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INTRODUCTION 

The dissertation is devoted to investigation and development the method that consider 

models describing the processes of phase transformations in the presence of several free moving 

boundaries, which could degenerate at the initial time. Such problems arise, for example, the 

mathematical modeling of the dynamics of the temperature field of liquid-metal electrical 

contact bridge generated between the electrodes when they are in the opening stages of the arc. 

To solve these problems will be developed approximate method. 

Problems of heat conduction in domain with a free boundary are among the most difficult 

problems of mathematical physics, the solution of which is necessary for progress in many areas 

of practice, such as metallurgy, technologies using low-temperature plasma, aircraft engineering, 

oil production and a number of others. From a mathematical point of view, these problems are 

among the most difficult nonlinear problems in the theory of parabolic equations, in which, 

along with the desired solutions of the equations, it is also necessary to find unknown moving 

boundaries. 
One of the important areas of application of the free boundary problems is the 

mathematical modelling of phenomena in the low-temperature plasma of an electric arc and in 

contacts of electrical devices. Analysis of solutions makes it possible to verify the obtained 

theoretical results, to test the effectiveness of the developed algorithms for specific evolutionary 

processes in electrical apparatuses, and to interpret the available experimental data. The 

evolution of contact bridge and arcing processes is so fast (nano- and microsecond range) that 

their experimental study is very difficult. In some cases, only mathematical modeling can give 

an idea of their dynamics. Thus, the need for modeling is required not only for optimization of 

the experiment, but also due to the impossibility of using a some different approach. 

One of the most effective methods of solving heat problem is the method of heat 

potentials, which reduces the initial boundary value problems to integral equations. However, in 

the case of regions degenerating at the initial time, additional difficulties arise releted to the 

singularity of these integral equations. These difficulties are compounded in the case when an 

unknown function appears not only in the boundary condition, but also in the coefficients of the 

equation. This method enables us to obtain an approximate solution with desirable degree of 

accuracy and to evaluate the approximation error, using the maximum principle. 

Analytical methods for solution of heat and mass transfer problems have recently 

received a new stimulus to their futher development due to the growing need to solve 

multicriteria problems for which numerical methods are unable to estimate the influence of a 

large number of input parameters on the behaviour of the solution and especially on its 

dynamics. In particular, an integral thermal balance method, a perturbation method, and a 

number of other methods are widely used to solve problems of the Stefan type with a free 

boundary, describing heat transfer with phase transitions. The main problem with the use of this 

method is the estimation of the approximation error, which, as a rule, is replaced for applied 

problems by comparison of the analytical solution with the experimental data. 

The results of the performed work will make it possible a significant contribution to the 

development of the theory and methods for solution of boundary value problems for the heat 

equation with phase transformations in domains with moving boundaries, degenerating at the 

initial time.



1 INTEGRAL POWER BALANCE METHOD 

The method easily applicable to one dimensional, time dependent boundary value problems 

of heat conduction and Stefan problems. The results are approximate, but several solutions 

obtained with this method when compared with the exact solutions have confirmed that the 

accuracy is generally acceptable for many engineering applications. 

Idea of the method is integrate the heat equation over some distance, that called the thermal 

layer and choose suitable profile for temperature function. When the temperature profile thus 

constructed is introduced into the energy integral equation and the indicated operations are 

performed, an ordinary differential equation is obtained for the thermal layer thickness 6(#) with 

time as the independent variable. To illustrate the mathematical models discussed above we will 

start with simplest problem in a semi infinite domain. 

Suppose we have a rod that is heated by heat flow P(t). The temperature along the rod 

distributes by the curve tilla@(f). Here we consider the zone of temperature shifting (Figure 

3.5.1). 

P(t) 
=> 

( 

Figure 3.5.1 Heat flux 

The mathematical formulation of problem: 

a(t) 

2 

86 _ 98 exw | (1.1) 
ar Ax? 

O|,.0= 9 (1.2) 

0|,=0 (1.3) 

00 - A hao P(t) (1.4)



We now choose temperature profile 9(x,/) in the form: 

2 
x 

O(x,t) = 210)1-| 5 0<x< a(t) (1.5) 

0, x> a(t) 

O<x<a(t) - the zone of temperature shifting. After heating, the zone 

{ eo a(t) ro - = ax = a” 2 = | pw of heating starts the shifting: 

0 cy 

00 (1.6) 

The main equation is finding the Q(¢)and a@(f). Firstly, let’s find the link between the 

boundary conditions and Q(t). By the conditions (1.4) and (1.5) we get: 

06 | Xx _ 1 

2900) =| at 

86, __1 \_ 22g 
P(t)=-A ox lo 22000| at) a(t) 

on = 2OPO 
2A 

Now to find the @(f). We substitute the differential equation with the equation of integral 

power balance. However as it is not available on every point, we choose the middle as 

0<x<a(t). 

Firstly, let’s begin the solution as follows: 

2 

a(t) x 
O(x,t) = 20 pol 1-2 , O<x<a(t) 

0, x>a(t)
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a(t) - 

¢ j Poa = 2 dx = 2a” P(t) 
dt 0 a(t) 

Therefore, we get next expression: 

a(t) 

d x *Y 2 
a pipatn| 1-2 | teat) = 2a° P(t) 

0 

d 2 
—{PO# | = 6a’ P(t) 

P(t)a?(t) = 6a” J P(r)dt 

Now let us consider the case when we have a constant flow: 

P(t)=P,=const, a()=avér, 40,1) = 

At x=0 the solution coincides to: A(0,t) = A(0,t) = , but at x=avot 

6(a(t),t) = Gerfe(v6 /2)=0.086,, as 8% from initial condition at x=0, while 

6(a(t),t)=0. Similarly, if instead of boundary condition (1.2) given a general boundary 

condition: 

(0,2) = fF), 

Approximate solution has the same solution as (1.4): 

6



V/2 
av6 2 | 

t= d a(t) li (r)dt 

Exact solution: 

2aP, 
7 vit -ierfc * 

2avt 
O( x,t) = 

2 APPROXIMATE SOLUTION OF TWO PHASE INVERSE STEFAN PROBLEM 

Exact solutions of heat conduction problems are rather cumbersome and time-consuming. 

In addition, they are practically absent in the problems of the radial heat flux in spherical 

coordinates with the change in the aggregate state [1, 2]. Therefore, to solve practical problems 

are commonly used charts, obtained by numerical or approximate methods [3]. One of the 

approximate analytical methods is an integral method of heat balance, which primarily attracted 

to its physical clarity, simplicity and precision of the results is high enough that demonstrates T. 

Goodman [4] on numerous examples. The main difficulty to be faced when using the integral 

method of heat balance is the setting right temperature profile, which according to T. Goodman, 

significantly affects the accuracy of the results. 

There are several approaches in selecting the temperature profiles. In [5] A.J. Veinik 

offers to use temperature profiles in the form of ordinary polynomials for problems of any 

geometry, which should simplify the solution of the problem. 

Problem Formulation 

In the following two sections we will deal with the approximate solution of heat equations 

2 

—ta@—, 0<x<a(t), t>0 
Ot ax (2.1)



2 Ou, _ Ou, 
, a(t)<x<ao, t>0 

ot > Ax’? ()<x (2.2) 

Subjected to the following conditions: 

u,(0,0) =0 
(2.3) 

u,(x,0)= f(x) alt)<x<0 
(2.4) 

Ou, 
—-A —|_,=P(t), t>0 

A, ox | <0 ( ) 
(2.5) 

u, (a(t),t) = uy, (a(t),t) = U,, 

(2.6) 

The Stefan’s condition: 

Ou Ou d(a(t)) 
| = 2 

“ALG be=ae(t)= ae lmar(t) 7G (2.7) 

uy | oo = 0 \ (2.8) 

It is necessary to find temperature distribution w,(x,f) and w, (x,t) also it is required to 

reconstruct the boundary function P(t) if the free boundary a(t)is given. Such problem is 

called two phase inverse Stefan Problem. The heat spread in the solid is negligible because of the 

physical properties of contact material. This condition is valid for refractory metals like wolfram. 

Problem Solution



nf2 
ao 

Let us consider this problem at the suggestion that a(¢) = >a, is given. 
n=] 

To find the unknownw,(x,¢), we identify the temperature profile corresponding following 

conditions: 

u,(a(t),t) =u (2.9) 
2 m 

Us| gery = (2.10) 

Guy =0 (2.11) 
Ox x=B(t) 

Uy |p-c0= O (2.12) 

Therefore the temperature profile will be: 

| 22 B(t) 

uy(%1)=4 "| a(t) - Bt) 
0, x> Bi) 

2 

, a(t)<x< Bi) (2.13) 

\ 

Here we need to find the A(t), where £(0) = Oby using the equation (2.10) to use the 

integral of power balance: 

B(t) 

— dy=a 2 | (2.14) 

| 

A 2 ee 0-2u x— AW) ( } 
a(t) at 2 ™! a(t) - Bit) | at) - BY x=a(t) 

9 

Ou, 

Ox 
x=B(t) 



sign: 

_ 2 dx 5 
a(t) oO a(t)- BY) 

For the right side we use the Leibniz integral rule, also differentiation under the integral 

d b(x) b(x) a 

4 j fest) = f(a Be) Fea) -at0) | 5 fesnat 
a(x) 

a(x) 

Therefore, 

A) 4 A(x) 

| Sf nar = af | fe, ot) - 1000, 1) B+ F(E,-2O) 15) 
au)? a(x) 

By using Leibniz’s method we get: 

d { Fe? d P(t) da(t)|__. — 2u, 

alt} ‘ahaa de "ada J a) BO 

After substituting them we get integral of power balance: 

“yas A) a (42, 28) 
™ at| a(t) at) - BO) mM) dt at)- BY) 

10 



BO) 3 2 
_ 2 

a [ee (a-pw)| = 222-2 
dt| 3| a(t)- BW alt) dt = a(t)- P(t) 

3da(t) | 6a 
dt “a - Bt) 

“[(ew- Bit) |= 

df(t) da(t) 

dt dt 
Bl) —at)) +22 (pe - awn) - 605 

(2.16) 

To solve the equation (2.18) we have used the mathematical program Mathcad. To find the 

solution we considered three particular cases and got following graphs: 

aa 
— ~ s10(90- a() +2 (WN - a) - 6a, =0 (2.17) 

Equation (2.17) have been plotted in the 

following way for the first particular case 

when t = 100: 

“4\ 
\ | Figure 3.6.3.1 B(t) at t=100 

\ - 
100 200 300 400 bout] 

\ Equation (2.17) have been plotted in the 

-2y | following way for the second particular case 

\ when f = 300: 
wo-47 _ 4 

_~ 
— 4 

SA 

~N. Figure 3.6.3.2 B(t) at t=300 



_al | Equation (2.17) have been plotted in the 

following way for the third particular case 

4 SN | when ¢t = 500 
bail AN 

— 60) NN 
4 

~~ 

ee Figure 3.6.3.3 B(t) at t=500 
—tor ~ 4 

~~ 

- 100 ™m™ m0 200 500 

This given plots approximately show the value of A(t). Therefore, we can consider that 

we know the value of @(t¢) and consider other cases. 

For u% (x,t) we have the temperature profile A(tx? + B(t)x+C(t) as it is linear. We 

use the conditions (2.13), (2.14) for u,(x,4), (2.17) and (2.9): 

uy (Xf) = Ax? +B)x+ CW), O0<x< att) 

Ou 
— =2A(t)x + BY) 

ox 

By using the condition (2.13) we get: 

u t 
1} =B() =-— (2.18) 

By using the condition (2.14) for % (x,t) we have: 

uy (ce(0),0) = Aa? (1) + BOA + CO =H (2.19) 

By using the Stefan condition (2.15) we get: 

2u da(t) 
-L(2QA B(t)) = -A,| ——— | + Ly -- = 

A (2A()e(t) + BD) {2} ym



If we equalize the right side of the equation above to Q(t), we will have following expression: 

2A(t)a(t) + Bt) = _20 (2.20) 

Let us use the last equation (2.9) and get an integral of power balance: 

0 

jou 24) 
ox x=a(t) ox x=0 0 oF 

a(t) Guy k 

a? [2A(1)- a(t) + BU) - BO] = a’ [24()-a(t)] = Ls 

For the right side we use the Leibniz integral rule, also differentiation under the integral sign. 

Therefore, 

a(t) a(t) ad, d daXt) d(0) 
P Stem Pmt) lay Se the ae 

After substituting we get total integral power of balance: 

a(t) 
| ; (4x° + B(x + C(t) de ~ 4a) | [240)-a(s)] 

3 2 
d Poe + BQ) + cw = uy 2'(t) + 2a7 [AQ)- a(t) 
atl 
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d 2 a(t) 
< [2402 (1) +3B(Na(t) + sc | =m + lay A(t) 

As BQ) =-(Q()/ 4) -24()- a8) and C(O) = yy + AO a ()+(QW-a/ 4): 

d 2 30(Natt t 
haa (t) + 6uy, + a J =Um oa + I2ay A) 

A(t) [ 207) +4a(t)- a1) | + A()) 4 (+ a{ary -a(t)+ (a) - 120? | + 

[gfe eno 20 
(2.21) dt| A, ™ a(t) 

If we denote the functions that is multiplied to A'(¢), A(t) and some function by 

Z) (t), Z5 (¢) and Z, (t) respectively, then we get: 

At(t)- Z(t) + A(t) Za (t) + 230 = 0 

We can easily rewrite our differential equation in the following form: 

y(x)+ p(x): S(x)+ T(x) =0 

By solving our differential equation by Integrating Factor method, we should firstly find 

Integrating factor in the following form: . 

IF = 0) = (0) 

AXt)y(t)+ A(t): (t) SO) +TOy@) = 9 

d 
wala -yt)|=-TOVO 

14



By integrating both parts we can find A(t): 

-fsinae [sear ~ [scat 
A(t) =-e ; {T@-e dt \+c-e (2.22) 

where S(f) = Z4(0) /Z)(t) and T(t)= Z3 (t)/ Z(t). Let us denote the right side of above 

expression as K(t¢), therefore we can show the temperature profile for u, (x,t) and reconstruct 

the boundary function P(t): 

u,(x,t) = K()x? - 20 +2K cna + +K(ta(t)+ 200) (2.23) 

2K (t)a(t) (2.24) 
P(t)=Ot ()=O0)+ x, 

15



3 STEFAN PROBLEM IN ELLIPSOIDAL COORDINATES 

Consider the quasi-stationary Stefan problem in symmetric electrical contacts. The -analytical 

solution of three-phase stationary Stefan problem is found. Based on that decision was 

constructed the temperature profile to the approximate solution of the three-phase Stefan 

problem with Joule heating in ellipsoidal coordinates. 

Stationary temperature and electromagnetic fields in symmetric electrical contacts have been 

described in [6]. Working with the scale of a mile second range, we think that every time the 

stationary state manages to instantly achieve stationary. And therefore this solution is suitable 

for constructing a temperature profile of the quasi-stationary problem. 

3.1 Quasi-stationary nonlinear mathematical model of melting in ellipsoidal coordinates 

The system of equations for the temperature 7,(r,z) and electrical potential @,(r,z) in this case 

can be written in the form 

div(A, gradT,) + + grad’®, =0 
Pi 

div( grad®,) = 0 
P 

div(A, gradT,) + + grad’®, =0 
P2 

div(— grad®,) =0 ‘ 
P2 

where @,, 4,, p, are electrical potential, heat conductance and electrical resistivity respectively. 

In cylindrical co-ordinates these equations can be written as 

da|(ar,y ,(e,) (2 ) (2 ) 
(GA )| Of) [| [4+ pA AT +) =~ +|-—] =0 ; 

0 2\( (2) | Pe \ ar bz G-1) 

T 0®, OT, OP 
i dp, | aaa 

(3.2) 

Or Or Oz Oz 
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The index i=1 relates to the melted zone occupying the domain D, (0<z<0, 4<r<r,(t), and 

i=2 corresponds to the solid zone in the domain D,(0<z<, 4,(@)<r< 0). 

It has to be mentioned that this problem is essentially non-linear due to temperature dependence 

of thermal conductivity 4, =4,(T,) and electrical conductivity p, = 9,(7,). The method of the 

solution can be obtained from the suggestion that the identity of equipotential and isothermal 

surfaces in contacts, which is correct for stationary fields in linear case, keeps safe for non- 

linear case as well. In linear case these surfaces are ellipsoids of revolution. 

Equations (3.1) and (3.2) can be transformed into ellipsoidal coordinates and using well known 

relations among cylindrical and elliptical coordinates, if we suggest similarly like above that 

@& =P(6), T,=T(¢); (3.3) 

where 

2 2 

gatas? +4n 2, s=rtz’—-n 

then the equations (3.4) and (3.5) should be replaced by the equation 

2 
2 

. 

da, (aT, aT aT, 2€ d® 
G4 | Stil 4 pA —— + pA i, + |} =0 3.4 

PTT, (4) P; ‘dé P, i dé ry + (e) 
( ) 

\ 

dO, 2 d®, 1 dp, dT,d® _, 

de sk de pal, a dé eC») 

D:0<r<0, 0<z<, z=0,U Osr<n,0<E<a, OSN<NK (3.6) 

The boundary conditions are 

2=0(€=0) aa 3.7) Pec, =9 (8-8) Fhe =0 (39) 

17



m 
T,=1,=T, (3.10) @, =@ (3.11) 

z=o(r,t = 6¢,,(t aT. (31) 6 = on) pple eae (3.12) 1 d& _ 1 a, (3.13) 

dé dg Pad pp, ag 

_ U 
z=worr=0(£=0) T,=0 (3.14) ==  (.15) 

while the solution for electric potentials 

; Ppt) ' D’ p(T) @ = yN"l . @D = 2\"2 

= sresey Saaz) G19) 

Putting (2.16) into (2.4) we get 

144 (a * @T, aT, 2% Fay 3.17 

Zat, (dé) ae de +P a(R) G1) 

Let us introduce the new independent variable ¢ using formula and consider the case when 

thermal conductivity doesn’t depend on temperature, < =0 

C= arctan . (3.18) 

0 

Taking into account that P, = Pjo(1+a% (7, - T,,))s Px = Py (1 + 77) 

And using [7] #7) =—>— 

then the equation (3.17) for melted zone can be reduced to the form 

aT, @ 14 —[1+a,)(T,-T,,)]=9 
dl? Dp [ ro I ro) 

G3. 19) 

The general solution of this equation is 

18



= A cosag + FLsin a6 +T,, _t (3.20) 
1 

Qo Qo Qo 

and A,,B, are arbitrary constants, which can be found from the boundary conditions (3.7) and 

(3.8) 

From (3.7) and (3.10) 

The equation (3.17) for solid zone can be reduced to the form 

aT, & 
1+a@,, T,]=0 3.21 

ale +e 20 21= ( ) 

the general solution can be represented 

\ 

r, _!I A, COS @,¢ +B, Sina | (3.22) 

9 COS W, = sin@, = 
2 2 

From (3.14) and (3.10) can be found A,B, and temperature will be in the form 

T, = 1 {Ca )sin (5-6) sin @,(6,, -$)- sine, (> -¢,)| 

Qty, sin oS —Om) 

Noting first that 

19



at) at de 
dg F=Sm{t) dg dg Fem (t) 

aT,| at, dgy 
dg $=Em (1) dg dg SC (t) 

From (3.12), 

Ao, sin OS m = 

__ sin OS m ' 
2 Ee 

Ay COSAS, 1 + Sm (1) 

O, (1 +a f,)eos{ 6, )-1| 
r 

. os 

Q) SIN@, ( 6, | 

Ao, ( + QyoT,, )COS @, (< -6,, - J 

Qio cos OS m 

Finally we get 

@. Sin 0,( 3-¢,] 

0 

2 2 

% +2.) 

Cn = J orctan call + QT, )cot QW, (< b> COS eco, (= -é.)| 
Q, 1 QQ 

3.2 Approximate solution of three phase Stefan problem 

~~
 

af
 

Vv
 

Fig. | |Ellipsoidal model of electrical contact. - 

D,- (liquid), D,- (soft), D, -(solid) 

20



The process of contact heating can be divided in a chain of consecutive stages. 

The first stage 7,(0 <¢<f,) corresponds to the initial period of contact heating by arc flux P . 

The temperature of electrode 6,(¢,1) during this stage increases from the initial value 6(¢,0) to 

the softening temperature 9, , thus the termination time ¢, of the first stage is defined from the 

equation 

6,(0,¢,) = 8, (3.0.1) 

The electrode at this stage consists only of one zone D,(0 < ¢ < 2/2) 

The second stage 7,(t, <f<t,,)lasts from 1, tot,,,when the electrode begins to melt. The | 

electrode now consists of two zones: soft D,(0<¢ < A(t)) and solid D, (A(t) < ¢ < 2/2). Here 

¢ = P(t) is a free moving boundary interface of phase transformation. The time #,,can be found 

from the equation 

0, (0, ty) = 6, (3.0.2) 

where 6,(¢,f) is the temperature distribution inside the zone D,, and 6,, is the melting of 

electrode. 

The third stage7,(t,, <¢<t,)is characterized by appearance of new region D(0<¢ <a(t)) 

occupied by melted region of electrode. The region D,(a(t)<¢ < A(t) with two moving 

boundaries is occupied by softened material, while the region D,(A(t) < ¢ < 2/2) remains solid. 

It is the last stage of arcing of total duration? ,. 

Using well known relations among cylindrical and elliptical coordinates, we get 

2 2 2 "9442 Qi 2 

OT a ; (2-7) Ny 2n (wre) S 42, I"p 
+ 2 ? 

0g" 0g 4m cy(n,’ + é”) 
—— 3.3 
én n On G3) 
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The last relation allows us to conclude that the stationary temperature T depends only on ¢ and 

2 2 

does not depend on7. T =T(G). Ellipsoids — 5 + =| are isotherms and equipotential, 
+P, 

2 2 

and hyperboloids *. __% =] are surfaces of heat flow of electric current. 

7 
72 

y-7 

Then the equation (3.3) should be replaced by the equation 

or. a” >. 2\OT oT Pp 
—_—=>5 r+ =~ +25 — . - 

a net+e ( a +s Fy $ oé An*cy (ry +é7) 

or 

OT _ Or 2s or. lp 

ar ae BHF OF aney(ne +e) 

After substitution ¢ = arctan g , we get 

The temperature fields A(6;¢); 6,(¢.0) » 6,(¢,t) inside corresponding zones D, , D, , D; are 

described by heat equations in ellipsoidalsymmetry: 

08, _4, 2 OO, Ip . 
: , i=1,2,3 3.0.4 

at 7 os Hoos | Se ed 
(3.0.4) 

where a,” is the thermal diffusivity of the zone D,. 

6, can be determined in three regions where i=1,2,3; j=1,2. correspond to heat transfer regions 

and stages respectively. 

The stage 1 

In the first stage we have only one region D, , where contact material is solid and temperature 

attains softening point. In this case we consider the heat equation 

22



00 2 4 2 

28, A cs (| SFvai( a 4) 0<¢<a/2 G.1.1) 

subjected to boundary conditions 

06,(0,t) 
=0: —l-—- =0 o ac (3.1.2) 

C=a/2: 6,(2/2,t)=0 (3.1.3) 

and initial condition 

1=0: 6,(¢,0) =0 (3.1.4) 

I a 
where @, = ——3 Pio 

amr VY oN 

For the temperature distribution 6,(¢,1), let us assume that the temperature profile as given in the 

form 

6(G,t) = A(t) cos(@,5 ) + B(t)sin(a,g) + C,() in O<c< 5 (3.1.5) 

\ 

where the coefficients are in general functions of time. 

Using conditions (3.1.2) and (3.1.3) we get 

B(t)=0 

A,(t)cos(@, » +C(t)=0 
(3.1.6) 

Integration equation (3.1.1) with respect to the space variable form ¢ =0 to ¢ =2/2, noting 

first that 

[2 Bd) | ae m/2 

| cs +O [a + alg = cos'(6) 57 +46, cos'(g) sing) + 

0 7 
1 

0 
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x[2 
FEL + | [ 12c0s” ($)+(o > -16)cos'(¢) ag 
y 6a, 

then we have 

hh a 320; _ 
dG = i6a, + [tees (g)+(@ 16) )cos “(o) pag 

When the integral on the left-hand side is performed using Leibniz’s integral formula, we obtain 

r d a? 3m0, _ 
aa aac |= + ij [ 12cos? ($)+(@ 16)cos (6) pag (3.1.7) 

(3.1.7) is called the energy integral equation for the problem considered here. 

Substituting (3.1.5) and (3.1.6) the above into the energy integral equation (3.1.7) we obtain the 

following ordinary for C,(f) 

a nm _tan(a, m/2) \dC\(t) _ 370; ++c0] 

2 Q, dt 16a, 

\ 

C,(0) =0 

An=-Closee{ 0 =) 

The solution of equation 

C (0 = val (5 _teo, Sea na) | 

2 Q, 16a," ; 
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2))" 32@2a? 
A(t) = [s-om((§ 7 a 7 iar? t- wo} see(o =) 

Finally temperature profile 

atcin=| ie 
1 Qa, 

-1 4 2 

. ol ($- tan(a, “12)) 320); a, 1 In(qy, |-4 

a a, l6a,r, 

1 (Fe =12)) 32a; ned] so  leos(ae)+ 
16a,r 

63.15 T T T 

63.17 

act) 63.05} 

637] 

62.95 

0 ax107° —4xlo7® 6x10"? gx10° = 1x10? 

0 axio® 4x107®—6xto® gxio 8 
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The stage 2 

In the second stage a new region D, occurs and now we have two regions D,and D,. We 

determine f, (softening time) from @,,(0,t,) =@,. Mathematical formulation for these zone are 

given as 

BO _ Oar cogs (ey| 2 Oat 4 a? _ 0 
mf 7 COS | ac? +08 (A+ } <fO< Pf) (3.2.1) 

08 ? oO, 1 
2222 <7 cos*(¢) Ea + Dy (a, + Pal Bt) < € < 2/2 (3.2.2) 

6,,(0,0) = 4, 
(3.2.3) 

0,,(5,0) = £(S) f(0)=8, (0) =0 f (=}=0 (3.2.4) 

a0 
=0 =| =0 3.2.5 

cS 8 le (3.2.5) 

6=fO: Posh cpu = rleupy = % (3.2.6) 

C= 5 : Oralcat =0 (3.2.7) 

Stefan’s condition 

08. 08, 
—Ayy | = An (3.2.8) 

06 $=B(N) 06 Nena 

where 

- 2,2 
f(f)= [L-eol(5 _ nee) end t, -In(a, (0 = leos(ag) + 

2 mM l6a,r 1 

a 22 1 
sea (E- tan(a@, a2) 320, ai 1 “won| 
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toy, = [OH oy = [Pn 
2m% \ Cun 27% \ CN 

We note that the location of the softening interface ¢ = (1) is identical to the definition of the 

thermal layer. Hence, we choose the region 0<¢ < A(t) as the thermal layer appropriate for this 

problem and integrate the heat equation (3.2.1) form € =0 to ¢ = A(t) noting that 

Te) 4 08, ; 1 7 ; 26, 

cos co] SBp--08(a,+ |e mc (¢) 5 
2 

BY) 

+ 40,, cos (C)sin(g)” + 
0 

BW) 

+ (12¢ +8sin(2¢) + sin(4¢))[” + + f [12cos?(¢)sin?(¢) +(a%, -4)cos*(¢) ae 

Qs, 0 

then we have 

r d Bt) dB) p Ay ) 

aee aac dt ° Ay fy ‘(HOY se ag i m0 

Bt 

+ [ [1200s*()sin2(¢) +(0% ~4)cos"() dg + ' 

° . (3.2.9) 

a sin(B() 
a 

where (3.2.9) is the energy integral equation. 

We now choose temperature profile for the equation ,,(¢,f), in the form 

6,($,1) = Ay cos(@,,¢) + B,,(¢)sin(@,5) + Cr) in 0<o<s fh) (3.2.10) 

Applying conditions (3.2.5), (3.2.8), (3.2.6) we get systems of equations 
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A
.
 

[ B,,(t) = 0 

A,,(t)sin(@,, A(t) - B,,(t1)cos(@
,,B) =_— cer 

21721 S 

| A, (£) cos(@, (1) +B, (t) sin(@,,A(4)) + Cy, O= 8, 

A, (t)sin(@,, A(t) = — ot 002, yee 

21421 

Ay, (t) 00S(@_, A(t) + Ca (0) = 8, 

( 

which solution is 

___4n | 06, (BO),1) 

AO = Oy Ay sin(@,, A(t) 0g 

06,,(B(t),t) 

ag C,,(t) = 9, + Jaz tan(@,, A(t) 
OA, 21721 

And temperature profile becomes 

0, (6.1) -{ a 10) Sea os a 
21 21 1 

To solve this problem, we again choose temperature profile for 6,,(¢,4), in the form 

(St) = An (1) cos(@5) + By (1)sin(@.$)+Cy() in BI) So Sx/2 (3.2.13) 

The coefficients are determined by utilizing conditions, as follow 

(1) ale puy = 9 (3.2.141) 

(2) Op|,.2 = 0 (3.2.142) 
2 

From conditions (3.2.14) we get system of equations 
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( 

Ay, (t) COS(@,, A(t) + B,, (t) sin(@,, BW) = 6, -C,,(t) 

é 

Ay (t) C0S(y, 5) +B, (Nsin(a,, ») =-C,,(t) 

which solution is 

6, sin [| +{sin (Bw,.)-sin Gale 
2 ” 2 )J? 

Ay = zw 
sin & - Bun 

Temperature profile became 

0, sin (=| + [sin (Bw,, )—-sin (72 JJex 

0,(5.)= — £05( 06) + Con (0)+ 
sin [= - wz} 

Cus - cos(62)] Cy -9, cos( 7H | 

* WwW 
sin{ 7 - pr 

sin(@,¢ ) 

The integration of the differential equation (3.2.2) over the thermal layerg = 2/2 gives 
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2 d wl2 d al2 5 > ) 

“0 [<| aude |t8o,|- J (12cos?() + (w2, —16)cos*())0,,dg + 

Bt) 

+ ake 7 ; Bt) -— a sin(2(0) - F sina) |- 46, cos’ (/3(t)) sin(B()) — ¢ 

06,,(B(1),1) 
—cos'(A(1)) ac 

(3.2.12) 

Bi), Cal) Can be found from system of ordinary differential equations (3.2.9), (3.2.12). 

The stage 3 

The third stage characterized by formation of third and last region D, where electrode begins to 

melt. Following model proposed to describe the phenomenon 

| ou _ Ait eo Os |S +0} val 0<¢ <act) (3.3.1) 

0 31 

06. ; a ; 1 
ss -: o 5 2 + @5, (4, ral a(t)<¢<a/2 (3.3.2) 

A,,(0,0) = 6, 

(3.3.3) 

0,,(G,0) = g(S) g(0) a a(0)=0 e(3]=0 

ooo 26a) 
¢ =a(t) Ay\ ain = Praha = 6, 

at 
= 2 : Or.).2 = 0 

Stefan’s condition 
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(3.3.4) 

(3.3.5) 

(3.3.6) 

(3.3.7)



1, 28s da(t) 

aC by 
__4 22 = —Asy 7 (3.3.8) 

grat!) Og gza(t) 

where 9(S)= A,,(t,) COS(@,0) + Boy (tm) SiN(@,5) + Co (bn) 

@3, = 2 : 2 Pas Os, = ’ 5} Puts 
AN V Coo 27% V Co9%o0 

Again if we note that the location of the solid-liquid interface ¢ =«a(f) is identical to the 

definition of the thermal layer. Hence, we choose the region 0<¢ < a(t) as the thermal layer 

appropriate for this problem and integrate the heat equation (3.3.1) form ¢ =0 to ¢ =a(f), to 

obtain 

ae dat) » Ay 063, 
{4 4 aude | Sa a,x co| a 

a(t) o;, 

+f (12sin? (S)+(@, —16)cos* (Cds +55 Far 3_(12e(t) + 8sin[2a(r)] + sin[4e(4)]) 

0 
31 

+ 

_ Ly dat) 

$=a(s) Ay dt } 46, cos* (a(t))sin? (ae) + 

(3.3.9) 

Temperature profile for the equation 6,,(¢,), in the form 

\ 

O,,(6,t) = Ay, (1) C0S(@5,5) + B,,(t)sin(@,g) + C3, (4) in 0<¢ <a(t) (3.3.10) 

Three conditions are needed to determine these three coefficients. Equations (3.3.5) and (3.3.6) 

provide two conditions; however, the relation given by equation (3.3.8) is not suitable for this 

purpose because if it is used, the resulting temperature profile will involve derivative of moving 

bounday. When such a profile is substituted into the energy integral equation, a second — order 

ordinary differential equation will result for a(t), instead of the expected first - order equation. 

The boundary condition (3.3.6) is differentiated, which yields 
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dO, -| dg + = a -0 
¢ t g=a(t) 

or 

06, dat) , 2, 
ae dt ot 

=0 

The term da(t)/dt is eliminated between equations (3.8) and (3.112) to yield 

oa fan’ os -a,2 a | I Fn =0 at ¢ =a(t) 

Now eliminating 26,,/d¢ between equations (3.1) and (3.12), we obtain 

An (28) ~ Ayy on Se = by costo] SO @;, [a + ral at € =a(t) 

Applying conditions (3.3.5), (3.3.6) and (3.3.13) we get system of equations 

B,,(t) =0 

0, (Gt) = Ay (1) 608(05,5) + C3) 

A,, (1) cos(@,,(t)) + C3, (2) = 6, 

0 
{| Aasincne a) SO by aug B10 eos! (aqopeostoy at?) ]4,00- 

1 as, 4 + ein2 274) _ 
~| 6, +— |Ly “4 * cos (Q(t) + @y,Aq, Sin’ (@,,@(t)) Ay, (t) = 0 

l if a3, 0 

We can determine other coefficients if determinant D grater or equal to zero 

(3.3.11) 

(3.3.11) 

(3.3.12) 

(3.3.13) 

The integration of the differential equation (3.3.2) over the thermal layer¢ = 7/2 gives 
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-486,, cos 3(f)sin(C) 
2 w/2 

hl d da(t) te ey Fa. 
AG j ands [of A,.| i} cos*(¢) aC coat * 

g=all) 

a2 QO, 32 3a(t) _ sin(2a(t)) _ sin(4a()) 

+f ( (12cos? (£) + (3, -16) cos" (S) nd + + 2a| 8 4 32 
a(t) 

In view of the conditions (3.3.6) and (3.3.7) 

it becomes to the energy integral equation (3.15) for the considered problem 

w/2 dat) _ , 80, 

a4 O,,d5 ie 6, |- cos (a(t)) ac 

a(t) 

~46, cos’(a(t))sin(a(t)) + 
¢=a(t) 

zi2 7 Oy 3a 3ac(t) _ sin(2a(t)) _ sin(4a(t)) 
+ | (12c0s?(S)+(@ -16)cos'(G nds += make 8 4 32 | 

a(t) 

(3.3.15) 

To solve this problem, we again choose temperature profile like in previous case ford,,(¢,f), in 

the form 

0,,(,1) = Ayg(t) COS( 36) + Byp (t)8iN(@ 326) + Ca) in a(t)sg <sa/2 (3.3.16) 

\ 

The coefficients are determined by utilizing conditions, as follow 

(1) A, (ar(2),t) = Bn 
(3.3.171) 

(2) Ora), 2 =0 

(3.3.17) 

From conditions (3.17) we get system of equations 

Ay (t) cos(@,,a(t)) + By (t) sin(a,,2(t)) = 4, m -Cy (‘) 

A,,(t) cos(Q;, -) + B,,(t)sin(@, aa =-Cy,(f
) 
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which solution is 

8, sin — + (sin (aw,,)—sin (=) Cy 

An . ( TW 
sin a 

Cus )- cos (ar) |e -6,, cos( 7 Tn | 

B,, = 
” (TW 

sin — AW 5 

Temperature profile became 

@,, sin Gar +{ sin (ax(t)w5,)—sin ) C32(¢) 
cos(@,5 ) + 

OG st) = — 
sin| 32 

2 
ats | 

a —cos (a(t). Nc ()- 8m cos{ a wn 
sin(@.$) + C32(t) 

sin ( - an 

\ 

m2 da(t) 

6,,d —— 8, |= ‘(alt 

As, als | ° dee von es ia ac a(t) 

— 40, cos’(a(t)) sin(a(t)) + 
Sea(t) 

7 2 4 w3,|32 3att in(2a(t in(4 

+ | (12.cos*(¢) + (wi, ~ 16) cos (Pad + | Oe = )_sniat) | 

a(t) 
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4 BRIDGING. GENERAL AND SPHERICAL MODELS 

4.1 General Model 

A molten liquid drop, that appeared between contacts, when the temperature is equal to 

the melting point, is extended into a molten bridge in the course of further contact opening. This 

liquid metallic bridge consists of the variable part of the length J(¢) (the domain D,) and the 

domain D, inside electrodes (Figure 3.2.1). 

Figure 3.2.1 General Model of Bridging 

The interface surface 2 = O(r,t) between liquid zone D, and solid zone D, moves 

during contact heating. The temperature field O(r,z,t) in each zone D(1,2,3) can be 

described by the heat equation: 

CY; ot = div(A,grad@,) + pS (4.1), 

t 

With initial conditions: 
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t=0; 1(0)=0; d(r,0)=the circle; z=0; O<r<n 

6,(7,0,0)=O,:  3(r.2,0)= f(r,2)§ (4.2) 

where @,, is the melting temperature, F(,0) is the initial temperature distribution at the time 

t=t,, when temperature in solid opening contacts becomes equal to @.,. The boundary 

conditions in a symmetric bridge is: 

00, 
-0 ; —t= 0; 

; 

Zz De (4.3) 

z=06(r,t); 6, = 9, =6,,; (4.4) 

08, 08, 06 
-A — =A + Lye: 

an on at (45) 

; —.. 06, 
z =r (boundary with ambient air); on =0, i=1,2,3 (4.6) 

n 

z=t0; of r= o,=9; (4.7) 

This model is rather complicated and can applied for numerical solution mostly. Thus 

more simple model should be considered for analytical solution. 

4.2 Spherical model 

In spherical model the zones D, and D,is considered as spheres with the boundary interface 

r=r,,(t), while the bridge is represented by a rod (Figure 3.2.2). 
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| 

Figure 3.2.2 Spherical Model of Bridging 

The heat equation for the bridge (1) transforms to the following 

00, a6 
cy;— = A—a +4 -I(t)<z<0 (4.8) 

ot Oz 

where 4 = (7°»,)/(77x): 

The origin z=0 is shifted to the contact of bridge with elected by means of sphere of 

ideal conductivity D,. The centre of bridge symmetry now is Z= I(t). The heat equation for 

the liquid zone D, can be written in spherical model as: 

00, a6, 200, 
Pre, : 

_~9| 224-444 r<r<r(t) = 4.9 

ON at al ar? > Or r' 0 q? r (4.9) 

And for the solid zone D;: 

00, , (POs , 22% , % _ lp, 
= 73 4 Ht r,t)<r<e = eet 4.10 

Cot 2 oy [ ore ror or “ Bee on 

It should be noted that for both liquid zones D, and D, the temperature properties are 

e. The initial conditions (4.2) can be written in the form: 
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t=0, 1(0) =90, r,(0) =h; 

6,(z,0) = 4,(0,0) = 8,,, 

(4.11) 

8,(r,0) = 8, (7%,9) = 0,5 

0,(r,0) = f(r) *0 

Let us use the notation: 

A(t) =O, (11 = 

7 06, (2,1) 005 

lea0 AO ~ Ae brarn (t= 22 4.12) 

063 

Aa Gp hrm (= BO 
All these functions are still not known and should be defined later on. The boundary 

conditions for the equations (4.8) - (4.10) can be written in the form: 

‘ 

z=-HI(t) “ |--10) = 9 (Due to thermal symmetry in the bridge) (4.13) 

220, rats — (0,1) = O(% =O) (4.14) 

-A < = 724, o len = AW) (4.15) 

pert)  %=0=% (4.16) 

A, “ lhenin= 72 “ lenge TLY “» (4.17) 
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r=o0 @,(%,t) = 0 (4.18) 

Problem solution 

The Stefan problem (4.8) — (4.18) is very complicated for the exact solution. Therefore 

we try to find an approximate solution by profile assignment of the temperature with change of 

differential equation (4.8) — (4.10) by heat balance equations, which are obtained by integration 

with respect to 7 and. 

Temperature profiles for each zone D, can be chosen using corresponding stationary 

solutions with unknown coefficients depending on time. Thus we put: 

A(z,1)=A(N2+BOz+CM, —MN<2z<0 (4.19) 

6,(r,t)=A,(t)+— 20, a “ d, ty <r<7,(t) (4.20) 

6,(r,t) = A,(t)+ == 5 1 60 r,(t) <r <0 (4.21) 

These sketchy profiles are represented as follows (Figure 3.3.1): 

N 
@2 oR 

Go 

On NN. @3(r,t) 

0 Tm 

-I(t) {ro) 

Figure 3.3.1 The distribution of temperature profiles 

Let us consider (4.19). From the notation &(0,f) = O(t) and -/; (06 / z) Lo= P(t) 
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C()=8),  B O=-TRO 

From the condition (4.13) we find 

P(t)” 
A(t)= 0 B= 

Thus 

FO, 2 FAO 46 6, = 0 OTA A, 

That can be rewritten in the form 

6(z, {=e A 6, bgyte + (4.22) 

Let us consider (4.20). From the condition (4.12) we get the system of equations: 

4,2 \_.=P > es 20) =p 

or 

= —-> +2 — +2 = 
0, lar A A, hy ? Gy 

B,C. 

a, lr =6,, > A,+—* += 6, 
” Pa En 

Which solution is 

A=1,+0, By, =-2hmh-Iy = =fyl, +H) (4.23) 
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2 2 -] y) 

1) RR (, 2 Pi 1, =m ~-%)| 1-2] +2@)1-4 |. = (4.24) 
A 

The profile (4.20) is defined now in terms of required values. Similarly for the profile 

(4.21) we get: 

6,(co,t) = 0 > A,(t)=0 

A, (7, To t)= 6, > By Ge 6, 

In 4, 

1, 22) ps [2B Jen 

Thus 

2 

C, _ Pie 1-6, B,=26,r,- Pn 
Ay 

rr, \r, | Py re 
0,(r,t) = 20, - "i ry Pa | Bt Bag, | (4.25) 

Equations for %(¢), P(t), 1%, (t),4,(2) 

‘\ 

From the condition 6, |---10)= 0, (t ) we get: 

6, =O +——- (4.26) 

From the condition —A (a 0, / Or )I, “y P, we get the equation: 

(4.27) 
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where By and C, are defined by the expressions (4.23) and (4.24). 

Using Stefan condition (4.17), we can write: 

d 
P()=RO+Ly— 

(4.28) 

Integration of the equation (4.8) with respect to 2 gives: 

+ 06 : a6 
aN a | -A = +4, \dz 

-i(t) -I(t) 

d ¢ dl a0 
OY a J Oana —ay, ae =-10)= —” -- ey +q,l(t) 

Using profile (4.22) we get 

d +| Pl P ; dl 
4 fl f6i4g -As ly laze aon 6—-F +a! 

And after integration 

d({ Pr dl s 
ana [ Se vas}=ong-? +ql (4.29) 

2 . 
. 

Integration of (4.9) multiplied by r~ with respect to ” gives 
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d r° r’ ‘m 

1 1 

dt. Bt » = CY Ont () -r,, >P, +P - AQ, (2-2 

(4.30) 

Integration of (4.10) (neglecting 43 = 0) multiplied by l/r gives similarly: 

7 08; | 7 1 2 2a 

OO) ae ( sor’ | 
cate J Ot r I or Or Jr 

d 7 0, 1 dr j42(rB) 
“a | —_ - | ——| r*>— |d 

C272 at J ; dr + C7; ad sleet Jp Or Gp r 

Using (4.25) we get 

d _ P, m 9 3m —@ 
m rn l Py, ra) 

C1) | (20, A, }: m CrV2 I, dt ar! A, mm 

Cyn a Pr = 8 (431) 

A, rm vn) ar\ A, 
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CONCLUSIONS 

The two-phase Stefan problem for a rod with the given heat flux, and the spherical two- 

and three-phase Stefan problems describing the dynamics of melting and evaporation processes 

are solved using this method. 

In the first chapter for solving problems of heat conduction in spherical geometry by 

integral method of power balance for the first time evaluated the effectiveness of the temperature 

type profiles: T(r,t)= polynomial and T(r,t)= polynomial/r with polynomials of 

degree n. The results show that in dealing with problems of thermal conductivity for different 

geometry approximate integral method of power balance is not always possible to achieve 

sufficient accuracy when using temperature profiles of the same type. 

Adiabatic model of bridge heating and melting has to be corrected because of important 

role of heat conduction from filament and bridge to electrodes. Heat transfer from the bridge to 

electrode is very important for the dynamics of bridge evolution. The time required for melting of 

filament depends essentially on the thermal properties of contact material. It can be found by 

solution of corresponding Stefan problem. The shape of a bridge depends on the electrical and 

thermal parameters of contact material and can be found after solution of the variational problem 

for minimum of free bridge energy consisting of surface tension, electromagnetic and 

gravitational components. 

Solving the equations (3 4.1) — (3.4.6) we can find unknown values G97: and 

r,. The time ‘= 4, when temperature maximum in bridge reaches the boiling point @, can be 
. “ 

found now from the equation (t,) = 9. And the volume of the bridge giving erosion is 

V,, = ary l(t,). 
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