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Abstract

One of the key inquiries in modern algebra is the investigation of algebras that
satisfy specific identities.Within the domain of polynomial identities we have 2
questions. The first is to describe an algebra by a defined identity. The second
is to describe identities in algebra. The study of identities will help us in the
construction of basis of free algebra, in the study of the Hilbert sequence, the
Specht problem and problems of the finite basis. In this work, we used two differ-
ent research methods. First, the theory of representations of symmetric groups.
Second, the theory of representations of linear groups. In this research paper,
we have completely described the subvariety of varirty of bicommutative alge-
bras defined by the identities (ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc) = 0,
¥[(ab)e — 2(ba)c + (ca)b] + Slc(ba) — 2¢c(ab) + a(bc)] = 0.
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Annarna

Tene-TenaikTepai KaHaraTTaHABIPATLIH aldreGpanapbl 3epPTTEy 3aMaHayd aj-
reGpaHbIH KbI3bIKTBI CYPaKTapbIHbIH, 6ipi Gosbin Tabbuiasl. [losuHOMHUAT TEOPUsi-
ChIHZa 2 cypak Gap. Bipinmi cyparsi, Tene-TenikTepMen aHBIKTANIATHIH aareGpa-
NapAel cunatTay. Exinmi cyparsl, anre6pajars! Tene-reHaikTepai cunarTay. Terme-
TeHJIKTepA 3epTTey bisre epKiH anre6paapapiy 6a3uciH KypacThipyFa, [misbepT
KaTaphiH 3epTTeyre, lllnext ece6i MeH mekTi 6asuc cypakTapbiHa xayan Gepyre
MYMKiHZik 6epeni. Ecenrepai mpirapy Maxcarimma exi TYpJli 3epTTey SAICTEPiH
KOJMaHAbIK,. Bipinmmici, cuMmerpusibik TOINTapABIK KepceTiTiMaep Teopusichl. EkiH-
11iCi, TOJIBIK CBI3BIKTBIK TONTAPIBIK, KepceTisiMaep Teopusicel. Ocel xkymbicTa (ab)c+
(ba)c+ (ca)b+c(ba) + c(ab) +a(bc) = 0, v[(ab)c— 2(ba)c+ (ca)b] + 8[c(ba) — 2¢(ab) +
a(bc)] = 0 Teme-TemmiKTEepiMEH AHBIKTANATHIH OHKOMMYTATHBTI ajirebpayiap Kell-
GefiHeciHiH imKi-kenbeHenepin TOMbIK CUIATTAIBI.



AHHOTaIU4

OZuH M3 MHTEPECHBIX BOIPOCOB B COBPEMEHHOH airebpe M3yueHHe anrebpbl
YAOBJIETBOPAIOLINE HEKOTOPBIE TOXKIECTBA. B TeopHH NOJIMHOMUAJILHBIX TOXKICCTB
ecThb 2 Gosbiunx Bonpoca. IlepBbiit, onucars anrebpy onpeaessieMblit TOXIECTEOM.
Bropott, onucars Tox fectBa B anreGpe. Vsyuenne TOXICCTE IOMOMKET HaM B KOH-
CTpyKuuu 6a3ucoB cBoGomHolt asrebpnl, B usydyenun ['mnnbeproBoit mocienosa-
TELHOCTH, B U3y4eHun npobiemsr Illnexra, a Tak:Ke OTBETHTHL Ha BOIPOCH! KO-
HewHoro 6asnca. B sTolt paGoTe MBI MCIIO/IB30BAJIH ABA PA3HBIX METONA HCCIIEHO-
Banus. Ilepseiit, Teopus mpencrasnenuit cumMerprdeckux rpymi. Bropof, Teo-
pHA NPCACTABACHUH IOJIHBIX JIMHEHHBIX rpynn. B aToit uccienoparesbekoil pabo-
T€ MBI NOJHNOCTLIO OMMCAIN BHYyTpeHHee pa3noobpasne KOMMYTATHBHBIX aJirebp,
ompefiendemoe ToxaecrsaMu (ab)c + (ba)c + (ca)b + c(ba) + c(ab) + afbc) = 0,
7[(ab)e - 2(ba)c + (ca)b] + 8{c(ba) — 2¢(ab) + a(be)] = 0.
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Chapter 1

Intoduction

One of the significant issues in contemporary algebra is the examination of
algebras that satisfy certain identities. Within the theory of algebraic polynomial
identities, there exist two primary inquiries:

1) explain algebras with identities
2) explain identities in algebras.

Delving into these questions necessitates the exploration of free algebras, the
construction of their bases, the determination of Hilbert series, the establishment
of codimension sequences, the exploration of codimension growth, the calculation
of Gelfand-Kirillov dimension, the determina-tion of cocharacter sequences, the
cvaluation of colengths, the investigation of the Specht problem, and other related
topics.

In the theory of polynomial identities, the concepts of identity and algebra
are intricately intertwined, and their r\elatlonshlp is established through algebraic
varieties. The language of algebraic varieties enables a seamless transition between
the notions of identity and algebra, and vice versa. Consequently, the study of
algebraic varieties stands as a significant problems within the domain of polynomial
identities.

A.L Malcev [5] and W. Specht [11] studied the representation theory of sym-
metric group to categorize polynomial identities of algebraic structures for the first
time and independently. Every polynomials is known to be equivalent to a finite
collection of multilinear polynomials if K is a field of characteristic 0. As a result,
we concentrateon the module structures of multilinear components of free algebras
in this paper. Because the multilinear sections of froe algebras contains & wealth of
relevant and crucial information about various algebras, they are particularly ben-
eficial. The term "module structure” refers to modules over both the symmetric

and generic linear groups.

The techniques employed in representation theory, specifically those related to
the symmetric group and general linear group, are widely regarded as the most ef-
fective approaches for studying thé'mglltilinear components of free algebras. These



methods have been successfully utilized to establish the S, and G L,-module struc-
tures of various free algebras. Examples of such algebras include associative alge-
bra, Leibniz algebra, Zinbicl algebra, Lie algebra, right-symmetric algchra, Novikov
algebra, and many others.

In many instances, the application of methods from the theory of representa-
tions of the general linear group proves to be morc advantageous when studying
varieties of algebras compared to the representation theory of the symmetric group.
This observation is supported by several works. For example, in [9], the varieties of
associative algebras with a degree three identity are fully characterized using the
methods of the theory of representations of the general linear group. Furthermore,
the distributivity criterion for the lattice of subvarieties of associative algebra va-
rieties is established by employing methods from the theory of representations of
the general lincar group [4]. Similarly, the distributivity criterion for the lattice of
subvarieties of alternative algebra varieties is also provided using the methods of
the theory of representations of the general linear group [10].

The concept of bicommutative algebras was initially introduced by
Dzhumadil’daev and Tulenbaev in their work [1]. In this paper, the authors establi-
shed that if an algebra A is bicommutative, then its square A2 is both commutative
and associative. In 2011, Dzhumadil’daev, Ismailov, and Tulenbaev [2] employed
combinatorial methods to calculate the multiplicities of irreducible S,-representa-
tions in the decomposition of the multilinear component. Their work also included
the construction of a basis for free bicommutative algebras, the description of
multiplication rules for basis elements, the determination of cocharacter and co-
dimension sequences, and the calculation of Hilbert series. Additionally, they
demon-strated that the bicommiitative operad is not Koszul, and the growth of
the codimension sequence for bicommutative algebras is equal to 2. A subsequent
study [6] presented an alternative proof of the cocharacter sequence formula for
bicommutative algebras. In 2018, Drensky and Zhakhayev [8] provided a positive
solution to the Specht problem concerning varieties of bicommutative algebras.
The association between bicommutative algebras and the filtration and grading of
free Novikov algebras has further motivated a deeper exploration of bicommutative
algebra.

In this study, our focus lies in the examination of the variety of bicommutative
algebras, which is determined by given identities.

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc) = 0,
Y{(ab)e — 2(ba)e +.(ea)b] + §[c(ba) — 2¢(ad) + a(be)] = 0

where v,6 € K.

One of the significant challenges in the field of polynomial identities in algebra
is the description of all varieties of algebras that satisfy a specific set of identities.
Our objective is to classify all subvarieties within the realm of bicommutative
algebras. Typically, classification is carried out using the language of lattices, and
this problem is essentially equivalent to the description of T-ideals. To construct
a lattice of subvarieties for a given algebraic variety, the following steps need to be



taken:

1) determining the module structure of P,(M) over the symmetric group

2) identifying the consequences in P,.;(M) for each irreducible S,-module
present in P,(M).



Chapter 2

Preliminaries

Definition 2.0.1. (/7]) A vector space A is called an algebra if A is equipped with
a binary operation - , called multiplication, such that for any a,b,c € A and any
ac K

(@a+b)-c=a-c+a-b,

a-(b+c)=a-b+a-c
afa-b) = (aa) -b=a- (ab).

Definition 2.0.2. ({1]) An algebra (A, -) is called bicommutative algebra if for any
a,b,c € A the following identities are satisfied

a-(b-c)=b-(a-c) (2.0.1)
(@a-b)-c=(a-c)-b (2.0.2)

Definition 2.0.3. ({7]) Let B be a class of algebras and let F(X) € B be an
algebra generated by a set X. The algebra F(X) s called a free algebra in the
class B, if for any algebra A € B, every mapping X — A can be eztended to a
homomorphism F(X) — A.

Let K{X} be a free non-associative algebra generated by set X = {z),...,Za}.

Definition 2.0.4. (/7)) Let f = f(z1,...,x,) € K{X} and let A be a non-
associative algebra. We say that f = 0 is a polynomial identity for A if f(aq, . . . , )
0 forallay,...,a, € A

Definition 2.0.5. (/7)) Let { fi(z), ..., z,) € K{X} | i € I} be a system of polyno-
mials. The class U of all non-associative algebras satisfying the polynomial iden-
tities fi, i € I, is called the variety defined by the system of polynomial identities
{fi | i € I}. The variety M is called a subvariety of Y fMmcy.

Definition 2.0.6. (7)) The set T(%) of all polynomial identities satisfied by the
variety 0 is called the T-ideal of . We say, that the T-ideal T(0) is generated
as a T-ideal by the defining set of identities {f;|i € I} of the variety D.



Definition 2.0.7. Let V be a vector space over K and let G be a group. Then
V is a G-module if a multiplication gv (v € V, g € G) is defined, satisfying the
following conditions for allw,v € V, A€ K and g,h € G.

(1) gue V;

(2) (gh)v = g(hv);

(3) lv =v;

(4) 9(Mv) = (gA)v;

(5) g(u +v) = gu + gv.

Definition 2.0.8. (/3/) A polynomial f = f(zy,...,z,) is called linear in the
variable ; if z; occurs in every monomial of f with degree 1. A polynomial f is
called multilinear if it is linear in each variable.



Chapter 3

Variety of Bicommutative
Algebras defined by identities
(ab)c + (ba)c + (ca)b + c(ba) + c(ab) +
a(bc) = 0,

v[(ab)c — 2(ba)c + (ca)b] + §[c(ba) —
2c(ab) 4+ a(bc)] =0

3.1 Main statements

Let 0 be a variety of bicommutative algebras over a field K characteristic 0 defined
by identities

(ab)e + (ba)e + (ca)b + c(ba) + c(ab) + a(bec) =0
v[(ab)c — 2(ba)c + (ca)b] + d[c(ba) — 2¢c(ab) + a(bc)] =0

where (v, 4d) # (0,0), v,0 € K.

Let F(9M) be a free algebra in varicty 9, and let Fn(i)ﬁ) be a free algebra in
I generated by X = {z1,...,z,}. -

Let P, be a space of multilinear polynomials of F,,(9) of degree n. We will
refer to the space of multilinear polynomials as the multilinear component.

There are four possible scenarios that arise based on the coefficients v and ¢°.
(D) v6(v =) (y+0) #0

(II) y=0,8#0 (y#0,6=0 analogous)

(1) y+6=0 o

(IV)y-6=0



3.2 CaseI: yd(y+d)(y—0) #0
Let 90T be a variety of bicommutative algebras defined by identities
(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(be) = 0 (3.2.1)
Y((ab)e — 2(ba)c + (ca)b] + Olc(ba) — 2c(ab) + blac) =0 (3.2.2)

where vd(y + §)(y — §) # 0.
Theorem 3.2.1. As S,,-module

Py() = SO, py(t) = @ g SO,
Py(9) 2 §© @ SC1).
Po(M) = {0} forn > 4.
Proof. Let n=3.

The number of basis elements of F(B) is equal to 6. There are 2 types of
elements:

(%x) * * (%)
(ab)c b(ac)
(ba)e ' c(ab)
(ca)b c(ba)

First we replace b with c into (3.2.2):

Y[(ac)b — 2(ca)b + (ba)c] + §[b(ca) — 2b(ac) + c(ab)] =0 (3.2.3)

Then subtract (3.2.2) to (3.2.3):
v[(ab)e — 2(ba)e + (ca)b] + S[c(ba) — 2c(ab) + b(ac)]—

—[(ac)b — 2(ca)b + (ba)c] — d[b(ca) — 2b(ac) + c(ab)] = 0
v(ab)e — 2v(ba)c + ¥(ca)b + c(ba) — 26c(ab) + 6b(ac)—
—y(ac)b + 2v(ca)b — y(ba)c — db(ca) + 20b(ac) — dc(ad) = 0
3v(ca)b — 3y(ba)c + 38b(ac) — 36c(ab) = 0

3y|(ca)b — (ba)c] = 36[c(ab) — b(ac)]



(ca)b — (ba)c = %[c(ab) — b(ac)] (3.2.4)

By using (3.2.3):
(ca)b = %[c(ab) — b(ac)] + (ba)c

(ab)c = %[c(ab) — b(ac)] + (ba)c

By (3.2.1) we know that

bac) = —[(ab)c + (ba)c + (ca)b+ c(ab) + c(ba)]

By this new identity we can assert that the number of basis elements of the
multilinear part of degree 3 of free algebras is 3.

Let n = 4. The number of basis elements of F(B) is equal to 14. There are 3
types of elements:

((#x)%) = # () %) * (*(%k)

((ab)c)d a((be)d) a(b(cd))
((be)d)a a((cb)d) b(c(da))
((cd)a)b af{db)c) c(d(ab))
((da)b)c b((ca)d) d(a(be))
b((da)c)
c((da)b)

Let a:=a, b:=a, c:=a in the identity (3.2.1):
(aa)a + (aa)a + (aa)a + a(aa) + a(aa) + a(aa) = 0

3(aa)a + 3a(aa) = 0
(aa)a = —a(aa) (3.2.5)

Let a :=,b := (aa),c := a in identity (3.2.2):
7l(a(aa))a — 2((aa)a)a + (aa)(aa)} + d]a((aa)a) — 2a(a(aa)) + (aa)(aa)] =0

7[2(a(aa))a - 2((aa)a)a] ¥ 8[2a((aa)a) — 2a(a(aa))] = 0



7l(a(aa))a — ((aa)a)a] + é[a((aa)a) — a(a(aa))] =0
Here, by using (3.2.5):
7[-((ea)a)a — ((aa)a)d] + §[—a(a(aa)) — a(a(aa))] = 0
~2y((aa)a)a = 20a(a(aa))

4]
((aa)a)a = —ala(ac)) =

LI

a((aa)a) (3.2.6)
Let a := a,b:= b, ¢ := a in the identity (3.2.2):
2v[(aa)b — (ba)a] + 26[b(aa) — a(ab)] = 0
Y(aa)b - y(ba)a + 6b(aa) — Sa(ab) = 0

Here, we multiple by a from the right-hand side:

v((aa)b)a — y((ba)a)a + §(b(aa))a — d(a(ab))a = 0

Then we use (3.2.5):

7((aa)a)b — v((ba)a)a + 5b((aa)a) + 6((aa)a)b = 0

(v + 6)((aa)a)b — v((ba)a)a + 6b((aa)a) = 0 (3.2.7)

Let a := (aa),b:=b,c: a into (3.2.1):
7[((aa)b)a — 2(b(aa))a + (a(aa))b] + 6[a(b(aa)) — 2a((aa)b) + b((aa)a)] = 0
7((aa)b)a — 2(b(aa))a — ((aa)a)b] + 6[b(a(aa)) — 2a((aa)b) — b(a(aa))] = 0
—2v(b(aa))a — 26a((aa)b) = 0
(b(aa))a = —%a((aa)b) = —b(a(aa)) = —%((aa)a)b (3.2.8)

We use (3.2.8) into (3.2.7):

8b((aa)a) — v((ba)a)a + L 5* 9) a((ba)a)

9



A(a)a)a = 3+ 2 Do (baya) (3.2.9)

Let a := (ab),b:=a,c: a into (3.2.1):
v[((ab)a)a — 2(a(ab))a + (a(ab))a] + d[a(a(ab)) — 2a((ab)a) + a((ab)a)] = 0

v((ab)a)a — (a(ad))a] + S[a(a(ab)) — a((ab)a)] = O
7[((ab)a)a ~ (a(ab))a] + 8la(a(ab)) — a((ab)a)] = O
Y((ad)a)a — (v + 6)(a(ab))a + da(a(ab)) = 0

Here, by using (3.2.5):

v((aa)a)b + (v + 6)((aa)a)b + da(a(ab)) =0

a(a( d (aa)a)b (3.2.10)

Let @ :=a,b:=ba,c: a into (3.2.1):
[(a(ba))a — 2((ba)a)a + (aa)(ba)] + 8[a((ba)a) — 2a(a(ba)) + a((ba)a)] = 0

27((a(ba))a — ((ba)a)a] + 26[(a(ba))a — a(a(ba))] = 0
(27 + 20)(a(ba))a — 26a(a(ba)) — 2v((ba)a)a = O
Here, by using (3.2.5): h
(7 + 8)b((aa)a) + 6b((aa)a) ~ v((ba)a)a =
(7 + 26)b((aa)a) — v((ba)a)a = 0

And we use (3.2.9):
(v + 25)b((aa)a) ~ (6 + XL Dy (aaja) = 0

52 ___,),2
g

b((aa)a) =0
b((aa)a) =0 : (3.2.11)

Let a:= a,b:= a,c := (bb) in the identity (3.2.1):

(aa)(bb) + (aa)(bb) + ((bb)a}a + (bb)(aa) + (bb)(aa) + a(a(bb)) = O

10



b((aa)b) + b((aa)b) + ((bb)a)a + a((bb)a) + a((bb)a) + a(a(bb))
= 2b((aa)b) + 2a((bb)a) + ((bb)a)a + a(a(bb))
= 4a((bb)a) + ((bb)a)a + a(a(bb) =0

a((Bb)a) = —%((bb)a.)a + a(a(bb)) = 0 (3.2.12)

Let a := a,b:= (bb),c: a into (3.2.2):

7(a(bb))a — 2((bb)a)a + (a(bb))a] + b[a((bb)a) — 2a(a(bb)) + a((bb)a)] = 0

7[2(a(bb))a — 2((bb)a)a] + 6[2a((bb)a) — 2a(a(bb))] =
7l(a(bb))a — ((bb)a)a] + é[a((bb)a) — a(a(bh))] =0
(v + 6)(a(bb))a = v((bb)a)a — da(a(bb))

- _ J

By (3.2.12) and (3.2.13) we know that:
(a(bb))a = (a(bb))a

1 S A - a(a
~;((Bb)a)a + a(a(hb))] = CET) ((bb)a)a (bb))

O
o)

~(@)a)a — Za(a(st))] = a(a(th))

0% i)
G N o

1 )
—5((bb)a)a - e )((bb) a)a = = a(a(bb))] o 5)a(a(bb))

1__ A0
S Sl e 6))((bb)a)a—( 7)) eeh)

Y+ —46

4(y +6)

Y+ 06+ 4y

-~ (@a)e =

Ja(a (bb)) |

oy +46 _ (- 30
(g0 g (ko = (=")ala(t)

11



g7_+32a(u(bb)) (3.2.14)

((bb)a)a = —

Let @ :=a,b:=b,c:=b into (3.2.2):
v[(ab)b — 2(ba)b + (ba)b] + &[b(ba) — 2b(ab) + b(ab)] = 0
7[(ab)b — (ba)b] + 8[b(ba) — b(ab)] = 0

Here, we multiple a from the both side:
Y(((ab)b)a — ((ba)b)a] + 5[(b(ba))a — (b(ab))a] = O
(b(ba))a ~ (b(at))a = [(ba)b)a — ((ab)b)a)
vla((ab)t) — a((ba)b)] + b[a(b(ba)) — a(b(ad))] = O
o((bo)t) = al(at)8) = ~la(b(a)) - a(b(ab)
By using this two identity we know that:
31(@a))e ~ (@)b)a) = (a(b(ba)) - b))

then by (3.2.14):

-}((ba)b)a - %((ab)b)a = %a(b(ba)) - %a(b(ab))
7~38 v -3 7 = 8 aibban) — Latbia
"33 Sa(a(bb)) + oy gb(b(aa)) =3 (b(ba)) ’)’a(b( b))
_g7—+3§ Za(a(eh)) + —j—a(b(ab)) _ %a(b(ba)) - ;;f‘g Tb(b(aa)
d v—-36 ~ 0 v—-36 «
(; YA 5)a(a(bb)) = (; Y 5)b(b(aa))
a(a(bb)) = b(b(aa)) (3.2.15)
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This means that:

((bb)a)a = ((aa)b)a (3.2.16)

a((bb)a) = a((ab)b) (3.2.17)

1. In the first type we have two diagrams:

(@9 =TT+

11 ((aa)a)a, [z]a]ala
We multiple (3.2.5) by the left side:

a((aa)a) + a(a(aa)) =0

(a(aa))a + a(a(aa)) =0 (by (2.0.2))
— ((aa)a)a + a(a(aa)) = 0 (by (3.2.5))
— ((aa)a)a - %((aa)a)a (by (3.2.6)
- @((aa)a)a =0
((aa)a)a = 0. N
12 ((ab)o)a~ ((baa)a, |-of2L2]
((ab)a)a ~ ((ba)a)a =
52 +2(5'y
= ((ab)a)a — (a(b )a) (by (3.2.9))
= - (b(aa))a - & L2 (a(bada) (by (3.28)
=0-0 - (by (3.2.11))
=0.
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2. In the second type we have three diagrams:

(o) =TT+ +

'2.1 a((aa)a),|a|aa|a]

a((aa)a) = —a(a(aa)) = %((aa)a)a =0
a((aa)a) = 0.

22 a((ab)a) - a((ba)a), 2212 ]

oo

a((ab)a) — a((ba)a)

= —%(b(aa))a — a((ba)a) (by (3.2.11))
= —al((ba)a) - o((ba)a) (by (2.0.2))
_ _“YT” 0 (by (3.2.8))
=0 N
23 (ab~ ba)(ab - ba), |- g
(ab — ba)(ab — ba) ,
= a((ab)b) — b((ab)a) — a((ba)b) + b((ba)a) (by (2.0.2))
= b((ba)a) — 2b((aa)b) + b((ba)a) (by (3.2.16))
= 2a((ab)b) — 2b((aa)b)
= 2a((bb)a) — 2b((aa)b) (by (3.2.17))

=0

3.In the third type we have two diagrams:

*(*(%x)) = D:ED + I I

14



31  a(a(aa)),[a]a]a]a]

a(a(aa)) = —%((aa)a)a =0 (by (3.2.3))
a(a(aa)) = 0.

aja]

3.2 a(a(ab)) — a(a(ba)),

oo

a(a(ab)) — a(a(ba))

= 27;- 5((aa)a)b — b(a(aa)) (by (3.2.10))
= 27: 6((aa)a)b + b((aa)a) (by (3.2.5))
- —7(2+2+6—)b((aa)a) + b((aa)a) (by (3.2.8))
=0

Let n = 5. The number of base elements of the multilinear component of degree
5 of free bicommutative algebra F(B) is equal to 30. There are 4 types of the base

elements.
N

First type
Va((((x+)¥)%)x) = {(((ab)c)d)e, (((ba)c)d)e, (((ca)b)d)e, (((da)b)c)e, (((ea)b)c)d}.

Second type |
Va(((+%))%) = {a(((B)d)e), al((cB)d)e), al((dB)c)e), al((cb)e)d), b(((ca)d)e),
b((da)c)e)., b((ea)e)d), c{((da)b)e), c(((ea)b)d), d(((ea)b)e)}.

Third type
Va(x(+((+)4))) = {a(b((cd)e)), a(b((de)e)), alb((ec)d)), a(c((dbe)), ale((eb)d)),
a(d((eb)e)), b(e({da)e)), b(c((ea)d), b(d((ea)e)); c(d((ea)b)) }.

15



Fourth type
Vs (#(+(x(++)))) = {a(b(c(de))), b(c(d(ea))). c(d(e(ad))), d(e(a(be))), e(alb(cd)))}-

In [2] proved that V5((((+x)x)%)x), Vs(x(((+x)*)*)), Vs(*(x((*+)*))) and
Vs(*(*(*(*x)))) are invariant under action of symmetric group Ss and as Ss-module

V((((+4)5)2)4) 2 5O) @ 5641,
Vo(a(((s4)4)0)) & SO @ 56D @ 549
Vs (*(%((x%)%))) = SO @ s g 5(3’2),

Vs (*(x(*(*%)))) = SG) g S

and

P5(B) = Vs((((xx)%)%)%) @ Vs(+(((+%)%)%)) @ Vi (x(x((+x)%))) @ Vs (% (x((x)))) =
486) g 4541 @ 2562,

As we have already proven that in n = 4 we do not have base elements, here
we use the same methods and this will be easy to prove it.

O

Theorem 3.2.2. Let a linearization of f generates an irreducible S,-submodule
of Po(9). Then the consequences of higher degrees from the f are equivalent to
the following identities

(a) fn+1 fo = fn’ n>1;
(b) hn+1 if f= fn: n=2;
(¢c) bnyr if h=h,, n= 1,2.

To illustrate this theorem we can use this form::

16



()
()

Proof. Take note that f; = f{ = h; and f, = f}.
(@) Forn=1: fi=2=0 — fy=22=0-2=0.

Forn=2: fo=22=0 = fy=(22)2=0-2=0.
N

Forn=m
fm= (.(( 2z )2).2) 2=0—
~—~—~ ——
m—2times m — 2 times
frt1 = ((( 22 )2).2) 2= fpn-2=0-2=0.
- N’

m — 1 times m — 1 times

(b)Forn=1: fi=z=0 S h=2w—-wz=0-w—w-0=0.

Forn=2: fo=22=0— h3 = (2w)z — (w2)z.

Through the process of substitution z := z + w into fo we get:

3z=(z+w)(z+w)=zz+az+zw+wz+ww=0

17



ww=22=0 since fo = 0. This implies that zw + wz = 0 and we get:

W = —w=z

Then h3 = (2w)z — (wz)z = (z2w)z + (2w)z = 2(z2)w = 2f, -y =0

(c) For n = 2: hy = 2w —wz = 0 = hy = (2w)z — (w2)z = (2w — w2)z =

hy-2=0-z=0.

O
3.3 CaselIl: y=0, § #0
Let 90 be a variety of bicommutative algcbras deﬁned by identities
(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc) =0
(ab)c — 2(ba)c + (ca)b =0 (3.3.1)
Theorem 3.3.1. As S,,-module
P (o) = SO, py(m) = §@ g SO,
Py(am) = 5@ @ 5@,
P,(9M) =0 forn > 4.
Proof. By subtracting (3.2.1) to (3.3.1\) we get:
(ab)e + (ba)c + (ca)b + c(ab) + c(ba) + a(ch) — (ab)c + 2(ba)c — (ca)b = 0
c(ba) + c(ab) + b(ac) = —3(ba)c
We simplify the (3.3.1):
2(ba)c = (ab)c + (ca)b
These two expressions give us the following system of identities:
~3(ba)c = c(ab) + c(ba) + b(ac) (3.3.2)
2(ba.)c = (ab)c + (ca)b _ (3.3.3)

18



By using (3.3.2) we get:

(ab)c = —%[c(ba) + c(ab) + a(bo)]

(ba)c = —%[c(ab) + c(ba) + bac)]

(ca)b = —%[b(ac) + b(ca) + c(ab)]

So all elements of the type (**)* can be removed by the *(**) typed elements.

Based on thea investigation and outcoming result we conclude that the P;(901)
is equal to 3.
{b(ac); b(ca); c(ab)}

n=4

n = 4 with ((**)*)* typed elements Using (3.3.3) gives us:
2d((ba)c) = d[(ca)b + (ab)c] = d((ca)b) — d(ab)c) = (ca)(db) + (ac)(db)
Here, we take c := b,d := a, (ab) := b, then using (3.3.3) gives us:

(ca)(db) + (ac)(db) = 2((db)a)c.

Which means:

((db)alc = d((ba)c) (3.3.4)

Consequently, ((**)*)* are described by *((**)*) elements. So, we cancel them
from the basis.

n = 4 with *(*(**)) typed elements By simplifying (3.3.2):
c(ab) = 3(ba)c + c(ba) + b(ac)
We use this identity to a(b(cd)) (here, a := c,b := a, (cd) := b) and get:
a(b(cd)) = 3((cd)b)a + a((cd)b) + (cd)(ba)

a(b(cd)) = 3c((db)a) + a((cd)b) + c((db)a)
a(b(cd)) = 4c((db)a) + a((cd)b) (3.3.5)
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It means that *(*(**)) typed elements can be described by the elements typed
*((**)*). So, we cancel them from the basis.

n = 4 with *((**)*) typed elements: Let’s a((bc)d) express by (3.3.2):

c(ab) = 3(ba)c + ¢(ba) + b(ac)

Here, ¢ := a,a := (bc), b := d:
a((bc)d) = 3(d(be))a + a(d(be)) + d((bc)a)
a((be)d) = 4(d(be))a + a(d(bc))
Then, use (3.3.5):
a((bc)d) = 4(d(bc))a + a(d(be))

a((be)d) = 4(d(bc))a + 4b((cd)a) + a((bc)d)

Here, (3.3.4) gives:

b((cd)a) = ((be)d)a) = ((bd)c)a) = b((dc)a) = (d(bc))a

That means:

a((bc)d) = 4(d(bc))a + 4(d(bc))a + a((bc)d)

a((be)d)a((be)d) = 8(d(bc))a
(d(bc))a =0
Consequently, b((cd)a) = ((bc)d)a) = ((bd)c)a) = b((dc)a) = (d(bc))a = 0 By
calculating we obtain that in case n = 4 there is no basis element.
n=29

When n = 5, we have 30 basis elements of multilinear part of free bicommutative
algebra. There are 4 type of elements:

()00 w(x(Gp)y  #(())e)  w(x(x(x%)))
(@b)e)d)e  a(b((cd)e))  a(((bc)d)e)  a(b(c(de)))
(b)d)e)a  a(b((de)e))  a(((cb)d)e)  blc(d(ea))
(cd)e)ale  a(b((ec)d))  al((dB))e)  cld(e(ab))
((de)a))e  a(c((dB)e))  a(((eb)e)d) d(e(albe))
((eap))d  ale((ed)d))  b(((ca)d)e) e(a(bled))

a(d((eb)e))  b(((da)c)e)

b(c((da)e)  b(((ea)c)d)

bc((ea)d)  ¢(((da)b)e)

b(d((ea)e))  c(((ea)b)d)

c(d((eap))  d(((eat)e)

20



(((**)*)*)* and *(*(*(**))) type of elements we have diagrams like:

(((x)x)x)% = %(*(*(*%)

*((*9))

#((e)#)#) = #(x((o)0) = [T T T ]+

=[ITTT]+

and *(((**)*)*) type of elements we have diagrams like:

11,

Let n = 6. The number of basis elements of multilinear part of degree 6 of free
bicommutative alebras is equal to 62. There are 5 types of elements:

(((Cex)x)5)%) *

((((ab)e)d)e) f
((((bc)d)e) f)a
((((cd)e) f)a)b
((((de)f)a)b)c
((((ef)a)b)c)d
((((fa)b)c)d)e

*((((rx) %) %))

a((((bc)d)e) f)
a((((cb)d)e) )
a((((db)c)e)f)
a((((eb)c)d) f)
a((((fb)c)d)e)
b((((ca)d)e)f)
b((((da)c)e)f)
b((((ea)c)d) f)
b((((fa)c)d)e)
¢((((da)b)e) f)
c((((ea)b)d) f)
c((((fa)b)d)e)
d((((ea)b)c) f)
d((((fa)b)c)e)
e((((fa)b)c)d)

* (+(((+x)%)%))
a(b(((cd)e) f))
a(b(((dc)e) f))
a(b(((ec)d) f))
a(b(((fc)d)e))
a(c(((db)e)f))
a(c(((eb)d)f))
a(c(((fb)d)e))
a(d(((eb)c)f))
a(d(((fb)c)e)
a(e(((fb)c)d
b(c(((da)e) f
b(e(((ea)d) f
b(e(((fa)d)e
b(d(((ea)o) f

b(d(((fa)c)e)
b(e(((fa)o)d)
e(d(((ea)b)f))

(d(((fa)b)e))
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)

c

* (x(x((+x)%)))
a(b(c((de) f)))
a(b(c((ed) f)))
a(b(c((fd)e)))
a(b(d((ec)f)))
a(b(d((fe)e)))
a(b(e((fc)d)))
a(c(d((eb) f)))
a(c(d((fb)e)))
a(c(e((fb)d)))
a(d(e((fb)c)))
b(c(d((ea)f)))
b(c(d((fa)e)))
b(c(e((fa)d)))
b(d(e((fa)c)))
c(d(e((f

* (x(x(x(++))))

a(b(c(d(ef))))
b(c(d(e(fa))))
c(d(e(f(ab))))
d(e(f(a(be))))
e(f(a(b(cd))))
f(a(b(c(de))))

fa)h))



c(e(((fa)b)d))
d(e(((fa)b)c))

((((+%)*)%)*)* and *(*(*(*(*x)))) type of clements we have diagrams like:

M-

#((((#%)%)%)*) and *(*(*((x*)*))) type of elements we have the next diagrams:

[(TITTT]+ LI, | |

And the last *(*(((**)*)*)) type of elements we have diagrams like:

DID:D’LJHH*' L1,

As we have already proven that in n > 4 we do not have base elements, here we
use the same methods and this will be easy to prove it.

Starting with the n = 5,6, 7, ... we do not have a basic element.

In this way our theorem is proved. a

- Dimension of P,(M) is equal to 0, for n > 4

n 1[2[3]4]5]6].. [~
dim(P.(M) [1[2[3[0[0]0[ .. |0

Theorem 3.3.2. Let a linearization of f generates an irreducible S,-submodule
of Po(OM) Then the consequences of higher degrees from the f are equivalent to
the following identities )

(@) fos1 f = fay n>1;
(6) hosr 4f f = fo, n=2;
(¢) hnsr ifh="h,, n=1,2.
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To illustrate this theorem we can use this form::

()
()

Proof. Take note that fi = f{ = h; and f, = f.
(@)Forn=1: fi=2=0 = fo=22=0-2=0.
N

Forn=2: fo=22=0 = fy=(22)z2=0-2=0.

(b) Forn=1: fi=2=0 s hy=z2w—wz=0-w—w-0=0.

Forn=2: fo=22=0- h3 = (2w)z — (w2)z.

Through the process of substitution z := 2 4+ w into f, we get:

zz=(z+'w)(z+w)=zz+x+zw+wz+ww=07
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ww=2z=0 since f, = 0. This implies that >w + wz = 0 and we get:

ZW = —wz

Then h3 = (zw)z — (w2)z = (z2w)z + (2w)z = 2(2z)w = 2f, -y =0

(c) Forn = 2: hy = zw — wz = 0 = hy = (z2w)z — (w2)z = (2w — w2)z =

hy-2=0-2=0.

3.4 Caselll: v+6=0

Let 991 be a variety of bicommutative algebras defined by identitics
(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(be) = 0,
(ab)e — 2(ba)c + (ca)b — c(ba) + 2¢(ab) — a(bec) =0

Theorem 3.4.1. As S, -module
P (M) = s, Py(M) = S@ g g1,

Py(9m) = 5O @ 5@,
P,(9M) =0 forn > 4.

Proof. Let n = 3. N
By adding (3.2.1) to (3.4.1) we get:

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc)+

+(ab)c — 2(ba)c + (ca)b — c(ba) + 2¢(ab) — a(bc) =0
2(ab)c — (ba)c + 2(ca)b + 3c(ab) =0
—3c(ab) = 2(ab)c — (ba)c + 2(ca)b

24
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By subtracting (3.2.1) to (3.4.1) we get:
(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc)—

(ab)c + 2(ba)c — (ca)b + c(ba) — 2¢(abd) + a(bc) =0
3(ba)c + 2¢(ba) — c(ab) + 2b(ac) =0
—3(ba)c = 2¢(ba) — c(ab) + 2b(ac)

These two expressions give us the following system of identities:
—3c(ab) = 2(ab)c — (ba)c + 2(ca)b (3.4.2)
—3(ba)c = 2¢(ba) — c(ab) + 2b(ac) (3.4.3)

By using (3.4.3) we get:

(ab)c = -%[QC(ab)c(ba) + 2a(bc))

(ba)e = —%[2c(ba)c(ab) + 2b(ac)]

(ca)b = —-:1;[2b(ca)b(ac) + 2c(ab)]

So all elements of the type (**)* can be removed by the *(**) typed clements.

N
Let n = 4.
n = 4 with ((**)*)* typed elements

Using (3.4.3) gives us:
((ab)cld = —%[2c(_ab) _ ¢(ba) + 2a(bc)|d =
= —-;—[2(0(ab))d — (c(ba))d + 2(a(bc))d]

Consequently, ((**)*)* are described by (*(**))* elements. So, we cancel them
from the hasis.

n = 4 with *(*(**)) typed elements By (3.4.2) we get:

dlc(ab)] = —él-d[2(ab)c _ (ba)e + 2(ca)t] =
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- —%[Qd((ab)c) — d((ba)c) + 2d{(ca)b)]

That means: *((**)*) can express elements typed *(*(**)). That is why we
eliminate it from basis elements.

n = 4 with *((**)*) typed elements

First, we express a((bc)d) using (3.4.1). Then, signify (**)* typed elements by
(3.4.2) identity:

o[(bc)d] = %a[(cb)d + (dc)b — d(be) + 2d(cb) — b(cd)]
2a[(bc)d] = a((cb)d) + a((de)b) — a(d(be)) + 2a(d(ch)) — a(b(cd))

2a[(bc)d] = a((cb)d) + a((dc)b) + %[2a((bc)d) — a((cb)d) — a((db)c)]+

+3[20((cb)d) — a(bob)d) ~ a((de)t)] + 3 2a((ed)) — a((de)d) — af (be)d)]
6a[(bc)d] = 6a((cb)d) + 6a((dc)b) + 6a((bc)d)
6a((ch)d) + 6a((de)b) = 0

That means
a((cb)d) = —a((dc)b) (3.44)

1.a((bc)d)

2.a((cb)d) = a((bc)d) N

3.a((dc)b) = a((db)c) = a((bd)c) = a((bc)d)
 4.b((ca)d) = b((ac)d) = a((bc)d)

5.0((da)c) = b((ad)c) = a((bc)d)

6.c((da)b) = c((ad)d) = a((cb)d) = a((bc)d)

The unique element a((bc)d) can express all others.

Let ¢ :=a,a := (bc),b := d into (3.4.3):
—3(d(bc))a = 2a(d(bc)) — a((bc)d) + 2(bc)(da)

a((be)d) = 3(d(bc))a + 2a(d(bc)) + 2(bc)(da)
a((be)d) = 3(d(bc))a + 2a(d(be)) + 2(b(da))c
a((bc)d) = 5(d(bc))a + 2a(d(bc))
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a((bc)d) = 5(d(bc))a + 2[2a((be)d) + 2a((db)c) — a((cb)d)]
a((bc)d) = 5(d(bc))a + 4a((be)d) — 4a((be)d) — a((cb)d)

a((bc)d) + a((cb)d) = 5(d(bc))a

(d(be))a = 0

By calculating we obtain that in case n = 4 there is no basis element.

In other cases it is trivial.
Dimension of P,(9M) is equal to 0, for n > 4.

n 1[2]3[4][5]...]n
dim(P,(M) |1]2]0]0[0[..|0

Theorem 3.4.2. Let a linearization of f generates an irreducible S,-submodule
of P,(9). Then the consequences of higher degrees from the f are equivalent to

the following identities
(@) forr if f=fay n21;
(b) hoy1 tf f = fny n=2;
(c) hny1 if h=hy, n=1,2. N

To illustrate this theorem we can use this form::
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()
()

N

- ® 00"~

Proof. Take note that f; = f{ = h; and f = f;.
(a) Forn=1: fi=2=0 = fo=22=0-2=0.

Forn=2: fa=22=0 = fy=(22)2=0-2=0.

N

Forn=m
= =0—
fm ( (( Zz )Z) z) z
m — 2 times m — 2 times
fm+l ( (( 22 )z)z) z= fm 2=0-2=0.

S —r

m - 1 times m ~— 1 times

(b)Forn=1: fi=2=0 2y =z2w—-wz=0-w—w-0=0.

For n = 2: fo = 22 =0 = h = (2w)z — (w2)z.

Through the process of substitution z := 2z 4+ w into f; we get:

zz=(z+w)(z+w)=zz4+z+ 20+ wz+ww=0
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ww=z2=0 since fy = 0. This implies that 2w + wz = 0 and we get:

W= —wz

Then h3 = (2w)z — (wz)z = (zw)z + (2w)z = 2(22)w =2f, -y =0

(c) Forn = 2: hy = 2w —wz = 0 = hy = (2w)z — (wz)z = (2w — wz)z =

hy-2=0-2=0.

3.5 CaselV:y—-4§6=0

Let 9 be a varicty of bicommutative algebras defined by identities
(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc) = 0,
(ab)c — 2(ba)c + (ca)b + c(ba) — 2¢(ab) + a(bc) =0 (3.5.1)
where v = 9.
Theorem 3.5.1. As S, -module

P,(9m) = SO, py(om) = $@ g SO,

Py(om) = 5O @ 5@V,
P,(9) =0 forn > 4.

N

Proof. Let n = 3.
First we subtract (3.2.1) to (3.5.1) and get:

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc)—
— (ab)c + 2(ba)c — (ca)b — c(ba) + 2c(ab) — a(bc) =0
3(ba)c = —3c(ab)

(ba)c = —c(ab) (3.5.2)
By using (3.5.2):
(ab)e = —c(ba)

(ba)c = —c(ab)
(ca)b = —b(ac)

So all elements of the type *(**) can be removed by the (**)* typed elements.
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According to the findings dimension of P;(9) is equal to 3.
n=4.

Let a := a,b:= a,c:= a in the identity (3.2.1):
(aa)a + (aa)a + (aa)a + a(aa) + a(aa) + a(aa) =0
3(aa)a = —3a(aa)

(aa)a = —a(aa)

So we get identity:
(aa)a = —a(aa)

When we multiply a b to the left of identity (3.5.3):
b((aa)a) + b(a(aa)) = 0
a((ba)a) + a(a(ba)) = 0
a((ba)a) = —a(a(ba))

Then we get a new identity:

a((ba)a) = —a(a(ba))

And when we multiply a b to the right of identity (3.5.3):
((aa)a)b + (a(aa))b =10
((ab)a)a™+ (a(ab))a = 0
((ab)a)a = —(a(ab))a

Then we get a new identity:

((ab)a)a = —(a(ab))a

(3.5.3)

(3.5.4)

(3.5.5)

When we multiply an a to the left and right of identity (3.5.3), we can get two

new identities such that:

a((aa)a) = —a(a(aa))

((aa)a)a.= —(a(aa))e

Let a := (aa),b; = a,c := a in the identity (3.2.1):

((aa)a)a + (a(aa))a + (a(aa))a + a(a(aa) + a((aa)a) + a((aa)a) = 0
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(3.5.6)

(3.5.7)



= ((aa)a)a — ((@a)a)a — ((aa)a)a + a(a(aa)) — a(a(aa)) — a(a(aa)) = 0
0

= —((aa)a)a - a(a(aa)) =

So we get the following identity:
((aa)a)a = —a(a(aa)) (3.5.8)

Let a := (aa),b := a,c:= b in the identity (3.2.1):
(aa)a)b + (a(aa))b + (b(aa))a + b(a(aa)) + b((ae)a) + a((aa)t) = 0

((aa)a)b — ((aa)a)® + b((aa)a) — b((aa)a) + b((aa)a) + (a(aa))b = 0
b((aa)a) + (a(aa))b=0

((aa)a)b = —b(a(aa)) (3.5.9)

Let a := a,b := a,c:= b in identity (3.2.1):

2(aa)b + 2b(aa) + (ba)a + a(ab) =0 (3.5.10)

Then we multiple an a at the right of the identity (3.5.9):
2((aa)b)a + 2(b(aa))a + ((ba)a)a + (a(ab))a = 0

2((aa)a)b + 2b((ag)a) + ((ba)a)a + a((aa)b)
= 2((aa)a)b + 2b((aa)a) + ((ba)a)a + (a(aa))b

That means

= 2((aa)a)b — 2b(a(aa)) + ((ba)a)a — ((aa)a)b ' (by (3.5.3))
= ((aa)a)b — 2b(a(aa)) + ((ba)a)a
= ((aa)a)b - b(a(aa)) — b(a(aa)) + ((ba)a)a = 0

((aa)a)b — a(a(ab)) = ((ba)a)a — b(a(aa))
And multiple an a on the left of the identity (3.5.9):

2a((aa)b) + 2a(b(aa)) + a((ba)a) + a(a(ab)) = 0

By using (3.5.3)

2a((aa)b) + 2b(a(aa)) + b((aa)a) + a(a(ab))
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= 2a((aa)b) + 2b(a(aa)) — b(a(aa)) + a(a(ab))
= 2(a(aa))b + b(a(aa)) + a(a(ad))
— ~2((aa)a)b + b(a(aa)) + a(a(ab))
= —((aa)a)b + b(a(aa)) — ((aa)a)b + a(a(ab)) =0
((aa)a)b — a(a(ab)) = —((aa)a)b + b(a(aa))

From these two equality we see that the left side is the same, so we can write
as follows:

((ba)a)a — b(a(aa)) = ((aa)a)b — a(a(ab))
((ba)a)a + a(a(ab)) = ((aa)a)b + b(a(aa))

((ba)a)a = —a(a(ab)) ' (by (3.5.6))

So we get new identity:

((ba)a)a = —a(a(ab)) (3.5.11)

Let a := a,b := (aa), c := b in the identity (3.2.1):
(a(aa))b + ((aa)a)b + (ba)(aa) + b((aa)a) + b(a(aa)) + (aa)(ab) =

(a(aa) + (aa)a)b + b((aa)a + a(aa)) + (ba)(aa) + (aa)(ab) =

By using (3.5.3)
(ba)(aa)\—i— (aa)(ab) =0
a((ba)a) + (a(ab))a =0
b((aa)a) + (a(aa))b =10

~b(a(aa)) — ((aa)a)b =0
b(a(aa)) = —((aa)a)b ' (3.5.12)

Let a := a, b := a,c := (bb) in the identity (3.2.1):

(aa)(bb) + (aa)(bb) + ((bb)a)a + (bb)(aa) + (bb)(aa) + a(a(bb)) =0

a)(b
b((aa)b) + b((aa)b) + ((bb)a)a + a((bb)a) + a((bb)a) + a(a(bb))
= 2b((aa)b) + 2a((bb)a) + ((bb)a)a + a(a(bb)) .
= 4a((bb)a) + ((bb)a)a + a(a(bb) = 0
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da((bb)a) + ((bb)a)a + a(a(bh)) =0 (3.5.13)

Let a := a,b:=b,c := (cd) in the identity (3.2.1):
(ab)(cd) + (ba)(cd) + ((cd)a)b + (cd)(ba) + (cb)(ab) + b(a(cd)) =0

c((ab)d) + c((ba)d) + ((cd)a)b + b((cd)a) + a((cd)b) + b(a(cd)) = 0
2¢((ab)d) + 2¢((ba)d) + ((cd)a)b + b(a(cd)) = 0

Then we multiple a b to the right of identity (3.2.1):
(ab)e)d + ((ba)c)d + ((ca)b)d + (c(ba))d + (c(ab))d + (b(ac))d = O
((ab)e)d + ((ba)c)d + ((ca)b)d + c((ba)d) + c((ab)d) + b((ac)d) = 0
and to the left:
d((ab)e) + d((ba)e) + d((ca)b) + d(c(ba)) + d(c(ab) + d(b(ac)) = 0

—((da)b)c + c((ba)d) + c((ab)d) + b((ac)d) =0
—c(b(ad)) + d((ab)c) + d((ba)c) + d((ca)b) =0

So we ontain new identity:

—((da)b)e = c(b(ad)) (3.5.14)

In the identity (3.5.12) by identity\ (3.5.13) we can take new identity:
b((aa)b) =0 (3.5.15)

We multiple a b to the right of identity (3.5.10):
((aa)b)b + ((aa)b)b + ((ba)a)b + (b(aa))b+ (b(aaj)b + (a(ab)b =0
2((aa)b)b + ((ba)a)b + 2(b(aa))b + (a(ab))b = 0
and we multiple a b to the left of the identity (3.5.10):
b((aa)b) + b((aa)b) + b((ba)a) + b(b(aa)) + b(b(aa)) + b(a(ab)) =0
2b((aa)b) + 2b(b(ac)) + b((ba)a) + b(a(ab)) = 0

Then we add this two 2 identities

2((aa)b)b + ((ba)a)b + 2(b(aa))b + (a(ab))b
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2b((aa)b) + 2b(b(aa)) + b((ba)a) + b(a(ab))

= 4b((aa)b) + ((bb)a)a + a(a(bb)) + 2((aa)b)b
+2b(b(aa)) + a((ab)b) + b((ba)a) =0

By identity (3.5.13), we obtain following identity:

2((aa)b)b + 2b(b(aa)) + a((ab)b) + b((ba)a) =0

By identity (3.5.14), we get the next identity :

a((ab)b) + b((ba)a) =0

(3.5.16)

When we change a := a,b:= b,c := a into (3.2.1 ) and (3.5.1), and by subtract-

ing this two identities we obtain:

(ab)a = —a(abd)

By multiply (3.5.17) from the right and left side, we get:

((ab)a)a = —(a(ab))a

a((ab)a) = —a(a(ab))

N
1. In the first type we have two diagrams:

(o) =TT+

1.1 ((aa)a)a,[2]afaa]

a((aa)a) + a(a(aa)) = 0
(a(aa))a + a(a(aa)) =0

— ((aa)a)a + a(a(aa)) =0
— ((aa)a)a — ((aa)a)a = 0
—2((aa)a)a =0

((aa)a)a = 0.
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(by (3.5.6)
(by (2.0.2))
(by (3.5.3))
(by (3.5.8)

(3.5.17)

(3.5.18)

(3.5.19)



a dld_l

1.2 ((ab)a)a — ((ba)a)a, B

((ab)a)a — ((ba)a)a =
= —b(a(aa)) — ((ba)a)a
—b(a(aa)) — (a(ba))a

(by (3.5.12))
(by (3.5.17))

= —b(a(aa)) — b((aa)a) (by (2.0.1))
= —bla(aa) + (aa)d] (by (3.5.3))
=0
2. In the second type we have three diagrans:
(09 =TT+ -+
2.1 a((aa)a), ﬂnﬂn
a((aa)a) = —a(a(aa))
a((aa)a) = 0.
22 a((ab)a) - a(ba)a), = 2]
a((ab)a) — a((ba)a)
= a((aa)b) — a((ba)a) (by (2.0.1))
= (a(aa))b — b((aa)a) (by (2.0.2))
— —((a)a)b + b(a(aa)) (by (35.3))
=0
23 (b ba)(ab— ba), {7
(ab — ba)(ab — ba)
= (ab)(ab) — (ab)(ba) — (ba)(abd) + (ba)(ba)
= a((ab)b) — b((ab)a) — a((ba)b) + b((ba)a) (
= a((ab)b) — 2b((aa)b) + b((ba)a) (
= a((ab)b) + b((ba)a) (by
=0 (by
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by (2.0.2)
by (2.0.1)
(3.5.15
(3.5.16

' e N N
N N’



3.In the third type we have two diagrams:

w(e(e)) =[TT T+ 4

3.1 a(a(ea)),|a[a]a|a]

((aa)a)a = —a(a(aa)) (by (3.5.8))
a(a(aa)) = 0.
32 a(a(ab) - ala(ba)), [t 2]
a(a(ab)) — a(a(ba))
= a(a(ab)) — b(a(aa)) (by (2.0.2))
= —((ba)a)a — b(a(aa)) (by (3.5.11))
= —((ba)a)a + ((aa)a)b (by (3.5.12))

=0

By calculating we obtain that in case n = 4 there is no basis element.

N

In other cases it is trivial.
Dimension of P,(90) is equal to 0, for n > 4.

n 1]2[3]4]5][n
Gim(B, ) | 112]0]0]0] ... |0

Theorem 3.5.2. Let a linearization of f generates an irreducible S,-submodule
of P,(9). Then the consequences of higher degrees from the f are equivalent to

the following identities
(a) forr f f=foy n2 1
(b) hopr o f = frs n =2
(c) hny1 fh = hp, n=1,2.
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To illustrate this theorem we can use this form::

()
()

N

@-"0-"0"0-"®-

Proof. Take note that fi = f{ = hy and fo = fa
(a) Forn=1: fi=z=0 ——)f2\=zz=0-z=0.

Forn=2: fa=22=0 = fy=(22)z=0-2=0.

For n=m
= z .2} z=0—>
fm= (- )z)..-2)
m — 2 times m — 2 times
fm+1 ( (( ZZ )Z)Z) Z=fm'2=0-z=0,

S e

m - 1 tines m — 1 times

(b) Forn=1: fi=2=0 s ly=20—-w2z2=0-w—w-0=0.

Forn=2: fo=22=0—hy=(z2w)z — (w2)z.
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Through the process of substitution z := 2 +w into f, we get:
zz=(z+w)(z+w)=2z2+2+2w+wz+ww=0
ww=z2=0 since f =0. This implies that 2w + wz = 0 and we get:

2 = —wz

Then h3 = (2w)z — (w2)z = (2w)z + (2w)z = 2(z2)w =2fo -y =0

(c) For n = 2: hy = 2w —wz = 0 = hg = (2w)z — (w2)z = (2w — wz)z =
ho-z2=0-2z=0. '
a
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Chapter 4

Conclusions

4.1 Conclusions

The major goal of this thesis is to classifying all subvarieties of the bicommutative
algebras described by the given identities.

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bec) =0,
~[(ab)c — 2(ba)c + (ca)b] + d[c(ba) — 2¢(ad) + b(ac)] = 0.
In this thesis work we used 2 methods of classifying:

e The methods of linear algebra;

e The methods of the representation theory of the symmetric groups.
N
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