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ABSTRACT

This thesis is devoted to the in-depth study of the Bektur Baizhanov’s “con-
servative extension of models of weakly o-minimal theories” and the solution of the
problem whether it is possible to determine through a conservative extension, non-
locally isolated type. I studied the concept of rational section quasi-rational section
and irrational section, extension and elementary extension, orthogonality of types,
basic properties of types. Notion of quasi-model (or Tarskii-Vaught type) and any
types will be isolated or non-isolated and non-isolated type in turn divides by two
kind. It’s locally isolated (another word strictly definable) and non-locally isolated.
Moreover any types will be definable and non-definable and any isolated type is de-
finable. But is an non-isolated type definable? I was looking for the answer to that
question and answered in this thesis. Using the concept of a control formula, I proved
that a non-locally isolated type can be definable.
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AHHOTAIIMA

JTOT Te3HC MOCBALIEH YTITyOJIeHHOMY U3y4YEeHHIO «KOHCEpBAaTHUBHOI'O PaCIIH-
peHus Mozenei cnabo o-MUHUMANIBHBIX Teopuit» bektypa baiikaHoBa M pellleHHIO
npo6JieMbl, BO3MOXXHO JIH ONPEJENIUTh ¢ IIOMOLIBI0 KOHCEPBATUBHOI'O pacIlIMpEHHs
HEJIOKAJIbPHO H30JIMPOBAHHOI'O THIIA. A H3y4Yall NIOHATHA pallHOHAJIBHOI'O CEUCHHS,
KBa3UpaIMOHAIBHOIO CEYeHUs M UPPALIOHATIBHOTO CEUEHMs, paclllMpPEeHHs U JJie-
MEHTApHOI0 pacUIMPEeHHs, OPTOTOHAIFHOCTH THIIOB, OCHOBHBIX CBOMCTB THIIOB. [To-
HsATHE KBasuMoeu (yiu tuna Tapckoro-BoTa) u mo6sIx THIIOB OyAeT H30JHPOBaH-
HBIM MJIM HEH30JIUPOBAaHHEIM, a HEU30JIMPOBaHHBIH THII, B CBOIO OYEPEAb, AEIUTCS Ha
nBa Buga. OH JIOKaIbHO H30JIMPOBaH (Ipyroe CI0BO CTPOro ONpEAENIMO) U He JIo-
KaJbHO H30JMpoBaH. bosee Toro, mo6bkie THIBI Oy AT ONPEAENMMEIMH B HE onpee-
JIMBIMH, a JIF00O# M30JIMPOBaHHBIN TUN - onpefessieMEIM. Ho MOXHO Jin ompeie-
JINTH HEH30JIMPOBAHHbIA TUII? 5] MCKal OTBET Ha 3TOT BOMPOC ¥ OTBEYall B 3TOM Te-
3uce. Vicnons3ys KOHUEMLHIO ynpaBmuomen q)opmynm, s AOKa3all, 9T He-JOKANBHO
PIBOJIHPOBaHHBIK THH MO)KeT GBITB onpeneJmM
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AHJIATIIA

byn oxymeic bextyp BaibkaHOBTHIH “aiici3  O-MHHHUMAaIOBI MOJENAIH
KOHCEpBaTHBTI KEHEHTyJepi” aTThl MaKalachlH TEPEHIpeK 3€PTTEyre XoHe JOKAJIBI
U30JALMsIaHOaraH THOTIH aHBIKTAIYBIH KapacTepaabl. MeH HppaluoHasgs!
KUBUIBICY, KBa3sd-pallOHAIABI KUBUIBICY JKaHe Je HppalHOHAJABl KHUBLUIBICYXEI,
KEHEHTYAl jkaHEe 3JIE€MEHTapibl KEeHEHTYAi, THUNTIH OpPTOTrOHANBABIFBIH, THIITIH
TYpJIEpHH KapacTeIpAeiM. KBasumozens TyciHirin (Hemece Tapckuu-BoTt Tumin)
XOHE JI¢ Ke3KeIreH THII HE H30JIal{HOJIaHFaH HeMmece H3oJauonanbarad OOJBIT
OeniHeTiHiH, XoHE [ M30JALMONaHOaFaH THUN O3 iLIiHAe JIOKAJIAB M30ALMOaHFaH
(HeMece KaTTBl aHBIKTAIFBIH) He JIOKAJIABI H30sAIMONaHOaraH OOJBIN OeniHeTiHiH
KapacThIpbeiFaH. THUIITep TaFb!l Aa aHBIKTAJIFAH XKOHE aHBIKTAIMBIFEIH 606N Gomine i,
al  Ke3KeNreH H30JALMONaHFaH THN O  aHbIKTanFaH Oomajgel.  Bipak
u3onAIronandarad OHBIH IHIHAI JIOKAIAB! Ja H30JAIMONaHOaraH THITI Kajiaii
aHbIKTayFa Oonamst A€TeH CypaKka JKayaml H3J€N OCH TE3UCTE IANIANNENIM.
Backapyuis (bOpMyna Iqacnerm ‘naijianaHa OTBIPHII KGSKCJII‘CH M30IANHONaHGaran
OHBIH imiHZe ’ﬁoxan,um Ja W3ONALMONAHGAFaH TUNTI AHBIKTANFAH  JKOHE
aHBIKTaIMaraH 00BN Gemyre 60MaTBIHBEIH KOPCETTIM.



Contents

1. Complete type
2. Definability of types.

2.1Stable theories. Rank formulas Shelah
3. Definability of 1-types of weakly o-minimal theory
4. Definability of 1-types in o-stable thories
5. Conservative extensions in o-stable theories.
6. Conservative extension of different classes complete theory
Conclusion
References

oot ﬁu‘li“;-,

TR LY T RT| PO R TR S U

40
43
45
47
50
31
52
33



1. Complete type

I. Language. model .structure. satisfaction
(1.1) Language
Collection ol [inite or infinite symbols L is called a language. There are three
Kind of symbols which define language:

o relation svimbol
o function symbol
e constant symbol

For the function symbols each symbol associated with the number n(f) ¢ ¥,
which called a arity of function f. and with the R-number 1(R) € 1L which is called a
arity of relation R.

unction and relation symbols denoted respectively as f; and [?;. Constant symbols
denoted as ¢;.

An L- structure )/ is defined as follows:

o A sct M is called the universe of Af.

o A function fY @ "7 — 3] for every function symbol f € L is called as an
interpretation ol [ in 1/. :

o A subset 2 of 1" — A/ for cvery relational symbol I? € 1/ is called as an
interpretation of in /.

o Anelement "/ 2 )/ for every constant symbol ¢ € £ is called as an interpretation
of ¢in M. ~

The structure M has the following notation:
M=QAL R el jelkeR)

We have some cases when superscript 1/ disappears. and we denote structure and
its universe by only one letter. It makes confusion if we have more than one type of
structure on M.

(1.3) Substructures. Consider A/ as an L-structure. Then L-substructure of A/, or
just substructure of A/ (if only one substructure), is a L-structure N, with universe
which is contained in universe of A/ and where interpretations of the symbols of £ in
\ restricts interpretations ol these symbols in .1/, as follows:

e The interpretation of [ in \ restricts function symbol of L. o n"' ),



o The interpretation of 7 in \" restricts relation symbol of £, R = RY 2 NI
o The interpretation of « in \ restricts constant symbol of £, ¢/ = ¢\,

If a subset of 1/ has all constants of £ and also closed under functions of £ (inter-
pretations of /). then subset of \/ can be called the universe of substructure of /.
It works for another way also. Also we should note that il we have language without
constant symbols, then then empty set is the universe of substructure of 17.[34]

(1.4) Instances of dialects. structures. and substructurcs. The solid structures consid-
ered in model hypothesis all originate from standard arithmetical precedents. thus the
precedents given underneath will be extremely well-known to you.

Model | - The language of gatherings. The language of groups.L. is the language
{..71 .1} where -isa 2-ary work symbol.”!is an unary capacity image. and 1 is aconstant
image.

Any gathering G has a characteristic L¢;-structure. gotten by translating - as the
gathering augmentation, ~* as the gathering reverse. and 1 as the unit component of the
gathering.

A substructure of the gathering G is then a subset containing 1. shut under increase
and reverse: it is essentially a subgroup of G.

This is a decent spot to comment that the thought of substructure is touchy to the
language. While the converse capacity and the character component of the gathering
G are retrievable (quantifiable) from the gathering augmentation of G. the thought of
*substructure” intensely relies upon them. For example. a{-. ¢ }-substructure ol G is just
a submonoid of G containing e, while a{-}-substructure of G can be unfilled.

Model 2 - The language of charts . The language compriscs of a paired connection
image. E. Diagrams which have all things considered one edge between two vertices
are the {E}-structures: essentially decipher E (x.y) if and just there is an cdge going
from x to y. Charts in which there can be a few edges between two vertices need an
increasingly refined language.

Precedent 3 - The language of rings. The language of rings,Cr. is the
language{+.—.-.0,1}. where +.— and - are double capacities. 0 and | are constants.

A (unitary) ring S has a characteristic £g-structure, gotten by deciphering +.—.- as
the typical ring tasks of expansion. subtraction and duplication, 0 as the personality
component of +, and 1 as the unit component of S.

A substructure of the £ p-structure S is then basically a subring of S. Note that it will
specifically contain the subring of S created by 1. i.c., a duplicate of Z or of Z/pZZ.

When one arrangements with fields, it is in some cases helpful to include a

image for the multiplicative reverse (denoted™!). By show 0-!'=0,

Precedent 4 - The language of requested gatherings, of requested rings.

One basically adds to L,. resp. L. a paired connection symbol.<.
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(1.3 orphisms. embeddings. isomorphisms. actomorphisms. Give M and N a
chance to be two L-structures. A guide s:1/ — 1\ is an(£)- morphism if for all con-
nection image R€L work image f€£. and tuples 7.5 in M. we have:

on the off chance that ae R, at that point ~(7)e Rz s{ f(D))

An implanting is an injective morphism s:M~—+N. which fuifills what's more for all
connection R€ Land tuple @ in M. that

e} = ~{i)eR

An 1zomorphism among M and N is a bijective morphism. whose reverse is addi-
tionally a morphism. At long last. an automorphism of M is an isomorphism M-—+M.

(1.6)Terms. We can begin utilizing the images of £ to express properties of a given
L-structure.  Notwithstanding the images of £. we will think about a lot of images
(which we guess disjoint from £). called the arrangement of coherent images. It com-
prises of

— coherent connectives A.V,—. and once in a while additionally ({for comfort) — and

L\

.

— brackets (and ),

— a (double connection) image = for equity.

—unendingly numerous variable images. more often than not indicated x.y..r;. and so
forth...

— the quantifiers ¥ (for all) and 3 (there exists).

Fix a language £. A L-recipe will at that point be a series of images from £ and
legitimate images, complying with specific standards. We begin by characterizing £-
terms (or just. terms). Generally, terms are articulations acquired from constants and
factors by applying capacities. In any L-structure M, a term t will at that point charac-
terize exceptionally a capacity from a specific cartesian intensity of M to M. Terms are
characterized by acceptance. as pursues:

— a variable x. or a steady c. are terms.

—on the off chance that t;,....t,, are terms, and f is a n-ary work, at that point f(t;.....t,,)
is a term. .

Given a term t (x;.....x,,). the documentation demonstrating that the factors happen-
ing in t are among X .....X,,, and a L-structure M. we get a capacity F;:M" —M. Again
this capacity is characterized by acceptance on the multifaceted nature of the term:

— in the event that ¢ is an a consistent image. at that point F.:M" —+M is the capacity
@ —c\.

— in the event that X is a variable, at that point F.:M—M is the personality.



- ift1 ..... t,, are terms in the factors xj.....x.,, and f is a n-ary work image. at that point
Froo S = [UE T F PN = ey )

(l. /)Reupex \\"e are presently prepared to characterize recipes. Again they are
characterized b\» enlistment. A nuclear recipe is an equation of the structure t;(¥) =
[L(T) or Rt (7). ... 0, (7). where & = (r)......rp,) 1s a tuple of factors. ty.....t, are
terms (of the language L.. in the factors .T). and R is a n-ary connection image of L.

The arrangement of sans quantifier equations 1s the arrangement of Boolean mixes
of nuclear recipes. i.e.. is the conclusion of the arrangement of nuclear equations under
the activities of /. (and). v (or) and — (refutation. or not). In this way, if 21 (7). 22(.T)
are sans quantifier recipes. so are 1 (T) A o). ¢1(0) V 22(F) and = (7).

One regularly utilizes 21(T) = p2(7) as a shortened 1‘01m for (2 (T) V 2a(rhand
S1(T) = 2a(F) as a condensing for (21(T) = 22(T)) Al () = £1(F).

An equation 2 is then a series of images of the structure

(zl'l'l(;);’l'l ()m v mJ( Uy, ... -"u)

where (.T) is a without quantifier recipe. with factors among ¥ = (rq......t,,) and
Q;.....Q,, are quantificrs. i.c.. have a place with {¥.3}. We may expect m<n.

Significant: the factors xj.....x,, are assumed distinct:¥x; 3x;...i1s not permitted. In
the event that m<n. the factors x,, | j.....x,, are known as the free factors of the equation
. One for the most part composes « (.41 .....t,,) to show that the free factors of
are among(x,,+1.....X,). The factors x,....,x,,, are known as the bound factors of ¢. In
the event that n=m.then « has no free factors and is known as a sentence.

In the event that all quantifiers Q.....Q,, are 3, at that point ¢ is called an existential
recipe; on the off chance that they are all V. at that point * is known as an all inclusive
equation. One can characterize a progressive system of unpredictability of equations, by
checking the quantity of alternances of\quantiﬁcrs in the string (. .... Q,,.Let us basi-
cally state that a I1,-recipe. additionally called a V3-equation. is one in which Q;...0Q),, is
a square of v pursued by a square of 3, that a X.-recipe. likewise called a 3V-equation.
is one in which Q;...Q,, is a square of 3 pursued by a square of V. In these defini-
tions. either square is permitted to be unfilled. so an existential equation is both a 7,
and a Y,-recipe. Let us likewise notice that a positive equation is one of the structure
Q... Qume(ty. ooory). where £(7) is a limited disjunction of limited conjunctions
of nuclear formulas.|[34]

(1.8) Warning. I lied. this isn't the standard meaning of a recipe.
An cquation as in (1) is said to be in prenex structure. The arrange-
ment of equations in prenex structure isn’t shut under Boolean activi-
ties.  One has anyway an idea of ’coherent proportiomlity“, under which
for example the equations Qu.riQury...Qure (1. ooy Al ly)  and
O Qoo Quuthiy (Y1 oo Y gy, .ty ) are sensibly equal. At that point it is
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very simple to see that a Boolean mix of recipes in prenex structure is consistentlv
proportionate to an cquation in prenex structure. E.e.

o

(QI.I']Q?.l"_)...O',”.!',;_;TTj (o)) /\(‘QI.I'LQ._).I'-_L..Qm.l',,,;-_)(.I’]. )

Is sensibly equal to

O 11(7 .. Q”, Yo Qf,“_z/,,,,:l(.n. .....1',,)/\;-_)(“(/,‘ R/ S TR L
[n the event that one needs to be conservative about the quantity of quantifiers.

one notes that when all is said in done 7x, (2 \/V? S2(7....) 1s consistently
proportional to Vx> (s /\Vzw ....). and E]zvl DN ega(e ) is sensibly
identical toJw oy (. ... \/JL (. ..). For llLllIthathI'ls one uses the intelligent equal-
ity of =Q1.01Qa0...Qyr sy 2 (. o) with Q) 1() 2. Q2 ) L where
Q;=3ifQ, =V.Q, = VYif (2,- = 3 . Accordingly the invalidation of a ﬂg-recipe s a
Y»-cquation, and so on.

Consistent proportionality can likewise be utilized to revamp Boolean blends. and
onc can demonstrate that any without quantifier equation () is intelligently equal to
one of the structure \/; A\ . = ;(T) . where the > ; are nuclear recipes or invalidations of
nuclear recipes. ’

(1.9) Comments and models. The definitions given above are totally formal. When
thinking about solid models, they get particularly disentangled. to concur with current

utilization. The primary thing to note is that the recipe (— (. = y)) is condensed by
Xy,

Model 1.Lo={-.-1.,1}. A term is devecloped from 1..7%  Also, some
variables.E.g..-(1, N(-(7." (1)) is a term. in the variable X1. On the off chance that
we work in a subjective L;-structure, 1\e not really a gathering, this articulation can’t
be rearranged. On the off chance that we work in a gathering. at that point we will as a
matter of first importance change to the standard documentation of xy rather than -(x.y)
and x ! rather than _; (x): at that point enable ourselves to utilize the associativity of
the gathering law to get

[ree of unessential brackets. The term above then ends up 1(.r; ')~", which can be
additionally rearranged to | (presently. utilizing the characterizing properties of ! and of
1). Starting now and into the [oresecable [uture, we will accept that our L;-structures
are gatherings.

A term in the factors x;...x, is then essentially a word in the images
XJernXyud'y Ly oo y-1. One can complete a further decrease: supplant events of the
equation w(Z) = wa(T) by (w;(T)wa(Z))~" = 1. A nuclear recipe will at that point be
a limited disjunction of limited conjunctions of conditions w(#) = 1 and inequations
«(7) # 1. The accompanying equation is a IT,-recipe:

10



2l (T 7)) = 1/\__-3;.7. 5 =]

where wp (7. 7. T) is aword in the components of the tuple (7. 7. =) and their inverses.
and (7. Z) is a word in the components of (F. T} and their inverses. The free factors
of this

equation are the components of the tuple Z. while the components of (. ) are the
bound factors of the 1'eci1)e. |

On the off chance that all structures considered are free gatherings. containing two
non-driving components a.b. at that point a sans quantifier equation can be composed
as limited disjunction of recipes of the structure

SAToah)y=1Aw (Poa.b) #1
Precedent 2. The language of charts {E}. The main terms are factors (since there are
no capacity or steady images). Consequently a nuclear recipe is of the structure E (x.y)
or (x=y). A case of recipe in this language is e.g..

m—1
= TTI TN /\ FQyi-gimt) N E(eoy) N EQy,.02) A /\ Ui 7 Yi)
i=1 I~ i< j~m

Note the utilization of xs#y rather than —(x=y). The free factors of this equation are
X1.X9.

Precedent 3. Lr = {+.—.-.0.1}. Once more. terms as characterized officially. are
incredibly revolting.

In any case. on the off chance that all LR-structures considered are rings. they can
be revised in an increasingly characteristic

style. Starting now and into the foreSeeable future, all £x-structures are commutative

rings.

On the off chance that n € N”'the term 1 + 1 + - + 1 (n times) will just be significd
by n. Essentially X + X + ... + X (n times) is meant by nx. and x - . . . - x (n times) by x
n. A sclf-assertive term will at that point be of the structure f(x;. . . .. X,,). where f(Xj. .

LX) EZIXL L L X

Sans quantifier recipes are limited disjunctions of limited conjunctions of conditions
and

inequations. Along these lines. in the ring C, they will characterize the standard
constructible sets. On the ofl chance that one adds < to the language, and expect that
our structures are requested rings, at that point without quantifier recipes can be changed
as limited conjunctions of limited disjunctions of recipes of the structure

f(B) =0, g(¥) >0

11



where f. g are polynomials over Z. Here. X ; v represents x < v/ —(x = v). and one
unplmmum the cquivalences x = () & o+ < () Vi e > 0 = (—a) < 0. In the
event that M is an arranged ring. al thut point M ‘-.\'ithout quantifier equations will be as
above. then again. actually f and g are polynomials over M. On the off chance that M is
the arranged field R. one gets the standard semi-mathematical sets.

(1.10) Satisfaction. Let M be an L-structure. o(.r) an L-formula. where 7 = (x,. . .
-« Xy) 1s a tuple of variables occurring freely in v. and @ = (a;. . . .. a,) an n-tuple of
elements of M. We wish to define the notion M satisfies (7). (or @ satisfies o in M. or
(i) holds in M, is truc in M). denoted by

A = old)

(The negation of M = «(a) is denoted by 17 ¥ o(a).) This is done by induction on the
complexity of the formulas: '
—If o(¥) is the formula t; (7) = #a(F), where t,. #» are £-terms in the variable 7. then

M =tya)ifandonlyif F (@) = F,.(a).

— If o(¥) is the formula R(t; (7). .... 1,,(¥)). where #,.....1,, arc terms and R is an
m-ary relation. then

M= Rt (@), ....t,(a) if andonly if (F (a).....F (a))cRY
—If o(F) = 0y (F) \ 02(T), then
M =o(@)if andonly if M= o(a) and M = 0y(a)
~If o(F) = —o1(bary). then
M=o if and only if M [ o)(a
~If o(¥) = 3y (F. y) where the free variables of ¢ anc amongF,y, then
M =ola)if andonlyif there is bed suc /1 that M = v(a.h).

—If o(T) = Yyu (7. y). then

M = ola)if and only if M = —(3y-w(a.y)) il and only if for all b in M,
M E=o(a.b).

(1.11) Parameters and definable set. Let M be an L-structure i.c structure in our
language, o(T. y) a formula (T an n-tuple of variables, j an m-tuple of variables). and @

€ M. Then the set {b € A["" — M —= o(a. b)} is called a definable set. We also say
that it is delined over @ by the formula o(a. ), or that it is a-definable. The cortege or
tuple @ is a parameter of the formula o(a. 7) in our language L.

]’3



Let M be an L-structure. The set of M-definable subsets of 17" is clearly closed
under unions. intersections and complements (corresponding to the use of the logi-
cal connectives \/. \ and = If S C 17" is defined by the formula o(F.G). T =
(ry.....x,-p)oand =« M7 -+ 3/ is the projection on the first n coordinates. then
7(.5) is defined by the formula 3.r,_;o(F. @), and the complement of 7(.5) by the for-
mula YV, —o(.7).[34]

(1.12) The examples. revisited. (1) L; = {-.7". 1}}. Consider the formula of.r. ) -
oy = yr. Let G be a group (endowed with its natural Ly-structure). and g € G. Then
the formula o(x. g) defines in G the centraliser of ¢ in G. while the formula ¢+(y) =
7ro(r. y) will define the centre of G. The sentence .. y(.ry = ya) will only be satisfied
if G is abelian.

Other examples of definable subsets of a group G are: The conjugacy class of an
element ¢ (by Sy y~! gv = x): the set of commutators (3v. z (v~'z7'vz = x)): the set of
squares (Jy (y*=x)). or more generaly of n-th powers (Jy v’ = x): the set of elements of
order <n (x" =1).

Are usually not definable: the commutator subgroup: the set of torsion elements; the
subgroup generated by the squares.

(2) £ = E. The formula o2y a0) = Jy;. ....y,,,(/\‘;.’;li E(y.y, 1) A Elry oy A
Fly,.co) N /\,SV]S,H yi 7 y;) will define in a graph T the set of pairs (7. aw) for
which there is a path of length exactly m + 1 going from x; to Xa.

Other examples of definable sets: the set of elements connected by an edge to at least
two distinct elements (Jy,. y2(y) # wAE(@. y1)AE(x. y2))): the set of elements at dis-

)

tance < nofagivenelementa (y;..... yu_1 (A7 E(yi- yimt) ANE(@. n) ANE (g, 1)),

Are usually not definable: the connected component of an element a (unless all of
its elements are at bounded distance of a); the set ol pairs contained in a loop [4]

In this segment we will present nuerous definitions and significant ideas. we will
also mention the every important Compactness theorem, one of the crucial tools of
model scholars.

(2.1) Speculations, models of hypotheses, and so forth.. Let £ be a language. A
L-hypothesis (or just. a hypothesis), is a lot of sentences of the language £. A model of
a hypothesis T is a L-structure M which fulfills all sentences of T. indicated by M}=T.
The class ol all models of T is indicated Mod(T). On the off chance that K is a class of
L-structures. at that point Th(K) indicates the arrangement of all sentences valid in all
components of K, and Th(M) is mean by Th(M).

A hypothesis T is steady iff it has a model. On the off chance that ¢ is a sen-
tence which holds in all models of T. this is indicated by T = ©. Two L-structures
M and N are basically identical, signified M = N, iff they fulfill similar sentences. iff
Th(M)=Th(N). A hypothesis is finished iff given a sentence o, either T |= o or T | 6.



Tdentically. it any two models of T are basically comparable. (See that in the event that
M is a L-structure. at that point fundamentally TheM) is finished).

Rudimentary proportionality is an equality connection between L-structures. Two
isomorphic

L-structures are unmistakably simply comparable. unyway the opposite holds tor

limited L-structures. A popular hypothesis (of Shelah) states that two structures are
simply o

proportionate if and just in the event that thev have isomorphic ultrapowers. see
definition in Section

(2.2) Rudimentary substructures, expansions. embeddings. and so forth. Let NI & N
be £ structures. We state that M is a basic substructure of N. or that N is a rudimentary
expansion of M. indicated by M =< N.iff for any recipe (.7) and tuple @ from M

M Eo@) < N Eoa)

A guide [ : M — N is a basic inserting iff it is an installing, and il I(M)=<N. At
the end of the day. if for any recipe o() and tuple a from M. A/ = o(a) if and just
N o(f(@).

Utilizing acceptance on the intricacy of recipes. one can appear

Tarski's test. Give M a chance to be a substructure of N. At that point M < N it and
if. for each

recipe o(Z. y) and tuple @ in M. on the off chance that .V |= 3yo(a. y). at that point
there exists b € M with the end goal that .\ = o(a. D).

Note that while the component b is in M. the fulfillment is taken in N

Note that while the element b is in M. the satisfaction is taken in N

(2.3) Some useful facts.

(D) If My < Mo and My < My, theh V) < M.

(2)If N C M, C A5 NG < MyandMs < M. thendy < 3,

(3) Let V,,. ncN. be achain of L-structures (i.e.. 1/, C 1, ., forall n). Atthat point
M. =U,.v -\, has a one of a kind L-structure which makes the 1/,’s substructures
of A/,.: the translation of the constants is the undeniable one. RY- =], R .and
SV =1, v [ for R aconnection image, and [ a capacity image.

Expect that .V/,, < M/, foreveryn € N. At that point A/, < A/, foreveryn € N.

(2.4) Disposal ol quantificrs. Equations with in cxcess of two alternances of quan-
tifiers are genuinely unbalanced. and normally hard to choose reality of. One in this
manner attempts to “dispense with quantitiers”™.

Definition. A hypothesis T takes out quantifiers if for any recipe w() there is a
quantifier free equation v'(F) which is proportional to o(Z) modulo T, i.e.. is such that

T = Vilo(F) < (D).
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Note that the arrangement of free factors in o andc are the equivalent. Accordingly
if o is a sentence. sois . (On the off chance that the language has no consistent image.
at that point one permits ¢ to be either T (genuine) or F (false): on the off chance that
the language contains a steady 1mage c. at that point one can use rather the equations ¢
=COrc = c).

Detinition. A hypothesis T is model finished iff it is steady and at whatever point
MCN are models of T. at that point M < N.

Comments. Obviously. a hypothesis which disposes of quantifiers is additionally
model total. An significant outcome concerning model total hypotheses is the accom-
panying:

A steady hypothesis T is model finished it and just. tor any equation o(7). there is
an existential recipe *(.r) such that

T =9Yr(o(bary) < O(T)).

Note that this is equivalent to every formula being equivalent modulo T to a universal
formula: if —o(#) is equivalent modulo T to the existential formula /(7). then o(7) is
equivalent modulo T to the universal formula - (1)

One can show that a theory T is model complete. if whenever M C N are models of
T, then M is existentially closed in N. i.e., if O(¥) is an existential formula, and @ a tuple
in M such that \" = o(a). then NV |= o(a).

(2.5) Note this is proportionate to each recipe being identical modulo T to a
widespread

recipe: if —=o(F) is equal modulo T to the existential equation ¢*(7), at that point
o(r) is equal modulo T to the general recipe —u*(7)

Once can demonstrate that a hypothesis T is model finished. in the event that at what-
ever point M C N are models of T at that point M is existentially shut in N, 1.e., if o(7)
is an existential recipe, and @ a tuple in M to such an extent that N |= o(@). at that point
N Eo(a).

(2.5) Examples. (1) The hypothesis of mathematically shut fields. indicated ACF. is
axiomatised _

by the aphorisms for fields, in addition. for every n ¢, 1, the maxim V. .....0, 3y (y" +
2"~ 4+ AAAN + ., = 0). ACF takes out quantifiers.

(2) Consider the field of genuine numbers, first with its common Lpg-structure. at
that point as a L U {<}-structure. Let T}, be its hypothesis in L. T} its hypothesis in
Lr U {<}. At that point one can demonstrate that 7y is model finished. yet does not
dispense with quantifiers (in L£p), while T} wipes out quantifiers. The quantifier one
can’t dispose of in Lp is the existential quantifier of Jy(y*=x). This can be viewed as
pursues: consider the substructure ((1/2) of R. As a field (i.e.. as a Lp-structure), it
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has an automorphism sending , 2 to — /2. This automorphism anvway does not regard
the requesting. See section 4 for a proof of quantifier-end.

(2.6) Soundness and culmination hypothesis. Given a lot of sentences. there is a idea
of evidence. i.e.. which proclamations are deducible from the given articulations utiliz-
ing a few formal principles of conclusion. for example. modus ponens (from An and A
— B conclude B). and some substitution rules (from a sentence of the structure o(c)
where ¢ is a'steady. (ind Zx o). A prool can be thought of hence as a limited group-
ing of sentences. each being gotten from the past ones by applying some conclusion
rules. The principal result. the soundness hypothesis. reveals to us that our thought of
fulfillment is well-characterized: If a hypothesis T has a model. at that point one can’t
get a logical inconsistency tfrom T. i.c.. one can’t demonstrate from T the sentence vx(x
= X). ‘

Godel’s fulfillment hypothesis at that point expresses the opposite: If from a given
hypothesis T. one can’t determine the sentence ¥x(x 3 x). at that point the hypothesis T
has a model.

Another method for expressing this outcome is by saying that the arrangement of
sentences deducible from a given hypothesis T is actually the arrangement of sentences
valid in all models of T, i.c.. in the documentation presented over. that it concurs with
Th(Mod(T)).

(2.7)Decidability. A hypothesis T is decidable, if there is a calculation permitting to
choose regardless of whether a sentence o holds in all models of T or not. (Here. the
trouble lies in having the option to tell when o does not hold in all models of T). In the
event that one can list a hypothesis T and one knows (by one way or another) that T is
finished. at that point T is decidable: given a sentence o, begin counting the evidences
from T; inevitably you achieve a proof of either ¢ o'—¢). How can one demonstrate that a
hypothesis T is decidable? One attempgs to locate a decent arrangement of sentences S
contained in T. and demonstrate that some other sentence is proportionate. modulo >,
to a sentence which one can choose. For example. by the aftereffects of quantifier end
for arithmetically shut ficlds given over. one demonstrates that the hypothesis ACF of
mathematically shut fields is decidable: the arrangement of sayings of ACF is obviously
enumerable. any sentence is proportionate to a sans quantifier sentence. and there are not
very many of those. Along these lines: given a sentence o, one begins identilying every
one of the evidences from ACF. In the long run one will achieve a proof of (¢ ¢ )
where ¢ is some sans quantifier sentence. At that point, one again counts verifications
to choose whether v is proportionate to T, F, or whether it suggests a limited disjunction
of sentences of the structure p =0 or p # 0. The system will in the end and state whether
< holds in all arithmetically shut fields or not.

Also for the hypothesis ORCF of genuine shut ficlds (sayings for requested fields,



any odd degree polynomial has a root. and each positive component has a square root).
From which it pursues that the hypothesis of genuine shut ficlds in the language of rings
is likewise decidable. since the requesting can be characterized by “the non-negative
components are the squares’.

How can one demonstrate that a hypothesis is undecidable? Generally one attempts
to code the ring (Z, +. —.-, 0. ) in some model of the hypothesis. Or on the other hand
to demonstrate that any limited chart is codable in some model of the hypothesis.

(2.8) Compactness hypothesis. Give T a chance to be a lot of sentences in a language
L. In the event that cach limited subsct of T has a model. at that point T has a model.

We will exhibit later a proof of this hypothesis utilizing ultraproducts. Note that it
is morcover a result of the culmination hypothesis. since any confirmation includes just
limitedly numerous components of T. It likewise has for outcome the primary portion
of the following hypothesis.

(2.9) Lowenheim-Skolem Theorems. Give L a chance to be a language. T a hypoth-
esis. and let M be a limitless model of T.

(1) Let x be an unending cardinal. » > | /| + [£]. At that point M has a basic
augmentation N with |\ = &,

(2) Let X be a subsct of M. At that point M has a basic substructure N containing X.
with —N— < —X—+ —L—+ 01,,.

(2.10) Remarks. These outcomes enable us to utilize huge models with great prop-
erties. For example. expect that we have a set S(.ry......r,) of equations in the factors
(x3.....2,), and that we realize that each limited piece of X(x,.....,) is satisfiable in
some model M ol T. i.e., there is a tuple "a of M which fulfills all recipes of this limited
piece. At that point there is a model N of T containing a tuple b which fulfills all the
while all equations ol X(%).

Utilizing different procedures. onescan demonstrate that if @ and b are tuples of a
L-structure M, which fulfill similar equations in M. at that point M has a rudimentary
expansion Mx. in which there is an automorphism which sends @ to .

(2.11) Application of the minimization hypothesis. Give T a chance to be a hypoth-
esis in a language £,

what’s more. A a lot of recipes in the (free) factors (xy, .... 2, ). shut under limited

disjunctions. Let X(.xj......r;,) be a lot of equations in the free lactors (). .... ry). o
such an extent that each limited section of (.. .....r,,) is satisfiable in a model of T.

The acconipanying conditions are proportional:
(1) There is a subset I'(T) of A with the end goal that. if & = (¢q.....¢,,) are new
steady images, then

rJre ke, s @ =r@).



(2) For all models M and N of T, and n-tuples 2 in M and b in N, if V |= 3(

b
(

Janda

fulfills (in M) all recipes of .\ that are fulfilled by 5 (in N). at that point M/ = T a).
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Comment. On the otl chance that the set X(7) is limited. at that point so is ['(.F).
Consequently. taking (.7 to be the combination of the equations of X (7). one acquires
that <(.7) is equal, modulo T. 10 a limited combination of recipes of .

(2.12) Preservation hypotheses. This has for results a few conservation hypotheses.
One bearing is trifling. the other one not.

Give T a chance to be a hypothesis in a language L.

(1) The accompanying conditions are comparable:

(a) Whenever M < N are L-structures. and M = T. at that point N = T.

(b) T has an axiomatisation given by existential sentences.

(2) The accompanying conditions are comparable:

(a) Whenever M C N are L-structurces, and N=T. at that point Mi=T

(b) T has an axiomatisation given by all inclusive sentences.

(3) The accompanying conditions are comparable:

(a) Whenever 1/, n € N. is a chain of models of T, at that point S neN 1/, is a
model of T.

(b) T has an axiomaltisation given by ¥ sentences.

(4) The accompanying conditions are comparable:

(a) Whenever M is a model of T, and f : M—N is a morphism. at that point f(M)=T.

(b) T has an axiomatisation given by positive sentences.

Note that (3) infers that a model total hypothesis has an axiomatisation given by

73 sentences. ‘

(2.13) Craig’s insertion hypothesis. Let LjandLs be two dialects. Let o be a sen-
tence of £, and v a sentence of £,. On the off chance that © = ¢ at that point there is
a sentence © of £, N L- with the end goal that O = QundO = v,

A to some degree distinctive insertion hypothesis is given by Robinson: Let
LiandLs be two dialects. and £y = £; N Lo. Accept that TiandT, arc speculations
in LyandL, individually, with the end goal that 7, = 77 N 715 is finished. At that point
T, UT, is steady.

(2.14) Utilization of the L"owenheim-Skolem hypothesis to the hypothesis of mathe-
matically shut fields. This will enable us to demonstrate that the hypothesis of arithmeti-
cally shut [ields (signified ACF) dispenses with quantifiers. From that we will reason
that the culminations of ACF (i.e.. the total hypotheses broadening ACF) are acquired
by determining the trademark. This will really be clear from the proof.[34]

Documentation. Give M a chance to be a L-structure, and @ a n-tuple in M. We mean
by tpas(@) the arrangement of recipes fulfilled by @ in M.



Hypothesis. Let T = ACF be the hvpothesis of logarithmically shut fields. At that
point T takes out quantifiers. Also. any two models of T of a similar trademark arc
basically proportionate.

Verification. By (2.11). it gets the job done to demonstrate that if M and N are
mathematically shut. and if @ and b are n-tuples from M and N separately. which ful-
fill a similar without quantifier equations. at that point thev fulfill similar 1eupes 1.e..
palay = tpy(h). :

First note that on the off chance that @ and I fulfill similar recipes. at that point
the fields M and N have a similar trademark. Without a doubt, on the off chance that
char(M) = p ., 0. at that point a fulfills (the sentence) p=0 (where p is a shortened form
for the tum 1+ 1 + - -+1 p times). Henceforth the prime subficld of M is isomorphic
to the prime subfield of N. and we will signify this field by k. By suspicion @ and
fulfill a similar without quantifier recipes. and this suggests there is a field-isomorphism
[ k(@) — k(D) sending @ (o .

Let » be a cardinal. » | —M—, —N—. By Lowenheim-Skolem. M has a basic
augmentation M* of cardinality ~, and N has a basic expansion N* of cardinality
Select amazing quality bases X of M* over k(@) and Y of N¥ over w()). At that point
—X—=—Y — = x, so that there is a bijection g : X — Y . At that point tUg stretches
out to an isomorphism h : A/ — Nx. As isomorphisms save equations. this suggests
tpar (@) = tpa. (D). As Al < Mxand N < N'x . this demonstrates tpy (@) = py (D).

Additionally the verification demonstrates that any two mathematically shut fields of
a similar trademark are simply comparable. as they have isomorphic basic expansions.

We will see later a significant outcome of this, the Lefshetz guideline.

(2.15) Many-arranged structures. Many-arranged structures resemble standard struc-
tures, then again, actually there are currently a few universes, normally disjoint (how-
ever not generally). with related sorts. The language will have sorts, connection images
will have joined to them, an arity. yet in addition a tuple of sorts. and comparably for
capacities. Recipes are assembled in the standard way. the main limitation being that
factors currcntly have a sort joined to them. On the off chance that onc has limitedly
numerous sorts. state n, one can diminish to the standard case. by adding for example to
the language n new unary connection images R;. ..., R,,, with expected translation the
universes of the sorts.

A formal definition is somewhat ungainly. and we will rather give four normal prece-
dents. Most old style results hold in many-arranged rationale, with now and again the
fitting adjustment. Specifically. the minimization hypothesis holds.

Model 1. Give G a chance to be a limitedly created gathering, state by a;. ..., a,. We
consider the

language with two sorts: one sort is the gathering sort, the other one is the “length”



sort. The language is:

- {7t 1.ay.....a, b connected to the gathering sort. Here we have added to the
language of gatherings n new steady images for the components «,. .... a,(we indicate.
harshly perhaps. the consistent and the component by a similar image).

— Any structure you need on the length sort. E.g., a steady image 0. and a twofold
connection <. Perhaps likewise an image for expansion and subtraction

— A paired capacity image d. with area the gathering sort squared. and go the length’
SOrt.
The two-arranged structure we have as a primary concern is the structure

=G Toap o a,) (L 4+.0.<).d).

where (G.-. 1.ay.....q, ) is our gathering with the recognized components . .... a,,.
N. +.0. < is the non-negative numbers with their characteristic expansion. subtraction
and requesting, and d : G* — N is the separation work (on the Cayley diagram of G
regarding the set {ay.....a,} of generators). Note that for every n. to be at separation <
n is expressible by a first request recipe. In any case, there is no recipe communicating
that each component is at limited separation from 1, except if G is limited.

Notc additionally that a basic expansion of (G, N. d) will be a two-arranged structure
(G*. N*, d*), in which the separation capacity will in any case be onto. and fulfill certain
ultrametric imbalances: yet its range will (when all is said in done) be a non-standard
model of the whole numbers, so remove between two components of G* might be
boundless. One can likewise supplant N by any added substance requested subgroup
of the reals, yet the guide d will then not be onto. We will return to this precedent in
asymptotic cones.

Precedent 2. Consider the field @), and its valuation ¢ : Q, — Z. buildup map
Z, — F,. itis standard to see this esteemed field as a 3-arranged structure @, the
sorts arc the ficld sort, the worth gathering sort. and the buildup field sort. We have
two arrangements of field tasks, one for the field sort, and one for the buildup field sort.
We additionally have the language of requested gatherings for the buildup sort. together
with a recognized steady x. Atlong last. we have the valuation map Q, = ZUoc, and
the buildup map 7 : Z), — F(if one needs this guide to be characterized all in all field
sort, one relegates the components of (Q,, Z,, to 0. {or example).

Precedent 3. Give K a chance to be a field, and fix a whole number m ; 0. Think
about the polynomial ring

R =K[Xy. ... X, |. We will characterize a w-arranged structure (listed by the whole
numbers) on R. For d € N. the components of sort d are the polynomials of all out degree
< d. and we mean the comparing set by R;. We include an expansion, subtraction
and augmentation, in the characteristic way. At that point + for example will send
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Ry <R toR_ .. while - will send Ry >0 B to V.

Basic proclamatiens about the w-arranged structure R are expressible by conven-
tional Lz-equations in the field K: as all fuctors have a sort. evaluation over polvnomials
of degree < d is accomplished by measuring over their coetticients. i.e.. over N-tuples
for a specific N calculable from m, d.

A comparable development should be possible for K[V 1. for V an arithmetical set
characterized over K R

Precedent 4. The 2-arranged language utilized for charts in which there can be a few
edges between two vertices. 1s essentially the language with two sorts. the vertice sort.
and the edge sort. It has three unary capacity images. . 7 a . The spaces of 7 and
arc the edge sort. and their range the vertice sort. The arca and scope of ~ is the edge
SOrt.

A diagram will be given by (V. E. o. 7.7). where V is the arrangement of vertices. E is
the arrangement of edges, 7 : E — V doles out to an edge e its beginning stage 7 (e). and
7: V — E doles out to an edge e its endpoint 7 (¢). The guide ~ turns around the course
of edges. Henceforth we have™ = e for each edge e. and o (¢) = 7(¢). 7(F) = a(c).

One can put extra structure on the chart. for example by shading the edges.

This is finished by including unary predicates the edge sort. Bipartitite charts can be
treated along these lines.

(2.16) Additional remarks on quantificr-elimination. So. what does onc do if a the-
ory T in a language £ does not eliminate quantifiers? One possibility is to form the
Skolemization of T: for each formula o(x;. .... x,) one adds a new n-ary relation sym-
bol .. and adds to T an axiom saying that /7, defines precisely the set of n-tuples
satisfying o. The resulting theory eliminates quantifiers. However, this does not bring
any information about our theory T.

The hope is that one does not need to add much to the language to obtain quanti-
ficrelimination. For instance we saw that to get elimination of quantifiers of the theory
ORCEF of real closed fields, it is enough to add the ordering to Lp.

Another interesting example is the theory of the field of p-adic numbers @,,. now
viewed as an ordinary Lp-structure. A beautiful result of Macintyre states that it is
enough to add to the language a unary predicate Pn for each n ;, 1. as well as the inverse
function ' . The interpretation of the predicates /7, in @, is the set of non-zero n-th
poOWers. i.e..

Q) =Yr(Pyv(r) < (e £0AJyy" =)

Observe that the elements of positive valuation are then definable: v(X) ;, 0& Py(1 +
pr?). The first-order theory of the expansion of @, to this enlarged language then
eliminates quantifiers. This allows one to give a good description of the definable sets.

(2.17) Outlines. Graphs are intended to give an intelligent detailing of the accom-

9
to



panying properties: the structure N contains a duplicate of the structure M: there is a
morphism f: M — N: there i1s a rudimentary installing £ : M — N.

Definitions. Give M a chance to be a L-structure. A € M. We let L(A) be the lan-
guage gotten by adding to the language new images of constants ca for each a € A,
On the off chance that @ is a tuple of components of A. we let ¢; indicate the tuple of
constants comparing to the components of the tuple @. £(A) is then a real language, yet
might be a lot bigger than £. Note that M turns out to be normally a £(A)- structure.
when one translates the consistent ca by a. for a € A. This structure is generally indi-
cated by (M, ca)agA, or (M., a)acA (i.c., we signily the consistent and the component
by a similar image).

(1) The without quantifier chart of An in M. A(A). is the arrangement of all sans
quantifier sentences o(c;) € L£(A) which hold in the £(A)- structure M (i.e.. to such an
extent that M= o(a)). |

(2) The positive graph of An in M. A+(A), is the arrangement of all positive sans
quantifier

sentences o(7;) € L(A) which hold in the £(A)- structure M.

(3) The rudimentary chart of An in M. Diag(A). is the arrangement of all sentences
&(75) € L(A) which hold in the £(A)- structure M.

(4) Let £ ' be a language containing £. A development of the L-structure M to £'is
a £'-structure M’. with same universe as M, and to such an extent that the translation of
the images of L in M and in M’ correspond. M is then called a reduct of M’ to £. For
example. (M. ¢, )qe.1 is an extension of M to L£(A),

Reality. Give M and N a chance to be two L-structures. Coming up next are quick
results of the definition:

(1) N can be extended to a £(M)- structure which is a model of A(M) if and just if
there is an inserting f : M — N. N

(2) N can be extended to a £(M)- structure which is a model of A+(M) if and just
there is a morphism f: M — N.

(3) N can be extended to a L(M)- structure which is a modcl of Diag(M) if and just
if there is a rudimentary installing f: M — N.

(5) A L-hypothesis T is model finished if and if. for each model M of T. T U A(M)

is finished (in £(M)). :

(6) A L-hypothesis T disposes of quantifiers if and if. for each M |= T and subset An
of

M. T U A(A) is finished (in L(M)).

(2.18) Questions and expectations on free gatherings. Sela has demonstrated that the
hypothesis T of all non-abelian free gatherings (in the language L) is finished, and
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in addition. that each equation is identical. modulo T. to a Boolean mix of v3-recipes.
From what [ comprehend. he doesn’t yet have an axiomatisation ot the hypothesis T,
nor does he knows whether it is decidable One of the exceptional open inquiries for
model scholars. is whether the hypothesis T is steady. Solidness is a sure combinatorial
property of a hypothesis. which enables one to utilize an immense apparatus to concen-
trate models and potential connections between determinable subsets. One meaning of
strength is the accompanying: we state that a recipe o(r. i) is steady (lor T) if there is
exists a whole number n with the end goal that in a model M of T. any two successions
of tuples (7,) and (‘l—{,‘) ordercd by some underlying fragment of N. and fulfilling

M =o(d.b,) =i<j

have length < n. The (total) hypothesis T is steady iff all equations are steady.
Dependability precludes specifically the presence of an endless (determinable) direct
requesting on models of T It is accepted that the hypothesis T of non-abelian free gath-
crings is steady. One inquiry is to see better the sets determinable in [ree gatherings.
A discretionary Boolean blend of ¥3-determinable sets is a significant unmanageable
item. The expectation is that the complexity begins from certain quantifiable sets. [.c..
that there are a couple of groups of V3-perceptible sets. to such an extent that on the off
chance that one includes reasonable connection images for these determinable sets, at
that point one can wipe out quantifiers to a lower level. Preferably to existential recipes.
yet one shouldn’t be excessively idealistic.

There are additionally questions identified with instigated structure. For example. let
g # 1, and consider the stabilizer C(g) of g in the free gathering F. We realize that C(g)
is isomorphic to the abelian bunch Z. One inquiry is: what is the structure prompted
by F on C(g)? On the off chance that one realizes that T is steady. this diminishes
to the accompanying: let D C F™" be pereeptible (without parameters). Portray D N
C(g)™. Is it quantifiable in the structure (C(g). -. —1 . 1)? (Perhaps the response to this
inquiry is inconsequentially no. however one can pose comparable to inquiries for any
determinable subset of /™). On the off chance that it were, at that point the prompted
structure would be extremely basic: in fact the hypothesis of Z in the language of
gatherings amplified by including unary predicates S, for every one ol the subgroups
nZ of Z. n ;, 1. wipes out quantifiers.

Here we arc utilizing the accompanying property of a steady hypothesis: let M be a
model of a

stable hypothesis T. let S be a 0-quantifiable subsct of A/", and let D be a M-
determinable subset of /""" At that point D N .S™ is determinable with parameters
from S. (Cautioning: the recipe may change). the equation w1th parameters in S char-
acterizing D M S misn't really equivalent to the

equation characterizing D.)[34]



In this segment we will present a significant device: ultraproducts. They are at the

focus of numerous applications. inside and outside model hypothesis.

(3.1) Filters and ultrafilters. Give I a chance o be a set. A channel on Lis a subset
Fof P(I) (the arrangement of subsets of I). fultilling the accompanying properties:

()IeF.2 fF

DV fUcFand VDU than VeF

OV SU NV eF Ahen U0V el F

A ultrafilter on I is a channel on I which is maximal for consideration. Identically. it
is channel F with the end goal that for any U«P(1). cither ("¢ F orl
Uel.

(2.2) Remarks. (1) Note that condition (1) denies that both U and 1
U have a place with the same channel on L.

(2) Using Zorn's lemma (and in this manner the aphorism of decision). each channel
on I is contained in a ultrafilter

(3) If G C P(I) has the limited crossing point property (i.e.. the convergence of
limitedly numerous components of G is never vacant), at that point G is contained in a
channel. The channel produced by G is then the arrangement of components of P(7)
containing some limited crossing point of components of .

(3.3) Important and non-vital ultrafilters. Fr'echet channel. Give I a chance to be a
set. A

ultrafilter F on 1 is primary in the event that there is /el to such an extent that {/}e /"
(and after that we will have:l'¢F < [cl7). A ultrafilter is non-main in the event that it
isn’t chief. Note that in the event that I is limited, at that point each ultrafilter on I is
essential.

Give I a chance to be endless. The Fr'echet channel on I is the channel Fy comprising
of all cofinite subsets of I. A ultrafilter £ on I is then non-essential if and just if contains
the Fr echet channel on I. Note that on the off chance that S C [ is unbounded. at that
point FOU {S} has the limited crossing point property. with the goal that it is contained
in a ultrafilter.

(3.4) Cartesian results of L-structures. Fix a language £. Give I a chance to be a
record set. and (\/;). IcI. a group of L-structures. We characterize the L-structure M =
Q iel M; as pursues:

— The universe of M is just the cartesian result of the 1/,’s. i.e.. the arrangement of
successions («;);-; with the end goal that a;e.)/; for each /e /.

—If ¢ is a consistent image of £. at that point ¢V = ('), .

— If R is a n-ary conncction image, at that point Y =[], ; &

— If fis a n-ary work image and ((aq;);... (a,;);)eM". at that point

o
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(3.3) Diminished results of L-structures. Give [ a chance to be a set. F a channel
on . and (1/;). icI. a group of L-structures. The diminished result of the \/,’s over F.
indicated by [],,; A/||F. is the L-structure characterized as pursues:

— The universe of [] ., M. |\F is the remainder of J] , M, by the identicalness
relation= r characterized by

(a,Viequiceh); = Lidla b} F

We signify by («;) 7 the comparabilily class of the component («;), for this identi-
calness connection. The structure on [[.,, A/||F is then just the “remainder structure™.
1.e.. :

— The elucidation of ¢ is (¢*/") # , for ¢ a consistent image of L.

— If R is a n-ary connection image. and if ay.....a,« [T,.; M|IF arc spoken to by
(ay;)i ... (ayi)i€ [ 1., M- at that point we set

H MF E Rlay.....a,) < {iel||(a) ;. ... a1 )eRY Ve F
il
— If f is a n-ary work image and if a;.....a,c[],; M, F are spoken to by
(y.i)ie o (,i)i€ [ iep Ais at that point we set

May. ... () = (S (ayin i ans)F

The properties of channels ensure that the remainder structure is well-characterized.
Note that the remainder map :[ [, ; \; — [[,.; M F. (a))i = (a,) 7 . is a morphism of
L-structures. N

Definitions. On the off chance that all structures \/; are equivalent to a structure M.
at that point we compose A/'|F rather than [], 1/;||F. and the structure is known as a
diminished intensity of M. On the off chance that the channel F is a ultrafilter. at that
point [[; /|| F is known as the ultraproduct of the 1/;’s (10 arding F), and M| F the
ultrapower of M (as for F).

(3.6) Los Theorem. Give I a chance to be a set. F a ultrafilter on I, and (/). icl. a
aroup of L-structures. Let (.. ....0,) be a L-equation. and let ay, ... a,e [T, VLI F
be spoken to by (ay;);. ... (a,.)ic [],,; V.. At that point

H MNF B Slay.....a,) @ {idd|M, = O(ari. o ani) poF
If[



(3.7) Result. Give I a chance to be a set. F a vluafilter on 1. and M a L-structure.
At that point the common guide A/ — M [\F. a — («); . is a rudimentary implanting.
(Here (a)f is the identicalness class of the grouping with all terms equivalent to a).

(3.8) Remarks and remarks. Give I a chance to be an endless list set. and F a
ultrafilter on L.

()Y If F is vital. state jeF. at tlmt pomt IT., M| F ~ 1[I for any group of L-
structures ;. [el -

(2) Suppose that the A/, s are fields. with perhaps extra structure (e.g.. a requesting,
new capacitics, and so on.). Consider the perfect M ol [], .V, produced by all compo-
nents («,); with the end goal that /eJ|a;, = Oel". At that point .M is a maximal perfect
of [], M, and quoticnting by the identicalness connection = is equal to quoticnting
by the maximal perfect .M.

The quality of Los hypothesis is to reveal to you that the rudimentary properties of
the \/; ’s. counting the ones relying upon the extra structure. are protected. E.g.. that
21| F is a genuine shut field.

(3.9) Shelah’s isomorphism hypothesis. Give M and N a chance (o be two L-
structures. At that point M = N on the off chance that and just if there 1s a ultrafilter F
on a sct [ with the end goal that 1/!|F = N/ F.

Note the accompanying quick result: in the event that M = N. at that point there is
M* in which both M and N install basically.

(3.10) Application I: proof of the conservativeness hypothesis. Give T a chance to
be a hypothesis in a

language £, and expect that each limited subset s of T has a model }/.. At that point
T has a model.

Confirmation. In the event that T is limited, there is nothing to demonstrate, so we
will accept that T is boundless. Let

I be the arrangement of every SIll“lL hmltcd subsct of T. For cach o T let S(¢) =
{sel|oes}. At that point the family G = S(0)|deT has the limited crossing point
property, and in this way is contained in a ultrafilter E. We guarantee that [] ;.
a model of T: let we T. At that point, by presumption, {s-d}.\ I} = o} contains S(0),
and thusly has a place with 7. By Los’ hypothesis. [],;

(3.11) Application 2: Lelshelz gujdeline. Let o be a senlence of the language L.
The accompanying conditions are proportionate:

(1) C

(2) If K is a fogarithmically shut field of trademark 0. at that point ' |= o.

(3) There is a whole number n, to such an extent that in the cvent that p is a prime
number ;, n. at that point ¥, |= o

(4) There is a whole number n, with the end goal that if p is a prime number ¢ n and

= (),




K is a logarithmically shut field of trademark p. at that point K = o.

Verification. The equivalences of (1) and (2), and of (3) and (4) arc clear. by (2.14).
Expect A
(2). At that point ACFU{p = 0 —paprime } = 0. By smallness. there are limitedly

many prime numbers p. ... p,, With the end goal that ACFUpy # 0. . .o p,,= 0= 6.
Take n ;, sup{pi..... pu }. This demonstrates (2) infers (3).

Expect (3). and let F be a non-essential ultrafilter on the set P of primes. For
each prime p. pick a logarithmically shut field /¥, of trademark p. By supposition.
{¢« P|Kp = o} € F.and consequently [, 1,[F = o. Forevery p. the set {q € P—
g #= p} is likewise in the ultrafilter. By Los™ Theorem. I_L,{,, KN\ F is a mathematically
shut field of trademark 0. and consequently appears (2).

(3.12) Application 3: Orderable gatherings. Give G a chance to be a gathering, and
expect that each

limitedly created subgroup of G is orderable. At that point G is orderable.

Evidence. Give [ a chance to be the arrangement of limited subsets of G. For every s
€ L. let G. be the subgroup ol G produced by s, and fix a requesting < on (.. Let F be
a ultrafilter on I containing all sets S(g) = {s € I — g € s} for ¢ € G. and consider the
L U <-structure

G L) =T LI F
“l

At that point G* is an arranged gathering. by Los hypothesis. We insert G in G* in
the accompanying design:

for g € G. we sct

Fl9) = (g)rawhere go= {700

One watches that [ is a gathering implanting, and [(G) is hence an arranged gathering.

(3.13) Types. Give M a chance to be a L-structure. A € M. and b € A", The sort
ofl) over An, indicated by (p(b—A) (or ipy; (h—A)). is the arrangement of all recipes
o(a. i) fulfilled by I in M. where 4 is a limited tuple of components of A.

Onc has the accompanying outcome: if ). ¢ understand a similar sort over An in M,
i.e..in the event that tp(h—A) = tp(7——A). at that point there is a rudimentary augmen-
tation M* of M. and an automorphism of M*. which fixes the components of An and
sends b to 7.

All the more by and large. a n-type over a subset An of M is a set 3:(7) of recipes
(7. ) in the n-tuple j of factors and with @ € A, which is limitedly feasible in M. i.e.,
is to such an extent that in the event that s C % is limited. at that point there is b € A/,
fulfilling cvery onc of the equations of's.



(3.14) Application 4: «j-immersion. Give T a chance to be a countable set. F a
non-chicf ultrafilter on I and (17,). T = 1. a group ot L-structures. where (£1 < 91 Let
A C M* =gl M1 F be countable. and let ¥(j7) be a sort over A. At that point ()
is acknowledged in M*, i.e..there is & € M* which fulfills every one of the recipes of
(7).

Another method for expressing this property is to state that if (5,). n € N.is a
countable group ol quantifiable subsets of \/*""" with the limited convergence property.
thew (), S, #0

(3.15) A developments of B We will exhibit a development cnabling onc to build

o

This development originate from non-standard investigation. Let £ = {+. —. <. 0}
be the language of abelian requested gatherings. and supply R with its characteristic
L-structure.

We [ix a non-main ultrafilter 7 on I = N. Accept that for every I we are given
a L-substructure I'; of R (i.e.. an added substance subgroup of K with the actuated
requesting).

Consider the arranged gatherings T* = [, T,|F and R = R!|F. We have a
characteristic implanting I — R prompted by cvery one of the incorporations 1", C
R“. Note that R" likewise has a

ring structure. and in this way contains a duplicate of (the ring) ®. Characterize

Rfm — {gcR"FceN —c<g< c}

Vee N —1<¢g <1}

jr=19 €F

. \ rg .
1“_7:’/1 =T N Bﬂl: [ = T U [

At that point R/ is the curved body of Z in R*. Both '/ and pr are arched
subgroups of I'*. Henceforth, 'z = I/} is an arranged gathering, which is plainly
archimedean. There are three ‘

potential outcomes for this gathering: one plausibility is that it is insignificant: this
is the situation for example if each I'; = /Z. The second plausibility is F that it is
discrete. i.c.. has a littlest positive component. It is then isomorphic to Z. The third
case is when 'z has no littlest positive component. It is then isomorphic to a thick
added substance subgroup of B. and we guarantce that it rises to R. We realize that it is
archimedean. and it in this manner gets the job done to demonstrate that it is finished.
Let (a,),cy and (b,),-\ be arrangements of components of I' 7 with the end goal that
t, < by, for all n, m. Lift these groupings (o successions (¢}, )u=x and (U}, )nex in 11,
At that point «!, < Il for all m, n. By w-immersion of " (see (3.14)). there is a
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component ¢ € T/ with the end goal that «/, -< ¢’ - U/, for all m. n. The picture ¢ of
c'in 1"z then fulfills «. ~ ¢ < b, forall n. m. and this demonstrates the culmination of
I'r.

The third case happens specilically when the gutherings I'; are ol the structure r;Z.
where 1; € R.and ()7 € pr. Or then again on the off chance that they are thick in K.

This development is utilized in non-standard examination. with all I'; equivalent to
T The structure R is then a valuation ring. with maximal perfect j¢ (on the off chance
thata € 27", a & yi. at that point there is ¢ € N to such an extent that /¢ ; —a—; ¢. so
I/a likewise has a place with 7). The components of ;s are culled little. and the ring
homorphism R/ — T = R'" |y is known as the standard part.

(3.16) The hypothesis of Ax and Kochen. Consider the field ¥,((¢)) of intensity
arrangement over ¥,,. This is an esteemed field (where v(t) = I). with worth gathering
Z and buildup field ¥,. The hypothesis of Ax and Kochen states that if # is a non-chief
ultraproduct on the set p of primes. at that point there is an isomorphism of esteemed
ficlds between the fields [T, Q,[F and [T, p F,((1)IF.

This suggests specifically that. given a sentence o which holds in everything except
limitedly numerous

of the Qs [resp.. in everything except limitedly a considerable lot of the F,((t))'s].
the sentence o will hold in everything except limitedly a large number of the F,((ts))
[resp., everything except limitedly a considerable lot of the @,’s].

(3.17) Ultraproducts of many-arranged structures. The ultraproduct development
conveys over to many-arranged structures with no inconvenience. In the event that s is
a sort. at that point the universe of sort s of the ultraproduct will just be the ultraproduct

of the universes of sort s.

Capacities between tuples of sorts and relations will be characterized correspond-
ingly. Possibly this is better observed with models.

Model 1. See Example | of (2.15) for the documentation. Give I a chance to be a
record set, F a ultrafilter on I. and G;. I € I, a group of 2-arranged structures. where
Gi=((G;.-.=1.1).(I'i. +.0. <), di).

At that point G~ = Q,.;G;|F will be the 2-arranged structure

(JLG - oiF T[T i+ 0. F )
i=1 je-{
where

I ()5 (h)5) = (dgi i) 7

Example 2. Give P a chance to be the arrangement of primes, F a ultrafilter on P,
and consider the 3-arranged structures @, presented in the model 2 of (2.15).
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At that point JT,Q F = ([[, CoF [ F0F 2 0 {1 F. . x). where
H 2| F and H/' F/ F have their normal field siructure. ="\ F the structure of an ar-
ranged gathering, with a recognized steady ~ . and the maps ¢ and 7~ are characterized
by: 1'“(((/).,)?) = (cla, ) F. 7 e, ) F) = (I(‘(‘)(zﬁ.,)}".

Precedent 3. Give I a chance to be a file set. F a ultrafilter on LAy, . I € 1. a group of
fields. and forevery I. IV, = (R,,. /) the w-arranged structure characterized in (2.13).

At'that point R° = () [[ _; It;|.F is the w-arranged structure. with universe of sort n
R, =@ [1,z; Ri|F. The expansion a duplication are characterized normally. See that
R” is basically the w-arranged structure related to the polynomial ring in X;..... X,
over K~ =T],_; I,|.F.

Precedent 4 - Asymptotic cones. We begin with a group of 2-urranged structures
A= (N AN) (U = = <00). d;), where (X7 d;) is a measurement space with
a recognized point (I € T). The estimations of J, are in the subgroup T, of Z. We
permit .\ to have additional structure. for example a gathering structure. Fix a non-key
ultrafilter F on I. Consider

[TrIF =)
i=1
where (N7 7 ) = [Lio (N L )VF T = [, UiF and & ((yi)Fo(2)F) =

(d,(y,. 2,))F .We consider the arranged subgroup I'/" and jiy- characterized in (3.15).

set

N ={y e Xr|d (a7 y) e 1M

also. remainder X'/ by the comparability connection

E(y. .:)\<:> d(y.2) € nr

to acquire a set Nr . We call the guide X7 — X the standard part, and
signify it st. At that point " actuates a guide dr : Xz — Tz = T/l C
RIM e = R. See that the structure (N7, . d 7). being a remainder of the substruc-
ture (X7 T d7y of (X7 T d7).will fulfill all quantifier free recipes (possibly with
parameters) fulfilled by (X7 [, d").In specific, the guide dF will fulfill the aphorisms
of a separation. so that (X. dx ) is a measurement space. On the off chance that each
(.. d;) is o;-hyperbolic, at that point (X £. dz) will be (4;)F - hyperbolic. On the off
chance that foreach I, and y. z € X, . there is a separation safeguarding inserting [0. d(y.
2)] NIy — X, which sends 0 to x and d(y. z) to y, a similar will be valid for (X, d ).
We will give the verification. as this shows how adaptable ultraproducts seem to be: one
can include structure on the off chance that one needs it. Leta.b € Xx . be spoken to
by () F.(b;)F € X7 individually. For every 1, fix



fio0od a: b)), 0T — N which is separation protecting and sends 0 to a;. d;(a;. b;)
to h,. At that point consider [ {0.d (ta)F. 0, ) F)y 2T — X characterized by
FAeaF)Y = (f(=)F fort- ) F[0.d ((a,)F. (L) Fy 217, This guide is separation
safeguarding. Henceforth. as («,)F. (b)) F € N/ sve may go to the remainder. and
get a guide [ . separation protecting, and sending some section [0, ~Jof 'z fo Nz |
and with f1-(0) = a. f(~) =1D.

In the event that for every . there is a gathering ¢, following up on .\, . then the
ultraproduct G = [],.; G.'F will likewise follow up on X, In any case. except if
there is a whole number N with the end goal that forall 7 £ [.¢ € G, and y € 'L one
has d;(y. gy) < Nd;{;. y). the gathering G~ won't follow up on X/,

On the off chance that anyway all gatherings ¢, are equivalent. and for cach y €
(7. there is N = N(g) with the end goal that for all / € [ and y € X;.di(y.gy) <
N(g)d,(x,.y). at that point G will follow up on X/ and furthermore on X r .

Accept since each .\ is in certainty a gathering (G.-. ' 1o«y. ..o a,,). with o = 1,
and that J, : G* — K approaches (1 /i )d. where d is the separation on the Cayley
chart of G as for the set ;. ....a,, of generators of G (we set d(x. y) =d(l. yx~H).sod
is invariant under right increase). On the off chance that the component N\ = (1m;)F is
boundless. at that point the picture of = will be all of E. gave obviously our gathering
G is unending

The comparability conncction E will relate to being in a similar left-coset of the
subgroup G(0 = ¢ € N (1. g) € joof XA Likewise, both G(0) and X7 are
raised subgroups of X", however G(0) isn’t really typical in X7 5o that X = does not
really have a gathering structure. Be that as it may, the gathering XN acts (transitively)
on Ar.

For more subtle study algebraic system we need to what is the type. Let T-complete
theory. for any n;0 denote by F,(77) set of all formulas in language of theory T. not
containing free variables differing from ay......x,,. Two formulas F ang G is F,(T) is
called equvalent. if 7" = 7 < (. Let [F]-class of equvalent formula F. We denote
B, (T) Boolean algebra, composed ot all classes [F]. when F part of F,(T'). Boolean
operation in [3,(7") determine by next equality:

[FUIG) = [V GLIFING) = (17 A GL (1] = [=1]
The formula (., ..... i, ) is called consistent with T, if
(3N L (Be)F e, o)

The set S -~ F,(T) is called consistent with T, if any conjunction of finite elements in
S consistent with T. :
Maximal constistent subset p of set I, (1') is called n-type
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Ec.l. Let T- theory of one reletion equivalence in language 1. = { -} such that for
any n < « cvery model for T has exactly one class of equivalence which has one n
elements. Lets consider next formulas:

t’l = \7/!/[]?{-[‘- ‘(/) — (/ = "']

1, == EJ'I*_I El,,[,\:y:.(l 7_—{' £ E(l .1',“') /\ 2= .I'J'/‘\

to
1A
I
~.
XA

n

A Ee ) =y = \/ y=ua). n>2

i2

Easy to understand that formula ¢, (') determine elements.which lying in an cquiva-

lence class containing exactly n elements. For any 7 < .+ we will consider next set of
formulas: ‘

Sy = {=o;(0)} U{-o;lj < w. =i}
We can understand thet S;(.r") consistent fo any i < «. Also consider the next set of
formulas:

S(a) = {5 oj(r)]j < «}
Obviously that S(a) also consistent. [f for cvery formulas F* € p we see on |F]. then
received subset of set B, (T). which also denoted through p. it forms ultrafilter. In this
way.

Q)if € pand G € p. then 17N Gep

(iWFepe ~Fgp

Every consistent subset of [,(T') can be complete to n-type. Denote through Sn(1)
(or S,,(0)) st of all n-type theory T.

Let A = T and ay.....a,ind. We say that sequence (cy.....ay) realize n-type
pe S,(T) in 2L if A | F(ay..a,) for every formula F € p such that if
(ay.....a,) satisfy in 2 for cvery F(ry.....a,) € p. In such case we write that
p = tp({as.....a,)/0) such that type p is type of cortege {a.....a,) over empty set.
IfB =T andby,...0, € B.then

{Floy o) b= F(by..b,)}

is n-type. cxactly that n-type which (h;.....D,) realize in ‘B.
Eg.2. Let := (@. <. ¢i)ieg. when Q-is set of rational numbers. Obviously that
|0 = w. Understand that [ST(cmptyset)] = 27 We know. the set of rational

numbers is subset of real numbers, and for any rational numbers ¢1 andg2 with con-
dition g1 - ¢2 we can find irrational numbers s such that gl < s < g2. lets consider
(p(y/2/(). Obviously that type has the formulas .- > 1. Lo < L 12ie > Todlir <
1.119 etc. We can understand that type any irrational numbers determine by formula
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of this kind with constant in . Since irrational numbers ([} = 2~ then 1-tvpe over
irrational numbers too 2

Proposition 4.1

Let 2A - infinite set of algebraic system. YCA.

(1) Ifpe S,(LhiXyy Y0 or (p € S.(Y 7)), then there exist a system 5 > 2
such that n-type p realized in {B. y} .y and cardB = card2L

(2) There exists a system B = 2 such that every n-type p = S (Th({B.y),-y))
realized in B and cardB < cardQ s prmariscandny

Proof.

(DLet ¢y.....c, - subject constants that are not included in formulas from
TIORA ) oy ). Let Sbe T Ay oy ) U (e e ) (o) € pl

We can consider Th((2l. y}.- 1) as an extension of Th((2.y),-y). since ¥~ T .
Then (3y)...(Zr) (e cory) € T y)a=) for each formula 17y ... X)) € .
It follows that S together. By the basic existence theorem. S has the following model
2. that card B = card A,'B < 2 and p is implemented in 5.

(2) follows from (1) and the principle of elementary chains.

Let b = cardS,Th{({A.y},cy). By virtue of the agreement on countability & <
guinrtecardn 1 et £))518 < k} is the complete ordering of S, Th((2L. y),-y). Define by
transfinite induction clementary chain {2456 < A}

(i) Ap =

(ii)Suppose that 25 is already defined and 21y < A;. Then (Ay. y) 2y therefore py,
which is an element of S, (T1h({2. y),=y)). can be considered as S, (T ({2 y),=y)).
According to 4.1 (1). there is a system Qs > Qs such that pj; is realized in Qs and
cards, | = cardd;.

(iii) Suppose that 2L, is already defined for all & smaller than some limit ordinal A,
and that 5|6 < A - Elementary circuit. We assume that Ay = U{As|d < \}. Then
Ay > Ay forall § < A

Let B = 2A,.. Then py is realized in B, since B > A; - and py is realized in Ay .
With using transfinite induction, it is easy to show that cardd; < cardll < card) for
all v < k.l ‘

Saturated systems

Let 2L be an infinite algebraic system. )™ < .1.

System 2L is called saturated over Y. if every type p € Si(Th({%h y),-v) realized in
QL (more accurately. in (2L y),-y)

System 2 is called saturated if 2 is saturated over each ¥ C 1 such that cardy” <
cord A
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Let k be an infinite cardinal. Then A is called k-saturated if 2 is saturated for each
Y A suchthat cardY < A

Examples.

(1) Every countable model of the pure theory of equality is saturated (.-saturated).

(2) The set of rational numbers. considered as a dense linear order without the largest
and smallest elements. there 1s a saturated (.-saturated) system

(3) Let T be'a theory of signature ¥ := {=.¢;};- . and let it be given by the axioms
¢; = ;0 < j < w (e this is a constant extension of the pure equality theory with the
addition ol countable number of constants in signature).

Lets consider p(.r) == {+ # i < «w} € Sy(0). Let A := {A.=.¢;),__. when
A = {¢]i € w}.Then 20 - model of theory T. Obviously that system 2f isn't saturated
over . because this type p not realized in 9.

Let 2t be a model of the theory T that implements the type p by exactly one element
(we denote this element is through « ). Then 2 is saturated over ().

Consider the following set of formulas p; () := p(a) U {& £ a,}. Obviously. py is
not implemented in 24y, i.e. Ay is not saturated over {u, }.

Let 2_ be a model of a theory T containing . realizations of type p. Then 2L is
saturated.

Theorem 4.2 If 20 and B - is saturated svstem of same powered and 2 = 2. then
A =~ 2.

Proof.

Letcard A = k. A = {a;[0 < I} and B = {bs]d < k}. Define with transfinite
induction set {{cs. ds)|0 < k}. Fix 4 < A and assume that the set {{c-.d.}|~ < §} is
already defined and (2. c- )-.s = (B.d-)- 5. (If & = 0. then it just means that A = B.)

Case 1.5 is even. Let ¢ - is set of elements A|{c.|~ < 4} with least index. We

SOppose N

p=A{F(r)|{Q ) s Flep)}
Then p € SY(THh({A.c-)-45)). Let g be obtained from p by replacing cach occur-
rences of ¢. inpon d. forall 5 < §. Then ¢ € SYTH({B.d.})..5)). Since B is

saturated, then q is realized in B by sone element b; we assume d; = b. Then

<9(. Ca. ('{5‘), = \‘B .. (',s>~ Sy
Case 2. 0 is odd. We proceed in the same way as in case 1, reversing the roles
of A and B. We set hi(cs) = ds forall o < k. The given construction guarantees us
that h establishes a onc-to-onc correspondence between A and ‘B. From the relation
(A ),y = (B.h(a)),- implies that h is an isomorphism.

Type omiting

N

-
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It is said that system 2 omits the n-type p. if p is not implemented in A by any ele-
ment from A" . It is clear that it is much more difficult to omit types than to implement
them. since for lowering need to worry more about each element of the extension.

Let T be a complete theory and p € S.(T). A type p is called principal if there
is such a formula f{y.....0,) € psuch that T = (. ony) = Gy, .. e,) for
all Gry..oay) € piosay that Fay.....x,,) generates p (The main types of p from
S.(T ) are correspondingly Branch to'isolated points S, (T). considered as Stone space
Boolean algebra [3,(T): generators of principal types p correspond to atoms 33,(T)).
So as T is complete. every model for T implements every major type p.

Example I. Let T be the theory of one equivalence relation in the language . =
{E-=} such that for any n < « cach model for T has exactly one cquivalence class
containing exactly n elements (Example 1 of lecture 4).

Consider the following formulas. as well as the following sets of formulas:

o)(r) =VylE(r.y) = y =]

h

o) = Ay, 3, [/\(.7' Zur; N F(r.r;))

Y

1=z

/\ i 7= ANy (FE (e )—)1/—1\/\/l/—1 J.on>|

I<i=j<n =2

Si(w) = {oilr)f U{ojln)]j < w.j # il <w

1) ::\{ﬁoﬁ,—(.r"){_j <w}

[t is obvious that S;(r) for each / < . and also S (x) are consistent. Each S;(x)
expands to the principal type p;(r) € S,(T). and the formula ¢;(r) generates the type
;. Lots of S(x) expands to a non-principal type p(.) € S|(7).

Theorem S.1. If the theory T is countable and p £ ‘w,,(T) is a non-principal type.
then T has a model that omits p.

Proof. :
It is carried out according to the Genkin method applied in the main cxistence theo-

rem. For simplicity. we assume thatn = 1.

Let {c,|/ < w} is a sequence of subject constants that are not in the language of the
theory T. All formulas with one free variable x (in the language of theory T with added
constants ¢, ; are arranged in the sequence (/;(x)]j < w.

Let i : w — w satisfies the condition:

(i)j < i attracts h(j) << h(i):



(i) If j < /. then o, excluded in (7 ().

Throught by H, denotes i-s Henkin's axiom. such that (NG ) —= G )

Bv induction we can determine expanding sequence of theories {751/ < ,.} Ty=1

(1) We consider. that T.; is consistent and ¢;,(,, exculded in T5,. We suppose that
15—y =15 {H,;}. Then />, consistent. lika a proot on basic theorem of existing.

(2) Lets consider that 7>, consistent and 7o,y = U { (. ..., . ¢,)} when /; J
for 1 < j < rand ¢, excluded in 7. then

I 5 (B VN (g ) = 10

forevery () € p
If (20 (B, ) Ky oo, w) € pthen =(Zuy ). (S )N (wy o) € pand

T = —(Zr). . (Foe)K(xy.....x,. 1)

And To, | not consistent contarary to sentenses. If (Zo ) (Foe )W (. oy o0r) €
p. thrn p is principal which contrudiction our contition.

Suppose T~ = U{T;ii < w}. Henkin’s constuction ends with a choice of some
maximal consistent extention S D 1. Like a basic theorem of existing. S determine a
model for T. and elements which are class of equivalence [¢,]. Neither ic;] not realize p.
because —F(¢;) € Ta;.y € Sforsome F () € p. O

The theorem of 5.1 is essential.

Let k-infinite cardinal. The theory T is called k-categorical. 1f all its model with
power k isomorphic.

Examples.

(1) The teory of first example is not k-categorical for any infinite kardinal k.

(2) The pure theory of equivalence is k-categorical for any infinite kardinal k.

(3) The theory of dense linear order without end points also is k-categorical [or any
infinite cardinal k.

(4) The theory onc relation equivalence with two infinite equivalence classes is w-
categorical. but not .1~ categorical.

Consequences 5.2. Let T - countable complete theory. not having end models.

Then the following conditions are equivalent:

(1) T is w-categorical,

(2) S, (T) is finite for any n < .

(3) Each counting model for T Is saturated.

Proof.
(1) = (2) Suppose that S, (7T') is infinite. Then B3,(7T) is infinite. Every infinite

Boolean algebra B has a non-principal ultrafilter. Therefore, S, (1) contains a non-

principal type p-



Indeed. if 13,077 is infinite. then there exist an infinite number of pairwise nonequiv-
alent tformulas with n fice variables. Then you can choose an infinite number of pairwise
disjoint formulas with n free variables /(7). ot ... :

Let p(5) := {—~F,(T)n < «}. we understand p{.t) consistent. such that for any & <
cand 1 <7 < iv < oo < 4~ w performed [ - 5.7‘[,1}_]—wlf.‘(.:"-)]. It not. then exists
finite number of formulas F,. (. F (). ... F, (¥) such that T = Y#[A_ F, (T)]. with
contrudiction to choise formula £;(.7). In this way, p(7) is consistent and its extention
to not principal type p' € S, (T,

According to 3.1, there exists a countable model for T. which omits p. According
to 4.1. there exists a countable model for T, which implements p. Therefore. T 1s not
.--categorical.

(3) = (1) If every countable model for T is saturated. then T is wo-categorical in 4.2,

(2) = (3) Suppose that .S, (T) is finite for any n < w.

Then each type p €€ S,(7') is principal for any n < w. Let A be countable model
for T. Then every n-type implemented in U is paramount.

Fix p € S;(TI{AU.a;)1<i<n)) and show that p is realized in A. We set

po= Gl )| Glay ay ) € p}

—

IT(ay. ....a,.r) € pand it generates p. Since p is the principal type. it is implemented
in each model for T/ ({A. )1 i< )

Sentences 5.3. Let UA-saturated system. Y C .Lcard(Y) < card(l) and type
p € Sy (Th({(A. y),=y)). Then p realized in L.

The proof held through induction by n. Let n > 1and p € S, (T {(A. y),=v)).

We consider

Since p~ € S, (1(T). p~ is principal; let H(ry. ....ry,.0r) € p ogenerate p*. Then

~

oot = LA Fr e () € p)

Then p,-1 € SUTHRU g ar o ayg) g2y ). SO Py realize in X some sequences
(a:.....a, 1), Will consider

o= {F(aye gy ) F G .....l',,,,i Lry) € p}

Then i € SUTHURA gy oy 1)y 1) so py readize in 2L some a,,. We under-

Mo

stand that {ap. ... a,) realize p,. U]

Lemma 5.4.
Let T be a countable complete theory that has no finite models. Then T has a count-

able saturated model if and only if 5, (T') is countable for each n ~ w.
Proof: Suppose first that T has a countable saturated model A. By 5.3, each n-type

e S, (T) is realized in S Then S, (T') is (at most) countable. so like A" countable.
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Now suppose that S..(7') is countable for any n <= ». Then S, (Th({B. y),=y)) is
countable for cach » < w.any model B for T. and any finitc subsct Y™ C B. In fact. let
Y = {1 Y b S UTI{B. ) ey-)) is uncountable. then 5,4, (77) is uncountable,
since there is a umque mapping of the first set to the second, induced by the transition
from (Y. oo Yo - 2o t0 Ly e ).

Let B be a countable model for T and let {¥ili < «} - enumeration of all fmlte
subsets of B. Define an elemeritary chain {9/ < w} ' h

(l)‘,b() =15 : »
(0B, » B, In model B;,; realize every type p € S| (Th{{B,.y),cy;)). Ttsa

finite. The existing of B;.; follows from 4.1 and countability Si(1'h({B;. y)=y; ))

We consider € = ([ J{B;]|i < w}. Then € > ‘B by 3.2.

each n-type p € Si(Th{{B;.y),=y)) is required in € for any finite subset of the
properties 1” C Band € is countable. '

The required saturated saturated model 2l is the limit of the elementary chain
Aili < w, satisfying conditions:

(iii) Ay is a counting model for T.

(iv) iy > Ay Each p € STh({DB,. y)yey)) realize in Ajpy for every finite 17 C
A;. ;4 countable.

39



2.Definability of types

p =251
p-definable if for any o(x. y) FO.(§.¢)c € A

7a € Alo(r.@) € p &= 0,44, 7))

“Example:

— 0+

{0<r<t/2ecQ}

r<y=oi(r.y) YeeQlo(r.a)epm=QEN<a O, (y.0)
y<ar=oe,y) Ya€Qlosr.a) Epp=QEa=0Va<0] 0,,(y.0)
O (y.0)= 0<y

O, (y.0)=y=0Vy<0

If tp(a/A) is definable = 3¢ € AQ(7.¢) VO(M.¢) N A = H(M.a)N A
Proof:H(r.2)  tp(a/d) = q(z. 4) € S(A) definable

Vied Hb.Z)=3v(v.cce A :

H(b.Z)ege MEv(d.o)

Vb e A = H(b.a)]

Voe A ME=HO.a)= ME 0.0

a€[ANH( 'l[ A)] = M Ha.d) e e(a.d)=ae[ANL(AL F)] H O

M < N pair of models is called conservative, it Va € N M {p(a. M) is definable
m <N H(N,a) pvg(dt.a)ni/
CN.A) N A = e (I.F)
M <N Hac) aeM N
M = (@ ¢) e M= v(@c
Example: @ <
— \/'—2- —

Difference between model and quasi-model(TV-type)

pe S1(A4) A-model p=¢, (. d)|i € A- ﬁnitc’ly relizable in A
1. A-is a model of theory Ty F 3o A\, o;(r. a;)
A< M= M i‘——- Jve(r,a;) — 317]0 =4 Al I— /\i=1(; @,(()[(),5,')

2. A-is a set of model M
p(x) € S(A)-quasi-model (named by Baizhanov Bektur Sembeivich | Tarskii-

Vaught-type named by Saharon Shelah)
if Vo € finiely realizable I A L‘: /\].;_,[” (‘f)i(;lf:_ bl)lb) c A
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Example of non-quasi-model:
M=@=<) A=L |
11 < & < 2}-isolated on A, but 1/ |= 3e(1 < o < 2) and for example 0.5 € .1

Claim 1. p-isolated=>p-detinable :
O(r.¢) te .l VYolr.a)o(r.a)ep=AC N MEVYr(0(r.¢) = o(r.a))]

p-non definable=> p-non-isolated(A — [ < -~B — —.4)
p-strictly “definable(named by Baizhanov Bektur Sembeivich— locally isolated

named by Saharon Shelah)
Yo(r. ) 3O(r.70) € ple. € .

o(r.a))

1 such that Yo(v.a) € p & Yo(O,(r.c.) —

CISoLLTED

\1 [JNCNL-ISCLATED

Non-locally isolated

Sé(a. 77) such that YO(.T) € p |

Jag,. € Allo(raue) € P A Fe(O(r. ) A 2O, @p))] V [o(e. o) € p A
Va(O(x. co) = 0(x. To.c))]] ‘

Type p € S1(4)- non-locally-isolated, then formula o(x, i) divide to two cases.

[.O(r.a) € plr) =k Jr(O(r.a) A olr.d)) A (O . a) Ao, d))|a € A

I Vo(O(v. @) = o(r. a)) A Je(O(r.a) A —o(a.a))

2. Hy(5. O)|0(x. 7) € p(r)-we know that is a realized in A, and therefore it is a quasi
model. Then every Hu(7.7) € q( y)

D(5) = (ay(5:@) A Hi(5-2) A Ho (1.0 oy (52 € ()

@”(;1;, F’) = [@l(l (—f]) N 62(.1‘. (—_g) N @3(.1'. (_‘.3) A (')k(.L'. 5}})/\] € ])(1)
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Ti7)-consistent. T(g) & qgly) = 3F(y.d) such that T(7) o Fy.d) or T(i) U
—Fiy.d) is consistent by theorem of any locally consistent set of formulas we can
complete to maximum consistent. But we have a question it will be a quasi model?

A=A Hoty,.6) A=Fig.d)] = 3=\, Ho(y,. &) — F(3.d)]

2g(H, (g.¢,0 A (. d)) we know every .« &€ _1 then this things we can write
H,y(ij. ") = quasi model.

Let I'(7) U Fly.d)y and [t j) U = F (y. d)-is nol a quasi model. then

Sy(N T, (5.6) A Fgad)) =TT,

Ny Ho (7.7))/ ~F(.d)) = Hy

A=Thr =1 = 3gH; A (F (g, )V =T (§.d) = 35(H; A~ F(g.d)) v (IT; A
—F(7.d)) then in set A first part or second part always must be right. But it is not right
because F(j]. d) or (3. (7)-non quasi model(contradiction).

p(x)-non locally isolated. then exist q(y). And now we know (M. a) N p(M) # @
and —o(M.a) N p(M) # @ wo. a € A- which realized p(x) and q(y). H(r) =
Alr.ay € ple)y= A= Jel(r)nolr.a)and A = ' ) A —o(.a) = plor) U
{o(r.a)} and p(r) U {—o(r. a)}-is consistent.

LNo(g.a) = Ye(ole.d) — 1)) A Je(IT{x) A —oleg) = qly) L
p()o(M, a) C p(M) = {JH (M) then Lemmal. /(5. a) € q(y) « H(r) € p(r) it
work for definability.

Proof:= If g(y) is definable then Yu'(j.7)3Fy (a.¢) = Iy, (a.¢) be a control
formula to [(s(j.a) =it must be control formula for every H(x). we know that
(N H(.r) = p(r). then p(x) will be definable too.



2.1 Stable theories. Rank formulas Shelah

In Theory of model complete theory is called stable . if it hasn’t many types. The
basic purpose theory of classity is to share all of complete type on which model we can
classify and which model very hard to classify. and classily all of model when we can
do it. Another word if theory is not stable then it is vary hardly and so many to classify.
and il theory is stable it can be some variant to classify it’s model. special il theory is
superstable or transcendental complete. ,

Theory of stability studied by Morley in 1963, he introduced some fundamental
idea such that transcendental complete and rank of Morley. Concepts stability and
superstable introduced by Shelah in 1969. that account of big part theory of stability.

Definition: Let T is complete theory

- T is n-stable (for mfinity cardinal n). if for every set of A with cardinality equal to
cardinality of all complete type over A has and it’s cardinality equal to k.

- w - stable. if stable for D).

- Theory T is called stable 11 it 1s k-stable for some infinite cardinal.

- Theorv T is called superstable if it 1s k-stable for all big cardinal k.

- Theory T is called non-stable if it is not k-stable for any infinite cardinal.

. Transcendental complete theory is these theory which any its formula has rank of

Morley less then infinite.
Another word theory T is non stable if its can be used fo coding ordering set of

natural numbers. If it has a model M and formula o( 4. B) in 2n variables A = ;. .... «,,
and B = 0,..... b, define of relation on ALY with infinity stable subset.
Examples:
1) Sct of theory and arithmetic Peano is non-stablc .
2) Theory of rational numbers if we Lonsldu as ordering set is non-stable.
3) Theory of sum natural numbers is “hon-stable.
4) Any infinite boolean algebra is non-stable.
5) Any monoid with canceling.
6) real closed field nonstable. because it has order.
Theory T is stable if it is k-stable for some cardinal k.
Example:

1) Theory any module over ring is smble
2) Theory of finite cquivalence £ for r natural numbers such that relation of equiva-

lence has number of classes equivalence and every class equivalence I, is combination
of infinitc numbers classes £ | stable. not not superstable.

3) Differcutial closed field is stable. if it has characteristic not equal to zero, it is not
superstable. but if it has zero characteristic. then it is transcendental complete.



Theory T is superstable. if it is stable for all big cardinal, so all of superstable theory
is stable. For countable theory T superstable equivalent stability for all 4 > 2-.

Example:

1) Additive gruoup of integer numbers superstable. but not tr anscendental complete.
It has 2+ finite models.

2) Theory of finite unary relation P, with models positive integer numbers. when
P’;(r) interpreted as pridicate. then r divide to r’s prime number is superstable. but not
transcendental complete.

3) Abelian group is superstable iff there exists only finite pair (q.r) with q prime. ¢
natural number with ¢"Ulg” ' Uis infinite.

pl.r)-set of formulas p=Hoi(v) i €l}

i
\ /\()1(1

Example: ((Q:=:<)

() = (c < <d)
Ri={ps/c< V2 < d}- set of such formulas

Stable - if it has not infinite 2-branching tree.
Rank it is number of floor of complete tree.
rolr =) =n < Jeomplele o —ntree

& =Jcomplete o — (n+ 1) tree

I+ 3y13y23yan 13013000 /\ O yi)
ij=1
. N
(ro(O(acay)) =n =11 = (ro(=otr.ar)) =n =1V n)
Example:
ro(v=w)="2
T + 3y Ty T 3o wIeer 3zl (00 y) A ol ya) A (0w y1) A dryp) A
(—olrap. ) AN olror. ys)) A (—0(rae. 1) A —olaon. y3)}

Control formula p € 51(4) o 7)

ro(v=w)=n
Yol ) € p rolete.h)) <n {rale =m/m < n-—min}
(. 7)) e)p

If (vveprHep) = (v N H e ]3) _
7€ Aola.a) € p e ru p(0(e D) Aole.a) = roole D] E O
If theory is a stable then for every formula exists control formula
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3. Definability of 1-types cf weakly o-minimal theory [1]

Defenition 1. A partition (A. B) of a model M is called a section if -1 < B. Here
4 < B = Va e Avb € Bia < b). A section is called rational if A has a maximal
element or B 1s minimal, or one of them is empty. We say that a section is quasi-rational
if A and. therefore. B are definable (with parameters). A non-quasi-rational section is
called irrational. A model M-is-called Dedekind complete if its every section is rational.
We say that M is a quasidedekind complete model if any of its sections is quasi-rational.
Lct be an elementary submodel of N. We say that a section (A. B) in M is realized in N
if there exists « € N/ such that .\ < « < B.

Definition 2.[3, 4] A lincarly ordered structure M is called o-minimal if any definable
(with parameters) subset M is a finite union of points in M and intervals («. D). a €
M UU{—x}.be M U{x}

Definition 3.[5] Let M be an elementary submodel of N. where .\ = 7 and T is an
o-minimal theory. A model M is called Dedekind complete in N if there is no irrational
section in M, realized in N.

Definition 4. A subset A of a linearly ordered structure M is called convex if any
clement of M lying between two elements of A lies in A. In particular, any empty
or single element set is convex. We say that the formula o(r) is convex if the set
SN {a € MM = &)} is convex,

Definition 5.[6. 7] A linearly ordered structure M is said to be weakly o-minimal if
any definable (with parameters) subset M is a finite union of convex subsets

A theory T is weakly o-minimal il any of its models is weakly o-minimal.

Note that any o-minimal model is weakly o-minimal.

Definition 6. Let M be an clementary submodel of N. where N |= T and T is a
weakly o-minimal theory. We say that M is quasidedekindo complete in N if there is no
irrational passage in M. realized in N.

Definition 7. Let A - set of a model M and model 1/ =.n < w.p € S,(A). Type
pis o(7,. #i)-definable for o(7,,0) € L({7,). if there exists a formula R.(7) € L(A)
(A-definable formula) such that for any @ € .V has o(r,. @) € p, iff M = R, (@).

" Then a formula R, (t) is called o). )- definability.of type. We say that type p is
definable, if p is ©(T,. #)- definable for any formula o(7,,. ) € L(T,.n < w).

A tuple 5 € M is called ht-definable over A if its type over A is definable.

Recall [8]Lemma 2.3 that in the o-minimal theory for any section in the model M
there is only one I-type over M extending it. This type is defined if and only if the
section is rational. Therefore. any o-minimal model of M is a D-1 model if and only
if M is Dedizkind complete. Any pair (M. N) of an arbitrary o-minimal theory is a D-1
pair if and only if M is Dedekind complete in N. |

Theorema.8.[9] Any type over (R.+.-,0.1) definable (R-is a set of real numbers).

4
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D.marker and C.Stainhorn determine this results on o-minimal theory.

Theorema.9.[5] Let T-o-minimal theory. 1/ — T Then following 1s done:

[. Model M in S(M):={J,, .5 1M/) definale. :

D, Let M - elementary submodel N. Then forany & < .\, M type tp(a /1) definable
ift M is dediking complete in N.

Some facts of definability of type.

The central concept in this paper is the notion of convergence of a formula to a type.

Let T be an arbitrary complete theory of the language L. N is sufficient a saturated
model of the theory T. A & N.d £ .\, and let g be a nonisolated type [rom S(A). and
(T, jj) be an A-definable formula. we say thet o(T. h).h € N.devide ¢ C N (I-length
of tuple(.7). C not necessarily definable). if o(NLDYNC # 0 —o(N. N # 0. Often
we will write o( N 1) instead of (N D).

We say that the A-definable formula o(x. y) weakly converges to type ¢(T) € S(A)
and we denote this by WEC(o(TF. §j). ¢(F)), il for any of © € ¢ thereis a @ € .1 such
that (7. @) divides O(\).

We say that the A-definable formula o(F.J) strongly converges to the type ()
and denote this by STC(o(T. §)q(F)). if for any in © € ¢ there is a @ € A such that
A(N. @) C O(N). Almost always we will omit T when writing (7).

Suppose that WEC(O(T. i). ¢(T)) holds for ¢ € S(.1), and let »(¥. ) be the graph
of some A-definable function f(§)(i.c.o(F,§) = & = f(y)). Then STC(o (7. 7q(T))
holds. In this case. we say that the values of the function f(jj) converge to type ¢. and
write STC(f (7). q)-

We say that @ tuple is weakly orthogonal to type g, if for any A-definable formula
(7. 7). the formula o(7.j) does not divide ¢(.N) = (g, O(N) (we denote it by
through @ L~ ¢). and say that a is not weakly orthogonal to type q il there is an A-
definable formula (.t ) such that o(z, @) divides ¢(\) (@ L~ ¢).

Note that o F.a) divides q(N) if and only if for any in © € ¢ the formula o(T. a) |
divides ©( V). Then for all @and 3 such that tp(a/A) = 3/4). we have a J“
3 1< q. Thus, p € S(-A) is weakly orthogonal to the type ¢ € S(A)Np L7 qg).if
there exists a@ € p(\) (in this case. any d € p(\')) is suitable such that a L~ ¢ or,
equivalently. p(Z) U ¢(7) defines a complete (1(x) + 1(i)) - type. Note that if p 1L~ ¢,
theng L= p :
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4. Definability of 1-types in o-stable theories [2]

Definition 1. Let s - partial I-type over set B: A - is set. Lets set

s
4

N =" e ST s p U s = consistent)

o

Evervwhere in our work over .M = (M. <. ...) denoted a structure with definable
(without paramecters) lincar order which we will say lincarly ordered structure. and its
elementary theory - linearly ordered structure. For subset C and D of set M we will use
arecord (' < D.ifc < datany ¢ € ("and d € D. Splitting (C,D) set M is called
section. if ¢ < D. section (C.D) definable partial type ~ = scp = {0 < d :d €
DY _ {¢ <. ¢ € C}overamodel. Its partial type will call a section too.

Let g-(partial) over set A. Type ¢ is called B - delinable. il [or any formula o )
there exist B-formula (formula with parameters in B) ©.(7) such that for any tuple
i = Astrue for o(r.d) € y = M = O,(a). Partial type over sct A definable. We
will notice. that section s¢ p definable iff set C define by formula (equivalent. set D is
formulaically). In fact. consider the M-formula H (x). such that H(M) = (. Then
—J1I{(M) = D. and for formula &(a. g1 y2) = y1 <0 < yaits define ©,,(yy. y) will
formula H(y1) A —H(y2)

A definable section is called quasi-rational. A section (C. D) is called rational if
either the set C has a maximal element or the set D is minimal. Obviously, a rational
section is quasi-rational. An irrational indefinable section is called irrational.

Definition 2. (1) A linearly ordered structure M is called orderly stable in \ if. for
any subsct .4 € 1/, such that |4} < A, and an arbitrary section s in M there are at most
A full types over A. which are compatible with type . /.¢ 1SN <A

(2) A theory T is called orderly stable in \ if cach of its models is orderly stable.

(3) The theory T is orderly stable ifsthere exists A in which T is orderly stable.

(1) A theory T is orderly superstable if there exists a A such that T is orderly stable
inall 1 > A

The first description of a class of linearly ordered structures in terms of the number
of extensions of an arbitrary section to complete 1-types over a model was made in {11]:
4 structure is o-minimal if and only if any section has a (mique extension to a complete
I-type over structure. For weakly o-minimal structurcs. a similar result was established
in [12]. In addition. the number of completions of a certain type image with respect to
<ome continuous type mapping from one language to another is based on the definition
of I -stability [ 13]. In turn. the concept of £ -stability is based on the concept of T
-stability [14].

Theorem 1. If a theory is orderly stable, then it is not has the property of indepen-

dence. i.e. is dependent.[2]
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Theorem 2. A dependent theory is orderly stable if and only if it does not possess
the property of local stiict order. [2]
Theorem 3. There is a dependent linearly ordered theory that is not ordérly stable

Proof: Let T be the elementary theory of the model.

when Set V= Cx. relation < interpreted in the form of a lexicographic order. and
the relation = - in the form of a reverse lexicographic order.

Obviously. the formula » = @ is compatible with any section of the linearly ordered
order < of the set M. It is clear that for any two elements b and ¢ of the set M, such that
I, < ¢. and for any arbitrarily large element of d.

R(Mb)y N (d.+x) © R(M.)d. +~x)

when R(w,y) = « = y.Therefore. the formula R{.c. y) has the strict order property
inside the section 4. By Theorem 2, the theory T is not orderly dependent.|2]

We now prove that the theory T does not have the independence property. A Boolean
combination of formulas without the independence property does not itself have the
independence property: therefore. it suffices to prove that the following

Approval 4. Elementary theory T of structure M permits climination ol quantifiers.

Proof.To prove the assertion, we use the Tarski criterion. Let the formula /(.. i) be
a conjunction of formulas of the following form and their negations: (1) = y: (2)e <
g (300 >y (B <y (5)a > y. We prove that the formula o F'{.r. ) is equivalent in
the theory T to some quantifier formula.

We first show that without loss of generality. we can make the following assumption:
all conjuncts of the 1-5 type are included in the formula F(u. J) in a positive form.
Indeed. the negation ol equality is equivalent to the formula.r < yAy < . the negation
of the inequality ++ < y is equivalent to the formula .- = y Ay < r: the same can be said
about the sccond lincar order given by the relation <. The existential quantifier sweeps
through a disjunction. so vou can consider each disjunction separately.

If a conjunct of the first kind enters the formula F(.r. ). then we replace the oc-
currence of the variable x with the variable y everywhere in the formula /(.r. ) and
obtain the quantifier-free formula. Thus. we can assume that the formula F'(x. §) does
not contain subformulas of the first kind.

If F(r.jj) contains two conjuncts of the second type x jy A X jz. then we do the
l'ol]mnnﬂ npuau(m we replace this formula with the equivalent formula (i < yy <
()Y (a0 -y /iy = 2). Ttis known that a conjunct that does not depend
on x can be put out of the br deCl\ Thux it can be assumed that the formula F'(2. 7)
contains at most one conjunct of the second kind. The same procedure can be repeated
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for conjuncts of the third. fourth and fifth types. Tt remains to consider a formula of the
form Ja(y < .« <z u < wcwcdger < ). Iris equivalent to the formula y < zAwu < v.
The assertion and the theorem are proved.[J]2] |

Theorem 4. Any linear order theory is orderly superstable. Proof.[2]

Theorem 3. Two increasing n «a; < ... < @, from the chain C and b, < ... < b, from
the chain D have the same type if and only if they satisfy the following conditions:

for each i < n. the elements a; and b; satis{y the same formulas:

for each ¢ < n. the same sequences of formulas are realized between a; and ;4.
as well as between 0; and by, where for a given sequence fi(v). ... f(2) formulas
with a free variable x the language of chains and two points of the chain C say that this
sequence of formulas is realized between given points. if you can find ¢;..... ¢, in C,
such that ¢y < ¢ < ... < ¢, and ¢; implements f;() forall i = 1..... .

Based on this theorem. in [13] the following conclusion was made: this theorem
gives a simple description of non-principal 1-types over a model — this type is deter-
mined by its absolute type (that is, by its restriction on the empty set of parameters), by
(he section it defines, and by its the feasibility side (performed on the left side, on the
right side. or on both, when the type is indefinable).
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5. Conservative extensions in o-stable theories.
Definition 1. Let .1 € M = 1.p € S(.1). we say that type p is o(.r. i')-definable for
OlF.T) € L(T). if there exists L(A)formula ¥, (T} such that for all @ € A s true:
OLF. ) € p= M = W.(a). Formula W (7) is called .o(.7. 7)- definable type p.

We say that type p is definable if it o(¥),. U) is definable for any its formula o(r,. ) €
Li7.). Artuple = € A hi-definable over A, il /p(=}A) is definable.

Definition 2. Let ¢(7) £ S(A4). 4 < N. We will say that type ¢ strictly definable. if
for any L(A)- formulas (7. 7) there exists L(A) formulas ©,(F) € ¢ such that for any
ie A s true

N om

N = 3FO.(T) A oli.a)) — VHO(T) = olF.a)).

From these definitions, it follows that cach isolated typc is strictly definable. cach
strictly definable type ¢ € 5(1) is definable. and the o(T. 7) definition of ¢(r) is an
L(A) formula ¥,(7) = ¥7(O,(T) — o(T. i) orits equivalent W,,(7) 1= 37O, (T) A
o(F. 7). We consider that classify of type. held by Shelah. for strictly definable type
peS(d).andfor BC AB:={bloc L.V, € L(b)}) has (p. B) € F\:[10]

Fact 1. Let T - o-minimal theory. A € .V = T\ — [} '- saturated model. p.q €
S1(A).q L7 p.a € q(N). Then there exists b € p(.V) Nacl(A. a).

Proof. Recall that in an o-minimal theory, the set of realizations ol a non-algebraic 1-
type in a saturated model is a convex set without end elements. and the set of realizations
of any formula is a finite union of intervals and onc-clement sets. Morcover, the ends
of these intervals and these elements belong to the algebraic closure of the parameters
of this formula [11]. Then, since « £* ¢ and. therefore. some L(A U {a}) - formula
divides the convex set ¢( \). there exists b € p(N) Nacl(A. a) # 00

When studying the nature of elementary classes of models. an important role is
played by properties and concepts associated with “good” elementary extensions of
models (sets). such as simple. special, (strongly) constructivizable. saturated. conserva-
tive [10.11.16.17.18,1 9,20,22.23] and their modifications and gencralizations - F-simple
models, beautiful pairs. pairs of models, pseudo-small theories. axiomatized pairs of
models [16.24-30]. Often, the existence thcorems of such extensions are based on dif-
ferent versions of the theorems of realizations and / or type omissions (O-types).

To construct a conservative expansion of a set with given properties, it is necessary
to answer the following question:

Problem A(S). Let S - property of definable types and for A C N.¢(v).p(y) €
S, (1) - definable types with property S. Does there exist a complete definable 2-type
(. y) € o A) such that q(0) U ply) € r(e.y)? We have two different cases:

A1 () = ply) is not complete type. i.e p L= ¢
A2q Lo p



6. Conservative extension of different classes complete theory

Let M/ = \. we say that couple of model (M.N) is conservative couple. or N is conser-
vative extension M. if for all tuple of elements a in N. ¢p{a|.\/) definable [10]. We will
sav that elementary extension N of model M is D--saturated for M. if any definable
twpe ¢ = S)(A ay where @ €\ realize in Nt and N is CD-w-saturated for M. if
for non-isolated type in ¢-< Sy(M U«), where @ € \. definable by formulable subset
o-tvpe which realize in N. v

Let A = B. We sav that B is anticonservative extension A, if 71 € B/ A for any de-
finable I-tvpe 1 € Sy(.4).7 1.7 wr. Couple of models (M.N) is called anticonservative
Liff tuple @ € N/ _\./. tplal A) nondefinable.

Notice 1. There exists four models 1. N7 Noo N o-minimal theory. such that
M o~ N} = N o< Ny =< N (NN (N N - conservative couple. couples
(NN N - anticonservative couple and \j. N5 isn't M - isomorphic Ny Zy
APH

Proof(Notice 1). Let M = ({:=: <). \} = (R:=. <), where { is set of all rational
numbers. = is set of all real numbels Let N = (\i=.<)is|R|" - saturated elementary
extension \. Lets take arandom irrational number § € B. Element d is define irrational
section (Cs. Ds) in ¥ and irrational 1-type p; over @. Lets set Ny := (RUps(N):=.<).
We will not distinguish between a model and its main set. i.e. forus M = Q.\| =

LN, =B Upsl V).

The theory of these models | (AL N, N N s a well-known w-categorical. o-
minimal theory that allows the ehmmduon of quantifiers. Since R does not have an irra-
tional section. every non-isolated [-type is over R rational. and therefore Ya € N, R. a
belongs to the setof realizations of some rational section in R. The samc is true Im any
element of N/(F 2 ps(N)). This means. according to the Marker — Steinhorn theorem
(or directly follo\\c from the naturce of these models) that (V. V). (N5, V) are conser-
vative pairs. Notice. that vh e (R/Q) U ps( ). tp(h}Q) indefinable, since it is defined
by an irrational section in ©.

Take b = (by.....b,). an arbitrary tuple of elements from N} Q or from Ny Q.
Then. since in the given theory the algebraic closure of any set Cis equal to C, ucl(QU
(. b)) = 20D .....b,}. Thus. by virtue of fact L. for any 1~ € 5,(Q) is true

]) 4_]_"" [ 3/ “ {] Il}.]/_,' - /(1\7)

Suppose I € S0 s ckﬁmd and. therefore, by virtue of fact 7 and o-minimal N. 1
is rational. So as for any j € = {1, ....n}.ip(b,|Q) irrational, b L~ 7 . This means that
(AN i=1.2 dnuconseIlel\e pairs. It follows Itom the ddmllmn of the models .\

and N that they are not M-isomorphic. L [2]

-
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Conclusion

All existing types can be divided into two types. isolated and not isolated. An isolated
type is always definable, so it only remains for us to study the non-isolated type. Not
isolated type in turn can be divided into types ie locally isolated and not locally isolated.
The concept of a locally isolated sludge type is different. TV-type (Takrski-Vaught
- type) was introduced into science by Baizhanov B-S., and its turn is definable. the most
 interesting when a non-locally isolated type is definable when it is not. The paper shows

that when a non-locally isolated type is detined, then it has a control formula ie there is

a rank.

N
o
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