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SOME PROPERTIES OF FINITELY QUILTED ORDERED STRUCTURES

Abstract: It is knownthat any cut in an o-minimal structure has a unigue extension up to a
complete type over the model. For weakly o-minimal structures a cut can have at most two cxtensions
up to complete types. and the sets of realizations of these types arc convex in any clementary
extensions. Generalizing weak o-minimality we obtain the following notion of an »-quilted structure:
a totally ordered structure is said to be n-quilted if any cut has at most # extensions up to complete
types. Note that we omit here condition that the set of all realizations of a type must be convex. In
this article we investigate basic properties of n-quilted structures.

Since notion of o-minimality had appeared in [1] a series of generalizations were suggested
such as weak o-minimality. quasi-o-minimality, almost o-minimality, quasi weak o-minimality. C-
minimality, variants of e-minimality and others.

Key words: Mathematical logic, model theory, o-minimality, ordered structures, a cut, a
complete type.

Here we suggest a new notion of a finitely quilted structure. But before we explain why we
suggest this notion.

Definition | [1] A totally ordered structiwe (M. =) is called o-minimal if for any formula
@ x. ¥) and any parameter a the set @ (M, ©) is a finite union of intervals and points.

It is well known that a totally ordered structure is o-minimal iff any cut has a unique
extension up to a complete type.

Defnition 2[2] A totaily ordered structure (M. =<....) is called weakly o-minimal if for any
Jormula @(x,¥) and any parameter @ the set @(M.@) is a finite union of convex sets.

Theorem 3[3] (M, <,...) is weakly o-minimal if and only if for any cur (€. D) there are at
most two complete types extending (C, D) and if there are two types then the set of realizations of
these hwo types in any elementary extensions are convex.

So we see that the number of extensions of a cut characterize weak o-minimality. That is why

the following definition is quite natural.
Definition 4 A totally ordered structure (M, =....) is called n-quilted if any cut in M has at

most N extensions to complete tvpes over M. A totally ordered structure is called finitely quilted if'it

is n-quileted for some natural munber n.
Obviously, any weakly o-minimal structure is 2-quilted.
Now we give an example of a 2-quilted structure which is not weakly o-minimal.

Example 5 M = (B.<,Q); M = @(a) =ac g

Theorem 6 The elementary theery of (R, <. Q) admits quantifier elimination.

Proof: First we write axioms for (R, <, Q):
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) vavyi(x < v —y 2x);

) VAVAVI(v < YAV < o X < 2);

J)vavi(x < yWa < ¥V >y

4y wadv(y < al:

5) Vady(x < v);

G) Vavadz(x s y s a < ZAZ <y

7) vavy3z(x yAQ(D)).

) vavadz(x <y —a <Az Sy AAQ(D).

By Tarski’s test it is sufficient to eliminate existential quantifier in a formula of the form
Jx Vit @, (v V), where o, are literals, that is of the form

r=yxFrxly a2y x>y a2y Qx), ~@x).
Observe that we have the following equivalences:

A

yY=Xx<ZNz

A

rEve(xCv)V(a >y,
e (a=y)V(a=y);
e (< y)v(x=y).

So if we consider 3x(x = v A ¢ x,¥)). This is equivalent to
I(((x < MV (¥ <2)) Ag(x, V)
We open parenthesis by distributive low:
A[((xr<3) AV (x> V) ne(x D))
And this is equivalent to
Ix((x <= ) Aae(n))vI((x > y) Ay, )

Now we can eliminate these quantifiers separately. So we may assume that we do not have @,
of the form x = v, x £ v, x = y. Similarly,

(Ireyva@x<))e=((va)a(y=))v(x <A ()
So we may assume that at most one of ¢,’s is of the form x > v.

Ix((x = )A (v <) Ap(x,3)) =
A=Ay <)V ((x <2)Ayz))Apix V)] =
(i <) Ay <) AP(TNV (1< ) A A@(RT)] =
(= VA< ) AT Vax((x < z2) A (y2) Ap(x,T)) <
[Br((x < y)Ap(x,¥NA (v < 2)]A [Bx((x < z)Ae(x, ) A (¥2)]

If one of ¢,’s is 2 = = formula 3x v/, @.(v.¥,) is equivalent to vy ¢, (2.¥,), which is
quantifier-free. So we may assume that there is no @, of the form x = v.
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Thus we have the following kinds of formulas:
L13x (v < x < 2) AQ(x))
1.2 3x((y < v < 2)A=Q(x)):
13 3x(y <v<z)h

2.13x((x < ) AQLA:
2.23x((x < 2)A=G(x)):
233x(x < Z)

313 (v < VAQ(Y)):
323x7(y < 1) A QX))
3337y < x)

4.13x(Q(x) )

4.23x(=Q(x)).

By axiom (7) the formula 1.1 is equivalent to v < . The formula 1.2 is equivalent to v < = by
axiom 8. The formula 1.3 is equivalent to v < = by axiom 7.By axioms 4 and 6.7.8 the formulas 2.1,
2.2, 2.3 are true, that is cquivalent to z = z.Similarly 3.1, 3.2, 3.3 are equivalent to y = y by axioms
5.6.7.84.1 is equivalent to y = y by axiom 7 and 4.2 is cquivalent to y = y by axiom 8.

Consider any cut (C.D). Let @ be consistent with (€, D). By quantifier climination ¢ is
C <xx<dQ(x) Q(x).x=a Since formulas ¢ < x and x < a alrcady belongs to (¢, D) if
¢ € C.d € DSo the only way to extend the is to add @(x) or =@(x). Thus we have that cach cut
has exactly 2 cxtension, so this structure is 2-quilted.

Example 7 (E <. Z) is 2-quilted. Any bownded cut has a wnique extension, the cuts
1en = (R, 0) and —w0 = (O, RYare consisted with Z(x); =Z(x).

Example 2.7 is similar ta the example 2.6.

Now we give an cxample of a 2-quilted structure which is not weakly quasi o-minimal.

Let M= QU (G +m)and = {=, <, P] the order < on A is the restriction of the natural
order on R to M. If a€@ then PMa)=(a—la- 1NNa, otherwise
P(M.a) = (a— La+ 1)N(T~+m).

Also we define function s(x) as s(a) = supP (M. a)

yo=s(x) = VI(F(z.x) = 2 < ¥)AVYE[V(P(z.x) — 2 <t) = v 2 ¢]
Theorem 8THh(M. <. P. S.S_l) admits quentifier elimination.

Proof: Any term has the following form: s™(x)where n € 2 So we have the following

literals:

s = sF (v
sP(x) 2 55 ()
Sr) < c"‘(_}']i
h (.x‘)s"(}'):

sT(0) = sR (v

ok R —
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6. s™(x)s*(v):
7. P(s™(x) s ()
8. —P(s"(x).s%(¥)).

Similarly to Theorem 6 we may assume that in 3x Vi, ¢, (x.¥,) there is no o, of the forms
2,4,6.

Note that s%(x) =s%(yv) is equivalent to s"*™(x) =s"(y) for any m€Z and
P(s"(x).s*(y)) if and only if P(s"7™(x), s%"™(y)) for any m € Z. So we may assume that n in
each o, is the same and - = 0. If at least one of o, (x.¥) is one of the form s7(x) = s%(v) then

3 Vi, @ ()T, SV, 9, (85 (1).T).

Thus we may assume that no ¢, of the form s%(x) = £%(¥). Also we may assume that at
most one @, of the form 3 and 5. So the general form is

(s (vy) < x < 5¥(n) AV, P(.\',-:.)AV‘, =P, (x, u;)).

Note that P2 AP s is equivalent to
P(x,2) As™Hz0) € v < s(22) A (P22, 7)) V P(5(z:).2)V P(z2,5(z,))). So we may assume
that at most one ¢ is of the form P(x,z).

P.2)A=Pxy) @ P(u)A[x < sTH) Va > s(u) Vv (s u) < x < < s(u) A =P(x,u))]

= (P(x,2) Ax < s"(u)) V(P(x,z)Ax < s(u)' v (P(.\,:) AsTHw) < x
Ts(u) AP u)) = (P(oz)Ax <sTH ) v (P(x, ) Ax
Ts(W) VP AsTHu) < v < s(W) APz ) v P(s(z),u) v P(z,s(u)))]

P 2) AsTH) < v < s(U) A=P(z 1) A=P(s(2), W) A =Pz, 5(u))

So if we have at least one @, of the form P(x,z) we may assume that there is no @, of the
form —P(x, ). Consider

In(s™ () <u < s¥() AP(x, 2
which is Lquivalem to
(s () <x s ) AsTHZ) < x < s(2) = & () < s() A (V) < s(2)ASTI(E) <
sE(l AsTz ) < 5(2).

So it is sufficient to consider

(™ (vy) < w0 <55 () AViL, n=P(xu,)) =
ST0n) < STV A LS () <54 (i) V (S () B 54 (1) A Veesy, (57 (ig))
£s™ 'jA\'lJ A 5_1(“:-',2)) = S[“r(l}) A S_l (1"1(3,-) £ 5(“?»‘3;,) A 'As_l(.u:(n.\)
£ s(u_‘ a1 ) AS(U )

= s “(3a );‘\F(ur,n,u,,q))."'P(uﬂ,},una))f\ AP (U 1),1:,,\,))1‘\3 (e

Tin+ly )
m“ )"l\e (ltﬂ 142} )< s(urw:ﬂ;)".\c (uru El) <"‘S(u'r|u+“‘ )A A ST (u
s(""w n-1) JI\S’(HH n )

= 5 (.‘:) A ‘F(ur-‘_n-i-‘.}'“rinﬂ_.-) A A P(u r-;:):—i_,-ur-;:n_;) A ‘*‘P(“r(i,\'urir:-ﬂ;)):]

)

T({2n)

From quantifier elimination it is casy to prove that the considered structure is 2-quilted.
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Obviously. any finitely quilted structure is o-w-stable. Since any o-stable ordered group is
Abclian and divisible [4]. we obtain that any finitely quilted ordered group is Abelian and divisible.

Lemma 9 Let G be an ordered finitely quilted groups. Then any definable subgroup is convex.

Proof. Assume the contrary, that a definable subgroup /f of the group (7 is not convex. Since
G 1s divisible the subgroup /7 has the mfinite index in its convex hull. So the cut which is defined
by sup/f has infinitely many extensions by formulae H(x) + g.

Theorem 10 Let G be an ordered finitely quilted groups as well as s any clementary
extensions. Then Th{G) is weakly o-minimal.

Proaf. Assume that a definable subsct A has infinitely many convex components. Let a cut
{C.D) be cansistent with both A and the complement of A. This cut does exists, becouse the set -
has infinitely many components. Consider an infinitesimal clement » in some elementary
extensions. such that for any ¢, realizing the cut (C. 2) the element b + ¢ also realizes this cut. Fix
som sufficiently saturated elementary extension and consider cuts defined by supC and infD. It is
casy to sce that the definable sets A + nbare consistent with these cuts for any natural nunmber n.
For dctails ene can see [5]. So this cut has infinitely many extensions up to complete types.

Question [s there a 2-quilted ordered group which is not weakly o-minimal?
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HEKOTOPBIE CBOHCTBA KOHEUYHO IMPOCTETAHHBIX ¥YITOPSIJIOYEHHBIX
CTPYKTVYP

Aumnoraumsi:  Maseerno,  uto moGoc  ceuestic B O-MUHIIMABBHOIT  CTPYETYPC  1IMCCT
C/UTHCTBENHOE PACHIHPEINIE /10 MOJHOr0 THIA HAM MOACTBLIO. [l cnado 0-MIBIRIAILHBIN CTPYRTY]
CCUCHHC MOMKCT 1IMCTEL MAKCHMYM JIBA PACHNIPCHHS O MONHBIN THITOB, TIPHYCM MHOKCCTBA BCeCX
peamirsaLIit ITHX THIOB ARIAOTCA BRINYKALIMI B MOOLIX MeMenTapyx pacumpeniix. Ofobmas
c1aby10  O-MIHHMATBEHOCTL, TOTYUACM  CHCAYIOUICe MOHATHC F-CTCralblX  CTPYRTYP: miHefino
ynopaaoNeNtas CTPYKTYpa Ha3biBACTCA p-cTeranofi, ecin moboe cewenue mmeeT He Goaee »
pacuiipentdi 10 nojnoro THMos. OOpaTiTe BHIMIHHE, UTO MBI 3[CCH OMYCKACM YCIORHC., UTO
MIIOWEETRO BCEX peamimaillii THNA AOMKHO ObIThL BBIMYKIbIM. B OTOl cTATHE MBI HCCHCAYCM
OCHOBHBIC CHOTICTBA #-CTCTATIBIX CTPYKTYP.

KmoueBnie  e10oBa:  MATCMaTHiIcckas  NOCHKY,  Teopia  Moacmcii,  o-MINEMaTbHOCTh,
YHOPAAOUEHEBIC CTPYRTYPRL. CCUCHHE, MOMBIT THL,
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