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A BOUNDARY VALUE PROBLEM FOR THE GENERALIZED HEAT
EQUATION IN THE DOMAIN WITH MOVING BOUNDARY

Abstract. Method to solve the problem for heat equation for solid with
variable cross-section with moving boundary is based on use degenerate
hypergeometric function. Solution of problem is a linear combination
degenerate hypergeometric function. The main idea of this method is to find
coefficients and prove the convergence of series.Consider the surface generated

by revolution of a curve ' =Y (z,0) aboutZ - axes. Let us assume that the
radial component of the temperature gradient in the solid bounded by above
surface is negligible in comparison with the axial component, i.e. the solid can
be considered as a bar with a variable cross — section that has only axial
component of heat flux.
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skekosk

Anaatna. [unmepreomeTpukanblk (QyHKIUSIAPIBI IEKAPACHIHAIIBIFA
aNaThlH alHBIMaIBl OeJliMiHAe Oap JIeHere apHaJFaH >KbUTy MPOOJIeMachiH
HICITy 9IICIH YKCaHbI Maijaiany Heri3aenreH. MoceneHiH meniMi HYKCaH bl
THIIEPTEOMETPUKAIBIK ~ (DYHKIHSJIAP  CHI3BIKTBIK ~ KOMOWHALMUSCHI  OOJIBII
TaObuIanbl. bynm omicTiH Heri3ri wuuescel koddduimeHtrepi Tady KoHE
KaTapJapAblH KHHAKTBUIBIFBI JToseney Ooubin Tadbuiaabl. KoHBEpTTEY KHCHIK
Oypay apKbUIbl KYpbUIFaH O€TiH KapacTelpailbiK. KaTTbl aeHezeri paauanibl
TPaIUCHT TeMIEpaTypaHbIH Kypamaac 0onaThlH O€Ti apKbLIbl MIEKTEITeH Jer
ecenteiiik. KarTel neHe ailHBIMANBl KHUMAChl KbUTy aFbIHBIHBIH TEK OCBTIK
KOMITOHEHT 0ap peTiH/e KapacThIPbUIAIAIbI.

KiaT ce3nep: arbI3aThiH TUIIEPTreOMETPHAIBIK () YHKIUSCHI, JKabLIaMa
KBUTY TCHJICYI.

skskok

AHHOTauusi. MeToJ pemeHns 3a1a4l TETUIONPOBOIHOCTH IS TeJa C
MEPEeMEHHBIM CEUEHHEM C ABWXKYIICH TPaHUIIC OCHOBAH HA HMCIIOJIb30BAHHUH
BBIPOXKIAIOMIEHC — TUIEepreoMeTpudeckoil  ¢yHkumu. Pemenune 3amaunm
IIPEJICTaBIISIET coboit JMHENHYIO KOMOMHAITUIO BBIPOXKIEHHOU
rurnepreoMerpudeckor GyHkimu. OCHOBHAS UIes 3TOTO METOJa B OTHICKaHHE
KOX(P(UIIMEHTOB H  JIOKA3aTelNbCTBE CXOAMMOCTH PsAIoB. PaccMmoTpum
MTOBEPXHOCTb, 00pa3oBaHHYIO BpaIieHueM oruoarorein KPUBOM.
[Ipenmnonoxum, 4T0 paauanbHash COCTABISAIONIAS TPAJAMCHTA TEMIIEPaTyphl B
TBEPJIOM TeJe, OTPAHWYCHHOM YKa3aHHOH TOBEPXHOCTBIO, MPEHEOPESIKUMO
MaJla TI0 CPaBHEHHUIO C OCEBOM COCTaBIAIOIICH, T.€. TBEPJOE TEIO MOXKHO
paccMaTpuBaTh KakK TEJIO C IEPEMEHHBIM CEYCHHUEM, HMEIOIIHM TOJBKO OCEBYIO
COCTABJISAIOLIYIO TEIUIOBOT'O TIOTOKA.

KawueBble cjI0Ba: BBIPOXKICHHAS TUIEPreoMeTpruecKas (yHKIIHS,
000011IeHHOE ypaBHEHHE TETJIONPOBOIHOCTH.

Introduction
Equation of heat conductivity for bodies with variable cross-section
%—az 829+2y;% 1

ot (822 y aZ)+Jq(Z’t) (1)

__v/2 _
particular case (1) whenV(z0=2"",4(z,1)=0

o6 ,0°0 voo
Ced (2D
ot 0z" z Oz (1%)

consequently, the function
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satisfies equation(1*). The linear combination of a degenerate hypergeometric

function is a function of the second order ¥(a,b;x)
1-v v—1
I'—) I (7) 2
Do =— 25, "G+ —2-8, P =Caln L 2
' - ,3 ,3 da‘t
F( 5 ) (—*

Using the integral representation, the degenerate hypergeometric
function can be expressed inthe form

(D(_g’ 1—z) = L/%exp(_zz )z Texp(—xz )x“P1, . (2zx)dx
D(u+7) ‘
2 3)

Mathematical model
A boundary value problem for the generalized heat equation in a
domain with a moving boundary can be formulated

20 _ (a 9+va¢9J
ot 0z z 0z V200<2<a\/; 4)
00.0=1) (5. O(at,0)=g(1) ©)
given functions are analytic

_< /"), 2”0,
TO=2 70 o, B2 g

3

The solution of problem (4) is represented as a linear combination of a
degenerate hypergeometric function

= nv+l 27 -n v+l -z
0= (2] {“{?T 3 4azﬂ o
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Obviously, this function satisfies not only the equation (4), but also to
the conditions(5) and (6). From the condition(5)we get

i(za\ﬁ)" [An+Bn]:Zi;fnt"

n=0

Equating the coefficients of the same powers of !, we have

A2n +BZ/1 :(Zﬁ‘#

A2n+l + an+1 =0 (8%)

(8)
from the condition(6)

& n -n v+l o -n v+l —a’
davt) | 40| 2 YL X | gyl 0 VL — gt
2 a‘[){” [2 > 4a2j (2 2 4a2ﬂ 8()

n=0

finally
2 1 _ 2
(2a)" | 4,,@ —n,V—Jrl;OC—2 +B, ¥ —n,i; a2 =g
2 4a 2 4a
)
2 2n+1 1 —a
{Aznﬂq)(_%;l’v;l;:{2J+an+ll},(_ n2+ ,v; : 40(2 _0
a a (9%)
The conditions (8) and (9) give the following system of
equatlons A2n+1’ anJrl
A0 +B,,,=0
2 2
A, @ _2n+1’v+1;052 +B, ® _2n+1’v+1; a2 _0
2 2 4a 2 2 da

The determinant of the matrix is nonzero, then the system of equations
B, . =0.

has only the trivial solution Ay = Bay

Also, from conditions (8 *) and (9*) we derive a system of equations

4,,.B,,

2n?

for
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/o
A2n +BZn = (za)zn

1 & 1 -
4,0 -n X g w| g L TS
2 4da 2 4a (2a)™

the coefficients 4, B,, are defined in the form

1 o
)= (’”OCI)—,—V+ —
1 g (0= (n 2 44?

B =
2 n!(2a)2"T v+l —a’ v+l o’
—Nn,——, B _CD _naiaiz
2 4a 2 4a

) v+l -’ )
. A )(O)T(—”,Z ;élazj_g( '(0)

4 =
2 n!(2a)2"T v+l —a’ v+l o’
—n, ) B -® —-n, 5 2
2 4a 2 4a

Eliminating  the  singularities in”?= 0 we represent  the

coefﬁcientsAO’BO =O. The convergence of the series (7) follows from the
following estimates [1], [2] and is easily shown on the Ratio test for converges.

For large values of f, the small value of the argument corresponds to the
hypergeometric function tending to unity, while the last argument of the
function tends to zero, then the series (7 ) converges.Verigin's inverse problem
of water-oil contact under conditions of elastic regime is also solved using the
degenerate hypergeometric function [3].
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