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SIERPINSKI TRIANGLE AND OPEN SET CONDITION

Abstract. In terms of the development of modern technology, the use of
computer programs has become normal. Even in the field of mathematics,
using computer programs, we have opened a new path to the development of
science. In this article we used the iterated function systems, calculating the
Box dimension of the Serpinski triangle and using the arguments of the
Serpinski triangle functions, calculated the computer - software Bisection
method and collected the analyses. We determine when it is possible to
correctly use the methods to calculate the dimensions of fractal sets.
Comparing the results collected in this article, we determine the effectiveness-
inefficiency of both methods and incorrectly determined values of methods,
and show them in the form of a table.
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skskok

Anparna. Kazipri TEXHONOTHSHBIH JaMbIFaH 3aMaHBIHIA KOMITIOTEPITIK
OarnmapiamMaiiapipl KOJIJIaHy KaJbINTHI JKaFdaiiFa aiiHaaapl. TinTi MareMaThka
callachlHIa Jla ecenTey OarmapiiaMaiapblH KOJIJAHY AapKbUIBI FHUIBIMHBIH
JaMyblHAa JKaHa »JKOJ AaIITHIK. bi3 arajnMbill  MaKalaJauTepanusIIbIK
(YHKINOHATIBIK KyHeciH KOJI/IaHbIIl, KOMIIBIOTEPITIK Matlab
OarnmapimamaceiMed CeprnuH YIIOYPHIMIBIHEIH BoX eieMiH ecenTeik KoHe
CeprniuH  ymIOYphIbl  (QYHKIMATIAPBIHBIH apTyMEHTTEPIH KOMITIOTEPIIK -
OarnmapnmamManiblK ~ bucekius OMICIMEH €CeNTel, aHaM3Aep IKUHAIBIK.
@pakTanasl )KUbIHIAPIBIH OJIIEMIH eCenTeyre apHallFaH olicTepl Kail ke3e
IYpBIC KOJJaHyFa OONAaThIHBIH aHBIKTaMBI3.bi3 Oy Makanaga >KUHaJIFaH
HOTIDKENIEP/Il CalbICThIpa OTBIPBII €Ki OMICTIH Je THIMII-THIMCI3AITIH, 9pi
OMICTEP/IIH JAYPHIC aHBIKTAIMAWTHIH MOHJIEPIH aHBIKTANl OHBI KECTE TYpPiHIE
KepceTeMis.

Tyitin ce3aep: uTepanysUIBIK (QYHKIIMOHAIIBIK >KYHENep, allblK >KUBIH
maptel, CepnuH ymoOypsimbsl, MunkoB enmemi (Box emmewmi), matnad,
KOMITHIOTEPITIK OaFapiiamMa ecenreyepi.

oKk

AHHOTAanUA. B  yclIoBUSAX  pa3BUTUS  COBPEMEHHOM  TEXHOJIOIMU
IPUMEHEHHE KOMIIBIOTEPHBIX IPOrPaMM CTaJI0 HOpMabHBIM. J[axe B o0nacTu
MaTE€MaTUKH, UCIIOJIb3Ysl BBIYMCIUTEIBHBIE NIPOTPAMMBI, Mbl OTKPBUIM HOBBIN
IyThb K Pa3BUTHI0 HayKu. MBI B JaHHOW CTaTbe€ MCIONB30BAIA CUCTEMY
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UTepalMoHHble (DYHKIHMH, paccyuTaB pa3MepHOCTh MmuHKOBCKOro(Box)
TpeyroipHuka CepruHa M HUCHONB3YysAd apryMeHThl (QyHKUuH CeprnuHCKOro
TPEYroJbHUKA, PACCYMTAIH KOMIBIOTEPHOTO - MPOTPAMMHOTO METOJOM
Bucexuus u cobupanu ananusel. OmnpenenuM, KOrja MOXKHO IPaBHIBHO
UCTIOJIB30BAaTh METOABI ISl pacdyera pa3MepoB (PpaKTAIbHBIX MHOXECTB.
CpaBHMBast pe3ysbTaThl, COOpaHHBIE B JAHHOW CTaTbe, MBI OIpEaeIsieM
3 pexTuBHOCTh-HEIPPEKTUBHOCTH ~ O0OMX  METOJAOB W HEMPaBHIBHO
OnpeaACIsICMbIC 3HAYCHUA MCTOIOB, U ITIOKA3bIBACM UX B BUJC Ta6HI/II_H:I.

KiawueBble c10Ba: UTEPallMOHHBIC (PYHKIIMOHATIHHBIE CUCTEMBI, YCIOBHS
OTKPBITBIX MHOXECTB, CepnMHCKMII TpEyrojJbHHUK, Mepbl MHHKOBCKOIO
(pa3mepHOCTEBOX), MartJjas, BBIYMCIICHHS KOMITHIOTEPHOTO
[IPOrPaMMUPOBAHHSL.

Introduction

In geometry, fractals are very natural sets that have self-similarity. Certain
fractals are more complex in nature and it is the important question to measure
the complexity of these objects. One such option is by means of their box
dimension.

In some cases it is possible to analytically compute exact Box dimension.
One such general case is when the fractal is obtained as the fixed point of
certain conformal Iterated Function Systems (IFSs) that satisfies the so called
Open Set Condition (OSC). For all these notions are recalled in the next
section.

However, in general analytic exact solution for box dimension problem is a
very difficult task. In particular, for IFS if the OSC fails, then ethere is no
guarantee that the formul will work.

In this paper, we want to consider a special family of fractals, called
Sierpenski Traingles. For various parameters the fractal structore changes and
so does the box dimension. Our goal is to consider various parameter values
that determine the IFS for Sierpenski Triangle and try to estimate their box
dimensions. On one hand, we use the formula from the literature that is valid
when OSC holds and on the other hand we use computer software to
numerically estimate the dimension. Then, we compare the two values to get an
idea when the OSC seems to hold true.

Scientists such as A. A. Vinogradova, D. N. Kaliteevsky, talked about
getting a dimension from the Sierpinski triangle. Other scientists were able to
calculate it’s dimension in an equilateral triangle only in a single position.
After that "why not bring the sizes of different kinds of serpin triangle?" the
question arose. So I studied all the other situations and found all the
dimensions.

First of all, we describe the systems and functions that we use. Familiarize
yourself with this system because the function was used through the Iterated
function system. An iterated function system (IFS) is a set of abbreviations
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(5,55, .5, . R™
z mt with m>2, on a closed subset D of ™ . A nonempty compact
subset F' of Dis an IFS attractor if

F= U?;lgi[Fj (1)

Is a method of creating fractals this is an Iterative functional system in
mathematics.Fractal-a mathematical set that has the properties of self-
identification (object, exactly or approximately coincides with one part, it is a
form as a whole one or more parts).

n=1

Image 1

The function we use is a function of the Sierpinski triangle. There are
several ways to obtain the function of this Sierpinski triangle.For the first time
such concept of a triangle was introduced in 1915 by the Polish mathematician
Vaclav Sierpinski. To get it, you need to take an (equilateral) triangle from the
inside, hold it along the middle line and throw out the Central of the four
formed small triangles. Then the same actions should be repeated with each of
the remaining three triangles, etc. The 2-figure shows the first four steps, and in
the flash demonstration you can practice and take a step to an infinite step.

AL L84

Image 2

A dimension is the distance in one direction, in this case, width. Fractal
dimension is a fundamental concept of geometry. It is known that we usually
know a straight line or curves is dimension of the 1- dimensional, surface is2-
dimensional and figure in planimetriesis3- dimensional. The definition of
measurement is mainly based on the idea of "measuring sets at scaled". We can
measure every geometric pattern. For each §, we measure the set in such a way
that we detect inhomogeneities of the delta of size §, and we see how these
measurements behave like §—0.Thus, one of the methods of computation of
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dimension is the Box dimension.Kenneth Falconer'" fully specified in his work
the generalization and calculation of the formula.
When F is a limited subset of R”, then Box dimension of F is defined as

logz(FI

dimg F = lim; “logs )

& =0

Here, N(F) be the least number of sets of diameter at most § which can
cover F.Based on this formul, we will calculate the dimension of the Serpinski
triangle.

One of the most important concepts in this article is the open set condition
(OSC). The f; are said to satisfy the OSC if there exists a nonempty open set
V' R" such that

UZ, (V)< Uandﬁ-[V] i"'if:,-[V] =@ for S }'_ (3)

We can also calculate Hausdorff and box dimensions using the OSC for self-
similar set F. For this it is necessary to use the theorem dimensions of self-
similar sets in the scientific work!” of Kenneth Falconer.As shown in the
theorem,suppose S; on R" with radius 0<r<l for 1<i<m is satisfied for
similarity the open set conditionand if there is

F=UZ 5:(F) 4)

soF is the attractor of the IFS {S;,...,S,}, then the formulation dimgF=s is
correct. Where s is obtained by the equation

)

at 0= H (F) < “ The proof of this can be seen in this article.

1. Main part
Let’s take its graphical image using the Sierpinski triangle function, using
the version of Paulo Silva in Matlab For @ = 2N n=10 000, % €(0: 1},
t=1; 3Sierpinski’s triangle depends on the arguments rIfand‘g i

x(a) = a; *x *(a—1)

filay,By) = {}r[a:] =B, =y*(a—1)

141



CAY xabapwwicer. 2019/1 (48). SDU bulletin

x(a)=a,*x*(a— 1)+ 0.25

=f,=yv=(g— V3
y(@) =B ry+(a—1) +2 ©
x(a]=rx3*x*(a—1]+ﬂ.5l

w(@) =By =y*(@a—1)

fola,B,) = [
filas.B;) = {

Here a and B consider the arguments (0;1) in the interval. Moving on step
+0.1 each you can extract the image of Matlab (729 pieces). These collected
graphs can be used to study this function.Of these, choose a random three
images (image 3-5):

Image 3 Image 5

a, =f, =04 a, =F, =07
a, =f, =06 a,=f,=0.8
a; = f; =03 a; = f;,=0.3

Find these images by the Box dimension method, i.e. with the formula (2) —
the dimension of the Serpinski triangle. To do this, we calculate the dimension
using the Matlab code[3] that was written by Frederic Moisy in this way, i.e.
Box dimension. Thus, the dimension of the Serpinski triangle can be found in
the Matlab with a very small error accuracy (for example: a;=f,=0.6,
0=f2=0.4, a;=3=0.5 =dimpF=1.4534+ 0.18967).

If you are running open set condition on a set of function points, the
following method for calculating dimension - the Bisection method.If for a set
of points functions performed open set condition, then the following method to
calculate dimension-the method of Bisection. In this method the

argumentsal =B = B %= F, Eh, @3= B3 =73 to the (6) — function for

ittty tyet =1 (7)

the value x in the interval':l =X 2is the dimension in the given (6) -

function argument and will be equal to the Box dimension. And in order to find
the value of x, we use the Bisection method to solve equation (7).This method
searches for a value by selecting from the given interval [a; b] to find the value
of x in the Matlab.To solve the Brato Chakrabarti's Matlabalgorithm'*using the
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Bisection method, we introduce the function "f=@(x)-1+yl1"x+y2”x+y3"x"
looking for x with the interval [a; b]=[0; 20]. Wherex is the dimension of the

Sierpinski triangle in ¥1-¥2-¥3€ (0:1) values.

With the above two ways you can get the dimension of all the
Sierpinski triangles. We consider the coefficients of the (6) function as

@y =F 1 %2 7 B 2 %3 = Ps identical.Compared to these initial results (table 1-
3 ), we see that the dimensions occurring by the two methods have mutually
incompatible values. Of course, the size of one graphic image can not be of two
kinds. The results of the Box Dimension obtained by the method obtained
using the figure are absolutely correct. However, some values obtained by
Bisection method which were easy and efficient to calculate are false. Because,
as we said above, it is necessary to fulfill the open set condition (OSC) for the
correct execution of Formula (5). For a function(6), you can view the following
tables, which don’t always meet the conditions.

Summarizing this, we can analyze the dimensions of the Sierpinski triangle
obtained by two methods.First of all, we analyze which methods are used
correctly and which methods are effective.Let's group the results and highlight:

e BOLD NUMBER - the dimensions obtained by the Bisection method

and the dimg F
to each other,
e NORMAL NUMBER - the dimensions obtained by the Bisection

method and the dimg F approximation error obtained by the image
are not equal to each other,

o [TALIC NUMBER-the values of the invalid dimension obtained

through the Bisection method, which were greater than two.

It is known that the dimension of the Sierpinski triangle should not exceed
two, since the image of the function that we study is in the plane (2D). The
table shows the values of numbers obtained through the Bisection method.

a;=pF: =y i =13 y€(0:1)

+ approximation error obtained by the image are equal

Table 1: 1 ~ ']'1, Y2 Tyertically, 3 ~horizontally

¥ 0. 0. 0. 0. 0. 0. 0. 0. 0.
1 2 3 4 5 6 7 8 9
0 0. 0. 0. 0. 0. 0. 0. 1. 1.
d [ 4771 5381 5931 6493 7110 7830 8734 0000 | 2197
0 0. 0. 0. 0. 0. 0. 1. 1. 1.
2 | 5381 6071 6702 7353 8073 8922 0000 | 1527 4223
0 0. 0. 0. 0. 0. 1. 1. 1. 1.
3 [5931 6702 7418 8165 9002 0000 1285 | 3139 6499
0 0. 0. 0. 0. 1. 1. | 1. 1. 1.
4 16493 7353 8165 9024 0000 1181 | 2728 5003 9239
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q o 0. 0. 1. 1. 1. 1. 1. 2.
7110 8073 9002 0000 1151 2569 |4458 7295 | 2699
Jq o 0. 1. 1. 1. 1. 1. 2. 2
7830 8922 0000 1181 2569 4309 | 6672 |0288 7292
Jqd o 1. 1. 1. 1. 1. 1. 2 3
8734 0000 1285 | 2728 4458 6672 9733 | 4491 3818
q 1 1. 1. 1. 1. 2. 2. 3 4
0000 1527 |3139 5003 7295 | 0288 4491 1098 4246
Jq 1 1. 1. 1. 2. 2 3. 4. 6
2197 | 4223 6499 9239 | 2699 7292 3818 4246 5788
Table 2: 11 = 0 72 “vertically, ¥3 ~horizontally
, O 0. 0. 0. 0. 0. 0. 0. 0.
1 2 3 4 5 6 7 8 9
qa o 0. 0. 1. 1. 1. 1. 1. 2.
7110 8073 9002 0000 1151 2569 | 4458 7295 | 2699
0 o 0. 1. 1. 1. 1. 1. 1. 2
8073 9051 0000 1019 2187 3612 | 5489 8267 | 3484
g o 1. 1. 1. 1. 1. 1. 1. 2
9002 0000 0984 2046 3264 4747 | 6689 9536 | 4792
0 1 1. 1. 1. 1. 1. 1. 2. 2
0000 1019 2046 3166 4459 6035 | 8100 | 1118 6645
0 1 1. 1. 1. 1. 1. 1. 2 2
1151 2187 3264 4459 5850 7559 | 9809 |3113 9178
0 1 1. 1. 1. 1. 1. 2. 2 3.
2569 3612 4747 6035 7559 | 9454 | 1978 5727 2716
q I 1. 1. 1. 1. 2. 2 2 3
4458 5489 6689 8100 9809 |7978 4921 9389 7987
q I 1. 1. 2. 2. 2 2 3 4
7295 8267 9536 | 1118 3113 5727 9389 5162 6899
q 2 2. 2. 2 2 3. 3 4 6.
2699 3484 4792 6645 9178 2716 7987 6899 6723
Table 3: 11 ~ 0'9, Y2 Tyertically, 3 ~horizontally
0. 0. 0. 0. 0. 0. 0. 0.

U 23 4 5 6 7 8 0.9
o‘ 1. 1. 1. 1. 2. 2. 3 4, 6.5
2197 4223 6499 9239 | 2699 7292 3818 4246 788
o’ 1. 1. 1. 2. 2. 2. 3 4, 6.5
4223 5915 7903 | 0342 3484 7763 4027 4298 791
q 1 1. 1. 2. 2. 2. 3. 4. 6.5
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3 ’ 6499 7903 9674 | 1899 4792 8763 4658 4558 822

0 1. 2. 2. 2. 2. 3. 3. 4. 6.6
4 19239 0342 1899 3943 6645 0369 5912 5308 012

0 2. 2. 2. 2. 2. 3. 3. 4. 6.6
S 12699 3484 4792 6645 9178 2716 7987 6899 723

0 2. 2. 2. 3. 3. 3. 4. 4. 6.8
6 | 7292 7763 8763 0369 2716 6098 1190 9768 675

0 3. 3. 3. 3. 3. 4. 4. 5. 7.3
T 3818 4027 4658 5912 7987 1190 6177 4651 067

0 4. 4. 4. 4. 4. 4. 5. 6. 8.2
8 | 4246 4298 4558 5308 6899 9768 4651 3321 276

0 6. 6. 6. 6. 6. 6. 7. 8. 10.
9 | 5788 5791 5791 6012 6723 8675 3067 2276 4272

If we look at these results, we see that the number of incorrect results
obtained by the Bisection method increases. Even in the last table we can see
that there were no correct values.

2. Conclusion

As a result, based on the results of the table, in some cases (see bolded
results in the table) we see that the calculation of the Bisection method is more
profitable than the calculation via of the figure. In some values, you can see
that the results of the Bisection calculations are incorrect (see normally and
italic results in the table).As already mentioned above, the method™ of
determining the Box dimensions using imageof Sierpinski triangle, which was
long and hard is absolutely correct. However, because the open set condition is
sometimes not satisfied for the members of a set, the Bisection methodmay not
always be efficient and correct.
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