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Functional Equations; Review of solution methods and applications in real and complex
analysis.
The functional equation is the equation in which unknowns are functions (one or the

several). For example,

fx) +xfx+1) =1

JS)+g(-x)=/| g —
x+1

Some functional equations f (x) = f (-x), f (-x) = - f (x), f (x+T) = f (x) which set such
properties of functions, as parity, oddness, periodicity.

The problem of the solution of the functional equations is one of the oldest in the
mathematical analysis. They have appeared almost simultaneously with rudiments of the theory of
functions. The first present blossoming of this discipline is connected with a problem of a
parallelogramme of forces. In 1769 Dalamber has reduced a substantiation of the law of addition of

forces to the solution of the functional equation
fE+y)+ fx=3) =2 f(3)- F() 0
The same equation and with the same purpose has been considered by Poisson in 1804 at
some assumption of analyticity, meanwhile as in 1821 Cauchy (1789 — 1857) has found the

common solutions
f(x)=cosax

: e +e ™
flx)=ch ax=

fx)=0
This equation, assuming only a continuity f (x).
Even the known formula of non-euclidean geometry for a parallelism corner

!
S =gl =c"
has been received by N.I.Lobachevsky (1792 — | 85~6) from the functional equation
Sx)=f(x—y)- flx+y) )
Which he has solved a method similar to a method of Cauchy. This equation it is possible to lead to

the equation

2 2

A number of the geometrical problems leading to the functional equations were considered
by English mathematician C.Babbedzh (1792—1871). He studied. for example, the periodic curves
of the su,ond order defined by following property for any pair of points of a curve: if the absciss of
the second point is equal to ordinate of the first then the ordinate of the second point is equal to an
abscissa of the first. Let such curve be the graph of function y = f{x}; (x, f (x)) — its ordinary point.
Then. according to a condition, a point with an abscissa f(x) has an ordinate x. Hence,

JU(x))=x (3)

In particular the following functions satisty the functional equation (3) :
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One of the elementary functional equations are the equations of Cauchy

Fx=y) = f(x) +f ), 4)
Fexy) =f () f ). (5)
J ) =fx)+f ), (6)
F) =1 f) (7)

These equations Cauchy has in detail studied in his book ( i
' . y the Analysis i i
1821. Continuous solutions of these four basic equations are S

Sx)= >, a, log, &, X" (x>0) respectively

In the class of discontinuous functions there co . g : i ’
considered earlier by Legendre and Gauss at a conlclzlliilsti)gnm:f Iﬂ:;’ ILE;E;I;S.tJ;Z)e' equatfl()ﬂ G) e
geometry and at research of Gauss’ law of distribution of probabilities O pReeRi

The functional equation (4) has been again applied by Jean Gas-ton D
a parallelogramme of forces and to the basic theorem of projective geometry: it 3 )
- considc?rablf: easing of assumptions. We know that the functional e)’;ll: mam}achlevement
characterises in a continuous functions such as linear homogeneous ﬂmctiq "y ) (ﬁ Cauchy (4)
has shown that any solution is continuous at least in one point or limit c(imf‘f @) -~ ax. Darboux
below) in any small interval, also should look like f &) = ax. The fu ‘tT rom above (or_ ﬁ'om‘
assumptions followed quickly one after another (ini;egration limasurablil‘]teI~ gL - °f
measure of the function). There is a question: is there any a;iditive fun tl'y s & O'f s
distinct from the linear homogeneous. To find such function really hard(i l,on (i.e. satisfying 4,
show that at ra‘tiona.l x values of any additive function should coincide wilh During work we will
homogc'em.eous function, 1‘.e..f (x) = ax for x Q€. It would Seem that then f‘l ‘ ‘ialues of some linear
fx)-it is continuous, it is valid so if given assumption to reject - th t({‘) = ax for all valid x. If
example dlS‘:tht from £ (x) = ax the explosive decision of A a‘ Is not present. The first
constructed in 1905 by the German mathematician G.Gamel b e _equauon (4) was
infroduced by him, ¥ means of the basis of real numbers

Many functional equations do not define the
functions, i.e. express the property characterising this
functional equation f (x+1) = f (x) characterises a cla
the equation f'(1+x) = f (1-x) - a class of the functions symmetric to the stra; :

: In general, we know f_e)*Y &bO_”t general methods of the solutiq ) ;alght - ¥ =1, and etc.

which are not reduced to differential or integrated. Further s 1S ot the functional equations
allowing to solve the functional equations. ome teceptions will be considered,

arboux to a problem of

Ogrx:ien function, and set a wide class of
N f]a]i cllass o.f functions. For example, the
of the functions having the period 1, and

bl

References
1. Andreev A.A., Kuzmin Y.H,, §
In the science world, 1999
2. Brodsky I. C, Slipenko And. To. The function
publishing house, 1983. — 96 with

avin AN., i ¢ ;
, Saushkin .N.functiona| of the equation. — Samara:

] .
@ €quations. — K: Visha school. Head

magazine, 2001, Ne 2, with. 116 — 120 etional equations//Sorosovsky educationl
4. Likhtarnikov F.M.elementary introduction in the functional :

1997. — 160 with hal quations. — SPb.: 4 fallow deer
5. Fihtengoltz G.M.Kurs differential and integra] calcul

science, 1968, c. 157 — 162 us. In 3 volumeg: volume 1. — M: a



CHY xadapuivicel Ne2(18)

Tyiiin
By1 Makanadd @ynKyuoHaibOwix mendeyaepOiy  wtewtirnt a20icmepi  MeH  KOCbIMULAAapel
i\;apacn?blpblﬂ@a?[.

Peziome
B oannoii cmanmwee paccmampusaemes  0030p  Memodos  peulenus i npuioslcenus
PyHKYUOHATBHBIX YpagHenuil peanbHOz0 1 KOMIAEKCHO20 anaiusd.

Ozet
Bu makalede fonksiyonel denklemlerin reel ve kompleks coziimlerinin ve metodiarinin ézeti
incelenmistir.

Kazax mini — kazaxmoiyy mazosipol.
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