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Abstract.

The present paper attempts to investigate a new effective method of solving
problems of thermal conductivity, new methods of solving parabolic equations
with moving boundaries. In this paper it was tried to show the use of
interdisciplinary connection on the example of Mathematical Physics course. -
Using Integral Error Function a new effective method was developed that
positively effects on mathematical achievement of students.

Approximate and analytical solutions of the boundary-value problems is found

using Integral Error Functions and their properties or by IEF method, which enable
to solve wide range of heat equations with fixed and moving boundaries.

Analytical solution of heat equation with discontinuous coefficients for the
thermal conductivity by IEF method is found in this term paper.
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DEFINITIONS AND ABBREVIATIONS

IEF: Integral Error Function
HP: Heat potential

FTB: First type boundary
STB: Second type boundary
TTB: Third type boundary
BVP: Boundary value problem



INTRODUCTION

As is well known, methods of solving Heat Problems with moving boundaries
are based on the reduction of Heat Equation to a system of integral equations
which cause great difficulties. Daunting methods of solving heat equations with
moving boundaries, lead to the development of new methods which have great
theoretical and practical significance.

The term paper is based on the investigation of new methods of solving
parabolic equations with moving boundaries, investigate the influence on
improvement of Master degree and 3-rd grade university students in solving Heat
problems by the Integral Error Functions method (IEF method) which is
considered to implement into the teaching of “Partial Differential Equations”
course in the university, mvestlgate use of IEF method in mathematical modeling
of arc phenomena and erosion occurring during arcing.

. Existing methods for solving boundary value problems of heat and mass
transfer in domains with free boundaries, based on their reduction to the systems of
integral equations, originally accepted non degenerate at the initial time. In the
case of degeneracy of the integral equations, singularity occurs and development of
new methods for the solution required. Some solutions can be obtained by
constructing heat potentials; however they can give only a qualitative description
of the process and cannot be used for adequate quantitative calculation of for
example temperature fieldsand erosion of electrical contacts. The
practical significance of the work goes far beyond the processes occurring in the
electric-contacts. The developed methods for problems with free boundaries can be
effectively used in other fields of engineering, which require consideration of the
phenomena of phase transformation. They can also be used in the plasma, laser and
thermochemical technologies (heat treatment, plating, cutting), in  powder
metallurgy, electric welding and other areas, for the calculation of the processes of
phase transformations of substance.

The method of solving heat transfer problems with free boundaries and phase
transformation is represented by Integral Error Functions and its properties.

The results indicate that Integral Error Functions enable to solve, many
practical problems described above in the easier way than classical methods, and
could be implemented into the course of teaching mathematical physics, as special
methods of solving heat transfer problems with moving boundaries.

Practical significance

Important role in the study of the electric-effects problems is mathematical
modeling of the electric-processes, which in some cases, it is the only source of
information about their dynamics due to the extremely short time of their
occurrence, which lies in the nanosecond range, which causes considerable
experimental difficulties. Mathematical models describing the transient
electromagnetic and temperature fields in areas with phase transitions, the
dynamics of interaction of an electric arc with electrodes and other phenomena can
clarify many issues related to the study of processes in the electrical contacts.
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Since most mathematical models describing above phenomena are based on
Stefan type problems, it is of great theoretical and practical interest to solve these
problems in the easier way, which Integral Error Functions and -its properties
provide.

Aim of the term paper is to investigate and develop new methods of solving
Heat Equations in the domains with moving boundaries by the help of Integral
Error Functions, investigate influence of IEF method on improvement of students
in solving heat problems with moving boundaries and investigate use of IEF
method in solving practical problems.

Scientific novelty

- New methods of solving heat equations with moving boundaries, which
are degenerate at the initial time are investigated. Solution of Stefan type Heat
equations with moving unknown boundaries are investigated. ,

- IEF method positively influence on improvement of students in solving Heat
equations with moving boundaries.

Outline of statements and aspects brought to defense

-Analytic and approximate solutions of Heat Equations with moving
boundaries by IEF method. Insolvability of heat equations in the domains with
moving boundaries with degenerate boundaries at the initial time by Picard’s
iteration method.Comparison of IEF method with traditional methods.

- Study of influence of IEF method on improvement of students in solving
Heat Problems with moving boundaries,

Outline of the term paper

First part consists of first chapter with three topics which are explaining
general theory of Integral Error Functions, its properties and corollaries necessary -
to solve Heat equations analytically and approximately in the domains with given
and unknown, fixed and moving boundaries are represented. In the fifth part of
dissertation quantitative research of influence of IEF method on improvement
Master Degree students in solving heat problems in the domains with moving
boundaries was represented.

Second part consists of second chapter with 2 topics and 4 subtopics. In the
first 2 subtopics of the chapter approximate solutions of Heat Equations in the
domains with fixed boundaries- by IEF method are considered. Second two
subtopics about solutions of Heat Equations in the domains with moving, given
boundaries by IEF method.

In the third chapter of the third part has the 1 topic.

Analytical solution of heat equation with discontinuous coefficients for the

first type boundary conditions by IEF method is considered.



THEORY OF INTEGRAL ERROR FUNCTION
1.METHOD OF SOLVING PROBLEMS

There are traditional methods of solving Heat Equations with fixed and
moving boundaries. By the help of simple examples it was shown that sometimes it
is not preferable to use traditional methods. In traditional methods like Laplace and
Fourier transform it is hard or sometimes impossible to find inverse transforms
which makes us refer to numerical methods. It was shown that mostly solution
can’t give quantitative solution that could be helpful and used in applications.
Moreover solutions are complicated by bulky integrals that are in most cases hard
to calculate.

As for solutions of problems with discontinuous coefficients of thermal
conductivity by the integral error function.

1.1 Integral Error Function Method

Heat equations are solved by the help of Integral Error Functions (IEF method)

and its properties, which were introduced by Hartree in 1935 and reasonably
sometimes called Hartree functions. As it will be shown in further paragraphs,
method can be used to solve first, second and third boundary value problems for
Heat Equations with fixed and moving finite, semi-infinite and infinite boundaries.
Even though it is not the most powerful side of IEF method for the domains with
fixed boundaries and it is hard to say that the introduced method is more
advantageous than classical Fourier, Laplace transforms and Heat Potentials except
the difficulties that were mentioned in above, that it is sometimes hard to find
inverse transformation and almost every time impossible to evaluate and find
quantitative values of bulky integrals, however it is possible to see that in the
domains with moving boundaries especially in the domains with degenerating
boundary conditions at the initial time, IEF method is much more preferable than
classical methods, as from theoretical same from practical points of view.

The integral error functions determined by recurrent formulas

i"erfex = Ii "lerfevdy i%erfex = erfox = % I exp(—v?)dv
X ” X

, n=12,.. ¢))
2 3 )
erfx =1-erfcx = Tjexp(—v )dv
Where 7o
One can obtain from | )

i"erfex = szg—nlj(v - x)" exp(-v?)dv o)



Expressions (1) satisfy the differential equation

2 §~i”eijfcx —2ni"erfex =0 4)
x

and recurrent formulas
2ni"erfex = i"erfex — 2xi"erfex  (5)

Integral Error Functions are very useful for investigation of heat transfer, diffusion
and other phenomena which can be described by the equation

a "a ()

in aregion D(r>0,0<x<a()) with free boundary x=a(r) , since the functions

u,(tx,t) =12 2 "ery’c

el

suffice the equation (6) as well as their linear combination or even series
u(x t) Z[An u(x t)+Bn n( x”)]
n=0
For any constants 4, , B, .We can choose these constants to satisfy the
boundary conditions at
x=0and x=af(?), if given boundary functions can be expanded into Taylor

series with powers

ror i .

1.2 Properties of Integral Error Function
It is possible to derive new properties of Integral Error Functions.
1. If » is an integer, then

i"erfe(=x) + (=1)"i "erfcx—zn,% (ix) = 2“ e e™ jxn_e withi=+-1 and Hermite

polynomials H,(x) in the right side. Indeed, using formula (3) one can write

i"erfe(—x)+(-1)"i"erfex = 21 T(v+ x)" exp(—v*)dv +

Nzl
1)HZJ‘(V x)" exp(-v Ydv = J‘(v+x)” exp(—v?)dv=——— 1 H,(ix)(7)
n'\/— P ,\/_ p n—I nli . n ‘

2. Using formula for Hermite polynomials one can derive

n

2 n-2m

i"erfo(~x) + (=1)"i"erfex = ad (8)

=22 ml(n - 2m)!

Ifn=2k, then



2k=m)

I3
i*erfe x+i*erfe (-x) = - al
/ fe (=x) ,,,ZU "V (2k - 2m)!

In particular
erfc x+erfc (-x)=2,

. . 1
Perfe x +iterfc (-x) = 3 +x

1 1, 1
+i'e =—+—x"+—x'.
i‘erfc x +i‘erfc (—x) st >

Ifn=2k+1, then
k x?(k-m)+l

2k +1 2k vl
i“erfc(— x)—i"""erfc x = -
4 4 Zﬂ 22" 2k = 2m +1)!

9)

In particular

ierfc(— x) —ierfc x =2x,

Perfe(— x)-Perfe .7c=-;-x+%x3 >

Perfe () -iPerfe x = X+ 1 x* +3x5
: 20217 2.28310 51

The proof of the formula

n nen _ —x’ d"
i"erfe(-x)— (=1)"i"erfex = e e (e” erfx) (10)
where
2 ¢ 2
erfx =1-erfex = — | exp(—v-)dv
) J;! p
can be obtained by mathematical induction method using recurrent formula (2.3).
3. Differentiating the right side of formula (10) we obtain
i"erfo(—x) - (-1)"i"evfex = P, (x)erfi - Q, (x)—= \/— exp(-x*), (11)

where polynomials P,(x) and Q,(x) are defined by formulas

n
2 xn-Zm

V()" H,, .(x)
B®)=2, 5 =2’ 0,()= kz TG
4. From (10), (11) we- can obtain the explicit expressions for Integral
Error Functions of an integer index
i"erfcx—( D" [P, (x)erfex+Q, (x)—-——exp(—x N (12)
JZ
i"erfe(- x)=~[1’ (x)erfe(-x) -0, (x) J—exp(~x )] (13).
5. Using L’Hopital rule and representation (1.1), it is not difficult to
show that
z erfc(-x) (14)
x-—)oo x n! .



1.3 Corollaries for Integral Error Function Method
Following corollaries will be helpful to so solve Heat equations.
1. Using property 2 one can derive following formula
k

n n
w0 =y {A DIl SR Y xtﬂ}

n=0 m=0 m=0
Where u(x,t) is a solution of Heat Equation in polynomial form and
1

B(n,m) := :
2n+m— -m!-(n — 2m)!

2. Expression u(x,t) can be expanded in the following form
u(x, t) = Ay, , +
+4- (.\'3/?2'0 + tﬁ’z,l) +
+A_~' (.\:4B4.0 + .\:ztﬂ4'1 + tB.;.z) + T +
2 k-2 2ek- c
+A1 (" “Bao + X th,  + -ty 5 Boser + tkﬁ:’k.k) +
+AxB  +
+4, (x3ﬁ3'0 + xtﬂm) +
+A5 (.\'55’5.0 +3tf + .\-t‘"ﬁs_,) + o+

N
2k+1 k-1 3 k-1
+Azk41 (l Baksr0t X tB per s T XU T Bopesa ke

+ -\7tkﬂzk+1.k)

3. Following expression will be frequently used in solutions of Heat Equations

du
"‘i_‘{ = ZA:XE’ZO +

+A, (41(3840 + 2“84,1) +
+A4(65°Bgo + 4x3tBg g + 2xt2 B4, ) + o +
+ A5 ( 2k By o + (2K = DX Boy; + -+ 2x5 By ) +

+A1[31.0 +

+A, (3x~’[33.0 + tBM) +




A (SX""B_:,.O +3x°tp, + t335‘2) + ot

+Aze: (2K + DX Bopero + k= D™, +

+ 3X:tk_lpfk+1.k-1 + thZk-‘rl.k)

4. Expression u(x,t) =25 o(\i/_) [A i"erfe2=+ Byi"erfc =

24\ T

expanded

u(x,t) = (\—) [Aol "”’fc“"‘+B°‘ erfe; a\t] +
+(\7) [A { erfc———-.+B i*erfc mt] +
+(3T) [A i erfc——+B>l eTfC‘a\t]"‘ -+

n y 1
+(17) [A,.z erfes . - t]
5. Partial derivative of u(x, t) can be written as
du 1 2
a - 2(l t[ 4a2t)] +
1
+-2——5[-—A i erfc———-l— B,i erfc~ \t] +
',-E 1
N [—aiterfe® 1
+ (Za) [ A5l e*rfcz‘w,t+821

"“lerfc

n

~(52) [ =)

can

be



PART il

SOLUTIONS OF PROBLEMS FOR HEAT EQUATIONS
2. ANALYTIC AND APPROXIMATE SOLUTIONS OF HEAT

EQUATIONS BY IEF METHOD

2.1’ Approximate solutions of Heat Equations in the domains with fixed
boundaries by IEF method

It is possible to observe in further paragraphs and examples that IEF method
enables to solve boundary value problems for Heat equations in domains with
fixed boundaries analytically and approximately.

2.1.1 Approximate solution of the first boundary value

Problem
The solution of the problem

%:azg, O<x</, t>0 (15)
Subject to
LC: u(x,0) =0, (16)
B.C u(0,6) = p(0), 7).
u(l, 1) = 4(2), | (18)

u(0,0) =0, (19)
where@(t), @(t) are analytical functions, can be represented in the form

k n n
u(x, t) = Z {AZn Z x2n—2rr\ztmﬁ2n'm + A2n+1 Z xzn_2m+1th2n+1,m}

n=0 m=0 m=0

or

This function satisfies the heat equation (15), as it was mentioned above and
coefficients A;,, Azp+1 has to be found. To satisfy the initial and boundary .

conditions (17) and (18) we expand the functions ¢(t), #(t)  in Maclaurin’s

series:
mo=2fﬁgw% (20)
and
¢(t)=i¢n('0).z" 1)
k=0 .
for t=0, Ao =0
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and for x=0, even coefficients 4., can be found from

> SO
Aofy o + At + At B+ o+ Ayt By = Z(ZA)’

substituting even coefficients into the boundary condition for x=I and combining
like terms, odd coefficients A, 1 can be found from

Aoﬁo'o +

+4. (13,32'0 + tBu)+

+A4, (1434,0 + 1t + tﬁ“) 4ot

+ay (I-AB k°+1-K_&t/8A1 +ot Pt By + T Bkk)
+AL B+

+4; (P, +1tBs )+

+A45 (1950 + Ut8,, +1t2655) + -+

2k+ 2k-1 -
A2 (l Bagsro+1 tﬂz;m  Heet Bt B s 1 ke

2]\+] (0) .‘k+1

Hl Bani) = Z(2k+1)'

2.1.2 Approximate solution of the first boundary value
problem for the Heat Equation in the half infinite bar
The solution of the problem

ou_ 0

=a"— , O<x<wo, t>0 (22)
ot Ox
u(x,0) = p(x) | (23) .
u(0,1) = £() (24)
u(c0,1) = () (25)
9(0)= £(0), 9(0)=0 (26)

11



wherep(x) and f(r) are analytical functions, can be represented in the form

u(x,t)= Z(Za\/;)" [4,i"erfc——= ] (27)

n=0 2a \/; 2a \/;

2.2 Solution of Heat Equations in the domains with moving, given
boundaries by IEF method

As it was told before Integral Error Functions enable investigate heat

transfer, diffusion and other phenomena which can be described by the -

+B,i"erfc—

equation
Z_l: =’ 8_2’ In a region D(t>0,0<x<a(t)) with free boundary x = a(f), and

solution is considered in the following form

u(x,t) = i[A,,un (x,t) + B,u, (—x,1)]

n=0

For any constants 4,, B,. Which have to be found from boundary conditions at
x=0 andx=a(¢), if given boundary functions can be expanded into Taylor
series with powers ror .1t is possible to see in the following examples
(where all types of boundary value problems considered) and paragraphs, that

analytic solutions of Heat Equations are found.
2.2.1 Analytic solution of Heat Equation with the first type

boundary conditions in the g+t <x <oyt domain by IEF method
Analytical solution of Heat Equation

u_ .o
at—a Poc Bt <x<at, t>0 (28)
Subject to N
I.C: u(x,0) =0, (29)
B.C: u(O,t) = ¢(t)9 (30)
u(l,t) = g(2), . (31)

u(0,0)=0, (32)

If functions ¢(t),¢#(t) are definite functions given in the form

: no n . . :
At) = SX_opntz, #(t) = Lito Vi t2Then solution can be represented in the form

n . X -x
u(x, t) = Z (\/f) [A,,z"erfcm ZM?]
n=0

Substituting expression into the boundary conditions
forx = S\t

N

12



— Y . . -5
u(Att) = Z (\?) 1 [Anz”erfc% + B,,z"erfc-?f]
n=0
wherey = sup{m, n}

fory = en'T
Finally coefficients A9,A;,42,...,A. and B,y,B,,B-,...,B. are determined from

system of linear equations

. s . —ﬁ
Ailerfe + Bozoerfcz = Uy
Ayierfc= + Boi"erfc-:% =,

-G -
Aiterfel + Byiterfcf=p,

. . -
Alzlerfc:—& + Blzlerfc—z—g =1

A-iCerfos + Bzizerfcé; = U,

Aierfc= + B z’zc:frfcr—:—;5 = 14

A».i-"erfc% + 15’.1’"erfc:_:";‘f =U.

Ai'erfc—+ B._i‘érfc-:—;f =v,

where { erf c—; i ’erfcgf, Uerfes,i erfcZ, v=0,1,2... are identified from
tables. N

Remark: One of key points in solving Heat Equations in the domains with moving
boundaries of the first type is to correctly identify value of y, which takes

maximum value between m and k in the boundary conditions.
2.2.2 Analytic solution of Heat Equation with the second type

boundary conditions in the i <x<ay/i domain by IEF method
Analytic solution of Heat Equation

%:azg—?, Bt <x<avr, t>0 (33)
subject to
1.C: u(x,0) = 0, (34) -
ou . |
. 2 =), (35
B.C: ox| _, )
Ou
= =40), (36)
ax x=q(1)

13



u(0,0)=0, (37)

k 2 a . .
where (1) = X i-o i, t7, @(t) = Xk v, t2 analytical  functions, can be
represented in the form

w0 = Zieo(NT) [Aniverfes + Buiverfezy] (38)
Substituting expression (38) into the boundary conditions (35) and (36)
and applying UC method (undetermined coefficients method)
forx = /At we have:

du 1 A exp (£ 0., F
ax v il = 2av‘?[— 0€Xp (5 + B,i e.xp(-m)J +
1 -0 ¥ .0 -
+§—(; —A,l erfc;;-i—Blz szrfcEz +
-1
+ ( L(IE) [—A:ilerf6£ + B:l'zer'fcg] + .+
~ . k
+ (L;) [—Akﬂikerﬂ'% + Bkﬂi"erfc%ﬂ =

n=90

p— N
and for v = «~/t we have

du 1 o2 .
ax = - 25 + Boiexp(-—
ax x=am T - 2(1\)‘,‘?[ AOeXP (4‘22) + Bol exp(—4a2 ] +

+—|=A,i%rfc—+ B,i%rfc=Z| +
2a a
. ‘—"' 1
vi 31 1
+| =— ] [—A.i"erfe=+B,iterfe—|+ -+
2a
K
v . . -
’ (“) [~ Aceriterfel + By, iterfet] =
a <@ 2a
ok
n
= Z 1.tz
n=0

Thus following system obtained where coefficient 4y,4,,4,,..,A. and
B,.B,.B-. ... B. can be determined
14



—Ayexp (—:J~Boe\p ')-
—Ao X

—A,%erfe= + Blioerfc?§= Uy
-& a
—A,%rfc= + B;ioerfc:—:_r = 1
Iy

~A.iterfc= + B:ilerfc—}: = u,
—A.iterfo—+ B;i‘erfc;—g = 14

—Akz" °erfc—+B ik= lerfc—=, 4

—A, ik ‘@)fc +B %= 1e’rfc:—— Vi

If the functions @(t), ¢(t) are given in the form
w(t.) = Zﬁ:o,“ntgv ¢(t) = Z;zn=0 Vntg

then for m = k,
solution will be considered in the form

u(e, ) = oo (V) [Animerfes+ Buiterfez]  (39)

wherey = m + 1
forx = /At we have

du
axl,

1 o (B 0 peg P

[—Aiz erfc——+ B,i° erfc— +

Loy
C
=
-

i
by
~1

15
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~|~Asi%erfes + B.i%rfc2| +

, \—t-

ig) —Aaz erfc—-+ B,i erfc—-] -+
rr+1

7_') m-&-"lmerfc +Bn +1lm€'TfC—] =
m~-1

= E "ntE

n=0
Finally coefficients Ap,A;.45,...,A. and By,B;,B,....B. are determined from

system of linear equations
—Ag exp (_, + Boerp(————-) 0

—Aqexp (—=+Boe\p(- ) 0

; iy
—-A4,i%rfc=+ B,i%erfc—=
1 f @ 1 f a Hq
—A i°erfcﬁ—+ Bli°erfc—5= vy
—A,i? erfc +qu erfc—— u,
-A,l erfc

'
s-y

I

‘1 ﬁ I '
-4, "erfcé—(-z- + Bi1l erfc(—ia) =0

N , -a ,
—Ap 0 erfe—+ Bmﬂz"’erfcz—a— = ¥,

Form < k,
solution is con51dered in the form

u(l t) = Z(\’ Arll,lerfcw+ Bnlnerfc 2 a t]

wherey = k + 1

forx = /’;\—t
du 1 e
EN e = vt [—Aoe‘(P (—‘"‘" Bo’ e‘P(" D+

16



Nt . 5 . -3
+ ( —) [—Azzlerfc;i-k Bzz’-erfc—p] + -+
a 2a 2a
— k
v
+ P [ Apsqi® erfc—+Bk+lz evfc—]
k-1 ‘ ’
= llv:t:
n=90

and for v = @+’ we have

du 1 [ Ayex ( +B ]+
ox xSt Zavt s ) ol exp("‘—")
1 -a
+o-|—Aul%erfer + ByiterfeZt| +
V

) —A,1 erfc-——+B-,z erfc——] -+

Kk

v I
+ ——~) [—Ak“z ezfc;——l-Bkﬂt erfc;—] =
a P ¢ -
k+1
= Z Lt
N
n=0

Thus [ollowing system obtained where coefficient Ay, A;,4,,...

By.B,,B-,...,B. can be determined

)=0

4a2
-8
—A,%erfcZ + B,i%erfc——=
1erf Py 1 f 2a Hi
. 4 . -
—A1l°erfc-(— +Byi®erfe—=v,
—A.i erfc ~ + B.i erfc———u
—-A,i! erfc;;+Bzz e*rfc;= Vs

P K -5 _
"Ak_”l é?)fC-:-;+Bk+1l eTfC-z—a—llk+1
17

A

and



‘e €8 ol —-&
—Ap.iterfe—+ B,-\.ﬂz“erfcg = Ve,

wherei erf C—a Uerfe i'erfer i'erfc=2, y=0,1,2... are treated as constants
which can be determined from erfc tables.
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PART III
3. SOLUTIONS OF PROBLEMS FOR HEAT EQUATIONS WITH
DISCONTINUOUS COEFFICIENTS
3.1 Analytical solution of heat equation with discontinuous coefficients
for the first type boundary conditions by IEF method

%:32%, o« VE < x < BVE, t>0
Baprlus BVE < x < B, t>0
u,(0,0) =0, (1)

u(avtt) =), t>0 | (2)
uy BVt t) = B(), t>0 (3)
u (BVE ) = W(b), t>0 4
u,(8vt t) = p(b), t>0 (5)

Where ¢@(t), @(t), P(t), p(t) are analytical functions and can be represented in

the following form
N

@®=ihg(® am—Zeé
n=0
wm—z%g . pm—i 2 (9
n=0 n=0

The solution of heat equation can be written as followings:

u;(x,t) = itz {A i erfc:f+ B,i"erfc (2;/_)} (10)

n=0
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=
[\]

Van)

»

-t

N/

[l
[\/_] S

Nl:

X —X .
C,i"erfc + D, i"erfc (—)} 11
{ 2bvt " 2bvt (11)

u,(x,t) = th {A i erfca—\/.+13nl erfc( 2a )}

n=0
S on oo O - —0t\y.
uy (e, t) = Z t2 A i erfcz—a+ Bnhi"erfc (E)}

where for x= ot

Yy = sup{m, k}

i° il i0 —“
Apierfc 73 + Byi erfc(za) +

+(Wo)! {Alilerfcz;.;1 + B,iterfc (%g)} +

2 .- a . -
+(Vt) {Azlzerfcz—é + B,i%erfc (7\;)} +

Y
n
+(\/t)Y{A 1Yerfc§—+B 1Yerfc z tz;

n’_—.

u,(x,t) =Zk: g{A i"erfc \/.t.+B ni erfc( a\/_)}

forx = Bv't
20




u (BVet) = i g{A in erfc£+B i erfc(gf)} =

: )
A,i° erfc2—+B01 erfc > +

+(W)! {A] ilerfc% + B,ierfc (;—f)

J+

+(Vt)? {Azizerfc% + B,ierfc (;—f)} +

+ .-

Y
. B . —B n
+(W)Y {Ayﬂ’erfc—zg + B,iverfc (—2;)} = ZO vnpt2;
n=

Then we get coefficients Ay, A4, Ay, ..., Ayand By, By, By, ..., Byare determined from

system of linear equations.

o
A,i® erfc—+ B,ilerfc z) = o
A,i° erfc£+ Boi%erfc —E) =:90
2a 0 2a
( ay
! At erfc~— + B,iterfc (Z) =W
B
Agiterfe f (—) =
Lt erfc +Bll erfc > U
(A,i%erf B,i%erf a) =
2l erc—+ ,i%erfc 3a = Hp
) 5 B
Azl erfc— + B,i%erfc (EE) =0,
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iVerf N _
Ayi erfc2—+B i erc(z)—uy

! ; ! ( B)
Y —_— Y — | =
vi erfcZa + B, i¥erfc 5 9,

iverfc X iv =) verfet v -k
Where iYerfc o | erfc(Za),l erfc o | erfc(Za),
Y = 0,1,2, ... are identified from tables.

From (11)

]

u,(x,t) Z E{C i erfc——\/_;+D ni erfc(éi—z(—/—f)}

:‘»

where y = sup(l, s}

for x = BVt

u, (BVe t) = i 2 {C i erfc% + D,iterfc (;E)}
n=0

- B —B
Coi® erfc% + Dol erfc(Zb) +

+(VO)H{C,ierfc sz + D,iterfc (25)} +

+ D,i%erfc (_—B)} +

+(\/t) {C,i%erfc— P o5

2b

+(\/t)y{ 1Verfc—ZEb— + D, i¥ erfc( )} Zl: 2
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for x = 8/t
\
0 o\
u2(5\/t,t) = Z tz {C i erfcﬁ+ D,i erfc(Zb}} =
n=0

Col%erfc ~ + DoiCerf 8)
= Cpl erciB+ ol erc(2b

v > 4D f( 5
+(V){C,it erc2b+ ,iterfc 2b)}+

) ) -6
+(\/t)2{C2izerfc% + D,i%erfc (—b-)} +

+(WryY {C 1Yerfc;6+ D lyerfc( )} Z %

Finally we get coefficients Co, Cy, C;, ..., Cy and Dy, Dy, Dy, ..., D,

are determined from system of linear equation.

B
Coi® erfc% + Dyi° erfc (=

/_\
[N}
O“m
]
Ne)
o

A
=4
(o]
SN— SN—"
Il
=
©

)
Coi® erfcz—b + D,i° erfc (=

B
C,i? erfcz—b— + D, il erfc (=

A
S|

Ol o
N

Il

o)

-

/—\
O‘)
v
-
-

8
C —
1iterfc b+ D,i! erfc(— 5

23



B B)_
C,i erchE+Dyl erfc(z—b =qy
C,iVerfe—- + D, f( 6)—
vi ecmb iYerfc b =Ty

B —B) o —8)
Y oy — Y
where i erchb i erfc(Zb i¥erfc 5 ,1 erfC(Zb

y =0,1,2, ... are identified from tables.
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CONCLUSION

By the term paper the Integral Error Function method is applied. to analytical
and approximate solutions for heat equations , and students had test; according
to these procedures we can see that Integral Error Function method is really
effective .

Physics problems are solved by mathematical approach easily , it was shown
in solution of problems solved by IEF method.

The most powerful side of IEF method for the domains with fixed boundaries
and it is hard to say that the introduced method is more advantageous than classical
Fourier, Laplace transforms and Heat Potentials except the difficulties that were
mentioned in above, that it is sometimes hard to find inverse transformation and
almost cvery time impossible to evaluate and find quantitative values of bulky
integrals, however it is possible to see that in the domains with moving boundaries
especially in the domains with degenerating boundary conditions at the initial time,
IEF method is much more preferable than classical methods, as from theoretical
same from practical points of view.

By using following forms of solution of heat problems with discontiniuous
coefficicnts:

n X —X
u;(x,t) = Z t2 {A i"erfc + B i"erfc( )}
1( ) - n Za\/f n Za\/f
u,(x,t) = i tg {C i"erfc z + Dyi"erfc (——_X )}
BT LU T e 2bvt
we are getting coefficients. A

As it is shown above in problems of heat equation with discontinuous
coefficients for thermal conductivity Integral Error Function method also is used.

And it gives good results.

So, in the future we recommend using this method not only in mathematics,
but also in physics.
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APPENDIX

1. L’Hopital rule :

lim erfe(—x) _ 2
oo x" n!

2. Taylor series:

00 =Y L2 aye

o
n
n=0



