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We use polynomials as a relationship between an input and an output. To find

the result we should make the polynomial more specific expression that is an

equation. Solutions of equation are the roots. The aim is to find exact results.But

sometimes it may not happen. Then we try to estimate an interval of solution by

use of Hurwitz theorem.

The goal of this project is the solution of the following problem:

Let f(z)=a,+az+..+a,z" be a polynomial with real coefficients. Find the

necessary and sufficient conditions which coefficients of the «,.a,....a, of the
polynomial f(z) have to satisfy such that all roots of this polynomial to :
a). Semi-plane x <r.
b). Semi-plane x> r.
¢). Domain 7 <x <.
of the complex plane z=x+iy, where r.r,r, are real numbers.
The problem we formulated is the generalization of classic Hurwitz theorem

that was proved in 1895 year which gives us the necessary and sufficient
conditions for coefficients of polynomials with real coefficients such that roots of

this polynomial belong to the left semi-plane of the complex plane  z=x+iy, i.e.
x <0,
N\Y
s
b o< 0

Hurwitz theorem is closely connected with the problem of stability of
solutions of differential equations.Project contains two parts. The first part contains
<ome definitions and statements from the course of higher algebra which we need
for the proof of the main result. They are:

a). Some facts about complex numbers and polynomials.

). Some facts about matrices and determinants. Hurwitz theorem.

B
he second part we prove the main theorem and offer the computer realization

Int
of our problem.
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§7. Complex numbers.

Let us consider the equation x*+1=0 (1)
it has no solution in R, where R is the field of real numbers. The goal of this
paragraph to construct a field such that equation (1) has a solution in this field.
Now let’s introduce the new number +~1 and denote it as 7. And let’s

determine by definition:
a). Product i of any real number g by the number ;.

0). Asum «+gi for any real numbers «, 4.

Definitionl. 1. Let z,=a+fi, z,=y+6i. Then by definition =z = z, if and only

=1
if a=y, f=6.
§ 2. Polynomials and their roots.

Let F isa field, x isa variable. If, «,.a .., € I then an expression
F(x)=a,+ax+. . +a,x"
1s called a polynomial of one variable x with coefficients a,.a,,..,a, of a field
.
We denote the set of all polynomials with coefficients from F ag F[x].
Definition 1.6 Let n be the greatest number that «, =0, then

degree of the polynomial f(x) and denoted as deg 1.
Remark a). deg f =0 ifand only if f(x)=q e F.

b). If f(x)=0then f(x) hasno degree.
Let f(x),g(x)e F[x] and JS(X)=«a, tax+..+a,x", a, #0 (1 )

n 1s called the

gX)=0,+Bx+..+ B, B, #0 (2)
Definitionl.7. f(x)=g(x) if and only if »n=m and Gry = B,
Definition 1.8.. a). If n>m,

k=01,...n

then f(x)+g(x)= Votnx+..+y,x", v, =a, + B, k=01, n
f(x)+g(x) is called the sum of polynomials F(x), g(x).
b).If aeF, then a- f(x)= ad, + oo x +.. +aa, x"

C) f(l)g(}() = ?’,, + }/lx 4.+ }/"mem—m

>
¥, = Z(X,/)’, =00 ta B+ .4 a.pB,, k=0),..  n
i+/=k

§3. Matrices and determinants. Hurwits theorem,

Definitionl.16. 1.et I be a field. An mxp-matrix 4 is

‘ L arectangular arra F scalals
from F' with m rows and » columns. = y ol scak

1€ matrix is called an elemen!
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of the matrix 4.
Soif
(a,, ﬂ"'\l
A= | (1)

|- . .
i‘-\ am‘. (J'm" J

a, is the scalar in row i and column ; of the matrix A. The shot notation of (1) is
1 | . . ~

A='a | . If m=n then A is called a square matrix of the order ». Diagonal of a

square matrix that is formed by elements a,,a,,,....q,, 1s called the main diagonal.

Let’s consider the following matrix

ay @, 0 O . 8

By Gy 8y @

= o)
B @ &y M s O (3)

0o 0 0 0 .. g,
Definition 1.18. Matrix (3) is called the Hurwitz matrix of polynomial (2).
Now let’s consider the following determinants:

! i

i | i dy 0:

;al an ! |

Ay =a. A= LoAs=ia oa, a ..,

Gy dy o

as a, as)
a, a, 0
s @ 4

|
A, =lay a, a,
B 0 0 = @)

Theorem /.13. (Hurwitz). Polynomial (2) is Hurwitz polynomial if and only if
A, =0, k=121,

Generalization of Hurwitz theorem.

The main theorem:

In this paragraph we consider the proof of the main theorem of our project.

Let

f(z)=a, +az+..+a,z" (1)
be a polynomial with real coefficients. Let’s consider the following polynomials
g )= Fle+ ¥, (2)
g,(2)=f(-2+7). (3)

Lemma 2.1. | ‘
a). Coefficients of polynomial (2) are connected with coefficients of polynomial

(1) by the formulas:
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-k -k -
b= O F 8y, ko= D ein s
k

!
i =i | |
b). Coefficients of polynomial (3) are connected with coefficients of polynomial
(1) by the formulas:

C'*‘ - (_I};Z ("."'7';“_;"’“',‘7513 3 }I{ = 0.] ..... H s

— -

where C, =

Proof.
a). By definition

p(2y=[flz+ry=3 a(z+r) =Y a(z+r) . (4)
1=0 I=0
Let’s consider polynomials (z+)". It is clear that if /<4 then the polynomial
(z+r)" does not contain z*, ie. z* the zero coefficient. So  :z* has nonzero
coefficients after opening brackets in (z+) if and only if k<7<, By Newton
binomial formula we have:

i

(z+r) =Clz" +kz* "y + ..+

...............................

(z+r)" =z2" 4.+ C5r
So the corresponding coefficients of =% will be
Cy

C!‘f-ﬁ: » [~k (5)

Then from (4) u (5) we have b, = Z(_’";"*"I.I*A‘al '

I=k

b). Again by definition we have ¢, (=)= f(~z+r) = iaf(ﬁ Ty (6)
[I'we repeat the explanations we use in a) we recelve L{l]
polynomial ¢ (z) are equal to
¢, =(-DCI " a . k=010
Now we may formulate and prove the main theore
Theorem 2. 1.
Roots of the polynomial f(z) belong to

1at coefficients of z* in the

m of our project,

a). The semi-plane Rez < if and only if the polynomia| p.(z) 1s the Hurwitz
polynomial.

0). The semi-planc Rez >+ if and only if the polynomia] ¢,{z) 1s the Hurwitz
polynomial. , § : /
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Example.

B). The domain r, <Rez <r, if and only if the polynomials ¢, (z) and p, (z) are the

Hurwitz polynomials.
Proof.
a). Let & be a root of the polynomial f(z), i.e. f(a)=0. Then no problem to see
that « —r is the root of the polynomial p, (z)= f(z+7) as

p(a~r)=fla-r+r)=[f(a)=0.
So if «,....a, are all roots of the polynomial 7(z) then &, -r...a, —r are all roots
of the polynomial p,(z). S0 the polynomial p,(z) is the Hurwitz polynomial if and
only if

Re(a, —r)=Rea, —r< 0, k=0L..:1;

or Rew, <F, k=0L..#n.
b). If « is aroot of the polynomial f(z) then —oa+r is the root of the polynomial

q,(z) as
g (—a+71)=f(-(-a+r)+r)=7(a)=0.

roots of the polynomial g, (z). So ¢,(z) is the Hurwitz polynomial if and only if
Re(-c, +r)=—Rea, +r<0. k=0L..,n

or Rea; =¥ k=0l1..,1.
g). The proof of this item immediately follows from items a) and b) of our theorem.
Now let’s consider the following general problem:
Let f(z) be a polynomial with real coefficients, y=k+b be a line in the
complex plane z=x+yi. Find the necessary and sufficient conditions the

coefficients of the polynomialf (z) satisfy such that all roots of the polynomial

belong to
a). In the semi-plane y <kc+b.
6). In the semi-plane y > kx+b.

The following example shows that in general case this problem has no solution.
Levs consider the line y=0. If f(z) is any polynomial with real
sand a s 2 complex 100t of /(z), i.e. Ima =0 then by theoreml1.12. it

coefficient I¢
ber « is the root of f(z) too. So all roots of any

follows that conjugate num
coefficients can not belong to the semi-plane y <0 or to the

polynomial with real
semi-plane y = 0.
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T Pesiome
B nanHof paGore ¢ TMOMOUHY reopembl 1'ypBHIa, paspaboTana CBA3k MEXAY
r HoroyiaeHa f@=a,+taz+..+a,z"
KOE)(I)(PMHMGHTOB . ’ , KOTOpBIE SBISIIOTCA
meCTBCI‘IHH“‘TH sjeiami, M KOPHEM MHOTOWIEHa, KOTOPhiil Opeiesercs
BE
Kowmlelccnbmu qrieHaMH.
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