


Suleyman Demirel University
Engincering Faculty

NARTOVA D.S.

CALCULUS

Brief summary and exercises.

Part 1

]' 5.:.::.:". ; s - )

Alfirl?fw:‘%ZQ.OS /,/’;_f/%, \




BBK 22.117
N23

Recommended to print by Academic Council of Suleyman Demirel
University. ’

Nartova D.S. | .
Calculus. Brief summary and exercises. Part 1. -Almaty, 2005 - 200 p.

ISBN Ne 9965-453-02-0

BBK 22.157
"N 1602000000
00(05)-06
ISBN Ne 9965-453-02-0
@ Nartova D.S., 2005

. © Suleyman Degnire] University,2005

\

CONTENTS

Topic 1. A FURCHOM. ..ooieiiiiiinit e e 6
1.1. Definition. 1.2. Ways of representation. 1.3. The classification of
the functions. 1.4. Basic properties of the functions.

EXERCISES L. vuttetuiernaenenetanaenee e seensaast e 9
Topic 2. Limit of the function...........ccoooooiinvirre onnennnes 13
2.1 Definition the limit of function ai the point. 2.2. One-sided and

two-sided limits. 2.3 Limits involving infinity. 2.4. Limits rules. 2. 3.
The signs of existence of limits. Sandwich theorem. 2.6. Infinitesimal
its properties. Equivalent infinitesimals.2.7. Infinite  quanrin. 11s
properties and relation. 2. 8. List of indeterminacy.2.9. First
Sfundamenial limit and second fundamental limit

Topic 3. The continuity of the functions. 33

3.1 Definition of continuous functions. 3.2. Properties of operations
with continuous functions. 3.3. Points of discontinuity and their
classification. 3.4. Properties of continuous functions at interval. 3.5.
Max-min theorem for continuous functions. 3.6. The intermediate

value theorem for continuous functions.
EXERCISE L. .vveoveereeermmsneeesmssnmssnssssesnsss e
Topic 4. Derivative of the function with one variable................ 41

4.1. Definition of derivative. 4.2. Geometrical and mechanical
meaning of the derivative. Equation of tangent. 4.3. Basic rules of
differentiation. 4.4. Table of derivatives

EXERCISE IV +.vvveeessansaseessansasonmassassassanss s sis s
Topic 5. Differentiation of different functions. Differential. ..'...:57

5.1. Differentiation of inverse, parameter and implicit functions. 3.
Logarithmic differentiation. 5.3. Differential of the function. ).

Properties of differential
EXERCISE V...cooooone [PPSO VUSROS PP RpeS 61

2.
4.

W



Topic 6. Higher order derivatives and differentials. Applications
of differential in approximate calculations........................... 64

6.1. Higher order derivatives. Leibnizs rule. 6.2. Higher order
differentials. 6.3. Applications of differential in approximate
calculations.

EXERCISE V..o 67
Topic 7. Theorems about differentiable functions. ................... 72

7.1. Maxima and Minima. 7.2. The first derivative theorem. Rolles
theorem. The mean value theorem. 7.3. L' Hopitals rule.

EXERSICE VI ... i 7
Topic 8. Optimization. Monotonicity and extreme points........ 80

nh

8.1. Monotonicity. 8.2. Extreme points. Necessary and sufficient
conditions of extreme points. 8.3. The smallest and the largest value
at interval.

Topic 9. Concavity and points of inflections. Asymptotes of
graph of functions.............ccoiiiieiinn 83

9.1. Concavity and points of inflections. 9.2.  Necessary and
sufficient condition of points of inflections. 9.3. Asymptotes of graph
of functions.

Topic 10. Total investigation of a function. Graphing the

functions...........o.ovvuiiiniiienniiinniennn. eveeeseerereniseneestsnstones 87
EXERCISE X..v.iiiiiiiie e 88
Topic 11. Indefinite integrals. ................ccoooviviiiiiin 91

11.1. Antiderivative. 11.2. Indefinite integrals. 11.3. Properties of

definite integrals. 11.4. Table of indefinite integrals.
EXERCISE XI. ..o e

Topic 12. Basic method of integrations. ............... ...........-. 99

12.1. Substitution method. 12.2. Integration by parts. 12.3.
Integration of rational functions.
EXERCISE XIL.......coooiiiiiiiiaisoiaseienis e seesssesssinnnn: 103

Topic 13. Integration of some irrational functions.

Integration of some trigonometric functions.........ccccevennnnnn. 138
13.1. Integration of some irrational functions. 13.2. Integration of
some trigonometric functions.

EXERCISE XIIL..otititieneneiiniieeeeneniniitiaes e eianees 141
Topic 14. Definite integrals..............oooooieinnierne 164
14.1. Definite integrals. Area under a curve. Riemann sum. 14.2.
Properties of definite integrals. 14.3. Fundamental theorem of
integral calculus. 14.4. Substitution method and Integration by parts
in definite integrals.

EXERCISE XIV ..t itiiiniiatieiieeiiieieereeiasa s 168
Topic 15. Improper integrals...........cccoooimnene 178
15.1. Improper integrals with indefinite limits. Convergence and
divergence of improper integral. 15.2. Improper integrals of
discontinuous function. 15.3. The signs of convergence of improper

integrals.
EXERCISE X Voo oveoeeeeoreeeneineeineessesseeeeeeinessnssmsissnsennnnns 183
Topic 16. Applications of definite integrals....................... 187

16.1. Areas of regions between curves. 16.2. Length of curves in the
plane. 16.3. Volumes of solids of revolution. 16.4. Areas of surfaces
of revolution.16.5. Physical applications.

EXERCISEXVII%



Topic 1. A Function.

1.3. The classification of the functions.

e — | &dvantages | Disadvantages | Exmmple
1.1 Definition. 1.2 ; ; N = d
. eﬁ’llﬂ?n. .2. Ways of representation. 1.3. The classification thoids
of the functions. 1.4, Basic properties of the functions.
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1.4. Basic properties of the functions.
1.4.1. Even and odd functions.

Function y=f(x) is called the even function if for any x from domain
f(-x) = f(x).

Graphs of even function are symmetrical about Oy axis.

Function y=f(x) is called the odd function if for any x from domain
f(-x) = - f(x). :

Graphs of even function are symmetrical about origin O(0,0) point.
If function doesn’t satisfy both conditions it will be neither function.
Graphs of neither functions is asymmetric.

1.4.2. Periodicity of a function.

Function y = f(x) is called periodical function with period T # if for
any X from domain f(x+T) = f(x).

1.4.3. Boundedness of a function.

Ifuzmtion y=f(x) is called bounded above over the interval X if exist
such M>0 that | f(x) | <M forany x € X.

Function y=f(x) is called bound i . i
ed below over the interval X if exist
such M>( that | f(x)| =M for any x € X.

1.4.4. Monotouni¢ity of a function.

Functi = i .
fulilcctt'mn‘y f(X)' is called monotonic over the interval X if the
ion is only increasing or only decreasing for any x 2e X.

Function y=f(x) is called increasi i i
a
e Tor oy e . easing over the interval X if f(x;) >

] 3 as X

Function is called implici ion i

plicit function if for any x from domain
dependent variable y couldn’t be ex § '
varabler Reampe 0. e expressed from independent

s called explicit function if for any x from domain

Function y=f(x) i
pendent variable: y = f(x).

dependent variable is expressed from inde

1.4.6. Inverse functions.

Let given the function y = f{X) , wherexe X andyeY.

If for any x & X exists a single Y€ Y such that y = f(x) and

R

if for any ye Y exists a single x€ X such that x = g(y) then )
f(x) and x = g(y) are called mutually inverse.

An inverse function exists for any strictly monotonic function.

The graphs of mutually inverse functions are symmetric about
bisector of the first coordinate quarter.

1.4.7. Composite functions.

Let y = f(u) is a function where ue U is its domain and ye Y is its

range. In its turn u is the function u = ¢ (x) where xe X is its domain

and ueU is its range. Then the function y = f (¢(x)) is called a
composite function with X as domain and Y as range.

EXERCISES I
. 1
Find the domain of the function:
x-3
1. y=+/x : 16, y=—r—y
y =[x +1g(2x+5) Y= =)

2. y=—-— - Yx+23 17 y= arcsin(5x* +3x)
Ig(1-x)

3. y=_____._“x+4; 18. y = xo-2 +In(x+7);
lg(2 - x) x -9

4, y= In(x —3) ; - 19, y = arccos(5x° —X);

5—-x



4x-3

5 y= 1+1n(x+5);

2

6 y=arcsin(3x’ —x);

1-x
8. y=lnx+4;

x—4

4x —
9.7 =In 5=,

x° -1

x+4
10.y=}_—5+1n(x+1);

11 y=_lngx+4):
x°=25"
___ln(x—4)_
-9’

+4

12. y

x
B.y=—=—==+In(1-x);

Jx=3)

14. y =arccos(4x’ —x);

x+4
2. ?
=9

15. y=In

X

- 20. y=1n3+x;
2-Xx

21. y=lns+x;
3—x

,o TS
lg(1-x) ’

23. y = arccos(-2x’ +'4x) ;

24, y=1—n-§—\/-)-c‘—_—-§—);
—x-
' In(x - 6)
25, y=—F——;
V3-x
In(x—4)
26,y =—F——=3
N25-x°
2,y -2
V81-x
28, y=—213_ in@-x);

29. y = arcsin(2x” +x);

30. y =+/x-3 +1g(4-2x).

2

Determine whether the function even, odd or neither:

— v? Al 2
1. y=x"smx+2x";
2.y=x’cosx—x ;

3y=x’sinx+x ;

16. y =x*sinx—x;
17. y = xsinx — x%;

18. y=x’sinx—x>;

10

4.y=x’sinx’ ; 19. y = xCOSX—X’;

- . x* -4
S.y=xsmx+Xx 3 20 y=——5—
xsin” x
:’ XCOS X
6.v= x ; 2.y =tanx-——3;
sin X
2, 4
7.y—l.+,“\ H 22, y=tanx-x—COSX;
sin- X
YS 3
8.y= 5 23, y=——%x 3
sin x xsinXx
3 3
x x
9.y= ; 24, y=—;
XCOSX tan x
10. y =- \ : 25,y =x’sinx —tanx;
xsinx
X Nx? -4
11.y=—%X 3 26.y = ——+COtX;
sin X sin x
3 x3
12.y = ; 27.y = +cot(x?);
XCOSX XCOsx ,
.xz 4 sz -4 -
13.y=—5—"X 28.y =—————SINX;
sm” x tan x
pualiiad
NESE Jxi-4
14 y=—"1: 29, y =———+cotx;
cosXx sin x
x> -4 x’
15. v = * H 30.y= +X.
sinx+x cosXx
3
Sketch the graph of the function:
1.y =-20x3)+1; 16. y =2In(x+1)-4;
2. y=3(x2+; - 17 y =320
3.y =-(x2)"-3; 18. y=2n(x-2)*+3;
11



4. y=-(x-4)+2;
5. y=2(x-5)%5;
6. y=-2(x-4)+2;

3
1. y=——=12;
x—1
2
8. y=——-1;
9. y= — +";
Y x-1 ?
1
10.y=——-5;
x-1 -
Hoy=—2 i 4
X -
2
12}'— —3,
—-x+1
4
13.y= -3
Y'"x_2 ;
-2
14. '=-—--—~—3;
’ x-3
15 }‘=~2~_ :
x-1

20. y =3lIg(x-1)+2;
21, y =-In(x-1)+4;

22, y= 172 In(x-2)+2,

23. y=-2(x+3)°+]
24y =3(x-1)>+1;
25,y =2 lg(x+4)-2;
26.'y =3-1g(x+2)-4;

27,y = -lg(x+2)+4;

28. y =-3%*1.5;
29.y= 3-7;“'”-1;

30, y=--4%"N.3;

12

Topic 2. Limit of the function.

2.1 Definition the limit of function at the point. 2.2. One-sided anfl
two-sided limits. 2.3 Limits involving infinity. 2.4. Limits rules. 2.5.
The signs of existence of limits. Sandwich .theorem. 2..6.
Infinitesimal its properties. Equivalent infinitesimals.2. ?.Inﬁnzte
quantity, its properties and relation. 2.8. List of in.de{ermmacy.l 9.
First fundamental limit and second fundamental limit.

2.1 Definition the limit of function at the point. _ .
The limit of f(x) as x approaches X, is the number L if the following

criterion holds: )
Given any radius &>0 about L there exists a radius 6 >0 about Xo

such that for all x,
|x-Xo|< O implies|f(x)-L[< €.
This fact is denoted by lim f¢ x)=1L.

X Xy
)'A /
- =L N,
Lo+ & =8~
L
L—e
o x—& x z+ 3 x

2.2. Two-sided limits. ,

2.2.1. The number L is called the right - hand limit of f(x) as x
approaches x, from right side if the following criterion holds:
Given any radius £>0 about L there exists a radius 6 >0 about X
such that for all x e (xg,xo*+ S ) implies | f(x) - L {< &.

This fact is denoted by lim _ f (x) = L .
.\".') Xo . .
2.2.2. The number L is called the left- hand limit of f(x) as X

approaches x, from left side if the following criterif)n holds: ’
Given any radius £>0 about L there exists a radius & >0 about Xo

such that for all x & ( x¢- & ,Xo) implies | f(x)-L| < &.
13



This fact is denoted by lim  f (x) = L .
X x5

> ¢

L

2.2.3. Theorem: ) )
A function f(x) has a limit as x approach x, if and only if the right-
hand limit and left-hand limit at x, exist and are equal. In symbols, - Right-hand | Limit at Val“g Olf
im f(x)=1 limit limit ___| point i{;‘a';f__ T
e . I =a  lim f(x)=L | lim /()=M | limf(x)

-) = - x—a R
}51} S(x)=1L and }1_1:11 S (x) e doesn’t

. exist
- N —i f(b)=M
b o lim f(x) =L | lim f(x)=L | lim f(x) =] fb)
x—=b~ x>0
=L
: K =M
L Left-hand limit ¢ | lim f(x)=M | lim f(x) =L | limf(x) |f©=
lim f(x)=1 e ' doesn't
> X
2 1 t
II. Right-hand limit e;ns 1 (x) =| fd)-
lim f(x)=L Um0 =M | lim f09 =M | lim f(9=)
x> x; ’ =M ed
o lim f(x) = .
= x,

exists if and only L . ) =L and
if v T 2.3. Limit involving infinity: xlir?w f (x) ‘
jl_lggf(x); '};I{T}Jf(x)= L L:“_"—__"j‘/_’. lim f(x)=1L.

R )
i : } .
i t ‘. i

L _ . 2.3.1. The limit of the function f(x) as x approaches infinity is

" number L if following criterion holds:
Given any number &>(, there exists a 11mber M su?h tl()lat f<t);dall J}:
X > M  implies |f(x) -L| <&. This fact is deno

15
14




2.3.2. The limit of the function f(x) as x approaches negative
infinity is the number L if following criterion holds:

Given any number &€ >0, there exists a number N such that for all X,
X <N implies lf(‘{) —L! <&. This fact is denoted by

lim /(x)=
X -
2.3.2. Theorem.
A function f(x) has a limit as x approach ©: hm f(x)=L i
and only if

the hm f(x) L and lim f(JC) = L exist and are
X +o0

X~ -0
equal.
2.4. Limits ryles,
Let llmf(x) =4 and hm g(x) = B where ¢ can be Xg

(at point) or +o5 ( mVOleg infinity).(A,B- finite values).
1) hm C=C,

3) hm( f(x)+ g(x)) = llrn f(x)+ lim g(x) A+ B,
4) llm(f(x) g(x)) = llm f(x)- hm g(x) A B,

16

SO _ e

=l A e pe
limg(x) B

5) Im +—=
) x—c g(x)

6) if lim f{u)=A and lim@{x) = uthen the limt of the

=y " X—>c¢

composite function is: 1\1{)1;1 S(g(x)) =

2.5. The signs of existence of limits. Sandwich theorem.

2.5.1. Theorem: . —
If the function is monotonic and bounded function then it has a

limit.
2.5.2. Sandwich theorem. _ .
Suppose that g(x) <f(x) <a(x) for all x # in some interval about ¢ and

that im g(x) = Lim /(x) = L . Then lim f(x)=L.

2.6. Infinitesimal its properties. Equivalent inﬁnzteSfm(lls.

2.6.1. Infinitesimal

Let x approaches ¢ where c is either xo or . if
A function y = g(x)is called infinitesimal as x—>c if and only i
lima(x)=0.

R ds

Theorem:_ llmj(x) L & fix)=L+ a(x).

X=>C
2.6.2. Properties of operations with infinitesimals: L

i i=1,n.
1) If a;(x) are infinitesimals as x—>c for any 1 '
N
Zai = qa(x) is infinitesimal as x—>c.

=] ' —_—

2) If a,(x) are infinitesimals as x—c¢ for any i=l,n

Ha (x) is infinitesimal as X —2¢.. . ... e
i=] Tfﬂ(‘ ‘JJ""X [ Fowr




3) If @ (x) is infinitesimal as Xx—>c¢ and f(x) is bounded

function over vicinity of ¢ = a(x)- f(x) s
infinitesimal as x —¢.

4) atana(x)~ a(x); , S
5) log(l+a(x))~ a(x)/mb (b>0.b# 1), in particular,
In(l+a(x))~ a(x);

6) b““ —1~ gix)inb (b>0), in particular
4) If a (x) is infinitesimal as x —¢ and 11{10’1 f(Y) # 0 eC 1 a(x):;
X
a(x) 7 1+ a(x)"-1~ ma(x) (meR).
= — is infinitesimal as x —> . . .
f(.\‘) 2.7. Infinite quantity, its properties and relation.
0, ifg(x)=o(a,(x),
2.7.1. Infinite quantity o
¢ () more Let x approaches ¢ where ¢ is elther_Xo or «. —y¢ if and only
iﬂﬁniteSilTlal than a2 (X) 5 . . ) is called infinite quantlty as X
' A function y = F(x) '
. a(x) ) T N '
5lim al(r < L#0.if o (x)and a,(x) are the o if I}_TS F(x)=o0,
X—»C 2\

same degree infinitesimals; 1)
w, if @, (x) = o(a,(x)),
&, (x) more '
infinitesimal than @, (x).
2.6.3. Equivalent infinitesimals and their properties. 2)
If Iim @,(x) =1 thena,(x)and « (x) are called equivalent *
X3¢ az ( x) 1 2\ .

inﬁnitesi_mals and is denoted by | %)
a] (x) o az (X) .
Properties:

~ Y
D a(x)~ a(x);

)If a,(x)~ &, (x) then or; ()~ a,(x);

2.7.2. Properties of operations with infinite quantities:

iti i X—->C
If F,(x) are infinite quantities of the same sign as
1

for any i=1,n = iF .= F(x) is infinite quantity as
] ’ i=1

X—>C. : unded
If F(x) is infinite quantity as x—>¢ and gfx) is botity aS
over some vicinity ¢ = F(x)+g(x) is infinite quan
X—>c. )C>0 over
If F(x) is infinite quantity as x'—.)c and g_(‘\)af: e
some vicinity ¢ = F(x)-g(x) is infinite quan;l:g is bounded
If F(x) is infinite quantity as X —>¢ _anfj g(x. uantity as
over some vicinity ¢ = F(x)/g(x) is infinite q

X—>c.

. i i t' y
: 2.7.3. Relation between infinitesimal and infinite quantity
DI a(x)~ @, (x) and a,(x) ~ a,(x)

then o (x)~ a,(x).
2.6.4. The basic list of
1) sina(x)~ c(x);

equivalent infinitesimals. F(x)

. ; then y =
Theorem: If y = F(x) is infinite quantity as x-—>¢ then y

is infinitesimal as x —>c.

1
2) tan o (x)~ a(x); (; ~0 )

3) asina(x) ~ a(x);

18

19



Theorem: If y = ¢ (x) is infinitesimal as x —> ¢ then y= ©
a(x
Is infinite quantity as x —c.

(%~oo).

2.8. List of indeterminacy.

U

o0
— 0 o
O’ ,O @® , "00’0 ,::0,1“’.

2.9. First fundamental limit and second fundamental limit.

2.9.1.. First fundamental limit, ( —O—)
0

lim sm( x) _
x>0 X

2.92. Second fundamental iimit (-

2) lim (1 + X)T =e or b) lim (l + —-)

here e - is constant e =2,718282...

2.9.3, - i ‘ =
Short-cut formula for limit of the rational fraction:(—)
%)

X%P(x) lim % a,x" +a,_ x"" 4. Aax+a, (o
On() 5= b 3" 4y X4 Bx+b, |

EXERCISE 1L

Find the limits:

, . x?—5c+6
R S v T

. 6+x—x
Clim——.
3 _y;l-l;l.';l x3_27
e g P —Tx 44
B lim S—r>—.
x2 x*—5x+6

7. lim .?fz_t.?f_-:-l-.

=13 27 —1

o 342 —1
9. xhr—l}l —m'

18 1 £ —16

2
15. lim 2= —6
¥+3 28 —Tx+3
(7. lim 2t4-]

x+—1 3x +x—- 2
19, lim JXt4x—3

X 2X +3x+1 ’

=2 *43c—10"

23, lim =53¢+ 1lx—2

2 P —-x—10 '

21

. X=X 42
2. im—7
4. lim 2 ]

x—+1 3x x—2.

. 124x—2
6. 11121 P —27

. x2 —4x — 5
8. lim —— =%

—1{lx+6
10. Jig & m'

B—x—2
12, lim -—-r_;r‘

x>l

4P 11k —3
L R
AP 4 Tx—2
16. x'i’l‘g W Bt e
’—4x-—5

2. 9_93 "'1”2'371"

24, lim

x-7 2X



25. lim 3% —6r —45.
x+5 2x*—3x —35 °

.27. x?—2x — 35

29. lim 3 =2 —40
x—+4 —3x~4 "

1. lim 2’ +1lix+15

im ==X =20
a>~5 2+ [Ix 5

26. lim 4x> 43¢+ 15
=3 e 6x—27
. 28. 2x% 4 15x — 8

=3 3 45x—12

3. limX=3+2
=1 Xt — g4 3"

5. lim X=X +x+

X —] x4+l

7. lim-*—x+3
2 5xf 43¢ —3°

9. lim =1
=1 x4 3x 42
llo ]im 4x2+19x__5

A4 19 —5
=5 20 4 Tlx 45"

>t 2°—T7x 45 °

15, lim 8¢+ 17x—2

== 42
17, lim 2 =2 + 5¢
£-»0 32 + 7x *

19, lim 3451
X3 x2-5x+6 M

21, lim X3¢ ~28
46— 64

123, lim Xh3r—28
S P

30. 2% 4 5¢~3
x—+—3 3x2+ I0x+3
2
. 2¢% F5¢ — 10
.2' e —————————————
11-{111 x3—1
4. lim X241
x—2 x3—8 !
L, 6. lim 22X =% —1
x-1 x‘-—l< :
2
8. lim > t2
x-lol-lI!2 L 4x+4
. %P Tk—4
10. = .
x!:gl-i x* 464
12, limEmxte—1
2 l'irnl X 4x—2
14, lim —2=8
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Topic 3. The continuity of the function.

' 3.1. Definition of continuous functions. 3.2. Pr(?pertle‘s .af
| operations with continuous functions. 3.3. Points of dzscon'tumzty
- and their classification. 3.4. Properties of continuous functions at

interval. 3.5. Max-min theorem for continuous functions. 3.6. The
intermediate value theorem for continuous functions.

3.1. Definition of continuous functions.

A function y=f(x) is continuous at point x=c if and only if all three
of the following conditions are true:

1) fic) exists ( i.e. the point ¢ belongs to the domain of f(x));

2) 13}} J (%) exists (i.e. fx) has a limit as x —c);

3) im f(x) = f(c) (i.e. limit equals the function value).
X->c

3.2, Properties of operations with continuous functions.

3.2.1.  If the functions f and g are continuous at X = ¢, then+the
following combinations are continuous ~ at x = c: ft g

fes kb L if g 0.
» g

3.2.2 The continuity of the composite function.

If f(x) is continuous at g(c) and g(x) is continuous at x=c, the .
composite f(g(x)) is continuous at x=c.

3.3. Points of discontinuity and their classification.

3.3.1. Definition of point of discontinuity. |
The point x = x, in which at least one condition of continuity is not

. satisfied is called the point of discontinuity.
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3.3.2. The classification of points of discontinuity.

Pointz of dizeontinuity

|
|
|
|

—_— , |
—— _ | .
| Pointz of di.-:conh‘iwih/ of firet /tl'mTI li""”é"’f a’/‘:.'conh'nuﬂy of zecond A""’i.] |
~ — |
/ -_—‘—'_h—\—"'&u I
Ll’oin'fs of removable Jt’l‘-'confi'ilw'lrl lﬁ".""“' of nonremosable d;’:c‘mﬁnuifd 1 —>
X2 , N
: xd X1 bl
: . e
. . . e . . o . st kind — remova
1)Points of discontinuity of first kind: _ There are shown x=xo is point of the fi |
There are exist the finite limits: 1) lim f(x) = f(x0-0), discontinuity;
X Xg~

) i f ("r) f( .0+0), i . i . N );
X X5+ v d SCO | :

X=X, is point of the second kind.
3) lim f(,\‘) = f(Xo).

But not all values f(x, -0), f(x0:0) and  f(x,) are equal.

a) Points of removable discontinuity:
f(xo

. ; interval.
3.4. Properties of continuous functions at interva

3.4.1 Continuous over interval X.
“0) = f(x0+0) #f(xo) ( third condition is not satisfied).

. . l a ’b] if
A function y=f(x) is called continuous over closed interva [
b)Points of nofiremovable discontinuity (jump point):

. .. is continuous
it is continuous at each point of this interval (a ,b) and

‘ o the right of a and at the left of b. - domain:
i -0) #f(x40) ( second condition is not satisfied). * Theorem: Any elementary function is continuous over its dom ‘.t_
. —_— on its
The filfferenc_e (%o -0) - f(xo+0)) is called the jump of the Theorem: Let f(x) is continuous over [a ,b] and takes
function at POt X=x,. endpoints the values of different signs nt ce (a,b)
4) Points of disconﬁnuity of second kind: © ( f(a)f(b))<0), thenl will be discovered at least one point ¢ )
If at least one limit Iim f(x )-or limm f(x) doesnot | suchthat f(c)=0.

X~ Xo+

it is bounded at
i T Theorem: If f(x) is continuous over [a, b] then it 1
exXists or equals to oo . . S .

[a,b].
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3.5. Max-min theorem Jor continuous functions.

Definition: f(x,) is called maximum value of the function y=f(x) at

interval (a, b) if for any point x € (a, b) f(x0)> f(x).

f(xo) is called minimum value of the function y=f(x) .

at interval (a, b) if for any point X € (a, b) f(%0)< f(x).

Max-min_theorem: If f is continuous at every point of a closed
interval [a ,b], then f takes on both an absolute maximum value M an
absolute minimum value m somewhere in the interval. That is, for
some numbers x; and x, in [a ,b] we have f(x1)=m, and f(x,)=M, and
m <f(x)] M at every other point x of the interval.

] F=f(x)

3.6. The intermediage value theorem Jor continuous functions.

A function y=f(x) that is continuous op a

. closed interval [a ,b] takes
on every vaJue between f(a) and f(b).
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EXERCISE IIL
l .
Test the function on continuity and graph it.

—1
X4 X< =0
2 —1<x <
1. f(—t);'{x -2, =]

2x, x=1
0
x+1,  x<0,
, 0<x <2,
2. f(x)={(fj;}r)4, 2>2
X 2, s — 1

3. f(x) = xz—‘__‘_]’ —l<x<L

) —x+31 x>l'
—X x<0’<2

. ’_ 2 0<x ’

4. f(x)={‘__(x3’ 1 x=2
—20F DS = X<

5. i(x)={§c+ A
— X, x<0,

6. f)={x 0r<2
x+l» x>2
x2+], xél’

7 f(x)-__z{Qx, 1<x<3
x+2’ x>3
A/x‘__s, x<0,

8 f(x)'—:{x**‘l, o<x<4
34x, x>4.

l —x, <0, _,

9 f(x)={°’ 0<x<?
x*‘2) X>2‘

2x*, x<0,

0. flg={x = 0<x<l,

24 x, x> 1



2x, x>2

3y x>
2lﬂm={ﬁjguﬁ§;}
5, 3 ¥<2
x,
22 i<x)={(x“*2)2’ )]CEL’ ;
“x+'5,x>3.< ,

.23,
24,

25.

26.

27.

28,

29,

30.

0
f(x)={x§——l ‘SN2

f\—l. x<<l,
{"‘ + ’ 1<l<2
—2x, x>2
x31 x<_],
a1, —1<x<3
—x+5 x>3.
X, X —2,
xg——lv x>]
x+3 x <0,
—X +4, 0<<x<<2
x—2 =2
i< -1,
1 x <2

2x, x>2.
—1, x<0,
cosx, 0<<x <,
l—x, x>m.

2, x<< —1,
f(x)={l-—-x, <

Inx, x>1.

—x, x<0,
f(x)x{xa, 0<x<2

x+4, x>2
2

Test the function on continuity at indicated points.

1.
2.
3

4.
5.
6.
.
8.
9.
1

flx)=20/6=9 4 |; x, =3, xa=4

- )=

=5/~ __]; 5 =3, x2=4
(x+7)/(x-——2) X =2, Xa=

(x—5)/(x+3) X = —2, x2= .3

Flx) = 41/6G=0 1 9. x; =2, x2=3.
fx) =9YC@=9; 4, =0, x2=2.

f(x)—2l/(x D410 =4 x9=".
fM~ﬁW““ 9 x1 =3, x2="4.

61/("—‘3) + 3 X1 -—-3 X2 =4,

10. f(x)~—7'/<5—*>+1 1 =4, x2="5.
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AL f(x) = (x — 3) (+4); x1 = —5, xp= —4
12. f)=(x+5)/(x —2); %, =3, x, =2,
A3, f() =52/G=3. o 3 xpeaq

14, flx) =4¥C=0_3. '] yp=29.

15. [(x)=2%/0-0 _ 1. =0, xp=1.

16. f(x) =8*¢~D _ 1. o o 3

17. J0) =8G9 1; 4, =9 yp=3

18. f(x)=3x/(x——-4); X1=4, xg=>5.

19, f(x)=2x/(x* — i xi=1, x,=2,

20, flx)=2%C42) 4 1.\ —2, xp= —]1.
21, f)=4%C= 4 0. v _o X =3,

22. flx) =3%&+0 _g. o —1, x2=0.
28. flr)=5¥G+a 4 . o —35, xo= —4.

T =0 —4)/(x£2); 1y = 9 gy 1.
25. f(x)=(x-—4)/(x+3); jcc:= —3, ﬁzr— —2.

26. F)=(c+5)/(x—3) x, =3 gy g
27, f)=34/0=5 4 . x? =ll, x2,=)622. |

28. f(x)=4x/(x+5'x = —35, xpg= —
29. f(x)=p2/d =%, x), =13, X2 ==,4“.¢2 :

30. f(x) =(x 4 D/(x—2); x, =2, xp=3.
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" Topic 4. Derivative of the function with one
variable.

41 Definition of derivative. 4.2. Geometrical and m.echalmcal
' meaning of the derivative. Equation of tangent. 4.3. Basic rules of

. differentiation. 4.4. Table of derivatives.

‘ 4.1. Definition of derivative.

i 4.1.1. Increment of the independent variable and increment of
! the function.

Let the function y=f(x) is defined at some vicinity of the point Xo.
The difference A x=x-x, is called the increment of independent
i variable.

| The difference A f=f(xo+ A x ) — f(xq) is called the increment of the

. function.

| Geometrical meaning of Ax and Af is the changing of the abscise

' : .
i and ordinate of the point with coordinate (Xo,f(x0)) when ppmt move
~ in point with coordinate (x ,f (x)).

ALY

y
f{x0+/\r)
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4.1.2. Definition o derivative,

'

The ‘derivative of a function

y=f(x) is the function f whose value at:
X is the number

Jx+A0) - f(x)

Ax o
If the limit exists f has a derivative at x point. If f has a derivative at
every point of its domain £ is differentiable function. i

If the limit doesn't exist at
at x=a, or f '(a) does not

Theorem: .
e
functions.

6= lim

Ax—0

exist,

If the fgnction y=f(x) is differentiable at the
be continuous function at this point.

4.2, Geometrical qp
Equation of tangen,

4.2.1. Geometrj
tangent,

The deriyative of the function
slopg of tangent ( f'(xg) =tan @) to the graph of the function y=f(x)
at this point X=Xy,

Y= 16x0) + £ (%) (x-x)
equation of the tangent to the gra
point x=x,, :

fao=tang = 0 - tangent js horizontal (f "(x0) =0);

If a:f

5 tang = . tangent is vertjca) (f

'(Xo) ~ does not exist).

42

1
-

if the limit exists. |

X=X that function f is nondifferentiable

Relation between differentiable and continuous -

4.2.2. Mechanical meaning of the derivative.
¥

d mechanical meaning and of the derivative.

cal meaning of the derivative. Equation of a ds

i

Y=H(x) at the point x, f '(x) is the

v 4.3.1. . Basic rules of differentiation.
Ph of the function y=f(x) at this

1 « v=h* y=e: x:f;
X iist at the points: x=b; x=e;
At the picture f '(x) does not exist a p

- x=h,
1 =a° v=c: =d: x=0.
" And f '(x) exists at the points: X=a; X=¢; X d; x=g

i
'
i

vi

point X, then f(x) must

.. ition with respect to
Instantaneous velocity is the derivative of position W

. 3 is s =
' time. If the position function of a body moving along a line 15
f(1), the body's velocity at time t is
fa+AD-f(@)
At

— = lim

v (t) - dt A1—>0

, 4.3. Basic rules of differentiation.
\

1

If functions f(x) and g(x) are differentiable at the point x. then:
1) (C)'=0;
2) @ =1; |
3) (Cfx)'=Cf'(x);
4) (fx)xg) = () £gx®);
5) (f(x)g(x)'= {'X)gx)+x) g®)
43




14

6) (&] L) e®) - 1) g'(x)
g(x) g2 (x)

(g59).

» (g_] - Cegw
g(x) g’ (%)

4.3.2. The chain rule (Differentiatio

Suppose that the function u = y

U(Xo0)=uy ;and the function y = f

then the composite function y=
Xo and its derivative ig equal:

(g79).

[f (utxo)))' = ¢ (10 - '(x,).
4.4. Table of derivatiyes,

D @Y =py oy MeR);  9) (cosu)) = -sin(u) - u'
D(uy=1_.

. 1
U5 10) (tan(u))= '
2Vu (tan(w) cos?y

1 1
N(=y=. — .y ; 11) (cot(u)y= - ! ‘u'

» o ) (cot(u)) sin u
4) (@' =g In(a) - y' ;0 12) (asin(u))' = ! u;

v1-u’

5)(6”) — ey ; 13) (acos(u))'=- —L'u'

| V1-y?
6) (loguy'= _ 1 wy = ]

) (log,u) m-u ; 14)(atan(u))'=1+u2'u' ;

| — l )
7) ()= v s 15) (acot(u)y=. ‘u'

. . 1+4°
8) (sin(u)) = cos(u) - '

44

n of composite function).

(x) is differentiable at the point x {
u) is differentiable at the point ug
f(u(x)) is differentiable at the poin!

EXERCISE 1V .

Find the first order derivative:
1

4 ! x
Loy=2¢ — 5+ 3V
— 2
2, y=%+5\/x2“4"‘3+?”
. 9 4
gy=3a'+i{r—2-%
2 s 4
4y=Tr—F—8
6
5 41 0
5. y=7X+?_1\/;_+x
4 5
3 _ eyl
1 y=3——— #
.
3 344 =
8. y='\/;;7-+x XS
3 4 2
g.y=8)c2+—\/;—4~7—x7:”
3
10, y=4x"+ 3 =V — .
7 2_ 2
11, y=2\[’?—?+3x x®
6
]2.y=4x3-—%"‘5/;§+?'

!
A 8 b —.
13. y=5x" - 7+4\/; *
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’

®(ﬂ@)=fhlﬂﬂﬁﬂﬂghﬁ
g*(x)

g(x)

i (c )'__ C g'(x)
) —_— = -2 7
g(x) g% (x)

4.3.2. The chain rule (Differentiation of composite function).

Suppose that the function u=y
u(Xo)=uy ,and the

function y = f{u) is di
then the composite function Yy=f(u

Xo and its derivative is equal:

[f (uixo)))' = ¢ () - w'(xy).

4.4. Table of derivatives,
DY =nu"y (e R);

Dy = oy

n ; 10) (tan(u))'=

N(y=. L.,
u oy
D@)'=a"Ina)

5)(e)'=e

6) (logay 1= — L,

u-lng ¢ 149 (atan(u)y =

7) (nqwy) = L.

” 5 15) (acot(u))'=-

8) (sin(u)) = cos(u) - y'

44

9) (cos(u)) '= -sin(u) - u'

s 1) (cot(uyy= -

12) (asin(u))' =

13) (acos(u)) = -

(x) is differentiable at the point X . !
fferentiable at the point ug, -
() is differentiable at the point

EXERCISE IV.

Find the first order derivative:

1
Loy=2¢ _%+%+3v;
2. y=-i'—+5\/15*4x3+12""
3.y-'-=33‘f4‘*‘W3/”§"'f?mf"r
4 y=Tx—t -3 +1L
5. y=7x+%",“]\[;;+%

4 5
6. y=>5¢—Vx'+ 53—+

X

"x'; 10

.

4 2

9. y=8r+Vx'— 5 — -
7

10. y=42°+ 3 — V&' — 57

7 2 2
11 y=2W/F";'+3x x°

6
12. y=4x3"’i‘ “W—F?

]
13. y=5"3"% + 4+ x
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10. y= Vi
y—4x5+-5_— —-\d/;’?——i

x4

11 y=29
\/‘—--#31:

x\)

2. y=a 3 3
=g e 2 b/ 0 6
= *+ .

13. y=5,3_ 8
- +4w/_+_.

14. y—--—+w/‘—~—+5x
15. y—ﬁ—-——-+°\/ﬁ—-7x
.16.9_.F+;.-—41/F+2x7.
y——=5x2+3—-—-‘€/—7 28,
18, y= (2 8y -2 5
A9, y =[5 _ h_+_.:3x3—

2 = -+ .__-a X
-+20. y = 9,3 S ; + J
x 4 ’
x

23, y=17,2 5 /
o Mg

i ‘;:-‘"- x4+-§—.
24, Y = 84

25, y=

y I‘"

46

7. y=a+ 5 =V =5

P X
28_y:4.¥5_%_—\/;_3+%.
I i
30. y—i'—_+3x ra

2

1. == 33x*+2x'_5+_(;_}é)—5

2 y=(x— :
y=vx—3 —sm—m3 T

3 y=Ae— P+ g

4, y=\TF =B +5— 52

y=472=3x+5— =7
5. y =B 53—l
=3 —x+o— G5
6. y =B — 20+ ¥ gy
y=1/3x"— 25"+ % — 5y

~

7] = y —7) E .
y=Vr—7 +mmss
8. =5 Fog 2 :

=AY =gy

i 4 2 5x2 —4x+ 3.

(x—4)

LB By —~ 5
10. y=3aF —3x—4— 53
ll'y= 7 + 8x——3+x2.

(x—1)

(x

12, y =337 +4x — 5+ g

47



29, y=_7__ A
(x42)5 8_..5x_'_2)[:2

30, y=3
—4xF7

48

y =sin® 2x . cos 8x°.
y=tg* x.arcsin 4x°.
y = ctg 3x- arccos 3x%.
y=In®x-arctg 7x*,

y = QCOsx . arcctg 5x3-
1. y=23'%*.arcsin 7x*.

—oNgmw~

13, y=sin*3x- arctg 2x°
. g2x

15. y=tg®2x - arcsin x°.

17. y = e~ sinx tg 7x6.

19. y =cos®x . arccos 4x.

21. y=sin®3x-arcctg3x’.

23. y=1tg®2x.cos 7x°.
25. y= ctg_:‘_ . arccos x*.

27. y=1tg2x . arccos2x’.

29. y = sin®3x - arctg/x.

Yy = arcct%
y = arctg
y == arccos

Y
y = arctg

=e—x‘

Y
10. y= |0g4

2. y=cos®3x-tg(4x+ 1)3.
- 4. y=arcsin’2x-ctg7x .

6. y=arccos’4x-In(x—3).

8. y = arctg®4x - 3"

10. y=47"- In® (x + 2).

12. y=>5* - arccos 2x°.

14, y=-cos’4x- arccig/x.
16. y=ctg’ x -arccos 2.,
(8. y=eorctg8
20. y=sin7x-arcctgdy".

22, y==cos¥/x-arctg x“.,__
24. y=ctg® 4x - arcsiny¥

26. y= tg-\/;- arcctg 3%°.
28, y=2'%" arctg® 3x.

30 y=cos'3x" arcsin 3x%.

4

25x . In(x —4)-

9x - In(x + 5):

Veoin(E+x—1)

y =="\/ arccos 2x.37%
y =tg 3x - arctg 7x%.
— 5+ aresin 3x°.

5 x . logz(x —3)

. y=logs(x+ 5),arccos 3x.

arcsin® 5x. y
(x—1)- arcsin_ X.

11, y=(x—4)°-arcclg :gxz.

12, y=ctg’

4x - arctg gx .

13. y=-e """ arctg 7%
14. y=x+ l)arccoséBx .

15. y=

gsin* grectg ¥
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16, y=3—-+ arctg 2x5,
. = 3C0$x arcSiHQ 3x.

:g =In(x—10). arccos? 4,

20' =lg(x —2) - arcsin’ x.

20. Y= }Oga(x-f- - arctgs 7x.

29, Yy=In(x+9).arcctg3 9y,

23. b= lg_(x + 2) - arcsin? 3x.
Y= 4—sinx arCtg 3)(.',

24. y = 2cosx al'cctga .

25 y=lg(x—3). arcsin?5y.

gg Y=logy(x 4+ 3). arccos?

2. y= 12 farctgd4y.

28, y= n§x—'4)- arcctg? 3

gg y= lg(x + 3). arc'ctg2 5);
- Y=logs(x+1). arctg? 3,

5

Y= tg4 3x o arcsin 2x3’
= oy 2)* arcsin 541,
y=2 arctg 7.4,

e Y= (x + 6)5 arCCtg 345
Y= J5p Y 7).

Y=log,(x - 7. _

Y = arccos3 Sx)- t;';f}.g\/;

¥=(x — 5 arcctp 743

107 L 2TSC0S £° - cig 7,8

1. Y=5""arccos 54
12 Yy f a.[’Ctg‘l X+ cos 7.;4

13, 5 = % =T arcsin 3,0
l4. Yy = (x:sf‘_ 5)2 arccosd oy .

. y == 2 nx arcsin3 2x. .

c] . —

lg gy/:gx+2); arccosx/;,

17 __T X —=T7) arcsin 7,4
LS n(x~3)-arccos 3x4,

18, y=]q
] g2(x -~ 4 . 3

50

1.y
3.y
oy
1y

=ch®4x- arccos 4x%

3
20. y =-/x — 3 arccos® 2x.
3 x — 4 arcsin® 5x.

21. Yy= S
22. y=(x — 3)° arccos 3x

23. y =/(x + 3)° arcsin 2x°
24. y=~/(x + 1)? arccos 3x

25. y = tg’ x - arcctg 3x.
26. y =/(x—2)* arctg (7x—1)
27. y=n/(x44) arcsin 7x*

28. y = arcsin® 4x - ctg 3x.
29, y = e~ arcsin 2x.

30. y =/(x + 5)° arccos® x.
6

9. y=(3x—4) arccos 3
4. y=th™/x- arcctg 3%
6. y=ch—i- .arctg(7{c+2).
8 y= sh?3y - arcctg 5¢°

(x —3)*arccos 5+, .
sh®4x. arccosx/;.
cth®5x - arcsin 3% .

9. y = th® 3x - arcsin -\/; 1

10. y = cth?(x+1)-arccos—
’ 2

11. y =sh*2x-arccos x".

12, Z =ch*@3x+2)- arctg 3x.

13. y =th®4x - arcclg 3x".

14. y =cth* 7x - arcsinyx.

15. y = sh®2x - arcsin 7x .

16. y = th® 4x - arccos 3%

17. y=ch?5x-arctgV X

18. y==cth?2x-arctg X

19. y = sh* 5x - arccos 3x".

20. y = ch®9x - arctg(dx — 1.
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21 y=thiy. arcctg%.
22. y=rcth®4x - arcsin Bx+1)

23. y =ch?
4, y=tht

Sx - arctg x*,
7x+arccos x3,

25. y=rcth4x5. arccos 2x.
6. y=cth3x.arcsin* 2x.

28,

29, y=cth?4
30. y =th3s

2
ar
edrecos  x

V45 .

e=*

“\-.

Ve 450
3-——

5. y= V7« S5x4-2

eCOSL’

l. y=

3 y=

7 esinx
e Y == m

Vi 4x g
.9. y="~——e—’7—‘\.
. ————
1, ycﬁ.%"i:ﬁ_
e* .
13; - e-—sin?x .
(x + 5y
15. y:ii’;*?*ﬂi,
e X

17' —_ e—sinqx
y (2x~~5)6 '

52

27, y=1th®3y. arcctg/x.

Y=sh*3y. arccos 5yt
X - arcsin x3,
x .

7

arcctg(2x — 5).
2. y:u
egareetg x
— e —cigsr
B
6 y__ elg 3x
. h“‘—'\_o
' V3P —x 44
362 .
8. y— 2x —3x 41 ]
y T
10, y= %
=
; 3x
Vax? —4x 7
14' y — ecosSr

“M‘
V& —5x—2

16, y = eledx

4x!—3x'+5 ’

e—x'

-~

19.
21,
23.

25.

.27,

29,

-X

e

V= er—xso

e clg e
y= (-'Bx—ﬁ)‘ '
y: eax R

ecos3,r
T
y=“""gj"“'
1y = logs@x—17)

ctg 748
In(7x+2)
3. y= "5 cos 42x
cos? 3x .
S. y= Tg@x — 4y

7 = 2ctg‘\/;
lg(tix+3)
" cos?Bx
tg'(x—2)
glcF3)

9. y=
11, y=

13. Y= lg(x 4 5)

ctg® (2x — 3) -

|5. y= ]og:,(x-{-Q). .

loga(4x +5)

cos'(7x—1)

ei.f

20. y= Bx+or

@x—3)7
22. y= e

5x° +4x—2
24. y=——=

e
esInSt
Gr—2r

‘'-tg X
e~ te

26. y=

28. y=

30. y==77r-5

—3)
In(5x
. 35x
. sin
A Y= =)
tga 2x
—\'6. y = W
In(7x —3)
3tg”*4x

2. y=

8. Y=

~ cig?hx
0. Y= =9
in3 5X+l
Slg(3x“2)
sin®(4x +3)
M y=EEF)
3

lg'x
16. y = sin 5x°

12, y=
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cos 3x’
19. y= loBslhx—2)
ctg 2x
21 y= 18+
sin 2x5 °
Cf.g‘\/x~
'g'3x+a)
25, y=__ cos’x

g(x? — 9y m

27, y=_In%x
ctg{x =3y -
29. y=logelr+q)

cos?d x

I y= Z2reclg’ 5e
sh \/;_
3. Y = arccos 3¢
‘ th? x
5. y= by
arccos 2y °
7. Y = a’C§Os72x
th x5
9. y— th'@x45
A1, gy = _arcsin® 4,
1h(5x~3) :
13. Y = Aresin 4,5
th x

54

18, y= log:(1x—5)

tg
20, y = In’(x—5)
tg{l/x)
22. y:t;ga"z_
In(Bx+42) "
24. y:—tg;(si__s)_
In*(x 43 °
26. y:w
tg v
In(x+47) "
30, y= tg* 3x
Tglf =% ¥4

ch(l/x) °
4. y=M
ch-\/;
6. y=_th3c
arctg® 3x °
8. y= arcsin® 4x
sh(3x + 1)
10, y = Varctg 2x m
sh x
12 y= x4y
arctg x*
14, y= arete’@ct 1)
ch~/x

_.15. — arceos 4¢° .
y= sh' x
17. y= th*(2x 4+ 2)

arcsin 5x

shdx
9. y= arccos 4x
.2‘. y = .tﬁ.-_(_t_j-_S__)_.
arcetg Vx

__ arccig’x
B y=gmm—y

25 '\/arccos 3x

FY= sh? x

\3 feth x

29, y— _VSh'x

arcctg 5x

—_ 9arctg (x+7)
(-1

— 7 arccos(4x— 1)
(x+2)*

5. 4 — 3 arcctg (2x — 5)

RCES)
7. — 4 arccos 3x
(x+2)°

7 arctg(dx + 1) )

9. 4
Y (x — 47

1, yo 21805+
(x +6)'

18, y= 4loga@x +1)

e+
15. y= In@x4+2)
V=&

16. y = cth®’(x—2)

arccos 3x

8. y= cth®(3x -—ol)
' arccos x°
ch® x
20, y= arclg 5%
arcsin® 3x

22' y= ch((——fﬂ

arccos Sx

24. y—-m':":

26. Y=~

-\/th X

arctg Sx

28. Y= iz +9

ifeh 3x
30y’ar’c‘t‘g'('x'J'rT‘?Y

10

Barctg@x+3)
2. y=

G+ 1

Baresin(x+3)
4, y= (x— 2)5
2arctg@xt2

60 y—— (x-—-3)
8 arcsin(3x + 8)
W8 Y= — 77
3 ancsin(2e =1)
10- yz': (x+2)4
5in(x+7)
12. y=—1 77 -
7log‘(2x"5) .
4. y=—(_1p¢
1g(3x+7)
16. y=~m’
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17,

19.

21,

23,

25.

27.

29,

(x—3)
y= 3]0&2(51‘—4) .
(x —3)5
y=log: 1)
v(x_4)2
y=S8lglz+5)
(x—1)°
=7
Y= 3In(x* 4+ 5) '
(x—7p
(x -7y

56

20.

22,

Y

Y

24, y

28.

1.26. Y

y=

30. y

. y= 8logs@x 49)

(x 4- 4y

= _logs(x* + x)

(x4 39

— 2In(Bx— 10)

(x+5)7

— 2logi(4x —7)

(x +3)*
— lg(¥’ + 2x)
(x + 8)°

(x—2p

— 41g@Bx47)
(x —5)

4 logs(3x — 5)

Topic 5. Differentiation of different functions.
Differential.

3.1. Differentiation of inverse, parameter and implicit fun ctiqns.
3.2. Logarithmic differentiation. 3.3. Differential of the function. -
3.4. Properties of differential.

3.1. Differentiation of inverse, parameter and implicit functions.
3.1.1. Differentiation of the inverse function.
If for some function y=f(x) the inverse function exists x=&(¥) and
') #gthen
1
g
i(:tfh :);:flergntifatiqn of parameter functi.ons.. _ o)
Tunction is given as parameter function:| X= ¢
y=v(®:

f '(x):

If the functions @'(1) v'(t) exist at the point t and ¢'(?) #gen

J== 3 B ,(t)
Y=H(x) is differentiable at the point x and £'(x) = %’?;)_ .

3.1.3. Differentiation of implicit functions.

T i 1 . .

n; gmd the derivative of implicit function F(on t

thet qlffef entiate both sides of given equation,
Aty is function of x, then express y' .

£

he other handx,y)=0
taking into account

On the other hand y'v ==
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5.2. Logaritlunic differentiation.
The consistent application 1) taking the logarithm and 2)

differentiation to function y=f(x) is called logarithmic
differentiation.

Logarithmic derivative of the function y=f(x) is called the
derivative of logarithm of this function, i.e.

(nfeoy = L&)

@) .
Sometimes  preliminary taking the logarithm of the function
simplifies the finding of its derivative,

For example: 1. for function

| ¥ = ()
1) taking the natural logarithm :

Iny =1In( u(x)*™ )
Iny = v(x)- In(u(x) )

the equation, taking into account

on of x and at the right side the
o functions.

2) differentiation of both sides of
that a

t the left side y is functi
derivative of multiplication of tw.

4 '

' u u'
S EVelnuty.— = "=y - lnu+v-—)
y y Y=y »
Substitute  y=y(x) =

, u
Y=u"(v lnu+v-—).
u

. ) »
I for function N O RAE))

s"(x)- p"(x)
1) taking the natura] logarithm - |

Iny =k In( u(x))+1- In( v(x))- m In( s())+ n In( p(x));

2) differentiation of both sides of the equation
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’
Y Y Y/
Y

, , P ' ! u l-—"'m—-—rl—)

N TR s P )=y (k—+
}—_—.k_-;-l—-—-m———n =) o ( u v S p
y U A% Ay p
- I( —
u' (x) v (x) =

U ANy A

S M = n
ubstitute v s"(x) p (x)

e, ' ' s Py
b (x)vi(x) kf‘__,_l_‘i.—m—-—""“)
Y= m "y u 1% s
s"(x)- p"(x)

5.3. Differential of the function. .
| i ni
$.3.1. Definition and geometrical mea

. r X, then
Let y=f(x) is defined and differentiable over X

- i ts
i5 of incremen

. )= lim & this means that the ratio

(X)exists f'(x)=h

. t
A0 B .ve and infinitesimal with respec
ivative ,
®an be expressed as sum of derty
LY _ fi(x) +a(dY)
Ax

: f th
_ he mcrement 0 ‘ .
Ay = f'(x) -Ax+ a(Ax) o f'f‘C) .Ax and nonlinear part

ng of the differential.
: the derivative of

=
A‘C, Q(Ax)

e function

Consists from linear part
(Ax) - Ay regarding AY"
Deﬁn‘itiom The main linear regardi
mcalled the difi.'erentlsll} Y
T df(x). The differential is equal:

dy= f'(X) .Ax.

i ent of the
- part of increm .
1fl%l'neA]itul:wtion is denoted by .

. tial. C
GeOmetrical meaning of the differen nt x is the

oi )

) . —fx) dy at the P function
The differential of the fu'}ithlorial)l:fel(ft{)to the graph of the
Netement of the ordinate of. the tang

~T(x) at this point x.
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Differential of inde

pendent variables is equal to the increment of this
variable. Really

dx=x""Ax =  dx=ax
Thus the differentia] of the function can be represented as:

dy = f'(x) ‘dx.
Theorem: Differential of the fun

ction at the point x=x, exists if and
only if the function is differential

le at the point x=x, and

df(xg) = £'(xo) -dx.
5.3.2. Properties of differential of the function.
)d(f+g) =dftdg

2)d(fg)= d(fygte-deg) -
3)d(_£]_df-g—f-dg
g

T 3 (g),

g

4) Differentia]

of the composite function -(Invariance of
differential). :

If the function y = u (x) is differentiable at the point Xo , u(xo)=uo ,
and the function y

= f(u) is differentiable at the point.uo, thendt!};
composite function y = f(u(x)) is differentiable at the point xo and i
differential is equal |

i) = £ (w)u'(x) dx = £ (u)-du .

EXERCISE V.

Differentiate the functions:

1
1. y=/(cth 31’)3:‘::1:;
5 Z = (sh{x 4 2)"=""
arcclg 3x
7. Y =(-\/§T§) c::%t.
1. y=(ch3x)™ "
13. y = (arccos 5x)

15. y=(In(x+ 7))ctg2x.

arctg 2%

resin 3x
19. y=(c05(x’hr5czz,,, .
21, y = (sin 49"
23. y=(ctg20)""
25. y=(aFCC°i,ﬁ)g<x+zi
27. y=(sh5x) '

in(x+3)
29, y=(cthy/x) "

2

3x
(arccos(¥ ‘*’.2)2:52,{
(arctg(x + Z?Zsin 3
(ctg(3x'— 2))arclg 5.v:_
(cos(2x =50,
= (arcsiﬂ 2X)logz(‘+4.)-
11. y=/(arctg5x)

)arcsiﬂ <

relg 2%
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l. 2))]3.&'.
=(COS(X+ n e 1)
4 y=(thBne)
6. y = (cos 5x)"f° Ev.
8. y=(n(x+3)""

arctgix+3,
== (Sh 3X) o nT

12, y = (arcsin 557
(4, y=(arctg 2" Voo
16, y=(ctg(Tx+4)

18. y= (th _lx_)afcsin 7x

arccos 3%
20. y=((?/;:3§m,
=(go% ! —
2. y=(2 TN
= Ctg ') 133+.l}
Y

r 2%
30. y=(sh 3x)*

o+,
= (arcsirl 2x)c{g3())-:in 4x
i. : z= (arcctg(xg‘ arccos 24 .
6. y ==(tg(4x—— 4 arcctg ¥
. _ (Sin(7x+ lg(5*’"l).
3 4 arccos ) een
1 =

14, y=(logs@*+2)

arcctg X



(sin-(8x — 7))cth(x+3)

21 y=

22. y= (COS (3x + 8))lh(x_7).
23. y= (tg(9x + 2))ch (2e=1)
24,y = (ctg(7x + 5))sh3e
25, y= (Sh(3x — 7))cos(x+4)

26. y=(ch(2x — 3))te +5)

ll

27. y

(th(?x —_— ))sm(x + 0)

28 "'(Ch 3x+2))cos(x+ 4)
- 29. y (In(7x + 4))tex,

A Ut
(x+ 12 —6)5 "
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= (lg(8x + 3))tes+,
3
hy= iy x-l;i;):@‘ ' 9, y= =3 +2]
s Vix—1)°
. X — 9)3 5
3. y:ﬁ:___“ V(:):H) 4 y— (x4 3){x— 27
R 7
5 y= (x+2)7(x__3)3 (JC:I- 1)
o RS
(x 2 '
7 (.~ 3y [\x+4 (x—4)
Y +27 8 y= =D VI
9. y= (x+‘)8(x~3)2 ol
RV 10. y=LEBET
11, = VMx+4p .rLUT
PRy 12, y=__ V=1
: (x+1)3(x —5)°
18, y = V(H(-? (t:—l)‘. _ Yo—25x+ 37
x4 92)7 (x—ﬂ3
15. y—\w 16 y=§\lx+lt(x-—3>’
=1 (x +8)° '
17. y = Vi =2y Vet 17

(x—3P(x—4°"

19.
21. Yy =

23. y..—_-

27.

.29.

y.—..-_-

20, y=

Yax—2P =D
== __.__.——-——-'_"_-

y::'-

VxP42x—3 .

—_— A
(xr+3)(x—4
(x+4°(x—2"

Ve —2)°

==

Vix +2)°

'\/\,—3(v+7)°

(x—4f

x+3

8e—13

—
G+2)rE—="5"

63

Mx—2°

—.—'—_-_—-—-—-‘l
20. Y=o+ 1
(x = DS+ 2

22. Yy = 3 (x+3)2
5

_ 7R —9)

24. y —_—F——_—x’-}-ax-—l

'\/x+10(x‘-8)° -
26. y= ._—-—————""“(x_ g

V1Y =27

28. y= .————(;—:?T)i"—

Ve+2)

30. y= =9



Topic 6. Higher order derivatives and differentials.
Applications of differential in approximate
calculations,

6.1. Higher order
differentials, 63
calculations,

derivatives, Leibniz's rute. 6.2. Higher order
Applications of " differential in approximate

6.1. Higher ordey derivatiyes,

6.1.1.Definition: The derivative y'=c—iz is the first derivative of y

tVa\l/lllzl;t'respect o X . The first derivative may also be differentiable
1o,n of X. If 50 its derivative
o _d g
dv  dy dx) P the second order derivative of y with

Tespecttox. If y'is differentiable its derivative

yvn_:@’: =_Ci Q) _ d3y .

Cdx dy g’ T EXT s the third ordey derivative of y
i reSpfﬁi,to % If continue the process We obtain general formulae
y(k)=_L-=i(& _dk .

dx dx gy k-1 )= W"S the k - order derivative

of y with respect'to x.

x . .
» I particular, (x ™)™ =1

in particular ()M =¢* .
Tk

3) (Im)® = L\1)’(:\]"‘\1)_' .

x b

4) (sinx)® =sin(x+n.£)

>
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. , n
3) (cosx)® = cos(x+n- )

“

e functi
P.r Operties of derivative of n- ordelr Of th
8X) k times differentiable functions, then:

D (£ gxp® = £0 0+ g0
) (C )™= C ¥ ().
6.1030 Leibniz-s r‘lle.

1 fx) and g(x) k- times differentiable
“rivative of multiplication of two
€ibniz’s ryje.

on. If f(x

functions,
functions is eXPr

) 1) K ';(-t"’)g(“) +..+
Fd '.‘_k) ) o },'”,"'C— (k_j) I +___T————"J o
(; 5’ - ,."(k)gi-.-‘:j'l" i)g,+ \r) " - 1)

k \
= «! ot (w1 e ]
F"M'.g““".-bexbmz §.......nule

L AT
20l < )

52 Higher order differentials. CttoX -

) and

then K ,orQer
" essed by

k'l U gy (k\'_'
TARY:

. ith respe

dy=¢ '‘dX - . is the first differential of fwi dx = AX - const |
LY =dy) = a(pax) | assumed that
d(f ‘). dx =f " dx . dx = fn (dx)z s thus’ differenﬁal Of f \Vith
42 : d order

T =y - is the secon
SSpec tg x( : lae:

’ . rmulae. ot =
fcorltim.le the process we obtain general fo = Ax - const
k

A at dx
f‘k?' Sd(d e £) = d(f ©"(dx) =1 assumed
dx (dx) *1<40 (dx) ¥, thus

. th res
: tial of f W1
f\' = {0 ren

iffe
(dx)* is the k — order di

65



For differentials of k-order algo ana'logical operations are true:

1) d5(f0% gx)) = d* £ (x) + g& 8(x);
2) d(C fw)) = ¢ -3 f (x)

. k '
Nty K __ .,
ma M (k - m)!
6.3. Applications of differential in

(f)-dm (g) - Leibniz’s rule.

The second term can
first term as Ax—(

A y ~ f ’.( r) . A X T . .
’ - Taking into accq -
AY = f(x + A%) - f(x) we obtaip next. unt that Ax =

80 - 09 = 1 (x) - gy
f(x+Ax) = f(x) + f'(x

. . d- ) .
calculations the ) dr - formula for approximate
functions at point (x + Ax). value of the

be ; :
"egljited because it more infinitesimal than

dx and

or
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EXERCISE 6.

Find y and vy

1. y* =8x.
3. y=x+ arctgy.
5. y?=26x —4.

7. y-’_x_—_—.COS!/-

9. tg y=23x+5y.

1. y=¢'+4x.

3. y* + 2* =siny.
15. 4 sin*(x +y)=x.
17. tg y =4y — 5x.
19. xé/_ﬁzcosy'
21, y* =x+In (y/x)
23. X%y’ x=5y.
25. sin y=xy* +5.

27. \/x +y =7

. 29, sin?(3x + 4} =5.

Findy' and y.
x = (2t -+ 3) cos ,
l' {y=3t3- 5
x =6 cos’ {,
3 {y=25!n t
¥ = -2t
{ —Ca
y_ .
x=2t/(1+1)
! {y=t2/(1+t2)"

2. 22/5+4/1=1

4. 5+ =1
6. arcctgy=4x+ay'
8, 3x - sin y =>5y.
10. xy=ctgy-

12. lny-;y/"7j7'
14. ¢l =4x— 15

16. sin y=7x+3y .
18- y=7x——c‘f%!/'

=7 + x4
20 34— ;5‘;_. 4% —5.
koo xy ¥ y2 +y..—-.:4

26. x3+y3=5x.

e +y)
28. 2=(),-—y)/(x

2
{XSQCOSQt»
2. y=35m
=1/(t+2),
x } 2
) {y=(t/(t+2”
=V
6. * s[4
y=\N"
7__1,
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o (Fzira, o, (r=(n 0
Rar it o (2=,
13 {; 3 St 14 { i 3 gfnsj 2
Rt
e B (e )
I v o ;2

(x=(nt)/s,
21, {y——-t"ln ¢

X=1/(t+41), x=>5sin’¢,
% {y=(t/(t+ Y. 24, {y=3(;()s3 L.
-3t 3 2
25, |¥=e"", x=(t—1)>
{yzleatf; - 2. {y= t—1.
27. {¥=1n"¢, - x =1,
- # {y=t—|—ln t 28. {5 =1e
29, [¥=061"—4, ' X == arcsin ¢,
{y=3t5 30. {y=m S

For given function Y and its argument X calculate the y" (xo):

b y=sin?, Xo =g /9 2 =

) . & Y=arctg x, xo=1.
g Yy=In @-+x3), & =0, 4..§=e‘cogsx, =0

. y.=efsm2x, X0 =0, - Y=e""cos x, xp=0.

1. y=sin 2%, xp =g 8. Y=Q2x 4+ 15 xy=1.
% y=In(l 4y =2 10 y=L 2 X0 =0
A1, Y =arcsin x Xo==0 1 ; ;

nz o0 12 = (Bragp g —o.
13. Y =xsin x, Yo=mn/2. y_._ 2 xo=1/3
}5. Y=xsin 2, xoa-—;{/;} b=+ % Ro=1/

6. y=xcos 2x, Xo=g/|9.

68

o x, Xo=1
- = x+arctg x, Xo
. - o= l. 18- y—)’+ 2— , =3'
TR ot e e
;!l) y=cos os.x-oxo_. n/2 22, y==Xarccosx Xo=
&1, =x"C ’ - o 9.
23yy=(x+l)ln (x+l)' "'0—-- L_{Q-Y’, xo.-.—_'l.
24, y=1In®x, xo=1. 25. y
26. y=(4x-—3)5, x0=12'
27. y=xarcctg x, ¥o= 4
29, y = xsin 2x, XO-‘=“3/ .
30. y=sil’l (x3+ﬂ), x0'=ﬁ'

28, y=(Tx—4)f, n=1

4

' .o c nctions:
Find the n — order derivative of the fu

: L y=1/x
1 y=hlx -ig:cosx. 5
5 ¥ 6. y=1/(x+=
' y=SI_I.]f 8.y=]n(3+
y=e =X€3x-
9. y=/x 10 ¥ In (5 + *°)

v § L. lz’y.‘:'—' —-7).
d1. y=](x-—3). =1/
13, § — o', 14. y=1/¢

15, j = 5% = x.—-—5)
17 y——15n(4+x)- 18 __%_(
21, Z;cos:Bx. 22. y= | 1
23 x 24, y=1N3""¢x

- y— X+5 xer
8. y=xf7. 269

4 28. y= /-
7. y= A W/;x-l)
29, ., 1 30. y=1In(
=10z
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5

Calculate approximately applying the differentia] and estimate the
accuracy to within 0,01 ,

1. /34 . ¥/26,19.
3. V1664, . ~/8.,76.
5

5. 3/31. 3

=N

6. 70.
207+ 012 4 s 65.
9 29/7/(2,97 1. 10. ~ [4=3,02
143,02
11. 1 15,8. 12. .\3/_5
13. +/200

. 14. (3,035,
(2,037)2-3
15. \ /72'355)?-?’5" . 16. {/130.
3
17. '\/ 27,5. 18. \/ 17.

19. ~/640. 20. V1,2
21, §/ 105, 2. (3,02 4 (3,09)1
23, _(5,;).7). 2. (4,01)15,

25. /1,02, 26. cos 151°
27. arctg 1 05. °
20, (g% 28. cos 61°,

30. arctg 0,98

1. arcsin 0,6.

4. lg11. arcsin 0,54 6 go's'59°.
7. >0, -8 Intg 460 9. arctg~/1,02,
10. arctg-/0,97. 1. arctg 1,01 12, In(e2 49 2)
13. arctg 1,03. 14, | tg 47°15 15, g95 ’

16.

19,
22,
.25.

.28.

“arctg \/gvl

tg 59°.
ctg 29°.
sin 29°.
g 0,9.

17. 2%'.

20. loga 1'09'
23. Sin 93 .
26. 1g 101.

29. °%.
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18. 4'2

21. arcfgf\/:"—'-?'
24. 1g 1,5.

27. sin 31°.
30. Wﬁg



Topic 7. Theorems about differentiable
functions.

7.1. Maximum and Minimum. 7.2. The first derivative theorem.
Rolles theorem. The mean value theorem, 7.3,

L Hopitals rule.

7.1. Maximum and Minimum,

Definition: A function f bas a local maximum valye at an interior
p‘(J)mt ¢ orilillts fclomé}m llt; f(c) A(x) for all x in some open interval U
about ¢. lhe function has an absolute maxim ' e i

>f(x) for all x in the domain. um value at c if f(c)

A m value at ap interior point ¢ of its
domain if f(c) f(x) for all x in some open interval U szout c. The
function has an absolute minimum . - A
the domain. value at ¢ if f(c) (x) for all x in

Maximum and minimum v

alues are calle
the function. d extreme values of

e

f(a) - absolute minimum; f(b)

-1
minimum; f(d) ~absolute maximy, o

al maxj . _
m; f(e) Imum; f(¢) — local

~local minimum.
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‘ ue
;

€orem,

me values.
' 7'2'1- The first derivative theorem for local extre

minimum value at an
d, and if ' is defined

: 1
IFy function f has a local maximum oOf adk;‘f;e
Merior point ¢ of an interval where it 15 0€
e, then £ (c)=0.

I \ / :".-’,. B

M

i
i
b d

a

_ maximum, and
? *"¢ f(a) and f(d) — minimums and f(b) ~M&X! ph of the

d tangents to 812 ’
giu?l;'(d) is maximum, but £'(d)

ot is why £'(@# -

fu(a) =0 and f'(b) =0 both are defin
: inction at x=a and x=b are pa{allel.
"ot defined ( tangent is vertical) th

?
2, Rolle's theorem.
§ |
Dglp POse that y=f(x) is continuous at ev:nl’é’ f(a)=H0)
Gigg, Of the closed interval '[a,!?] Cor
(ab "entiable at every point of its mteone
hy )1p f(a)=f(b), then there is at least O
Mbey ¢ between a and b at which |
(c)§0 .
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723. The meay value ' 1 / ;
theorem, ]7

. . f Pes === —f '
If y=f(x) is Continuous at  f(a) -
Very point of the closed " AL
interval a and
|

differentiabe at every
of ire :

G
A o
°T¢ 1S at least one nymber i(b) "
€ between a and b 4 Which ( L -l
:d AT
f(b) A ‘ _C‘—b/
~f@_ y
RO}

73. L ‘Hopitaps }ule.

g B
) jties
Let Y=f(x) and Y=g(x) two infinitesimals or infinite quait; d
X~ a which are differentiapje 2t the vicinity U(a)\ (a), and g(X

' x) xigif'
8X)59 at Ua)\ (a), Then, if Jjm J_(%) I8

- exists then lim
X—q g'(x) exi x—a g(X)
X : ' ' x)
and they are equal: H]n-'f\(x,). :i,(_)_ '“o’.”.o_o_} -— hmf-’g—’-{ .
T 8() ‘0 i e gl(x] ) b
i y
That ryje can be gpny: ' o minacy W
imj ted s determi
eliminateg ) PP cores of times unil in .
i : > A4
i\naloglcal‘sta’temems e true for 5, a+; x> a-; x> 400 X
.tm . ) ’ ’

.T,o‘aunother kind indetérminacy: 000500 - 00130 o0 st
Hopita) ule cap be apph'ed , but ’before the function ™
Ieduceg ¢, the form: '9...or 3‘ |

' 0 --.w! .

EXERSICE VIL
‘Hopital's rule.
Find the limits applying the L. ‘Hopital's rule

1
. al“"—.\'
L lim Inte+s) 2 M=
T Vet .| —4sin® (nx/6)
3 lim tex~x 4 Im—
L] X —sin x

5. lim aresin =2 . otg (x — a).
X-vq a

M (v — 2 arctg x) In x.

(- — )
lim (gt/x _ 1)x. 8. lLl ('"“’ In ¥
X~ oo
: i gx—x
9, lim l-cosx'*’. 10. imm
=0 X _sin o
S _2x? —x+42
: !l. ]1m el/® _y . 12, lin;l = X —7x+6
e 2arctg ¥ — g - oF
13, lim X c0s x —sin x ) 14. Jlrg x5
X0 x° . Inx
15. lim 1 — 16. Jlro'l-a\/;
\-.\_. -
! =1 U —sin (nx/2) Jx
X
17, limy _chx—1 8. I e /)
0 1l —cos x .. In(sin mx)
19."“m 1/cos*x —21g x 20. lim
L0 x—2igx

—
. x—0 In(sin X)
X~>n/4 1 4 cos 4x

. — cos x) ctg x.
lim _tgx 22. lim (1
>n/2 tg 5y

m tg (nx/2).
B iy V¥ 2+

X=> _/2+x+x.v.

2],

23, 24. lim x sin (3/%)

. xcosx-—sinx
26. ]lﬂ(')l %
X =
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27.

29.

i0.
T2,
14,

16.
18.

20.
22,

24,

26,

lim—1—x ' im ¢ i
x=1 1 —sin (ax/2) 28. P—PJ 4gvx— ssi:1n;'
. tg 3x
XE% s 30. lim SeCx—2tgx
x—+a/4 1 4 cos 4x
2
lim } — cos 8x .
R 2. lim x* sip (a/x)
X— 00 * )

liminx-In(c—1), 4. lim(_L -5
3 \x-—3 x2~x——6)

lier) (—....]____ N
Xen —

20=vy s -4f )
lim &= —¢” .
=0 sinx " 7. lim {(_=* . =n

. *+a/2 \ cig x 2 cos x)
li —
SRO=D te (). g gy xm g

. . X 3
hm 1 —sin ax -0 X

x=2/ (%) (2ax — g " 1 im 1=2sinx

lim—€"—~1 TTE cos 3x
_—\

*+0 In (1 42y 13. lima—1
lim _Jnx =0 gt —
=1 L= 15. lim dnx

lim 1=cos ax et
0 1 —~cos bx 17. lim X—a
lim £=1 e X—g

x~0 sin 2x 19, lll‘l(‘)l (x In x).

lim(—1 .« _ 1
. — AT . X .
l”?‘LL a?
0 xi—p 23, lime —1—-y
o ) 20 SinToy
im& =1
0 = 25. lim I+
lim €. T 08 3k — e
xevoo x3 27 !

- lim In(x+47)

Ty
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28. |im—2/*
e

29. l'irgx (I —cos 2x) ctg 4x.

30. lim {y* sin b /x).

X+ 20

3
L lim _2rosin 4x_ 2. lim 22,
0 5 — 50"'3" ' x=+0 X
3. lim_e"=1_ 4. lim LAz im
=0 cosx—1 =0 cosx—x/2=1
5. limef =1 ”.6. lim In (1 ) + tg (/%)
Pl tgx—=x e ctg nx
1
7. liny €O0s x-In(x—a) - : .
iﬂw 8. 11_1:1;1 cos (ax/2)+In (1 = %)
ux_ ox
9. 1im cos{e’ —1) cos X |
lm‘cosTl—-' 10. ,!:Tc')l ¥ — cos ﬁx

I, |jm =" 12.
x+a X' —d'

13. lim 3tgdx—12tgx 14,
. x=0 3sindx—12sinx

15, |jm Xt +1)x3—2(9 ““? “ 16.
£~
17, |im & —a*™" 18.
X~=0 x3 )
19, lim Jn (cos ax) 20.

*=0 In (cos bx) ~

21, | 22,
lim (+ — =)

23, |jm __In (2 + xe9 24,
0 In (e VI+A)

25. lim &Y< —1 26.
*-IIE 2 arctg P ’

27, ) 28.
x»l/z Sx——l " n 3% .

29. hm (- —X). 30.

i sin -—--
xS

Vigx—
ve-
x—}-frl)é 2sin®x—1
. arcsin 2x—2 arcsin x
lim

x—+0

t
lim (tg x)e .
x—~n/4
. Nigx—1
lim —"-g—z"—.:l'
x-vn/4 28T X — 1

lim 2 e—0o.

X=r00

logz x

lim (1 —Xx)

lim ]n 2x - In (2x—-— l)

x-rl/2

lim arcsin x - tg *.
x-+0

lim (x — 1)

x|
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L

2.

. el c(gx_ fg.
1. k{g(l sin 2x) 2. ,'(TJ (ln(l/x))x; |
3. ixﬂ} (cos x)cte’x, 4. lﬂ;’ X~
5. lim (In 2x)'/inx, 6. lim (1 + sin? x)ie*«
- lnx
7. £l_{1;1(1 X 8. llm(ln(x-j-e))'/‘
H trx .
.9, 11_1:21 (sin x)te*, 10. xllm '\/_
11. EI_IE x5 ' 12. hrrll (1 — x)os (a/2)
. Ix x )
13. lim (1 4 x%)!x. 14, lml] ©/e=1)
F13 4 12(33/2)
15. lim (tg > 16. lim (ctg )“‘“"’2’
1 . (gx =
7. lim ()" 18. lim (£=4)™
H inx free \X+43
19. lim (ctg x)®in=, 20. 1im (I y)/=
21, lim x8/0+2m0 0y 99 '
x_’fg X . .29, x].x’m (1 \ex)l/x
23, lim (x— 1)"/In@e—1y, 24 C
il - lim my\*
. X—00 (COS -;-) °
- .25, lim (ctg 24)'/"nx, 26. | !
_ . - d?s‘(m ‘"m)
27. lim £ sin &
X—+00 X '
.28, lim (~—'_‘? — 1
=1\ o(] Vx) ).
30— )
29, ]lm “ __x)cos (nx/a) 30 A
x—] . LI_I;IJ (ctg X)Sir‘. X
5

Jm 2@+ 2~ (x4 | )

li L ¥
Lm (cos 2 4 ) jp m )
lim (x+2")‘/"

9. lm(l+3tg X)SE
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5. lim (cos (m/‘\/;))t

7. lim (In ctg x)'8~.

9. him x!oiow—u,

x—0

A1 lim (1 +3/x)"
13. hm (tg x)%*—=.

X~>a/2

1. lim (22 )"”.

-0 \ COS 2%

6. lim (cos 2x)**

x—+0

8. lim (2 —x/ a)'® (“/(%»-

.|

10 an(’)l(g.f_W/g-{»x)
12. lim (" + x)!%.
14. lim %arctgx)

X=+ 0

16. Jim (-HEX)

o \T¥sinx

17, lim (cos (1/x) + sin (1/2))"

18, hm (x — 1),

X
20. lim "’“)‘.
X =+ 0O Xz'—'2

2

29 i 2 __)x.
2. lim (sin — +cos -

23. | im 3/ cos /x.

25. lim .’_‘ii)
X 00 X—a

27, lim x¥/@+n 2,
x~0

529, Jim L)"”.

© x=(

1/t
19. lim tgx)

x—+0. X

21. lim/ 1 —2x.

x—bo

24. lirl;l (1 4sin x)cte

26. lim x'/*~.

X0

28. lim Pl
. P —x+2
- 30.. lim B —Tx+6

x—1
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Topic 8. Optimization,
Monotonicity and extreme points.

8.1 Monotonici(y.
8.1.1. Definition:

Definition: A function y=f(x) defined throughout an interval X is
said to increase on X if f

Or any two points Xy and x; in X,
X2 > x => f(X2)>f(x1 ).

X3 X => f(x)<f(x).

8.1.2. Test for increasing and decreasing.

Suppose that f is cont;
and differentiabie

80

it ff (
- €Xist are called the critical values 0

. . 'ab
Critical point x=c and is differenti

1 conditions for
ints. Necessary and sufficient
8.2. Extreme points. ]
extreme points.

oints.
8.2.1. Necessary condition for extremelp( ) i ol
1. ' . .
') i i s on the nterval (a,
If y=f(x) is continuous 0
extreme point. then either

I) f'(c)=0 or

ist (i fined).
2) f'(c) does not exist (is not de e —0or 16 does
Critical value has the added
f the function.)

i wh
The values of x in the domain of f

in o
he domain
requirement that it must belongs to tl um can occur only at a
Thi dition states that a local extrem ritical value produces
1s condi

; hat every €
Critical value, but it does not imply t
a local extremum.

i i he
ot if it is satisfied to t
A critical point can be an extreme point if i |
Critical poi
Sufficient conditions. -
8.2.2. Sufficient conditions for extre B iy U of the
i inuous
Let the function y=f(x) is contin oS & ONC). Then >
f'(x)<0 when x > ¢,
1) if at U(c) f '(x)>0 whenx<¢ and
i : '
then f(c) is local maximum )
<c
2) ifat U(c) £ '(x)<0 .wilellll :] |
then f(c) is local minim

its sign at X=
if f'(x) does not change lt.; lbri‘[gulm
local maximum or local mi

nd f'(x)>0 when x > ¢,

¢, then f(c) is neither a

(8]
~—
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y N
" i
/ L\ N fox .
\ . /1% £(x)<0 - decreasing
t / | \taus@ // \ e
£GP0 AR
eregsing /0 ey e
\ | icreasing 1\ f(%0- decreasing
} 1 ) | \‘\‘
3 N ' -
l cl lc2 3 T ed N ’
f(c10 fc2y0 f(c3)-does  T(ed)0 '
not
exist

All points: x=cl, x=c2, x=¢3, x=c4

' . are critical points because they
satisfy to necessary conditjon: P ’

£'(c1)=0, f'(c2)=0, f'(c4)=0 and f'(c3) — does not exist.
There are exist only three extreme among four : f*(c1), f (c3) — local
maximums and f (c2) - local minimum, becayge these points are
satisfied to sufficient condition, by P

t the critical va )i
extreme because does not satisfy to sufficien conditii)lile e s o

8.2.3. The second derivative test for extreme points

Let the function y=f(x) is twice-d;

" . fferenti C .
critical point x=c. Then, entiable at the vicinity of

If £ "'(¢) > 0, then f(c) -is local minimum;
’

If f ""(c) < 0, then f(c) - is loca] maximum

8.3. The smallest and the largest yalye qf interval,

Testing the extreme the smalleg

t
[a,b] can be defined: and the largest value at segment

IE%I]( S (%) =max{ (2).£b), fx)x; (a,b)

the largest value at segment [a,b];

in =mi
IB,b] f ()C) min{f(a),f(b),f(x,): Xi €(ab) - points of min.imum}-
the smallest value at segment [a,b].

- points of maximum}-
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Topic 9. Concavity and points of ilfflections.
Asymptotes of graph of functions.

inflections. 9.2. Necessary and

9.1 Concavity and points of inflections. 9.3. Asymptotes of

sufficient condition of points of
graph of functions.

9.1. Concavity and points of inflectiotts
9.1.1. Definition:

The graph of the
function is concave
down on an interval
where the slope Y
decreases. It is
toncave up on an

interval where the
slope y" increases. -

‘Geometrically,  the £it lies below ifs tangent lines

irlterva1 i

: lines in
ve . ove its tangent
up if it lies ab

graph is concave down on an
in the interval and is concave
o et differentiable function where

, . fa .
Definition: A point on the g aph O-nt of inflection:

—— e

) oi
the concavity changes 1s called 2P

A- point of inflection. coneavity-
o n
9.1.2. The second derivative test 0 e closed interval [, b]

. ch poidt O = - or (a, b) -
Suppose that f is continuous at €30 17 4o interior (2,
ancll) e differentiable at each'pol” ncave up thr oughout [a. b ].
Iff 'T\:lge-t l ch point of (2 b). then! fe ave down throughout
at ea T

f conc
If f "<  at each point of (& b) then
lab]. ~
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9.2. Necessary and sufficient condition of the points of inflections.

9.2.1. Necessary condition of the points of inflection.

If y=f(x) is continuous on the interval (a,b) and f{ ¢) is the point of
inflection, then either

1) £"(c)=0 or
2) f"(c) does not exist (is not defined).

The values of x in the domain of f w

here f"(c) =0 or f "(c) does not
exist are called the critical v

alues of the second kind of f.
9.2.2. Sufficient conditions for point of inflection.
Let the function y=f(x)

) be continuous at the vicinity U(c) of the
critical point of the second kind x=c and be twice- differentiable at

U(c) \(¢). Then
if at U(c) £ '"(x)>0 when X<cand f

if at U(c) £ ""(x)<0 when X<
is the point of inflection,

"(x)<0 when x>¢, or

Cand {"(x)>0 whenx> ¢, then fic)

In other words, if f 4

X) changes its s
second kind x=c, t

ign at the critical point of the
hen f(c) is the point

of inflection.

&4

jons.
9.3. Asympiotes of graph of funct

g Fa function
e between the graph of a
stanc

og zero as the graph mox-c,;
OaCh?uin‘ we say that thf{ graph
; t e an
Oltfsﬂ”": ag]d [hat the line
toticaily

ition: he di
. Definition: If t .
3 and some fixed line appr

i 1T the
father and father Irom

«

 the graph.
asymptote of the grap

I
ue]'ﬁcﬂ [

aspiote | gpigue asyapilt s

horizontal asymptoie

Kinds of asymptotes:
1) horizontal;
2) vertical;
3) oblique.
g tote. . 'aph
9.3.2. Horizontal asymp : i

; ] asym
. N orizonta
Aliney=bisah

5 or  lim R
I pE) =0 & 82
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9.3.3. Vertical asymptote.

Alinex=ai i
a 15 a vertical asymptote for the graph of y=f(x) if

Hm f)=4o  or lim f(x)=tw .

=G~
9.3.4. Oblique asymptote.

Aline y =k-x+b i i
1 an oblique asymptote for the graph of y=f(x) if

lim Lm_
X k

X - i =

J and lim )= k) =
k and b are finite numbey, e (f (%) =) = b, where
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Topic 10. Total investigation of 2 function.
Graphing the functions.

A total investigation and graphing strategy

for function y = f(x) :

1) Find the domain of the function.

en, odd or neither.
n the symmetry’
int (where f(x)=0) and y- intercept points

2) Test is the function ev Periodicity. Establish

has the graph of the functio
3) Find the x- intercept po
(where x=0) of the graph.
4) Determine all kinds of asympt
horizontal; 2) vertical; 3) oblique-
3) Using f '(x) test on monotonicity (
increasing and decreasing) and extreme points.

6) Using f "(x) test on concavity (intervals where the graph is
concave up and concave down) and points of inflection.

7)Graph the function taking into account the behavior of t
at each interval.

otes of the graph of the function: 1)

intervals where the graph is

he function

R7



EXERCISES X.

dtal investigate the function and graph it.

X —2x+2

[y=X=2+2

y= "2

3- y:el/(5+x).

5. y=t=x—4
—

7. y= In x

8 y=x—1In(l 4

11, y=x2_21nx‘

13. y= -f;“_'f_l-
x* — 92

15, y= —nLlt+x

- -x *
17. y=X*+6
Y PEEUE
19,'y=(x—1)esx'+..
21, _—__M
Yy P

..25. y =x3/(x4 _ l).

2. =5+ 1/52
— 4—2
29. y_t_;?__.

1

x4+ 1

2. y=_(x_—_l)2_.

Ay=x/9—x)

6. y—=_*

42— |

— In

8. y___x_l_ - '
10, y = _ x3

14, y= =27

P
16. y=in (2 4 1)
18. y=xlnx.
20, y= X—3x+2
X F 1
22, - x?
Y Cxt—y ]

2Moy=1 2k —5)

~

2

88

26. y=(e 4 1) /"

28, y= (5x8 +3)/x.

.30. Y= ~§—L

4 — 2

~ 2. y=x+In(x"—4)

.]. y=82l _r' 2
S y_M 4. y=xIn"x
. _ =2 2 ,—x7/2
5 = (4;1 . l\’//ex". 6. Y= ,\,oe+ .
. y= | o
7oy =xells. 8. y= G+
9. y— (=X 10. yé.té. )
(X;IQI)’ 12. y.—--x"’/(x-}— 2y
ll. y='\"e.x‘ Inx
( 2e! ~* 14. =-—:—£—.
3. y=(x+42)e . ;
x— 2 ’ 16. Y= —9—-—:;3-
15, y=(2 ' |
1 ).
17 -—((xx: 1)22*. 18. y=;1x(/x(;1 _-_|~2x)+ X
]9. z: ¥t/ —1). 20. yixge"'*",
21:y=ln(1—1/x23;2) 'ng'_f,’;n_-msx.
23, y=x—In(14+x) . it
25 y (x l)e4x+2 26, ys_____z.—-—_—ll—\——-“‘
e . —x—2Inx
In) x 2 y’_fn (4—-x'*’).
;g- Y= —l—/)(LSZ—-’l) X. 30, 9= .
U . y=e .
tion at interval [a,b]):
Find the largest and smallest values of the funct!
I y=In(x*—2x+ 2),5[0; 3].
2, y=3x/(*+ 1) [0 2].[11/2; 0l
3. y=(2x-—l)/(xx-—- l),. 3
Ly=(ct e n [—1; 3/2]
S. y=In ("22#2*’ 1))’[-'1; 1]
6. y=x3/(x —x .’ .
7. y=(+ 0/ (12
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Vi—s, [~ 9

=4—e=" [0; 1],

0. y =

. y:(XSx+4)/X2’ (- 9]

L Y=xe (=201
5. S =2 [—2;
14. y=(x__l)e_x’ [O 3 b} ].
15 JZ X0 =, [—-’2-]'2

o y=(1+1Inx/x, [ 2]
’17’ y—'-"-e“x-x?’ [1. 3]’ /ey e].

. y=(x52-8)/’x4, ’[“3_
.ls.yz_e;u[ 7‘1].
A9 gt — 1 2]

2l y=x2_ o o0k
22. y-(x:x-*;2/(Xhl)’ [*l 3]

. — ~ 1' 2 ]

o A

% o
.25. y:(]n x)/x, [l-,'4] '
26 =3 “16x3’+ '
Bey=s g1
. = 3/2 . ) .
29, y = 108x ~+x$0? X, ][0; /2],
=1 4

30. Y=t
=XT/4 gy .
' L [16:
’ : 20]

an

Topic 11. Indefinite integrals.

site integrals. 11.3. Properties of

11.1. Antiderivative. 11.2. Indefur
nite integrals.

indefinite integrals. 11.4. Table of indefl

11.1. Antiderivative.

ll:et t!le function y=f(x) is defined at
*(x) is called the antiderivative of the
(a,b) if

™ F'(x) =f(x) foranyX€ (?,b)-.

Theorem: If y=Fi(x) and y=F3(x) two antiderivates of the same
function y=f(x) over (a,b), then there is exists such constant number

the interval (a,b). A function
function y=f(x) at the interval

‘Crhat Fy(x) =Fi(x) +C.

v y=Fi(X).

st one antiderivative is knov
1(x) =C for

This theorem states that at lea
| be defined as ¥ = F

t A .
she any another antiderivatives wil
Ome constant C.

es of the function Y = f(x)

11.2. Indefinite integrals.
pite integral and is denoted

gefmition: The set of all antiderivatev
ver the interval (a,b) is called its indefi

by
[Fxydx= F(x)+C,

— integrand and dx
antiderivative, C constant of

CeR.

Here I  integral sign. f(x) _ differential of the
;’ariable, x — dummy variable, F(X) —
Ntegration.

11.3. Properties of indefinite integrals.

[ f @)’ = ()

Dd( [ f(x)dx) = f(x)dx

N1 (ydx = f(0)+C

9 I K (x)dx =k J f(x)dx where k-const

N[(f () + gax = [FI&F [g(x)dx
91



6)If [f(x)dx=F(x)=C,and 250 - const | | FXERCISE XI.

ff(ax+b)dr=%1~“(ax+b)+c. !

| Evaluate the indefinite integrals:

. . . . 2r3 | ¢t 3 -1 .
11.4. Table of basic indefinite integrals. ‘ [ S 3 -\/.vF A 2. S."L___?_.}‘_ﬁ_ dx.
k WV ceas
‘f' R \ll’—x ]
1. I x 3. 3-\"’*'"‘:" 3 dx 4 S"‘ 'Y i
cos’(; )-tan(x)+C ' - : s !
) J, lnH c : 5. :\J\--‘zx+5dl 6. SZf__‘_’%‘_"’—d\
o |/ = X + . 8. J _ ‘ \.\_
* . sin®(x) cotn+C 24/c o= Vet g
. v 7. (\‘/\—:J—‘+3)dx 8 S’T“
3. Ia*dx=~_+c ( dx 1 ~
a>0 354)9 — X It — x4 4
AA). |———=—arctan=+ C w32 VT e
Ina J-a' +x* a a 9. (= ,?HL dx. 10- S v
572 ) ( ..__l__-*-] d\'
Vat —5x7 43 12. \(xVXx I )
+ je"dxzex,}.c x+a’ 1. X d 3( Ve
?lni i+C, s ;‘\/;-‘-’.-.‘-lx5+3d(
5. [ringod ¢ O A
X -
(¥)dx = ~cos(x) + C 11, J’ — =arcsin = + C V=T,
6 va? _xz a ’ - 15, ( L 2x® 4>d\ 16 S x

Icos(_x)dx. = sm(x) +C.
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Topic 12. Basic methods of integration.

12.1. Substitution method. 12.2. Integration by parts.

12.3. Integration of rational functions.

.

12.1. Substitution method. .
If the function y=f(x) is continuo
differentiable, then

.[ f(x)dx = If (x(8)- x'(1)- dt.

us and x=x(t) is continuously

. : . ' continuous, then
Corollary: Let functions f(x),x (1), X (t) are

[ty #@-de = [ 70

12.2. Integration by parts. . .
Let functi‘gns y=u(:)pand y=v(x) is continuously differentiable, then
jv(x) -du(x) -

Iu (x) dv(x) = u(x) w(x) -

Short-cut form: Iu dv=u-v— jv du . .

Integration by parts method is applied when integrand function can
© represented as

fo = Py(x)-g(x) here Py(x) is polynomial and :

: jal function:
L. g(x) one of the trigonometric of exponential fu

sin(x) o u=Py(x)
- tion: U= o

8(x) = c?‘x(x) _— Recommenda dv = g(x)dx

e

o a . .~ or logarithmic function:

! g(x) one of the inverse trigonometric or 108

asin(x) dation: u = g(x)
&%) acox(x) - Recommen dv =Pn(x)dx

= ‘acotx
Inx
logax

(010}



12.3. Integration of rational Sfunctions.
12.3.1. Improper and Proper fractions.

Function is called rationa] fraction if it :
; action if it is repr :
two polynomials presented as a ratio of

F,(x)
0.0 Any improper rational fraction (which n>m) can

f(x) =

be represented as sum of the polynomial and proper fraction

( which n<m) by division num
. erator on denomi ;
12.3.2. Integration of partial fractions Inator of the fraction.

p .
L J-x_adx=A‘lnlx—a|+C;

A . -4
IL jr_a)"dx-——.

,  Ax+B
I‘.sz
+px+g
_A ¢d(x® + px +
_?J X Eprtg)
X+ px+g

4 0,
:j 51n|x*+px+ql+(B—A7p). 2 (2X+P

\/sziatan\/rﬁ

q-p’

)y+C.

if D =p’-4q<0. substitution: x+ £ -
v ) t o, dx=qt .

100

2y, p-42
Py g Py
((-\'+'2‘)2+q 4)

Ax+ B -
V. [— —pdx =
(x*+ px+q)

2 J' At-l'Bl
B1=B.A£. ; m2 =q-%— - (Z2+m2)k
2
- 2 2\ —k+l
t4+m
4 d(t> +m?) 3 J. dt =_-é£f’_i7c_;_)1.__.+311k,
> [t By 2 ke
ons:
Where is [ can be evaluated by recurrence reld
k:
2 2 1 dt
dt_ L@ +m) =t e — [ -
J'(tz+mz)k T J (t* +m?)t m? (¢ +m’)
1 1
\vI—,—L—TTdt= -TIA“--
m: It +m” m
1 toedr 1 )
S lTa T
m* @t +m”) m
' 1
! : INeo ], -
Paarsl 1102 2yk (12 e’ )= de
P [IGREDNCIGE T
1 2 2)—k+l @ +m -
‘\Jt-d(t +m _lu=tov a1
2m* —k+1 ’ .
1 1 ( SRR S I.,). »ie-the integral
S—7 . - —7a03 Tkt
mt 2 (1-k) ¢ ) ee one unit less.

' . ich degree % i
I is expressed from the integral WIZtcintegTa] to integral in first

Applying (k-1) times will reduce
Cgree

! .
11= j dt = .l—atan(;;)"'c'

t*+m*>  m
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EXERCISE XII.
- 1

0, (%) _—

’ " . i tegrals:

1) f n>m : Represent the rational fraction as a sum of the Evaluate the indefinite 1n

polynomial and proper fraction ( which n<m) by division numerator

| P, (%)
12.3.3. Integration of the rational fractions. I —=-=dx

3 m
_\_/_‘_‘]_______ dx.

dx ) 2. S 1
on denominator of the fraction., L. S @c 4 1) VinF @+ 1) dx .
—_—
I L) dx =lo.n(x) + I L) dx 3 dx : 4 S (1 ZoNw =0
0, (x) O () ' | S (1 —»Vin? (1 —2) fe—1
2) Factorize the denominator- Qm(x) = (x-a)* -(x2+pX+q)’~ Where 3 ; 6. S’-\"I%;:T— .
D = p’-4q<0. 5, S L",('_:l_*l dx. '
3) Using the method of undetermined coefficients represent = - _ dx =
4 : . . . /
obtained proper fractlon_ like the sum of the partial fractions: . S m dx. 8. S x+ Do A(x +1)
Fa(x) . ) 3x+ 1 _\/"T‘"’"
= = Vint x4+ gy
0, (x) : " 0. {71
'Pm—l(x) _ Al + A2 + + As e : S (x_i_l)sln(x+l) _,\/Ims dx
- s . 2 | ¢ —_————— ") vee *_S .
(x-a)’ (x tTOx+q)  x-—g (x-a) (x—a) N G+ ) dx. 12-8"7—4‘-—1'—‘ g
3 1. S x+1 dx _
X+ —_— T
--+7L~CL+M+...+~ Bx+C, AR EED gy 88 frmet )
r tpxtg (x” + px +¢g)? (x* + px+q)’ 13'8 P dx -
Where 4, i=1,s ; B;.C;j=1,t undefined constants, 15 In” (x+1) 4y 16. S (s +2) Vin (2
4) To fletenmine the constants A, B;,C; reduce the fractions ’ S x+1 —-——-—"ﬁr“"’é)’
from right side 10 2 common denominator and compare the It @x4+ 1) gy 18. S (x—3)In" (x—
numerators of both sides of the equation, grouping the-similar terms | 17. S BxF 1 0 S In° (x=—5) gy,
setﬁthe System of liner equations. Solving obtained system determine 19 X dx . 20. x=3
the values of the coefficients A, { =1—,§ s Bj .G j:f; . RICEDINE + ,5) _l_'f_g,’:._?.). dx
Lo o — 2T ! 29. S =7
5) Sub.st_ltutmg Instead A; i=],5 . B;i,Cjj=L¢ obtained 21. S @ dx. ‘ x
nhumerical values, evaluate the integral of partial fractions. i | 4 SM dx.
23 S m dx. S o
e x+3
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- 95. S—L_
(e +3)In* (x4 3) °

97, S Vin* (x £ 6)
BT

29. [ns (x + 9)
5

19. {sin’ 5 cos By,

cos* 5x

23,

21. X.S"'Jf_ dx
{

sin® 3x cos 3xdsx.

14.g&'1 dr.

sin? 4x

16, §3/cos 2x sin 2xdy.

18, S-&dx
Veos? 4x .
20.S COS Sx

sin® 5x

dx.

22. {+/cos 7x sin 7xdx.

24, Sﬂﬂd

sin’ x %+

104

25. |~/cos® 2x sin 2xvdx.

27. { sin® 4x cos 4xdx.

29. S_i“_zi‘— dx.

3
COS‘ 2).'

:

)

sin‘. x ctg‘ X

COS2 3x tg‘ 3'(

1"1 . S _'s\é_-tg’__:’:x_ dx.

sin® 3x

dx .
—'—’_'—_-/
sin? 3x ctg’ 3%

- 3
sin® x ctg” *

5
ot 4% gy
sin® 4x |

S
S

19. S—-—gf"‘“
S

26

™
[+ -]

30

§
3
3
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sin* 8x cos 8xdx.

sin 4x

SVCOS 4x



C0523x 24 S )
25. S dx sin? 5x dx. 5 5o
sin? x/ctg? S X dx. 16. S#,__
x\etg! x 26. S — d-;:/____. m 1+ x%)arcig’ x
27. S tg® 2« os” xVtg? x
cos? o dx 28 W/C—thx 17. SW . 18. SarccosG 3"d).
0. [ Vetg?x S‘SW x. T 1+ 0’
9. S pr =~ dx. 19. Smdx
. In° x 30. tg7 3X 1+x . S -J—~
cos? 3x dx. (1 4 x*)Varctg x
21. S 2. Sarccos‘ xdx
: U+x2)arctg s 2.\
23. S‘\farccos chx. 4. Salrcf‘tg;f; dx
V1 — dx?
95. S arcsin® 5x 26. S dx__ _
.\/1—____2'3;—(1&' marcsin 5x
4 27. Sarclg 3x 28. S arccos’?xﬂ dx
e 1+ 9x° 1 — 49¢°
1. S arctg® 3x \/————— ‘g
. i ~ dx. 29. S arctg’ x 0 Sarcc!g _"d,\
G + 9x? 9. S:@d e dx. 3 1+ 64x°
3. \.arccos®3 X.
S l = dx. Vice o
3 — 9x? 4. SM 5
5 S Varceos? 14 4x° dx )
T——dx 1 xdx xdx 3. S xtdx
-\/l + X2 6. S dx . e"-\"ﬁ-‘i - rora . e‘v 1
& o
7. S arccos® x d ' (1) aretgx " 4. | e+ sin xdx 5. § ¢ dx.
: x. 2.9
\/l — Ox? 8. S W 6. S sin x 7. Seh +2 xdx.
9. S arcsin® 2« y 'mz“dx gwvsx g
Nyl . —_ : croxdx.
W/'“'T * 10, S d 8. § e xdx: 9.]e
11, ( 2recos? —— . s =3xdx.
1 Svc-ci-i’i—xnd '\/:;arcsind.c 10. S,____.,_d"__ I 1t. Se
I — 42 12. arCCth 3y 1 o~ x'-‘e:urvsinx .
1 ar X d o 13. { ¢ ot iadx.
3. SMd : | gy2 X 12. Sel W ydx.
Vicier . .- 15 € 1= xdx.
bx 14. S—al&sﬂ'_{_d 14. Ses”"‘“ cos xdx.
cos® x
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dx.
dx.
— 2

4 — x*
3x + 4

Vxt 49 ‘

Sx+2

2x—3
23. S

21.
25.

xdx

N
Q
...T
%
3 = :
d3 So%v \Pn.v/
<
+T. i +
x[= 22
Rl —
[ W Y o —
® @ + <
N «® = +
™~ m D.x
ol ‘
| —
] 0
. N
= : 5
¥ e » o %
e —_ K |3 B [
~ o %l = S =
wn| X ~ 3+ [\v] d _ PS»
_4 +o.x _u. —2 _l =
- & ald = @ =
0 ——y ey [sp]
Cr™) ey . - . Ve
. . - ¥ N =
r~ =) z P
) N m ' 2
NG 2
X .
3 gy d
o = ~ R K
. s 3 . i~ gl
- | xl34.15+
SR Sy ++x+ ~
P e N _ XX
v 3 RIS ah S
=4 —=lw i P
Canr™) ™) o™ O™y [ )
N N © @
- V-]
x|+
EICE
v
Gy
=
&N
= o] X % =
o R~ i~ A~ R
2 . B D I | Ll
a5 Ht +H+ 1 it
N ™~ x2 2 o
pk XAy Sy ey
™) ™) ™™ ey
X - o 18 ~

+c)

i1

e

llVZ—
Ty

2

ol

3
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dx.

2t —1- -

el —1E1+C) kC)

(Answer: 8In |x+
In |22 — 1+

6x + |

3

4.5

(Answer :
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5‘ x—2
S@dx'
/ srcrcor- ]
(e —+f2 379 arcsin-"—g—i— C.) 1+C) FC')
v ‘ !

6. S 3—7x dx.

Vi—4
(-\ns“el -ai‘CSln 2x+._m+c) +C)

7. SS 3x dx.

‘\/2x +1
Answer; _9 '
( swer 77__|n |\/§t+ 2x2+ 1' —_g_'v2x2+ l —}-C)

8. S AEx gy

(«\nswer: arcsin —'f-- —'\/2 —x 4 C.)

9. 3x+2
S?x +ldx

e :
(v ._4. In 1242 + 1] 4~/ arctg /2x + c.)

110

lOo S l+()5b

in il +25x24~+ C. )

(.—\uswer N ‘:' ['Ctg 5x-————
x=3 dr.
1. SSx —

Bt )

_ 4| __.._._3- In ,
(_-\nS“'t‘l ln l 3x 3t + 2

5X+l d
12. X.
S x? —6
+/ ¥ —6| +C)
(.—\nswer.‘ 5 xz——A6+In |x V¥ l
x—3 x=3 4
13. Sg‘\ 7 X.

L rctg—§£:+c'
(Ans“‘er.' -l—lgln 19x +7l - -\/_7- ‘ V7 )

5 — 3x
14. g 5 dx.
Ve

(&n.x“ex —S-—- arcsm-\—/——— +'\/Zj37+ C)
V3
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.]5.8 42 i, 90, \ X4 4x
VI—4x? S\/g——x"’
Loox 0
<_~\nswer.' 2 arcsin 2x 4 14/] —~4x2-|-C.) (anewer s —'§ — x4 arcsin g + &)
5 — 2¢—7 4¢.
16. S2+;dx. 23. S 2= Ldy . ;
TVl C
(.‘-\.nswer-’ _\Z— ardg?'/t—; —%]n 12+ £% + C.) (—\nswer In jx* — 5| —;’\_S.m x+\/—| )
: . 24. [ 2= Ql dx.
17. -u_idx. Vxt — . C)
‘ S L+ | (An-swer: 7/x*—1—21In | x “}'_\/;_—’l] +
| .
(snsver: 5 1n |26 4T3 2 +iVTFae+c) 2. |dr
* 21 1+4+C)
18 S\s/l:d"’ (answer: In | A~ 1] +3VFF
o ' 6. S dx.
(-\m“el Sarcsmx+4 ] — 2 +C 2 SX Ty 7 ) C)
—_ ) Ctg"—+ .
19\ 2t g nswer s L In [x24 7| —==2r -
S oo — X T (m“el 5 _\/_}‘ -\/—_
(Anster: 5/ ‘3“”'x+Vx- 3l +¢) 21. { T
Vi 2|+ C.)
"20. Ja— (-\m“el 3arctgx-———l“ I+
(Answer: .l-] 2‘:" m |4
T )43
o 2 C.
2] S —-2x dx. (OTBQT ‘—lnl3—2x2{+ (.-\nswcr',' ._8__Ell'<2tg_\/g ~_(_li—ln|l+3k -+ )
G "
+~‘“1n {—f—-C 3x+7 4.
26 '\/—x+'\/~ ) 29. S-\—@—___; ‘ | I
(Answer : 3.V’;?_:{-_—4+7 In |x+'\/ﬁ
112 PFIE Ko )




(amswer ; 2 3x2—4—%ln|\/§x+‘\/3x9—4l +¢.)
A ,

1 S sin 2x dx
T )T FTcos 3z o

(.-\n.swver': ~% In |1+ é_ cos 2| + c.)_
2. S%dx'

(.—\nswer.‘ —% In |1 —x' 4+ C,)

3. Sﬂ_dx_

3 — cos 3x
o,
(_W“el. 71013 — cos 3y + c,)
4‘ 3 exdx
2e* 43"
(mswer: Lin j9er 4 g1 +c)
5. sin 2x R
S\cos,‘,l — 4d/\. A
{Answer: __jq fcos® x — 4 + C)
. S ey
4 — 3"
(A,,s“-a’;- - ln 14 —3ex| 4. c)
7. S_&_
7 —5x
(_«\JIS\\'QI",‘ —_—

I ~
TE’“"“5XSI+C.)

8. sin 2x
S3‘sin"' X4 4 *
(,-\nswel".‘ -;- In 13 sin® x 4 4 + C.)

114

9. SLd\
5+é’h

(.—\nswer; % In |54 e*| + C.)

&

a

(Answcr': % In |7 4+ 2 4+ C-)

T el ) 73
2x% — 5x 4 17

(Answer- 1n (242 — 5¢ + 171 + C)
12. S 5o —de
(snsver: L in |24 — 5] + C.)

sin 3x — 2

Vsin 3x—2+C)

13 S_ﬁix__dx.
2
3

( Answer

14. S
| 4+ cos?x

sin x
5. Sl-{-.}cosx

(A.nm'ver . ___3_ Injl 4 3cos x|+ C.)

sin 2x dx.
16. S4—~sm x C’)
(.-\nswer: —In|4 —sin Xl +

115

_sin2¢ 4y (,\ns“er —2—\/1———;_0_0_;—X+C)



. 3
17. S;Tsdx.

(amswer: Lin o3 5 +c)

x2

+3x

(Answer: T In 17432 C.)

3r43
'9'Sm x

18.

(_")

——dx.

(.-\nswer: % In |? 4 2] C.)

.‘20.5 e dx.

(Answer: /e 13 1 C)

21. S%‘"]‘dx, (Answer: |p lx“-!—x— 10] + C)

22.53x dx. (-\ns“el 15 1n !3x6—7|—|—C.)

23. Sm (-\ns“el "‘F:’)-}-C)

3¢9
24, S-\/‘)ﬁ \dx -\.lm\el V23 —4X+C)
25. €os 7x

VO —sin 75 dx.
(Answer‘: ~%\/5 ~sin 7y 4 c.)

Sin 4x

S cos 4x +3 hm e %m:% + C.)
S 1207 4 540
|

v 5 dx. (-\nswer
4e%

]__er

In 4,3 4 45 +C)

dx, ( Answer

—Hi—e oy
116

29. S__Singg_dx_ (Answer: 2v/6 —cos™ x + C)

V6 —cos™ x
-
30 S X —dx. (_—\nswcl": —é-’\/Sx' —d4- C')
Vorf —4
9 .

]' Sl—?.t’—-.\':‘dx.
1 4+ ¥

£ i arctg x + C.
(.hm\"el‘: -5 % Injx*+11+ )

- ; ’—6]n|l-—x,+c)
2. 571:: dx. (.»\nswer': _’%. 4 x—

3. g"j‘f' 2dx.

xT—1 x—lf+c.)
(-\nswer; %0.1(._!- In|x*=1{+In ‘x-}—l .
4. 58\: ;—Il dx.

' C.
: (:\nswer‘.‘ %xao—x:’-}-—x—- In le—}- 1+ )

5. S—‘: —2 dx.

x‘—4

-2
1 el C.
s pgin 12— 4 =7 I 5] )
(.-\nswer'.’-%- x4 207+

2 =3 4.
6. {5

(“\hswel ?/‘«' —2x— a"Ctg x+C )

7. Sx "11 dx.
ur x_..._.ln\2x+“+c)
(Answel‘.‘ -é- x +



5 ]
8. S Ii ~dx. (.—\nswer: ___l_x;;__% In |1 — x% + C-)

: o)

9. g — 3dx (.-"mswer.‘ X —

10. (S r=pet gy

‘ Answer - x3 + x4+ % In[2x— 1]+ C-)

\

A4
11. \ 2
sz_sdx.

(Anser: ~+3x+71n|"“‘f| + c)

X L}

12, S,\:-}-Sxdx (,—\mwer.’ x_;+2 In lx* 41| +C)

X' —5x46
13. Swdx

. . 5 '
(.-\.nswer. X—= In {x? — 4| + arctg% + C.)

B —1
14. Sx+3dx'

3
(:me. 1‘3_-..:; + 9x— 28 In 1x+3|+c)
158 dx. (\nswer ;x+llnlx'—ll+C)

+ 1
16, Sx_de (Amsuel ?x ~x+2arctgx+c)

17\ 2=,
x"'+]

(-\ns“el 5342 arctg x 4 C)

- 18, S;:tidx (Ans“er ~+4x+ In lx_2

|+c)
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19, Sf_:;dx.
(Amswers £ — 242 4 25x — 128 1n 1x + 51 + c.)
20. Sfil dx.
(Ansn'el _;_x ._._. In |x* 411 +arctgx+C)

X+

4 2
21 (L2 dx. (answer: — 26420 —arctg s +C)

22, 52;"_—23 dx.
(Answel".' -?ts -+ 2x2 4+ 8x + 13 1n |x—2| + C-)
23.

2¢" +5a’x (Answer: 2\:+3arctgx+C)

%
24, S”“tj’_‘;"d.»

(.-\nswer': %2.-[-._.111 |x2 42| +_\—;_—arctg—-\i/{—_—+C.)

255 gy, (mm —-—-—-3x——61n|x—2|+c)
26. 52:_+75dx
(Answer: %+ 14x + 103 In [x =71+ C)
27. S“)’x_j':;dx
(Answer: -3—,\:3-}-,\;2_}—2,\:—{—5 Inlx—11+ Cf)
28. S'; d
(-\nswe|- —_+4z—.—arctg +C)
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29Sxf4ﬁ'Gm“"§+ﬁm+mhnx—3L+c)

2x>4 3
30. g zt3ax,
(—\ns“el t+‘\,2h‘l \/—x—ll+c>
"x+l
10
In (cos x) < ..
1. “?Ts‘—x—dx (Answer tg.vcln(cosx)+tgx_

—x+C)
%@mmuw+mumx»+c)

ln,,x dx. (Ans'“‘cr : C— u )
x. X

2. \ cos (In x)dx. (—\nswer .

4. Vin (x 4 2)dx. (Answer: xln(x+2)._)v+
m(cosx) +2!n(x+2)+C.)

5. dx. (Alls“"el': C—cigxin (cos x) — x.)

.
sin®x |

9.\ xIn

w
.
ey C) ‘-""'—-’ﬁm~m

| —x ’ 2
x4 (nover s 24 1 —x

| —ugm:;j-fc)
10. S]ﬂ (x+ VI+X2) dx. (:\nsWer.‘ xln(x +‘\/1+x
. —1/1
11. gln'(x+4)dx. (Answer; In (x+4)—.x++x- + C)
+4|n(x+4)+C.)
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12

-~

13.

14,

185.

16.

17,

18.

19,

20,

2

—

22,

xin (x4 V1 + o ) dx. (‘-\ns“‘rl’.‘ 1+ X In (X +
\ =
+/T+#)—x+C)

Vvi+x
In \Sm x) dx. (_.\_ns\\el C—x— Ctg * .
S sin? x —ctg x In (sin x).)

b . '
aer: S In(x+1)—
Answer . 3

Sxﬂln(x—}-l)d«\
_ Xl D+C)

x3 .t'2
- + %

S Inxin(inx 4 (Answel‘ _)_[n xin (ln x)—
< -5 Din?x + C-)

1 .__2x+
S]n(xz—i—l)dx (Answer' x In (x* ++)zarctgt+c)

|
Inx __
S In x ax. (-\nswcr C— — 4¢° )
x°

2¢?

v In®x— '
S\/_ln xdx. (-\m“e j—_lnx'*' 16_\/_'3_}_(:)
(x? —l)+C)

Fad x

I+ x
S(x2__x+ 1) In xdx. (__\ns“.el._. (_3_
+X) In x——_'— +__.

S ]n | —x dx. (:\ns“‘el' X ln _I_:T -_ ]I‘l

—Y-}-C)

' S\/—lnxdx (-\nmel ——W/—lnx—‘—\/__—i_c,)

— C.
S In smx) dx. (Answer: tg ¥ In (sin x)—x+ )

cos® x



%jme+wm4mmu§mm+n—§-+

+-;.ln (x2+l)+C.)
24.} S x In? xdx. (Armver tT In® x — -’;— Inx+
+ 3 +¢)
25. Sx"' In xdx. (Anmer; % Inx— XTS + C.) .
26. len (x4 1)dx. (An%cwer; % in (xfj' 1).__‘;_ 4
-I—% -—-;aln(x-f-l)-l-C.)

27. S sin (ln'x) dx, (Arrswer'; %(sin (]n x)—

—cos (In x)) C.)

28. S (¥* —4) sin Sxdyx, (Answer : % X sin 5x —

¥ — 9]

T —s—C0s 5x 4 C.)

29. { In (x+5)dx‘. {answer ©  x|p (*+5) —x +

+5In(x+5)+C)

30. \ In2=x Answer-: =

g n S dx. (.—\nsnfer, x]n-g.T:. —2In |4~
—x2l+C-)

2
- L;—ﬂ- €os 5x 4 C.)
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i 2
. S \/1—x arccos/xdx. (A',,s“.e,.; _Z_.\/;S _ _3_\/;_

— 24/ .__;)3—arccos x/;—l— C.)
3

2, S-\/l — x arcsin -\/;dx. (AM“"“"’ %-\/x—
— -;\/}—3 — _g.-\/(l —x) arcsinx{’;—i- C./)

er: 2arctg 2 —F +
3. S x arctg 2xdx. (.'-\nS“f'- -5
+ _:3- arctg 2x + C.)

4. S aresinx 4 (_;ms“.e].: 9~/x + 1 arcsin x +
o +4+/1—x4-C)
5. S arcsin x dx. (.-\nswer': 4_\/1 —_X—

+ .;_ arctg 2x + C-)
40y

| —x

: at;csiﬁ\/;d. Snswer: 2'-\/;-—— o '
S S Vi—=x ¥ (&nwel—Q l-xarcsin'\/;-l-c-)

7. ( xarcigx dx. (_-\ns“'el".' m arctg x —
S Vi+ 14224 C)
I+ —Inlx+

T« arcsin x 4 C.)

8. S.x_a_rii'lf. dx. (.-\nswer CX—
| l-xz | 2 t X X + .
X — —
9. S x arctg xdx. (.—\nswer': % arctg | 5 )
| + 5 arctgx + )
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10. S x arcctg xdx. (Answer : 12‘. arcctg x + £ +
2

+ % arcetg x C.)

dx. (.—\nswer; C—*
2

— %\/l —4x® arccos 2x.)

I
+ - arctg x 4 C.)
12, § arecos 2xdx. (—\nswer ;arccos 2x —

— sVl —4x? C.)

13. { arctg xdx. (Amwer: x arctg x —

T S X arccos 2x
R Wedhahhai il

VI —4x2

| :

g+ +c)

14.5 arccos ‘\/x d .
—T:T X. (.-\nswer; 0_2-\/;_

— 2y/1 — x arccos/x.)
X arccos x

15. S LoCC0s x4
i (’ms“er C—x—+/1 —x*arccos x)

16. S BPCCOS x

/.\dx (-\nsmer C— 4-‘/ —

) - | —24/1 — x arccos x.)
- Y arcetg 244y, (.—\nswel;i: "x’aréctg 2x + -
D R
o s o ‘ﬂ‘(l +ax)+C)
-—--___~m x. (Answer V4 x¥arcetg x 4

Fin e/t 4 c)
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22. S x? arctg xdx. (Answel' T 3

x arcsin 2x +

+,5\/T:IP+C-)

a1 ' g l -
2. { xaresin2e gy (answer 5 ¥
VI —4x _ _l_\/l__-_‘}x?_‘arcsm 2x + C.)
4

19. { arcsin 2xdx. (Ans\m

21. SE{ES?_S_"_dx_ (Answer: 2 { 4 x arccos x —
VI« 41— x+C)

£ arctg x-——é-x2+

+ %_ln(x2+ 1)+ c.)

. ' X tg 2x + = +
23, S x arctg 2xdx. (Ans“.e; 5 arctg 1

+ garclg 20+ C‘)

24, Sarctg (x +5)dx. (’ms“el -
tg(x+5+C.
Lin e +10A+i°|+5arcg( 2

.1

25. § x*arcctg xdx. (30 3 Lin (2 D+ C)
3 n "N )

rctg x+

4y et N+C)
+13x°°5”3‘;'
__54sm—+C)

__—a

26. S X arcté2 xdx. (Ahs\\'el‘ )
2 x—X 'arctg *
3% sm—*

+ _;. arctg

27. { £ cos g dx. (Anster ¢
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28, Sxarcctg xa’x (w“e. Tarcctg x4
+iarcctg X +x arcctg x + —In (x* l)+ C)
29. Sx Sin 2xdx. (-\mmr % in 2x —
% cos2x+—-.cos.‘2x+C)
S(x +4)e“”‘dx (-\ns“ex P (x? +4)e™ +

+ .xe2‘+ ez"_;_c)

~n

12

2 er X o
1. S X7 cos 2xdx. (&ns“en =5 sin 2x - -;-cos 2x —

- % sin 2x 4 C.)
2, S x sin? xdy. (.—\ns’wer'.' xT2 - X sin‘2x —
o 3
. 7 C0s2x 4 C. )
3. S x sin x cps xdx, (-\nswex -;- sin 2x —
cos 2x + C)

4. Sx?(sin 2x — 3)dyx. (Amwer 5 sin 2x —
: ~Tc032x+~cos2x~x +C)

5. gx\sm X+ 1)dx, (&mwel 2x sin x — x2 cos x -

+2c03x+1§_.+c_)
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X(X + x)e " *dx. (-\ns“el C— (x‘+3x+2))e— )

g(x + x)e*dx. (Answer (x —)é+ 33‘:;—’—2)8“’)
2 + 1) e *dx. (Answer;

§(i —f’-f-lie*dx (Answer (x’ x+4)e+C)

| —xctg x—

~5+c)

0——-5)\

sin x
X ctg xdx (-\IIS“CI ln I

H. | x’e~%dy, (nsver; C— 4+ +2%+2e ")

f
125 2x_ - (snswer: In Isin x| —xctgx+C)
J

sin

XX (answer: xig x+In |cos x|+ C.)

13.
cos? x

|-
tgx+lﬂ |cos x
14, | x tg® xdx. (Answer: x

el -5 +C)

C—(PF+2x+4eT)
15. S(xg'}“ 2)e~*dx. (Answer: C—@x+

o XX sin2x+
16. Sx” sin® xdx. (A"s““'-' T 1 |
+_’_‘_cos2x+'§5i"2x+~c_')'
3
2 i 2%+
) . . A4 X sin
17. sz(cos 2x + 3)dx. (.'ms““er. x4+ 21 |
X oS Qx—TSIH 2x+C)
T3

S(x + 2)e~*dx. (Answer !

o § ("4 3)sin xd. vansmers ST 1y s 4 4 )

(2 —4)sinx+
20, | (x* — 3) cos xdx. (Answer: (=4 + 2x cos x+)c)
2x+3)e™"
21, § (2P + 1)e*dx. (dnsver’ 1(: -J:C)
22. { (4 — 1) . (dnsmer %= ) o
1ISWel' ! e +"—s
23.Sx cos? xdx. ( l_*__,cosgz—--—sm%-f‘c)
7
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24. ) (x® 4 x) sin xdx. (inswer: 2x+l)sm X —
—(**4+x—2)cosx+C.
25. | («? + x)cos xdx. (Answer; (x’ +x—1)sinx 4 )

|
I

+(2x 41
(64, G (030 e 4 &
[ —1)e~*dx. (nswer: C—(x+ I)fe e™")

27.
9 x
8. \ x sin® xdx. -\nmer ‘T - T sin 2x—
. - % cos 2x + C.)
29. { arcsin 9xdx. (-W“'el'-}- x arcsin 9x -
I
+ VI8l 4-C)

30. S x arctg 2xd. (.—\nswer : -‘2—2. arctg 2x —

-+ % arctg 2x + C-)

o 13
x 4+ De¥dyx
_ . . 20 (x—2)e"
3. § (x—7) cos 2xdy. - 4. §§x — l;ec::g d
5. { (x +2) cos 3xdy. 6. § (x—~2)co 4xdx-
7. § (x — 4) sin 2xdy. 8. f(x—3) co: x; i}
| . -— X.

- T+ %arctg 2x+C‘)
10. § x sin 3xdx.

12 {(x— 5) cos xdx.

14. { (x +7) sin 2xdx.

16. § (x + 3) sin 5xdy,

9. S (¥ 4-4) sin 2xdy.
1L S (x 4 5) sin xdy.
13. S (x =+ 9) sin xdy.
15. S (£ + 4) sin 3xdy.
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17.
19.

21.

23.

217.

29,

|
|
S
|
25. stm-—dx
)
G

ln (x — d)dx:

“‘d,\.

X COS 8xdx
“arcsin Sxdx.

gx arétg xdx.

{ x cos (x + 4) dx.
. § x cos (x 4 3) dx.
S xe~ *dx. '

19. § x sin (x+ 7)dx.

21. { x sin (x + 4) dx.
23. { (x + 3)e*dx.
25. | («* — ) e"d.

27. § x cos (x + 7) dx. |

29, { xe*+3dx.

(x — 4) cos 2xdx.
(x 4 4) cos 3xdx.

(x 4 6) cos 4xdx. - 22

(x 4+ 1) cos 7xdx.

x+ l)sm—dx.

% + 3) sin X dx.

18. S(x—S)Sin xdx.
20. | (x 4 8) sin 3xdx.

(x — 6) Slﬂ—dx

24 { (e +2)sin .

|
S
S
26 S (x+4) cos—dx-
)
]

28. X _|__ 2) coS vy dx.

30. | (x —9)sin 2 dx.

2. |

4. |

6. § arctg.3xdx.

3 [ arctg 4xdx.
0. § (e e~ e

q2. S fes‘dx

14. § x cos (x — 2)dx-

16, { xe*+’dx.

18. { arcsin 2xdx.

20. { x cos (x —4)dx.
29, { x cos (x +9)dx.
24. | arccos xdx.

26. xe™"dx.

28. [ xe”Tdx.

30. {x cos (2—x)ax.

15
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1. arctg 2xdx. 2. { x cos buxdx.
3. { arcsin 3xdx. 4. { arccos 2xdx.
5. { arctg 8xdx. 6. § x sin (x — 2)dx.
7. { arcsin 8xdx. 8. § x sin (x + 3) dx.
9. | x cos (x + 4) dx. 10. § arccos 7xdx.
It. { xcos ( (x —7)dx. 12. Stsm(x—S\dx
13. | (x —4) e*av. 14. Sxe“"dx '
15. S arctg 7xdx. "~ 16. S arcsin 5xdx.’
17. Sln(x~7\dr 18 chos(x-}-ﬁ dx.
19. S arctg X dy 20. Sln (x + 8) dx.
21. S arctgé;-dx. 22. S In(x 4+ 12)dx.
23. S aresin < dx 24, S In (2x — L) dx.
25, Sln(2x + 3)dx. 26. \ arccos & 5 dx.
27. S arctg 2 dx 28, S arcsin 2 dx.
28. S arctg 6xd. 30. Sarcgos% dx.
16
% PR
S 4X2-—5x+4 :
.-\nsw;'er; 2 arctp 8x—5
( Vo =+ C)
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dx
2. S X —4x 410"
2
(M\s\\u .._I/:arctg x+ +C)

Vo ~\,6
dx
3. g T —Tx 41
| 4x—-7-—‘\/‘;l_ +C.
Y00y l
(.-\ns“el. _\/;T n,4x 7+-\/___| )

4, S——szi— (-\ns“el I lnl2 2 '-{— C)

Bx + |
g ' St 4 c.)
dx Crewer. ——= arctg 2

3. S 5% 4 2x + 7 . (Ans“el ,_—34 ,——-—34 '

G.SMM dx ! (Answer: arctg(2x—1)+c)
— 2x +
dx
=T
(-\nswer: I ]I:i:'[i;-\/:-i_i-i-C)
8. S_T_TE- (-\nswel T;arctg 4x_\[+_-__ +C)
2x* 4 x
9.837_:%_;:5..
| —2-V |4 ¢
(Answer.’ 61/5 ]nl:—2+_\/_l ) )
10. § 55 - (never 3 '"lx+3/2|+
Yot
. S dx+ (_\_ng“el lﬂ!——-‘i+c)
T)—5x
12.52"_‘;"_4%. a
Answer ' — : arCtg’i{':—-l—_'_C)



- (answer: L lnlg’;:’|+c)
14. S 8-—;:—-,\'"’ . (.—mswer: —%]n‘i:i'-!-c.)
5 ot o~ = 1 )
18 i e a erele s +C)
A7, SZxQ—‘:; R (—\nswen —'—arctg— C.
; Ty e =+ )
d
18. Sm (Answcr': T HIJI—I— C)
19, Sdex-}-‘s— (—\.ns“el %arctg +C)
20. ST?T:!;T;? (.-\nswer': % In ;z;: I ~+ C)
21. S dx
2" — 6x + |
Answ. ‘ 2x—3—+f7
( swer 2_\,/Tl_ln 22—3-*_:/;7_‘—[-6‘)

22, 822\’1{___ (—\nswerw 2 4x—3
x*—32 42 . Warcth_!_C)

'23‘ S—*—-—-qi_.____
HTet il 4
'Am'Wer; — 2x+7_
L -\/3 2)f+7+-\/"|+ )
24, S-.,“_‘.___ (Amw L al2x—2
2 —3x 4 | swer ! ﬂl-z.;____ll_{_c)
25. dx

! +C.)

B 1
5x — |0; . (Answer; L x
X T M0r 25 0 arctg

129

dx
26. S 24 6x+3

rewers 2x+3—13 |

(.&ns“ﬂ. 2\;5_ In l 2:73-*_\/3 + C)

27. S_..._____,_ c;x e (.—\nswcl ]n' x—4 l + C)
x* — 6x

, 1=t
26, [t (shovers — 7 0|55 )
9 4x 43
dx op ¢ —2 arctg +C
2. S NP4 346 (Amw 30 v3s )

30. S___‘i'i.___-.
3 4 5x 41

] in lGx+5~'\/F|+C)

A}Lﬁwer'.'
( Vs lert5+V18
17
l".__'."_i_'__ dx. (An:m'el _—ln|2x +3x——4| +
) 2x2-1-3x._4

3 —
{ In 4x + I+C
+ 4\/:1T‘ 4X+3+‘\/;l_ )

, ) |
2-8—5—"—'i——dx. (A;,s“.e,.;.é_lnwx +x+ 11+
6x 4| +C>
N

3+ x4+ t
_35_ arctg
+ 11

3+/11
3 S 2x—l dx. (.—\ns“'el':—!—]nlsxz—Qx_}-GI”_
)3 —2x+6 _
1 arctg ¥+ C.)
317 Vir
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xd ’
+ Sm (Allswcr : %ln|2x2+x+5| -

—

__arctg 22 £ 4 C)
239 39

5. S—,,xidx, Answer - L
( er 2lnlx +x—2| +

X 4x—2
3 X —
+-= ]nl_*

)
6. S%"—?__dx. (Answer - 2 In15x" —3r 42| —

5x° —3x 42
—_— I arCtg IOX—3 +C)

531 \Br

g (=t ‘ o
Smdx- (—\nswer N %ln.?x"’—ﬁx—Sl +

+ 1 In}%'-{-c

8. {1
e CE E T

+——l +C
4\/- 4x—-7+'\/; )

9. (__5x—2
iy o (anver: 2 in 126 — 5 421 +

,1vo_.S 4x_| '7lnl§2.";]+c)

mdx (—\m‘er ~lni4x —4x 45| +

! 2x — |
+ - arctg

+¢.)
11.5&_41
e ax. (-\ns“el T2 x4y 4

+ 2 _arctgAx+!
a7 e +c)
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17. S _2x—1 4y (

12 S__-“_ir__'____dx, (ma Lin|sx?—2x—3| +
T Yot —2—3 6
3x—1—

3x—-l+'\/ﬁ)_

2

L _ " In

—r3'\/l_0_

13 ES gy, (ansver Linl4x®+6x—13] +
: S 43 4 6x— 13 2

)

5 In 4x+3—\/érl+c)
+ 6 4x+3+\@r
14, ( 2t _dx (Answer': —-5-111 [P —dx+ 1+
S P —dx+t1
x—2— -\/—
°|+¢)
2f RPEEEeYE
15 S___.___._xdx (we,-.- -‘:—lnl2x2+2x+5l—
Yot ox+5 \ | .y
o = Larctg 2=+ C)
) ) i
16 S._x:__dx (mer _-ma.x’ 5x+ 4]
R ! jg 2=
"—6_ lt—-ll+c)

spaver: 0128 87—

242+ 8x—6 x+2_-\/'_'+c

x+2+-\/‘

5
—-6!—'4\/-7'
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18 —2=x
S ax + 16x — 12 dx. (ﬁmswer': —_ -;—ln|4x2+16x_
—12/4+ ——In "+2—x/7|+c.
A

19. ( 2!
S 57— 5 4% (Amsver s £ 1n38 —6x — 9| +

2 lnlx_al—l-C)
20, \ —2*—1 .
[ 32l . (rumer —%,lnlzx?—-x—3|+
I 2x—3
T 600 % +2|+C)
B T N S
S Py orueanalod (Ans“'el‘-' %lnl3x2+x—l|~—
% 10 sx+a-v’T§|
6V13  lex+1++/13
22.S_ﬁi_d - 3
P — x.(Amwer'.' —i)~ll'l|x2——4x—-2|+
+ L _n|2=2= \f
2'\/€ x-—2+-\/5 )
23. ‘x_;
S 27 1 x dx. (ims“er: ~ln|2x2+x,_4|+
21
+ In ax+1—+/33
/33 4x 4 1+4/33 +C')
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24, S 243 4y (Answér ;4 Inl3e + 20— 71+

34 2x—7
1 j|3tioye
vz |ax+1+22

|+c

25. S *—3 _dx (.«\mwer: dinldl+2x—31—

-—--\ﬂ;l 4x+l—'\/_'+c
i PR T
.26. S x+2 dx. (Answer': —l-ln13x2—x+5|+
3 —x+5
._—--arctg +C
3\/'_ )
27, S_&_-_._dx Answer ! _lnlx’+5x—1|_
2451
_ Y m |2‘+5 ‘/_l+c)
2 +5+V2
. l
x=T - Ll 43— 1=
28.S y - dx..(Ans“el ) ) o
— | ®+8 I"'C)

29. S__2x_+_‘_._. dx. (;—\ns“’el'-‘ ~
5x2 4 2x+ 10
3 ctgfﬁ‘_’*_.‘_'— + C.)

Tt e

30. S.___x_-....—-dx (—\ns“el

52 —x+7 10% — 1

39 b

— arctg
T Ve
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Topic 13. Integration of some irrational
functions. Integration of some trigonometric
functions.

13.1. Integration of some irrational Sunctions. 13.2. Integration of
some trigonometric functions.

13.1. Integration of some irrational Sfunctions.

The evaluation of the integrals of irrational function implements by

reducing to the integral of the rational function using the substitution

method.

13.1.1.  Integration of the irrational functions of
LN 7Y s

kind jR (x,x® x99 s x T )dx

H

Here R(...) is the rational function of the variable x and irrational
bPi

o . g 5.
functions: X o= § x P .

The available substitution is : x = ¢ and dx = k- t “'dt , where k

is the least common denominator of the fractions: #1. P32 £,
. 9, 4, q,
x=t"
AR 7Y Pr
q q> .
jR(Ax,x Lax L x Ydx=| dax = Kk t Mgy =

o ip p,
. o,
JR(’ N N A

- integral of rational

functi kp; i
nction, because all 2L g6 integer.
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. i ind
13.1.2. Integration of the irrational functions of kin

P> b o:.'
) Bax + by (_.—-——ax th) ) dx
ax + ;ib_) 'R} :(‘g-.—:—-::_—(?)qz PIC ,\ax 4_ d ’, )

IR(x.(

ey +
<

ax+b _ , where k is the

. . . —
There is the available substitution: cx+d
P P

fractions: =" see e
’ ql qq qn

ntial pinomial:

lowest common denominator of th

13-1~3.Integration of the differe
Ixriz(a +bxn)pdx .
Here a,b nonzero constants and m,n,p

Substitutions are true:

1\

_rational .numbers. Next

klge
. —¢ anddx=ktdt
p- integer X= is the lowest common

where K f the fractions m and n.

S | denominBOEETET00)

a+bx . - of
p= T _fraction | where s is the denominator o1 p.
) s
| and =5
(m+1)/n - integer W
B p ; (mtl)n -jatbX enominator of p |

i d
fraction and where s is the

|
(m+1))n +p - ; ‘
~~__integer ‘,J———""/——‘——————

irraﬁonal functions  of
B.14.  Integration of

the
killd: IR(x,m)‘ﬂ'

. L. x+—
¢ by substiftution 2a

]s which can be re@ucgd to
" the next substitutions:

=t, then
The radicand complete in squa.r s
three integr

Iy . i
duce the integral to one of nction applying

Megra] of the trigonometric f
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il

t = a- sin(z) , dt = a-cos(z) dz

LRt —1?)de=

= I R (asinz,acosz)acoszdz ;

a-cosz ! - .
2. JR (N - a )clt—l t= ; dt= ————dz |

: 2
sm(z) sin” z
a-cosz
dz ;

=IR(—a cotz)-

sm Z

. _[R,(t,w/t2 +a’)dt = It = a tan(z) , dt =

a‘ Z
= [R,(a-tanz, Cos,) ——dz
- |x

(W8]

dz | =
Ccos™ z

2

4.

z
dx 1 dt ‘

j = dx=-—
xWax® +bx+c t t”

13.2. Integration of some trigonometric functions.

The evaluation of the integrals of trigonometric function implements

by reducing to the integral of the rational function using the
substltutlon method.

13.2.1. Integration of the trigonometric functions of kind:
J.R(sm,\ COs x)dx

Here R(...) is the rational function.

X
There is suitable universal substitution: tan( 5) =t =>
Xx=2atan(t) => (x= 2dt
BENLE
Well known from trigonometry formulas must be used:

1- t'
cos(x) = ———

1+¢2 ) d:
13.2.2. Integration of the trigonometric functions of kind:
J'R(smx) Cosx-dx and JR(cosx) -sinx-dx.

Here R(...) is the rational function.

140

sin(x) =

1+2%°

ded:
Next substitution is recopunen

Coe =
- [R(sinx)-d(sinx) =| sinx
for J'R(smx)-cos.x-dx _[ (

[R (1)-dt.

.d(cosx)= |cosx=t -
for JR(COS x)-sinx-dx =- jR(cos x)-d(c
IR(z) dr . }
13.2.3. Integration of the r)gc o
,[ R(~-sin x,~cos x)dx = R(sin

can b
) dition 1t
If the integrand satisfies that ¢of

. dt
i ic functions: . v=atanx:dX= .
trigonometric dx=|t anx=t 5 x=atanGdx= o7

= R0

t
Integral is reduced by subs
functlon

ometric functions of Kkind:
on

¢ expressed from the

. method tO integral of rational
jtution

EXERCISE XTI
Evaluate the integrals:
[—%— l +
S-\/I‘:dx ‘snswer ! h’ll '_.x’—}-‘

1 __;x + C)
. ~‘+C)

_\/—'f/_,arccos
S'\/ﬂdx _\_n\“el )
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4. S Vi TXQ‘,dx. (Amwer':C — l h—M )
5. S 4 — x%dx. (—\nsm.l 2arcsm

i e 75

2

3+\/x’+
x + 4+x
X— 442

zS Vel +
X

dx (-\.ns“el In

—_—

3.5\5:37

"“I x/xT,

' —qﬂf::7+—c)

—

Vi

—————

x
———dx. (-\mwel C — V(# — X%y )
x* )

9. ST_Q)_T (.-\nswer: — + C.)

IO'S\dx (-\n“el C,‘*_Il_ V(4+x2)1)

t. SE (—\mmel C— % V(4 - xz)s )

12, S
Answer - NS
l T ——
( +x2)5 ( Vi 4 2 3 -\/(l_f_xz):l
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+ C.)

i3, S V"i‘ 9 dy. (e ¥ —9 —3arccos = + c.)

4
M. S dx . R (.—\ns“‘(‘l'.' C - r—;—-—)
Vit — 17 Ve

15. S.r3 9 — x’dx. (.—\nswer: ?E N —'x2)5 _

— 3O —x»)° + C.)
X \/x’—:l_>

IG.S:.-_(XE‘___B;(».,,S“»I C—-\/;,f_T‘ x
£ (e EL )

l>7. S dx ( Answer !

x2x? — |

Z94x
~/ . 1 -
18, S_'%_ dx. (Amwer'-' "‘flr_l 2 —9—x

_F=8 4 c)

e s £7
i 4 \
/et + 9
. x*\x* + : ( | L aresinx—,
2‘ X,') I—/\ dr' Anc“e 8 9
LA/l x2(1“2x)+c)
-7
: (!.—x2 —
3 . 2 . el 5
235 { —x°dx <1m““ L/ x2)3+C.)
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(4 — x** dx .
24. S-—*_ (;—\nswer‘.‘ arcsm%— +

x‘
. VA —x? V(4 — £
T — = A % - -+ C.)

l
3
dx

: . {Answer = C.
V(4 + 2%y ( 44422 + )
Y R T R CEr
X

27

S

|

S = A )

28. S S (answer - -g_arcsin% — 2 x\9—2 + C.)
|
|

. dx. (Answer C— L

=)
| ey
V16 —x2

- dx. (.-\nswer ¢ C—arcsin —I— -

_\/5 x+1
A2 )

2 Netx+nl

l- Shd\x.__ <.-\IIS“'H"' C_ I ] 1.
et VI 2 LT T -
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Canr™™) )

dx . (.-\n.swel'.‘ ‘\/ 1
(x4 D)Vr—1

. (Answer : C "'\/E"‘__—:T-)

c—ml-'—igl')

——ee—emere.

(x— 1Vxt— 1

b

N

. C — arcsin
) (_—\nswcl‘- c—ar —\/S—x

Cooxt2 )
Y - aresin—r=—"-
¢ —arcsin g

Pk

=1 +C)

I+ V1 + 2
X

)

. (Answer . C —arcsin 7—-)

LA
c-lnl—x— +-,;+

+E_Lj)
1+\/?:_"_:’.__;.',)

. (,—\ns“'el’ cC— lni X

9—x

ey

R ETEN )

X
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l]- .——:-—'-:gx———-—-. .;\n- er : [T -l- —'_
Sxm ( Swer C In‘ " + 5 +
ARErEra)

X

lz.g—_—éx_—" (AIISWer: C——l-a o 4—x
Ve +x—2 Ny resin — )
Ve Fx+1
+*“r-+)

13.5 __ dx .(Am“,er,_, el
() Ve —x o N FE o

- + + #— x| i)
14 S . dx Butn I
e (e o mlx+. -

~ ml

pa—

2 T

l
xF1

18, S : | dx ) -m '
ey (e C~in

SR E TSN
2 Cxt+ )

16. S -
((H)m (xm“e, C’-arcsin;*’?_')

V5 (x4 1)

”S (-\m“e' aresin -+
{r+i)m ‘\/‘ +C.)

5(x41)
18. dx i . l |
S(.\'«I)Vx'———_’-i-x-{-] . (Amwex C'——-T x—[-l +
+ + Vel x4 | I )
-1
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i
dx (Answer: C—1n |_.—__-—[- +
e S (= DVt —x 4| ( x
. —
T )
20. dx (—\Jm\el C—In '_______ + .
S(I—l) x2+x_
x—1
r3+ B
21. S d‘: — (.—\mwer C — arcsin ———— W/_(x—’l) )
(x— 1) Vri—x—
22, S_.——-‘—if—-———- (_.\nswel‘.' C—-ln 7_-’_—_—-]- —
e w/l-{»—x-—x""
x-—-l
1
23 S ax . { Orser: C—ln'm-f-
x4+ N VIi—x—# 2
j—x—X"
' +%+“xL.-)
dx Answer ! C — arcsin ..3’1:1—)
# § N el ( V6 x—1)
(x—1 —_—
25. ______df_———- (Answer': C—'ln!"-""""i"
Sx S -\/l—x—x’

)

I Lol
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26.S dx (e o el
Ve tx—3 ( swer: € ﬁarcsm ™o )

27.S dx e ¢
(x+l)x/ﬁ7_?(- wer: € —

I .
—~ — aresin * 5 )

_\/5 x41)°
28, S‘iﬁ (.-\nswer: C-Lln L _3
x'\/x’—3x+2 '\/5 B + +
+ V& —3x 42 ,
2x )
29. dx e -
S I e . (.—\mnel. C—
i 1 '\/2-—,\:-—}?
\f |~—- trt =)
30. g-—& L3
|_3x_2x (-\J\S\'\(‘l ln?‘*?_i_

Ry
X

)

-Lgﬂfﬂ-wwx(%mwm%p+%ﬂnﬂb~@+C)
"2 {sin® (1 — x)dy,

({lm\el cos (l _ x) 1

5 ¢os’ (1 —x) +C)
3 S(]“QSm + ) d.

Answer: 3x 4 2 x
( + Ocos5 5 sin 2 +C)
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: +-;-sin 2x+C.)

4. S cos® 5x sin bxdx. (;{mmr ——-23 cos® 5x+ C. )

5. { cos® (1 —x)dx.
(.-\mwer —sm(l — r)+— sin® (1 —x)+ C)
6. g(s—sm 2x)’dx.

1
(Ans“'er ) «\ +4 3 cos 2x -5 sin 4x -+ C)
r - -0 C
7. S sin” .Sidx (—\mwel ; x——--gsm 3x+ )
)dx. (-\nswel —-x+651nx+—-sm2x+C)

8. S(cosx+3 |
sin(x+3)—5 sin®(x +

9. S cos’(x + 3)dx. (.-\.nswcr:
+3)+C.) 5 o5 b+ 5 ot 4

H ag s e = COS ———
10. Ss,nii_‘;_x_ dx. (_.\_ns\\el. T C0S— 5

+ c.) 3 .»
11. S (I — cos x)’ dx. (.—\nswel".' X 2sinx +

g --—sm(4x-—-2)+c
12. S sin? (2x — 1)dx. (w‘m 5 )

3
.-_é_ cos 6x +T8' cos® 6x + C.)

. _Llginx+C.
14, S sin? 0,5xdx. (,\nswel : .é-x 5 : )
Ly —Lsin(x+

15. Ssinz(.’zi + l)dx. (-\"S“’”-' ol
+2)+C)

T
16. S cos? 2xdx. (AnS“el Ly

13. S sin® 6xdx. (Answer':

x+ sin4xt c.)
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17. S(] + 2 cos -%)zdx. (Amwer-; 3x + 8 sin .‘;_ +
+2 sin x 4- C.)

18. S cos? 3xdx. (.—‘;n.m‘er.' % X+ 1L2 sin 6x + C.)

19. S sin® 2xdx. (.—\nswel": X — .:3. sin 4x +

o) co

+ é sin 8x - C.)
' 20, S sin? 3xdx. (.—\:m\'er.' _; X — ll—2 sin 6x + C.)
21. S{l — cos 3x)%dx. (.-\nswer.‘ L3 X — —2- sin 3x +

2
.
+ 5 sin 6x + c.)

22, S cos? 2‘3*- dx. (.—\ns“'él‘ : _;. x +% sin%- + C.)
.23 S sin® Sxdx. (A'mwer-: -—% cos 5x +—|l‘s‘ cos® 5x +
+ c.)
24. { sin® xdx. : )
SN I ,
(@sner. 5 T sin.2x + 312- sin 4x + C.) +
.26, § cos* xdx,
- 3 . .
(Answer. T4+ -;— sin 2x+4- 5[5 sin 4x +.C')
26, { cos® 4xdx. : )
N 3
(Ans“er. ~ Sin 4x ‘_le" sin® 4x - C.) +

27. S cos? 7xdx. (.—\nswer‘: -%- x -+ —218—

gmu+c)
28, S (sin x — 5)2gx, .

. 5i .
(Answer. - X --;- sin 2x + 10 cos x 4 C.)

29. S sin® 4xdx.
|
(.»\nswer: — .:_ cos 4x +-l-§— cos® 4x + C.)

e - x—4sin 3 + C.)
30. S sin’-%’i-dx. (,—\nswer. —2-x 3 3 _

4
1. { tg? xdx. (Answer: tgx—% +C)
2, { ctg® (x — 6)dx.
\ S L ctg? ey4nmna—mr+a)

(.-\nswer‘.' -5 ctg (x—

3. | tg* 3xdx.

! C.

(Amwer —é— tg’3x ——= tg 3x+x+ )

- C.
4. §tg® Txdx. (.—\nm\'er.' —.],- tg7x—x+ )

5. { tg® xdx.
sl 4 1 thx_.in |C05x|+c')
(A-\nswer: vy tg’ x -3

‘ [ 2_Ly24C) -
6. | x tg® x%dx. (Am'wel“-‘ 18573 )

7. { ctg® xdx.
2 i C.
(.-\nswer_- __._é_ Ctg" X — In |sin X' + ) |
(s x —x+C.

8. S tg2-’-2‘- dx. (.—\ns“‘el'.' 2tg % i )

9. \tg®5de
(Answer: tg").;_ +2 ]nICOS —;"I + C)

ops {g4x~x+0.)

10. { tg? 4xdx. (Ansver’ 7 |

11. { ctg® xdx.

(N

(ﬁ:nswer'.‘ —5 ctg" x—



12, 5 ctg? Sxdx. (Answer‘.’ -—--;T ctgdx —x+4C )
13. S tg? -;i dx.

3 . '
(.—\nswer.' 7 th% +3 lnlcos %’ + C.)
14. § (1 — tg 2x)2dx. '
-— v '
( Answer I [cos 2¢| + L tg 2x 4 c.)
15. { tg® 2xax.
orve o) I )
(.-\n.sne : ?tg‘ 2x—T tg? 2x—-%;ln lcos 2x| +C-)
16. | (2x + tg? 7x)dx. o
(;—inswer: x? +—;~ tg 7x — x + C.)
7. \tgt 2=
7 Stg > dr.

’ raye " l | '
(A_m‘“el' s tg =5 '__‘~2_tg.2Tx +x+ C.)
18. { (tg 2x + ctg 2x)dx. .

WA | .
(.—\!IS\\(‘!‘ - tg 2x --% ctg 2x 4 C_)
18, ¢ — ctg x)%dx.

Answer; 9 | [sin x| —
a | ctg x4
20. | ctg® 3xdy, grre)

SWer[ - ! : i .
(.-\n.\. re ——ctg®3x —% In sin 3x| 4 C.)
21. { ctg* xdy.
swer'!  — l
(An\ r: -gctg3x+ctgx+x+'c.)
122, |\ tg? X
2 S tg 5 dx. (.’-\nswel—-: 6 tg% — x4 C.)
23. | tg* (x — 6)dr.
Answep: ) '
(.—\nmel. —S.tg“(x-—ﬁ)—tg(x-—ﬁ)-}-x—}—c.) |

18"

24. | tg® 4xdx.
(-Mlswcr: % tg? 4x 4+ -i- In |cos 4x| 4 C.)
25. S tg* < dx.
(Ams“'ert —;— tg® T" —4ig % + x4+ C.)
26. { ig* (x + 5)dx.
(Tnswer: gt — g5+t c)
27. | tg® (x — 3)dx.
(shswers 5 tg? (¢ = 3) + In Jeos (x =3 + c.)
28. | tg? (5x + 1)dx.
(Answer'.' .;. tg (5x + D) —x+ c.)

4 7 __ '
29. Stg2 _74’1 dx. (Amwer: g —F +‘C ) ‘
30. | tg® dxdx.
C.
(.~\uswer.’ _41_6. tg" 4x —-..é- tg2 4x + bx + )

5

1. S sin 3x cos xdx.
s2x+C.) e
. o Lsin®2x+C.
2. § sin® 2x cos 2xdx. (-Answer-_ T sin® 2x + )
e e | o8 X C
3. | sin? 3x cos 3xdx.,(.-\ns“'el. 5 sin® 3¢+ )
| . 1 cos*bx+ C,)
4, { cos® 5x sin 5xdx. (Answer. 55

|
I —— CO
(Answer ;o5 €05 4x—7¢

. L x
5. S sin 5 €0s dx.

£t 4+C
. % _gcos +C)
Answer’ —-Q-COST 2055
3
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6. | cos x sin 9xdx. o
(.-\mwcr.‘ —-2—10 cos 10x _Tlé" cos 8x + C.)
7. § sin* 2x cos 2xdx.

(.-\tnswer.’ —I% sin® 2x -+ C.)

i X 3x
8. S Sin 5 cos < dx.

(.—\ns“‘er: ——_;- cos 2x +_% cosx+ C )

9. § cos® x sin xdx. (_{mwcr : —% cos® x + C ) :
. 10. § cos 2« cos 3xdy.

(Answer: '|IT sin 5x +% sin x 4+ C.)
- 1. § sin 5x sin 7xdx,

(A‘nswer: ."*_ sin 2x —2L4 sin 12x 4 C.)

12, S sin 4x cos 2xdx. )
swers | 1

(.-\nwel : 7 cos 6x — 7 COs 2x C.)

cos® 4x sin dxdx, (Axlswcr.' -—Tg- cos* 4x + C-)

c0s ™% 2x sin 2xdy. (.-—\nswer -

13, §
A 14. § - cos™? 2x+C.)
15. S COSs x sin Yxdx. )

(Answer.‘ .—Tlo cos le--% cos 8x 4 C.) v
-.16. xsin 4x cos 2xdy.

(.—\mv;er.‘ 4——% cos 6x ﬁ% cos 2x 4~ C.)

17. § sin 3x cos 2xdx,

ers 1 |
Answer; — _1_ — 1 )
( er 75 €08 5x — . cos x 4 C,)

14

er: sin? 7x F C.
18. | sin® 7x cos 7xdx. (.-\ns“ex o5 S )

3

19. S sinx_ gx. (Ahswer': -'Q-cos’?x-}- C.)‘

cos 2 L_+C)
20. | S (memert g

21. { cos 2x cos bxdx.
i !_sin7x+4C.
( Answer’ % sin 3x +-- Sin )
. { sin® 2x cos xdx.
. ’ 4 . 5 x+ C'
(—\;nswer : 2 sindx — & sin )

l_4+cC
23, | =X dx. (A]ns“'ﬂ": T Beinx

24, { sin 2x sin 3xdx. ) |
i |_sin 5x+ C. |
(:\mwer: > T - . . cos' x +C)
25. {sinx cos® xdx. (.—\ns“‘el'- 3 g
26. | sin 5x cos xdx.

—1 cos 4x+C.
(A;lswer.‘TlfCOS&x 5 ' , ) e

i dx. |
7. { sin x cos 4x.
! ' 5x 4~ c0S 3x+_C-)
(.—\nswer: ——m- coS oX T 3
28. { cos 3x cos xdx. C)
L sin 4x + C.
(-\nswer : -%— sin 2x -+ Sin

. (Answer: — TlcT cos® 2x + C.)
29. { cos* 2x sin 2xdx. (An.

30. { cos 7x cos 5xd¥.

I i 0yt sifl 12X+C')
(Answer‘.‘ T sin ‘2x Y
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].S dx
4 4 8x — x?

2 S dx
- _\—

Vaxl—dx 41

(.—\nswer N

dx

6

. (.-\nswer: arcsin F + C.)

20

] 2 2
73_-]1’],.(-—-?%— X" —

4

§x+%,+6‘.)

2 5

3. S“——“ (-\nswu- . indx4 3
I S —— arcesin .
V2 — 3x — 942 -\/- +C>

4 S dx
- “\_,4
V¥ + 62 + 8

dx
T
V2 + 8x — 2,7
dx

5.

6.
7

™) o™ ey

8. dx

Ly

9 S dx :
) - - M\.
Vox? — 10y + 4

—_———

. (.—\nswcr :

5

—\}—Earcsin ";2 + C.)

=== (Angwer : 1 _ arcsin 2x — | -+ C)
V3 — 9x? ( '

7

T, A;ls\\‘er ; —J— arcsin _Lx + ! C )
V2 — 2 — 3,2 ( ' +C
2x — 3x \/5 -\/;

o i 2 — 1
Tr——=——=" { Answer: arcsin C.)
VI x— g2 ( -\/— +

5

(.%n%“'el“: -J\/? |n|x~ 1~+‘\ /x2__2x +%I + C.) :

dx
2x 4+ 3 — 42

2

10. S\/%_ (;—lﬁswer: arcsin x| - C-)

. ]LS dx
—‘.\‘%.
Var —gr 13

(.—\n;wer: %ln‘xﬁ l +~\/x2—2x +%‘ + C.)

] - . ox—1 +C)
12. S dx =. (Ax\s“'er. aresin -\/_2.
'\/l+2x—x
13. S / 2"*‘ -
Vax? —x+
(.—\nswcr _%. In x——_é- +‘\/;;—-:-1j;'_|"-—l| + C)
(__dr (Answel —L_arcsin : +~C,)
14. S 0
d .
15. gﬁ
] C
(-\ns“el. lg ln‘x —'}-'-Ti— +~-\/‘x2+—]§x+ l“l" ) i i
dx i (_.\nswer.' ___\'/-_-arcsin__-s——— + )
16. Sfm - '
17. S_,_.éf_——-.
~ox® —8x+ 1 l )
(-\nswen —l-lnAlx‘——,‘Z-i- X2‘4x+"§'1+

18. 87\/'_—‘1%5 )
c.y
(Oreer: Inlx——‘z—‘-i-ml‘*' )

. 4x—3 )
L_ aresin = C)
- ,

1yt 3l+c
(.-—\nswel‘.’ -_;l/_; ln]x—-—;— +‘\/;—’;—x’—'2-| )]

. 4x C
. _)_arcsin + )
Answer' —7= V17
21- S.-\-/-Q—__—_.._—d;'—"i:—;—"x—?" '(- . ﬁ .

22. S————E"“"
Ve er—1
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(Oraer ln,x-f— + Vi 4 3x ] I+C)

23. dx
XT\/;\:? (—\nwer. *Iarcs,’n 6x 4 7
o4 Sh\d”\ V3 W/IT-; + C.')
bty
e setsle)
T (e wn et o)y
_\/— ¥

26. S
m (—\nme: arcsin X+ 1 x+1
= tC)

27 (& (-
.\/4 — 3x > Answer- a 2
] — . ares i + 3
x in —— + C.)

28, S dx
i
4 5x 4

,(-\ns“el lnlx+-. +m’+0)

29. S-d\‘
I (e arcsin 241 +C
30. 5 dx o )

Htaxyy

(-ms“el ]n]
x+2+\/x\\
+4x+4 1|
+C)

]S 2x~|3 7
‘ﬁ%
3xT — 3, dx. (-\nsw-- 2
X — 16 r ?'\/3x2—3x——16_

-4‘\/§ln'x~_2£. +m,+ C)

4. S_———-—2x + 1 dx. (-\na“ﬂ —
3 2

x—3
2. S—————-———-dx. (.-\nswel’ N -;—'\/ W —4x—1—

V2 —4x—1

—~/21In x-—l-{--\/x?—?x—-;-’—i—c.)

3. S -—3:‘:{7'5 dx. (.-\nswer : -:lj-'\/ 3P —x4+5—

- ;;mlx—%-h/xf-:?_%lw-)

l+x—3x +

| +x—3x

5. S %45 e ( spewer -é— 4x2 4 8x +—§ -+

4x° + 8249

+.g.ln‘x+l+‘\/x2+2x+-§-l+c-)
26—10__ 4x. (Ahswer-' —2m_

Sl s
+0)

—9 arcsm
x@

7 (_2=8 gy (answer: 2 1—x+x"—
S ]—r+v X. swer ',

gw/_i’ii‘l——d (Orser 3/« +6x+ 13—
¥ + 6x + 13
5ln|v+3+'\/x 71 6x+ 13| +C)
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9. __i{:“‘l‘——d.\'. .\]- -.:_:3_ 22__5. 1
Sm (.\s“m ’\/ X ,\,+ +

M/_In‘x—-—-i_-vx 5 x+%i+C.)
10. Sﬁi—;-dx. (Amwer.‘ 5vx*43x —4—

Vx© 4 3x — 4

— In x—{——g- +'\/x2—i-3x—-4l+C.)
i1. S—%dx (.—\nwer: -%—‘\/ 2x% — x 47—

V2xt—x 47
——ll— .__l_ ?__ X 7
4'\/" ln‘x 4 + \/x ?—7I+C.)
IZ.S 2x — | dy &2\/2\
m -(.s“el. x*—3x 444
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13. 4X+1
S 2+x—x’ dx. (&ns“el ~—4m+
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15.5 342

T\/_T—;?d* (-\ns“u, —3\/44-7—74_

+5aresinf=l 4 .
w9

14N

. .20, S :

IG.S_*;i:i___d (hmut-;v3x — x4+ 1—

V3x? — 2x 4 1

— T
20 ln}t——-—-i——vx ———,»-{—

33
17. S x4+ dx. (.-\nswer —--\,‘3-—6x—a
V3 —6x—x* |
4 2 aresin x+3 +C.)
NT)
18. S__Q_x_'.i'_i-—-—dx_ (.-\nswer.‘ -g— 30+ x—54
3x24x—5

+——\/_—é—ln|x+ +m,+a)
dx&wﬂ7%:zﬁj+
mmk—_+V7:§?ﬂ+c)
—i:Léﬂ(&mﬂfﬁI;;E_

19. Tr—2
‘ S'\/x’—f:x-f-l

Vax?+'x—5

_ S|4+ +li—24+C

?2 In |x ; B e A )
f 2

4 dx (,-\nm‘er.' —3y2+ 3x—x +

21, | ——
—x
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122, S x5 dx. (;\115\\'01‘ D=3 —2x —x*—
V3 —2¢—y? }
— 7 arcsin + L4 C.‘)

23 (243 4 s Vext—x +
S ’__2x-—x-7- (Mncl +

2;5'“”‘“% /¥ = +3+c)

24.S x—9 dx. (Answer: —V4+2x—x? —
Vit 2~y ( ) +

/

+

—8arcsin X L e )
'\15
25. S 27 dx. (.—\nswer.‘ 2/x® 4 5x—4 +
Ve + 50— ¢

“+2in

x+.2.+ x2+5x—4|+C.>

26. S 3 —4

d er ; _"_3_ 2 __
m X, (-\ns“el 2}/24\? 6x + 1 4-

+-———lnlx-——+-\/x -3+ - |+C

27. g 2x+5

de (-\ns“el -\/3x2 +9x —4 -+
X —
+-21n

5 x+%+_\/x2+3x—-g—'+c.)

28. S Jii"ﬁ__ dx. (.'-\nswer N 2\/ 2.16‘;'7 —_ 5
A Vot — x4 5 o TR

+2\/"1n|x_jT - /x 2_%+_g-]+.c.)
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29. S

30. S

-7 dx (-\nswer.' 3V =5+ 14
'\/.1'2 —_— 5t+ l

+_2|.. ln|x~—-.g— +-\/x2——5.n:+ 1 |+ C.)

2
Tx—=1 ___ dx. (A'mver: —7m
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Topic 14. Definite integrals.

: 2
14.1. Definite integrals. Area under a curve. Riemann sum. 1 4.7
Properties of definite integrals. 14.3. Fundamental theorem o

integral calculus. 14.4. Substitution method and Integration by
parts in definite integrals.

14.1. Area under a curve. Riemann sum. Definite integrals.

14.1.1. Area under a curve,

Definition: Suppose that y=f(x) is continuous and nonnegative
throughout [a, b]. The area of )

the region enclosed:

1) by the graph of f(x),

2) the x-axis and

3) the vertical lines x=a and x=b
is called the area under curve
y={(x) from a to b.

1? i) -

14.1.2.. Riemann sum.-
Partition T of the int
of numbers
X< x1<x3 <

erval [a, b] on n subintervals is called the set

e S X< ox; <

+ < Xy, where x¢=a and x, =b-
There ‘is chosen some arbitr

ary point ¢; at each subinterval
Cie [x,._1 , xi]_ The length of subinterva] AX; =X; —X;..

Definition: A sum of products of the values of the function at the

chosen points f (¢i) on the length of subintervals Ax; is called 2
Riemann sum of the function y=f(x) which is constructed on

partition T of the interval [a, b]: Z Sfle) Ax, .
i=}

Ty e m =~ , 7\ y=£x)
nch 71‘ ; \

, — Xn=b X
; L AT G x

14.1.3. Definite integrals.

; d the definite
Ax;—> 0 is call.e by
e interval [a, b] as max A% . is denoted by
Pal'tlthl; Tf%fetl}zrgz;iif(x) at the interval [2, b]
Integral o

b S fe) A
jf(x)d,t = mhﬂaoé |
a If f(x)>0 at [a,b] then

nite integral urve, enclosed by the

under ¢

bff(x)dx =5

Geometrical meani.ng of dleit'lh e
a definite integral is equa

a,b] :

graph of the function y=f(x) over [ inuous at [a,b]
P . on y=1(x) is confinu first

he function ¥’ points of the fit
b

Theorem: (existence) If tmber of discontinuous
e. jf (x)dx

or there are exist finite nu

- [a,b] > i.
o ple over [a
kind. then the function 15 integra

iy ite integrals.
14.2, properties of definite inte§

4 functions aré integrable.
re

ide
Further suppose that all consl

h .
1 J‘C.dx=C‘\(b"a)’
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b a
D[Sy == [
a b

3) aff(x)dx=0 :

4) If f(x) (x) at [a,b], then J'f(.x)dx < J.O(\)d\

5) Lower and upper estimation of the definite integral:
If m <f(x) <M at [a,b], then

m-(b-a) < J’ fdx< M-(b-a);

6) MMM If the functlon y = f(x) is continuous at

[a b].  There s exist the point ¢ at [a,b],that

Jf(x)dx =c-(b-a),

7) Module estlmatlon of the definite integral:

| ff(r)dr |< f.f(x)'d\

8) Llneal property

j(A S+ B g(x)de = 4. ff(x)dHB jg(z)dx
9) Additive property For a1b1trary point ¢ ;

jf(x)dx Jf(x)dx+ jf(v)dr

14.3. Fundamentqy theorem of i tntegral calculus.
14.3.1. An mtegral with variable upper limit.

Let a function j is inte
' grable at
Y =F(x) is introduced as (3] and a <x <b. New function

166

F (x)=‘j f(t)dr for x €[a,b].

ontinuous at [a,b], then the

Theorem: If a function y = f(x) is ¢

function F(x)= [ “(1)dt s antiderivative for function

y = f(x) at every point of [a,b],ie. F'(x)= fx).
14.3.2. Fundamental theorem. o
If y = f(x) is continuous at every poin

amldcn nvatwe of f on [a,b], then

Jf(v)dt - F(x)ls=

f[ab] andy = F(x) is any
F(b)-F(a).

i rts in definite
14.4, Substitution method and Integration by pa
integrals.
1.
efinite integral.
lfl‘ df(x) is continuous at [a,b), and a

14.4.1. Substitution method
and continuously differentiable at
c

Theorem: Suppose that ¥ =
function x = @(#) is monotoni

= b, then
[a,,B], where @(a)=4a and $(P)=
Jf(\)m - jf(¢(r» AONCE
1
14.4.2, Integratnon by parts i deﬁnxte mteg_rs(i) are continuously *

= u(X

Th Let two functionsy uallty is true:
dlfg;l;lt?able at [a,b], then the following eq

j p(x) - du(x)

bju(x)-dv(x) = u(x) v(»)l

a
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Topic 15. Improper integrals.

15.1. Improper integrals with indefinite limits. Convergence and

divergence of improper integral. 15.2. Improper integrals of

discontinuous function. 15.3. The signs of convergence of
improper integrals.

15.1. Improper integrals with indefinite limits.

b
Definition: j S (x)dx denotes an improper integral if:
1) one or both of the limits of i

2) f(x) becomes infinite
integration.

1tegration is infinite and / or
at one or more points of the interval of

1) Let a function y = f(x) is continuous at [a , +cc). An improper
integral from a ¢ +o0  is called the limit

b tn

v ,
If(ﬂdx = lim Jf(x)dx .

If the limit exists and e
integr;al will be called co
doesn t exist, then the im

qual to finite number, then the improper
nvergent, if the limit is equal to infinite or
proper integral wil] be called divergent.

Fundamental theorem:
If f(x) is continuous at
[a,+c0), then

il

[f(x)ax F(0)[2" =lim F(x) - F(a).

178

\Geometrical meaning: I;f f(x) !

. lhe improper i’ntegl‘al '[f

. the improper
Geometrical meaning: If f(x)xd at [a, +0)

a

0 and graph of the function y = f(x)

o

With boundary : x =a (x>a),¥ =

Harmonic improper integral:

=> convergent
f p>1

@
1 => divergent .
—dx = If p=l
.‘[ x ? P
1

i er
. : t (-0, b ]. An 1Improp
2) Let a function y = f(x) is contt:nuO}lS a c(alle 4 the limit

1S
lntegral from -0 to

b b
[7(ndx=1im [f(0dx.

w hen the improper
~w a ite number, then 1 3
If the [imit exists and equal to ﬁrpf the limit is infinite or doesn
tegral will be called COMVETBETLY o 4 givergent.

f , . 1 will
®Xist, then the improper integrd lculation)

lf\,‘ludamental theorem:'( for ;a]. o
i f(x) is continuous at (-, 9}

- F(b)- lim F)-

bw x—= L

b
[rena = F
' ) at(_oo,b]

(x)dx expresses

i :th boundary :
region W1 incary -
;hfba{e:b(;f ;l l_l.bg u;n%egraph of the function ¥
fx)
Bor convergent integra
Yumper.
or djvergent integral

1 ’;he; area 1S finite

s infinite.
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;") Let a function y = f(x) be continuous at(-o0, +00 ). An improper
integral from -0 to +owis called the sum of two limits :

+Tf(x)a’x = ]’f(x)dx + +:"zf(x)dx _

Here ¢ — some arbitrary number.

in the sum are

c +%0
If both integrals Jf (x)dx and J'f (x)dx
- M c

. . +0
convergent, then the improper integral J S (x¥)dx will be called

convergent, if at least
divergent too.

Fundamental theorem:
If f(x) is continuous at (-, + o0 ), then

-0

one of the integral is divergent, it will be

+oo
-0

= xl_i,nfm F(x)- lim F(x).

X—>—- o

[rma = Feo

?eometrical meaningv: If f(x)>0 at v

;o > =% ) the improper integral
j S (x)dx €xpresses the .area of
-

unbounded region w
=0(~-w<x< +0)
the function y=1f(x).

ith boundary : y
and graph of
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15.2. Improper integrals of discontinuous function.

1) Let the function y = f(x) be \ :
continuous at [a.b) and has .the .
discontinuous point of the secpnd kind |
at a=b, The left-hand improper |
integral from a to b is called the left-
hand limit

be(x)a’x = ,1_1_)r1;1_ ]f(x)a’x :

If the limit exists and equal to finite
number, then the improper mtegrgl f
will be called convergent, if the lnmt
is iqual to infinite or doesnt.exlst,
then the improper integral will be
called divergent.

Fundamental theorem:

b= | N |
[£(xrax = F(x)|% = lim F(x) F(a)

2) Let the functiony = %
f(x) is continuous at (a,b] and
has the discontinuous point of
the second kind at x=a, The
riht-hand improper integral
from a to b is called the right-
hand limit

—

Iy = im, [ 035

; improper
ite number, then the 1MPrope
:mit exists and equal to fini mber, then the Improps
ﬁt;healhﬁfl El;)::lscf:lled convergent, if the lllr:jn(tl il\felrngfizltt,e
eXis%rthen the improper integral will be calle

181



Fundamental theorem:

[
[7)dx = F ()|, =F (b) - lim F(x).

3) Let the function y = fix)
be continuous at [a.b] excluding v
the point x=c¢ from interval [a.b]
where the function has the point
of discontinuity of the second
kind. The improper integral
from a to b is called

e

the sum of two improper integrals.

b c-
[reax = [reoas+ [ree

c- b
If both integrals _[f (x)dx and _[f (X)dx iy the sum are
a c+

b
convergent, then the .improper integral ,[ F(X)dx will be called
a
convergent, if at lea

st one of the integral is divergent, it will be
divergent too.

15.3. The signs of convergence of improper integrals.

15.3.1. First ctomparison test,

Let two functions y = f(x) and y = g(x) are continuous at [a,+o0)and

at the same interva) the condition is hold : 0 <f(x) < g(x) , then the
following statements are true:

182

Trode i rergent
1) If J g(x)dx - is convergent , then I f(x)dx is converg

a
a

too and jf(x)dx < I g(x)dx.

T i T dx is divergent too.
2) If J 1 (x)dx- is divergent , then ;[g(x)

nd comparison test. _ . - ative and
15‘3%2. iegofunctionl; y=f(x) and y=g(x), which ar.e n g |
. lim i(—\—) =4 exists
continuous at [a ,+00), the limit ) o
improper 1ntegr
i t equal to 0 or <. Then the improper Integ
and it i1s no

g (

simultaneously.

EXERCISE XV
1 . '
' i - prove its divergence:
Evaluate the improper integral or p
1
R dx
—
1 xdx ' S T
- 16x*' + | ;
0 dx
oo IGde . S xz e + -
2. S 16x* —1 ) l
I 113 syl y
P 34 bl «
xdx . -
> (S) /16 + 1 0
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28.
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dx
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Topic 16. Applications of definite integrals.

16.1. Areas of regions between curves. 16.2. Length of curves in the
plane. 16.3. Volumes of solids of revolution. 16.4. Areas of surfaces
of revolution.16.5. Physical applications.

16.1. Finding the areas of regions between curves.

16.1.1. The area below OX axis.
As is shown above
If f(x) =0 at [a,b ], then

b
jf (x)dx = S is the area under

curve which is bounded by lines x=a,
x=b, y=0 and graph y=£(x).

If f(x) <0 at [ab ] then the area is
disposed  below Ox axis and

b
If (x)dx <0 . That integral expresses

the area with negative sign. . .
In general, if the function gets different signs at [a,b ], then

b
_[f (x)dx is equal to areas of parts of area under curve with positive

sign if they lie above of Ox axis .
’ and with negative sign if they lie below

of Ox axis

and common area is equal : S=S81- S2+83 .
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16.1.2. The area of the region between the curves.

If fi(x) and fiy(x) are continuous functions with i(x) = fix)
throughout the interval [a,b] , then the area of the region between the

curves y=f|(x) and y=f(x) from a to b is the integral of ( f. - f
fromato b.

b
= [ (69 f)ax.

v={lixj

16.1.3. The area under

If graph of the function
X=X(t)
y=y(t),

curve given in parametric form.
given in parametric form:

where o < ¢ <pB

188

)

Here y(t) =0 is continuous and X=x(t) is monotonic and conhnuoxtl;;)t'
differentiable  function at  [a,/3 l & know
#a)=a and @(f)=0>b , then the area under curve is defined

by formula:

B
s= [y)-x@)-dr.

16.1.4. The area under curve given in polar coordinates.
To define polar coordinates,
let's first fix an origin O (
called the pole) and an init!al
ray from O. Then each pomnt /
M can be located by assigning r
1o it a polar coordinate pair (r, //

@), in which the first number

r, gives the directed angle /> .
from the initial ray to the Lo 0
segment OM. Suppose that 0 iputial 1y

the angle ¢ is positive when pole

measured anticlockwise, and - The values o
negative when measured clockwise. 1he

] M" 'I} !
/

frand ¢ are
Constrained:

Iy 20 YR
{ 0<¢p =27 /“ .

Th correlation between

Cartesian coordinate system an.d —
Polar coordinate system 1S ;
Connected by following P

€quations: |

x=r-cos(@)
{y=r -sin ().
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The plane region G, which is -
constrained by rays
¢=¢, and $=9, (@ <@,)issued
from the pole O and graph of a function

r = r(¢), which is continuous and

nonnegative at [¢1,(02 ] is called a
curvilinear triangle. The area of a
curvilinear triangle is equal:

The area of a region constrained by
two curvilinear triangles with
equations r = (¢ ) and
r=r(@), is equal:

S =

1 ¢Z
E) f(7‘12(¢)~ R ($)) - do
¢l .

16.2. Length of curves in the plane.

16.2.1. Length of curves in the plane in Cartesian coordinates.
Let the plane curve L with ends A and B is given by graph ©
continuously differentiable function y=f(x), where x € [a,b]- Divide
the curve on n-parts by points M;,M,,...,M;,...,M,;. Point M; 185
coordinates (x;y;), where Ax; = x; — Xy and Ay; = y; — Vi The
len.gth of broken line which is inscribed in L with vertexes in chose®
pomts A and B denote by 1, .It is shown at picture:

b= Z" \/AJC,-2 + Ayl.2 )
i=1

190

e L is called the limit as max AX;

' ] e curv .
fhe length o e e f inscribed in L broken lines.

approaches zero of the lengths 0

W "= tim Y T
T . 2 - m _— . i
= . - m A,\A +A_]« .] v : d 2
L maEAIP—w l" mgrwg\ ! ! maxAy—0 Ax,
Thus, the Riemann sum regarding ¥
the function

A y.2 .
\ = 11+ ! is
) \’ Ax ,.2
1 i t the
obtained.  With  respec
definition of the definite integral
the next definition can be
introduced:

[a,b], the length of the
L =

f(x) is smooth on

ition: tion
Definition: If the functi e e er

plane curve y=f(x) from 2 to

I]«/l o) ax

“ i la
16.2.2. Parametric formula for
1) Let the plane curve is given

functions in a parametric form:

h of the curve. :
for leng;y continuously differentiable

y=y@), where @ <

R ey A PHO R

ntinuously differentiable

{x=x(t) 1< ,the length of the plane curve:

curve is given by co

a
ace
2) Let the sp e form:

functions in a param

xzx)(?) | ace curve:

= vhere & <t < B . the length of the sp
Z—'Z(t) ’ V
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b

L= ﬁfx/E'(t)]z b OF + OT -a . vin= 7 [[f@F v,

16.2.3. Length of the curve in polar coordinates.

=7 FA(x).
_ I _|R = f.(’C)l =7 f (.X‘
. . S X)= 7T- R 4 J
Let the plane curve is given by continuously differentiable functions Here S(x) i
in a polar form: _ ‘ ) ¢ the Oy-axis.
] . lving abou A
r=r(¢ ), where ¢ge [a,ﬁ]. Then the length of the plane curve 1S i{)ofltlen\;(; of 5 solid generate d ‘;ly
the number: revolving about the oy.gm_} :hz
( - veen the graph 0
NET , 2 region between :
L= | NI T + [ (9)T -d¢ continuous function x = ¢ () and
‘ ' : the Oy-axis from y=¢C and y=d is
. . d ,
16.3. Volumes of solids of revolution. V(T)= 7 J [¢( y)]' dy .

16.3.1. Volumes of solid.

Let a space solid T is given,
which is projected on the axis
Ox as segment [a, b]. Any plane
perpendicular to axis Ox and

going trough the point x & [a,b] y 1

Here CS(}") >2, =
7R =|R=¢=7-¢ )

me of solid of revolution.
etric form:

3) Parametric formula for VOh'ln of s
Let the constrained curve given in p

foorms a plane figure as

x=x() a<t<f then the volume of solid of
intersection with the solid. The | y=y(®) » where
area of the plane figure is S(x). - ‘ , revolution:
Then the volume of this solid is 'z ' b 1 d(t)-dt .
defined by formula: V(T) V(T)=7 I[y (x)] x(
b . o
= I S(x)dx . 16.4. Areas of surfaces of revolution.

able function ¥ = f(x),

. i 1t
‘1) Let the graph of continuously differer s, The areas of

t Ox-
where x€ [a,b] and f(x)30. roltates abou
| : lution is equal:
1) Revolving about the Ox- e e

v o 2 | FEA T F

Volume of a solid generated by
a

revolving about the Ox-axis the fsur
: ) “for area of su
region bétween the graph of the 2) Parametric formula for
continuous function y=f(x) and - x=x(t)

the Ox-axis from x=a and x=b is y=y(t), where @ <[ < B -
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16.3.2. Volumes of solids of revolution.

face of revolution.




ﬁ .
SH) =27 [y O + '] .

3) An area of surface of revolution in polar coordinates.
Graph of function is given by r=r1(¢), where a <g<f

B
S =27 - [r(9)-sin ¢ -[ () +[($)] 4.
16.5. Physical applications.

16.5.1. The variable force integral formula for work.

The work done by a continuous force F(x) directed along the Ox-axis
fromatobis

W= bjF(x')dx.

16.5.2. Pumping liquids from containers.
Let a tank is filled up of liquid with specific gravity ¥ . To find how
much work it takes to pump all or part of the liquid from level z=b t0

lever z=a on lever z=h (a<b<h) from a container can be used the next
formula: .

W=y [S(2)-(h-z)-dz

* a
Where S(z) is the area of the surface of liquid on the lever z in
container. :

194

Determine the area of

EXERCISE XVI

1

s T
fioure bounded by the indicated curves { with
o

igni er point).
accuracy within two significance figures after p

—
1. p=23y/cos 2¢.
2. y=2x, y=3—x

3

=X, Yy=%" 3
i z———:)/:osgt, y=17sin" L
5. p=4 cos 3¢.

6. g=3c052q).
7. p==2(l-—-cosq>).

2 = 2 sin 2¢. IR
-g.s’_—=4(t-—sint), y=4( cos ¢
0. 0= 2(1 +cos @

11. = 2 sin 3¢

12. p=2+¢C05¢ ey
13. §=1/(1+ 'ygjt/
4. p=xtLy="""
.15 y2=x3,)g:__o'y=

'16. p=4sin’ ¢- .
]l('ii.‘,)t=3cos t, y=2sin L.

18, y2=09x. y=3%

19, x3(costHIsindh Y=

3(sin t — £ €OS t), ¥ =0

< m).
((.)2%.:1?“._——)—4;, 2 =4y.
21. sz;g’, x$22-—x2‘
22, y=2x, Y= "¢
93, gt = (4 — 1% 5=0
24, p=3sinde.
25, y_-_—__-—xa’ y::l, X =

26. 2y =0 x+y~7§0}c=o, x=2

27. y=

Pl y—.::2x

—

2| 4).
2 gy, y=8/ T _o
28. x x+l‘y:—.:cosxy :l/t.

29, y=
30, x=

92cos’t, Y=

2 sin
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2

Determi
e the length of the curve (with accuracy within two

significance figures after point).

L r=2c08’t, y=2sin’¢
-2, x=2{cos { i .
<[<n) S I+ [sin l), y=2(s|nt__tc031) (Og

3. p=sin’(g/3) (0K }
= . / S e<n/2)
cp=2 smd(fp/ig) 0< (P</ﬂ//2)-

2 2 __
.3+ Y=

y=Il—lIncosx 0<<x << /6
0 =6cos (¢/3) (0 < S
10. x=4 cosg t, y)-i 4\sir(f4§ /2
1 P =(x— 1) '
12, y? ="
13. p=3cos

Q.
14. p = 3(1 — cos g).
15. p=2cos®(¢/3).

. X=5cos? = 5sin?.
17. ,9u2=4(3ix)z.—55‘“2f O< i< n/2)
:g p=35ir; Q.
420: ZZ gntsm X (n3<x<< n/2).
(t—sin ), Y=9(1 —cos ¥) (0 <<t << 2n)

21, p=2(1 —
22, 42— (Sc—_ lc)gs ) ‘

23, x=T7(t —sj =
' (t — sin ¢), Yy=7(1 —cos f) Cn <t 4n)

24, y =/ 4 g—1/2
e 0 -
25, x=4cos’¢, y =(4 s?nla\:t< 2
26, x=g/§t2, Yy=t—7p
== 0 sin .
gg p=4cos (r';)
4 y{; 5)5 3l + cos ¢.)
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3
Determine the volume of the solid obtained by revolution the figure
@ about the indicated coordinate axis (with accuracy within two

significance figures after point).

, O yPP=4~—x,x=0, Oy.

1 :

2. @: '\/—;‘f‘\/;-"-'\ﬁ’ x=0, y=0, Ox.
3. ©: x*/9+y*/4=1, Oy.

4, ©: y*=xy=1, Ox.

S

5. x =6(f —sin f), y="6(1—cosli)
16. ®: y=2x—x’, y=0, Ox.

17. p = 2(1 4 cos .,

18. y=7cos’t, y=7sin"t, Oy
19. x2/16+y*/1=1, Ox.

20. ¥W=(y— 1), x=0, y=0, Ox
21 xy=+4, 2x+y—6=0, Ox.

. x=1/3cos{, y=2sint Oy.
F___-.%/:__xz, y=x2, Ox.

N

W
socoes0eo 90008 °

«w

24. _ 48 y=x Ox.

25. e (3x+4)3, x =0, Ox.

' 26. 'yzx,xso,y:?& Oy.
27, @: g=cos’t, y=sin"b Ox.
28, @: 2y=1x", 9x +2y—3=0,

29 y=x—x, y=0, Ox.

; - x4+y=2 0y

4

Determine the area of the surface qbtal by re
the curve L about indicated coordinate axis (Wi

two significance figures after pointk

1. L: y.-=x3/3 (——1/2<x< 1/2), Ox.

c p=2C05 P |
241? L‘? x= lO(t‘q-)- sin £), y=10(1 —cos t) 0 <t < 27)

Ox. 2
"4, L y=x"/2

ned by revolution the arc of
th accuracy within
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0 A R S el e e O S S Sl e Sl S o

3y =x" (0<<x<2), Ox

PYy=x,

L x=2(t—sint), y=2(1—cost) (0 2n)
X == Cos ¢, —3+smt Ox.

3)c----=y3 (O< 2) Oy. ¥

.:zéz-—x 31(——1 <y<1) Ox

tx=cost, y=1+4sinl,

o --=4+y, -4 sin Ox

x=cos’t, y=sint, Ox
P—‘\/;)s—.?—a

v =4+ x,

J ——QX

3g=x3 0<x<1), Ox.

p° =4 cos 2g¢,

p =06 sin g,

x=1l—sint, y=1—cost
p=2sin ¢ '

_ 2

p—-s—CQS(p

x=3cos®*t, y=23sin®¢t, Ox.
x=2costy=23+2sint, Ox
Y —9cos2<p,

y~x

x=2cos®t, y=2sin’t, Ox
x=cosf, y=2+sint, Ox.
=4 sin ¢,

1QR

y=3(1—cosf) (0<I<<2n)
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