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Abstract 

One of the key inquiries in modern algebra is the investigation of algebras that 
satisfy specific identities.Within the domain of polynomial identities we have 2 
questions. The first is to describe an algebra by a defined identity. The second 
is to describe identities in algebra. The study of identities will help us in the 
construction of basis of free algebra, in the study of the Hilbert sequence, the 
Specht problem and problems of the finite basis. In this work, we used two differ- 
ent research methods. First, the theory of representations of symmetric groups. 
Second, the theory of representations of linear groups. In this research paper, 
we have completely described the subvariety of varirty of bicommutative alge- 
bras defined by the identities (ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc) = 0, 
7[(ab)e — 2(ba)e + (ca)b] + d[e(ba) — 2c(ab) + a(bc)] = 0. 
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Anzatia 

Tene-tennixtepai KaHaraTraH~bipaTEin areOpanapgbl 3eprrey 3aMaHayu ay- 
reOpaubi KpISbIKTbI CypaKTapbiHbiy, Oipi Gompm Tabbuiaypt. TonmHomnan TCOPHA- 
cbiufa 2 cypax Gap. Bipinmi cyparsi, Tene-TenzixrepMel aHbIKTasaTEin asreOpa- 
Japp! cunatray. Exinmi cyparsl, anre6paglarnl Tene-reuziktepyi cunartay. Teme- 
TeHAiKTepAi seprtey Sisre epKin anreOpanapapiH Sasucin KypactTIpyra, Pune6ept 
KaTapbin 3epTteyre, UInexr ece6i MeH wexti 6a3uc cypakTapbiva xayan Gepyre 
MYMKiHjK Gepegi. Ecenrepmi mpirapy MaKcaTbinga eki TYpMi 3epTTey ogicTepin 
KOJIaHDbIK. Bipinmici, camMeTpHasiprk TONTapIBIK KepceTimimgep Teopusacnl. Exin- 
WiCi, TOJIBIK CbISbIKTHIK TONTAPAbIK KepceTiimgep Teopusacel. Ocbi x yMbIcTa (ab)c+ 
(ba)c+ (ca)b+c(ba) +c(ab) +a(be) = 0, y[(ab)c—2(ba)c+ (ca)b] +.6[c(ba) — 2c(ab) + 
a(bc)] = 0 Tene-renzixtepimen aHbiKTanaTEtHt 6HKOMMYyTaTHBTi anreOpanap Ken- 
6elinecinix imki-Ken6etuenepin ToNbIK CuMaTTasupl.



AHHOTAaIMA 

OgMH M3 MHTepecHbIX BOMpocoB B COBpeMeHHOM anreOpe usyyeHue aure6psi 
YAOBJICTBOPAIOMINe HEKOTOpble Tox ecTBa. B TeOpHH NOJIMHOMMAJIbHbIX TOACICCTB 
ecTb 2 6ombuMx Bonpoca. Iepspiii, onucaTh anre6py onpeyzenseMblit TOA TeECTBOM. 
Bropoli, onucatT Tox JectBa B amre6pe. Msy4erne Tox necTB MOMOXKeT HaM B KOH- 
cTpykumu Oasucos cBobogHott anre6pl, B u3syuenun [unp6epropot mocmeqoBa- 
TeIbHOCTH, B M3y4eHHM Upobsempl I[Inexta, a TakxKe OTBETMT Ha BOMPOCbI KO- 
HeHoro 6a3nca. B sro pa6ote MBI MCHOsb30BasIM Ba pa3HbIX MeTONa HCCTeA0- 
panua. [lepspii, reopua npezctasnenutt cummerpwyeckux rpynn. Bropott, Teo- 
PHA MpecTaBeHult NOHbIX MHeliHBIx rpynn. B sro uccneyoBaTenbcKol pabo- 
Te MBI NOJHOCTbIO ONMcaNM BIyTpeliiee pasHoobpasve KOMMYTATHBHBIX avirebp, 
ompenesaemMoe Tox ecTBamu (ab)c + (ba)c + (ca)b + c(ba) + c(ab) + afbc) = 0, 
y[(ab)c — 2(ba)e + (ca)b] + 5[e(ba) — 2c(ab) + a(be)] = 0. 
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Chapter 1 

Intoduction 

One of the significant issues in contemporary algebra is the examination of 
algebras that satisfy certain identities. Within the theory of algebraic polynomial 
identities, there exist two primary inquiries: 

1) explain algebras with identities 

2) explain identities in algebras. 

Delving into these questions necessitates the exploration of free algebras, the 
construction of their bases, the determination of Hilbert series, the establishment 
of codimension sequences, the exploration of codimension growth, the calculation 
of Gelfand-Kirillov dimension, the determina-tion of cocharacter sequences, the 
evaluation of colengths, the investigation of the Specht problem, and other related 
topics. 

In the theory of polynomial identities, the concepts of identity and algebra 
are intricately intertwined, and their Relationship i is established through algebraic 
varieties. The language of algebraic varieties enables a seamless transition between 
the notions of identity and algebra, and vice versa. Consequently, the study of 
algebraic varieties stands as a significant problems within the domain of polynomial 
identities. 

A.I. Malcev [5] and W. Specht [11] studied the representation theory of sym- 
metric group to categorize polynomial identities of algebraic structures for the first 
time and independently. Every polynomials is known to be equivalent to a finite 
collection of multilinear polynomials if K is a field of characteristic 0. As a result, 
we concentrateon the module structures of multilinear components of free algebras 
in this paper. Because the multilinear sections of free algebras contains a wealth of 
relevant and crucial information about various algebras, they are particularly ben- 
eficial. The term ”module structure” refers to modules over both the symmetric 
and generic linear groups. 

The techniques employed in representation theory, specifically those related to 
the symmetric group and general linear group, are widely regarded as the most ef- 
fective approaches for studying the multilinear components of free algebras. These



methods have been successfully utilized to establish the S, and GL,,-module struc- 
tures of various free algebras. Examples of such algebras include associative alge- 
bra, Leibniz algebra, Zinbicl algebra, Lie algebra, right-symmetric algebra, Novikov 
algebra, and many others. 

In many instances, the application of methods from the theory of representa- 
tions of the general linear group proves to be more advantageous when studying 
varieties of algebras compared to the representation theory of the symmetric group. 
This observation is supported by several works. For example, in [9], the varieties of 
associative algebras with a degree three identity are fully characterized using the 
methods of the theory of representations of the general linear group. Furthermore, 
the distributivity criterion for the lattice of subvarieties of associative algebra va- 
rieties is established by employing methods from the theory of representations of 
the general linear group [4]. Similarly, the distributivity criterion for the lattice of 
subvarieties of alternative algebra varieties is also provided using the methods of 
the theory of representations of the general linear group [10]. 

The concept of bicommutative algebras was initially introduced by 
Dzhumadil’daev and Tulenbaev in their work [1]. In this paper, the authors establi- 
shed that if an algebra A is bicommutative, then its square A? is both commutative 
and associative. In 2011, Dzhumadil’daev, Ismailov, and Tulenbaev [2] employed 
combinatorial methods to calculate the multiplicities of irreducible S,-representa- 
tions in the decomposition of the multilinear component. Their work also included 
the construction of a basis for free bicommutative algebras, the description of 
multiplication rules for basis elements, the determination of cocharacter and co- 
dimension sequences, and the calculation of Hilbert series. Additionally, they 
demon-strated that the bicommiitative operad is not Koszul, and the growth of 
the codimension sequence for bicommutative algebras is equal to 2. A subsequent 
study [6] presented an alternative proof of the cocharacter sequence formula for 
bicommutative algebras. In 2018, Drensky and Zhakhayev [8] provided a positive 
solution to the Specht problem concerning varieties of bicommutative algebras. 
The association between bicommutative algebras and the filtration and grading of 
free Novikov algebras has further motivated a deeper exploration of bicommutative 
algebra. 

In this study, our focus lies in the examination of the variety of bicommutative 
algebras, which is determined by given identities. 

(ab)c + (ba)c + (ca)b + e(ba) + c(ab) + a(bc) = 0, 
y[(ab)e — 2(ba)e +.(ea)b] +.§[e(ba) — 2c(ab) + a(be)] = 0 

where 7,6 € K. 

One of the significant challenges in the field of polynomial identities in algebra 
is the description of all varieties of algebras that satisfy a specific set of identities. 
Our objective is to classify all subvarieties within the realm of bicommutative 
algebras. Typically, classification is carried out using the language of lattices, and 
this problem is essentially equivalent to the description of T-ideals. To construct 
a lattice of subvarieties for a given algebraic variety, the following steps need to be



taken: 

1) determining the module structure of P,,(M/) over the symmetric group 

2) identifying the consequences in P,4:(M) for each irreducible S,,-module 
present in P,(M).



Chapter 2 

Preliminaries 

Definition 2.0.1. (/7/) A vector space A is called an algebra if A is equipped with 
a binary operation - , called multiplication, such that for any a,b,c € A and any 
aéeék 

(a+b)-c=a-c+a-b, 

a-(b+c)=a-b+a-c, 

a(a-b) = (aa) -b =a: (ab). 

Definition 2.0.2. (/1]) An algebra (A, -) is called bicommutative algebra if for any 
a,b,c€ A the following identities are satisfied 

a:(b-c)=b-(a-c) (2.0.1) 

(a-b)-c=(a-c)-b (2.0.2) 

Definition 2.0.3. ({7]) Let B be a class of algebras and let F(X) € B be an 
algebra generated by a set X. The algebra F(X) is called a free algebra in the 
class B, if for any algebra A € B, every mapping X -+ A can be extended to a 
homomorphism F(X) — A. 

Let K{X} be a free non-associative algebra generated by set X = {t1,...,2n}. 

Definition 2.0.4. (/7]) Let f = f(ai,...,tn) € K{X} and let A be a non- 
associative algebra. We say that f = 0 is a polynomial identity for A if f(a,,..., an) 
0 for all ay,...,a, € A 

Definition 2.0.5. (/7]) Let {f;(x1,...,2n) € K{X} | i € I} be a system of polyno- 
mials. The class © of all non-associative algebras satisfying the polynomial iden- 
tities f,, 1 € I, is called the variety defined by the system of polynomial identities 
{fi | +I}. The variety M is called a subvariety of G if Mc VW. 

Definition 2.0.6. (/7/) The set T(%) of all polynomial identities satisfied by the 
variety % is called the T-ideal of GW. We say, that the T-ideal T(%) is generated 
as a T-ideal by the defining set of identities { f;|i € I} of the variety V.



Definition 2.0.7. Let V be a vector space over K and let G be a group. Then 
V is a G-module if a multiplication gu (v € V, g € G) is defined, satisfying the 
following conditions for allu,v EV, XE K andg,heG. 

(1) gue V; 

(2) (gh)v = g(hv); 
(3) lu =0; 

(4) g(Av) = (gA)v; 

(5) giu+v) = gu+ gv. 

Definition 2.0.8. (/3/) A polynomial f = f(21,...,2,) is called linear in the 
variable x; if x; occurs in every monomial of f with degree 1. A polynomial f is 
called multilinear if it is linear in each variable.



Chapter 3 

Variety of Bicommutative 

Algebras defined by identities 

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + 
a(bc) = 0, 
y|(ab)c — 2(ba)c + (ca)b] + d[c(ba) — 
2c(ab) + a(bc)| = 0 

3.1 Main statements — 

Let 90 be a variety of bicommutative algebras over a field K characteristic 0 defined 
by identities 

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(be) = 0 
4[(ab)c — 2(ba)c + (ca)b] + d[c(ba) — 2c(ab) + a(bc)| = 0 

where (y,6) 4 (0,0), 7,6 € K. 

Let F(t) be a free algebra in variety I, and let F,(M) be a free algebra in 

M generated by X = {x1,...,2n}.  - 

Let P, be a space of multilinear polynomials of F,,(90t) of degree n. We will 

refer to the space of multilinear polynomials as the multilinear component. 

There are four possible scenarios that arise based on the coefficients y and 6°. 

(1) (7 — 6)(y + 6) #0 

(I) y=0, 640 (y40, 6=0 analogous) 

(III) y+6=0 _ 

(IV) y-6=0



3.2 Case I: yd(y+ 6)(y — 6) #0 

Let 0 be a variety of bicommutative algebras defined by identities 

(ab)e + (ba)c + (ca)b + c(ba) + c(ab) + a(be) = 0 (3.2.1) 

y[(ab)c — 2(ba)e + (ca)b] + b[c(ba) — 2c(ab) + b(ac)}=0 (3.2.2) 
where yd(y + 6)(y — 6) #0. 

Theorem 3.2.1. As S,,-module 

P(N) & SM, P(t) ¥ S@ @ SOD, 

P,(M) & S® @ G2, 

P,(M) = {0} forn > 4. 

Proof. Let n = 3. 

The number of basis elements of F'(%) is equal to 6. There are 2 types of 
elements: 

(#x) * *(**) 

(ab)c b(ac) 

(ba)c c(ab) 

(ca)b c(ba) 

First we replace b with c into (3.2.2): 

y[(ac)b — 2(ca)b + (ba)c] + 5[b(ca) — 2b(ac) + c(ab)] = 0 (3.2.3) 

Then subtract (3.2.2) to (3.2.3): 

7[(ab)c — 2(ba)e + (ca)b] + d[c(ba) — 2c(ab) + b(ac)|— 

—y[(ac)b — 2(ca)b + (ba)c] — 5[b(ca) — 2b(ac) + c(ab)] = 0 

y(ab)c — 2y(ba)c + y(ca)b + bce(ba) — 26c(ab) + 6b(ac)— 

—7(ac)b + 27(ca)b — +(ba)e — 5b(ca) + 25b(ac) — dc(ab) = 0 

3(ca)b — 3y(ba)c + 35b(ac) — 35c(ab) = 0 

3[(ca)b — (ba)c] = 35[c(ab) — b(ac)]



(ca)b — (ba)c = (ab) — b(ac)] (3.2.4) 

By using (3.2.3): 

(ca)b = (ab) — b(ac)] + (ba)c 

(ab)c = *te(ab — b(ac)] + (ba)c 

By (3.2.1) we know that 

b(ac) = —|(ab)c + (ba)c + (ca)b-+ c(ab) + c(ba)] 

By this new identity we can assert that the number of basis elements of the 
multilinear part of degree 3 of free algebras is 3. 

Let n = 4. The number of basis elements of F(%) is equal to 14. There are 3 
types of elements: 

((#*)*) * *((#) x) # (#(4) 

((ab)c)d a((bc)d) a(b(cd)) 

((bc)d)a a((cb)d) b(c(da)) 

((cd)a)b a{db)c) c(d(ab)) 

((da)b)e b((ca)d) d(a(bc)) 
b((da)c) 

c((da)b) 

Let a :=a, b:=a, c:=a in the identity (3.2.1): 

(aa)a + (aa)a + (aa)a + a(aa) + a(aa) + a(aa) = 0 

3(aa)a + 3a(aa) = 0 

(aa)a = —a(aa) (3.2.5) 

Let a :=,b:= (aa),c := a in identity (3.2.2): 

y[(a(aa))a — 2((aa)a)a + (aa)(aa)] + d[a((aa)a) — 2a(a(aa)) + (aa)(aa)] = 0 

7[2(a(aa))a — 2((aa)a)a] + 5[2a((aa)a) — 2a(a(aa))] = 0



7[(a(aa))a — ((aa)a)a} + d[a((aa)a) — a(a(aa))] = 0 

Here, by using (3.2.5): 

y[—((aa)a)a — ((aa)a)a] + 5[—a(a(aa)) — a(a(aa))} = 0 

~2y((aa)a)a = 25a(a(aa)) 

6 
((aa)a)a = 5 (aaa) = 

2
1
h
 

a((aa)a) (3.2.6) 

Let a := a,b := b,c :=a in the identity (3.2.2): 

2y[(aa)b — (ba)a] + 26[b(aa) — a(ab)} = 0 

y(aa)b — (ba)a + 6b(aa) — Sa(ab) = 0 

Here, we multiple by a from the right-hand side: 

7((aa)b)a — >((ba)a)a + 5(b(aa))a — 6(a(ab))a = 0 

Then we use (3.2.5): 

7((aa)a)b — y((ba)a)a + 5b((aa)a) + 5((aa)a)b = 0 

(y + 6)((aa)a)b — y((ba)a)a + 6b((aa)a) = 0 (3.2.7) 

Let a := (aa),b := b,c: a into (3.2.1): 

7|((aa)b)a — 2(b(aa))a + (a(aa))b] + 5[a(b(aa)) — 2a((aa)b) + b((aa)a)] = 0 

YI((aa)b)a — 2(b(aa))a — ((aa)a)b] + 5[b(a(aa)) — 2a((aa)b) — b(a(aa))] = 0 

—27(b(aa))a — 26a((aa)b) = 0 

(b(aa))a = ~“a((aa)e) = —b(a(aa)) = ~“((aa)a)b (3.2.8) 

We use (3.2.8) into (3.2.7): 

6b((aa)a) — +((ba)a)a + 21+) 4((ba)a) 

9



1((ba)a)a = (6+ 2149) 4((ba)a) (3.2.9) 

Let a := (ab),b := a,c: a into (3.2.1): 

7[((ab)a)a — 2(a(ab))a + (a(ab))a] + 6[a(a(ab)) — 2a((ab)a) + a((ab)a)] = 0 

7[((ab)a)a — (a(ab))a] + d[a(a(ab)) — a((ab)a)] = 0 

7[((ab)a)a — (a(ab))a] + 6[a(a(ab)) — a((ab)a)] = 0 

¥((ab)a)a — (y + 6)(a(ab))a + da(a(ab)) = 0 

Here, by using (3.2.5): 

7((aa)a)b + (7 + 5)((aa)a)b + 6a(a(ab)) = 0 

a(a( } (aa)a)b (3.2.10) 

Let a := a,b := ba,c: a into (3.2.1): 

y[(a(ba))a — 2((ba)a)a + (aa)(ba)] + 5[a((ba)a) — 2a(a(ba)) + a((ba)a)| = 0 

2y[(a(ba))a — ((ba)a)a] + 26[(a(ba))a — a(a(ba))] = 0 
(27 + 25)(a(ba))a — 26a(a(ba)) — 2((ba)a)a = 0 

Here, by using (3.2.5): . 

(7 + 5)b((aa)a) + 6b((aa)a) ~ ((ba)a)a = 

(y + 26)b((aa)a) — ¥((ba)a)a = 0 

And we use (3.2.9): 

(7 + 25)6((aa)a) — (6+ *7 +) 5((aaa) = 0 

b((aa)a) = 0 (3.2.11) 

Let a := a,b := a,c := (bb) in the identity (3.2.1): 

(aa)(bb) + (aa)(bb) + ((bb)a}a.+ (bb)(aa) + (bb)(aa) + a(a(bd)) = 0 

10



b((aa)b) + b((aa)b) + ((bb)a)a + a((bb)a) + a((bb)a) + a(a(bb)) 

= 26((aa)b) + 2a((bb)a) + ((bb)a)a + a(a(bb)) 

= 4a((bb)a) + ((bb)a)a + a(a(bb) = 0 

a((bb)a) = —7((b)a)a + a(a(bb)) = 0 (3.2.12) 

Let a := a,b := (bb),c: a into (3.2.2): 

7[(a(bb))a — 2((bb)a)a + (a(bb))a] + 6[a((bb)a) — 2a(a(bb)) + a((bb)a)] = 0 

77[2(a(bb))a — 2((bb)a)a] + 5[2a((bb)a) — 2a(a(bb))] = 

y1(a(bb))a — ((6b)a)a] + 5[a((bb)a) — a(a(bb))] = 0 
(y + 6)(a(bb))a = y((bb)a)a — da(a(bb)) 

__7 é 

By (3.2.12) and (3.2.13) we know that: 

(a(bb))a = (a(bb))a 

J -s/_ _ a(a ~7|((bb)a)a + a(a(b6))] = CER) ((bb)a)a (bb)) oa CEs) 
—5((bb)a)a — Fa(a(6e))] = a(a(bb)) 

¥ ") 

G+ a) aa C5 
1 5 —7((bb)a)a — Ge GH (eb) a)a = = a(a(6e))| - G+ ray tale) 

1 iY ~(2__ 9 vag (-7- Ty Oe G Gy ey 0(aOb)) 

y+6—-46 

4(y +6) 
yt6+4y — Fay) (endaya = ( Ja(a (06)) | 

Sy +6 (= 36 (Gee (Mada = (FF alate) 

11



7—*-a(u(bd) (3.2.14) ((bb)a)a = — 

Let a := a,b := b,c := 6 into (3.2.2): 

7[(ab)b — 2(ba)b + (ba)b] + 6[b(ba) — 2b(ab) + b(ab)] = 0 

7[(ab)b — (ba)b] + 5[b(ba) — b(ab)] = 0 

Here, we multiple a from the both side: 

Y{((ab)b)a — ((ba)b)a] + 6[(b(ba))a — (b(ab))a] = 0 

(b(ba))a — (b(ab) )a = {((ba)b)a — ((ab)b)a} 

yla((ab)b) — a((ba)b)] + 6[a(b(ba)) — a(b(ab))] = 0 

a((ba)#) — a((at)8) = “[a(0(ba)) — a(4(at) 
By using this two identity we know that: 

5il((oa)b)a ~ ((ab)b)a} = “[a(6(ba)) ~ a(6(ab)] 

then by (3.2.14): 

*((ba)b)a ~ 7((ab)b)a = °a(b(ba)) ~ °a(b(ab)) 

y-35 1-35 4 ~ 9 a(o(ba)) — alba eae 5 (a(0b)) 4 Bae 5 0(6(aa)) = (b(ba)) 7 1(C b)) 

7-8 La(a(bb)) + °a(8(a)) - °a(6(ba)) - i Lo(6(00)) 
6 y-36 ¥ 6 y-36 ¥ (~ Bye 5 )a(a(bb)) = (~ bya 5 )6((aa)) 

a(a(bb)) = b(b(aa)) (3.2.15) 
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This means that: 

((bb)a)a = ((aa)b)a (3.2.16) 

a((bb)a) = a((ab)b) (3.2.17) 

1. In the first type we have two diagrams: 

(o*)9)¢=(TT T+ 

11 ((aa)a)a, [aTa [alan 
We multiple (3.2.5) by the left side: 

a((aa)a) + a(a(aa)) = 0 

(a(aa))a + a(a(aa)) = 0 (by (2.0.2)) 

— ((aa)a)a + a(a(aa)) = 0 (by (3.2.5)) 

— ((aa)a)a — ((aa)a)a (by (3.2.6) 

- 149) (aa)a)a =0 

((aa)a)a = 0. \ 

1.2 ((ab)a)a ~ ((ba)a)a, Le 421 8 J 

((ab)a)a~((ba)a)a= 
= ((ab)a)a — * = (a(ba)a) (by (3.2.9)) 

= —+(b(aa))a — & +1 (a(ba)a) (by (3.2.8)) 

=0-0 a (by (3.2.11)) 
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2. In the second type we have three diagrams: 

“) = +H-U+ 

21 a((aa)a),|ajalala| 

a((aa)a) = —a(a(aa)) = + ((aa)a)a =0 

a((aa)a) = 0. 

2.2 — a((ab)a) — a((ba)a), 212 14 | 

a
]
 

a((ab)a) — a((ba)a) 
= —+(0(aa))a — a((ba)a) (by (3.2.11) 

= —{a((ba)a) — a((ba)a) (by (2.0.2)) 

=-14 1 (by (3.2.8) 

2.3 (ab — ba)(ab — ba), . . 

(ab — ba)(ab — ba) 

= a((ab)b) — b((ab)a) — a((ba)b) + b((ba)a) (by (2.0.2)) 
= b((ba)a) — 2b((aa)b) + b((ba)a) (by (3.2.16)) 

= 2a((ab)b) — 2b((aa)b) 
= 2a((bb)a) — 2b((aa)b) (by (3.2.17)) 
=0 

3.In the third type we have two diagrams: 

#(*(#)) = LITT] + | | 
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3.1 a(a(aa)),[alalala, 

a(a(aa)) = —+((aa)a)a = 0 (by (3.2.3)) 

a(a(aa)) = 0. 

aja] 3.2 a(a(ab)) — a(a(ba)), 

a
o
}
 2 

a(a(ab)) — a(a(ba)) 

= at ® ((aa)a)b — b(a(aa)) (by (3.2.10) 

= a °((aa)a)b + b((aa)a) (by (3.2.5) 

= - 227+ )y((a0)a) + b((aa)a) (by (3.2.8) 
=0 

Let n = 5. The number of base elements of the multilinear component of degree 
5 of free bicommutative algebra F'(%B) is equal to 30. There are 4 types of the base 
elements. 

‘“ 

First type 

V5 ((((##)*)*)*) = {(((ab)c)d)e, (((ba)e)d)e, (((ca)b)d)e, (((da)b)c)e, (((ea)b)c)d}. 

Second type | 

Va(+(((##)#)*)) = {a(((be)d)e), a(((cb)d)e), a(((db)c)e), a(((eb)c)d), b(((ca)d)e), 
b(((da)c)e), b(((ea)c)d), e(((da)b)e), ¢(((ea)b)d), d(((ea)b)e)}. 

Third type 

Va(+(#((##)*))) = {a(0((cd)e)), a(B((de}e)), a(6((ec)d)), a(c((db)e)), a(c((eb)d)), 
a(d((eb)c)), 6(c((da)e)), 6(e((ea)d)), b(a((ea)e)); e(d((ea)b))}. 
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Fourth type 

V5(*(*(*(**)))) = {a(b(c(de))), b(c(d(ea))), e(d(e(ab))), d(e(a(be))), e(a(b(ed)))}. 

In [2] proved that V5((((+*)»)»)*), Va(#(((#*)*)*)), Vo(#(#((#*)*))) and 
Vs (*(*(*(**)))) are invariant under action of symmetric group Ss and as Ss-module 

Vel(((#))#)4) & 8) @ 54, 
Ve(+(((x#)#))) & 6 @ SHY @ SOM, 
V5(*(*((#*)*))) & SO @ SA) S32), 

Vs(*(*(#(#*)))) & SO) @ SAD 

and 

P5(3B) © Vo ((((##)#)*)#) ® Vo(a(((##)*)#)) © V5(#(*((4*)#))) © V5(#(*(#(4%)))) & 

48) @ 4g9(41) @ 2532), 

As we have already proven that in n = 4 we do not have base elements, here 
we use the same methods and this will be easy to prove it. 

i) 

Theorem 3.2.2. Let a linearization of f generates an irreducible S,,-submodule 
of P,(9t). Then the consequences of higher degrees from the f are equivalent to 
the following identities 

(a) fri if f = Sas n> 1; 

(6) hnsi if f= Sas n=2; 

(c) basi ifh=hy, n= 1,2. 

To illustrate this theorem we can use this form:: 
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Proof. Take note that f, = f{ =h; and fy = fi. 

(a) Forn=1: fp=z=0 + fp=zz=0-z=0. 

Forn=2: fo=2zz=0 — fs = (zz)z=0-z=0. 
‘\ 

Forn =m 

fm= (..(( 2z )z)..z) z=03 
~S a 

m—2times m— 2 times 

fmti = (...(( zz )z)..2) z= fm 2=0-2=0. 
~— ae 

m — 1 times m — 1 times 

(b) Forn=1: fp=z=0 +h, =zw-—wz=0-w-—w-0=0. 

For n = 2: fy = zz =0 + hg = (2w)z — (wz)z. 

Through the process of substitution z := z+ w into fo we get: 

zz=(z+u)(z+w) =2z2+2+2w+uw2+uww =0 
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ww=2z=0 since fo = 0. This implies that zw + wz = 0 and we get: 

2W = —W2 

Then hg = (zw)z — (wz)z = (zw)z + (zw)z = 2(zz)w = 2fo-y =0 

(c) For n = 2: he = zw— wz = 0 > hg = (zw)z — (wz)z = (zw — wz)z = 

ho-z=0-z=0. 

0 

3.3 Case IT: y=0, 640 

Let Mt be a variety of bicommutative algebras defined by identities 

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc) = 0 

(ab)c — 2(ba)c + (ca)b = 0 (3.3.1) 

Theorem 3.3.1. As S,,-module 

P(N) = SM, Prom) = S@) @ Sa), 

P;(Ot) ¥ S® @ S@, 
P,(M) =0 forn > 4. 

Proof. By subtracting (3.2.1) to (3.3.1) we get: 

(ab)c + (ba)c + (ca)b + c(ab) + c(ba) + a(cb) — (ab)c + 2(ba)c — (ca)b = 0 

c(ba) + c(ab) + b(ac) = —3(ba)c 

We simplify the (3.3.1): 

2(ba)c = (ab)c + (ca)b 

These two expressions give us the following system of identities: 

—3(ba)c = c(ab) + c(ba) + b(ac) (3.3.2) 

2(ba)c = (ab)c + (ca)b . (3.3.3) 
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By using (3.3.2) we get: 

(ab)c = ~Fle(ba) + c(ab) + a(bc)] 

(ba)c = —sle(ab) + e(ba) + b(ac)] 

(ca)b = —F[b(ac) + b(ca) + c(ab)] 

So all elements of the type (**)* can be removed by the *(**) typed elements. 

Based on thea investigation and outcoming result we conclude that the P3(Jt) 

is equal to 3. 

{b(ac); b(ca); c(ab)} 

n=A4 

n = 4 with ((**)*)* typed elements Using (3.3.3) gives us: 

2d((ba)c) = d[(ca)b + (ab)c}] = d((ca)b) — d(ab)c) = (ca)(db) + (ac) (db) 

Here, we take c := b,d := a, (ab) := 6, then using (3.3.3) gives us: 

(ca)(db) + (ac)(db) = 2((db)a)c. 

Which means: 

((db)aje = d((ba)c) (3.3.4) 

Consequently, ((**)*)* are described by *((**)*) elements. So, we cancel them 
from the basis. 

n = 4 with *(*(**)) typed elements By simplifying (3.3.2): 

c(ab) = 3(ba)c + c(ba) + b(ac) 

We use this identity to a(b(cd)) (here, a := c,b := a, (cd) := 6) and get: 

a(b(cd)) = 3((cd)b)a + a((cd)b) + (cd)(ba) 

a(b(cd)) = 3c({(db)a) + a((cd)b) + c((db)a) 

a(b(cd)) = 4c((db)a) + a((cd)b) (3.3.5) 
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It means that *(*(**)) typed elements can be described by the elements typed 
*((**)*). So, we cancel them from the basis. 

n = 4 with *((**)*) typed elements: Let’s a((bc)d) express by (3.3.2): 

c(ab) = 3(ba)c + c(ba) + b(ac) 

Here, ¢ := a, := (be), b:= d: 

a((bc)d) = 3(d(be))a + a(d(be)) + d((be)a) 

a((bc)d) = 4(d(be))a + a(d(be)) 

Then, use (3.3.5): 
a((be)d) = 4(d(be))a + a(d(be)) 

a((be)d) = 4(d(bc))a + 4b((cd)a) + a((bc)d) 

Here, (3.3.4) gives: 

b((cd)a) = ((be)d)a) = ((bd)c)a) = b((de)a) = (d(be))a 

That means: 

a((bc)d) = 4(d(bc))a + 4(d(bc))a + a((bc)d) 

a((be)d)a((bc)d) = 8(d(bc))a 

(d(bc))a = 0 

Consequently, 6((cd)a) = ((bc)d)a)’= ((bd)c)a) = b((dc)a) = (d(bc))a = 0 By 
calculating we obtain that in case n = 4 there is no basis element. 

n=5 

When n = 5, we have 30 basis elements of multilinear part of free bicommutative 
algebra. There are 4 type of elements: 

((()e)e)e —w(e((ee)e))—#(((see))e)—#(#( (#4) 
(((ab)c)d)e —aB((ed)e)) ——al((be)d)e) ——_a(b(e(de))) 
(((bc)d)e)a ——alB((de)e)) ——al((eb)d)e) —-—&(c(d(ea))) 
(((cd)e)a)b ——a(b((ec)d)) ——al((dB)c)e) —e(d(e(ab))) 
(((de)a)b)e —ale((db)e)) —a((eb)e)d) —d(e(a(bc))) 
(((ea)b)e)d ——ale((eb)d)) ——(((ea)d)e) —_e(ab(ca))) 

a(d((eb)c)) ——_B(((da)c)e) 
b(c((da)e)) ——_(((ea)c)d) 
b(c((ea)d)) —_e(((da)b)e) 
b(d((ea)c)) ——_e(((ea)b)d) 
e(d((ea)b)) ——_-d{((ea)b)c) 
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(((**)*)*)* and *(*(*(**))) type of elements we have diagrams like: 

(((#*)*)*)* = *(*(*(4*) 

=) *)) 

+ (((#)*)#) = #(#((**)*) = [DT TTI + 

=LLLT1 I+ 

and *(((**)*)*) type of elements we have diagrams like: 

rO, 

Let n = 6. The number of basis elements of multilinear part of degree 6 of free 
bicommutative alebras is equal to 62. There are 5 types of elements: 

((((a*)#)#)*) * 

((((ab)e)d)e) f 

((((bc)d)e) fa 

((((cd)e) f)a)b 

((((de) f)a)b)e 

((((ef)a)b)c)d 

((((fa)d)c)d)e 

*((((a)*)*)*) 

a((((bc)d)e) f) 

a((((cb)d)e) f) 

a((((db)c)e) f) 

a((((eb)c)d) f) 

a((((fb)c)d)e) 

b((((ca)d)e) f) 

b((((da)e)e) f) 

b((((ea)c)d) f) 

b((((fa)e)d)e) 

c((((da)b)e) f) 

e((((ea)b)d) f) 

e((((fa)b)d)e) 

d((((ea)b)c) f) 

d((((fa)b)c)e) 

e((((fa)b)c)d) 

w (#(((##)*))) 
a(b(((cd)e) f)) 

a(b(((dc)e) f)) 

a(b(((ec)d) f)) 

a(b(((fc)d)e)) 

a(c(((db)e)F)) 

a(c(((eb)d) f)) 

a(c(((fb)d)e)) 

a(d(((eb)c) f)) 

a(d(((fb)c)e) 

a(e(((fb)c)d 

b(c(((da)e) f 

b(c(((ea)d) f 

b(c(((fa)d)e 

b(d(((ea)e) f 

nat iY a)c)e) 

) 

)) 

)) 

)) 

)) 

)) 

) 
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* (*(*((#*)#))) 

a(b(c((de) f))) 

a(b(c((ed) f))) 

a(b(c((fd)e))) 

a(b(d((ec) f))) 

a(b(d((fe)e))) 

a(b(e((fc)d))) 

a(c(d((eb) f))) 

a(c(d((fb)e))) 

a(c(e((fb)d))) 

a(d(e((fb)c))) 

b(c(d((ea) f))) 

b(c(d((fa)e))) 

b(c(e((fa)d))) 

b(d(e((fa)c))) 

c(d(e((f 

* (*(*(*(+*)))) 

a(b(c(d(ef)))) 

b(c(d(e(fa)))) 

e(d(e( f(ab)))) 

d(e(f(a(bc)))) 

e(f(a(d(cd)))) 

f(a(b(c(de)))) 

fa)b))) —



c(e(((fa)b)d)) 

d(e(((fa)b)c)) 

((((#*)*)*)*)* and +*(«(*(*(**)))) type of elements we have diagrams like: 

Coo) +} 4) 

+*((((**)*)*)*) and «(#(+((**)*))) type of elements we have the next diagrams: 

Coot +H. a 

And the last *(*(((**)*)*)) type of elements we have diagrams like: 

Con + #410. Ly, 

As we have already proven that in n & 4 we do not have base elements, here we 
use the same methods and this will be easy to prove it. 
Starting with the n = 5, 6,7,... we do not have a basic element. 
In this way our theorem is proved. 0 

. Dimension of P,(9t) is equal to 0, for n > 4 

n 1/2]73]4[5|6|..|2 
dim(P,(9)) |i [2]3}0|olol..1o 

Theorem 3.3.2. Let a linearization of f generates an irreducible S,,-submodule 
of P,(9N) Then the consequences of higher degrees from the f are equivalent to 
the following identities ; 

(4) fos if ff = fn, n>1; 

(6) hnsi if f = fa, n = 2; 
(c) hnsi ifh=h,, n = 1,2. 
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To illustrate this theorem we can use this form:: 

Proof. Take note that f; = fj = hi and fe = fh. 

(a) Forn=1: fp=z=0 — fp=2zz=0-z2=0. 
‘\ 

Forn=2: fo=2z=0 > fs = (zz)z=0-z=0. 

(b) Forn=1: fp=z=0 oho =zw—wz=0-w-—w-0=0. 

For n = 2: fy = zz =0 -+ hg = (zw)z — (wz)z. 

Through the process of substitution z := z + w into fy we get: 

2z=(z+u)(z+w)=22+2+2w+w2+ww=0 
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ww=2zz=0 since fo = 0. This implies that 2w + wz = 0 and we get: 

ZW = —W2 

Then hg = (zw)z — (wz)z = (zw)z + (zw)z = 2(zz)w = 2fo-y =0 

(c) For n = 2: ho = zw — wz = 0 > hg = (zw)z — (wz)z = (zw — wz)z = 

ho-z=0-z=0. 

3.4 Case III: y+6=0 

Let SJ be a variety of bicommutative algebras defined by identitics 

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(be) = 0, 

(ab)c — 2(ba)c + (ca)b — c(ba) + 2c(ab) — a(bc) = 0 

Theorem 3.4.1. As S,,-module 

P, (On) & go, P,(IM) & 8) @ gG)) 

P(N) = S®) @ SO, 

P, (90) = 0 for n > 4. 

Proof. Let n = 3. \ 

By adding (3.2.1) to (3.4.1) we get: 

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc)+ 

+(ab)c — 2(ba)c + (ca)b — c(ba) + 2c(ab) — a(bc) = 0 

2(ab)c — (ba)c + 2(ca)b + 3c(ab) = 0 

—3c(ab) = 2(ab)c — (ba)c + 2(ca)b 
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By subtracting (3.2.1) to (3.4.1) we get: 

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc)— 

(ab)c + 2(ba)c — (ca)b + c(ba) — 2c(ab) + a(bc) = 0 

3(ba)c + 2c(ba) — c(ab) + 2b(ac) = 0 

—3(ba)c = 2c(ba) — c(ab) + 2b(ac) 

These two expressions give us the following system of identities: 

—3c(ab) = 2(ab)c — (ba)c + 2(ca)b (3.4.2) 

—3(ba)c = 2c(ba) — c(ab) + 2b(ac) (3.4.3) 

By using (3.4.3) we get: 

(ab)c = ~ 7 [2e(ab)e(ba) + 2a(bc)] 

(ba)e = — 7 [2e(ba)e(ab) + 2b(ac)] 

(ca)b = ~[28(ca)6(ac) + 2c(ab)] 

So all elements of the type (**)* can be removed by the *(**) typed clements. 

‘ 

Let n = 4. 

n = 4 with ((**)*)* typed elements 

Using (3.4.3) gives us: 

((ab)e|d = — 5 [2e(ab) — ¢(ba) + 2a(bc)|d = 

= —7(2(e(ab))d — (c(ba))d + 2(a(bc))d] 

Consequently, ((**)*)* are described by (*(**))* elements. So, we cancel them 
from the hasis. 

n = 4 with *(*(**)) typed elements By (3.4.2) we get: 

d[e(ab)] = —5dl2(ab)e ~ (ba)o-+ 2(ca)b} = 
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= —5[2d{((a8)e) — d((ba)e) + 2d{(ca)b)] 

That means: *((**)*) can express elements typed *(*(**)). That is why we 
eliminate it from basis elements. 

n = 4 with *((**)*) typed elements 

First, we express a((bc)d) using (3.4.1). Then, signify (**)* typed elements by 
(3.4.2) identity: 

al(bc)d] = sal(cb)d + (de)b — d(bc) + 2d(cb) — 6(cd)] 

2a[(bc)d] = a((cb)d) + a((de)b) — a(d(be)) + 2a(d(cb)) — a(b(cd)) 

2a[(be)d] = a((cb)d) + a((de)b) + 5 [2a(be)d) — a((cb)d) — a((db)c)]+ 

+5[2a((cbd) — a(bob)d) — a( (deb) + 3 2a((ed)b) — a((de)d) ~ a( (be) 
6a[(bc)d] = 6a((cb)d) + 6a((dc)b) + 6a((bc)d) 

6a((cb)d) + Ga((de)b) = 0 
That means 

a((cb)d) = —a((dc)b) (3.4.4) 

1.a((bc)d) 

2.a((cb)d) = a((bc)d) N 

3.a((de)b) = a((db)c) = a((bd)c) = a((bc)d) 

_ 4.b((ca)d) = b((ac)d) = a((bc)d) 

5.b((da)c) = b((ad)c) = a((bc)d) 

6.c((da)b) = c((ad)b) = a((cb)d) = a((bc)d) 

The unique element a((bc)d) can express all others. 

Let c := a, a := (bc), b := d into (3.4.3): 

—3(d(bc))a = 2a(d(bce)) — a((be)d) + 2(bc)(da) 

a((bc)d) = 3(d(bc))a + 2a(d(bc)) + 2(bc)(da) 

a((bc)d) = 3(d(bc))a + 2a(d(be)) + 2(b(da))c 

a((be)d) = 5(d(be))a + 2a(d(bc)) 
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a((bc)d) = 5(d(bc))a + 2[2a((be)d) + 2a((db)c) — a((cb)d)] 

a((bc)d) = 5(d(bc))a + 4a((bc)d) — 4a((bc)d) — a((cb)d) 

a((be)d) + a((cb)d) = 5(d(be))a 

(d(be))a = 0 

By calculating we obtain that in case n = 4 there is no basis element. 

In other cases it is trivial. 

Dimension of P(t) is equal to 0, for n > 4. 

n 1]213]4]5|..|n 
dim(P,(N)) | 12/0] 0] 0]...] 0 

Theorem 3.4.2. Let a linearization of f generates an irreducible S,,-submodule 
of P,,(9t). Then the consequences of higher degrees from the f are equivalent to 

the following identities 

(a) fas ff =f m2 

(b) Rati if f = fry N= 2; 

(c) Angi tfh = hn, n= 1,2. . 

To illustrate this theorem we can use this form:: 
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Proof. Take note that f; = fj =) and fo = fy. 

(a) Forn=1: fp=z2=0 9 fp=2zz=0-2=0. 

Forn=2: fo=2zz=0 — fs = (zz)z =0-z=0. 

For n =m 

= z)..z) z=07- fm = ((( 22 )2)--2) 
m — 2 times m — 2 times 

fnt+i = (C (( Zz )z)...2) z=fm:z2=0-z=0. 
4 

mo in times m ~— 1 times 

(b) Forn=1: fr=z=0 4hp=zw—wz=0-w-—w-0=0. 

For n= 2: fo = 2z =0 + hg = (zw)z — (wz)z. 

Through the process of substitution z := z+ w into fo we get: 

zz=(zt+w)\(2+w)=22+2+2w+uz+uw=0 
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ww=zz=0 since fz = 0. This implies that zw + wz = 0 and we get: 

ZW = —We 

Then hg = (zw)z — (wz)z = (zw)z + (zw)z = 2(zz)w = 2fo-y =0 

(c) For n = 2: hp = 2w— wz = 0 > hg = (zw)z — (wz)z = (zw —wz)z = 

hg. z=0-z=0. 

3.5 Case IV: y—6=0 

Let St be a varicty of bicommutative algebras defined by identities 

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc) = 0, 

(ab)c — 2(ba)c + (ca)b + c(ba) — 2c(ab) + a(bc) = 0 (3.5.1) 

where *y = 0. 

Theorem 3.5.1. As S,-module 

PM) = SM, PM) = S® @ SAH, 

P;(M) = S® @ SO, 
P,(N) =0 for n > 4. 

‘\ 

Proof. Let n = 3. 

First we subtract (3.2.1) to (3.5.1) and get: 

(ab)c + (ba)c + (ca)b + c(ba) + e(ab) + a(be)— 

— (ab)c + 2(ba)c — (ca)b — c(ba) + 2c(ab) — a(bc) = 0 

3(ba)c = —3c(ab) 

(ba)c = —c(ab) (3.5.2) 

By using (3.5.2): 
(ab)c = —c(ba) 

(ba)c = —c(ab) 

(ca)b = —b(ac) 

So all elements of the type *(**) can be removed by the (**)* typed elements. 
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According to the findings dimension of P3(90t) is equal to 3. 

n= 4, 

Let a :=a,b:=a,c:=a in the identity (3.2.1): 

(aa)a + (aa)a + (aa)a + a(aa) + a(aa) + a(aa) = 0 

3(aa)a = —3a(aa) 

(aa)a = —a(aa) 

So we get identity: 

(aa)a = —a(aa) 

When we multiply a 6 to the left of identity (3.5.3): 

b((aa)a) + b(a(aa)) = 0 

a((ba)a) + a(a(ba)) = 0 
a((ba)a) = —a(a(ba)) 

Then we get a new identity: 

a((ba)a) = —a(a(ba)) 

And when we multiply a 6 to the right of identity (3.5.3): 

((aa)a)b + (a(aa))b = 0 

((ab)a)a“+ (a(ab))a = 0 

((ab)a)a = —(a(ab))a 

Then we get a new identity: 

((ab)a)a = —(a(ab))a 

(3.5.3) 

(3.5.4) 

(3.5.5) 

When we multiply an a to the left and right of identity (3.5.3), we can get two 
new identities such that: 

a((aa)a) = —a(a(aa)) 

((aa)a)a.= —(a(aa))a 

Let a := (aa), b;= a,c := a in the identity (3.2.1): 

((aa)a)a + (a(aa))a + (a(aa))a + a(a(aa) + a((aa)a) + a((aa)a) = 0 
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(3.5.6) 

(3.5.7)



= ((aa)a)a — ((aa)a)a — ((aa)a)a + a(a(aa)) — a(a(aa)) — a(a(aa)) = 0 

0 = —((aa)a)a — a(a(aa)) = 

So we get the following identity: 

((aa)a)a = —a(a(aa)) (3.5.8) 

Let a := (aa), b:= a,c :=b in the identity (3.2.1): 

((aa)a)b + (a(aa))b + (b(aa))a + b(a(aa)) + b((aa)a) + a((aa)b) = 0 
((aa)a)b — ((aa)a)b + 6((aa)a) — 6((aa)a) + b((aa)a) + (a(aa))b = 0 

b((aa)a) + (a(aa))b = 0 

((aa)a)b = —b(a(aa)) (3.5.9) 

Let a := a,b := a,c := b in identity (3.2.1): 

2(aa)b + 2b(aa) + (ba)a + a(ab) = 0 (3.5.10) 

Then we multiple an a at the right of the identity (3.5.9): 

2((aa)b)a + 2(b(aa))a + ((ba)a)a + (a(ab))a = 0 

2((aa)a)b + 2b((aq)a) + ((ba)a)a + a((aa)b) 

= 2((aa)a)b + 26((aa)a) + ((ba)a)a + (a(aa))b 
That means 

= 2((aa)a)b — 2b(a(aa)) + ((ba)a)a — ((aa)a)b . (by (3.5.3)) 

= ((aa)a)b — 2b(a(aa)) + ((ba)a)a 

= ((aa)a)b — b(a(aa)) — b(a(aa)) + ((ba)a)a = 0 

((aa)a)b — a(a(ab)) = ((ba)a)a — b(a(aa)) 

And multiple an a on the left of the identity (3.5.9): 

2a((aa)b) + 2a(b(aa)) + a((ba)a) + a(a(ab)) = 0 

By using (3.5.3) 

2a((aa)b) + 2b(a(aa)) + b((aa)a) + a(a(ab)) 
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= 2a((aa)b) + 2b(a(aa)) — b(a(aa)) + a(a(ab)) 

= 2(a(aa))b + b(a(aa)) + a(a(ad)) 

= -2((aa)a)b + b(a(aa)) + a(a(ab)) 
= —((aa)a)b + b(a(aa)) — ((aa)a)b + a(a(ab)) = 0 

((aa)a)b — a(a(ab)) = —((aa)a)b + b(a(aa)) 

From these two equality we see that the left side is the same, so we can write 

as follows: 

((ba)a)a — b(a(aa)) = ((aa)a)b — a(a(ab)) 
((ba)a)a + a(a(ab)) = ((aa)a)b + b(a(aa)) 

((ba)a)a = —a(a(ab)) : (by (3.5.6)) 

So we get new identity: 

((ba)a)a = —a(a(ab)) (3.5.11) 

Let a := a,b := (aa),c:= 6 in the identity (3.2.1): 

(a(aa))b + ((aa)a)b + (ba)(aa) + b((aa)a) + b(a(aa)) + (aa)(ab) = 

(a(aa) + (aa)a)b + 0((aa)a + a(aa)) + (ba)(aa) + (aa)(ab) = 

By using (3.5.3) 
(ba)(aa) + (aa)(ab) = 0 

a((ba)a) + (a(ab))a = 0 

b((aa)a) + (a(aa))b = 0 

—b(a(aa)) — ((aa)a)b = 0 

b(a(aa)) = —((aa)a)b (3.5.12) 

Let a := a,b:= a,c := (bb) in the identity (3.2.1): 

(aa)(bb) + (aa) (bb) + ((bb)a)a + (bb)(aa) + (bb)(aa) + a(a(bb)) = 0 a)(b 

b((aa)b) + b((aa)b) + ((bb)a)a + a((bb)a) + a((bb)a) + a(a(bb)) 

= 2b((aa)b) + 2a((bb)a) + ((bb)a)a + a(a(bb)) . 

= 4a((bb)a) + ((bb)a)a + a(a(bb) = 0 
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4a((bb)a) + ((bb)a)a + a(a(bb)) = 0 (3.5.13) 

Let a := a,b := b,c := (cd) in the identity (3.2.1): 

(ab)(cd) + (ba)(cd) + ((cd)a)b + (cd)(ba) + (cb)(ab) + b(a(cd)) = 0 

c((ab)d) + c((ba)d) + ((cd)a)b + b((cd)a) + a((cd)b) + b(a(cd)) = 0 

2c((ab)d) + 2c((ba)d) + ((cd)a)b + b(a(ed)) = 0 

Then we multiple a b to the right of identity (3.2.1): 

((ab)c)d + ((ba)c)d + ((ca)b)d + (c(ba))d + (c(ab))d + (b(ac))d = 0 

((ab)c)d + ((ba)c)d + ((ca)b)d + c((ba)d) + c((ab)d) + b((ac)d) = 0 

and to the left: 

d((ab)c) + d{(ba)e) + d((ca)b) + d(c(ba)) + d(e(ab)) + d(b(ac)) = 0 

—((da)b)c + c((ba)d) + c((ab)d) + b((ac)d) = 0 

—c(b(ad)) + d((ab)c) + d((ba)c) + d((ca)b) = 0 

So we ontain new identity: 

—((da)b)e = ¢(b(ad)) (3.5.14) 

In the identity (3.5.12) by identity (3.5.13) we can take new identity: 

b((aa)b) = 0 (3.5.15) 

We multiple a b to the right of identity (3.5.10): 

((aa)b)b + ((aa)b)b + ((ba)a)b + (b(aa))b + (b(aa))b + (a(ab)b = 0 

2((aa)b)b + ((ba)a)b + 2(b(aa))b + (a(ab))b = 0 

and we multiple a b to the left of the identity (3.5.10): 

b((aa)b) + b((aa)b) + b((ba)a) + b(b(aa)) + 6(b(aa)) + b(a(ab)) = 0 

2b((aa)b) + 2b(b(aa)) + b((ba)a) + b(a(ab)) = 0° 

Then we add this two 2 identities 

2((aa)b)b + ((ba)a)b + 2(b(aa))b + (a(ab))b 
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2b((aa)b) + 2b(b(aa)) + b((ba)a) + b(a(ab)) 

= 4b((aa)b) + ((bb)a)a + a(a(bb)) + 2((aa)b)b 

+2b(b(aa)) + a((ab)b) + b((ba)a) = 0 

By identity (3.5.13), we obtain following identity: 

2((aa)b)b + 2b(b(aa)) + a((ab)b) + b((ba)a) = 0 

By identity (3.5.14), we get the next identity : 

a((ab)b) + b((ba)a) = 0 (3.5.16) 

When we change a := a,b := b,c := a into (3.2.1 ) and (3.5.1), and by subtract- 

ing this two identities we obtain: 

(ab)a = —a(ab) 

By multiply (3.5.17) from the right and left side, we get: 

((ab)a)a = —(a(ab))a 

a((ab)a) = —a(a(ab)) 

‘ 

1. In the first type we have two diagrams: 

(en)e)*= (TTD + 

11 ((aa)a)a,[alala]a| 

a((aa)a) + a(a(aa)) = 0 

(a(aa))a + a(a(aa)) = 0 

— ((aa)a)a + a(a(aa)) = 0 

— ((aa)a)a — ((aa)a)a = 0 

— 2((aa)a)a = 0 

((aa)a)a = 0. 
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(by (3.5.6) 
(by (2.0.2)) 
(by (3.5.3)) 
(by (3.5.8) 

(3.5.17) 

(3.5.18) 

(3.5.19)



a ala| 1.2 ((ab)a)a ~ ((ba)a)a, 5 

((ab)a)a — ((ba)a)a = 
= —b(a(aa)) — ((ba)a)a 

—b(a(aa)) — (a(ba))a 

(by (3.5.12)) 

(by (3.5.17)) 

= —b(a(aa)) — b((aa)a) (by (2.0.1)) 
= —b[a(aa) + (aa)a] (by (3.5.3)) 
=0 

2. In the second type we have three diagrams: 

er) = (TTT +- +H 

2.1 a((aa)a), fajtafala| 

a((aa)a) = —a(a(aa)) 

a((aa)a) = 0. 

2.2, a((ab)a) — a((ba)a), += La 

a((ab)a) — a((ba)a) 

= a((aa)b) — a((ba)a) (by (2.0.1)) 

= (a(aa))b — b((aa)a) (by (2.0.2)) 

= -((aa)a)b + 6(a(aa)) (by (3.5.3)) 
=0 

2.3 (ab—ba)(ab — ba), Fe 

(ab — ba)(ab — ba) 

= (ab)(ab) — (ab)(ba) — (ba)(ab) + (ba)(ba) 

= a((ab)b) — 6((ab)a) — a((ba)b) + b((ba)a) ( 
= a((ab)b) — 2b((aa)b) + b((ba)a) ( 
= a((ab)b) + b((ba)a) (by 
=0 (by 
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by (2.0.2) 
by (2.0.1) 

(3.5.15 

(3.5.16 
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3.In the third type we have two diagrams: 

+(e) = TT D+ 

3.1 a(a(aa)),| a}al|a|a| 

((aa)a)a = —a(a(aa)) (by (3.5.8)) 

a(a(aa)) = 0. 

3.2 a(a(ab)) — a(a(ba)), }24 812) 

a(a(ab)) ~ a(a(ba)) 
= a(a(ab)) — b(a(aa)) (by (2.0.2)) 

= —((ba)a)a — b(a(aa)) (by (3.5.11)) 

= —((ba)a)a + ((aa)a)b (by (3.5.12)) 

=0 

By calculating we obtain that in case n = 4 there is no basis element. 

\ 

In other cases it is trivial. 

Dimension of P,(9t) is equal to 0, for n > 4. 

n 1[/213|4]5|~-|" 
dim(P,(a)) [1] 2; 0[ 0] 0]... [0 

Theorem 3.5.2. Let a linearization of f generates an irreducible S,,-submodule 

of P,(Mt). Then the consequences of higher degrees from the f are equivalent to 

the following identities 

(a) fri ff =f n 24; 

(b) havi tf f = fry 2 = 2; 

(c) Ana fh = ha, n= 1,2. 

36



To illustrate this theorem we can use this form:: 

@)
 

> 

Proof. Take note that fi = fj =’ and fp = fh. 

(a) Forn =1: fi=z=0 + fo=zz=0-z2=0. 

Forn=2: fo=2z=0 - fg =(zz)z=0-z=0. 

Forn =m 

m — 2 times m — 2 times 

fmti = (..-( zz )z)...2) 2=fm-z2=0-z=0. 

m — 1 times m — 1 times 

(b) Forn=1: fr=z2=0 4hg=zw-wz=0-w-w-0=0. 

For n = 2: fo = 22 =0 hg = (zw)z — (wz)z. 
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Through the process of substitution z := z + w into fe we get: 

zz=(z+u)(z2+w) =2zz+2+2wt+wz+ww =0 

ww=zz=0 since fp = 0. This implies that zw + wz = 0 and we get: 

2 = —-WZ 

Then hg = (zw)z — (wz)z = (zw)z + (zw)z = 2(zz)w = 2fo-y =0 

(c) For n = 2: hg = zw-— wz =0 > hg = (zw)z — (wz)z = (zw —wz)z = 

hg-z=0-z=0. . 

Oo 
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Chapter 4 

Conclusions 

4.1 Conclusions 

The major goal of this thesis is to classifying all subvarieties of the bicommutative 

algebras described by the given identities. 

(ab)c + (ba)c + (ca)b + c(ba) + c(ab) + a(bc) = 0, 

+[(ab)c — 2(ba)c + (ca)b] + d[c(ba) — 2c(ab) + b(ac)] = 0. 

In this thesis work we used 2 methods of classifying: 

e The methods of linear algebra; 

e The methods of the representation theory of the symmetric groups. 

\ 
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