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ABSTRACT. We consider class of algebras 2s5(9) constructed by
associative algebras under g-commutator aogb = gop gboa,

where g € K,¢% # 0,1 and P =char K # 2,3. We establish that
this class forms variety and satisfies the identity qsg(?) — 0, where
ass'® = (g — 1)?(t1,ts3,t2) + q [t3, [t1,2]). If g2 — 49+ 1#0 the
variety of g-associative algebras is generated by this identity. If
® —4g+1 = 0 this identity is not enough to generate 9559
and it should be supplemented by the Lie—Admissibility identity
([t1, 2], 8a] + [[t2, 3], 1] + [[t3, 1], 8] = 0. In exceptional case a
variety generated by the identity ass(® = is equivalent to the
variety of alternative algebras,

Well known that any associative algebras un
came Lie and under anticommutator became J
we study class of algebras generated b
by g-commutator, where ?#0,1.

Let A = (4, o) be an algebra with g multiplication o All vector

haracteristic P # 2,3. Denote
by o, a g-commutator of the multiplication o,

der commutator be-
ordan. In our paper

a%b=ao0b+qgbog,

For example, [a,b] = q o_1 b isa Lie commutator and {a,b} = ¢ o, b
is an Jordan commutator. I,et

ass(a,b, c) = (a,b,¢) =ao (boc) — (@ob)oe
be an associator. For 7 € K denote by A@ — (4,0

a vector space A and a multiplication 0.

For a non-commutative fon-associative polynomia] 9=g9(t1,t,. ..
denote by Fug a polynomial obtained from g using multiplication
t; ‘g tj = tltg + gtjtz For example,

¢) an algebra with

Fo(ta(tata)) = t1(taty) + g1, (tato) + g (tatg)t + 42 (tsta)tr, (1)

Fo((tita)ts) = (tyto)ts + ts(tita) + q (tt,)t, + q" t3(tat,) (2)
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and
Fq (LSS('[‘;}., ta, l:d) = (J,SS([ﬁl, s, tg) + (3)
glass(ty, ta, o) — ass(ls, by, to) — ass(la, ta, ty)+
ass(ta, tr, ts) + [t ta]ba]) — @* ass(ts, ta, ta).

Similarly, for algebra A = (A4, 0) denote by F,A the algebra (A, o).
lor g € K,q* # 0,1, define ¢-associativity polynomial ass'? by
“'SS(G)(tlatzrfB) = (g - l)z(tayta,ﬁz) + q [ta, [t1, t2])-

Then
ass'® = ass.
Let lia be Lie-Admissibility polynomial
lia’(t11 th t:j) = [{t] H tz}: t'i] + [[t21 t3]s Ll] + [’:[’33 tl]; tz]

Recall that here (f;,t;,t5) = t;(t;jts) — (L:t;)t, is an associator and
(i t;] = tit; — tjl; is a commutator. An algebra A is called Lie-
Admissible, if it satisfies the identity lia = 0.

For a non-commutative, non-associative polynomial with & -variables
£ = f(ta,... ,t) say that f =0 isidentityon (4,0) if f(a,... L) =

0 for any substitutions ¢ = ay,... .ty = a; € A. Here multiplica-
tions are done in terms of o. For polynomials fi, fa,. .., f. denote

by Var(fi, f2,.--,fr) 2 variety gencrated by identitics fi=0,f=
0....,f .= 0. Let Ass be a category of associative algebras and Ass®
he a category of algebras of a form (A, o), where (A, o) is associative
algebra. Well known, that 2ss = Var(ass) is a variety and AssY
iy a variety generated by anti-commutativity and Jacobi polynomials
(Lie algebras). As far as Ass) (special Jordan algebras) it is not a
varicty,

Asst) C Var(acom, jor), Ass') # Var(acom, jor),
where
acom = tity — taty, jJor = (L%,fig,h}.

Details see for example, [4]. Let

lalt = (tl: ta, 13) - (tlv "*3: i’l)a

ralt = (tla 1;2) td) - (tZ: f1, tS):
are left and right-alternative polynomials and It = Var(lalt, rall) is
q variety of alternative algebras.

Tn our paper we study a category Ass'? for ¢* # 0, 1. Recall that q-
algebra (A,0,) of associative algebra (A, o) is called quasi-associative.
We call it g assoctative. Recall also that flexible algebra with Jordan
identity (f,z t2, ;) = 0 is called non-commutative Jordan. Connection
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between quasi-associative algebras, associative algebras and noncom-
mutative Jordan algebras was studied in [1],]2],[3].

Let £° and £* are categories of algebras. Objects of £° are al-
gebras (A,o) with multiplication o and objects of £* are algebras
(A,x) with multiplication *. Morphisms between objects are usual

homomorphisms between corresponding algebras. Recall that a map
between categories

F:8 -8 F(A0)= (4,3

is called morphism of categories if any morphism « € Mor((A, o), (B, 0))
in category £° pass to a morphism in category £*.

In our case this
means that, if o : (4,0) — (B, 0)

homomorphism of algebras, then
o (A,*) — (B,%)

is also a homomorphism of algebras. In this sense the map

Fy: 88— o
is a morphism of categories.

Say that F' is an equivalence of categories if there exists a morphism

G: & —g°

such that compositions
GF:2° — g° EG B = g%
are identity morphisms,
GF(A,0) = (4,0), FG(A,+) = (4, *).

Theorem 1. Class 7
¢ #0,1. Namely,

Ass(? = Var(ass) if ¢* - d9+14#0,
Ass® = Var(ass'®, lia) if ¢ —4g4+1=¢.
Moreover, the following categories (varieties) are equivalent
'Var(ass('?)) ~Ass, if ¢° —4g 41 # 0,
Var(ass', lia) ~ Ass,
Var(ass?)
Equivalence morphisms are

of q-associative algebras Ass(® forms o variety if

if ¢ —dq+1=0,
~AUA if P —dg+1 =
gwen by the map F_, ;

F.y:Var(ass'9 — Var(ass), if ¢2 — dg+1+£0

F_g:Var(ass'?) — Var(ralt, lalt), ¢ —d4q+1=0

F_y: Var(ass?, lig) — Var(ass), if ¢% — dg+1=0 ’

Inverse morphisms are gwen by the map (1—g2p .
L
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Notice that in exceptional case ¢* —4dg + 1 = 0, one can present

assl® — qassg"),

where
ass$? = 2ty ts, ts } + [Eas [t o]
Corollary 2. The following identitics are consequences of the identity
55 =0 ; g (
ass ;

C'laé;t(tl ! tg, td) = (ihf‘Z: {'3) + (tg, tg, tl),

assqy (b, b, U3, ty) =
(tita)(ata)+(tats ) (babo)+(Erta) (tals) — (b (bata) oo —(t1 (baka) s~ (t1 (tats))ta,

assqa(ly, ta, ts, ty) =
(L2} (tta) + (ata) (Lo fa) + (st ) (Bat0) =La((tta)ta) —ta ((Bata)ts) —to((Fsty ) ).

assqs(ty, ta, b3, ba) =
Ei([te, ts)ts) — (Esth) [t2, ta] + [ts, (tyto)ty — (t1t4)ta).
In particular, any q-associative algebra is non-commautative Jordon,

One can show that identitics elast = 0, assq = 0, assq = 0, assqy =
() ave independent.
Lemma 3. If g = g(ty,...  t;) is a homogeneous non-commaultative,
non-associative polynomial of degree k, then
F_ Fog(= FyF- ed = (lﬁq ) Ig_

Proof. There exist 1 ?Effll)

example, there exist two bracketing types on three letters: #; (tats)
and (titz)ts.
It is enough to prove that
LF 0= (1-¢) g

for any bracketing type = on £ letters.

We use induction on A
In case & = 2 we have only one bracketing type: #4f5. In this case

) bracketing types on n letters. For

our statement is true:
]‘—:’"(ti‘ t’.2) = [:r'| [’ig + q tig "f'il 3

anel
gy [t ds)
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= bty = qlopty +qty, - £, — ¢t 8,
= (1= ")ty = (1 - @)ty ts,).
Suppose that for & — 1 our statement is true. Let o be one of
bracketing types on k letters. It can be presented in a form

O'(t,;l,... ,tik) = O"(til,... ,t,-k,)a”(tik,ﬂ,... ,tfk)

for some bracketing types ¢’ and ¢” on k' and ' =k — k! letters,
1<K <E.

Then
qu(tin wn ltik)
= quj(ti], - :tikr)FqUH(tier; e :tik)
+q qu-’!(tik’+1’ ok & tik) anl(tim v e :tikr)
and

F_ Fo(t,,... v, )

=F_ Fo'(ty,, ... ,tik,)F_qua”(tik,ﬂ, coty)
—qF o Fyo (L, ... b ) F_gFyo' (¢
+eF gFya(ty, . .. i ) g Foa (¢
P F Fd e, v ybige ) P g Fyo (1

TR
R
Tergyr s e ’tik)
= F_quo"(t,il, - ,t,;k,)F_quan(tik,H,. v it )

—qu_quU'(tﬁ, s ’tik’)F—qug”(tik’+l’ 3 d g 'tik)
By inductive suggestion

F_.quOJ(til, LI :tikl)

= (1 s q2)k'_10"(t1'1 35 auin ’tik’)’

F._.quO'”(tik,_'_l, ey tik)

= (]' - qz)k—kfhlo'”(tikq_l! T . !tik)'
Therefore,

F_QFQOI(til, e ’tik')F—quU”(tik‘+1’ Eh— =tik)
=(1- q?‘)k‘zo(til, o ty),
2
—CF_Fd(t,,... ,t,;k,)F_quU”(t,-k,H, oo gl §
= Hqg(l - q2)k—-20_(ti“ v )tik)
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and
Flglgolls v o i)
= lorig Bl By von b P Bt i v - 000 )
— P Foo'(tyy, ... b, ) Foo iy o vty
= {1 — )" Yo (b, 5 x50 )
Lemma is proved.
Lemma 4. If ¢* —4q+ 1 # 0, then the identity lia = 0 follows from

the identity ass® = 0.
If > —4g+1=0 and p+#2,3, then the identities ass® =0 and

lian = 0 are independent.

Proof. Takes place the following relation
ass@(ty, by, ts) + ass'D(ta, ta, t1) + assD(ts, t1, 85)—

(I.S'S(Q)(tl, (:3, fg) = (LSS(q) (tg, tl, tg) = (LSS(‘;)(tg, tjz, t]_) =
(¢* — 4q + 1) lia(ty, ta, 13).
Therefore,
ass@ =0, ¢ —4g+1+#0, = lia = 0.
Let Ca be a 8-dimensional Cayley-Dickson algebra correspond-
ing to Cayley octonians (algebra C(—4/5,—1,—1) in notations of [4],
chapter 2, p.48, exercise 3). Recall that Ca is alternative algebra.

Take base ep, €1, ... ,e; on Ca with multiplication table as it given in

[4], p.48, exercise 3.
One checks that three-linear maps lia and ass? on Ca are skew-

symmetric. Moreover,
(g— 1)2((12 —4q + 1) lia(e;, e e5) — Gass(‘”(ei,ej, es) = 0.

[t is easy to check that
liﬂ,(ﬁl, €a, 64) =12 €7,

assP(er, e2,e4) = 2(g — 1)*(¢* — 4g+ 1) e7.
Thus, octonians algebra is not Lie-admissible and satisfies the identity
ass@ =0 if ¢ —4g+1 =0 and p # 2,3. This means that identities

ass'® = 0 and lia = 0 are independent if ¢?—4g+1=0.

Lemma 5. Let ¢* —4q+1=0. Then
2 F_gralt(ty, ts, t3) =
(1 — q)(assP(t1, o, ta) + ass'D (i1, ts, £s))
F(1 — 3q)(ass'D (b, b1, t3) + ass (L, 11, t5)),
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2 F_.q lalt(tl, 'ﬂg, 1',3) =
(L-3q)ass'D(t, ty, t3) + 2q ass(ty, ¢, t2) +(—1+3¢) ass'P(ty, ¢, t3)

+2(1-2q) assD(ta, ta,11) + 2 (1 — 3 ¢) assD(tg, 11, t,)
and

ass(")(tltg,tg) =
-2 lalt(tI ) tg, f3) + 6(] lalt(tl, tg, tg) + 4[] lait(tl 5 ts, tg) + 2 'T‘CLZf(tl, tg, t3)
—4qralt(ty, ty, t3)+2 ralt(ty, t,, t3) —8qralt(ty, t,, t3) —2q ralt(ts, t,, lo).

Proof. In the following calculations we use (1), (2) and (3). We
have

ass(® (t1, b2, t3) + ass(';’)(tl i3, t9) =
t1(tats) — 2qty (Lats) + %1, (tats) + 1 (tata)
—2qh1(tata) + ¢* t1(tats) + ¢ La(tats) — qta(tsty)
+qta(tits) — gty(tat,) — (t1ta)ts + q (t125)ts
~q* (tyty )tz — (t1ta)ts + g (titg)ty — q* (trts)t,
+q (tath)ts + g (taty )L,

ass(@ (t2, t1,13) + ass'® (ts, t1, ty) =
~ata(tits) +ta(tsts) — qa(tsty) + q* ta(tsty)
—qta(tity) + ta(taty) — qts(taty) + ¢ t3(tat)
+q (tita)ts + ¢ (Lits)ts — g (tat1)ts — (tats)t,
+2q (bata)ts — o (tata)ts — g (tst1)t, — (tats)ty
+2q (tata)tr — ¢ (251t

and
F_gralt(ty, ty, t3) =
tatats) — gt (tats) + b, (tsts) — g1, (tsts)
+ata(tals) — q® to(tsty) + 2ta(tit) — g ta(toty)
—(t1ta)ts — (tits)ts + ¢ (tat1)ts — q (tata)ty
T4 (tata)tr + q (t5ty )ty — (tato)ts + g2 (tato)t,.
Thus,

— (@) .
(1—¢)(ass' (tl,tz,1!3)4-as.s(q}(?ﬁ1,ta,tz))-i-(l~—3(,;')(avss(q)(tzJ b1, t3)+ass@ (ty, 4y, t2))
-2 F_,q mlt(tl, tg, tl}) =

2(1 — 4(] + qz)(ass(tg, tg,t]) -+ aSS(fg, tz, tl))
Similarly,

(1- 3q)as.5(a)(t1, ta, t3) + 2¢ ass(Q}(tlyta, ta) + (=1 + 3q)ass(Q)(t2, 1, tg)
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+2(1_2q)a53(‘1)(t2,tg,t1)+2(1—3q)assm(t3,tl,'ﬁg)—Q F_,lalt(ty, s, t3) =
2(1 — 4q + q°)(ass(ts, t1, t2) + ass(ts, 2, 1))
and
—2lalt(ty, ta, ts) + 6qlalt(ty, 12, ts) + Aglalt(ts, Ty, o) + 27alt(ty, ta, t3)
—dqralt(ty, t2,L3) +2ralt(ty, t1, ta) —8qralt(ts, tr, ta) — 2q Talt(ts, 41, t2)
—Fyass(ty, ta,t3) =

(1—4q+ a*)(2 ass(ta, ts, t1) + [[t1, 2], t])-

Lemma is proved.
We omit calculations of the following lemmas. They are similar to

calculations given above.

Lemma 6.

Fy ass(“)(tl,tg,t3) =
(q— 1)? (gass(ty, ta, 1) + ass(ty, ts, t2)) -
q(q — 1) (ass(ts, tr, bs) + gass(te, ts, 11))+
q(q — 1)? (ass(ts, tr, t2) — ass(ts, ta, 1))
Lemma 7.

(g — 1)(¢° — 4q + 1) F_qass(ty, by, 1) =
(3q—1) ass'V(t1, 13, t2)—4 (q—=1) ass@ (b1, ta, &5)+alg—1) ass@(ts, t1, t)+
(1 — q) ass@(tz, t3,11) +3 g% ass'D(ts, t1,t2) — ¢° ass' (ta, by, t)—

q
qass @ (ts, ta, t1) + ¢* ass® (ta, ty, 11).

Lemma 8. Let ¢ —4¢+1=0. Then
2 q F_q CLSS(t] i t27 ts) =
(1 —3q)ass'(ta, tr,t2) + (1 =) 55D (ty, t, ts) — 24° lia(ty, 2, 23).

Proof of Theorem 1. By Lemma 4, lia = 0 is a consequence of
@ =0, if ¢>—4qg+1# 0. In other words,

Ass@ = Ass@ i) if ¢® —dg+1#0.

6, if (A,o) associative algebra, then the algebra (A, o,)

identity ass

By lemma
satisfies the identity assi® = (.
Let ¢* —4¢+ 1 # 0. By Lemma 7, if an algebra (A, o) satisfies

the identity ass@ = 0, then the algebra (A, o_,) satisfies the identity

ass = 0.
Now consider t
the identities ass

he case ¢%—4g+1 = 0. By Lemma 8, if (4, o) satisfies
(@ = (O and lia = 0, then (A,o_;) satisfies the
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identity ass = 0. By Lemma 5, if (A,o) satisfies the identity ass® =
0, then (A,o_,) is alternative and, inversly, if (A,o) is alternative
then (A,o,) satisfies the identity ass'® = 0.

So, if (A,0) is associative algebra, then (A,o,) satisfies the identi-
ties ass'? = 0,lia = 0 and vice-versa, if (A,«) satisfies the identities

ass? = 0,lia = 0 then (A,*_,) is associative. Thus, by Lemma 3 the
functor

Fy:Uss — Ass@,  (A,0) — (A, 0,)
is well defined and has inverse
(1—¢»)™2F_, : Ass'D — Qss,
if ¢> —4q+ 1 # 0. Similarly, the functors
Fy:%ss — Ass), (4,0) = (4,0,),
(1— %) 2F_,: Ass'?h®)  lss, (1 — q°) 2 F_, : Ass'D 9,
are also well-defined and
(L—¢*)*F_,F,=1id,
if ¢>—4¢+1=0.
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Pesrome.

PaccmaTpuBaloTCa Kiacchl anredp MoJy4eHHBIX U3 ACCOIHATUBHBIX ¢ ITOMOILBIO
(-KOMMYTaTOpPOB, Y CTaHOBJIEHEI, YTO TaKkHe aireOpsl ORIBAIOT YETEHIPEX TUITOB:
1) acconnaTHBHEIE

2) Jluessl (B cinyyae g= -1)

3) Hopaanossl (B ciyvae q= 1)

4) anpTecpHaTHBHEIE (B ciydae q = 2+43 )

Tyiiin

AcconnarnBTi anrebpanapaai q-KOMMYTaTOp apKLIUTBI INBIFATEIH anrebpaiap
KJIACH! KapacTHIpBLIa/Ibl. byuytail anreOpanapsiH 4 Typl GONAThIHb! JOIEIACHICH.
Onap Meinajaii aredpaiap:

1) accouuaTusTi

2) JIu ( q=-1 Gonranma)

3) Mopaat ( g= 1 Gosrasza) ,

4) anprepHaTnBTi (q = 2++/3 Goaranjia)
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Lie-algebras of Inertial Navigation
Auredpul Jln HHepuHatn ol HABHIalHH.
Bait:kanos B. C., Tynenbaer K. M., Kaauera A. C.
Yuusepenter um. Cyseiimana Aemupens, IOGMHA MOH PK

Annomayun

Pasinruueie 3apaun unepmamsioii HABHTALIH NPHBOJIAT K BONpocam H3YYeHus
CIEAYIOIUHX TPynn npealpasoBammii: 1-n

ApaMETPHYIECKas TPYIIaA HEPEHoCcos RO BPEMEHH;
4-mapameTprueckas TPYIIa ,BKIIOYAI0IAs HEPEHOCH BO BPCMCHH H IPOCTPAaNCTBEHHLIC
nosoporst; 10-napamerpiyeckas rpyTina

TZUII{IIEH N BKJ'II()"{&IOI.L[(’.!X IMEPEHOCH] BO BPEMEHH H B
TIPOCTPAHCTBE, MPOCTPAHCTBE THEIC TIOBOPOTE! 1 npeobpasosanus [anunes (aepenstuBucrexue
Bycra); 13- lTapaMETPHYCCKast IPYNITa BKIOYAIOmAs nee upcobpasosanns 10-

apaMeTpHIecKon rpymust lamunes H npeoﬁpasonau}m, NO3BOJIAIOIHE OIIMCHIBATDL

TPaBATAIMOHHEIE YeKOpeHns; 15- TfapameTpudeckan kondopmuas Tpymia, yauThIBaromas
PCIATHBHCTCEHE adichexThr.

Cornacro o6o3HagenmsmM, TPHHATEM B [2], [ —

HHEepUManbHas cucreMma orcaera, E(T) -
TEKyLIas HHEePILHANBHASL CHCTeMA OTCYETA, CBA3AHHAS

¢ 0GBeKTOM. Ay - Texymee
lpeodpasosaniie, CBA3bIBaIOILCE Ga30ByI0 CHCTEMY OT!
Ofuee ypasHenne meer BHI;
A[Elr+dr) = Ai:E(r] OAE(r)E(Mer (1)

,[[JIX [IEpeHoca 1o BPEMEHH HMeeM CIIg
—E.m =T:T5: (2)

YpaBHeHHe, YUHTHIBAIOIEE HHEPIHATBHYIO OpHeHTAa o

T:m(')s-.ds = CTL%)"(T&@&;) (3)

Hrnepimassnas HaBHTaUms 6e3 rpapuTamm HOXIHHEHO COOTHOLICHTIO:
d Rr+xfrvv1-d\«o®.9+dn9 =({LRY, °®s)oﬂalva'v®as) €]

Z[J[E HEPEILITHBHCTCKOT HHEePLHAaNEHO HaBuranmuu HMeem TOXAECTRO:
T

t+dt R:'*drvwdv °®S+dS°Gg*dg = (T; Rrvv 093 oGg )O(TJIV‘S\»@&QGJE ) (5)

Ypasuenne, YUHTHIBaIOmEE PEIATHBHCTCKY 10 MHEPLMAIILHYIO HaRHrawo:

T;{»dll{.-pd: oVw-rdw &-&d;’@&kds GGg+di Wdw (T; Rr cvp Ap®&°GgW \v)o(TrStVJW Aﬁr@)&?GﬁgW Ew) (6)
Wnes usyvenns HABHI'ALNK ¢ MOMOMILI0 TEOpHH Tpymn npug
Ju, COOTBETCTBYIOMIM anrebparueckum Tpynnam. Ouesnumo, yro AAHHEBIE Tpyring
lipeobpasosammii seasiorey anreGpanyeckimmy,

Mycts G - anredpanyeckas rpymna m A=K[G]- COOTRETCTRYIOMmAs Tpynnosag

Der A - anrebpa JIn mapdeperumposanmii A OTHOCHTCIBEHO oneparmy KOMMYyTHpoBamg,
HMoanpocrpancrro L(G)={ 6 e Der Al 82, = AS, Tie Af(y)=1 (x! V) } sensercy anreGpoii
JIn rpyTIET G. C touxu 3penns anrep Jlu, nanuge 331341 HAaBUTrALHEY obnanaror CIIEYTOMmMPMH
CBOHCTBAMH: BellECTBeHHOCTS (anre6pe PaccMatpuBarores kagk BEKTOPHLIE MpocTpancrpa Han
R), o6sexre: KOCMHICCKOH puposs ( mranerm, KOMeTsl, actepouy; T. 1.}, 06bexTe
HCIIOBEUECKOro Mporpecea (crryTmKn, PAKETE M 1. 1.). OcHoprag HIes cocrén’r HE B U3yyenuy
TPy, a u3yvyenue COOTBETCTBYIOIHM 1 anrebp Jly,

Crmcor HCNoNb30BRaHo{; JHTEpaTYpEL:
I. 9y6 B. @, Ipumencuue KOH(OpMHOf

1 Tpynnel 8 Teopuy i
Wsn. PAH. MTT., 2006 Nos o, 319 P HHEPLMATL R nanmrauy,
2. Uy6B. d, Tocranopka 3a1

cyera ¢ TCKYIIHM IonoxeHuem obbexra.

AYIOLIEE yparHeHHe:

anrebpa.

BHI Al (Teopemxo-rpynnoaoifi



