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Introduction

Development of new analytical methods of solution of the heat transfer
problems is very important for various applications because it enables one to analyze
an interrelationship of various input parameters on the dynamics of investigating
phenomena, while the use of numerical methods is a problem when the number of
parameters is great. Therefore the research investigation in this direction is very
topical. The method of Integral Error Functions elaborated in this study can be
applied in many fields of science and industry for mathematical modeling of heat
conduction with phase transformation. In particular, the phenomena occurring at
interaction of electrical arc with electrode can be described in dynamic using the
presented method for very short arc duration, even in nanosecond diapason, when
experimental investigation is very difficult. It is possible now to describe different
mechanisms of electric erosion including melting, evaporation and thermo-elastic
ejecting. It should be noted that approximate solutions of problems considered in the
study are estimated using maximum principle for the heat equation with an error less
than 1%.

The book consists of three chapters: in the first chapter properties of the integral
error function and corollaries necessary to solve heat equations are represented. In the
second chapter theoretical aspects and methods for solving heat problems in domains
with given and moving boundaries are represented. In the third chapter different
methods of solving nonlinear Stefan problem are given.
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1 IEF METHOD

1.1 Introduction to IEF method

This chapter is devoted to introduce special methods by the help of which Heat
Equations in the domains with fixed and moving boundaries are solved. Heat
equations are solved by the help of Integral Error Functions (IEF method) and its
properties, which were introduced by Hartree in 1935 and reasonably sometimes
called Hartree functions. As it will be shown in further paragraphs, method can be
used to solve first, second and third boundary value problems for Heat Equations
with fixed and moving finite, semi-infinite and infinite boundaries. The integral error
functions are determined by recurrent formulas

. T . 2 7
i"erfcx = |i"erfovdv,  n=1,2,... i%erfex = erfox = — [ exp(—v?)dv 1
{ = I xp(-v?) (1)
2 X
Where erfx =1—erfcx = — | exp(—v?)dv
|
One can obtain from (1)
i"erfcx = ——j(v X)" exp(-v?)dv (2)
Expressions (1) satisfy the differential equation
2
d—zi”erfcx+2xii”erfcx—2ni"erfcx =0 (3)
dx dx
and recurrent formulas
2ni"erfex = i"*erfcx — 2xi " erfex (4)

Integral Error Functions are very useful for investigation of heat transfer, diffusion
and other phenomena which can be described by the equation

ou o%u
Pk ()

inaregion D(t>00<x<a(t)) with free boundary x=«af(t) , since the functions

u, (£x,t =t2|“erfc— 6
2 (X 1) ot (6)

suffice the equation (5) as well as their linear combination or even series
u(x1) = SIAU, 060 + B, (x,0] ()

For any constants A,,B,.We can choose these constants to satisfy the boundary
conditions at x=0 and x=«(t), if given boundary functions can be expanded into
Taylor series with powers t or +t .



1.2 Properties of Integral Error Functions

It is possible to derive new properties of Integral Error Functions.
1. If nisaninteger, then
}1 e 9 efwith i=v=1 and
2" n! dx"
Hermite polynomials H_(x) in the right side. Indeed, using formula (6) one can

write

i"erfc(—x) + (-1)"i"erfcx = _11_ H, (ix) =
2" nhi"

i"erfc(—x) + (=1)"i"erfcx = 21 I(v+ X)" exp (—v*)dv +

NEEIES
'\/_ j(v x)" exp(—v?)dv = \/_'[(v+x) exp (—v? v = H, () (8)

2. Using formula for Hermite polynomials one can derive

H
2 Xn—2m

i"erfc(—x) + (=1)"i"erfcx = 9
(X)+ D) mZOZZm‘lm!(n—Zm)! ®)
If n=2k, then
2% 2% : X2
I1“‘erfc x+1°“erfc (—x) =
(=) ézszlm!(zk—zm)!
In particular
erfc x+erfc (—x) =2,
i’erfc x +ierfc (—x):%+x2 ,
i‘erfc x +i‘erfc (- x)—1+lx +ix
8 4 12
Ifn=2k+1, then
2k ) 2k . Kk X2(k—m)+1 10
“erfc(— x “erfc x =
0= ;22m*1m!(2k—2m+1)! (10)
In particular
lerfc(— x) —ierfc x =2x,
i*erfc(— x) —i%erfc x = E ,
2 3
ierfc (-x)—i%erfc x = 31 Xt x4 2y
2°.21  2.213! 5!
The proof of the formula
i"erfc(—x) — (-1)"i"erfcx = (11)

2" nl

where
2 X
erfx =1—erfcx = — | exp(—v?)dv
N

can be obtained by mathematical induction method using recurrent formula (3).
3. Differentiating the right side of formula (11), we obtain



i"erfc(—x) — (-1)"i"erfcx = P, (x)erfx —Q, (x)%exp(—xz) , (12)

where polynomials P,(x) and Q,(x) are defined by formulas

d e D)™ Hy (),
P“(X):mzzozzm‘lm!(n—Zm)!’ Qn ()= ; 2"*(n k)I A)

4. From (11), (12) we can obtain the explicit expressions for Integral Error
Functions of an integer index

on _ (_1)n i 2
i"erfcx = 5 [P, (x)erfex +Q, (X) - exp(—x3)] (13)
i"erfc(—x) = 1[Pn (x)erfc(—x) —Q, (X) iexp (—x*)] (14)
2 Jr
5. Using L’Hopital rule and representation (1.1), it is not difficult to show that
lim i"erfc(—x) _2 (15)
x> X" nl

1.3 Corollaries for IEF method

Following corollaries will be helpful to so solve Heat equations.
1. Using property 2 one can derive following formula
k

n n
u(x, t] = Z {ﬂzn Z xzﬂ_zmtmﬁzﬂ,m + A2n+1 Z xzn_2m+ltmﬁ2n+1,ml

n=0o m=0 m=0
Where u(x,t) is a solution of Heat Equation in polynomial form and
1

2n+m_1-m!-(n —2m)!

2. Expression u(x,t) can be expanded in the following form
u{:x, t] = AGJBDJD +

+4, (xzﬁz ot tﬁm) +
+A, (x“ﬁw +x°tf, |+ tﬁu) + et

K k- k- K
+4,, (xz Baieo + X7 ztﬁsz1+---+x2t "Bopr—1tt ﬁzk,k)"’

+A; X, , +
+A4, (xa,ﬁm + xtﬁm) +

+A- (xﬁﬁm +x°tf,  + xtzﬁiz) + -t



k k— k-
"’1‘“'12J.:+1(5"52 +lﬁzk+1,u+x2 lt;ﬁzhm"'"""ng 1ﬁ2:.:+1,;.:—1
k
+xt ﬁzkﬂ,k)

3. Following expression will be frequently used in solutions of Heat Equations

du
T ZAEKBZJD +

+A, (4x3Byo + 2xtB, 1 ) +
+Aq (6}(535,0 + 4%t ; + 2xt7 Ba,z)-F T
+Agk(2k}(2k—1gghﬂ + (2k— 1]x2k—3t82h1 + -4 Zthsz,k) +

+A1Bm +
+A, (3:{2[33’0 + thJl) +
+A. (5-“1435,0 +3x4p, , + T Bﬂ) + -+

+Aski1 ((2k+ D)x* B0 + (2k— 1szk_2tﬁzk+1,1 + -

k— k
+ 3 Borg s HE sz+1,k)

—X

4. Expression  ul(x,t) = izﬂ(x/f)ﬂ[ﬂniﬂerfc%jL Bﬂi“erfcm%] can  be
expanded
u(x,t) = (‘JE)U [Aﬂiﬂerfcfﬁ—k Bﬂiﬂﬂfcﬁ] +
+(VO) [Asiterfe - + Buiterfe 2] +
+(vo)° [Agizﬂfﬂfﬁ—k Bgizgrfcﬁ] 4ot
+(VE)" [Animerfe=+ Byimerfe =]

5. Partial derivative of u(x,t) can be written as
du
ax

1 %2 _x2
m[—ﬂoe@ (o * Boerp ()| +
1 _
e -0 X 0 X
+ 2a[ Aji erfc—zaﬁ + B,i ETfC—zm.-'E] +

1
ﬁ 1 ¥ 21 —-x
+(£ [—;"3121 ETfCE‘FBZL Echm]++

+ (’E)ﬂ_l [-4,imterfc

- spn—1 —X
I B rpe]

X
2 a*\-'?



6. Theorem: Maximum Principle [1, p. 194]

If the function wu(x,t) defined and continuous on the domains
O0=x=1 0=t=T,andsuffices the Heat Equation

azuxx = ut

in the points of domains 0 < x < I, 0 <t =T , then the function u(x,t) achieves its

maximum and minimum points at the initial time or in the boundary values x=0 or
x=I

This theorem is widely used in applications and enables to see the deviation
between exact solution and searched solution. When we apply the solution for the
boundary conditions it is possible to obtain functions whose graphs are easy to build
by the help of any mathematical program like Mathcad, and so is for the functions at
boundaries. Finally it is possible to compare these graphs and determine the deviation
of the function (that is obtained by application of searched solution to the boundary
conditions) from the boundary value function. Hence according to the Maximum
Principle Theorem it is possible to say that the error of searched solution doesn’t
exceed the error between the boundary value function and function obtained with
application of searched solution to the boundary conditions. We can observe in the
following examples that deviation of solutions doesn’t exceed than 1%.



2 APPROXIMATE SOLUTIONS OF HEAT EQUATIONS WITH GIVEN

BOUNDARIES

It is possible to observe in further paragraphs and examples that IEF method
enables to solve boundary value problems for Heat equations in domains with fixed

boundaries approximately.

2.1 Approximate solution of the first boundary value problem
The solution of the problem

8_u:a2@’ O<x<l, t>0
ot ox?
Subject to
1.C: u(x,0) =0,
B.C: u(o.t) = (1),
u(l,t) = 4(t),
u(0,0) =0,

where @(t), ¢(t) are analytical functions, can be represented in the form

k

n
u(x; t) = z {AZn z xzn_zmtmﬂZn,m
m=0

n=0

n
2n—2m+1,m
+ Arntq Z X t 52n+1,m}

m=0

or

u(x,t) = AOﬂo,o +
+A2 (xZﬁZ,O + tﬁZ,l) +

+A4_ (x4ﬂ4_’0 + xztﬁ4’1 + tﬂ4—,2) + -+

+A (x2kﬂ2k,o + xZR_Ztﬂzk,l + -t xztk_l.BZk,k—1 + tkﬂzk,k) +

+A1x,6’1’0 +

+A4; (x3ﬂ3’0 + xtﬂg,l) +

(16)
(17)
(18)
(19)

(20)



+A5 (XSﬂS’O + x3tﬂ5 1 + XtZBS'Z) + -+

2k+1 2k-1 3, k-1
+Az41 (x Bai+1,0 + X thyrrr1 T T X Bogri k-1

K
+ xt .32k+1,k)

This function satisfies the heat equation (69), as it was mentioned above and
coefficients A4,,,4,,.1 has to be found. To satisfy the initial and boundary

conditions (71) and (72) we expand the functions @(t), #(f) in Maclaurin’s series:

_~we'(0) .,
and
0 n O
s -3 20 (21)
k=0 -
fOf t:O, AD = D
and for x=0, even coefficients A,; can be found from
74 (0)
Agfy o+ Astf, | + Agt?Byy + -+ Ayt By, = szk
k=0 '

substituting even coefficients into the boundary condition for x=1 and combining like
terms, odd coefficients 4., can be found from

AD}SDJD +
+A4, (F,BM + t,{?m) +
+4, (E“‘ﬁw + I%,SM + tﬁu) + -+

k k— k— k
A (TP Bago + X728, + ot P By + 5By )+

+A, 1B, +
+A, (Fﬁm + Itﬁ&l) 4

+45 (Eaﬁiu +1Ptg, | + Itzﬁﬂ) + -+



k k- k-
+Azpes (P oo + 12 B+ P i

2.2
method

2k+1
(0) 2ker

H U Boparse) = Z(Ek—i— 1),f

Approximate solution of the first boundary value problem by IEF

Approximate solution of the same problem

Subject to

form
u(x, t)
or

ul(x, t)

gt_“:a“;%, 0<x<l, t>0 (22)
I.C: 0(x0) =0, (23)
B.C: u(0,t) = p(t), (24)
u(l,t) = ¢(t), (25)

where @(t), ¢(t) are analytical functions, can be represented in the

k n n
2n-2 2n-2 1
= Z ;‘qzn Z X " mtmﬁzﬂ,m + A2n+1 Z X noemE tmJEE'J'HI,mI

n=0 m=0 m=0

k
_ Z (2av0)" [Aninerfe-" + B,i"erfc]

n=0

In both cases it is necessary to substitute above expressions into the boundary
conditions for certain values of t with appropriate step. For polynomial form of IEF
we perform similar procedure as in the analytic solution but only for certain values of

t.
As

way

for IEF solution A,,and B,, coefficients can be obtained in the following



for

x=0 o)=Y (A +B, )t i*erfcO
k=0
n ) I . —
x=I 0= t“?i*erfc—— + B t""*i*erfc——
g(Ak 2avt - 2ax/f)
we make substitution
Ak+Bk:Ck Ak:Ck_Bk
Then
>°C,t*'%i"erfc 0 = o(t) *)
k=0
Zn:B (tk’zl"erfc—l—t"’zlkerfc )=¢(t) - ZC tk’ziken‘cﬂ (**)
k=0 ‘ a\/— \/_ “ 2
Where —— are

calculated from tables. Recall that instead of t numerical values are substituted.

2.3 Approximate solution of the second type boundary value problem
For the same problem but different boundary conditions

@:aza—g, O<x<l, t>0 (26)

ot OX

Subject to
I.C: u(x,0) =0, t>0 (27)
BC: M _,n),  0<x<l (28)
6’X x=0

g—ix_l = ¢(t), O<x<I (29)
u(0,0) =0 (30)

where @(t), ¢(t) are analytical functions, and solution represented in the form
u(x,t) = Zlﬁzo{AZn Y=o XA Bon m + Agnig anzoxzn_zmﬂthZnﬂ,m} (Bl) ukxv=
E:o {AZn Yim=0 in-zmthZn,m + Azns1 2m=o in_2m+1tm{32n+1,m} (32)
Where A,,,, 45,1 have to be found. To satisfy the initial and boundary conditions
(27) - (29) we expand the functions @(t), ¢(t) in Maclaurin’s series:

(n)
o) =3 Pt (33)

(n)
p(0) = Z¢ O ¢ (34)



Using undetermined coefficients method (equating coefficients in like terms) for x=0
even coefficients A,; can be obtained from

N O
= (26!

In the same manner, using corollaries (3) and substituting even coefficients into the
boundary condition for x=I, odd coefficients A, can be determined from

du _
axl = 24510, , +

+A, (4B, + 21tB, 1) +
+ A, (61 By o+ 413t 1 + 21t2B,) + - +
+A2k(2k!2k_lﬁzk,o + k= DI 3ty + -+ thkﬁzk,k)—l-

k
‘qmgm +‘qzt;311 +A+t2ﬁ4,2 +-+ quktz ﬁzk,.!.: =

+A, B, +
+A43 (312, + tha) +
+A5 (514 Bsp + 3124, | +t2fs, )+ +

+Azk41 ((ZFH D Bopero + k=D, +

2k+1

¢2R+l}{0:]
+ 30t Boprrgemr + U Barsre) = Z GRIDL g2t

2.4 Approximate solution of the second type boundary value problem
by IEF method

To find approximate solution of Heat Equation with fixed boundary conditions
of the second type we use IEF or polynomial form of IEF. Boundary conditions
provide coefficients only for certain values of time t.

u_ o o%u

=a’—, O<x<l, t>0 (35)
ot OX
I.C: u(x,0) =0, t>0 (36)
B.C: %“XO —ot),  O<x<l (37)
du
o, = ¢(t), O<x<I (38)

u(0,0) =0 (39)



where @(t), #(t) are analytical functions , solution can be represented in the
following form

k n n
u(x, t] = Z {ﬂzn Z xzﬂ_zmtmﬁzﬂ,m + A2n+1 Z xzn_2m+ltmﬁ2n+1,ml

n=0 m=0 m=0

or

ke
ulx, t) = Z (v’ﬂﬂ [Aniﬂerfciﬁ + B,ﬂi“erfc%]
n=0

If we use polynomial form then even coefficients A,,, determined from boundary

condition for x=0, and odd coefficients are determined from boundary condition for
x=l.

2.5 Approximate solution of Heat Equation with fixed boundary
conditions of the third type by IEF method
For the solution of Heat Equation

6—“:#@, O<x<l, t>0 (40)
ot ox
subject to initial and boundary conditions
u(x,0) =0, O<x<l (41)
(@) =pt), 150 (42)
dX x=0
du
(u-—+w)  =4(0), t>0 (43)
dx —
u(0,0) =0, (44)

where ¢(x) and ¢(t) are analytical functions, solution can be represented in the
polynomial form of IEF

k n n

u{:x f] — x‘“-l xzﬂ—ﬂmtfmﬁ +A xzn—2m+1tmﬁ

] 2n 2Zn.m 2n+1 2Zn+lm
n=0 m=0 m=0

which satisfy initial conditions (27) with A, = 0. As in previous cases to determine
even and odd coefficients 4,,,, 4,,., it is necessary to expand into Maclaurin’s
series right parts in boundary conditions

for x=0



(01
(A0, o+ Asth, | + Agt2Bas + o+ Ayt Bops ) + AP, o+ +AgtBs; +

k+1
2 k oo '??2 {D:] 2k+1
At Bs o+ - FAn U Boksa k) = Zk:g—{2k+lj: tert

and for x=I

nidof, o +

+4, (128, + By ) +

+4, (E“ﬁﬂm +1%tp,  + tﬁu) Fot

Az (Ezkﬁzk*ﬂ + Izk_ztﬁzk,l e P B fkﬁzk,k)—i—
+A 15, +

+4, (134, , + 1t ) +

+A5 (15850 + Pth, , +1t26s,) + -+

k k- k-
s (IP% Baprso + PR EB,  + o P By +
ke
It Brpiak)

H+
+v{2AEI,82JD+

+‘q4(433ﬁ4,0 + foﬁ‘hl) +
+A, (615 By o+ 413t + 21t2By,) + -+ +
+A,, (K11 By o + (2k — 1IZK3tBy  + - 4 205 By, ) +

+4 llﬁm +
+45 (325, o+ ths: ) +

+A5 (51%Bsp + 312, , +t2fs, )+ +



+A5541 ((Zk—l— DP*Byprr0 + 2k — leZF“:tﬁzhm + ---

2k+1 _
§2* % g)

24k- k :
+31°t 1ﬁ2k+1,.ﬁ:—1 +t ﬁ2k+1,.ﬁ:)} = Z

n=0

2k+1
(2k+1)!

then combine like terms in left parts, and equate coefficients using UC method
(undetermined coefficients method). Finally after obtaining recurrent formulas and
solving systems of linear equations even and odd coefficients can be determined.

2.6 Approximate solution of Heat Equation with fixed boundary
conditions of the third type by IEF method

As in previous cases we follow same procedure. We consider solution in the
polynomial form of IEF. To determine coefficients we substitute expression (3) from
chapter 1.3 into the boundary conditions but only for certain values of time t.
Boundary conditions provide system of linear equations and necessary coefficients
can be obtained or calculated by the help of Mathcad.

2.7 Solution of Heat Equations in the domains with moving, given
boundaries by IEF method

As it was told before Integral Error Functions enable investigate heat transfer,
diffusion and other phenomena which can be described by the equation

ot ox?
In a region D(t>00<x<a(t)) with free boundaryx=«(t), and solution is

considered in the following form

u_ e dt

U06H) = S TAU, (6 + Bu, (-, 1]

For any constants A, B,. Which have to be found from boundary conditions at x=0
andx =a(t), if given boundary functions can be expanded into Taylor series with

powers t or +t.It is possible to see in the following examples (where all types of
boundary value problems considered) and paragraphs, that analytic solutions of Heat
Equations are found.

2.8 Approximate solution of Heat Equation with the first type boundary
conditions in the 0<x<a(t) domain by IEF method

Solution of the Heat Equation

ou  , 0%
— =a

ot W’ O<X<a(t), t>0 (45)

Subject to



B.C: u(0,t) = g(t), t>0 (46)

u(e(t),t) =¢(t),t >0 (47)
can be represented in the following form

< n| :2n 2r12+l 2n+1 X 2n+1
U(x,t)=nz_(;{An -t { Zaﬁ i*"erfc( f)}LB -t [ oadt erfc(—— I)}}
(48)

or using property 2 of IEF, solution can be represented in the polynomial form

u(x; t) = Zi(l:O{AZTl Z =0 xZn thm.anm + A2n+1 Zm 0 xzn_2m+1tm,82n+1,m}

(49)
In this case it is more convenient to use expression (48) for solution of (46)-(47).
where
1 3 n
at)=at? +at+ot? +. . +a,t? +.. (50)
for r =/t (51)
we have
a(t?)=ar+a,r’ o v+t o, t" +. (52)
From (2) for x=0, we have
@(t) = Lz Antmi* erfc0 (53)
And coefficient A, of expression (129) can be found from
Aﬂ — @™ (0) (54)

i*Mnlerfco

From (128) for x=a(t), we have

\V(t)=i{An t”{ ierfc 4 Jriz”erfC(_OL(t))}Bn 'tznzﬂ[ wigrfe AU i°"erfc( a(t) }

2a+/t 2a+/t 2at 2a+/t
(55)
Let
a(t) % t2+ a3t+a3t2 7 S ntg+...
2a/t 2a 2a 2a 2a 2a 2a (56)

for r =4t



2a '2a 2a 2a 7 2a (57)

then

B@) =+ pr+ L+ Bl + B+t B+,
(58)

Finally

w(@?) =S IA, o [ierfep(z) +iTerfe(- B(0))+ B, - [ erfe p(z) ~ i erfe(— p(r))} (59)

Taking n times derivatives of expression (59) and making =0, it’s possible to
determine B, coefficients.

Corollaries: [2, p. 34-35]

d" U U U U
f(x)=—2-F'(y)+—=2-F"(y)+—=-F"(y) +..+ —.F®
1 g (W= PO+ P )+ FH() o (y)
d" ko d" o kk=D o, d" kay, ke d”
U, = ——-y- + Sy©- -+ (D) k- —_—
R TR 2 Y Y D7y ax

I

k=0

Firstly let’s expand (59)



w(r?) = i (A, o2 [ierfe () + iZerfe(— A(z))|+ B, - -2 H[i"erfe B(r) — i erfe(- B(x))]} =
= A, -[erfcB(z) +erfc(- B(r))]+ B, - tlierfc B(zr) —ierfe(— B(r))] +

+ A, - 22fi%erfep(z) + ierfc(— B(z))|+ B, - *fi%erfc p(r) —i%erfe(— A(r))]+

+ A, - rtfiferfo(z) +iterfe(— B(r))|+ B, - o [i%erfc B(r) — i%erfc(- B(r))|+

+ A, - [i%erfc p(c) +i%erfe(— B(z))]+ B, -« [i7erfes(z) — i"erfe(- B(z))|+

+ ...

+ A, -2 [i7erfef(z) + i7erfe(— A(2)))+ B, - 2™ [i*"erfeA(z) — 17 erfe(— B(r))]

Recall that A coefficients are already determined from (54). Using formulas in
corollaries now it is possible to determine B coefficients. To determine B,
coefficients it is necessary to take 2n+1 times derivatives of (140) and make 7 =0.
It is required to determine B, from following expression

w2, = (A, -[erfep(e) +erfc(- B(@))]+ B, - clierfe p(r) ierfe(- B(2))]2,

B, from

()% = 1A, [erfe(o) +erfe(- p(2))]+ B, - <lierfe p(x) ~ierfe(~ A(x))]+
+ A -2 [i%erfo () +i’erfo(~ B(2))|+ B, - *[i%erfep(z) —ierfo(- B(2) 2,
B, from

()], = €A, -[erfep(z) + erfe(- p(2))]+ B, - elierfe f(e) —ierfe(~ ()] +

+ A - [iferfe () + ierfc(- B(r))|+ B, - *fierfc B(r) — ierfe(- B(z))|+
+ A, o [ierfc(z) +ierfc(— A(z))|+ B, - r°fierfe(z) —i%erfe(— A(z) 12,

B, from

)7 ={A, - [erfe (o) +erfe(~ B(2))|+ B, - elierfe f(z) —ierfe(~ A(2) )]+
+ A -r2[i%erfcA(z) +i%erfe(— B(r))]+ B, - *[iPerfe B(r) — ierfc(— B(z) )]+

+ A, -*[iterfc B(z) + i%erfc(— B(r))|+ B, - £°[i%erfe () — i%erfc(— B(z))]+

+ A, -2°fi%erfcp(r) +i%rfc(— A(z))]+ B, - o [ierfc A(z) —iTerfe(- B(2) )BT,

and so on. Finally B, from the following expression



~—

—B(1))]+ B, - tlierfcp(t) — ierfc(— B(r))] +
+ B, - t'fi*erfcp(t) — i’erfe(— B(x))|+

+ B, - T°[i%erfcp(x) — i*erfc(— B(x))
+B, - 1'[i"erfcp(x) —i’erfe(— B())

w2 ={A, -[erfcB(t) +erfc
+A, - t?[i%erfeB(x) + iZerfe(— B(x)
+A, - t*[i*erfcp(r) +i‘erfc(— p(x)
+A, - t*[i%erfcp(x) + i’erfe(— B(x)
+...

N—
—_

+

—_

+

+A, -1 [ierfep(r) + ierfc(— B(x))]+ B, - 2" [i*" erfcB(x) — i erfe(— B(x) )0

or

ey = i{Ak e [i*erfeB(t) +i*erfo(— B(r))]+

i Bk . T2k+1 [i2k+1erfCB(T) _ i2k+1erfc(_ B(T))]}igﬂ)

(61)

For expression [ -imerfc(—p(r))[” it is necessary to apply formula (2) in corollaries

where ™ =u and i"erfcB(z) = v.
[c" -imerfep(r)|” = ()" - i"erfcp(x) +Gj (z)" - (imerfep(x) ) +

+ (ZJ ()" - (imerfep(e))? +...+ " - (imerfep(x) ).

For =0,
1. if m>n then [z"imerfc(r)[") =0
2. if m<n then [ imerfcp(r)|") =m!{: m)[imerfc,b’(r)]in_;m)
In the same manner for expression [z -imerfc(- g(z))[”

1. if m>n then [z"-i"erfc(—p(x))[", =0

2. if m<n then [t"-i"erfc(—p(x))[") = m!-(: ) m} imerfe(—p(x))[""

Finally

fem - [imerfep(z) + imerfo(— B(z) )" = m!{n

(62)

(63)

(64)

(65)

} [imerfep(c) + imerfo(— B(x))|""

(66)



yields
Zn:{Ak T [i*erfep(x) + i*erfe(~B(x))|+ B, - 1 [i* erfep(x) — i* erfe(~ B(x) 5" =

—Z{A (2 )'( 1 ZKJ lierfcp(x) +i*erfe(— B(x) )0 +

+ B (2k + ]_)I(ZH ijz.kj ) [iz”lerch(r) _ iz"*lerfc(— B(T))]i;_ZK)}

(67)
then

()] Z{A (ZK)( i_ kj [i“erfep(x) + i*erfo(~ B(x) )| ™ +

+B, - (2k +1) !{2: B ZkJ . [i ZtarfeB(t) — i2k+1erfc(_ B(T))]izfzk)}

(68)
Implies

Z{A (2 )'[ + j [ierfcB(x) +i*erfe(— B(x) )0 +
+1-2k
+Bk-(2k+1)!{ o1 j [i*“rerfep(t) —i*“erfe(- B(x))|"; "'} =
n 2 : 2n+1-2k
:kO{Ak'(Zk)'(zerl Zk] [ierfcp(x) + ierfe(— B(r) )| )}
+§{B (2K +1)'( o _ J [i*<erfcp(x) —i**erfo(~ p(x))|s Zk)}+

+B,-(2n+1) !'(On +1J [ierfep(c) — i erfe(~ B())].,

(69)
Yields



B __ ()] .

n (2n +1) !{én +1j [i2"erfcp(x) — i erfe(— B(1))]

Z{A (Zk)|£2n +i_2k] [|2"erch(r)+I2kerfc( B( ))(2n+1 2k)

+ +
(2n +1) !-( j [i2"erfcB(t) —i*erfe(— B(1))].,
5B, - (2k +1)|( : J [i*erfep(z) — i*“erfo(— B(x)) 2 ™
" =0
(2n +1) !-( ] [lz””erch(r) i”"erfo(— [3(r))]r=0 (70)

Thus required A, and B, coefficients are obtained and can be calculated from
formulas (54) and (70) respectively.

Example 1: Analytic solution of one Heat Equation with the first type boundary
conditions inthe 0<x <t domain
Solution of the Heat Equation
e o°u

=a’—, O<x<t, t>0 (71)
ot OX
Subject to
1.C: u(x,0)=0, t>0 (72)
B.C: U(O,t)=¢(t),t >0 (73)
u(t,t)=¢(t),t >0 (74)

can be represented in the following form

i —X
A" i"erfc——+i%erfc(——=) |+
A [ Zaﬁ (Zax/f )}

0

U(x ) =3 . » (75)
+B, -t 2 [ i>"erfc At i"erfc( Sk )}
or using property 2 of IEF solution can represented in the polynomial form
Ux,t) = lr<1=0 {AZn Ym=0 in-zmthZH,m + Azns1 Xm=o in-zrrl-'-1tm[32n+1,m}

or

u(x, t) = ApPyo + (76)



+4, (xzﬁz,u + t,{?m) +

+4, (ﬂﬁw + xztﬁm + tﬁb,z) 4ot

+4,, (xzkﬁﬂk,ﬂ + sz_zfﬁzm +e xR fkﬁ%k) +
+A,xp, , +

+A4, (xgﬁgﬂ + xtﬁil) +

+A45 (xa,{?io +x°tf  + xtzﬁiz) + ot

2k+1 2k-1 3 k-1
“‘I‘r"lzi.:ﬂ(fJ|C Bak+10+X tﬁghm"‘ X B k-1

k
+ X" B 1,;.:)

where

B(n,m) := 1

2n+m_1-m!-(n —2m)!

L=al

Let's expand @(t) into Taylor'series then we have ¢(t) = Z

n=0

@™ (0)

n!

17
Then for x=0 from (73)

n @ (0)
E AsiBaps " = E 2l - ¥
k=0 k=0 '

¢*(0)
KU Bopk

:.rbxqzk=

In the same manner let’s expand ¢(t) into Taylor's series then we have

o0

o
o=y L0

n=0o

Then for x=t from (74) we have

u(ty t] = ADB'QJG +



+4, (tzﬁm + fﬁz,l) +

+A4, (t“ﬁm + taﬁm + tﬁu)—l-

+A5 (t%Be0 + t3h,, +t4Ben+ 3Bs5 ) +

"’Aa(tgﬁaﬂ + tTﬁS,l + tﬁﬁa,z + taﬁa,a + tqlﬁa,ct) + -t

+A4;; (EZkﬁzk,D + f%_lﬁgm e IR g fkﬁz;.:,k) +
+Atf, , +

+4, (ta,ﬁ’m + tzﬁil) +

+45 (tﬁﬁiﬂ +et* B+ tgﬁig) +

+4; (67 By + 198, + 15,0+ 1B, ) +

+A5 (t%Boo + 36, + 7 Bos + t9Pos + 1505, )+ +

2k+1 2k E+1 ke
"‘1"'1:2F.:+1(t ¥ ﬁ2k+1,0+t 2;,:+L1+"'+t * JEZFE+1,F|:—1+E ﬁ2k+1,n:)

From above expression it’s possible to see that
Ag - ﬁu,u = (35,;.

Ay Biot+ Ay Bri= 9,

Ay Bro+ Ay Bai+t Ay Bay= ¢,

A+ Bso+ Ay Pas+ A5 Bs, + A5 Bz = 9,

‘qq- ) ﬁq-,u + Aa 'ﬁa,l + Iqa ' ﬁﬁ,z +A? ' ﬁ?,a + Iqs 'ﬁs,q- = ?'54

Ay 'ﬁk,u +Apq ﬁ;.:+1,1 + Ap.s 'ﬁ:.:+2,2 +. Ay, 'ﬁzk—l,k—l + Ay, 'ﬁzk,ﬁ: = ‘?5;,:

‘39": K} {0)
k!

where ¢, =

and



2k
3" (0)

Finally following recurrent formula obtained

gﬁkjtoj
AEF.:—l ' ﬁzk—l,h:—l = T - Azk 'ﬁzk,k - An 'ﬁmn—k
n=k

2k-2

2.9 Approximate solution of Heat Equation with moving boundaries of
the first type by IEF method

Results of studies and experimental data (links) show that it is possible to solve
Heat Equations with moving boundaries approximately by the help of IEF method.
Solutions obtained by IEF method are easier and give quite good precision, which
can be used in applications.

Solution is represented in the form of Integral Error Functions or in polynomial form
which is derived from its properties.
For the Heat Equation

@:az&’-_u D<x<al(t), t=0
at dx2’ !
Subject to
I.C: u(x,0) =0, 0 <x < al(t),
B.C: u(0,t) = @(t), t>=0,
ulal(t),t) =o(t), t=0.
Solution:

Solution of the Heat Equation is represented in the form

0= 3 et () Bt ()

or

u(x, t) = D{AZH —o X7 Emtmﬁzmm + Agpig Dmeo XTI, L l,m}

Remark In both cases to find approximate solution it is necessary to give certain
values for time t. For k values of t we obtain k coefficients from 2k linear equations.
If we use IEF for solution then for boundary conditions at x=0 and x = () we

have system of 2k linear equations.
k

Z(t%]{ﬂﬂiﬂﬂfd} + B, i"erfc0} = @(t;),

Z[EZJ{A i"erfe (;:’*])+Bz erfc ( ;:f )} 6(t:)




In the same manner solution in the polynomial form of IEF allows us to find even and

odd coefficients 4,,,, 4,,,.1 from system of linear equations
k

n !

n
Zn—-2m+m Zn—2m+lsm —
Ay E X te Banm + Azns1 E X tr Bans1m( = PLx),
n=0o m=0 m=0 4
k n n 3
Zn-2ms+m Zn—-2m+1l,.m —
A, E X Ly ﬁ?'ﬂ,m + Azpea E X L Ban+ 1m( = o(tr)

=0 0 m=0 o

=
3
I

Test problem: Approximate solution of one Heat Equation in the domain with
moving boundary of the first type, degenerating at the initial time by polynomial
form of IEF

2
a—u:a—l:, O<x<t, O<t<l1
ot oX
ul,_, =0
ux=0=et

Making substitution for

u(x,t)=v(xt)+1

We obtain
@:Z;/ O<x<t, O<t<l
v, =0
v, =e'-1
=0

Using corollaries we consider solution in the following form

k n n
V(X, t] = Z :Azn Z xzn_zmtmﬁzmm + A2n+1 Z xzn_2m+ltmﬁ2ﬂ+1,ml

n=0 m=0 m=0
And it is required to determine even and odd coefficients A,,, A4-,.1 . The
number of coefficients determined with respect to the number of the values given for
t. If there’re 6 values given for t, 6 odd and 6 even coefficients will be found for the
solution above. As more values are given for t, as more precise will be solution.



If above expression substituted into the boundary conditions where values of t are:
t1=0, t2=0,2, t3=0,4, t4=0,6, t5=0,8 and t6=1. Even and odd coefficients can be
obtained from systems of linear equations

for x=0,
et — 1 = k {A Zn in_szmﬁ + A Z‘]‘l y2n—2Zm+ lfmﬁ }

- n=0 Zn am=0 Znm Zn+1l &am=0 2Zn+1l.m
yield

k n k n

A Eﬂ—ﬂmtmﬁ . 1 _ A 211—2m+1tmﬁ
2n X 2nm T = 2n+1 X 2Zn+lm
n=0 m=0 n=0 m=0

Where even coefficients expressed in terms of odd coefficients and substituted
into the linear system of equations for x = t, where values of t are same t1=0, t2=0,2,

t3=0,4, t4=0,6, t5=0,8 and t6=1.

forx =t,

_ vk n In—-2msem n In—2m+lem
0_ n=D{A2ﬂ m=0 X t ﬁ?mm+‘q2ﬂ+lzm=ﬂxd - L ﬁ2ﬂ+1,m}

To solve above systems and build graphs of functions programs like Mathcad
can be helpful. After even and odd coefficients A,,, A,, . already found it is

necessary to substitute the expression into the boundary conditions and compare with
functions at boundary conditions. When the procedure performed it is possible to see
almost one to one satisfaction in the figures 2, 3, 4,5,6,7 when we compare functions
at boundaries for x=0 and x=t respectively with the solutions obtained by Integral
Error Functions.

22 22
14 /’/ 14 ///"
v(t) ~ exp(t)— -

06 fﬂ/ o 06 //
-0.2 - —-0.2

o 0 0.2 04 0.6 038 1 o 0 0.2 04 0.6 0.8 1

Figure 1 — Graph Figure 2 —Graph of
of function at x=0 function at x=0

In the figure 1 we see function obtained by IEF at x=0, and in the figure 3 given
function at boundary x=0.



v(t) 14 //

041
exp(t)-1 v(t)
_____ 0.6 006
exp(t)-1
""" -029

Figure 3 — Graphs of boundary Figure 4 — Graphs of boundary
function and V(x,t) function and V(x,t)
at x=0 at x=0

To compare above graphs we put them on each other and observe one to one
satisfaction and coincidence in the figure 4 and 5.

15

05
0 002 004 006 008 01

t
Figure 5 - Graphs of constant 1
and V(x,t) at x=t

It is possible to see same precision at the boundary x = t.

Conclusion
In the same manner it is possible to obtain same results if solution is
X —_

N n “n . X
u(x,t)znzo‘,(\/f) [Ai'erfc 2a\/f+B”| erfcm]

Comparison of functions obtained after substitution into the boundary conditions
with given boundary functions give same precision which possible to observe in the
below pictures.



2 3
14 22
9(t) 038 w(t) 14 //,/ -
W(t) 02 -e-x.p(.l?fl 06 ///‘_/«'
-04 02
-1 -1 0 02 04 06 08 1
0 0.2 04 0.6 0.8 1 .
t
Figure 6 — Graphs of Figure 7 — Graphs of
functions at x=0 functions at x=t

Finally according to maximum principle, in the above figures it is possible to see
that for same values of t: t=0, t2=0,2, t3=0,4, t4=0,6, t5=0,8, t6=1 solution of Heat
Equation with moving boundary, degenerating at the initial time, obtained by IEF
method is much more precise and easier than traditional methods.

2.10  Approximate solution of Heat Equation with the second type
boundary conditions in the 0<x<«(t) domain by IEF method

Solution of the Heat Equation

au_ _, 0
v O<x<e(t), t>0 (77)
Subject to
1.C: u(x,0) =0, (78)
ou
B.C: x| o(t), (79)
ou
el = ¢(t),
Xlyo 70 (80)
u(0,0) =0, (81)

can be represented in the following form

U(xt) = g{An -t”{iz"erfc 2a)i/f + iz”erfc(z; jf)} +B, -tn;{i 2”*1erfcz:ﬁ - iz"*lerfc(z;xﬁ)}}
(82)
or using property 2 of IEF, solution can be represented in the polynomial form

Ulx, t) = EE:E{AEH Efu:nx:n_:mfmﬁ:n.m +Az41 qu.:l}x:n_:m_ltmﬁ:n—l.m} (83)



In this case it is more convenient to use expression (82) for solution of (78)- (80).

where
1 3 n
alt)=at> +at+at? +..+a t? +.. (84)
for r=+t (85)
we have
a(t®)=ar+a,r’ val +.ta, "+ (86)

From (79) for x=0, we have
e(t) =—2Y7 B, t"i*"erfc0 (87)

And coefficients B,, of expression (82) can be found from

B, = __ " (88)

2nlitMerfeo

From (80) for x=a(t), we have

'tn—llz _i2n—1er|:C X +i2n—lerfc(_ X ) —
ou & A { 2avt 2avt
Toy (89)
x s _B -t"| ierfc— +i2”erfc(—i)
" 2a+/t 2a/t
) X ) X
ATV — i erfc +i*erf ———— | |-
v s A { 2aWt ( 2aﬁﬂ
Oy ~B, -t"| i"erfc— +i2”e"fc(_ : j
" 2aqt 2a/t
Let
a(t) :ﬁ+ﬁt%+%t+%tg+ﬂt2+...+%tg+... (90)
2at 2a 2a 2a 2a 2a 2a
for r =+t
_A % U o2 o3 U4, O 91
L(7) 2a+2ar+2ar +2aT +2ar +...+2ar +..., ( )
Let’s say
@
By 24
[04
131:_2



then
B() =Py + B+ Byt + Pt + Bt ot BT+ (92)
thus

o(c?) = S (A, - terfep(r) + 17 terfe(— A(2))]- B, - 2" [erfe p(z) + ierfe(~ (x))]} (93)

Taking 2n times derivatives of expression (93) and making r =0, it’s possible to
determine B, coefficients.

Corollaries: [2, c. 34-35]

d" ., U, o U, L Uy U, o
1 5 (0= PO+ B+ Fr ()4t 2 FO(Y)

d" « k d" o kk-D , d" ., kap ok dF
= — .V + . . — .+ (-1 k- e
dx" y il y dx" y 2! y dx" y D y dx"

n I m 1 i " J i h (|) k
2 L=y M .d F(Lj [v_j (v_j 2
dx" irjtht. k! dy™ (2 2! 3 I
n.n
3. R W S (n=k) (k)
(u-v) Z(kj TR

k=0

y

Firstly let’s expand (93)



o) =3 (A, e i terfop(r) + 7 terfe(— B())]- B, - 2 [i*erfep(r) + ierfe(— A(r))] =

= AL [iterfop(r) +iterfe(— A(2))]- B, -[Cerfep(r) + i%erfe(~ 5(r))|+
T

+ A -7-[-ierfe f(r) +ierfe(— B(r))]- B, - - [i%erfc B(z) +i%erfe(— A(r))]+
+ A, -2 iferfe p(r) +ierfe(— A(r))]- B, - ot fi‘erfep(r) + ierfe(— A(r))]+
+ A, 2°[-i%erfcB(r) +iferfc(— B(z))|- B, - 2 [i%erfc B(r) + i%ric(- B())|+

+...

+A [— i"erfcf(z) +i*"erfc(— ﬁ(r))]— B, - [iznerfcﬂ(r) +i%erfc(— ,B(r))]+

+..

+
Multiplying both sides by t following expression obtained

r-o(r?) = i (A, -2 [Fimterfe B(z) + i terfc(— B(z))|- B, - 2" [i%erfe B(r) + iZerfe(— A(r))]} =

= A, -[-iterfcp(z) + i terfe(- B(r))|- B, - <[i%ric(z) +i%rfe(- B(z))|+

+ A -2 [-ierfc B(z) +ierfe(- B(r))]- B, - 2 - [i%erfe(r) + iZerfe(— A(r))]+
+ A, -o'[-iterfcp(z) + iterfe(— B())|- B, - °fi‘erfes(r) + ierfc(— A(z))]+
+ A, [ i%erfc B(r) +ierfe(— B(r))]- B, - o [i%erfcA(z) +i%rfc(— B(z) )|+

+...

+ A, - i terfe B(r) + i erfe (- A(2))]- B, - 22" [i2erfe B(r) + i%erfe(— A(r))]+

+...

+
Recall that B, coefficients are already determined from (88). Using formulas in

corollaries now it is possible to determine A, coefficients. To determine A,

coefficients it is necessary to take 2n+1 times derivatives of (93) and make z=o.
It is required to determine B, from following expression

[0, = 1A, - [Fiterfep(z) +iterfe(— A(z))]- B, -z -[i%rfcA(z) +i%erfe(- A(2)) ",
A from

[ ()] ={A, [ i tericp(z) +i terfe(— A(2))]- Byzli%erfes(r) + ieric(— A(z) )+
+A 7% -[~ierfc f(z) +ierfe(- B(z))]-B, - 7° -[izerfcﬁ(r) +iZerfc(- B(2))}%,

A, from



[-w @), ={A, [-itericp(c) + i erfe(- B(r))]- B, - o - [‘%erfc B(r) + i%ric(- B(r))|+
+ A -2 [ierfe(r) +ierfe(— A(r))]- B, - 2° -[i%erfef(z) +i%erfe(- A()))+
+ A, ot [iterfe(e) + iCerfe(— ()] B, - o [i*erfeB(r) + iterfe(— B(r) B,

A, from

[ w()]” ={A, - |- ierfcp(z) +ierfe(— A(r))]- Byrli®erfes(r) + i%ric(— A(z))]+
+ A -r?[—ierfc p(z) +ierfc(- B(r))]- B, - 7° ~[i2erfcﬂ(r) + izerfc(—ﬂ(r))]+

+ A, -t iferfep(z) +i%erfe(— A(2))]- B, - °fi‘erfeB(z) +i‘erfe(— A(z) )|+

+ A, 28 ierfo(z) +i%erfe(— A(z))]- B, -2 fi%erfe B(z) +ierfe(— A(z)) BT,

and so on. Finally A, from the following expression

(2n+1)

[ )5 ={A, - [Fiterfep(z) +iterfe(— A(z))]- Byz - [i%rfcp(z) +ierfc(— A(z) )]+
+ A 7% [~ierfc A(z) +ierfe(- B(r))]- B, - 2 - [iPerfep(r) + iZerfc(— A(r) )]+
+ A, -t iferfep(r) +i%erfe(— A(2))]- B, - £°fi“erfeA(z) +i‘erfe(— A(r))]+
+ A, 78 ierfo(z) +iderfc(— B(r))|- B, - [ieric B(r) + i%eric(- B(r))|+

+...

+ A, -2 - erfe B(e) + i erfe(- B(2))|- B, -2 [i7erfe A(z) + i%Merfc(— A(r) B

or

(2n-+1) 1

[cw@)% (A [ i erfe(z) + 1% terfe(— B(z))]- B, - c 2 [i*erfc B(z) +i%erfe(— A(0))] %

k=0

(2k+1)

(94)

For expression [r™-imerfc(- A(z))|” it is necessary to apply formula (2) in corollaries

where ™ =u and i"erfcB(z) = v.

(n-1) (1)

[rm.imerfcﬂ(r)](n)=(rm)(")-imerfcﬂ(r)+(fj.(rm) -(imerfc,b’(r)) +

+(2)-(rm)(n2) (imerfe (o)) +...+ 2™ - (imerfe(z) .
For =0,
1. if m>n then [z™-imerfcp(r)|", =0

n n
2. if m<n then [r"-i"erfcB(7)]") =m!-(

In the same manner for expression [r"-imerfc(- A(7))|"

}meuﬂﬁ

(95)

(96)



1. ifm>n then [¢"-i"erfc(— A7) =
(97)

2. if m<n then [ -i"erfo(— A(z))]") = m!-(: ) m] Jirerfe(= A())[%" (98)

Thus

e [imerfep( ) ximerfe(- A(z))]} =m!{:_m]-[imerrcﬂ<r)iimerrc(— A"
(99)
Applying (185) for (180)

i{ A o[- i*erfcp(z )+ terfe(- B(z))]-
=B, -r[i*erfcp(r ) +ierfo(- A7)} 2 =

=S UA (2K )'[2””

1_2k][ i%erfcB(z)+i*erfe(- A())[T "~ (100)

—Bk-(2k+1)!-[ o j[l”erfcﬂ<r)+|2kerfc( ALY

then

2n+1

[c-w(z)]7) = g{Ak'(Zk)!{zml—Zk

j-[—iz“erfcﬂ(r)ﬂz“erfc( Blo))a™ -

I 1)!{;: i ;kj [i*erfep(z) + ierfel- ()15}
(101)

Implies



2n+1

on+1— Zk] . [_ izrlerfcﬂ(z-)_l_ iz“erfc( Bz ))](2n+1 2%)

kz:;{Ak-uk)!-(
—B, -(2k +1) en+1 [izerfcp(r) +i*erfc(- (7)) 3=
‘ "\ 2n -2k 0

=A -(2n)!-(f””j-[—i“‘lerfcﬂ(r)w-lerfc(— AN+

3
H

+ {Ak (2 )|£2n 1 2kj [i2kflerfcﬂ(z_)+i2k71erfc( ﬂ( ))](rztr)wl Zk)}_

=
]
o

k=0

_ZH:{BK '(Zk+1)!'[§:i;kj-[i”erfqb’(r)ﬂﬂerfc( JCa)|we Zk)}
(102)

(2n+1)

_ v
(2n)!-(12 J [iemterfe p(r) + i terfe(- B(0))],

{Ak - (2k)!{§: j_ Zk] [ terfep(e) + i erfe(- ﬂ(r))]iﬁ%““}

+

(2n) !{Zn i 1} [ieterfep(r) + i terfe (- A(2))],

Zn:{B -(2k —l-]_)l[ j [|2kerfC,B(T) + i2kerfc(— ,B(T))](TZ_T)_ZK)}

k=0
+

(Zn)!.[l J : [— i Yerfcf(z) +i 2" terfe(- B(z ))](l:o

2.11  Approximate solution of Heat Equation in the domain with moving
boundary of the second type, obtained by IEF method

For the Heat Equation
du 2%u

E=a2ﬁ’ a(t) <x < pB(), t=0
Subject to

I.C: u(x,0) =0, a(t) < x < B(t),

du
.C: — = @t t=>0

B.C o I (1), )
du
— = ¢(t), t=>0.
dxlx=p(t) gﬂ: j

Solution:



Solution of the Heat Equation is represented in the form

0= 3 Do ) e (2)

or

u(x, t) = u{‘qm =g X7 Emtmﬁzmm + Agpig Do X2PTIEIHTB, l,m}

Remark In both cases to find approximate solution it is necessary to give certain

values for time t. For k values of t we obtain k coefficients from 2k linear equations.
If we use IEF for solution then for boundary conditions at x = e(t)and

= B(t) we have system of 2k linear equations.
k

Z(_tk)“; { Aninterfc (a{tk])—kBﬂi“‘lerfc (_“{*’f] )} ot

n=0

i(tg%{—ﬂﬂi“‘leﬁr’fc(E{t"j)—l—B in 1erfc( f“’f )}= (t,)

2a.ty + Lk

In the same manner solution in the polynomial form of IEF allows us to find even
and odd coefficients 4,,,, A,,,.1 from system of linear equations

i{ Ay i (2n—2m)(a(t )" 2" M apym +

n=0o

+ Asnsa Z (Zn—2m+ 1)(&Em)2“_2mf?%n+1,ml = @(t)

m=0

k n
Z ;Azn Z {:ZTL— zmjiﬁttkjjzn_zm_ltinﬁzmm +

n=0

+Aznia Z (2n—2m+ 1)(B(t))*" 2" t7 Bons l,m] = 9(t;.)

2.12  Approximate solutions of Heat Equation in the domain with moving
boundaries of the mixed type by IEF method
In Heat Equations with moving boundary subject to the second type boundary
conditions it is important to determine value of ¥ in

n N x . —X
u(e,) = ) (VO) [Auinerfe s + Byirerfe >
n=0



which belongs to degrees of polynomials into which functions located on the right
parts of boundary conditions expanded.

2.13  Approximate solution of Heat Equation with the mixed type
boundary conditions in the 0<x<«(t) domain by IEF method

Solution of the Heat Equation

N

E:a pvel O<x<at), t>0 (103)
Subject to
I.C: u(x,0)=0, (104)
B.C: u(0,t)=e(t), (105)
), (106)
X x=a(t)
u(00)=0, (107)

can be represented in the following form
X

. . —X
A -t”{lz”erfc + |2"erfc()} +
U(xD=3 . 2a/t X 2a/t »
1+ B, -tz[iz“”erfc - iz”*lerfc()}

2a+t 2aqt
(108)

or using property 2 of IEF, solution can be represented in the polynomial form
UCx, ) = Zico{Azn o ™" ™ B + Aznsg Zinmo X ™ By (109)
In this case it is more convenient to use expression (108) for solution of (104)- (106)
where

1 3 n
alt)=at?> +at+at? +..+a t? +.. (110)

for r =4/t
(111)

we have
a(t®)=ar+a,r’ +or’ +.. ot +.

(112)

From (105) for x=0, we have



e(t) = X, A, t i erfc0 (113)
And coefficient 4, of expression (109) can be found from

A, = _ e @ (114)

2N nlerfco

From (106) for x=a(t), we have

) X ) X
An . tn—1/2|:_ |2n—1er1:c + IZn—lerfC(_ j} _
w_sl 20l 22t (115)
x s ~B -t iz”en‘ciﬂz”en‘c(—ij
i 2a+t 2aqt
. X . X
A i erfc—— + i erfd - —— | |-
vl s A i 2at ( 2aﬁﬂ
Ky 77 _B, 1| i"erfc—— +i2nerf0(— : j
" 2a+t 2aqt
Let
alt) o a, 2 ;. O ; Qy 2 A, 5 116
=+t + 2+ 224+ 2t 4+ 2+ ( )
2at 2a 2a 2a  2a 2a 2a
for r =+t
4 A O o U5 O Ay q 117
L(7) 2a+2ar+2ar +2aT +2aT +...+2ar +..., ( )
Let’s say
_ %
P 2a’
_%
B 2’
_%
P 2a’
:an—l
" 2a
then

B(o)=p+Br+B+B T+ B +. 4+ B+, (118)



thus

A .77 1[ 21erfclg(f)+i2”1erfC(—ﬂ(T))]_} (119)

p(z") = 2{ e [ierfcp(z) +i*erfe(~ A(7))]

Taking 2n times derivatives of expression (119) and making =0, it’s possible to
determine B, coefficients.

Corollaries: [2, c. 34-35]

d" U U n
4. g f(x)==> I:()’)Jr -F' (Y)+— FU(y)+.+— F()(Y)
X 1
d" « ko d" o kk-1) , d" ., k1, ok df
U, = _Xy. + 2. (D)t S
T ) 1 e’ Y ) D o)

dx"

v 3) (5) (5)0F)

6. (u-v)”= Z“:(Ej_u(n_k) e

k=0

Firstly let’s expand (119)
o(c2) = i{An 2P terfe p(r) + 12 erfe(- A(r))]- B, - o [ierfeB(z) + ierfe(- A(r))]}=

[ ierfc(z) +ierfe(- ﬂ(r)] [I erfe3(z) +i‘erfc(- A T))]+

+A-T [—|erfcﬂ +ierfc(- B(z))]- B, - 72 [l erfc4(r) +i%erfc(- (r))]+
+A T 3[—iaeffcﬁ(f)ﬂe’erfc( ﬂ(r))] B, -r*fi‘erfcA(r) +i‘erfc(— A(r))|+
+ A7 iPerfof(r) + iPerfe(- B(r))]- B, - [iCerfe A(r) +iCerfe(- B(r)))+

+..

+ A - it erfe B(r) + 12 erfe( B(r))|- B, -2 [nerfeA(r) +i%erfe(- B(z)))+

+...

+

Multiplying both sides by t following expression obtained



r-(p(f):g

—B, - [i"erfc(z )+ i2erfe(— A(7))]

= A -[-ierfcB(z ) +iterfe(— B(7))]- B, - z|i®erfe () +i%erfe(— B(7))|+
+A -2 -[~ierfcB(r) +ierfe(- B(7))]- B, - 2 -[iterfc () +i%erfe(— B(7))]+
+ A -'[-iterfeB(r) +iterfe(- B(7))]- B, - o fierfc () +i‘erfe(— B(7))]+
+ A - [-i%erfeB(r) +ierfe(— B(7))]- B, - o' [i%erfc () +iterfe(— B(7))]+

+...

{/x i erfop(e) + i erfe(- A(r ))]—} _
B

+A - [ it terfe(r ) + i erfe(— B(7))]- B, - 22" [ierfeB( ) + i erfe(— (7)) +

+...

+
Recall that A, coefficients are already determined from (114). Using formulas in

corollaries now it is possible to determine B, coefficients. To determine B,

coefficients it is necessary to take 2n+1 times derivatives of (119) and make z =0.
It is required to determine B, from following expression

[r-p(z*)]% ={A, -[-ierfcp(z) +ierfe(- B(2))]- B, - o [i*erfcp(z) +ierfe(- A(2))]
B, from

[r ()% ={A [Fiterfop(o) +ierfe(- 5(2))]- Byli®erfop( ) +i%erfe(~ A(2))]+
+A 72 -[ierfcB(r) +ierfc(— B(7))]- B, - ° - [ierfcB(z ) +i%erfc(— (7))}

B, from

[r-w(e®)]% ={ A -[Fierfcp() +ierfe(- B(1))]-B, -7 -[i%erfcp(r) +i%erfe(- B(z))]+

+A -7 -[—ierfcp(r) +ierfe(— B(7))]-B, - -[i%erfcB(z ) +iZerfe(— (7)) +
+ A, - [-i%erfep(z) +ilerfo(- B(7))|- B, - 2°[ierfe(r ) +i*erfe(— A7)},

B, from
[r-w ()} ={A -[-ierfcp(z)+ierfc(— B(7))|- B,z[i’erfcB(z) +i%erfe(— B(7))]+
+ A -7%[-ierfcp(r) +ierfc(— B(7))]- B, - 7* -[i%erfcB(z ) +iterfc(— B(7))]+

+ A, -r*[-iterfcp(z ) +i%erfe(— B(7))|- B, - °fierfcB(z ) +i‘erfc(— B(7))]+
+ A, -r°[-iterfcp(z ) +ierfc(— B(7))|- B, - ' [i*erfcB(z ) +ierfe(— B(7))[}

and so on. Finally B, from the following expression



e ()57 ={A -[-ierfca(r) +i erfe(- A(r))|- B,z [i%erfcp(z ) +ierfe(- A(z))]+
+A 7% -[—ierfcf(r)+ierfc(— (7))~ B, - ° - [iZerfc () +iZerfc(- B(7))|+
+A, -t [-ierfeB(z) +iterfe(- B(7))]- B, - *[i*erfcB( 7 ) + i‘erfe(— B(7)))+
+ A, -t [ierfep(z ) +i%erfe(— B(7))]- B, -’ [i*erfcB(z ) +i%erfe(— (7)) +

+...

+ A, i terfop(r) + i terfe(- A(7))]- B, -7 [ierfe(7) + i™erfo(~ (1))}

or

(2k+1)

oty _ & [ A o[- i erfep(r) + i terfe(— B(1))]- 120
el { c*ifierfef(z) + ierfo(— (7)) } (120)

=0

For expression [r"-imerfc(- ()" it is necessary to apply formula (2) in corollaries
where ™ =u and i"erfcB(z) = v.

[e"-imerfcp(r)]"” = (=" )™ ~i”‘erfcﬂ(r)+(:)(rm)(”_” (imerfep(z)) " +

+(nj'(rm)("‘” (imerfep( )™ +..+ o -(imerfop( ).

2
(121)
For =0,
1. ifm>n then [t" imerficp(z)[”, =0
2. if m<n then [t"-imerfcp(z)[", =m ( j [imerfep(@) )" (122)
In the same manner for expression [ -imerfe(— 5())|"
1. if m>n then [¢"-i"erfc(- A(2))") =0 (123)

2. if m<n then [¢"-i"erfc(— B(7))]") = m!{: ) mj [imerfe(= A(2))"" (124)
Thus

{en - [imerfep(z) £ ierfe(~ p(2))]f") =m!-[2_m]-[imerrcﬂ<r)i imerfo(~ p(7))f )"
(125)
Applying (234) for (229)



2 { A - [ erfeB( ) + i terfe(- B(7))]-
—B, -r2![i*erfcB( 7 ) +i**erfc(- ,B(r))]}‘_z )

:i{&.(zk)!.[zr‘” j[ i%erfcp(z)+i*erfe(— A(z))] —  (126)

k=

o

2n+1- 2k
_Bk.(2k+1)!.( : j liZerfcp(z)+i%erfe(— A(2))[ 57}

then

[ v ()] =2 A (2 )'( j [ i terfop(r) + 1" erfe(— A(z))[ ™ -

+1-2k

-B, -(2k+ 1)!{2n " ;k] [i*erfep(r)+ierfe(- p(7))[5 ™}

(127)
Implies

2n+1

St

j-[—i“‘lerfcﬂ(r)+i2k‘lerfc( Bz ))](2 H2k)
“Bk(Zk'Flﬂ{é::t;kJ-ﬁ”eﬁcﬂ(r)+i”eﬁcﬂ—ﬂ(r»ﬁi2“}:

_ C 2n+1 = 2k-1 =2k-1 _ (2n+1-2k ) _
=2 AR i%erfeB(z) +i*erfe(- A(2))|

k=

MH

{B (Zk+4J'(2:i;kj-ﬁ“eﬁcﬁ(r)+i”eﬁcé-ﬂ(r»ﬁﬂ2”}_

k=

O

__Bn.(2n+])p[§n_Flj-ﬁ“eﬁcﬂ(r)+i“eﬁCC—[Kr)ﬂfg

(128)
Yields



[ (2n+1)
T

B —_ (7))o "

n (2n+1) !{sn +1J i7erfep(z) +i2erfe(- B(2))|%

n 2n+1 o kel (2n+1-2k)
 AC@N D fi%erfep(z) +i%erfe(- p())|%

+
(0)

(2n +1)!{§n+1j-[i2“erfcﬂ(r)+iz”erfC( B@))l

- H{Bk -(2k +1)!{ } i erfep () +i%erfc(- (o)) Zk’}

k=0

(2n+1)!-(§ ][.“erfcﬂ(r)w“erfc( Jilca)

2.14  Approximate solution of Heat Equation in the domain with moving
boundary of the mixed type, obtained by IEF
For the Heat Equation

2
%= azg?ij, a(t)<x<p(), t=0
Subject to
I.C: u(x,0) =0, a(t) <x < B(t),
B.C: ula(t),t) = o(t), t =0,
du
P @(t), t=>0.
Solution:

Solution of the Heat Equation IS represented in the form

u(x, t) = Z(tz Aae'rfc( )+Ba€rfc(

2avt

or

ulx, t) = U{Azn m=0 xzﬂ_zmtmﬁzmm + Asps1 Zm=o xnoEmE ltmﬁzm l,m}

Remark In both cases to find approximate solution it is necessary to give certain

values for time t. For k values of t we obtain k coefficients from 2k linear equations.
If we use IEF for solution then for boundary conditions at x = a(t)and

x = B(t) we have system of 2k linear equations.

Z(tk]z{ﬂ i"erfc (ﬁfi)+8 i E’rfr:( ;{fi)} o(t;,),




i[tkﬁ‘i{—ﬂﬂi“e’rfc (’9“’3)+ B,i erfc( Bty )} At

2a,/ty 2ay tr

In the same manner solution in the polynomial form of IEF allows us to find even and

odd coefficients 4,,,, 4,,,., from system of linear equations
k

Z ;Azn i (@@ )" "t Banm + Aznes i (@t )2 " By l,ml

. = o(ty)
k ]
Z {Azn Z (:ZT'L zm](ﬁ'@ )]EH am- ltmﬁznm

n=0 m=0

+Aznia Z (2n—2m+ 1)(BE))*" "t Bons l,m] = o(ty.)

2.15  Approximate solutions of Heat Equation in the domain with moving
boundaries of the third type by IEF method
To solve Heat Equation of the third type boundary condition analytically, as in
previous case it is important to determine value of vy in the expression
¥

u(x, t) = Z &) {A,irerfe )}

As for the approximate solution it is necessary to give values for time t and solve
systems of linear equations. Solution can be represented both in the polynomial form
of IEF and in the form of IEF.

’:E) + B, i"erfc (—

2.16  Approximate solution of Heat Equation with the third type
boundary conditions in the 0<x<«(t) domain by IEF method

Solution of the Heat Equation

au_ _, 0
FRrv O<x<eaft), t>0 (129)
Subject to
u(x,0) =0, (130)

= (1), (131)

x=0

(o3
B.C: A X



= 4(1), (132)

x=a(t)

(eu+§%)

u(0,0) =0, (133)

can be represented in the following form

) - X
A - t”{ i"erfc + |2"erfc()}+
- 2a\/f 2a4t
U(X t = z 2n+1
n=0 +B -t 2 [ 2n+1

2n+1
|

—j™a C(_X)}
Zaﬁ 2at

(134)

or using property 2 of IEF, solution can be represented in the polynomial form

Azn =0 xzﬂ zmtmﬁzmm + }

Zn—-2m+1lsm
+ﬂ2n+12m=ﬂx t" Bont1m

In this case it is more convenient to use expression (134) for solution of (130)- (132)

Ulx,t) = iﬂ{ (135)

X X
A1 .tnl/2|: 2n 1 2n 1erfc( }} _
a_U:Zw: a\/_ 2aqt (136)
8X n=0 . X
_B, -t"|i*erfc +i*erfc ————
" { a\/_ ( Za\/fﬂ
Ul  &|A A2 [ i2terfcO + i terfc0 ] - ~
x| 3 |_B,-t"[i™erfc0 +i*erfco] B (137)
= —iZBn 1" -i*"erfcO
n=0
A -t"[i*"erfc0 +i*erfc0 ]+ .
u@,t)=3 2ne1 =Y 2A -t"ierfcO (138)
"0 |+B, -t 2 [i*erfcO—i*"erfc0] ™
From (131)
i{t”-izneﬁco-[p-a—e-en]}:@, (139)
(n)
— oA +b-B =2 (0) (140)

nl |2”erfc0

1 o,
—=A==.|—"__p.B | 141
O {iz”en‘cO n} ( )



where

_¢'"(0)
n!

(142)

n

From (132) for x=a(t), we have

gi{ﬁ 't”m{—iz“erfc a(t) +i2”1en‘c(— a(t)ﬂ_ B, -t”{iz”erfc () +i2”erfc[— a(t)ﬂ}+

2a+t 2a+t 2at 2at
= n| :2n a(t) =2n a(t)j % =2n+1 a(t) =2n+1 ( a(t)]
+ " 17"erfc +i""erfc| — +B -t 2 [1"""erfc —i""erfc| — =
gg{A“ { 2a+t ( 2a+t " 2a+t 2a+/t
=g¢(t)
(143)
Let
1 3 n
a(t)=at* +at+at? +. . +at? +.. (144)
1 3 n
o(t) T R E I R R C IR LI R S (145)
2a/t 2a 2a 2a 2a 2a 2a
for r =4/t
,B(T)=&+&2'+,&T2 M L L (146)
2a 2a 2a 2a 2a 2a
Let’s say
&
Py 2a’
_%
A 2a’
(473
P 2a’
_ 0
" 2a
then
B(e)=p+pr+ B +B T+ B+ B+, (147)

Finally



e A - it erfoB(r ) + i erfe(- B(7))]- B, - o7 [i"erfcB( 7 )+ i™erfc(— B(r )]+
A, e [ierfep(r) + iverfc(- A(r )]+ B, - [ erfop(r ) i erfe(~ p( )]} - (148)
=¢(z*)

Taking 2n+1 times derivatives of expression (148) and making =0, it’s possible to
determine B, coefficients.

Corollaries: [2, c. 34-35]

d un )
1. F(y)+—2 F (y)+— F(y)+o+—2 F”(y)
d " k k d " k-1 k(k _1) 2 d " k-2 k-1 k-1 d "
U, = = -y o (DM Ky
K oIXny yd,,y LT dxny +(-1) y dxny

IO e WL JEANEA T Y
2. dx”f(x)_zi!j!h!...k! dym(l'j [zj 3 )
3. (u-v)”= Z”:(E]_u(n—k) NG

k=0

Firstly let’s expand (148)

A - 1[ 2’1er‘fcﬂ(f)+iznflerfC(—/g(T))]_ 4
e [ierfcp(z ) +ierfe(— B(7))|

+ESUA, o [imerfeB( ) +ierfe(— B(r))|+ B, - o i erfcB(r ) — i erfe(— B(r )]} =

= g{/\) =.[ierfep(r)+ierfc(- B(7))]- B, -[i%erfcs(r) —i°erfc(— ﬂ(z‘))]} +

EA, - [l erfcﬂ(r)+|erfc B(2))|+ B, - tlierfcp(r ) —ierfc(- A(7))]}
e{A - ri[-ierfcs(r ) +ierfc(— B(7))]- B, - *[iterfcp( ) +i%erfc(— B(2))]}+
§{A1 r[l erfcB(z ) +i‘erfc(— B(z))|+ B, - *[ierfcB(r ) —i*erfc(— B(7))]}+

p(7")= EZ{

N e

+ o+ o+

+e{A, =i terfeB(z ) + i terfe(— A(1))]- B, - 22" [i"erfe (7 ) + i%erfe(— (7))} +
+E{A, o [iTerfeB( ) +i%erfe(— B(7))]+ B, - 22" i erfcB(z ) — it erfe(— B(7))]}

Multiplying both sides of equation by t yields



r-p(c?) = 82{ it erfe p(c) + i terfe(— A(z))]- B, - 22 [ierfe (r) + iMerfc(- A7)+

i (A, -2 fierfe p(r) + ierfc(— B(z))|+ B, - 222" erfc A(z) — i erfe(— A(r))]} =

=0

A, - [ i‘erfc(z) +ierfc(— ﬂ(r))] [ i%erfc(r) —irfc(— ﬂ(r))]}+

= ¢

+/§{AO [l erfcf(z) +ierfc(- B(z)) ]+ B, - 72[ierfc 4 (z) —ierfc(— /3(1'))]}
+g{ o?[-ierfc B(z) +ierfc(— B(z))]- B, 7 [I erfcB(z) +ierfc(— (r))]}+
+ g{ [iterfcB(z) + i%eric(- B(z))|+ B, - *[PerfeA(z) — ierfe(- B(r))] +

+

+elA, e[t erfc B(e) + i erfe(— A(z))]- B, - 22 ierfe (r) + i%Merfc(- A7)+
+E{A, -2 iZerfe B(r) + iZerfe(— B(r))|+ B, - 222[i"erfe B(r) — i erfe(- B(z))|}
(149)

Using formulas in corollaries and constructing systems of linear equations from (141)
and (149) it is possible to determine A, and B, coefficients by taking 2n+1 times
derivatives of (148) and make z=0.
It is required to take first derivative of expression (264) to obtain:
expression in terms of unknown A, and B,

+&- A [i%ricp(r) +ilerfc(— A(z))]
take third derivative of expression (150) to obtain expression in terms of unknown A
and B,

[z' . (/)(72)](11:)0 _ {S{Ab . [— i"erfcB(r) + i—lerfc(— ,B(T))]— B,z [ioerfcﬂ(r) 3 i°erfc(— ﬂ(r))]}Jr}(l) (150)

7=0

(©)

™

{A - [Fierfep(z) +iterfe(— B(z))|- Byr - [i%erfep(z) —iCerfc(- A(z))|}+
+§{Aor-[i°erfcﬂ(r)+i°erfc ﬂ(r))]+B -%[ierfc A(z) —ierfc(- ﬂ(r))]} (151)
e{A - [~ ierfc () +ierfc(- B(r))]- B, - °[i%erfcB(r) + ilerfc(- B(z))|}+

+e§{ ‘r3[i2erfc,8(r)+izerfc(—ﬂ(r))]} o

take fifth derivative of expression (151) to obtain expression in terms of unknown A,
and B,

o)) =

+

g{Aj [ i‘erfc(r) +ierfc(— ,6’(7))] B, [I erfc(z) —i%erfc(- p(r)) ]}+
EAT [I erfcB(z) +i’erfc(— ﬂ(r))]+B -%[ierfc B (z) —ierfc(— p(7))] }

+
{
[T.(p(fz)](s) _ +g{ ?[~ierfc () +ierfc(- p(z))]- B, -7 [I erfc4(z) +ierfc(- A(z)) ]}+ (152)
0 +§{ [I erfc3(z) +ierfc(— ﬁ(r))] B, -7 [I erfcB(z) +ierfe(— S(r)) ]}+
+g{ [ i%erfcs(z) +i%erfc(— ﬂ(r))] [ i‘erfcf(r) +i‘erfc(— (r))]}+
+§{A2 T [I erfc(z) +i‘erfc(- ,B(r))]} o

take seventh derivative of expression (152) to obtain expression in terms of unknown
A, and B,



(- o)

g{A] [ i‘erfc(r) +iterfc(— ,6’(‘[))]— Bor-[ioerfcﬂ(r)—i°erfc(—/3(r))]}+
- [. erfc3(z) +ierfc(— B(z))|+ B, - [ierfc A(z) — ierfc(— A(z) )}
{Ai [-ierfcp(z) +ierfc(- (z))]- B, '13[i2erfc,8(r) +i%erfc(— ﬂ(T))]}-i—
At izerfcp(z) + i%erfc(— B(z))|- B, - *[iPerfe B(r) + i%erfe(- ﬂ(r))ﬂ+ (153)
{A2 [ i’erfcs(z) +i%erfc(— ﬂ(r))]— B, -r5[—i“erfcﬂ(r)+i4erfc(— ,B(r))]}+

5{ T [I erfcB(z) +i‘erfc(- ,B(z'))] B, 're[—iserfcﬂ(r)ﬂserfc(— ,B(r))]}+
+g{ T [ ierfc(z) +ierfc(- ,6’(‘[))]— B, -r7[—i5erfc/3(r)+i5erfc(— ﬂ(r))B+
+E{A, 2T [i%erfe(z) + ierfc(- A(7))| L

+

+
)

+

[c- 0], =

+
)

+

and so on. Finally take 2n+1 derivative of expression (153) to obtain expression in
terms of unknown A, and B,

(2n+1)

e, - [-iterfcB(e) +iterfe(— A(r))]- Byz - [i%ric B(r) - i%rfc(- A())] +
+ E{Ar - [i%erfep(r) + i%erfe(— A(2))]+ B, - 2[ierfe B(r) —ierfe(- B())]}

+g{ r?[-ierfc B(z) +ierfc(- B(z))]- B, -7 [l erfc(r) +i%erfc(— ﬂ(r))]}
+é’{A1 T [I erfcf(r) +i’erfc(- ﬁ(r))]+B T [I erfcf(z) —ierfc(- ,b’(r))]}

)(2n+1) _ +..

T+ elA, i erfe B(r) + i erfe(— B(z))|- B, - e i%erfe (r) + i%Merfc(- A7)+
+ E{A, -2 iPerfe (o) + iZerfe(— A())} L

or

) _

[r o) i (A - [P terfe p(c) + i erfe(— B(z))|- B, - 2™ [ierfe f(z) +i%merfe(- (o))" +
- (2n+1)

+§Z{An 2”*l[l "erfcf(z) +i*"erfc(— ﬁ(T))]}

n=0 =0

(154)
For expression [r"-imerfc(- ()" it is necessary to apply formula (2) in corollaries

where ™ =u and i"erfcB(z) = v.

[ imerfep(o)|” :(rm)(n)-imerfc/i'(r)+(nj-(r - imerfe(r))” +
1 (155)

(D) e e (e
For =0,
1. if m>n then [Tm -imerfcﬂ(f)]ii)o =

2. if m<n then [r”‘ -imerfcﬂ(r)]fi)o = m!-(: B mj : [i”‘erfcﬁ(r)]f:)m)
(156)



In the same manner for expression [ .imerfc(- g(r))|"

1. if m>n then [rm-imerfc(—ﬁ(r))]i'l) =0 (157)
2. if m<n then [t imerfc(- B(r))[" =m ( ] [imerfe(- p(2))|%" (158)
Finally

{ [. erfc3(r) = i"erfc(— ﬂ(r))]}("’ = ( J [. erfc(z) +ierfc(— ﬂ(r))]: " (159)

Applying (273) for (268)
ggpyrﬂ4“%ﬁwU)H”@RGﬁU»]B efiverfep(z) +iverfe(- AL +

(2n+1)

v {a e fiertop(r) +iterte(- po))) =
oS A (2K i ertop(e ) + i ertale A )] B, (2K + 1)fiFerfcp(e) + Pertel Ao )] +

+EY A (2K + 1)Mierfep(z) + ierfo(~ A(r )
(160)

then

(2n-2k)

[ o) - Z Ak-(2k)![—i2k*lerfc,6’(r)+i2k’lerfc(— ﬂ(r))lzo(zn‘2k+1)_ X
- ~B, - (2k +1)![i%erfep(r) + i%erfe(- ()],

N (161)
+ é:zn: A -(2k+1) !-[i *erfcB(r) + iZkerfC(_ ,3(1')) T:O(Zn—Zk)

From (141) and (161) it is possible to construct systems of equations where
coefficients A, and B, can be determined. If from (141) A, expressed in terms of B,

recurrent formula for B, can be obtained in the following way

11 9
S . — -
A P {iznerfco ”}

Implies




L P j2t 2k-1 @n-2ks)
D T e 2k)! f f
[T'f/’(fz)]gﬂ) =ey 4P L”erfco } (2k)t [ erfe/3(r) +i*erfc(- A(r)) ]

|- B, - (2k +1)lfi%erfc(r) + i*erfe(- B(2))]..o

(2n-2k)

+g kz;% {i”frkfc o b- Bk} -(2k +1)!-[i2kerfc/3(r) +i%erfc(- ﬁ(r))]rzou"*z” =

Pl k)= i%Terfef(z) + 17 erfo(- A(D))], o + & 2k + )i Zerfo () +i%erfe(- B(r))], o |-
p-i~erfcO

(2n-2k)

= Z b, @)= i terfe(r) + % erfe(- A(z))] o2 + & - (2k + Dfi*erfeB(r) +i%erfe(— A(z))].,
P

k=0
--B, -

+ & 2k s i erte () + i%erfo(- A(2))], o
P

(162)
Yields
D e k)i erfo(r) +i%Terfe(— A(2))] o2 + £ - 2k +DHi%erfep(r) + i %erfe(— A(2))],, O |-
p-i~erfcO
> 2 (2k)l[ i%erfeA(c) + % terfe(- A(r))]) o2 %Y + & 2k +)Ifi%erfeA(r) + i%erfe(- A(2)) o + -

k*

é’o -2k +2)! [|2kerfc,8(r) +i*erfc(- ,B(T))]Tzom—zn

=3P e k) 1% erfopie) + 1% ere(— B(2))] o O Y + & - @k + DHi*erfe(r) + i erfe(- ()], |-
= p-ierfcO

(2n-2k)

@ (@2K) i erfep(z) + % terfe(— ()] L, @Y + & - (2K + D)fi*erfe(r) + i%erfe(- B@))]. . +
DB, -
E 5" @+ D)Hierfop(e) + i*erfe(- A(r))] o

n-1

2. (2n)![— i terfoB(r) + i terfc(— A(z))],,” + & (2n + )IfiZerfc B(0) +i%"erfe(— 4(0))|+
P

-B,-
+ %- @n+1)Hi*erfc(0) +i%erfc(— 4(0))]
(163)
Yields
[‘[ ([)(T )]2n+1 _
=knopI e {g (@2k) - i erfe(z) + 1% erfe(- B(2))[" 7 + £ @k + DHfi*erfep(r) + i%erfe(- A(r))| 2k}
L= (2k)l[ i*erfcf(c) + i Yerfe(- A(r ))](2”72“1) +g.(2k+1)![i2kerfcﬁ(r)+iz"erfc(—ﬂ(r))](znizk) +
B, - -
=0 +@ 2k +D)Hi*erfep(r) + i%erfe(- A(x))
P
@, @n)I[- i terfeB(z) + i erfe(— B(r))|"” + - (2n+ D1fi"erfcB(0) +i%erfe(— B(0))|+
P
-B -

2. (2n+ )i erfcp(0) +i%"erfe(~ B(0)
P

Finally



Zn: { .(Zk)![_iZk_lerfcﬂ(T) +i*erfo(~ ﬂ(T))]ﬁo(zn?zm +&-(2k +1)!-[i2kerfcﬂ(r) +i%erfc(- ﬂ(r))]rzo(znfzk)}
B k0P i? erch
P (2n)![— i erfe () +i*erfe(- f(z))]. " + ¢+ (2n +1)![i 2rerfc8(0) +i*"erfc(— ,3(0))]+
P
éﬁo -@n +)Hi2erfc3(0) +i%"erfe(— 4(0))]
S (Zk)'[ i%“lerfeA(r) +i% terfe(- A())], o +5- 2k + DIfi*erfeB(z) +i%erfe(- @), +
Bk
k=0 53 (2K +1)'[|2kerfC,B(T)+iZkerfC(—ﬂ(T))]T:O(znfzk)
P

@ @[ i2terfB(z) + i terfe(— A(r))|,» + & - (2n +1)1[i"erfc B(0) + i%"erfc(- B(0))]+
P

+ 2 2n v Dfinerfep(0) + ierfe(- 5(0))]
P

[‘r (0(2'2)](2n+1)
= (2n)'[ i erfc(r) +i*" erfc(— ﬂ(r))] P re-(2n +1)|[|2“erfcﬂ(0)+|2"erfc( ﬂ(O))]+
el

+ s ifitertcso) + ierfe(- AO))]
P

(164)

Thus recurrent formula for B, is derived.

2.17  Approximate solution of Heat Equation in the domain with moving
boundaries of the third type by IEF method

For the Heat Equation

du d%u
Frim azﬁ, B)<x<a(t), t=0

subject to
I.C: u(x,0) =0, a(t) < x < B(t),

d
B.C: (pu+ S—H) = o(t), t=>0,

0x/ l=p/t
(o0 550)
SLL o—
“dx

=¢g(t), t=0.
Solution of the Heat Equation can be represented in the following form
k

u(x, £) = Z ) {anirerfe () + Burerfe (-2}

2avt
or
u(x, t) = u{‘qzn —o X717 zmtmﬁzmm + Agpsg Do XTI, L l,m}

Remark In both cases to find approximate solution it is necessary to give certain
values for time t. For k values of t we obtain k coefficients from 2k linear equations.



If we use IEF for the solution, then for boundary conditions at x = £ (t)and
x = a(t) we have system of 2k linear equations.

PZ@;JZ{H i e*rfc(ﬁ{ti)—i—B i erfc( f;t%)}

+HZ(¢,:)--1{ A erfc(ﬁ{"])—l—B i erfc( ALt *3)} oty),

*..tﬁ.’ 2&

k

Z(tk]z{}l i"erfc (H{ti)—i—ﬁ i"erfc ( ;;i’%)}

n=0
k

+£) () -Aurerfe (£2) + Buiverfe (”)} o(t,)

n=0
In the same manner solution in the polynomial form of IEF allows us to find even and
odd coefficients A,,,, 4,,,.1 from system of linear equations

P {Azn D BE T B+ Arar ) (B l,m]
n=g m=0 m=0

I n
vy {Azn > @n—2mBE T B +

+ Asnss Z (2n—2m+ D)(B(6))*" " 7 Bans 1,mI = oty)

m=0

Sig zni(ﬁif DI By + Aznss Z(a’(ﬁ )" 2m+1tmﬁ2ﬂ+lml

n=0

k
Z {Aﬂn Z (2?1 ij ({I[:f ]]]211 am= lt?ﬁEEm

+Aznia Z (2n—2m+ 1)(a(tx)))™ "™ t; Bans 1,mI = ()

Example 3: Approximate solution of one Heat Transfer Problem, in the domain
with moving boundary of the third type, degenerating at the initial time, obtained in
polynomial form of IEF
Approximate solution of the Heat Equation



du 9°u
= O<x<t, t>0

at  ax?’
Subject to
[.C: u(x,0) =0, 0<x<t,
du
B.C:(u—I—Z—) = ef, t >0,
Xl y=p
du

(3u+4—) =1, t=0.

X x=t

represented in the following form

k n n
H(X, tj = Z {Aﬂn Z xzn_zmtmﬁﬂmm + J:qE:r1+1 Z xzn_2m+ltmﬁ2n+1,ml
m

n=0 =0 m=0
where even and odd coefficients 4,,,, 4,,, ., have to be determined.

Substituting expression (1) from chapter 1.3 into the boundary conditions for certain
values of t,:t; =0,t, =0.2,t;, = 0.4,t, = 0,6, t; = 0,8 we obtain
For x=0

k
(A0, o+ AsticfB,, + Asti®Bus + -+ Ag 7 Boir ) + 2{As B + +AgtyBas
k
+ ‘HjlakaBa,z + - +A2k+1tk sz+1,k} =
Forx =t

k n n
3y {Azn D T B+ Aas ) (GT I l,m]
n=0 m=0 . m=0

n

+ 42 {Azn Z {:ZH_ Zm] (tkan_zm_ltftﬁzmm +
n=0 m=0

]

gy ) @n=2m+ DG B l,m] -1
m=0

Using programs like Mathcad it is possible to calculate coefficients from above

systems of linear equations.



t
Figure 8 - Graphs of functions exp(t) and (1) from chapter 1.3 for x=0
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Figure 9 - Graphs of constant 1 and function (1) from chapter 1.3 for x=t

0

Where

HO,1) = (Aof, o+ Astifl, , + Asti?Bas + -+ Ag i B ) + 2{AsB, o +
+AstBa s+ AstrBss + o FAske 1 E  Borsrn)

and exp(t) = e«

k n n
w(en=3) {Azn D T B + s ) (G Lm]

n=0 m=0 m=0

k n
+ 42 {Azn Z {:ZH_ Zm] (tkan_zm_ltftﬁzmm +

n=0 m=0
n

+ Aszpia Z (2n—2m+ ljﬁkan_zmt?ﬁzm l,m]

m=0



It is possible to observe in above figures, that deviation among given boundary
functions and functions obtained by substitution solution into the boundary
conditions, is less than 10%. Maximum Principle allows us to say that error of the
solution doesn’t exceed than 10% for 5 points of time t. AS more precise solution
demanded as more values for time t should be taken.



3 APPROXIMATE SOLUTIONS OF HEAT EQUATIONS WITH
UNKNOWN BOUNDARIES OBTAINED BY IEF METHOD

3.1 Approximate solution of Stefan problem by IEF method
It is required to solve equation

ou _ _,0U
vy 0<x< f(t) (165)
For x =0, {u b%UL :3—2 P(D), £>0 (166)
For x= (@), U(B{t),t)=41)-6,, t>0 (167)
Stefan condition
iy OU _Ly dﬁ(t)
[u POk } o9, t>0 (168)

1 3 n
where g(t)= £, -t2 + 8, -t+ f,-t2 +...+ S, -t2 +... and P(t) is an analytic function

Solution is considered to be found by the help of IEF method

2n+l

S nf :2n +2n __X t 2 2n+1 2n+1
U(x,t)_nzz(;{An -t {I erfc Za\/fﬂ erfc(Za\/{)}+ B, -t [ erfc 2a\/f erfc(—— \/_)}}

where coefficients A and B, has to be found.

Using properties of IEF it is possible to find following expression

Ayt”‘“{ 2n1erfc X 2n1erfc( X ﬂ—

X ) X
_B, -t"|i*"erffc—— +i""erfc| ————
{ 2aqt ( 2aﬁﬂ

)

n=0

o _
ox

ouU

v i{An S [— i"erfcO+ iz”‘lerfco]— B, -t" [i MerfcO+i Z”erfco]}:
x=0

B n=0 (170)
=—ZZB " -i%erfcO

{An t"[i"erfcO +i*"erfc0]+ }

=3 2A, 1" ierfc (171)

n=0

u@,t)=3

n=0

2n+1

+B, -t 2 [i*™erfcO—i*"erfc0]

From (166)

57



2

i{ ierfc0-[A, +b-B ]} p-Pt),p=— b (172)

5 22

:An+b.Bn=%, (173)

= A= L2 bB, (174)
where P, = Pnn(!o) (175)

From (167) and for vt =

_ - n| :2n ﬂ(t) =2n _ﬁ(t) X 2F12+1 2n+1 ﬂ(t) 2n+l _ﬁ(t) —
U(ﬂ(t),t)_nz(;{An - |:I erfc 2a\/_+| erfc( oot )}Bn t { erfc ~~ i erfc(—Za\/f )}}

:i{ 2n|:|2nerfc ﬂ( )+|2”erfc( ﬂ(‘[)):|+ B 2n+1|: 2n+lerfc ﬁ( ) 2n+1erfc( IB(T)):|} zﬂ(f).(am

(176)

Substitute ife:go —b-B, instead of A to express B, coefficients in terms of unknown

Bos B Bos Bare- B, - 1L 1S NeCessary to take 2n+1 derivative of expression (177)

for t=0
{i—b B } n{lznerfc A1) +|2”erfc(i(t))}+
R s » 0 "
+B,t 2 P erfc——= a\/_ erfc( 2t )} (178)

_P‘Pn ~b-B, |- Zn{znerfcﬁ() 2nerfc(—_ﬁ(r))}+
:i i#"erfcO 2a

= ﬂ(T) '®m
n=0 +B, - 72n+1|: i2erfc 247 ,B(T) 2”*1erfc( ﬁ(T))}

Let’s expand (179)



{ PR . B} 2”[|2”erfcﬂ( )+|2”erfc(_’3(7))}+
2a 2a

= |l i®"erfcO

me0=2 _
B z_2n+1|: 2n+1erfc ﬂ(;-) 2n+1erfc( ﬂ(r))j|

- —b- Boi| {EFfC ple )+erfc P (T)H+B r[lerfc ) mrfc(——ﬂ (T)H+
i erch 2a oa 22

+ ~b- Bl} [ erfc’B( )it erfc( ﬁ(r)j}rs [ erfC'B( 7) _isericl D )|,
i erch 2a o4 20 )|

+ -b- Bz} { i“erfc ﬁ( )+I erfC( 'B(T)ﬂ+ B, -z’s{i‘r’erfcﬂ(z-)—iserfc _£E@) +
i erch 2a 23

+ —b- B} { ierfc 'B( )+| erfc( 'B(T)ﬂ+ B3-r7{i7erfcﬂ(r)—i7erfc _B@) |,
i erch 2a 28 )|

+

i%"erfcO

+|: P Pn —b' Bn:| 2n|: Znerfc ﬂ( ) 2“9ffC(—%j:|+ . Z_2n+l|: 2n+1erfc ﬂ( ) 2n+1erfc( ﬂ(;:)jj|

for Vt =7
L) =By + B+ B’ + B’ + B+ BT+
Let
a(t)=a, +ot+oa,r’ +o,t’ +.. o, "+
where
a, = f; a, = %, a, :,28_;,”"0{” =’2%,...
and

450 _1 da(o
d ¢ dr

Then from (180)



H|per:co_b B} 2{ Z”erfca(r)+h: erfC(—a(r))}B rz”{ i"erfea(r) - Ez””erfC(—a(f))“—

n n

-y {zf'P” b-Bn}rz“{ ierfoa(r)+i%" 1erfc(oz(r))] =

i~"erfcO
Pﬂ

—a(r)-

-B, 2n{Z”erfw(r)ﬂ erfC(—a(f))]
i Q
da(r)

= . 2 .
=pa ()=

Ly
where u=—-%
H=o0

Multiplying terms of the sum by t

Z{H erch ~b-B } M BKTMLK}OZ(T)'H per:co ~b-B } R Bk72k+1Qk}=
k=0

da(7)
dr

= p-a’(7)-

(181)
Second property of IEF implies

K a(r))z(k—m) K a(T))Z(k—m)ﬂ
M
K Z;,z ™ mi(2k — 2m)' mzz "mi(2k —2m+1)!
Kk (Z(T))z(k m)-1 Kk C((T))Z(k m)
P
< mzzzm-lml(zk 2m— 1)' mZZZ”“lm'(Zk 2m)!

Taking 2n+1 derivative of expression (292) and using corollaries forz =0

(2n+1)
{Z{[[szer:zo -b- Bk }TZkHM K T BkT2k+2L j| a( ) |:|: peri)co b- Bk :|72k Pk - Bk72k+le }}} =
k=0

(2n+1)
{u () ddj)}

yields

Z{ p-P, b'Bn:|(Mk)(2n_2k) +Bk(Lk )(2n—2k—1) { p-P —b-B }[a(T)P ](2n 2k +1) +B [a(z')Qk ](2n 2k)}

~ | i*erfcO erch

- znzﬂ(zn”j 2@ '{—dj(r)}



thus

=}

p-P (2n-2k) (2n-2k-1) p-P (2n-2k4)
" _pb-B (M B, (L -b-B P
[iz"erfco ”}( ) +B(L) {l "erfcO }[a(r) ]

k=0

+B,[a(2)Q J*

o Zf(Zn +1] [az(l')](zn_k+l) .{dz(f)}k
T

Finally «,, «,, «,, a,..., &, Can be determined from the following system of nonlinear

equations

PR (2n-2K) (2n-2k-1) _
L "erfcO b8 }(M ) *B(L)

Zn: |: 0 P b, Bn:|2n§+l(in—2k +1j [ ( )](2n 2k- p+1)[ ](p) —

2"erfcO b0

2n-2k (2 — 2k 2n-2k p
S0 M 70 B
=u ZHZH[ZMJ o)) o+ '[—dﬂ )

3.2 Approximate solution of the Stefan problem by IEF method
Approximate solution of Heat Equation

=0

a—u:azg, O<x<aft), t>0
ot OX
(182)
Subject to
1.C: u(x,0) =0, 0<x<aft) (183)
ou
B.C: (,ou+0a j =P(t), t>0 (184)
x=0
u(e(t),t) = (t), t>0 (185)
Stephan condition:
au da(t)
A —a(t)— =
( u—alt) axjx_a(t) o’ (t)—2 it (186)
u(0,0) =0, (187)
can be represented in the polynomial form of IEF
ulx,t) = D{Azn =0 xzn_zmtmﬁzmm +As,01 Xm0 xEn-m ltmﬁzm 1,m}

(188)



where unknown moving boundary (t) and even and odd coefficients 4,,,, 45,41

have to be determined. Making assumptions concerned with the function a(t),
problem can be solved in following two ways.

3.3 Approximate solution of the Stefan problem by IEF method with
a(t) == @ t2 + +ast + €365 + +ayt? + stz + -+ a,t2 unknown moving
boundary

We consider solution in the form of (188). Unknown moving boundary «(t) and
even and odd coefficients A,,,, 4,,.1have to be determined. Making assumptions

concerned with the function a(t), problem can be solved in the following ways.

Remark: To find appropriate number of coefficients in expressions (183) - (186) and
coefficients of unknown moving boundary, it is necessary to give same number of
values for time t. Thus we obtain two systems of linear equations from the first two
boundary conditions and one system of nonlinear equations from Stefan condition.

Solution: Let a(t) be a function in the following form

1 2 - 5 n
at) = a tz+ +a,t + astz+ a,t? + astz+ -+ a,tz

where coefficients &, &, @4, ..., &, have to be determined.

Substituting expression (188) into the boundary conditions (183) and (184) for k
values of time t, we obtain 2 systems of k linear equations for each boundary
condition, and 1 system of k nonlinear equations for Stefan condition.

for x=0

2 2k
P (AoBy + AstiBy , + AstiBus + -+ Ag > Baiese) + 6{AB, o + AgtiBs s
2 k
+ Asty, Ba,z + o FA Ty sz+1,k} = P(ty)

where even coefficients 4, expressed in terms of odd coefficients A,y 1.

for x = a(t)
> [A D @D B + Ames ) (atrmf”*m'irkmﬁ:n_l.ml = o(t)
n=0 m=0 m=0

where odd coefficients A, ., expressed in terms of coefficients a4, a5, a5, ..., .
Finally for Stefan condition (186) we have system of nonlinear equations



’;‘E:=D{A2n L=V (tkjjzn_zmtk "Banm T Agps 2 =0V (tkjj:n_zmﬂtkmﬁ:n +:L.m} -
In—-2m-—1
a(t) Ln=o {AE” m=o(2n — 2m) [}’k [tk]) tie Banm T A1 Lm=o(2n —2m +

&y

+1) [}’k (tkj)gn_zmt?ﬁ:nﬂ,m} =a’ (t) {_; T+ o, +a3tki +ayt, tagtr+ o+ antk?_l}
r;{:
where @, &,, a,, ..., &, have to be determined.

Above two systems of linear equations obtained from boundary conditions can be
solved parametrically, and system of nonlinear equations obtained from Stefan
condition can be solved by Mathcad computer program.

It is possible to determine deviation of solution using Maximum principle.

3.4 Approximate solution of the Stefan problem by IEF method in the
linearly approximated =(t) boundary
It is possible to approximate function a(t) linearly in the following way:
a(t) = {y (), 32 (8], y2 (1), ..., ¥, (D)}
where y; (), ¥, (£), 5 (£), ..., y.(t) are linear functions
v, (t)=h;+myt, h;=0
y2(t) = hy +m,t,
y3(t) = hy + myt,

v,(t) = h, + m,t.
h,, u, have to be found and a(f) is as shown in the figure. It’s clear that
vy (ty) = v (ty), then myt; = h, + myty, implies h, = (m, —m,)t;, and
v, (t) = (m; —m,)t; + myt. In the similar way we have v,(t,) = y;(t3), then
(m, —my)t; + myt, = hy +myt, implies h; = (m; —m,)t; + myt, — myt,, and
Y3 (8) = (my —my)ty + (m, —my)t, + myt, etc.
Vo (8) = (my —my)ty + (my —my)t, + +(my —my )ty + -+ myt
Thus all y, () linear functions are expressed in terms of unknown m,,m,...m,
coefficients.



After coefficients m,,m, ..m,, found y,(t) functions can be easily determined.
Substituting values of time t into the functions y,,(t) from their domains it is possible
to build a graph of function e(t), and using Mathcad it is possible to construct
analytical form.

To find e(t) and u(x,t) subject to above boundary conditions and special Stephan

condition we substitute expression (299) into the boundary conditions and obtain
systems of linear equations
for x=0

P (Aohyy + Astif, , + Asti?Baz + -+ A7 B ) + O{ALB, o + AgtyB s +
Aatsziz + "'+A2k+1fi.:k[32k+1,k} = P(tkj

(189)
where even coefficients 4., are expressed in terms of odd coefficients A5y, and
substituted into the next boundary condition
for x = a(t)
ek —olAzn = oW (6 ) 2™ 6 Bonam +
Appir B0k (G 2™ . B m) +

Zn—-2m-—1

-J;:Zizu{ Azn %:U(Zﬂ_ zm] (.}’F.: (tk]) t?ﬁznm + } — @(tk)

FAsp41 Zm=o(2n = 2m+ D) (3 (672"t Banstm
(190)

where odd coefficients A,,., expressed in terms of m,,m,...m, and substituted
into the system of nonlinear equations obtained from Stephan condition.



AXE o{Aon B o OV )P 6 B +

Agpss Zrco O (G 2™ 20, ™ By g} —

Nk =ofAzn Zm=0(21 = 2mM) (¥, (6)) 2™ 2™ M Bom + + Agpas Zm=o(2n—2m +
D0 (&) 2™ 0 Bonsrm} = My

(191)
System of nonlinear equations (189) with unknown m,,m, ...m, and parametric
solutions of systems (190), (191) can be obtained and solved in Mathcad.

Example 4: Approximate solution of Stefan problem by IEF method in the
linearly approximated a(t) boundary
Solve the Heat Equation

ou o%u

E:azax—z, O<x<aft), 0<t<l (192)
Subject to
1.C: u(x,0) =0, (193)
ou ‘
B.C: T 0<t<l (194)
Uyo =0, 0<t<l, (195)
Stephan condition:

_%u » = 8057(0’ 0<x<aflt) (196)
u(0,0) =0, (197)

Exact solution:
u(x,t)=e" ™ —1 and a(t) =t
Solution:

We shall solve the problem in the second way and approximate solution can be
represented in the polynomial form of IEF. We subdivide time interval (0,1) into two
intervals(0;0,4], (0,4;0,8] and take two points for time t, t, = 0.4and t, = 0.8

k n n
u(x, t] = Z {Azn Z xzﬂ_zmtmﬁzﬂ,m + A2n+1 Z xzn_2m+ltmﬁ2n+1,ml

n=0 m=0 m=0

and
a(t) = {y,(£), v, (£)}, where y, (t) = m,t defined in the domain t € (0;0,4] and



Vv, (t) = (m, —m,)t; + m,t defined in the domain t € (0,4;0,8]. Since two points
are taken two even 4,,4, and two odd A4,, A5 coefficients have to be determined.
du

a x=0
Odd coefficients 44,45 can be obtained from above system. Making calculations we
have A, = 0.758, A, = 14.674

System of equations obtained from second boundary condition, can be solved
parametrically in terms of m,,m, (even coefficients A,, A, can be expressed in terms

of m,,m,).
AoByo + Az (V2 (B, + tiBas ) +As)i t) B,
+ 45 (1300 By o + Vi @ )Bsz ) = 0

= A, Bio+ AsB31t, = e, wherek = 1,2

or

AoByy + Az (V2 (B, + TieBas ) + 0758y, () f,
+14.674 (32, 5 + Vi (6 6Bas ) = 0

Using Mathcad it is possible to obtain A,, A, expressed in terms of m,,m,

3 2 4 3 2
AO = 4.40000000000000000([[)‘8- (3044855.m1 —115190:m1"-m2+ 616308:m1-m2+ 1232616.m1 -mZ2 + 616308:m1 -mZ’3 — 11843750m1+ 34771875m2— 4700815.mlm22 + 1540770.m23)

(5. +4.mim2+ 2.-m22)

2
A2 = 3'20000000000000000(]@-6. (4585625.m1+ 13908750m2+ 1848924m1-m2+ 1848924.m1'm22 + 616308~.mf)

(5. +4.mIlm2+ 2.-m22)

Finally to find values of m,,m, it is necessary to solve below system of nonlinear
equations obtained from Stefan condition.

Ju 3

— = 28,3, (6B, 5 + As (407 (1)) Bao + 2(i (6))tiBas ) +A:B,

+ A, (3 (J’.r.: Ef;.:])zﬁgﬂ + 1 Ba,l) = —my

x=yr(tg)

Thus my; = 0.723, m, = 0.926 implies 4, = —0.758 and 4, = —14.674

Conclusion:
Even though only two values were taken for time t, it is possible to see that values of
m,, M, are close to 1, as it was expected from exact solution.



LIST OF REFERENCES

1 TuxonoB A.H., Camapckuii A.A. YpaBHeHUsS MaTeMaTUYECKON HUBUKU. —
M.: I'ocrexteopusaar, 1951.

2 TI'pagmreitn U.C., PorxukoB .M. TaOnuipl MHTErpaioB, CyMM, pSJIOB U
npousBeneHui. 4-uznanue. — M., 1963. — C. 1108.

3 Xapun C.H. // TemnioBble OpouEcChl B JJIEKTPUUECKUX KOHTAKTaX H
CBSI3aHHBIC C HUMU CHUHTYJISIpHbIC MHTETpajbHble ypaBHEHUs: ABTOped. KaH.JHUCC.
Anma-Arta, 1968.

4 Kharin S.N., Sarsengeldin M.M. Analytical solution of heat equation in a
domain with moving boundary not tangent to coordinate axis. — Anmarsl: BecTHuk
HAH PK. — 2011. - Ne 3. — P. 3-8.

5 Kharin S.N., Sarsengeldin M. Influence of Contact Materials on Phenomena
in a Short Electrical Arc // Trans Tech Publications. — Switzerland: Key Engineering
Materials. — 2012. - Vol. 510-511. - P. 321-329.

6 Sarsengeldin M.M. Mathematical Model of Arc Erosion in Silver-based
Electrical Contacts // International Scientific Conference on Electric Devices and
Electro technical Complexes and Systems.- Ulyanovsk; Russia, 2012. — Vol.2. — P.
16-23.

7 Kharin S.N., Sarsengeldin M.M. “Mathematical Model Of Thermo elastic
Mechanism Of Electrode Erosion During Arcing” // Proceedings, 6-th international
conference. - Aktobe, 2012. — P. 245-248.

8 Kharin S.N., Sarsengeldin M.M., Temirkul A. “Analytical Solution Of The
Third Boundary-Value Problem For The Heat Equation By IEF Method” // “Tlouck-
I3nenic”. — 2012. - Ne 4(1)

9 Kharin S.N., Shpady Yu. R., Sarsengeldin M. Method for the solution of the
heat equation in domains with moving boundaries using integral error functions and
confluent hyper geometric functions // MexnynapoaHast KoH(pepEeHIIHs MOCBEIICHHAS
70 neturo M.OtenbaeBa “@yHKIIMOHATIBHBIN aHAIN3 U €ro MpUIOKeHus . - Astana,
2012. — P. 299-300.

67



YyeOHOE U31aHue

Mepeit CapcenrenbauH

IEF METHOD
IN HEAT EQUATIONS

YyeOHOE 110ocodue

Texaunueckuit penakrop B. B. BepboBckuii
Komnrerotepnas Bepctka M. M. CapceHrenbaux
[Toamucano B meuats 27.08.2015. dopmat 60x90/16. bymara odcernas.
[Teuats udpoBas. O6vem 4,19. Tupax 100 k3.

Otnevarano B Tunorpaduu YHusepcurera uMmenu Cyneiimana Jlemupens



