proof. Let f be a monomial in GD!(x \. Proceed by induction on n = deg f. If 

n = 1,2 then the statement is clear. Suppose n 2 3. Then f = uxvor f =uxv, 

deg u, degu < n. By the inductive assumption, 

U= 7*«~... Uy * WI, V = YF... Ys * Wa, 

where w1, wz € RNov(X). 

Case 1: f = uxv. Then f yy ke Dp RY He Ys * (W1 * Wa): If deg w; = 1 

or deg wy = 1 then we are done. If w= (wi * w;2), 1 = 1,2, then the inductive 
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assumption implies 

(wy * Wie) * (We) * Wo) = Wi * (Wiz * (Wei * We2)) = Wi *(z*w') = z*(Wi*w’), 

where z € X, w’ € RNov(X). Hence, f = ry *- + #0, RY, Ro YS *Z* (WI KW’). 

Case 2: f = uxv. Then f = (x, *--- * tp * Wi) * (Yl * ++ ¥ Ys ¥ We). Tf 

deg u = 1 then the statement follows from (5.6) and commutativity of «: 

f= Uy (Yr #08 * Ys * Wa) = Ys ¥ + * Yp * (Ty * Wy). 

For deg u > 1, we have to consider the following sub-cases: r = 0 andr > 0. The 

first one is similar to what is done for deg u = 1, in the second we have u = x; *u’, 

so by (5.7) 

f = (xy *U) & (yi #6 Ys * We) = (xy xu!) + (ul 21) * (Yo * Ys * We). 

The latter expression is of the type considered in Case 1. o 

Suppose X is linearly ordered. Consider the epimorphism 

y : GD'(X) > SGD'(X) c BiComDer(X, d) 

given by v(x) = x for x € X, yp(uxv) = d(y(u)) OY(v), p(uxv) = v(u) *p(v). 

Recall that elements from RNov(X) may be presented as differential poly- | 

nomials from the free differential commutative algebra ComDer(X, d) (relative 

to binary operation © and derivation d) by means of rx y = d(x) © y. Such 

a presentation is known to be unique [1]]. Therefore, by Lemma 11 GD'(X) is 

spanned by elements 

ua aye * 2, *(A(Y1)O-- OG*(Y—)), TEX, YZ EX, (5.12) 

where 2) “°°* S %t sg) +:::+s8,—-k=-—1l, and 

(51,41) < +++ < (Sk, Ye) lexicographically. 

Note that if wu is ot the form (5.12) then y(u) = u € BiComDer(X, d). Moreover, 

s,; = 0.



Relation (5.9) implies that we may add one more condition on the words 

(5.12): a < m1. . 

Therefore, we have found a set of linear generators in GD'(X) whose images in 

SGD!(X) are linearly independent. Hence, GD'(X) ~ SGD'(X). In particular, 
the set of monomials (5.11) is a linear basis of GD'(X). D 

Consider the class SNP of all algebras with two operations * and * obtained 

from differential associative commutative algebras via 

axb=ab, axb=d(a)bd. (5.13) 

Corollary 4. The class of all homomorphic images of algebras from SNP coin- 

cides with the variety of GD'-algebras. 

In other words, the defining identities of GD’ and their corollaries exhaust all 

identities that hold for operations (5.13) on commutative differential algebras. 

Proof. Consider the homomorphism of GD'-algebras 

wy: GD'(X) + ComDer(X, d) 

defined as follows: w(x) = x for x € X, Wf *g) = V(f)v(g), Vif * 9) = 

d(w(f))w(g). We are interested in the kernel of yp. 

By Theorem 10, GD'(X) Cc BiComDer(X,d). Therefore, 1 is the restriction 

of the following homomorphism of differential BiCom-algebras: 

y : BiComDer(X, d) + ComDer(X, d), 

v(x) = x for zx € X, o(f *9) = ¥9(f Og) = v(f)y(g). 
Suppose X is equipped with a linear order and w is a monomial in BiComDer(X, d) 

of the form (5.11). Then 

p(w) = 2..-2eyr--- yd" (yisi) ---d™* (ye), 

where a) << S$ USMS LM MH > YV, (Tis, Yirt) S++ S (Te, YE) 
lexicographically. Therefore, the images of the basic monomials of GD!(X) are



linearly independent, so 

Ker = GD'(X) NKery = {0}. 

O 

In particular, we may find a simple form for a basis of the free algebra GD! (X). 
Let w be a monomial in ComDer(X,d). Define the weight of w by induction 

as follows: wt(2) = —1, x € X; wt(uv) = wt(u) + wt(v); wt(d(u)) = wt(u) + 1. 

Corollary 5. A linear basis of GD'(X) consists of all monomials in ComDer(X, d) 
of weight < —1. 

Remark 3. For unital GD'-algebras, a more precise result was obtained in [8]: if 

V isa GD'-algebra with an identity e relative to the operation * then V coincides 

with an associative commutative algebra A with a derivation d € Der(A) equipped 

with the operations x * y = zy, rxy = d(z)y. 

5.3. Derived identities 

Let P and Q be two operads. Then the family of spaces (P(n) @ Q(n))n>1 is an 

operad relative to the componentwise composition and symmetric group action. 

This operad, denoted P @ Q, is known as the Hadamard product of P and Q. If - 

P and Q are binary operads then P ® Q may be non-binary. The sub-operad of 

P ® Q generated by P(2) ® Q(2) is known as the Manin white product of P and 

Q, it is denoted P o Q [14]. 

Example 1. The operad Lie o Nov is isomorphic to the operad governing the 

class of all algebras (magmatic operad). 

Indeed, both Lie and Nov are quadratic operads, and so is Lie o Nov [14]. Let 

(v1, Z2| and x1 © £2 be the generators of Lie and Nov. It is enough to find the 

defining identities of Lie o Nov that are quadratic with respect to the generators. 

Identify [z1, 22] @ (x1 ° Z2) with [z, < 2], then [x1,%2] ® (x2 0 21) = 

({x2, 21] @ (a1 0 Zz))92) = —[x2 < x]. Hence, (Lie o Nov)(n) is an image of 

the space M,(X) of all multilinear non-associative polynomials of degree n in 
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X = {x1,22,...} relative to the operation [- < -]. Calculating the compositions 

in the componentwise way, we obtain 

my, = [[x1 ~ x2] ~ x3] = [[2122]23] @ (2 0 x2) o 23, 

Mz = [x1 X< [x2 ~ 23]] = [x1 [z2x3]] @ x1 oO (x2 0 23), 

It remains to find the intersection of the S3-submodule generated by m, and 

mz in M3(X) ® M3(X) with the kernel of the projection M3(X) @ M3(X) > 

Lie(3)@Nov(3). Straightforward calculation shows the intersection is zero. Hence, 

the operation [- ~ -] satisfies no identities. 

Example 2. The operad As oNov is generated by 4-dimensional space (As oNov) (2) 

spanned by 

(x1 <q) =21%2@BXz0L2, (*%2~ 21) = XT] @xQ 07}, 

(1 > 22), = 11%2@ 1202}, (x2 > 2X1), = 12%, @ X10 NXg, 

relative to the following identities: 

(x1 > 22) < 23 — 21 > (Zz < x3) =O, (5.14) 

(xy ~< 2X2) <~I3-—21~< (to > £3) + (21 <2) > 243-21 > (v2 > 23) = 0. 

. (5.15) 

This result may be checked with a straightforward computation. Namely, one 

has to find the intersection of the S3-submodule in M3(X) @ M3(X) generated 

by 

(x, < rq) ~ 13 = (41 %2)23 @ (X1T2)X3,  F > (Lo > Lg) = 1 (T2x3) @ (x3x9)z1, 

(x1 > £2) X23 = (21 X2)x3 ® (x921)t3, 11 > (Lo < 23) = X1(X2z3) @ (x2%3)21, 

(x) < tq) > 23 = (X122)X3 @ 43(41%2), 11 < (To > Fg) = T1(T2H3) @ x1 (x322), 

ry < (rq < £3) = ©1(%223) @ X1(42x3), (1 > Lo) > Xz = (21L2)x3 @ U3(x201) 

with the kernel of the projection M3(X) @ M3(X) — As(3) @ Nov(3). 

Given a (non-associative) algebra A with a derivation d, denote by A the 

same linear space A considered as a system with two binary linear operations of



multiplication < and > defined by 

r<y=rdy), t>y=da)y, 2,yEA. 

In the same settings, denote by A% the system (A, <,>,-), where - is the initial 
multiplication on A. 

Definition 3. Let Var be a multilinear variety of algebras. A non-associative 
polynomial f(x1,...,2n) in two operations of multiplication ~ and > is called a 
derived identity of Var if for every A € Var and for every derivation d € Der(A) 
the algebra A™) satisfies the identity f (%1,...,2n) = 0. A generalized derived 
identity is a polynomial in three operations <, +, and - that turns into an identity 

on A®™ for every A € Var and for every d € Der(A). 

Obviously, the set of all (generalized) derived identities is a T-ideal of the 
algebra of non-associative polynomials in two (three) operations. 

For example, (t > y) = (y < 2) is a derived identity of Com. Moreover, 
the operation (- < -) satisfies the axioms of Novikov algebras (1.6) and (1.7). It 
was actually shown in [11] that the entire T-ideal of derived identities of Com is 
generated by these identities. Similarly, Corollary 4 implies that the identities of a 

GD'-algebra (5.3)-(5.7) present the complete list of generalized derived identities 
of Com relative to the following chahge of notations: 

LEY=LY, TkeY=T>—yYyHyrs. 

Remark 4. For the variety of associative algebras, if was mentioned in [19] that 

(5.14) and (5.15) are derived identities of As. 

Our aim in this section is to show that (generalized) derived identities of Var 

are exactly the same as defining relations of Var oNov (Var o GD’). We will focus 

on the proof of the description of generalized derived identities. 

Let Mvar be the class of all differential Var-algebras with one locally nilpotent 

derivation, i.e., for every A € Mya, and for every a € A there exists n > 1 such 

that d"(a) = 0. 

Note that Mvyar and the entire class Var Der satisfy the same (differential) 

identities: we prove that within the following statement.



Lemma 12. Suppose f = f(%1,...,2%n) is a multilinear identity that holds on 

A) for all A € Nvar. Then f is a generalized derived identity of Var. 

Proof. Consider the free differential Var-algebra U, generated by the set X = 

{x1,Z2,...} with one derivation d modulo defining relations d(x) = 0, x € X. 

Then U;, € Nvar. As a differential Var-algebra, U, is a homomorphic image 

of the free magmatic algebra M(d’X). Denote by I, the kernel of the homo- 

morphism M(d’X) — U,. As an ideal of M(d”X), I, is a sum of two ideals: 

I, = Tvar(d’X) + Nn, where N,, is generated by d"*#(x), x € X,t > 0. Note 

that the last relations form a d-invariant subset of M(d”X), so the ideal N, is 

d-invariant. 

If a polynomial F € M(d’X) belongs to J, and its degree in d is less than 

n then F belongs to Tyar(d’X). If f = f(z1,...,2n) is a multilinear identity in 

(4) then the image F of f in M(d’X) has degreen—1lind,soF € Tvar(d”). 

Hence, f is a derived identity of Var. Oo 

Theorem 11. /f a multilinear identity f holds on the variety governed by the 

operad Var o GD' then f is a generalized derived identity of Var. 

Proof. For every A € Nvar we may construct an algebra in the variety Varo GD' 

as follows. Consider the linear space H spanned by elements 2), n > 0, with 

multiplication . 

This is a GD'-algebra (in characteristic 0, this is just the ordinary polynomial 

algebra with g™ = z”"/n!). Denote A=A@H and define operations <, >, and 

.on A by 

(a@ f) > (6@g) =ab@(fxg), (5.16) 

(a® f)<(b@g) =ab@(gxf), — (5.17) 

(a® f)(b®g) = ab@(f *9), (5.18) 

* , ! 
The algebra A obtained belongs to the variety governed by the operad Varo GD’. 
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There is an injective map 

@:A +A, 

arr SY d(a) @ 2", (5.19) 
s>0 

which preserves operations <, >, and -. Indeed, let us check that ® preserves ~. 

Apply (5.19) toa <b, a,be A: 

(a ~ b) =ad(b) H S> d°(ad(b)) @ 2) = S- (° + ‘ d®(a)d’*1(b) @ a+ 

s>0 s,t>0 s 

= yo a dB (a)d*1(b) @ 2 .g() — (>: d°(a) ox) < (> d'(a) e2° ; 
s,t>0 s>0 t>0 

Since © is injective, A‘) is isomorphic to a subalgebra of a (Varo GD’)-algebra, 

so all defining relations of VaroGD' hold on AM. Lemma 12 completes the 

proof. O 

It is easy to see that if we forget about the operation - on A then we obtain a 

proof of the following 

Theorem 12. /f a multilinear identity f holds on the variety governed by the 

operad Var oNov then f is a derived identity of Var. O 

It remains to prove the converse: why all generalized derived identities of Var 

hold on all (Var o GD’)-algebras. 

Theorem 13. Let f be a multilinear generalized derived identity of Var. Then 

f holds on all (Varo GD’')-algebras. 

Proof. Let X = {x1,Z2,...}, and let f(xz1,...,2n) be a non-associative multi- 

linear polynomial in three operations of multiplication -, <, and >. By the con- 

struction of the Manin white product, if an identity holds on Var(X) @ GD’ '(X) 

equipped with operations (5.16)- (5.18) then it holds on all (Varo GD’ '\-algebras. 

By Corollary 5, GD'(X) is asubalgebra of C (4*) for the free differential commu- 

tative algebra C = ComDer(X, d). Therefore, Var(X) ® GD'(X) is a subalgebra 

of (Var(X) @ C)\?*), where D(u® f) = u@d(f) for u € Var(X), f € C. Since 

A = Var(X) @C € Var, the identity f(ai,.-- , Zn) = 0 holds on A\*) so it holds 

on Var(X) @ GD'(X). Oo



Similarly, we have 

Theorem 14. Let f be a multilinear derived identity of Var. Then f holds on 

all (Var oNov)-algebras. 

Remark 5. In this section, we have considered algebras with one binary oper- 

ation, so the operad Var has only one generator. However, Theorems 11-14 are 

straightforward to generalize for algebras with multiple binary operations, i.e., for 

an arbitrary binary operad Var. In the next sections, we apply these results to 

Poisson algebras. 

5.4 Free special GD-algebra 

Denote by Pois the variety of all Poisson algebras, and let PoisDer stand for the 

variety of differential Poisson algebras. Theorem 6 determines a functor from 

PoisDer to GD corresponding to the following morphism of operads: 

6:GD - PoisDer, 

£10 2g +4 21 d(22), 

(x1, 29] t-}> {x1, £2} 

Let us say that a GD-algebra A is special if there exists V € Pois such that 

A is a subalgebra of V). Denote by SGD the variety generated by special GD- . 

algebras, i.e., the class of all homomorphic images of all special GD-algebras. The 

main purpose of this section is to describe the free SGD-algebra. 

Let X be a linearly ordered set of generators. Denote by PoisDer(X, d) the 

ra with a derivation d. Consider the set d*X = 
free Poisson differential algeb 

(xz) € d’X as pairs 
{d"(z) | n > 0,x € X}. Let us consider the elements d” 

(n,x) and compare them lexicographically. Then PoisDer(X, d) is isomorphic to 

Pois(d”.X) as a Poisson algebra. 
| 

As a commutative algebra, PoisDer(X, d) is isomorphic to the symmetric al- 

gebra over the space Lie(d’X). Recall that a linear basis of the free Lie algebra 

Lic(Y) generated by a linearly ordered set Y may be chosen as follows. An asso- 

ciative word U € Y* is said to bea Lyndon-Shirshov word if for every presentation 

U = U,Us, Ui € Y"*, we have U > U,V; lexicographically. This definition goes 

back to [9] and [23] (see also [7]). For every Lyndon-Shirshov word U there is 
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a unique (canonical) bracketing [U] such that [U] € Lie(Y) and the set of all 

Lyndon-Shirshov words with canonical bracketing forms a linear basis of Lie(Y). 

Definition 4. Let u be a monomial in PoisDer(X,d). Define the weight function 

wt(u) € Z by induction in the following way: 

wt(z) =-1, rex; 

wt(d(u)) = wt(u) + 1; 

wt({u, v}) = wt(u) + wt(v) + 1; 

wt(uv) = wt(u) + wt(v). 

Since all defining identities of Poisson algebras are homogeneous relative to 

{.,-} and -, the function wt is well-defined. 

By the general algebra arguments (see, e.g., [16]) SGD(X) is isomorphic to the 

subalgebra of PoisDer(X.d) generated by X relative to the operations [u,v] = 

{u,v} and wov = ud(v). 

Consider a linear map 

¢: GD(X) > SGD(X) Cc PoisDer(X, d), 

g(x) =z, xEX, 

o((u, v]) = {o(u), d(v)}, d(uov) = d(u)d(g(v)). 

By Theorem 6, ¢ is an epimorphism of GD-algebras. 

For a monomial wu € GD(X), denote by m(u) the number of Novikov multi- 

plications in wu or, which is the same, the number of commutative multiplications 

in ¢(u). For a monomial a € PoisDer(X,d), denote D(a) = n the total number 

of derivations d in a. It is easy to see that D(¢(u)) = m(u). 

Lemma 13. Leta = 2;...2,[U] € PoisDer(X, d), where x; € X,U is a Lyndon- 

Shirshov word in d’X, D([U]) = t. Then there exists f € GD(X) such that 

o(f) = 4. 

Proof, Let us prove the statement by induction on D({U]) and |U|, where |U| is 

the length of U as of a word in d’ xX. | | 

If D([U]) = t = 0 then the desired pre-image may be obtained just b 

placing {-,-} with [-,-]. We do not distinguish notations for [U] € Lie(X yc 

y re- 

PoisDer(X, d) and its pre-image in GD(X). 
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Suppose D(U) = 1. If |U| = 1 then the result is obvious. Let |U| = 2. Then 

ti{d(yi), yo} = {z1d(y1), y2)} — {r1-yo}d(y), 

so [x1 © y1, yo] — [x1, y2] © y1 is a desired pre-image. 

If |U| =1 > 2 then [U] = {[d(y1)u], [v]} for some words u, |u| = 7 < 1-1, and 

v, |v| = 7 <l, by the definition of a Lyndon-Shirshov word (d(y;) is the greatest 

letter in U). Assume there exists 

F,,3(21, (W]) € 6-*(21[W)) 

for all Lyndon-Shirshov words W such that D(W) = 1, |W| = j <J. Then 

xy [U] = xi{[d(yi)u], fo]} = {i [d(qn)u], fo]} — [dared {ar, [e}- 

Therefore, 

Fy (a1, (U]) = [Fieei(1, (d(yi)ul), [ol] — Fiesi (lar, [el], (2) a) 

is a desired pre-image of x,[U]. 

Suppose D(U) = t > 1 and |U| = 1, ie, U = d‘(y), y € X. Then there 

exists a pre-image of 2,...a:d‘(y) , 

F(X... ., @4, d'(y)) € Nov(X) C GD(X), 

as shown in [11]. 

Assume D(U) =t > 1, |U| =! > 1, and 

Fy 3 (a1, 11 LG, [W}) E b'(ax1 vee z;[W]) 

exists for all Lyndon-Shirshov words W such that either ¢ = D(W) < t or 

D(W) =t, j = |W| <1. Since 

[U] = {[a*(y)u], el}, O<sst yeX,



where 

1< D(d(yju) =i<t, Div)=t-i<t, |d(yul=j<l, lol=a<l, 

we have 

T1.-- x,[U] = Tj4+1--- L4{21 wee zi[d°(y)u], [v] } 

— dA tae LE wee z,[d°(y)ul{ze, [u]}, 

where #, means that the factor x, is omitted. By the inductive assumption, there 

exist 
-1 

P Ee wy) (x1 .. a,[d°(y) Jul) = Fy 5(21, oe » v4; [d*(y) )ul) 

and 

Peg) (i41- .. U{ Lk, {xx, [o}}), 

where f stands for the linear combination of Lyndon-Shirshov words with canon- 

ical bracketing representing a Lie polynomial f € Lie(d*”X ). Obviously, we may 

choose 

b'(x1 .- .24[U]) = Fy ‘gt (Ties wee Ut, {z, [vo] })lz=P 

3 Fos 2,01, 0-0) £ky «+1 Vi [B(y)u))l=y%, (5-20) 

Here we consider the variable z in the right-hand side of (5.20) as a new one, and 

O 
assume z < x for all x € Xx. 

Theorem 15. Differential Poisson monomials of weight —1 span the special GD- 

algebra SGD(X) C PoisDer(X, d). 

Proof. Obviously, é(f) is a linear combination of differential Poisson monomials 

of weight —1 for every f € GD(X). 
. 

Conversely, let a be a monomial in PoisDer(X, d) such that wt(a) = —1. We 

have to show that there exists ¢ (a) € GD(X). It is enough to prove it for basic 

elements of PoisDer(X, 4), 1: elements of the form 

a = [Xil[Xa]--- Xn (5.21) 
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where X; are Lyndon-Shirshov words in d’.X, [-] denotes the canonical bracketing, 

XS +++ Xn. 

Let us proceed by induction on D(a). If D([Xi]) = & then wt([X;]) = ki —-1, 

so wt([X;]) > —1. Note that wt(a) = wt([Xi]) +--+. + wt([X,]) = D(a) —n. 

Hence, if D(a) = 0 then n = 1 and a = [X}] is a pure Lie element in X which 

belongs to GD(X). 

Assume that for some m > 0 all monomials b € PoisDer(X,d) such that 

wt(b) = —1, D(b) < m have pre-images in GD(X). Suppose D(a) = m then, 

without loss of generality, we may assume D([X;,]) = k > 0, k < m. Then there 

must exist & differential-free factors, say [X2],...,[Xk41] of weight -1. Lemma 13 

allows us to replace [X1]---[Xi+1] with a new variable y, wt(y) = —1, find a pre- 

image f(y) of y[Xz+2]---[Xn]) € GD(X U {y}), and find the desired pre-image 

of a as a substitute f(y) |yeg-"((Xi}--[Xea]): O 

In order to calculate dim SGD(n), we need to count Poisson differential mono- 

mials in 21,..-,2%n of weight —1. Let us introduce the following function on 

n,kEZn, k=l: 

H(n,1) = 1, 
1 

H(n,k) = > d,...dg-1’ k > 2. 

1<d)<--<dy-1<n—1 

‘\ 

In particular, H(n, 2) is the nth partial sum of the harmonic series. 

Corollary 6. For the operad SGD, we have 

“(n+k—- 2)! 
dim SGD(n) = >) Te) H(n, k). 

k=1 

Proof. Consider the set X = {2£1,22,.. .} which is linearly ordered as above: 

__ Let us first calculate the number L(n, k) of homogeneous Poisson 

that split into k Lyndon—Shirshov factors uj E 

(n,1) = (n- 1)!. If 

he length of ux is d, 

Ly <t2<.-- 

monomials u,...Uk © Pois(n) 

Lie(X), wu S'S Uk lexicographically. If k = 1, L 

k > 1 then uz starts with the greatest letter Tn. Suppose t is 

1<d<n-1. The number of such Lyndon—Shirshov words is (d — 1)!((74)- 

The remaining n — d letters form a product of k — 1 Lyndon—Shirshov words 
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Up. es Ur—1. Hence, 

n-k+1 

L(n,k) = So (d- (Fj )o= k= 
d=1 

Therefore, 

L(n, k) 

-y (n — 1)\(n — dy — 1)\(n — dy — dp —1)!...(n—dy —+++ —dk-1 — 1)! 

dy det (n = dy)!(n = dy — dh)!... (nm — dy — ++ — dy-1)! 

=(n-1)! > I 
dh ade (n — dy)(n — dy — da)...(n— dy — +++ — de-1)’ 

where the sum ranges over all (d),...,dg-1) such that dj > 1 and d,+---+dg-1 < 

n. It is easy to see that 

L(n,k) = (n — 1)!A(n, k) 

for n,k > 2. 

In order to get a differential Poisson monomial of weight —1, we have to apply 

k — 1 derivations d to the letters of a Poisson monomial u,...u,. There are n 

letters Z1,.--,>n, and we may differentiate every letter more than once. Hence ° ? 

the number of all possible combinations is 

+k-2 k — 2)! 
(" b-1 ) oe k) = apn k). 

In particular, forn =1,...,7 we have the following values: 

n  |12 3 4 5 6 7 

dimSGD(n)|1 3 17 130 1219 13391 167656 

5.5 Defining identities of special GD-algebras 

s section, we describe the defining relations of the operad SGD and derive 
In thi 

‘ties that distinguish GD and SGD. 
examples of special identities, i.e., those ident 
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By definition, the operad SGD is the sub-operad of Pois o GD’ generated b 

Z1Lq @ LQ * XL; and {x1, 22} @ x * Xp. . , 

P was ; 
roposition 1. The variety of (Pois o GD')-algebras consists of linear spaces A 

equipped with four bilinear operations *, ©, {-,-], and [- > -] such that (A, +, [-,-]) 

is a Poisson algebra, (A,°) is a Novikov algebra, and the following identities hold: 

[[z > 2],y] = [lz > z],y] — [le 2] > 9], (5.22) 

_y > z],2] =[y> 2) 2)+ > [zal], (5.23) 

(xxy)oz=2z*(yoz2), (5.24) 

zo(y*z) =(z*x)oyt (y*z) oz, (5.25) 

[(x * z) > y]) = (x02), 9] + [(z02), 9], (5.26) 

[x,zloy=[y> a] *z- [(zoy), a], (5.27) 

yo(z,z] =[c> z]*y-[z>2]*y, (5.28) 

ly > (x *z)] = [(xoy),2] + [(z04), 2], (5.29) 

ly > zloat([x> zloy=[z> (zoy)]+ly> (202)], (5.30) 

(yor) > a]+[(coz)>yl=zolz>y +> yloz 

tlz> (yo2|+yelz>altlz>aloyt y> (eoz)}. (5.31) 

Proof. Apply the computation process similar to that in Examples 1, 2 relative 

to the following notations for the generators of Pois o GD! in Pois @ GD’: 

1 * Ly = 1X2 OX *T2, T1987 = L122 @ LQ * Xi, 

[x1, £2] = {x1, 22} ® LX * X2, [x1 > r2| = {x1, 22} @ 21 * Z2. 

he corresponding linear algebra problem leads to the 

Straightforward solution of t 
0 

required identities. 

(X) coincides with the intersection of Tpoisocp'(* ) 

polynomials on operations 0 and [-,-]. In other 

of the operad SGD it is enough to find all 

n 1 that contain only the 

Corollary 7. The T-ideal Tscp 

with the space of nonassociative 

words, to get the defining relations 

those corollaries of the identities stated in Propositio 

operations 0 and [-.-]. 
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According to Corollary 7, defining identities of SGD may be derived from the 

identities of Pois o GD’ given by Proposition 1. For example, we may use (5.27) 

to eliminate the operation > in (5.28). As a result, we obtain (1.8). 

Finding the complete list of defining relations for the operad SGD seems to 

be a hard problem. We will deduce some of these relations below. 

Consider the monomial [y > x] * (zou). Apply (5.24) and then (5.27) to get 

[ly > 2] * (zou) = (fy > a] *z)ou= ([2,2]oy+ [(z0y),a]) ou 

On the other hand, apply (5.27) to get 

[y > 2] * (zou) = [z, (zou)Joyt [((zou) oy), a]. 

Therefore, the following identity holds on SGD-algebras: 

(ary, 03022] 04+ ([23, 21] 022) 0%4 = [21, (43024) 029] +[x3024,21]022. (5.32) 

(It is also easy to check in a straightforward way that the corresponding identity 

holds on differential Poisson algebras.) 

Proposition 2. The identity (5.32) does not hold on the class of all GD-algebras. 

Proof. Without loss of generality we may assume the base field k is algebraically 

closed. We will find an example of a GD-algebra which does not satisfy (5.32) by 

means of algebraic geometry arguments using the approach of [22]. 

Let us fix a structure of a Lie algebra g on a n-dimensional linear space spanned 

,Zn. Namely, we fix a multiplication table of this Lie algebra 

ij. ij 
(ai. 25] = ; cea, cf Ek. 

k=l 

Consider the class of all Novikov products o on the space g satisfying (1.8) as a 

Zariski closed set V(g) in the n?-dimensional affine space assuming 
ar Gs 

7 . 
440.2; = > Of tr, a? €k. 

k=l 
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A point (aj? jee. ek” belongs to V(g) if and only if 

n 

ij kp ip kj 

> (aai? — aga;’) = 0, (5.38) 
k=l 

nr ijk ki ak — 
(aa;? — aj*a;? — aya,” + a}*ai?) = 0, (5.34) 

k=1 
Tr 

‘kip pk ji, ji ky ip_ki tp jk 
(cikaj? — Pali + cliat? — cfPaf" — cai") = 0 (5.35) 

k=1 

for all i,j,p,4 = 1,-.-.7- These relations represent the defining identities -of 

GD-algebras. 

Denote by /(g) the ideal in kaj | i,j,k = 1,...,m] generated by the left-hand 

sides of (5.33)-(5.35). If we assume that (5.32) holds for all GD-algebras in the 

class V(g) then the corresponding polynomials 

n 

ikip_lq _ t_'P old — cil dag hp il_5q,.k _— 

3 (c; Ayn As — CP Ap as — CoA % + C, ay as”), 1,95,2) 9,8 =1,..-)7; (5.36) 

kl=1 

belong to the radical of I(g). 

For dimensions n = 2,3 it is possible to compute the radical of I(g) in a 

straightforward way by means of the computer algebra system Singular [10]. These 

computations show that for every 2-dimensional Lie algebra g all polynomials 

(5.36) belong to I(g). 

However, even for the 3-dimensional Heisenberg algebra h3 spanned by £1, £2, 23; 

e exist polynomials of the form (5.36) that do not 

(v1, rq] = 13, 23 is central, ther 
Oo 

belong to 4/1 (h3)- 

Let us find one more (independent) special identity for GD-algebras. Consider 

the expression 

(jx > (zoy]+ly> Gea) *u 

Apply (5.30) first, then (5.24) and commutativity of *: 

(ir > owl tly (zo 2))) #u= ([z> loy+ly> zon) *¥ 

= (|x > 2]xu)oyt (ly> 2]*¥) o%



Relation (5.27) and right commutativity of o imply 

(lz > (zoy)|+ ly > (zoz)})*u = 2([z, uloz)oy+[(uoz), zloy+ [(uoy), zlor. 

On the other hand, it follows from (5.27) that 

(fc > (zoy)] + ly > (zoa))) #u 
= [(20y),uloa + (woz). (zoy)] + (202).u]oy + [(woy),(zo2)). 

Finally, using (5.32) we obtain 

2[x4, (x3 9 %2) 0 £1] = [v4 0 21,23 0 £q| + [x4 0 29,230 x1] 

+ [t4, 23 ) Lo] OX, + [t4, 23 ° x1] OXg+ [t3, t4 ° x] OXQ+ [x3, tq 0 £9] Of}. 

(5.37) 

Proposition 3. The identity (5.37) does not hold on the class of all GD-algebras 

satisfying (5.32). 

Proof, Let us consider the class of algebras (V,o,|[-,-]) satisfying the following 

identities: 

%1 0 (42023) = (21922) 023 =0, 

[7y, L2] 0 tz = 0, 

[v1, 2 0 23] — [x3, £2 0 £4] = £2 O [x1, zs], (5.38) 

[21,2] = —[zz, 21], 

(21, [vo, r3]] = 0. 

Obviously, all these algebras belong to GD and (5.32) holds. If we assume that 

(5.37) holds on all these algebras then 

[x1 0 Lz, £3 0 La] + [T1 0 L4, 23 0 Zy] = 0 (5.39) 

has to be a corollary of (5.38). If chark # 2, relation (5.39) may be transformed 
a i 

to 
£1 0 [x2 0 13, v4] = 0 (5.40) 

(5.38). However, if we write down all those corollaries of (5.38) that 
modulo ( 

tain two operations © and one operation [-,-] then we see that (5.40) does not 
ntain ow co 
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belong to this list. O 

Remark 6. We do not suppose that (5.32) and (5.37) exhaust all special iden- 

tities of GD-algebras. Finding the complete list of special identities (or at least 

determining whether it is finite) is an interesting problem. 

Remark 7. If (A,°) is a Novikov algebra then (A, 9, [-, -]) with 

[a,b] =aob—boa 

is a GD-algebra [13]. It is easy to check that (5.32) and (5.37) hold for such a 

GD-algebra. We conjecture that all GD-algebras obtained in this way are special. 
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6. Conclusion 

We considered new type of trees and called them Chameleon trees. In this work 

is given base of free 0 — dialgebras and method of construction them by using 

Chameleon trees. Also there wrote dimension for each class of such algebras. 

Prove of freeness for algebra with one multiplication can be easily extended for 

algebras with two multiplications. It will be interesting to find connection between 

centralassociative —0—dialgebra and Novikov algebra. Main reason is equality 

of dimensions of this two algebras. 

Koszul-dual algebra for GD—algebra is a BiC’om algebra. We constructed 

free base for BiC'om algebra and find all identities of free special BiCom algebra. 

There is not found all identities of a free special GD— algebra. Problem to find 

all special identities is actual for this problem. Also there is given a way to find 

all identities for free algebra with derivation. There is no the same equality for 

Rota Baxter operator. It is intereSting problem to find for what type of algebras 

this equality holds. 
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