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Abstract

In this thesis we discuss cylindrical extensions of the improved Rellich inequalities
on R* x R"~* with the Euclidean norm | - | on R*. Actually, we show sharp
remainders of the Rellich type inequalities yielding the classical Rellich inequal-
ity. Moreover, Rellich type identities and inequalities with more general weights
are established. In addition, we present horizontal extensions of these results on
stratified Lie groups.
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Annarma

Byn muccepranusna RF x R** keHicriringeri J)KakcapThuiran Pennx TeHci3mik-
TepiHiH UMINHADJIK KeHelTy/epiHn R* kenicTirinzeri eBKINATIK HOpMaMeH |- |y, ana-
mbi3. CoHpali-ax, 6i3 KiaccukaibiK Pennx rencisgirive xenripinerin Penux Tun-
Ti TEHCI3AIKTEPAIH HaKThl KAJABIKTAPBIH TaJIKblIaiMbi3. COHBIMEH KaTap, »KaJIlbl
casiMaKTapbl 6ap Pennx TunTi TeHJiKTED MEH TeHCI3AIKTEp aybIHbL. Bi3 ockl HoTH-
>KeJIep/iH KeJljleHeH HycKaJiapbii crpaTudukauusianrad JIu TonTapbita Keneiite-
Mi3.



AnHOTAaIINA

B manHO AuccepTalii Mbl 06Cy2KJaeM HUIHHAPHYCCKUC PaCUIMPCHHS HCPABCHCTB
yayuauensoro Penuxa na RF x R"~* ¢ exannosoit Hopmoi |- |, Ha R*. Bosee Toro,
MbI ITOKa2KeM TOYHbIe OCTAaTKHM HEPaBEHCTB TUIa Pesnxa npuBoisiuye K Kiaccudie-
cKkoMy HepaBeHCTBY Penuxa. Mbl ycTaHaB/IMBaeM TOXJECTBa U HEPABEHCTBA THIIA
Penuxa ¢ Gosee obmumu Becamu. Kpome Toro, Mel pacuupsieM rOPU30HAT/IbHbIE
BEpCUM THUX Pe3y/IbTAaTOB Ha CTPaTUdULUPOBaHHbIE IPyIIb! Jlu.
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Chapter 1

Background and motivations

1.1 Introduction

In 1954 at the International Congress of Mathematicians German mathemati-
cian Rellich for the first time introduced the following inequality for all f €

Cse(R™\{0}) and n € N\{2}:
! < ”Af”%ﬂ(mn) ) (1.1.1)

(n(n - 4))2
4 Iz | 2wn)

where || - |z denotes the Euclidean norm on R™ and A denotes the standard

. n(n—4) 2 :
Laplacian on R"™. The constant 7 is sharp. In the case when n = 2 this
inequality is still true with the following additional condition:

2

2m Np27
/0 f(rcosh, rsinf)cosfdf = f(rcosB, rsinf)sinfdf = 0.

0

The Rellich inequality plays a key role in the theory of partial differential equa-
tions and spectral theory. For example, such inequalities find diverse applications
in exploring fourth-order elliptic and parabolic partial differential equations see,
e.g- (1], [2] and [3). Therefore, Rellich type inequalities have many important
applications in various fields of mathematics and physics.

Define the operator T by
Tu = AAu — c|z|™u

on L? (R") with domain 9(T) = Cg° (R™\{0}). Then T is symmetric on 2(T). As
Rellich mentions in [4] his inequality can be viewed as a means of finding the largest
positive real number ¢ such that the eigenvalues for the Friedrich’s extension of T
are nonnegative. For the solution we turn to Rellich’s inequality.

Hence, for the operator T given above, ¢ = n*(n — 4)?/16 is the largest real



number such that the operator T is nonnegative.

Rellich inequalities become valuable when dealing with critical potentials. As a
basic illustration, these inequalities provide insights into the existence of solutions

and their asymptotic behavior for the equation u, = —AZ%+V for critical potentials
V.

The L, version of the Rellich inequality for n > 2p and 1 < p < oo was proved
in [2] for all f € C§°(R™\{0}):

|.f(z)|? p? P
/R" '—lzlzp dz < (n(p “)n= 2]0)) . |Af(x)Pdz.

Evans and Lewis introduced Rellich inequality with remainder terms in [5]. Nowa-
days, there are many works concerning the Rellich inequality, see e.g. [6], (7], (8],
9}, [10], [11], (12}, (18], [14], (15}, [16], (17}, [18] and [19].

In this thesis, our approach is mainly inspired by the works [20] and [21] of
Japanese mathematicians H. Wadade, N. Bez, S. Machihara and T. Ozawa. There,
they presented a new perspective on the Rellich inequality, namely by investigating
the impact arising from radial derivatives and spherical derivatives. It is well-
known that the Laplacian decomposes as A = A, + TlgAsn-x where A, denotes

the radial Laplacian and Agn-1 denotes the Laplace-Beltrami operator. The radial
Laplacian is given by

n-—1
A f =00 f + ——0.f,
||
where 0, is the radial derivative given by 9, = w5V Also, foreach j=1,...,n
these authors introduced the spherical-type derivative L; = 0; — %6, in which

casc there is the relation N

n
Agn-r = |a* Y L2,
Jj=1

These authors in [20] and [21] presented following Rellich type identity by encom-

passing the radial and spherical contributions on both sides of (1.1.1) for n > 2
and f € Cg°(R™\{0}): '

n(n — 4))2 2 n—1 2
( 4 |$|2 L,2(|Rn) f |1ZI| f Lz(Rn)
Nezr+ 22 lo MR =4), © _nln=4) Niaﬂn_‘lf 2
lml 4|.’E|2 L2(Rn) 2 IZL' " 2‘.’Bl2 L"(R")’
(1.1.2)

which imply the Rellich type inequality for the radial part of the Laplacian by



dropping non-negative remainder terms:

() 14

=]
By [20, Corollary 1.3] for n > 3 it follows that
azf + _—3rf

(27 Tl b

||
which means that this inequality gives improvement of the classical Rellich in-
equality.

2 2

n_

1
Or
Ed

<
L2 (Rn)

O f +

L2(R")

2 2

n—1

<

< AflRegey  (11.3)
LZ(Rn)

L2(R")

It was hypothesized by Badiale and Tarantello [22] that the best constant in
the following extended Hardy inequality:

1
Fd

< CokpllVFlle@nys (1.1.4)
Lr(R)
on R x R*7* is ;2 where V is the standard Euclidean gradient. This conjecture
was proved by S. Secchi, D. Smets and M. Willen [23]. It is natural question to
obtain such cylindrical version of the classical Rellich inequality.

Our aim is to investigate Rellich type inequalities on R* x R"~* where we take
|z/| to be the Euclidean norm on R* as a weight function. Let z = («/,z") €
RF x R** and o — 2 < k < n. Then we have the following Rellich identity:

(k(k—a))z f ~ (x’-Vk)2f+ —g+1(x'.vk)f2
4 |2/12 || Laam) lx’lk\ |21« ||« L)
i LCRT P (g:’.Vk)2f+k—%+1 (.’B"Vk)f 2
el ) TR )
2
k(k—a)||lk—a f TV
S e R | IR (BT
|.’L' |k IT |k LZ(IR")

for all f € Cg° (R"\{0}), where V, is the Euclidean gradient on R*. Note that
when k& = n and o = 4 we obtain identity (1.1.2). Such results on R¥ x R™* will
be discussed in more details in Chapter 3.



In the special case when o = 4 we get the following identity:

2 2 ! 2 / 2
k(k —4) f 2 Ve, k—1/[2' Vg
12 = T f+ / 1 S
4 |2'| L2(R™) || |’ |2'| LA(R")
2
k(k — 4) (x’-Vk)2 k—1 (:z’-Vk)
———f+ =) f+ f
awr R ) TR U )L
k(k—4) ||k —4 7 Vi) 1P
_ k=4 I @V ()
2 2 || || L(R™)

In the identity (1.1.6), by dropping the last two non-negative terms on the right-
hand side, we obtain the following Rellich type inequality:

2
k(k —4)\? V2 k-1(2 -V
() (F) 1+ (F)/
4 |$ |k ICU |k I(E |k LZ(R")

for all f € C§° (R*\{0}) and k > 2. In the case when k = n, taking into account
d _ zV

Teiz = fols e get the improvement of the classical Rellich inequality (1.1.3)

2

f

'}

)

L*(R™)

Furthermore, in this thesis we also discuss extensions of these identities and
inequalities on stratified Lie groups in Chapter 4. Necessary notations and defi-
nitions needed for our analysis will be discussed in Chapter 2. In Chapter 5, we
give a conclusion on the obtained results and state possible future directions.

Results of this thesis partly were announced in [24] and [25].



Chapter 2

Preliminaries

In this chapter, we provide necessary definitions and notations needed for our
analysis from [26], [27] and [28).

2.1 Stratified Lie groups

In this section the essential notations and definitions concerning the sctting of
stratified Lie groups are shortly recalled.

A group G = (R™, o) which satisfies the following two conditions:

- For some natural numbers N + Ny + -+« + N, = n, that is N = Ny, the

decomposition R® = R¥ x ... x RM is valid, and for every A > 0 the dilation
d» : R* = R" given by

ar(z) =65 («', =@, ... ,z) ="\, Nz ,)\ra:(’))
is an automorphism of the group G. Here z' = (V) € R" and z® € RM* for
k=2,...,1;

- Let N be as in above and let X;,..., X be the left invariant vector fields on
G such that X4(0) = g&| fork=1,...,N. Then

rank (Lie {X1,..., Xn}) = n,

for every x € R", i.e. the iterated commutators of Xi,..., Xy span the Lie algebra
of G:

is called a stratified Lie group (or a homogeneous Carnot group).

Thfa,t’s why the triple G = (R",0,6,) is a stratified Lie group. Folland have
inves‘mgz.ited suc'h groups in detail [29]. A more basic technique without identifying
them with R" is possible, but it can be demonstrated to reduce to the above

deﬁni'tion, S0 we may use it from the start. For more thoroughly discussions from
the Lie algebra point of view we refer to e.g. [30].



The (Jacobian) generators of G is the left invariant vector fields Xj,..., Xn '
and 7 is a step of G

Q=) kNi, N =N,
k=1

is called the homogeneous dimension of G. We also recall that the standard
Lebesgue measure dz on R" is the Haar measure for G (see, e.g. [31, Proposi-
tion 1.6.6]). For more details on stratified Lie groups we refer to [32] or [31].

The left invariant vector ficlds X; have an cxplicit form and satisfy the diver-
gence theorem, see e.g. [27] and [26] for the derivation of the exact formula: more
precisely, we can write

) r N ® 5
} :E : 4 -
Xk= 51-{-!- A m (.’L',,...,fl?e 1) (211)

@’
=2 m=1 Gmm

see also [30, Section 3.1.5] for a general presentation. Throughout this paper, we
will also use the following notations:

VH = (Xli""‘XN)

for the horizontal gradient,

divgv:=Vg-v

for the horizontal divergence, and

';
|z'| = /2P + - + 2}
N
for the Euclidean norm on R¥.

The explicit representation of the left invariant vector fields X; from (2.1.1)
allows us to verify the identities

IValz/"] =],

and

. N N -
divy (i_) _ 2= 7 Xy = L @y 17 X 2| N —
7| A 2 =
|| v ! [*Y || v

for any v € R, |z'| # 0.

We will also use the following lemma based on the lammata from (20, Lemma
1.4] and [33, Lemma 1.1] to prove our main results of the thesis:

Lemma 1. Let X be a scalar product space with scalar product (-,+). Letc> 0.



Then the following statements are equivalent:
e The equality
llull® = —2cRe(u, v)
holds for all u,v € X.

o The equality
ul® = 4¢ ||v||® = ||u + 2cv]
holds for all u,v € X.

Moreover, the next two statements are equivalent:
o The equality
lul> = —cRe < u,v > +b
holds for all u,v € X.

o The equality

1, . . 1
2 el = ol —szu

holds for all u,v € X.

(2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)

In this thesis, we use the scalar product in the L2 setting, that is, the scalar
product of the two functions f(x) and g(z) is computed as an integral of the type

(f(@),9(z)) =J f(z) - 9@)da.



Chapter 3

Rellich type identities and
inequalities on Rk x Rk

In this chapter, we discuss cylindrical extensions of the improved Rellich in-
equalities on R* x R™~* with the Euclidean norm |- [¢ on Rk, Importance of such
cylindrical versions of the classical functional incqualitics duc to applications in
investigating cylindrical solutions of partial differential equations arising in astro-

physics. Moreover, we establish weighted versions of the improved Rellich type
identities.

3.1 Rellich type identity and inequality on Rk x
Rn—-k

Here we establish a sharp remainder formula for the weighted improved Rellich
inequality. In the proof we adopt the following notations:

k— -
=_a_+2 and Rk=.k(_k__3.).,

H
k 5 1

Theorem 1. Let z = (z/,z") € R* x R"* and o — 2 < k < n. Then we have the
Rellich identity for all functions f € C§° (R™\{0}):

R I SV e
4 1712 | L2y |2 AP || .
_lk(k—a)f+<w'-vk)2f+ —g+1 (x'.vk ; ’
4|a'\? || ||« |z!|x L@
2
k(k—a)|lk-a f 2V
S e ) IR CIE!
I:E Ik |(17 'k L2(R")




where | - | is the Euclidean norm on R¥ and V. is the Euclidean gradient on Rk

Remark 1. In the case when o = 4 and by dropping two non-negative terms of
the right-hand side, we obtain the following Rellich type inequality:

(k(k4—- 4))2 f

[}

[~

Lz(Rn)

:v’-Vk)2 k-1 (z'»Vk>
—) f+

<|m'|k e e )

for all functions f € C° (R™\{0}) and k > 2. Note that when k = n, it implies
the following improvement of the classical Rellich inequality if we take into account
T = 2 and (20, Corollary 1.3):

2
<

L2(R")

(n(n—4))2 P
4 |21% [l L2 e
&2 n-1d |?
dz|z” |zl dizle” || L2 gn
< AflZ2mnys (3.1.2)
for all functions f € C§° (R*\{0}) andn > 3.
Remark 2. In the case when k = n and a = 4, taking into account 94— = vk

. Tz~ Tele
we/de}"zve from (3.1.1) the following result by N. Bez, S.Machihara andBT. OZaZ}a
in [21):

(Mot

2

f

|zI%

L3(R")

Pf n-1df |

+
dlmPE |(17| dlmlE L?(R")

&®f n-1df n(n-4)
dlzl? 8 + 2 f
Izt |zle dlz|e 4|z|%

9 -

L2(Rn)
nn—4)|| 1 df n-4 >
- +
2 2| g d|z|e 2|m|23f L@y (3.1.3)

for all functions f € Cg* (R"\{0}) and n > 2.



Proof of Theorem 1. Let us first prove the identity

2 2
k=B\*|| f ' Vi
2 8 =z’
I'T |k L2(R") Imlk L2(R")
2
-V k—
- —f + gf . (3.14)

For this, we first compute the following equality:

| f]? 1 2 1 '
dr = divy | —= | d=x.
/m" |='|7 Tk e 7 divs |z'|f

Using integration by parts, it follows that

| f|? 2 ' Vi f
——dr = ——Re dz. 3.1.5
Jo gt = w5 (313

Recall from (2.1.2) and (2.1.3) that the following two statements are equivalent:
lul|> = —=2¢Re < u,v >

and
llull® = 4 ||v)]* - flu + 2cv]®.

Then, using Lemma 1 with

X =L*R"),
il
||
z' Vi
= 3 f
|z’
and
oo 1
=5
it follows that the identity (3.1.5) is equivalent to
2 2
i (2 )2 Vi,
5 == _ -k
"2 k — £
I‘T |Ic L2(Rn) ﬂ |x'|1§ L2(R")

_ f + 2 $"Vk
8 _ B
i E= B |

L2(R")



yielding the following:

(59)

2 2

f

3
|2

:B'-Vk

z
|='|¢

L*(R™) L?(R")

.’I:Vk

f+

8
|| 2|2

5 f

L2 (Ru)

Now we split rest of the proof into two cases: k # o — 1 with K > o — 2 and
k = a — 1. So, in the case k # o — 1 we obtain

If($)|2da: -1 |f|2divk< id )d:z:

re (2[R k—alg, ||

If we apply integration by parts, we get

@), z' ka
Rr lelk |5L"|°'
It implies that
|f(:z:)|2 2 z' - Vif 1 z
dr = —— R i —_—
e e [ e e () &
We now apply integration by parts to get
2
@),
g 1715 N
2 (2 Vif) (@' - Vif) SN
= d Re/ £ dr + R (‘” k)-f
(k—a)(/»—aﬂ)( TR T e\ )
2 ——— e e
2 (z' - Vi) z - Vi\?
- A/ N CET
(k - a)(k a+1)( || 2 S Eqn f

11



The first term on the right-hand side of the last equality can be represented as

2 2
2y E Yy pnfet-t+ Ly
|'| ¢ L2(R") |2'|¢ |’ |k L2(R")
7 Ve f f ’ z' - Vi f 2
= 51 \l) T B izt (lx'l )
|='|2 || L*(R™) |='|2 /N 2wy
2
+2Re<(‘” _V_‘l)( ! ) f9_>+ I (3.1.7)
|z|2 2|6/ " (o) |2/|2

L?(Rn)
Let us rewrite (3.1.4) with f replaced by |'zL
follows

,I
|x Ik

2 2
_ (k -a+ 2) f
L2(Rn) 2 |='| L2(R")

e () (777)

The aim is now to calculate scalar product

’o
2Re<(m =) (&) 5
027 ) \IZle) " )2
U V% f f J 2
=2Re/ x,," ( ) —d __./ z | f] .
" (Ix,lz—l) lxl|k |x’|’—c2- T Rn‘ Vk d.L.

“f"lkcz ||
~
Integrating by parts yields that

2Re<(xl'av'°)( f) f
Ea AN YA

kak:

- oo (i)

2}

2

(3.1.8)
L2(R")

. R S 7 T (3.1.9)
/nt"fi';(\x'lz*z (@=2 '|:r'|) &

|5’3'|k—1 |P'|2
_/ ( k a— 2)
Rn |$t a=2

1
7 R T TR e

2

I

|2’ |k

L*(R")

12



A combinaation of (3.1.8) and (3.1.9) with (3.1.7) gives that

2 2

(x'.vk)f _(k—a+2)2 f
|IL"|E L2(Rn) 2 |93'|E L2(R")
— ko2 :L./ . v k—at2 2 f
| () ()| - Ly
/] L2(®) |2/12 1l L2 (m)
2 u 9 2
+-L =(—('” C:1+2) —(k—-a+2)+1> {g
1212 1l Lowmy 1% aaee
=x+2 (' . Y, kogi2 g 2 k—a\?| f
# e (B22) ()| = (552) |
|z']x L2(R") |lz'| 2 L2(R")
2
z' -V kog+d )
# |l (F) ()| e
|| L2(R")

The second term on the right-hand side of (3.1.6) can be represented as

flz) (z'-Vie\?
Re [, o () e

~ Re /R /z). ("”"V")z f(x)da

n |x’|k |-'L°'|k

+ (k - % + 1) Re /R é}?l : (x;;,zk) f(z)dz

~ (k-2 +1)Re f(‘”ll.(x"“) f@)dz, (3.111)

re 2|5 |’ |

that is,
flz) (z'-V\®
Re [ e () s
_ f(z) (m' \' 241 (2. V,
=R A S k
"o i:v’l‘i-"2( ) s+ () (x))dx
(1 _ < f(z) (' V4 N
(k=5 +1)Re [ g () s,

where the last integral is given by

&) (v 1 /
R k z
€ Rn '_T/I:—l ( |.’I"| ) fdz = [R" le‘ Vi (|f|2) dz

13



Using integration by parts we obtain

f(w)('VL> 1/( )
Re de = — = d
€ R" lelﬁ—l EqR fdz 2 Ja vy Bl (|f|)
1 [ < ( 1 o )
=75 - [+ / |f|
21“"; lz/|e |2 +l |/ ( )
_ 1 k o 2
2o (Ix'lz T 'I‘:) \/la
_k=a|l s |
2 {121 Ml oy
(3.1.12)
We substitute (3.1.10), (3.1.11) and (3.1.12) into (3.1.6) to get
|f(x)|2dm _ 9 (k-a)2 f 2
< Ix’lg (k—a)(k—a+1) 2 |’T'|E L2(R")
=52 z"Vk) pkzsrz_y A 12
T _—
I Ik ( lelk (l |k f) g
f(x) (w’-Vg)z k—24+1 (o V,
+Re/ 2
R" Ix’la-z |xl|k f(x)'*' |$,|k ( Ix'lk )f(m) d:l:
2
=500 (57) [
|x,|13 LZ(IRn)
2\ a 2
= 2 ((k—a) L (k=g +1k-a)\ | _s
Foeezaty ! 2 |""|E L3(R")
f(z) (w’-Vk)2 k=%+1 (o V
+ Re 5 .
R® |$’|2"2 Izl‘k f(II?) + lxllk ( |33,|k' ) f(iB) dz
-V —a 2
o (52) i) ),
L2(R™)
(3.1.13)

14



then we find

k(k — 4)
4

Ix'lk% L2(R")
- _ HONTERAY o g+l (2,
= Re/mn| (( ) f(z)+ R ( I )f(x))d:r

e? |2/
i 2 Lu2__ 2
s (B (i (3.1.14)
el
L?(Rn)

|7l

Recall that we have the following equivalence from (2.1.4) and (2.1.5)

1 1| 2o
|ul?=—cRe < u,v > +b < - el = ||v)i® = |jv + =ul| +=.
c c c
Using Lemma 1 with
X = *[®"),
u= fg
|| 2
v:(.x,_v_k)zf_l_k % 117"V7c f
'l 'J'Ilk LIS
4

“Tkk—a)
o5 (o) (75 )

we observe that the identity (3.1.14) is equivalent to the following identity

and
2

bl

LQ(Ru)

a=—c

2 .
et 52 5 .|
AU el ¢" T .. "
k IT IA, |T Ik @)
=|‘fg+___4 (m,’vk)z'f+k—%+1 A f ’
21z Rk =e) A\ o'l 2l \ ol
2 L2(R")
f 4 =k+42 ! 2
+ = +2 —— 17|72 <~’L"Vk> k-gtz_

=12 L2(Rn) k(k — ) =l |/ (ix I ? f) L2(R") .

15



Let us rewrite it as follows

2V, k—%+1 2V |
/ f+ 7 '] f
|’ |’ AP

L2(R)

k(k—o) [ f 4 (x’-Vk>2 k—%-i—l(z’-vk :
4 [lx’l§+k(k”°‘)< = ) T T |z'|k)f

L'Z([Ru)
2
+(k(k—a)) fg +2’k(k—a) lzllk—_kzi_z <x’-Vk) (lx,lt%ﬂ_lf) 2 |
¢ |2’ | L2y 4 'l L@
It means that
2
k(k—a)\?| f ' - Vi 2f+k—§+1 ' Vi
VAN [T T ErNEE
Tle Hrz@wn) k L2(R™)
2
k(k—a)f+ (x’-Vk)2f+k—%+1 (x’-Vk)f
s ’ /
4|2 |« |7/ |« L)
M I ,lk (IE vk) (‘xllk—u 2‘1f) ?
2 |.'L"| k Lz(R"),
where the last term is given by
=kt2 g/ .V 2
[l (222 ) (155 )
L2(R")
=52 -1 : ' nEegtE ’
SO CIC Cin)))
J=1 L2(R")
k
k2 _y k—a+2 k-at2 ?
_ / P] /
ofl [ Z;xj ((———2 —1) |2'),, 2 | m T pya, Sl
J=
. \ L3(R")
;" (k—a+2 k= kg2 K 2
— ’ _J*_'i'_z._.z =k+2 k—a
¥ Z o (2 ) W Y s
. =1 . LA(R™)
’ « k—a T
=l (B52) gy e @90,
|$ lk La(Rn)
k—a z -V
2 J,c%- + L)f
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Then we conclude that

(k(k4— a)>2

2
- Vi \? *—%+1<x’-vk)
+
( =R ) fF+—n U )/

212 1| 2 g L2(R")
2
k(k — o Vi, k—-92+41 /2 -V,
2 () 7+ G/
4|.’E’|f I:E |k Tk Tk L2(R™)
_klk—a)||k-a [ +(:c"Vk)
2 2 WIE |’C'|E L2(R™)

Now, consider the case k = a — 1. We write (3.1.6) as follows

2

f _ 2
pgny k- 0)(E— o+ D)

|='|

:I:' . Vk
|2’

2
f

L2(Rm)

f 2’ Vi \?
¥ RG<|z'|a-2’( ) ! >)

In the case when k = o — 1, this identity has the following form:

Vi ® f (a;'.vk)z
a = _Re s . 3.1.15
|75 f o <|x1|a—2 2| f ( )

Let us rewrite the equality (3.1.4) as follows

f

[]
|22

2

2
2

:L‘"Vk

|3

(3.1.16)

2

-V
= f u .,'°f+Hn L
L2(Rn) L2(R")

|='|2 |=/|

Now we calculate the first term on the right-hand side of (3.1.16) in the following
way:

L2(Rn)

2
(z' - V) (z' & Vi) 2
N P e AT TR
k L2R7) |z |k |2'| L2(Rn)
2
_ (m'-vk><f)+ f (:c'-vk)(f)2
I&_l ] 7 a _
|z|2 &'k ) (a2 L) 127" N\l || gy
2
Vv
+2Re<( '%";)'(IT{I ) f%>+ ! (3.1.17)
|12 T/ o' |2/

L2(R™)

17



We replaced f by I'xL'i and 8 by a — 2 in (3.1.16) to obtain

2

z' - Vi f 2 f

nz-! |:12'| T el /|2

|2/|2 k7 || Laam) 1212 1l L2qmy

2
T Vk) ——'L- 1
1552 (2 (1 ! (3.1.18)
”I lk ( |z'] (| e 7 ) L2(R™)

Also, calculating the scalar product

2Re<(|a;r|;v";) (I${|k)’lx{t|§>=2Rc ( - ])< ) lelz
_f__

|$'|k

(58445

|z'157% /) |='I%

-, "Z( OO )

Ela |$’lk |z}

k a—Z) Fik
= - =5~ T dr=—(k—a+2
/IR" ('xllk 2 |23 2) 1212 ( )

Dividing by 2 both sides of the above we get

X 2
T . vk f f _ f
Re<<|w'|§") (Iw'|k) ’ a> = —Ho1 || : (3.1.19)

Ix'lk |$’|l§ L3(Rn)

2

f

a
||

L2(R™)

18



We put (3.1.18) and (3.1.19) into (3.1.17) to derive

/ 2 2
|2'¢ L2@®™) 212 L2(R")
Jz x Vk _'L 1 2
+ o8 (———) e
” , I"Ell ( k ) L'Z([Rn)
2
+oH. || I
|| ey NE1E N awe
_ 2
=((_’€_Oiﬂ_(k_a+2)+1> fﬁ (3.1.20)
4 |2'}2 Wl 2qgeny
=k+2 (' Vi kzetd ) 2
# e (Tt (171
k E4 ( k ) L2(R™)
2
= (Han 17| L
|z’ L2(R")
2
=k
e (522 ()|
|2'| L2(R™)

However, the right-hand side of (3.1.15) gives

f x'.vk 2 3 f(x) x"Vk 2
R,e<|xl|a—2’< |x1| ) f> —Re/[R" |x/|a—2< lelk ) f(fl?)d.’l)

_ f(@) [z -Vi\?
= Re o T a~2( ER ) f(z)dx

f(z) z'-V
+ (Ic— ) + l)Re/ = . ( |$'|kk) f(z)dz
~(=g+ore [ Leh (20 jya,

||

then

f z' - Vy ?
R"‘<|x'|a*2’< o) ! >
_ /(=) (w'-vk 2 k-2+1(a/-V
=R
) v-éxn |$'|z_2< £ ) f)+ |:::2’)|,c ( |x'|kk> f(x)) de

R HONERRY “
(k-3 +1) Re/kn e (xla:’lkk) f(z)dz. (3.1.21)
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Here, the last term can be simplified as follows

f(z) (-T"Vk) 1 / z 0
Re [, i dr=1Re [ T i (IfPF) e
- 30 lelk 1 Ix'lk f 9 " |$,|,l_: k (Ifl )

It follows after applying integration by parts that

Re [ () 1= =3 Lo () e

1 1 xl :Dl
-5 L2 (o ~ g ) ()

J=1

1 k—of f
- E/mn (I R |x'|°*) e = === |3
1% |z’ L2(Rn)
(3.1.22)
If we put (3.1.22) into (3.1.21) to get
Re f - Vi) —
P T ) 7))
f(z) (13’ Vk)2 k—%+1 ('Y,
Re T) + 2 . b
e\ ) O () 1))
_ _ 2
LE=Dk-a) | s
2 EZEA -
f (”"Vk)2 k—2+1 (2. V
= Re , 2 k
<|w'|“—2 ) S ( |xf|k ) s
o 2
+ 5 (He- (3.1.23)
EH | L2
(R™)
We substitute (3.1.20) and (3.1.23) into (3.1.15) to obtain
(Hama - 12| L CAML BN BN
|$'2 L2(Rn) |x,|i~l lel ll"'% L3(Rn)
) .
~Re{ 1L . (ka) N k=541 2.V,
<!xlla-—2 ( lelk f(a') + |$,|k 'x’lk f(.’L')
2
- ‘(Hu 1~ l) f .
I(L' | L2(Rn)
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Combining similar terms implies that

2

f

a

j2/[%

v
((H o 1)2 " a(H o 1)) L3(R"™) B

f 2 Vi)’ k—2+1 (2 Vy
_Re<|x'la-2’<( ) @+ (lw'n)f(m)»

:B"Vk_f_ f 2
Fitaid Ik L)
that is,
f 2
|27 || L2 (gem)
1 f m’-Vk>2 k—%+1(z’-Vk>
- R y T)+ T
Roct e<|x'|°f-2 (< o ) O e e )7
' 2
S A0/ - . (3.1.24)
Ro-1 [||z!|2 71 || 'z L23(R")

We have the following easily verified equivalence from (2.1.4) and (2.1.5):

1 1%, 2b
lull? = —cRe <u,v> +b & = ful’ = ol - flo+ =ufl +=.
By Lemma 1 with
X = Ly(R"),
N
u= —fg,
||
v = <$'~Vk)2f+k—-£_}+1 z' - Vi f
|2} || 1= )7
oL
.Ra-—l
and
m’.v' 2
o [ o R
z x| |2 L3@®™)




the identity (3.1.24) is equivalent to the identity

2
R? £ = Ve 2f+k"%+1 T’ - Vi f
A3 |'] || ||
|z’ 2 L2(R") L2(R)
2
Vi \? k—-S%+1(z'-V
_ (__ )f+ 2 Vi) fy Ryt
] NN T .
Ve, k-« 2
—2Rk ,.‘.’_kj+ 2 {2
|z'| 3 ||z L2(R")

concluding the proof for the case k = o — 1.

Thus, proof of Theorem 1 is completed.
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Chapter 4

Rellich type identities and
inequalities on stratified Lie
groups

In this chapter, we discuss hypoelliptic versions of the Rellich identities from
the previous Chapter 3 on stratified Lie groups.

4.1 Rellich type identity and inequality on strat-
ified Lie groups
Here we obtain a sharp remainder formula for the weighted improved Rellich

inequality on stratified Lie groups, which implies the improved Rellich inequality
when G = (R"*; +) is the Eulidean space and N = n > 3.
N

Theorem 2. Let G be a stratified Lie
first stratum and N > o—2. Then we h
the following identity:

(N(N4— @) ) 2

group with N being the dimension of the
ave for all functions f € C (G\{z' = 0})

¥-Vu\?, N-2+1 /4.y,
(Iﬂ.)f+ e () 4

2

2 2

f

a
|2/

L2(G)

N(N—a)f+(x’-VH)2f+N—%+1 <(B"VH)f

4lz|3 || |=/| ||

L2(G)

L}(G)
2

N(N - a)
2

, (4.1.1)
L3(G)

lN‘“ f & V)

2 @t g/

where | - | is the Euclidean norm on RY. We denote by x' the variables from the
first stratum of G.

Remark 3. By dropping two non-negative terms on the right-hand side we obtain
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the following inequality

(N(N4— a))2

2

f

Bk

L*(G)

2
<

- Vyg\?, N-%+1 .'II’-VH>
( ] )f M e )7

for all functions f € CF (G\{z’ =0}) and N > a — 2.

L*(G)

Remark 4. In the unweighted case a = 4 and by dropping non-negative terms we
get

(22

2

|2

L3(G)
T Vg2 N-1/[(xz-Vy
( @] )“ ] ( @] )f

for all functions f € Cg°(G\{0}) and N > 2. In the Abelian case G = (R"; +),

hence N =n and Vg =V = (0y,,0%,,...,0,,), then the inequality (4.1.2) gives
an improvement of the classical Rellich inequality as discussed in (1.1.3).

Remark 5. We refer to [34] and [35] for the Rellich type inequalities on stratified
Lie groups.

2
<

L(G)
. (4.1.2)

Proof of Theorem 2. Firstly, we prove the identity

2
ekl e
B
2 21 | ey N 121 | g
.'t"VH N - ﬂ
B T RART '“ .
For this, we first compute the following equality
ik
d
Jy e = g [ (7)
Applying integration by parts, we have
|/ I? o -Vyf
/GW ————R/ P —— fdzx. : (4.1.4)
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Recall from (2.1.2) and (2.1.3) that the following two statements are equivalent:
lul* = —2cRe < u,v >

and ‘
llull® = 4c® ||v)|® — ||u + 2cv]|.

Then, using Lemma 1 with

and

it follows that the identity (4.1.4) is equivalent to

2
-(3%3)
pe VTP

o
||

CD VH
f
/|3

L¥(G)

f 2 ’E VHf
[/)f  N=F |z|2

L3(G)
yielding (4.1.3).

~
Now we split rest of the proof into two cases: N # a — 1 with N 2 a—2 and
N = a —1. So, in the case N # a — 1 we obtain

|f (=)
c |[Z]° dz = N — a/ |f1? dive (I e )da:

Integrating by parts, we have

|f (x)]? 7
|$I|a d R /:C ,VaHf
||
It implies that
1f(2? N v
—dz = — R /sc Hf 1 . x'
/o e
¢ ol T TR e ey v () @

25



Using integration by parts to get

@)P,
e
_ 2 (@ - Vuf)& Vulf) / z - ) f
SN -atD (Re A E A A vy I =TT
2 (- Vu) | f(z) ( )
= = + Re dr | .
(N=a)(N-a+1) ( |z'| d L*(G) G |z'|*~2 |z'| f
(4.1.5)
The first term on the right-hand side of (4.1.5) can be rewritten as
(e - V) | (#’'- V) - f
——w ===+ f(-1)|z ==
[z Lo, || el M L2(G)
o Va\(f\N. S| -V (S|
= 15-1 |_II TE ! -—l Tt
|| 2 z || % Lﬂ(c) |z'|2 || L(G)
v 2
+2Rc<(——,g—_’j) (i) —,f_->+ I (4.1.6)
|2’|% |2/l |2'|2 212 1l L2

Let us represent (4.1.3) with f replaced by l—% and with 8 replaced by o — 2 as
follows

(:v’~VH> (L) 2 _(N—a-l-2)2
Ix'lf‘l 'xll L2(G) 2 12(G)
2
ol () ()

L3(G)
Now we calculate the scalar product

m«ﬂ) (L) f>
lz|271 ) \|z'| )’ |='|%
=2Re [ (2 V”)( ) f o _[_ |f1?
/<|3?’|"1 |'| |:l:|2dx /G|:c'|a~2vH (“-) dz.

|22

2

f

Edk

(4.1.7)
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Applying integration by parts that implies
) (1) )
2Re<(|x'|%-l EIRTE
z Ifl2
-, d”“(l ’I"" ;) e s
- GZI Iml|a——2 I:L-Ila 1 |x’| |m’|2
]=

_ 2 2
=_/ N _a 2)|f,|2d:1,=—(N—a+2) {2 .
G |:L"|"‘—2 |x/|a—2 'a:l |£L‘ |2 L2(G)
A combining of (4.1.7) and (4.1.8) with (4.1.6) gives that
(m'.vﬁ)fz _(N—-cw+2)2 fP
212 )l 2 2 1’17 1l 2y
2
+ =172 (Z78) ()| - e L
T EZH
L¥(G) L2(G)
2 2
<(N @+ (n_ a+2)+1) I
Lz(c) |z L2(G)
2 2
P By o () I
L2(G) 2 |2'| L2(G)
2
+ ' |’ <5 (x ,v” ) (|x’|—-*-"‘a° 2-1 f) (4.1.9)
I(L' | L%(G)

The second term on the right-hand side of (4.1.5) can be represented as
~
f=) (=-Vu\*,, ..
e f e () s
flz) (z-Vu\?
=R
et (T s
_a flz) z' - Vy
(N 5+ 1) Re/ Er=. ] f(z)dz

- (n- S+1) Re/G |ﬁle . (“"lj”) f(@)dz, (4.1.10)
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that is,

Re [ L) (”‘ : v”)2 f(z)dz

¢ lz|*2\ |z

= Re A Iif:} ((T,lJXH)zf(x) N N —|x%,‘+ 1 (ﬂ:’l;LXH) f(:c))dz
- (v-Gn)re [ LR (50 e

where the last integral is given by

f(z) (' V4 _1 z 2
Re [\ e (™) fe2 = e [ gV (97 e
Integration by parts we obtain
flz) (' Vg 1 ) z
RGL l.’IJ'IO‘_l I’L"l fdllI = —= / leH (TT) (|f|2) dzx
-5 3 Z (5 ~ e 2 ) () s

Ry
2 G I-T"a ll,,la f| T

N-al f |
2 |x’|%‘

B©)
(4.1.11)
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We substitute (4.1.9), (4.1.10) snd (4.1.11) into (4.1.5) to derive

S@P 2 N-a)’
c 17" dz—(N—a)(N—a-i-l) (( 2 )

', 2
=4 (5557 (1759201
|| L2(G)

+Re/G l:f’ifz? ((ff'lmZH)zf(x) + N —Ijl+ 1 (xlleH> f(x)) dx

2

f

a
|='|2

L%(G)

N 2
+(N—3+1)( ") 5
2 2 212 |l L2y
_ 2 Cw—wﬂgw—%+MN—w) I
(N-a)(N-a+1) 4 2 |z'|2 L(G)
f(z) (xl'vu 2 —Ft+l(a-V
R v .
+ eL |xl|a—2 lx’l f(a:) + lel ( I.'E,I ) f(x) dx
, 2
o () (=)L)
|| 13(G)
(4.1.12)
then we find
NN=-4 £ |
4 |1"l% L2(G)
f(z) (“”"VH ? N-$+1(c.v
= —Re / TE (L Vn L (T
G lela—Z |xll ) f(l') + |$,| ( lw’l ) f(fc)) dzx
- v/ N-at2 2
— |[l='| 7% (‘” ,”) || =1 (4.1.13
a7 ( ) @ )
Recall that we have the following equivalence from (2.1.4) and (2.1.5):
2 _ 1 2
lull* = —cRe < u,v > +b 2 llu||® = lv)|® - ”v + %u + 2
c
Using Lemma 1 with
X = L}(G),
u= fa )
BT
! 2 a
v= (33 VH) peloatl o vy
7] =T\t )



4
N(N -a)

-V —at 2
efe1 ™ ( IerH) (Ie11)

L*(G)

C =

and

we observe that the identity (4.1.13) is equivalent to the following identity

2 Ve\?, N-2+1 (s Vy
+
( 2] )f 2] ( ] )f
L2(G)

s 4 -V, N-%+1 (2. Vy
"llm'|%+N(N—a> ) I (e )/

2

L¥(G
f 2 2 4 , —N+2 xl . VH , Nea 2-1 2( )
ol 2 F—a [ ) (15529
L2(G) L(G)

Let us represent it as follows

- Vg\? N-$+1 (2 -Vy
( B )f L ( =] )f
L%(G)

= NN—-a)| f 4 2 Vg\? N-¢+1/z.V ]
H : qu:*zvuv—a) (( =) (Iw’IH)f)

2

2 L%(G)
+<N(N—a)) f 2. N(N a) |2 (x’-VH Negta 2
4 |z'|3 L2(G) Ile“) (' z'| f) LQ(G).
It means that
(N(N—a))’ & (m'.vﬂ)zf N=2+1 (2. V\ |’
1 1212 1l 2() |’ TR < |z/| )f L2(G)
N(N - !, 2 a . 2
i ,f‘)f+(m ,V” faNog+l (2 Vy
1% ] e et )/
L’(G)
N(N a) I II =N+2 (a}l.VH) (l ’lN..uj
& f) .
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where the last term is given by

‘-, - 2
[l () (1#2749)
|| L2(G)

S (g (3 (w7 0)

Jerefa((g e

2

L*(G)
2

L2(G)
2

N
N o+ 2 N-—at2 =N+2 N-a+2
ol Al ZM (—— )Iz’l FE 4 12T Y e X fle T

=1

L%(G)

of (Nz a)| 155 e 'I_‘fﬂ"(x,f ZH‘)f 2
I

L*(G)
N-—ao f (@ -Vu),|
+ ——f .
2 ||z |2'|2 L3(G)

Then we conclude that

2 2

N(N - a)\? f - Vu\*, —2+1 (2 - Vy
4 ! I f + py ] ) f
N(N - ) (x,'V”)z N-2+1/(z'.V ’
- a + 2 H
l a1 (55r) e (G )/
L2(G)
NN-o)|N=a f  (a'-Va)
- > 5 = + ——f .
I.'B |2 Ix |2 L2(G)

Now, consider the case N = oo — 1. We adopt the following notations:

Hy=N-o+2
2
and .
Ry = YV (N4: @)

We write (4.1.5) in the following way:

f

a
|z’ 2

“Vuy
BH )

2
iL2(G) (N=a)(N-a+ 1) ( 12(6)

e (40 )
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In the case when N = a — 1, this identity has the following form:

2 2
=_ f (x' : VH)
L(G) e < |z/|e=2" \ |z f > : (4.1.14)

Let us represent the equality (4.1.3) in the way

f

a
|z'|2

.’L"'VH

«©
|z'|2

f

2 2

-V
Edk

z'-Vy f
a H =17,
A=
Now we calculate the first term on the right-hand side of (4.1.15) in the following
way:

2
a-—1

2
f

L%*(G)

(4.1.15)

L2(G) L%(G)

2 2

(' ZH)f

|22

& Va) e+ L

|2 [l
2

L?(G) L2(G)

(&%) () + ) = | () (1)

|z’|Z -1 |z’| Edk L2(G) |z’|3 -1 ||

Y\ (LY I\ ||
+2Re<(|x'|%-l) <|z'|) ! sx'|%> *

|z'|3
We replaced f by L 7 @nd S replaced by o — 2 in (4.1.15) to obtain

() ()

2

L3(G)

(4.1.16)
L3(G)

2 2

f

-3

— 2
=H?_ P

L3(G)

L*(G)

=N+2 .7;‘, . v -t 2
+ "l.'c'l 2 (—WlH) (lx'l—_LN 3 2-lf)
N

L*(G)

(4.1.17)

Also, calculating the scalar product
-V ! TF
zRe<(,*_q_ﬂl) (—f—) L_> =2Re/ LVaN( LN, T 4
|='|2 LAVAPTE e \|z'|z71 ) \|2'| ] |2/|3
_ x’ |f1?
gAz=AL (17)
and apply integration by parts we derive
/ . v f
2Re<(u) (_._) .L = — : | f|?
IE) 1) e ) = Jo o) [
T’ 2
= — ) ) |f|
/Ez(ﬂ“z D ) e

=_/ N a2 |
@ 12 " 2 ) [pp® = ~(N —a +2)
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Dividing by 2 both sides of the above we get

2

S0 -l
R T a1 ' m ) a = -Ha—l T o B (4.1.18)
e<<|510’|"l lz'| ] 7 |']2 212 |{ 12
We put (4.1.17),(4.1.18) into (4.1.16) to obtain
((L"'VH)fz _ 21 fa 2
|2'| % L%(G) EAER PR
N2 /. v —atd 2
+ “lw’l-“z*‘ (x M”) (Ia'1%1)
L2(G)
2 2
+2Ha || Lo I
|’U| L2(G) '] 2 L2(G)
- D) 2
_ (<N_2:2__(N_a+2)+1)
4 z'|2 L3(6)
ol » 2
e (5538 (eee)
.'UI L2(G)
2
= (H -1 - 1)2 fg
N2
|| L2(G)
T VH —a
[l (£22) (i) |
L(G)
(4.1.19)

However, the right-hand side of (4.1.14) gives
\
f - Vu\? \ _ f@) (=-Vu\*,
Re<|x'|a-2’( o) ! >“R‘3/G|x'|a~2 ey ) e
- Vy
= Re /Ix’|°“2( 7 ) f(z)dzx
-V
+(N—-+1)Rc/ |»’L'|°‘" (Tﬁ) fz)dx

- (N=-2 flz) (z'-V
(N =3 +1)Re c—lx'la-l ( lw’lH) (@)
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then
Re < B (xlljllﬂ)z I >
-ne [ () e M () )
~(N-3 2 +1)Re / . o (“:"j”) f(z)dz. (4.1.20)

Here, the second term of (4.1.20) can be simplified as follows

f@) (&Y g, L /’7_' 2
Re e P fdz =5 Re Rrr Va (1f?) dz

G|

It follows after applying integration by parts that
f(z) (2'-Vu __l/ : T’ .
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If we substitute (4.1.21) into (4.1.20) to get
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We put (4.1.19) and (4.1.22) into (4.1.14) to obtain
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Combining similar terms yields that
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that is,
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We have the following easily verified equivalence from (2.1.4) and (2.1.5):
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Chapter 5

Conclusions and future work

5.1 Conclusions

The Rellich inequality has many important applications in various fields of math-
ematics and physics. This inequality holds significant value in the theory of partial

differential equations and spectral theory.

Recently, Japanese mathematicians N. Bez, S. Machihara and T.Ozawa in [20]
and [21] introduced improvements of the classical Rellich inequality for the radial
part of the Laplacian. In this thesis we discuss cylindrical extensions of these
improved Rellich inequalities on R¥ x R** with the Euclidean norm | - |; on R¥.
Importance of such cylindrical versions of the classical functional inequalitics duc
to applications in investigating cylindrical solutions of partial differential equa-
tions arising in astrophysics. For example, in [22] Badiale and Tarantello used

the cylindrical Hardy inequality in studying a model describing the dynamics of
galaxies. N

Moreover, we discussed sharp remainders of the Rellich type inequalities, namely
Rellich type identities yielding Rellich type inequalities.

Furthermore, we established Rellich type identities and inequalities with more
gencral weights. In the unweighted case & = 4 and when k = n, our results imply

the results of N. Bez, S. Machihara and T.Ozawa in .[20] and [21]. In addition, we
obtained horizontal versions of these results on stratified Lic groups.

Further research could be to investig?’te app.lications'of the obtained results in
studying the well-posedness of partial dlfferent{al equatfons. Another possible dj-
rection is to study the critical case 7 = 4 of Rellich type inequalities and identitjeg.

Finally, to extend the results to more general Lie groups.
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