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BBEJAEHUE

TpaauoHHbIE METOABI PELICHUS 3a7a4d TEIUIONPOBOJIHOCTH, TAKUE KaK METOJ
paszeneHns epeMEHHbIX, HHTErpajibHble peoOpa3oBanus Jlamnaca u dypwe, MeTox
TEIUIOBBIX MOTEHLIMAIOB [TO3BOJISIIOT MOIYYUTh PELICHNE, KaK IPaBUilo, B BUAE psaja C
MEIJIEHHOM CXOAMMOCTBIO, YTO OTPaHMYMBAET €ro IMPAKTUYECKOE HCIOJIb30BAaHUE.
OcoOplif  KJIacC MPEACTABIAIOT COOOM 3aJaud TEIUIONPOBOJHOCTH B 00JACTIX C
JBUKYLIECICS TpaHUILIEH, BBIPOXKAAIOIIMMUCA B HadaJlbHBIH MOMEHT BpeMeHu. Jis
ATOro Kjiacca 3aJad yKa3aHHbIE BbIIIE AHAIUTUYECKHE METOIbl HENPUMEHUMBI, a
WCIIOJIb30BAHUE YHCIEHHBIX METOJOB BBI3BIBAET CYILIECTBEHHBIE TPYIHOCTH,
CBS3aHHBIE C CHHIYJIIDHOCTBIO B HadaJbHbII MOMEHT BpemeHu. Kpome Toro, B
NPaKTUYECKUX 3aJadyax, COAEepKaluMX OOJIBIIOE YHCIO MNapaMeTpOB, HHTEPIPETALUs
pPE3yJbTATOB YHMCIECHHBIX PacueToB BechbMa 3aTpyiaHuTenbHa. [loaTomy pa3paboTka
aHAIMTHYECKUX METOJOB PEIICHHS TaKUX 3a/1ay MPEACTABISIETCS BECbMa aKTyaIbHOU
IpoOIEMON.

B nanHoil paGote pa3paOoTaH HOBBIM METOJ pPELICHUS KpPaeBbIX 3afad s
YPaBHEHHUS TEILIONPOBOHOCTH, KOTOPBII C YCIIEXOM MOXET OBITh UCIIOJIb30BaH Kak
JUISL pELICHUs KIACCUYECKUX MPOoOJIeM, U31araéMblX B YHUBEPCUTETCKOM Kypce 3a/1ad
MaTeMaTU4ecKoM (U3MKH, Tak M Ui 3aJad TEIJIONPOBOJHOCTH B 00JACTAX C
IIOABIKHOW TPAHMIIEH, BKIIOYAs CIIy4dald BBIPOXKJICHUS TPAHUIBI M HEJIMHEHUHYIO
3amayy Credana. DTOT METOJ OCHOBAaH Ha MPEJCTABIECHUU HCKOMOTO PEIICHHS B
BUJIC JIMHEHHOM KOMOMHALIMM CHEIUaNbHbIX (YHKUUNA (MHTErpajibHble (YyHKUUU
ommO0OK UM (GYHKIUU XapTpH), KOTOpBIE YAOBIETBOPSIOT AlPHOPH YPaBHEHHUIO
TEIUIONPOBOAHOCTH, a (QUIYpPUpPYIOIIME B HUX HPOU3BOJIbHBIE [OCTOSHHBIE
BbIOHMPAIOTCS TaK, YTOOBI yIOBIETBOPUTH KPaeBbIM YCIOBUAM. B ciyuyae nmoctpoeHus
npUOIMIKEHHOTO pEIleHUs, Korja JUHEeWHas KOMOMHAlMs, anmpOKCUMUpPYIOLIas
IpaHUYHbIE (PYHKIUHU, COJIEPKUT KOHEYHOE YHMCJIO WJICHOB, NMPUHIMI MaKCHUMyMa
MO3BOJIAT 1aTh TOYHYIO OLEHKY MOTPEIIHOCTH MPUOIMKEHHOTO pEeUIeHUus, KoTopas
HE NPEBBILIAET NOTPEIIHOCTD MPUOJIMKEHNS TPAHUYHBIX (PYHKIUH.

ITocOue cocrouT W3 JBYX pas3feioB: B IEPBOM PAacCMOTPEHBI CBOICTBa
MHTErpajibHOM (QYyHKUIMK OMIMOOK U MpeAcTaBieH Tak HazbiBaeMbli DO meron, BoO
BTOPOM pasJelie MpeACTaBICHbl TEOPETUUECKUE MOJIOKEHUS U METOBI ISl pELICHUs
3aJ1a4 TEIUIOMPOBOAHOCTH B 00JIACTAX C MOJABHKHBIMH IPAHULIAMHU.



1 METO/I UHTET PAJIBHOM ® YHKIIUU OIIINBOK
(MDO meton)

1.1 BBenenune

B »TOoM paznene paccmaTpuBaeTCsi MHTETpayibHas (YHKIMS OIIMOOK U ee
CBOIICTBA, C TMOMOUIBIO KOTOPOM pa3palaThIBAIOTCA CHEUUAIBbHBIE METOJbI
MO3BOJIAIONIME  AQHAJIUTUYECKHM W NOpUOJMKEHHO  pemiaTh  ypaBHEHUS
TEIJIOMPOBOHOCTH B 00JIACTAX C TIOJIBH’KHBIMU TPAHUIIAMH.

PexyppenTHas dhopmyra it MHTErpaTbHON QYHKIIUNA OIIHOOK

i"erfcx = Ii“’lerfcvdv, n=1,2,... i%erfcx = erfox = %J‘exp (-v¥)dv (1)
X 72- X

2 X
rie erfx =1—erfcx = — | exp(—v? )dv
Nk

u3 (1) cnenyer

i"erfcx = iiJ'(v— X)" exp(—v?)dv
v i @
Bripaxkenus (1) ynosnetBopsaroT nuddepeHImaibHOMy YPaBHEHHUIO
2

d—zi”erfcx+2xii”erfcx—2ni”erfcx =0 (3)
dx dx

OTkyza cleayroT peKyppeHTHbIE (POPMYIIbI

2ni"erfcx = i"?erfex — 2xi " terfex (4)
Bripaxxenue
> +
u, (£x,t) =t2i"erfc— X
2av/t (5)

B TOYHOCTH YAOBJICTBOPSCT YPABHCHUIO TCILJIOIIPOBOJIHOCTH:

u_pdt

ot ox? (6)
B oGnactu D(t>0,0< x<a(t)) co cBoOOmHOM rpaHuIel X = a(t)

Utak pemenuem ypaBHeHus (6) siBnsiercs (5) Wi JMHEWHAss KOMOMHAIMS QYyHKUIUNA
(mpunIMn cynepmnosuiuii) B (5)



U0t = STAU, (X, 0) + B,U, (X, )]
™

Uness Meroma 3akioyaercss B HaxoxiaeHuud koddduimentoB A, B, koTopsie
OTIPEEIISIOTCA MTyTeM MOJICTAHOBKH BbhIpakeHUs (7) B TpaHUYHBIE YCIOBUS IIPU

x=0u x=aft).

1.2 CBoiicTBa MHTErPAJIbHON PyHKIMH OIIHOOK
1. Eciu n neroe, To

L e d

X

1
i"erfc(=x) + (-D)"i"erfcx =——H =——¢
=0+ D) i =g g e i=+/-1

H, (X) B IpaBoil 4aCTH — MOJIMHOM DPMHUTA.
Hcnonb3ys popmyny (2) MOXKHO 3aUCaTh

i"erfc(—x)+(=D"i" erfcx_T—Tx(v+x)”exp(—v2)dv+

(-)"27%

l
e j(v X)" exp (—v )dv_ j(v+ X)" exp(~v2)dv=——"—H (ix)
(8)
2. Ucnonw3ys hopmyiry mjist TOJIMHOMOB DPMHUTA MOYKHO TTOTYYUTh
[g} Xn—2m
i"erfc(—x) + (=1)"i"erfcx = —
=27 ml(n—2m)! (9)
Ecmu n=2k, Torma
=2k f =2k f \ X2(k_m)
i““erfc x+i*“erfc (—x) =
=) % 22" m1(2k —2m)! (10)
B YaCTHOCTH
erfc x+erfc (—x)=2,
i’erfc x +i%erfc (-x) = Y ,
i‘erfc x+i‘erfc (—x) _1le +ix4.
8 4 12
Ecimu n=2k+1, Torna
j2kel 261 < x2tem
“erfc(— x “erfc x =
=X- ;22m‘1m!(2k—2m+1)! (11)



B 4aCTHOCTH

lerfc(— x) —ierfc x = 2x
i’erfc(— x) —i%erfc x = LS ,
2 3

ierfc (-x) —i%erfc x = 31 X x3+£x5
2’21 2.213! 51

JlokazaTenbcTBO (OPMYIIBI

e a (e erfx)

Merfc(—x) - (-1)"I"erfox = 2" nl | dx" (12)

e
erfx =1—erfcx = ij'exp(—vz)dv
Jz 4

MOXET OBITh MOJYYEHO MpU MOMOIIH (4) U METO/Ia MAaTEMATUUECKON MHAYKIIUU.
3. Muddepenmmpys npaByro 9actb GopMyisl (8), ToIydnm

i"erfc(—x) — (=1)"i"erfex = P, (x)erfix — Q, (x)iexp(—xz)

Jz , (13)

['ne mommHOMBI P, (X) 1 Q,(X) ONpeAeNsitoTcs o GpopMyiam

0 .
2 T ( 1) n K 1(X)
m=0 22m_1 ml(n - 2m)! Q ( ) kz(;‘ 2” k k)' ! k( )

P, ()=

4. N3 (12), (13) MOXHO MOJYYUTh SIBHBIE BBIPAKEHUSA [JIi WHTErPajbHBIX
GbyHKUMA OIIMOOK € HETBIMU UHACKCAMU

i"erfcx = - ) [P, (x)erfcx + Q. (X) ——=exp (—x?)]
= (14)
. 1 2 ,
i"erfc(—x) = =[P, (x)erfc(—x) — Q, () ——exp(—x“)]
2 Vx (15)
5. Hcnons3ys npasuio Jlonutans (1), HeTpyAHO MOKa3aTh, YTO
lim i"erfc(—x) _2 (16)
oo x" nl

5



1.3 CaencrBus u3 cBoiictB UnTerpanbHoil @ynkuun Ommodoox
1. Vcnonb3yst CBOWCTBO 2 MOKHO MOIYYHUTh CIEAYIOUIYIO (popMyTy

k n n
u(x, t] = Z AEn Z xzn_zmtmﬁznm + A2n+l Z xzﬂ_2m+ltmﬁ2n+1,m
n=0 m=0 m=0 (17)

[ne u(x,t) sBisieTcs pelieHreM YpaBHEHHUS TEIIONPOBOJIHOCTH B BHJIE MHOTOYJICHA
rae

2. Beipaxkenne  U(X,t) MoxeT OBITh  3amMcaHO B CICAYIOIIEM  BHUJE
u(x, t] = AUﬁDJg +

+4, (xzﬁz ot t,{?m) +
+A, (x“ﬁw +x%tf,  + tﬁu)+ e+

+4,, (xzkﬁzk,u + xzk_ztﬁml + -t xztk_lﬁzk,k—l + tkﬁzk,k) +

+Axf,  +
+A, (xg,ﬁg ot xtﬁaJl) +
+A; (xiﬁm +x*tp |+ xtzﬁig) +- 4+

2k+1 2k—1 3k-1
+A2k+1(x Bok+1,0 +X t,ﬁg“m"‘ T Bop k-1

k
+xt ﬁ2k+1,k)

3. IlpouzBoanas (17)

du
T ZAzKﬁm +

+A, (4B, + 2xtBy, )+
+A5 (6KSBE,G + 4K3tBﬁ,1 + th.z Bﬁ,? ) —|— - _|_
+A2k(2kx2k_l[32k,0 + (2k— 1]:’{21{_31:821-:,1 R Zﬂkgzk,k)‘F

AP, t



+A, (3}(2]3&0 + thJl) +
+A (51’(435,0 +3x*p, | +t7 BSE) + -+

+Azk+1((2k+1JX Baxero + (Zk— 1)x* 2P

k-
+ 3% By g g HEE B2k+1,k)

2k+1, 1

4. BrlpaxeHue

u(x, t) = u(ﬂ [A i"erfe_=+ Byi"erfc=
MOXCET 6BITI> IMpCaACTAaBJICHO B UJC:
u(x, t) = (v/f)ﬂ [Agioerﬁﬁ + Bc.i”erfc%] +
+(V©) [Alilerfcfﬁ n Blilerfcf?] +
+(Ve)" [AaiPerfe- + Byiterfe | + -+

n n x n - ]
—I—(«/ﬂ [Anr, Erfc—zaﬁ—k B, i E'Tfr:—mﬁ

5. IpowusBoanas ot (18)

ou 1 22
a = m[—ADE‘Kp (ﬁr] + BD

2
4&291 +

1 -
e -0 X -0 X
+2a[ Al ETfC_gm.@_" Bii erfc—zaﬁ] +

VY
) |-4.it _* 1 X+
+(2a) [ Al E'Tf'fzm,q"'BEi erfczaﬁ]—l— +

V{E o n—1 * n—1
+ (E [—Anz erfcm + B, 1

2 ﬂ"-.-'?



2 AHAJIMTUYECKUE PEIIEHUSA YPABHEHUSA
TEIIJIOITPOBOJHOCTH

2.1 Pemenue (mpud/mxeHHoe) NePBO KPaeBoil 3a1a4uu Il
YPABHEHUSI TEIUIONPOBOJIHOCTH B NMOJy0eCKOHEYHOM CTEpIKHE

Pemenne 3ala4i TCIIIOIIPOBOAHOCTH:

ou_ _, 0%

Pt =2 O<x<owo, t>0 (19)

H.y: u(x,0) = p(x) (20)
Iy: u(0,t) = f(t) (21)
U(oo,t) =0 (22)

(0)=f(0), () =0 (23)

rae o(x) u f(t) aHanuTudyeckue QyHKIIUU

MoxeT ObITh MPEICTABICHO B BUJIE:

2aX\/_ +Byi erfca—\/_ (24)

u(x,t):i(za\/f)“ [A,i"erfc
n=0

Ota (QyHKIMS YIOBIECTBOPSET ypaBHEHHIO TeruronpoBogHocTH (19), kak yxke
OBUIO CKa3aHO BBILIE, I/I€ HY)KHO ONpeAenuTh KoHCTaHTel A un B . lloacraBum

(24) B (20) u (21) u paznoxum GyHKIHH ¢(x) and f(t) B psg MakiiopeHa:

(m
=320 (25)
n=0 :
f(t)—iw-t” (26)
& ’
u3 popmyisl (16) cnemyer
n:n 2 n
tIiTg)(Za\/—) i"erfc 2a\/— =" (27)
B TO BpeMs Kak
t|Lng(2ah/f)”|”en‘ca—\[—o (28)



Torma u3 HavapHOTO YyciaoBwus (20)

0 0 (n) 0
ZﬁBan :Z(o n!( )Xn

n=0"'" n=0 , (29)
TaKuM 00pa3zoM
B, =%(p(n)(0) ’ n=12,.. (30)
Hcnone3ys rpanudHble yeinoBus (21) nonydaem
S in 5 00,0
u,t)=>"2-(A, +B,)-i"erfc0- (2avt) =ZTt (31)
n=0 n=0 )
YuuTteIBas, 4To
n+1
r¢—-)
n _ 2 :2m _ 1 s2m+l _ ml
i erch_—n!\/; : i erch_—zzmm! N erch_—(Zerl)!\/; (32)
U cpaBHUBas ko3¢ dunrenTs B (33) momydaem
Aomiz + Bomig =0 Aom +Bam =221 1M (0) (33)
TaKk
Aomst =—%¢(2m+1) ©), Ay =221 () —%q)@m) ©) ,m=0,1,2,... (34)
Bripaxenus (32), (33), (34) natot pemenue 3amaun (19) - (23).
Crnemyer OTMETUTh, UTO PAINYC CXOAUMOCTH psa (24) paBeH MUHUMAIbHOMY
pamuycy cxoaumocTs psiioB (20) u (21).
2.2 AHaJIMTH4YeCKOe pellleHue MepBoii KpaeBoi 3a1a4u
AHQJIUTUYECKOE PEIICHUE YPABHEHHUS TEIIONMPOBOJHOCTH
2
G—U:azg—l:, Plt<x<aerlt | t>0 (35)
ot OX
H.V: u(x,0) =0, (36)
v u(BVt.t)=o(t) (37)



u(avtt)=¢(t)
u(0,0) =0,

MOJKET OBIThH npcaACTaBJICHO B BHUJC

n . x f —X
u(x, t) = Z (x/f) [Anlnm"ff_gm,q + an'”erfc—m?
n=0

riae yrximn @(t), @(t) onpenencHsl
ot) = T o fat?, §lt) = Lo vtz

IToxcraBinss B rpanuuHble yenosus (37) it x = A/t

u( Bt t) = Z (VI)" |Animerfel + Byimerfc2
n=g

NI

u(Btt) = (xff)o [A,;.i“erfc%—k Bﬂiﬂerfc;—f] +

+(@1[ﬂ151€rfc£+ﬁlilerfc¥]+
+(m2 [‘qzizé’?’fC£+ Bzizm"fc%ﬁ] +

+(VO)" [4animerfel + B imerfct]| =

= Z pnts
n=0
rae ¥y = supi{m,n}

s x = on/t

u(at t) = (V) |Asierfes + ByiCerfes| +

+(VO)' [Asiterfel + Byiterfel| +

10

(38)

(39)



+(Va2 [Agizﬂfﬂi + Bzizerfcf] o

+(VO)" [Animerfel + Byimerfe2t] =

3w

n=0

Haxonen, xoaddummentsr Ag,44,4,,...,4, u By, By, B,,...,B, onpenensiorca u3
CHUCTEMBI JIMHEUHBIX YPAaBHECHUN
0 s 0 5 _
Ayl erfcza—FBD: erfc a g
;0 = ;0 =
Ayl E'chza—i—BDr, erfr:za Vy
Ajiterfel + Biiterfct =y,

. [£4 . —&
Altlerfcz— + Blzlerfcz— =
i i

Ayiterfel + B,i%erfc——= i,

. (3 A —&
Agtzerfcﬂ—i— Bzr,zerfcﬂ = 1

erfel + B iverfef —
Ai'erfc—+Blerfe—=p,
.o [ e if=
Al'erfe—+Bi'erfc—=v,

£ gy -8 i x ¥ - —
I'ne i'erfe, Verfe_, t'erfe_, i’erfc—, y=0,1,2... onpenenstorcs u3 TabIMILBL.
ITpumeuanne: OyeHb BaKHO B PEIICHWM YPaBHEHMS TEIIONPOBOIHOCTH, YMEThH
OIPEICIIUTh 3HAUCHHUE Y, KOTOPOE ABJISIETCA ¥ = supim, n}.

IIpumep 1
Pemuts 3anauy ¢ nomouipto UDO meTona

2%:%, — o0 < x < 441, t>0 (40)

11



u(x,0) = e”,
u(44/t,t) = 24/t + 4t,

u(—oo, t) =0

Pemenmne.

Pemenue paccMaTpuBacTCA B BUJIC

k
u(x,ty=> (V)" [Ani”erfcit +B.i"erfc

s t=0

Itirrg(Z\/f)“i”erfc_—X —

B 10 Bpems kak

Torna HavanbHOTO yemoBwust (41)

Takum o06pazom

UId X = Mt

Zk:(xﬁ)” [Ai"erfc 2+ B i"erfc (—2)] = 2./t +4t

k=2, Beipaxxenue (49) npumeT BU]
Aji‘erfc 2+ ;ioerfc (-2) +
+t{Ali1erfc 2+ ;ilerfc (—2)} +

+t[A2i2erfc 2+ ;izerfc (—2)} =2/t +4t

Iting(Z\/f)”

2Vt

2t

12

i"erfc —— =0

2
—X,
n!

n

2.t

—
24/t

(41)
(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)



rac

- ; i%erfc (—2) 1- ; i‘erfc (—2) 1- ; i’erfc (-2)

A, =

i%eric2 % ierfc2 % ilerfc2

u i%erfc (-2),i'erfc (-2),i%erfc (—2), i%rfc 2,i'erfc2,i’erfc 2 MOKHO HaliTh B Tabimax erfc.

2.3 AHaJIUTHYECKOE PelleHue BTOPOH KPaeBoH 3a1aun
AHQJIUTUYECKOE PEIICHUE YPABHEHUSI TEIIONPOBOJHOCTH

ou__,0%
a 2 flt<x<ait, t>0 (50)
H.Y: u(x0) =0, (51)
ou
x =¢(t),
r.y: x=pit (52)
ou
r~ #(1),
X xart (53)
u(0,0) =0, (54)
e @(t) =Xk_, pntg, o) =Xk, vﬂtlzt AHATTUTUYCCKUE  (DYHKIIMH, MOXKHO

MNpcaACTaBUTL B BUIC

u(x,t) = i:g(@ﬂ[ﬂninﬂf‘:%_k Bninﬂfcz;iil (55)

[Moncrasnss (55) B rpannunbie yenoBus (52) u (53)
¥ UCIIONB3Ys METOJ] HEOIPeIeIeHHBIX Ko (pUIMEeHTOB 1st X = [/t momydaem:

au 1 F . F
ax o p = zaﬁ[—ﬂuexp (i + Bol exp(—m]] +
1 ‘ ‘ -
+o [—Alr,“erfcﬁ + Blf,“erfcf] +

1
t _

+ (i) [—AiterfeZ + Byiterfcl| + -+

2a 2a 2a

13



Vi k
+ (ﬂ) |—Apssikerfel + B qi*erfcl] =

k
hn
n=0

oL x = oyt
au

ax

1 2 2
. _ & ) _ﬂ'
T TaTe | Aeexp () + Bolen ()| +
|
2a

JE 1
+ (E) |-4citerfe + Byiterfe| + -+

—A.{° x ;0 —“
Al erfcza—k Bji m’fcza] +

2a

k
-3 we
n=0

Takum o6pasom kodbduuuents! Aq,A1,4,,...,4, u By,By,B,, ..., B, Haxonsarcs us3

Vi k
+( ) |—Apssikerfes + By, i*erfc | =

ta|=

CHUCTEMBI
—Apexp () + Boexp(—) =0
~Agexp () + Boexp(-L) = 0

4a?
. B . —p
—Alr,“e*rfcﬁ + Blr,“e*rfcﬁ = U,
. o . —
—AILDE‘?"}CCE + Blr,“erfcﬂ =1
. I3 . -f
—Ayierfe—+ Byiterfe— = u,

. g . — K
—Ayilerfe—+ Byiterfe—=v,
a a

e g e —p
—Agi*terfe—+ Bpi* erfe- = u,

Py . (4 Py . —i&
—A,i*terfc—+ Bpi* erfe— = v,
a a

Ecnu dpyukumu @(t), @(t) MOKHO pasioKuTh B BUIE

o) = XK o pots, ¢(t) = XM vt

Torma g m = Ik,

14



Pemenne Oyner paccMOTPEHO B BUIE

u(x, t) =xr_ D(ﬂ [A i"erfe =

(56)

[mey=m+1

msx = Bt

ou
dx

[—Aﬂexp (5—2] + Buiﬂexp(—gj +

x= J{?'..-'? N 2 a‘\'{?

1 . ‘ _
+£ [—Alr,“erfcg + Blf,“erfcﬂ +

VEY T, -
+(£ [—Azzlerfc£+Bzzlerfc2—‘f + -+

k

Jt . e -
+ (ﬂ [—Akﬂzkerfc% + Bkﬂz“m’fcz—’:] =

k
n
n=0

s X = en/t

du
dx

1
= SaTi| 0o G + Bolexp ()] +

x=mt

+1
2a

f—

—A.{° x ;0 =
Al erfcza—k Bji m’fcza] +

N|~a

) —Ajiterfes+ Byiterfct] + -+

2

m+1
. (7 4 . —iE
( ) [—Amﬂimerfcg + Bmﬂimerfcﬂl =
m+1

n
S

n=0

15



kodpunmentor Ay, A4, 4;5,..., 4, n BD,BI,BE,...,B_; OTIPENENSIOTCS U3 CHCTEMBI

JIMHEWHBIX YPABHEHUMN
ﬂ’z ﬂ’z
—Apexp () + Boexp(—z) =0

—Agexp (L) + Boerp(-) = 0

. B . —p
—A;i%erfe—+ Blr,“erfcﬁ = U,

. rg . — K
—A,i%erfe—+ B ierfe—=v

-1 A -1 - _
—A,i erfcﬂ—i— B,i erfcg =L,

. rg . — K
—Ayierfe—+ Byiterfe—=v,
a a

P

P o
~Apgrimerfe -+ By imerfe(—5-) =0

1 & 1 — & _
—A_ 1 ETfCE—i—BmHL erfca =1,

o m < Ik,
Pemenue npeacrapisieTcst B BUAE

14
n . x f —X
u(x, t) = Z (x/f) [Anlnm"ff_gm,q + an'”erfc—m?
n=0

rney = k+1

s x = Bt

du 1 iz Via
— = —Agexp () + Byi®exp(——) | +
T2 ne ™ 7a ﬁ[ 0exp () + Boi®exp(-Ly)

1 . ‘ _
+£ [—Alr,“erfcg + Blf,“erfcﬂ +

16



1
Vt . -
+(E [—Azzlerfc£+Bzzlerfcz—‘f + -+

k

Vt . g . -
- (E [—Akﬂakerfcﬂ + Byaiferfe| =

E+1

M
n=0
oI X = ayt
du

1 2 2
. _ 4 ) _ o
Xl = ZaTel A0S () + Boi®e ()| +

f—

1 0 o 0 — &
+£ —A;i erfcﬂ—k B,i e*rfczl—k

o
'

N|~s

i1 al i1 il BT
) —A,i E?"fcza—szr, e"rfcM]—F +

“I"ﬁ

) [ Ap ik erfc——i—BkHr, ETfC—] =

n
v, L=

n=0

Kosdpdummentst Ay, A4,4,,...,A,u By, By,B,, ..., B, onpenenstorcs u3
—Ayexp (f—;] + Bgexp(—f—;j =0

—Aqexp ( =) T8 exp(_— ) =10

—A;%erfel + Bli':'erfc;—f= "y

—A4,i%rfe—+B,i%erfc—= v

2

. g . -f
—Ayilerfe—+Byiterfe—=u

17



. rg . — K
—Ayierfe—+ Byiterfe—=v,
a a

e £ ke -5
—Apqtterfe—+ Begiterfe— =1,

B & < B — _
—Apiitterfe—+ By iterfo— = vy

B oy =8 sy [ - —
rae t'erfe,terfe terfe_, i"erfe__, v=0,1,2... KOHCTaHTBI, KOTOpbIE MOTYT

OBITh OIpeIeCHBI U3 TadmuIy ajs erfc.

2.4 AHaJIUTHYECKOE PelIeHUs1 YPABHEHHS TeNJIONPOBOJIHOCTH C
rPAHMYHBIMH YCJIOBUAMH CMEIIAHHOIO THIIA
AHaMTUYECKOE PELICHNE YPaBHEHUS TEIIONPOBOHOCTH

2
a_“:azalj, Bt <x<adt , t>0
ot OX
H.V: U(X,O)zoi
ry:  ulaty)=e)
ou
—|  =dt),
8X x=a(t)
u(00)=0,
re @(t) = XF_, ,uﬂtg, g(t)=Ym, vﬂtlzt aHAJIMTUYECKUE (PYHKIIMU

3aIIUCBIBACTCA B BUAC

ulx, t) = Z (v’ﬂﬂ [Aﬂi'”erfcfﬁ + Bﬂiﬂerfcﬁ]
n=0

[ToncraBasiem Beipakenue (62) B rpannunbie ycinosus (59), (60)
ectu m = k,rornay =m+ 1, eciiu m < ktormay = k

msm=k,y=m+1
18

(57)

(58)

(59)

(60)

(61)

(62)



Pemenne npuHumaer Bujg

=Bt
m+1

u(ptt) = Z (V)" [A,imerfel + B, imerfct
=0

W

w(p/et) = (Vo) [ﬂoi“m”fc.‘£+ Buiﬂerfc;_ﬂ +
+(ﬁ)1 [ﬂlilerfc£+ Blilerfc%g] "
+(ve)° [ﬂzizerfc£+ Bzizerfcg—f] R

+1 ) ‘ ~
+(‘\/E)m I:Am+11m+1€rfc£—|—Bm+11m+1€?,fc£ _

k
n
n=0o

x = ot

du
dx

1 2 .
=5~ — 0 exp (-2
= Zaﬁ[ ADEKIJ (4‘&2:] + Bgl Ew{:_q.az]] -+

x=ant

1 ;0 o -0 —
—|—£[—A11 erfcﬂ—i— B,i ﬂfﬂﬂ] +

ViV
+(E) __Azilé'?"fc;—a+ Bzilerf(:%] 4o+

"
‘V{E [ —_—
" (_) _Amﬂimgrf(;:_a + Bns 1im€?"fC£] -

19



kodpunmentor Ay, A4, 4;5,..., 4, n BD,BI,BE,...,B_; OTIPENENSIOTCS U3 CHCTEMBI

JIMHEWHBIX YPABHEHUMN
ﬂ'z 0 ﬂ'z

—Apexp () + Byl exp(— ) =0

. g . —p
Ac,t“erfcﬂ - Bﬂtﬂerfcﬁ = U,

. rg . — K

—A,i%erfe—+ B ierfe—=v

. K . -8
Ajiterfe—+Bjiterfe—=u,

A o . —
—AzllE‘T’fCE + Bgzlerfcﬂ = v

1 o 11 — & _
—A 10 erch—FBmHz erfcﬂ =V,

Ay i™ erfe + B, i™terfe = 0

mssm<k,y=k

Pemenne 3anuceiBaeTcs B BUIE IS = M

k
u(BL0) = ) (V)" [Anirerfess + Biverfe]

nJIn
u(pet) = (Vo) [Aui“frfc£+ Bgi':'erfc;—f] +
+(Vo)' -Alflﬁ‘TfC£+Blilerfc¥] N
+(Vﬂ2 -Azizﬂfcg—szigerfc;—f] + .+

+(Vo)* [Ariterfel + Byikerfet] =

k
n
n=0

20



au 1 @ ) a®
ax it = —zaﬁ[—ﬂuexp (2 + Bot exp(—ﬁjl +
1 0 o 0 — &
+£[—A11 erfcﬂ—k B,i erfcﬂl +

+

1
2 1@(@ [_ﬂzilﬂfczi—F Bzilmﬂfc‘;—a] + -t
a - .
k-1

ﬁ h—1 & =1 —
+(2ihﬁ [—Akz erch—FBkr, e*rfcglz

n
S

n=0

koabdumentsr Ag,A4,4;,...,A, 1 By,B,B,,...,B, onpenensrorcs U3 CHCTEMBI

JIMHEWHBIX YPaBHEHUN
ﬂ'z 0 ﬂ'z
—Apexp () + Byl exp(— ) =0
. k: . —F
Aﬂtﬂerfcg—i— BDIDE‘TfCE = U,
—A.{° il ;0 g
Ajt e*rfcza—FBlz erfcza vy
-1 g -1 -5 _
Ayl E‘TfCE-FBll erfcﬂ—,ul

A o . —
—AzllE‘T’fCE + Bgzlerfcﬂ = v

—Akik_lerfc;—a + Bki"‘_lerfc;—j =y ,ecnk —1=m
(if k —1 > m,nony4aeM — Akik_lerfC% + Bkik_lerfcg =0)
ferfel kerfet =
Al erfcza + B 1 erfcza 0
g k-1=m
rue i'erfel i’erfet ierfe, i’erfe=2, y=0,1,2... oupenensroTCs U3 TAGIHLBL.

IHpumep
PemuTh KpaeBylo 3a1a4y METOJIOM MHTETPaIbHOM (PYHKIIMU OLIMOOK

21



du 3% u

— =16— 0<x<?2 t>0
ot ox2’ x <2V,
du
u(0,0) = 0, =l = 2-3vt  u(2vet) =1+ 24k
x=0
Pemenue

penieHue OyJeT pacCMOTPEHO B cieAyrolen Gpopme

2 n n X n —X
u(x,t)—nzz(;(\ﬁ) [Ai erfcﬁ+ B, i"erfc ﬁ]

Jist x=0
BbIpakeHue (1) mpumer Buj

du
dx

= %[—Aﬂexp (0) + Byi’exp(0)] +
N

x=0

+§[—Ali“€?"fco—|—31£°€rfcu] +
+% (@1[—A2£1ﬂfcu + B,iterfeo] =
=2 -3t

s x = 24/t

u(Zﬁ,t) — (mﬂ [ADiDETfCE‘FBgiDETfC_Tl] +

+(‘\®1 [‘qlilmﬂfﬂ%—F Blile?"fc_jl] +

+(VO)' |Azi%erfct + Byiterfc| =
=142t

koadunuents! A,,B,,4,,B,,4,, B, 1erko onpeaensoTcs U3 CUCTEMbI

A, +B,=0 w
Aoi®erfe-+ Byierfc— =1
—A,i%erfco + Byierfco= 16
Ajiterfe.+ Byiterfc— =2
—A,iterfco+ Byiterfco= —24
Ai’erfe=+ Byilerfc— =0 )

22
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Ipumep 3
Pemmnts nannyro kpaeByro 3agaay DO meTonom

a 82

ks e —\t< x < 24/, t=0

at dx2

du;,  3%u,

=S 24/t < x < oo, t>0
ul({]!{]j = D.!

2x

U, (x,0) = xe™ =¥,

_=+t—-2t

x=—A

&1y

dx

d1iy
dx

4 Bup

x= 2*\-'? dx

w, (2t t) = u, (2Vt,t)

uz EOO’D) = D!

r
x=2 *-.-'?

Pemenne:
Pemrenue ypaBHEHUS TEIIONPOBOIHOCTHA MAKHO MPEIACTABUTDH B BUJE

w, (o t) = Sioti{ A inerfe(2y) + Buirerfe(—2,))
u,(x,t) =32, tz {Cﬂiﬂerfc(ﬁ) + D, i"erfc (_%)}

lim,_, (V) 4, i"erfc (ﬁ) —0

g M X
lim (V&) " Byl ”f‘:( ‘h.-f) ( x » = 28p x ™
=0T (T o T
—2x __ oo {_ljnzn n+1
xXe = ﬂ:,:,—x

n!

u3 (68) caenyer

=]

Z%iﬂ ZZﬂanrl’
n! 4n o) n!

n=0
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(66)

(67)

(68)
(69)

(70)
(71)

(72)

(73)

(74)

(75)



501051

o0

ZB i1 xn+1 - (_1)11211
B, + = = E ———— "t
0 (n+ 1)14n+t T
n=0 n=0

uB,, =(D"2"" (n+1) (76)

3 n
tz7*
Z {—a,imerfcs + (~1)"23 ™ (n+ Vi terfe (—1)} = vE— 2t
NnIn

1 1 1
m[—ﬂuexp 16 + Zexp(—ﬁj] +

i [aerses - seerse ]+
A larerret e viard L)+

+% [—Agizerfci - leizerfC(—i]] =+t 2t

B pesynbrare nosyuaem

i[—AD expi +2 exp(—i)] =0, = A, =2exp(2), (77)

[~Asiterfe —32i%rfe-2)] =0, = A= _H:’—?{—_} , (78)
‘ X ] ) a-z?iigrfj—ﬁ}—e;

t-Aerfeg+ 32T erfe(-3)] = 1, Ay = 27U g

8-212i%erfc(-L)

S[AsPerfer —22Perfo(-L)] = —2, = 4;=

(80)

2 1
i“erfe

Amnanornyno u3 (71) monydaem
3

Z ti_i {—Aﬂi“—lerfcg + B, i" terfc (—21)}

n=0
3
).

n=0

Nl.‘-s

1

{—C,i" terfci+ D, i" terfc(—1)}

2

N

24



—Aqi~ erfc + Byi™” leTfC( E)}={—Cgi_le?"fm—|—DD£"1€TfC(—1)},

{ :

—A,i° erfc + B i%erfc(— —{—CliDETffl"'DﬂDETfC(_lJ}J
{

-

{

Aiterfo-+ Byiterfc(—2)| = (=G ierfei+ Dyiterfe(—1)),

[ I IS N T S G Y SO T I

r“'_"‘\f"_"‘\r“'_"‘\

—A,1° erfc + Bjiterfc %)~={—Cgizerfm—kDgizerfc(—lj}.

u3 (72)
3 ) 1 3
Z 214, ierfe S+ Baiterfc (—g)} - Z t3{C i"erfcl + D, i"erfc(—1))}
n=0 ) n=0
WIH
1 IRY , .
ADL erfc2+BDL erfr:( E) = {C,i%erfcl+ Dyilerfe(—1)},
( 1 1)
Al erfc + B,i erfc( E) = {C,i'erfcl + D i*erfc(—1)},
( 1
HEL E?"f(,' + B,i Erfc( E) = {C,i’erfcl+ D,i’erfc(—1)},
{A i*erfes + Byiterfc(—2)} = (Gi%erfcl+ Dyiderfe(-1)}.
koapumentsr C,, D, n = 0,1,2,3 onpeaenstoTcss U3 CUCTEMbl YPABHEHUI
1

2

Al = pI = I =

~{~Aoiterfcs + Boimterfe(—2)} = (~Coi~terfes + Dyi terfe(—1)},

=

—Aiterfci+ Byiterfe(—1)} = (—Coiterfes + Dyiterfe(—v),

(-

—Aji®erfcs+ Bsi%erfe(—1)} = (—Cii%erfer + Dy i%erfe(—1),
(-
(-

{—asi%erfci+ Bai%erfc g) = {—Cyi%erfci + Dyilerfo(—1)),
1 . .
{AGL erfc— > + Byierfc = {C,i%erfcl+ Dyilerfe(—1)},

= {C,iterfcl + Dyiterfc(—1)},

-

L\Jll—l [\Jll—l L\Jll—l

(-
{Alile’rfc% + B,iterfc (
-

1
{HzigﬂfC§+BziEETfC = {C,i%erfcl+ D,i%erfc(—1)},

ks
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1

{a;i%erfct + ByiPerfc(=2)} = (GiPerfel+ Dyiderfe(-1)),
['ne xosdunmentsr 4,, B,,, n=0,1,2,3 naxonsrcs u3 (77)-(80)

2.5 AHaJIUTHYECKOE pelieHHe YPABHEHH TelJIONPOBOJIHOCTH C
rPaAaHMYHBIMH YCJIOBHAMM TPEThEro THIA
AHaMTUYECKOE PELICHNE YPAaBHEHUS TEIIONPOBOIHOCTH

ou _,0%
— =a —

ﬂ\/f<x<a\/f, t>0

H.V: u(x,0) =0,

. ou +6’—j =o(t),
r.y: ( X))y

(eu+§a—“j - 4),

x=at

3aJ1ae€TCd B BUIE:

Zav'i

ulx, t) = Z (xfﬂﬂ [Aniﬂerfczzﬁ + B, i"erfc _xr]
n=0o

(81)
(82)

(83)

(84)

(85)

(86)

rae@(t), ¢(t) anamurndeckue QYHKIMH, KOTOPHIE MOTYT OBITH MPEICTABICHBI B BHIE

o(t) = Tio ﬂnt%r () = Ty vt
[Moacrapinss Beipakenue (86) rue y = supim, k}
B IPaHUYHBIE YCIIOBHS

st X = Bt monydgaem

x=/t

¥
- pz (VI)"[Animerfel + Byimerfet] +
n=0

¥
+ HZ (Vo)™ |4ninterfel + B imterfc ]
n=0

501051
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x=ﬁ\-'?
o, . , - 0 :
= p(+/t) [HDLDE'TfC%—l- Bc,z“erfcz—ﬂ —I—E[—Aﬂexp (5—23 + Bﬂzﬂexp(—gjl +
1My a1 i -1 —F :0 al -0 —F
+p(x/f) Alr, erfc——!—B L E‘Tf(',‘— —|—9[—A11 e*rfcﬂ—i—Blz erfcﬂ +
+p(x/ﬂ z—’l i ET’fC—+B ierfc ﬁ]+6’(ﬂ[ zzlerfczﬁ+82i1€rfcg—ﬁJ
a a
+p(x/f) _A},L]"erfcﬂ + B},L]"erfcf]
Y=L 4 ay-1 B y-1 —Al _
+ 8(+/1) [ A i"terfe—+B,i¥ erfcﬂ =

(u+037)
b dx

_ pz (VD) " [Anirerfe + B imerfe ]
n=0 y
+ SZ (V)" |aninterfes + Byimterfe 2]
n=0

— 0 . g -0 _F i . a® .0 a?
= /1) [Aur, erfc—+ Byi’erfc 5]4—2 Nﬂ,_[ Agexp () + Byl exp(—@]]—k
+£(xﬁ)1 Alile'rfc%—kBlilerfc— + *‘:[—A i erfc——i—Blr, Erfc—]—i—

+g(m2 [ A, erfc——|—B i‘erfc lé]—l-ﬁ(ﬂ[ﬂzt E’rfr:——|—B iterfc /6]
+£(@F _ﬂFLFE’T’fCE+BF1FETfC£]+f(y{_]F 1[—;—‘1},1}’ 1€rch+BF1}’ lerfc%a]
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KO3 pHUITEHTHI AD,AI,AZ,...,A;. u BD,BI,BE,...,B_; OTIPENENSIOTCS U3 CHCTEMBI

JIMHEWHBIX YPABHEHUMN
—A exp (%] + B,i%exp (—%) =0
—Agexp () + Boi®exp(— ) =0

p [A,:,i“erfczﬁ + B,:.::“erfc;—’é] +6[-4,i%rfcs + Bii%rfcl| =
a 1 a a
& Aﬂl e*rfc—+B,:.1 erfc 5] + & [—Alz erfr:——|—B l erfc—] = ¥
plasiterfeZ + B iterfcl| + 6|aiterfel + Bzilerfc;—’ﬁ _
L a a | i el

—B

g Alilerfc£+811'1€rfc;—‘: + & Agl erfc——kBg: E‘Tf(',‘— =1
A 2al

p[AFiFETfC£ + B, Verfe—| = a,

. ki . -
¥ . ¥ _15| =
S[A},l erfcza +B,i erfcza v,

rae i’ erfc LU E‘Tf('.‘ terfc, terfe, v=0,1,2... onpenensorcs u3

WHTETPaIbHON (l)yHKI_II/II/I OILLINOOK.
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3 IEF METHOD

3.1 Introducrion to IEF method

This chapter is devoted to introduce special methods by the help of which Heat
Equations in the domains with fixed and moving boundaries are solved. Heat
equations are solved by the help of Integral Error Functions (IEF method) and its
properties, which were introduced by Hartree in 1935 and reasonably sometimes
called Hartree functions. As it will be shown in further paragraphs, method can be
used to solve first, second and third boundary value problems for Heat Equations
with fixed and moving finite, semi-infinite and infinite boundaries. The integral error
functions determined by recurrent formulas

. < . 2 7
i"erfcx = |i"erfovdv,  n=1,2.... i%erfex = erfox = — | exp(—v?)dv 1
[ = j xp(~v*) (1)
2 X
Where erfx =1—erfcx = — | exp(—v?)dv
72.!

One can obtain from (1)
H _ 2 100 _ n _y2
i"erfcx = ! (V—x)"exp(-v?)dv (2)

Expressions (56) satisfy the differential equation

2

d—zi“erfcx +2xii"erfcx—2ni"erfcx =0 (2)
dx dx

and recurrent formulas

2ni"erfcx = i"*erfex — 2xi "erfex (3)
Integral Error Functions are very useful for investigation of heat transfer, diffusion
and other phenomena which can be described by the equation

ou o%u
a ¥ ae )

inaregion D(t>00<x<ea(t)) with free boundary x=«f(t) , since the functions

T X

2av't

u, (£x,t) =t2i"erfc

suffice the equation (4) as well as their linear combination or even series
u(x,t) = D TAU, (%) + B,u, (-x,1)]
n=0

For any constants A ,B,.We can choose these constants to satisfy the boundary

conditions at
x=0 and x=«aft), if given boundary functions can be expanded into Taylor series

with powers
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t or ft.

3.2 Properties of Integral Error Function
It is possible to derive new properties of Integral Error Functions.
6. If n isan integer, then

1 e d"

inerfe(—x) + (-1)"i"erfex = -~ H, (i) = —~—e* 9 e“with i=v—1 and
2" nli 2" nl dx

Hermite polynomials H_(x) in the right side. Indeed, using formula (2) one can
write

i"erfc(—x) + (—=2)"i"erfcx = I(v +X)"exp(—v*)dv +

1)2

j(v X)" exp(—v?)dv = \/_'[(v+x) exp(—v )dv— i” H. (ix) (6)

7. Using formula for Hermite polynomials one can derive

. f 1 f [g} Xn—2m
i"erfc(—x) + (-1)"i"erfcx =
=9 +D % 22" ml(n —2m)!

(7)
Ifn=2k, then

y2(k=m)

k
i*erfc x +i%*erfc (—x
(=)= mZ:OZ "mi(2k —2m)!

In particular
erfc x+erfc (—x) =2,

i’erfc x +i’erfc (—x) :%+x2 :

i‘erfc x+i‘erfc (- x)_£+1x +ix
8 4 12

Ifn=2k+1, then

y2(k-m)+1

Kk
2k+1 2k+l
erfc(— x erfc x =
=X- ész’lm!(Zk—2m+1)!

(8)
In particular
lerfc(— x) —ierfc x =2x,

i*erfc(— x) —i’erfc x :%x+%x3 ,

ierfc (x) —i%erfc x = L it i 2y

2.21  2.213l 5l

The proof of the formula

] ) 1 > d” 2
i"erfc(=x) — (<1)"i"erfcx = e* X 9
(=)= i ®)
where

2 X
erfx =1—erfcx = —— [ exp(—v?)dv
|

30



can be obtained by mathematical induction method using recurrent formula (2.3).
8. Differentiating the right side of formula (9), we obtain
i"erfc(—x) — (-1)"i"erfcx = P, (x)erfx —Q, (x)iexp(—xz) : (10)
Jz
where polynomials P,(x) and Q,(x) are defined by formulas

|:E:| Xn_zm n-1 n—-k
s o EDTH (),
I:)”(X)_mzzozzm‘lm!(n—Zm)!’ Q”(X)_Z 2" (n—k)! R0

k=0
9. From (9), (10) we can obtain the explicit expressions for Integral Error
Functions of an integer index

n (-D" 2 2
i"erfcx = P, (x)erfcx X) ——exp(—x 11
2[n() +Qn()\/;><p( )] (11)
i"erfc(—x) = l[Pn (x)erfc(—x) - Q, (x)iexp (-x*)] (12)
2 I
10.Using L’Hopital rule and representation (1.1), it is not difficult to show that
lim i"erfc(—x) _2 (13)
x>o o x" n!

3.3 Corollaries for IEF method
Following corollaries will be helpful to so solve Heat equations.
6. Using property 2 one can derive following formula
k

n n
H(X, tj = Z {‘qzn Z xzﬂ_zmtmﬁﬂmm + A2n+1 Z xzn_2m+ltmﬁ2ﬂ+1,ml

n=0 m=0 m=0

Where u(x,t) is a solution of Heat Equation in polynomial form and

B(n,m) := !

2n+m_1-m!-(n - 2m)!

7. Expression  u(x,t) can be expanded in the following form
u(x, t] = AUﬁDJﬂ +

+4, (xzﬁm + t,{?m) +

+4, (x“ﬁw +x%tp, + tﬁu)+ et

+4,, (xzkﬁzk,u + xzk_ztﬁml + -t xztk_lﬁzk,k—l + tkﬁzk,k) +
+Axf,  +

+A, (xg,ﬁm + xtﬁaJl) +

+A; (xaﬁm +x°tf, , + xtzﬁig) +- 4+
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K k— k-
“‘fr'lzx.:ﬂ(j‘f2 Jrl;"?2;:+1,n:i"‘j'f2 ltﬁzkﬂl"‘"""ng lﬁzkﬂ,k—l
k
+ X% Borric)

8. Following expression will be frequently used in solutions of Heat Equations

du
i ZAEXBZJD +

+A, (453 By + 2xtBy ;) +
+A5(6K5[35,g + 4x*tfg , + 2xt7 [35’2)4_ e
+A2k(2kx2k_182]:{,u —|— (21{_ 1]X2k_3t82h1 + . + ZthBEka)_F

—|—A1ﬁm +
+A; (3%, 5 +tBa: ) +
+A (5:{“35}0 +3x7tp, | +17 Ba,g) 4t

+Ak41 ((2k+ 1)x**Bayrso + 2k — 1]x2k_2tﬁzk+1,1 + e

k— k
+ 3 Boprg s HE sz+1,k)

9. Expression u(x,t) = ,ﬁzﬂ(\/ﬂn[ﬂni“erfc%—i— Bﬂiﬂerfcz;f_r] can
expanded
ulx, t) = (xﬁ)o [A,:,i“m"fc%ﬁ + Bﬂiﬂerfc%] +
+(Ve)' [Asiterfe =+ Biiterfe——| +
+(VE)*|Azi2erfe_ + Byiterfo| + -+
+(vVO)" [Aﬂiﬂerfcf& + Bﬂiﬂerfc%?]

10.Partial derivative of u(x,t) can be written as
du

ax

1 22 —x2
= Saril 08P G + Boew ()] +

1 -
e ) X ) X
+ Za[ Al erfc—mﬁ—k Bji ETfC_zm.-E] +

Ve
- _ +1 X 1 —X .
+(2a) [ Al erfc—gmrt—szz ETngm.@]_" +

n—-1
t x .
+ ({) [—Ani“‘lerfcm—i— B, i" terfc

2a zav't
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4 ANALYTICAL AND APPROXIMATE SOLUTIONS OF HEAT
EQUATION BY IEF METHOD

4.1 Solution of the first type boundary value problem for the Heat
Equation in the half infinite bar
The solution of the problem

ou ,0%
_—a _

= > O<x<owo, t>0 (75)
ot OX
u(x,0) = () (76)
u(0,t) = f (t) (77)
U(oo,t) =0 (78)
0(0)=1(0), () =0 (79)

where ¢(x) and f(t) are analytical functions, can be represented in the form

u(x,t)zg(Zaﬁ)” [A,i"erfc ZaX\/f +B,i"erfc —— - \/_ (80)

This function satisfies the heat equation (75), as it was mentioned above for any
constants A, and B,. To satisfy the initial and boundary conditions (76) and (77)

we expand the functions ¢(x) and f(t) in Maclaurin series:

9™ n

PO =D — (81)
n=0 )
© ()
f(t)= Zf © (82)
n=0 n!
One can derive from the formula (68)
: 2 n
tI|_r>1g(2a\/f) i"erfc a\/_ =X (83)
while
lim(2a+/t)"i erfc——O (84)
t—0 2a

Then initial condition (70) gives

o0 2 0 (n) 0
ZﬁBnX - -()

n=0 " n=0

thus
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anéw(”)(O) , n=12,.. (85)

Using the boundary condition (71) we get

) 0 (n)
u@,t)=>y 2-(A, + B,)-i"erfc 0- (2avt)" => f nl(O)t” (86)
n=0 )

n=0
Taking into account that

n+1

L
i“erch=r(]!—\/2;), izmerfc0=22n11m! , i2m+1erfc0:m (87)
and comparing coefficients in (86) we obtain
Pomia + Bomir =0, Ao + Bo =22 £ (M (0) (88)
o)
Ao =—%(p<2m*1) ©), Ay, =2°"1§M(Q) —%w(zm) ), m=0,1,2,... (89)

The expressions (80), (85), (89) give the solution of the problem (75) - (79).

It has to be noted that the radius of convergence of the series (80) is equal to the
minimum of the radii of convergence of the series (81) and (82).

4.2 Analytic solution of Heat Equation with the first type boundary

conditions in the Pt <x<ailt domain by IEF method
Analytical solution of Heat Equation

@:azg’ Pt <x<at | t>0 (111)
ot OX
Subject to
1.C: u(x,0) =0, (112)
B.C: u(0,t) = o(t), (113)
u(l,t) = ¢(t), (114)
u(0,0) =0, (115)

If functions ¢(t), ¢(t) are definite functions given in the form
o(t) = Xk_uatz, ¢(t) = T™, vtz Then solution can be represented in the form
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n R x u —Xx
u(x, t) = Z (x/f) [fil,ﬂr,"““E‘i'”fc-‘—2 s + Bnlnf’?’ff—z o
n=0

Substituting expression into the boundary conditions

forx = At
u(Aet) = Z (x/f)ﬂ [Aﬂi'”“erfr:% + Bni“erfc;—f
n=0

or

H(MJE)E(mﬂ[ﬂuiﬂﬂfC£+BgiﬂmﬁfC;—i?—|—
+(vo)' :‘qlilﬁ'?"fﬂ'£+31il€}"fc¥]+
+(\@2 AziEETff.‘%—l-Bzizerfc;—f] + .t

+(vO)" [4,imerfel + Bimerfcct] =

] )
n=0

where y = sup{m,n}
forx = e/t
w(aVit) = (VO)' [Aoi®erfes + BolPerfel| +
+(VO)' [Asiterfel + Buiterfc?| +

2r « 7 & 3 —
+(+/t) Ayiterfe_+ Byi’erfo_| + -+
nl . & . — &
+(+/t) Apiterfo—+ Bﬂr,“erfczl =

: n
3

n=0

Finally coefficients A4g,4,,4,,...,4, and By, B,,B,,...,B, are determined from
system of linear equations

: k: . —F
Ac,t“erfcﬂ - Bﬂtﬂerfcﬁ = U,
-0 & W) —& _
Ayl ETfCE-FBDL erfcﬂ— Vg

. 8 . -8
Ajiterfe—+Bjiterfe—=p,
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. [£4 . —&
Ajiterfe—+ B lrerfe—= v
a a

Ayiterfel + B,i%erfc——= i,

. (3 A —&
Agtzerfcﬂ—i— Bzr,zerfcﬂ = 1

iYorfo . i o fo—t —
Al’erfe—+Bi'erfc-=u,
.o [# 4 2 1{ —
Al'erfe—+Bi'erfc—=v,
where i’erfcL,i’erfc=L i’erfe, i’erfe==, v=0,1,2... are identified from
Z2a 2a 2a z2da

tables.

Remark: One of key points in solving Heat Equations in the domains with moving
boundaries of the first type is to correctly identify value of y, which takes maximum
value between m and k in the boundary conditions.

Example 1

Solve the given boundary-value problem using Integral Error Functions

Z—"‘:=§, — o< x < 4T, t>0 (116)
u(x,0) = e, (117)
u(4Ve,t) = 24/t + 4¢, (118)
u(—eo,t) = 0 (119)

Solution

Solution considered in the form

U(x,t) =3 (V)" [A irerfc = + B i"erfc — 2] (120)
= 2\t 2t
for t=0
- ninerfe =X = 2 yn
Img(&/f) i"erfc i n!X : 121
while
lim(2vt)"i"erfc—~ = 0 122
lim(2t)"i er02\/E 122)

Then initial condition (117) gives
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2 &1
ZﬁBnX" :ZEx“ : (123)

thus
B, =% (124)
And for x =44t
io(ﬁ )" [Ai"erfc 2+ B,i"erfc (—2)] = 2./t +4t (125)

It is very important to choose right value of k. Particularly in this case, k will be
equal to 2. Expression (125) will take the form

Ai’erfc 2+;i°erfc (-2)+

1 -1 1 -1
+t{A1| erfc 2+ E| erfc (—2)}+
+t{A2i2erfc 2+ ;izerfc (—2)} =2t +4t

where

—~ ; i%erfc (—2) 1- ; i‘erfc (—2) 1- ; i’erfc (—2)
A = A= Ay =

i%erfc 2 i‘erfc 2 i%erfc 2

and i%rfc (—2),i'erfc (-2),i%erfc (—2),i%rfc 2,i'erfc2,i’erfc 2 can be found in erfc tables.

4.3 Analytic solution of the second type boundary value problem
For the same problem but different boundary conditions

ou , 0%

—=a’—, O<x<l, t>0 (94)

ot OX

Subject to
1.C: u(x,0) =0, t>0 (95)
B.C: M = o(t), O<x<lI (96)
OX x=0
du

o, = ¢(t), O<x<l (97)
u(,00=0 (98)
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where @(t), ¢(t) are analytical functions, and solution represented in the form

u(x: t} = fl:O{AZTL Z?nzoxzn_zmtmﬁZH,m + A2n+1 Z?nzoxzn_zm+ltmﬁ2n+l,m}
(98%)
u(:lr: t) =
U{AE y2n— Emtmﬁ +
n =0 Znm
Azm 1 Zm=o0 xzﬂ i i N l,m} (2.2.2.1.6)

Where A,,, 4,,,., have to be found. To satisfy the initial and boundary conditions
(95) - (98) we expand the functions @(t), ¢(t) in Maclaurin’s series:

(n)
o(t) = Z¢f® (99)

(n)
o) = Z¢f® (100)

Using undetermined coefficients method (equating coefficients in like terms) for x=0
even coefficients A, can be obtained from

7O
—~ (2k)!
In the same manner, using corollaries (3) and substituting even coefficients into the

boundary condition for x=I, odd coefficients 4,,_ , can be determined from
du

k
Iqmgm + ﬂztﬁm "‘Aﬂzﬁcb,z +-t Azﬁ:tz ﬁzk,;.: =

dx ez = 245100+
+A, (4B, + 21tB, ) +
+A5(6IEJE6JG + 4!3tﬁa’1 + ZIEEJ{?&E) —|— _|_
+ Ay (2RI Bypeo + 2k — DI 2By + oo 20 By ) +
+A41B, ,+

+45 (31, 4+ ths ) +
+A5 (514 Bso + 3124, | +t2fs; )+ +

+Azk41 ((2k+ DP*Bopeso + Ck—1)IP72B, +

2k+1 N
- 54 0) o,
+ 31t By p-r T ﬁzmm) Z GRID g2t
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4.4 Analytic solution of Heat Equation with the second type boundary
conditions in the gt < x<a+t domain by IEF method
Analytic solution of Heat Equation

;_u:azzx_l:, pt<x<adt, t>0 (156)
subject to

I.C: u(x,0) =0, (157)

ou
B.C: A (158)

ou
& x=a(t) B ¢(t)’ (159)
u(0,0) =0, (160)

where @(t) = Sk_, u,tz, ¢(t) = Bk_, v, t2 analytical ~ functions, can be
represented in the form

u(x,t) = Xk o(VE)"[Animerfe o+ Boimerfe:] (161)

Substituting expression (161) into the boundary conditions (158) and (159)
and applying UC method (undetermined coefficients method)

for x = A/t we have:

1

du i -0 £
ax i = zaﬂ[—ﬂuexp (2t Bot exp(—m]] +

1 -
. 8 .
—|—£ [—Alr,“erfc—m + Blz':'erfc—zﬂ’ | +

N",E

1
+ (E) |—4,iterfcZ + Byiterfcl| + -+

VT\'
. g . —F
+(£) [—Akﬂakerfcﬂ—!—Bkﬂzkerfcﬂ =

k
n
n=0

and for x = a+/t we have
ou

ax

=5 J[ Avexp (5 + Boi®exp ()| +

x=mt
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1 ) (7 4 ) —
+E[—A11 erfcﬁ—k Bji m’fcﬁ] +

+ 74 [—Azz erfc——szr, e*rch]—F---—F

—I—(v{_) [ A, i¥ e*rfr:——kBkHr, erfc— =

n=0
Thus following system obtained where coefficient A4g,4,,4,,..,4, and

By,B4,B,, ..., B, can be determined
—Ayexp ( ]—|— B,:.exp(——j =0
—Ayexp ( 2]—|— B,:.exp(— -)=20
—Aliuerfcﬂ + Bli':'erfcz—fz Uy
—A;i%erfe—+B,i%erfc_—=
—Ayiterfct + Byiterfcl =,

A o . —
—Aztle"rfcﬂ + Bzzlerfcﬂ = v

4 k-1 g h—1 -5 _
Al ETfCE-FBkI Erfcg—,ak
—Ai*terfe—+ B i*lerfe— = v,

If the functions o(t), ¢(t) are given in the form

W) = T o tntz, 9t) = LMy vtz
then for m = k,
solution will be considered in the form

u(x, t) =xr_ U(ﬂ [A i"erfc=+ Byi"erfc_
wherey =m+ 1
for x = B/t we have

(162)

ou
dx

1 F o
= Zaﬁ[_ﬂue}(p (2t Bol exp(—m)] +

x=Mt
1 -
—|_4. 0 v -0 —5

+2a[ Al erfcza—k Bji erfr:zf] +
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1
vt . -
+(E [—Azzlerfc£+Bzzlerfcz—‘f + -+

k

Vt . g . -
- (E [—Akﬂakerfcﬂ + Byaiferfe| =

k
n
n=0

For x = e/t

au 1 @ ) a®
ax it = —zaﬁ[—ﬂuexp (2 * Bot exp(—@]] +
1 i) [y -0 — &
+£[—A11 erfcﬂ—k Bji erfcﬂl +

Vi 1
+ (E) |—4iterfes + Byiterfc | + -+

2a
m+1

n
S

n=0

Finally coefficients 4g,4,,4,,...,4, and By, B,,B;,...,B, are determined from
system of linear equations
—Agexp () + Boexp(-

ﬁ m+1
+ ( ) |-Apsiimerfes + B, imerfe%| =

ﬂ:zj _ D

3
—Agexp (%] + B,:,exp(—%] =0
—A;i%erfel + Bli“erfc;—fz i,
—A;i%erfe—+B,i%erfc_—=
—Ayiterfc + Byiterfct = i,

. rg . — K
—Ayierfe—+ Byiterfe—=v,
a a

o B o B
~Apri™erfe o+ Bpai™erfe(—5) =0

1 & 1 — & _
—A_ 1 ETfCE—i—BmHL erfca =1,

form < k,

solution is considered in the form
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14
n R x u —Xx
u(x, t) = Z (x/f) [fil,ﬂr,"““E‘i'”fc-‘—2 s + Bnlnf’?’ff—z o
n=0

wherey =k +1

forx = A/t
ou 1 Vs s
— = —A ~—)+ B,i° — )|+
0x |x=pvt Za*ﬁ[ 08P () + Bol"exp( “*ﬂzj]
1 0 g " _
+ﬂ[—ﬁl11 erfcﬂ—k Bji erfcﬂ +

1
Vi -1 s -1 —#
+(E [—Hzl erch—FBzr, erfcﬂ + -+

and for x = a+/t we have
ou 1

x| =

1
+E[—A11 erfc——|— B,i erfc—] +

Vi 1
+ (E) |—4iterfes + Byiterfc | + -+

Vi K
+ (ﬁ) |—Apssi*erfes + By, i%erfc | =

E+1

n
S

n=0

Thus following system obtained where coefficient

By,B1,B,, ..., B, can be determined
—Agexp (o) + Boexp(-2;) = 0
—Agexp (3 ZJ+B exp(_— ) =10

. . ;3
—Alr,“e*rfcﬁ + Blr,“e*rfcﬁ = U,

42
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T ﬁ[ Aoexp () + Bol®exp ()| +

Ay, 44,45, ...,

A,

and



. rg . — K
—A,i%erfe—+ B ierfe—=v
A4 i1 g -1 -5 _

Asl erch—FBzr, E‘ch‘ﬂ—,ﬂz

A o . —
—Aztle"rfcﬂ + Bzzlerfcz— = v
a

3" g ke —F
—Appqtterfe—+ Byiterfe— =1

oy 74 oy —i _
—Agsalierfe—+ Byqiterfo— = vy

where i’erfcZ, i’erfet i'erfes, i'erfe==, v=0,1,2... are treated as constants
which can be determined from erfc tables.
4.5 Analytic solutions of Heat Equation in the domain with moving

boundaries of the mixed type obtained by IEF method
Analytical solution of Heat Equation

5_“:a252‘j, Bt <x<at , t>0 (189)

ot OX

Subject to
I.C: u(x0)=0, (190)
B.C: U(ﬂﬁ ,t)=¢(t), (191)
S ), (192)
X x=a(t)

u(00)=0, (193)

where @(t) = izgpnt%, o(t) =2, vntr‘zt are analytical functions, can be
represented in the form

n . x . —-x
u(x,t) = Z (V) [Anr,“erfcm +Bi"erfc—
n=0

Substituting expression () into the boundary conditions
Ifmz=ktheny=m+1,ifm<ktheny==k

form=k,y=m+1
solution is considered in the form

x = Bt
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m+1

u(Bet) = Z(v/_) [A i E’Tf(l‘—-l—B i erfc—]

or

u(ﬁﬁ, f) = (x/ﬂﬂ I:quiDETfC£+ Bc.i“erfc;—ﬂ +
+(VO)' [Asiterfel + Byiterfct| +
+(\@2 [AziEETfC£+Bzizerfc;—é1 + .t
+(®m+1 [Am+1im+1€rf5£+Bm+1im+1€rff-';_a _
Pnts
X =t

ou
dx

1 .2 ‘ "
i m[—ﬂuexp () + Bol"exp (_—@)] +

1
+E[—A11 E‘Tfr:——|— B,i E?"ff,'—] -

‘V{E ' 1 i .1 -
+ 2a [—Azn erfcz—kﬁzz erch]+..._|_

oy , . ‘ .
" (ﬂ [~Amasimerfel + Buoimerferr] =

n=0

Finally coefficients Aq,4;,4,,...,4, and By,B,,B,,...,B, are determined from

system of Iinear equations
—Apexp ( :|+B i E%‘p(——J—

1 I -1 -f
Ajierfe—+Biiterfe—=u,
_Azile‘?ﬂff,';—a + Bz,[_le‘rfc!;_j —] 1}2

. o . —
—Ams 11m€?"fﬁ'£ + Bm_,_ltme?'fcﬂ = v,
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Ay i™ erfe + B, i™terfe = 0

form<k,y=k
solution is considered in the form

v = A
k

H(ﬂ\ﬁ t) = Z (xﬁ)n [Aﬂi'”erfc£ + Bningrf(j;_f]

or -

H(MJE)E(mﬂ[ﬁﬂiﬂﬂfC£+Bﬂiﬂm”fC;_£|+
+(Vo)' :AliIE’TfC£+Bli1€rfc¥]+
+(Vﬂ2 Azigé’?"f6£+32£2€rfc;—é1 + .+

+(\E)k -A;:ikETfC% + Bkik.??"fcf] =

k

T

= 2t
n=0

x =/t
ou
dx

1 . .
=—|— a -0 _a®
e - Zay’?[ Agexp (MZJ + Byi"exp( 4‘&2]] +
b [
2a

1 - ) | B
zaﬁwa [_ﬂzilﬂfcﬂ + thlerfcal R

— ) i ) j
Aji"erfe—+ Byl ETfCZa] +

+

k-1

Vit 3 .
+ —A, i*lerfc— + B, i" terfc—| =

n
= Z v, Lz

n=0

Finally coefficients Aq,44,4,,...,4, and By,B4,B,,...,B, are determined from
system of linear equations
—Apexp () + Boi’exp(——=) = 0

: Fn —p
‘qﬂlﬂmﬂfﬁ'ﬂ + BDIDE'TfCE = Uy
. @ . —
_Alloﬁ‘?”fcﬂ + Bltﬂerfcﬂ =
0 15 .1 _ﬁ_
Aierfe—+Bylrerfe—= 1,
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. rg . — K
—Ayierfe—+ Byiterfe—=v,
a a

—Api*terfe+ Bii*erfe— = v if k—1=m

(if k —1>m,we have —Aki"‘lerfc%—k Bki’f‘lerfc% =0)
Apikerfel + Byi*erfc =0

If k-1=m

where i’erfcL i’erfc, i’erfe, i’erfe=Z, v=0,1,2... are identified from
tables.

Example 2
Solve the given boundary-value problem using Integral Error Functions

ou_ 0 0<x<2yi  t>0
ot ox?’ X< eVt

9
1(0,0) = 0, a—; —2-3y%  u(2vit) =1+24%
x=0

Solution

As in previous case solution will be considered in the following form

2 : X . —X
u(x,t) = t)" [A,i"erfc —~+Bi"erfc ——
(x,t) nz:;,(xf )" [A, 8.t 8. t] (194)
Expression (*) satisfies initial condition
For x=0
ul 234t (195)
dxlx=0p

It is very important to choose right value of k, particularly in this case, k will be equal
to 2. Expression (*) will take the form
du

1 :
= ﬁ[—fJL,:,t-:L:sq:t (0) + Byi%exp(0)] +

x=0
+§[—Aliﬂerfcu + B,i%erfco] +
(196)
1
3 (V) [~Asiterfco + Byiterfco] =
=2 — 34t
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and for x = 24/t

u(zﬁ!t) = (@ﬂ [ﬂoioﬂfﬂz-l- Buioerfc;] +
+(Vo)' [AlilerfCE_FBlilETfC_Tl] N

+(VO)' |4si%erfci + Byiterfc| =
=142t

Finally following system it is possible to determine coefficients 4,,B,,4,,B,,4,, B,

Ay+B,=0 \
Aoi®erfc-+ Byi%erfc— =1
—A,i%rfco+ Byi%erfco=16
Ajiterfc.+ Byiterfc— =2
—A,iterfco+ Byiterfco=—24

Ayiterfe-+ Byi*erfc— =0 )

Example 3
Solve the given boundary-value problem using Integral Error Functions

2
Quy _42% —Vt<x <24/, t>0
at dx?
up _ 2%uy
gt ax?’ 2t<x <o, t>0
u]_({]!{]) = D!
Uy (x!{]) = IE_ExF
duy _=+t—2t,
dx lx=—vt
9u, — 4%
x lyp=24t 8x ly=27
ul(Zﬁ, f) = HE(ZV{E’E)
uz {:OOJ{]] = UJ

Solution:
Solution of the Heat Equation is represented in the form

u, (xt) = Z,f:ut% {A,Ri“erfc (ﬁ?) + Bﬂi'“erfc(—ﬁ_)}

u, (1) =32tz {Cﬂiﬂerfc(%) +D,i"erfc (_ﬁ)}
47

(197)

(198)

(199)
(200)

(201)

(202)

(203)
(204)

(205)
(206)



Since lim,_,(vE)"4, i"erfc (ﬁ) -0
(Wt By, e:r‘fr:( :ht)

lim, o — = (R = T
and xe ¥ = »f:o%xﬂﬂ
From (200)
ZZB x " Z(—li“?‘”‘ ey
n! 4n
or
B+ — 2B,., x“”:i (—ljr“Z“xm

(n+ 1)l4n+1
=0

where B, = 0
and  B,,, = (—1)"2¥* 1 (n+1) (207)
From (209)
3 B
Z — [~ terfol + (—1)"2E (n+ Dinterfe (<)} = Vi 2t
n=0
or
1 1 1
m[—ﬂuexp 16 + ZEJCP(—E]] +
1
+- [—Ali“erfci — 32i%rfe-2)| +
[—Azz Erfc—+ 3. 2T11€?"f£' ] +
2 [—Agi erfe— 21252€ch(—ﬁ]] —JT—2t
Yield
1 1 1 1
" [—AD exp_— + 2 exp(—;)] =0, = A4,=2 exp(—;), (208)
d[-Asiferfer—32i%rfe-2)] =0, = A= _Mi—?{} (209)

?iiﬂfc[—i}—rla

. 1
iterfe

[Ariterfer+3-27iterfe(-H)] =1, =4, = ,(210)
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8-212i%erfo(-L)

(211)

[AsiPerfer —22lerfo(-2)]| = -2, = 4;=
From (210)

Z X 4 {—a,irterfc+ B imterfe(-2)]

n=0
3
=25

n=0

i quz

Nl.ts

{(—C,i" terfc1+ D, i" *erfc(—1)}

(]

or
Agivterfct + Bointerfe(—3)} = (—Coi terfer + Dyiterfe(—1)),

)
)

Aziterfc+ Byiterfc(—3)} = {(~Cyi%erfer+ Dyierfe(—1)}.

= {—C,i%rfc1+ D,i%erfec(—1)},

—A,it erfc + B,i erfc( % ={—C,iterfci+ Dyiterfc(—1)},

[ N S T RS Gl S

-
(~torscs s By erre(
{
=

From (211)
3

3

i 1 T
Z t3 {Aﬂi“ﬂfc >+ Buirerf (—g)} - Z t3{C,i"erfcl + D, i"erfc(—1)}
n=0 n=0

or

A,:,r, erfc + B,ilerfc = {C,i%rfcl+ Dyi%erfc(—1)},

“'-._-':_

= {C,iterfcl + Dyiterfc(—1)},

I“—"'f,

Alr, erfc2—|—B Jiterfc

= {C,i’erfcl+ D,i%erfc(—1)},

MII—'-Nll—‘NlI—‘-

:-_-"

= {Cii*erfcl+ Dyierfe(—1)}.
,2,3 can be determined from system of equations

M|r—h
e
[

{Agt erfc;+Bgz erfc
Finally coefficients C,,D,, n =0,

%{—ADL erfc + Byi"™” lﬁ‘?”ff( )}—{ Coi~terfer+ Dyierfe(—1)},
%{—Ala erfc + Byi erfc(

3)
1{—;1251.9?'}"(%4— Bgilerff( ) = {—C,iterfci+ Dyiterfc(—1)},
3)

(-
(-
1
Azr, Erfcz—kBgr, erfr:(
(-
1

1_ = {—C,i%rfc1+ Dyi%erfe(—1)},

2

1 . 1 . 1
E{—Agtzerfc5+ Bgazerfc( .

{Auiﬂerfc% + B,ilerfc (— %)} = {C,i%rfcl+ Dyi%erfc(—1)},

= {—Cyi%erfci+ Dyi%erfc(—1)},
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{Alilerfc% + B,iterfc (— )} = {C,iterfcl + Dyiterfc(—1)},
)} = {C,i’erfcl+ D,i’erfc(—1)},

{asierfo + Byiterfe(—3)} = (Gi*erfel+ Dyi*erfe(-1)).
Where coefficients 4,,, B,,, n=0,1,2,3 are given by (206)-(211)

i IS O Y S

. 1 .
{AELEETfCE + B,i%erfc (—

[

4.6 Analytic solution of Heat Equation with fixed boundary conditions
of the third type by IEF method
For analytical solution of Heat Equation

2
u_ 26_121, O<x<l, t>0 (106)
ot OX
subject to initial and boundary conditions
u(x,0) =0, O<x<lI (107)
(ad—u+ﬂu) =¢(1), t>0 (108)
dx o
du
(u—+w)  =4¢(t), t>0 (109)
dx x=l
u(0,0) =0, (110)

where ¢(x) and g¢(t) are analytical functions, solution can be represented in the
polynomial form of IEF

k n n
HEX, E] = Z {Azn Z xzn_zmtmﬁznm + A2n+1 Z xzn_2m+ltmﬁ2n+l,ml
n=0 m=0 m=0

which satisfy initial conditions () with 4, = 0. As in previous cases to determine
even and odd coefficients 4,,,, 4,,,,, 1t IS necessary to expand into Maclaurin’s
series right parts in boundary conditions

for x=0

o

(A0 o+ Asth,  + Ast2Bas + o+ Ayt Brys ) + AP, o+ +AstBs; +

#** 1 (0) 2k+1

k (= a]
+;":':.5t2 Ba,z + At sz+1,k} = Zk:ﬂ' (Zk+1)!

and for x=I

H{AUJSDJD +
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+4, (Fﬁm + tﬁm) +
+4, (I“ﬁw + I%,SM + tﬁu) + e+

- k— k
A (P Baseo + PH 2B, + o+ P By + 5By )+

+A,18,, +
+4; (BB, o +1tfs ) +
+A; (Iiﬁiu +tf, , + Etzﬁiz) +-+

ke e— k—
+ Ay (PF oo + PR IUB,  + o P B +

1t* B, kelk)

H+
(24,18,  +

+A, (4B, + 21tB, ) +
+A5(6IEJE5JG + 4!3tﬁ&1 + ZIEEJ{?&E) —|— _|_
+ Ay (2RI Bypeo + 2k — DI 2By + oo 20 By ) +

+A, B, +
+45 (31, 4+ ths ) +
+A5 (514 Bso + 3124, | +t2fs; )+ +

FAz441 ((ZFH DP*Bopsno + 2k =22, +

2k+1 ;
+ 305 Bopees g1+ Barar )} = E GRID g

then combine like terms in left parts, and equate coefficients using UC method
(undetermined coefficients method). Finally after obtaining recurrent formulas and
solving systems of linear equations even and odd coefficients can be determined.

4.7 Analytic solution of Heat Equation with the third type boundary
conditions in the p't<x<a't domain by IEF method
Analytical solution of Heat Equation

o1



@=a2@’ Bt <x<at, t>0 (238)
ot OX
Subject to
I.C: u(x,0) =0, (239)
ou
B.C: (p“*‘g& =e) (240
x=pt
(w M g (241)
XN
u(0,0) =0, (242)

where ¢@(t), ¢(t) are analytical functions which can be represented in the form
o) = Theo i, t2, $(t) = Tk vt =

n R x u —Xx
u(x, t) = Z (x/f) [fil,ﬂr,"““E‘i'”fc-‘—2 s + Bnlnf’?’ff—z o
n=0

Substituting expression () into the boundary conditions
where y = sup{m, k}

forx = A/t
(et 00| e =
pu dx B

x=Mt

¥
_ pz (VO)"[Aninerfcl + B imerfe?] +
n=0

¥
+ HZ (Vo)™ |4ninterfel + B imterfc ]
n=0

or

(u+057)
b dx

=/t

0 : . — & ‘
= p(‘\/ﬂ [ADLDWfC£+ Bglﬂﬂffz_/jl +E[—Aﬂexp (5_2:] + Bﬂlﬂerp(_gjl +
+ﬁ(®1[Alilerfc£+Blilgrfc;—f + 9[—Aliﬂg}~fc£+gliuﬂfc;_f 4

+p(y7) [Azigerfc£ + Bzizerfcg—f] + 6(y7) [Azile*rfc£ + Bzilerfcg—ﬁJ

a
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+p(y0)" [A},i}’erfci + B},iverfcf]
+6(vE) |4, i terfel + B, irterfct| =
k

= Z it

n=0
For x = en/t
(s 03] e "
P 0x/ | =t N

¥
_ pz (VO)"[Animerfel + B imerfe Y]
n=0 y
+ HZ (Vo)™ |4nimterfes + Bimterfc 2|
n=0

or

(0 + £37)
T 5

=T
0 .0 B .0 - 4 a? .0 a?

= £+/t) [Aur, erfe—+ Byl E'chz—f] —|—m[—ﬂuexp (i + Bol exp(—m]] +

+e(VT) [Asiterfel + Biterfcl| + £[—AsiCerfcs + Bii®erfc | +

+4(y7)° :Azigerfc£ + Bziﬂerfc;—f] + &0 [Azilerfc£ + Bzilerfc;—f]

+e(V1)' |4, iverfel + B iverfc | + &ort -4 i terfel + B, ivterfct|

n=0
Finally coefficients Aq,44,4,,...,4, and By,B4,B,,...,B, are determined from
system of linear equations
—Agexp (%]-F B,i%exp (— i )= 0

4a?

—Apexp () + Boi®exp(—) =0

p [Ac.iﬂerfc% + Bc.i“erfc;—ﬂ + 6|4 i%rfcl + Bii®erfct] =
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[ ] il i) 0 (s -0 -
g|4,1 erfc£+Bﬂr, erfcz—ﬂ + ;E[—Alz erfc£+811 E'chg =1,

p-Alilerfr:£+ Bii‘erfc2|+ 8|4 iterfel + Bzilerfcg—a =,

[, 8 . -g [ . Vi . —f)
S_Alzlerfc£+8111€rfc£ + ;E_Azzlerfc£+8211€rfcﬂ_ =
p[A},EVETfC£+BFE}’€TfC;—a =,

. i . -A
S[A},LFETfCE—FB},LFETfCE =V,
£ o =F ;7 &gy - — ; ;
where terfe i'erfe_ ierfe— i'erfe—, v=0,1,2... are identified from

integral error functions table.
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