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Abstract

This study investigates expansions of models of DP-minimal theories, a main
subclass of dependent theories in model theory distinguished by well-controlled
combinatorial complexity. Finding the circumstances in which DP-minimality
is maintained when structures are extended by more predicates, functions, or
relations is the main goal of the project.

Following a thorough explanation of fundamental ideas like DP-rank, definabil-
ity, and quantifier elimination, the study examines several extensions of the group
of integers (Z, +,0) and associated ordered algebraic systems. Expansions by lin-
ear orders and additional unary or binary predicates are important instances.

The findings show that while some expansions lead to superstable but non-DP-
minimal expansions, others, like those corresponding to Presburger arithmetic
(Z,+,<,0,1), preserve DP-minimality. By emphasizing the harmony between
increased expressive power and minimality condition preservation, these results
advance our knowledge of the relationship between model expansions and classi-
fication theory.

The final section of the dissertation outlines possible avenues for future study,
such as applications to ordered structures and broader classes of expansions.
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Anjgarna

By seprrey Moaenbiaep TEOPUSICHIHIAFBI TOYEJII TeOPUsIapblH MaHbI3/IbI
TapMarbl OOJIBII caHajJaThbiH DP-MuHHMAa/Ibl  TeopusiiapJblH, —MOJe/IbIepPiH
KeHEeNTyIl KapacTblpaJbl. DByl Teopusiiap »KakKCbl peTTe/reH KOMOMHATOPJIBIK,
KYPAEJIIriMeH epeKIineieHe . J3epTTeyIiH Herisri Makcarbl - KYpPbLIbIMIapra
KOCBIMIIIA, TIpeJINKATTAp, PYHKIUIIAp HEMece KaTblHacTap eHrisiiren kesje DP-
MUHIMAaJIIBLIBIKTBIH, KaH all »Kargaiiiap/ia caKTaJ aTbIHbIH aHbIKTAY.

DP-operkeci, aHBIKTAIBIHYIIBLIBIK YKOHE KBAHTOPJIAP/IBI YKOIO CUSIKTHI HEri3Ti
yFBIM/IapFa TOJIBIK TYCIHIKTEeMe OepiJreHHeH Keitin, Oysi 3epTTey OYTiH caHjap
10061 (Z,4,0) koHe oraH OGallJIaHBICTBI peTTereH aJredpaJibik JKyiieaepin
Oiprerrie KeHeUTy/IepiH KapacTbipaibl. CBI3BIKTHIK, PETTEPMEH KOHE KOCHIMIIA
yHApPJbl HeMece OMHApPJIbI TpeIuKaTTapMeH Kacajral KeHelTysiep MaHbI3/IbI
MBICAJIJIAD PETiHJIe KAPACTBIPBLIA b

SeprrTey HOTHXKeJepl Kehbip KeHehTyaep cyrnepcrabuiai Oosca jga DP-
MUHUMAJIBLIBIKTBl  YKOTAJITAThIHBIH, aJl Keitbipeysepi, Mbicasbl, lIpecOyprep
apudmeTnkacbiHa cofikec kernertin (Z,+,<,0,1) cugkrel keneiityiaep DP-
MUHUMAJIBLIBIKTBI  CAKTAHThIHBIH KepceTeai.  LaprTbl MUHUMAJIBLIBIKTHI
cakTay MeH OpHEeKTey KyaTbhlH apTThIPy apachbIHjiarbl YilJIeCiIMIIIIKTI KOPCETY
ApKBLIBI OYJI HOTUZKEJIEP MOJIE/IbJIEP/Il KeHEHTY MeH KJIacCupUKaIUAIbIK TeOPU
apachblHIarbl OaflIaHbICTHl TepEHIpeK TYCIHyTre MyMKIHJIIK Oepe/ii.

HuccepraliisdHblH, COHFBI O0JTiMI OoJTallaK 3epTTeysaepre apHaaraH bIKTHMaJT
OarbITTap/ibl  CHUIATTAIbI,  MbICAJbl, PETTEJIeH KYPbLIbIMJApFa  »KOHe
KEHEHTYJIeP/IiH ayKbIM/IbIPAK KJIACTapbIH KOJIJIaHY CUSIKTHI OarbITTap.



AHHOTAIUA

B nmaHHOM HcciegoBaHUU paccMaTPHUBAIOTCA pacliupeHus wmoxeseit DP-
MUHAMAJIBHBIX TEOPUIl - OCHOBHOI'O IIO/KJIACCA 3aBUCUMbBIX TEOPUIl B MOJEJIb-
HOIl Teopuu, OTINYAIOMINXCS XOPOIIO KOHTPOJIUPYEMOil KOMOMHATOPHON CJI0XKHO-
c¢Tbio. OCHOBHOII IEJIbIO IIPOEKTa sIBJISIETCSI BbISIBJIEHHE YCJIOBUI, HPU KOTOPBIX
DP-MmuHUMaIbHOCTE COXpaHsaeTcs NMpu J1I00aBJIEHNN K CTPYKTYypaM HOBBIX ITPEJIH-
KaToB, (DYHKIINI MJIKM OTHOIIEHHIA.

[Tocsie nonpodbHOr0 00bsICHEHMSI TaKUX (PYHIAMEHTaJbHbIX HOHSTHI, Kak DP-
PAHT, OIIPEIEJINMOCTD U YCTPaHeHNe KBAHTOPOB, B UCCJIEIOBAHIN PACCMaTPUBAIOT-
s HECKOJTBKO PACIIUpPeHNil Ipymibl esibix ducest (Z, +,0), a Takzke CBsI3aHHBIX
¢ Heil yIopsI0YeHHBIX ajaredpandeckux cucTeM. BaKHbIMU IpuMepaMu CJIyzKar
paciupenust ¢ j1odaBJIeHIeM JUHEHHOTO HMOPsIKa U JAOHOJHUTEIbHBIX YHAPHBIX
i OMHAPHBIX IIPEIIKATOB.

PesyabraThl OKA3bIBAIOT, YTO B TO BPeMs KakK HEKOTOPbLIE PACHIMPEHUsI IPH-
BOJAT K CyIIePCTaOMIbLHBIM, HO He DP-MUHUMAJILHBIM CTPYKTYpaM, APYTHE - Ta-
Kie Kak coorsercrBytomue (Z, 4, <, 0, 1) apudmeruke [IpecOyprepa - coxpansiror
DP-munnMmaibnocts. TloguepkuBast coriacoBaHHOCTD MEXKJLy BO3DACTAHUEM Bbi-
Pa3UTEJILHO MOIIHOCTH U COXPAHEHUEM YCJIOBUA MUHUMAJILHOCTH, STU Pe3y/IbTa-
ThI yIIyOJIAIOT HAIle HOHUMAHUE B3aUMOCBSI3U MEXK/1Y PACIIUPEHUAMI MOJIE/ICH 1
KJIACCU(PUKAITMOHHOM Teopueii.

SaKTI0UNTE/ILHBIN pa3jies JuccepTaluil HaMedaeT BO3MOYKHDLIE HallpaBJICHUS
JUTst OyJLyIIIUX MCCJIe/IOBaHUi, TaKie KakK ITpUMeHeHne K yIOpsIOYeHHbIM CTPYK-
TypaMm u 60Jiee MUPOKUM KJ1acCaM pacIIipeHnii.
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1. Introduction

In his early work on classification theory, Shelah defined dividing lines based
on the presence or absence of certain combinatorial configurations, which allowed
him to classify first-order theories. Stability is the most crucial factor. The
independence property was discovered by looking at the possible outcomes for
the function that connects a subset’s size to the total number of types across it.
There was not a lot of early study done on the class of theories known as NIP
theories, or theories lacking the independent property. Below the DP-minimal
class and its extensions are taken into consideration inside the NIP theories.

The notion of NIP (Not Independent Property) is typically formulated in terms
of a structure ¢(x;y). A formula is said to exhibit the independent property (IP)
if it fails to be NIP. The NIP condition excludes the independence property, which
is the basis for the term. In the literature, particularly in the work of Shelah, the
terms "dependent" and "independent" are often used interchangeably with NIP
and IP. Contrary to common assumptions, most NIP theories are either stable or
are closely related to structures such as trees or linear orders.

The study of dp-minimality often intersects with two key frameworks: strong
minimality and o-minimality. In model theory, o-minimal structures are widely
regarded as a robust and versatile tool. Consider a linearly ordered structure
(M;...), where the order is given by <. Such a structure is called o-minimal if
every definable subset of M in one variable can be expressed as a finite union of
open or closed intervals. If, in all elementary extensions of M, the definable unary
sets are finite unions of convex sets, then the structure is referred to as weakly
o-minimal. As noted in [1], many dp-minimal and NIP theories fall under this
weakly o-minimal classification.

In addition to a review of the Presburger definable sets and some examples of
proper stable expansions, we aim to give a thorough introduction to DP minimal-
ity and its extensions.

The project aims to explore the potential applications of abstract model theory
ideas, such as DP minimality, in practical settings, such as ordered model theory
in valuable or real field research. This comment so functions as some initial
investigation proving that an infinite defined subset of a divided ordered Abelian



group that is DP-minimal requires an interior.[2]

1.1 History of model theory in Kazakhstan

Over the last six decades, model theory in Kazakhstan has experienced sig-
nificant development, largely due to the foundational work of academician Asan
Dabsovich Taimanov of the Kazakh SSR Academy of Sciences. His academic
legacy continued through the efforts of his students and collaborators, such as
Bektur Baizhanov, Tatyana Zambarnaya, and Beibut Kulpeshov. Taimanov’s
contributions helped establish core research directions in Kazakhstan that were
consistent with broader international developments in model theory [3].

Kazakh scholars in model theory have addressed core issues including the de-
cidability of logical theories, the axiomatizability of algebraic structures, the clas-
sification of non-isomorphic models, various aspects of model expansion and its
applications, as well as the integration of model-theoretic methods into other
branches of mathematics.

The study of decidability concerns whether an algorithm can determine the
truth of statements within a mathematical theory. Work in Kazakhstan on this
topic was influenced by Godel, Tarski, and Mal'tsev. A.D. Taimanov and his stu-
dents worked on the decidability of algebraic structures, with notable contribu-
tions from J.A. Almagambetov, who studied algorithmic problems in model theory
in 1965, N.G. Khisamiev, who worked on elementary theories of lattice-ordered
algebraic structures in 1968, and T.Sh. Shayakhmetov, who examined undecid-
ability in algebraic structures in 1970. Kazakhstani researchers also made contri-
butions to Tarski’s problems, including work on the decidability of free groups.
Additionally, A.D. Taimanov independently rediscovered the Ehrenfeucht-Fraissé
method in 1962, providing a topological approach to elementary equivalence.

Axiomatizable classes and model completeness have also been central areas of
research. A.D. Taimanov characterized axiomatizable classes and studied theories
reducible to special formulas in 1961. A.I. Omarov made significant contributions
to the classification of varieties and quasivarieties of lattices in 1988 and 2012.
A.T. Nurtazin explored existentially closed models, providing a new approach
using forcing techniques. Kazakh researchers also studied filtered products and
ultraproducts, finite axiomatizability of categorical theories, and interpretability
and similarity of theories.

How many distinct models (up to isomorphism) a complete theory contains
is a key question in model theory. In 1970, A.D. Taimanov and T.G. Mustafin
conducted research on countable models of uncountably categorical theories. In
1980, B.S. Baizhanov expanded on Lachlan’s spectrum function classification for
theories that are completely transcendental. In 2017, S.V. Sudoplatov and B.Sh.



Kulpeshov verified the Vaught Conjecture for quite o-minimal theories. In 2018,
new classes of trivial types and their effects on spectrum functions were presented
by B.S. Baizhanov, John T. Baldwin, and T.S. Zambarnaya.

Kazakhstani logicians have played a major role in constructive model theory,
which studies computability properties of mathematical structures. A.I. Mal'tsev
introduced constructive models in 1961, and A.V. Ershov developed the notion
of strong constructivity in 1980. A.N. Khisamiev solved fundamental problems
on constructivizability of Abelian groups in 1990 and 1998. A.T. Nurtazin de-
veloped criteria for autostability and constructive prime models in 1974. K.Zh.
Kudaibergenov proved results on model companions of structures with automor-
phisms between 1979 and 2013.

Homogeneous and stable theories have been another area of study. It is exam-
ined by Kudaibergenov the number of homogeneous models and solved Keisler and
Morley’s problem on their cardinality between 1988 and 2002. In 2014 and 2016,
he proved results on the small index property of automorphism groups. Baisalov
and Meirembekov studied definable minimal rings and Lie algebras between 2006

and 2012.

Kazakhstani researchers have maintained strong international collaborations,
participating in major global mathematical conferences, working with leading
model theorists such as Baldwin, Poizat, Hrushovski, and Shelah, and publishing
in high-impact journals on logic and algebra.

Model theory in Kazakhstan has grown into an internationally recognized field,
largely due to the foundational work of Asan Dabsovich Taimanov and his stu-
dents. The research covers diverse areas, including decidability, axiomatizability,
spectrum problems, constructive models, and stable theories. The contributions
of A.I. Omarov, B.S. Baizhanov, B.Sh. Kulpeshov, T.S. Zambarnaya, and others
have positioned Kazakhstan as a significant center for model theory research.

1.2 Background and Motivation

A key area of study in mathematical logic is model theory, which investigates
the connections between syntactic formal languages and the semantic meanings
they convey in mathematical structures. The absence of the independence prop-
erty (NIP) is one of the key dividing lines that have been identified within this
framework as a result of the classification of theories according to the behavior of
definable sets.

Due to their tame combinatorial behavior, dp-minimal theories occupy a cen-
tral position within the broader class of NIP theories. Intuitively, a theory is
considered dp-minimal if it excludes the existence of two mutually indiscernible
sequences that simultaneously demonstrate non-trivial dependence with respect

3



to a given variable. This form of minimality is closely linked to the absence of
ICT patterns.

In addition to its inherent definability-theoretic significance, dp-minimality is
gaining popularity because it can be used to extend stability theory techniques
to more general NIP contexts.

Studying how dp-minimal structures can be expanded has become an important
topic in contemporary model theory. Given a dp-minimal structure M, a central
question is which additional components can be introduced without violating its
dp-minimality. One may, for instance, consider expansions of the form M’ =
(M, P) or M" = (M, R), where P is a unary predicate and R is a binary relation.
This research particularly emphasizes expansions of the integer group (Z, +,0).

This research approach contributes to the larger study of the robustness and
bounds of minimality in first-order logic by addressing fundamental classification-
theoretic problems, such as figuring out the boundary between minimal and non-
minimal behavior and between stable and unstable expansions.

1.3 Research objectives

This dissertation aims to provide a detailed and precise analysis of the behav-
ior of dp-minimal theories under definable expansions, with particular attention
to preserving their classification-theoretic properties. The research is structured
around the following core objectives:

e Development of dp-minimality preservation criteria. Let M = T
be a dp-minimal structure and let M’ = (M, P) be an expansion of M
by a predicate P definable. Defining constraints on P that keep Th(M)
dp-minimal is our aim. The formal goal is to demonstrate the implications
of the form:

P is externally definable in M = Th(M, P) is dp-minimal,

as well as to examine the opposite under stability-theoretic or natural de-
finability constraints.

e Analysis of integer structures using model theory. The classic dp-
minimal structure (Z, +, 0) is a crucial test case for studying defined expan-
sions. To investigate the dp-minimality of expansions, we aim to:

— Unary predicates P C Z (set of squares, primes, or congruence classes),
— Binary relations (modular congruence, inequalities, or partial orders),

— Predicates that can be defined in more complex languages, like Pres-
burger arithmetic.



For each case, we determine whether the resulting expansion admits ICT-
patterns or increases dp-rank beyond 1, indicating a loss of minimality.

e Interact with concepts from classification theory. We investigate the
relationships between the maintenance or loss of dp-minimality and other
characteristics like:

— Characteristics of stability and superstability, such as forking, di-
viding, and rankings like U-rank or weight,

— Quantifier elimination, which may help or hinder preservation of
dp-minimality.

It aims to describe under which conditions dp-minimality implies or is
implied by these more general classification-theoretic properties.

e Example and counterexample construction. In order to verify the
theoretical findings, created examples that demonstrate:

— Dp-minimality-failing superstable expansions of (Z, +,0)

— Expansions that violate the NIP by introducing the independence
property (IP),

— (Z,+,<,0,1) contains definable enrichments that are not definable in
(Z,+,0).

The distinction between expansions that maintain dp-minimality and
those that do not is clarified by these examples.

1.4 Significance of the Study

In addition to providing insight into the internal organization of dependent
theories, knowing when dp-minimality is maintained under expansion enables
one to assess how well the concept of minimality holds up under definitional
enrichment. Because of its rich model-theoretic behavior and straightforward
algebraic structure, the group (Z,+,0) is a crucial testbed in this context.

Conant and Pillay, among others, have recently examined stable expansions of
(Z,+,0). It has been demonstrated that if P C Z" is definable within a finite dp-
rank expansion and the expanded structure is stable, then P is already definable
in the structure (Z,+,0) itself. This imposes significant limitations on possible
stable or superstable expansions and promotes a comprehensive examination of
the attributes that either uphold or compromise the maintenance of dp-minimality
[4].

This research extends previous work by analyzing how key classification-theoretic
properties interact within expanded languages.
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2. Theoretical Background and Lit-
erature Review

Model theory, a fundamental branch of mathematical logic, focuses on the in-
terpretation of formal languages within mathematical structures [5]. This chapter
presents an in-depth overview of foundational techniques in model theory relevant
to studying expansions of dp-minimal structures [1].

2.1 Languages and Structures

When a certain statement is true regardless of the meaning of the statements
included in it, it forms the subject of the logic of the statements.

"Logical connectives" can be used to link statements together as it shown in
figure 2.1. The names and classifications of these connectives are conventional.

connectives designation name
Aand B A&B ANB A and B | conjunction
Aor B AVB Aor B disjunction
not A, A false -A~AAnot A negation

from A follows B,
if Athen B, Aim- | A— B A= B AD B | implication
plics B, B - consc- | if A then B following

quence of A

Figure 2.1: Logical connectives

Note also that in the implication A = B , the statement A is called the
premise, or the antecedent of the implication, and B is called the conclusion, or
the consequence.

Denoted elementary statements (from which more complex ones are composed)
in small Latin letters and call them propositional variables. Propositional formulas
are constructed from them according to the following rules:

1. There is a formula for each propositional variable.

6



2. If A is a propositional formula, then so is = A.

3. Given that A and B are propositional formulas, the expressions (A V B),
(AN B), and (A — B) also qualify as propositional formulas.

Some formulas express logical laws, compound statements that are true regard-
less of the meaning of their parts. Such formulas are called tautologies as it given
in [6].

Theorem 2.1.1. Any Boolean function with n arguments can be written as a
propositional formula.

A literal can be a variable or the opposite of a variable. A finite combination of
these literals is called a conjunct. When a formula is a disjunction of conjuncts, it
is referred to as being in disjunctive normal form (DNF). Typically, each conjunct
contains exactly n literals, where n represents the number of distinct propositional
variables. The total number of possible conjuncts, ranging from 0 to 2", corre-
sponds to the number of satisfying truth assignments (i.e., input combinations
the formula evaluates to true).

For any formulas A; B; C, the following expressions are regarded as axioms of
propositional logic:

(1) B— (A— B);

(2) (B—=(C— A)) (B—=C) = (B—=A));
(3) (BAC) =

(4) (BANC) — C;

(5) B—= (C = (BAC));

(6) B— (BVC);

(7) € = (BVO);

8) (B—-A) —(C—-A) —(BVC —A));
(9) =B — (B — O);

(10) (B—=C) = ((B— ~C) — —B;)

(11) BV —B.

As they say, we have eleven "axiom schemes" here; Various specific axioms
can be obtained from each scheme by replacing the letters included in it with
propositional formulas.

The only rule of inference of the propositional calculus is the rule with the
medieval name "modus ponens"(MP). This rule allows you to get (derive) from
formulas A and A — B formula B.



An inference in propositional logic consists of a finite list of formulas, where
each formula is either an axiom or obtained from earlier formulas using the modus
ponens inference rule.

Here is an example of the output (in it, the first formula is a special case of
scheme (1), the second - scheme (2), and the last is obtained from the previous
two according to the modus ponens rule):

(A— (B — A)),
(A= (B—A) - (A— B) > (A— A)),
(A= B) = (A= A)).

A propositional formula A is called derivable in propositional calculus, or a
theorem of propositional calculus, if there is a conclusion in which the latter
formula is equal to A. Such an inference is called the inference of formula A.
(Principle, it would be possible not to require formula A to be the last one - all
further formulas can simply be crossed out.)

A formula A in propositional logic is said to be derivable, or a theorem, if there
exists a proof in which A appears as one of the derived formulas - typically as
the final one. Such a proof is referred to as a derivation of A. (In principle, it is
not strictly necessary for A to be the last formula - any subsequent formulas may
simply be ignored.)

Theorem 2.1.2. Every theorem of propositional calculus is a tautology.

Proof. 1t is easy to verify that all axioms are tautologies. For example, let us
do this for the longest axiom (more precisely, the axiom scheme) - for the second
one. In which the case is the formula

(B—(C—A)—>({(B—=>C)—(B—A)

(whereA; B; C' - some formulas) could it be false? For this, the premise B —
(C — A) must be true, and the conclusion (B — C) — (B — A) - false. For the
result to be false, the structure B — C' must be true, and the structure B — A
- must be false.

In this case, B is assumed to be true while A is false. Given this, the formulas
B, (B = (C — A)) must all hold. As a result, both C and (C' — A) are also
true, which implies that A must be true, contradicting our initial assumption.
Hence, the original formula cannot be false under any interpretation.

The correctness of the MP rule is also obvious: if formulas (A — B) and A are
always true, then by definition of the implication formula B is also always true.



Thus, all formulas included in the implications (all theorems) are tautologies.

[]

Theorem 2.1.3. Every tautology is a theorem of propositional calculus.

Proof. Before presenting several alternative proofs of this theorem, it is necessary
to gain experience in drawing inferences and applying axioms.

[]

A first-order language consists of symbols such as variables, logical connectives,
quantifiers, equality, function symbols, predicate symbols, and constants. More
formally, a first order-language L includes:

Variables: z,v, z, ...

Logical connectives: =, A, V, —, <>

Quantifiers: V, d

Equality: =

Predicate, function, and constant symbols: P, f,c

Terms

. Symbols of variables: z1,v1,ys, ...

Symbols of constants: ¢y, ca, ..., cp, ...

Given a function symbol f" of arity n, and terms vy, ..., v, that are already
constructed, the expression f™(vy,...,v,) also constitutes a valid term.

Formulas

. If vy, ...,v, are terms and P" is an n-place predicate symbol, then the ex-

pression P"(vy, ..., v,) is classified as an atomic formula.

. If @ and B are formulas, then

e aAf(,aV B,a— B,—« are also formulas.
If ¢ (z) is a formula with a free variable x, then:
e driy(x) and Va(x) are also formulas.

Structures

Definition 2.1.4 (Structure). A structure M is defined as a tuple

M = (M, P, 1, M),



where:
o M is the domain (universe) of the structure;

o PM s the interpretation of predicate symbols: for each n-ary predicate
symbol P!, the interpretation is a set

P/ (M) C M", suchthat M = P'a) <= a€ P'(M);

7

o M s the interpretation of function symbols: for each n-ary function symbol
f", its graph is given by

PP (M) = {(a,b) € M""" | M = f(a) = b};

M

o " is the interpretation of constant symbols:

M ={c, | a € M}.

Truth of sentence on structure

Induction by construction of formulas define the truth of formula:
Let P",a € M",

M E ((P"(a) = a) A (P"(a) <= a)) € P"(M)

MEYANS<—= MEYPand M E S
ME$VE< MEG o ME§

M~ = MY
Let ¢ (x,a) for any b € M it is shown M = ¥(b,a). Thus if for same by €
M, M |= (bo, a)
Then M |= Jat)(x, b)
If for any b € M, M = ¢(b,a)
Then M = Vaiy(x, a).
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2.2 Cardinality

Cardinality is used to compare the sizes of sets. It applies to both finite and in-
finite sets. The idea is based on the existence of functions between sets - injective,
subjective, or bijective.

The Cantor-Bernstein theorem gives a condition for when two sets have
the same cardinality:

Theorem 2.2.1 (Cantor-Bernstein). A bijection between sets A and B ezists if
there are injective mappings from A to B and from B to A. In this case, we
denote A ~ B and say that A and B have the same cardinality.

This shows that mutual embeddability implies that the two sets are the same
size.

In contrast, Cantor’s theorem demonstrates a strict inequality between a set
and its power set:

Theorem 2.2.2. For any set A, no function from A to P(A) can be subjective.
To see this, suppose f: A — P(A) is any function. Define a subset

B={xeAlx¢ f(x)}

This set B cannot be in the image of f, since x € B if and only if v ¢ f(z),
which is a contradiction. The set B cannot belong to the image of f, because by
definition x € B if and only if x & f(x), which leads to a contradiction.

The concept of cardinality, which quantifies both the variety and magnitude
of models relative to a given parameter set, plays a crucial role in logic and
model theory. For instance, over a model of size k, the cardinality of the space of
complete n-types can reach 2¥. This is particularly relevant when discussing the
number of definable subsets or formulas in a given language up to equivalency.

It becomes crucial to control cardinality, particularly the number of types or
definable families, in the framework of dp-minimality and classification theory.
The emergence of exponentially many types, such as the 2" possible literal com-
binations, is frequently associated with IP or instability. On the other hand,
dp-minimal or NIP behavior is indicated by bounded cardinalities of definable
families.

2.3 Compactness and Its Applications

In model theory, the Compactness Theorem is one of the most important results.
It is also very important for building models with the right properties. A set of
first-order sentences is said to have a model if every one of its finite subsets is
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satisfiable. The principle let you go from local consistency to global realizability,
and it can be used in many different areas of classification theory.

The Compactness Theorem is among the most potent findings in model theory
[7]:

Theorem 2.3.1 (Theorem(Compactness)). Let I' be a set of first-order formulas.
The set I' is satisfiable if every finite subset of I' is satisfiable.

This theorem is widely used to demonstrate the existence of models and their
basic extensions, and it is crucial for building models with specified features.

Applications to Type Realization. The compactness theorem has signifi-
cant consequences in type theory. Let T be a complete first-order theory, and let
p(z) be a set of formulas with parameters from a model M |= T, where x is a
free variable. If every finite subset of p(x) is consistent with 7', then the entire
set p(x) is also consistent with T. Consequently, there exists an element in some
elementary extension M* >~ M that realizes the type p(z).

This result underlies the concept of saturation. It is particularly useful in
analyzing dp-rank and the independence property (IP). Many constructions - such
as trees of formulas or indiscernible sequences - involve infinitary configurations.
These configurations are only guaranteed to exist by the Compactness Theorem.

Example 2.3.2. Building Nonstandard Models Let us consider Peano Arithmetic
(PA) and define the set:

I'=Th(N,+,-)U{c > n|n € N},

where the new constant symbol is c. If c is interpreted as any sufficiently large
number, then every finite subset of I' is satisfiable in N. There is an arithmetic
model where c is greater than all standard natural numbers since the Compactness
Theorem states that the entire set I' is satisfiable. A nonstandard model of arith-
metic 1s produced by this construction, demonstrating how compactness permits
the existence of components absent from the original model.

Compactness and dp-minimality Compactness is crucial to confirming
the existence of combinatorial configurations needed to prove or disprove dp-
minimality in the context of this study. For example, a binary tree of formulas
of the following form can be created to demonstrate that a formula possesses the
independence property (IP):

¢($, ai)a ﬁ¢(ZE7 ai)

for ¢+ € N, and show that for every path determined by a binary string n €
{0,1}", the corresponding conjunction of literals is consistent. Then, by com-
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pactness, the entire infinite tree defines a consistent type - a hallmark of IP and
thus an obstruction to dp-minimality.

Additionally, compactness supports the realization of entire ICT-patterns (in-
discernible co-trees), which are used to characterize the absence of dp-minimality.
Without compactness, such configurations might not be constructible even if their
finite approximations exist.

2.4 Elementary Extensions and Elementary Sub-
models

Elementary submodels and their extensions are essential resources for compre-
hending the transfer and preservation of logical properties in the study of first-
order structures. These concepts allow for more expressive flexibility in model
construction and analysis while offering a precise framework for comparing mod-
els with identical theories.

Let us fix a base structure M = (Z,+,0), where Z is the group of integers.
This structure, due to its well-behaved definability and quantifier elimination
in appropriate expansions, is a canonical example of a dp-minimal model. To
analyze its expansions, we consider the role of elementary extensions. The basic
structure for moving model-theoretic properties between structures is made up of
elementary extensions and submodels.

Let M and N be structures in the same language L. Then, M is an elementary
extension of N if and only if the following holds:

e N C M:; and
e For each formula ¥ (1, ..., x,) and each tuple aq, ..., a, € M:

N }Z w(al, ...,an) — M }: gb(%oo, ey —|\)

In this case, NV is called an elementary submodel of M.

Since elementary extensions preserve all of the first-order features of the original
model, they are significant. This suggests that N = T as well if M &= T and
M = N. Elementary extensions allow for the controlled expansion of a model
in real-world applications, allowing for the realization of additional types and
sequences that may not be present in the standard model [§].

Let p(z) € S1(A) be a type that is finitely satisfiable in A/ but not realized
within it-for instance, when A C N. By the Compactness Theorem, there exists
an elementary extension M > A in which the type p(z) is realized. Because
it gives access to configurations that may observe the presence or absence of an
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[CT-pattern or the independence property (IP), this result is crucial for the study
of dp-minimality.

Furthermore, M and N satisfy the exact same full theory, according to the
elementary equivalency concept, which is represented by the notation M = N.
Specifically, any model N' = M is dp-minimal if M = (Z, +,0) is. This is because
dp-minimality is a feature of the entire theory rather than just one specific model,
and it is maintained under elementary equivalence [1].

Elementary extensions are especially useful when dealing with saturated or
sufficiently saturated models. The model is considered k-saturated if all types
over a parameter set of size less than £k that are consistent with the theory of M
are realized in M. In the context of dp-minimal theories, saturated elementary
extensions provide a suitable setting for various analyses. They enable the effective
study of dividing patterns, indiscernible sequences, and dp-rank computations.
These extensions also facilitate the analysis of complex type configurations.

To sum up, the fundamental framework for transferring logical properties be-
tween structures is made up of elementary submodels and their extensions. When
examining the behavior of expansions, they are crucial, especially when figuring
out whether definable enrichments maintain dp-minimality. Later chapters will
use elementary extensions to study definable sets under enriched languages and
to construct examples and counterexamples.

2.5 Model Completeness

A theory is said to have quantifier elimination if all of its formulas are equal to
formulas without quantifiers. If there is a quantifier-free formula for each formula
¢(x), then a theory T admits quantifier elimination. ¥ (x) so that:

T =V ((o(z) = ¢(x) A (d(x)  p(x))).

This property is powerful because it provides direct access to definable sets and
allows one to characterize them purely in terms of atomic or boolean combina-
tions of atomic conditions. Quantifier elimination is often closely tied to model
completeness.

Definition 2.5.1. A theory T is said to be model complete if every embedding be-
tween models of T is an elementary embedding. Equivalently, T is model complete

if for any models M C N T, it follows that M < N

Although quantifier elimination implies model completeness, this isn’t always
the case. Quantifier elimination offers a useful method for examining the definable
sets and their structural characteristics in a variety of dp-minimal structures.
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For instance, Presburger arithmetic Th(Z, +, <) admits quantifier elimination
in the language {+, <,0}. This means that any definable set can be described by
boolean combinations of linear inequalities and congruences, allowing for precise
combinatorial analysis of such sets.

Additionally, quantifier elimination makes it easier to demonstrate that some
expansions maintain dp-minimality. One can frequently conclude that the dp-
rank stays bounded and that ICT-patterns are excluded if an expansion of a
dp-minimal theory maintains quantifier elimination or has quantifier elimination
in an appropriate expanded language.

Furthermore, quantifier elimination allows us to verify that a structure is NIP
(non-independence property) or even dp-minimal by reducing complex formulas to
manageable syntactic components. In particular, model completeness allows the
transfer of truth between substructures, which helps establish whether a definable
predicate or relation introduces complexity that violates dp-minimality.

In conclusion, two essential components of contemporary model theory are
quantifier elimination and model completeness. They provide syntactic and se-
mantic control over logical structure and definability and are essential for deter-
mining whether extensions of a given structure preserve low-rank behavior, such
as dp-minimality:.
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3. Methodology

3.1 Independent Property(IP) and Not Indepen-
dent Property(NIP)

Model-theoretic structures are classified by dividing lines such as NIP, IP, SOP,
and NSOP as shown in figure 3.1.

SOP+NIP SOP+IP

NSOP+NIP | NSOP-+IP

Figure 3.1: Classification theories

During the study, we used only the theoretical method. First, let us consider
the Independent Property (IP) [9].

We say that a formula ¢(Z, ¢) has IP, if there exists infinite set

{617 627 637 ceey Eﬂ? '--}n<w

such that Vn € N, Vr € 2" 7 =< 71,7, T3, ..., T, >, where 7; = {0, 1} and
Op(x,a) = ~¢(x,a), 'é(x,a) = ¢(x,a) the following holds

1<1<n

A type is an infinite set of formulas with the property that any finite conjunction
from that set is compatible. Compatible means that the element that satisfies that
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finite conjunction.

Example of the structure with IP

< Nj=,%x> ¢(x,y) :=Jz(y *x 2 = x)

/ \
o(2,2) ~¢(z,2)
PN 7N

~p(z,3) o(z,3) —p(z, 3)

¢(z,3)
/ N\ / N\ / N\ / \

o(z,5) —p(z,5) p(z,5) ~p(z,5) ¢(z,5) —p(x,5) o(z,5) ~p(x,5)
AVAVAVAVAVAVAVAN
Figure 3.2: Tree diagram for instances of ¢(x,1)

The set of prime numbers 3.2. In the branch 3.3 we take the number where is
positive and negative, and multiply them which satisfies them.

/ \
o(z,2) —p(z,2)
// N AN
e(z,3) —p(z,3) p(z,3) —p(z,3)

/6\ s / 3\ / 5\

o(z,5) ~p(z,5) o(x,b) ~p(z,5) p(z,5) w(z,b) o(z,5) ~w(z,5)

A VAAVAINVAIVAIVALVAAVAN

Figure 3.3: Tree diagram for instances of ¢(z, 1)
Let us take x = 30, it follows this formula

Az(d(x,2) A d(x,3) A (x,5))

The formula in the above means that it divided by 2, 3 and 5. Another example
will be x = 6:

Fz(p(x,2) A ¢z, 3) A =(x,5))
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It means that it divided by 2 and 3, but not divided by 5.

x = 10:
Ju(¢(z,2) A —¢(z,3) A ¢(z,5))

It divided by 2 and 5, but not divided by 3.

Second, let us consider DP, which is the negation of IP. DP-rank serves as a
measure analogous to the notion of weight in stable theories. Thus a metric for
a type in an NIP theory’s complexity. If dp — rank < R for any type, then the
theory is significantly dependent. T is strongly dependent if, for each variable x
with |z| = 1, dp — rank(z = z,0) < Ry. Dp-minimal theories are an extreme
example of strongly dependent theories. A theory T is said to be dp-minimal if
the dp-rank of the formula x = x over the empty set is 1, where = is a single
variable.

NIP structures as introduced at the beginning of the report, are the main two
(tree, linear order). A colored order refers to a structure in which a linear order
< is defined on the domain M, and an arbitrary collection of unary predicates is
included to distinguish elements by "color" [10].

M" =< M; ) U{p"} >

One of the main sources of examples for NIP theories is trees, or constructions
built around trees. It is a linearly ordered set.

3.2 SOP - Strictly Ordered Property

T, m, ¢(z,y) has SOP.
A1, A2, ey Qpyy ooy < W

¢(m7 dn) g ¢(m7 dn—H)
Example 3.2.1. Property of strict order:
<Qy=<>

P(z,y) =1 <y

—00 +00
| |
I 2 8



¢(Q,n) = (—o0,n)

Analogically, we can take < N, =, <>. And draw like in the Example 1. These
are all properties of strict order. This is an ascending chain.
Let us take a look to the set of elements:

{p/p <1}

$(Q,a) ={b C QIQ | ¢(b,a)}
QFEbL<a

Definition 3.2.2. Any linear order with an infinite chain has the properties of a
strict order.

Definition 3.2.3. There are concepts ascending and descending chain sets.
The ascending set looks like ¢(Z,7), consequently, the descending set is ~¢(T, 7).

/ / / /
/ /

o(M,by) @(M,bs) (M, bs) o(M,b,) o(M,bpy1) ---

Figure 3.4: Ascending chain of formula sets

Theorem 3.2.4. If there is an increasing set, then there is also a decreasing set.

Proof.
ACB

BCA=MA
beB=>b¢gB=>bg A=>bc A
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Example 3.2.5. B
¢(M,b) € M

—¢(M,b) € M
Negation of phi is all values that do not satisfy
6(M,5) = {a € Mm &= 6(a,B)}

~¢(M.b) = {a € Mlm = =¢(a,b)}

3.3 Parametrized Structures and Type Examples

Definition 3.3.1. The relationship of semi-isolation holds for a tuple a over a
tuple b relative to a parameter set A if a formula ¢(Z,7) with parameters in A
can be found that is both realized by the pair (a,b) and is logically sufficient to
entail the complete type of b over A. Formally, this condition is met if ¢(a,y) €
tp(b/Aa) and ¢(a, i) & tp(b/A). Such a formula ¢ is referred to as the witnessing
formula [11].

Definition 3.3.2. Given two types p(Z) and q(y) over a set A, a formula ¢(Z,y)
with parameters from A is called a (p — q) - formula if it establishes a uniform
deductive link from realizations of p to the type q. This link is formalized by
the requirment that for any tuple a such that a |= p(x), the logical entailment is
satisfied:

o(a,y) b q(y).
The formula ¢ thus serves as a uniform witness to this implication.

Specifically, the structure guarantees that whenever z realizes the type p, the
formula ¢(z,y) entails the type ¢(y), as noted in [12].

A formula ¢(z,7) is called a (p <> ¢q) - formula if it works as a logical bridge
in both directions at once. It must be both a (p — ¢) - formula (implying ¢ from
p) and a (¢ — p) - formula (implying p from ¢), thus establishing a symmetric,
two-way implication.

When p = ¢, the formula is referred to as p-preserving, or equivalently, a
(pBp)-formula, as noted in [12].

Definition 3.3.3. The quasineighborhood of a set B with respect to a type p,
denoted QV,on(B), is defined as the collection of all tuples ¢ that are related
to the set B in a specific, type-dependent manner. A tuple ¢ belongs to this
quasineighborhood if and only if there exists an element b € B and a formula
Y(Z,7) such that the statement M = ¢(b, €) is true. The essential constraint on
this relationship is that the formula v must be (tp(b/A),p) - preserving. This
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condition means that 1) must function as a (tp(b/A) — p) - formula, thereby
ensuring the logical connection between b and ¢ forces ¢ to have the properties of

type p.

In particular, ¢ belongs to the quasineighborhood of B in p if it can be connected
to some element of B via a formula that transfers the type of b into the realization
of p through implication. The formula ¢ thus serves as a witness to this type-
preserving relation between tuples in B and those in QV, om(B).

The following lemma shows some of the qualities of quasi-neighborhoods as
given in [13].

Lemma 3.3.4. Let M |= T be a model of a complete theory T, and let a,b be
tuples from M. Suppose p,q € S(A) for some A C M. Then:

1. The tuple a always belongs to its own quasineighborhood:
a € QVipa) m(@).

2. The tuple b lies in the quasineighborhood of a with respect to its own type
iof and only if a semi-isolates b:
a semi-isolates b <= b € QV,,3) ().
3. Ifb € QV,m(a) and é € QV,an(b), then ¢ is also in the q-quasineighborhood
of a:
b€ QVpm(a) A e € QVym(b) = ¢ € QVym(a).

4. The quasineighborhood around b is includedin the one around a if b is al-
ready in QVyom(a):

QVpm(b) € QVom(a) <= b € QVpm(a).

Proof. Let a € M, and define the quasineighborhood QVj,@)m(a) as the set of
all tuples b € M such that there exists a (tp(a),p) - preservmg formula ¢(z,y)
satisfying

M k= 6(a,b).

o If ¢(7,7y) is simply the identity formula Z = a, then clearly @ € QVjps) m(a)
by direct substitution.

e Now suppose a semi-isolates b. Then, by definition, there exists a formula
o(z,y) € tp(b/Aa) such that

¢(a,y) - tp(b/A).

This means that ¢ is a (tp(b/A),tp(a)) - preserving formula, and hence
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be QVip(a)m(a) by definition.
e Now define

QVpm(a) := {b € p(M)|Fp - preserving ¢(z,7) s.t. a € ¢(z,b) C p(M)},
and similarly,

QVyam(b) := {€ € q(M)|3¢- preserving (7, 2) s.t. b € $(7,¢) C q(M)}.

Assume b € QVpo(a), witnessed by some (tp(a),p) - preserving formula
le('f?g)' Then b € ¢1(da M) C p(m>

Now let ¢ € C)_‘/qm(g), witnessed by some (p, q) - preserving formula ¢o(¥y, 2).
Then ¢ € ¢o(b, M) C q(IMN).

Hence by composition, b semi-isolates ¢ via the formula ¢y(b, z). Let:

p(M) = () HON), q(M =[] 6(M).

Hep fep

Since ¢o(b, M) C q(9M), for any 6(3j) € q(M), we have:

M = Vilea(b,7) — 0(7)],

and denote this by Ky(Z) where:
Ko(7) == {(02(2,9) — 6(9))10 € q} € p(2).

Now assume a is such that for all H(z) € p:

M = Valpi(a,z) — H(7)]

Let:
R(C_L,g) = Hf[gbl(d,i‘) A ng(a—;’ g)]

This clearly: ) B

Let ¢y € R(a, M) be arbitrary. Then there exists by € M such that:
M = ¢1(a, bo) A p2(bo, ).
After then, it looks like this:

M = Vy[ea(bo, y) — 0(9)],
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for all 6(y) € q.

This implies:
¢a(bo, M) C () O(M) = q(M),
feq
and hence ¢y € q(M). Since ¢y was arbitrary, it concluded that R(a, M) C q(M).
]

Theorem 3.3.5. Let M =T be a saturated model of a theory T, and let A C M,
with p € S(A) a type over A. Suppose a € p(M), and the quasi-neighborhood
QVym(a) is definable. If the relation T € QV,om(y) fails to be an equivalence
relation, then the theory T has the strict order property (SOP).

Proof. To understand the strict order property(SOP) in the context of quasi-
neighborhoods, consider a model 9 = T, a type p € S(A) over a set A C M,
and a sequence of realizations ay, as, ..., a, € p(M). The theory T is said to have
the strict order property if these realizations give rise to a strictly increasing chain
of quasi-neighborhoods:

-QVpm(a@i) C QVpom(@iv1) S -.QVpm(@n) ...

Since 91 is saturated, it is also highly homogeneous: for any finite sequence of
elements, there exists an automorphism g : M — M that maps a; to as, as to as,
and so on. This means that if an element b belongs to the quasi-neighborhood of
a1, then its image under g must lie in the quasi-neighborhood of as.

This implies that certain pathological configurations are impossible: QV, m(a) €

QV, () and QVyam(B) € QVpan(y) but QVpan(e) N QVyam(8) = 0 -
[]

Corollary 3.3.6. Let 9 =T be a model of a complete theory T, and let a be a
tuple from M. Suppose p € S(A) for some A C M, and the quasi-neighborhood
QVym(a) is definable. If the theory T' does not exhibit the strict order property,
then the quasi-neighborhood of a with respect to p coincides with the neighborhood
of a in the type p; that is:

QVpam(a) = Vpom(a).

Proof. By theorem 3.3.5, the relation z € QV,om(y) defines an equivalence re-
lation under the assumption that 7' does not have the strict order property. In
particular, this implies symmetry. Hence, the quasi-neighborhood and the neigh-
borhood of the tuple @ in type p must be equal: QV,m(a) = V,om(a)

[]

23



3.4 DP-minimal properties and examples

We begin by identifying key subclasses that are encompassed within the frame-
work of DP-minimality. Notably, two important examples include the class
of o-minimal theories, which exhibit well-behaved topological and definability
properties, and the class of strongly minimal theories, which represent a fun-
damental notion of minimality in model theory. These classes serve as standard
examples of structures satisfying DP-minimality and demonstrate the range of
behaviors that such theories can capture.

Definition 3.4.1. The concept of o-minimality applies to a theory T that is
based on a language £ containing a symbol < for a linear order. The theory T
1s deemed o-minimal if its definable sets are structurally simple. Specifically, for
any model M that satisfies the theory, every subset of M that you can define
using the language £ must be nothing more complex than a finite collection of
single points and open intervals.

To explore how model-theoretic properties behave under expansions - especially
within dp-minimal frameworks - this research draws on fundamental ideas from
the theory of o-minimal structures. O-minimality offers a well-established exam-
ple of an expansion that remains logically and topologically well-behaved. Its
principles serve both as a standard of comparison and as a guide throughout the
analysis as it shown in [14].

A linearly ordered structure is called o-minimal if its definable sets are all fi-
nite unions of points and open intervals. This simple geometric property is very
restrictive, preventing the existence of complex patterns defined by the indepen-
dent property (IP) and ensuring the theory has the Not Independent Property
distinction.

Because of this regularity, o-minimality is used as a reference point for evaluat-
ing whether certain expansions retain low combinatorial complexity.In particular,
its approach to dimension - defined using coordinate projections with nonempty
interior- helps signal whether an expansion increases the dp-rank of types or allows
more intricate definable sets to emerge.

One especially useful technique adopted from o-minimality is cell-decomposition.
This allows definable sets to be broken into a finite number of manageable parts,
or "cells," each of which is either an interval or the graph of a continuous function.
This breakdown supports a step-by-step analysis of definability and helps identify
when potentially problematic configurations - like ICT-patterns or inp-patterns -
may arise.

Another valuable tool is the monotonicity theorem, which states that any de-
finable unary function f : M — M is piecewise monotonic on finitely many
intervals. In this work, such behavior is used as a diagnostic: if functions in an
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expansion fail to satisfy similar properties, it may indicate a move away from the
structural control associated with dp-minimality.

Altogether, o-minimality acts as both as conceptual benchmark and a practical
toolkit. Its core ideas help assess whether new expansions preserve the kind of
disciplined definability that characterizes dp-minimal theories.

Theorem 3.4.2. Any theory that is o-minimal is dp-minimal.

Proof. This proof demonstrates that the theory is dp-minimal by showing a con-
tradiction that arises in o-minimal structures. We start with an o-minimal struc-
ture M and an indiscernible sequence of tuples (b; : i € Q).

By o-minimality, any formula ¢(z;b;) defines a finite union of intervals. Since
the (b;) sequence is indiscernible, the structure of these intervals (their number
and type) must be uniform for all 7. This means their endpoints are determined
by a fixed set of definable functions applied to each b;.

We then proceed by contradiction. Assume a singleton element a € M ex-
ists such that it can distinguish between elements of the sequence (i.e., the type
tp(b;/a) is not constant for all ¢ € Q). This would mean that a creates a "cut"
in the sequence of definable closures, (dcl(b;) : i € Q).

However, this leads to an impossibility. A known result states that for mutually
indiscernible sequences, their definable closures are also mutually indiscernible,
and a single element cannot create a cut in them. Since our assumption leads to
this contradiction, it must be false. Therefore, no such singleton a can exist, and
the theory is shown to be dp-minimal.

[]

Several relaxations of the o-minimality condition have been proposed, moti-
vated in part by the desire to retain desirable model-theoretic behavior while
allowing for more flexibility as it given in [1]. Not all variations of these struc-
tures guarantee NIP; for instance, those with an o-minimal open core are based
on geometric or topological properties and don’t necessarily have NIP. However,
there are other variations that do maintain NIP, and two of these are discussed
briefly.

A structure (M; <, ...) is said to be weakly o-minimal if, in every elementary
extension of M, every definable unary set is a finite union of convex subsets. In
contrast to o-minimality, which can sometimes be determined by examining just
one model, weak o-minimality applies to the entire theory. This means a theory
is considered weakly o-minimal only if every one of its models meets the required
condition.
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A good example of this is the Shelah expansion (M°") of an o-minimal structure
(M), which results in a weakly o-minimal structure. Importantly, all weakly o-
minimal theories are NIP and also dp-minimal. This is demonstrable through a
modified version of the proof for Theorem 3.4.2.

Quasi o-minimality is a broader concept where a structure is considered quasi
o-minimal if all its definable unary sets are finite Boolean combinations of convex
sets and sets definable without parameters. A key example is the structure of
integers with addition, (Z;<,0,1,4). Similar to weak o-minimality, quasi o-
minimality is a property of an entire theory, meaning all its models must have
this characteristic. When a theory is quasi o-minimal, it is also dp-minimal, a
fact that can be proven by adapting the same arguments used previously.

It is worth noting that dp-minimal ordered structures form a robust and in-
dependently significant class of study. Extensive analysis of these structures has
been conducted, including in works such as [15] and [16].

Example 3.4.3. The first example describes a structure consisting of the rational
numbers (Q) with their standard "less than" order (<) and a specific set, P,
which contains the reciprocals of all natural numbers (P = {1,1/2,1/3,...}).
This specific structure is notable because it is definably complete but fails to be
o-minimal, serving as an example that distinguishes between these two properties.

The second llustration points out that structures with a discrete order behave
in a particularly predictable and favorable way. A discrete order is one where
every element has an immediate next value(unless in is the final element) and
an immediate previous value(unless it’s the very first element), much like the
integers. This well-behaved nature is a key observation in the context of o-minimal
structures.

Definition 3.4.4. A theory is called strongly minimal if a specific rule applies to
all of its models: every subset that can be defined within any given model must be
either finite or have a finite complement.

Example 3.4.5. The theory of Q-vector spaces can be described by the axioms
for torsion-free divisible Abelian groups using only the language of addition and
zero. Thanks to a property called quantifier elimination, any definable set in these
spaces can be constructed from simple equations of the form nx = a (where n is
an integer). Because these groups are torsion-free, the resulting sets are always
either finite (having a limited number of elements) or cofinite (missing a limited
number of elements).
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3.5 Expansion of models

Expanding models of DP-minimal theories involves creating larger structures
or adding new elements, predicates, or functions while ensuring the models still
respect the properties of DP-minimality. DP-minimality is a key concept in model
theory that lies between stability and NIP (no independence property) theories
where it is shown in 3.5. When expanding models of such theories, one must
ensure that the model-theoretic tameness, particularly the dependent nature, is
preserved.

Expansion formula:

M=<M> >
M" =< M; Y Ufp'} >

The difference between these two structures is in the second, where we are
adding some new relationships or predicates(+, *, <).

M =< M, > > - structure.

F(M) = {b|M |= F(b,a),be M} C F(M™)
For any ¢(x,a) formula of ¥, ¢(M,a) # P (9N

St =2 u{P"}

When we add new relationships, the properties move into other classes.

First, consider (Z,+,0,1) expansion, which has NIP theories, inside of this
DP-minimal properties. The formula inside of the NIP theories depend on each
other. Our mission do not go beyond DP-minimal theories. (Z,+, <,0, 1) adheres
to this principle.

3.6 Quantifier elimination

Definition 3.6.1. Quantifier elimination - if we can give an equivalent formula
E that lacks quantifiers, then any formula in the theory permits quantifier elimi-
nation.

Definition 3.6.2. Two formulas of First Order Logic are equivalent ¢ = 0.
Proof. a. 3xP(x) = —~Va—P(z), Ve P(x) = -3z P(x)
b. (Jzg(x) v IyO(y)) = Jz(d(x) V O(z))
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z)),

c. (3zo(x) A JyO(y)) # Jz(p(z) A O(x)
(Fzg(z) A FyO(y)) = x3y(d(x) A O(y))
d. (Vzo(x) vV VyO(y)) # Va(o(z) v O(z)),
o (Vao(z) vV VyO(y)) = Vavy(o(z) V O(y))
e. (Vg(z) AVyO(y)) = Va(d(x) A O(x))
O

The Quantify Elimination plays an important role because it considers all for-
mulas. It is possible to exchange by considering Quantify Free formulas, which
very simply understand the nature of structures and theories. The consideration
of Quantify Elimination starts from the Definition 3.6.2 of equivalence of two

formulas.

Theorem 3.6.3. Any formula of First Logic is equivalent to PNF(Prenex Normal
Form,).

Lemma 3.6.4. Formula in Prenex Normal Form, when all quantifiers are in the
head of formula.

Theorem 3.6.5. Test of A. Tarskii Complete theory admits Quantifier Elimina-
tion iff for any Quantifier Free formula 1 (x,y1, Yo, ..., Yn) there exists Quantify
Free formula vo(y1, ..., yn) such that for any model M of T

M =Yy, Vs, ..., Yy [Bz (2, §) > Po(7)]

or equivalently,

T =Yy, ..., Yy [ 3z (x, §) <> ¥o(7)]
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Proof. This condition is a particular case of QE. Because it is just for Elimination
Quantify 3 for Quantify Free of formula. Let 6(v) is arbitrary formula following
Theorem on PNF

M E=V0[0(D) < Quyis ... QuynH (7, 7)),
where H(y,v) is Quantify Free Formula and @; € {3,V}.

Consider YyH (y) ~ =3y—H(y). Notice that the negation of a Quantify Free
formula is a Quantify Free formula. Then, replace the step-by-step formula with
one Quantify with Quantify Free formula.

Indeed, QnynH (Y1, s Yn—1,Yn, V)

ElynH(yla vy Yn—1, T)) = HO(y17 <oy Yn—1, 1_})

vynH(yla ey Yn—15Yn, /l_)) = _‘Ely_‘H(yla ceos Yn—15 Yn,y ?7)
by the condition of Test.

ﬁEly_'I{(yla ooy Yn—15Yn, 6) = _'HO(yla "'7yn—171_)) = H(/)(yla "'7yn—171_})'
[]

Theorem 3.6.6. In the system of the rational numbers (Q) with equality and
their standard ordering (<), any logical formula can be expressed in an equivalent
form without using quantifiers like "for all” (¥) or "there exists" (3).

Proof. The logical expression being examined is 3z7(x, x1, ..., x,). This statement
asserts that there is at least one value of z that will make the sub-formula 7 true.

Two important assumptions are made about this sub-formula 7:

e [t is quantifier-free, meaning it contains no "for all" or "there exists" oper-
ators itself.

e Its structure can be treated as a disjunctive normal form (DNF), which is
a standardized format of clauses linked by the "OR" operator.

[]

Theorem 3.6.7. Any Boolean function is expressible both as a formula in con-
Junctive normal form and as one in disjunctive normal form.

Proof. Essentially, the expression is an OR of multiple AND-clauses, with each
clause containing basic logical statements or their negations.
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We can make the formula negation-free by substituting any negative statements
with their positive equivalents. Specifically, we replace =(xz = y) with ((x < y) V
(x >y)) and =(z < y) with ((x = y) vV (z > y)). Then, we apply the distributive
law to restore the expression to disjunctive normal form, which increases its length
but successfully eliminates all negations.

Here, we use the fact that the existential quantifier (3) distributes over disjunc-
tions (V). This lets us convert a single formula with multiple 'OR’ clauses into a
new formula where each clause has its own quantifier. The transformation from
(71 V 12) to dxm V JrTs allows us to break the problem down. By applying this
rule repeatedly, we can rewrite 3z(m V 1 V ...V 1,) as Jzm V dxm V..V 32T,
and then solve each part separately.

The final goal is to create a quantifier-free version of the remaining formula.
This formula is a conjunction (an AND-chain) under a single "there exists" quan-
tifier:

Jz(pr Apa A ... A p)

The basic parts (p;) of this conjunction are all simple comparisons using either
the equals (=) or less-than (<) symbol, since we have already dealt with all
negations.

This step explains how to handle any terms (p;) inside the AND-chain that do
not involve the variable x. The rule states that if a formula, let’s call it «, does
not depend on z, it can be moved outside of the "there exists" quantifier. This
means an expression of the form: Jz(a A ) can be rewritten as the equivalent,
simpler expression: a A Jz. This allows us to separate the parts of the formula
that are independent of x from those that are not.

Once the formula only contains comparisons like x < x;, * = z; and * > x;,
we check for equalities. If there’s an equality term like x = y, the quantifier is
easily eliminated. We just remove dz from the expression and replace all other
occurrences of x with y. For instance, 3x((z = y) A A(z)) simplifies to A(y).

When the variable x only appears in inequalities, the problem is to determine
if a value for x can exist between its lower and upper bounds. For a formula
like 3z((z > a) A (z > b) A (x < ¢) A (x < d)), an x can only exist if all lower
bounds (a,b) are less than all upper bounds (¢,d). This yields the equivalent
quantifier-free expression:

(a<c)AN(a<d)N(b<c)AN(b<d)

If, however, all the inequalities were of the same type (e.g., all greater-than), the
expression would always be true because the set of rational numbers is unbounded.
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The basic logic is that to squeeze a number x between a "floor" (lower bounds)
and a "ceiling" (upper bounds), the floor must be below the ceiling. Because we
don’t know the exact height of the floor or ceiling, we make a simple, catch-all
rule: every part of the floor must be below every part of the ceiling. This rule
is guaranteed to work because the numbers being used (the rationals, Q) are
"dense." This simply means that as long as a gap exists at all, you can always
find another number to fit inside it, which makes our rule equivalent to finding
an existing x.

The reasoning is now finished because the problem was solved by gradually
simplifying it step-by-step.
O

During the proof about rational numbers’ properties, only the absence of a
greatest or least element and the density of the order were used. Therefore, each
step applies equally to any dense linear order without endpoints, not just to Q.
Applying these transformations to a closed formula (one without parameters) pro-
duces an expression that is either identically true or identically false. To write
down “identically true” or “identically false” without introducing extra variables,
constant symbols for truth and falsehood can be added to the language. As a
result, every dense linear order without endpoints satisfies exactly the same sen-
tences in this signature. In other words, such structures are elementarily equiva-
lent in this language. Alternatively, one may apply Lowenheim—Skolem to obtain
a countable submodel and then use the classification theorem for countable dense
linear orders without endpoints.

In particular, it is proved that the same Signature formulas (=; <) are true for
rational and real numbers.

Whether this closed formula is true or false in the interpretation under consid-
eration. To do this, you need to bring it to a quantorless form and see if it turns
out to be True or False. In other words, quantifier elimination establishes the
solvability of the elementary theory of rational numbers with equality and order
relations as it given in [6].
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4. Expansion by unary and binary
predicates

4.1 FExpansion of (Z;=;+) by unary predicate and
graph representation

4.1.1 Graph representation

Let Z* (Z;=;+; P1) be an expansion of (Z;=,+) by unary relation P!,
Denote S?(x,y) := P(x + y). Notice that

L = Vavy(S*(x,y) = S*(y, x))

since
(Zy=:+) EVaVy, (s +y =y + )

Denote P(Z") = {a € Z|Z" |= P'(a)} = A. We define a graph G = (Z, S?),
where the edge relation is given by S?. Notice that if 27 C A, then this graph is
reflexive. The properties of expansion depend from the chosen A.

Theorem 4.1.1. Let ZT = (Z;=;+; P1) be an expansion of (Z;=,+) by unary
relation P'. Then the foolowing is true:

(i) Z" is superstable iff G = (Z,5%) is superstable.

(i) " is NIP iff G = (Z,S?) is NIP. Then Z* is superstable iff G = (Z, S?)
15 superstable..

(111) For any essential classes (stable, IP+NSOP, NIP+SOP, SOP+IP) of
complete theories there are expansions by unary predicate

Proof. Consider the formula:
¢(z,a) := Pz +a),

and fix the sequence (a;);en € A. For any binary string  : N — {0, 1}, define a
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type:
Fy(x) = {o(x, ai)|n(i) = 1; ~¢(z, a;)|n(i) = 0}

One can demonstrate that for every such 7, the corresponding type p,(z) is
consistent by using pairwise distinctness and the assumption on P(a; + a;). The
existence of IP is implied by this construction, which is equivalent to realizing a
tree of consistent formulas of infinite depth.

As a result, the expansion is not dp-minimal.

4.1.2 Superstable expansion of (Z;=,+,0,1)

(Z,+,0,1) - non w-stable is countable number of continuum type.

d7(x);=Jyly+y+..+y=u1x)
¢1(Z2) =72

) b )
L 4'10\ qd{,{k‘p Ao 1&1@
i Yo b

N
| I E: | I

Y 9 O 3 M

Figure 4.1: Interval Partition of the Real Line for Evaluation of ¢7(x)
Consider prime numbers:
(2,3,5,7,11,...;)

(P1, P2, D3, Pas e Py )
set of all prime numbers

vi(z) = Jy(pi,y = z),
where p;y =y + ... +y - p; times

Sequence:

T =11,%92, ..., lp, ...

7 is an infinite sequence of zeros and ones.

¢ = {Un(2)]in = 1} U {0, (2)]i,, = 0}, 7 € 2%
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¢r - consistent set of formulas that called one-type.
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Figure 4.2: Consistent set of formulas

M = Fz(o(z) A d1(x) A ga(x)
M | Jz(=d(z) A d1(x) A ga(x))

Typical example of the type:

(V2,Q,=,<)

{a, <z <b,};n,meN

T is called to be w - stable, if for any countable A set of all one-types over A
is countable. S1(A) = {q such that is one-type over A}. Thus elementary theory
of (Z,+) is not w-stable, because Si(0) = {g.|r € 2} is uncountable.

T is called to be superstable if for some A\, A € Cardinal, for any 5 > A, for
any |A| = B we have |S1(A)| = 8. Let C, such that |C] > |2V], any element
a € M —C satisfies |= ¢, (a), consequently |S1(C)| = |C|+]2V| = |C|, elementary
theory of T is superstable.

Theorem 4.1.2. The theory of the structure (Z,+,0,11,), where I1, represents
the set of all powers of a given natural number q, is superstable and has Lascar
rank w.

The same techniques can be used to prove that other expansions of the theory
of integers are also "superstable." You can add different special sets—such as the
set of numbers of the form {qﬁiw} or the set of factorials—and the resulting logical
system will still be considered well-behaved and non-chaotic.

Proposition 4.1.3. For any natural number q, the structure Hf]”d, viewed relative
to (Z,+,0), is superstable and has Lascar rank 1.

[t is a proper expansion of (Z,+,0), it has infinite Lascar rank. Whence, it
remains to see that it has Lascar rank w as it given in |17].
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Consider a sufficiently saturated elementary extension of the (Z, +, 0, I1,) struc-
ture , where I, is interpreted as H:]. Let p € S(0) be the generic type correspond-
ing to the connected component, and let ¢ = tp(b/B) be a type extending p. Let
a realize the restriction p|B. The structure H;] is assumed to have Lascar rank
equal to one.

Within the framework of model theory for (Z,+,0), the type tp(b/H/qB) is
identified as the principal generic type, provided that b & acl (H;B).

Let d be a finite tuple that is algebraic over H; U B, with this algebraic-

ity witnessed by a tuple (cy,...,¢,) drawn from H;. According to the theory
Th(Z,+,0,11,), it then holds that

U(d/B) <U(¢/B) > w,

as the set (H;)" is of Lascar rank n. Therefore, the element a does not belong
to the algebraic closure acl (H/q U B) within the structure (Z, +,0), and the type
tp(a/ H; U B) must be the principal generic type.

4.2 Expansion of model of strongly minimal the-
ory by unary predicate

A structure M = (M; ) is said to be minimal if every definable subset of M is
either finite or cofinite. If all models of elementary theory of minimal structure are
minimal then this structure and theory is called to be Strongly minimal. The field
of all complex numbers (C;=,+,-,0,1) is strongly minimal since its elementary
admits Quantify Elimination. Thus any formula ¢(x,a) with one free variable is
equivalent to boolean combination of equality polynomial to zero or negation of
such equality. If we consider the equality of polynomial to zero as the elementary
proposition and any boolean combination of it is equivalent to the formula in
Disjunctive Normal Form (DNF). Thus the formula is equivalent to disjunction
of conjunctive of elementary propositions or its negation (system of equalities or
non-equalities polynomials to zero). Definable set is equal to union of sets of
realizations such systems. Consider the system of non-equalities of polynomials
to zero.

QI

fl(x7
fo(,
fi(xa

) £0
) #0
) £0

QI

I

The set of realizations of this system is co-finite. If one of polynomial = 0, then
the set of realization of this system is finite.
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Strongly minimal theory is trivial if
acl(ay, ag, ..., a,) = acl(ar) Uacl(ag) U ... U acl(ay,),
where ¢(z, ay, as, ..., a,) = ¢(x,a) and

acl(ay, ..., a,) = {blexists ¢(x;a) such that M = ¢(b;a) A 3=z, ¢(x;a)}

Example 4.2.1. Ezample of non-trivial strongly minimal: (C;=,+,-,0,1), if
take {e,m, e + m} algebraic independent finite number elements

acl(e) # acl(m), m & acl(e)

e+ & acl(e)
e+ m ¢ acl(m)

Example 4.2.2. Example of trivial strongly minimal structure: (Z; =, f1), where
f(n) = n+ 1. The models of theory of (Z;=, f) is exactly the same copies of

(Z;=, 1)
Theorem 4.2.3. IfT is a strongly minimal and trivial theory, then any expansion

of T' by a unary predicate results in a superstable theory.

Proof. For any element A C M

acl(A) = U acl(a)

acA

since M is trivial. For arbitrary a € M, acl(A) is defined by countable or finite
numbers of algebraic formulas, {¢;(z,a)|i € N}. Then for any ¢;(x, a) there are
finite number of possibility satisfy to Predicate P'. Then we have description of
all elements from algebraic closure of a. The number of possibility is 2%.

[S1(A)] = |A] + 2%
[

Theorem 4.2.4. Let T' be a strongly minimal, non-trivial theory and let M be a
countable, saturated model of T.

Then, for each of the fundamental classes of complete theories-namely Stable,
theories with the Independent Property but not the Strong Order Property (IP +
NSOP), theories with the Strong Order Property but not the Independent Property
(SOP + NIP), and theories with both the Independent Property and the Strong
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Order Property (IP + SOP)—there exists an expansion of the model M by a unary
relation that results in a theory belonging to that class.

Proof. Since 91 is countable saturated model of strongly mininimal theory there
exists countable independent set A. Let A = {a;|i € w}. Since T is not trivial
there exists finite subset B of A such that there exists ¢ € M, ¢ € acl(B) and
c &€ alc(B'), where ¢ € acl(B'), for any B! ¢ B, B! # B.

Then we suppose that B = {ay, as, ..., a1, a,}. Consider by = {ay, as, ..., a,_o}.

Since ¢ € acl(B), there exists the formula ¢(z;aq, ..., a2, an_1, ay,).

M E d(c;ar, a9, ..., an 0, a,-1,a,) AT <" 20(c,ay).

Denote
S*(Zy, Zy) = Fx(p(, @2, Z1, Zs) N P(z)).

_'SQ(Zl, Zg) = —lﬂx(gb(x, Ap—1, Zl, ZQ) A\ P(l‘)) =
= V:U[(;S(x, Ap—1, Zl, ZQ) — —|P(x)]

Thus for any pair elements a;,a; B/{a1,...,an—2}

|: S(CLZ’, aj) V _'S(CLZ', Clj).

It depends on expansion P(M™) = A. Thus on the set B/{ai,...,a, o} it
possible define the Binary Relation and if this relation satisfy one of 4 essential

classes theories, then expansion satisfies the same.
O

4.3 Expansion of (Z;=,+,0) by binary predicate

A binary relation interpreted as a linear order will be considered.

(M;=;<;...) - o-minimal structure, if any formula ¢(M,a) is a finite number
of intervals and points.

O-minimal is Real Closed Fields, dense linear counting order. —¢7(x) - non
o-minimal.

Theorem 4.3.1. Every formula in (Z,=,<,S) (where S is the function of adding
one) is equivalent to some quantifier-free formula. (Z,=,<,S) admits the elimi-
nation of quantifiers.

The full statement of the theorem is: for every formula of signature containing
equality, order, and symbol S, there is a quantifier-free formula of the same sig-
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nature that is equivalent to it in the interpretation where the support is Z and
the symbols of the signature are interpreted in the natural way.

Proof. In the (Z,=, <,+,0, 1) signature, quantifier elimination is impossible. In-
deed, the formula Jy(x = y + y), which is true for even z, is not equivalent to
any quantifier-free formula. Therefore, we need to expand the signature before
performing quantifier elimination.

O

Let {=2,=3,=4,...} be a countable collection of binary predicate symbols,
where each =, is interpreted as congruence modulo ¢. That is, the formula x =, y
holds if and only if x and y have the same remainder modulo ¢, or equivalently,
x — y is divisible by c.

The index ¢ in x =, y is not a variable; we do not have a three-place predicate,
but a countable family of two-place predicates.

This extension does not affect the range of definable predicates-for example,
the relation x =, y can be represented by a formula such as Jz(x = y + cz).
Nevertheless, with this enrichment, every formula is equivalent to a quantifier-
free one, as demonstrated by the quantifier elimination theorem in Presburger
arithmetic.

Theorem 4.3.2. Quantifier elimination can be carried out in the structure (Z,=
, <, +, O, ]_, =9, =3, >

Proof. The objective of this proof is to demonstrate that for any given formula,
there exists a logically equivalent quantifier-free formula. The argument pro-
ceeds by induction, which reduces the problem to establishing the inductive step.
Specifically, it must be shown that any formula structured as Jz7(z, x1, ..., z,),
where 7 represents a quantifier-free formula whose variables are contained within
the set {x,z1,...,2,}, is equivalent to some quantifier-free formula over the free
variables {1, ..., z,}.

O

The process of quantifier elimination relies on reducing conditions to linear
equalities, inequalities, and modular congruences of the form:

k-x=t(xy,..x,),

k-x <t(zy,..,x,),
]{3 - > t(xh --'71'71)7
k-x=.t(xy,...,zp),

where k is an integer, and t(x1, ..., z,) is a linear expression not involving .
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Thus, Presburger arithmetic, extended with modular congruence predicates,
allows for the expression of all necessary properties without the use of quanti-
fiers. This construction plays and important role in the theory of solving linear
Diophantine problems and in automated program verification.
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5. Conclusion

This thesis has shown how expansions of models of DP-minimal theories can
be comprehended and described through a methodical development of theory and
analysis. The research problem was stated clearly in the first chapter: to ascer-
tain the conditions under which DP-minimality is maintained when a particular
structure is extended by more predicates or relations. The motivation and his-
torical background were presented, demonstrating why DP-minimality merits fur-
ther study as a refinement of the more general NIP (non-independence property)
framework. The additive group of integers in particular was chosen as a pri-
mary test case due to its fundamental function in algebraic and number-theoretic
applications as well as its intrinsic DP-minimal nature.

Building on this motivation, the second chapter explored the foundational works
and theoretical foundations of model theory. Basic concepts such as language and
structure, cardinality considerations, the Compactness Theorem, elementary ex-
tensions, and model completeness were introduced using a single theoretical frame-
work. By reviewing previous studies on independence and dependence properties,
strictly ordered properties, and the role of quantifier elimination, this chapter
placed DP-minimality in a larger classification-theoretic framework. This sup-
ported the need for the later original contributions by identifying the precise
knowledge gaps that needed to be filled, namely, how expansions could maintain
or compromise DP-minimality.

The third chapter developed the core methodology and presented the key the-
oretical results. Beginning with a formal definition of the independence property
(IP) and its negation (NIP), the chapter advanced to a careful treatment of DP-
rank as a measure of definable complexity. After introducing the strictly ordered
property (SOP) and its relation to DP-minimality, the thesis described how to
construct parametrized structures and define types that either preserve or break
DP-minimality. Crucially, this chapter derived new lemmas and theorems that
give necessary and sufficient conditions for a predicate or relation to preserve
DP-minimality upon expansion. The results showed, for instance, that if a pred-
icate is externally definable in a DP-minimal structure, then adding it does not
increase DP-rank beyond 1. Throughout, rigorous proofs verified that the pro-
posed preservation criteria hold in general settings, thereby furnishing a robust
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theoretical foundation for the case studies that follow.

In the fourth chapter, these theoretical criteria were applied to concrete expan-
sions of the integer group and related ordered algebraic systems. First, expansions
of the pure group (Z; +,0) by various unary predicates (such as congruence-class
predicates or sets of squares) were examined. It was shown that certain super-
stable expansions nonetheless fail to remain DP-minimal: adding a predicate
that introduces an infinite IP-pattern inevitably raises the DP-rank. By con-
trast, the classic Presburger expansion (Z;+, <, 0, 1) satisfies quantifier elimina-
tion and meets all the preservation criteria, thereby confirming that its DP-rank
remains 1. Second, examples of expansions by binary relations-like modular con-
gruences or partial orders-were analyzed. In each case, the presence or absence
of witnessed ICT-patterns (infinite consistent types along binary trees of param-
eters) was checked using compactness arguments. Where such patterns could be
avoided, DP-minimality persisted; where they could not, the expansion lost DP-
minimality altogether. Finally, expansions of a strongly minimal theory by unary
predicates were discussed to illustrate how notions of semi-isolation and quasi-
neighborhoods can detect SOP or preserve minimality under suitable definability
constraints. Overall, these case studies substantiated the abstract conditions de-
veloped in Chapter 3 and provided a clear classification of which expansions of 7Z
and similar structures remain DP-minimal.

Taken together, the work in Chapters 2—4 leads to three principal contributions.
First, it supplies a new set of preservation criteria: to add a predicate or rela-
tion to a DP-minimal structure without destroying minimality, one must ensure
external definability and the absence of any infinite combinatorial configuration
(IP or SOP) that raises DP-rank. Second, it demonstrates through explicit exam-
ples that DP-minimality can fail in superstable expansions-highlighting a subtle
distinction between “superstability” and “DP-minimality” that was not fully recog-
nized in earlier literature. Third, it provides rigorous proofs and counterexamples
showing that Presburger arithmetic embodies the maximal DP-minimal expansion
of (Z;+,0): any definable enrichment beyond the Presburger language inevitably
introduces higher DP-rank or IP. Thus, the thesis resolves the central question of
how far one can “stretch” a DP-minimal theory before losing its defining property.

In conclusion, this research has provided a rational, chapter-by-chapter flow
from the problem statement to the resolution: Chapter 1 outlined the key ques-
tions and their importance; Chapter 2 established the foundational theory and
placed the work within the broader literature; Chapter 3 introduced and proved
new preservation theorems; and Chapter 4 applied the findings to concrete expan-
sions, confirming when DP-minimality holds and when it does not. By answering
the original research questions and advancing our understanding of DP-minimal
expansions, the thesis makes a substantial contribution to classification theory.
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