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Introduction

Notion of a weakly o-minimal structure has been introduced by D. Macpherson, D. Marker
and Ch. Steinhorn in [4] for totally ordered structures. In their paper they investigate ’1.0 .erties of
such structures, of definable unary functions, topological properties of deﬁnable psuéjsets and
properties of weakly o-minimal totally ordered groups and fields. They proved that a totally o£-dered
weakly o-minimal groups is Abelian, divisible and dense and that a totally ordered weakly oy—minimal
field is real closed.

In this paper we consider a generalization of notion of weak o-minimality to the class of
partially ordered structures, namely, to the class of lattice ordered groups. We prov yt} : Lki‘ -
minimal lattice ordered group is Abelian, divisible and dense. prove that a weakly @

Recall that a semigroup 5 is said to be partially ordered or -t oot comfarmnm i ]

admits a partial order = which is compatible with the)ieft and rightiﬁi{{jﬁﬂ?ag;ie.} ed semigroup 11
2 < implies 10 307 forall %7 € §! |

A good review on partially ordered groups one can find in [1-3]. -

Below we recall some basic properties of partially ordered groups.
Proposition 1.1 [1] Let G be a partially ordered group and suppose that ab € G. T )
a least upper bound a V' b in G if and only if they have a greatest lower ba,m d b his o o b‘ hm’;
only if ¢ and 27t have a least upper bound. Indeed, i a b; this occurs if an

a A b=a@in™?s av b =aledn 1y
a M b=@135™1)7? avh=(a 1351y
Further for every g € G, '
glaV b)=gaV gb (a¥ b)g = ag'/ bg
gla/\b)=ga Mogh (a\b)g= aé Y bt%’-

Corollary 1.2 [1] The following are equivalent for a parti e
! Gisa 1‘e"-ff-;(-:milatt‘igce und?:r E f parilyosdeyed group G.
G is a M-semilattice under = ;
a¥ 1 exists foreacha € G;
a /1 exists foreacha € G;
aVbexists foreacha, b€ G*;
a M\ bexists foreacha, b € G';
for each @, b € G' there exists ¢ € G'such that G'a ® (7' = 570
If G satisfies one (thus all) of the conditions in the Corollary v.ve
group or a latticed group. say that

Theorem 1.3 [1] Let G be a lattice ordered group under a partial ordey <
](lffl(‘f !,szt?l‘ = R = fh(’” (}‘ J.Y a (]f.\‘[i'fbuff"tj

G is a lattice ordered

Definition: Recall, that two elements a and & of a lattice ordered groy
if « b = 1.0rthogonal elements are very common in lattice ordered
the theory of such groups. The next proposition lists a number of (hej

P G are said 10 be orthogondl
Eroups and play a crucial role i
I'basic properties,
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Proposition 1.4 [1] Let G be a lattice ordered group and let a, b, c € G.
(i) ifa/Nb=1thenab = ba;
(ii) ifaAb=1landc2 lthena/Nbc=al\c;
(iii) @V DA@?TIL =1;eda? =(@31)a™* 1),
(iv) @V1)'=d"VI,@A1)'=ada"N1;
(v) a2 limpliesaZz 1.
Theorem 1.5 [1] Let G be an Abelian group. Then G can be lattice ordered (totally ordered) if and
only if G is torsion free.
1. Weakly o-minimal lattice ordered groups
Definition: An interval (a, b) for a<b in a partially ordered set M is a set of all element ¢ such that a

Legh
Definition: A subset A of a partially ordered set M is called convex if for any a, b € A if a < b, then

the interval (a, b) is a subset of A.
Definition: A partially ordered structure (M, =, ...) is called weakly o-minimal if any definable

subset is a finite union of convex sets.

Lemma 2.1 Let (G, =, *, e) be a partially ordered weakly o-minimal group. Let H be a definable
subgroup of G. Then forany i € Hif h>e, then (e, h) € H.

Proof: Let # € H be positive. Assume the contrary that there is ¢ € G such that g € (e, h) and g &
H. Since k is positive, it is of infinite order, so h, B* A%, ... k™ .. are all different.

By weak o-minimality # = 4; U U <. where the set - are convex. So there is some k such
that =x contains at least two elements ** and 2™ with 7 < m. Then (", h™)C3, because 4= is
convex.

By the otherhand e < g <hand k"™ < k™ - g < h"™7' €h™ Hence, k" G €Ay and ki~ce€H
Butsince A" € H so ¢ =h"" k" g€ foracontradiction.

Lemma 2.2 Let (G, =, -, e) be a partially ordered weakly o-minimal group. Then any two positive
elements commute, that is if §1 > €. 62 > € then 16z = Gz51.

Proof: Consider the centralizator C(g) of some element €& . It is definable by
C(x) =+ ¢ = g- x). Clearly, the centralizator C(g) is a subgroup.

Case 1) &1 < &z, Then &1 € (. ¢3)3 C(g) by Lemma 2.1. So &1 € £(g3) and 616z = §20:.

Case 2) 62 < (2 is similar.

Case 3) 01 and ¢z are incomparable. Since € < 1 we obtain that &z < g15z2. By Case 1) 9z
and 615z commute, that is ¢2(g163:) = (§163)92 .

Then  §2918: = §1436z  and canceling ¢z from the right we obtain that
G2 0.1 =g (12from the #ight we odraiinthat '

Lemma 2.3 Let (G, = , -, ¢) be a partially ordered weakly o-minimal group. Then any two elements
comparable with e commute.

Proof: Let &1, 5z be comparable with e.

1) @1 > €62 > ¢ follows from Lemma 2.2.
G, < €. Gz > €

2) . Then ¢1'6:=8:01 because  $1° > €. Then
G112 g1 = ¢ (12from the right weobtain that”

3) G141 > €52 <€ issimilar to Case 2

4) &1 < &Gz <€ follows from Case I.
Theorem 2.4 Let (G, = , -, e) be a lattice ordered weakly o-minimal group. Then G is abelian.
Proof. Let §1, 92 € G. Let by = €3g1.h; = €865 Then both &1 and ks are positive, so by Lemma
22 hihg = hghy,

Let
fi=¢€8g, ;= elg;
f = EE_C:; = E(E‘ fg )'1(' = 1."1.9
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g, =h. - b
8182 = hx:“qth:_fz

Since h1. k2 f1. f3 are comparable with e, all of them commute. Then

G162 = hyfiha s = h2Fahy [y = G204

From now on we shall use the additive notation of the group operation.
Theorem 2.5 Let (G, = , * , 0) be a lattice ordered weakly o-minimal group. Then G is divisible.
Proof. Let & € G. We have to prove that for each positive integer n there is some element * € G
such that ni = g, that is the element g is n-divisible. Assume the contrary, that there exists an element
g which is not n-divisible for some n.

Case 1. The element g is positive, that is g > 0. Consider the subgroup nG. It is definable by
the formula 3>C = %), By weak o-minimality it is a finite union of convex sets Ki......K

Let i be in nG. Consider the following sequence: a; = 1 + kg. Since the e]emenl g”;s positive,
this sequence is strictly increasing. Note that a; belongs to nG iff k is divisible by n. So, infinitely
many elements from the sequence belongs to nG. Since n is finite there is some index j such that for
some 0< s < ¢ it holds that both ay, and a,, belong to K;. Then the whole interval (Qsus () 18 a subset
of K;, and hence of nG. But as,, belongs to this interval, but is not n-divisible, for a‘c:)ntq;'}adiction

Case 2. The element g is negative. Then the element —g is positive and is not ”_divisib]e., So
we obtain Case 1.

' Case 3. The element g is not comparable with 0 and each element, which is comparable with 0,
is n-divisible. By Proposition 1.1 it holds that g / 0 = ¢ - (¢80)+0 = g - (¢30) (O equivalently.
g= (gA 0'} + (g 0)‘, Bgt the last two clemen'ts are comp:dra_ble with 0, so they are divisible by n, as
well as their sum, which is equal to g. We obtain a contradiction.

Theorem 2.6 Let (G, = , * , 0) be a lattice ordered weakly o-minimal group. Then G is dense

Proof. Let ¢ € G be positive. By Theorem 2.5 there is some element & € G such that 2/ = ¢ By

Proposition 1.4 the element & is positive. Thus, O < & implies 0 + /1 < 4 + } tiaat is, h < 71_ ’El’“.hus

there is no minimal positive elements. ’ Ry 3k O ol ’
Let a < b be two elements of G. Let 2h =b —a. Since 0 < b — ¢4 - .

—a,sob g

that 0 < h. Thena <a+h <a+h+h=>b. Thatis why the order is dense i Popsttiby L Hpls
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Tyiiin
Erep xe3-xkenreH GOpMyIBIK KONMYIIEHIH ’KHBIHTBIFBIHLIY

YKABIHTBIFEI O0JICa, OHIA TOPJIAHBIIT PETTEIIIeH KYPbIUIBIM Oocan O-MHHH
O-MHUHHMAIIABI TOPJIAHBII PETTCITEH TOIITaApABIH, KOMMYTaTHBTIK nen 6(—)}]

Oipikken  xonmymeairisit
Manne! gen aranaasr. bocal
THI'IITIC JamenaeH/i.

Resume
A lattice ordered structure is called weakly o-minimal if any defingh) _ . _
of convex sets. In the paper we prove that any weakly o-minima] lattic(;1 'e subset is a finite umon
divisible and dense. ordered group is Abelian:

Ozet

Herhangi tanimlanabilen alt disbiikey kiimeler sonlu bir

yapist zayif o-minimal denir.Yazida, herhangi bir zayif halka-
boliinebilir ve yogun oldugunu kanitlamasi sz konusu olduy.

endika ise by

&l r kafes siralanmist!t
Minimum kafeg

siparis grubu, Abel
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