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About existense of solution of third-order derivative of —y” +¢(x)y = f like equations

Let’s consider following equation in range L, [n;;f;
-y +q@y=felL frnr (01
' €x =y (x), i=012.(02)

or
Ly ==)"+q(x)y
by adding this notation:
L_14-‘=feL2[7r;7r_ (n

Yy €x =y (m), i=0,L2 @)
(l) we get this operator. Let’s prove this operator (1) by principles of conditions (2).
Theorem 1. Assume that the function ¢(x)>1is continuous

forV f € L, there is only one solution for problems (2.1)-(2.2).

Before proving this theorem we will prove some inequalities and lemmas
Lemma 1. Assume thaty € C} [—7[’;71’:, then '

T

J Viydx=10 (3)

=T
equation is true.
Proof: To prove lemma we use integration by part.

-[}/ Vd\ = J‘J,dy" = }1)) z IV Vdx = - J‘ydy = —V V T Jy_],f' dx = J-}) (f} = 11"}) =

n

- ‘]'J_y'"dx = - ‘]'yy dx

As a result we get

ij’"ydx =— I]yymdx .

T
It means 2 J.yy'"dx = 0.Proof is complete.

-

Lemma 2.For every v € C; [~7z‘;2r:, the Fol]()wing inequality

“Ly 2 = ||y||2
Proof:To prove lemma we consider sc

holds:

alar product ang equation (3),

<Ly.y>= I(J’ H](\’)y,]/dx— jJ’ Vdx+ _[f{(\f )y dx =

-r

= ‘Jq(A’)yldx - IJ’E"’"" B j v,

Using the Cauchy-Bunyakovskiy-Schwary inequality vy :
< Ly.y > <] Lo, 11, Y we get inequality:

It means,
< 1< Ly, y

2
/|
.12

}
21X

on frx

then
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From this

1551, =1,

inequality is true. Proof is complete.

Lemma3.Assume that theorem 1 holds, and then KerL = E{is true.

Proof:Let’s prove this lemma by contradiction. Suppose that the set of values of operator

L doesn’t coincide with spaceL,, or shortly R(L)#L,. It means. VveL, v.LR(L)so,

vy e D(L).
By Riezs theorem there exists an operator conjugated to operator L, that satisfies the equation
below
< Ly vo=< pLvs=40,
So,

<y, Lv>= j})(\-‘"’ + g (x)v)dx =0.
-T
This equation holds forV y e D(L) and since D(L) is a dense we get v” +g(x)v =0.From
v = —g(x)v, where Vv e Ly,and g(x) is continuous function. Sov" € L,,it means that we have a
third-order differential. Because of existence of 1,2,3-order differentials we can integrate by

parting.
gy Fves J Y+ g(xw)dx = f " dx+ jq(x) yvdx=0

B
Let’s integrate each part one by one. Then:
g p Y
T
_.Vl'vl' ,-‘iT +yl'?‘) ifz_ j":}}ﬂ‘ldx

].v"'ydx: Iydv" =

- -

Vis periodic function, so we’ll look forv,v',v" . y=sinx e D(L),then,

T

T
.T_ [ Ji‘_ "
L vydx=pyv

-7

for ¥V = sin X we will check the equation above. Then

T
T - va"'dx

=T

T
jyvﬂfcix _— }f'l/‘”

-7

L

T b "
YV | YV

where yv”if,, = Oand J’"V’ " =0.Then

[y + g = costa () ~cost-m W' () + [(-3" + qoapvdv=—v'(x) + V() =0

=i

Now it is easy to prove thatv'(1) =v'(-7).
T.=0 istrue. We can also see thatv" () = v"(—x) s true.

T

p— "1
-=0,s0)"

If y=1,theny"'

T =0. If we look at Vv'(m)=v"(-7) we get

Similarly if y=cosx, then ¥
that yv"l _=0.Then from

—cos(m(m)+cos(-mw(-m)=0

ratio we get equation v(7) =v(=7).

By this we show that functions v,v".»" are periodic. And we also getv C:frx.

From Lemma 3.2.2the following inequality holds

|2, 2,

v +Wc/(,\')v — O but it is also equal to L'y

Then we get

e e e e S T
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[0l ..
inequality, it means, v=0.So KerL = @ . We proved that the kernel is frec.
Lemma 4.Assume that the theorem holds, then for operator L. determined at all L. . there

exist an inverse operator L™ .
Proof:Let’s prove by contradiction. Assume that for elements ¥,-¥> € D(L) there is only one

suitable /. it meansly, = fandLy,=f. If we consider that operator  Lis
linear L(y, — y,) = 0.From this we get inequality
HL(y, _3’2))3 = ||y| _3’2”2-

From this inequality we get ¥, = y,. So L is self-compatible

If in inequality

|21, 2|3,
We consider that Ly = £ then we get inequality:
“fnz = NL_lf”‘

So, for operator L there exists a limited inverse operator ' . Ler

nma is proved.
Proof of theorem:To prove theorem we use 3 and 4 lemmas P
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Rezume

In this work we research existence
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