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Abstract 

In this thesis we discuss cylindrical extensions of the improved Rellich inequalities 
on R* x R"-* with the Euclidean norm |- |, on R*. Actually, we show sharp 
remainders of the Rellich type inequalities yielding the classical Rellich inequal- 
ity. Moreover, Rellich type identities and inequalities with more general weights 

are established. In addition, we present horizontal extensions of these results on 
stratified Lie groups. 
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AnHyatia 

Byn gucceptauuaga R* x R°-* xenictiringeri *KakcapTbEwiran Penux TeHci3aik- 

TepiHil, UMIMHApPIK KeHelTyepin R* xenictiringeri eskimarik HOpMamed |-|, ava- 

MbI3. CoHnyaii-axk, 613 KjlaccukaIbik Pennx texcisgirine kentipinerin Penux Tun- 

Ti TEHCI3HIKTePAIH HAKThI KAJIIbIKTAPbIH TasIKbIaiMbl3. COHbIMeH KaTap, 2KAJIIIbI 

cayiMakTapbl 6ap Penux Tunti TexyikTep MeH TeHCi3qiKTep ayIbIHAbI. Bis ocbI HATH- 

2KeJIePJNH KOJJeHeH HYCKaJlapbIH CTpaTudukauMalanran JIM TOUTapbina KeHelTe- 

M13.



AHHOTAauMA 

B gaHHolt AuccepTauHu MbI O6cy2KTacM WWIHHAPHUCCKHC paclIMpCHHA HCpaBCHCTB 
yayumenHoro Penuxa ua R* x R*-* c esxnugosoit HopMoit |-|, Ha R*. Bonee Toro, 

MbI M1OKa2KeM TOUHbIe OCTATKM HepaBeHCcTs Tuna Pesuxa NpHBOAALIMe K KIaccH4e- 
CKOMy HepaBeHcTBy Penuxa. Mb ycTaHaBIMBaeM TOK eCTBa UM HepaBeHCTBa THA 
Penuxa c Gonee o6miMmMu Becamu. Kpome Toro, MbI paclidpiem ropH30HaTJIbHble 
BePCHH 3THX pe3yJIbTATOB Ha cTpaTHduuMpoBaHHple rpyimip! Jlu. 
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Chapter 1 

Background and motivations 

1.1 Introduction 

In 1954 at the International Congress of Mathematicians German mathemati- 
cian Rellich for the first time introduced the following inequality for all f € 
C&(R"\{0}) and n € N\{2}: 

u s AF licen) , (1.1.1) 
(a _ 2 

4 oll Neary 

where || - ||z denotes the Euclidean norm on R” and A denotes the standard 
: n(n—4) 2 : Laplacian on R”. The constant 7 is sharp. In the case when n = 2 this 

inequality is still true with the following additional condition: 

2 

an Np2an 

i f(rcos6, rsin®)cos6dé = f(rcosé, rsin6)sinédé = 0. 
0 

The Rellich inequality plays a key role in the theory of partial differential equa- 
tions and spectral theory. For example, such inequalities find diverse applications 
in exploring fourth-order elliptic and parabolic partial differential equations see, 
e.g. [1], [2] and [3]. Therefore, Rellich type inequalities have many important 
applications in various fields of mathematics and physics. 

Define the operator T by 

Tu = AAu — ¢|z|~*u 

on L? (R") with domain Y(T) = Co? (R"\{0}). Then T is symmetric on A(T). As 
Rellich mentions in (4} his inequality can be viewed as a means of finding the largest 
positive real number c such that the eigenvalues for the Friedrich’s extension of T 
are nonnegative. For the solution we turn to Rellich’s inequality. 

Hence, for the operator T given above, c = n?(n — 4)?/16 is the largest real



number such that the operator T is nonnegative. 

Rellich inequalities become valuable when dealing with critical potentials. Asa 

basic illustration, these inequalities provide insights into the existence of solutions 

and their asymptotic behavior for the equation u, = —A?+V for critical potentials 

V. 

The L, version of the Rellich inequality for n > 2p and 1 < p < oo was proved 

in [2] for all f € C§°(IR"\{0}): 

| f(x)? p? P 
[. “Tap? dz < (<7 ijn 5) ee |Af(x)|Pdz. 

Evans and Lewis introduced Rellich inequality with remainder terms in [5]. Nowa- 

days, there are many works concerning the Rellich inequality, see e.g. [6], [7], [8], 

(9}, [10], (11), (22), [13], (14), [25], [16}, [27], [18] and (29). 
In this thesis, our approach is mainly inspired by the works [20] and [21] of 

Japanese mathematicians H. Wadade, N. Bez, S. Machihara and T. Ozawa. There, 

they presented a new perspective on the Rellich inequality, namely by investigating 

the impact arising from radial derivatives and spherical derivatives. It is well- 
known that the Laplacian decomposes as A = A, + tg Agn-1 where A, denotes 

the radial Laplacian and Ag,-1 denotes the Laplace-Beltrami operator. The radial 
Laplacian is given by 

n—-1 
A,f = Of + orf, 

|x| 
where 0, is the radial derivative given by 0, = av: Also, for each j = 1,...,n 

these authors introduced the spherical-type derivative L; = 0; — igor in which 
case there is the relation N 

mu 

Agn-1 = |x|? 5 L?. 
j=l 

These authors in [20] and [21] presented following Rellich type identity by encom- 
passing the radial and spherical contributions on both sides of (1.1.1) for n > 2 
and f € Cy°(R"\{0}): ; 

n(n — 4)! n-1 7 

( 4 |x|? L2(R") I \z| f L2(R") 

_ flats + 2a, p 4 2-4) 5 © n= 4) [art toes 
[z| Ala|2 L2(R") 2 [a| " 2|z\? L2(R") 

(1.1.2) 

which imply the Rellich type inequality for the radial part of the Laplacian by



dropping non-negative remainder terms: 

C=) la lz? 

By (20, Corollary 1.3] for n > 3 it follows that 

oF f + ——__ orf (2852) bal |x|? 

which means that this inequality gives improvement of the classical Rellich in- 

equality. 

2 2 
n- 1 

Oy ay of S 
L2 (R") 

O? f + 
L2(R") 

2 2 
n—-1l 

< < AS Req (1-13) 
L?(R") L2(R") 

It was hypothesized by Badiale and Tarantello [22] that the best constant in 

the following extended Hardy inequality: 

1 

fel! S Caroll V fllzeen): (1.1.4) 
L»(R") 

on R* x R"-* is ;2., where V is the standard Euclidean gradient. This conjecture 
was proved by S. Secchi, D. Smets and M. Willen [23]. It is natural question to 

obtain such cylindrical version of the classical Rellich inequality. 

Our aim is to investigate Rellich type inequalities on R* x R*-* where we take 
|x'| to be the Euclidean norm on R* as a weight function. Let x = (2’,2”) € 
R* x R™-* and a—2<k<n. Then we have the following Rellich identity: 

(tea)! f 7 (2278) “$41 (22%) jf 
4 2’? Wrage) lel |2'lk |x’|k Lar) 

_|/RE=) , , (Ste) AoE (22%) 5 , 

alee Te) Tee Tee A uy 
2 

k(k-—a)||k-a@ f z’-V 

a Se. ats) 
|x lz |x I L2(R") 

for all f € C§° (R"\{0}), where V, is the Euclidean gradient on R*. Note that 
when k = n and a = 4 we obtain identity (1.1.2). Such results on R* x R®-* will 
be discussed in more details in Chapter 3.



In the special case when a = 4 we get the following identity: 

2 2 t 2 / 2 k(k — 4) f al -Ve\?, k-1 (2's Ve 
12 = Te i+ 7 af f 

4 |x"| L2(R") \x'| |x’| \x’| L4(R") 

2 

k(k — 4) () k-1 (=) 
———f+|(——-] ft f gee eT) eT CTW aran 

k(k — 4) ||k-—4 w+ Vx) AP _ Rk =4) fe, NV) 16) 
2 2 |a’'| |x| L2(R") 

In the identity (1.1.6), by dropping the last two non-negative terms on the right- 

hand side, we obtain the following Rellich type inequality: 

2 

k(k — 4)\? v-Ve\?. k-1lf(2'-V 

ES) (Sar) f+ Ga) 4 |x lk \z lk |x lk L2(R") 

for all f € C§° (R"\{0}) and & > 2. In the case when k = n, taking into account 
d_ _ «V cis = fas We get the improvement of the classical Rellich inequality (1.1.3) 

2 
f 

la'lk 
’ 

L?(R") 

Furthermore, in this thesis we also discuss extensions of these identities and 

inequalities on stratified Lie groups in Chapter 4. Necessary notations and defi- 

nitions needed for our analysis will be discussed in Chapter 2. In Chapter 5, we 
give a conclusion on the obtained results and state possible future directions. 

Results of this thesis partly were announced in [24] and (25).



Chapter 2 

Preliminaries 

In this chapter, we provide necessary definitions and notations needed for our 

analysis from [26], [27] and [28]. 

2.1 Stratified Lie groups 

In this section the essential notations and definitions concerning the sctting of 
stratified Lie groups are shortly recalled. 

A group G = (R”, 0) which satisfies the following two conditions: 

- For some natural numbers N + No +--- +N, =n, that is N = Ni, the 

decomposition R” = R% x ... x R is valid, and for every \ > 0 the dilation 
6, : R® > R® given by 

5,(x) = 6) (c', 2... ,o")) = (Az, Ve 2, A") 

is an automorphism of the group G. Here 2’ = ¢™ € R% and x) € R% for 
k=2,...,7; 

- Let N be as in above and let X,,...,Xwy be the left invariant vector fields on 
G such that X,(0) = 32-| for k= 1,...,N. Then 

rank (Lie {X1,...,Xw}) =n, 

for every x € R", i.e. the iterated commutators of X1,...,Xn span the Lie algebra 
of G: 

is called a stratified Lie group (or a homogeneous Carnot group). 

That's why the triple G = (R",0,6)) is a stratified Lie group. Folland have 
investigated such groups in detail [29]. A more basic technique without identifying 
them with R” is possible, but it can be demonstrated to reduce to the above 
definition, So we may use it from the start. For more thoroughly discussions from 
the Lie algebra point uf view we refer to e.g. [30].



The (Jacobian) generators of G is the left invariant vector fields X1,...,Xwn . 

and r is a step of G 

Q=S kM, M=N, 
k=1 

is called the homogeneous dimension of G. We also recall that the standard 

Lebesgue measure dz on R® is the Haar measure for G (see, e.g. [31, Proposi- 

tion 1.6.6]). For more details on stratified Lie groups we refer to [32] or [31]. 

The left invariant vector ficlds X; have an explicit form and satisfy the diver- 

gence theorem, see e.g. [27] and [26] for the derivation of the exact formula: more 

precisely, we can write 

a r ON a 
5 > . é - 

xX, = aa, * Gr im (2’,...,2° ) (2.1.1) @? 
é=2 m=1 O@m 

see also [30, Section 3.1.5] for a general presentation. Throughout this paper, we 

will also use the following notations: 

Vu = (X1,...,Xn) 

for the horizontal gradient, 

divyv:= Vy-v 

for the horizontal divergence, and 

/ 
\z’| = rete. +22 

for the Buclidean norm on RR, 

The explicit representation of the left invariant vector fields X; from (2.1.1) 
allows us to verify the identities 

Vala’ | =e", 
and 

; N N - 
div (as) _ Lyjar lel X52 — Dea eile XG l2'| Ny 

tla 5) = 

|x'|y od lx'|y 

for any y € R, ja’| 4 0. 

We will also use the following lemma based on the lammata from (20, Lemma 
1.4] and [33, Lemma 1.1] to prove our main results of the thesis: 

Lemma 1. Let X be a scalar product space with scalar product (,-). Letc > 0.



Then the following statements are equivalent: 

e The equality 

llul|? = -2c Re(u, v) 
holds for all u,v € X. 

e The equality 

[ll]? = 4c? lull? — |Ju + 2cul]? 

holds for all u,v € X. 

Moreover, the next two statements are equivalent: 

e The cquality 

llull? = -cRe < u,v > +0 

holds for all u,v € X. 

e The equality 

Lo ; 1 
& ull? = Hol = p+ ou 

holds for all u,v € X. 

(2.1.2) 

(2.1.3) 

(2.1.4) 

(2.1.5) 

In this thesis, we use the scalar product in the L? setting, that is, the scalar 
product of the two functions f(x) and g(x) is computed as an integral of the type 

(f(e), 9(2)) - J f(x) Jade.



Chapter 3 

Rellich type identities and 

inequalities on Rex RV* 

In this chapter, we discuss cylindrical extensions of the improved Rellich in- 

equalities on R* x IR"-* with the Euclidean norm |- |; on IR‘. Importance of such 

cylindrical versions of the classical functional incqualitics duc to applications in 

investigating cylindrical solutions of partial differential equations arising in astro- 

physics. Moreover, we establish weighted versions of the improved Rellich type 

identities. 

3.1 Rellich type identity and inequality on R* x 
R°-* 

Here we establish a sharp remainder formula for the weighted improved Rellich 

inequality. In the proof we adopt the following notations: 

k- - 
= 70+? and R, = RRR) H k 9 n 

Theorem 1. Let z = (2',2") € R¥ x R"-* anda—2<k<n. Then we have the 
Rellich identity for all functions f € C§° (R"\{0}): 

2) AL We EGE 4 nl? Nea) la’ |t \x'|k \x'le LR") 

-|HO= ers (2288) ~$+1 (2% ; , 
Ala'|? |" | "lk \a" |x LR”) 

2 
k(k-a)|lIk-a@ f zg! V 

ate Sa wan 
|x li |x le L?(R") 



where |-| is the Euclidean norm on R* and V,, is the Euclidean gradient on R*. 

Remark 1. In the case when a = 4 and by dropping two non-negative terms of 

the right-hand side, we obtain the following Rellich type inequality: 

(Me 2" f 

la" 

i\
) 

L?2(R") 

a k-1 ee) 
——-}| f+ (a f+ Ten J! 

for all functions f € CS (IR"\{0}) and k > 2. Note that when k =n, tt implies 

the following improvement of the classical Rellich inequality if we take into account 

ae = ty and /20, Corollary 1.3): 

2 

s 
L2(R") 

(ney f | 

4 Izlé Neen) 

ad n-1 d ,|l? 
dz|z" —|zle axle” | apn) 

SAS Zee~ny, (3.1.2) 

for all functions f € C5° (R"\{0}) and n > 3. 

Remark 2. In the case when k = n and a = 4, taking into account ~4- = =Y« disie ~ Tele” 
wath from (3.1.1) the following result by N. Bez, S.Machihara and T. Ozawa 
in [21]: 

(eS) 
2 

f 
izle L?(R") 

Pf n-1 df |i 
+ 

d|zx\%, |z| d|z|z L2(R") 

ef on-1 df — n(n—4) 
d\iz|2 5 + 2 f Izl- |e dlzle A\a|?, 

2° 

L2(R") 
n(n—4)|| 1 df oo n—4 JP 

- + 
2 la|e d|zle del? 12(R")” (3.1.3) 

for all functions f € CS (IR"\{0}) and n > 2.



Proof of Theorem 1. Let us first prove the identity 

2 2 

k-B\*|| f a! Ve 
2 8 =| af 

|x: lz L2(R") |x'|Z L2(R") 

2 

z’-V k- - af + a . (3.1.4) 

For this, we first compute the following equality: 

lfl? 1 24: a 
dx = div; | — = ]} dz. 

I \x'\? AB Jee I dive Far 

Using integration by parts, it follows that 

[f|? 2 a! Vif 
——dr = ———— Re dz. 3.1.5 

heap = eae ae G25) 
Recall from (2.1.2) and (2.1.3) that the following two statements are equivalent: 

l|ull? = —2cRe<u,v> 

and 

lull? = 4c? lll]? — ju + 2cv||?. 
Then, using Lemma 1 with 

X = L?(R"), 

vert 
B ’ 

Iz'lk 

z's Vi = | f 

|z'\i 
and 

a 1 
- Foe 

it follows that the identity (3.1.5) is equivalent to 

2 2 
f _ ( 2 ) a: Ve "1 = (—“_ an 
13 k — 5 

|x li L?2(R") |x"|f L(R") 

_ f + 2 z': Ve 

B _ B 

jor Ban L?(R")



yielding the following: 

(3) 
2 2 

f 
B 

|z'le 

u'eVe 

a 
\x'lf L?(R") L2(R") 

a’ Vi 
f+ 8 

In'lk 2ja'|? L2 (R") 

Now we split rest of the proof into two cases: k # a — 1 with k > a — 2 and 

k =a-—1. So, in the case k # a — 1 we obtain 

Cale __} UP divs (Se a ) ae. 
re [ele k-a@ Jr, In'lk 

If we apply integration by parts, we get 

F(a)? z! w Ved pg 
R ile“ ee / 

It implies that 

IF@)P 2 z's Vif 1 g! 
dx = ~——_ Ri i — pe ea | aera (eet) 

We now apply integration by parts to get 

2 FP 
re [ele . 

2 (a! - Vif (a! Vif) Ve\’ = Re [ bdo +R (2 ‘rot Rasen | ~ ele ee daw Tee) I Tare 
2 ee 

2 (2' - Ve) a'-V,\? — Oj yn @88) pa (k —a)(k =a \x'|? Re) Reals f 

11



The first term on the right-hand side of the last equality can be represented as 

2 2 

ey CV p+ (-yeri+—e 
Ix'lé L2(R") lz'lé xl? L?(R") 

v'- Ve f f z'- Vx f , 

~ nz \2:"| ) + 2 7 273 \x'| 
\x'j k |z'l L2(R") Iz'l F/ Wears) 

2 

rae( (2 =) ( f ). a). = (3.1.7) 
\x'|? lz'le) ° \a'|? \x'|2 L?(R") 

Let us rewrite (3.1.4) with f replaced by a 

follows 

<7, and with 6 replaced by a — 2 as 

2 
(Zr) ( f - (fat?) f 

@_y fn a 2 

xf [2'le L2(R") 2 Ie’ lcaqre) 

ake 7) keat?_1 \ ||? 
+(o],? (———}) (\z'l, ? 3.1.8 ivi (ASE) om 628 

The aim is now to calculate scalar product 

a, 

2 Re = Vk ( f ). fo 
jog] Niele dale 
=2Re [ (234) ( f ). Tac = | aw vi (1A, a 

m\fole J Mees atl? re (oe? eB 
\ 

Integrating by parts yields that 

2Re x’: Vp ( f ) f 

jae) Mele) lari 

~ [=> as) 
a! 2 3.1.9 

-- | »( 5 - (a -2) i. Lf dr ( ) 

ne ay Mle le'lg wh |e"? 

_ k a—2\ |f/? 2 

I. (= on |z’|2~ "| Nl Eade = = -(k-a+2) fe 

k |x! 2 L?(R") 

12



A combinaation of (3.1.8) and (3.1.9) with (3.1.7) gives that 

2 2 
(=) - (E342) f 

|x'|? L2(R") 2 lz"? L?(R") 

—h+2 a! . V k-at2 _ 2 f + lei (7) (ei) |  -G-a+ al 
|" L2(R") lz'lé Nl re@ny 

2 _ 3 2 
+4 -(e04 a+?) ~(k-a+2) +1) a 

l2"le Nceqany lel? Haagen 

=ki2 (go! . Vy kaat2_4 k-a\*|| f + fee (Fa) (en y)] = (42) |G 
x’ L2(R") lz'lz L2(R") 

2 
x’: Ve krat2_} +f (FS) (eA). G0 

|z"| L?(R") 

The second term on the right-hand side of (3.1.6) can be represented as 

f(z) (2'-Ve\? 

Ref oes Faye) fea 
= Re [ UGE (at) Hada 

n \x'|f |x" |, 

+ ¢ _ 5 + 1) Re [. oa : (=) f(x)dx 

— (k~ 241) Re oa (Ae) f(e)dz, (3.1.11) 
re |2' |? |x'lk 

that is, 

f(a) (2'-Ve\? 
Re fame (Says) See 

_ F(z) Gaz Vi 241 /a!-V, =R ane ee k 

* Ie ae ae) f+ Geet) o)e 
_({p_& f(z) (2'- Vi wy 

(k-F+1)Re | en (Far) fee 
where the last integral is given by 

A(x) (2'-V +R , 
R k L 

e Rn fa[e-t (sv Ean aE) fdx = Re | lee ‘Vi (lf?) dx 

13



Using integration by parts we obtain 

Le), (=A) Lf (=) 2 
Re 

dx = —= div dz 

7 7a OT ae PZ (If) 

1 ‘ 1 ax; Li; ) 2 

= ~5 . dx 

7 hes eR pig fete) {") 
1 k oe ; 

3h, (aa “| © Lilie 
__k-all_s | 

2 Wel ezc3 
(3.1.12) 

We substitute (3.1.10), (3.1.11) and (3.1.12) into (3.1.6) to get 

VP ip = (#2) f | 
™ le (F—a)(k— a +1) 2 |x|? L?(R") 

=? a) ered? a |? 
zx ————. 

| lk Gz ( lk? f) LR") 

f(x) (sty k—-%41/a-V;, 
+Re | 

2 

Rn |x'|o~? ja’ |i f(z) + [z'le ( izle ) #0) dx 

2 

OS) hee 
|x'|? L?2(R") 

2~ a 2 

= 2 (t5% | ba FtDk-2)) | f 
(k — a)(k —a +1) 4 2 Io'1F Maaan 

f(x) (sa) k-~S4+1 (2-9 +Re 
5 ke 

Rn xR? ean f(x) + [2k ( lan ) 40) dz 

Vi ~a 2 
+ fe (A) (inl), 

L2(R") 
(3.1.13) 

14



then we find 

k(k — 4) 
4 £ 

x'|f L2(R") 

— f(a) f (2 Ve\? oe Bath (2 Ve = Re | Se (( [2’Ik ) f(x) + Ie'le ( Fan ) 0 Ja 

2 
=k+2 k- =2 _ 

- | I'he? (> 7) (I'l. * Pf) (3.1.14) 
la" L2(R") 

Recall that we have the following equivalence from (2.1.4) and (2.1.5): 

1 1 ||? 20 lull? = -cRe<u,v>+b © 3 [l2e||? = ful]? — to + -ull +=. 
Cc c c 

Using Lemma 1 with 

X = L(R"), 
u= J 

|x'lf 

_ (= oy k-¢+1 € vA) g 
[a's [2’|k [x'le J *’ 

c= 4 

k(k — @) 

and 

zeVv , k~at2_ 2 

a=—c jn’ * (Fave *) (ee 'f) 
L?(R") 

we observe that the identity (3.1.14) is equivalent to the following identity 

2 ‘ (ota) (BY AY VL — OF Tr an ! 
k x lk |x lk 12(R") 

-lS+ats (Suet) pha 2! Vy ; ? 
jz'|2 K(k —a) |", [2'Ie ran 

2 L2(R*) 

f aki? /! 2 
+ a +2-——_ la’|, 2 (57) qo? - 

|x’|? L2(R") k(k _ a) k \x'lx (| |, ? 'f) LRM) . 

15



Let us rewrite it as follows 

a! Va\?, K-41 (2: Ve\ || 
/ f+ i / f |x'lk |x'le |r'lk L2(R") 

k(k—o) | f 4 (=2%)" bog) (2M ; 

4 Praca ee) S* eh wie)! L2(R") 

2 
(2) f ao Hk = @) ial (a) (ia) 2 

4 x"? L?(R") 4 . [2"lk ‘ LAR") 

It means that 

a) Viel. rele eh Cen J! 
L (R") L2(R") 

k(k — a VW, \?, k-8 ' ° 
mar? * Gae) +e Gat) Alx le wks Tk |x lk L?(R") 

k(k — @) \x Noe ae =) (la’e ? “*f) , 

2 |z’| k L2(R") 

where the last term is given by 

=kt2 (7! V iene (FS%*) (wt) 
L2(R) 

— he oT = pct (x (04 et") 
k = 

L?(R") 

ak+2_y k-a+2 krat2_ ° _ / 3 f 

= {lz’l, 2 (C= -1) nl, ? = 7 i t+ ay ifla'ly 

k 42 ve") =k+2 vl’ (k-at+2 k-at2 _ ‘k 2 
= "Ag j Rrat2 9 xk+2 k-a4+2 eh ah (SS? 1) oy + oan reo 

aa (koa j=l , L2(R") 

le (FS) wiry pei 28; 
\r'|k LR") 

k-a f(a’. Va) 
2 | nb} + iL 

zt le |x! lH L2(R") 

16



Then we conclude that 

Ee 2)! 
2 

a! Ve\? att (eve) 
+ 

( ee ) f+—ar en)! I'l? een L2(R") 
2 

k(k-—a@ z'sVe\?. k-S4+1 (2'- Ve 

|e r+ (Fat) a (Gat)! Alx'|? |x lk Uk Dk L?2(R") 

_k(k-—a)|jk-a f , Ve) 

2 2 |x"? x'|2 L2(R") 

Now, consider the case k = a — 1. We write (3.1.6) as follows 

2 f _ 2 
ier) (F-a)(k—-a+]) |a'|? 

g! . Vi 

|x|? 

2 

f 
L2(R") 

f a! VR\? 

+ Re (rote ( a) )). 
In the case when k = a — 1, this identity has the following form: 

w+ Vx |l? f (“78) 
a = —Re } . 3.1.15 

[x"|2 f L21R") (ie [2"| f ( ) 

Let us rewrite the equality (3.1.4) as follows 

f 
a 

|x’|2 

2 2 
2 xs Vp 

|x'|3 
(3.1.16) 

2 
z’-V 

= f - |= gf + Ho ae 
L?(R") L2(R") |x'|2 |z"| 

Now we calculate the first term on the right-hand side of (3.1.16) in the following 
way: 

L?(R") 

2 

(x' - Vx) (x (2! - Vi) 
“eA owes foe ee k LR") |x w'| |z'l L?(R") 

2 

- (=) (4) f (5) (Ey 
neal / = aw \x'|2 lol) Jor LR) jo'Z 7 le VI pacgny 

2 
z.V +2ne( ( =) (gf ), Es fH (3.1.17) 
In| Tik/ |e'lg In'lk L?(R") 

17



We replaced f by al and § by a — 2 in (3.1.16) to obtain 

2 
(2 x =) ( f ) _a If 

\a"|2 \x'|i LR") |x"|? L2(R") 

2 
' z a4) 1 S=t2 -1 FE) (ic, 2S (3.1.18) 

+ [le a (a |z'| ( J ) L2(R") 

Also, calculating the scalar product 

ano( (274) (a) ae) ee Lz - Fy et ee (ue) 
aH 

(i) ) Ln ek) i ee) ie 
k t 1 x, lik =— ——. —(a—-2 J d 

Ine 2 (aq ¢-ee eh) eee 
2 

k —2 2 

~~ (ag aes) eee R k k k |x \? L2(R) 

Dividing by 2 both sides of the above we get 

. 2 
q! . Ve f f _ f 

ro( (2) (a) :) = —Ha-1}|~a (3.1.19) 
|x |g \x'|z L?(R*) 

18



We put (3.1.18) and (3.1.19) into (3.1.17) to derive 

lz'lk 

2 2 

f 

|x" K L2(R") 

=k2 [z7'.V kr-at2_4 joc? EB) (etey 
2 _ 42 

_f- i 

lel? em) WIPE Nez) 

= (Gast e042) +1) 

=kt2 (x! V5 bogt2_y 

«ete (Sant) (em) 
2 

L2(R") 
2 

L2 (R™ ) 

+ 2Ho-1 

f 
ie 

2 

(3.1.20) 
L2(R®) 

L2(R") 

= (Ha-1 — 1)? a 

z’lé NN zacR) 

+ lore (F28) (e*-y) | 
L?(R") . 

However, the right-hand side of (3.1.15) gives 

f x's VE 2 _ f(z) a! Ve 2 

Re( its. ( |z'| ) ‘) =Re | Fahl [x'lk ) f(x)dx 

=Re [ (2) ; *) f(x)dx 
R" ere tN Male 

f z's Ve , 

Re (a ( ar) ! ) 
_ f(z) (= ? k-241 (/a/-V =R 

° [ fea ( |x'|k ) H(z) + rk ( ar) re) dz 

~(h-F+1)Re [ fo (=) f(a)dx. (3.1.21) 

19



Here, the last term can be simplified as follows 

f(z) (=) 1 / zg! 5 

Re Le dx = 3Re [| 2.4 (\sP) dx 
R" |x’|P 1 |x" lt f 9 R" \x'l2 k (If | ) 

It follows after applying integration by parts that 

Re [amie pan) =~ 3 L9G) (UP 
— 5 ff > 1 Ox x; f\?) Lr 

=~ 5 Ian 20 Gere ~ fore jay, ) WIP) 
--}/ ( ka ) ures = ol sf 

2 Jan Mele ele 2 Wel? Neen) 
(3.1.22) 

If we put (3.1.22) into (3.1.21) to get 

Re f a! -Va\? _ 
ere et) 1) 

f(z) (= ve) kK-£+1 (/2'-Vi 
Re x) + Z - k weitg? | Ten) £0)+ a (Fat) fe 

_ _ 2 2 @=De=a) |e 
2 i277 Mh aaeny 

f G4) k-241/a!-V = Re ' 2 k 

Go aie) (uta ( rr ) 1) 
Qa 2 

+ 5 (He- (3.1.23) 
ra 7 L2(R") 

We substitute (3.1.20) and (3.1.23) into (3.1.15) to obtain 

f w'Ve f 2 (Ho-1 ~ 1)" |] — > —_* + Hyate = el eae) Wee] EH aan 
/ 2 

~Re( — ; (= ya ho Gtl (2'-V;, 
oa ( |x" |, F(a) + \2" |i |" |i F(a) 

2 

~ 5 (Ha 1-1) fe . 

\ar|¥ L2(Rn) 

20



Combining similar terms implies that 

2 
f 

a [ee 
a 

(4 7 ” ° he 7 ») L?(R") 7 

f a! Ve\? k—-24+1 (2'- Ve 

Re tes (( wie) 1+ (az) 1) 
weVe f f ; 

jo|2— [x] OO" [| LR") 

that is, 

f 2 

\x'|? Heuer) 

1 f or) boat (27) 
- R : r)+ rT 

Font (aE (( eh) 1+ en ete I 
r 2 eve Ty ZZ . (3.1.24) 

Re~1 | \a"|2 7} |2"| — |a'|? L2(R") 

We have the following easily verified equivalence from (2.1.4) and (2.1.5): 

1 1 ||? 2b 
ul? =-cRe<uu>+b € 5 llul? =|lul? - Jot <ulf + —. 

By Lemma 1 with 

X = L,(R"), 
\ 

U= “fo 

\x'|z 

v= (5 vey s k-§t+1 (a'-Vi f 

|x", ale in, J°” 

we 
Rai 

and 
gz’. Vi 2 

=~ Wiener a a z x'| |x'|2 LAR") 



the identity (3.1.24) is equivalent to the identity 

2 

R? f_|’ _ (2 Ve in ae x’: Vk f 

‘Ml x'|2 |x'| \x’| \x’| |x’|2 L?(R") 12(R") 

2 
ol VY? k-£24+4+1f2'-V _ (ae ) t+ 2 Ve) 6+ Ree a eT Tl FH aa 

z’-Ve,.k-a@ 2 
— 2R, f+ 2 i 

|x'|3 |x’ |2 L?(R") 

concluding the proof for the case k = a — 1. 

Thus, proof of Theorem 1 is completed. 
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Chapter 4 

Rellich type identities and 

inequalities on stratified Lie 

groups 

In this chapter, we discuss hypoelliptic versions of the Rellich identities from 
the previous Chapter 3 on stratified Lie groups. 

4.1 Rellich type identity and inequality on strat- 
ified Lie groups 

Here we obtain a sharp remainder formula for the weighted improved Rellich 
inequality on stratified Lie groups, which implies the improved Rellich inequality 
when G = (R"; +) is the Eulidean space and N =n > 3. 

N 

Theorem 2. Let G be a stratified Lie 
first stratum and N > a—2. Then we h 
the following identity: 

(an a) ) , 

group with N being the dimension of the 
ave for all functions f € CS (G\{2! = 0}) 

2 
f 

2 

|2"|? L2(6) 

N(N — a) u'-Vi\*, N-241(2'-Vy 
ae! * (Fart) f+ (Fat) s 

i fo (Vu) 
2 wit? ae / 

2 

, (4.1.1) 
L3G) 

where |-| is the Euclidean norm on RY. We denote by x’ the variables from the first stratum of G. 

Remark 3. By dropping two non-negative terms on the right-hand side we obtain 

23



the following inequality 

(A a)! 2 
f 

iol L?(G) 
2 

< 
v'-Va\?, N-&+1 oyu) 

( le ys +a ey )f 

for all functions f € C§° (G\{a’ = 0}) and N > a—- 2. 

L?(G) 

Remark 4. In the unweighted case a = 4 and by dropping non-negative terms we 

get 

(8) 2 

|"? L2(G) 

u!'-Vi\? N-1 (2'-Vu 

( ry Jr ry ( ry ys 

for all functions f € Cy°(G\{0}) and N > 2. In the Abelian case G = (R"; +), 
hence N =n and Vi = V = (On,,0r9,++-,Oz,), then the inequality (4.1.2) gives 
an improvement of the classical Rellich inequality as discussed in (1.1.3). 

Remark 5. We refer to [34] and [35] for the Rellich type inequalities on stratified 
Lie groups. 

2 

< 

L?(G) 

, (4.1.2) 

Proof of Theorem 2. Firstly, we prove the identity 

2 (4) fl, Keel 8 2 el? Wray Wt Il? “Waa 
2 

g' Via N- B 

ee ae Igy OT '|2 L?(G) 

For this, we first compute the following equality 

fl? 
—d. Lae [oe = val, LAI dive (= we) & 

Applying integration by parts, we have 

IfP 2 zs Vuif 
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Recall from (2.1.2) and (2.1.3) that the following two statements are equivalent: 

\\ul]? = —2cRe <u,v> 

and . 

I|ul|” = 4c? lJul? — |Ju + 2cvl|”. 

Then, using Lemma 1 with 

and 

it follows that the identity (4.1.4) is equivalent to 

2 2 2 

f _ ( 2 ) g! . Vit 

| ~ _ g 
[x'|2 L?(G) N-8 |x'|2 L2(G) 

L?(G) 

yielding (4.1.3). 

Now we split rest of the proof into two cases: N 4 a—1 with N >a—2 and 
N =a—1. So, in the case N 4 a — 1 we obtain 7 

Lf(@)P 1 dz = 2 di . cB = Woah, Md (Zip ae. 
Integrating by parts, we have 

lf(x)/? 2 D-VUnt We a uf 
Gin Waa Re [fee 

It implies that 

-\42 ——_ 

ead =— 2 Re | we Val 1 di a! 

s [el N-a" Je |e] *(N-a41) et) 

25



Using integration by parts to get 

\F@)P 0 
6 [a/|e 

_ 2 (x: Via f(a: Val) [ x! (fx8ys f 
~ (Waa atl) (re ; eRe) Te 

2 (z'- Vu) ||’ f(z) (eve; Hy 
= z + Re dx]. 

(N -—a)(N -—a+1) ( |a'|2 f L2(6) g |z'|9-? |z"| j 

(4.1.5) 
The first term on the right-hand side of (4.1.5) can be rewritten as 

(z'- Vx) , ||’ (z'- Vu) - f | 
——a ff = "Woah t+ f(-Diz" TS 

Iz’? Hee) |z"|2 Nel “eR L2(G) 
w!-Vai\(f\. f | a! Va\ (f\|) 

= gal |2’| +e ! To SnL Va 
|x'|2 z |x’? L4G) |x'|2 |2’| L2(G) 

Vv 2 

+2Re( (27H) 1 a) + _. (4.1.6) 
|x’|2 |z’| 7° |x'|2 [z’l? Ize) 

Let us represent (4.1.3) with f replaced by ral and with 6 replaced by a — 2 as 
follows 

(Se) (5) 2 - (ny 

|z'|2-1 |x"| L2(G) 2 12(G) 

2 

fer (Gat) (ey) L(G) 

2 
f 

|a'|? 

(4.1.7) 

Now we calculate the scalar product 

2Re( (Fe) (5) 7) 
jx'|2-2 ] \Yo'| ]? Jao 

=2Re | (= me (4 5): fof _# Ll? 
| (ae |x'| ene = lam (5) dz. 

26 
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Applying integration by parts that implies 

wart) (wa) art) ane( (Tae re) je 
z FP ae 

=-f tom (Fs i s) jee as 

~~ IY aes [-x!Je- 1 oer |x"|2 
j= 

_ 2 2 
-- | N _ & =) (aude = -(N ~ a+ 2) - . 

G \a’|e-2 |x! |2-2 \a2"| |x |2 L2(G) 

A combining of (4.1.7) and (4.1.8) with (4.1.6) gives that 

Ca) | - (ey f i? 

lz'|? 7” llnae) 2 lz'l? Nrave) 
2 

+ fe (FY) (ep) wa 4a)|| del \o/|® L?(G) L(G) 
2 2 

-(S et a+?) (N- veeaet) ZZ 
lel? Hee) u!|2 L2(G) 

2 2 sper oor an (5) leh L?(G) 2 |x'|2 L2(G) 
2 

+ | [2 (= Vi ) (ic 2-1 f) (4.1.9) 
|x | L2(G) 

The second term on the right-hand side of (4.1.5) can be represented as 
\ 

+(N-$41)Re [ om . Gre ) f(a)dex 

-(N- 5 +1) Re | oe (Sa) f(x)dx, (4.1.10) 
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that is, 

re [ £2) (= ya) f(ax)dx 
g le'|e-? \ [2"| 

=Re A a (Gok n N a 1 (=) Ho) 

~(w-§4+1)Re [ FE. (SH) sear, 

where the last integral is given by 

f(z) Gao ip. f 2. 2 Re [ rics iz fdz = she [ ra" Vu (\f| ) dx 

Integration by parts we obtain 

f(z) (2'-Vuy _ 1 . zg! 9 
Re | ioe=t | Ja fdzx = 2 fa (=) (If ye 

= [3 3 (ae ese) (Pax 

Lge) ) ¢ |-2'|o ae fl c 

N-all f |? 

2 |x’|2 16) 
(4.1.11) 
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We substitute (4.1.9), (4.1.10) snd (4.1.11) into (4.1.5) to derive 

(a)? 2 N~a\’ 6 [zl* at = Ty ay(N atl) (( 2 ) 
t, 2 

fier (FSF) (9) [x"| L2(G) 

+Re [ & (Geolo + N — 1 ee ro) dx 

2 
f 

a 

|x’? L?(G) 

N- 2 
HN $41) ( =) _ 2 2 |x"|? rag) 
_ 2 (Wgak Wage) fl 

(N —a)(N —a+1) 4 2 |z’|2 L2(G) 

f(z) (= ? ~gtl(2'-V R 3 - 
+ e | [a"|e-2 [z'| f(z) + [zx'| ( [x"| ) f(z) dz 

7 2 

fer (Ae) (ermal). [z"| L(G) 
(4.1.12) 

then we find 

N(N—4)]| f |/? 
4 |z'|2 L(G) 

f(z) ( ; N~§+1(2'-¥ = —Re [ et ( (ove 2 (SH G |x/|o-2 |2'| ) f(z) + |zx'| ( |x'| ) i) dz 

- '.V N-at2 — |I|2"|? (: ve) |x) F—1 (4.1.13 er) ( 16) ) 
Recall that we have the following equivalence from (2.1.4) and (2.1.5): 

2 1 , lull" = -cRe<uv>+b © a [||| = llo||? — |» + Hu + 20 
c 

Using Lemma 1 with 

X = L(G), 

Uu= J ’ ie 
’ 2 a v= (? 1) pe Soatl (2 Vn Fl eT eT)



4 
N(N — @) 

xv ~at 2 

ele ‘( zr) (je'|"F?-'f) L?(G) 

c= 

and 

we observe that the identity (4.1.13) is equivalent to the following identity 

a!-Va\?, N-241 (2! Vy 
+ 

( fa" ys re ( la ys 
L?(G) 

_|l_f 4 es Vua\?, N-241 (2'- Vy 

- | fr wares ae) ft (aa a 
2 

L2(G 

f 2 9 4 ' -N+42 a! . Vu ; N-a 24 A ) 

“Vetlie 2 Mama Far) (ey, L?(G) L?(G) 

Let us represent it as follows 

a'-Vu\? N-$+1 (2'-Vuy 

( Fy ys +a ( ry yf 
L?(G) 

= N(N-a) | f 4 a'-Vy\? N-—€+1(/2'-V ] | i ert ms (( ar) 8 (a"))) 
L?(G) 

N(N-a@ , N(N — - 1, ee a ee 
* L(G) 4 \ [z" L(G) 

It means that 

(Mal): f_|p (2m) N-241/2'-Vy\ I « — —_ + ——4___. 

4 le lla Te ry ( Fy ) 116) 
N(N — a, 2 a 2 

Taha Vi) Nagel (2! Vu 
el? i eT ay) 

we) | 

_ NIN = a) ||? (=) (le 1) Napa 
2 |x| ‘si 16)" 
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where the last term is given by 

t, lie 2 jer ER) Orn LU L2(G) 

pr” (05 (5 (17) 
j=l 

= a8 Sow, (NES? 1) oye ey xy pla 

2 

L?(G) 
2 

j=l 
2 

— iy 

= [ier (AS) eee eres 
2 [x'| L(G) 

-|= f _ @-Vu) Al’ 

2 |e? 2? Mae) 

Then we conclude that 

2 2 
N(N—a)\*|| f a'sVa\?, N-41 (2'-Vy 

4 NF = f f + al wl f 

N(N-a),, (a'-Va\?, N-241 (2! Vn) || 
| a3 et) f+ er (er) 

_NW =o) |N-a_f CAO 
2 2 |a"|2 |a'|3 L2(G) 

Now, consider the case N = a — 1. We adopt the following notations: 

Hy = Naot? 
2 

and 

Ry = NW = a) 
We write (4.1.5) in the following way: 

f 
[+4 

|z'|? 
z'-Vy 2 

Te! 
2 

iL2(G) (N -a)(N -a+ 1) ( 126) 

+ Re hee (SR) 7 )) 
31 

L?(G) 

1 aN#2 ad x; ({N-at+2 ))Nzat2_9 1 aN+3 al 1 Naot? 3 
= la SS ( 1) re OS aX fle’ 

2 

L(G)



In the case when N = a — 1, this identity has the following form: 

? 

2 

— f (= oz 

L?(G) Re ( jx'|o-2? \ |x| f ) (4.1.14) 

Let us represent the equality (4.1.3) in the way 

f 
a 

|z’|2 

x’. Vu 

|x'|? 
f 

2 2 2 
x’: Vir 

a 

|z'|2 
xv’: Vu f 2 H —a 

fore 1 he a-l 

L?(G) 
f 

L?(G) 

(4.1.15) 
L>(G) 

Now we calculate the first term on the right-hand side of (4.1.15) in the following 
way: 

2 2 
(x'- Vi) 

|x|? 
VO ps (yet + A 

L2(G) |a’|2 \x'|2 

3 (5)+ f 

|z’|2-} \zc’| |x'|2 L2(G) 

+2re((Z et) (5) a)+ 
[x’|2 jz'| 7? \x'|2 

We replaced f by cal and replaced by a — 2 in (4.1.15) to obtain 

(ian) (im) 

L2(G) 

(ort) (i) 
f 2 

|x!|2 

2 2 

L3(G) 

. (4.1.16) 
L2G) 

2 2 
f 

a 

|z’|2 L?(G) L(G) 

+ lke (: : xt) (ie *-1) 
apt le" | 

2 

(4.1.17) 
L2G) 

Also, calculating the scalar product 

‘.V f f Vv —_—~ 

ane( (Fe) (5) Za)- J a'-Vui\ ( f f 
|x’|2-7 |a"| |x'|2 2Re G |x'|3-! ea . t a dx 

and apply integration by parts we derive 

w-Vu\ (f f ' 2 2Re( {7 )\( 4) JF \_ ; r 

(Gr) (5) a?) a iva ( ) WE ae |a!|o-2 |x’|2 

I > ( ms) UP ~~ Tieng ~ (@ — 2) —2_. 
G jar \ I"? aye =) oP 

~[(N__a«-2)\ iP I, (ie ~ fap) pte =~ arf 
|a’|2 L2(G) 



Dividing by 2 both sides of the above we get 

2 nol (2228)(L£). fe -maf Gf. ease 
jn]? 7 \I2"| 7° |2!|2 lz"? Nee) 

We put (4.1.17),(4.1.18) into (4.1.16) to obtain 

(2%) sf _ 2 fe 2 

|x’? L2(G) Iz’l# Nae) 

—N+2 ‘. Vv a2 2 

° lier (? ar") (eI Ff) L(G) 
2 2 

+ 2H ||. fo 
|e'|? L2(G) |z'|2 L2(G) 

_ 2 2 
_ (Sag a2) +1) ro 

4 a'|2 L(G) 
al, . 2 sport (38) (ee) 

2 
= (H, 17 1)? fT 

"9 |z'| L2(G) 

Zz Vi -a + fier? (A2) (ety) 
L?(G) 

(4.1.19) 

However, the right-hand side of (4.1.14) gives 
\ 

fo (x-Vuy? \ _ f(t) (v-Vuy\* 
re (rie ( ar’) f ) =e [20 jay) Pde 

x’ Vi = Re | Gea(= Fy ) f(x)dx 

x'.V +(N-F+Re f LE ae (SS) f(x)dx 

~(N-& f(x) (2'-V (N-5+1)Re | am (ax st) ila)dn 
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ne ( ste (St) 2 ) 

wre f AE, ( (prt) oS Fat) 10) 
-(N-5 * +1)Re [ae jai (aS) f(a)dz. (4.1.20) 

Here, the second term of (4.1.20) can be simplified as follows 

fe) (EWA) jae tne [ 2s a UP 
Re zen! [2"| fdzx 5) € Para a (IfI’) x 

c | 

It follows after applying integration by parts that 

f(a) (2 °VHY poe = f ai (ae) 2) g re | S2)( (z'| ) fae ff “ a (lf |") xv 

-< : _ on he 2 = A (ee (2"|er =) (\f |?) dx 

2 

lf (4 2g, - Na=a||_ sf aL (er pee) Mte= “S| aL 
(4.1.21) 

If we substitute (4.1.21) into (4.1.20) to get 

_f evn) _ 
re (a ( me)! 

(Geo ER Re [fe ( f(x )4~ Tai iz f(x) | dx 

(N-1)(N-a)||_f [P 
+ a 

2° \x’|2 12(6) 

_ f Zany sate Vu 

=26( Gr (( at) £0)+ er (Aart) 4 

fl © (Hea-yi~L san. 
0) |x'|? “) (41-22) 
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We put (4.1.19) and (4.1.22) into (4.1.14) to obtain 

2 2 
f 

[z'| 
reVu f fe 
scr ay + Me-1 Ge = 

L?(G) [x’|2~* |x"| _ L2(G) 

_ Re ( wee (Geo) i(e)+~ oo ; (ae) f «) 
2 

ar f — =(H,-; —1)||—= 
9 ( 1—1) Jx'|2 

(Ho-1 — 1) = 
2 

L*(G) 

Combining similar terms yields that 

2 
f 

a 

|z’|? 
((Ho-1 = 1)? + $(Ha-1 — 1)) ne 

mt (St) feo)+ (at) )) 
zt’:-Vu f 2 
—a + OC Aye 1 ele fe] ae , (4.1.23) 

L2(G) 
that is, 

f 
2 

|x’|? 

2 

L?(G) 

=e re (Ga Sart) tes EM (Ey) ®)) 
\ 1 g' . Vu f f 2 

Ron Welt fe > fae 
L?(G) 

We have the following easily verified equivalence from (2.1.4) and (2.1.5): 

[{e||” =—cRe<u,u>-+b 

and 
1 2 

a llull? = Jol? — |v + + + = 

By Lemma 1 with 

¢ = L(G), 

a 
|x'|2 



and ; 

zg! Vit on f 
b= 

Whe]? [eo *|2|2 
’ 

L?(G) 

the identity (4.1.23) is equivalent to the identity 

r'-Viy N-$+1 (2'-Vuy 

=|(Fe yr er (ert)! L?(G) 

(Sart) OE (ee) oe ey r I? 

I2"| |z"| [z"| |x|? 

2 2 
f 

|x'|2 
R, 

£?(G) 

L(G) 

xv’ Vuy N-a f 
—2R a—f + - 

N |x|? J 2 |x|? 
L?(G) 

concluding the proof for the case N = a—1. 
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Chapter 5 

Conclusions and future work 

5.1 Conclusions 

The Rellich inequality has many important applications in various fields of math- 

ematics and physics. This inequality holds significant value in the theory of partial 

differential equations and spectral theory. 

Recently, Japanese mathematicians N. Bez, S. Machihara and T.Ozawa in [20] 

and [21] introduced improvements of the classical Rellich inequality for the radial 

part of the Laplacian. In this thesis we discuss cylindrical extensions of these 

improved Rellich inequalities on R* x R®-* with the Euclidean norm | - |, on R*. 

Importance of such cylindrical versions of the classical functional inequalitics due 

to applications in investigating cylindrical solutions of partial differential equa- 

tions arising in astrophysics. For example, in [22] Badiale and Tarantello used 

the cylindrical Hardy inequality in studying a model describing the dynamics of 

galaxies. 
‘ 

Moreover, we discussed sharp remainders of the Rellich type inequalities, namely 

Rellich type identities yielding Rellich type inequalities. 

Furthermore, we established Rellich type identities and inequalities with more 

gencral weights. In the unweighted case a = 4 and when k = n, our results imply 

the results of N. Bez, S. Machihara and T.Ozawa in [20] and [21]. In addition, we 

obtained horizontal versions of these results on stratified Lie groups. 

Further research could be to investigate applications of the obtained results in 

studying the well-posedness of partial differential equations. Another possible di- 

rection is to study the critical case 7 = 4 of Rellich type inequalities and identities. 

Finally, to extend the results to more general Lie groups. 
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