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INTRODUCTION

In mathematics , development of new analytical methods of solution of the heat
transfer problems is very important for various applications because it enables one
to analyze an interrelationship of various input parameters on the dynamics of
investigating phenomena, while the use of numerical methods is a problem when
the number of parameters is great. And from mathematical point of view, most
mathematical models based on Verigin, Stefan and inverse Stefan type bouhdary
value problems. Such problems are among the most complicated, formidable and
difficult problems in the theory of nonlinear parabolic equations in mathematical
physics, since the corresponding integral equations are singular and require new
approaches in solving problems analytically and numerically and also which
long with the desired solutions of the equations, moving boundaries have to be
found. In some cases, heat potentials can be constructed by which the boundary-
value problems can be reduced to integral equations. However, in the case of
domains that are degenerate at the initial time, additional difficulties arise due to
the singularity of the integral equations, which belongto the class of pseudo-
Volterra equations that are unsolvable inthe general case by the method of
successive approximations. These results are obtained by S.N. Kharin [2].
The method of solving heat transfer problems with moving boundaries and phase
transformation is represented by Integral Error Functions and its properties.

The results indicate that Integral Error Functions enable to solve, many
practical problems described above in the easier way than classical methods, and
could be implemented into the course of teaching mathematical physics, as special

methods of solving heat transfer problems with moving boundaries.



1 LITERATURE REVIEW: THE THEORICAL ASPECTS AND
METHODS OF SOLVING HEAT EQUATIONS IN THE DOMAINS WITH
FIXED AND MOVING BOUNDARIES
1.1 General overview of theorical aspects for heat equations.

In the history there are many methods used for solving Heat Equations. For
parabolic partial differential equations (in our work, for heat equations) in the
domain with fixed and finite boundaries Method of Separable Variables or
Generalized Fourier Series applied. As is well known for domains with fixed
infinite or semi-infinite boundaries, it’s more
suitable to use Laplace and Fourier Transforms. The most remarkable method that
applied to solve Heat Equations with fixed and moving boundaries is Heat
Potential (for Single and Double layer). And methods of solving Heat Problems
with moving boundaries are based on the reduction of Heat Equation to a system of

integral equations which cause great difficulties.

The theory on solving Parabolic Equations in domains with fixed boundaries
is well developed and discussed in details almost in all “Partial Differential
Equations” course books, and as it was said above it is out of scope of this chapter
to overview all of them only some examples will be discussed to outline the

concept.

1.2 Heat Potentials (Solutions of Heat Equations with fixed boundaries)

Heat Potentials of Single layer and Double layer are one of the powerful methods
applied to solve Heat Equations in domains with fixed and moving boundaries. It is
well known that Heat Equation can be reduced to the system of Integral Equations

by the help of Heat Potentials which are represented in the following form [1]:



(x-D?
W)=, e es@™e Op(r) dt

Jr(t-1)
¢ vl (x-1)?
Wax,t)=J, — = e+ Du(r)dt

2aVn(t-1)2

From physical point of view it means that the distribution of the temperature
U(x,t) along an infinite bar -co<x <o caused by an instantaneous heat source of
the unit power density placed at the point x=0 at the time t=0. If the heat source
located at the x=/ act continuously from the time ©=0 to the time t=t and its power
density at T is pu(t), then the distribution of the temperature is the convolution
G*p; ie

t , 4a’u-n

U(x,t)=|

. 1
Ozam/—‘(r)d‘; ( )

1.3 Solutions of Heat Equations in the domains with moving boundaries

Development of analytical methods of solution of free boundary value problems
are of great theoretical and prEctical interest. From mathematical point of view the
well-known analytical method is based on the representation of a solution in the
form of heat potentials with following reduction of the given problem to integral
equation [16].However if the domain with moving boundary degenerates into a
point at the initial time, the integral equations become singular and cannot be
solved by Picard’s method. Asymptotic properties of such equations have been
investigated in [17]. In the next three chapters it will be shown that Integral Error
Funstions enable to find qualitative and quantitative solution of heat equations with
moving boundaries in easier and more precise way than above classical methocis.
Moreover from practical point of view Integral Error Functions allows us to solve

problems concerned with analysis of dynamics of phenomena of heat and mass
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transfer with phase transformation, hydrodynamic flows and many other problems

which will be shown in the last chapter.

1.4 1EF method

There is another new special method which helps to solve Heat Equations in
the domains with fixed and moving boundaries. Heat equations are solved by the
help of Integral Error Functions (IEF method) and its properties, which were
introduced by Hartree in 1935 and reasonably sometimes called Hartree functions.
This method can be used to solve first, second and third boundary value problems
for Heat Equations with fixed and moving finite, semi-infinite and infinite
boundaries. Even though it is not the most powerful side of IEF method for the
domains with fixed boundaries and it is hard to say that the introduced method is
more advantageous than classical Fourier, Laplace transforms and Heat Potentials
except the difficulties, that it is sometimes hard to find inverse transformation and
almost every time impossible to evaluate and find quantitative values of bulky
integrals , however it is possible to see that in the domains with moving boundaries
especially in the domains with degenerating boundary conditions at the initial time,
IEF method is much more preferable than classical methods, as from theoretical
same from practical points of view.

The integral error functions determined by: recurrent formulas

i"erfex = !i"“'erfcvdv , n=1,2,... i’erfcx = erfox = —j;}[exp(—v2 Yav. - (2)
Where =1- =2 Texp(-v))dv 3
erfic =1 - erfex == j;exP( v?) | 3)

One can obtain from



N __2__l_w _ n 2
i"erfcx = J;n!'!(v x)" exp(—v°)dv @

Expressions (2) satisfy the differential equation

2
%i"enfwﬁZx%i"e;fcx—Zni"erfcx =0 (5)

and recurrent formulas
2ni"erfox = i"2erfex - 2xi" erfox (6)
Integral Error Functions are very useful for investigation of heat transfer, diffusion

and other phenomena which can be described by the equation
ou 2 52u
HM_p2lx 7
a0 o D

inaregion D(t>00<x<a()) with free boundary x=a(f) , since the functions

2 tx
u, (£x,t) =t*i"erfc

2a~/;

suffice the equation (7) as well as their linear combination or even series
N

u(x,t) = f:[A,,u,, (x,0)+ B,u,(—x,0]

n=0

For any constants4,,B,.We can choose these constants to satisfy the

boundary conditions at
x=0 and x=a(r), if given boundary functions can be expanded into Taylor

series with powers

t or t.
1.5 Properties of Integral Error Function

It is possible to derive new properties of Integral Error Functions.

1. If n is an integer, then



1 2 d" 2 .
i"erfo(—x) + (—1)"i"erfcx = _Z—"TIIE; H ,(ix) = = e -d7e‘ with i=—1

and Hermite polynomials H,(x) in the right side. Indeed, using formula (4) one

can write

en nsn _ 2 1 K n 2

i"erfe(—x)+(-1)"i erfcx——ﬁ;i_[(v+x) exp(-v')dv+
D23 re vy e 2 [(v 4+ %) exp(—v})dy = —— H. (i
i ‘[(v x)" exp(—v )dv-n! " -J;(v+x) exp(-v?)av e H (ix) (8)

2. Using formula for Hermite polynomials one can derive
g xn-Zm
i"erfe(—x)+ (=1)"i"erfox = 9)

22l (n - 2m)!

Ifn=2k, then

k 2(k-m)

. ;s x
Izkerfc X+ lzke’fc (=x)= ;} 92m-1 m!(2k -2m)!

In particular

erfc x+erfc (—x)=2,
N

iferfc x+i’erfc (—-x) = % +x%,

1 1 1
ferfe x+i‘erfc (=x)=—+—x>+—x".
4 fe (R =g "

Ifn=2k+1, then

k 2(k-m)+1

i2k+ler (= x _izk.,.ler - X
fol=2) fex=d k= 2m )]

(10)

In particular

ierfc(— x)—ierfc x =2x,

Perfo(~ x)-ierfc x =—;-x+%x3 ,



. . I I 2
ferfc (x)—i’erfc x = ~ TR 2.2!‘3!3&73 T

The proof of the formula
.n nan _ | -x? i x*
i"erfe(-x)—(-1)"i"erfcx = > Al (e* erfx) (11)
where
erfx=1—erfex = 2 j exp(-v?)dv
V7 3

can be obtained by mathematical induction method using recurrent formula (1.5).
3. Differentiating the right side of formula (11), we obtain
Perfols) (- e = B, erfs -0, ()= exp(-x, (12)
/2

where polynomials P,(x) and Q,(x) are defined by formulas

o3

xn-Zm n-1 (_l)n-k Hn_k..‘ (x)

= = P

Pn (x) ~ 22m-l m!(n _ 2”’1)' H Qn (x) ;=0: 2/1-[( (n _ k)! k (x)

4. From (11), (12) we can obtain the explicit expressions for Integral

Error Functions of an integer index

i"erfcx = (—;)” [P,(x)erfex +Q, (x)—j—;- exp(-x?)] (13)
i"erfe(-x) = l[1’,. (xerfe(=x) =@, (x)—z— exp(-x")] (14)
2 S
5. Using L’Hopital rule and representation (1.1), it is not difficult to
show that
lim i”erfc;(—x) -2 (15)

x—0 X n



1.6 Corollaries for IEF method

Following corollaries will be helpful to so solve Heat equations.

1. Using property 2 one can derive following formula

k n n
u(x: t) = Z {Azn Z xzn—zmthZn.m + A2n+1 Z xZn-2m+1 th2n+1,m}
n=0

m=0 m=0
Where u(x,t) is a solution of Heat Equation in polynomial form and

i

B(n,m) := ]
27" ml-(n - 2m)!

2. Expression u(x,t) can be expanded in the following form

u(x, t) = Ayf, +
+4, (xz Bt tﬁz,l) +
+A, (x"’ﬁm + xztﬁm + tﬁm) + -t
+Azp (XZkﬁzk,o + x2k2 tBy, to F X2t By + tkﬁzk,k) +
+A,xB, , +
+4, (%%, .+ xtﬁg,,) +
+44 (xsﬁs,o + 2t + J“tzﬁs,z) +oeet

+A ( 2k+1 2k-1 4 v3pk-1
2k+1 |\ X Bak+10 + X tﬁ2k+1,1+ + X7t Bokar k-1

+ xtkﬁzml,k)

3. Following expression will be frequently used in solutions of Heat Equations

10



du
E‘x— = 2A2XBz 0

+A, (4x3 Bao + ZX"—Bm) +

+A6(6x5Bgp + 4x3tBg + 2Xt B2 ) + o F

A (2K 1By o + (k= D)X Pty + o F 2xt%Boi ) +
+A,B, 0+

+A3 (szﬁs'o + tsm) +

+Ag (5-x4[35‘° + 3x%tB, , +t° Bs,z) + e+

FAgiers (QK+ DX Brno + k= DXty +

k- k
+ 3%t Bogs1k-1 T T sz+1,k)

4. Expression u(x,t) = Zn_o(\/—) [A i erfc =+ B,i er)‘czwE can

expanded X

u(x, t) = (VE)° [Aoierfe; 2 + Boi®erfes | +
+(\ft)1 [Alilerfc—x— + Blilerfc;x-
+(VD) [Asiterfon + Byiferfo ]+ +

+(v)" [Aninerfe + Bnimerfe—=

5. Partial derivative of u(x,t) can be written as

ou 1 t)]

_—x- Za\]_[ AoeXp(4z)+Bo

11

be



1 . . -
+——[—A11°erfczz% + Bll°erfcz—a%] +
+(\/—) [—Aza erfc +th erfc— + et

-\/_t- n-1
A —A " lerfc—— jn-1 —_
+ (Za) [ Al erfcuﬁ + Bl erfcm/E

1.7 Solution of Heat Equations in the domains with moving, given boundaries
by IEF method
Integral Error Functions method enable investigate heat transfer, diffusion and
other phenomena which can be described by the equation
ou 2 32u
—_—=q —
ot o’
In a region D(t>00<x<a()) with free boundaryx=a(f), and solution is

considered in the following form

N

u(x,t) = i[A,,u,,(x,t) + B,u,(-x,1)]

n=0

For any constants 4,, B,. Which have to be found from boundary conditions at x=0
andx =a(f), if given boundary functions can be expanded into Taylor series with

powers ¢ or It is possible to see in the following examples (where all types of

boundary value problems considered) and paragraphs, that analytic solutions of

Heat Equations are found.

Analytic solution of Heat Equation with the first type boundary conditions in
the AVt <x<avi domain by IEF method

12



Analytical solution of Heat Equation

2 P%
ﬁ:az.a_xlzi, Bt <x<at , t>0 (16)
Subject to
1.C: u(x,0) =0, (17)
B.C: u(0,) = 91), (18)
u(l,t) = §(1), (19)
4(0,0)=0, (20)

If functions @(t),#(t) are definite functions given in the form

o(t) =Xk, patz, g(t) = T, vtz Then solution can be represented in the

form

Y
u(x, t) = z (Vo) [Ani" erfc;f\/—; + Bni"erfc;'aiﬁ]
n=0

Substituting expression into the boundary conditions

for x = Bt
y
WVt )= ) (V) [Animerfef; + Baiterfe]
n=0 .

where Y = sup{m,n}

for x = o/t
Finally coefficients 4o,A4,,4,,.-,4, and By, B4,B,,..., B, are determined fram

system of linear equations

13



. B . —f
Ailerfe—+ Bol°erfc% = lLg
. [+4 . -
Aoilerfe—+ Byilerfoe— = v
Aiterfcl + Byiterfel=p
1 2a 1 2a 1

-1 [~4 :1 -a _
Al erch+Blz erfe—=n

. : —B
Aztzerfc-z'% + lezerfcia = Uy

-2 [~4 -2 - _
Al erfc;;+le erfcz =1,

: BB iterfot =
Aj’erfc—+ Bji’erfc—=p,
Aj’erfc_+Bjilerfc_~=v,

o4

o ﬁ - :._g . l 7
where i’erfcr,i’erfct iVerfe, Verfeg,

v=0,1,2... are identified from

tables.

Remark: One of key points in solving Heat Equations in the domains with moving

boundaries of the first type is to correctly identify value of y, which takes

maximum value between m and k in the boundary conditions. |
Approximate solution of Heat Equation with the first type boundary

conditions in the 0 <x <a(f) domain by IEF method

Solution of the Heat Equation

2
%:ﬁ%, O<x<a(t), t>0 (21)
Subject to
B.C: uO0)=p®, >0 (22)

14



u(a(),0) = p(),t >0 (23)

can be represented in the following form

U(x,t)=g{A t"[ z"effc2 J;+12"etfc( " }+B -t T [12" 'erfczaﬁ iz""'erfc(z;f/;)]}

24)

or using property 2 of IEF, solution can be represented in the polynomial form

U(lx,t) =

YK ofAon Zmzo X2 2™ Bopm + Azns1 Zm=0X n-2mALm g rim)  (25)
In this case it is more convenient to use expression (24) for solution of (24)-(25).
From (19) for x=0, we have

P(t) = Lo Antmimerfe0 (26)

And coefficient A, of expression (24) can be found from

A, = __o") . 27)

i2tnlerfco

From (23) for x=a(t), we have

N O ()} s [ 2ot O _cana o = 0(0) }}
y(t)= ;{ 't [ erfcza1 T erfe(— «/f) +B, -t erfczz1 «/f erfc(—= > ﬁ)

15



(2n+1)

B — [ ( )]t-o +
" 2n+1) . .
(2n + 1)!-( ] - [12“*'erfc[3(t) — i*erfe(- B('l:))]T=0

2n+1-2k)

Z{A (2k)'(2rl L 2k) [12"erfc[3(t)+12"erfc( B(t ))]i

+
(2n + 1)' ) [izerfep(x) - i erfe(- D).
ni Bk : (21{ + 1)'( ) [12k+'erfCB(1:) 2k+1erfc( [3( ))](tz“"zk)
+ =0
(2n + 1)!{(2)n ] : [i“*'erch(t) —i™erfc(- B(T))Lo (28)

Thus required A, and B, coefficients are obtained and can be calculated from
formulas (27) and (28) respectively.

2.1.1 Analytic solution of Heat Equation with the second type boundary
conditions in the BV <x<ay/t domain by IEF method

Analytic solution of Heat Equation

u_ 5,0
& _p 2 ch Bt <x<at, t>0 (29)
subject to
I.C: u(x,0) =0, (30)
) | (31)
B.C: 2%, o),
u
.. = ¢(t)s 32
ax x=a(t) ( )
4(0,0) = 0, | (33)

16



n )
where @(t) = XX, untg, #(t) = Tk_, v,tz  analytical functions, can be

represented in the form

u(x,t) = Zn—o(\/—) [A i"erfc— =+ Bnl erfcm_] (34)

Substituting expression (20) into the boundary conditions (31) and (32)
and applying UC method (undetermined coefficients method)

for x = B/t we have:

ou

Fy I [—AoeXP (2 2 )+ Boid exp(-, = )]

Ne

+l[—A i%rfcl + Byi®erfc=E| +
2a 1 2a 1 2a

ﬁ 1 [ .1 ﬁ -1 -
+ 2a _—Azt erfc—+ Byl erfe_|+-+

2a

k
n
-
n=0

VEY'|
+(_) .—Ak+1ikerfCE‘%+Bk+1ikeTfC;—a =

and for x = a+/t we have
ou

5% 7a \F[—Aoexp( 2+ Boiexp(-3)| +

+—[— Oerfe™ + B,i° -_“]
2a Al erfc2a+Blt erfe—| +

17



+ Ve 1 _Aiterfc= + Byiler c_—“—]+---+
2a) 177 fe,+ Bat fes;

k
+ (5—) {—Akﬂi"erfc% + B,mzkerf%] =

Thus following system obtained where coefficient Ag,45,4,,...,4, and

By,By,B3, .., B, can be determined
—Ay exp ( )+ Boexp( ) 0
—Apexp (= z)+ Boexp(— —)=0
—A1i°erfc2£; + B, ilerfc —h_ TH
2a
—A,Perfe—+ Byi’erfe—=w

—Ajiterfel + Biterfcl <

—A,it d i1 -
Ayl erfc£+ B,i erfc—; =V,

—_A. ik-1 v ck—1 =B _
Al erfczd + B, i erfcz—a = M,

'k—l a [y T —-a
—Ai*terfo—+ By i*terfo—=w

If the functions  ¢(t), #(t) are given in  the  form
¢(t) Zn-o “ntz ¢(t) 2n=0 Va t2

then form = k,

18



solution will be considered in the form

u(x,t) =3r_ (Vi) [A i"erfci-+ Byiterfc =

wherey=m+1

for x = A/t we have

Ju
52l = 2 f[— oexp (Zp+ Bol®exp(-L)] +
=
—l—4.i0 v .0 =B
+2a[ Ayl erfc2a+Blt erfczd +
AN I
+(§a [—Azl erfcz+le erfe—|+--+
k
vt : o gm
+(§E, [—Ak+1l"erfc2£;+Bk+11"erch =
ke
n
=S it
n=0
N
For x = ay/t
Ju 2 . 2
97l = Zagel e G + Bolexn ()] +

;0 2 +B,i%rfc==
2L erf62a+31l erfcu] +

+3a[4

(2£) [-4siterfes + Byiterfez] + -+
(£)m+1

2

19
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[—Amﬂt erfcz + B4 erfcz—a-] =

(35)



m+1l
n
= vtz

n=0

Finally coefficients A¢,4,,4,,...,4, and By,B4,B,, ..., B, are determined from

system of linear equations
a? a?
—Agexp () + Boexp(—z) =0
~Agexp (o + Boexp(-L) = 0
Al i® B :0 —B_

—A,i erfcz + B,i erfcfa = Ul
—Alioerfczw—‘z + Blioerfc—;% =y
~Ayiterfcl + Byiterfcct = u,

. a . -
—Ayiterfe—+ Byi'erfc—-= v,

B s B
Al erfc2a+Bm+11 erfc( 2a)—O

m < m - _
—Apimerfe—+ B imerfe— = vp

Form < k,

solution is considered in the form

Y
u(x,t) = Z (Ve)" [A,,i“erfcz—cjiﬁ + Bni"erfczlaj—.t.
n=0

wherey =k +1

20




for x = BVt

ou
= N == \/-[— 0exp (2 + Boi®exp(-L)| +
x=
+§—a [-4si%rfcl + Byiterfet] +
AN G-
+(-2—C—l [—Azzlerfcz—‘i+8211erfcg + -+
VT\* | g
+(§1 [—Ak+11"erfcz—‘i+3k+11"erfc—zz =
k+1

n
=Y
n=0

and for x = a+/f we have

ou
0x

= —=[-Aoexp (5o + BoiPexp(-5)|
=t 204t 0 €XPp (F) ol exp(_m) +

1
—[—Alz erfc—+ B i erfc—] +

ﬁk

2a
t - a -a
+ 5= [—Aleerfcz—a+ Byiterfc2] + -+
(Za) [-A,Hiz e'rfc—+B,,+11 e‘rfc———] =

Thus following system obtained where coefficient Ay, Ay A,, . A, and

Bo,B1,B,, .., B, can be determined

21




a? a?
—Agexp () + Boexp(—3) = 0
—Agexp (Cpy+ Boexp(-L5) = 0
—A1i°erfc2—'6a + Bli°erfc;—f= Uy
—Ai%erfe—+ B,i’erfc——=mn
i1 p 11 -h_

—Ayiterfc—+ B,i erfe- =K,
—Ayiterfo—+ Byilerfc- =1,

; B . -8
—Ak+1 lkeTfC'iZ + Bk+1lkeTfC'2—a = 'uk'lf'l
—Ak+1ike7'fc% + Bk+1ikerfc‘;% = Vks1

. B s -8 : a -a —
where 17e‘rfc;a,t7erfcﬁ,1Verfcﬁ,17erfc2—a, v=0,1,2... are treated as

constants which can be determined from erfc tables.
Approximate solution of Heat Equation in the domain with moving

boundary of the second type, obtained by IEF method

For the Heat Equation
ou o2 d%u 0
PPy a(t) <x ; gy, t>
Subject to
1.C: u(x,0) =0, e(t) <x < (1),
B.C: qu =
P o(t), t>0,
ou
— = ¢(t), t>0.
Oxlx=p(t) ¢( ) 0
Solution:

22




Solution of the Heat Equation is represented in the form

k
uG) = ) (D {Ainerfe () + Buirerfe (—27)}
n=0

or

u(x,t) = Zﬁ:o{Azn B o XE I m + Agpgg D=0 XTI IR, 1.m}
Remark In both cases to find approximate solution it is necessary to give certain
values for time ¢. For k values of ¢ we obtain k£ coefficients from 2k linear
equations.

If we use IEF for solution then for boundary conditions at x = a(t)and

x = () we have system of 2k linear equations.

k

n-1y an—1 a(tk)) n—1 ( alty) )}_
Zo(tk) 2 { A i" terfc —Za‘/t_k + B, i" terfc “rayii)) = o(t,),
n=

72)(%)”_;1 {—An i"terfc (f:/"t_)k) +B,i" terfc (-fa(f/’%)} = ¢(t,)

In the same manner solution in the polynomial form of IEF allows us to find even

and odd coefficients A,,, A5,,1 from system of linear equations

k n
> {Az,, D @n- 2m)@E)) I i +

n=0 =0

n
Ay ) (20— 2m+ 1)@y k= (0

m=0

23




k n
> {Azn (21— 2m) B T Banm +

n=0 m=

+Aznay ) (2n—2m+ 1>(B(tk))2"-2"=tk"‘ﬁzn+1,m} = 9(t2)

m=0

2 SOLUTION OF INVERSE STEFAN PROBLEM

2.1 SOLUTION OF INVERSE STEFAN PROBLEM BY IEF METHOD

Problem statement:

ou _ 222_11

==a’l=, 0<x<ox(t), t>0 (36)
I.C: u(x,0)=0, 0<x<x(t) 37)
BC: (pu+85)lxm0=P®),  t>0 (38)
u(x ), ) =y(@), t>0 (39)

Stefan condition:

a doc(t |
(=0 (£) ) oy = (£) 5 (40)

u(0,0)=0 (41)

Solution can be represented in the following form:

= y&k - ’ - |
u(x,t) = T _ofAzn Tmeo X2 Mt Bonm + Aznt1 L= " ML R, nt1m)

(42)
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Where Ay, Azx+q and f X n P(t) has to be determined.

We represent P(t) as

P(t) = pit + pat? +pst3 + ... + Dy tFF? (43)
where p,,p,, P03, ..., Pr+1 has to be determined.

SOLUTION 1:

To find appropriate number of coefficients A,,, Azp4+; in (42) and
coefficients py,p2, P3, ..., D Of unknown fXn P(t), it is necessary to
substitute same number of values for time t, in boundary conditions (38), (39) and
(40). Thus from (38) and (39) we obtain system of linear equations which allows to
determine A,, and A,,,, coefficients, and in the same manner coefficients

P1,P2,P3, - -»Dr+1 can be obtained from (37).

From (38) for x = (t)

Xk colAzn Zm=o(X (t) 2 2™ Bonm Aznt Zm=o(X ()30~ 2m+1em B2n+1,m} =
= P(ty) (44)
From (39) for x = (t)

k
)
n

=0

n n
{AZn Z (O( (tn)zn-zmtrrtnBZn,m + A2n+1 Z (oc (tn)Zn—2m+1t;nB2n+1,m -

m=0 m=0
-

(tie) Zn=ofAzn Tih=o(2n — 2m) (e ()™ 2™ 17 Bomm + Agnsy Lhmo(20 —
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— . d
=2m+1) (X (t)?" " 2™t Bons1m} = X2 (tk)d—ot( |e=t,

(45)
can be determined.
As it was told above A,,, and A, from (44) and (45).
Finally from (37)
p(AoBoo + AztBay + AgtiBaz + - + Aokt Barx) +

+9(A1B1,0 + AstyPay + AstiBsz + oo + A2k+1tl%kB2k+1,k) =

1 3 k
=mﬁ+mq+m¢+m+mﬁ

It is possible to determine pq, P2, D3, e+ s Prt1:

We determine deviation of solution by Maximum principle.

SOLUTION 2: A

Approximate solution of Inverse Stefan problem by IEF method.
We represent function P(t) in (37) as following
P() = {y1(t), y2(8), ¥5(t), e oo, Y (D)}
where
yi() =hy +myt, by =0
y,(t) = hy + myt,

y3(t) = hy + mst,
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Vi (t) = hy + myt,

and hy, my has to be found and P(t) is as shown in the figure.

yilt)=he+ mit

ya(t)zhy+ myt

ya(t)em;t

t1 t2 tk-l tk

Figure 2

It is clear that y,(t,) = y,(t;), then myt; = h, + myt; implies h, = (m; —
my)t; and y,(t) = (my — my)t, + myt.

In the same manner y,(t;) = y3(t;), then (my — my)t, + myt, = hy + mst;
implies ~ hz = (my —my)ty + (my —m3)t;  and  y3(t) = (my —my)t, +
(mz - mg)tz + myt, etc.

V() = (my — myty + (my —ma)t, + .. + myt,

27




E:—'::."m ———

Thus all y,(t) linear functions are expressed in terms of unknown
my, My, ... ... my,, coefficients. After my,m,, ...... my4, found y,(t) fxXnp
can be easily determined. Using programs like Mathcad it is possible to construct

analytical form of function P(t).

To find P(t) and u(x, t) subject to above boundary conditions we substitute
(41) into (38) and (39) in terms to find A,; and A, coefficients.

In the same manner from (37) forx = 0

P(AoBop + AstiBoy + AatiBaz + v + At Bas) +

+60(A1P10 + Astyfsq + AstiBsy + oo oo + Agps 1t Borrrk) = Vi (te)
(46)

Thus from (44), (45) and (46) we obtain A,y , Azxsq and {my,m,, ...... Mis1}

coefficient respectively and apply Maximum principle to calculate deviation of

solution.
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CONCLUSION

The results indicate that Integral Error Functions enable to solve, many
practical problems described above in the easier way than classical methods, and
could be implemented into the course of teaching mathematical physics, as special
methods of solving heat transfer problems with moving boundaries.

So, we solved problem of inverse Stefan problem by using IEF.

For first problem we have two solutions:

1. By taking unknown heat flow P(t) in form P(t) = p;t + p,t? + pat® +
...... 4 prs1t¥t? and determining pq, Pz P3s ---sPre1  coefficients. We
found the solution of this problem.

2. By representing the function P(t) in form

P(t) = {y1 (1), y2(0), y5(t), ... ... ,Vk(©)} and by taking y, (t) linear functions
then we found A,y , A,k in the solution.
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