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Abstract

This dissertation explores conservative extensions in the context of dependent
theories (NIP) that are not dp-minimal. We study the model-theoretic properties
of the special Cartesian product of ordered structures, focusing on how the dp-
rank and definability of types behave under such constructions. It is shown that
the product of two o-minimal or two weakly o-minimal structures yields a theory
of dp-rank 2, which remains NIP but is no longer dp-minimal.

Further, we analyze the behavior of 1-conservative and n-conservative exten-
sions in these theories. For o-minimal structures, 1-conservativity implies n-
conservativity for all finite n, ensuring strong definability of types. However,
for weakly o-minimal structures, this implication fails; we construct an explicit
example where a 1-conservative extension does not extend to a 2-conservative one.

The results provide new insights into how model-theoretic complexity measured
by dp-rank affects definability and extendability in NIP theories, contributing
to the classification and understanding of dependent but non-dp-minimal struc-
tures.
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Anjgarna

Byn muccepranusina toyesnmi (NIP) »xone dp-mumauMaiisl emec Teopusiiap
KOHTEKCTIH/Ie KOHCePBATUBTIK KeHEHTyep 3epTTesie/ii. bi3 perTe/iren KypbLIbIM-
JlapJIbIH apHaiibl JeKapPTTHIK KOOeHTIHIICIHIH MOJEIb-TCOPHUSIIBIK KACHETTEPIH
3epTTeiiMiz,aTall aiiTKaH1a, MyH1ail KOHCTpYKIuIap Ke3inje dp-1operkeHiH XKoHe
THIITEP/IiH aHBIKTAIYbIHBIH KaJlail ©3repeTiHii KapacTbhlpaMbl3. FEKi o-MIHUMAJIIbI
HeMece eKi 9JICi3 O-MUHUMAJIJIbl KYPBLIBIMHBIH KeOelTiH/Iici dp-1operkeci ekire Teq
OoJIaThIH Teopusinbl Oepesi, o oji jge NIP Gosbin Kaja Oepeni, 6ipaxk enai dp-
MUUHIMAJIJIBI eMec.

ConbiMeH KaTap, Oy Teopusiaparbl 1-KOHCEPBATUBTIK »KoHE N-KOHCePBATUBTI
KeHeATyIepIis, MiHe3-KyJIKbl TaagaHaibl. O-MIHIMAIbI KYPBUIBIMIAD VIIH 1-
KOHCEPBATUBTILIIK OapJiblK IIEKTI N YINiH N-KOHCEPBATHBTLIKTI Oltipesi, Oy
TUNITEPIiH KYIITI aHBIKTAJIybIH KaMTaMachl3 eTei. AJaiiga oJ1ci3 o-MIHIMAJIIbI
KYPbLIbIMIap/ia OyJI TY?KbIPbIM OPbIHaJIMaiiIbl; 613 1-KOHCepBATUBTI KEHEUTY 2-
KOHCEPBATHUBTITE YKaJraclalThIH HAKThl MBICAJ KeJITIPeMis.

By noruxkesnep dp-aoperkeMeH eJIIIeHeTIH MOJIe/Ib-TEeOPUIbIK, KYPASIIIKTIH
NIP Teopusiiapbinia aHbIKTaJy MeH KeHEeNTI Ty MyMKIHJIITiHe KaJiail ocep eTeTinin
TYCiHyTe »KaHa Ke3Kapac oepe/ii koHe ToyeJi, 6ipak dp-MUMHIMAJIIBI €MeC KYPbl-
JIBIMJIAP/IbI KJIacCuUKaIIsIayra 63 YIeCiH KOCaIbl.



AHHOTAIUA

B sToit quccepranium paccMaTpuBaloTCsd KOHCEPBATUBHbBIE PACITUPEHNS B PaMKax
sapucuMbix Teopuii (NIP),koropsie e siBsiiorcest dp-MuHUMAIbHBIMI. B j1aHHOi
paboTe mccieryeM MoJIeTbHO-TeOPETUIeCKe CBOMCTBA CIIENNaIbHOIO JIEKapTOBa
IIPOM3BEJIEHUs YIIOPSJIOUEHHBIX CTPYKTYP, COCPeJoTaunBasich Ha IoBejeHnn dp-
paHra u ONpee TMMOCTH TUIIOB B TAKUX KOHCTPYKINAX. [lokazano, 4To mpousse-
JIeHIEe JIBYX O-MUHUMAJIbHBIX WK JIBYX CJIa00 O-MUHUMAJIBHBIX CTPYKTY P HPUBOIUT
K Teopun ¢ dp-paHrom 2, KOTopasi ocTaéTcst B paMKax 3aBucuMbix Teopuii (NIP),
HO OOoJIbIIe He ABJsieTCsS dp-MUHUMATBHOIA.

Jaee anannsupyercd rnopejienne 1-KoHCEpBATUBHBIX U N-KOHCEPBATUBHBIX Pac-
IUPEHN B 9TUX Teopusix. [ljiss o-MUHUMAJIbHBIX CTPYKTYP 1-KOHCEPBATUBHOCTD
BJIEUET 3a OO0 N-KOHCEPBATHUBHOCTDL /I BCEX KOHEYHBIX N, YTO 00eCIevdnBaeT
CUJIBHYIO OIpeieTMMOCTh TUIOB. OJIHaKO I ¢1ab0 O-MUHUMAJIbHBIX CTPYKTYP
9TO HE BBIIOJHAETCS; Mbl IIPUBOJIUM SIBHBIII IPUMEDP, B KOTOPOM 1-KOHCEpBATUBHOE
pacipenne He IPOJI0JIzKAeTCs J10 2-KOHCEPBATUBHOIO.

[TorygeHHbIE pe3yJIBTATHI JIal0T HOBOE TIOHUMaHNE TOTO, KaK MOJIe/IbHO-TEOPETH-
yecKas CJI02KHOCTD, n3MepsieMasi dp-paHroM, BJIUSET Ha, OIPEIeIUMOCTD U BO3MOXK-
HOCTb paciiupenusi B NIP-Teopusix, BHOCSI BKJIaJl B KJIaCCU(MUKAIINIO 1 U3y IeHIe
3aBUCHUMBIX, HO He dp-MUHHMAJbHBIX CTPYKTYP.
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1. Introduction

Model theory is a branch of mathematical logic that investigates the relationship
between formal languages and the structures, or models, that interpret them. It
provides powerful tools to analyze mathematical structures by focusing on defin-
ability, types, and classification of theories. Among the central topics in contem-
porary model theory are classification-theoretic properties such as stability, NIP
(Not the Independence Property), and dp minimality, which provide a refined un-
derstanding of the complexity of theories out of classical notions of completeness
and categoricity.

The class of NIP theories, introduced to capture tame combinatorial behavior,
generalizes stable theories while excluding those with wild independence prop-
erties. Within this class, dp-minimal theories occupy a particularly important
position, offering a framework in which definability behaves in a simple and well-
structured manner. However, not all NIP theories are dp-minimal. Theories that
are NIP but not dp-minimal particularly those with dp-rank greater than one
present richer structural behavior and pose interesting questions about definabil-
ity, types, and extensions.

A key model-theoretic concept explored in this dissertation is that conservative
extensions. Given a model M, an extension N > M is called conservative if it does
not introduce new definable sets over M. Studying the existence and structure of
conservative extensions in unstable NIP theories that are not dp-minimal provides
deep insight into how types behave in more complex logical settings. In particular,
the definability of types and classification via cuts in linearly ordered structures
play a central role in the construction and analysis of such extensions.

This dissertation focuses on the construction and analysis of conservative exten-
sions of NIP theories that are not stable and not dp-minimal. We investigate how
higher dp-rank interacts with definability, and we present explicit examples based
on products of o-minimal and weakly o-minimal structures. We study the behavior
of 1-types through the geometry of their realization sets, distinguishing between
rational, quasi-rational, and irrational types, and analyze how these impact the
existence of conservative extensions.

Through a combination of theoretical results and structured examples, this
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work contributes to the broader understanding of how logical complexity, mea-
sured through stability and dp-rank, influences model-theoretic extensions. It is
provides a foundation for future research in the classification and manipulation of
complex NIP structures beyond the dp-minimal case.

1.1 Model Theory in Kazakhstan

Together with set theory, algorithm theory, and proof theory, model theory
has been one of the most rapidly developing areas of mathematical logic since
the mid-20th century. A central challenge in this field is determining whether
the fundamental theories of mathematical structures are decidable, and if so,
formulating explicit procedures for such decision-making.

The history of model theory in Kazakhstan can be understood through the
lens of the core problems, assumptions, and conceptual frameworks that have
shaped the search for solutions. In this context, we outline the main objectives
and important theorems and methodologies developed by leading mathematicians
globally, alongside significant contributions made by Kazakhstani scholars.

We pay particular attention to the periods during which the field experienced
the most rapid growth. At the same time, we acknowledge that there remain
actively evolving areas of model theory beyond the scope of this review where
Kazakhstani researchers have been underrepresented.

Asan Dabsovich Taimanov was a prominent Kazakh mathematician who
significantly contributed to the fields of mathematical logic and model theory.
Born in the Urda region of West Kazakhstan, overcame early hardships, includ-
ing growing up in an orphanage, to become a leading figure in mathematics.
He studied at the Ural State Pedagogical Institute before enrolling at Moscow

State University, where he was mentored by notable mathematicians such as A.Y.
Khinchin, P.S. Aleksandrov, and A.A. Lyapunov]|l].

He was instrumental in the development of model theory in Kazakhstan, cre-
ation a strong mathematical school that influenced generations of scholars. He
was recognized with several prestigious awards, including the Order of the Red
Banner of Labour and the Order of the Patriotic War of 1st Class.

A.D.Taimanov mentored and influenced many students who went on to make
significant contributions in mathematical logic and model theory. Their biogra-
phies and research are detailed below:

A.I.Omarov: One of A.D.Taimanov’s students, Omarov worked extensively
on filtered products, ultraproducts, and Boolean constructions in model theory
and universal algebra. His research provided insights into axiomatizable classes
and algebraic logic.



‘ Asan Dabsovich Taimanov

N.G. Khisamiev T.G. Mustafin

M.M. Erimbetov \
/ \ A.R. Yeshkeyev
B.S. Kulpeshov T.S. Zambarnaya
V.V. Verbovskii

Figure 1.1: A.D.Taimanov: his school and its history

B.S. Baizhanov

A. 1. Omarov, “Some applications of filtered products in model theory”, 1967
(supervisor A.D. Taimanov);

R.T. Kel’tenova, “Equational compactness of some algebras”, 1975 (supervisors
T.1. Amanov and A.1. Omarov);

K.A. Nauryzbaev “Equational compactness of complete continuous distributive
lattices”, 1987 (supervisor A.1. Omarov);

Doctor of science dissertations:

A.I. Omarov, “P-formulas and Boolean constructions in model theory and uni-
versal algebra”, 1992.

N.G. Khisamiev: Closely associated with A.D.Taimanov through research,
Khisamiev focused on constructive models and algorithmic problems in algebraic
structures, particularly in constructive abelian groups. His contributions to the
computable structure theory and recursive algebra were notable.

N.G. Khisamiev, “Questions of elementary theory of lattice-ordered algebraic
structures”, 1968 (supervisor A.D.Taimanov and co-supervisor A.I. Kokorin);

A.A. Konyrkhanova, “Computable decidable groups”, 2017 (supervisors N.G.
Khisamiev and V. Roman’kov).

Doctor of science dissertations:

N.G. Khisamiev, “Constructive abelian groups”, 1990;

T.G. Mustafin: A student or close colleague of A.D.Taimanov, Mustafin
studied complete theories, their similarities, and axiomatizable classes of models.
His work included foundational results in semantic similarity of structures and
Johnson theories.

T.G. Mustafin, “Some questions of aziomatizable classes of models”, 1971 (super-
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visor A.D. Taimanov);

K. Zhetpisov, “The number of automorphisms of models of superstable theo-
ries”, 1992 (supervisor T.G. Mustafin);

A.R. Yeshkeyev, “Johnson theories”, 1995 (supervisor T.G. Mustafin);

Doctor of science dissertations:

T.G. Mustafin, “Stable theories”, 1990;

M.M. Erimbetov: Likely a scientific successor or colleague of A.D.Taimanov,
Erimbetov conducted research on software logic, definability of subset, and sta-
bility of formulas. His work contributed to the interaction between logic and
computation.

M.M. Erimbetov, “On some questions of countable complete theories related to
the concept of rank’, 1975 (supervisor A.D. Taimanov);

B.S. Baizhanov: A key figure with a broader academic network and influ-
enced B.Sh.Kulpeshov, T.S. Zambarnaya, and V.V.Verbovskiy. Specialized in
o-minimal structures, weakly o-minimal theories, and stability theory, expanding
the understanding of definable sets and type spaces.

B.S. Baizhanov, “Spectral questions of totally transcendental theories of finite
rank”, 1981 (supervisor A.D. Taimanov);

T.S. Zambarnaya, “Countable models of small dependent theories”, 2019 (su-
pervisors B.S. Baizhanov and J.T. Baldwin).

B.Sh.  Kulpeshov, “Quasiurbanik minimal structures”, 1997 (supervisor B.S.
Baizhanov);

V. V. Verbouvskiy, “Properties of functions definable in structures with the condi-
tion of minimality on the family of definable sets”, 2002 (supervisor B.S. Baizhanov)

Doctor of science dissertations:

B.S. Baizhanov, “Expansion of models of weakly o-minimal and stable theories”,
2008 (supervisor E.A. Palyutin);

B.Sh. Kulpeshov: A direct academic descendant of B.S.Baizhanov, Kulpeshov
explored weakly o-minimal theories and the behavior of formulas in model-theoretic
structures. His research analyzed 2-formulas and studied properties of ordered
structures.

B.Sh.  Kulpeshov, “Quasiurbanik minimal structures”, 1997 (supervisor B.S.
Baizhanov);



T.S. Zambarnaya: Another scholar following the academic lineage of B.S.
Baizhanov, Zambarnaya investigated weakly o-minimal theories and their appli-
cations in mathematical logic, focusing on stability and spectral properties.

T.S. Zambarnaya, “Countable models of small dependent theories”, 2019 (su-
pervisors B.S. Baizhanov and J.T. Baldwin).

V.V. Verbovskiy: Also a student of B.S.Baizhanov, Verbovskiy studied or-
dered theories, weakly o-minimal groups. His research contributed to the classifi-
cation of ordered groups in model theory.

V. V. Verbouvskiy, “Properties of functions definable in structures with the condi-
tion of minimality on the family of definable sets”, 2002 (supervisor B.S.Baizhanov)

Doctor of science dissertations:

V. V. Verbovskiy, “Methods of stability theory in the study of ordered structures’,
2010 (supervisor B.S. Baizhanov).

A.R. Yeshkeyev: A continuation of T.G.Mustafin’s research lineage, Yeshkeyev
focused on Johnson theories and logical structures related to positive model com-
pleteness. He contributed to the development of companion theories in mathe-
matical logic.

A.R. Yeshkeyev, “Johnson theories”, 1995 (supervisor T.G. Mustafin);

N.K. Shamatayeva, “The structure of convex existential prime Jonsson theories
and their classes of models”, 2019 (supervisors A.R. Yeshkeyev and B. Poizat);

Doctor of science dissertations:

A.R. Yeshkeyev, “Structure of perfect positive Johnson theories”, 2010 (super-
visor S.S. Goncharov);

Naturally, a researcher would remain stationary and his work would not always
reach a large number of specialists without continuous communication with a di-
versified team. The work of the researcher has to be acknowledged. Collaboration
with mathematicians from other nations is crucial in this area. Additionally, we
international relationships ties with Russia, the United States, France, and Great
Britain.

As a conclusion, we point out that Kazakh mathematics has, to varied degrees,
contributed to the quest for solutions to the major problems that mathematical
logic professionals faced at the time.



2. Quantification Theory

2.1 First-order logic

First-order logic (FOL) is a fundamental concept in mathematics that provides
a formal vocabulary for expressing and analyzing relationships between objects
in the real world. It allows us to formulate mathematical statements using logical
symbols, predicates, variables, and quantifiers. First-order logic is widely used in
mathematics, computer science, linguistics, and artificial intelligence due to its
expressive power and precise semantics.

Now let us define its components in detail.

The alphabet of first-order logic consists of seven main types of symbols, each
serving a distinct role in the formation of logical expressions:

1. Variables

Variables represent mathematical objects or elements within a domain.
They do not have fixed values and can be quantified using quantifiers. They
act as placeholders that can take on any value from the domain of discourse.

Examples: x,vy, z, u, v, w.
2. Constants

Constants refer to specific, fixed objects in the domain. They provide direct
references to elements without ambiguity and serve as names for individual
entities.

Examples: a, b, c, Mary, Green.
3. Function Symbols

Function symbols describe mappings between objects in the domain. Each
function symbol has an associated arity, indicating the number of arguments
it takes. Functions return a single object from the domain as output.

Examples:

e fatherof(Mary) — returns the father of Mary.
6



e isBlue(sky) — returns an object indicating the color of the sky.
4. Logical Connectives
Connectives allow the construction of complex logical expressions.
Common connectives include:
e Negation (= or NOT) — reverses the truth value of a statement.
e Conjunction (A or AND) — true if both statements are true.
e Disjunction (V or OR) — true if at least one statement is true.

e Implication (— or IMPLIES) — true if the first statement implies the
second.

e Biconditional (+» or IF AND ONLY IF) — true if both statements have
the same truth value.

5. Punctuation Symbols

These symbols are used to structure logical expressions and clarify their
syntactic structure.

Examples:

e Parentheses (, ) — group expressions for clarity and determine the order
of operations.

e Comma , —separates arguments in function and predicate applications.
6. Predicate Symbols

Predicate symbols are used to express properties of objects or relationships
between objects. A predicate applied to a term forms an atomic formula,
which is either true or false depending on the interpretation.

Each predicate also has an arity (the number of arguments it takes).
Examples:
e isHuman(z) — expresses that = is a human.
e loves(x,y) — expresses that z loves y.
e GreaterThan(z,y) — expresses that x > y.
7. Quantifiers

Quantifiers define the scope of variables in a logical statement. They define
whether a statement refers to all elements in the domain or merely to some.



2.2 Theories. Models

Atomic Formulas

An atomic formula is a basic building block in logic. It’s just a predicate
applied to variables. For example:

P (xy,...,2)

is an atomic formula if P" is an n-ary predicate symbol in our signature 3.
Think of it as a single fact like P(a,b) which says “a is related to b by P”.
Let t1,...,t, be terms, and let P be an n-ary predicate symbol.

1. Atomic formulas: If ¢1,...,t, are terms, then
P(ty, ..., t,)

is a formula (also called an atomic formula).

2. Closure under logical connectives: If ¢ and 6 are formulas, then the
following are also formulas:

(pnl), (pVl), (p—0), -

3. Closure under quantifiers: If ¢(z) is a formula with free variable x, then
the following are also formulas:

Jzp(z), Vre(z)
Definition 2.2.1. A structure M = (M, ) gives meaning to symbols in logic.
It has:

o A domain M — the set of objects we’re talking about

o An interpretation of each P" € ¥ as a relation:

P"(O) C M"

Truth in a Structure

Let M be a structure, and a € M". Let P" be an n-ary predicate symbol. We
define the satisfaction relation M |= ¢ inductively:

e M =P'(a) < aec P"(M)
e MEFpNO < MEypand M =6
8



e MEpVl <= MEgpor M6
e ME-p < My
e MEp—0 < MPFEypporMEH
Now suppose ¢(z, @) is a formula with free variable x and parameters a € M*.
e M |= Jxp(x,a) if there exists b € M such that M = ¢(b, a)
o M =Vxyp(x,a)if forallbe M, M = p(b,a)
Example 2.2.1. Let M = {a,b,c} and define one binary predicate P as:

P(gﬁl) - {(CL, b)? (bv b)v (Ca b)? (Ca C)}

We can draw this like a directed graph:

Truth in a Model
We write N F ¢ if the formula ¢ is true in 9.
e M E P(a,b) (true, since (a,b) € P)
e My ¥ P(a,a) (false, (a,a) ¢ P)
Now consider more complex formulas:
e Vz P(x,x) means “everyone relates to themselves” — false here.
e JyVx P(x,y) means “there’s a universal receiver of arrows”.
Let us test the second one:
e Try y =0b. Then P(a,b), P(b,b), P(c,b) — all true.
e So: My F JyVx P(z,y)
A substructure has a smaller domain, keeping the relations restricted.
Let My have domain {b, c} and P(9My) = {(b,b), (¢, b), (¢, c)}.

Some formulas that were true in 991 may no longer be true in 9%,. This is
where logical preservation becomes important — a major theme in model theory.

9



We have explored what atomic formulas are, how models interpret them, and
how truth works in a structure. These concepts form the base of deeper topics
like definability, types, and model comparison.

Definition 2.2.2. A set of first-order sentences is considered a theory.

A theory is a set of first-order logical sentences that describe a certain struc-
ture or system. These sentences are written in a formal language and define
relationships between elements according to specific axioms.

Definition 2.2.3. A sentence is a formula in first-order logic that contains no
free variables.

In other words, all variables in a sentence are bound by quantifiers such as V
(for all) or 3 (there exists). Sentences express complete logical assertions that can
be evaluated as true or false within a given structure.

Definition 2.2.4. A theory T is said to be countable if it consists of only count-
ably many sentences.

This typically means that the set of axioms in the theory is either finite or can
be put into a one-to-one correspondence with the natural numbers.

Definition 2.2.5. A theory T is referred to as categorical if it’s consistent and
all of its models are isomorphic.

This means that any two models of the theory are structurally identical (there
exists a bijection preserving the structure).

Definition 2.2.6. If any two models of a theory T for 9N have elementarily
equivalent, then T is considered complete theory.

A theory T is complete if for any two models 911 and 9, they are elementarily
equivalent (they satisfy the same first-order sentences).

2.3 Predicates and Quantifiers

Predicates and quantifiers are fundamental tools in first-order logic for express-
ing propositions involving objects from a given domain.

Predicates can be viewed as functions that assign a truth value—either true
or false—to a tuple of objects. They are used to state properties of objects or
relationships among them.

In the language of first-order logic, a predicate is combined with terms to form
a formula. For instance, if "P” is a unary predicate and "a” is a term, then "P(a)”
is a formula that may be true or false depending on the interpretation.

10



Quantifiers allow us to express propositions involving all or some elements of
the domain. They bind variables in formulas and are essential for constructing
general statements. There are two standard types of quantifiers:

Definition 2.3.1. A universal quantification uses the symbol ¥ and asserts
that a given property holds for all elements of the domain.

The expression Vz ¢(x) means “for all x in the domain, the formula ¢(x) is
true.” Universal quantification is used when a statement is intended to be valid
for every possible instance.

Definition 2.3.2. An existential quantification uses the symbol 3 and asserts
that there 1s at least one element in the domain for which the property holds.

The expression Jx ¢(z) means “there exists an x in the domain such that ¢(x)
is true.” It indicates that the formula is satisfied by at least one object in the
domain.

2.4 Quantifier Elimination

Definition 2.4.1. 9t = (M; X). 9 admits Quantifier Elimination (QF), if for
V() there exists Quantifier Free - formula ©(Z), such that M = Vz[(Z) <
O(7)].

Theorem 2.4.1 (Tarski). Let 9 be a structure of ¥. M admits Quantifier
Elimination, if and only if when for any ¥o(Z,y) Quantifier Free formula, there
exists ©1(Z), such that

M E VI [Byo(z,y) < O1(2)] .

This means that if I understand how to eliminate a quantifier from a specific
type of formula where the quantifier plays a crucial role, then I effectively know
how to carry out quantifier elimination in such cases.

Proof. (=) This is a particular case, because if it is available allowing for the
elimination of quantifiers then we can take [Jy1(z, y)| as a formula ¢ (z)[2].

(<) Suppose we know how to remove a quantor from formulas of a special
kind. Take an arbitrary formula, but we know that any formula is equivalent in
prenex normal form (PNF):

H~r~K—=>VIMYEH<eM=(M;Y) K.
PNF is when all the quantifiers go into the head of the formulas.

11



V(T) = Quyr, Qa2 -, Qnyn UV (T, Y15, Yn—1,Yn)- Yo(T,y) is Quantifier

Free.

U1 (T, 91,y Yn-1) = Qu¥n VY (T,91,Y2,- -, Yn-1,Yn). In fact, there are
two cases in the PNF, its Q; = {3,V}. So first case is y, ¥ (T, Yn_1,yn), and

second case is Yynt) (T, Yn_1,Yn). For instance:

L. 3z(y(z) VO(z)) ~ Jzp(x) V FyO(y);
2. JxIy((x) A O(y)) ~ Jz(x) A JyO(y);
3. Va((z) A O(xz)) ~ Vap(z) A VyO(y);
4. Vavy((z) V O(x)) ~ Va(x) V VyO(y);
5. =Vih(x) ~ Iz (x);

6. —I(x) ~ Vo—h(z).

Y; (T, yn—1) For, in fact, the negation of the quantifiers is itself a non - quarti-

fiers: =3y, o (fa Yn—1, yn) ~ 23y, (i'a yn—l) ~ 3y, (i.? yn—l)- It turns
out that to make it ) Free it is necessary step by step to remove the quantizer
in each formula. And if it has this property, using this method step by step it is
possible to reach the @ Free -formula ¢(z) = ©().

[]

Example 2.4.1. (Q; =, <) admits QF

Let us consider a formula © (z1, x2,y) and show that any such formula can be
removed from a quantor. Here we have to say right away that our atomic formula
consists of an equal sign and a lesser sign.

r1 =Ty, T2=T2, Y=Y, I1=7T2
T < T2, XT2<xT, XT1<Y, T1=Y
Lo =Y, T2<Y, Y<T, Y<IT

We get a formula of logic of statements. And we know that any formula of
statement logic can be reduced to disjunctive normal form.

O (p1,p2, - --,p12) = DNF. It is possible to normalize a logical formula by using
the disjunctive normal form (DNF). To put it another way, a logical formula is said
to be in disjunctive normal form if all its members are disjunctions of elementary
conjunctions or their negations. Here, by changing the formula —(z = y) to
((x < y) V(x> y)) and the formula =(x < y) to ((x = y) V (z > y)) we
may eliminate negations. After that, we must use distributivity to return to the
disjunctive normal form with extra terms but no negations. At this point, we

12



must benefit from the fact that the existence quantor can be reconfigured using
the standard disjunction.

Jzp(x) V IyO(y) ~ Jz(p(z) vV O(x))
Vi Vo [y (v <y Ay < 29) — a1 < x9] ~
Ve Vs (1 < 20 — Jy (1 <y Ay < x9)

[t turns out that any formula © (x1, z9,y) is equivalent to some ©; only from
x1, 2. The conclusion is that according to Tarski’s criterion () admits Quantifier
Elimination. When we have a structure 9t = (M; X} and if it is || - infinite, we
will say that

M - admits QF, if and only if for any g Cenite 2, (I; o) admits Quantifier

Elimination.

Proof. 9 - admits Quantifier Elimination, 9t = (9; X) fix ¥y C 3. We take the
formula ¥ (Z) of the signature Xy, where 9t F 1 (Z), but the prenex formulation
does not add any new predicates, we just transfer the equivalent formula to it.

M = (M; Xo) FVIY(T) = Quy1, Qavz, - - -, QuinO(Z, )

The idea is that if it is infinite, and for every finite it will allow the elimination
of quantifiers, then it will also allow it in general. Because we use formulas and
can always find an equivalent replacement for them in this form.

[]
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3. Properties of classes of theories

3.1 1IP and NIP

Definition 3.1.1. Let p(x,y) has IP (the Independence Property) if there are
(a; i < w) for any Vn < w and for any sequences Vey, €y, ... €, such that €¢; €
{=,0} 3z Aeap(s,a;).

That is, the presence of a tree implies that the property is independent. To
gain a clearer understanding of this concept, we now turn to Figure(3.1).

X=X
X A
o (x, a1) - (x, @)
X 4 ¥ Y
o (x,@) “To(x a) o(x @) —o(x @)
» 4 b ) | 4 | [ A

o(x,a)e(x,a) o(xa)o(xa) o(xa) ~oxa) ox a) (X a)

Figure 3.1: Tree for the independence property
JAx, @)

? (X, a)

-
v (x, as3)

Figure 3.2: How trees are built

A tree of formulas begins with a simple statement such as x=x, which is then
split into two non-overlapping parts. Each formula in the tree undergoes a similar
14



process. But what exactly does “split” mean in this context? To understand this,
we can refer to Figure(3.2).

When we split the original formula x=x, we create two branches: one where the
formula is considered true and another where it is considered false. If we continue
this process splitting each resulting formula again we end up with four branches,
as shown in Figure(3.1). This process can be repeated indefinitely, generating an
infinite number of branches that are independent from one another.

A broader, more general structure of this branching process can be seen in
Figure(3.3). The final outcome depends on the particular path we choose to
follow through the tree.

p(M,a1) (M, az)

Figure 3.3: Structure of the model

Each line finally has an element satisfying the line
F3r(e(@amne(ra) F3x(e(ra)n - (a)

Example 3.1.1. Let us consider the structure (N, =, -) where we want to display
the existence of a formula that identifies when a number is divisible by 2. Define
the formula:

o(r,y) =3z(zxy=mw,7#Y)

This formula says that x is divisible by y, and x is not equal to y (x +y =
z  for some 2).

Now, consider the prime numbers (2,3,5,7,....n). We know that:

1. ©(4,2) is true, since 2 -2 =4,

2. ¢(5,2) is false, since 5 is not divisible by 2.

As an example, p(8,2) is also true. In fact, ¢(8,2) = J2(p(4,2)(4-2 = 18)).

This creates an infinite tree we can continue branching forever, since we have
an unlimited number of constants to build new formulas. This illustrates the
concept of independence.

15
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‘\,5(.'1(';3) Y_)l 3) r,3) —( I) 3)
/ \ / / N TN
¢(x,5) (z,5) @(x,5) —p(z,5) ¢(,5) -p(,5) o5 -,

( _(1 5 ) 5)
/N /’\ /N /\/l’\/\/\ /TN
Figure 3.4: Tree for the independence property

In mathematical logic and model theory, the term NIP (Not the Independence
Property) [3, 4] refers to structures where certain formulas do not display this kind
of independence. In other words, NIP structures prevent formulas from generating
such infinitely branching, independent behavior.

Definition 3.1.2. A theory is said to be NIP (Not the Independence Property,
also known as dependent) if no formula within the theory has the Independence
Property.

A formula is said to have the IP if there exists a sequence of elements such that
the truth value of the formula can vary depending on the membership of indices
in a subset. In simpler terms, the formula is capable of encoding arbitrary subsets
of natural numbers essentially "choosing" freely which combinations are true or
false based on the structure of the subset.

A theory is called NIP (Not the Independence Property) if no formula within
the theory behaves this way-that is, none of the formulas allow such arbitrary
patterns of truth and falsehood.

3.2 OP on basic facts

Definition 3.2.1. If no formula possesses the order property, a theory is called
stable.

Definition 3.2.2. A formula p(x,y) is said to have the order property if there
exist sequences (a; : i < w) and (b; : j < w) such that

’: QO(CLZ',bj) &1 <.

Let us now take a closer look at Figure(3.5). In this diagram, the green arrows
represent paths where the formula is true, while the red arrows indicate false
outcomes. Based on these branches, we can construct general patterns or "views"
of how the formulas behave. Below are a few examples that illustrate this idea
more clearly:

16



e 51), X F2). o 7). X F4), cevvr s OX, ¥ u)....

T v v v
|

al ax a3 a4 an

Figure 3.5: The concept of an ordered property

L. 2 (a_la yl) N P (a_27 yl) N P (a_27 yQ)
2. % (CL_3, yl) M R (CL_3, y?) M Y (@_3, y3)

How does the definition we introduced at the beginning connect to all of this?
Figure(3.6) illustrates exactly what we've been discussing throughout it brings
together the key ideas we've been building up to.

|

SOP+NIP ( SOP+IP
'NSOP+NIP | NSOP+IP |

|

Figure 3.6: Concept of the classes

Proof. We aim to clarify the relationship between the Order Property (OP), the
Strict Order Property (SOP), and the Independence Property (IP).

We have the following equivalences and implications:

OP <— SOPUIP, —-OP <= NSOPNNIP

That is, a theory has the OP if and only if it has either the SOP or the IP.
Conversely, a theory is NOP (Not the Order Property) if and only if it is both
NSOP (Not the Strict Order Property) and NIP (Not the Independence Property).

Moreover, we know the following implications:
SOP = OP, IP= OP
Additionally, we have these characterizations:

OPNNIP < SOP, OPNNSOP <= 1IP

17



These equivalences help classify the combinatorial behavior of formulas in a
theory, depending on which dividing lines (OP, IP, SOP) they satisfy.

[]

3.3 SOP and NSOP properties and examples

Let us now turn our attention to the next class SOP (Strict Order Property) and
examine it more closely. This concept plays a significant role in various theoretical
frameworks and can help us understand deeper structural properties of models.

Definition 3.3.1. A formula o(x,y) has strict order property if there are
(@1, ...,a,) where n > w,

P (M7 an) C 2 (M, On+1) -

A formula ¢ is said to have the SOP if there exist a sequence of elements such
that the set of instances where ¢ is not true for one part of the sequence is a
proper subset of the set where ¢ is not true for the next part. In other words, the
truth of the formula creates a strict, growing hierarchy across the sequence.

Definition 3.3.2. SOP <= there exists ¢(x,y) 3(a1,....a,...) then

o (M) o (M.ar).

In this definition, the structure is presented in an increasing form-that is, each
step in the sequence builds on the previous one, creating a strictly expanding
pattern.

#(M, a;)

| — (M, az)
| / \ RS

Figure 3.7: Visual representation of the Strict Order Property (SOP)

M, a1)

M, a)

—A(M, as)

By examining Figure(3.7), we observe an infinitely increasing chain of definable
sets, each one contained within ¢ (M ., +1)' This illustrates the growing nature
of the sets as the sequence progresses. However, we can also consider the opposite
direction where the chain decreases instead of increases. Let us now explore this

decreasing form.
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Example 3.3.1. Consider the structure (Q,=, <), and let the formula be

o(z,y);=x <y. We can express this as:

p(@,1) ={r € Qlr <1} = (-o0,1)
p(Q,2) = {r € Qlr <2} = (-0,2)

e(@Q,n+1)={reQr<n+1} =(—oco,n+1)

This forms an increasing chain of definable sets, illustrating how the formula
o(x,y) defines initial segments of () based on the parameter y.

—0o0 +00

ree

12 8

Figure 3.8: Initial segments in (@, <) via x < y.

Definition 3.3.3. A theory is called NSOP (Not the Strict Order Property) if
none of its formulas exhibit the strict order property.

3.4 Stability

A field of mathematical logic that studies the properties and structure of stable
theories. [3]

Definition 3.4.1. The theory T is stable if and only if all types are definable.

Definition 3.4.2. A formula p(x,y) has the order property if there are elements
ag, ai, ... and by, by, ... such that for all i,5 € w

F @ (a;,b;) if and only if i < j.

Theorem 3.4.1. A theory is stable if no formula has the order property F
¢ (a;,bj) <1 < j. Also here doesn’t exist 2p(x = x infinitely branching tree).

—OP <= (wOP N —~IP) <= stable

Fact 3.4.1. Stable formulas are NIP and NSOP.
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4. DP-minimal properties and
examples

First let us look at what is contained in DP-minimal:
1. o-minimal

2. weakly o-minimal

4.1 O-minimal

The concept of o-minimality was introduced and developed by L. van den Dries,
A. Pillay, C. Steinhorn [5].

Definition 4.1.1. A linearly ordered structure M = (M, <,...) is said to be
o-minimal (here, "o’ stands for ordered) if the realization of any formula of M is
one free varitable is a disjoint union of finitely many open intervals and points.

In everyday terms, o-minimality says that no matter how you slice the uni-
verse M with a single-variable definable condition, you can only carve out simple
“chunks” intervals or isolated points with no wild oscillations or fractal-like be-
havior. Also, every definable subset of the line is a finite union of sets of the form

(a,b), (a,0), (—o0,b),or{c}.

Example 4.1.1 (Real closed fields). The field of real numbers R equipped with
its usual order, addition and multiplication,

(R7+7 '707 17 <)7

1s o-minimal. Indeed, any real-polynomial inequality

f(x,a) >0; f(x,a)=ag(x —ar)(x — a)(x — ap)

cuts R into finitely many sign-constant intervals separated by the finitely many
real roots anq, ...,y plus any isolated zeros. More generally, any real closed field
inherits this property: quantifier elimination in the language of ordered rings
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forces every one-variable definable set to decompose into finitely many intervals
and points.

=N

Figure 4.1: Sign changes of a real polynomial.

A key result by D. Marker and C. Steinhorn highlights a powerful consequence
of o-minimality: it guarantees a strong form of conservativity under elementary
extensions.

Theorem 4.1.1. Let MM < N be two models of o-minimal theory. If M <, . N,
then Vn <w 9N <, I, M is n-conservative extension of M.

4.2 Weakly o-minimal

Notions of weakly o-minimal was presented by M.A.Dickmann, D. Macpherson,
D. Marker, and C.Steinhorn|6.

Definition 4.2.1. A linearly ordered structure M = (M, <,...) is weakly o-
manimal if the realization of each formula in one free variable is a disjoint union
of finitely many convex subsets.

Here a subset C' C M is called convex if whenever a,b € C' and ¢ € M
satisfies a < ¢ < b, then ¢ € C. Equivalently, a convex definable piece looks
like an interval (perhaps closed at one or both ends), but a single definable set
may glue together several such convex chunks interval-like pieces that need not
be open. Every o-minimal structure is weakly o-minimal, but the converse fails
dramatically:

Theorem 4.2.1 (B.Baizhanov). There is pair of models MM, N for some weakly
o-manimal theory T, such that 9 <1 . N, but M Aa . MN.

4.3 DP-rank has more than one

Definition 4.3.1. A theory has dp-rank > n if there are formulas ¢1(z,y),.. .,

on(x,y) and mutually indiscernible sequences (a})iw s, (@), such that for
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any function o : {1,...,n} = w, the type

{gok (m,ag(ko k< n} U {—¢x (:I:,af) ri#o(k),k<n}

is consistent. A theory is dp-minimal if it has dp-rank=1 [7, §].

Let us consider Definition 4.3.1, which introduces the concept of dp-rank a
measure of complexity in model theory, particularly in the study of dependent
theories. Informally, the dp-rank of a theory tells us how many independent
sequences are needed to describe the dividing behavior of formulas in that theory.

If a theory has dp-rank=1, this means that its complexity can be captured
using a single formula and a single sequence of mutually indiscernible elements.
Such theories are called dp-minimal. In other words, a dp-minimal theory is
one that requires the minimal amount of structure to describe dividing.

Now, let us consider a theory of dp-rank=2. In this case, there exist formulas
v1(x,y) and ps(x, Z), along with two sequences:

(C_Ll,C_LQ,...,(_ln,...), neN, and (61,62,...,bm,...), m € N,

which are mutually indiscernible and demonstrate independence in two dimen-
sions.

Let us visualize this in geometric terms (see Figure 4.1). Suppose we define a

function
o:{1,2} - N

with values 01 = 3 and oo = 2. This assignment gives rise to the following
consistent conjunction:

(g01($, d3) A 902(377 62)) N /\ _'g01($, di) N /\ _'902(x76j>
i#3 J#2

This formula selects exactly one element from each sequence (indexed by o),
while excluding all others. Such a configuration illustrates the need for two in-
dependent sequences to define the behavior of formulas in the theory. Therefore,
the theory has dp-rank=2, and is not dp-minimal.

We now consider the case where a theory has dp-rank=3. In this setting,
there exist three formulas

QOl(l‘,@), 902(1’.7@)7 @3(377@)7

each depending on the variables z and g, and satisfying the necessary conditions
for defining dp-rank.
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Figure 4.2: Dimension two

Additionally, we are given three sequences:

(a10)icw,  (@2i)icw, (a3i)i<w,
which are mutually indiscernible.
But what does it mean for sequences to be mutually indiscernible?

Definition 4.3.2. A sequence (ay,as, as, ...) is called indiscernible if it always
looks the same to the model.

This means that for any number k, if you pick k elements from the sequence

in increasing order, then for any formula p(x1, ..., xr), the truth of the formula
does not change.

Formally, for any increasing sequences of indices
<o <...<ip and Jj1<7Jo<...<Jk,

we have:
M E o(aiy, ..., a,) <= M E=qp(aj,...,a;)

Example 4.3.1. Let p(z,y) be a formula.

If
M ’: Sp(a?)? CL5)7

then by indiscernibility, we also have:

M = p(ar,a2) and M = o(ai00, @1000000)-

As long as the order is the same (the first index is smaller than the second),
the formula gives the same truth value.

This means that the formulas ¢, v, ¢3 do not distinguish between rearrange-
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ments within each sequence when evaluated in the presence of the others. That
is, the truth of any instance of a formula remains unchanged regardless of how
we reorder the elements in the sequences, as long as mutual indiscernibility is
preserved.

Now, for any function
o:4{1,2,3} = w,

we can construct a consistent set of formulas of the form:

{‘P1(9E, A1o(1)) N ©2(2, azg(2)) A @3(, a3o(3))}U{_‘S0k:(x7aki> i #o(k), k=1,2,3}

In conclusion, referring back to Definition 4.3.1, we see that if we can construct
such formulas based on sequence and save consistency under arbitrary assignments
of indices via the function o, then the theory is said to have dp-rank=3.

This idea can be visualized geometrically as a three-dimensional space, where
each dimension corresponds to one of the sequences, and the height in each direc-
tion reflects the specific choice of index. Each consistent type represents a distinct
point in this 3D configuration.

Figure 4.3: Dimension three

We consider the relation E3(a; b, ¢), which expresses that for tuples (a1, b1, ¢1),
the relation implies ¢ = ¢;. This means that the elements lie on the same plane.

Let us work within the basic space R?, where each element is described by three
coordinates. In this context, we take planes represented in Figure(4.2) as yellow
surfaces that run parallel to the Y-axis. These planes represent equivalence classes
based on the relation Ej3, and each such class corresponds to a distinct "slice" of
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the space.
To illustrate this with a simple example, imagine the walls of a house:

e Walls running from north to south (aligned along the Y-axis) form one
equivalence class.

e Ceilings and floors constitute a second, distinct equivalence class.

e Walls running from west to east (aligned along the X-axis) make up a
third class.

Any two walls from the same class will intersect the floor and ceiling along the
same lines. Furthermore, each wall shares common intersections with both the
floor and ceiling. These mutual intersections highlight that we are working in
a space with three dimensions, where each equivalence class captures alignment
along one of the three coordinate directions.

This visualization helps us understand how equivalence relations can be used
to partition R? into geometrically meaningful classes.
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5. Definability types

5.1 Cuts and Classification of 1-types in linearly
ordered structures

Definition 5.1.1. A type is a locally consistent set of formulas.
Definition 5.1.2. It is consistent if every finite part of it is satisfiable.

Definition 5.1.3. If there exists an element x that satisfies all formulas in the
complete type, then we say that the type is realized.

Let M = (M; =, <1, <g,...) be astructure with possibly multiple linear orders
or other relations.

A 1-type over the model 901, denoted p € S1(M), is a set of formulas
p=Ayi(z,a)|iel, aec M}

such that for every finite subset {¢1(z), ..., pn(x)} C p, the conjunction is satis-
fiable in 90t[9):
M = 3z (er(x) A o) Ao A pn(a)) .

We say that the type p is realized in 90 if there exists an element b € M such
that for every formula ¢(z,a) € p, we have:

M = o(b, a).
Kinds of 1 — types in ordered structures.

We now focus on the special case when the structure 91 is linearly ordered.

In such conditions, the geometry of types becomes particularly meaningful.
Specifically, it is well known that in linearly ordered theories including weakly
o-minimal or more generally NIP theories the realization set of a non-algebraic
1-type over a set A forms a convex subset of the domain M.

This observation allows us to connect the notion of types with the classical
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model-theoretic concept of a cut.

This convex set defines a cut-a partition of M into two convex subsets C' and
D, such that:

e Every element of C' is less than every element of D,
e CUD=M,

e The type p(x) is realized either fully within one of them or precisely at the
boundary between them.

Based on the nature of this boundary, we distinguish 1-types by how their cuts
“sit” relative to the elements of M:

e Rational type: One side of the cut has an actual endpoint in M:
Either max C exists in M, or min D exists in M.

Equivalently, p is defined by a simple formula such as x > a or x < b for
some a,b € M. These types are both realized and definable.

C D

I

¢ Quasi-rational type: Neither side contains an element of M, but exactly
one boundary (either the “upper edge” of C or the “lower edge” of D) is de-
finable by a parameterized formula. Such a type can be described internally
(hence is definable), yet remains unrealized in M.

C D

e Irrational type: Neither boundary of the cut is definable over M. No
formula with parameters in M isolates the gap from above or below. These
types are non-definable and cannot be realized in any small (1-conservative)
extension of M.

This classification of types via cuts plays a central role in the analysis of de-
finability, and the construction of conservative extensions, especially in un-
stable, non-dp-minimal NIP theories, which are the focus of this thesis.
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5.2 Conservative extension of NIP non
dp-minimal theories

Definition 5.2.1. ¢ € S(A), q(¥) is definable, if for any p(Z,y) there is d (¥, a),

a € A such that for any b € A, p(Z,b) € q iff M = dy(a,b).

In other words, for each formula ¢(Z,7), there exists a control formula d, that
determines whether ¢(Z,b) belongs to the type ¢ - this happens exactly when
d,(a,b) is true in the model. If we take a new tuple ¢ and want to know whether
©(Z,¢) € q, we just check whether the corresponding control formula holds.

In a conservative extension, such control formulas exist for every type and
every formula [10].

Definition 5.2.2. Let 9t be a model of a theory T', and suppose M < N is an
elementary extension. Then N is called an n-conservative extension of M if
for every tuple & € N\ M, the type tp(a/M) is definable.

Let M = (M; E) and M = (N; E). We say that 9t < 91 is an elementary

extension if:
1. M C N,

2. For every formula ¢(@) with parameters & € M, we have:
M= p(a) <= NEpa)
Theorem 5.2.1. T' — stable < Vp € S(N),Vo(z,y)3d,(y,a) a € M such that
Vb e M [p(z,b) € p& M = dy(a,b)] .

There is also a control formula where T-stable only if for any p here from N,
for any formula (Z,y) exists a control formula d (¢, a) here from M such that
for any b of Me(x,b) belongs to p only if for M truth d,(a,b).

In other words, in conservative extension each type is definable.

X=X
X )
o (x,a) - (x, a2)
X ) ¥ Y
o(x.@) —o(x a) ox. @) o((x @)
" < Y '\ ¥ X 4

v
o(x @) e (x @) oxa) @ (xa) oxa) —oxa) o(xa)oe(xa)

I n |

Figure 5.1: Tree for stable theory
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A theory is stable if no formula has the order property E ¢ (a;,b;) < i < j.
Also here doesn’t exist 2p(xz = x infinitely branching tree). As we can see in
Figue 5.1, there is a n tree where it doesn’t go any further. It means that there
is no complete n + 1 tree.

The formula for that will be r,(x = x) = n rank is maximum depth of the
tree.

As we said before any pair models of conservative extension 9t < 91 and each
type ¢ € S(A) in stable theory is definable.

In Figure (5.2) NIP4+NSOP is always stable and it divides into dp-minimal and
non dp-minimal. Now our task is to consider for these structures when there is
dp-minimal and when there is non dp-minimal.

dp-minimal non-dp-minimal

SOP SOP

NSOP Stable NSOP

NIP 1P

Figure 5.2: The region of interest: non dp-minimal NIP theories.
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6. Main results

6.1 Special Cartesian product of two ordered
structures

Let My = (My;X4), My = (My; X5) be two ordered structures, denote by "<"
and "<," two linear order such that <;€ ¥; and <s€ 39 and 3y N ¥y = {=}.
Definition 6.1.1. My X, My - special Cartesian product of 2 models.

Let:
My = (M, %), DMy = (M, Xs)

N X sep Moy = <M1 X MQ, YU U {<}>

LetPEEl,P’EEQ.

Dﬁl X sep mg IZ P((al,bl), Cey (an,bn)) <
Mk Plar.....a,)

and

My Xsep Mo = P'((a1,b1), ..., (an, b)) <=
My = P(br, ..., by)
My Xsep Mo = (a1,01) < (a2,b2) <=
MEwu<a N MEa=a=MFEDb <b)

Notice, that for any pair elements (a1, by), (az,bs) € My X Ms
f)ﬁl X sep gﬁg |: (al,bl) <4 (CLQ,bQ) < 9.711 )Z a1 < a9

gﬁl X sep gﬁg |: (al,bl) <9 (ag,bg) < Dﬁg ): bl < bg

6.1.1 Formulas of special Cartesian product

Introduce two binary formulas of ¥, 1= ¥ U Xy U {<}.
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Ei(x,y) = —(x <1 y) A(y <1 ) and Ey(x,y) = —(x <o y) A ~(y <o x).

My Xsep Mo = E1((ar,01), (az,b2)) <= M = a1 = az
My Xsep Mo = Ea((ar, b)), (az,b2)) <= My =01 = by

It follows from the definition that E; and Es are relations of equivalence.

6.1.2 NIP for special Cartesian product
We assume that the structures 9t, and 9, are NIP.

Assume that our structure admits a formula ¢(x, ) that has the Independence
Property (IP). This means there exists an infinite sequence of parameter tuples
from our model, denoted

R RS
such that the formula behaves like a binary tree of arbitrary depth.

More precisely, for every natural number n € w and each binary sequence
T = (1,7T2,...,7) €2", where 7; € {0,1},

we define:

Then the IP property implies that for every 7 € 2", there exists an element
r e My Xscp N5

such that .
My Xsep Mo = Elx/\”go(x,l_)i).
i=1
In simple terms, this means that for every possible combination of truth values

applied to the formula ¢ (z, b;), there exists some element in our special Cartesian
product structure that realizes that pattern.

If such realizations exist for all binary patterns, then the formula ¢ has the IP.
But in NIP structures, this cannot happen.

Therefore, if both 9; and My are NIP, and such a full binary pattern is
realized in their SCP product, this leads to a contradiction. Hence, the special

Cartesian product
EUtl ><scp mQ
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must also be NIP.

Denote

This means that there is a 2-tree of formulas, reflecting the IP property of
o(z,7).
Since for any 7 € 2", there is a, € My x M such that

m }: /\ Tigp(aﬂ BZ)?

it is necessary to understand the structure of:

E(l‘, a;, b])

If there is a; € My or b; € M, such that
El(ml ><scp m% (a’ia b])) A /\ @T(ml ><scp mZa Bn)a
ne2n

or
E2(m1 ><scp m27 (a’i7bj)) Vv U @T(ml ><scp m%Bn)a

ne2n

then we distinguish two possibilities.
e If the first definable set contains an infinite 2-tree, then M5 has IP.
e If the second set contains an infinite 2-tree, then M; has IP.

In both cases, we obtain a contradiction, since both M; and M, are assumed
to be NIP. Therefore,
ml Xsep 9.7(2 is NIP.

6.1.3 dp-rank of special Cartesian product

We show that the dp-rank of the special Cartesian product 9t X ¢, My is equal
to 2, under the assumption that both 9t; and 9y are linearly ordered structures
and that Fq and F5 denote the respective coordinate projections.

Let (an)n<w be a strictly increasing sequence in Mj such that

M = ap < apyq, foralln <w.
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Likewise, let (b,,)m<w be a strictly increasing sequence in My such that

My = by < by, forallm < w.

Consider two sequences in the product structure M; x Mos:

{(al, bl), (CLQ, bl), ceey (an, bl), RN },
{(al,bl), (al,bg), ceey (al,bm), . }

Denote:
Cn = (an,b1), dpy = (a1,bn).

Let x be a variable ranging over elements of M; Xy, Ms. Define the formulas
FEy(z,y) and Fy(z,y) to correspond to the projections onto the first and second
coordinates respectively,

Ei(z,c) i =m(x) = an, FEa(x,dy) = m(x) = by,

Now fix any pair (i,j) € w X w. Then consider the following set of formulas:

A ={E(z,¢) N Esy(x,dj)} U{=E(x,¢,) | n# i} U{—Es(z,dy) | m # 5}

We claim that this set A;; is consistent. Intuitively, this means that there
exists an element x € M; Xy, My such that:

e the first coordinate of x is exactly a; and no other a,,,
e the second coordinate of x is exactly b; and no other by,.
Such an = = (a;, b;) clearly satisfies all formulas in A, ;, so the set is consistent.

This setup defines an indiscernible array {(cp,dm)}nm<w that witnesses dp-
rank > 2. Since 9%; and 9, are both NIP (e.g., o-minimal or weakly o-minimal),
their product in the special Cartesian sense remains NIP, and no array of this
kind can witness a rank greater than 2.

The last statement means that dp-rank of 9; X4, My is equal to 2.

6.1.4 1-Types over a model of special Cartesian product of
two dp-minimal ordered structures

We will consider 1-types over model 9 of theory of special Cartesian product.

Let p € S1(M). Consider the following cases:
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1. (a) Consider the irrational cut (C, D) in 9, and let

pl,l(x) = {El(.CC, (al, b]))} U {(CL, b]) <qx <q (a’,bj)\a e C, a e D}

(b) Consider the (quasi)rational cut (C, D) in 91, and let
p172($) = {El(l’, (al, b]))} U {(CL, b]) <1 <3 (ao, bj)a e C,

ap minimal in D}

2. (a) Consider the irrational cut (C, D) in 91, and let

po1(x) == {Es(x, (a;,b1))} U{(a;,b) <o z <3 (a;,b")|b € C,V € D}

(b) Consider the (quasi)rational cut (C, D) in 91, and let

p22(x) = {Es(, (ai, b1))} U {(ai,b) <2 @ <3 (ai,bo)|b € C,
bo minimal in D}

3. ps(x) = {~FEi(x,a) N =Ey(x,b) ANVy(Er(y,a) = y < x) AVz(Ey(z,a) —
z < z)|la,b e M x My}

4. py(z) = {=E(x,a) N =Ey(x,b) ANVy(E1(y,a) — = < y) AVz(Ey(z,a) —
r < z)la,b € M x My}

5. Consider two irrational cuts: first (Cy, Dq) in 9%, and second (Cs, D9) in
m,
ps(x) = {(a,b) < (c,d)|a € C1,b € Cy,c € Dy,d € Do}

6.1.5 Conclusion on classes o-minimal and weakly
o-minimal theories

So, we have the definition of the special Cartesian product of two structures,
denoted by 9M; Xgp M.

We focus on the case where 9, and 91, are linearly ordered structures without
the independence property (IP). By Subsection 6.1.2, it was established that the
theory of My Xgep My is dependent (NIP). Furthermore, by Subsection 6.1.3, the
dp-rank of this product is equals to 2.

Since models of weakly o-minimal theories are known to be dp-minimal, and
since the class of o-minimal theories is a subclass of weakly o-minimal theories, it
follows that:

e Any model of a weakly o-minimal theory is NIP.
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e The special Cartesian product of weakly o-minimal models is therefore NIP.

e Consequently, the theory of o-minimal structures, being a subclass of weakly
o-minimal theories, is NIP as well.

Theorem 6.1.1. Let My, My be two o-minimal structures, then dp-rank (9 x
My ) =2 and theory of My X eo My is dependent (NIP).

Theorem 6.1.2. Let 0y, My be two weakly o-minimal structures, then dp-rank
(Mg x My )=2 and theory of My X sp My is dependent (NIP).

6.2 Conservative extensions on special Cartesian
product of two ordered structures

O-minimal structures have dp-rank 1

An o-minimal structure is a model-theoretic structure over a linear order where
every definable set in one variable is a finite union of points and intervals. It is
known that any o-minimal structure has dp-rank equal to 1

9 is called to be weakly o-minimal if for any 1-formula ¢(z) definable set
@(IN) is finite union convex sets

6.2.1 Definability of 1-type in ordered structures

Let 9t be an ordered structure and let 9T > 901 be a saturated elementary

extension. Let ¢(z) be an 9M-formula. The conver closure of this formula is
defined as:

() == Fy3z (p(2) Ap(y) Nz <z < y).

The convex closure of a 1-type p € S1(9MN) is defined as the set:
pi(x) = {¢"(x) | o(z) € p}.

If the complete theory T' = Th(90) is o-minimal or weakly o-minimal, then for
any p € S1(9M), the following equality holds:

p(M) = p“(M),

i.e., p©is a convex closure of p, and its realization set in 1 coincides with that of
p.

In this situation there just two cases on definability of 1-type.

Theorem 6.2.1. Let M be a model of ordered theory T, p € S(M). Then
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(1) if T is o-minimal, p is definable iff p is rational. Or equivalently, p is
non-definable iff p is irrational.

(ii) If T is weakly o-minimal then p is definable iff p is quasi-rational. Or
equivalently, p is non-definable iff p is irrational.

Since p(M) = p(M), the set of realization of 1-type coincide with the set of
realization of the cut if -type is irrational. t The last means non definability of
cut and 1-type.

Thus the definable 1-types over I, X, M, are py 2, P22, P4, Ps.

6.2.2 1-Conservative extension in SC'P, based on two
o-minimal models

Theorem 6.2.2. Let T' be a theory of a model My X gep My from Theorem 6.1.1.

Then for any pair of models MMy X g0y Moy < N of theory T'. If My X 5ep Mo <1, N,

thenVn < w, we have My X, Mo <5, N. That is N is n-conservative extension

of M.

In this setting, the model 9y x4, My is built from two o-minimal structures.
We know that types p12 and pyo are conservative. In fact:

e The type p1o corresponds to a rational type in the o-minimal structure 9s.
e The type ps9.o corresponds to a rational type in the o-minimal structure 91;.

So, any elementary extension that contains elements realizing p; and p, will
consist of rational types from o-minimal structures. If we assume a 1-conservative
extension, then by the Marker-Steinhorn Theorem, any difference between the
models is definable, and every tuple in the difference realizes a definable type.

Thus, if a 1-type over My X 4, My is of the form p; o and pys, then:
e P19 is a 1-type of My,
® oo is a 1-type of 9.

Since both types are rational, we can conclude that they are definable. This
implies that any pair of elements, each realizing a definable type, will together
also realize a definable type. Hence, 1-conservativity implies full n-conservativity.

6.2.3 1-Conservative extension in SC' P, based on two weakly
o-minimal models

Theorem 6.2.3. There exists theoryT' such that T is theory of model My X 0 My
from Theorem 6.1.2 and there is pair of models My X gep Mo < N of theory T'
with <Ny X sep Mo <1, ’ﬁ, but Ny X sep Mo 742’0 M.
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In contrast to the o-minimal case, weakly o-minimal structures allow more
complex definable sets. Here again, we consider types p1.o and poo:

e P corresponds to a type in 9o,
® oo corresponds to a type in 9.

Individually, these types are definable. However, we can construct a pair of
elements, each realizing a definable type, such that their combined type is not
definable. This failure of definability for tuples indicates that while 91 is a 1-
conservative extension, it is not 2-conservative.

The proof of this theorem relies on an analysis of the B.Baizhanov theorem,
which shows that even in NIP theories with weakly o-minimal components, the hi-
erarchy of definability does not crash. Unlike the o-minimal case, 1-conservativity
does not guarantee higher levels of conservativity.

This contrast highlights the structural differences between SCPs built from o-
minimal versus weakly o-minimal structures and the role played by rationality
and definability in determining conservative hierarchies.

6.3 Special Cartesian product of n ordered
structures

6.3.1 Definition of special Cartesian product of n-models

Let:
My = (M1, %), My = (M, Xo), ... M, = (M,,%,)

my X sep Mo Xsep -+ Xsep M, = <M1 X My X ... X Mn,Zl UXU...ux,U {<}>
Let P € ¥;, where 1 < i <mn, also let a',a?,...,a"™ € M, x M, x ... x M, such

that a' = (ai, a3, ...,al), ..., a* = (a*,a}, ..., am)

M Xsep Mo Xsep oo Xsep My = Pm(dl,dQ, LLam) = M E Pm(a},a?, e al)
M Xsep M Xsep oo Xsep My = (a1, a9, .oy @4y oy ) < (b1, b2,y oy by, by) <=
M; = a; < b;

Notice, that for any pair elements
(a1, a9, ..., ap), (b1, ba, ..., b,) € My X My X ... X M,
M Xsep Mo Xgep oo Xsep My = (a1, a2, .., a4y oy an) <1 (b1, bay .oy by, ..y by) <=

ml |:a1<b1
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M Xsep Mo Xgep oo Xsep My = (a1, a2, ..., G4y ooy an) <o (b1, b2y .y by, ., by) =
My = ag < by

My Xsep Mo Xsep oo Xsep M = (a1, gy ooy A4y ooy ) <pp (b1, b2, ..., 04y .0 by) =
M, = a, < b,

6.3.2 Formulas of special Cartesian product

Introduced n binary formulas of 3., == 31 UX U ... U X, U{<}.
E(z,y)==(z<;y) A=y <;z), for 1<i<n
my X sep My Xsep -+ Xscp M, |: Ez((al)a (bz) — M; ): a; = b;

It follows from definition that 7 and E5 are relations of equivalence.

6.3.3 NIP for special Cartesian product of n ordered NIP
structures

Consider My X gep Mo Xgep ... Xsep My, As in the case n = 2, the consideration

of proof leads to one of the basic structures 21;. We assume that the structures
M; (1 <i<n)are NIP.

Assume that our structure admits a formula ¢(x, g) that has the Independence
Property (IP). This means there exists an infinite sequence of parameter tuples
from our model, denoted

(51,59, Bss B )
such that the formula behaves like a binary tree of arbitrary depth.

More precisely, for every natural number n € w and each binary sequence
T=(71,T2,...,7Tn) € 2", where 7; € {0, 1},

we define:

Then the IP property implies that for every 7 € 2", there exists an element
T € My Xgep Mo Xgep oo Xsep My,

such that .
M Xsep Mo Xsep oo Xsep My, = Ela:/\”go(x, Bi).

=1
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In simple terms, this means that for every possible combination of truth values
applied to the formula p(x, b;), there exists some element in our special Cartesian
product structure that realizes that pattern.

If such realizations exist for all binary patterns, then the formula ¢ has the IP.
But in NIP structures, this cannot happen.

Therefore, if both 9M; (1 < i < n) are NIP, and such a full binary pattern is
realized in their SCP product, this leads to a contradiction. Hence, the special

Cartesian product
MY Xgep Mo Xgep oo Xgep M,
must also be NIP.
Denote
n

A"l 5) = la,b,).

i=1
This means that there is a 2-tree of formulas, reflecting the IP property of ¢(z, 7).
Since for any 7 € 2", there is a, € My x My x --- x M, such that

ml ><scp m2 ><scp Xscp mtn |: /\Ti¢(a776i)a

it is necessary to understand the structure of:

M X gep Mo Xgep oo Xsep My,

If there is (ai,az, ..., a;,...,a,) such that
Ei(M X ep M X s - X sep M, (@i, 0)) A J\ 07 (M1 X sp My X s - X sep M, b )
nean
then we distinguish n possibilities.
e If the i-th definable set contains an infinite 2-tree, then M; has IP.
o If the j-th set contains an infinite 2-tree, then M; has IP.

In n cases, we obtain a contradiction, since both M; (i < i < n) are assumed
to be NIP. Therefore,

ml X sep mg Xsep +++ Xsep ?)Jtn is NIP.
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7. Conclusion

In this dissertation, we studied the behavior of conservative extensions in NIP
theories that are not dp-minimal. By constructing special Cartesian products of
two o-minimal and two weakly o-minimal structures, we proved that the resulting
theories have dp-rank 2 and preserve the NIP property. This shows that even
when the components are dp-minimal, their product may have strictly higher
complexity while still remaining dependent.

We further investigated the definability of types and the existence of con-
servative extensions. For Cartesian products of o-minimal structures, every 1-
conservative extension is also an n-conservative extension for all finite n, confirm-
ing strong definability properties. However, for weakly o-minimal structures, we
constructed an example where 1-conservativity does not imply 2-conservativity.
This distinction highlights a crucial limitation in transferring definability between
different classes of ordered structures.

Our results contribute to the structural analysis of NIP theories beyond dp-
minimality and open further questions on the interaction between definability,
type classification, and model-theoretic extensions in higher dp-rank settings.
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