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GENERALIZED CONTINUED FRACTION EXPANSION FOR EULER 
CONSTANT 

Abstract. The theory of continued fractions is one of the oldest fields of 
number theory going back as far as Euclid 300 BCE. As opposed to generalized 
continued fractions, the theory of simple continued fractions is well-developed 
and finds many applications in various fields. In this article we consider a 
problem of elegant representations of famous mathematical constants with 
generalized continued fraction and prove that the Euler constant e satisfies the 
generalized continued fraction formula 

This is one of the conjectures generated in www.RamanujanMachine.com using 
machine learning techniques. Our method of proof uses only elementary 
techniques. 

Keywords: Generalized Continued Fraction, FEuler number e, 
Ramanujan Machine, Number theory. 

*okk 

Anmatna. [llekTeyci3 y3mikci3 GemmexTep Teoprscsl EBKTIT ceximai 

6.3.1 300 BT OYpEIH KOMIAHBICKA €HTeH CaHIap TeOPHACHIHBIH ecKi 
TapMaKTaphIHEH Oipi Gomem TaGstamer. JKail y3mikci3 GemmreKkTep TeopHACH! 
IIeKTeyci3 y3/iKci3 OemmeKTepre KaparaHIa KeHipeK IaMbIFaH jKoHe KelTereH 
cananapia e3IHIH KONIAHBICBIH TamnkaH. byl Makamaxa 06i3 Genrimi 
MaTeMaTHKAIbIK TYPaKTBUIAPIbIH KepIHICIH IeKTeyci3 y3aikci3 Gemmmextep 
apKBUIBI KApACTBIPAMbI3 JKaHe Jillep KOHCTAHTACH! e-HIH TOMeHIET] MeKTeyCi3 

Y3aikci3 GemmexTep hopMymackiHa caiikec KeTeTiHMTIH Jamenaeiivis. 

e ) 1 4 8 12 
—_——lyt————_————.. 

-2 -2+ —4+-6+-8+ 

Byr www.RamanujanMachine.com caiiThiHIa MaIINHATBIK OKBITY dIiCTepiH 
KOIIAHBIN jKacaaFaH OokamuapiaerH Oipl. Bi3miH Iemenmey amici Tek 
KapamnaiibIM 31icTep/i KOIIaHaIbI. 

Tyitin cesxep: Illexteycis y3xuikcis Oemmekrep, e Dillep CaHbI, 

Pamanymkal ManmmHackl, CaHzap TeOPHACH 
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sokk 

AnHoranus. Teopns HempepeIBHBIX Ipobeil - oIHa N3 cTapefimmix 

obmacTeit TeopuH wces1, Bocxoxsmas K Eexminy 300 r. 10 H. 3. B ommune ot 

0600IIeHHBIX LIeMHbIX 1pobeil, TeopHs IPOCTHIX HelPepPhIBHBIX Apobeit xopomro 
PasBHTa H HaXOINT MHOKECTBO lTplll\leHeHHfi B pa3sIHYHBIX obmactax. B stoit 

CTaThe MBI pacCMaTpHBaeM MpOoOIeMy TeraHTHOTO Mpe/ICTABIeHN H3BeCTHBIX 
MaTeMaTITIeCKHX KOHCTaHT C IIOMOIIBI0 00O0OMeHHOil NemHoii apobm I 

ZOKa3bIBaeM, UTO MOCTOAHHAsA Jiinepa e yIoBIeTBopsAeT hopmyTe 06odmeHHoiT 
LeTHOIT 1podH 

e 1 4 8 12 

S e e S 

OTo OIHA M3 THIIOTe3, CO3JAHHBIX Ha caiiTe www.RamanujanMachine.com ¢ 
HCIIOIB30BAaHHEM METOIOB MAIIMHHOTO 00yueHIrs. Ham MeTox 1okasaTenscTBa 
HCIIOIB3YeT TOIBKO 3IeMeHTapHbIe IIPHEMbI. 

Kawuesbie c10Ba: O6o0mennsie menHele 1podi, [TocTosuras iinepa 
e, Manmna Pamankana, Teopns uncen 

1. Introduction 

Infinite (generalized) continued fractions have the form 

for the given sequences (a,) and (b,,) of integers. For simplicity of notation we 

instead write 

a a as M 

by + by + by + 

We say that a real number x has a continued fraction representation as in (1) if 

— l' A 

Ry 
where for any n we define the approximants 4,,, B, by 

Zno_py 4y 4 a3 an 
B, O Ubi+ by + by+ +by, @) 
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When a,, = 1and b,, € N for all n, it is called the simple continued firaction 
expansion, one of the well-studied fields in number theory. Simple continued 
fractions yield unique representations for irrational numbers, with the 
approximants being the best rational approximations. However, when a,'s are 
allowed to vary, the representations are not necessarily unique which provides 

opportunities for finding elegant generalized continued fraction representations 
of the given number. Euler himself obtained [4] simple continued fraction 
representation of his famous constant e. One of the well-known continued 
fraction representations for e is given by 

Recently, researchers have created a program [3] that independently 
generates representations of mathematical constants, such as e and 7, in the 
form of infinite continued fractions. without proof. The generated expressions 
resemble formulas obtained by a mathematician of the beginning of the 20th 

century Ramanujan. The algorithm is called "Ramanujan Machine" and the 
method of finding expressions is a new approach, reminiscent of the intuition of 
mathematicians rather than the logic of formal proofs. From a technical point of 
view, the Ramanujan Machine is a distributed computing program that 
iteratively finds expressions with continued fractions, combining algorithms of 
meeting in the middle and gradient descent. Both algorithms work by gradually 

selecting an increasingly accurate numerical value, therefore the result is only 
unproven hypotheses, the truth of which must be strictly confirmed by other 
methods. 

In this note, our goal is to prove one of the conjectures listed in 
Ramanujan site. To this end, our main result is the following. 

Theorem 1. The Euler constant e satisfies the following continued 
fraction representation 

In the next section we prove Theorem 1 using elementary tools. The idea is based 

on transforming the problem into series representation of e. 
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2. Proof of Main Result 

In this section we prove our main result, Theorem 1. It is easy to see that 

the approximants A, and B, given in (2) satisfies the following difference 

equations with non-constant coefficients 

A =byAy_y +ayAy_5,By=b,B, 1 +a,B,,,n=1, 

() 

Ay =1,Ag=bg,B_;y =0,B, =1, 
(3) 

where the sequences (a,) and (b,) are coming from the continued fraction 

expansion. Thus, provided that A,. B, are found, one obtains x by taking the 

limit of the quotient A, /B,. However, computing closed form arrangements to 

distinction conditions as in (2) with variable coefficients a,,. b, is troublesome. 

A basic approach is to figure out the closed form of 4,, and B,, from the primary 

few terms and demonstrate it utilizing mathematical induction. Lately, this 

approach was utilized in [1] and in [2] to demonstrate one of the numerous 

conjectures on generalized proceeded division development for Euler number e 

listed in [3]. 

Using the similar approach, we prove one of the conjectures for e, 

Theorem 1. The first step is to recovery the a,, b, terms. Take the recursive 

formula of 4,, and B, implementing (2) and (3). Calculate the first few terms 

of A,and B, and use OEIS website to seek for possible closed-form 

representations of A, and B,. The next step is to prove the formula utilizing 

mathematical induction. Finally, take the limit of the quotient and show that it 

equals the desired conclusion. 

Proof of Theorem 1. 

Let a,, and b,, be given as in Theorem 1. We recall the initial conditions 

A_1=1,A0=by,B_1 = 0,By = 1 and note that: 

by =—-1,b, = —2n, 

a;=1a,=4(n-1). 

Substituting into (2) and using (3) we see that 

(4,) = (3,-16,120,—1152,13440,...). 
The search from https://oeis.org/ website using the first 5 terms of A,, yields 

exact match with the terms of the sequence A187735 which has the following 

closed form representation 

A, = (D" 12" (n + 2)n! ®3) 

20



SDU Bulletin: Natural and Technical Sciences 2021/1 (54) 

which still requires a proof. Next we see that B, satisfies 

B, = (1,—2,12,—88,848,—9888, ....) ) 

We see that B,, can be represented as a product of OEIS sequence A000255 with 

(—2)™. More specifically, we have 

(n+2)n! 

[ B, = (-2)" , (5) 

where the symbol [ ] stands for the nearest integer. We still need to justify (5). 

We now turn in proving (3) using mathematical induction. It clearly holds for 

the basis step. More specifically, the first two terms satisfy 

Ay = (—1)°712°°1(0 + 2)0! = -1, 

A= (D2t +2)1 =3, 

Now, letus assume A, = (=1)¥"12%¥"1(k + 2)k! Vk <n,n = landsetk = 

n + 1. Using the recursive relation, we get 

Ap+1 = bpi1Ay + QparApg 

= 2+ DD+ 2)n! + 4n(— 1D 2" 2 (n + D(n — 1! 

=(=D"2"(n+2)(n+ Dn! + (1) 22" x n(n + D (n — 1)! 

=(=D"2"(n+2)!' + (-1)"22"(n + 1)! 

==D"2"n+1D)!n+2+(-1)72) 

=(=D"2"(n+ D! (n+3), 

which finishes the proof of (3) by mathematical induction. 

We turn in justifying (5). We use a simple change of variable to show that our 

recursive relation (2) for B, is equivalent to the recursive relation provided in 

OEIS site for the sequence A000255, namely 

am)=n+an—1)+ (n—1)+ a(n—2),a(0) = 1,a(1) 

=1 (6) 

To this end, we substitute B, =(-2)"C,, n=1 into (2) with 

bp+1 = —2(n+1) and a,.; = 4n and obtain 

(=2)"Cpa1 = —2(n + D (=2)"Cy + 4n(—2)""1Cpq, 
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Which simplifies to C,+; = (n + 1)C,, + nC,—y, n = 1lor 

Cp=nCpy + (n— 1)Cn_z, n=2 

with initial conditions Cyp =By =1,C; === 1. It follows that C, is 

equivalent to (6), the recursive relation from OEIS website corresponding to the 

sequence A000255. On the other hand, OEIS also provides the formula for 

A000255 proposed by Simon Plouffe, March 1993: 

n+2)n! 
= [%] Vn=1. 

Thus, we conclude that 

By = (-2"C, = (-2 [@] ™) 

It remains to show that A, /B, tends to the desired limit —e/2. Using the fact 

that [ ] is the nearest integer symbol, we may write B,, as 

(n+2)n! 

o B, =(-2)" + s(n)) where —0,5 < £(n) < 0,5. (8) 

Using (3) together with (8) we arrive at 

i A, DM+ 2)n! e e 

bR B, (~2)n ((n+2)n‘ ten )) T (—2—-em)/((n+2)nh) -2 

This finished the proof of Theorem 1. 

3. Conclusion 

In this paper, a special representation of numbers called continued fraction 

is studied. The continued fraction has a rich history and it is one of the most 

striking and powerful representations of numbers. For e, a continued fraction 

expansion often reveals beautiful number patterns which remain obscured in 

their decimal expansion. In our work we tried to prove some new continued 

fraction identities for Euler constant e which has taken from Ramanujan site. The 

proof here is direct and elementary, where we use the recursive formula to derive 

closed form formulas for the convergents of particular continued fractions. 
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