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INTRODUCTION 

In mathematics , development of new analytical methods of solution of the heat 

transfer problems is very important for various applications because it enables one 

to analyze an interrelationship of various input parameters on the dynamics of 

investigating phenomena, while the use of numerical methods is a problem when 

the number of parameters is great. And from mathematical point of view, most 

mathematical models based on Verigin, Stefan and inverse Stefan type boundary 

value problems. Such problems are among the most complicated, formidable and 

difficult problems in the theory of nonlinear parabolic equations in mathematical 

physics, since the corresponding integral equations are singular and require new 

approaches in solving problems analytically and numerically and also which 

long with the desired solutions of the equations, moving boundaries have to be 

found. In some cases, heat potentials can be constructed by which the boundary- 

value problems can be reduced to integral equations. However, in the case of 

domains that are degenerate at the initial time, additional difficulties arise due to 

the singularity of the integral* equations, which belong to the class of pseudo- 

Volterra equations that are unsolvable inthe general case bythe method of 

successive approximations. These results are obtained by S.N. Kharin [2]. 

The method of solving heat transfer problems with moving boundaries and phase 

transformation is represented'by Integral Error Functions and its properties. 

The results indicate that Integral Error Functions enable to solve, many 

practical problems described above in the easier way than classical methods, and 

could be implemented into the course of teaching mathematical physics, as special 

methods of solving heat transfer problems with moving boundaries.



1 LITERATURE REVIEW: THE THEORICAL ASPECTS AND 

METHODS OF SOLVING HEAT EQUATIONS IN THE DOMAINS WITH 

FIXED AND MOVING BOUNDARIES 

1.1 General overview of theorical aspects for heat equations. 

In the history there are many methods used for solving Heat Equations. For 

parabolic partial differential equations (in our work, for heat equations) in the 

domain with fixed and finite boundaries Method of Separable Variables or 

Generalized Fourier Series applied. As is well known for domains with fixed 

infinite or semi-infinite boundaries, it’s more 

suitable to use Laplace and Fourier Transforms. The most remarkable method that 

applied to solve Heat Equations with fixed and moving boundaries is Heat 

Potential (for Single and Double layer). And methods of solving Heat Problems 

with moving boundaries are based on the reduction of Heat Equation to a system of 

integral equations which cause great difficulties. 

The theory on solving Parabolic Equations in domains with fixed boundaries 

is well developed and discussed in details almost in all “Partial Differential 

Equations” course books, and as it was said above it is out of scope of this chapter 

to overview all of them only some examples will be discussed to outline the 

concept. 

1.2 Heat Potentials (Solutions of Heat Equations with fixed boundaries) 

Heat Potentials of Single layer and Double layer are one of the powerful methods 

applied to solve Heat Equations in domains with fixed and moving boundaries. It is 

well known that Heat Equation can be reduced to the system of Integral Equations 

by the help of Heat Potentials which are represented in the following form [1]:



(x-D? 

Wi(x,t=f, eer y(n) dt 
J (t-7) 

t x-l (x-1)? 

W2(x,t}= J, — sa 2 (at 
2avn(t-1)2 

From physical point of view it means that the distribution of the temperature 

U(x,t) along an infinite bar -00<x<oo caused by an instantaneous heat source of 

the unit power density placed at the point x=0 at the time t=0. If the heat source 

located at the x=/ act continuously from the time t=0 to the time tt and its power 

density at t is u(t), then the distribution of the temperature is the convolution 

G*u; ie 

t , 4a%(I-r) 
U(x,t) = J _* 1 

cayenne ( ) 

1.3 Solutions of Heat Equations in the domains with moving boundaries 

Development of analytical methods of solution of free boundary value problems 

are of great theoretical and practical interest. From mathematical point of view the 

well-known analytical method is based on the representation of a solution in the 

form of heat potentials with following reduction of the given problem to integral 

equation [16].However if the domain with moving boundary degenerates into a 

point at the initial time, the integral equations become singular and cannot be 

solved by Picard’s method. Asymptotic properties of such equations have been 

investigated in [17]. In the next three chapters it will be shown that Integral Error 

Funstions enable to find qualitative and quantitative solution of heat equations with 

moving boundaries in easier and more precise way than above classical methods. 

Moreover from practical point of view Integral Error Functions allows us to solve 

problems concerned with analysis of dynamics of phenomena of heat and mass 

5



transfer with phase transformation, hydrodynamic flows and many other problems 

which will be shown in the last chapter. 

1.4 IEF method 

There is another new special method which helps to solve Heat Equations in 

the domains with fixed and moving boundaries. Heat equations are solved by the 

help of Integral Error Functions (IEF method) and its properties, which were 

introduced by Hartree in 1935 and reasonably sometimes called Hartree functions. 

This method can be used to solve first, second and third boundary value problems 

for Heat Equations with fixed and moving finite, semi-infinite and infinite 

boundaries. Even though it is not the most powerful side of IEF method for the 

domains with fixed boundaries and it is hard to say that the introduced method is 

more advantageous than classical Fourier, Laplace transforms and Heat Potentials 

except the difficulties, that it is sometimes hard to find inverse transformation and 

almost every time impossible to evaluate and find quantitative values of bulky 

integrals , however it is possible to see that in the domains with moving boundaries 

especially in the domains with degenerating boundary conditions at the initial time, 

IEF method is much more preferable than classical methods, as from theoretical 

same from practical points of view. 

The integral error functions determined by recurrent formulas 

i"erfex = Ji erfewd ,  n=l,2,... i°erfex = erfcx = Fz fore’ )dv (2) 

Where =|- - 2 fexp(—v?)av 3 enfic = | erfex = = Jexoc v’) | (3) 

One can obtain from



on _ 2 iF _ n ay? 

i"erfcx = eal” x)" exp(—v* )dv (4) 

Expressions (2) satisfy the differential equation 

2 

Si efor + 2x-Lierfox Oni" erfex =0 (5) 

and recurrent formulas 

Qni"erfex = i" erfex —2xi" ‘erfex (6) 

Integral Error Functions are very useful for investigation of heat transfer, diffusion 

and other phenomena which can be described by the equation 

2 
Ou a Oru (7) 

inaregion D(t>0,0<x<a(t)) with free boundary x=a(t) , since the functions 

= tx 
u,, (£x,t) = ti" erfe 

2avt 

suffice the equation (7) as well as their linear combination or even series 
\ 

u(x,t) = SIAM, (x,t) + B,u,(-x,f)] 

n=0 

For any constants 4,,B,.We can choose these constants to satisfy the 

boundary conditions at 

x=0 and x=a(t), if given boundary functions can be expanded into Taylor 

series with powers 

t or vr. 

1.5 Properties of Integral Error Function 

It is possible to derive new properties of Integral Error Functions. 

1. If n is an integer, then



1 2d” oo . 
i"erfce(—x) + (-l)"i"erfex = aor H,,(ix) = iy e* ae with j=J-1 

and Hermite polynomials #H,(x) in the right side. Indeed, using formula (4) one 

can write 

on nea _ 2 | ¢ ” aye 
i"erfe(—x)+(-1)"i erfex == J 042) exp(—v" )dv + 

("24 mexp(—y\dy eZ f(y x)" exp(-v?)dv = —— H(i 
ale Jo x)" exp(-v dv = — Tr Jorn exp(—v’ )dv aay H,(ix) (8) 

2. Using formula for Hermite polynomials one can derive 

5 xm 

i"erfe(—x) + (-1)"i"erfex = (9) 
42?" mi(n-2m)! 

Ifn=2k, then 

k 2(k-m) 

Q : 
* 

P*erfe x+ i*erfe (-x) = d gem m\(2k -2m)! 

In particular 

erfe x +erfc (—x) =2, 
‘\ 

Perfe x+ierfe (-x)= ; +x’, 

1 1 | 
ferfex+iterfe (-x)=—-+—x° +—x". 

I fe Cua tax t* 

Ifn=2k +1, then 

k 2(k-m)+1 
p2*tlo, o(— x — pPhlop = x 

He 2) fe x= mk Ima | 
(10) 

In particular 

ierfc(— x)—ierfe x =2x, 

iPerfe(—x)—ierfe x a5ttoe ,



. . 2, 
Perfe (-x)-?Perfe x = * 5°" wikia +o 

The proof of the formula 

n non _ | -x? a" x 
i" erfe(—x) —(-1)" i" erfex = or en (e* erfx) (11) 

where 

erfx =1—erfex = —_ i exp(—v’ dv. 
Vx 

can be obtained by mathematical induction method using recurrent formula (1.5). 

3. Differentiating the right side of formula (11), we obtain 

i exf-x) =(-I)"erfex = P,(x)erfs Oy (2) T= exPC>"), (12) 
u 

where polynomials P,(x) and Q,(x) are defined by formulas 

n
l
s
 

am n-l (-1)"" Hiacat (x) 

= = P, 

P, (x) ford Q2m-l mi(n _ 2m)! > QO, (x) ys gi-k (n _ k)! k (x) 

4. From (11), (12) we can obtain the explicit expressions for Integral 

Error Functions of an integer index 

i” erfcx = = [P, (x)erfex + OQ, Oz exp(-x’)] (13) 

ierfe(-x) = Lip, (x)erfe(-x) - Q, «> exp(-x’)] (14) 
2 OTe 

5. Using L’Hopital rule and representation (1.1), it is not difficult to 

show that 

lim ierfel-») =2 (15) 
a) x ni



1.6 Corollaries for IEF method 

Following corollaries will be helpful to so solve Heat equations. 

1. Using property 2 one can derive following formula 

k n n 

u(x, t) = y io y x 2n- 2m Em Bm + Aone 3 x 2n-2m+t Basin 

n=0 m=0 m=0 

Where u(x,t) is a solution of Heat Equation in polynomial form and 

i 
B(n,m) ‘= ; 

erm" mi-(n — 2m)! 

2. Expression u(x,t) can be expanded in the following form 

u(x,t) = Ay fy + 

+A, (x? hot tB2 1) + 

+A, (x*B.0 + x" tp, + tBs2) feet 

+A, (x?* Boro + x?k-? th, toot x? t** Boga + t* Bor) + 

+A, xf, . + 

+A; (x38, + xtBs,.) + 

+A; (x58... + x°tBo + xt? Bs 2) tet 

+A ( 2k+1 2k-1 oa ydpkel 
2k+1\% Bok+1,0 + X tBoraia t + xO" Boks ten1 

+ xt" Borst.) 

3. Following expression will be frequently used in solutions of Heat Equations 

10



+A, (4x? Bao + 2xtB,1) + 

+A, (6x5Beo + 4xtBea + 2xt?Bg2) +--+ 

+ Ao, (2KK7*-* Bay + (2K— 1) XS tBars +o + 2xt*Bark) + 

+A,B, + 

+A3 (3x8, , + B2,1) + 

+A; (5x*Bso + 3x7tB, , +t? Bs2) tet 

+Agees ((2K+ 1)x™Baxero + 2K 1)X**Boea.a t 
k- k 

+ 3x7t** Boaak-a +t Basak) 

4. Expression u(x,t) = vk o(vt)" [4, i "er fcrz = + Bt "erfcr; can 

expanded . 

u(x,t) = (V8) [Agi erfos=p + Boi erfo=p] + 

+(Vt) [arterfe =. + Bier fc—, 

+(Vi)’ [Arierfota + Baierfex] +--+ 

+(vi)" [Ani*er fez + B, iter fc. 

5. Partial derivative of u(x,t) can be written as 

du 1 #5) 4 

ax = sR Agexp (25) + Bo 

11 

be



1 ; ; - 
+52 | -Arierferg + B,ierfc—| + 

+() [-A2i? er fc— = + Bai" er fc—. eet 

VE n-1 

- —A it erfc—— jn-1 —— + (= A, er f (— + B,i er fC 

1.7 Solution of Heat Equations in the domains with moving, given boundaries 

by IEF method 

Integral Error Functions method enable investigate heat transfer, diffusion and 

other phenomena which can be described by the equation 

Ou 2 O7u 
—_—=a —— 

at Ox? 

In aregion D(t>0,0<x<a(t)) with free boundaryx=a(f), and solution is 

considered in the following form 

\ 

u(x, = J Apt (%8) + Bu, (-x,t)] 
n=0 

For any constants 4,, B,. Which have to be found from boundary conditions at x =0 

andx =a(t), if given boundary functions can be expanded into Taylor series with 

powers + or ¥i.It is possible to see in the following examples (where all types of 

boundary value problems considered) and paragraphs, that analytic solutions of 

Heat Equations are found. 

Analytic solution of Heat Equation with the first type boundary conditions in 

the Bvt <x<avi domain by IEF method 

12



Analytical solution of Heat Equation 

a a a os Blt<x<avt, t>0 (16) 

Subject to 

Lc: u(x,0) = 0, (17) 

B.C: u(0,t) = 9), (18) 

u(l,t) = 6), (19) 

u(0,0) = 0, (20) 

If functions @(t),¢(t) are definite functions given in the form 

At) = Deeo Untz, A(t) = Dm v,t2 Then solution can be represented in the 

form 

¥ 

u(x, t) = ». (vt)" [4,i” er fc + B, iter fe—| 

n=0 

Substituting expression into the boundary conditions 

forx = ft 

y 

u(t) =) ()" [Aniverfeg, + Baier Fez] 
n=0 . 

where y = sup{m, n} 

forx = at 

Finally coefficients Ag,A,,A2,.-,A, and Bpo,B,,B2,...,B, are determined fram 

system of linear equations 

13



. B ; —Pp 
Api erfc— + Byierfe = = [lg 

. a . -a 
Api erfc—+ Boi erfc— = % 

A,erfcH + B,iterfo =p 
1 2a 1 2a 1 

of a« 1 —a _ 

A,i erfc—+ Byi erfc—=% 

; ; —B 
A,ierfck + B,i*erfe>- = [lz 

-2 a 2 —a _ 

A,t erfc—+ Bai erfc— = Vp 

Bap iverfeha Ajverfc— + B iverfc— =p, 

A,iverfcx + Biverfc= = v, 

=e ° A « -# . a “y, 

where ierfc-_,WerfcrVerfcr,Verfcr, y=0,1,2... are identified from 

tables. 

Remark: One of key points in solving Heat Equations in the domains with moving 

boundaries of the first type ‘is to correctly identify value of y, which takes 

maximum value between m and k in the boundary conditions. | 

Approximate solution of Heat Equation with the first type boundary 

conditions in the 0<x<a(t) domain by IEF method 

Solution of the Heat Equation 

2 

Saat Se, 0<x<a(t), t>0 (21) 

Subject to 

B.C: u(0=9(t),  — t>0 (22) 

14



u(a(t),t) = o(t),t > 0 (23) 

can be represented in the following form 

uta = $4 at Perfo ye + erfel i pte “t = [ier erfo- en 

(24) 

or using property 2 of IEF, solution can be represented in the polynomial form 

U(x,t) = 

ve ofAen Lineo 2" 2" t"™ Bonm + Anti Lin=0% an-am+1emBonsim} (25) 

In this case it is more convenient to use expression (24) for solution of (24)-(25). 

From (19) for x=0, we have 

P(t) = Laer Ant *iMerfc0 (26) 

And coefficient A, of expression (24) can be found from 

A, = _ 9" (0) . (27) 
i2" nl erfcd 

From (23) for x=a(t), we have 

A. -t°| Perf 20 45 =) Y “i raet ange Ut) _ samt erga ~ At) } y(t) = 5 t [ etfo- et Tt erfe(— Salt +B,-t erfes Tt erfc(——= on aire 

15



a ice) + 
(2n+ nf ; ) i?" erfoB(t) - i?" erfe(- B(2))].., 

2n+1-2k) 

Pe iouere 1 ) [i?*erfcB(t) + i*erfe(— B(t 7) ) a 

(2n + DS 2 i? erfcB(t) — i?'erfe(— B(t))|.., 

¥B, axon xx} [i?*erfeB(t) — i erfo(- G3)) ea 
k=0 

+ 

2n+ 
(2n+ no" ) [i?“erfcB(t) ~i?"erfe(— B(t))|.., (28) 

Thus required A, and B, coefficients are obtained and can be calculated from 

formulas (27) and (28) respectively. 

2.1.1 Analytic solution of Heat Equation with the second type boundary 

conditions in the Bvt <x <a vt domain by IEF method 

Analytic solution of Heat Equation 

ou Ou & = got = Bit <x<avt, t>0 (29) 

subject to 

LC: u(x,0) = 0, (30) 

ul = ot) | (31) B.C: axl.» Prt) 

du 
z = H(t), 32 

Ox xsa(t) ( ) 

u(0,0) = 0, | (33) 

16



n . 

where Qt) = Dxeo Unt? g(t) = Dk. v,tz analytical functions, can be 

represented in the form 

u(x,t) = = yk o(vt)" [An ier fc Zt Byl "er fc=*| (34) 

Substituting expression (20) into the boundary conditions (31) and (32) 

and applying UC method (undetermined coefficients method) 

for x = BYt we have: 

Ou 
Oxleepe sail aaeep Ga F y+ Boi? exp(-5 f\+ 

x= 

1 “0 B “0 = 
a er c+ By er fcr + 

vt); ,. pen 
(2 —A,iterfck + Byiterfez tet 

k 
vt\ | howe 

+( —Axsri*erfok + Byssiter fcr = 

ke 

=> pnt 

n=0 

and for x = at we have 

Ou 

Salen 7 2a Fal doer =) + Boi® exp(-<3)| + 

+—[- er fce. + Bi? =| oa Aji erfc—+ By erfcs| + 

17



+ ve |_A,iterfc— + Biter a 
Ia} |“? fe + 82! fer, 

k 

+ (53) Ags al*er for + Busriterfo=| = 

Thus following system obtained where coefficient Ap,Ay,A2,-.,A, and 

By, B,,Bz,-.-, B, can be determined 

—Apexp G “+ Boexp(- 25) = 0 

—Ayexp Ga Foyt Boexp(—4 3) =0 

—A,ierfck + B,i°erfc =P _ by 
2a 

—A,Perfc= + B,Perfc— =v, 

—A,iterfc£ + Baiterfer’ =u, 

—A,i} al 1 —— Azi erfc + Byi erfc = Vy 

_ A. jk-1 Bb *k-1 -B _ 
A,t er fc + B,i erfer, = fl, 

ek—i a «he -a —A, i*~* er fc— + B,i* terfc— = Vp 

If the functions t), ¢(t) are given in the — form 

At) = Dn=0 Lat, dt) = din=o Va t3 

then form = k, 

18



solution will be considered in the form 

u(x,t) = XY_, (vt) "4, ier fc + B,i"erfcZ, 

where Y= ™m+1 

for x = BYt we have 

Ou 

Oxle=pfe 2 sapil-A oexp (F 3) + Boi exp(-——S fy|+ 

+5-[-Aierfed + Byi°erfc-| + 

vé\ iT ,. ore 
(¥ |-AriterfoA + Biterfct feet 

k 
. g . - 

| [—Ansrikerfck + By i*erfcr = 

n=0 
XN 

For x = avt 

Ou 1 a? 0 a2 

Dalenat 7” Zaqel M0"? Gam) + Boi exp(za)] + 

0 * 4. BiMerfc— il erfc—+ By erfc=| + +b 

+(¥) [-Aziterfok + Biter fest] +--+ 

(vt m+1 

+(%) [Amster fox + Bmssi™erfc=| = 

19 
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m+1 

2 
= Vv, C2 

n=0 

Finally coefficients Aj,A;,A2,...,A, and Bo,B,,B2,...,B, are determined from 

system of linear equations 

a? a 
—Ayexp (5) + Boexp(-—~) = 0 

—Anexp (5) + Boexp(-4,) = 0 
A, i? B “0 —B —A,i erfc + Byi erfcr, = py 

—A, Perfea + B,erfo— =v 

—A,iterfc£ + B,iterfor = u, 
. a . —-a 

—A,i*erfc— + Bai*terfc— = vy 

me, B mosey Bo 
Am+it erfca— + Bmsst er fc( ag) © 

7m a «m —-@ _ 
Amit er fc R + Birgit er fics = Vin 

Form < k, 

solution is considered in the form 

Y 

u(x,t) = >. (vt)" [4ni*er fo, + B,i"er fics 
n=0 

where Y= k +1 

20 



for x = PVt 

Ou 
ax as = saga oexp (& z) + Boi® exp(-Ta £y|+ 

x= 

= [-4,ierfcA + ByiPerfc-| + 

vt\ |. or fen +(% [-Aviterfck + BiterfoF tet 

vty), herfer +(e |-Ansriterfck + Byssi*erfo = 

k+1 
nr = pnt! 

n=0 

and for x = at we have 

Ou 

Ox = =—_|-Agexp (2p) + Byi®exp(-45)| 
x=ove 2avt o&Xp Cm ot exp(-—3) + 

1 
“aaa er fo— + B, i °erfe=s| + 

Jey" 

2a 

vt . a —-a +{ 5- ‘[-ayiterfos+ Biter fc-|+---+ 

+(Z) |-Aveai* erfo + Byxsi kerfo=| = 

Thus following system obtained where coefficient Ao, Ay,Ao,--.A; and 

Bo, B,,B;,..., B, can be determined 

21 



a? a? 
—Agexp (a) + Boexp(-qa) = 0 

~Agexp (4) + Boexp(-4) = 0 

—A,ierfck + B,ierfe=" = Hy 

—A,ierfc— + By Perfe = vy, 

“4 B 1 ~B _ —A,i*erfc— + Bat er fcr = Hz 

—A,iterfc—+ B,iterfc— = vz 

. B . -B 
—Apai ikerfe_ + Byssi*er fer = Meas 

—Aysri* er fem + Bysri*er fe = Vew1 

: BB: -f; a; -a _ 
where erfcL,iverfct,iverfer,vVerfcr, y=0,1,2... are treated as 

constants which can be determined from erfc tables. 

Approximate solution of Heat Equation in the domain with moving 

boundary of the second type, obtained by IEF method 

For the Heat Equation 

du 2 d7u 0 
at ax?! a(t) < x < Bt), t> 

Subject to 

Lc: u(x,0) = 0, a(t)<x< p(t), 

B.C: ou = azlynals) At), t>0, 

Ou — = g(t), t>0. 
Ox | y= B(t) aH ) 0 

Solution: 

22 



Solution of the Heat Equation is represented in the form 

k 

u(t) =) C2) {Ani*erfe (2p) + Baiterfe (—Z,)} 
n=0 

or 

u(x,t) = Ye o{Aan Tg x27 2 Bom + Aonsr Lmao OE Bons 1m} 

Remark In both cases to find approximate solution it is necessary to give certain 

values for time ¢. For k values of ¢ we obtain k coefficients from 2k linear 

equations. 

If we use IEF for solution then for boundary conditions at x = a@(t)and 

x = B(t) we have system of 24 linear equations. 

k 
se n—-1 =) *n-1 ( alty) t= 

Do 2 A,,t" *erfc 2a J + Bi" *erfc “aa Jt) $7 At;.), 

n= 

Yo {-A, i” *erfe (Ee) + B,i"*erfe (£22) = g(t,) 

In the same manner solution in the polynomial form of IEF allows us to find even 

and odd coefficients A,,,,A2,41 from system of linear equations 

k n 

> hi >, n= 2mm) (a(t)? ann 
n=0 =0 

n 

4 Arner) (20 2m + 1)(A(t))?*—2"Ponsrmt = Olle) 
m=0 

23 



k n 

» le (2m 2m) (BCE) Ban + 
n=0 m= 

+ Armes), @n—2m+ DBC) Pn = o(¢y) 
m=0 

2 SOLUTION OF INVERSE STEFAN PROBLEM 

2.1 SOLUTION OF INVERSE STEFAN PROBLEM BY IEF METHOD 

Problem statement: 

du _ 2 9*u Tae O<x<a«(t), t>0 (36) 

LC: u(x,0)=0, O<x <«(t) (37) 

B.C: (putOS)lxa0 =P), > 0 (38) 

u(x (t),c)= p(t), t>0s (39) 

Stefan condition: 

ts] anx(t | 

(uo (t) fencer =? (1) SO (40) 

u(0,0) = 0 (41) 

Solution can be represented in the following form: 

= yk - - | u(x,t) = DeeofAon Linco ee Ot Bonm + Aant1 Lm=0%" 2m+1em™ Boast} 

(42) 
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Where A>, Azx41 and f x n P(t) has to be determined. 

We represent P(t) as 

P(t)=p it + pot? +pst? + .... + Deg ttt (43) 

where 4, P2,D3,+-+»Px41 has to be determined. 

SOLUTION 1: 

To find appropriate number of coefficients Azn, Azn4i in (42) and 

coefficients )4,P2,P3,-..,Dx Of unknown fxn P(t), it is necessary to 

substitute same number of values for time t, in boundary conditions (38), (39) and 

(40). Thus from (38) and (39) we obtain system of linear equations which allows to 

determine Az, and A>,,, coefficients, and in the same manner coefficients 

Pi) P2)P3,-++»Pk+1 can be obtained from (37). 

From (38) for x =« (t) 

| LkeolAen Lineo(% (ty)??? t7" Bonm Aans1 Vinaol(X% (ty)??-2™ +1" Bontim} = 

= W(t) (44) 

From (39) for x =« (t) 

k 

1D, 
n =0 

n n 

ie > (« (ty)? ro tH Bonm + Aoznt1 » (x (t,)2P-2™ 412M BO eam ~ 
m=0 m=0 

—CX: 

(te) Zn=o0(Aan Lm=o(2n — 2m)(% (tq)?-?F" Bonm + Aonss Liyao(2n — 

25 



—_ . d 

—2m +1) + (& (ty)? 2" tI" Bonsim} = &? (a le=e, 

(45) 

can be determined. 

As it was told above Az, and A2,4, from (44) and (45). 

Finally from (37) 

P(AoBoo + AzthB21 + AgtiBa2 + + + Aaxti Bors) + 

+0(A1 B10 + Agzty B31 + AstzBs2 +. + Aansith” Borsin) = 

1 3 k 
= pyt? + pot, + p3tp + ...+ Duty 

It is possible to determine pj, 2, D3, +, Dk+1° 

We determine deviation of solution by Maximum principle. 

SOLUTION 2: ‘ 

Approximate solution of Inverse Stefan problem by IEF method. 

We represent function P(t) in (37) as following | 

P(t) = {1 (t), yo(t), V3 (0), oe ee Ve OD} 

where 

yi(t) =hy+mt, hy =0 

yo(t) =hyz+myt, 

y3(t) =hg + mst, 
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Ye (t) = hy + mgt , 

and h;,,™m, has to be found and P(t) is as shown in the figure. 

ya(th=hyt myt 

ya(t)Sho+ mat 

yi(t)emyt 

th te thea tk 

Figure 2 

It is clear that y,(t,) = y.(t,), then m,t, = hz, +myt, implies hz = (m, - 

Mz)ty and y2(t) = (m, — m2z)t, + Mat. 

In the same manner y2(tz2) = y3(t2), then (m, — m2)t, + Mgt, = hg + mztz 

implies hg = (m,—mz2)t,+(mMz—mMs3)tz and  y3(t) = (m, — m2)t, + 

(mz - M3)tz + m3t, etc. 

V(t) = (m, — mz)t, + (mz — Mz)tz + 0 + mgt, 
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Thus all y,(t) linear functions are expressed in terms of unknown 

My, Mg) oe os Mx41, coefficients. After m,,7Mz,...... Mz+, found y,(t) f xnp 

can be easily determined. Using programs like Mathcad it is possible to construct 

analytical form of function P(t). 

To find P(t) and u(x, t) subject to above boundary conditions we substitute 

(41) into (38) and (39) in terms to find Az, and A>,44 coefficients. 

In the same manner from (37) for x = 0 

P(AoBoo + Aate Bar + AatzBa2 + + + Anyth” Born) + 

+6(Ai B19 + AztyBa1 + Ast? Bs2 + + Aonsrte” Borex) = Ve (te) 

(46) 

Thus from (44), (45) and (46) we obtain Az, , Azx44 and {m,,my, ...... Merit 

coefficient respectively and apply Maximum principle to calculate deviation of 

solution. 
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CONCLUSION 

The results indicate that Integral Error Functions enable to solve, many 

practical problems described above in the easier way than classical methods, and 

could be implemented into the course of teaching mathematical physics, as special 

methods of solving heat transfer problems with moving boundaries. 

So, we solved problem of inverse Stefan problem by using IEF. 

For first problem we have two solutions: 

1. By taking unknown heat flow P(t) in form P(t) = pyt + pt? + p3t? + 

ses aus + Pigit*t? and determining p,,p2,P3.+--»Pk+1 coefficients. We 
found the solution of this problem. 

2. By representing the function P(t) in form 

P(t) = {y, (0), yo(t), y(t), «.. «.. ,Y,(t)} and by taking y, (t) linear functions 

then we found Az, , A2_41 in the solution. 

29 



CONCLUSION 

The results indicate that Integral Error Functions enable to solve, many 
practical problems described above in the easier way than classical methods, and 
could be implemented into the course of teaching mathematical physics, as special 
methods of solving heat transfer problems with moving boundaries. 

So, we solved problem of inverse Stefan problem by using IEF. 

For first problem we have two solutions: 

1. By taking unknown heat flow P(t) in form P(t) = p,t + pot? + p3t? + 
oe + Peaitk*? and determining pj, pz, P3.---,Pks1 coefficients. We 
found the solution of this problem. 

2. By representing the function P(t) in form 

P(t) = {y1 (t), y2(t), y3(t), ... .. Ye(t)}. and by taking y,,(t) linear functions 
then we found Az, , A241 in the solution. 

29



10. 

LIST OF REFERENCES 

Tuxouos A.H., Camapcxuit A.A. YpaBHeHHua MaTemMaTH4eckoli PusHKH. 
- M.: Poctrexteopusgar, 1951.—C. 735. 

Xapuu C.H. // Termosble npowecch! B 9IeKTpH4eCKHX KOHTAKTAax H CBA3A@HHBIe 
C HAMM CHHTYJIAPHbIe MHTerpasibHble ypaBHeHHaA: aBToped. ... KaHL. (u3.- 
MaT. HayK. - Amma-AtTa, 1968. 

XpecTomaTHa No ucropuu MaTematuxu / nog pex. A.IT. KOuesuua. - M.: 
IIpocpemjenne, 1977. - 224 c. 

Bnagumupos B.C. Ypapuenua maTematuyeckoki pusuKu. — M.: Haya, 1981.— 
C. 512. 

ApamaHosuy VT ., Jlesun B.. YpapHenua Matematu4eckoit bu3uKu. — M.: 
Hayxa, 1969. -—C. 288. 

John F. Partial Differential Equations. 4t Edition. - New York: Springer, 1982. 
—P. 259. 

C.K. TonyHos. Ypapuenua maTematuyeckoi dbusuKu. - M.: Hayxa, 1979. - C. 
352. 

XpecToMaTua M0 HcTOpHy MaTemaTuKy / nog pen. A.II. Oukesnua. - M.: 
IIpocpemjenue, 1977, - 224 c. 

Kreyszig E. Advanced Engineering Mathematics, Seventh Edition. - New 
York: John Wiley &Sons, Inc., 1993.—P. 1402. 
Zill D.G. and Gullen MLR. Differential Equations, Third Edition. The Prindle, 
Weber & Schmidt in Mathematics. - Los Angeles, 1999. — P. 865. 

30 

a
e


