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Abstract. 

The present paper attempts to investigate a new effective method of solving 
problems of thermal conductivity, new methods of solving parabolic equations 
with moving boundaries. In this paper it was tried to show the use of 
interdisciplinary connection оп the example of Mathematical Physics course. 
Using Integral Error Function a new effective method was developed that 
positively effects on mathematical achievement of students. 

Approximate and analytical solutions of the boundary-value problems is found 
using Integral Error Functions and their properties or by IEF method, which enable 
to solve wide range of heat equations with fixed and moving boundaries. 

Analytical solution of heat equation with discontinuous coefficients for the 
thermal conductivity by IEF method is found in this term paper.
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DEFINITIONS AND ABBREVIATIONS 

IEF: Integral Error Function 

HP: Heat potential 

FTB: First type boundary 

STB: Second type boundary 

TTB: Third type boundary 

BVP: Boundary value problem



INTRODUCTION 

As is well known, methods of solving Heat Problems with moving boundaries 
are based on the reduction of Heat Equation to a system of integral equations 
which cause great difficulties. Daunting methods of solving heat equations with 
moving boundaries, lead to the development of new methods which have great 
theoretical and practical significance. 

The term paper is based on the investigation of new methods of solving 
parabolic equations with moving boundaries, investigate the influence on 
improvement of Master degree and 3-rd grade university students in solving Heat 
problems by the Integral Error Functions method (IEF method) which is 
considered to implement into the teaching of “Partial Differential Equations” 
course in the university, investigate use of IEF method in mathematical modeling 
of arc phenomena and erosion occurring during arcing. 

. Existing methods for solving boundary value problems of heat and mass 
transfer in domains with free boundaries, based on their reduction to the systems of 
integral equations, originally accepted non degenerate at the initial time. In the 
case of degeneracy of the integral equations, singularity occurs and development of 
new methods for the solution required.Some solutions can be obtained by 
constructing heat potentials; however they can give only a qualitative description 
of the process and cannot be used for adequate quantitative calculation of for 
example temperature ffieldsand erosionof electrical contacts. Тһе 
practical significance of the work goes far beyond the processes occurring in the 
electric-contacts. The developed methods for problems with free boundaries can be 
effectively used in other fields of engineering, which require consideration of the 
phenomena of phase transformation. They can also be used in the plasma, laser and 
thermochemical technologies (heat treatment, plating, cutting), in powder 
metallurgy, electric welding and other areas, for the calculation of the processes of 
phase transformations of substance. 

The method of solving heat transfer problems with free boundaries and phase 
transformation is represented by Integral Error Functions and its properties. 

The results indicate that Integral Error Functions enable to solve, many 
practical problems described above in the easier way than classical methods, and 
could be implemented into the course of teaching mathematical physics, as special 
methods of solving heat transfer problems with moving boundaries. 

Practical significance 

Important role in the study of the electric-effects problems is mathematical 
modeling of the electric-processes, which in some cases, it is the only source of 
information about their dynamics due to the extremely short time of their | 
occurrence, which lies in the nanosecond range, which causes considerable 
experimental difficulties. Mathematical models describing the transient 
electromagnetic and temperature fields in areas with phase transitions, the 
dynamics of interaction of an electric arc with electrodes and other phenomena can 
clarify many issues related to the study of processes in the electrical contacts. 
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Since most mathematical models describing above phenomena are based on 
Stefan type problems, it is of great theoretical and practical interest to solve these 
problems in the easier way, which Integral Error Functions and -its properties 
provide. 

Aim of the term paper is to investigate and develop new methods of solving 
Heat Equations in the domains with moving boundaries by the help of Integral 
Error Functions, investigate influence of IEF method on improvement of students 
in solving heat problems with moving boundaries and investigate use of IEF 
method in solving practical problems. 

Scientific novelty 
- New methods of solving heat equations with moving boundaries, which 

are degenerate at the initial time are investigated. Solution of Stefan type Heat 
equations with moving unknown boundaries are investigated. 

- IEF method positively influence on improvement of students in solving Heat 
equations with moving boundaries. 

Outline of statements and aspects brought to defense 
-Analytic and approximate solutions of Heat Equations with moving 

boundaries by IEF method. Insolvability of heat equations in the domains with 
moving boundaries with degenerate boundaries at the initial time by Picard’s 
iteration method.Comparison of IEF method with traditional methods. 

- Study of influence of IEF method on improvement of students in solving 
Heat Problems with moving boundaries, 

Outline of the term paper 
First part consists of first chapter with three topics which are explaining 

general theory of Integral Error Functions, its properties and corollaries necessary - 
to solve Heat equations analytically and approximately in the domains with given 
and unknown, fixed and moving boundaries are represented. In the fifth part of 
dissertation quantitative research of influence of IEF method on improvement 
Master Degree students in solving heat problems in the domains with moving 
boundaries was represented. 

Second part consists of second chapter with 2 topics and 4 subtopics. In the 
first 2 subtopics of the chapter approximate solutions of Heat Equations in the 
domains with fixed boundaries: by IEF method are considered. Second two 
subtopics about solutions of Heat Equations in the domains with moving, given 
boundaries by IEF method. 

In the third chapter of the third part has the 1 topic. 
Analytical solution of heat equation with discontinuous coefficients for the 

first type boundary conditions by IEF method is considered.



THEORY OF INTEGRAL ERROR FUNCTION 
1.METHOD OF SOLVING PROBLEMS 

There are traditional methods of solving Heat Equations with fixed and 
moving boundaries. By the help of simple examples it was shown that sometimes it 
is not preferable to use traditional methods. In traditional methods like Laplace and 
Fourier transform it is hard or sometimes impossible to find inverse transforms 

which makes us refer to numerical methods. It was shown that mostly solution 

can’t give quantitative solution that could be helpful and used in applications. 
Moreover solutions are complicated by bulky integrals that are in most cases hard 
to calculate. 

As for solutions of problems with discontinuous coefficients of thermal 
conductivity by the integral error function. 

1.1 Integral Error Function Method 
Heat equations are solved by the help of Integral Error Functions (IEF method) 

and its properties, which were introduced by Hartree in 1935 and reasonably 
sometimes called Hartree functions. As it will be shown in further paragraphs, 
method can be used to solve first, second and third boundary value problems for 
Heat Equations with fixed and moving finite, semi-infinite and infinite boundaries. 
Even though it is not the most powerful side of IEF method for the domains with 
fixed boundaries and it is hard to say that the introduced method is more 
advantageous than classical Fourier, Laplace transforms and Heat Potentials except 

the difficulties that were mentioned in above, that it is sometimes hard to find 

inverse transformation and almost every time impossible to evaluate and find 
quantitative values of bulky integrals, however it is possible to see that in the 
domains with moving boundaries especially in the domains with degenerating 
boundary conditions at the initial time, IEF method is much more preferable than 

classical methods, as from theoretical same from practical points of view. 

The integral error functions determined by recurrent formulas 

i"erfex = fi "“lerfevdv i erfex = erfcx = 7 | exp(—v’ )dv 
x a x », n=1,2,... (1) 

20% ; 
екі -1-ек/сх = -.|өкреу Уау 

Where 70 

One can obtain from | (2) 

i"erfcx = Kale — x)" exp(—v?)dv 6)



Expressions (1) satisfy the differential equation 

2 <iMerfex — 2ni"erfcx = 0 (4) 
с 

апа recurrent formulas 

2ni" erfex = i" erfex—2xi" erfex (5) 

Integral Error Functions are very useful for investigation of heat transfer, diffusion 
and other phenomena which can be described by the equation 

ar ax? (6) 

inaregion D(t>0,0<x<a(t)) with free boundary x=a(t) , since the functions 

u, (+x,t) =? 2 2 Menfe= sal 
suffice the equation (6) as well as their linear combination or even series 

u(x, ‘= > 14,1 и,(х, t)+ B,u ,С<- х,2)) 
п-0 

For апу constants 4,, B,.We сап choose these constants to satisfy the 

boundary conditions at 

х-бапа x=a(t), if given boundary functions can be expanded into Taylor 
series with powers 

ror vi. 

1.2 Properties of Integral Error Function 

It is possible to derive new properties of Integral Error Functions. 
l. If n is an integer, then 

i”erfe(—x) + (—1)"i "ук кеген (ix) = a ге өз ае? withi=V/-1 and Hermite 

polynomials Н,(х) in the right side. Indeed, using formula (3) опе can write 

i"erfc(—x) + (-1)" i"erfex = 21 fo x)" exp(—v’ )dv+ 
Vn ni 

seal x)" ехр(-у dv = (вх) exp(—v? )dv = ———_ І Н,(іх) (7) 
тт 7 P rd P Qn ті n n | 

2. Using formula for Hermite polynomials опе сап derive 
n 

2 п-2т 

ierfe(—x) + (-1)"i"erfex = * (8) 
2427 m\(n — 2m)! 

Ifn=2k, then



Хк-т) k 

i* erfe x+ierfe (—x) = 5 х 
I Fe (-х) 25 "| m\(2k — 2m)! 

In particular 
erfe x+erfc (-x)=2, 

. . 1 
Perfe х-Бек/с (-х)- 2 +x, 

1 1, 1 
+ie =-+-x°+—x"*, ierfe x+ierfe (-х) 572 5 

Ifn=2k+1, then 
k рынды. 

2k +I 2k el i erfe(— x)-I" erfe x = - 
I 7 2, 27""' m\(2k -2m +1)! 

(9) 

In particular 
ierfe(— x)—ierfe x =2x, 

Perfe(— x)-Perfc х- еке > 

Беке (-x)-Perfe x= х- ! x +293 
" 2200-2295 

The proof of the formula 

°n nen _ er а" 
i" erfe(—x) —(—1)"ierfex = ya” aye (е“ ег) (10) 

where 

2 Ff 2 
erfx = 1 -erfex = —= | exp(-v" )dv fp ТІ р 

сап Бе obtained by mathematical induction method using recurrent formula (2.3). 
3. Differentiating the right side of formula 49, we obtain 

i" erfo(-x) — (-1)" i"etfex = P, (x)erfi - O, (x) = + ехр(-х?), (11) 

where polynomials Р,(х) апа О,(х) are defined by formulas 
п 

2 xm 4(-1)"" Aa (9) Fi) =D 59m mina dm!” -0.9- 9) nm EO 

4. From (10), (11) че: сап obtain the explicit expressions for Integral 

Error Functions of an integer index 

ierfex = I)" [P,(x)erfex+Q,, (x) exp(-x? )] (12) 
vr 

ierfe(- )- ШІ), (әег/с(-х)-О,(х) Feo" ) (13). 

5. Using L’Hopital rule and representation (1.1), it is not difficult to 

show that 

т. ierfe(-x) | (14) 
lim x” ~ yl .



1.3 Corollaries for Integral Error Function Method 
Following corollaries will be helpful to so solve Heat equations. 

1. Using property 2 one can derive following formula 
k nN n 

uwao=) la. > хр, Ж Аа У) Bae 
цш0 m=0 тшо 

Where u(x,t) is a solution of Heat Equation in polynomial form and 
І 

B(n,m) := ; 
nme -m!-(n — 2m)! 

2. Expression u(x,t) can be expanded in the following form 
u(x,t) =Aof, + 

+A3 (x7 By 9+ tB2.1) + 

+A, (8. +x?tp, + tBs2) bot 

Fax (x** Bosco + xe TB Ы, Ft X°OE? Bag ie + t* Boni) + 

+A, XB, + 

+A, (x?B, + xtB3,1) + 

+A; (985.0 +x°th, + xt?B;.2) feet 

“ кеі 2k-4 3 pk-1 
ЖАзызі (х Brra1.0 +% В, ы ЕСТЕ Bonar ena 

+ ХЕ В, көк) 

3. Following expression will be frequently used in solutions of Heat Equations 

+A, (4x°B 4.0 + 2xtBs1) + 

+Ag(6x°Bgo + 4x7 tBe.. + 2xt? Bg.) +--+ 

+ Ar (2kx7*-*Boy.g + (2K— 1)x*- Bagg +o + 2at Base) + 

+AxB, 4 + 

+A, (3x°B, + 8.) + 



A; (5х%8%. %3х“ф,,% Bs.) feet 

“А... (Оқ 1)х25,, 0% (2k— Dx?*7tB,,, + 
+ 3x7 tR Baa ed + t Baier) 

4. Expression u(x,t) = dis к o(vt) ТА, Merfc + Bier fe; 

expanded 

u(x,t) = (2) С er fc=— + Byi® ег/с- тың + 

+(\'t) ЧА,. і ‘er fc—~ + B, Петүс = + 

-(У2) ЧА, 12 еее * Bal erfc- —|+- “+ 

һ ,т -(ұту ШЕН ег/с- 8 =| 

5. Partial derivative of u(x, 9 сап a be written as 
Ou | 1 -| -х2 |+ 

Ox 2ayt ағ) 
1 

oT ы і буса В, i °er fo— =| + 

revi 
ve _ “4 x “4 

(9 | А-1 erfcr—= + Bai 

2 er fo n Ы (%) (ғы ! ах 5. 

сап be



PART II 

SOLUTIONS OF PROBLEMS FOR HEAT EQUATIONS 
2. ANALYTIC AND APPROXIMATE SOLUTIONS OF HEAT 

EQUATIONS BY IEF METHOD 

2.Г Approximate solutions of Heat Equations in the domains with fixed | 
boundaries by IEF method 

It is possible to observe in further paragraphs and examples that IEF method 
enables to solve boundary value problems for Heat equations in domains with 
fixed boundaries analytically and approximately. 

2.1.1 Approximate solution of the first boundary value 
Problem 

The solution of the problem 

at St, O<x</, t>0 (15) 

Subject to 
LC: u(x,0) = 0, (16) 
BC: u(0,t) = 9(0), (17) 

u(l,t) = 40), | (18) 
(00) = 0, (19) 

where@t), @(t) are analytical functions , can be represented in the form 

k n n 

u(x, t) = 99 | 99 хаты т), Ат + Azn+1 99 NPs 

n=0 m=0 m=0 

or 

This function satisfies the heat equation (15), as it was mentioned above and 

coefficients A>,,Azn+1 has to be found. To satisfy the initial and boundary . 

conditions (17) and (18) we expand the functions ot), ¢(t) in Maclaurin’s 
series: 

(=O, (20) 

and 

g)= YEO ы (21) 
k=0 М 

for t=0, Ag = 0



and for x=0, even coefficients A-; сап be found from 

FO) Ao By. t 4-8,2 + Ast? Boa to + Ant * Bay = dan 

substituting even coefficients into the boundary condition for x=/ and combining 

like terms, odd coefficients A>;4; can be found from 

408,0 + 

+A, (78, + tBo.)+ 

+A, (158,0 + th, + 8,2) fey 

ЖА) (125. no FUE, tee tlt B +t ры) 

А, 

+A (12, . 518,4)» 

+A (19859 + 1°08, , + 10752) +--+ 
2k+ 2k-1 - 

ЖА. (1 "Bokaro tl iPass prot гер, ake 

gk (0) ұза 

МІР лам)- > Sey 

2.1.2 Approximate solution of the first boundary value 
problem for the Heat Equation in the half infinite bar 

The solution of the problem 

ж. ,0% =a— , 0<х<»о, і>0 (22) 
Ot Ox 

u(x,0) = p(x) | (23). 

u(0,t) = f(t) (24) 

u(o,t) =0 (25) 

(0) = f(0), (oo) = 0 (26) 
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where g(x) and /(/) are analytical functions , can be represented іп the form 

u(x,t) = > avr)" [A,,i"erfc —= * (27) 
n=0 2a Ti 2a vi 

2.2 Solution of Heat Equations in the domains with moving, given 
boundaries by IEF method 

As it was told before Integral Error Functions enable investigate heat 

transfer, diffusion and other phenomena which сап be described by the © 

+ B,i"erfe— 

equation 

= =a ди Іп а region D(t>0,0<x<a(t)) with free boundary x = a(t), and 

solution is considered in the following form 

u(x,t) = > [4,u, (x,t) + Bu, (—x,0)] 
n=O 

For any constants 4,,8,. Which have to be found from boundary conditions at 

x=0 andx=a(t), if given boundary functions can be expanded into Taylor 

series with powers ror vi.It is possible to see in the following examples 

(where all types of boundary value problems considered) and paragraphs, that 
analytic solutions of Heat Equations are found. 

2.2.1 Analytic solution of Heat Equation with the first type 

boundary conditions іп (һе 2-// <x<avt domain by IEF method 

Analytical solution of Heat Equation 

шаба 224 227? Bvt <x<avt, t>0 (28) 

Subject to қ 
Г.С: и(х,0) -0, (29) 

В.С: ч(0,4) = p(t), (30) 

u(/,t) = g(t), (31) 
u(0,0)=0, (32) 

If functions @(t),@(t) are definite functions given in the form 
“ғы n . . 

At) = Vx M,t?, P(t) = ОЕ Vv, t2Then solution can be represented іп the form 

n . x -Хх 
u(x,t) = » (vt) [Ani"erfo 5 

n=0 

Substituting expression into the boundary conditions 

forx = [yt 

." 
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- һ . . -д u(t, t) = » (ұғ) | ізег/е 2. + B, ierfc=| 
n=0 

wherey = sup{in, n} 

fork = at 

Finally coefficients Ag, A;,A2,...,A. апа Bo,B,,B;,...,B. are determined from 

system of linear equations 

. Аа . -р 
Аоі%ег/с-- + В2ег/с2- = Ио 

Agi®erfc— + By ier fe= = % 
-“ “ 

A,erfcH + BterfcL =p, 
. we . -ш 

А, ег/с-- + B,tterfc—— =4 

А. егу B,ierfe- = [ly 

A,i*erfc— +B; Perfe= = 4%; 

А.Гегүс-- + Biverfe =U. 

Aiverfco—+ В.Гет)с-- =v, 

where i erf cH, i ‘erfc=, verfcs,i erfc=, =0,1,2... are identified from 

tables. . 

Remark: One of key points in solving Heat Equations in the domains with moving 
boundaries of the first type is to correctly identify value of y, which takes 
maximum value between m and k in the boundary conditions. 

2.2.2 Analytic solution of Heat Equation with the second type 
boundary conditions in the Bvt <x<a vi: domain by IEF method 
Analytic solution of Heat Equation 

aa St, Blt<x<avt, t>0 (33) 
subject to 

LC: u(x,0) = 0, (34) 
ди : | . ЕГІ) (35 В.С: РІН 

) 

ди 
ЕГІ (36) 
Ox Хта(4)



и(0,0) = 0, (37) 

k д л . . where At) = ойы, P(t) = Diag Ht? analytical | functions, can be 
represented in the form 

u(r,t) = Dieo(vT) " [4,ier for + B,erfex| 

Substituting expression (38) into the boundary conditions (35) and (36) 
and applying UC method (undetermined coefficients method) 
forx = /v t we have: 

ди 1 А - 7 . 2... = 

ar vet = sal оехр (ait Bol ехр(- 2) + 

1 :0 в 20 - 
5-21-41 егу + В,ег с: + 

-.1 

+ ( 2.) |-А."егүсе. + В. Зегүс | а. 
а 2a 2а 
түк 

+ (%) | Ав ету В, iterfcoL] = 

om “ 

and for x = at we һауе 

ди 1 а? 0 а? — = = [-Aoexp (> + Bol ехр(--- | + 

+ —A, i°erfc— + B,i°erfc—| + 
2a а 

- fone 1 

ғ “4 i 

+ 22 —A,i*erfc—+ Bsi erfox| + + 
а 

a\k 
ұ . - 

ath |-Ansriterfos. + By. ее | = 
a <@ 2а 

ШЕ: 
n 

= » 11,62 

n=O 

Thus following system obtained where coefficient Apo,A;,A>,...,A. 
В..В,,В-.,...В. can be determined 

14 
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and



-Аоехр (Fe + Вәехіс- 29-9 

—Ap x 

-A,Perfeit+ B,ierfost = My 
pares а 

-А,%ег ЕЗ B, ier fc = 
б 

-А. ег -- В-1зег/с-Е = ll, 

-А. еге + Peerless = 15 

— A, ik еусЕ а, ik- еүеш Ly, 

—A,i*- er fem — + By ik- ter fc = и 

If the functions At), P(t) are given in the form 

At) = Deo unt? g(t) = 20 уз 

then form = k, 

solution will be considered іп the form 

u(x,t) = Tho ve)"[An@erfetet Biierfess| 39) 
wherey = n+ 1 

forx = (yt we have 

ди 1 ) £ 9 . & 
De vent = 21 Anes (ss) + Bol ехе(- 2) + 

alae erfck + B,i° ег/с-" + 
“за 

(= al |-A,ierfck + Biter fct ---- 

(=) | —Apail Kerfch Ван er fe =f) = 

n=0 

For x = at 
Ou 1 
-- = -А aa 

aw 

OX үле” 2aVt Al оехр (— 3+ B,i° ехр(-- <)|+ 

15 
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74 
ср. —A,i* er fox + Bi меде -- 

, my mt 
V0 

-(%) - —Ams rier fem ~ + Brier fess| = 

mol 

= » 2 
n=0 

Finally coefficients Ap,A;,42,...,4. and Bo,B,,B:,...,B. are determined from 

system of linear equations . 

—Ap)exp (еі + Boexp (ea) = 0 

-Аоехр (+ Boexp(- y= 0 

: -B 
—A,ierfc—+B,Perfc—= 1 f са 1 f 2а Hy 

-А Perfor, + B,erfc— = Vv; 

—A,i? ег/ с. - + Boi” ііі Ш, 

-4:1 ter fer |. vy 

B тока В 
omg & , -а ) 

-Анаб ег/с-- Brg "ег/с-- =, 

Ayal erfe 

Form < k, 

solution is considered 1 in the form 

u(x, t) = Yay [Ani ес. B,i"erfc— 2с 5. 

wherey = k +1 

forx = At 

ди 1 2 

ax А? т ҮН [Avex (2 Gait вы ехр(- s)|+ 
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. Б . -; 
--- |-4;Perfeé + B,ierfo=| + 

4 
- 

yt ; 5 . -б + ( | Ам зеге В, Зегүс- | tet 
а 2а 2а 

тек 
ve 

+ 2 [- Aneyi* ‘erfcH Ві егу = 

к-і 

- [02 

n=o 

and for + = аст we have 

ди _— =[-Apexp (55) + B |» ЕТЕ = alt оехр 2) ol °exp(-*5) 

1 -а 
+> —A,i°erfc—+ Bier fc=| + 

V 
Үү —A,i ‘er fc + Boi ter fos] +- oes 

k 

ұт 
+ ЕЕ [-Aussi* ек Вы kerfox| = 

a <Q a G 

k+1 

= 9 Ет 
“ 

n=0 

Thus following system obtained where coefficient Ао,А),А-,... 

By, B,,B;,...,B. can be determined 

Fg 
4a? 

- —B 
—A, Perfo + B,Perfe— = il erf 52 1 f 2а Hy 

. 4 . -а 
“A, Perfor. + B,Perfc= = v, 

—A>zi ter for ~+ Bi lerfer = u, 

—A,i? ексе + Bai? erfc= = V5 

koe & “k ~B 
—Azs yl er fc +t Brasil er fe = Lb, 

17 

,А. and .



de “ ei -« 

Aga Mer fcr + By. erfic— = Veg 

wherei er f ce, terfc=,Uerfcs,Uerfc=, y=0,1,2... аге treated as constants 

which сап be determined from егіс tables. 
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PART III 
3. SOLUTIONS OF PROBLEMS FOR HEAT EQUATIONS WITH 

DISCONTINUOUS COEFFICIENTS 

3.1 Analytical solution of heat equation with discontinuous coefficients 

for the first type boundary conditions by IEF method 

Ming? a, a yt <x < Bvt, t>0 

May? Өш, Bvt < x < bvt, t>0 

u, (0,0) = 0, (1) 

u(avt,t)=(t), t>0 | (2) 

u, (Bvt, t) = A(t), (>0 (3) 

u2(Bvt, t) = Ht), t>0 (4) 

u2(Svt, t) = p(t), t>0 (5) 

Where g(t), O(t), W(t), p(t) are analytical functions and can be represented in 

the following form 
“ 

00 =) matt: © a0 = Yous 0 
n=0 

y= Vath | 0) = Yin 2; (9) 
n=0 n=0 

The solution of heat equation can be written as followings: 

u, (x,t) = ye (А, і "егіс т + By Byi"erfc (сл) (10) 

п-0 
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X —xX . 

C,,ierfc + D,i"erfc (—}} 11 

a 2bvt —" 2bvt (11) с 
м
 

е
т
 

> c
r
 

N
e
e
 

! 

M
o
M
 

g 

N
i
s
 

u, (x,t) = 2 12 2 А, і егіс: 4 B, i" erfe (——- 22 т) 

п-0 

u, (avt, t) = Ж 2 (А, і nerf + Bni®erfc (--)) 

where for x=avt, 

y = sup{m, k} 

erfc С 10 а Aoi: егіс 22 + Boi erfc (>) + 

a -а 
1 41 2. :1 

+(vt) (іі егіс:- + Ві егіс (32) + 

2 1 a . -( 

С {Azi*erfe=— + B,i*erfc (ж) + 

Y 
a —a YSA. iYerfc— iY —)h= ) 22 +(vt) (А 1Уегіс 221 Byi егіс(-2)) U,t2; 

u, (x, t) -y ЗА, i"erfc sant Bo ni тегіс (-—- Al 

forx = Bvt 
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u, (Bvt, t) = y ЗА, in Nerf + Bai i rerfe(=)} = 

(%) Аг19 егіс + Boi” erfc 22 + 

+(vt)} АА, Pertet + B,i'erfc (5%) |» 

+(vt)? (мене: + Bi*erfc (5%) + 

+... 

Y 
. В -р п 

+(vt)¥ Ша --Вұ1УегҮс (4) = 2, уһ(2; 
n= 

Then we get coefficients Ag, Ay, Ag, ..., Ayand Bo, B,, Bz, ..., Byare determined from | 

system of linear equations. 

a 
Aji? егіс Boi°erfc (=) = Uo 

а “ 

Aji? eric + Boi ІЗ Бл кар 90 

/ а 
А1! егіс + B,i'erfc (=) = by 

4 

~
~
”
 

il 
ws

) 
һа
 Сі кене В, Тегіс е 

а 

a 
(A, i? erfc— + B,i7erfc 5x) = ТР 

“ 
Adi” rete B,i7erfc (=) = 9. 
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еге Oy) Ayi Yerfc=— + By i erfc (5) = ty 

| ; | ( ) 
Y -- М --|- уі егіс:- + B,i¥erfc 22 9, 

iVerfc. iv 24) iverfc® iv =B Where iYerfc 2-і егіс (=), i erfc 2-і егіс (<Е), 

y = 0,1,2, ... are identified from tables. 

From (11) 

1 

U2 (x, t) -2, {Cy i тегіс ТЕН Dn nl “еге( т) 

where y = sup{l, s} 

for x = Bvt 

u,(Bvt,t) = 9 t2 (0, і төгіс. + D,i®erfc (== 
n=0 

- В -В 
Cyi? eric + Doi бегіс (SF) + + 

+(vt)1{C, iterfe + D,ierfc ЕЗ + 

+ D,i7erfc (2) + +(vt)? {C,i*erfe— B 25 
2b 

+r {c Cyiferfe + Dy i*erfc Е) Е У Gn 2 

n=0 
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for x = 5vt 

Y 
б бу 

u, (Svt, t) = 99 (2 г/с, і Nerfc > + Dri теге (| = 

n=0 

CoiPerfc > + Doi®erf =)t = Со! Perfco + ol °erfe(—) + 

vi fe +D fe (= 5 +(vt)1{C,i? eric + 11 зегіс Jit 

6 -6 
(УС; ?егіс-е- + D,i7erfc (=) + 

Wty IC. iY 5 iYerf 6 2 +(vt) (с, і егіс-- + Dy iYer c(=)t= дым 
n= 

Finally we get coefficients Co, Cy, C2, ...,Cy and Dg, Dy, Dz, ..., Dy 

are determined from system of linear equation. 

B 
Cyi® егіс - + D,i® erfc(— 

B
I
T
 

һә
 
5
 Il 

Ke
) 

о
 

Т
а
н
 

el
 (е)

 

II le
y 

о 

) 6 
Coi®erfc— + Doi%erfc( — 

B 
Ci? егіс: - + D,i? erfc(— 

l
t
 

ЗЕ
 

С
і
з
 

С
 

N
e
”
 

ll 
Ke
) 

=
 

9
1
1
 

|
6
 

S
l
o
e
 

ie
) 

nn
 

6 
С қый 11 learfc pt D,i? erfc (— ob 
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i (=) = Cyi Тегіс + D,i’erfc bp) = 4 

5 6 
гү = 

Cyi eric + Dy i verfe(=) ry 

В st). § 2) 
ү ay — iv where i eric, i егіс (= iYerfc ap’ А егіс (= 

ү-0,12,... are identified from tables. 
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CONCLUSION 

By the term paper the Integral Error Function method is applied to analytical 
and approximate solutions for heat equations , and students had test ; according 
to these procedures we can see that Integral Error Function method is really 
effective . 

Physics problems are solved by mathematical approach easily , it was shown 
in solution of problems solved by IEF method. 

The most powerful side of IEF method for the domains with fixed boundaries 
and it is hard to say that the introduced method is more advantageous than classical 
Fourier, 1.ар!асе transforms and Heat Potentials except the difficulties that were 
mentioncd in above, that it is sometimes hard to find inverse transformation and 
almost every time impossible to evaluate and find quantitative values of bulky 
integrals, however it is possible to see that in the domains with moving boundaries 
especially in the domains with degenerating boundary conditions at the initial time, 
IEF method is much more preferable than classical methods, as from theoretical 
same from practical points of view. 

By using following forms of solution of heat problems with discontiniuous 
coefficients: 

n Xx -Х 
u, (x,t) = 2. (2 {A i"erfc +B тегіс ( ) 1( ) 4, n 2avt n 2avt 

u,(x, t) = y {2 {c i"erfc ш + D,i"erfc Ее ) ee Le byt 2bvt 

we are gctting coefficients. “ 

As it is shown above in problems of heat equation with discontinuous 
coefficients for thermal conductivity Integral Error Function method also is used. 

And it gives good results. 

So, in the future we recommend using this method not only in mathematics, 
but also in physics. 
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1. L’Hopital rule : 

2. Taylor series: 

APPENDIX 


