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STABILITY OF LINEAR SYSTEMS IN R?

Abstract. In [1],was considered the linecar system = Ax
whenx € R* and A is a 2 X 2 matrix. Using the values of the determinant and
trace of A allowed us to show the conditions of stability of systems. That is
known that two values is enough to suggest that the system is stable or not. In
this paper, by dint of the same method for the matrix A, we solved with a
dimension 3 X 3. We use Cardano’s theorem and Descartes' rule for define
sign. By using some matrix values, you can specify the stability of the system,
such as, stable, unstable and saddle. We looked for all possible cases, and drew
it in the table. One example has shown for this type of problem.

Keywords: Stability, Cardano’s theorem, Descartes' rule.
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Anaarna. [1]-1ex = ASCBI3BIKTHI XKYife KapacTHIPBUIIBI, MyHa X € R”
jkoHe A 2 X 2 KeJeMiHIETiMATpUIAChl ~ OONBIN  TaOBLIAMIBI.
JleTepMuHAHTTAPABIH MOHJIEpIMEH Oipre MaTpHUIlaHBIH 137epiH MaiijganaHa
OTBIPBINT JKYWENEepiH KaJIbINThUIBIFBIHBIHKAFIAUIapblH KepceTyre Oomabl.
bizre Oenrim OonraHmai, >XYHEHIH KaJbIITHUIBIFBIHEMECE KaJIBIICHI3IBIFBI
0oJpkay YIIiH €Ki MOHHIH OONybl JKeTKUTIKTI. Byl Makanmama, »KOFapbLIarsl
METOJITHI KOJITaHa OTBIPHIII, 013 3 % 3 keseMiMaTpUIIAMEH OCHI JKYMBICTHI
xacaiimb3. Kapnan TeopemacwiH jkoHellekapT epexkeciH keilOip Oemrinepni
aHBIKTAy VIIIHKOJJAaHAMBI3. MaTpHIIaHbIH Keibip MoHAepiH maiinanaHa
OTBIPBIN, 013 JKYHEHIHKAIBIITBUIBIFBIHKOPCETE ajlaMbl3, COHBIH IIIIHJIE
TYPaKThI, TYPAKChI3 KOHE ceie Ooybin TaObutanel. Bapiblk skaFmaimapisl
KapacThIpa OTBHIPHIT, OEpUIreH KecTeHI TOATHIPABIK. KepceTinreH mbrapy
KOJIBIH KOJIIaHa OTBIPHII, 013 Oip YIIri ecemnTi MWbIFapIbIK.

KinT ce3nep: YcroitunBocTs, Teopema Kapmano, npasuio Jlexapra.

fekk

AnHoranusi. B [1] paccmarpuBanach nuHelHas cuctema X = AX,
korja X€ R 2 u A - marpuna 2 x 2. Mcnonb3oBaHue 3Ha4€HUM ONIpEACIIUTENs
U cieqa A TNO3BOJIWIO HaM I0Ka3aTh YCJIOBHMSI YCTOWYMBOCTH CHCTEM.
W3BecTHO, YTO JABYX 3HAYEHUH [OOCTATOYHO, YTOOBI MPENOI0XKHUTH, YTO
cucrteMa cTaOuibHa WU HET. B 3TOM cTaThe ¢ MOMOILBIO TOTO K€ METOAA IS
MaTpuLibl A MBI PEMININ C pasMEPHOCTBIO 3 X 3. MBI Hcnonb3yeM Teopemy
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Kapnano u npaBuino [ekapTa nis onpenesieHus 3Haka. Mcnonb3ysa HeKoTopbie
3HAUEHUS] MATPHIIBI, BBl MOXKETE YKa3aTh CTa0WJIBHOCTh CHUCTEMBI, HAIPUMeED,
CTaOUIIbHYI0, HECTAOUJIBHYIO U CEeJIOBYI0. MBI IPOCMOTpPENN BCE BO3MOXKHBIE
CIIy4aW ¥ HapuCOBalK ero B Tabmuie. OQuH mpuMep MOKa3aH s 3TOTO THITA
pOOJIEMBI.

KiroueBbie cioBa: YcroiuumBocTh, Teopema Kapmano, mnpasuio
Hexkapra.

Introduction

Let b = det Aand r = trace 4 and consider the linear system
k= Ax (*)
(a) If < 0 then (*) has a saddle at the origin.
(b) If b = 0 and r* — 4b = 0 then (*) has a node at the origin; it is stable if
r < 0 and unstable if » = 0.
(©)Ifb = 0,7? - 4b < 0, and  # O then (*) has a focus at the origin; it is
stable if ¥ << 0 and unstable if = 0.
(d)Ifb = 0and r = 0 then (*) has a center at the origin.
Note that in case (b), r* = 4|b| = 0; i.e., v = 0. The eigenvalues of the
matrix A are given by
r+rl- 4k

2
It can be seen by this way: (a) if b =< 0 there are two real eigenvalues of
opposite sign. Result is saddle.
(b) If b = 0 and +* - 4b > 0 then there are two real eigenvalues of the same
sign as r, if they are positive then it is unstable, if they are negative it is stable.
(c) if b > 0, > - 4b < 0 and r = Othen there are two complex conjugate
eigenvalues
a=a + ih.
(d)if b = 0and r = 0 then there are two pure imaginary complex conjugate
eigenvalues.
For cases (¢) and (d) you can read in [1].

F —

Main part
Let’s define itmatrix A, from & = Ax,
a b ¢
d e f]
g h i
Stability depends on the eigenvalues of the matrix. The system is stable if
Re(4,55) < 0, unstable if Re(d,,5) = 0. In other cases, the system is

saddle.
So, let’s find eigenvalues:

A=

102



CAY xabapwwicer. 2018/4 (47). SDU bulletin

a—A4 b c
d g — A4 fJ=—,la—l—(a—|—e—|—i],12+[—ae—ei—ai+cg+
g h i—

hf + +bd)A+ (aei+ dhc + bfd — cge — hfa— bdi) =0

(*)

Let’s define rM = My, + My, + My; , where M, ;minors of matrix 4.

Now, we can write equation (*) in the form:

—B+ Al —trMA+ detA =0

So, stability of the systems depends on solution of equation:

B —trA2 + trMA —detd =0 (1)

For define stability, it does not need to know the exact roots of the equation. It
is enough to know the signs of the real parts of the roots (positive, negative).
For equation,

A=-27(— deul——rr A—|— trA trM)? —4(tr M—= rrA] ()

is called discriminant of cubic equatlon Using Cardano s formula, we obtain
conclusions below.

Conclusion 1

1) If A = 0, there are three different real roots;

2) If A =0, there are three real roots and at least two of them equal to

each other;

3) If A < 0, there one real root and two conjugate complex roots

Naturally, this does not show the sign of the roots. But nevertheless, it will
be useful for us.

We need to use Descartes' rule of signs and Cardano’s formula to define it
is signs.

Descartes' rule of sign is used to determine the number of real zeros of a
polynomial function.

It gives for us that the number of positive real zeroes in a polynomial
function f(x) is the same or less than by an even numbers as the number of
changes in the sign of the coefficients. The number of negative real zeroes of
the f(x) is the same as the number of changes in sign of the coefficients of the
terms of f(-x) or less than this by an even number. [2]

Example:
flx)=2x*—x*+4x*—5x+3 (3)
Firstly, look at f (x):
flx)=4+2x* —x*+ 4x® —5x +3
There are four sign changes, so there are 4, 2, or 0 positive roots. Now, look at
f(—x):
fl—x) =42(—x)*— (—x)3 + 4(—x)* = 5(—x)+ 3
=4+2x*+ x* +4x*+5x +3
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There are no sign changes, so there are no negative roots. Then answer
is:
There are four, two, or zero positive roots, and zero negative roots.

+ | 4 2 0
- 10 0 0
i |0 2 4
If we solve (3), we get 4 complex roots.
We can use this rule to solve the equation (1):
where
f(A) =A% —trdA* + trMA — detA
and
f(=A) = =A% —trAA* — trMA — detA
So, for our problem number of sign roots depends on value of
trd, trM, det A;
Example: Lets fix that tr A = 0,tr M > 0,detA = O

A3 AZ Al A?
+1 —tr A tr M —det 4
-1 —tr 4 —tr M —det 4
Real root Complex root
+ |3 1
- 10 0
i |0 2

In the table which is given below, we looked at all the possible cases.

Table 1

# Real roots Complex roots

- + |- i
1 |[trA=0,tr M>=0detdA>=0 |3 0 I |0 2
2 | trA<0,tr M > 0,detdA =0 |1 2 1 [0 2
3 |trdA=0,trM=0,detA>=0 |1 2 1 0 2
4 |trA=0trM>=>0detd =<0 |2 1 0 |1 2
5 |trA=<0,trM=<0,detd>=0 |1 2 1 |0 2
6 |trA<0,trM=>=0detdA=<0 |0 3 0 1 2
7 |tr A=0,tr M= 0,detd <0 |2 1 0 |1 2
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tr A=<0,tr M < 0,detd <0 |2 1 0 |1 2

trA=0,tr M > 0,detA >0 | - - 1 0 2
10| tr A=0,tr M =< 0,detd =0 |1 2 1 |0 2
11 | tr A=0,tr M = 0,detd <0 |- - 0 |1 2
12|trA=0,trM<0,detd <0 |2 1 0 1 2
13| tr A=0,trM=20,detd >0 |- - 1 |0 2
14| trA<0,trM=0,detA>=0 |1 2 - - -
15|trA=0,tr M=0,detd <0 |2 1 - - -
16| trA<0,tr M=0,detA >0 |- - 0 1 2
17|trA=0,tr M=0,detA =0 |- - 1 0 2
18| tr A=0,tr M=0,detA <0 |- - 0 1 2

In the table 1, we cannot consider the case detA = 0. Because, it
means that one of the eigenvalues is zero. We cannot consider this case by [1].
You may notice that our table not full. Since we do not know the signs of the
real parts of complex roots, we cannot say anything for the case of complex
roots. But, if A = 0, it may give some results.

Conclusion 2
By 1) 2) of Conclusion 1 and table 1, if A = 0, then
1) tr 4= 0,tr M = 0,detA = 0, thensystem is unstable;
2) trA<0,tr M = 0,detd < 0, then system is stable;
3) In other cases of r 4, tr M,detA , system is saddle.
For the case & < 0, we will have to study the Cardano Formula.
In complex cases, the roots will be as follows:

-’11=ﬂ+ﬁ+rzﬂ ()
‘A’E,E —_ —E::L'E r;;_A — __EI:E+E}+EE?'A (5)
Where
) f ¢ =
o = |_;+'\|'IQ’ ﬁ:wl_;__\:,Q’
A =-—108Q
3

2 1
q=—detA— —triA+ —trAtrM
27 3

p=rrM—%trzﬁl;
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It is worth noting that when we consider 4,,, we do not take into
account the imaginary part. Because we are interested in the real part.
As we said, if for any function of degree 3 there exist complex roots then it
means that there must be one real and two conjugate complex roots. So,

assume that, real root A, = 0. Then, by (4), we get a+ f + ”3—“1 = 0,
=+ 3(a+pf) = —trd— —3(a+ ) < tr4;
If we use last inequality and (5), then we obtain

—3(a+f)+2trd trd+2trd trd

Agg=—" c < -3 (6)

If we assume that real root is 4; < 0, in a similar way, we get
erd

.:12’3 = T (7)
Conclusion 3

When 4 <2 0,

1)By (6),if 4; =0andtr A <0 — 4,; <0 —saddle
2)By (7),ifA; <0and tr 4 = 0 — 4,; = 0 — saddle

In the table 1, we have 10 cases of possible roots, which correspond to
conclusion 3. It is #2,4-5,7,9-12,17-18.

Result
Based on Conclusion 2 and Conclusion 3, we can construct the
following table 2:

Table 2

—_— O O = = O O O = O = = =
DO D DN D D DN DN DN DN DN D] D b [

(=N e Ll e e ) B e Bl el Bl B e )l B e ) B )
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unstable
stable
saddle

ndefined

mpty

Examples
1)Let’s consider linear system and stability of system
Xy = —3x, + 2x, + 4x,
[ Xy = X+ 3x,
X, = x, +x, + 2x,

It can be written as

x=Ax
where
—3 2 4
A=10 1 3]
1 1 2

detA=5%0trd=—-1<0,trM=—14 < ;A= 1.1777e+ 04 > 0
By the #5 of table 1., linear system is saddle

Exact solution: 4,,3 = —4.1102; —0.3514; 3.4616.

D(A—AI)=A"—11A* +364—36 =0

trd =11 = 0;trM = 36 = 0;detd = 36 = 0; = unstable
Exact solution: 41,3 = 2;3;6 =0

AP —trAA* + trMA —detA =0

HA—a)=12-8=0

trAd=0;trM = 0;detd =8> 0, A=—1728 <

If system is saddle, there is two positive and negative eigenvalues.
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Exact solution:2; —1 + 1.7321i,—1 — 1.7321i
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