Ministry of Science and Higher Education of the Republic of
Kazakhstan
SDU University

SDIJ

UNIVERSITY

Madina Ostemirova

Identities in mutations of bicommutative algebras
THESIS

Presented in Partial Fulfillment for the
Degree of Master of Science in Mathematics
(degree code: TM05401)

Department of Mathematics and Natural Sciences
Faculty of Engineering and Natural Sciences

Supervisor: Farukh Mashurov, PhD

Kaskelen, June 2024



SDU University
Faculty of Engineering and Natural Sciences
Department of Mathematics and Natural Sciences

Dean of Faculty of Engineering and Natural Sciences

2024

Topic of the thesis:

Ldontitivs o widotions of Aecommetodive a{gﬂw«r

Thesis submitted as part of the requirements for the award of the MSc in
“TM05401-Mathematics”

Head of Department Burzhon /yqamfa?w V729, %
Academic Supervisor FWW/CA /MW‘LOI/ AD (%
Master student /Z//ijfﬂ/ @&/W ﬁ// %

Kaskelen, 2024



Declaration

[ affirm that this work is my own and that all material sourced from other
references has been correctly and fully acknowledged.

Madina Ostemirova

June 2024



Acknowledgements

I would like to express my deep gratitude to my supervisor Farukh Mashurov
for his help in preparing my dissertation. His scientific approach inspired me a lot.
From choosing a topic to finalizing my dissertation, he has consistently provided
me with reliable guidance and support. I also sincerely thank my family and
friends for their support, who played a crucial role in the successful completion of
this research.

11



Dedication

This thesis is dedicated to my parents and many other for their support, help,
sense of humour and useful comments for improving this project.

111



Abstract

An algebra with identities a-(b-c) = b-(a-c), (a-b)-c = (a-c)-b is called
bicommutative. In this work, we study bicommutative algebras under mutation
product and prove that any bicommutative algebra under mutation product satisfies
a Lie-admissible identity, which follows from two independent identities of the
third degree, and we obtain all identities of the fourth degree.
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Amnarna

a-(b-c) = b-(a-c), (a-b)-c = (a-c)-b Tene-renaixTepi bap aaredbpa OGHKOMMYTa-
TUBTI Jien aTaja ibl. biz Oy XKyMblcTa, OMKOMMYTATUBTI ajredbpaHbl MyTallds Ko-
OeliTirici OofibIHIIA 3epTTEiMI3 XKoHe MyTallns KoOelTiH Tici 6ofibIHIIa Ke3 KeJIreH
OMKOMMYTATHBTI ajiredpa YIIMHII JI9pexKesi ekl ToyesIci3 Tene-TeHIKTEH TybIH-
JaiThIH JIn-aiMrccnoI1 Tere-TeH N KaHaraTTaHIbIPATBIHBIH JID/Ie/IeiiMI3 KoHe
013 OapJIbIK TOPTIHIII JI9PerKei Tere-TeHIIKTep/ Il aaaMbl3.



AnHOTAIINA

Anrebpa ¢ Toxaectsamu a-(b-c) = b-(a-c), (a-b)-c = (a-c)-b HaspiBacrcst 6u-
KOMMYTaTUBHON. B 3Toit pabore Mbl n3ydaeM OMKOMMYTaTHBHbIE aJreOpbl Npu
MPOU3BEJICHUN MYTAIWil 1 JIOKa3bIBAeM, UTO JI0Oass OMKOMMYyTATHBHas ajredpa
IIPY [TPOUBBEJICHUN MYyTAIUI YIOBJICTBOPSIET JOIMYCTUMOMY TOXK1ecTBY JIu, KOTO-
poe ciielyeT U3 JBYX HE3aBUCHMbBIX TOXKJECTB TPEThell CTeleHU, U TOoJIydaeM BCe
TOXKJIECTBA YETBEPTOI CTEEHH.
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1. Introduction

An algebra (A,-) is called bicommutative if any a,b,c € A are satisfied the
following identities:

a-(b-c)=b-(a-c)
(a-b)-c=(a-c)-b.

[1],[2]. Bicommutative algebra is also called LR - (left and right) algebra [3].
The base of free bicommutative algebra was obtained in [1].

Let B be the free bicommutative algebra with generators a, b, p, ¢ with mul-
tiplication (a,b) — ab. We assume that all polynomials and vector fields are
defined over the field of complex numbers C, then we define the mutation prod-
uct on B by

(a,b) = (ap)b — b(ga).
Let B,, be an algebra consisting of a vector space B and mutation product
(-,-).

Let Bicom be a variety of bicommutative algebras. Let Bicom,, for fixed
p,q € B be the class of mutation of bicommutative algebras. Put simply, the
elements of Bicom,,, are algebras represented as B, , , where B € Bicom.

There are publications in which the properties of mutation and bicommu-
tative algebras have been studied. We present some of them:

Bicommutative algebras have been a topic of study in mathematics for many
years. The concept of bicommutative algebras was first introduced as LR alge-
bra by the mathematicians D.Burde, K.Dekimpe and S.Deschamps as a way to
study algebraic structures that are bicommutative with respect to both multi-
plication and addition [3].

An important area of research in bicommutative algebras is the study of
mutations, which are operations that transform an algebraic structure into a
new one. Mutation algebras are an important for understanding the relation-
ships between different types of algebras and for studying the properties of these
structures.

Mutation algebras were first introduced by theoretical physicists around
1980; see [4, 5]. For a survey of early work by mathematicians on this topic,
see [6]. For a detailed exposition of the structure theory of mutation algebras,
see [7, 8,9, 10].



The concepts of mutation algebras in nonassociative algebras is considered
in [11]. It discusses the Lie-admissibility for mutation algebras, in particular,
special attention is given to the conditions under which the algebra of mutations
A(p, q) is Lie-admissible.

In this paper authors investigate the properties of the nonassociative alge-
bra A(r,s), and the relation between A(r,s) and A, where, A(r, s) denote the
elements of A under the new product x *y = xry — ysx, z,y element of A [12].

Montaner examined identities of polynomials for mutation algebras for the
first time in [13], using the classical techniques of nonassociative algebra [14].
And this Montaner’s article devoted to the study of mutations of associative
artinian (left or right) algebras.

In [15], the authors develop the necessary and sufficient conditions for the
existence of a unit element in a mutation algebra.

In 1983, Myung published a paper where A is considered as an alternative
algebra [16]. Then, in 1985, Gonzalez examined the mutation algebras A(p, q),
where p and ¢ are elements of the nucleus of the algebra A [17]. This particular
choice of p and ¢ made it easier to obtain good results in the corresponding
mutation algebras. One of Gonzalez’s theorems states that, if p and ¢ belong
to the nucleus, and A is a nonassociative flexible Lie-admissible algebra, then
A(p, q) is Lie-admissible.

Authors [18] studied polynomial identities that are satisfied by the mutation
product zpy — ygx on the basic vector space of an associative algebra A, where
fixed elements A are represented by p and ¢. They provide results for identities
in degree 4,5 and in degree 6.

The purpose of this work is to identiy the identities for Bicom,,. A. Dzhu-
madil’daev and N. Ismailov considered the case, when p = ), ¢ = () in [2]. They
obtained the exact expressions of left-normed commutator bracket elements in
a free bicommutative algebra. Using this result, they proved that any identity
satisfied by the commutator in every bicommutative algebra is a consequence of
anti-commutativity, Jacobi and the metabelian identities. In this note, we gen-
eralize this result for mutation products. Moreover, we demonstrate that any
bicommutative algebra with a mutation product satisfies an identity of degree
three and all identities of degree four.



2. Preliminaries

In this section, we will introduce several definitions that are essential for
stating a theorem. References are provided alongside each definition.

Definition 2.0.1. ([19]) Let A be a vector space over a field F with given
bilinear mapping - (usually called multiplication)

CAX A=A,
such that for any z,y, 2 € A and any A € F, with the following conditions:

(x+y) - z=x-2+y- 2z
r-(y+z2)=x-y+ux- 2,
Az -y) =(Az) -y =z (Ay).
Then A is called an algebra over field F.

Definition 2.0.2. ([20]) Let f = f(t1,ts,...,t;) be a nonassociative, noncom-
mutative polynomial. Let A = (A, -) be an algebra with vector space A and
multiplication -.

We say that A satisfies an identity f = 0 if f(ay,a9,...,a;) = 0 for any
substitutions t; := aq, ..., tx := a; by elements of A.

Example 2.0.1. Let, for example,
f(a,b,c) =a(bc) — (ab)c =0
Then, any algebra that satisfies the identity f = 0 is associative.

Definition 2.0.3. ([13]) Let A be an arbitrary algebra over a field F' and let p,
q be two fixed elements of A. Then a new algebra is derived from A by defining
on the same vector space as A a new multiplication

(x,y) = (zp)y — y(qx)

for z,y € A . The resulting algebra is called the (p, q) -mutation of the algebra
A and it is denoted by A(p, q).



3. Main Result.
Bicommutative algebras
under mutation product

3.1 Statements of the main theorem

3.1.1 Identities
a-(b-c) = b-(a-c),
(a-b)-c = (a-c)-b.
(a,b) = (ap)b — b(qa)

Theorem 3.1.1. Every identity of degree 3 in mutations of free bicommutative
algebra follows from these identities:

<<a>b>7c> - <<a7c>>b> + <bv <C7 a>> o <C7 <bv a>> =0
<CL, <b7 C>> - <CL, <C7 b>> - <ba <CL, C>> + <b7 <Ca CL>> + <Ca <CL, b>> - <Ca <b7 CL>> =0

Corollary 3.1.2. Any bicommutative algebra under the mutation product is
Lie-admassible algebra.

L(zy,w0,23) = sgn(0) ({To1): To@): To(3)) — (Ta1): (To@): To@))) =0

oES3

Theorem 3.1.3. Fvery identity of degree no more than 4 satisfied by the mu-
tation products in every bicommutative algebra is a consequence of identities:

<<CL, <d7 C>>7 b> - <CL, <<d7 C>7 b>> =0.



3.2 Proof of the Main Theorem

3.2.1 Identities in degree 3

Let

<<a7b>vc> o <<avc>7b> + <b7 <Ca CL>> o <Cv <b7 CL>>

fi(a, b, c)

f2(a7bv C) — <<b7 a),c) - <<b7 C>7a> + <CL, <07 b>> - <Cu <CL, b>>

<<C> a>7 b> o <<Cv b>7 a> + <CL, <C7 b>> o <b7 <Cv a>> T <Cv <a7 b>> + <Cv <ba a>>
<CL, <b7 C>> o <CL, <Ca b>> T <b7 <a7 C>> + <b7 <Ca a>> + <Cv <CL, b>> o <Cv <b7 CL>>

fs(a, b, c)

f4(a'7 ba C)
where

(ap)b — b(qa).

Lemma 3.2.1. Let (B, -) be a bicommutative algebra. Then (B, (-,

the identity

(a,b)

) satisfies

<<aab>7c> - ((a,c),b> + <b7 <Ca CL>> - <07 <b7 a>> - 07

fi(a,b,c)

(ap)b — b(qa).
Proof. By direct calculations, we have

where (a, b)

((a,b),c) = (((ab)c)p)p — q(((ba)c)p) — q(c((ab)p)) + q(q(c(ba))),
—({a,c),b) = —=(((ab)e)p)p + q(((ca)b)p) + q(b((ac)p)) — q(q(c(ba))),

(b, (¢, a)) = c(((ba)p)p) — q(b((ac)p)) — q(((ca)b)p) + q(q((ab)c)),
—(c, (b, a)) = —c(((ba)p)p) + q(c((ab)p)) + q(((ba)c)p) — q(q((ab)c)).

The sum of the above elements gives us the desired result.

)) satisfies

0 and f3(a,b,c) =0, where (a,b) = (ap)b — b(qa).

Lemma 3.2.2. Let (B, ) be a bicommutative algebra. Then (B, (,

the identities fa(a,b, c)

5



Proof. Firstly, we will prove that

f2(a7 b7 C) - <<C7 a>7 b>_<<cv b>7 a>+<a7 <Cv b>>_<b7 <Cv a>>_<cv <a7 b>>+<cv <b7 CL>> =0.
then

f3(a7 b? C) - <a7 <b7 C>>_<a7 <Ca b>>_<b7 <a7 C>>+<b7 <Cv a>>+<c7 <CL, b>>—<C, <b7 CL>> =0

By direct calculations for the first identity, we have

((¢,a),b) = (((ca)b)p)p — q(((ab)c)p) — q(c((ba)p)) + a(q(blac)))
—{(c,0),a) = —(((ca)b)p)p + q(((ba)c)p) + q(c((ab)p)) — q(q(b(ac)))
(a,(c,b)) = c(((ab)p)p) — q(b((ac)p)) — q(((ca)b)p) + q(q((ba)c))
—(b, (¢, a)) = —c(((ba)p)p) + q(b((ac)p)) + q(((ca)b)p) — q(q((ad)c))
—(¢,{a, b)) = —c(((ab)p)p) + q(c((ba)p)) + q(((ab)c)p) — q(q((ba)c))
(¢, {b,a)) = c(((ba)p)p) — q(c((ab)p)) — q(((ba)c)p) + q(q((ab)c))

(a, (b, c)) = b(((ac)p)p) — q(c((ab)p)) — q(((ba)c)p) + q(q((ca)b))
—{(c, 0),a) = =(((ca)b)p)p + q(((ba)c)p) + q(c((ab)p)) — q(q(blac)))
—(a,{c,b)) = —c(((ab)p)p) + q(b((ac)p)) + q(((ca)b)p) — q(q((ba)c))

(b, {c,a)) = c(((ba)p)p) — q(b((ac)p)) — q(((ca)b)p) + q(q((ad)c))

{¢,{a,b)) = c(((ab)p)p) — q(c((ba)p)) — q(((ab)c)p) + q(q((ba)c))

,a)) —q(q((ab)c))

[]

Lemma 3.2.3. The identity fo(a,b,c) and fi(a,b,c) follows from the identities
fi(a,b,c) and f3(a,b,c).

Proof. There are 12 nonassociative monomials of degree 3, and we present them
in the following order:

{{{a, ), ), {{a, ), b), ({b, a}, c), {(b, ©), a), ({c, @), ), {(c, b), ),

(a, (b)), (a, {c, b)), (b, (a, ), (b, (¢, a)), {c, (a, ), (c, (b,a))}.
We select the coefficients of the monomials relative to the order of the above
monomials. In other words, the columns correspond to the monomials and the

rows represent each polynomial with all possible permutations of f; and f3 in
the variables a, b, c.

6



Then we have the following matrix, the first 6 rows of which are permutations

of f1, and the next 6 rows are fj:

( o 0 01 0 —-11 =10 0 0 0 \
o o o0 -1 0 1 -1 1 0 0 0 O
o 1 o0 O -1 0 O O 1 -1 0 0
o -1 o o 1 O O O -1 1 0 0
1 o -1 0 0 O O O O 0 1 -1
A — -1 0 1 O o0 o o0 O o0 0 -1 1
! l1 -1 -1 1 1 -1 0 0 0 0 0 O
-11 1 -1 -1 1 O O O O O O
-1 1 1 -1 -1.1 0 O O O O O
1 -1-11 1 -1 0 O O O O O
1 -1 -1 1 1 -1 0 0 0 0 0 O

\-1 1 1 -1-11 0 0 0 0 0 0

Then we see that rank(A;) = 4. Now, we create a matrix of size 18 x 12

without changing columns, as in the previous matrix. Here, columns represent
monomials of degree three, while the rows represent every polynomial resulting

from all possible permutations of fi, fo and f;.

(5

0

0
0
1

—1

0 1
0 -1
0 0
0 0
-1 0
1 0
-1 1
1 -1
1 -1
-1 1
-1 1
1 -1
0 -1
-1 1
0 1
1 0
1 -1
-1 0

SO OO

OHOOOOOOOOOOOOOL

|
—_

OOOOOOOOOOOOO!—‘L

|
—_

—_

| — O O
—_

OO R OO DODDODOoOoOoOooo oo

o |
—_

l o o
—

SO OO OO oo oo

|
—_

SO = OO

o»—xoooooo’LHoooo

I
—

o o O

/

Then we see the rank(Ay) = 4. Therefore, the identity fo follows from f;
and f3. We form the matrix whose rows are the polynomial with all possible
permutations of f;, where ¢ € {1,2,3,4} Also, write the columns as a previous

martrices.



( o 0 0 1 0 -1 1 =1 0 0 0 0 \
o 0 0 -1 0 1 -1 1 0 0 0 0
o 1 0 0 -1 0 0 0 1 -1 0 0
O -1 0 0 1 0 0 0 -1 1 0 0
1 0 -1 0 0 0 O O O 0 1 -1
-10 1 0 0 0O O O O 0 -1 1
o 1 0 -1 -11 0 0 0 0 1 -1
1 0 -1 1 0 -1 0 0O 1 =1 0 0
o -1 0 1 1 —-10 0 0 0 -1 1
-1 1 1 0 -1 0 1 =10 0 0 0
-1 0 1 -1 0 1 0 0O -1 1 0 0

4 1 -1 -1 0 1 0 -1 1 0 0 0 O
5711 -1 -1 1 1 =1 0 0 0 O 0 0
-11 1 -1 -1 1 0 0 0 0 0 ©0
-1 1 1 -1 -11 0 0 0 0 0 0
1 -1 -1 1 1 =10 0 0O 0 0 O
1 -1 -1 1 1 =10 0 0 0 0 0
-1 1 1 -1 -11 0 0 0 0 0 0
o 0 0 0O 0O 0 1 —-1-11 1 -1
o 0 0 0O 0O O -1 1 1 -1 -1 1
o 0 0 0 0O 0 -1 1 1 =1 -1 1
o 0 0 0 0 0 1 —-1-11 1 -1
o 0 0 0 0 0 1 —-1-11 1 -1
o 0 0 0O 0O 0O -1 1 1 -1 -1 1 )

\

The rank(As) = 4. Hence, the identities fs(a,b,c) and fy(a,b,c) follows from

the identities fi(a,b,c) and f3(a,b,c). O
Let
L(z1,29,73) = Y _ 580(0) ((To(1), To(2)): To@) — (Ta): (To@), Ta(3)) =0
oeSs

Corollary 3.2.4. Any bicommutative algebra under the mutation product is
Lie-admissible algebra.

Theorem 3.2.5. Every identity of degree 3 in mutations of free bicommutative
algebra follows from these identities:

fi(a,b,c) = ({a,b),c) — {{a,c),b) + (b, {c,a)) — (c,(b,a)) =0 (3.2.1)

f4(CL, ba C) — <CL, <b7 C>>_<a7 <Ca b>>_<b7 <CL, C>>+<ba <C> a))—l—(c, <CL, b>>—<C, <b7 a>> =0
(3.2.2)



Proof. Let F(a,b,c) =

A1{{a,b), )+ ({a, c),by+A3((b, a), )+ ((b, c), a)+A5((c,a), b)+As{{c, b), a)
+A7(a, (b, c))+As(a, (c, b))+ Ao (b, (a, c))+A10(b, (¢, a))+A11{c, {a, b)) +A2{c, (b, a))

be a nonassociative polynomial, which is an element of the free nonassocia-
tive algebra of degree 3.

Let B be the free bicommutative algebra generated by a, b, ¢, p, ¢ with multi-
plication defined by (a, b) — ab. We compute F'(a, b, ¢) € B using the mutation
product (a,b) = (ap)b — b(qa). Then, we have

F(a,b,c) =
Ai{{a,b),c)+ Xa((a, c),b) + A3((b,a), c) + A ((b, c), a) + A5 ((c, a),b) + X¢((c, D), a)
—|—)\7<CL, <b,C>>—|—)\8<CL, <C,b>>+)\9<b< C>>—|—>\10<b, <C,CL>>—|—)\ < <CL b>>
)\12< § a))

>\3 )\5 )\9—)\11
—q(((c )b) J(=A2 — As — As — Aio

Since the mutation product of elements {a, b, c} in bicommutative algebra can
be expressed with the elements

{(((ab)c)p)p, (((ba)c)p)p, (((ca)b)p)p, b(((ac)p)p), c(((ab)p)p), c(((ba)p)p),

q(((ba)c)p), a(((ab)e)p), q(c((ab)p)), a(c((ba)p)), a(((ca)b)p), q(b((ac)p)),
q(q(c(ba))), q(q(cab))), q(q(b(ac))), ¢(q((ca)b)), a(q((ba)c)), q(q((ab)c))}

in the free bicommutative algebra of degree 5, we find that F'(a,b,c) = 0 leads
to a system of 18 linear equations with 12 unknowns \; for ¢ = 1,..., 12..
This system has a rank of 8, which allows us to select A1, A3, A5, and A7 as free
parameters and express the remaining parameters as follows:

9



>\4 — _>\37
Ag = —As,
A3 = A3+ A5 — A7,
Ag = — A7,

A0 = A1 — A5 + Ar,
A1 = —A3 — A5 + Ay,
A2 = —A1+ A5 — Ay,

Therefore,
f=Mhi+ Ashy + Ashs + A\7hgy =0
where
= {(a,0),c) = {{a, ¢),b) + (b, {c,a)) — {c, (b, a}),
hy = ((b,a), ¢) — {(b, ¢}, a) + (a, (¢, 0)) — (¢, {a, b)),
hs = ({¢,a),b) — <<C,b>,a>+< (¢,0)) — (b, (¢, a)) — (¢, (a, b)) + {c, (b, a)),
ha = (a, (b,c)) — )+ (b, (¢, a)) + (¢, {a, b)) — (¢, (b, a)),

( {
hZ(a7b7 C) - <<b7 a>7c> - <<b7 C>7a> + <a7 <C> b>> - <Ca a7b> = fl(b>a7c>a
b)) — (b (

;Bgaaga C)) = <<Ca a>7b>_<<ca b>7a>+<a7 <Ca >>_< 7<Cv a})—(c, <a7b>>+ C, <b7 a>> =
Ba(a,b, ¢) = {a, (b, &) — {a, (e, B)) — (b, (@, €))+ (b, (e a)) + e, {a, b)) — (e, (b, a)) =

This means that any identity of degree three in the class Bicom,, is derived
from the identities {hq, ho, h3, hy}. And by Lemma 3.2.3, the proof is complete.
]

Now, we prove that a bicommutative algebra, under mutation product, sat-
isfies identities of degree four that do not follow from fi(a,b,c) and f3(a,b,c).

3.2.2 Young diagrams and basis element construction

Assume that X is an ordered set. Refer to a basis of the free bicommutative
algebra generated by X as described in X in [2]. We examine Young diagrams
of the forms (n) and (n — k,1¥) where k = 1,...,n — 2, to identify basis
elements in degree n. Young diagrams are filled with elements of X such that
a; <ag < - - <ap,b <b <---<b.and k,l >0 foray,...,ap,b1,...,p € X
and these can be corresponded to monomials of bicommutative base elements
in the following way.

10



aj

as

ak

s an(- - (as(( .. ((arby)ba) .. )B)) -..).

We provide the construction of the multilinear base elements of
Bicom({a,b,c}) as an example and assume that a < b < c.

a

blc

b

— (ab)c,

— b(ac),

blafef, (ba)e, LE 1@ bl (ca)b
alb bla

— c(ab), — c(ba).
c c

Let us define the following diagrams based on the basic elements

ai bl bg

az

ai

by | b2 ...

az

ay

q

where elements from p occur [ times, and elements from ¢ occur m times, with

m=%k—1.

Let us define

ai

by |ba]. ..

—
L

az

ay

and

ai

az

ay

ai bl bg ce bl . bl ap|as|...|ag
a9 b2
ag bl
aq b1 bz ce bl + bl a|jas|... CLk.
a9 b2
ag bl

11




We need the following two lemmas to prove the main result.

Lemma 3.2.6. Let f be an odd element of Bicom(X). Then, any identity of
degree three in Bicom(X) satisfies the following identity.

(+)

al bl b2 bl P

ag
qk’—l
(—)
(-) ap | by [bal|...| b !
ap|by|ba |...| | c p“‘l\ il il e P
a2
az
— — o
ag
k—1 ¢
-
qk

Proof. Here, the number of elements of this type in the multilinear case is k, (.
And to verify the symmetry of function f, assume that this statement holds for
elements of degree less than n. We can observe:

(arbn 0o | 0 [P ] [ o0 [oo | T[]\
as a2
ple—cl|q
ag ag
V& )\ /
(bl ailas|...|ag pr? \ ( bilai|as|...|ag pkl\
by by
+ : plc—c|q|:
b; by
7 )\ )

12



ap|by|bs ... bl l
ap| by |byl|...| b c |ptt i e b
a2
a2
= | : — +
Qg
ay
k—1 ¢
e
¢
- bilay|as|...|appF
bilai|as|...|ar| c|p
by
ba ;
+ | - =
by
b;
l c
q I

where k + [ = n.
O

Lemma 3.2.7. Let f be an even element of Bicom(X). Then, any identity of
degree three in Bicom(X) satisfies the following identity.

(=)

aq bl bQ bl pl

a2

Ak
k—1

(-+) ai | b1 | bo b | p'

aq bl b2 bl C pH_l\

az
a2

= — ”

ag

c
k—1
1

qk
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Proof. 1t is easy to see that

(al b1 b2 bl pl \ ( ap b1 b2 bl pl\
a9 as
plc—clq
ag ag
k—1 k—1
\ ) \ )
(bl aylas|... akpk_l\ ( bilay|as]|... akpk_l\
b2 b2
— : plc+c]q]l:
bl bl
\Ei )\ 4 /
aj | by [ by |...| b | P
AT R e e P
az
a2
_ -
Qg
c
k—1
f
4"
A bilajg|as ... akpk_]
bl ap|as|...|ag| C |p
ba
ba :
by
by
z c
q
g

where k + [ = n.

Now, we prove the main result of this note.
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Theorem 3.2.8. If n is odd, then
<< .. <<Cl1, CL2>, CL3> e >, an> —

(
(+)
ail|as|...|ap pn_Q
¥V n
n—lkJr) § :
a|az|...|app — a; +
1=3
q
(+) (+)
n a3 as
| _
1=3
an a,
n—3 n—2
! ]
If n is even, then
<< . <<a1, CL2>, a3> e >, an> =
(
(—-)
ail|as|...|ap pn_2
/ n
n—lki)
a | a2 an P — § a; +
1=3
q
(-) (-)
aij|az|a; | p|p ajlas | p
n as as
- +
1=3 a, a
! |

Proof. Assume that the above formulas are true for k < n. So, k =n — 1. Let
n — 1 be even, then n is odd and

((...{{a1,a9),a3),...,GQpn_1),Qn) =

15
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n_3(—)
1] @1} a2 (b —1P
(-) <
< ai | as i, p" 3 — a; + ..
1=3
q
(—) (—)
ap|(az|a; | p|p ap|as| p
n as as
- + , Ay
=3
(y,—1 (b —1
qn—4 qn—3
By Lemma 3.2.6 and 3.2.7:
n_2(+)
aj (1|
(+)
n—1
ap | as (p—1 An P — | Qn —
q
(+)
n—3
ai | as n—1P
(+)
n—24
ai | a2 - Qp—1| Gp P a;
n—1 n—1
- a; + ap + .
=3 1=3
q q
q



x
S8
S8
S)
[\
-
— ™
sle|-| L <]l
S
1,.3
nz.m
x
S8
S8
S8
<
3
S)
N
3
— | <F
— | ™ | ]!
S |3 S| =
S |
= Y™

(+)

p

as

ai

as

an

(+)

p|p

an

as

ai

as

IT
*
R
I
S
I
=]
(&
-
Sls| =
(ap)
S B
T
%
I~y
S
I
-
(o]
-
—
-

(+)

ISH
[\
-
— el <
- - -
x
=8
9
S}
o\l
-
— el <
- - -
e
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3.2.3 Identities in degree 4

Let
g1(a,b,¢,d) = ({a, {d, ¢)),b) — (a, {{d, ¢), b))
g2(a, b, ¢,d) = ({(b,¢), a),d) = ({(b, d), a), c) + (¢, {{d, b), a)) — {d, {(c, ), a))
93(avbvc d) - <<b7 <CL,C>>,d> - <b7 <<CL,d>,C>> + <b <C <d CL>>> - <b7 <d7 <Ca CL>>>
ga(a, b, ¢,d) = ({{d, ), a), c) = ({{d, ¢}, a),b) + (b, {{d, ¢}, a)) — (¢, ({d, b), a))
o <d> <<b7 C>7 a>> + <d7 <<C7 b>7 a>>7
gs5(a,b,¢,d) = (b, (d, a)), c) = (b, {{d, ¢}, a)) + {a, (b, (d, c))) = (b, (¢, (d; a)))
- <b7 <d7 <CL, C>>> + <b7 <d7 <Cv CL>>>,
g6(a,b, ¢, d) = (({a,b),c),d) + (b, ({d, c), a)) — (a, (b, (d, c})) — (c,{d, (b, a)))
—({{a,d),b), ¢) + (a, (d, (b, c))) + (b, (¢, {d, a))) — (d, {(b, ), a))
where

(a,b) = (ap)b — b(qa).

Lemma 3.2.9. Let (B,-) be a bicommutative algebra. Then (B,(, )) satisfies
the identity f;(a,b,c,d) =0, where i € {1,2,3,4,5,6}.

Proof. Firstly, we will prove that

fi(a,b,c,d) = ({(a,(d,c)),b) — (a, {(d,c), b)) = 0.

By direct calculations for the first identity, we have

The sum of the above elements gives us the desired results. ]

The same calculations 3.2.9 are also used to prove the following five identities
gi(a,b,c,d) =0, where i € {2,3,4,5,6}.

f2(a7b7 G, d) - <<<b7 C>7a>7d> T <<<b> d>7a>7c> + <Cv <<d7 b>7a>> T <d7 <<C7 b>7a>> — 07

18



(3.2.3)
(3.2.4)
(3.2.5)

(ap)b = b(qa).

<<<a7 b>7 C>7 d> - <<<a7 b>7 d>7 C>

({¢,d), (a, b))

0, where {(a,b)

<CL, <b7 <C7 d>>> - <b7 <a7 <Cv d>>>

By direct calculations for the first identity, we have

<<b7 <CL, C>>7 d> o <b7 <<a7 d>7 C>> + <b7 <Cv <d7 CL>>> o <b7 <d7 <C7 a>>> - 07
({a,0),{c,d))

Now, we proved that the bicommutative algebra under mutation product

satisfies these identities g;(a, b, ¢, d), where i € {1,2,3,4,5,6}.
Proposition 3.2.10. Let (B,0) be a bicommutative algebra. Then (B, ,

satisfies the identity f(a,b,c,d)

f3(a’7 b7 C, d)

)) )\I/ )) ))
—~ —~ — —~
a2 A& 25 &35
== S = 5 SIS
a%\ ab bb = N
N— SN—
~— — ~— ~— ~— ~—
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S > S > S > S >
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—~ —~ —~ —~
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for the third identity, we have

(a, (b, {c,d))) = c(b((((ad)p)p)p)) — q(d(b(((ac)p)p))) — q(c((((ab)d)p)p))
+ q(q(d(((ab)c)p))) — q(c((((ba)d)p)p)) + q(q(d(((ba)c)p)))
+q(q((((ca)b)d)p)) — q(q(q(((da)b)c)))

(b, (a, {c,d))) = c(b((((ad)p)p)p)) — q(d(b(((ac)p)p))) — q(c((((ba)d)p)p))
+q(q(d(((ba)c)p))) — q(c((((ab)d)p)p)) + q(q(d(((ab)c)p)))
+q(q((((ca)b)d)p)) — a(q(q(((da)b)c)))

Now, we have proved that the above identities are equal to each other.

Theorem 3.2.11. Every identity of degree mo more than 4 satisfied by the
mutation products in every bicommutative algebra is a consequence of identities:

fi(a,b,c,d) = {(a,{d,c)),b) — (a, ({(d,c),b)) =0 (3.2.6)

f2(aaba G, d) - <<<b7 C>7a>ad> - <<<b7 d>7a>7c> + <Ca <<da b>7a>> - <d> <<Ca b>7a> =0
(3.2.7)

f3(a7b7 ¢, d) = <<b7 <avc>>7d> - <b7 <<avd>7c>> + <bv <Ca <d7 CL>>> - <bv <d? <C7 a>> =0
(3.2.8)

fala, b, ¢, d) =(((d, b}, a), ) — (({d, ), a),b) + (b, ({d, c), a))—

Proof. By using the program Albert, we obtain a basis of degree 4 of algebra
defined by identities g1(a,b,c) = 0 and g3(a, b, c) = 0. The basis of this algebra
contains 84 nonassociative monomials of degree 4, and we present them in the
following order:
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be a nonassociative polynomial, i.e., an element of the free nonassociative
algebra of degree 4.
Let B be the free bicommutative algebra with multiplication (a,b) — ab. We
calculate F'(a, b, c,d) € Bin terms of the mutation product {(a, b) = (ap)b—b(qa).
We have

F(a,b,c,d) =

(((((ab)c)d)p)p)p(M + A2 + As3)

+(((((ba)c)d)p)p)p(As + A5 + Ag)

+(((((ca)b)d)p)p)p(A7 + Ag + o)

+(((((da)b)c)p)p)p(A1o + A11 + A12)

+c(((((ab)d)p)p)p) (A3 + A1s + Aoz 4+ Aag + Ag7 + Ass + As1 + As2 + Ae1 + Ae2)
+d(((((ab)c)p)p)p)(Aa + Aig + A2g + Aso + Aaz + Aaa + Asz + Asa + A7 + Aes)
+b(((((ac)d)p)p)p)(Ais + A7 + Xas 4+ Aag + Az1 + A3z + Aag + Aso + As5 + Asg)
+c(((((ba)d)p)p)p)(>\19 + Ao + A33 + A3q + A39 + Aag + As7 + Asg + g3 + )\64)
+d(((((ba)c)p)p)p)(A20 + Aa1 + Ag5 + Ag6 + Aas + Aag + Aso + Aeo + Aeo + A7)
+d(((((ca)b)p)p)p)( A2z + Aaa + Aa1 + Aaz + A7 + Mg + Aos + Ags + A7 + Ar2)
+c(b((((ad)p)p)p) ) (Az3 + A75 + Arg)

+d(b((((ac)p)p)p))(Aza + Azs + As1)

+d(c((((ab)p)p)p))(Az6 + Arr + As3)

+d(c((((ba)p)p)p))(Aso + As2 + Asa)

+q(((((ba)e)d)p)p)(—A1 — Ag — A1 — Aas — Aag — A9 — Ao — Aus — Aag — Aag—

— Xs0 — A63 — Aea — Agg — A1)

+q(((((ca)b)d)p)p)(—=A2 — A5 — A2 — Aoz — Aag — Az3 — Azg — A7 — Aug — As1—
— Xs2 — A7 — Asg — Arn — An)

+q(((((da)b)c)p)p)(—=A3 — A6 — Ag — Ag — Az0 — Az5 — Azg — Mg — Aaa — As3—
— Asa — Asg — Ao — A5 — Ae6)

+q(((((ab)c)d)p)p)(—=As — A7 — Ao — A31 — Azg — A7 — Ags — Auz — Aug — Ass—
— Xs6 — A61 — A6z — Ag7 — Aes)

+Q(d((((ab)c)p)p))(—>\1 — A2 — A1 — A2 — A1z — A — Aty — Aig — Agg — Aaz—
— A2 — A2 — A5 — A7 — Aso — As2 — Agg — Ar1 — Any—
— A76 — As1 — As3)

"‘Q(C((((@b)d)p)p))(—)\l — A3 = A8 — Ag — A3 — Ay — A7 — Aig — Aig — Agy—
— o5 — A30 — A9 — A1 — Agg — Ass — Ae3 — Aes — Arz—
— M7 — Arg — As3)
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+q(b((((ac)d)p)p))(—=A2 — A3 — A5 — Ag — A15 — A1g — A7 — Aig — Aa1 — Ao —
— Ao7 — A9 — A33 — A35 — A5t — As3 — As7 — Asg — Ars—
— Mg — Arg — A1)
+q(d((((ba)c)p)p))(=As — A5 — Ao — A2 — Mg — Air — A9 — Ao — Aag — Agu—
— A32 = A34 — A3 — Mg — Asg — Asg — A7 — Are — Apy—
— Mg — Agq)
+q(c((((ba)d)p)p)) (—As — A6 — Az — Ag — A1z — A5 — A9 — Aop — Aoz — Aoz—
— A31 — A36 — A37 — Ag2 — As5 — Agp — A1 — Ay — Arz—
— A5 — Ag2 — As4)
+q(d((((ca)b)p)p))(=A7 — Ag — Ao — A1 — Aig — Aig — Ao — Aog — Aoz — Aou—
— A38 — Ago — Mg — Mg — Ag2 — Ags — Aes — Aro—
— A6 — Arr — Ao — As2)
+q(d(b(((ac)p)p)))(—=A25 — Az0 — A31 — Az — Aag — Aag — Aag — Asq — Ass—
— X60 — A6s — Ao — A1z — A7 — Ago)
+q(c(b(((ad)p)p))) (=26 — Aag — As2 — Aga — Asg — Aag — Asp — As2 — Asg—
— Ass — A2 — Aga — Ara — Arg — Ago)
+q(d(c(((ab)p)p)))(=A2z — A2g — A37 — Mg — Mz — Aug — As1 — Asg — Agi—
— X66 — A6 — Ar2 — Ars — Arg — Ags)
+q(d(c(((ba)p)p)))(—A33 — Ag5 — Asg — Au1 — Mas — Aaz — As7 — Asg — Agz—
— Xo5 — Ao — A71 — Arg — Ag1 — Ag3)
+q(q(c(((ba)d)p))) (A1 4 A2 + At + Mg + Az + Aia + Ais + Aig + A + Ao+
+ Aog + Aag + Aas + Aaz + Aso + As2 + Agg + Az + Arat
+ A76 + As1 + As3)
+q(q(d(((ba)c)p))) (A1 + Az + Ag + Ao + Az + g + A7 + Aig + Aig + Ao+
+ A7+ A7g + >\83)
+q(q(c(((ab)d)p)))(As + A5 + g + Ao + A2 + A + A7 + Aig + Ago + Ao+
+ Aog + A32 + Azs + Auz + Aag + Asg + Asg + A7 + At
+ A7a + A7 + Ago + )\84)
+q(q(d(((ab)c)p)))()\4 + Xg + A7+ Ag + A3 + A5 + Mg + Aog + Aog + Aog+
+ A31 + A36 + A37 + Ao + Ass + Ao + A1 + Aeg + A7zt
+ A75 + Ag2 + )\84)
+q(q(b(((ac)d)p))) (A7 4 Ag + Ao + Ai1 + Aig + Ag + Aor + Aog + Aoz + Ao+
+ A38 + Aag + Aaa + Aag + A2 + Aga + Ass + A7o + Arg+
+ A7+ Aso + As2)
+q(q(d(((ca)b)p))) (A2 + Az + A5 + Ais + Aig + A7 + Mg + Aar + Ao2 + Aozt
+ A79 + )\81)

23



+q(q((((ca)b)d)p))(Aas 4 Aso + Az1 + Aze + Aaa + Aag + Aag + Asa + Ass + Ago+
+ Agg + A7 + A73 + A7 + )\82)

+q(q((((da)b)c)p))(Aas + Aag + sz + Aza + Ass + Aao + Aso + As2 + Asg + Asg+
+ Ag2 + Aga + A7q + Mg + >\80)

+q(q((((ba)c)d)p))(Aaz + A29 + Asz + Aaz + Aaz + Aag + A1 + Asz + A1 + Ao+
+ Ag7 + Ao + Ars + Mg + >\84)

+q(q((((ab)c)d)p)) (A3 + Ass + Azo + Aa1 + Aas + Aaz + As7 + Asg + Mgz + Aes+
+ Agg + A71 + A7g + Ag1 + >\83)

+q(q(d(c((ab)p)))) (A1 4 Ag + Ai1 + Aos + Aog + Azg + Ao + Aas + Agg + Mg+
+ As0 + A3 + Aea + e + A70)

+q(q(d(b((ac)p)))) (A2 + As + A2 + Aoz + Aag + Azg + Azg + Aaz + Mg + A5+
+ As2 4 As7 4 Asg 4+ At 4 Ar2)

+q(q(c(b((ad)p))))(Az + A6 + Ag 4 Aog + Azg + Ags + Asg + A + Az + Asz+
+ A4 + As9 + Ago + Ags + >\66)

+q(q(d(c((ba)p)))) (A + A7 + Ao + Az1 4 Az2 + Az7 + Agg + Az + Agg + Ass+
+ A5 + Ag1 + Ag2 + Ag7 + >\68)

+q(q(q(d(c(ba)))))(—A1 — A2 — A3)

+q(q(q(d(c(ab)))))(=As — A5 — Ao)

+q(q(q(d(b(ac)))))(=A7 — Az — Ao)

+q(q(q(c(b(ad)))))(—A10 — A1 — A1)

+q(q(q(d((ba)c))))(—A13 — A1s — Aoz — Aag — Az — Asg — As1 — As2 — A1 — Ae2)
+q(q(g(c((ba)d))))(—A1a — At — A2g — Az0 — Aug — Aaa — As3 — Ass — Ag7 — Aes)
+q(q(q(d((ca)b))))(—=As — A7 — A2s — Aag — Az1 — Az2 — Aag — Aso — Ass — Ase)
+q(q(g(d((ab)c))))(—A19g — A2 — A3 — Az — Asg — Aag — As7 — Ass — Ag3 — Aga)
+q(q(q(c((ab)d))))(—A20 — Aa1 — Azs — As6 — A5 — Aag — Asg — Aeo — Ao — A70)
+q(q(q(b((ac)d))))(—A2s — Aaa — Aa1 — Aa2 — A7 — Aag — Ags — Xe6 — Ar1 — Ar2)
+q(q(q(((da)b)c)))(—Ar3 — Azs — Arg)

+q(q(q(((ca)b)d)))(=Aza — Ars — As1)

+q(q(q(((ba)e)d))) (=16 — A7t — As3)

+q(q(q(((ab)c)d)))(—Aso — As2 — Asa)

Since, the mutation products of {a,b,c,d} are expressed with the set of
elements

{(((((ab)e)d)p)p)p, (((((ba)c)d)p)p)p, (((((ca)b)d)p)p)p, (((((da)b)c)p)p)p,
c(((((ab)d)p)p)p), d(((((ab)c)p)p)p), b(((((ac)d)p)p)p), c(((((ba)d)p)p)p),
d(((((ba)c)p)p)p), d(((((ca)b)p)p)p), c(b((((ad)p)p)p)), d(b((((ac)p)p)p)),
d(c((((ab)p)p)p)), d(c((((ba)p)p)p)), a(((((ba)c)d)p)p), ¢(((((ca)b)d)p)p),
q(((((da)b)c)p)p), a(((((ab)ec)d)p)p), q(d((((ab)c)p)p)), q(c((((ab)d)p)p)),
q(b((((ac)d)p)p)), a(d((((ba)c)p)p)), a(c((((ba)d)p)p)), q(d((((ca)b)p)p)),
q(d(b(((ac)p)p))), a(c(b(((ad)p)p))), q(d(c(((ab)p)p))), q(d(c(((ba)p)p))),
q(q(c(((ba)d)p))), a(a(d(((ba)c)p))), a(q(c(((ab)d)p))), q(q(d(((ab)c)p))),



q(q(b(((ac)d)p))), a(q(d(((ca)b)p))), a(q((((ca)b)d)p)), q(q((((da)b)c)p)),
q(q((((ba)c)d)p)), a(q((((ab)c)d)p)), q(q(d(c((ab)p)))), a(q(d(b((ac)p)))),
q(q(c(b((ad)p)))), q(q(d(c((ba)p)))), a(q(q(d(c(ba))))), q(q(q(d(c(ab))))),
q(q(q(d(b(ac))))), q(q(q(c(b(ad))))), q(q(q(d((ba)c)))), q(q(q(c((ba)d)))),
q(q(q(d((ca)b)))), q(q(q(d((ab)c)))), q(q(q(c((ab)d)))), q(q(q(b((ac)d)))),
q(q(q(((da)b)c))), q(q(q(((ca)b)d))), q(q(q(((ba)c)d))), q(q(q(((ab)c)d)))}

from a basis of the free bicommutative algebra in degree 7 on the set {a, b, ¢, d, p,
P, 0,4, q,q}, we see that F'(a,b,c,d) = 0 leads to a system of 61 linear equations
involving 84 unknowns, denoted by \;, where ¢ = 1,...,84. This system has
a rank of 23. Therefore, we can consider A3z, Ag, Ag, A2, Aog, Asa, As6, A6os A62,
/\647 /\667 /\687 )\70, )\72, )\74, )\767 )\787 )\787 )\807 )\817 )\827 )\83 and )\84 as free parameters,
the remaining parameters can be expressed in terms of these free parameters:
A3 = —A1 — Ag,
Ao = —Ag — A5,
>\9 = _)\7 - >\87
A2 = —A10 — A1,
Aog = —A13 — Aig — Ais — Aig — A7 — Aig — Aig — A — Aot — Agg — Agg,
Ass =A10 — A13 — Ay — A5 — A1 — A1r — Mg — Aos — Aog — Agr — Agg — Agg—
— A30 + A4 — Agg — Aso — As1 — As2 — Asz + Ar,
Ase = —A15 — A17 — Aas — Aog — A1 — Az2 — Agg — Aso — Ass,
A60 =A1 + A1 — Ag — Aog — A21 — Ao + Ags + Aog — Azz — Azq — Azs — Azg+
+ Mg + Aso — As7 — Asg — Asg + Ag,
Ae2 = —A13 — A1g — Ao7 — Aog — Az — Azg — As1 — As2 — A,
Aos = —A19 — A2 — A33 — A3q — A3g — Ago — As7 — Asg — Ags,
Ae6 = — A1g — A1+ A3+ Ag + Ais + Aig + A+ Mg + Ag + Ag + Ago + Aor+
+ Aog + Aoz + Aog + A3z + Azs — Ayr — Ay + A5 + Ast + Aso + As7 + Asg—
— 65,
A6s =A10 + A13 + A1s + A7+ Aig + Aos + Aog + Aoz + Aag — Ay — M\yz — Aggt
+ Ag9 + Aso + As1 + As2 — Agr — Ar,
A0 = — A1 — A11 + A9+ Aoz — Aos — Aag + A3z + A3s — Aus — Agg — Agg — Asot+
+ A5z + Ass — Aeg — As,
A72 =A10+ A1 — A2 — Aoz — Aog — A3z — Asy — Mgz — Aug — A5 — As1 — Aso—
— As7 — Asg — Arn,
A4 = — A+ Ais + Aig + A7+ Aig 4 Aot + Ao 4 Aoz + Agg + Asz + Ags — Aut-
+ As1 + A5z + As7 + Asg — Ars,
A6 =A10 — A13 — Ara — 2A15 — 2A16 — A7 — A1 — A2 — Agg — Aop — Aoz — Agz—
— A6 — A7 — Azg — Ag9 + Azg + Ay + Agp — Aso — A5t — As2 — Asz + Azt
+ Aes5 — Ars,
A7g =A1 — Ao + A1z + Ag + A5 + Arg + Ao+ Agg + Aoz + Aog + Aog + A5+
+ A4z + Aso + As2 + Aeg + Arr — A,
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A9 = —A73 — Ars,
+ A2z + Aas + Agg + Aoz + Aag + A3 — Azs + Azr — Ay + Ay + Aso + A5+
+ As2 + Ass — Asg + A1 — Aes + Arz + Ars,
A8l =A10 — A13 — Atg — 215 — 2A16 — A7 — Aig — A2 — A0 — Aap — Ao — Aoz —
— Aog — A7 — Aag — Aog — A33 — A3s + A — Ays — Aar — Aso — As1 — Asa—
— A53 — A7 — Asg — g9 — A71 + Arz + Agy,
Ag2 =A14 + Arg + A2g + Ao1 — Aoy + Agg — Azt + Az + Az + Aus — Agg + Asz3—
— Ass + Asg + Ag7 + Agg — A3 — Arr,
Asg = — A0+ Mg+ Mg+ 2005 + 206 + A7+ Ais + Ao+ Aog + Aag + Aot
+ Aoz + Agg + Aoz + Aog + Agg — A9 — Ay — Ag1 + Asg + At + Asz + Asz—
— A6z — 65 + A5 — A,
Ags = — A1+ A1g — 2A13 — 214 — 2A15 — 216 — A7 — Aig — A9 — Ao — 20—
— Aop — A2 — A9z — Aog — Aoz — Aoy — Agg — Az + Agp — Agz — Ag5—
— As0 — As1 — As2 — A5z — Ag1 + Ags — Ag7 — Ao — Ars + Ar7.
From these equations, we get 61 free parameters. We apply these parame-
ters to nonassociative monomials 3.2.12.
>\1<<<CL, b>7 C>7 d> + )\2<<<CL, C>7 b>7 d> + ( AL — >‘2)<<<a7 >7 >7 C> + )‘4<<<b7 CL>, C>7 d>
/\5<<<b7 C>7 CL>, d> + (_/\4 - )‘5)<<<b7 d>7 > > + )‘7<<<Cv > d
(=A7 = As)({{e, d), a), b) + Mo(((d, a), b), c) + A1 {({d, b
(=Ao—A11)(({d, ¢), ), b)+i3((a, b), (¢, d)) +A14{(a, b
Ais{(a; )b, (d, b)) + Air{(a, d), (b, C>> + Mis{(a, d), (¢, b))
A0 {(b, a), (d, C>>+A21<< ¢}, (d; @))+An{(b, d), (c, a))+A

Aso{a, ((b,d), c)) + As1{a, ({c,
(A0 — A3 — Ag — A5 — Mg — A17 — g — Aoy — Agg — Aoy — )\28 — >\29 — )\30 + >\4 —
/\49—)\50—)\51—)\52—/\53+>\7) <CL, <<d, C>, b>>+/\55<b, <<CL, C>, d>>—|—(—/\15—)\17—)\25—
>‘26_>‘31_>\32_>‘49_)‘50_)‘55) <b7 <<a7 d>7 C>>+>‘57<b7 <<Ca CL>, d>>+)‘58<b7 <<C> d>7 CL>>‘|-
As9(b, ({d, a), c)) +(A1+A11—A19— A2 —A21 — Moo+ Aos +Aas — A3z — Azg— Azs — Az +-
)\49+>\50_)\57_>\58_)\59+)\8)<b> <<d, C>, CL>>+)\61 <C, <<CL, b>, d>>+(—)\13—>\18—>\27—
/\28 — )\37 — )\38 — )\51 — )\52 — )\61)<C, <<CL, d>, b>> + )\63<C, <<b, CL>, d>> + (—)\19 — )\22 —
/\33 — )\34 — )\39 — )\40 — )\57 — )\58 — )\63)<C, <<b, d>, CL>> + )\65<C, <<d, CL>, b>> + (—)\10 —
A1+ A3t A+ A5+ A6 A7 A s+ A9+ Ao+ Ao+ Ao1+ Ao+ Aoz +Aog +Asg+ Aga—
/\41—)\42+)\5+)\51+)\52+)\57—|—/\58—/\65)<C, <<d, b>, a>>+)\67<d, {(a, b>, C>>—|—(—)\10—|—
A13+ A5+ A7+ A1+ Ags + Aog + Aoz + Aog — Ay — Mgz — Ayg + Agg + Ao+ As1 + Az —
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)\67—)\7)<d, <<CL, C>, b>>+)\69<d, <<b, CL>, C>>+(—>\1 _>\11+)\19+)\22_)\25_)\26+>\33+
A34— A5 — A — Mg — Aso + As7+ Ass — Aeg — Ag)(d, (b, ¢), a)) +A71(d, ({c, a), b))+
(A0 F A1 — A2 — Aar — Aag — Azg — Aga — Aur — Aag — A5 — As1 — Asz — As7 — Asg —
)\71)<d, <<C, b>, a>>+)\73<a, <b, <C, d>>>‘f’(_)\1+)\15+)\16+)\17+)\18+>\21+>\22+>\27‘|‘
/\29 + /\33 + )\35 — )\4 +)\51 +)\53 —|—)\57—|— /\59 — /\73) <CL, <b, <d, C>>> + )\75(&, <C, <b, d>>> -+
(A0 = A13 = A1 — 215 — 216 — A7 — Mg — Ao — Ago — Aa1 — Ao2 — Aoz — Agg — Aoy —
Aog — A29 4 Agg + Ag 4 A1 — Aso — As1t — Asa — Ass + A3 + Aes — Ars)(a, (¢, (d, D)) +
)\77<a, <d, <C, b>>> + ()\1 — )\10 + )\13 + )\14 + )\15 + >\16 + >\2 + )\20 + )\23 + )\26 + >\28 +
Mg+ A7+ 50+ Asa + Agg + A7 — )\77) (a, <d, <b, C>>> + (—)\73 — )\75) <b, <C, <a, d>>> +
(A= A0+2 3+ A s+ 2 15+ A+ A7+ Mg+ Ao+ Ao+ Ao+ Aaa + Aoz + Ao + Aag +
o7+ Aag 4+ Azt — A5+ Ag7 — A1 + Aag + Aso + Ast + Asa + Ass — Asg+ Ae1 — Ags + Az +
A75) (D, (¢, (d,a))) + (Ao — Az —A1a—2X15 =216 — A7 — Mg — Ao — Aoo — Aag — Ago —
A23—A26—Ao7—Aog — Aag — A33— A3+ Ay —Aus — Ayr— A0 — As1 — Aso — As3— As7— Asg —
69— Ar1+A73+A77)(b, (d, (a, €))) +(Aa+ A6+ A2+ A2 — Aos+Aog— Az +Azs+ g3+
A5 — Aag+ A5z — Ass+ As0+ Ae7+ Aeg — Ars — A7) (D, (d, (¢, a))) + (= Ao+ Mg+ s+
2A15 2 16+ A 17+ A 18+ Ao+ Ao+ Ao1 + Aoo+ Aoz +Aag+Aa7+Aag+Aag— A39— Ay — g1+
A0+ As1+As2+As3— Aoz — Aes + A5 — A7) (¢, (d, (a, b)) + (= A1+ o—2 13— 2 14—
2M15 =2 16— A7 — A8 — A9 — A2 —2X 90 — Aot — Aaa — Aoz — Ao — Aoy — Aag — Aag — Ag7 +
A1 —Aaz3— Aas — As0— As1 — Asz — Asz — X614+ Aes — Ae7— Aeg — A5+ A7) (¢, (d, (b, a))).

From here we collect the lambdas. To do this, use monomials inside the
F(a,b,c,d) from 1 to 84 in terms of the mutation product (a, b) = (ap)b—0b(qa).
F(a,b,c,d) =

)\30(<<CL, <d7 C>>7 b> o <a7 <<d7 C>7 b>>) + )‘5(<<<b7 C>7a>7d> o <<<b7 d>7a>7c>+
+ <Cv <<d7 b>7a>> o <d7 <<C7 b>7a>>) + )‘7(<<<Ca a>7 b>7d> o <<<Ca d>7a>7b>+
+ <a7 <<d7 C>7 b>> o <d7 <<CL, C>7 b>>) + )‘31(<<ba <CL, C>>, d> o <b7 <<a7 d>7 C>>+
+ <bv <C7 <d7 CL>>> o <b7 <d7 <C7 a>>>) + )\37(<<Ca <a7 b>>a d> o <C7 <<a7 d>7 b>>+
+(b, (¢, (d, a))) = (¢, {d, (b, a)))) + Aa3({{d, {a, b)), c) = (d, ({a, c), b))+
+ <bv <d7 <C7 CL>>> o <C7 <d7 <b7 a>>>) + )\55(<bv <<a7 C>7 d>> o <b> <<a7 d>7 C>>+
+ <bv <C7 <d7 CL>>> o <ba <d7 <C7 a>>>) + )‘61(<Ca <<a> b>7 d>> o <C7 <<CL, d>7 b>>+
+ <b7 <C7 <d7 CL>>> o <C7 <d7 <b7 a>>>) + )\67(<d7 <<a7 b>a C>> o <d7 <<CL,C>, b>>+
+ <b7 <d7 <C,CL >> - <C7 <d7 <b7a >>) + )‘11(<<<d7 b>7a>7c> - <<<d7 C>,CL>, b>+
+ <b7 <<d7 C>7a>> o <C7 <<d7 b>7a>> o <d7 <b7 C>7a>> + <d7 <<C7 b>7a>>>+

+ /\34(<<b7 <Ca d>> CL> - <b7 <<d7 C>7a>> - <C7 <<b7 d>7a>> + <Cv <<d7 b>7a>>+
+ <d7 <<ba C>a a>> o <d? <<C> b>7 CL>>) + )\35(<<b7 <d7 CL>>, C> o <b7 <<d7 C>7 CL>>—|—
+ <a7 <b7 <d7 ¢ >> o <ba <C7 <d? a >> - <b> <d7 <a7 C>> + <b7 <d7 <C> a>>> +

+ )‘41(<<C7 <d? a>>a b> - <Cv <<d7 b>7 a>> + <CL, <C> <d7 b>>> - <bv ¢, <d7 CL>>>—
o <Cv <d7 <a7 b>>> + <C7 <d7 <b7 CL>>>) + )\45( <d> <ba CL>>, ) — <d? <<b7 C>7 a>>+
+ <a> <d7 <b7 C>>> o <ba <d7 <CL,C>>> + <b> <d7 <Ca a>>> o <Cv d7 <bv CL>>>)—|—

+ Ass((b; (e, d), a)) = (b, {(d; ¢), a)) = (¢, {(b,d), a)) + (¢, {{d, ), a))+
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+ <b7 <C’ <d7 a>>> T <b7 <d7 <a7 C>>> + <Cv <d7 <CL, b>>> o <Ca <d7 <b7 CL>>>)+

+ )\52(<CL, <<Ca d>7 b>> - <CL, <<d7 C>7 b>> - <Ca <<CL, d>7 b>> + <Cv <<d7 b>7 a>>+
+ <d7 <<a7 C>7 b>> - <d7 <<Ca b>7 a>> - <CL, <Cv <d7 b>>> + <a7 <d7 <b7 C>>>+

+ <b7 <Ca <d7 CL>>> o <bv <d7 <CL, C>>> + <Cv <d7 <CL, b>>> o <Cv <d7 <b7 CL>>>)—|—

+ )\15(<<avc>7 <bv d>> o <<Ca b>7 <d7 CL>> o <a7 <<d7 C>7b>> o < ) <<a7d>vc>>+
+ (e, ({d,0), @) +{d, {{a; ), 0)) + (a, (b, {d, c})) = 2(a, (¢, (d, b))+

+ <CL, <d7 <b7 C>>> + 2<b7 <Cv <d7 a>>> o 2<b7 <d7 <a7 C>> + 2<Cv <d7 <a7 b>>>_
o 2<Cv < ) <b7 CL>>>)

From there we take that the monomials are interdependent. As a result, we
obtain 6 identities.

Therefore,
g = )\30]431 + /\5k2 + )\31]€3 + )\11]{34 + )\35]{75 + )\1156 =0
where
ki(a, b, ¢,d) = ((a,{d, c)),b) — {a, ({d, ), b))
ka(a, b, ¢, d) = ({(b,¢), a),d) = ({(b,d), a), c) + (¢, ((d, b), a)) — {d, ({(c, ), a))
ks(a, b, ¢,d) = (b, (a,¢)),d) = (b, {{a, d), c}) + (b, (¢, (d, a)}) — (b, (d, (¢, a)))
ka(a, b, ¢,d) = ({{d, 1), a), c) = ({{d, c),a),b) + (b, ({d, ¢}, a)) — (¢, ({d, ), a))
o <d7 <<ba C>7 a>> + <d7 <<67 b>7a>>
ks(a,b, ¢, d) = (b, (d, a)), c) = (b, {{d, ¢}, a)) + {a, (b, (d, c))) — (b, (¢, (d, a)))
o <b7 <d7 <CL, C>>> + <b7 <d7 <Cv CL>>>
ke(a,b, ¢, d) = ({{a, 1), ¢}, d) + (b, {(d, c),a)) = {a, (b, (d, c))) — (¢, (d, (b, a)))
_<<<a7 d>7 b>,C> + <CL, <d7 <b7 C>>> + <b7 <Ca <d7 CL>>> o <d7 <<b7 C>7 a>>

This implies that any identity of degree 4 of the class By, can be derived
from the identities {ky, ko, k3, k4, ks, k¢.}

So, we have obtained 61 identities. Now, we need to show that all of them
follows from the Theorem 3.2.11.

We select the coefficients of the monomials based on their order in the
preceding list 3.2.12. In other words, the columns of a matrix correspond to
the monomials and the rows of a matrix represent each polynomial with all
possible permutations of f; where ¢ € {1,2,3,4,5,6} in the variables a, b, ¢, d.
The resulting matrix achieves a rank of 106.

After that, we construct the matrix without changing its columns; however,
the rows represent each polynomial resulting from all possible permutations of
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gi(a,b,c,d) where 1 € {1,2,3,4,5,6} and the other 61 identities. Hence, the 61
identities follows from the identities in the Theorem 3.2.11.
]
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4. Conclusion

The main task of this thesis was to prove that any bicommutative algebra
under the mutation product satisfies an identity of degree three and all identities

of degree four.
We have built bases by constructing theorems and proved theorems by using

the methods of linear algebra.
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