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To the students

There are a few lucky students who seem to leam even the 
hardest math almost effortlessly. The rest of us can only envy them and 
try to pick their brains. You are like the majority of us who cannot leam 
math vvithout vvorking hard at it. Do not fool yourself into thinking that 
you can get by vvithout working at it. You will only get yourself into 
more trouble than you climb out of by mid-semester.

Tip 1: Do the homework exercises. Many professors do not 
require you hand in the homework. The homework is for your benefit, 
not the professor’s. You cannot leam to play the piano without 
endlessly practicing scales. You cannot make the football team vvithout 
endlessly running vvindsprints. You cannot leam to paint vvithout 
endlessly painting stili lives. Math is no different. The exercises will 
train your mind and sharpen your intuition. So do the vvork. It vvill pay 
off in the end.

Tip 2: Math books are meant to be read slowly. You cannot 
speed- read it and expect to get any benefit out of it at ali. When you 
encounter a new concept in a math book, do not expect to understand it 
on the fîrst reading, no matter how carefully you read it. You should go 
över each difficult paragraph several times. If you are stili 
uncomfortable vvith it, read ahead a page or so, then come back to the 
difficult passage. And remember that math books are meant to be read 
mth paper andpencil in hand. ■

Tip 3: Always use a pencil to do math (and exams). Don’t ever 
try to do math in ink. You vvill make mistakes. Everybody does. So be 
equipped to clean them up. If you like mechanical pencils, great. If you 
prefer the old vvooden kind, then sharpen several of them before you 
start each homevvork. Make sure you have a clean, usable eraser as 
vvell.

Although neatness might not get you extra points, it does help 
keep you ffom confusion. Keep your vvork organized. Skip a fine (or 
even tvvo) betvveen each rovv of vvritten calculations. You vvill be 
surprised at hovv much easier it vvill be for you to follovv your ovvn 
vvork vvhen it’s not so densely packed onto the page. Paper is cheap. Do 
not be afraid to use lots of it.
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Tip 4: Your greatest assets are in the class with you. Your 
classmates are in the same boat as you. Organize a study group. Try to 
coax at least one of the top students in the class into your group. I 
recommend that the group size be three to five. Try to meet at least 
önce per week. You will be vvorking together on homework and 
comparing your lecture notes.

TipS: You will be tested as an individual. Despite the 
helpfulness of your group activities, in the end your grade will be based 
upon your individual performance at solving problems. Following your 
group get-togethers, be sure to go solo on a few exercises.

Tip 6: Try to see more than justprocedures. Again I urge you, 
leam the concepts, and the procedures will seem obvious. And try to 
have some fun with it. Humanity invented math largely because it is 
fascinating.

As for this book, it was written with the aim to help students to 
understand how to solve problems. The chapters are divided into 
sections. Each section contains necessary theoretical background and 
solved problems. This book also contains a lot of exercises, which 
would be useful to strength your understanding of sections. Answers 
are right after exercises.

İn the end, any suggestions from readers would be greatly 
appreciated.

i
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Chapter 1.*
Coordinates, lines, functions, graphs.

1.1. Rectangul”’ coordinate systems.

A rectangular coordinate system (also called a Cartesian

x-axıs
Fig. 1.1.

coordinate system) is a pair of 4 . y-axıs
perpendicular coordinate lines, called 
coordinate axes, which are placed so 
that they intersect at their origin.
The horizontal axis is usually called 
x-axis and the vertical axis is called 
y-axes.(Fig. 1.1).
A plane in which a rectangular 
coordinate system has been introduced is 
called a coordinate plane.
Every point P m a  coordinate plane can be 
associated with a unique ordered pair of real 
numbers (a, b) .

The number a is called the 
x- coordinate or abscissa of P and the 
number b is called the y-coordınatc 
or ordinate of P.
In a rectangular coordinate system 
the coordinate axes divide the plane 
into four regions called quadrants. 
These are numbered counter- 
clockvvise with roman numerals as 
shown in Fig. 1.2. It is easy to 
determine the quadrant in which a 
given point lies from the signs of its 

coordinates: a point with two positive coordinates (+, +) lies in 
quadrant I, a point with a negative x -  coordinate and positive 
y  -  coordinate (-,+) lies in quadrant II, and so on. Points with a zero 
x -  coordinate lie on the -  y  axis and points with a zero y -  
coordinate lie on the x -  axis.

i
\ yquadrant quadrant

U I
(-+ ) (+»+)

quadrant^ quadrantx
III IV

( - - ) (+,-)
Fig. 1.2
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1.2. Increments.
Increments are net changes. When a partide moves from 

(x,,yı) to (x2,y 2) the increments in its coordinates are Ax = x2 - x ,
and Ay = y 2 -  y x (Fig. 1.3.).
Ехатріе:
From A(2,5) to B(7,2) the increments are Ax = 7 -  2 = 5 
and Ay = 2 -  5 = -3 .
Ехатріе:
A partide starts at A(-5,6) and its coordinates change by increments 
Ax = 7 and Ay = -4 . Find its new position.
Solution:
From A x - x 2 -  x x and Ay = y 2 -  y, using x, = -5 and yı=6 we get 
x2 - (-5 )=  7 and
y 2 -  6 = -4 . So partide’s new position is x2 = 2 and y 2 = 2 .

If Р\(хи у\) and P2(x2, y2) are points on a nonvertical 
üne (Fig. 1.3), then slope m of the 
line is defmed by: i 1 ^

Find the slope of the line through the points (6,2) and (9,8).

1.3. Slopes of nonvertical lines.

Ехатріе:
Find the slope of the line through 
the points (2,9) and (4,3).

m = nse _ y 2 ~ y x
run Х-У -  X

P\{x U

run=X2- X|

nse=y2-_y,

Solution:
0

x
-*■

Fig. 1.3
m =

4 - 2  2

Ехатріе:



Solution:

m is sometimes called the rate of change ofy  with respect to д: along the 
üne.

1.4. Lines that are parallel or perpendicular.

Let L\ and L2 be nonvertical lines with slopes mı and m2 
respectively.

a) The lines are parallel if and only if m] = m2.
b) The lines are perpendicular if and only if w, • m2 = -1 . 

Ехатріе:
Use slopes to show that the points A (1, 3), B (3, 7) and C (7, 5) 

are vertices of right triangle.
Solution:

We shall show that the line through A and B is perpendicular to 
the line through B and C. The slopes of these lines are

іи,= (7-3)/ (3-1) =2 and m2= (5-7)/ (7-3) =-1/2 
Since /«ı-m2- - 1, the line through A and B is perpendicular to the line 
:hrough B and C; thus, ABC is a right triangle.

1.5. Equations for lines.
a) Horizontal and vertical lines.
The vertical line through (afi) and the horizontal line through 

(0, b) are represented, respectively, by the equations '
x = a and y  = b

amnle:
Find an equation for a) the vertical line and b) the horizontal 

ine through (-5, 7).
»olution:

a) The graph of x = -5  is the vertical line and
b) The graph of y  = 1 is the horizontal line through (-5, 7).

b) Point- slope equation for lines.
The line passing through P\(xx,y{) and having slope m is given 

»y the equation:
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(1) у - У і= т ( х - х ])
This is called the point- slope equation for the line.
Ехашріе:
Find the point slope equation of the line through (4,-3) with slope 5. 
Solution:

Substituting the values = 4 , y ] = -3 and m=5 in (1) yields 
the point- slope equation:

y + 3 = 5(x -  4) or y=5x-23.
Ехатріе:

Write an equation for the line that passes through (-2, 1) and (2, 2). 
Solution:

First of ali we calculate the slope and then use equation (1). 
m= (2-1)/ (2-(-2)) =1/4

The (xu y }) in equation (1) can be either (-2, 1) or (2, 2).
Let {x\,y\) be (-2, 1).

Then

У - 1 = 7 (* - ( -2 ) )4

Check for yourself that with (x,, y , ) = (2,2) the equation is the same.

c) Lines determined by slope and y-intercept.

The line withy intercept b and slope m is given by the equation
(2) y  = mx + b

This is called the slope-intercept form of the line.
Ехатріе:

Find the slope intercept form of the equation of the line that 
satisfıes the stated conditions:

a) slope is -9; crosses the y-axis at (0, -4);
b) slope is 1; passes through the origin;
c) passes through (-5, 1); perpendicular toy=3x+4.

Solution:
a) From the given conditions we have m = - 9 ; b = -4 , 

so equation (2) yields y = -9x -  4 .

12



b) From the given conditions m = 1 and the line passes through 
(0,0), so b=0.

Thus, it follows from (2) that y=x.
c) The given line y — 3x +4 has a ‘ lope m=3, so the line to be 
determined vvill have slope (-l)/3. Substituting this slope and given 
point in the point slope form (2):

y - 1 = - - ( *  +5)
3

and simplifying yields
x 2

t - - - - - -

Ехатріе:
Find equations for the lines through P (-2, 2) that are
a) parallel and
b) perpendicular to the line 2x+y=4.

Solution:
a) We shall fırst write equation 2x + y -  4 in the form

y -  -2x  + 4 .
This line has slope m = -2 . Parallel line vvill have same slope. So using 
m = -2  and P (-2,2) fforn point-slope form we will have 

y -  2 = —2(jc + 2) or y  = -2x  -  2 .
b) Two lines are perpendicular if w, • m2 = -1 . So if m, = -2 

then m2=\l2. Again using point-slope form we will get

y - 2  = — (x + 2 )o ry  = — + 3.
2 ^ 2

Exercises.

bı exercises 1-2, a partide moves from A to B. Find the net 
changes Ax and Ay. in the particles coordinates.
1- A (-5, 11), B (3,6)
2. A (Vö , 2.7), B (0,-1.3)
3. A partide starts at A (-2, 3) and its coordinates change by increments 
Ax=5, Ay=-6. Find its new position.

13



4. The coordinates of a particular change by Ax=3, Ay=-5 as ıt moves 
from A {x, y) to B (-6,4). Find x and y.
5. Find the slope of the line through
a) (-1,2) and (3,4)
b) (5, 3) and (7, 1)
c) (4, V2 ) and (-3, л/2 )
d) (-2,-6) and (-2, 12)
6. Let points A (8, 1), B (2, 10), C (-4, 6), D (2, -3) be given. Determine 
whether the line through AB is perpendicular or parallel to the line 
through CD.

In exercises 7-8 find an equation for a) the vertical line and 
b) the horizontal line through the given point.

7. (-2,3/2) 8. (-Зж, 5)
In exercises 9-10, write an equation for the line through P 

with slope m.
9. P (-2, 3), m=2 Ю.Р(ж,0),т=-3
In exercises 11-12, write an equation for the line through the 

two points.
11. (2, 4), (1,-7) 12. (-3, 6), (-2, 1)
In exercises 13-14 write an equation for the line vvith slope m 

and y-intercept b.
13. m=-2/3, Ь~уіЪ
14. m=2, b=3.5
15. Find equations for the lines through P (1,2) that are a) parallel and
b) perpendicular to the line x+2y=3. *
16. Find equation for the line which is parallel toy=4.x-2 and its 
y-intercept is 7.
17. Find equation for the line which is perpendicular to y=5x+9 and has 
y-intercept 6.
18. For what value of k  the line 3x + k - y  = 4 will

a) have slope 2
b) have y-intercept 5
c) pass through the point (-2,4)
d) be parallel to the line 2x-5y=l
e) be perpendicular to the line 4x+3y=2?

14



Answers.
L Ax=8, Ay= -5; 2. Ax=- Vö , Ay=-4; 3. (3, -3); 4. (-9, 9); 5. a) 1/2; b)-l;
c) 0; d) not defıned; 7. a) jc=-2 b) y=3/2; 8. a) x=-3 яг, b) y = 5 ;
9. y = 2x + 7 ; 10. y=-3x+37r, 11. y=l lx-18; 12. y=-5x-9;

13. y=-2jc/3+л/З ; 14. y=2x+3.5; 15. a)y=-x!2+5/2; b)y=2x;
16. y=4x+7; 17. у=-х/5+6; 18. a)-3/2; b) 4/5; c) 5/2; d) -15/2; e) -4.

1.6. The properties of inequalities.

1. If a<b and c<d, then a+c<b+d
2. If a<b and c is any number, then a+c< b+c
3. If a<b and c is any number, then a-c< b-c
4. If a<b and c is a positive number, then a c  <b-c
5. If a<b and c is a negative number, then a- c> b-c
6. If a<b and c<d and a, b, c, and d are positive, then a c< b-d
7. If a<b and c is a positive number, then a/c< b/ c
8. If a<b and c is a negative number, then a/c> b/ c
9. If a and b are positive numbers and a< b, then 1 !a> Hb.
Ali 1 -9 properties hold for < as well as for < .

1.7. The absolute value function.

The absolute value or magnitude of a real number a is denoted 
by |a| and is defıned by •

i ,  f a  if a > 0
a H [ - a  if  a < 0

Ехапшіе:
|5|=5; |-6/71=6/7; |0|=0

Remark:
Inequality |x| < a, (a>0) is equivalent to the inequality

-a <x< a

15



1.8. Properties of absolute value.
If a and b are real numbers, then

1. |-ö|=|ût|
2. \a-b\=\a\-\b\
3. \a/b\=\a\/\b\; b*0
4. |a+/>|<|a|+|/>|
5. |a-/>|>|a|-|6|
To sol ve an equation or inequality that contains absolute 

values, we write equivalent equation or inequality and then solve as 
usual.
Ехашріе:

Solve: |x-3|< 4 
Solution:

This inequality can be revvrıtten as 
-  4 < x -  3 < 4 or, on adding 3 throughout, -  1 < x < 7 .

This can be vvritten in interval notation as (-1, 7).
Ехатріе:

Solve: |5(x-l)|< 3 
Solution:

|5(x-l)|< 3 given.
5 |(x-l)|< 3 absolute value of product 
|(x-l)|<3/5 dividingby5
-3/5<(x-l) < 3/5 (x-l) has absolute value less than 3/5
-3/5+l<x < 3/5+1 adding 1 to an inequality 
2/5<x < 8/5 arithmetic. *

In short, x is in öpen interval (2/5, 8/5).
Ехатріе:

Solve: T— -— 7 > 5 
\2x -  3|

Solution:
First of ali, we see that x=3/2 is not a solution because this 

value ofx results in a division by zero. Let’s keep it in mind.
1

■j— -— r > 5
І ^ - з |
|2л -  3| < 1 / 5

given

taking reciprocals



|2(jc-3/2)|< 1/5 factor out the coefficients of x
|2|-(x-3/2|< 1/5 absc’ ite value of product
\x-3/2\< 1/10 dividing by 2
-l/10<x-3/2< 1/10 (x-3/2) has abs. value less than 1/10
7/5<x< 8/5 we added 3/2 throughout.
If, as noted above, we eliminate the value x=3/2 to avoid the 

division by zero, we see that the solution consists of ali x that satisfy 
7/5<x<3/2 or 3/2<x<8/5

The solution set consists of ali x in the set (7/5, 3/2)u(3/2, 8/5). 
Ехашріе:

Solve the equation |;c-3|= 4 
Solution:

Depending on vvhether (л>3) is positive or negative, the 
equation pc-3|= 4 can be vvritten as:

x -3  = 4 or x - 3  = -4
We obtain that equation has two roots x = 1 and x = -1 .
Ехашріе:

Solve the equation |дс-1 |+|*-2|= 1 
Solution:

Let us consider these cases:
\)x< \\2 ) \<x<2\ 3)x>2

1) In this case pc-l|=-(x-l) and \x-2\=-(x-2).
So given equation is equivalent to

-  (* -1) -  (x -  2) = 1 or -  2x + 2 = 0 and x = 1.
Since in this case л:< 1, and x~\ can not be a root of equation.
2) In this case |x-l|=(x-l) and \x-2\=-{x-2).
Given equation is equivalent to

дг — 1 — (jc — 2) — 1
It leads us to the identity, so any x from [1,2] satisfıes the given 
equation.
3) In this case |x-l|=(x-l) and |jc-2|=(;t-2).
Given equation is equivalent to

л: — l + jc — 2 = 1 __
2д: = 4 and x = 2 .

It contradicts to the condition that x > 2 . S u ie T 'S îa a  r> .., 
So as a result, the root of the equation is afny x  from [l*^].

! m  ü h & r h
r
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1.9. Distance formula for points in the plane.
Exercises.

In exercises 1-11 solve the inequalities.
1. |x-3|< 4 2.|x+2|< 5
3. |x-4|> 7 4.x2< 25
5.x2> 16 6. |x + б| < 3

7. |2x -  3| < 6 8. x + 2 |> l

9. |5 -  2x| > 4 10,—
|x -! |

3
11.1-------r > 4

\2x - 1|
In exercises 12-19 solve the equations.

12.|x-5|=4 13. |2x+5|=l
14. |jc+1|-Pc-4|= 6 15. |s/2-2|= 3
16. |6jc -  2| = 7 17.|6jc-7 | = |3 + 2jc|

18. |9jc( — 11 = x 19. x + 5 
2 -  x

=  6

The distance between two points (xb>’ı) and (x2, y2) in a 
coordinate plane is given by:____________

(1) d— a/(x2 — x,) + (y2 — Tı)
Ехашріе:

Find the distance betvveen the points (-2, 3) and (1,7) 
Solution:

If we let (xı,Tı) be (-2, 3) and let (x2,y2) be (1, 7) then 
(1) yields

d=sj{l - ( - 2 ) ) 2 + (7 -3 )2 = л/з2 + 42 = 5.
Remark: When using (1) it does not matter which point is labeled 
(xuy x) and whıch is labeled (x2,y2). Thus, in ехашріе above, if we had 
let (x,,Tı) be (1, 7) and (x2,y2) be (-2, 3) we would obtained

d= л/ (-2 - 1)2 + (3 -  7)2 = V (-3)2 + (-4)2 = 5 
which is the same result we obtained with the opposite labeling.

1.10. Division of line segment into the given ratio.

Answers.
L -l<x < 7; 2. -7<x< 3;_3.x< -3 andx> 11; 4. -5< x < 5; 5. x< -4 and 

3 9
x> 4;_6. (-9,-3) ;7.

2 2
;8.(-oo,-3]u[-l,+co);9.(-oo l]u [^ ,+oo)

2 2 (where/ * -1) are defıned by

The coordinates of the point M(x, y) which divides the line segment 

M,M2 with M x (x,, y ,) and M 2{x2,y 2) into the ratio
M XM  
MM , ~

10. ( Г '3 ^-  co,— w — ,+CO
l L2 J

, İ L [7 ,7 ) >4 4 ,7 ) ;1L x>=1; x2=9; 13. xı=-2; 
8 2 2 8

(1) x = X! + lx2
У-

Tı + ІУ2
1+ / ' '  1+/

5 3  1 5  11 11 —xamPİe:
x2=-3; 14. x=4.5; 15.5ı=10; s2=-2; 16. -  —; — ;17. —; — ;18. -  — i ̂ » Find the coordinates of the point C(x,y) vvhich divides the line

, segment AB between points A(-4,-2) and B{2,-8) into the ratio
І 9 Л ; - .  4C = 3

CB 2
* 3Şolution: / = — and using (1) yields
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X =
- 4  + — •2 
____ 2_ _

ı + l
2

2
5 ’

г
Непсе С(х,у) =

\
2
1 ’

28"
5 /

- 2  + | . ( - 8)

1 +
3
2

28
5

1.11. The midpoint formula.

The midpoint of the line segment joining two points (x, ,_y;) and 
(x2,y 2) in a coordinateplane is

(2) f +x2 Z l± Z l"
V 2 2 J

Ехатріе:
Find the midpoint of the line segment joining (3,-5) and (4,7) 

Solution:

From
X, + X, V, + V ) . .
— — —, — -—-  I, the midpoint ıs

"3 + 4
S 2

-5  + 7 
2 ] = (3-5,1)

1.12. Area of the triangle.
S

Area of the triangle ABC with vertices A(xt ,y l) ,B (x2,y 2) , 
C(x3 ,y 3) is defined by

(3) S = i  |(x2 -  xx )(y3 -  y x) -  (x3 -  )(y2 -  y , )|

Ехатріе:
Find the area of the triangle with vertices A (-3,-1), B(2,5), C (-l, 4). 

Solution: From (3)
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s  = \ p ~  (-3))(4 -  (-1)) -  (* -  (—3))(5 -  (-1))| =

= ^|5 - 5 -  2 -б| = -і> 13 = ^ (u n it  square)

Схатріе:
Find the length of the medians (A median of a triangle is a line that 

»asses through a vertex and the midpoint of the opposite edge) of a 
riangle PQR with vertices P (-3 ,2), Q(5,4), 7?(7, -  2).
»olution: Let L, M , N  be midpoints of the sides PQ, QR, and PR , 
espectively. Coordinates of the point L can be found using (2). İn this 
:ase jc, = -3 , y { = 2 ,x 2 = 5 , y 2 = 4. If we will denote coordinates of 
he point L by (xL,y L) we would get

-3  + 5x, = -------- :
L 2 = 1,

2 + 4 ,,  =3, Д ІЗ )

Similarly
5 + 7 *

2 ’ Ум
4 +(-2)

~ 2 ’
M(6,l)

-3  + 7 „ 
*N 2 - 2 , y N = 2 + (_2)= 0 , 

2
N( 2,0)

Mow let us fınd the length of median LR . Using distance formula 
•vith^j = 1,y l -  3 ,x2 = 7 ,y 2 = -2  we obtain

LR = ^(1 - l ) 2 + ( - 2 - 3 ) 2 
Similarly

MP = ̂ (б -  (-3)2 + (1 -  2 f  = V82 

Aö  = V(5~2)2 + (4 - 0 )2 =5.

Exercises.

In exercises 1-4 fınd the distance between Л and 5.
1- ^ (2 , 5), S (-1, 1)
2- ^ (7 , 1), S (1, 9)
3- Л (2,0), 5  (-3,6)
4- Л(-2, -6), fi (-7, -4)
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5. The point C divides the üne segment AB with A(2,5) and 
B(4,8) into the ratio 2-^3. Find the coordinates of the point C .
6. The point C(2,3) divides AB into the ratio 1 2. Find the coordinates 
of the point B if the coordinates of the point A are
jc = 1, y  = 2.
7. Find area of the triangle ABC with vertices A(0,-2), B(4,5), 
and C(6,-4).
8. Let A(2,1), B (-2, - 2), and C (-8 ,6) be vertices of the triangle 
ABC . Find the height of the triangle through the vertex B .
9. Prove that the triangle with vertices (5, -2), (6, 5), (2, 2) is isosceles.
10. Prove that for ali values of t the point (t, 21-6) is equidistant from 
(0, 4) and (8, 0).
11. Prove that points (0, -2), (-4, 8) and (3,1) lie on a circle with 
çenter (-2, 3).

Answers.

L 5; 2. 10; 3. VöT ;4.л/29; 5. C(г | , б | )  ; 6. B(4,5) ;

7. 25unitsq. ; 8.2-^5 .

1.13. Functions.

Defînition: Let X  and Y be sets. A function from X  to Y is a rule (or 
method) for assigning one (and only one) element in Y to each element 
in X .
Defînition: (Domain and range). Let X  and Y be sets. Let /  be 
function from X  to Y . The set X  is called the domain of the function. 
The set of ali outputs of then function is called the range of the 
function.
Ехатріе:

Find the domain and range of f ( x)  = 3 + J x - 1 .
Solutioıı:

For 3 + 4x  -1  to be meaningful, the square root of (x - 1)
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nıust make sense; thus, the domain consists of ali numbers x such that 
x -1 > 0 or x > 1. That is, the domain is the interval [l,+°o).
As x varies from 1 to larger numbers, / (x) increases from

/(1) = 3 + VI —1 = 3 to arbitrary large values.
Thus, the range of /  is [3,+oo).
Ехатріе:

, X “t* 1Find the domain and range of the function / (x) = ----- .
x ~ l

Solution:
The domain of /  consists of ali x , except x = 1. In interval 

notation the domain is (-co,l) u  (l,+oo).
To fınd range of the function, let us introduce a dependent variable

x +1

Solving this equation for xin terms of y  yields

(x -  \)y -  x + 1 => x = -  + ^
У - 1

It is now evident from the right side of this equation that y  = 1 is not in 
the range. So the range of the function /  is (-00,1) u  (1 ,+oo).

1.14. Operations on functions.

Defînition: Given functions /  andg , formulas for the'sum
f  + 8 »difference /  - g , product /  • g  and quotient f  t g are defıned
by

( /  + &) W  = f ( x )  + g(x)
( /  -  g)(x) = f ( x ) -  g(x)
( /  ■ g)(x) = f ( x )  ■ g(x)
( / / g ) W  = /W /g (x )

Ехатріе: L e t/(x )  -  2 + and ̂ (x) = x -  2 .
Find ( /  + g)(x), ( /  -  g)(X\  ( /  • g)(x), ( /  / g)(x)
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Solution:

( /  -  g )0 ) = f ( x )  -  g(x) = (2 + У І Х - 3) -  o - 2) =
= Vx -  3 -  x + 4

( /  • <?)(*) = /  W  • gO) = (2 + V x -3 ) • (x -  2) =
= x j x  -  3 -  2-Jx -  3 + 2x -  4

( / / g ) W  = / W / g W  = — x - 2
Definition: Given functions /  and g ,the composition of /  with g , 
denoted by /  ° g , is the function defmed by

( f ° g )  = f(g(x))
( f ° g  is read as “ /  circle g  ” or as “ /  composed with g ”). 
Ехатріе:

L e t/(x )  = x2 andg(x) = x + 3. Find a) /(g(5))andg(/(5)) 
Solution:

f ( g ( x )) = f ( x  + 3) = (x + 3)2
g(f (x))  = g(x2) = x 2 +3,

So
/ ( g (  5)) = f (8)  = 64 and g ( / (  5)) = g(25) = 28 

Exercises. 4

1. Given that/ (x) = 3x2 + 2 . Find

a) f  (~2); b )/ (4) ; c ) /(0 ) ; d )/(-> /3); e) / ( a  + 1)
'1

2. Given that f ( x )  -

3 3. /(x )  = - î - f 4. /г(х) = J ——
x -  3 V x + 2

5. = 6. ҒЧх) = Зл/х -  л/х2 -  4
x +1

7. <7(x) = yjx2 -  2x + 5 8. g(x) = sin Vx
hı exercises 9-16 find the domain and the range of the given

unction.
9. /(x )  = V3 -  x 10. g(x) = V4 - х 2
11. /г(х) = 3 + Vx 12.F(x) = x2 +3
13. Я(х) = 3sinx 14. g(x) = 2 + cosx

15. /(x )  = -
1

16. g(x) = 1
x + 1 ' ' 1 - x z

17. Given that /( -1 )  = 4, /(2 )  = 5, g (-l) = -3, and g(2) = -l.F in d  
' a) ( / - g ) ( - l )  b ) ( / - g ) ( - l )

c )  ( f / g) (2)  d) ( f °g) (2)
In exercises 18-19 find formulas for
a) ( /  + g)U) b) ( /  -  g)(x) c) ( /  • g)(x)
d) ( /  / g)M  e) ( /  o g)(x) f) (g ° /)(x )

18- f ( x)  = yfx+T, g(x) = x - 2

İ9. /(X) = V T T 7 , g(x) = sin3x 

20. Let /(x ) = 4 and g(x) = Vx . Find ( /  o g)(x) and (g o / ) ( x ) . 

In exercises 21-22 find + Һ-  ^

x2 +5

and simplıfy as much
,x > 3 

x . Fmd
2x , x < 3

a ) / M ) ;  b ) /(4 ) ; c ) /(0 ) ; d )/(3 );
In exercises 3-8 find domain of the function

as possible.

21. /(x ) = 3x2 - 5 22. /(x )  = 1

e) f ( t 2 +5)
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Answers. Defînition:
L a) 14; b) 50; c) 2; d) 11; e) 3a2 + 6a + 5; 2. a) -8; b) 1/4; c) 0; A function/ such that f ( - x )  = - f { x )  ıs called an odd function.

d) 6; e) —i— ; з. ( ^ з )  u  (3>+oo); 4. (-oo,-2) u  [1,+co) ; ^Ш Е !£ і  The function /(* )  = x3 ıs odd function, since
t 2 +5 / ( - x )  = (-x )3 = - /( x )

_5. (-oo,+oo) , 6. [2,+oo) , 7. (-oo,+oo) , 8. [0,+qo) , The graph of odd function is symmetric with respect to the origin.
9. domain (-<x>,3], range [0,+co), 10.domain [-2,2], range [0,2], y ost functions are neither even nor odd. For instance х3 + x 6 is neither 
lLdom ain [0,+co), range [3,-h») ;12.domain(-co,+co), range [3,+co);even nor odd since(-x )3 + (_x)6 = - x 3 + , which is neither x3 + x6
13. domain(-co,+oo), range[-3,3];H . domain(-oo,+oo), range[1,3];пог_^хз + x 6y  
15. domain ( -00, - 1) u  (~l,+co), range (-co,0) u  (0,+oo); 16. domain
ali real xexcept x = ±1; range ( -00,0)u[1,+qo) ; 17. a) 7; b) -12; 1.16. Graphs and graphing.
c) -5;d) 4; 18. a) VxTT + x -  2; b) Vx + 1 -  x + 2; c) (x -  2)Vx +1;

d) —- ; e) yjx - 1 ;  f) л/x +1 -  2 ; 19. a) Vl -  x~ + sin 3x ;
x -  2

b) л/l -  x2~ -  sin Зх; c) V1 - x 2 ■ sin 3x ; d) Vl -  x2 / sin 3x; e) Icos 3x|; Eşample: Sketch the graph
1 , 1 of/(x) -  x + 4.

The points (x, y) in the plane whose coordinates are the input-output 
pairs of function y = f {x)  make 
up the function’s graph.

f)sin(3V l-x2) ;  20. ( /  0 g)(x) = ---- x > 0 ; (g ° f)(x) = ;Solution:
x + v x + 5 By defînition the graph of

-.1  ̂ -w , ^ . n  1 , /  is input-output pairs21.6x + 3 h, h *  0 2 2 . ------------ , h *  0. ,
—  —  x(x + /ı) ° f/(x ) = x + 4;

this is a line with slope 1 and
y  -  intercept 4. (Fig.1.4)

1.15. Symmetry of odd and even functions.
Ехатріе:

Defînition:
A function /  such that / (-x) = / (x) is called an even function. Solution-

Sketch the graph of /(x )  = 1x1

( l - x 2)

(-x )4

is an even function, since y  = f  (x) = \ X
[- x , x < 0

The graph coincides with the line 
(1 _ (-x )2) (1 -  x2) J T -  x for x > 0 and with the line

The graph of even function is symmetric with respect to the y  -axis. ^ x for x < 0. (Fig. 1.5)

Ехатріе: / (x) =

/ ( - * )  = - = /(x )

У

У= x
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Ехатріе:

Sketch у -  f ( x )  =

Soltıtion:
Ғогх < 2 , we 

ha ve y  = 1, for x > 2 we 
ha ve y  = x + 2. The graph of 
y = 1 is a horizontal line, and the 
graph of y  = x + 2 is a straight 
line. (Fig.l.6).In that figüre we 
used the heavy dot and öpen 
circle above x = 2 to emphasize 
that the value /(2 )  = 1 lies on 
the horizontal line and not on 
the inclmed line.

Fig. 1.6

1.17. Graphing functions by translation.

1) If a positive constant is added to f ( x ) ,
( y  = f ( x )  + C),  the geometric effect is to 
translate the graph of the fımction 
/  parallel to the vertical axis in the positive 
direction. (Fig. 1.7).

y = x 2 +3

) Similarly, if a positive constant is i 
dded to the independent variable of a 
unction f ( x ) , ( y  = f ( x  + C) ), the 
eometric effect is to translate f> graph 
ıf the function parallel to the horizontal 
xis in the negative direction.(Fig. 1.9).

►

x

Fig. 1.7

2) If a positive constant is subtracted from 
f ( x ) , ( y  = f ( x ) ~ C ), translate the graph of 
the graph of the function /  parallel to the 
vertical axis in the negative direction.
(Fig. 1.8).

i

l  " Һ
0 3 \

4) If a positive constant is subtracted 
from the independent variable of a 
function f ( x )  , ( y  = f ( x - C ) ) ,  
translate the graph of the graph of the 
function /  parallel to the horizontal 
axis in the positive direction.
(Fig.1.10).

Exercises.

In exercises 1-10 label each function as even, odd, or neither. 

l . / ( x ) - x 2 +2 2. / ( x) = л/і - x 2
з -f(x) = x + x3 4 ./(x )  = 3 + x
5-f(x) = (x + 2)2 II40

7-f(x) = x + x3 + 5x4 S.f(x)  = 7x4 ~ 5 x z

9- /W  = Vx2 +1 7 110 , f (x )  = x2 + —

In exercises 11-23 sketch the graph of the function.
l l . / ( x )  = 2x + l 12. f {x )  = x,  l< x < 2
H-f(x) = x2 - 2 ,  - l < x < l 14.h(x) = x2 - 5
l5.h(x) = (x - 5 ) 2 16. F(x) = *Jx + 1

n .F (x )  = J T ^ c
— A

18- f (x )  = --------
x + 2
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19 ./(* )  =
х 2

х -1

20. Д *) = Т7х

21-/(х) = |  

22. /г(х) = <

х + 2,х <3 
х + 4, х > 3 
'1, 0 < х < 1 
3, 1 < х < 2 
-1, 2 < х < 3  
0 , elsewhere

23. /(х )  = Г
,х > 1 

,х<1

24. Use the graph of y = Jx| to graph the follovving functions
a) y  = |x -  4| b) = |x| + 4

c) У -  |x ~ 4| + 4 d) _y = jx + 6| -  2
%

Answers.

1. even; 2. even; 3. odd; 4. neither; 5. neither ; 6. odd ; 7.
8. even; 9. even; 10. neither.
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Chapter 2.
The limit of a function.

2.1. Defînition of limit.

A limit is the value a function tends to take as the limit variable 
approaches a specified value. For ехатріе, the limit of the function 
r(x) as x approaches the value of zero would be written as:

lim /(r)*-»o
The value will come as close to zero as possible vvithout 

actually becoming zero. The limit variable (r in ехатріе above) could 
approach some value other than zero. Most limits will have their limit 
variable approaching zero but that is not necessaıy and any other value 
wıll work just as well.

As an ехатріе, consider a function such as f (x)  -3x2+2, and 
substitute x+Ax everyvvhere the variable x appears in the function to get 
the function/ (r+Ar).

/  (r)=3r2+2
f(r+Ar)=3(r+Ar)2+2=3(r2+2r-Ar+(Ar)2)+2=3r2+6r-Ar+3(Ar)2+2

Then the limit of the function Дх+Ах) as Ar approaches zero is 
vvritten as:

lim ( /  (x + Ar)) = lim (3r2 + 6r ■ Ar + 3 ■ (Ar)2 + 2) =
Aı-»0 Ar-»0

=3r2+6r-0+3-(0)z+2=3r2+2
Obviously, in this ехатріе, the value of the limit is a function of r  and 
a value can be computed if a value of r  is specified. For r=2, the limit is 

neither14’ etc- You can fmd limit of a function as the limit variable approaches 
something other than zero. It could approach any other value vvithin its 
range such as:

lim ( f ( x  + Ar)) = 3r2+6r ■ 14+3 • 142+2=3r2+84r+590

Гһів method of evaluating a limit does not work for ali functions. For 
ехатріе if:
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then the limit of this function as x approaches the value of 4 cannot be »finition of limit: Let/ (x) be defıred for ali x in some öpen interval 
computed by simply substituting for x. This function does not have a ntaining the number a, with the p< sible exception that/ (x) may not 
value for x=4 since we get a division of zero by zero by substituting defined at a. We will write 
4 for x. This is defined as an indeterminent result since there is no real lim f ( x )  = L
result defined for this type of division. x~*°
’ppjçj'g gı*ç two possıbılıties here" gıven any number £ £ 0 we can find a number 5 .‘0 such that
1. Factor the equation. In ехатріе above, the equation can be factored I f  (X)~L I < £ i fx satisfies 0< | x-a\< 8 .
into: ramnle: Prove that lım(3x -  5) = 1

/(* )  =
(x + 4)(x -  4) 

x - 4

x-*2

= x + 4 ılution: We must show that given any positive number e  , we can find 
aositive number 8 such that

( 3 x - 5 ) - l < s if x satisfies 0 < x - 2V
/ «  L a

< <5

if statement “ can be rewritten as

Now we can substitute the value 4 for x to get the limit: 
lim (/(x)) = lim(x + 4) = 8.
x->4 x-+4

This works most of the times but not always.
2. Approach the value of the limit from both directions and calculate at this 
the value of the function. If you take values for x that approach the 
value 4, you will get answers other than divided by zero. And by taking 
values for x approaching 4 from both directions, you start to narrovv
down the value of limit. It becomes apparent that as x approaches the ne choice of 8 that makes the « if statement “ true for any e > 0 is 
value 4 from eıther dırectıon, the limit of the function approaches the = e /3.The value 6= E /3 is not the on]y value that will make « lf

atement “ true. Any smaller 8 will do as well.

|3x-6| < e if 0< x-2| <8
3|x-2| < s if 0< |x-2| <8
|x-2| < £ІЪ if 0< 1 x-2| <8

value of 8.
A limit can also result in a value of infinity. For ехатріе, if the 

function is

/ ( * ) = -  , x
then the limit off  (x) when x approaches zero would be:

lim f  (x) = lim*->0 jc—>0\XJ
obviously will approach infinity as x becomes closer and closer to zero. 
It cannot be directly calculated but can be determined by observation of 
the fact that the function would be a division by zero at the limit 
conditions, which is by defmition equal to infinity.

2.2. Computations of limits.

Let/and g be two functions and assume that 
nr/(x)and lim g(x)  both exist. Then

0 x-*a

1. Hm(/(x) + g(x)) = lim / (x) + limg(x)
x~*a ,t->0 x->a

2‘ ~ ? (x)) = lim /( jt)  -  lim g(x)
x~*a x-*a

3. lim(^ • / (x)) = k ■ lim / (x) , for any constant k
x->o

4. lim (/(x) • g(x)) = lim /(x )  • lim g(x)
x->a

m5. lim
x~*° g(x) limg(x)

if lim g(x) Ф 0
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6. 1іш(/(x))g{x) = ( lim / ( х )) i™ * w if lim f  (x) > O
x-*a x-*a x->a

7. lim \lf(x) = ф іт /(х )  if lim / ( x )  > O 

Ехатріе: Find lim(x2 -  4x + 3)X-*5
Solution: lim(x2 - 4 x  + 3) = lim x2-lim 4x + lim3=

x—>S x —*S x —>5 x-*S

= lim x 2 -4 lim x + lim 3 =52-4-5+3=8
x ->5 x~>5 x~*S

Е хатр іе : Find lim -— 6x + 9
•*-*3 x 3

Solution: The numerator and denominator both have a limit of zero as 
x approaches 3, so there is a common factor of (x-3). We proceed as 
follows:

x 2 - 6 x  + 9 .. (x -3 )2 . . .  _lim------------- = lim------- — = lım(x -  3) =0.

Ехатріе: Find lim —----------
^ - “x2 + x -12

Solution: The numerator and denominator both have a limit of zero as 
x approaches -4, so there is a common factor of (x-(-4))=x+4. We 
proceed as follows:

,. 2x + 8hm —----------
M-4x + x -1 2

lim 2(x+9 -. = üm  —
(x + 4)(x -  3) *->"4 x -  3 --2/7.

Ехатріе: Find lim  ̂ 23x2 -4 x  + 7
*-»• 2x -  5x + 6

Solution:
3x2 -  4x + 7 _ ~ 4x + 7)

lim:
2xz -  5x + 6 lim(2xz -  5x + 6)

x->l

Iim3x2-lim 4x + lim7 3-limx2 -41imx + lim7
Х-+1 Jt—»1_______ л-»1 _  х->1 л->1 х->1 _

1іт2х -1 іт5х  + 1ітбjr—*1 .t->1 д:-»1 2 ■ limxz
x-* l

51imx + limöЛГ—>1 .V—»1
3-12 -4-1  + 7 
2-12 —5-1 + 6

=6/3=2.
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Ехатріе:

Find lim*—►4
x 2 -6 x  + 8 

x —4
Solution: The numerator and denominator both have a limit of zero as 
x approaches 4. Let us revvrite x2-6x+8 usıngx2+px+q=(x-xl)(x-x2)

Solution: Again when x=l both numerator and denominator have a 
limit of zero. Let us factor given function using identity 

ax2+bx+c=a(x-xı )(x-x2)
where X] and x2 are roots of equation ax2+bx+c=0. The limit can be 
obtained as follovvs:

2.3. Limits of polynomials as x -»  +co or x —» -o o .

Sometimes it is useful to know how/(x) behaves when x is a 
large positive (or a negative number of large absolute value).

Rather than writing “as x gets arbitrary large through positive 
values,/(x) approaches the number L'\ it is customary to use the 
notation lim f ( x )  = L .  This is read “asx approaches infinity,/(x)

approaches L”, or “the limit of/(x) as x approaches infınity is L". 
Similarly, lim f ( x )  = Zmeans that “the limit of/(x) as x approaches

where X| and x2 are roots of equation x2+px+q=0. An equation 
x2-6x+8-0 has roots Xı=2 and x2=4, so x2-6x+8=(x-2)(x-4). 
After substituting we get

Ехатріе:
T,. J 3x2 - x - 2  Fmd hm— -----------

4x2 -5 x  + l

lim
Jt-*1 4x2 - 5x +1 4 (x - l) (x - l /4 )  *->ı 4(x-1  / 4)

, 3(1+ 2/3)
4(1-1 /4 ) '

3x2 -  x - 2  _ lim 3(x-l)(x + 2 /3 )_ lim 3(x + 2/3)
= lim = lim

JC->oO

minus infinity is L".
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Rem ark: Notations x —> oo and x —» +oo are equivalent to each othe 2.4. Limits of rational functjons as x  —> oo or x  —> —oo . 
and we will use both of these notations.
Remark: Ali properties of limits stated above hold when x—> a is To fınd limits of rational functions as x  —> oo or x  -»  -oo we
replaced by

x  -> +co or by x  —» -oo , 
lim x ” = +co ,«=1,2,3,.

lim x" =
l + oo , i f  n — 2,4,6,. 
!-oo ,i fn  = 1,3,5,..

lim
* —++co

1 ( V
lim -

x )
\ n

= 0;

1 (  1
lim —  = lim — = O .

x n x
A  polynomial P(x) -  co+C\X+c2x2+.........+c„x" behaves like il

term of highest degree as x - » co or x -+ -oo . If c„+0, then
lim (c0 +c,x + c2x 2 + ........+ cnx n) = lim c x n

r —İO-rt-l '* ........... .. Л

ide the numerator and denominator of a rational function by the 
hest power of x that occurs i., the denominator. What happens then 
»ends on the degrees of the polynomials involved.

ample: Find lim ——-- *-++co 7x + 6
lution: Divide the numerator and denominator by the highest 
vver of x that occurs in the denominator; this is x' =x.
3 obtain

5 x - 3  5 - 2 / x  ^m ( 5 - 3 / x )

*->+c°7x + 6 *-»+«>7 + 6/x  lim(7 + 6/x)
* —++oo

lim 5 -  lim 3 / x
__ *-++oo *->+oo 5 -0

lim 7 + lim 6/ x 7 + 0 7
Х-++00 *-++o0

5x2 -  x
lim (c0 + c,x + c2x 2 + ........+ c„xn) = lim e„x"

Ехатріе: Find lim (7x5 -8 x 3 + 12x -8 )

Solution: lim (7x5 -  8x3 + 12x -  8) = lim 7 xs = +oo .
* —++oO

Ехатріе: Find lim (-4x6 +14x2 -4 x  + 3)

ample: Find lim
3xJ -  4

lution: Divide the numerator and denominator by the highest power 
x that occurs in the denominator, namely x3. We obtain

lim l x ] ~ x = ]im İ L l Z İ h .1 =

Solution: lim (-4 x 6 + 14x2 - 4 x  + 3 )-  lim (-4 x 6) = -<

3x3 -  4 *-»-<*> З - 4 / х 3 
l im (5 /x - l/x 2) n n

*-+-oo ' U — U

00 . lim (З -4 /х 3) 3 -0
=  0 .

Remark: It is important to keep in mind that “ + oo ” or “ -  oo 
number. The last two limits above do not exist.

is not
ample: Find lim 7x3 - 4 x 2 +1

2x -  5
lution. Divide the numerator and denominator by x to obtain

l i m ^ l z f £ İ ± l =  7x2 - 4 x + 1 / x

2x -  5 il™ ~ +c0 ’

ісеТх^х-^+оо, — 0, and ( 2 - -
2 - 5 / x

\
—> 2 as x —> - 00.

x j
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2.S. A quick method for fınding limits of 
rational functions as x -> °o or x -> -oo . 10. lim:

■ 8x 4-12
x-*6 x -1x3-6

Let/ (x) be a polynomial and let axn be its term of highest degree. Le: ,• У + 6
g(x) be another polynomial and let bxm be its term of highest degree. ' im 
Then

f ( x )  axn f ( x )  axnhm 4-4-4 = hm ----- and hm 4-4-4. = h m ----
g(x) x->& bxm -*-»-00 g(x) bx”

Ехатріе: Evaluate the following limits:

a) lim- 3x4 +5x2 
■x4 + 10x + 5

■; b) hm I6x
X-*™ I5x4 +x 3 - 5 x

c) hm
4

X +  X 

6.v3 -  x 2
Solution: By the preceding observations,

a) hm
X—>co

b) lim

3x4 +5x2

x 3 -  16x

3x= lim----- = lim(-3) = -3:

- = hm - ; lim 1
\5x +x - 5 x  x-+a>i5x* *->°°15x

x

= 0 ;

c) lim — = lim
6x3 -  x 2 *->-<*>6

-00 .

y-*6  y 2 - 3 6

14. hm t +1 —~ St 3- 3
'->• Г -ЗМ -2

, х 1 + 8x6 - 5x416. hm---- ------- -------------
10x6 + 7x5 -  4x + 17 

18. hm (6x5 + 12x3)

20. lim 5x + 2x
'x 2 +x + 7

11. lim 3x2 -1x3-2
x-*2 4x - 5 x - 6

13. lim x 2 +6x + 5
л: — Зл: — 4

15. hm 5x2 + 7
3x - x

17. lim(4x2 - x  + 3)
*—>oo

19. lim- 6x3
^ 00 2x + 5x + 8

Answers.
— Л 1̂ 7; 8. 2; 9. 0; 10. 4/5; İL 5/11; 12. Does not exist; L3. —4/5; 
14.4/3; 15.5/3; Ібь.oo ; 17. oo ; 18. - oo ; 19. 0; 20 .-oo .

2.6. Limits involving radicals.

Exercises. Ехатріе: Find lim
« x^+cc^Sx-3

In exercises 1-5 use definition of limit to prove that the given Solution: 
limit statement is correct.
1. ІітЗх = 15

.v->5

3. lim (2-3x) = 5 4. lim — = 3
х->-1 *->1/3 X

5. limVx + 3 = 3 *-*6
In exercises 6-20 find the limits.

2. lim (2x-7) = -3 
*->2

ı

Using the property of limit

і о х з  \ x >+oo _ з ү *->+» 8x v 8 2

Ехатпіе: Find:

л/зд

6. 1іт(2х2 -  Іхз-Ь)
*->3

7. lim(3x4 -5 x 3 + 6x2 -4 x  + 7)
*->3

a) lim*—>+oo
Solution-

Зх* + 2x лІЗх2 + 2x~  ; and b) hm — x +гх

8. hm 4x2 -  5x + 2
*->2 3x -6 x  + 4

9. lim
*->4

x -5 x  + 4 
1x3-6

beginning the solution, note that if x is positive, л/х2" = x , but if
x is negative, V ?  _ _x
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. л. л/зх2 + 2х .. -\/х2(3 + 1/х) х-/з +1 / х
a) lım --------------= һш ------------------= Іш і-------------- =

X ■*->+” х
= lim л/З нһТ7х = л/3 .

^ З х 2 + 2х .. у[х2(3 + 1/х)
b) һ ш --------------= lım ------------------

lim (- лІЗ + І / х ) = —v/з .

: lim
X — сО

-х л і 3 +1 /;

Ехапіріе: Find l im - ^ Ü —-
■ ^0 vı + х -  і

Solution:
Let us substitute z6=l+x. We choose z6 in order to take roots easily. 
From substitution it is easy to see that if jc—>0 then z—► 1. Using 
substitution, we get

V T T T -ı z 2 - ilım -F==—  = lım— —  = Iım-
-J\ + x -1  Tz^ -1 z—»1 1

( z - l) (z  + l) z + 1 . .= hm— -----t ----- i— = lım—------- - =2/3.
(z — l)(z2 + z +1) ^ ' z 4 2  + l

Ехатріе: Find lim (Vx2 +6x + 5 -  x) .

Solution:
When Jt->oowe get (co -  oo). Let us multiply and divide given

function to (\/x2 +6x + 5 + x ) . We will get

lim (Vx2 +6x + 5 -  x) e

= lim
(тіхГ + 6 х  + 5 - х ) - ( Л х * + 6 x  + s + x)  __

л/х2 + 6x + 5 + х

= lim
(x2 + 6x + 5) x  _ lim

6x + 5

Vx2 + 6x + 5 + ^ +°°л/х2 + 6x + 5 + X
6 + 5 /x  6

= lim



r.vanmle: Find lim
~~ * —>+oo

Vx2 + 2 
3 x -6

t

inlution:
\sx->+°0 , the values ofx are . ventually positive, so we can replace 
|x| by x where desirable. We obtain

4 7 + 2
lım ----------

3x — 6

Vl + 2/х  
= lım -----------

*->+» 3 - 6 / x

lim
X~*+<X>

2

Vx2 + 2 /|x| 
(3x — 6) /|x|

lim 4 7  2 / x г
— x~*+<x>

lim (3 -  6 / x)
Х-+-+СО

lim
л:—>+a>

■\lx2 + 2  / 4 7
(3x -  6) / x

=1/3.

Exercises.
In exercises 1-21 find the limits.

1 . \ і т ^ ^ ~ 2 *->o x



17. lim-
*->з х -  3

19. lim
Л—>00

12« + 5

Ч П п1 +6п2 + 8
V x - ı

ү  — Q
18. lım-7~ -

х~*9 Чх - 3
.. 6 х -5

20. lım----- 1==
1 + V.

lim -
х - а

= +со; lim -
*~+я~ х -  а

== —00 .

2 -  х

х2 +3
b) lim 2 — х

(Hint: Let х = t 12)

camDİe: Find:a) lim . .
(x -  4)(x + 2) x->4- (x -  4)(x + 2)

>lution: In both examples the limit of the numerator is -2  and 
mommator is 0, so the limit of the ratio does not exist. We need to 
lalyze the sign of the ratio. As x approaches 4 from the right, the ratio 
always negative, and as x approaches 4 from the left the sign of the

2 1 . lim
Vx -1

Answers.
L 1/4; 2. 5/6; 3. 0; 4. -1/2; 5. 0; 6. + co; 7. 5/2; 8^—3/2; 9. n/2; ІДйо is eventually positive (after x exceeds 2), so 
11. 1 ;12 .-1 /2 ;13 .0 ;14 .-V 5;15 .1 /V 6;16 . Уз ; 17. does not ejm 2 ~ x and Hm 2 ~ x
18. 6; 19. 4; 20. 6, Д . 3/4. ->*+ (x -  4)(x + 2) *-»4- (x -  4)(x + 2)

2.7. One sided limits. MSEİerFind lim 1
x

=  + 0 0

r  (x + 1)2
Let = Ifx approaches 0 from the right,/(x) is alwaj2İHÎİ2Si As x approaches -1 from the right, (x+1) approaches 0 from

-—-  stays positive and increases beyond ali,ght. The reciprocal
0  + 1)

ounds.
If x approaches 0 from the left,/(x) is always -1. This introduces 
notion of one-sided limits.
Deflnition: Right-hand limit of/ (x) at a. Let/  be a function and 
a some fıxed number. Assume that the domain of/  contains an орСхатрІе: Find- a) lim 3^ andb) lim 3 
interval (a, b). If, as x approaches a from the right,/(x) approache ~ '
specifıc number L, then L is called the right-hand limit/ (x) as x tolution* 
approaches a. ‘
This is \vritten:

х->(Г x->0
1 .a) When x approaches 0 from the left, then — is large

nd negative. We can write:lim f ( x )  = L or as x-> a ?f (x)->L.
x-+a*

The assertion that lirn f ( x ) - L  is read : “ the limit o f/as  x
х~+а*

approaches a from the right is L”, or “ as x approaches a from the Çince -L is large when x -» 0 h 3 
/ (x) approaches L". W x , en 3

The left-hand limit is defıned similarly. The only differeno \ 
are that the domain of /  must contain an öpen interval of the form ("ITT18 a smaH number. Consequently 
and/(x) is examined as x approaches a from the left. The notatiG^m 
the left-hand limits are: lim f ( x ) ~  L or as x-> , .

3* - 3  |JC| =■

is also large, and its reciprocal

lim —
jc->0+ X

■■ + 0 0 lim — = -oo;
j:—>0" X

lim 3XJT-KT : lim 3 W = Hm _L
x->° x-+o~ _L
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b) When x approaches 0 from the right, then — is large and positive.

The value 3* will be large and positive.

[nspection of the graph shows that*
lim f ( x )  = 3 and li.n f { x ) -  3

x-+2+

us, lım/ (x) exists and is 3. The solid dot at (2,2) shows that
jc-»2

lim 3* = lim 3' 1 = +oo.
ДГ~»0+ дг~>0+

2)=2. This information, however, plays no role in our examination of 
limit of/ (x) as x -> 2 .

[nspection of the graph shows that lim f ( x )  = 2 and lim f {x)  = 2
*-»3" >3+

2.8. Existence of limits. us, lim f (x)  exists and is 2. Incidentally, the fact that/(3) is equal

In general, no guarantee that a function/ (x) actually has a limit 2 is irrelevant in determining lim f ( x ) .
as x ,x or x -> x0. If there is no limit, then we say that the

2.9. Continuity.limit does not exist.
Theorem: A function f(x) has a limit as x annroaches xn if and onlv if . . . . .  . . . „. . . .  .
-----"777  j , ,  / ,  . . .  . . , . T , . ıînıtıon: A function/ ıs saıd to be contmuous at a poınt c ıf the
the nght-hand and left-hand limit at x0 exıst and are equal. In symbols, lowing conditions are satisfıed;

lim f ( x )  = L o  lim f ( x )  = L and lim f ( x )  = L l./(c ) is defined
*->■*0 Л-»Л:0+ X-*JC0

Remark: Keep in mind that the symbols + oo and -  oo are simply 
descriptions of limits that fail to exist. These symbols do not represent 
real numbers and consequently they can not be manipulated using rules 
of algebra. For ехатріе, it is not correct to write + oo -  co =0. 
Е х атр іе :

Figüre 2.1 shows the graph of 
function/ whose domain is the closed 
intervalfo, 5],
a) Does lim / (x) exist?

x-*l

b) Does lim / (x) exist?

c) Does lim / (x) exist?

Solution:
a) Inspection of the graph shows that

lim f ( x )  = l and lim f ( x )  = 2
х -» Г  x-*\+

Although the two one-sided limits exist, they are not equal. Thus, 
lim f {x )  does not exist. In short, “/ does not have a limit as x -> 1 ’
x-+l

2. lim / (x) exists
X -*C

3.1im/(x) = f{c)
x~*c

If one or more of the conditions in this defînition fails to hold, 
în /is  called discontinuous at c and c is said to be a point of 
»continuity of / .  If / i s  continuous at ali points of an öpen interval 
, b), then/is said to be continuous on (a , b).

а в и і е я * ) :  7 *

k2) is undefmed.
x~2 is discontinuous at 2, because

«(*)= x-2  ’
.3 , x = 2

S (2) =3, and

is also discontinuous

= * 'І5 (* + 2) = 4 , so thatlimg(jr) * g(2) .
i Show that f ( x) = |

Jf->2
\x\ is a continuous function.
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Solution: We can write/ (x) as
x if x > 0 

f ( x )  ~ jxj = - 0 if x = 0 
- x  if * < 0

lim —:-----
x-*2~ X ~4 

21

4. lim — 
3x

lim
t-*-s-1+ 5

6. lim 2/

f ( x ) = jx| is continuous if x>0 or x<0. |x| is identical to the polynotf. lim ——  
and ali polynomials are continuous functions. Thus, x=0 is the only x_>3 x  ̂
point that remains to be considered. At this point / (0) = |0| = 0 , so it» jjm 4

remains to show that lim f  (x) = lim|x| = 0 X~*2 ^
x-*0  x->o' 1

Because the formula for/ changes at 0, it will be helpful to considert 1- lim 2 
one-sıded limits at 0 rather than the two- sided limit. We obtain:

lim (- x ) = 0lim x = lim x = 0 and lim x
jc-aO+ jc-+0+ jc-»(T

Thus, (2) holds and |x| is continuous at x=0.
Theorem: If functions/ and g are continuous at c, then

a) / +  g is continuous at c;
b) / -  g is continuous at c;
c) /  • g is continuous at c;
d) / /  g is continuous at c if g(c)?0 
and is discontinuous at c if g(c)=0.

12. lim

13. lim

ı

x2 - 1
2x + 4 

1
x2 - 4

as

^-5+1 + 5

8. lim —-— 
x -  3

1
10 . lim 2X~*

x—>2

a) x -> - 2+ and b) x -> - 2 '

as a) x ■ 
c) x -

2+

- 2 +

b) x 

d) x -
2“

- 2 “

In each of exercises 14 and 15 there is a graph of functions.
14- .(See Fig.2.2). Decide which of given 
limits exist, and evaluate those which do.

Theorem: A rational function is continuous everywhere except at f ( x) > b) lim f ( x ) ;
points where the denominator is zero. c) lim f ( x ) ; d) lim f(x) •

v v O4 5
X 2 - 9 15. (See Fig.2.3)Ехатріе: Where is h(x) = —-----------  continuous?

x -5 x  + 6 ,a )lim /(x )- 7?)lim/Yxl-
Solution: Bv theorem. the ratio is continuous evervwhere excent at» ■*-»» ’ J x > ’
points where the denominator is zero. Since solution of с)Иш / ( x ) ; d)  lim f ( x )

■ 5x + 6 = 0 are x=2 and x=3, h(x) is continuous everywhere excef
at these two points.

1 . lim

Exercises.
In exercises 1-13 find the limits. 

X 2 . lim -

1 6 . G raph / ( * ) J *  
0

х ->У  X — 3 x~>2+ X

X  5t 1

x = 1
U m /(x) and l im /(x ) .

Fig.2.3

x->\ +



b) Does Iim f ( x ) exist? If so, what is that? If not, why not?

In exercises 17-22 fînd points of discontinuity, if any.

17. /(x )  = x3 -2 x  + 3 

x - 419. f ( x )  =
x 2 -16

2 1 . /(x )  = X3 - 2x2

18. /(x )  =

20. f ( x ) =

22. /(x )  =

x 2 +1
x

[x|-3  
2x + 3

7 + I5

x < 4

x > 4

23. Find a value for the constant k, if possible, that will make the 
function continuous.

a) /(* )  =
J7x- 2 

| kx2
x < 1 

x > Г
b) / ( * ) =

I kx2 
12x + k

x <2 
x >2

2.10. The limit of trigonont tric functions.
The first remarkab.e limit

st of ali, let us consider principle called the squeeze principle. 
e sgueeze principle:

If g(x) < f ( x )  < h(x) and lim^(x) = L = lim A(x)
x-*a х-ta

then lim f { x ) - L
x:-±a

eorem 1- Let sin Ө denote the sine of an angle of Ө radians. Then
sinÖ ,lim------= 1

Ө-*0 0

metimes this limit is also called ‘the first remarkable limit’.
eorem 2: Let cosö denote the cosine of an angle of Ө radians. 
en

.. l-c o s#  „ hm--------- -- 0
Ө-У0 0

24. Let f  (x) equal the least integer that is greater than or equal to x. Fa °° ’ va ûes sm x an<̂ cos x oscillate
instance, / (3) = 3 ,/(3.4) = 4 ,/(3.9) =4. This function is sometimes & e|ween an<̂  1 without approaching any fixed real value. 
denoted |~x] and called the ” ceiling ofx”. Graph the function and US’ 6 *m’ts sin x , lim sin x , lim cosx, lim cosx do not
answer the questions.

a) Does lim / (x) exist? If so, what is it?
x->4~

b) Does lim / (x) exist? If so, what is it?
jc-+4+ 5

c) Does lim / (x) exist? If so, what is it?
x—>4

d) Is/ continuous at 4?
e) Where is / continuous? 
t) Where is/ not continuous?

Answers.
L - 00; 2 .+ °0  ; 3 . - 0 0  ;4.+QO ; 5. + go ; 6. -  oo ; 2.

st. We shall say that they fail to exist due to oscıllation. 
ample: Find l im ^ ^ î

Jt->0 V

• - a .

Letax = 0 , asx-> O,0->O.Thus,
ı — = = l im ^ L inT1/î зіпб» _ sin Ө
0 * ө̂ Ө / а  ө™а '~ ё  аЛ£% ~1Г = а Л '-
U im H F
! х-*° *

оо; 8. +°°і
{»«Mar, if о=2, then lim =

9 . +  00 ; 10. +  00 ; İL  0 ; 12. a ) + oo ; b )  -  oo; 13. a )  +  co ; b )  — o o ; № g||gg* Hm s 'n ^X
2; i ’ *-*0c) -  oo; d) + oo ; 14. a) 2; b) 1; c) 1 ; d) 3; 15. a) 2; b) 2; c) 1; d) 2; 

16. a) 1, 1; b) 1; 17. none; 18. none; 19. x = ±4; 20. x  = ±3 ;
21. none; 22. none; 23. a) 5; b) 4/3; 24. a) yes; 4; b) yes; 5; c) no;
d) no; e) ali nonintegers; f) ali integers.

5x
sin5x ı
T —- = lim— 

j x  x -+ o  5
sin5x 1 sin5x 1
— ------h m ------- = - -5  = 1.* 5 *-><> x 5
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„  smaxЕхатпіе: Fmd um—
*->o sin bx

Solution: Let us divide numerator and denominator by x 
sin ax ,. sin ax

a.. sınai .. lım---- — = lım-
lim- 

_x___ *->° X

x-*0 sin bx x~*° sin bx limдг-»0
sin bx b

Ехатріе: Find lim t3n*x->0 x

Solution: lim tanx
дг-»0

;lim(
sm ı

= lim- •lim

x x̂ >° cosx 
sinx

—) = lim(—-—  
x x~>° cosx

sınr

=1- 1= 1.

*-»0cOSX x~*° x
. 2 ,

Ехатріе: Find limjf—>0
sin (x/3)

sın
Solution: lim-

x ->0
= limд:->0

'  . X ^sm —
2

. Xsm —
3 = lim 3

X x->0 X

4 )

9

Ехатріе: Find lim- sınx
x~*° VJC + 9 -  3

Solution: As x->0 then numerator and denominator approaches 
Let us multiply numerator and denominator by the conjugate of 
denominator:

sin x ( f i T 9  + 2) _limJt~»0
sın X :lim-

s/x + 9 -  3 x̂ ° (Jx  + 9 -  3)(Vx + 9 + 3) 

Sm x • lim(VxT9 + 3)=1 - (3+3)=6.= limдг-»0 x Jc->0
n  XЕхатріе: Find lim(2 -  x) ■ tan

*-► 2 4
Solution: Observe that as x-»2, we shall ha ve (0 • oo). 
Let x  = 2 -  a  . We obtain
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zere

x->2
TC X _. TC tt it

lim(2 — л:) • tan —— = lıma  • tan — (2 — a) = lima  ■ tan(---- — a)
-  vi 4  a-*O  /I -  vr, v y

ЯГ
T a->0

Пcos — a
= lim a-cot—a  = lim «-— 4—

a->0 4 a-+0
sin —a  

4
n a

= lim-
a->O Я ' . Я— ■ sın — a  

4 4

л  1 , 4  ■ lım cos — a  -  —  1 = —.
a ->0 4 7Г 7t

1 . lim

Exercises.
In exercises 1-18 fınd the limits. 

sin3£?

3. lim

0->o Q 

Xmlx
•ı->0 sin3x 

Ө25. lim

7. lim
*->0

ө->о 1 — cosö 
2x + sin x

- sın* 2 . lım — =
jr_>0+ 5л/х

4. lim- h
h~*Q tan h

,  l-c o s5 ho. lım----------- -
A-*° cos İh  - 1

8. lim sin — let t -  ■

9. lim ^ H ^  
*->°tan hx

11. K m îS f c ü
'->■ х ’ - 1

sın

13. bmİT cos^ - ta n 2 
x~*° x ■ sin X

15.
sin 6x

17 • Hl* (* -Ş )- ta n x
2 л

10 . lim-

12 . lim smx
Vx+~4 -  2

X14. limx-cot—
•*-►<> 3

1 + x2 -  cos*16. lim-x->0 sin2 X

let Ө -  x - 71

1
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cos
18. lim- \ x j

x-*2 Х  — 2
let t - n к

2 x
19. Find a nonzero value for the constant k so that 

tan kx

i If ИтйЧх) = 1 and limç?(x) = °o fhen we assume
x-*a x~*a

>(x) = 1 + oc(x), where a(x) -> 0 as x-> a and

: = limi [1 + a(x)]â(x)
^__t  ) ! h n a ( x ) f ( j : )  lim \ф{х)-\\(р{х)

- е^" ' "— л М й

/(* )  =
if x < 0

x will be continuous at x=0. yamnıe: Find lim
-v Х-+00

3x + 2k 2 if x > 0
Answers. lolution: As x -» oo, expression 1 + —

JL 3; 2.0; 3.7/3; 4. 1; 5. 2; 6. -25/49; 7.3; 8.1; 9.a/b; 10. 1/8; V *)
İL  1/̂ ; 12.4; 13;-l/2; 14. 3; 15. 1/36 ; 16. 3/2; Х7. —1; 18. л/4;örrnl®  ̂Let us İT1troduCe a  Ъу -  -  *

1 and we get indeterminate

19. 1/2.

2.11. The number e. Second remarkable limit,

Number e is the limit

by — = « = >  x = — . 
x a

f x -» oo thena -» 0. Thus,
( k V  -

( 1) lim +

K
II o •1

X-»ook x )

(2) lim(l + a )a = e
cr-»0

lim 1 +
x )

Jsing (2) we obtain

= lim(l + a)a =lima-»0 a~>0 (l 4- Öf)a

lim
a - *  0

(l + Ct̂ a
1 *

lim(l + a)a :a->0

(3) lim
Limits (1) and (2) are equivalent and called the second remarkabl *->®
limits. f  з ү
To evaluate lim[^(x)]p(Jt) = C there are following possible cases.111 particular, if £=3, then liml 1 + - ~ ~3

a) If lim^(x) = A and lim^(x) = B then C=ABx̂ w х-+а
b) If lim ф(х) = A * 1 and limç»(x) = B then we apply

Ехатріе: Find lim—^ + —
jc->Q

0
limC = \
x->=o + 00

or
Г+0О

lim Cx =
0

if 0< C < 1  
if C > 1

Şolution: Since - (1 + x) = -  ln(l + x) = ln(l + x):
X X

Using (2) we obtain

l i m h â l i L , ,
X

lim.r-*0

■ Г ' 1 "
ІП0  + Х)* = İn lim(l + x)xx-±0 = ln e= l.
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Chapter 3. 
Derivatives.

3.1. Definition of derivatives.

Geometric interpretation of the derivative:
is the function whose value at x it the slope of the tangent 
e to the graph o f /  at x.
aninle: Find the slope and an equation of the tangent line to the

Definition: Let /  be a function that is defined in at least in some ot „ .. 4 2 ... ■ . m ı  Q\Pph of f ( x )  = x  at the poınt P(3,9)interval that contains the number x. If
(D 1ітЛ і İ * H W  >

/ı —>0
exists, it is called the derivative o f/a t д: and is denoted f ' ( x ) .  
The function/ is said to be differentiable at x.
Ехатріе: Find the derivative of the function x2 at any number x. 
Solution: By the definition of the derivative

/ ' (X) = f i m = îim * 2 + 2hx + h 2 ~

lution: We have x0 = 3 and y Q = 9, so from (1)

m,. =lım M ı M = lm M İ .
h A-»o hh->0

A-> 0 A-> 0

= limh—>0
2Һ.Х + Һ1

: lim(2x + h) =2x.

The fact that the derivative of the function x2 is 2x is recorded in the

notation (x2)’=2xor —  (x2) = 2x.  ,
dx •

3.2. Geometric interpretation of derivatives. 

Definition: If P (x0 ,y 0 ) is a point on the graph of a function/  tha
the tangent line to the graph off  at 
P is defined to be the line through 
P with slope

(1) тш = lim -  —0 +h^~ j

provided this limit exists.
For brevity, the tangent line 
at P(x0,y0) is often called the 
tangent line at x0.(Fig.3.1)
It follows from the definition 
that point-slope form of the 
tangent line at x0 is:
(2) У~Уо=тйіа( х - х 0)

y = m

9 + 6Һ + Һ2 - 9  .. 6h + h2 . . ,= hm— ------------- = hm----------= lım(6 + h) =6
Й-» 0 h h~>° Һ

us, from (2) the point-slope form of the tangent line is 
-  9 = 6(x -  3) and the slope-intercept form is y  = 6x -  9.
;ample: Let f ( x ) - x 2 +1

a) Find /  (x)
b) Use the result in part (a) to find the slope of the tangent line 
to y  = x2 + 1  at x = 2, x = 0, and x - - 2

lution:
a) From (1) of (3.1)

_ ]im л * + щ -  m  __ lim [(x+ h f + ı l -  [x2 + 1] _
Һ *->0 h

X2 +2 xh + h2 + l - x 2

/  (x) = lim-o

= lim-A-»0
-1 2 xh + h2— = lım----------

A-+0 h
= lim(2x + h) =2xA-»0

b) From part (a) the slope of the tangent line at any point x is 
/ ’(*) = 2x.

Thus, at x  = 2, x  = 0, and x  = -2  the slopes are
/  (2) = 4 ; / ’ (0) = 0 and f  ( -2) -  -4 . 

lample: Find

a) the derivative with respect to x  of / (x) = Vx
b) the slope of the tangent line to the graph of y -  Vx at x=9.

Fig.3.1
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mark: —  should not be regarded as a ratio, it should be considered 
dx

a single Symbol denoting the derivative.
he independent variable is not x, then appropriate adjustments in the 
tation have to be made. For ехатріе, if y - f  (n) then

d [/(«)] = /'(«)■ 

particular, adjusting the notation in last two examples above yields

(n -9 )2

3.4. Existence of derivatives.

ЩІ - | •:!

The derivative of a function/ is defmed at those points where 
; limit in (1) exists. If x0 is such a point, then we say that/ i s  
fferentiable at or/h a s  a derivative at дг0. Stated another way, the
main of /  consists of those points where/is differentiable. We say 
ıt/ i s  differentiable on an öpen interval (a, b) if it is differentiable 
each point in (a, b), and we say that/is a differentiable function if 
is differentiable on (—oo,+oo) . At points vvhere/ is not differentiable
î say that the derivative of/ does not exist. 
rample: ’
ıe function / (х) -  |;c| is continuous for
x and consequently is continuous

The process of fınding a derivative is called differentiatıon. ц ^ - ^ - 3-2) 
oıten useful to think of differentiation as an operation that, when * that / (*) = |*| is not differentiable

case whefl*=0

the independent variable is x, the differentiation operation is often * Find /  W  • 

denoted bytesynA ol ^ [ / W ] ,  which ,s read/',he  denvative of ЩЩош a) From definidon:
f{x)  with respect to Thus, / (0) = ]im f i  0 + h)~ /(0 )  _ ̂  f (h)  -  /(0 )  _

A-» 0
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- t o ü ü - J S
h~+Ö Һ Л-»0 fı

But w 11 if h > 0 
if Һ < o

, |A|
,so that lim — = - l

*-»o' h

and lim
h~>0* Һ

b) lfx>0, then f ( x )  = |x| = x , so f \ x )  = 1 and 

if x<0, then f ( x )  = |xj = - x , so f ' ( x )  = - 1

hM‘ i f * >0dx [ - 1  if x < 0
As we see in Fig.3.3./ is not a contınuous 
function. So, this ехагпріе shows that a

4 „ 3  '
rind ıf V -~zn r  ■ 

dr i
In exercises 13-17 fmd f  \ a )  and the equation of the tangent

to the graph of /  at the pomt where x= a. 
is the function in Exercise 1 a=3H _  . . \h\

- ~ • Thus /  (0) -  hm— does not exist because the onf is the function in Exercise 2.; a= 2
■A Av .. . . „ f is the function in Exercise 3.; a=0

sıded hmıts are not equal. Consequently, / (x) = (x| is not differer% ig the functi0n in Exercise 4.; a=-1
at x=0.

I1

0
J

f  is the function in Exercise 5.; a=8
Given that/(3)=-land / ' ( 3) = 5, fmd an equation for the tangent 
to the graph of y = / (x) at the point where x=3.

. \x2 +1  , x < 1 . ,Show that f {x)  = { ıs contınuous and
[2x , x >1

erentiable atx=l. Sketch the graph of /

continuous function can have a derivative that is not continuous. Sh°W that
x2 +2 x < 1 .is continuous but not

Exercises.
In exercises 1 -8 use defınition of derivative to fmd f \ x )  Let /(x ) = 

1 / ( a) = 3x 2 , f ( x ) - x 2 - x
3- f ( x )  = x 3  ̂ 4 . / (x )  = 2x3 +l
5 . /(x )  = V xTî 6. f ( x )  = \ / x

л

x +1  , x > 1
erentiable at x=l. Sketch the graph of f.

3x2 , x <1
ax + b , x > 1 

d the values of a and b so that / will be differentiable at x= l.

f ( x )  = ax2 +b (a ,b  constants) 8. f ( x )  = - î -
Vx

bı exercises 9-12 use defınition of derivative (with the 
appropriate change in notation) to obtain the derivative requested.
9. Find f ( t )  — 4t2 +t
10. Find g (w)if £(m) = 5m + 3

й A
1 1 . Find —  if а  = зл2 - а

dZ

Answers.

ix ;2.2x-l;3. 3x2; 4. 6x2 ; 5. 

1 1

; 6.
2л/ x -t 1 x

; 7. 2 ax ;

2 { f x f
; 9. 8f +1; 10. 5 ; İL  6Я - 1 ;  12. An r l . 13. 18;

: 18x~27 ; 14. 3; y  = 3 x - 4; 15.0; ^  = 0 ;16 .6 ; y = 6x + 5; 
1 x 5
—; y = ~  + -  ; 18. y  = 5 x -1 6 ; 2 1 . a=6, b=-3. 
o 6 3
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3.5. Techniques of differentiation.
Rule 1: I f /is  a constant function, say/ (x)= c for ali a, then f  '(x) , , ,
thatis, in function notation as (f - g ) -  f  ~ g  •

dr - ,  ,1e 4 can be extended to any fmite number of functions.
H  = 0 ...... /  are ali differentiable at a, then their sum is differentiable

. x and:
Г'1 dЕхатріе: If/'(x)=5 for ali a, then/'(a) =0 for ali a; that ıs — [5] =

dx
Rule 2: (The power rule) For any fıxed exponent n

[/İW  + / 2W  + ...../ . w ]  =

—  [а я ] = и - а " ' '  
dxv J

t h r o u g h  a n y  i n t e r v a l  w h e r e  a " a n d  a ” - 1 a r e  b o t h  d e f ı n e d .  “

dx

» 4 [ / ,М ]  + / [ Л М 1  + .......+ / [ / . ( * ) ]■dx dx dx

Ехатріе:
d

[a 12] =  1 2 - a 11 .

dx
=  2 4 x 7 + 3 5 a 4 +  6 .

dx

ule 5: (The product rule) If/ and g are differentiable at a, then so is 
іе product/  •g, and

4 -  [/(*) ■ S W ] = /(■*) ‘ 4 -  [£(*)] + sOO ■ 7 - [/(•*)]dx dx dxRule3: Let c be a constant. I f /is  differentiable at a , then so is cf ,1

he product rule can be written in function notation as

Remark: In words, a constant factor can be moved through a deriv ( f  g) ~ f ' g  + g f  ■
Varning: Note that it is not true in general that ( /  • g) = /  • g ; that
5 derivative of a product is not generally the product of the derivatives. 
Іхатпіе: .

sign. In function notation, rule 3 States (c • f ) ‘ ~c-  f  
Ехатріе:

/ [ 4 x*] = 4 . / [ ^ ] = 4.(8jt, ) = 3 2 ^ ;
dx

£ М - < - » - £ И -■îr"
Rule 4: If/and g are differentiable at a , then so i s /  + g , and

| h w + );w ] = ^ [ / w ] + | f e M ]

Rule 4 can be written in function notation as ( /  + g)' = / '  + g

Е хатріе: ~ [ x A + *7]= —  [a7] = 4a3 + 7 a6.
d x L J d x 1 1 d x L 1

By writing /  -  g -  /  + (-l)g  and applying rule 4 it follows that

Fİnd İf У = (4*2 _ 7)(7;c3 + ^
jolution: There are two methods that can be used to find dy/dx. We can 
aöıer use the product rule or we can multiply out the factors in y  and 
»en differentiate. 
vlethod 1. (Using product rule)

f - £ İ < < * 2 -7 X 7 * 4 * )]  =

=  ( 4 a 2 - 7 ) ^ - [ 7 a 3 +  a ]  +  ( 7 a 3 +  a ) — [ 4 a 2 -  7 ]  =  
dx dx
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*  “  I

= (4*2 -  7)(21х2 41) 4 (7*3 + x)(8x) =
= 84*4 4 4x2 -147x2 -  7 + 56*4 4 8x2 = 140x4 -135x2 -7  
Method 2. (Multiplying first)

y  -  (4x2 -  7)(7x3 4 x) =

= 28x5 4 4x3 -  49*3 -  lx  = 28x5 -  45x3 -  l x .
Thus,

^ = — [28x5 -4 5 x 3 -7x] = 140x4 -135x2 - 7  , 
dx dx

which agrees with the result obtained using the product rule.
The product rule can be extended to any finite number of 

differentiable functions:

(/, ■ f l  • .... ■ fn )' = A ■ /2 • -/«  + /2 • / l ' •••/«+ ........

+ f n  - f l ' f l  - - / » - l  

Rule 6: (The quotient rule) If/  and g are differentiable at x and g(x, 
then / /  g is differentiable at x and and

/(■*)

emark: Since it is needed often, ' worth memorizing that 
if /  (x)= c then

_ c-g
g

1

( f ) V |

xample: Find
2x3 + x + 5

olution: By the formula for
V

1
2x3 + x + 5

_ l(2x3 4- x + 5) _ 6x 41
(2x3 +x + 5)2 (2x 4 x 4 5 )

Іхатріе: — [x'9] = -9- x-9 1 =-9x  10;

d_
dx

dx
i
x

g(x)

g(x) • - j -  [ f  (x)] -  f {x)  ■ ~  [g(x)j 
_____dx dx

dx

[g(x)]2
The quotient rule can be written in function notation as

f ' - g - g ' f
\ g j

Ехатріе: Let y  =

g
x2 -1  
x4 +1

. Find d /
dx

, j 2
Іхатріе: Find v if y  = — x5 -  — x3 + x

iolution: Applying rule 2, rule 3, and rule 4 where it is necessary, 
we obtain

V=(~x5)' - ( | x 3)’ + (*)' = I (* 5)' - | ( x 3)' + (*)' =

■=|5x4 - | 3x2 41 = x4 -  2x2 +1 = (x2 - 1)2.

dy _ (x4 4 l)(x2 -1)' -  (X2 -  l)(x4 4 1)' _ 
dx (x4 4 1)2

_ (x4 4 l)(2x) -  (x2 -  l)(4x3) _
(X4 4 l)2

2x5 4 2x - 4x5 4 4x3 _ -  2x5 4 4x3 4 2x _ 2x(x4 -  2x2 -1)
(x 4 4 1) 2

Схашріе; Find f ' ( x) if f ( x )  = 

»olution: Using rule 6 we get

x2 - 2  
x2 4 2

/ ( * )  = . (x2 -  2)'(x2 4 2) -  (x2 -  2)(x2 4 2)’ 
(x2 4 2)2

(x4 4 l)2 (X +1)

64

= 2x(x2 + 2)-2x(x2 - 2 )  , 2x(x2 4 2 -  x2 4  2) 8x
(x2 4 2)2 ~ ( x2 4 2)2(*2 4 2)2
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* "■ ” * (Я0 +6exercises 1-15 use the techniques of differentiation to fînd dy/cb:.

10. y  = (x> + l x l -8)(2x'3 + O  

1



a) g(x) = 3x2 - 5 - f ( x ) b) g (x )= 2x + l
7 u )

17. If /(2 )  = -3 aad / ( 2 )  = 4 , g  (2)=1 and g ( 2) = -5 then 
fmd F (2)
a) F(x) = 5 • f ( x )  -h 2 • g(x) b) F(x) -  f ( x )  -  3 • g(x)

c) F(x) = f ( x )  g(x) 

18. Find y

a) y  = 4x7 -5 x 3 + 2x 
3x - 2

d) F(x) =
s(*)

b) = 3x + 2

d) F = (*3 -5 )(2 x  + 3)

b ) y  = -

c) y = ax3 +bx + c
20. Find
a) /  (2), where f {x )  = 3x2 -  2

d 2 v ,
'■ , where y = 62Г ~4x2

t л=1

(a, 6, c constant)

21. Find =-d- 
dx2

a) y  = 7x3 ~5x2 +x 
x + l

b) y  = 12x2 - 2 x  + 3 

d) y = (5x2 -3)(7x3 +x)

1
У = at (2, 1/5)

2x + l
y  = л[х(х2 + 2) at (4, 36) 

jc + 1
x + 2

at (-1,0)

Answers.
2

3 3

—  + —; 8. -3x~4 ~ —t \ ъ. І0Л _ . 
a b ~  x8 2

ı. -15x~2 -14x"3 +48x"4 +32x“5 , l h  I2x(3x2 +1);
" 5 . - 3  . .  1 . .  - 2

28x6 ; 2. 24x7 + 2; 3.0 ; 4. ^ x   ̂ ,5 . л/2 ,

3ax2 + 2 bx + c ;7 . —  + — 8. -  3x 4 - ;  9 . 18x ~ ı:x + ^ ı

(5x -  3)2 ’ 13.
(2x + 1)2

14.
(x + 3)2 , I L ( x - l ) 2

i. a) -2; b) -8; 17. a) 10; b) 19; c) 19; d) -11; 18. a) 168*5 -  30x;

, 0; c) - 4 - ;  d) 6x(4x + 3); 19. a) -  210x”8 + 60x2; b) -  6jT 4;
5jc

6a; 20. a) 0; b) 112; c) 360 ; 21. a) 42x -1 0 ; b) 24; c) j / ^  ;

l 700x3-96x; 22. v = 3jc —1; 23. v -  + — ;
—  7 —  7 25 25

L y = 20.5x-46;25. y  = x + l.

3.7. The derivatives of the trigonometric functions.

For the purpose of finding derivatives of the trigonometric 
mctions sinx,cosx, taruc, cotx , secx , and cscx, we shall assume that x

1 measured in radians. In order to fmd —  (sin x) and —  (cos x ) , it will
dx dx

e necessary to make use of the limits
In each of exercises 22-25 find an equation of the tangent to th lim^İü^. _ j and fim1 C°S h = 0

gıven curve at the given point. h~*° h i“ o һ

22. y  = x 3 — x 2 + 2x  at (1,2) Let us first consider the problem of differentiating sin x. Let x 
e any real number. From the definition of a derivative
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d r .  -i sin(x + h) -  sin x—  smx = lım—  --------------- =
dx ь-ю h

;;fCOSx-sinx-(-sinx)_cos лг + sin x =sec x .

:limA->0

= IimA->0

=  l i m
A->0

sin x cos h + cos x sin h — sin X
COS2 X COS X

(3) dx
[tanx) = sec2 x;

sın JC cos h - 1
+  COS XI

cosx

sin h
h J

sin A) . A - c o s /Л -----  -  sın X ----------
h J y h J

Since sinx and cosx do not involve h, they remain constant as A->0; 
thus

lım(sinx) = sinx and lim(cosx) = cosx .
A—>0 h~*ö

or in function notation (tan x) = sec2 x 
remaining formulas are

(4) — [cotx] = -esc2 x ;
dx

or in function notation (cotx) = -  esc2 x 
d

(5) dx
[sec x] = sec x • tan x ;

Consequently, 
d sin h

• sin x ■ lim
A—>0

1 -  cos h, İsin x|=cos X'lim| 
dx Һ

= cos x • (1) -  sin x ■ 0 =cosx.
Thus, we have shown that

(1) —  [sinx] = cosx;
dx J

or in function notation (sinx)' = cosx
The derivative of cosx can be obtained similarly, resuîting in the 
formula

or in function notation (sec x) = sec x • tan x 
d

(6)
dx

[cscx] = -cscx -co tx ;

(2)
dx

[cosx] = - s in x ;

or in function notation (cosx) = -sinx

or in function notation (esc x) = -  esc x • cot x 
ımple; Find /  (x) if /(x )  = x2 - tanx 
ııtion: Using the produet rule and formula (3), we obtain

/  (x) = x2 ■ —  [tanx]+ tanx • —  fx2 ]= 
dxl 1 d x l J

=x2 ■ sec2 x + 2x • tan x . 
ımple: Find dyldx if y -  sin 2x 
ution: '

sin 2x = 2 sin x ■ cos x trigonometric identity
JS

The derivatives of remaining trigonometric funetions can be obtains ŝin -  (2 sın x cos x) = 2(sin x cos x)
using the relationships

sınxtan x = ------ :
cosx

For ехатріе,

—  [tanx]= — 
dx dx

cotx

smx
cosx

cosx
smx

1 1 secx = ------; cscx = ------
COS X  s i n x

cos X • — [sin x] -  sin X  • —  [cos x| 
_____ dx dx1 .

2-[sinx(cosx) +cosx(sinx) ]=
•[sinx(-sinx) + cosx(cosx)] = 2(cos2 x -  sin2 x) = 2cos2x.

Find (x3 -secx) 
jution:. (x3 -secx)’ =

•(secx) +secx-(x3) = x 3secxtanx + secx-(3x2)
cos x
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Ехатріе:

Find d y l dx if y sınx 
l + cosx

, (l-t-cosx)-^[sinx]-sinx- — [l + cosx]
нУ _______ dx____________dx_________
dx (l + cosx)2

_ (1 + cosx)(cos x) -  (sin x)(~sinx) _cosx + cos2 x + sin2 x

/(x ) = cscx-cotx

/ ( * )  = *

0. /(* ) =

8. f t  ) =
cotx 

l + cscx

/Yx^ = Sİn2X + COS2 X
Solution: Using the quotient rule together with formulas (1) and (; J '  ' .
weobtain - sinxsecx

ı. m

1 + x • tan x 
l + 3secx 

tanx

(1 + cos x)2 
1 + cos x

(1 + cosx)2
1

(l + cosx)2 l + cosx 

Ехатріе: Find У ^ -j if y(x) = secx 

Solution:
y  = secxtanx;

y  =secx-—  [tan x] + tan x • —  [secx] = 
dx dx

cotx
2- / w = ! ^ 7

In exercises 13-17 find

13. _y = x-cosx
15. y  = x s in x -3 c o sx
17. y  = sin x-cosx

d 2y
dx2
14 . y  = esc x
16. y - x 2 -cosx + 4sinx

Answers.

1. -2sinx-3cosx ; 2, ; 3, x3 cos x + (3x2 + 5) sin *;

Thus,
= secx-sec2 x + tanx-secx-tanx=sec3 x + secx-tan2 x. 4. secx-tanx-V2sec2 x ; 5. sec3 x + secx-tan x;

+ secM  г( — -tan2UJ l
Jt \ з( İZy  I — | = sec 1

= (л/2)3 +(л/2)-(1)2 = Зл/2 .s

Exercises.

bı exercises 1-12 find /  (x)

6. l + 4cscxcotx-2csc x ; 2ı _
, _ 1 + cos x „1 ~ • 4 -------- ----- * ö.

sin3 X

;2ı°;

10. 1
(l + x-tanx)

11.

’ 1 4- sin X

—1 — 3cosx ,_ —(l+ x 2 )csc x -2x-cotx
sin2 x

;12.
(l+ x2 )2

13. -x -c o sx -2 ş in x ; 14. 1 + cos2 x 
sin3 X

; 15. -  x ■ sin x + 5 cos x ;

16. 2cosx-4x-sinx~ x2 -cosx-4sinx  ; 17. -4sinx-cosx  .

1. f ( x )  = 2cosx-3sinx

3. f ( x )  = x 3 s in x -5 c o sx  
5. /(x )  = secx-tanx

2. /(* )  = smx

4. / (x) - s e c x - \ İ 2  tan x 
6. /(x )  = x -4 cscx  +2cotx



Ехатріе:
Find /  if / ( x )  = (x2 - x  +1)23

.2 ... 1 У/ 4 .23
nnple: Find —  [sin(2x)]

Şohıtion: Let u -  x -  x +1, so f (u)  = u23, then apply (3) to °btâ ĵon. Taking u - 2 x  in the generalized derivative formula 
d - 1
dx [o - x  +

dx
■ 23 u22 du

dx

= 23(x2 -  x + 1)22 • — [x2 - x  + l]- 
dx

sın u yields
d d  r . , du--—[sin(2x)] = — [sm u] = cos u ■ 
dx dx dx

= 23(x2 - x  + l)22( 2 x - l ) .
More generally, if u were any other differentiable function of x, theımple* 
pattem of computation would be the same. For ехатріе, if u = cos 
then

cos(2x) •— [2x] = cos(2x) • 2 =2cos(2x). 
dx

Find — [tan(x2 +1)] 
dx

d f 23 1 d . 23ı _~ 22 du—  cos x\=— [u ] = 2 3 u ---- =
d x L J dx dx

-23cos x ---- [cosx] = -23sinx-cos
dx

22
X .

Generalized derivative formulas.
d r n ı «-i du ,— [u ] = n - u ---- («an mteger)
dx dx

dx
1 du

2 Vm dx
d . du

—  Isımı i = cosu ----
dx dx
d du

—  [cosmJ = -sim i — 5
dx dx
d 2 du—  [tamı] = sec u ----
dx dx
d r  i 2 du—  |cot»| = -csc  u ----
dx dx
d du— IsecMj = secu ■ tamı-----
dx dx
d du

—  (cscuj = -cscu  -cotu----
dx dx

ution: Taking u~ x2 +1 in the generalized derivative formula for 
tan u yields
d r, / 2 m d r 2 du— [tan(x +1)]=— [tamıj = sec u ---- =
dx dx dx

=sec2(x2 +1)-—  [x2 + l] = 2x-sec2(x2 +1).  
dx

ample: Find —  f(l + x5 -cotx)"8| 
dx

Ption: Taking u = 1 + xs • cot x in the generalized derivative 
tnula for m"8 yields

^ [ ( l  + x5 -cotx)-8]=^ -[ıı-8]= -8 u -9^ -  = 
ax dx dx

8(1 + x5 • cotx) 9 ---- [x5 ■ ( -e sc2 x) + 5x4 • cotx] =
dx

— (1 + x • cotx) 9 ■ (8x5 • esc2 x — 40x4 • cotx)
> sometimes necessary to apply the Chain rule more than önce to 
1 a derivative.

іШРІе: Find ^-[cos2(«x)]

~^on- Taking u = cos(tt x) in the generalized derivative 
formula for u2 yields



—  fcos2 {тс х)1= — [и2 ] = 2и —  = 2 cos(;r х) ■— [cos^r х)1 
d x l J dx dx dx '

Taking и — к х  in the generalized derivative formula for cos u yiel

2 cos(;r x) •— [cos(;r x)]=2 cos(7r x) ■ (~я ■ sin(;r x)) = 
dx

= 2t-scc-Jcot + t2 - s e c V ^ - ta n V ^ ~ [ V ü r r ] -  

= 21 ■ sec л/(o t +1 ■ sec ylto t ■ tan -Jco t • —— ■

2 я  • Sİn(/T x) • C0S(7T x) = -  П  Sİn(2^T x) .
Ехатріе:

Exercises.
bı exercises 1 -20 find f  (x)

Find —  [sin V1 + cos x ] 
d x L J

Solution: d_
dx

S İ n V l  +  C O S X | = C O S - s / l  +  C O S X  • — V1 + cosx
J dx

.. / ( x )  = (x3+ 2x) 

4

37 2. /(* )  = | X3 ~

= cosVT+ cosx -sm x - sm x • cos v l -t- cos x
(3x2 -2 x  + l)3

____________________________ 5. f ( x )  = sin(x3)

2vT+ cosx 2a/TTcosx 7 ./ ( x) = 4 cos5x
As you become more comfortable with using the Chain rule, 

you may want to dispense with actually vvriting out the expression fĉ  s/x \ _  2 sec2(x7 i 
in your computations. To accomplish this, it is helpful to express ’
formula (3) in words. If we cali u the “ inside function ” and/  the 11. /(x )  = [x + csc(x3 + 3) j 
“outside function “ in the composition/ (w), then (3) States:
“ To find dy/chc, differentiate the “ outside function “/ and leave the^. / ( * )  = x3 • sin2 (5x) 
“inside function” u alone; then multiply by the derivative of “ inside 
function

d

4. f ( x )  = л/4 + Зл/х

6. /(x )  = tan(4x2)
( 1

8. f ( x )  = sm —
U

10. f ( x )  = %/cos(5x) 

12. / (x) = x2 ■ ^ 5 - x 2 

14. /(x )  = x3 -sec|

Ехатріе: F ind— [cos(x2 +9)]=-sin(x2 + 9) • 2x
Л ү  L J v_______ ________ / W -1

derivative o f  the derivative o f  the
outside function inside function

Ехатріе: Find — [tan2 x]= —  [tanx]z= 2tanx • sec2 x
derivative o f  the derivative o f  the 
outside function inside function

Ехатріе: Find —  if u ~ t 2 - sec-Jcö~t 
-------  dt
Solution: Because the independent variable is t rather than x, 
appropriate adjustments in notation have to be made.

—  = — L2 ■ secVüj7İ=
dt d t1 1

16. / (x) = cos3 (sin 2x)
,3x -5  

2x + 1

15. / ( x )  = cos(cos x)

17. /<*) = (5* + 8),3.(x3 + 7 x f  18. /(x )  =

19. =
(4x2- l f

20- f ( x )  = (x • sin(2x) + tan4 (x7))5 

j21. Find -j-¥- if y  = x • cos(5x) -  sin2 x

I bı exercises 22-23 find an equation for the tangent line to the
jgrapbat the specified point.
]22. y  =  x  • c o s ( 3 x ) ; x  = n

1



23. у = sec к---- X
\ 2  j

х = -■п
- х3 • sec( -

/
• tan

<X) V

-  j + 5х4 -sec( j; 15. sinx ■ sinfcosx) ;

24. y  = cot3 {k  -  #); fmd —
d0

25. —  a-cos2(;rw) + 6 -sin2(2rH') ;aw J

bı exercises 24-25, fmd the indicated derivative
-  6 • cos2 (sin 2x) • sin(sin 2x) ■ cos 2 x ;
12 • (5x + 8)13 • (x3 + 7x)u • (3x2 + 7) + 65 ■ (x3 + 7x)12 • (5x + 8)12

(a, b constants) 33(x-5)2 . 19 _ 2-(2x + 3)_2_J52x + 96x + 3) .
(2x + l)4 5 -1  (4x2 - 1)9

26. Gıven that /  (0) = 2, g(0) = 0 , and g  (0) = 3, fmd ( /  o p)’ı r 4 7.İ4 . .. . _e 6
--------  J 6 ; ,5-x-sm 2x + tan (x ) -[2xcos(2x) + sm(2x) + 28x •

27. Giventhat /  (x) = V3x + 4 and #(x) = x 2 -1  fmd F  (x) , , , ,
if F ( x ) - f ( g ( x ) )  ’ ^  n3(x7)-sec (x )];2L-25x-cos(5x)-10-sin(5x)-2 cos(2x);

y=z— x  : 23. y = -1; 24. 3 ■ cot2 Ө • esc2 Ө;
28. Gıven that f \ x )  = and g(x) = V3x-1 , fmd F'(x)  r—.----  1 n

я ф - а ) -  sin(2;r w); 26. 6; 27. 2x•V3x2 +1; 28. —-; 2 9 .----
2x 4

0.

x 2 +1
if F(x)  = f ( g ( x ) )

In exercises 29-30 fmd the value of ( f  ° g)  at the given valueı 
л и

29. f  (ц) — c o t ~ ~ ; u = g(x) = 5л/х ; x = 1.
3.9. Implicit differentiation.

30. /(« )  =
2u

u2 +1
u — g(x) = 10x2 + x +1; x = 0. 

Answers.

L 37 • (x3 + 2x)36 • (3x2 + 2 ); 2. -  2
'  7 n - 3

X 3 -

Consider the equation 
(1) xy = l

; way to obtain ~  is to revvrite this equation as 
dx

Зх2 + Д

3. 24'<'"3jt> ; 4.

x } V x

. 2  ____/ . . 3

(2)
1

; 5. 3x2 -cos(x3);
which it follows that

6. 8x • sec2 (4x2); 7. -  20 • cos4 x • sin x ; 8. • c o s ( - V )

_ d_
dx dx

9. 28x6 -sec2(x7)-tan(x7); 10.
2ycos(5x)

İL  -  3 • [x + csc(x3 + 3)[4 • [l -  3x2 ■ csc(x3 + 3) ■ cot(x3 + 3)]; 
x -(10-3x2)12.

4s
13. 10x3 • sin(5x) • cos(5x) + 3x2 • sin2 (5x)

jvever, there is another possibility. We can differentiate both sides of 
ore solving for y  in terms of x, treating y  as a differentiable 

ctıon of x. With this approach we obtain
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dy dy yx ~  + y  = Q => —  =
dx dx x

If we now substitute (2) into the last expression, we obtaın
dy _ 1
dx х 1

which agrees with the previous coraputation.
The equation xy -  1 is said to describe the function y = f( x )

implicitly. The equation y  ~ — describes the function y = f ( x )
x

explicitly.

rvamnle: Find if Зх + у г -  y 2 + 4 
------— dx

iolution: -̂\2>х + у ъ} = ^-[у2 +4] 
----------dx dx

3 + 3/ ^  = 2 УЛІdx dx 

dx dx

Іу -Ъ у 1
The second method of obtaining derivatıves is called implicijhıe important thing to remember when doing implicit differentiation: 

differentiation. It is especially useful when it is inconvenient or The derivative ofy is y  . The derivative of x is taken in the
impossible to solve explicitly for y  in terms of x. ormal way of a variable, so that the derivative of x is 1, as an ехатріе.
Ехатріе: By implicit differentiation find dy t dx if 5y 2 + sın y  = The reason for this is thaty is a function of.it, and doesnot exist without 
Solution: Differentiating both sides with respect to x  and treatingy а,е̂ пё dependant on the equation on the other side. The derivative of, 
differentiable function of x, we obtain or ехатріе, y 2 is 2y • y  . The reason is that we actually use Chain

ule to solve it. So the ” outside function” has a derivative 2y  , and the 
inside function” has derivative y  , we multiply them together and 
btain 2y • y  . So the derivative of 3 y 2 is 6y • y  .
-хатріе: Assume that equation 2xy + л  ■ sin y = 2л de fin e s y = f ( x ) .

^ [ 5 / + s i n y ]  = ~ [ x 2] 
ax ax

5 -~ [y 2] + - j ' [ sin>’] = 2xdx dx

5-(2y~^) + (co sy )^  
dx dx

2x

IOjî — + (cos>’)™dx dx

Solving for —  , we obtain 
dx

dy 2x

■■ 2x

Find —  when x = 1 and y = — 
dx 2

ojution: implicit differentiation yields 

~ [2 xy  + 7r-smy] = -~-[2K]

dy2x ~~ + 2y  + n ■ (cosy )—  = 0 
üx dx

olvmg for the derivative, dy/dx , we get 
dy _ 2 y
dx 2x + ?r-cosy

dx lOy + cosy 
Note that this formula for dy/dx involves both the variablesl 

and y. In order to obtain a formula involving x  alone we would havet 
solve the original equation fory in terms of jc and substitute it in dyti 
However, it is impossible to do this, so the formula for dyldx must b£ 
left in terms of x and y.
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Inparticular, when x = 1and y ■ n

dy
dx

2- л

2 -1 -1-n  ■ cos n
n
'1

Implicit differentiation takes four steps:
Step 1. Differentiate both sides of the equation.
Step 2. Send ali terms with y  to one side of the equation, and allı 
without to the other side.
Step 3. On the side withy terms, factor out the y  .
Step 4. Solve for y  by dividing.
Ехатріе:

Find the slope of the tangent line at the point (4,0) on the § 
of l y A + x3y + x -  4

d y __
dx ly

. then evaluate the derivative at * =2, y  =-l, to obtain
dy

m** = dx x=2
>>=-1

\
2

e tangent to the curve at (2, -1) is

J - ( - D  = - 4 ( * - 2 )

V = - —  + 1-1 and in the end 
'  2

У
x
2

Solution: It is diffıcult to solve given equation for y  in terms of x,i 
we shall differentiate implicitly. We obtain

,e slope of normal line can be found from the condition m, - m .

™nor =  2

± { ly >+x3y  + x]=*-[A\ 
dx dx

28 y 3 —  + x3 —  + 3x2y + 1 = 0 
dx dx

Solving for —  yields 
dx

fjiy
dx

1 + 3x2y
2 8 /  + x3

At the point (4,0) we have x = 4, and y  = 0, so

te normal to the curve at (2,-1) is 
У ~ (~1) = 2(x -  2) 
y = 2x -3

tamnle: Find slope of the curve x2 + /  
lution:

2x + 3y‘ & ~ 2  + &
dx dx

■ 2x + y  at (2, 1).

m, Ol
dx x=4

У=0

_1_
64

dy _ 2 -  2x 
dx 3 /  -  i

Ехашріе: Find the tangent and normal to the curve y 2 
at the point (2, -1).

Solution: We First use implicit differentiation to find

-x + 1 =  0

dx
dx

ıbstitute (2,1) into —  to find the slope at that point

Ф _ 2 - 2 - 2  t t
1 ıs the slope of the curve.x=2y=ı 3-lz - l
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Ехатріе: Use implicit differentiation to find -^-y if 4x2 ~ 2y2 ^  ^  + Axy + x2 = 7 at (1, 1)

Solution: Differentiating both sides of equation implicitly yields [5. x5 + y3x + yx2 + y 5 = 4
16. x + tanxy = 2 at (l, >̂4

17. x3y  + y 3x = 10 at (1 , 2)

at (1 , 1 )

8 x -4 y —  = 0 
dx

dy _ 2x 
dx y

We now apply the quotient rule to find y
dy

У
_d_
dx

2 •y -  2 x •

bı exercises

18. 3x2 -  4y2 = 6 
20. хгу

18-21 find — ү  by implicit differentiation. 
dx2

3 27

7Л У )

Finally we substitute y  

of x and y

19. x3 +y  
21. 2x y - y 2 =13

In exercises 22-23 find the lines that are a) tangent and b)
-3-3 , 6 = 0

2x
У

normal to the curve at the given point.
into y  to express y  in terms ^  x2 + xy2 -  2y 2 = 0

У

2x, 2 y - 2 x ----d y  y
dx

2y2 - 4 x 2 l _ 2y2 -  4x2

У У y J

1 . x2 + y 2

3. 1 4 - 2
x y

У
Exercises U ,ı j ıs o n ı t

In exercises 1-12 find dy / dx by implicit differentiation. 4^ + 3y = 7
2. x2y + 3xy3 - x  = l

at (1 , 1)
23. x 2y 2 = 9  at (-1,3)
24. At what point(s) is the tangent line to the curve y 2 = 2x3 
perpendicular to the line 4x -  Зу +1 = 0 ?
25. Find the values of a and b for the curve x 2y  + ay2 = b if the poinl 
(1 , 1) is on its graph and the tangent line at (1 , 1 ) has the equation

: 25 Answers.

У x2 + 9xy2 X 2 VX

5. (x2 + 3y2)35 = x 
7. sin(x2y 2) = x 

9. л/1 + sin3(xy2) -  y

6. Зху = (x3 + y 2/ 2 

8. tan3(xy2 + y) = x 

10. xy+ siny = 0

- 9xy

l-70x(x2+3y2)34 z

x-yy +yy

- x 2(x3 + y 2) ^ - y

2 2 
X V

1 1 . —  -  = 1 (a, b constants)

In exercises

2 2

12 . x 3 + y 3 = a 3
7. - 2ду2 coş(x2y 2) 1 -  3y 2 tan2 (xy2 + y) ■ sec2 (xy2 + y) 

2x y-cos(x2y 2) — 3(2xy+ l)tan2(xy2 +y)sec2(xy2 -t-y)

13-17 use the differentiation to find the slop^Ss — $y sin {xy )cos(xy )
the tangent line to the given curve at the given point 2V Î W  (xy2) -  6xy sin2 (xy2) cos(xy2) ’ 10’ * + cosF

У

2xy13. ^  + siny = 2 at (l, y 2
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х1L -ү -ш, İLa y

17. ’ ~

amnle: Find the linearization of f ( x )  = tan x  at n  / 4.
ZV. 1 3  - £ . 1 4  3 - 1 4 - 8 -1ft 2 + ;r

2 ’ ~ 5 ’~  9 4 ; lution: In thıs case / '  (x) = sec7 л . We compute

12y 2 -  9x2
\6y 3

; 12 :
2xy3 + 2x‘)

; 2L
2 У

21.
y 2 -  2xy 
( y - x )

1

Зх 1
3 L L  Уит 2 2 ’ ^n

У
2x 5

= ~ T + з ; — y ^  =3x+l

' 7t_

it .= tan— = l 
4

= sec2 — = (V2)2 = 2

y nor = - —x + — ; 24. for ali (x,y) which satisfıes y  + 4 x 2

1 L 525. a = — ; o = — .
—  4 4

3.10. The linearization.

Fig. 3.4 suggests that if /  is differentiable 
at the given point a, then the tangent line 
to the curve
y  = /(x) at a is a reasonably good 
approximation to the curve y = f ( x ) for 
vales x near a. Since the tangent line 
passes through (a,/(a)) and has slope д  ^  
/  (a) , the point- slope form of its 
equation is
y ~ f ( a )  = f ' {a ) ( x - a)  or 0

0 ;
71 71

us the linearization of tan x at — is L(x) = 1 + 2(x -  —)
4 4

amnle: Find the linearization of / (x );

lution: We evaluate (1) for f ( x)  = ~
x

f \ x )  = {x-2) = - 2 x - i = ~ ~

1 at a -  2.

/  1

1
1
1
1

_______1__

/  ^  

T an g en tl

r a = 2 we obtain / ( 2) = 7 ; and /  (2) = —-
4

v г /  ч 1 3) => L(x)~ —  x + — .
4 4

3.11. The differential.

y = f{a)  + f \ a ) { x ~  a)

a
Fig.3.4

Definition: If y  = f  (x) is a differentiable at x = a, then 

(1) L(x) = f (a)  + f ' ( a ) ( x -a )  
is the linearization of/  at a. The approximation / (x) ~ L(x) is the 
linear approximation of/  near x ~  a.

*° x0+dx
Fig. 3.5

Up to now we have been 
viewing the expression dy 
!dx as a single symbol for 
the derivative. “dy ” and “ 
dx ” are called differentials. 
Regard x as fixed and 
define dx to be an 
independent variable that 
can be assigned an arbitrary 
value.
If/  is differentiable at x0, 
then we define dy by the 
formula
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j  _ X /  \  (Х д П Ц )!^
; y - J K o ) '  Let v = V* • Find dy and Ay if x0 = 4 and Ax = 3 .

If dx ^  O, then we can divide both sides of (1) by c/x to obtaın ., . r
, d olution: From Ay = f  (*„ +Ax)- f ( x 0) wıth f ( x )  = Vx ,

Since ^  = / ' f e )  = m ,„,w here»,», istheslüpe„| ^  = = S - S «0.65

tangent to v = /(x )  at x0, the dıfferentıals dy and dx can be vıewet dy ] 1 , 1 , 3
a corresponding rise and run of this ince У ~ ^'x ’ then fa  ~ 2у[х ’ У 2л[х

y  lotice that dy is very close to Ay , as was to be expected.
У~№  'yamnlft: Find dy and Ay for y  = x 2 -  2x when x0 = 2

> «!I .?■ . tI ®

tangent line (Fig. 3.5).
It is important to understand the 
distinction betvveen the increment 
Ay and differential dy.
To see the difference, let us represent 
the change in y that occurs when we 
start at x0 and travel along the curve 
y = f ( x )  until we moved Ax (=dx) 
units in the x-direction, while dy 
represents the change in y that occurs 
if we started at x0 and travel along the 
tangent line until we have moved dx 
(= Ax) units in the x-direction (Fig. 
3.6)

• 3 = -  = 0.75. 
2V4 4

and dx = Ax =  l .
iolution: Ay = / ( x 0 + Ar) -  f ( x 0) = /(3 ) -  /(2 )  = 

=(32 -2 - 3 ) - (2 2 -  2-2) = 3 . 

y  = x 2 - 2 x ;

■%x-2; and dy = (2x-2)dx  = (2 -2 - 2)• 1 = 2 .

Fig.3

x0+Ax
(jc0+dx) 3.12. Using the differential.

The linearization of y = / (x) at x0 is

У ~ f ( xo) = f  (x0)-(x -  x0) or 
Definition: Let y  -  f ( x )  be a differentiable : >■ = /( * 0) + / (% )(* -* „ )
function and be a number in thf domain o f /  lor valucsof* close to x „  the height.y of tangent line will closely
Then /  (x0 )dx is called the differential of / a t  x and denoted dj o r^^ .

<ty _,„2Ехатріе: If y = x , then the relation
dx

aomste the height / ( x )  of the curve, which yields approximation 
3x2 can be written in ’ (1) / ( * ) « / ( x 0) + / '( x 0)(x -x 0)

differential form dy = l x 2dx &x’ x ~ x° - so,b*t x = *• + A*.<ben(l)can
i ,o j  e m the altematıve form

For ехатріе, when x0= 2, thıs becomes dy = 1 ldx  . , .
This telis us that if we have travel along the tangent to the curve / ( x 0 + Ax) « / ( x 0) + /  (x0) Ax
y  = x 3 at x0 = 2, then a change of dx units inx produces a change' ̂  t)ff J T ^ 1311011 when ^ ıs near zero'
Udx units iny. For ехатріе, if the change , n x ı s &  =3 then the cb ^  * . 0 ^  ’S appr0Ximated ЬУthe outPut o f/a t x0 plus
iny along the tangent is dy = 12- 3 = 36 units. ı f  (*o)' Ax.
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Thus we have

^29  «3 + ---- p = r ■ 2 or
3-1ІГ71 
2

n  . ÎC  TC
cos---- sm--------» —■

3 3 90 2
0.4698

V29 * 3  + — * 3  + 0.0741*3.0741.
27

To estimate / (6) take the following steps:
1. Find a number x0 near b at which / (x0) and f  '(x0) are easy to îerentials.
calculate . . .
t c j * , , . . . „ fferential formulas:2. rmd Ax = b -  x0. ( Ax may be posıtıve or negatıve)
3. Compute J(x0) + f  (x())- fSx. This is an estimate off(b).

Inshort, f ( b ) *  f ( x 0) + f ’(x0) - ( b - x 0)

Ехатріе: Use a di fferential to estimate VöT 
Solution: Let us take the point x0 — 64, since /  (64) is known, We ’s 

/ (64) = л/б4 = 8 .4

/ '(64 )  1 1

90 3 з Уи 2 2 90
d [ ] denotes the differential of the expression in the brackets.

r ехатріе:
d [x2] = 2xdx 
d[f(x)] = f ( x ) dx

e basic rules of differentiation can be expressed in terms of

d [c] =0 
d[cf] = c - d f  
d [ f  + g] = d f  + dg 
d [ f -g ]  = f - d g  + g d f

_ g ’d f - f  -dg 

g 2

2-V64 16
Since 61=64-3, Ax = -3  . Therefore

л/бі =/(64-3) * /(64) + /  (64) • (-3) = 8 + — (-3) = 7.81.
16

Ехатріе: Use (2) to approximate cos 62°
Solution: We shall take advantage of the fact that 62° is close to 
at which point the trigonometric functions are easy to estimate

caniple: Find dy if y  — x ■ cos x 
lution:

dy =  d[x • cos x] =  x • of[cos x] +  cos x ■ d[x\ =  

= x(- sin xdx) + cos xdx = (cos x -  x sin x)dx
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Exercises. Answers.
yj.1 Y  4

а д = £ у і ;21 О Д  = - + - ; з 1 а д  = 11^-16;In exercises 1 -4 fınd the linearization L (x ) o f / (a-) at .t -  a .

1 . / ( x )  = Vx at o = l  2. / ( x )  = 3Vx at a =8 x 1 .  , ПЛА л й о * , ,  1 a /г .Z(x) = -  + -  ; 5. dy -  0.6; Ay = 0.69; 6. ф/ = — ; Ду = /7  - 3 ;
3. f { x ) ~ x 3 - x at a = 2 4. / ( x ) = -----  at o =

x +1

In exercises 5-8 compute d f  and Д/ o f  the gıven functions, 
and values of x0 and dx
5 .  /(x )  = x2 atx0 = 1 and dx -  0.3
6. /(x )  = -Jx at x0 = 9 and dx = -2

7. /(x )  = tanx at x0 = ^  and dx -  n/y ^

8. f ( x )  = x~l at x0 = 0.5 and dx = 0.1

4 4

= J~•; Ay = 1 -  ; İL dy-
2 1

-~;Ду = - - ; 9 .  10.91 ; 10.2.9259;

. 0.98; 1 1 0.856;13. 0.13; 14. 0.5302; 15. dy = (12x2 -  14x + 2)dx 
3 x xdy =—sin2— cos—dx; 17. 3tan2 x-sec2 xdx ;
2 2 2 —

1 13*2 • sec2 5x + 10x3 ■ sec2 5x • tan 5x]dx; 19.

3x2) . ------ Л .

2x3 -  6x2 +1
dx;

( x 3 - l  У

In exercises 9-14 use differentials to estimate the given quantitie 
9. VTÎ9 10.V25

11. tan| — -  0.01 
4

л12. sin) y -0 .0 2

13. sin0.13 a
14. sin 32° [Hint: first translate into radians]

In exercises 15-19 fınd dy
15. ,y = 4x3 - 7 x 2 + 2 x - l  16. y  = sin3(x /2 )

;ı:

17. J[tan3 x]

19. y  =
1 - x 3
2 -  x

18.(i[x3 - sec2 5x] 

1
20. y  -

1
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Chapter 4.
Applications of derivatives.

4.1. Relative maxima and minima.
The first and second derivative tests.

Definitioıı: A function /  is said to ha ve a relative maximum at x0 if 
f ( x 0)> f ( x )  for ali x in some öpen interval containing x0. 
Definitioıı: A function /  is said to have a relative minimum at xQ if 
f ( x 0)< f  (x) for ali x in some öpen interval containing x0. 
Definition: A function /  has a global maximum at the number xn if 
f ( x 0) > f  (x) for ali x in the domain of / .
Definition: A function /  has a global minimum at the number x0 if 
f ( x 0)< f  (x) for ali x in the domain of / .
Definition: A critical point for a function f  is any value of x in the 

domain of /  at vvhich f  (x) = 0 or at which /  is not differentiable; 
the critical points where /  (x) = 0 are called stationary points off  
The first derivative theorem for local extreme value:

Let /  be a function defıned at least on the öpen interval (a, b). 
If /  takes on an extreme value at a number c in this interval and if 
/  (c) exists, then

/ ( < 0 - 0 .
If an extreme value occurs within an öpen interval and derivative exists 
there, the derivative must be 0 at that point. f;
Warning 1: The theorem is not 
necessarily true if the öpen 
interval (a , b) replaced by a 
closed interval [a, b\.
As Fig. 4.1 shows, the maximum 
occurs at b where the derivative is 
not zero.
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Warning 2: The converse of this theprem is not y  4
tme. Having the derivative equals to 0 at a
point does not guarantee that there is an
extremum at that point. --------- t.
Let us consider f ( x )  = x 3. f

/ ’(*) = 3x2; /  (0) = 0 /

f(x)=x3

-* ■

X

As we see / (x) has /  (0) = 0, but Fig.4.2
f(x)  = x3 has neither шахішиш nor minimum at the point x  = 0 .

After finding a number c such that /  (c)~0 ,  we would like to 
know whether there may be a relative maximum or relative minimum 
at c. The following test describes a way to get the answer.
The first derivative test for local ma.vimnm at point c:
Suppose/is continuos at a critical point c.
a) If /  (c) > 0 on an öpen interval extending left from c and
/'(c) <0 on an öpen interval extending right from c, then/has a 
relative maximum at c.(Fig.4.3)

relative
ımaximum

For x>c
/(* )<  o

relative
minimum

For x<c
f\x )<  0

For x>c 
/ « > 0

a critical point „ ,J  a critical nomt
Fıg.4.3

Fig.4.4

b)tf /  (c) <0 on an öpen interval extending left from c and /  (c) > 0 
öpen interval extending right from c, then /  has a 
m minimum at c. (Fig.4.4).
has the same sign [either /  (c) > 0 or /  (c) < 0] on an öpen 
Л extending left from c and on an öpen interval extending right 

then / does not have a relative extremum at c.
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Briefly, the relative extrema, on an öpen interval where/is 
continuous occur at those critical points where /  changes the sign 
Ехатріе: Locate the relative extrema of f ( x )  = x 2 -  2x - 1. 
Solution:

/  (x) = 2x -  2

Solving /  (x) = 0 we obtain x =1. To see whether the critical pointi 
relative та х іти т , relative minimum or neither, check the sign of 

/ '(* )  = 2 x - 2 .
If x > 1 then (2x -  2) > 0, and
If x < 1 then (2x -  2) < 0, so the fırst derivative test telis us 

that the critical point x =1 is a relative minimum.
Ехатріе: Locate the relative extrema of f ( x )  = х3 -  Зх2 + 3x -1. 
Solution:

/  (x) = 3x2 -  6x + 3

/  (x) = 0 => 3(x - 1)2 -  0 and x =1 is only critical point.
Since ( x - l ) 2 >0 forallxand /  (x) does not change sign at *=1,t 
make conclusion:
In spite the fact that x -1 is a critical point but/does not have a relat 
extrema at x =1. Thus/  has no extrema.
Ехатріе: Locate the relative extrema of / (х) = \[x~  1.
Solution: i

1

+ + + , + + +
1

Sign of f  =6x-18x+12

/  (*)=-
3 - ^ ( x - \ ) 2 '

Since /  (x) does not exist when x = 1, so this point is a critical po®
But, as we see, /  does not change the sign. We make conclusion tl< 
does not have a relative extrema at x =1.
Ехатріе: Locate the relative extrema using fırst derivative test of 

f ( x )  -  2x3 -9 x 2 + 12x .
Solution: f ( x )  = 6x2 -18x + 12
/  (x) = 0 => 6x2 -  18x +12 = 0 yields x, = 1; x2 = 2

The sign of /  changes from “+” to 
atx =1 and firom to “+” at 

the point x =2. Thus there is a 
relative тах іти т  at x =1 and 
relative minimum at x =2.
Relative тах іти т  equals 5 at x =1 and relative minimum is 4 at x =2. 
gprnnri derivative test:
Suppose that/ is twice differentiable at a stationary point c.

a) If f "(c)  > 0 then/  has a relative minimum at c.
b) If /  (c) < 0 then f  has a relative т а х іт и т  c.

ІГуятпІе: Locate the relative extrema of /(x )  = x4 -  2x2.

Solution: /  (x) = 4x3 -4 x

f ' \ x )  = 12x2 - 4
I

Solving /  (x) = 0 yields the stationary points x = 0 , x = 1, x = -1. 
Since

/  (0) = -4 < 0 

/  0 ) = 8 > 0 

/ " ( - 1) =  8 > 0
there is a relative т а х іт и т  at x =0, relative minimum at x =1; x = -l. 
Ехатпіе: Find ali relative extrema of the function / (x) = x 4 + 2x3. 
Solution: / ’(x) = 4x3 +6x2 

/  (x) = 12x2 + 12x
I

/  (x) = 0 => 2x2(x + 3) = 0;
Jc, =0; x2 = -3 .
/  (0) = 0; /" ( -3 )  = 72>0

Since /  (0) = 0 , then second derivative test fails. Let us use fırst 

derivative test. Since at x =0, /  does not change the sign then we say 
that д- = o is not extreme point.

+ + + | + + + 
0-3

Sign of f  (x) =4x3+6x2

Ftmcti,0n f  (x) -  x4 + 2x3 has a relative minimum at x = -3 .
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Ехатріе: Find relative extrema of f {x )  = -j x -  sin x , Q<x<2n

using second derivative test.

Solution: f ' ( x ) = - - c o s x  
2

f  (X) = sin X
' i

From /  (x) = 0 weobtain cos x = —; x
2

я
7 '

/
\  •3J

value is

4 î)-

J 3  7t- ү  > 0 , so f ( x )  has a relative minimum at x = — and its

Tt Уз^я-зУз 
6 2 6

Exercises.

In exercises 1-6 locate the critical points and classify them as 
stationary points or points of nondifferentiability.
1. f ( x )  = x2 -5 x  + 6 2. f ( x )  = х3 +3x2 - 9 x  +1

x3. f ( x )  = x4 - 6 x 2 - 3  

5- / ( jc) = sin2 2x; 0 < x < 2tz ;

4- / W =  2 „x + 2

6. /(* )  = лг3 • (x + 4) s
In exercises 7-16 use any method to find the relative extrema.

7. f ( x )  = x5 
9. f ( x )  = x ( x - 1)2

1 1 . / ( * )  =  * '

13. / (x )  = V2 x - x 2 

15. /(x )  = ( x - l )3

8. f ( x )  = x 3 + 5 x - 2  
10. / (* )  = 2x2 ~ x 4

12 . / (x )  = tan(x2 + 1)
. x 2 -3 x  + 2

14- /(*) = — — I-- T
x 2 + 2x +1

16. f ( x )  = l - ( x - 2 y /'5
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4.2. Махітшп and minimum values of a function on a 
closed interval.

In many applied problems we are interested in finding global 
т а х іт и т  or global minimum of function över some closed interval 
[a, b]. To fmd the extreme values of continuous function/  on a closee 
interval [a, b] we use following steps:
Step 1: Find the critical points of/ .
Step 2: Evaluate/ at the endpoints a and b, and at those critical points 
which lie in [a, b]. i
Step 3: Select the largest of the values in step 2 as the global (absolutf 
т а х іт и т  value of/on [a, b] and the smallest value as the global \ 
(absolute) minimum.
Ехатріе:

Find the т а х іт и т  and minimum value of 
f (x) = x3 -  3x2 + 3x on [0, 2]

Solution:
Step 1: Let us fmd critical points

/ ’(x) = 3x2 - 6x + 3 ;
/ '(x )  — 0 is equivalent to 3x2 -  6x + 3 = 0 or 3(x - 1)2 = 0 . •
Thus 1 is the only critical number, and it lies in the interval [0,2]. 
Step 2: Evaluating /  at critical pointx =1 and the endpoints, we haveş

/ ( 0) = 0 ; • İ

У(1) = 13 -3 -1 2 +3-1 = 1; f
/(2 )  = 23 -  3 • 22 + 3 • 2 = 2 |

Thus, the т а х іт и т  value is 2 and the minimum value is 0. The 
т а х іт и т  occurs at x =2 and the minimum occurs at x =0.
Ехатріе:

Find the т а х іт и т  and minimum value of 
/ (x) = 2x3 -  3x2 -  12x on the interval [0, 3]

Solution:
Stepi: /  (x) = 6x2 -6 x -1 2
The equation /  (x) = 0 becomes 6x2 -  6x -12 = 0, which simplifieS 

to x2 -  x -  2 = 0 or (x -  2)(x + 1) = 0 .

Хһеге are two critical points х, = -1 and x2 = 2. But only x2 = 2 lies 
on [0,3]. So x, = -1 is not a point of interest.

Step 2:
/ (0) = 0 ;
/ ( 2) = 2■ 23 - 3 - 2 2 -12■ 2 = -20 ;
/(3 ) -  2-33 - 3 - 3 2 -12-3 — —9

Step 3:
Thus, the minimum value of/  on [0, 3] is -20, which occurs at x =2, 
and the т а х іти т  value of/  on [0, 3] is 0, which occurs at x =0. 
Ехатріе:

2

Find the т а х іт и т  and minimum value of /(x )  = x 3 (20 -  x)
on [-1, 20]
Solution:

Differentiating, we obtain
, 2 -- - 

/  (x) = —x 3( 2 0 - x ) - x 3
1 e '
1 — (20 -  x) -  x
U  y

40 -5 x  
3 л/х

Thus, /  (x) = 0 at x =8 and /  (x) does not exist at x =0. It follows that 
both of critical points lie on the [-1, 20]. Let us evaluate /  at these and at 
endpoints:

/(x )  = 3Vx2 • (20 -  x)

/ Н )  = 3л / и 7 - (  2 0 - ( - l ) )  = 21
/ ( 0) = o

/ ( 8) = 3V87 -(20-8) = 4-12 = 48 

/ ( 20) = 1/ 201  • (20 -  20) = 0 .
Tbs. the тах іти т  value off  on [-1, 20] is 48, which occurs at x =8 
^  the minimum value is 0, which occurs at two points 
*=0and x = 20.
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4.3. Concavity.

Definition: The curve is called concave dovvn if it lies below its 
tangent lines and above its 
chords.(Fig. 4.5)
Definition: The curve is 
called concave up if it lies 
above its tangent lines and 
below its chords. (Fig. 4.6)
Since /  is the slope of a 
tangent line to the graph 
of/ ,  it brings the following 
definitions.
Definition: A function/ vvhose derivative is increasing through the 
öpen interval (a, b) is called concave up in that interval.
Definition: A function/ vvhose derivative is decreasing through the 
öpen interval (a, b) is called concave down in that interval.
Theorem:
a) If /  (x) >0 on an öpen interval (a. b), then/  is concave up 
on (a, b)
b) If f  (x) < 0 on an öpen interval (a, b),then/  is concave down 
on (a, ti).
Ехатріе: Find öpen interval on vvhich follovving functions are concave 
up and öpen intervals on vvhich they are concave dovvn. 
a) f ( x )  = x 2 + 4 x - 7 ;  b) f ( x )  = x 5 b c) f ( x )  = x (x- 1)3 
Solution:
a) Calculating /  and /  vve obtain

/  (x) = 2x + 4 and / "(jt) = 2
Since /  (x) > 0 for ali x, the function is concave up on (-co;+oo).
b) Calculating /  and /  vve obtain

/  (x) = 5x4 and f  (x) = 20x2 
Since /  (лг) <0 if л: < 0 and f  (x) > 0 if x > 0, the function f(x) $ 
concave dovvn on(-°o;+0) and concave up on (0;+oo) .
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с)/ '(х) = ( * - 1 ) 2(4х -1)

/" (* ) = 1 2 (* - |) (х -1 ) .

/  = O if х, = — and x? = 1.
1 2 2

/" (* )>  O if x e (-oo;l / 2) and xe(l;+<»), 
so function is concave up on these intervals.
/  (x) < 0 if x e (1 / 2;1) so f  is concave down on this interval.

4.4, Inflection points.

J Definition: If function/  is continuous on (a, b) containing x0 and if 
: /  changes the direction of concavity at x0, then the point (x0, / ( x 0) is 
s called an inflection point of/, and we say that function/has an 
■ inflection point at x0.
; Thesimplest way to look for an inflection point is to use the second 
; denvative.
i Tolînd inflection point of / (x) use following steps:
[ 1) (bmpute /  (x);

[2) for numbers x0 such that /  (x) =0 or / " (x) is not defıned

3)$eck whether /  (x) changes the sign.

Find the inflection point of / (*) ~ x 4 _ gx3 + 12x2 
Let us find /  (x)

4x3 -18x2 +24x and 
12x2 -  36x + 24 
ıd points where /  (x)=0.

<36x + 24 = 0 o  
+ 2 = 0 ;
‘equation are: х, = 1; x2 = 2.

+ + + + + + +

-1 2

Sign of f  (x)=(x-2)(x-l) 

/  (x) changes sign at x = 1 and x = 2, so both of these 
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numbers are inflection numbers. The graph of / (x) has two inflectiotı 
points namely (1,/(1))=(1, 7) and (2,/(2))=(2,16).
Ехатріе:

Find the inflection point of f ( x )  = \!x -1

Solution: /  (*) = - ( * - ! )  3 ;

2 - -  - 2

/  (x) is never zero. /  (x) is not defmed at x =1. Let us check if 
/  (x) changes the sign at x =1.
l( x <1 then f  (x) >0 and if jc >1 then /  (x) < 0 so point 
(1,/(1))=(1, 0) is an inflection point.

Exercises.

In exercises 1-7 find the т а х іт и т  and minimum values of/oıj 
the given closed interval and State where these values occur.
1. /(* )  = * - x 4 [0,1] 2. f ( x )  = 4 x - x 2]

3. f ( x )  = x3 - 2 x 2 +5x; [-1,3] 4. f ( x )  = (x - 1)3;
[0, 1]

[0,4]

5. f ( x )
3x

л/ 4x2 +1 

7. f ( x )  -  x - t a n x ;

[-1,1] 6. f ( x )  = (x2 +x}A ; [-2,3]

n n
7 ’7

In exercises 8-15 find the intervals where the function is concave upuf 
concave down and give x  coordinate of inflection points.

9. f ( x )  = x 2 + jc + 1 
1

8. f ( x )  = x3 - 3 x 2 +2 

10. f ( x )  = x4 - 4 x 3

12. f ( x )  = 3xA - 4 x 3 
14. f {x )  = 2x3 - 3 x 2 +15

11 • f ( x )  = ■ 2
1 + x

13. f {x)  = cosx; 0 < x < 2n
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İ l  max/Oc) = f ( 4 l
/\n sn ers.

~ / 4 ; min/Cr) = /(0 )  = / ( l )  = 0;

-  max f  (x) = / 0 )  = 3; min /(* )  = /(0 )  = o •
-  max /  W  = /(3 ) = 24 ;min f ( x )  = / (_ 1} = _8 .
4. max / 0 ) = /(4) = 2 7 ; min = д 0) =

-  maX = -A1) = 3/V5 ; min f ( x )  = / ( _  1) = - 3 / V ?;
-  шах / (x) = /(3 ) = з̂ - 144; min f  ̂  _ д _ ^  _ д 0) _ q .

max/(* )  = /  -  j j  = l - ^ - ;min /(л:) = /  5  = £ _ ı ;

-1concave up: * > 1 , concave down x < 1, inflection poınt: x=l ;
£, concave up for ali * ; 10. concave up for л: <0 and x >2; concave 
down for 0< x <2; inflection points: * = 0, 2; İL  concave up for
И>1/ ^  > c°ncave down for |л:| < 1 / >/з ; inflection points:

9 ~  i l /х/з ; 12. concave up for x < 0 and x >2/3, concave down for 
< 2/3 ; inflection points: x =0; 2/3 ; 13. concave up for 

^ЦсІІкх < Зя72; concave down for (0 < х <n12)and 
A r !2<x<2n) \  inflection points: к  / 2; Ъл / 2; 14. concave up for 

1*1/2; concave down for д; < 1/2 ; inflection point: 1/2.

4.5. Asymptotes.

i üne is an asymptote of the graph of y = f  (x) if the distance 
Şreen the line and graph approaches zero as we move farther from 
Drigin. There are three kinds of asymptotes: vertical asymptote, 

»ntal asymptote and an oblique asymptote. 
lition:

x -  x0 is called a vertical asymptote for the graph of / (x) if 
lim f ( x )  -  ±oo or lim / (x) = ±°o

X ~ *X q X - * -X q

y = y0 is called a horizontal asymptote for the graph of f ( x )  if 
lim f {x)  = y 0 or lim f {x)  = y 0
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f ( x ) =  k  and lim [ / ( x )  - k x ]  = b  exists then the lineIf lim
-V->+oo x

y  =  kx  +  b  is called an oblique asymptote. In other words, rational 
function has an oblique asymptote if the degree of numerator is one 
more greater than degree of denominator.

Ехатріе: Find vertical and horizontal asymptote of / (x)
( x - l ) 2

Solution: To search for vertical asymptote we set denominator 
equals to zero.
(x - 1)2 = O,  we fınd x  = 1 .

From definition:
1lim — -— = +co; 

jc-»1+ (x - 1)

lim — -—  = + o o
x - * r  ( x  - 1)

so x  = 1 is a vertical asymptote.

У'
1

( x - l )

Horizontal O 
asymptote Fig47

Vertical
asymptote

To search for horizontal asymptote we ехатіпе lim 

1

1
• O and

lim ,
(x ~ l)2

Ехатріе:

( x  ~  1)
= O. The line y  -  O is a horizontal asymptote.(Fig. 4.7).

•î
x

Find vertical and horizontal asymptote of f (x) =
x -  2

Solution: Vertical asymptotes occurs at x  =  2 ;

■ = —00 .X Xlim ------ -- +co; and lim
X — 2 x—*2 X — 2

The line x  = 2 is a vertical asymptote. 
The horizontal asymptote:

X = 1  and lim Xlim ------ = 1 and lim -------= 1 ,
дг->+со x  — 2  x  -  2

s o  the graph approaches the line y  - 1 as x  

The line y  - 1 is the horizontal asymptote.
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• +co and x  - - o o  .

Ехапщкі
Find asymptotes of / ( x )  =

x2 + 1
fifllation: As we see the graph of function has neither a vertical

( X 2 +1 * O for ali x )  ,  nor a horizontal ( lim
„3

Letus find an oblique asymptote:
, i- f ( x ) . .  x3k  = hm 2---- -- ıım _ _

Д Г->±С О  X ’x +1

+ 1

■ь x — 1.

: oo) asymptote.

b= lim [ /(x )- l-x ]=  lim - f ------x =0.
x^*±<a x-*±<a х г + \

So, an oblique asymptote is the line y  =  x.

Exercises.

In exercises 1-13 find asymptotes and sketch the graph of the 
given rational functions.

; V Kt
W W .

2x x 2
x -3  ’

2 .
у  X 2 -1

X
4. 3 -  4x

l  +  х 2 ’ } 2 + 5x ’
. l - x 2

6. l + x2
1 + x2 ’

У

:У =

2 + x 4 

_x-l
x2 - 4

8- У =
1

x  x 2 ’

13- ^ x + ı _ i _ _ L

1 0 .  y  =

12.  y  =

x (x  -  l)(x  -  2)

( x  ~  i ) 2

( x - 2)3
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Answers.
L ^  = 2;л = 3 ; 2. >> = l;x  = 1;л' = -1 ; 3. y  = O; 4. x = -2/5; =.4/5, 
5.y = -1; 6.y =-l, x =1; x = -l;7 .y  =3x; 8.y  =0, x =2; x =0; х =1;
9і У -0, x =-2; x =2; 10.y  =1, x =0; 11.y  =3, ;x =0; 12.y = x-6 ; x=Q; 
I3.y = x+l ; x =0.

4.6. The derivative and sketching the graph.

For graphing the function it is advısable to follow the scheme:
1) . Find the domain of the function.
2) . Check for symmetry.
3) . Find the vertical asymptote.
4) . Investigate the behavior of the function in + co and — co 

find horizontal or oblique asymptotes.
5) . Find extreme values and intervals where function increase or 

decrease.
6) . Find point of inflection, intervals of concavity.
7) . Find x  and y  intercepts.
8) . Sketch the graph.

1 + x 2Ехапщіе: Sketch the graph of y  = ----- -.

Solution:
1) Domain of the function is ali x ^ ± l
2) The function is odd, since

/(* )  =
1 + x 2 

x 2
and f { - x )  = 1 + (-a )2 \ + x 2 _

1 -  (-x)2 1 -  x 2 = /(* ) ,

and the graph is symmetric about they -axis.
,• l + x2 , .. 1 + jc2

3) lım ---- - = -00 and lım----- - = +°o,
* - » ı+ l - x 2 *->r  l - x 2

so x = 1 is a vertical asymptote.
, l + x2 , .. l + x2lım ------- = +00 and h m ------ - = -00 ,

x-> -\* \-x 2 x- > - t~ l - x 2
so x = - 1  is a vertical asymptote.
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S x~>+cc 1 -  X  \ - x

so y  = -1 is a horizontal asymptote. 
5) Let us find the critical points:

2x(\ -  x 2) + 2jc(1 + x 2)
У =■

Ax
( l - x 2) 2

+ + +, + +
-i 0 

Sign of/
1

O x 2) 2
There is only one critical point x  = 0 ; since x  = ±1 are not ffom domain
of function, we omit them. If x < 0, then /  (x) < 0, if x > 0 , then 

*- ,
% f  (x)> 0 .So point x = 0 is a point of relative minimum.
f /mi„=/ (0 ) = l 
* On (-oo,-l) and (-1,0) function 

is decreasing and on (0,1) and (l,co) 
itiş increasing.
6) Concavity:

_ 4(1 + 3д:2)
’/  ~ ( l - x 2)3
Since y  >0 on (-1,1), the ___
îgraph is concave up on this interval.

' y < 0 on (-oo,l) and (1,+co),
4on these intervals graph of function 
is concave down. y  ^0  so there is 

îno inflection point.
;7)y intercept is 1, since/ (0)=1. 
jThe graph does not cross Ox- axis, Fig. 4.8

ause 1 + * 2
1 ~ * 2

= 0 does not have a solution. The final graph is shown

iFig.4.8.

'tample: Sketch the graph of y  =

in of function İS (-00,0) U (0,+oo) .



2) Symmetries: Replacing x by -x  andy by -y  yields an equation that 
simplifies back to the original equation, so the graph is symmetric 
about the origin.

3) lim
лг2 - 1 = -oo and lim - 1

,ı->0 x  

asymptote x = O .
x ~*0

-  +oo yield the vertical

4) lim x 2 -1 = O and lim x 2 -1 = O yield the horizontal
JÇ -M -o O

asymptote y  = O.
dy 2x-x2- 3 x 2(x2 - l ) _ 3 - x 2

i "  6 4ax x x
x = ±V3 are stationary points.
Function is decreasing on 
(-co,-V3) and (л/3,+00).
And function is increasing on 
(—-n/3,0) and (0,л/з)

At x -  -лІЗ there is a relative minimum / (—s/з) = — — ;

__ O /Т
at jc — V3 there is a relative maximum / ( ү З ) ~ ----- ;

O oo o— | + + + _+

■л/з 0 . V3Sign of y

6) Concavity: y  = 2(x2 - 6)
O oo, + + +, ■ O

I + +
This analysis show that a change
in concavity occurs at the vertical 
asymptote x -  O and at the points
x = —л/б and х = у[б .

-V S  o VS
Sign of y

7) x intercepts are x = V,x = - l .  There is noy intercept, since setting 
x ~ d  leads to a division by zero. The final graph is sketched in Fig. 4.9.
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4.7. Rolle’s theorem; Mean-value theorem.

Rolle’s theorem: Let /  be a continuous function on the closed interval 
[a , b] and ha ve a derivative at ali x in the öpen interval (a, b).
If/  (a) = / {b), then there is at least one number c in (a, b) such 
that /  (c) s= 0.
Ехатріе: Verifv Rolle’s theorem for the case f ( x )  = cosx 
and [a,b] = [n ,5n],
Solution: Note that f { n ) - - \  = f ( x )  = cosx is differentiable
for ali x and it is continuous on [n , 5n \ . According to Rolle’s, there 
must be at least one number c in (n, Sn) for which (cosx) = 0. So
(cos x) = -  sin x -  0. As can be checked, the equation has three such 
Solutions, 2n, 3n and 4n .
Ехатріе: Verifv Rolle’s theorem for the case / (x) = x 3 -  3x2 + 2x 
and [a,i] = [0,2].
Solution: /(0 )  = 0

/(2 )  = 23 -  3 • 22 + 2 • 2 = 0, / ( a )  = f(b)  satisfıes.
Given function is continuous on [0, 2] and differentiable on (0, 2), so 
according to Rolle’s theorem there must be at least one number c in 
[0, 2] such that /  (c) = 0. 9
Let us fınd that number

f  (x) = 3*2 -6 .x + 2

=  1 +  -

: 0 => 3x -  6x + 2 = 0 and we obtain

Vâ . . Vâ—  and x, = 1------
3 3

As w e see equation  has tw o Solutions in  (0, 2), we m ake conclusiofl 
at two points in (0, 2) given function has derivative equals zero. 
Ехатріе: The function  /(x )  = jx| -1  has the property  that / (-1)

and/(l)=0, but there is no point in (-1, 1) where /  (x) = 0. This 
that / ’(x) is never zero does not contradict Rolle’s theorem, beci 
/ (x) = lx |- l does not satisfy ali conditions required for Rolle’s
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teorem, namely the function/is not differentiable at every point of the 
jnterval (-1, 1).
The Mean- value theorem:
|e t / b e  a continuous function on the closed interval [a, b] and have a 
İerivative at every x in the interval (a, b). Then there is at least one 
»rnıber c in the interval (a, b) such that

m -m

feriiy the Mean-vaîue theorem for f ( x )  = 2x2 + x +1; a =-2; b =3 
ation:
ause/ is a polynomial, it is differentiable and continuous 

vhere, hence it is continuous on [-2,3] and differentiable 
>2, 3). The hypothesis of Mean-value theorem are satisfıed. 

f{a)  = / ( - 2) = 2(-2)2 + (-2) + 1 = 7 
f(b)  = /(3 ) = 2(3)2 + (3) +1 = 22 
/ ' ( * )  = 4* +  1
/  (c) = 4c +1, so the equation 

f  (c) = ---- ;---------  becomes

4c + l =

b~ a
2 2 - 7  15 „ 1----------= — = 3,=> c -  —.

3 -  (-2) 5 2
|see c e (-2,3) and it is only number whose existentc is 
tied by the Mean-value theorem. 
ile:

' the Mean-value theorem for / (x)  -----  on [2, 5] and fînd ali
x -1

Ы  c that satisfy the conclusion of the theorem.

—- is continuous on [2, 5] and differentiable on (2, 5). The x ~ l
i of the theorem are satisfıed.

115



Я * ) = Д 2 )  = 1; / ( б ) = / ( 5 ) = і

according to the theoremto the theorem
(c -1 )2 5 - 2 1

(c -1 )2 = 4 and we fmd cx = 3 and c2 = -1 .
Only the c, is in the interval (2, 5), so c =3 is the only number in (2, 5) 
that satisfıes the conclusion of the Mean- value theorem.

in exercises 1-4 venfy that the given function satisfıes the 
hypothesis of Rolle’s theorem for the given interval. Find ali numbers c 
that satisfy the conclusion of the theorem.

In exercises 5-8 verify that the hypothesis of Mean- value 
theorem are satisfıed on the given interval and find ali values of c that 
satisfıes the conclusion of the theorem.
5. f ( x ) = x 2 - 4 x  and [0, 5]

6. f ( x )  = x3 + 2 x - 4  and [-1; 4]
7. f ( x )  = J x  + 3 and [1,6]

8. / (x) -  V 36-x2 and [-6, 0]
2/

9. Let function f {x)  = x /3 be given.
a) Graph given function for x in [-1, 1]
b) Show that/(-l)= /(i)

Exercises.

1. f ( x )  -  x 2 -  2x -  3 and [0, 2]
2. / (x) = x4 -  2x2 +1 and [-2, 2]
3. f ( x )  = x 2 -  6x + 8 and [2, 4]

4. f { x ) - ^ x - 4 x  and[0,4]
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c) Is there any number c in (•‘1, 1) such that /  (c) = O ?
d) Why does this function not contradict Rolle’s theorem?

Answers.

1 1; 2.0; 1; -1; 3. 3; 4. 1; 5. 2.5; 6. ; 7. 13/4; 8. -  Зл/2 .

4.8. Indeterminate forms and L’Hopital’s rule.

If lim /(x) = 0 and limg(x) = 0 then finding Iim
x—>a x —>a x-*a

/ 0 )
g(x)

by simply substituting the limits of numerator and denominator

produces , a meaningless expression traditionally called an

Indeterminate form. Because geometric arguments and the technique 
(rfcanceling factors apply only to limited range of problems it is 
desirable to have a general method for handling indeterminate forms. 
This is provided by L’HopitaPs rule.

Theorem: ( L’Hopital’s rule for —J case )

Ш a be a number and let/ and g  be differentiable över some öpen 
iflterval that contains a. Assume also that g  (x) is not 0 for any x  in 
ftat interval except perhaps at a. Then

-Em Ф -
g (x)

ion: We can fmd this limit using factorization:

lim- = lim (x - l) (x 2 + x + l) _ 3 
X-*1 x z - l  (x -l)(x  + l) 2

let us use L’Hopital’s rule to evaluate it.



In this case, a = 1, / (x )  = x3 -1 ,  g(x) = x2 -1 .  Ali assumptions of 
L’Hopital’s rule are satisfıed. In particular, 

lim(x3 - 1) = 0 and lim(x2 - 1) = 0 .x~*\
According to L’Hopital’s rule,

lim
*-> ı

f i i l
-1

(x3 -1) 3x2— =lım— -----r = hnı----- =
VOj ■'-»‘ (х2 - ! )  2x

=3/2.

sin 3x
Ехатпіе: Use L’Honital’s rule to evaluate lim-------

*-*> x
Solution: Since lim sin 3x = 0 and limx = 0 the given limit is an

x-*0 x->0

indeterminate form of type 

sin3x

V
, 0 ,

lim -
*-+o x

f -
, 0 ,

(sin3x) 3cos3x — lim----- ;— = lim--------- —

. Thus, we can apply L’Hopital’s rule:

= 3.
(д:) x~*o 

sin X -  X

1

Ехашріе: Find lim

Solution: As x -> 0, both numerator and denominator approach zero. 
According to L’Hopital’s rule

lim,t-»0
sın x -  x (Л (s in x -x ) c o sx - l 

-  = lım-----r ; ~ ~ lim------- -—
0 дг->0 (X ) *-*> 3x

Let us use L’Hopitals rule for the second time: 
c o sx - l  (  0^

lim -
*-*> 3x" vOy

. ı im(S2HrA = ıimr si«
(3x2) *->0 6x

Using L’Hopital’s rule again we obtain
''''Л .• (-sinx)' -cosx

=  l i m - ---------;— =  l i m ---------------
л—>0 (6x) 6

- s ı n xlim
6x

0
\Öy 6 '

, the derivativef (x)Warnine: When applying L’Hopita’s rule to lim-----
g(x)

f  ( x )of/(x) and g (x) are taken separately. Ііт^Ц—- . Do not make the
g (x)
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Theorcm: ( L’Hopital’s rule for

tLet /and g  be defined and differentiable functions ofx. Iff  (x) and 
0  (x) both approaches infınity as x approaches a , then

/ '(* )
vCa) x~*a g (x)

f h  similar result holds for x -> a ~, x  -> a +, x -> +oo or x -> -oo. 
;Moreover, lim /(x) and limg(;c) couldbothbe -  °o, or one could be
SL x~*a x-*aЩ.

+oo and the other -  oo.
A 1 Y

Esamnle: Find lim — :------
’ *-*» 5x2 - 1
Solution: Both numerator and denominator approach oo as x —> oo . 

Trying L ’Hopital’s rule we obtain

5x -  7
(8x -  3)' 8 4

= hm --------r- -  hm — = -
*-»■» 10 5

. tan*Esamnle: Fınd lım -------
х-*л/ 2 tan3x

Solution;
tan*

;*-**/2 tan 3x

; Let us apply L’Hopital’s rule

__1

ita. lim
oo) (tan3*) х-*кп 3

cos2 Зх (0
х~>л / 2 з cos2 X

v, . - 6cos3xsin3* sın6 x
-  = hm -------------------= hm — — :
0  )  x -* n !2  — 6 COS X  Sİn X  x - + n l 2 s \ n l x
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o x-»r/2 2 cos2x 2 
Indeterminate form of type (0 • oo) or (oo -  oo).
If lim / (x) = 0 and limg(x) = oo then lim[/(x) • g(x)] iscalledan

x—>a x  дг->л

indeterminate form of type (0 ■ oo).
Similarly if lim / ( ; c) = °o and limg(x) = oo then lim[/(x) -  g(x)]

x—>a x->a x-*a

produces an indeterminate form of (oo -  oo). The limits of these types

can be converted to the form of 

by L’HopitaTs rule.
( \  1

Ехатріе: Find l im -----------
x  sin X  y

Solution:

Since lim—= oo and lim—-— = 
x->0 x *->o sın x

M
— or — and then can be evaluated

l o j  U J

: oo the given problem is an

indeterminate form of type (oo -  oo). Let us convert it to I form and

apply L’Hopital’s rule
( \ 1 'i s in * -*

lim
x ->0V x sın X y

= lim-

= lim 
x->o x ■ sin;

cosx - 1

2 ) -lim  i™ * " * ) '

Х-+0 sınx + xcosx 
-s in x

= lim-

0 J (x • sin x) 
(cosx -l)= lım— ------------— -

x~>° (sin X + X cos x)

- = 0 .
x->0 cos X  +  COS X -  X sın X 

Ехапгоіе: Evaluate lim (1 -  tan x) ■ sec 2x
х -*я  /4

Solution:
The given problem is an indeterminate form of type (0 • oo). We can 

convert it to type and then apply L’HopitaPs rule
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Х-+ЛІ4 (cos2x)

х—нт/4 — 2 sin 2x - 2

lough the L’Hopital’s rule is very useful and widely used method, 

•e are some limits for which L’Hopital’s rule does not help.

ile: Evaluate lim
■f- >w v jc  +  3

V4x +1 = oo and lim + l = oo, so the given limit is an

00İdeterminate form of
t  V00

. Thus,

V4x + 1 _ ( oô  (V4л: +1)' _ r  4-Jx + 3
|*“ Vx + 3

= lim -■...-=-■■■ r -  r  = lim - _____
x~>a (4x + 3) X~*c°4 4 x  + l 00

ated application of L’Hopital’s rule simply will produce another

iüfeterminate form of
Ч°°У

. We must try something else.

jiven limit can be rewritten as
^  V4x +1
*** 4x + 3 V x + 3 *->« Vl + 3/л:

lim = lim, = lim Л  = 2.

Exercises.

In exercises 1-16 use L’Hopital’s rule to fmd limits if it applies.
* • n/  y tanx-sm x _ .. / xhm--------------  2 . hm- ----

* * °  X  — sın X

bbn “ i
*-+%tan

x-*0  7t X
C O t-------

2

4. lim (l-cosx)cotx
jt-»0
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5
п х

5. lim (l-* )tan" f
jc—>1

6. ііщ — ;х -^ х  -  з

8. Hm

9-

п .  1 іш (Л " сЫІ ■']

sinx2
13. Hm-—— ГГ 

x->o (sm x)
4x2 + 3 cos 3x

15' İ S  2x2 -  2sin2x

jt-и 4x

10. lim(x-cot7K)
x-»0

12. U ^ o ° « - i )

x3 + &
14. lim— r

x—>2 X + 5
x -  sin X

16-
2x -  2sın^x

• 17 20 verify that L’Hopital’s rule is no Help m
İn exetcıses 17-20 ІУ other method.

fmding limit, then fmd mu x(2 + sin2x)
x + sitı 2x 18 . lim — ~TTT~~-------- - jj_̂ +CO Л ‘ 1

2x -  sin x
20-

17. lim
* —*+*> Л

•v/Тбх-^ 
19. lim -j===7 

V2x + 5

Ansvvers.

5 3

s .
я  5 ’ ~  3 - 3 "  3 ’

ІЛ 1 .л[  2/з; и Л  ІЗ , ! ^ ^ ; ^ 2 ; ^ 1735 ^ 1;

18 . does not exıst; ÜL 2^2 ; 23H 2/3.
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' Chapter 5.
Integration.

5.1. Antiderivatives. The indefinite integral. Properties 
and some ıntegration formulas.

Definition: A function F  (x) is called an antiderivative of the function 
f(x) on a given interval if

> F \ x )  = f {x)
i  for ali x in that interval. 
p 1 1
|faample: The functions - x 4\ ~ x 4 + 7 ; - x 4 - т г ; - х 4 +C(C-isany

-şconstant) are antiderivatives of f ( x )  = x 3, because derivatives of ali
âbove functions are x 3. A  function can have many antiderivatives. 

jlf F(x) is antiderivative of any function / (x) , and C is any constant, 
Aen F(x) + C is also antiderivative of / (x) .

i  ~ [ F ( x )  + C] = f ( x )
A dx
Ш  will denote it by
I  (1) $f(x)dx = F(x) + C

’tbe symbol |  is called an integral sign, f {x )  is the integrand.

1) is read as ” the defmite integral of / (л) equals F(x) plus C “ 
ехатріе above:

Jx3dx= —  + C, 
4

operties of indefinite integrals. Integration formulas.

An indefinite integral has the following properties: 
t constant factor can be moved through an integral sign

jc ■ f (x)dx  = c • ^f{x)dx

t antiderivative of a sum is the sum of the antiderivatives
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{[/(*) + g(x)]dx = ^f{x)dx  + Jg(x)dx

3) An antiderivative of a difference is the difference of the 
antiderivatives
j[/0) ~ g(x)]dx = $f(x)dx -  ^g(x)dx . 

List of some basic integration formulas.

0 )

(2)

(3)

(4)

(5)

(6)
(7)

(8) 

(9)

J o  • dx = C

Jdx = x + C

r X n+x
\xndx= - —  + C ; (n * - l )
J n +1
Jsin xdx = -  cos x + C 

Jcos xdx = sin x + C 

Jsec2 xdx = tan x + C 

Jcsc2 xdx = -  cot x + C 

Jsec x ■ tan xdx = sec x + C 

Jcsc x • cot xdx&= -  esc л; + C

Correctness of integration formulas can be checked by differentiation. 
For ехатріе (3) is correct, since

+ c! -OlüHL.,-
n +1 n +1

Ехатріе: Evaluate j8cosxrfx 

Solution:
J8 cos xdx = Apply the first property= 8 Jcos xdx = 

=Apply formula (5)=8sinx + C.
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Ехашріе: Evaluate

■ ) / 4 :J ү*' Ь) с) ^[xdx

Solution:
e jc"+1i! For ali integrals we will apply (3) \x ndx = ------+ C for different n:

M J n + 1

ДГ

' öfr

у-э+ı i
|* _5etx = --------+ C = -----—r + C;

•5 + 1
i+«з

4*4 

3?b) f ^ - F ^ - = - î f -  + C . i V 7  + C;
I  3Vx } 1 . ,  2

- -  +  1 
3

! Д+1
lc) fVxdx= fx * d x = j—  + C -= ~ if7  + C
Ш: + 1

|Second and third properties of indefînite integrals can be extended to 
ore than two functions:

xample 

-Intion:

\ [ f ( x) ~ g(x) + h(x)]dx = j f ( x )d x ~  jg(x)dx + jh(x)dx 

1 Evaluate J(6x3 -  2x2 + 7 x -  4 )dx

j(6x3 - 2x2 + 7X - 4)dx = f6 x 3dx- 

-  j lx 'd x +  j7 x d x - f4dx~ ö jx 3dx - 2  j x 2dx + 7 jx d x -

- 4 / c / x = 6 | i l  + C1j - 2 . ^  + C2j  +

+ 7{ Т  + С>У*(Х + С4)= ~ x 4 ~ j x 3 + j * 2 ~4x +

+ (6C, ~2C2 +7C3 - 4 C 4) = - x 4 - - x 3 + - x 2 - 4 x  + C
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Sometimes it is usefiıl to revvrite an integrand (simplify) in a different 
form before performing integration.
Ехатріе: Evaluate

4 r sin* , , л rt4 -316 ,a) I---- — dx\ b) ------— dt
J COS X  J  t

Solution:
rsinx 1 , r

-dx= |tanx-secxax = secx + C 
J* v  •' C O S  X 

- 4  - ) , 6

cosx cosx
, 4  _  r f  \ Л t  e

b) J-— ~ d t =  j l — -3JA  = \ t ~ 2d t -  p d t

Г 1 -1
= ------3 t  + C = ------ 3 t  +  C .

-1  t

\2
dxЕхатріе: Find j^sin-^ + cos-^ 

Solution:
\2 f 4

dx= 1 ■ 2 Xsm — « X X 2 X+ 2 sın—cos — + cos —J  J l  2 2 2 2)
. X Xsm — + cos —

2 2

= J(1 + sin x)dx = x -  cos x + C

Ехатріе: Evaluate f---- ----- dx
J 1 + sin x

Solution:
Let us multiply numerator and denominator by (l-sinx). 
We obtain

dx:

[---- —  dx = f
J 1 +  s ı n  r  J

1 ~ sin x . rl -  sin x------------------- ЙХ= ------ Г—
(I + sin x)(l -  sin x )  J cos X' 1 + sin x

= f— — dx -  [tan x • sec xdx = tan x -  sec x + C 
3cos2 x J

Ехатріе: Evaluate Jsin2 ^ d x  

Solution:
1 __. r » r \o  O  Y

Let us use identity sin2 x = -----------

dx -
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In exercises 1-15 evaluate the integrals and check each answer 
: it.

; sec x(sec x + tan x)dx

İ .  J(2x -  x 3 + x5 )dx 

4. Jxi/xdx

6. j(2x + x 2)2 dx 

8. J[4 sin x + 2 cos x]dx

10. J [V ö -csc2 0]dd

rsin2x , il. ------ dx 12. r ç o ş l e - 5 ^
J cosx ■1 cos2 Ө

dx 14. J(ax -  h)3 dx

İS. fsin2 — dx 
' J 2
W. Find the antiderivative F(x) of / (x) = \[x that satisfıes F{\) = 2 .

n17. Find a function/such that /  (x) + cos л' = 0 and /  

Answers.
_ л

-X4 +C;

=  2 .

5 4 6 4 9
һтх3 + С;2. x2- —+ —+ C;3.8Vİ + C;4.

i d f,
40 1

rxVx" -  — ^ х 3"+ C:6. — + x4 + - x 3 +C;  7. - x 2 - -  + 
> 3 5 3 “  2 x
ı
■ү + C ; 8. -  4 cos x + 2 sin x + C ; 9̂ _ tan x + sec x + C ;
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10. —Өу[Ө + cot# + С ; 11. -2cosx +С ; 12. sin# -  5 tan# + С ;
3

13. —х\[х* +—\[х* + С ; 14. - х л - а 2Ьхі +—аЬ2х2-  
—  5 2 —  4 2

- і 3* + С ; 15. -і(дс — sinх) + С ; 16. Ғ ( х )  = ^ х ^  + ^ ;

17. /(x )  = 3 -s in x .

5.2. Integration by substitution.

We use substitution method of integration to transform an 
integral not listed in an integral table to one that is listed.
Ехатріе: Find J(sinx2) -2xdx 

Solution:
Note that 2x is the derivative of x 2. Make substitution u = x 2 .
Then du = 2xdx and

f  7  „ ' У  (•
(sin x ) ■ 2x dx = I sin u du — — cos u + C

Replacing u by x 2 in -  cosu yields -  cos*2. Thus
J(sin x 2)- lx d x  = -  cos x 2 +C

The answer can be checked by differentiation:

- [ - c o s * 2 +C] = (sin*2)-2*. 
dx

Ехатріе: Evaluate J(x3 + 1)60 • 3x2dx 

Solution:
If we let u = x3 +1, then du -  3x 2d x , so

f(*3 +1)б0-3*2Л =  fu60du=—  + C = (X +1)- - + C.
J J 61 61

Ехатріе: Evaluate Jsin 5xdx
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Solution:

Jsin 5xdx =
u=5x 
du -  5chd

\dx=*L

-  fsinn —  = _ l c o 1 J 5 cosu + C = cos5* + C.
J 5

- mark:- There are no hard and fast rules for chnn
aPP^nate choice wdl соше vvith ех^епепсе ^  “ "  maklnS an
t a m i e :  Evaluate fsin2xcosx<b
Solution:

î Jsin3 xcosxdx = u = sin X

Ехатріс; Evaluate J*—n V* ^  

Solution-

we Jet u =yfx,  then _ _J__ 
dx 2yfx

du = cosxdx\ SU d u - - ~  + c =  

sinVx

sin4 x
+ C

, so

dU = 2vÇ and^  = 2^  Then
fsinV  ̂ _ f

d x -  Jsin u- 2du = -  2 cos m + C = - 2 cos + C*.

Evaluate ( ~ ^ d x

L * ;
»1 + x 3

u = l + x 

du = 3x2dx
du 0 
~  = x 2dr

= f du/3 - j  u ' 2+]
J з ~ Г ~

~ 2 + 1

+ C =



= i-2 V ^  + C = -V l  + A-3 + c . 
3 3

Ехатріе: Evaluate JV/3 -УІ4- 7t4d t 

Solution:
J7£3 - \ İ 4 - l t 4dt =

« = 4 - 7 Г  

= -28 t3dt

:7/3dt

Г3 j  ,  İ m 3jy„.(_ )=_ +c
4 1 + 1du 

~-4

= - - - - \ [ ü *  +C= -  — 3V (4 -7 /4)4 + C. 
4 4 16 v

Ехатріе: Evaluate Jx2 л/х + l dx 

Solution:
и = x + 1

|х 2л/х +1 (7x = і/м  =  Й?Х

х = м -1
J ( m - 1)2 V m :

J(m2 -2 u  + \)Ju du = J
5 3

m 2 - 2 m2 + m 2
SV

7 -  4 - 2 -
= —m2 — u 2 н— m2 +C =

=
У

5
7 - 4  - 2  -^-(х + l ) 2 -  — (x + 1)2 + —(х + 1)2 +C .

Exercises.

In exercises 1 -20 use appropriate substitutions to evaluate integrals.
1. j"(l + x2)6xJx 

3. Jcos70d0

2. JV(1 -t- x2) ■ xdx 

4 , | ( x - 3 ) 5û!x
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J
Wl + 4 sin x

vr
r dx 14fVx3 +1

r dx

f■sin(5 / x)
<7x

Jsin5 31 • cos3/ dt 

Jsec3 2x • tan 2x dx

16. jx 2 sec2(x3)dx

18. Jcos 40 ■ \j2 — sin 40 dQ

20. j[sec2 (cos30)] • sin ЗӨ d6

Answers.
sin 70(l + x2)7 + C ; 2. —(1 + х2) ^  + C ;3.

8 1 + C; 4. (* - 3 ) ‘ + C ;

:Cosx6 + C ;6 .- 1 1
3 (x2 +7x + 6)3 + С ;2 :24л/̂ Г^ Г + С;

V(x + 4)-

gj'U -2)^  + — (х - 2 ) 7̂  + C; 12. — Vl + 4sinx + C ;

43 + C ;9 ^ 4 s in ^  + C ; 10. - - c o t3 x  + C; 
4 3

'V T v  +C ; 14. ^ 3 + l+ C ;1 5 . -cos(5/x) + C; 
•3 5

- З ч  , „  1 . б 1 3+ -—sin6 3/ + C ; 18. -  — (2 -  sin 40)72 + C;
18 6

gSec3 2x + C ; 20. -  i  tan(cos30) + C

131



5.3. Sigma notation.

Defınition: Let a , ,a 2,a 3,...... ,an be n numbers. The sum
a, +a2 + a3 + ......+ a„ will be denoted in sigma notation by the

symbol a* , which is read as ” the sum of a sub k as k runs
4=1

from 1 to n.
Ехатріе: Write l3 + 23 + З3 + 43 in the sigma notation. 
Solution:

Solution: Y  2* =2‘ + 22 + 23 + 24 + 25 =2+4+8+16+32=62.

n

4

l 3 + 2 3 +З3 + 43
4=1

5

Ехатріе: Compute

5

*=1
Propertics of sigma notation:

n n

n n n
ь) + +  X X

n n n

c) £ ( ö4 ~ bk ) = Z a* “ X Ö*
к=Л А=1 k~i

Some useful sums:
n , ı\

( 2 ) ^ k 2 -  П̂ П + + ^

( з > 2 > 3 =
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10

Ш *=1 А~1 f f* = 1 *=1  *=1
10 11-21 Ю -11 ,

6 + 3 ‘—^ ~ =  385 + 165 = 550.

ome sums are formed by adding up differences. When each term of a

“  the end о п Г '  'еГт' ‘“ T *  °" 'У POr,İO"S 0f ,he first “ d sı rerms at the end of the sum ıs saıd to telescope
50 f  1 i

ş: Evaluate V -------L
b 'U  k + \,

glntiom

+ + .....

f + (~ -—)= İ --L-50 
1 50 5Г 5 1 ~ 5 Г

2 3'  3 4

Evaluate - ûjt+1)

Btion:

r°* a*+ı) (ûı ~ a 2) + (a2 - a 3) + ....+ (an - an+ı )'= ax •«+ı

Exercises.
b  exercises 1-3 evaluate the sums

' Ъ :

M

W=2

/1=1 ot,"2
n=î

b) Z ( - i ) * ;
k~2

10

150

c ) ^ 3

M

i); b ) £ i ;
«=0

c )  Ĵ 2m+1
m=3
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In exercises 4-10 vvrite is sigma notation, but do not evaluate. 
4. x 3 + x 4 +дг5 + x 6 + x 7 

1,  1 15. -  + — + 
3 4 102

6. 1-2 + 2- 3 + 3- 4 + .....+ 49-50
7. 1-3+5-7+9-11
й - 1 1 1 1

2 3 4 5
9. -  b0 + bx -  b2 + b3 -  b4 + b5
10. a 5 + a4b + a3b2 + a 2b3 + ab4 + b5

In exercises 11-13 evaluate sum using useful sums formulas.
20 6 30

11. £  A2 ; 12. ]T(4/fc3 -2A + 1); 13. ^ Ң к - 2 ) ( k + 2)
*=1 İM  M

In exercises 14-16 evaluate telescoping sums.
ıoo

14. £ ( 2 '  - 2 m ); 15- İ f — -
1

20 f
(=1 2ı + l 2(7 -1) +1 ̂

1
yk2 (к-\У ;

b) c) ^ к х

16- Z
k=2

17. Evaluate 
100

a> Z i;
(=1

Answers.
La) 6; b) 20; c)14; 2. a)4;b) 1; c) 450; 3. a) 55; b) 11; c) 112;

7 102 -ı 49 6 5 1

l  & Z 7 İ  I>(»+ d ;l  Z(-Dw ( 2 t - M  X ( - d* -i
*=з *

*=1 M

i=3
5

n=l M M

^ ( - l ) * * ’ J V " *  ; İ L 2870; 12. 1728;

; 17. a) 5050; b )n2 ;

*=0 t =0

13.214365; 14. 2100 -1  ;15.ıoo ! ltc 100 399
101 400

c) n(n + l)x .
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5. 4. The definite integral and its properties.

function/be continuous on [a, b], 
us divided [a, b] into n 
intervals. If an interval [a, t]
’ded into n subintervals, and if 
is an arbitrary point in 
subinterval, the / ( x*k)Axk is 
area of a rectangle of height 

xl) and width Axk , so then the 
a under the curve y -  f ( x )

'er the interval [a , b] is defıned

У

lim V  f(x*k)Axk

b n
\f(x)dx = lira У  f ( x l  )Axk .

J  max Ax,. ->0

Fig.5.1
шах hxk —>0

/e write
ь

riefly, the definite integral/ över [a, b\ is the area under the curve 
• = /(x ) över [a, b].

(V

j f(x)dx is called the definite integral of/from a to b.
a

a and b are called the lovver and upper limits of integration, 
respectively.

П
Ехашріе: Express lim V  (xl )4 Axk ; as a definite integral

fora=l ,  b= 2.
Solution: The function being evaluated at x*k in each term of the sum

is f ( x )  = x 4. The partition interval is [1, 2], so the limit is the integral 
off  from 1 to 2

ІШ Ч ДX k

lim 'S' (x*k)4Axk = [x4dx
■ t e k - > 0 r - İ  k * Ji=ı i
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area under

A = У -  /(* )  «ver
[a,b]

\f (x)dx  ■
a

Ехатріе: Evaluate J xdx
з

Solution: The integral represents the area 
under the graph оГу -  x över [3,5]. (Fig.5.2). 
This region is a trapezoid whose paraliel 
sides are ha ve length 3 and 5, and whose 
height is 2.
Thus

\x dx = ■—— •2 - 8  
? 2

6

Ехашріе: Evaluate |(2  -  x) dx
2

Solution:
The integrand is negative över [2, 6], 
so the integral is the negative of the 
area of the triangle (Fig. 5.3). The area
of triangle is 8, so
6
J(2 ~ x ) d x - ~  8.
2

Properties of definite integrals.
b a

1. | / (x)dx = -  J/ (x)dx
a b

2. j f( x)dx  = 0
a

b b

3. Jc- f(x)dx = c ■ \f (x)dx
a a
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ВШ
>

W » b
l / W  + g(x) ]dx  =  j f ( x ) d x  +  j g ( x ) d x
f a  a

i  b b
p M - g(x) ]dx  = j f ( x ) d x - j g ( x ) d x
I a a

k b b b
jf /M  + SİX) -  h( x) ]d x=  ^ f ( x ) d x  + j g ( x ) d x  ~ jh (x )d x

a a a
fa, b, and c are numbers then
I c b
M x ) d x  = j f ( x )dx + Jf(x)dx
S; <t c

| / is  integrable on [a, b] and f ( x )  >  0 for ali x in [<2, b] ,  then 
ь
j f ( x ) d x > Q
a

Щ І and g  are integrable fimctions on [a, b], where a < b and 
!)<#(*) for ali x  in [a, b], then

ь ь
\ f (x)dx< ^g(x)dx
a a

f m and M  are numbers and m £ f ( x ) <  M  for ali x  m [a, b\ , then
b

m ( b - a ) ü  j f ( x ) d x < M ( b ~ a )  i f a < b  and
a
b

m ( b - a ) >  j f ( x ) d x ' 2 : M ( b - a )  i f a > b
a

Pİe: Suppose that
6 6 e

J/(x)ctc = - l ;  j f ( x ) d x  = 3 and Jg(*)dx = 4.
1 3 3

e 3

I  a) j [ 3 /( ;c ) -g (x ) ]< fe ;  b) J f ( x ) d x

I

1i

i
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Solution:
a) From properties of definite integral

6 6 6

J [3 /M  -  g{*)\dx = 3- ^ f{x)dx  -  ^g{x)dx= 3 - 3 - 4
3 3 3

b) From 7 * property of definite integral vvith a= 1,6=6, c=3
6 3 6

JV(x)dx = ^f{x)dx  + ^f(x)dx , so
1 1 3
3 6  6

^f(x)dx  = | / ( х ) Л  - J/0)<&  = -1  -  3 = -4 .
1 1 3

Ехашріе:
-2  1 3

Find ^f{x)dx  if J/(x)<fe = 2 and J / (x)<7x = -6
3 -2  1

Solution:
From 1st property it follows that

-2  3

^f(x)dx = -  J f(x)dx
3 -2

From 7 th property we obtain
з ı з
J/(x)dx:= |/(х)<£с + | / ( х)і& - 2 + (-6) = -4  and 

-2  -2  1

-2

J/(*)fi£x = - ( - 4) = 4 »
з

It can be shown that
ь
jc  dx = c(ö -  a) (c-const);
a
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ч  •* ч  «t

J(3x2 -  4х + 5)dx = 3 ■ ^ x 2dx - 4  jxdx +5 Jöh: =

: 3 ( y ) -  4 ( ү  -  y ) + 5(4 -  0) -  64 -  4 ■ 8 + 20 = 52.

Solution: j x 2d x =  j x 2dx  -  J x 2dx = - —  —  = 6 —.

Exercises.

In exercises 1 -3 use the given values of a and b to express the 
following limits as a definite integral. (Do not evaluate the integrals).

П
1. lim Y  (x*k)3Axk ; a= 1; b = 4

max Ах* ->0

n

2. lim Y{4(x*)2 -3x*+3}Axt ; a =-1; 6 = 2
max Дхі -»O

* i = l

3. lim J^(cos2 x*k)Axk ; a = -?-■, b = ~
max Axk - » O ? чA=1

In exercises 4-10 evaluate definite integrals by using area 
formulas from geometry, where needed.
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5.
O

,  '[e *  7. |(3 -4дг)Л
j  O
7

3

9. J|3x -  3| Л

o ~2
n

10. jcosx<£t
0 72 ^

11. Find f[/W -3gW ]< fe  if J / « d x  = 7and fg(x)dx = -5 .
- ı

5 ı 5f
12. Find ff (x )dx  if f/(x ) dx =-2  and J Дл:) - 1.

, 0 o
b b b

In exercises 13-16 use formulas for j cdx\  \ x d x  and j x 2 dx
a a 0

to evaluate the given integrals: $

13. a) ) x 2 dx; b ) \ x U x ; c) Jx2 dx
J « 5
2 1 3

14. a) fx^x; b) J* dx; * c)

1
15. J(x + 2)2 dx 16. W  -3x)dx 17. j(x2 - 2x + 7)dx

o 7з

Ansvvers.
4 2 ^

1. | х 3 Л ; 2 .  J(4x2 - 3 x  + 3 ) d x ; X  Jcos2 x d x  \4. 1; 5. 2; 6. 12,

5. | ( 1 - ^ ) Л
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9тг
-35; 8. — ; 9j_39/2; 10.0; İL  22; 12. 3;13. a) 39; b) -39; c) 0;

4. a) 3/2; b) -3/2; c) 0; 15. 56/3; 16. 9-4л/з 1

5. 5. The first fundamental theorem of Calculus.

'heorem: (The fîrst fundamental theorem of Calcuhıs)
Let/be continuous on an öpen interval containing the 

ıterval [a, b]. Let

(1) F(x)=j f ( t )d t  for a ü x < b  
a

Шіеп F  {x) is differentiable on [a, b] and its derivative is/ ;  that is 
F \ x )  = f { x ) .

mlso can be expressed by the formula 

d

words (2) States: ” where the integrand is continuous, the derivative 
integral with respect to upper limit is equal to the integrand 

faluated at the upper limit ”.

(2)
dx

x

tample: Differentiate y  = jVl + 13 dt
o

lution: By the fundamental theorem

= sin x [Equation (2) w ith/ (t)==sin t ].
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Ехапшіс: Find
dx

d

I?  dt
_ı

Solution: —
dx

J t3 dt = x

10

Ехатріе: Differentiate y = J-v/l + t 2dt

Solution:
The lower limit of integration is x, we change the limit of integration 
First:

X

y  = -  JVl + 12 dt then apply the first fundamental theorem
10

dy _ d 
dx dx П\ + t 2dt

ıo
= -V l + * 2 •

X

Ехатоіе: Differentiate v = + t 2dt

Solution:
The first fimdamental theorem does not apply directly since the upper 
limit of integration is x 4, notx. fiı this case let u = x 4 .Then

u
y  = JVT+12 d t , where u = x 4

By the first fundamental theorem —  = л[и + u 2
du

The Chain rule telis us that 

dx du dx
Ь Ш  Л

Ехатріе: Differentiate y  = j j t  + id t

142



143



* 31
5. \-d t  

U

sin* .
s. f -J 11 +  F

-dt

1. Let F(x) = f-^°S 1 d t . Find 
V  +4

a) F  (0 ) b) F '(0 )

8. Let F(x) = jV4t2 +5 d t . Find

a)F(O)
9. Prove that

b) F '( 0)

c) F "(0)

c) F"(0)

f/(0* = /(g W )  • g’ W  - f(h(x)) ■ h (jc)
h(x)

x*

10. Find—  ifjy = — fsin2td t 
dx dx •{

11. Find—  if v = —  f t t an / d t
C&C

dx j

jrf
dx 2x

Ans\vers.

L -X4; 2. jc4; 3. 2*^/l + sin(x2) ;4. 4~ *; Ş. 3/x; 6. ; 7. a )0;
1 + sin2 x

b)l/4; c) 0; 8. a) 0; b) -JE  ; c) 0; 10. 4x3 sin2(x4) - 3 x 2 sin2(x3); Ü  
9x tan 3x -  4x tan 2 x .

5. 6. The second fundamental theorem of Calculus.

Theorem: If /is  continuous on [a, b] and F  is antiderivative of/then
ь

(1) \ f{x)dx = F{b)-F{d)
a

The difference F{b) -  F(a) ıs commonly denoted by F(x)|* and
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(1) can be written as
b
\ f ( x )dx  = F (x fa =F{b) -  F(a)
a

3

Е
шпріе: Evaluate j x 2dx 

lufion:

,ce F(x), ^ by 2 -  fundan]ental ^

3 3|3
f x 2d x= ~ -  = |( 3 ) 3 - - ( l ) 3 = 9 _ i . =  26

3 3

іВШШІе: Evaluate j x d x
i', . ıtlution:

jxdx  = - o_ı_i
2 2 2

z

îl£i Evaluate j ( x * - 4 x  + S)dx

, - 4 лг + 5 )Л = ( і 1 _ 4 £ !  + 5:г')| = Г32
- 8  + 1 0 - 0  = 42

)o

®2İ£i Evaluate fjxjdx 

gon: 3

e H ~ x  if  x > o and lxl = - x ı f x < 0 ,thm

f (  x)dx + fxdx = -  ~
-3  '  2

, 4 _ 13
o 2 2 2 •
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Theorem: (The Mean Value theorem for integrals)
If /is  continuous on a closed interval [a, b] then there is a number c 
betvveen a and b such that

ь
^ f ( x ) d x  =  f ( c ) ( b  -  d)  .
a

Definition: The average or mean value of an integrable function/ (х) 
on a closed interval [a, 6] is

1 *
f ave //(* )* ■

Ехатріе:
Verify the Mean Value theorem for / (x) = x 2 and [a,h]=[0,3] 

Solution:
3 3 1

\̂ x2dx = —  =9
o 3 o

Since / (x) = ı 2,we are looking for c in closed interval [0, 3], such that
з
^x2dx~ 9 - f  (c)(3 -  0) or 9 = c2 ■ 3; since c2 = 3 => c -  ±V3 ,thus 
o
c = л/З is the number in [0, 3], vvhose existence is guaranteed by Mean- 
Value theorem.
Ехатріе: Find the average value of x3 över the interval [1,3] 
Solution:

( V )
3

- i l j 0
0

1 1

l 4  J 2\
1 ч 4  4 J

= 10 .
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Exercises. ,

In exercises 1-13 use the second fundamental theorem to 
evaluate the given integrals.

İl. p x 3</x
ı

x l  3

J. |5cosxa!x
гг/6

9

. j5<Jx dx
4

2

•t

2. J(x + 5x 2)dx 
ı

я  12

4. Jsin 2x dx

). jlfx* dx

4~x
-5 Г х -

з \
dx

>r/4 da
cos a

, |( ;2 -  21 + 8) dt 8. JVx dx
1 1 

'  S 4 /

J2y j y d y  10. j
4

4

. J(x3 + х) Л  12. J
2

İ  f f 3-v/jc +  ~ r  dx
Ых)

,Find the area of the region under the curve 3x2 and above [1,4].
Make a sketch of the region.

İFind the area of the region under the curve 6x4 and above [-1, 1], 
Make a sketch of the region.

İFind the total area betvveen the curve x2 -  3x -10  and the 
I  interval [-3, 8]. Make a sketch of the region.

In exercises 17-21 fmd the average value of the given function 
rthe given interval. 

f*2; [3,5] 
p * ; [i,3]
V * ; [0,9]
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; [4 ,9]

21. sec2 х ;
п л
~б’ 7

Answers.

1. 75/4; 2. 112 - ;  3. -(л/з -1 ); 4. 1; 5. 190/3; 6,93/5; 7. 22/3; 8.52/3; 
2 2

9. 844/5; 10. -55/3; П. 66; 12. 1; 13.40;14. 63; 15. 12/5; 16. 203/2;

17. 49/3; 18. 6; 19. 2; 20.4/5; 21. - .
л/Зя-

5. 7. Substitution in a definite integral.

Method 1:
The substitution technique extends to definite integrals,

v

j f  (x) d x , with one important remark:

Wheıı making the substitution from x to u, be sure to replace the 
integral [a, b] by the interval whose endpoints are u (a) and u (b). 
Examples will illustrate the necessary changes in the limits of 
integratıon.

Ехашріе: Evaluate J2(l + x 2 )5 x dx
2

Solution:
If we let m = 1 + x 2, then du = 2xdx .
As x goes from 2 to 3, u = 1 + x 2 goes from 1 + 22 = 5 to 1 + 32 =№• 
Then

10 10

106 -  56|2(l + X1 J xdx= ju sdu = ̂

Remark: Önce you make the substitution, you work only with 
expression involving u . There is no need to bring back x again.
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/ (v
j

л/
Іе: Evaluate Jcos(/r~x)dx

п
ti°n:

thıs substıtution а '
when * = о іһепи = л-

when х = — then и -  Зл_ г ■
* Т ■1 ,Ш  , s 'һе İM you see of , j ,  s0

/ « ч і г - х) * -  / ; „ s„ rf„ _ sma| Злу

le: Evaluate JvVx+~4 rfr
0

ш

8 square of и = - / t T î  we obtain

~ л  +  4 ,  x  =  u !  ~ 4  and dx =  2 ı t d u  

runs from 0 tn <; /— -
з ’ и - л ^  + 4 nms from 2 to 3. Thus

4 *  = / ( a 2 - 4>  • 2M = j(2w 4 _ 8m 2 ̂  = -
“i

»2- г5|3 з I3* 1 И
%  8 ' т [ Ф 5 ~ 25) ~ ~ 0 3 ~ 2 3) ^

■2 İ I - - . 1 9 = 506_ ц  
3 " 1 5  " « I ? '
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Solution:
Let u -  л/4 + 5* . To express x and dx we have to take the square of u

if x = 0 then u = V4 + 5 0 = 2 

if x = 1 then m = V4 + 5 • 1 = 3, so

dx = — f—----- ~ u d u  = —  f(w2 -4)du
5 J m 5 25 J

= — [(9 - 1 2) - ( - - 8 )] = —
J/ 25 3 75

Method 2:

There is another method for evaluating a defmite integral J / W •
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The idea of the method is that fırst we evaluate the indefinıte integral 
j f(x )dx  by substitution as it discu. ...-d in 5.3., and then change back

! to x , and use the original x- limite.
;■ 2

I Ехатріе: Evaluate j x (x 2 + 1)3 dx 
f o
i Solution:

Substitute
u - х 1 +1 
du = 2xdx

, duxdx = —

then we obtain

I 2

[x(x2 -f l)3 d x = -  \u idu = ~  + C = ̂ C~ t 1) 4 +c  
j  2 J 4 8
Thus
■i

jx(x2 + l)3 dx = (x2 + lY
8

625 1----------= 78.
8 8

lıe choice of methods for evaluating a defınite integral by substitution 
B a matter of tas te, but it is best to know both methods.

Exercises.

In exercises 1-14 evaluate the integral by any method.
4 ü ____

2. jVl + x 2 xdx  
4i 
o

4. f ( l~ 2 x )3 dx
-ı
я/2

6. J 4sinf x ) dx
W



х + 2
-  f  x  rı r 8. f r

■ ] ( * 2 +2)3 N.
■ f i

' /
c

9. j5x-cos(x2)*& 10. Js
00

П ІЧ
lr

11. fsec2 W  d O 12. f
J

n! 12 0 ' 
4

13. Ji 5jc2a/5x3 + 4<& M . f
-1

dx

V y 2dy
W^~y

xdx 
■j v ' 5  +  X

Answers.

1. 4 Î  - 1 ;  2. 37/3; 3. 4 ı  ;fL 10; 5 . 1192/15; 6. 8 -  W 2 ; 7. -1/48; 

g, 2 (^ 7 - л/3 ) ;2 г 0; -l/9; İL ^(V3 -1 ); 1 2 :106/405; 13 ,38/3;

14. 8/3.

&
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Chapter 6.
Logarithmic and exponential functions.

6.1. Logarithms (an overview).
ition: If a and x are positive numbers, a * 1, and a y -  x , then the 
er y  is the logarithm x to the base a and we write 

У = l°ga x
loga x is read as ” the logarithm to the base a of x “ 

eral, ify  = log0 x , then_y is that power to whıch a must be raised

tion: The number e is e = lim(l + x )x = 2.7182J->0
ili denote the natural logarithm of x by İn jc (read”ell n of x ”). 
Іпл' is that power to which e must be raised to produce x. 

xample:
0; İn e = 1; ln(l/e) = - l ;  Ine3 =3.

Ali properties for y  = loga x  are hold for y -  İn jc as well. 
Evaluate

c) log2 7 -  + log]0100b) log5 V257 ;
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Solııtion:

c) l°g2 77  + logıo 100 = log2 2~* +log10102 = -4  + 2 = -2  16

x yExpress İn— in terms of sums, differences and multiplies 
Mz

İn X = \nx2 + lnjy4 -lnVz=21n;c-f 41n>ı- - l n z  
Vz 3

Write expression (5 İn 3 + 2 İn 4 -  İn 7) as a single logarithm

(51n3 + 21n4 -  İn 7)= İn 35 + ln42 -  İn 7 = İn

Ехапшіе: Solve for x if İn 2x — 3 
Solution:

32x = e => x = —

Exercises.

1. Evaluate 

a) log3 л/з; b) İ0g3(35);

2. If log4 A -  2.1, then evaluate

a) log4 A2; 

3. Evaluate

b) log4 , 
A

c) log4 16A
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> 'ы  V

а) log2 16;

4. Evaluate 
a) 2log2'6;

b )log2

b) 2iog,° ' 2).

c) log9 3

c) 21082 7

In exercises 5-7 expand the logarithm in terms of sums, 
differences and multiplies.
5. logз (lO.W.t -  з)

6. İn x2 ■ sin3 x

7. ln- ■1 - x 3

sin2 .V

In exercises 8-9 write the expression as a single logarithm. 
İ8. 4 log3 (x -  3) -  5 log3 (sin 3x) + 2

|9. 3\n(x + 2) + - j  İn x -  ln(sin x)

In exercises 10-14 solve forx.

|o .  log10 — 2;
|2 .  log7(73t) = 9;

І4. ln f - j  +ln(2*3)=ln8

11. İn — = -3
x

13. lnx3/2 -lnV x =5

Answers.
.a) 1/2; b) 5; c) -3; 2. a )4.2; b) -2.1; c) 4.1; 3. a) 4; b) -5; c) 1/2;

|s a) 16; b) 1/2; c) 7; 5. log310 + log3 x + — log3 (x -  3 );

. 2 lnjjcj + 3 ln(sin x) -  ln(x2 +1) ~  ln|x2 -  lj + 3 lnjxj -  2 ln(sin x) ;

log3 ; 9 J n  ^ +- - )-  ; 10. 10~4 İL 3e3;12.3;
sin 3x smx

e5; 14.2.
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6.2. The derivatives y  = lnx and y  = log0 x .

The derivative of natural logarithm function y = \nx is the function —;
*

d „ . 1—  (lnx) = -
dx x

x > 0 .

If u(x) > 0, and if the function u is differentiable atx, then applying the 
Chain rule to the function y  = İn u yields

( 1)

or in function notation

d rl 1 du—  [1пы] = ------
dx u dx

1(lnw) ~ - - u  
u

To fınd the derivative of a base a logarithm, we first convert it to a 
natural logarithm.

-T-Ooge х)=-үdx dx
İn* 
İn a

; — — [inje] = — —  
İn a dx x ■ İn a

İn general, if u is a positive differentiable function of .t, then

-T-ftog,, иһ үdx dx

(2)

or, in function notation

Іпы 
İn a

1 l  du 
İn a u dx

1 du
f ( i o g . « b - L . İ -
dx İn a u dx

(l°ge İn a u

Ехашріе: Find ~^-[ln(x3 + l)] 

Solution: From (1) with u = х 3 +1,

■[ln(x3 +l)]=-T —̂ ^ -[x 3 +!] = ■3jC
d x 1 ' /J x3 +1 dx x3 +1
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ЕхатЫс: Find

Solutioıı:
şAccordmg to (1)

İ n
cosx
2x

Іп- ^ - f  | = _ jf ._ fcos;0  2x - s i n x - 2 x - 2
2x :cosx

cos x \  2x j  cos x 
=  _  X S İ n x  +  c o s x  

xcosx

4x2

kîBfilerFind ~ [ lo g 3(2x2 -7 )]

olution:

ı (2) with u = 2x2 -  7 we obtain

- к ( 2 . , г - 7 ) ] ~ ± . — L - . . A [2x2 _ ?j, ____ 4x_
ln3 2x2 - 7  dx

(2 .x 2 - 7 ) l n 3

~ Find log5
х +1

Щоп:
f

1 x + l
\ x + l j )  İn 5 x 2 ( x  + l

J _  x_+l {2x2 + 2x — x 2)
İn 5 x 2

X  4-  2
O + l) İn 5 • x(x + 1)

Пё' if “ IS poss,b,e' ,he
Г '  ® f= re„ces, and

log.
(  v2 \Y ІП

x  - f  1 

İn 5 İn 5 [lnx2 - ln ( x + !)] ' =
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= ~ [ 2 1 n x - ln ( x  + l)]' = - i -  
ln 5 In 5 x x +1

x +2
İn 5 ■ x(x + 1)

Ехатріе: Find
dx

İn X ■COS X

İ + X
Solution:
First of ali, let us use propertıes of natural logarithm function to convert 
given expression into sums, differences and constant multiples:
d_
dx

Г

İn X • COS X d
dx

d_
dx

3 İn x + İn cos x —  ln(l + x 2) 
2

İn*3 + ln c o sx -ln v l + x3

1 1 sin x 1 2x
3 x cosx 2 l + x 2

1 x'■----- tan x ----------
3x x +1

d_
dx

log. Vx • \lx + 1 
sin x ■ sec x

İn

Ехатріе: Find

Solution:
d_ 
dx

Since —— is a constant, we can move it outside the derivative symbol. 
İn 5

Then
1 d

log s
Гх • л/х +" 1 _ d Г 1 (
sin х • sec x J dx İn 5 ^

л/х ■ l]x+ 1 
sin x ■ sec x

İn 5 dx
[İn -Jx + İn \lx  +1 -  İn sin x -  İn sec x] =

— İn x + — ln(x +1) -  İn sin x -  İn sec x) = 
ln 5 U  3 ’

1
İn 5

/  1 1 . л + ----------- cot x -  tan x
2x 3(x + l) /

Ехатріе: Use implicit differentiation to find —  if y 2 + ln(x- y ) ^
dx
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роМ іош Differentiating both sidesewith respect to * yields

î  , ) ] = £ [ 3 ]

Since y  is the function o fx  we get

2 УУ + ----( y  +  x - y ' )  =  0xy
By solving for y

2 y y  + -  + Z- = o

y  =  - -

jle 
olution

x(2 y 2 +1)

: Fmd tangent to y  + ln x2y  = 2 at(I,  1). 
i  The tangent line is

_ dy]У~Уо dx (x х0 )
(■»oO'o)

*0 =i; To =1

| d ail we need t0 write equation of tangent İme is ^
dx

iferentıating both sides of equation we obtain

У +—̂—(2xy + x 2y ’) = 0X y

' 2 yy  + — + — = o 
x У

(*о,Уо)

У =
dy
dx

2y

(M) i  ‘ 0  +  i )

ption of tangent line is y -1  = - l ( x -1) or y  = - x + 2
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Exercises.

l„excrcisesl-Wfmü d y l d * .
?  V -

= ln3x
x

= ln-— T  
1 + x

y = x3 ln(3-2x)

■y = ln(secx + tanx)

y = log4 X

■ y = X2frlO°g

2. y = (lnx)3

4 . у = Ц . Х 3 - 4 x 2  5 I

6 ,  y  =  COS]

8. У' l + lnx .
Пп3 x - 3 ^ 2 x + 61nx ^  10 . y  = x ( b x

12. y = X'Cos(log4 x)

l4 . y = jc-log6(ıy ^ ̂= ıu&4 l4 . y = x-log6U '-^
v = x2 ln(log5O x)) . -r v2 + ln(xv) = 2 .

F,nd *,* ̂ Я Х ъ * * * * " * * ^
In exercıses 16-22

differcntiate. ı /' S -r x'ı
ч (  V

_ L _ . İ ;
2 . ,  2л/ь* x

--,2. 3(lnx)2 x(1 + x2) x - A x  ^ ı + 2 b x )

ism(3/bx) . .^і-хЗх1 -ІЛ0-
— —- — 3 — 2x
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’ Notice that we replaced j  back with what it is equal to. We 
1 that by a regular implicit differentiation problem.



Ехатріе: Find ^  if у = —~
dx V эс "i* 1

Solution:

lny = İn s/——- = - ln ( x - l ) - - ln ( x  + l) 
x +1 5 5

1 dy 1 1 1 1
y dx 5 ı - l  5 x + l

dy x -1
dx 5(x2 -1) V x +1
Logarithmic differentiation is also useful for differentiation of 

functions of the form ( / (x))?w

dy uЕхатріе: Find —  if y  = x
dx

Solutioıı:

2-r

Again taking logarithms of both sides yields 
İn y = \nx2x =2xlnx  

Differentiating implicitly we obtain 
1 dy 1
y dx x

dy _  л / і_  „  , л  „2*

dx
= 2(lnx + 1)- x 2

Ехатріе: Differentiate y  = (sınx)C0S<r ; 
Solution:

İn y  -  ln(sin x)msx -  cos x ■ ln(sin x)
1 dy , , . . cosx----— = -  sın x m(sın x) + cos x -------
y dx sinx
dy
dx

= [cos x • cot x -  sin x ln(sin x)] • (sin x)c
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Exercises. .
In exercises 1-12 obtain ^  s. <

dx uy 0ganth™c differentiation.

г 1- y - 0  + 3x)s(sin3x)(

;3 .,  = з / І ± І  
Vx-1

•5. y  = x* ■

2. 1 , -  (sec4x)^  •sinJ 2x

4. y = ^ L z 3 lJ x [ 7 J
sin*

y = x bx

y = X x+2

6. y = 3 l(^z]}0çL±Il
V ( x 3 + 2 ) ( 3 x ~ 2 )  

8■ ^ = (sinx)lan'r 
î0- ^  = (2x)ioĝ
I2- ^  = ( 2 - / ) ,+1

Answers.

0 + 3x>!<s,l' 3x)‘ f ~ ~  + 18co,3x'l;2. <Х£У>_:ХУ_2,-
} ~  T x

- + ■
x 2 - 8  x 2 +1

-£ ( 5 ~ 1 ) ( х 2 + 1) 1 1 1 ~
(x3 + 2)(3x -  2) 3 fx + ^ 7  + ^ j -

блг .
:3*2 3

’ + 2 j y y l *  6 ' X‘’ 0nx  + I> & < ™ x r ' (U s e c ‘ xl„(sinx));

' (hX + 1+^ ^ J - W * '  ■ ,0& 2 , - щ ,  ,  = (со„ у „,

-  İn * . ten ,J  ; ^  (2 -  , ) « [ ı„(2 . 0  + i ± i j
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6.4. Integrals involving lnx and loga x.

J — dx -  Injjcj +  C for any x ^  0  .
If u is nonzero differentiable function, then

f— du -  ІпУ + C 
J u

r 4x'Ехатріе: Evaluate —---- dx
J x + 3

Solution:
The numerator is exactly the derivative of the denominator. If we let 
и - х ъ + 3, then du = 4x 3dx so that

3
—— dx= f— du = İnini + C = ln|x4 + ЗІ + C 

Jx4 +3 } U 1 1  1 1

Ехатріе: Evaluate Jtanx dx

Solution:
u = cosx 
du = -û n xd x  
-  d u -  sin xdx

•s ııuJtan x d x -  f dx =J cosx

= -  J— du = -ln|w| + C - -  ln|cosx| + C

Ехатріе: Evaluate j
r M  + 4x)

dx

Solution:

Let u = 1 + -Jx , so that du -  and -  2du .
l 4 x  л[х  _ .

It is necessary to change limits of integration x = 1, x = 4 to the M-liıfl10
if x = 1, then u = 1 + VI = 2 
if x = 4, then u -1  + 4Â = 3
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=2(,п3 ^ п2) = 21п(з/2)

4

I n f e g r a l s  i n v o l v i ı ı g l 0 g  ̂ л _

EvaJuate jl°İ^  dx *"* then use usuaJ Way
~>oiufion: *
, Inx

’% 5 *  , n ~ 7  i
' ^ Я ^ ^ - І г і л *  Һ ^ х  I

x , , ns  T  H r

i lnş fU(/u~hI T  + c = j f j  + c.
рШ І£І fivaiuate f’0̂ (x + 2) 5
1 J^ Z ~ V ~ ^ dx4ı.*i 0 ^ + 2TBtfonr

r  = Ы х  + 2)!
І|зСг + 2)
: x + 2  '~dx=~ — 2)

° *  + 2
x + 2‘І л ~0,1һеп u = ]n2 

,f  ̂  = 1, ther, „ = in ,
n3 . we get

П3„ * + 2 * = ;
J , ІП2 İni J

^ <ln,3' ln l2 H ı b ^

(In3

Чп2
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(4) ~ [ е “ ] = е“ ■ ~

ах ах

Ехапщіс: ^ - [3 cosjr] = 3cosj: •ln 3-^ -[cos^ ] = - 3 COSJt -ІпЗ-зіпхdx dx

Ехатріе: ~ [ e 3xJrX] = e3x+x •—  [Зх + \] = Зе3х+х 
dx dx

Ехатріе: ~ [ ех‘‘] = ех5 •—  [х5] = 5х4ех* 
dx dx

Ехатріе: Find І2 + e • x
Solution:

(2 3"2 + e4x-x2)

{23x' +e4x-x 2) = 23x! -\n2-(3x2)' +e4x -(4x ) ' -x2+e4x-(х2)'- 

2х(ЗЫ2-23х2 +2xe4x +e4x)
Щ

Ехатріе: Find the extrema of y = x ■ e x 
Solution:



a) ln(2 - y )  =  k b )  log3 (y +  3) -  4 c )  e^  =  a 4

In exercises 4-15 differentiate and simplify where it is 
necessary.

4. y = e-7x3 
6. у = со5(ел)

8- y = :
e + e

5. y - e x 
7. y = x V

9. y = ехШх

10. y - e ( x - e u ) 11. y = ln(l -  xe~x)
p ̂  (n x  — 1 1

12. y = 4  ү  (a is a constant) 13. y = 2se“
a 1

14. y = 3e' + n 2x 15. y ~ T ^ x ■ e4x

16. Find the minimum value of y  = x 2 -  İn a'

17. Find the relative extrema of — —  .
x

In exercises 18-19 find a) relative maxima or minima, 
b) inflection points of the given functions.
18. f  (x) = (l + x) e~x
19. / ( a )  =  a 3 -e"*
20. Let / ( a ) = and g ( A )  = e **. Find

a) f w (x) b) g (n)(A)

21. Find /  ( a )  if / ( a )  =

constants and cr & 0 .
4 b t

1
e Vk a ' vvhere fi and cr are

Answers.

1. a) 1 /8 ; b) 15; c) (sin a) / 2; 2. a) ln 9 /3 ; b) 2 + log2 7; c) 100İn/;

3 1 -
3.a) 2 -e * ;b )  78;c) İn2 a4; 4. -2 1 aV 7x ;5. -  —  e*;

A
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6. - е* 8Іп(ел) ;7. * V  (3 + х) ;8. —і  —____ •
( е х +  е~х)2

?̂.(х■ sec2 х + tan*) • ех,апх;10. (1 - Ъегх) е х~^  ; lL - f Z İ _ . и . x . t 

|3. secх ■ tan .t • İn 2 • 2secjr; 14. Ъе‘ - ІпЗ-ех + 2 İn
e - x

■ e4x İn 7 л7=r + 4 
2dx

n ■ n

2 ^ + ^  ReIative minimum (1,0),

pative maximum (e" ,4e 2) ;18. a) global maximum (0, 1); b) x = 1; 

9. a) global maximum (3 ,^ );b )  x = 0; x = 3 ± 7з ;20. a) k nekx\

D (-1 )"*" ı 4 ^
(*-//)•£> ^  CT

■ J b r a 3

6.7. Integrals of the functions a x and ex.

= e* + C 

j e udu = eu + C

[aj;£/x = — + c  
J İn a

faudx = ~  + C.
J İn a

Sffifile: Evaluate Je7xdx

İüîİon: Let u = l x  so that du = 7<fc or dx = ~ ,  which yields

f e 7xdx = ~ feud u = - e “ + C = - e 7x +C 
/  J  7  7

ШЩІе: Evaluate j V sinj: cosx(/x
Ştion:
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\ ‘ л cos х dx =
u ~ — sm x 
d u - -  cos xdx 
cos xdx = -du

İn 4

= -  = + C = -e~sinx

Ехатріе: Evaluate f e x(l + ex)2dx
İn 2

Solution:
Make the n-substitution

u = \ + ex d u - e xdx
and change the x- limits of integration (x = İn 2, x -  İn 4) to the
K-limits (u = 1 + e 1" 2 = 3 ,u = 1 + e l n 4  = 5). We obtain

!n 4 5 з

Jex(l + ex)2dx= ju 2du = —
İn 2

53 -  33 98

Ехатріе: Evaluate J27t<£t 

Solution:

j 2 7xdx =
u = 7x 
du - l d x

, dudx = -—

-  f2“ 4« = 
7 J

і7л1 2“-------+ C = -------
7 İn 2 7 İn 2

+ C.

4i
Ехашріе: Evaluate j*  • 4~x‘ dx 

ı
Solution:

Let u - - x 2 so that du -  -2x <ic or xdx = - du

if x = l then m = - l
if x -  yfl then u - - 2  and we obtain

4İ -2 .
jx-4~x dx=----j 4 udu= -----1 4“

1 r ( 4 - I ) -
-1 2 In4|_ı 21n4 16 4 641n2

+ C.
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Ехапщіе: Evaluate J3(x+l)dx

Solution:

J3(x+,)dx = u = x +1 
du = dx\ = f3 'du  = 3"

ln3

7~r(34 -  —) = ------
І п3 3 '  3 I n 3

242
'ІП: 
d x

sın* coş*
xample: Evaluate J- 

olution:

dıvıde numerator and denominator by
1

. _  COS X 

s ı n  X COS x  t s n  X

Let m = tan д: then du = - 1

cos

cos2 x
dx .

M f = lnH + C=

! exercıses 1-18 evaluate the integrals

2. j x 2 -e-2x'dx

+ e2' dt

cos xdx  

(eX) + He~x))dx

4■ Je2'VT 

6. J<?~* -sec2( 2 - e

,28. J(x İn 3 -  4лг ■ i

e ±

Гу
Ш.

ln|tan лг( + C.

X) d x  

■cos *)&



11.
İn 5

je* (3 -  4 e x ) d x

O
ЬЗ  x

3 .  (  — — dx
J ^  + 4

-İn  3

x dx

12. |(3 - e x)dx

14■J

16. J 1 4-  '

y f l x -T  

dx 
\ + ex

■dx

18. |8  21-ln2dx

15' Һ - 2 х *
2

17. "j3x3j:0nx + l)dx 
ı

19. Find the area of the region enclosed by y = ex,y  = 2 and x = ı

6^X
20. Evaluate j*-------- dx.

V  +3

Answers.

± es* + c - 2 . - - e ' 2*' + C; 3,ln(l + ex) + C ;4Д(1 + e2') 3
5 6 -3

ЧІП У 1
.2

_  sın * 1n - - 1Ş . - e cosx + C ;61 tan(2 - e - f) + C ; L - ^  + C;8: - x  ln 3 -

-  4;r • e2 sin x + C ; 9, C ;10, 2 e ^  + C ;ll,-36; 12, 6 + e -  e 3 ;

13. ln 21 ; i4. e^ = î+C;151 - ^ ln |3 - 2 x 2|4-C;—  13 —  4 1

16, x -  ln(l + ex) + C ;17,63;18, ^ (8 4 -  64); 19, 2 İn2 -1 ;

20. ------3ex + 91n(e* + 3) + C .
—  2

12 +C
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6.8. Limits involving functid ıs ax, ex and lnx . 
L’Hopital’s rule and the forms (l00), (o°)and (oo°).

Ve are familiar with the L’Hopital’s rule, which is a technique for 
ealing with limits of the form ”_.ero-over-zero” and ” infmity-over- 
jıfinity”. In both of these cases it asserts that

Ііт т =1іюф

fthe latter limit exists.
: that it concems the quotients of two derivatives, not the 

rivatives of the quotient. Now let us consider some limits involving
x, ex and İn* .

Іхатріе: Evaluate lim -i^

rst note that İn .r -> co and x 2 -> oo as x -» «з. We may use

l’Hopital’s rule in the | —j form. We have

oo) (İn*)' \ / x  .. 1 „
I = lım ■ ■ — , = hm------= hm — -  = O.

2x 2x

x = lim ex = +oo , so given limit is an indeterminate form of type

= lim = lim = O
Д --М -С О
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2Х -1
Ехатріе: Evaluate lirn-------

*“>0 х
Solution: Both (2x -1 ) and x approach zero as x -» 0 . The given limit

is an indeterminate form of type ^  ]. Thus, by L’Hopital’s rule

2X -1  f lım-------
x \

Ol  r  ( 2 X - 1 ) ’ 2X İ n 2 , .— = hm----- ;—  = hm-------- = ln2
0 ) (x) x~*° 1

Ехатріе: Evaluate lim x ■ İn x 

Solution:
Since lim x = 0 and lim İnx = -<x>, the given limit is an indeterminate

x->0+ x—>0̂

form of type (O ■ oo), Rewriting x ■ İn x as —— converts the problem to
V x

the form
00
00

and by L’Hopital’s rule

lim x- lnx=  lim
x -+ 0 *  л->0+ 1 /  x Vo°y (1 / x)

= lim X-  = lim (~x) = O
x - + 0 ' - \ ! x  x-+0*

Remark: We could convert the problem to the form

x İn xx • İn x ~ ------- . But it is less desirable than —  because of the
1 / İn x M x

O
by writing

relatively complicated derivative of

„  , „  , cos(^x/2)Ехатріе: Evaluate hm--------------
t->ı İn x

Solution:

c o s ( ^ a: / 2 )hm---- -------- - =
Л-» İn X

1
lnx

j  (ln x) x~*' 1 / x

176

te; \ o»



:xample: Evaluate limJC-*0
olution:

x -ex ■ cos2 6x ( 0'
. -T ı (o,

x • ex ■ cos bx

= lim (x- ex - cos2 6.x) _
j:-»0 (e2x -1)

.. ex • cos2 6x + x ■ ex -cos2 6x -  2cos6x-sin6x-6 -x-e* 1=lım---------------------------------——---- —----------------------= —.
*-»o 2e2x 2

ndeterminateformsoftypes(l°°), (o°)and (co°).

jmits of the form lim f { x ) s{x) g\\cs an indeterminate forms of
x—>a

ypes(o°), (oo°) and (lM). Ali three types can be evaluated by 
ıtroducıng a dependent variabley ~ f ( x )g(x). Then calculating 

lim İn y  -  lim[ln(/(x))s<x) ] = lim g(x) ■ İn( / (x))
х -н і  x->aL J x-+a

if limln y - L  then hmy = limeb'y =eL
х->а x  -*а x-*a

-хатріе: Find lim x x
x-*0*

olution:
be limit leads to indeterminate form of(o°). But a little algebraic 
anipulation will change the problem, which obeys to LlHopital’s rule.

Let y = x x . Then İn y  = İn x x = x İn x . Talcing limits of both 
des yields

lim İn y =  l imxlnx = l i m ^ T - f — =
x~*0* x^>0* M  X  V00,

(lnx) l /x= lim ------ r=  h m --------  = 0; L = 0
(1 / x) *->°+- 1 /х 2

and lim y  = e° = 1.
x->0*
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Ғхашоіе: Find lim (е2х ^

Solution: / л гх _ п і
The limit leads us to the form (o ). We let y (e )

fınd lim İn y . Since
x->0+

2x
ln(e2* - 1)

ln>' = ln(e2x - 1) ınJC

ln(e!' - l ) . f » V limS ! ! Ö ^ İ
l ı m l n y - l ı m — 1̂ 7 — Ы  „»• (İni)

2e 2x

2x ı  x ■ 2e
lim ------ L= hm

2x 0 lim
2elx +4xe2x 

3*- = 1
“ i ' - T / ı  "°* 2e

Therefore Hm y = e ' = e  (W1111 1 " 1 *
r-r>0+

f
Ғ х а т р іе :  Show that l i m |  1 + "  >

Solution: / \
The limit has indeterminate form of type )■

\ п у ~ х \ п ( \  +  - )
J x

İn (1 + 1 )

'■І1п>,=1‘ІП 7 7 ^ =loj‘ 1- (ı/4

1.

İn (1 + —)j

_X

= l i m ^ ----- —  = Um 1
дг->ео 1 ■■ *->«>, 1 1 + —

Therefore İn y  = es = e . (Wlth 1 1 ^

ln д and
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Ехашріе: Evaluate Ііш
v1 + P

iSolution: The limit has indeterminate form of type (l00).

^ = d  + — Гx 1
1

ln(l + — )
1п  ̂= 1п(1 + - у ) л = — —  

x U x

lim İn y -  lim

Г

1 / x

2 - 2

ln(L + i )

0)  *->*> (i / л:)'

= lim ——  
jr->* x +1 x

(~x )=lim 2x*
3x +3*

= 0, so

limlnjy = e° =1.
X~*oo

ple: Evaluate lim (3 1 + 5 x ) 1' x
X  - >  +eo

ılution: The limit leads to indeterminate form of type (l°°) 

у = {У + 5x)Vx

Iny = ln(3f -f 5x)Ux = ̂ L + J .X. l

І+Ю *-*+«; X V00/ лг_>+0° (х)

3Aln3 + 5Aln5= lim
*-»+« у  + 5Х

peated use of L’Hopital’s rule does not help here. Let us divide
tıerator and denominator by 5A:

(3/5)* In3 + ln5 _ . . , і , слх n v ----- -------------- = ln5 (smce (3/5) ->0 as x-»°°)
( 3 / 5 ) ' + 1

refore lim İn y -  e1"5 = 5.
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Exercises.

In exercises 1-23 fmd the limits.

X 4 2. lim -
lim-— x->®
X-»00 £

İl
2* 4. lim -

lim—- *-►«31
X->“° 3

5. Hm
cotx

x->0+ ln x  
.101

7. lim
*-»+«> e

л
9. lim x- sin —

х-»*30 X

( 3 ^
11. Hm 1 -------

13. lim ' u iX-++<X>\.  x

19. lim(Vxz +x x)
X̂>+x>

xe * (1 + x)
21. Um----- -— -

x->o e  - 1  
\ b x

\ a23. lim 1 +

6. lim
x İn x

*-*+*> x + İn x
X8. lim x ■ e

х-->-ко

10. limx(e s in ( 2 / x )
- 1)

I/ V
12. lim(e'f + x)

x -> 0

tan(— )

14. lim (2-x)
x -» l

3_
ІП X16. lim (sin x)

x->0f

18. lim [x -  ln(x2 +1)]
jt-H-cc

20. lim(cosx)1
x -> 0

2
22. lım(l + sin2x)x

x->0
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Answers.
ІпЗ0; 2. 0; 3.0;4.---- ;5. -  оо; 6. + да;7. 0;8. 0; 9. п  ;10. 2;11.е'3;
1п2 ----

2і е2 ;13. + оо; 14. е2/л ;15. 1;16. е3 ;17. 1/2;18. + ю ; 19. 1/2; 20. Ц
L 1; 22. <?2; 23. еаЬ.

6.9. The hyperbolic functions.

efinition: The hyperbolic cosine and hyperbolic sine functions, 
enoted by cosh and sinh respectively, are defmed by the formula

cosh X * e +e and sinh x = -
2 2 

e four other hyperbolic functions, namely, the hyperbolic tangent, 
e hyperbolic secant, the hyperbolic cotangent, the hyperbolic 
secant, are defined as follovvs:

\x = ■sinh X e - e

th x =

cosh* ex -t-e x 
cosh* e* + e~x

sec h x =

CSC h x  =

1
cosh* ex +e~ 

1 2
e* -  esinh* e x - e ~ x sinh*

e hyperbolic functions satisfy various identities similar to the 
ntities for the trigonometric functions. The most useful of these are: 

cosh2 * -  sinh2 * = 1 
sinh 2* = 2 sinh * • cosh * 
cosh 2* = cosh2 * + sinh2 * 

cosh 2* +1cosh2 x~-

sinh2 * = cosh 2* -1

tanh2 * = 1 - s e c h2x 
coth2 * = l + cscA2*.
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Ехатріе: Simplify cosh 5x -  sinh 5x 
Solution:

e5* + e '5x Sx -Sx

6 ' e - e ' 5*cosh 5л: — sinh 5x =
2 2

Ехашріе: Let sinh x - - 2 .  Find other five hyperbolic functions. 
Solution:

From cosh2 x -  sinh2 x -1  we obtain
cosh2 x = 1 + sinh2 x -1  + (-2) = 5 => cosh* = ±V ?. Since
cosh x > 0 for ali x then the answer will be cosh x 5 .

^ , sinh x . . 2From tanh x =--------we obtam tanh x -  — =
cosh x yj 5

From coth x = c°— -■ we obtain coth x = -  —  
sinh x 2

From sech x - — -— weget sech x - —^and 
cosh x V 5

From eschx  = —-— we get esch x  = ~ —.
sinh x 2

Ехатріе: Simplify cosh(3 İn x)

Solution: cosh(3 İn x) -
Зіпл: . _ —3 İn jce + e x + x x^ + 1

2x3

—  [sinh u1 = cosh u —
dx dx

~ [tanhn] = sec/ı2M —  
dx dx

— [sec h m] = -  sec hu tanh u —
dx dx

Derivatives of hyperbolic functions.

d du[cosh u} = sinh u 
dx dx

— [coth n ] = -  esc A2 n 
dx dx
£
dx
d

du

du
-[esc h u ] - - e s c  hu coth u 

dx dx
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ggamEje: Differentiate 2-[cosh(*4f  

Solution:

~-[cosh(A4 )] = sm h(x4) •— [л J = 4 a3 • sinh(jc4) 
ax dx

Ехатріе: Find — [ln(cothx)]
dx

Solution:
d rw  m 1 d r ı esch2x— [ln(coth a)] = — ----- [coth x] = -   --------
dx coth a dx coth x

Ехатріе: Fınd —  [sinh3(2^)j 
dx

Solution:

-^-[sinh3 (2*)]=3sinh2 (2a) —  [sinh(2x)] = 
dx dx

= 3sinh2 (2a) • cosh(2A)— [2a] = 6sinh2 (2a) • cosh(2A). 
dx

Ехатріе: Find —  if y  = seclı(e2x) + sinh(cos3a) 
dx

Solution:

—  = -  sec h(e2x) • tanh(e2*) • (e2x ) + cosh(cos3A) • (cos 3a) = 
dx

- ~ 2 e lx -sec/î(e2j:)-tanh(e2j;)-3sin3A-cosh(cos3A).

Integral formulas for hyperbolic functions.

jsinhn du =coshw л-С 

Jsec h2u du = tanh u + C 

Jsec hu tanh u du = -  sec h u + C

jcosh udu=  sinh u + C 

Jcsc h2u du =coth u + C 

Jcsc/iMCOthu du = -  e schu +  C
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Ехатріе: Evaiuate jsinh6 x cosh x dx 

Solution:
Let u — sırı x then du = cosh xdx. 
We obtain

jsinh6 x cosh x d x -  ju6 du _ül + c - sınh * + c

Ғхатріе: Evaiuate jcoth x dx 

Solution:
u -  smh x 
du -  cosh xdx\

f fcoshv , _
(coth X dx = I—ГТ J J smh x

= [ = іпЦ + C = lnjsinh x\ + C
J u

\

Ехатріе: Evaiuate j2ex ■ cosh x dx
0

Solution:

j2ex - cosh xdx=  J2e

ı
V el ± î — dx= \{e2x +1 )dx

0

2x
• + X

ez . 1 e2 +l
2 + 2+ 1 = 5 *

4fSİnh \fx u
Ехатріе: Evaiuate

Solution:

4fsinh d x ,
du -

dx
i.

= jsinh: du =

2л[х\ 1
.л e 2 +e 2 g  + e

= cosh njt = cosh 2 -c o s h  1 2 2
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Exercises.

1. Let coth x -2 .  Find the values of the other five hyperbolic functions.

In exercises 2-8 simplify the expressions as much as you can
2. sinh(4 İn x) 3. sinh(4x) + cosh(4x)

4. (sinh x + cosh x)2 5. ln(cosh x + sinh x) + ln(cosh x -  sinh x)
6. (cosh x -  sinh x)3 7. cosh(-x) 8. sinh(-x)

In exercıses 9-15 find —
dx

9. y = sinh(7x~4) 10. y  = coth(ln x)

11. y = cscA(l/x) 12. y  = -J4x + cosh2(5x)

13.y  = x3 tanh2 y[x 14. y = e3x -sinhx
15 . y ~ x -  sinh x  -  cosh x

In exercises 16-22 evaluate integrals.
16. jVtanx sec h2xdx 17. Jtanhxsech2xdx

18 r shf x dx.
J y x

1
19. jsinh2(2x)dh-

0
2

*0. Jtanh(5x) sec h5 (5x) dx 21. Jsinhxfl!x
-2  

in 3

>2- jVcosh 2x -1  dx
■ -ҺЗ

Answers.

sinh x = 1 / л/з ; cosh x = 2 / V3 ; tanh x - M 2 \  sec /гх = \/з / 2; 

scb = V3 -2. * -12  4 ;3.g 0; 6. t; * cosh x ;8. -  Sinh ^ .

i ^cosh(7x  -  4); 10 .[-esc/г2 (İn x)]/ x ;П .[csc(l / x) • coth(l/ х)]қ х 2
);



12. [2 + 5cosh(5x) • sinh(5x)]/ / 4* + cosh2 (5x);

13. x5/2 -І а п һ ^ з е с /г ^ ^ + З х 2 -tanh2 V^;

14. e3x (cosh x + 3 sinh x ) ; 15.x cosh x l;16.-(tanhx)^ + C

Ц  -  i  sec A 3x + C ;18.2 sinh + C ;19.
-3 8

sinh 4 - 4

20. secA65x
30 + C : 2 1 . 0 : 2 2 . 0 .

1
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nition: The inverse sine function, denoted by sin 1, is defined to

K n---- < y  < —
[ 2 ^ 2

İnition: The inverse cosine function, denoted by cos"1, is defined 
e inverse of the function cos jc , 0 < x < n

f — 1 <  x  <  1
y = cos x ıs equivalent to cosy = x if <

[0 < y  < n

fınition: The inverse tangent function, denoted by tan"1, is defined

be inverse of the function tan x , ~ — <x< —
2 2

y  = tan"1 x is equivalent to tan y  -  x  if
— oo < л: < +oo

Л Л---- <y< —
1 2  2

eilnition: The inverse secant function, denoted by sec 1, is defined to
7t 3  7te inverse of the function sec x , O < x < — or n < x <  —
2 2

y = sec 1 x  is equivalent to sec y  = x if n  or 
0 <y <  —

2
7t <y<-

iıe inverse cotangent and inverse cosecant functions are denoted by 
ot"1 x and esc"1 x , will not be needed. They may be defined as 
öllows:

—1 _ıcot x =---- tan x for ali л:
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for |л:| >1CSC 1 x = sin 1

Ехатріе: Find cos'1 (—Jb 12)
Solution:
Let>> = cos'1 (—\/3 / 2) . This is equivalent to

cos y — -V3 / 2 and

Ехатріе: Find sin_1(-V 2/2)
Solution: Lety = sin_1(-V 2 /2 ) . Then

smy =  -yİ2 / 2 =>y = -
n

The derivatives of the inverse trigonometric functions.

du
(1)

(2)

(3)

(4)

(5)

(6)

d r . 1 1---[sın u] = —j = ----
dx Vl - м 2 dx
d r - i ,  1 du—  [cos u] = — .........—
dx Vl - м 2 dx

dx 1 + u2 dx
d
dx

[cot-1 u] 1 du 
1 + u 2 dx 

1 du—  [sec-1 m] = - 
dx \u\4u2 -  \ dx

dx
[esc 1 u] ■ 1 du

|m|Vm2 - 1  dx
Ехатріе: Find the derivative of tan '1 V* 
Solution:

i y -  1 d [4İ\=From (3)
dx 1 + x dx

\< u  <1

1 < u < 1

M>ı

\u >1

ı4x{[  + *)
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х у х 2 — 1 у
ith еасһ derivative of (1)-(6) comes a corresponding antiderivative.
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Most commonly needed mtegratıon formulas are

Î du 
■

= sin'1 u + C

(8)

(9)

du
1 + u‘

• = tan 1 u + C

du

\uUu2 - 1

Ғлатпіе: Evaluate j

= sec 1 u + C — cos 

dx

for u2 <1 

for ali u

+. C for w2 >1

»1 + 6x2
Solutionı
Substituting u = Vö r , âu~4bâx  yıelds

г dx _ 1_ f du _ J _
*l + 6x2 İ 6  *l + “2 Vö

= -^ ta n ' 1 (Vğ x) + C 
V 6

tan-1 m + C -

îr
F.vample: Evaluate j ^

Solution:
Substituting » = е“ . Л = 2 е г' * у і е И 5

V dx
Ехашріе: Evaluate г^ т ^ Т
-----  , / W  4x2-l

(e2

dul 2

Solution: .
Substituting u = 2x , du = 2dx yıelds

V dx = V _
u s z j t o f -î 2/Із« / 2 - л/м

= m s '1 П / 21 -  cos'1 (V3 / 2) = —

-  cos

n n 7t

1ИІІ2/Л





In exercises 14-23 evaluate the integrals
- 2<2

14

16

t

■{
dx

l + x2

dx

dx
■ f  2J 1 + I6x2 

3(- dx

1 8 '

dx

15. Î
-1

■ ex dx 
l + e2x 

sec2 x dx

11. f

19. J

20. f-
Cl/W ln x ) 2

1п(2/Тз)

22. {
bı2

е 'хЛ

21. J-

23.

•v/l -  tan2 x

dy___
0J u ( j - D 2

л/ь
-2 x X -  !

Answers.

1 e? -2x r;5. e i

ı . п л fî+*" • 7 8. л / ^ х 1 ;
- ( l - 2 x ) s e c - 1 3 x ] ; 6 i  J —  , b  1 +  4 x 2

9.

12.

3xa/3x5 -T  
x + 2xlnx

1 e~
- ; U ----- ,11 ( = —

+ 1 ХЛІХ2 '1
+ e* sec'1 x ;

J l ' 3 - ;14i7r/2; — " ı V ’
- x 4 İn2 x 

16. i  tan-1 4x + C ;

İL  tan- ( . ' )  + C o i  |  ;12= ™  ’ (“  *> + C ;2 й - п -  (İn *) + C;

n .- f  — 12'
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7.2. The inverse hyperbolic functions.
y = sinh-1 x , y  = cosh-1 x , y  = tanh-1 x , y  = coth-1 x , 

y = sech-1x = csch-lx are inverses of y = sinh x , y = coshx, 
y -  tanh x , y -  coth x , y  = sec İne and y  — esc hx respectively. 
Some useful identities for inverse hyperbolic functions

sec h ’x = cosh 1

eseh ’x = sinh 1 —
X

coth-1 x = tanh-1 — 
x

Derivatives of inverse hyperbolic functions.

(1) -j-[sinh-1 u] = — L
dx Vl + u2 d*

(2) ^ [c o s h -1M] = —
dx ^/„2 _J dx

(3) ^-[tanh-1«] = -
1 - u  dx

(4) -^-[coth-1w] = — Ц - - ^ ;
öx 1 -u

(5) -^-[sech-1w] = -----
мл/1-м2 dx

(6) [esc h 1 m] ==-----7= = - ^ - ;
^  Jm|Vi + m2 dx

эіе: Find —  if y  = sinh-1 (2x) 
dx

u Ф 0.

-(2*) =
л/і + 4х2

Pİe: Find —  if y = x3(cosh-1 x)4

193



S o lu t io n :

dy_
dx

= (x3 (co sh -1 X)4)  = 3 x 2 ■ (co sh - ' X)4 +

Г 4x

+ , .  ■ 4■ (coshH ,)■ *'< ■«*' *>’ V ™ h' ,x  + 7 T -
4хг -1

Ғ х а ш р іе : Fitıd (c sc h  ' ( tanJC)) 

Solution:

(csch-Чшч))' CO, 2
- = -  CSC* .

Exercises.

In exercises 1-9 fmd dy!dx.

1 .  y — sinh ^ J

3. y = scch~\x1)
5 y = ex -sec /T’a 
7 y = (1 + x • csch ' a)10

2. y = cosh ’(2a +1)

4. y = csc/Г1 (ex)
6. y =  x2 (sinlı 1 a-)3 

8. y = sec/î-’ (sin a)

9. y = tanh 1
1 — A

Л  + a ,

Answers.

1 • 2. - ,3 .----- j=
л/ 9  +  a 2" л [ ( 2 х  +  1 )  ~  1  x  ^

-> . .

■’»4.-

, h-ır . 6 l£ & L İ İ İ İ  + 2A(sinh+ e -scch a , o. Н г ^ г
VI + a

4 a) 3 ;

7. 10(1 + A ■ C S C й-1 a)9 •
: + csch~lx) ; § .  -  e s c a :
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Chapter 8
Techniques of iruegration.

8.1. Basic inte 'ration formulas.

The following integral table lists a few formulas that should be 
memorized. Each of them can be checked by differentiating the right- 
hand side of the equation.

1. j du - u  + C

2. jadu  = a Jrfu = au + C
, r + 1

3. furdu =
J r +1

4 j’du_ _ цці + q

5. je ud u - e “ + C

■ + C , r ф — 1

- + C, a > 06. \audu = -
1 İn a

7. js inudu — — cos2/ + C

8. J"cosu du — sin u + C

9. jsec2 u du =  tanu + C

10. Jcsc2 u du = - c o tu + C

11. jsecn tan w du = secu + C

12. JcscMCOtMdu = -cscu  + C

13. Jtanu du = ~ln|cosn| + C

14. jcot udu =  Injsin u\ + C

15. Jsinhu du =coshu + C
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16. jcoshu du = sinhM + C

19.

20 .

du =  sec S  + C

j'r' I  = « - v -  Л  (integration by Parts)

T<4ampleiFind j 

on:
Ü sîn g  (3)

;3dx

S o m t io n i^ ^ ^ ^ o b t a m
„3+ 1  X f

К Л - Т Й +С‘ Т
-4 ■ 2x3 +3x2

Solntion: .eralorbythedenommator
We divide the nüme

dx = Jcx> - 2*+m  = ~
J x2

■ x2 +3x + C

jleı Find jW~ dx

ioft



іЕхатріе: Find [—
l *  С1

dx
sm2 xcos2 x

İSolution:
dx

 ̂sin2 .r cos2 X Isın2 Jf + cos2 X 
sin2 xcos2 X

dx =

dx
h

dx
-  -co t x + tan x + C .

, we get

, 1 1 • ax -  —x —  sın x + C 
2 2

COS X ■’Sin'A: 

Ехатріе: Find Jsin2 ^ d x  

olution:
■ 2 x  1 -co s*Smce sm — -----------

2 2
r . 2 x , f 1 -  cos *Isın —dx= I----------

J 2 J  2
rnıple: Find Jsin x cos 3xdx 

olution:

Since sin x ■ cos 3* = — („in 4x -  sin 2x), then we obtain

Sin x cos 3xdx = — (Vsin 4x -  sin 2x)dx = -  — cos 4x + — cos 2x + C 
i 2 J 8 4

8.2. The substitution method.

The substitution method changes the form of an integrand to 
|that we can integrate more easily. Sometimes we use substitution to 
vert an integral not listed in an integral table to one that is listed.

>le: Find Jcos(*3) • 3x2dx

Since 3*2 is the derivative of*3, we make substitution 
u = x 3. Then du = 3x 2dx and 
jcos(x3) • 3 x 2dx = jcosn du =sinu + C = sin(*3) + C

197



Ехатріе: Find |б е х -xsdx 

Solution:
Introduce u~ x6. Then du = 6x sdx and 
|бе"6 x 5dx = jeudu = eu +C = ex“ +C

Ехатріе: Find jcos3 x ■ sin x dx 

Solution:
Note that derivative of cos x is -  sin x . Let u — cos x , then 
du -  -  sin xdx and sin xd x~  -du .

We obtain
f з , Г з , w4 „ cos4 xcos x - s ı n x a x = - | n  du -------- ------------------ vL.
J J 4 4

Ехатріе: Evaluate + х4)5*3 dx

Solution:
The derivative of (1 + x4) is4x3, which differs ffom x3 in the 

integrand only by constant factor 4.
If we let u -  1 + x4,

then du = 4x idx and x idx -  — .
4

We obtain

J(l + x4)5x3 dx = J m5 du
T 4 6

Check: — [ — (1 + x4)6 + C | =
dx{ 24 J

= 6 • —  (l + x4)5 • —  [1 + x4] = (l + x4)5 -x3 
24v ’ dx v ’

Ехатріе: Find f—-— -  dx 
-------  J (1 + x)3
Solution:

Try the substitution u - 1 + x . Then du = dx . Solving the 
equation u = x + 1 for x gives x = u - 1.
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2

“  S ~ r ~ du = î ^ ~ ~ ± d u  =u ' u
1 2  П

+ — \du-11 U2 u 3 M + - --- — + c  =

Injl + x\ + -
M 2u2

1 + x 2ÇUI)2
3 \ /  x

Examp]e; Evaluate f - __dx
T x 2

■ + C

Solution;

As jrgoes from 2 to 3, u = ~  goes from -i
3  1 / Х  1 / 3  2  3

Ехашрір- Evaluate Г 2dx
o 1 + (4x + 1)2

holutinn-

The nearest Standard form is f.
J ı

du

solet u - A x  + \, du = 4dx and 2dx =
1 + u 2 

du

= tan 1 u + C ,

if x -  O then u = 1 
f X ~ 1 ^ en u ~ 5 and we obtain

f --------— x  _  i .  f  du 1
2 J~ı1 + (4x +1)2 2 / l  + M2 2 tan U\J  -

- | ( t a n - 15 - t a n - i l ) = i r tan ^ 5 _ £
2 v 4

'= --İ ı -•
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Ехатріе: Evaluate [7—
J (l + e3" /

Solution:

Let u = l + e3x, then du = 3e3xdx and e dx 

We obtain

du

r e3x , 1 Ыи 1 u
І Г ^ ^ з ^ з -

- 3 + i

1 1
6 (1 + e3*)2

3 - V  3 - 3  + 1

- + C

3

+ c ° " H +C:

Гл/ 2 + cotx
Ехатпіе: Evaluate |--- —;------«■*
--------- —  J sm  x
Solution:

Let u = 2 + cot x , so that du = — г ү ~  dx ■sm x

1+1
c i j 2 ^ x .  № du = - ~ - + C=-|V7 + C =
j sin2* J 1 + 1 5

= ~ — + cot*)5 + C. ’

Exercises.

In exercises 1-9 evaluate the integrals.
. „ rx- l4 x  + 2

1. J(x3 - * 2 +!)<** 2. J--------- = - d x

3. f| sin^  + cos ĵ-1 dx

5. \ex(l + ^-y)dx  
1  x

4

s - 4 x
3 -4 c o s3 x dx

cos x
2

1 + x2
- dx
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sin — + cos — I dx

9. Jcos 4x ■ cos 6x dx

8. Jsin x • cos lx  dx

* , t e f o „ r C'SeS l0 ' 28 eval“ate ,he integrals usm^

10. \ ( \ - x 2y x dx 

fe7712. I~ d î  
J V/

fln3x ,
-------- - Д Х

J  V

4. |x 4 .s inx5 cfc

11.

13. Jsin3<9 (̂9

15. J ~ ^ T dx
J l + x 4

17.
4 x  + 4

dx

S. Jsin3 x- cosxdx  

dx

l
19. f x 2ex’dx

Г sin 2x
* r»r\o ^Jcos * + 1
f f 2 / 4

S
snWx

21. Г_£Ё_
4  + V J

1/16
ü!x

n / 4

23. Jtan/9-sec2
7 Г / 6

S:
dx ^  ' л  İn 2*

(1 + x)Vx

J520̂

J2 ■*
----- <&

Г

27.

/■
e*/2<&

x2 ete 
ax + b a^O

VT

7 0 1



Answers.

1 - __ ?L + x + r - 2  - Л - +  12 3
"  4  3 *-* +  —  +

4.3 tan х -  4 sin х + C ;5, e* " ~ T  + C ; 6, x - tan '1 x + C ;

г  3 ( s in ~  c o s |)  + C ; 8, -  ̂ c o s8 x  + -L Cos6x + C ;

— ̂ sinl0x + ^ sin2^ + C ; 10. - ~ l (1_ ^ 2 )6 + C ;

İ L  ^(1 + * 2)4/3 + C ; 12, 2 е Гі + C ; 13. - - c o s 3 Ө +  С ;

1 4 .-~ co sx 5 + C ; 15. İ t a n '1 x2 + C ; Іб Д (Іп З х )2 + C ;

17. ^ y j ( x  +  4)3 -  8л/х + 4 + C ; 18. + c  ; 19. — ;
3 4 —  3

20. -  tan-1 (cos2 x) + C ;2JL 2л/^-21пП + Ух) + C ; 22. V 2:23.

24,2tan-1 л/х + С; 25. (2 2'nZ)^^ : 26.

27, - Ц -^ a V  -a6x  + 62 lnjax + 2>| 4-C;28, 2sin-1(ew2) + C ;

12 
İn 5

8.3. Integration by parts.

Integration by parts is based on the equation
(1) Jm • dv = u • v -  jv- du

where u and v are both differentiable functions of x.
Ехашріе: Find j x e xdx 

Solution:
Touse formula f u - d v - u v -  jv-du  we must write 

xexdx as u - d v . One way to do this is
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u = x;dv = exdx sothat du=dx and v = f e xdx = ex .

Thus from (1)
j*  ■ e X_dx  = x - e x -  j e jd x  = x e x -  e x + C

u dv u v » uu

Remark: The key to applying integration by parts is the labeling of u 
and dv. Usually three conditions should be met:
1. v can be found by integration and should not be too messy.
2. du should not be more complicated than u
3. Jv ■ du should be easier than the original ju dv

Application of integration by parts formula is a matter of ехрегіепсе 
that comes with lots of practice.
Ехатріе: Find jx lnx dx 

Solution:
Letting dv -  İn x dx is not a wise move, since Jln xdx is not 

immediately apparent. But setting u = \nx is promising.

u = İn x , 

dv — xdx

du~ — dx 
x

= \xdx = —
J 2

X 2 ~>
J jc lruc dx = İn x -------J

Thus

2 dx - 2
= —  ln x ----- + C

2 4
X rx
~ 2 ~  J T ’7

You m ay check the result by differentiation.
Ехатпіе: Evaluate j x 2 exdx 

Solution:
jLet u = x2 du = 2xdx

dv = exdx v= j e xdx=ex sothat

fx2 exdx = x zex -  J2xexd x - x 2ex - 2 j x e xdx

Another integration by parts applied to j x e xdx will complete the 

problem.
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du = dx
v = e

so that(u = x 
\dv = exdx 
j x e xdx = xex -  ^exdx = xex - e  .

After substituting we obtain 
]x2 exdx = -  j l x e xdx = x2ex - 2 j x e xdx =

= x 2ex -  2(xex -  ex) = {x2 -  2x + 2)ex + C
Fot defini te mtegrals the formula correspondıng to \udv =  u v -  j  vdu ıs

h

vVe let

(2) = -  Jvdif

»emark: It is important to keep in mind that the vanables » and v in 
I ^ S n c t i o n s  of a, and that the limite of mtegratıon m (2) are hnnts
эп the variable x.

i

İn xrmx ,
^хатріе: Evaluate j ~ ~ ^ T d x

Solution:
Let

u = lnx d u -  — dxx

e
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1 -1(е-‘ - е-г)=^-(3-7г-4)
4 4

Ехапщіе: Evaluate JWjr sin xdx  

Solution:
| Let u = e x , du  = e xdx

dv  = sin xdx , V - J ,sin jcA  = -  cos x

1US

(3) f e x s in x d x  = - e x cos* + j e x c o sx d x

ıtegral j e x c o sx d x  is similar to the original integral; it seems that

ıthing has been accomplished. Let us integrate new integral by parts; 
let

u ~ e x du = e xdx

dv  = cos x d x  v  = Jcos x d x  -  sin x  .

ıs
j e x cos x d x  -  e x sin x  -  J e x sin x d x . 

stituting in (3) yields
j e x sin xd x  = - e x cos x +  e x sin  x -  j e x sin x d x , 

h is an equation we can solve for the unknovvn integral. We obtain 
2 J e x sin x d x  = e x sin x  -  e x cos x  and hence

f e x s in x d x  = — e x sin* e* cos* + C 
J 2 2

Exercises.

Ь2д:
In exercises 1-17 evaluate the integrals by integration by parts. 
dx  2. J*sin 2 xd x

'' xd x  4. j* 2 s in * ^
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fînx j 5.
■* л/х

6. jsin(lnx) с/х 

1
8. Jsin-1 xdx

0
1
3

9. |(1пх)2Л
erlnx , 

10. —r - dx
r x

,1 f i ü ü i î l i *
J X

13. |x 3ex2Jx

12. je^sinfo dx

2
14. jln(x + 3)dx

-2

я / 2

15. Jx-sin4xdx
16. \ ~ L = , d x  

l!л/х2 +1
Q

КІЪ -

1 2х 
, — Г
’4

1
’ 2

Answers.

е2*(2х -1) + С ;2.- ^ c o s 2x + ^-sin 2x + С ;3. х tan 

ln(l + х2) + С ; 4. -  х2 cos х + 2xsinх + 2cosх + С ;5. 2 ^ Ь х

^ ^  „ 5е —10 ,о £ _ і -
4л/х + С ; 6. ^-(sin(lnx) -  cos(lnx)) + С ; Ъ- 2

е - 2  1п(1 +İLİ +
. 3(1пЗ)2 -  61n3 -  2(ln2)2 + 4ln2 + 2;101 — ;1 L - х

I„ -і ___ (д sin b x -b  cos 6х) + С ;_ ü  - х
f 2tan x + C , 1 İ î v L

_ І е*2 +  С  ; 14.5 İn 5 -  4; 15. — хг / 8; 16- ~ { 2 - 4 2 ) ;
2

—  з  ' М " І '

20* х е
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8.4. Trigonometric jntegrals.

8.4.1. Integrating powers of sine and coslne functions.

Integrals o f the form jsin” xdx and Jcos" xdx can be

evaluated by using so called rednction formulas:
t .  m  j  1 . m ~ ı m - 1 r .sın .m  = ---- sın xcosx + ------- Isır
' m m J

Jcos"

and

xdx ~ — cos x sin л: + n -1-—  [cos"-2 xdx, 
n n J

where n and m are integers and m> 2, n> 2.
But we will now give altemative methods for evaluating such
integrals.

If m and n both positive integers, then evaluating integral 
Jsin" x cos" x dx can be divided into three cases.

Case 1: m is odd 
Case 2: n is odd 
Case 3: m and n both even
Casel. If m is odd, we split of a factor of sinx as m = 2k + \ and apply 
identity sin2 x  = 1 -  cos2 x to obtain

sin"' x = sin2i+I x = (sin2 x)k • віпдг = (1 -  cos2 x)k -SİnA:
Then we make the substitution н =cosx, and solve as usual. 
Ехатріе: Evaluate Jsin3 xcosxdx 

Solutions
Jsin3 xcosxdx = Jsin2 x ■ sin x • cosxdx -

u = cosx 
du = -  sin xdx

= J(1 - cos2 х) ■ cos x ■ sin xdx =  -  J(1 -  u 2 )udu =

u 2 u 4 * cos4 x; cos2 x  _—  + —  + C = -------------------+ C
2 4 4 2

207



Case2. If n is odd then in Jsin™ xcos" xdx  we write n as 2k+\ and use

identity cos2 x = 1 — sin2 x  to obtain
cos" x = cos2*+' x = cosu  x-cosx = ( l- s in 2 x)k -cosx

Ехатріе: Evaluate Jsin4 xcos5 xdx 

Solution:
jsin4 xcos5 xdx = jsin4 x • cos4 x ■ cos xdx -

u = sin X
-  Jsin4 x ■ (1 -  sin2 x )2 cosxdx =

du -  cos xdx
= | м4(1-м2)2с/ы =

[(m4 - 2 u 6 +u%)du= — u s -  — u 1 + —  + C = 
JV 2 5 7 9
1 - 5  2 . 7  I . 9  f-,= — sın X —  sın x-+ — sın Х + С 
5 7 9

Case3. If m and n both are even, then we use identities
, 2 1 -  cos 2x , 2 I + cos 2xsın x - -----------  and cos x =------------

2 2
to reduce the powers on sin x and cosx .

Ехатріе: Evaluate Jsin2 xcos2 xdx 

Solution:

Jsin2 xcos2 xd x  -  J-
1 -  cos 2x 1 + cos 2x dx -

r 1 -  cos 2x , 1 r . 2 . ,= I--------------dx — — Isın 2xdxi 4 4 J

For the sin2 2x we again use identity
. 2 „ l-co s4 x  ,sm 2x = ----------- andget

2 1
1 r . 2~ , 1 f l - c o s 4 x .  1 r,, . . .— Jsm 2xax=—j-------— ax = —J(l-cos4x)rfx =

208



Ехатріе: Evaluate Jcos3 xdx 

Solution:
Jcos3 xdx -  Jcos2 x • cos xdx = J(1 -  sin2 x) cos xdx =

M=sinx e 2 w3 . sin3 X _
= | (I — m )d u -u ----- + C = sınx---------- + C

du = cos xdx J 3 3

Ехатріе: Evaluate Jsin4 xdx

Solution: I

I Jsin4 xdx = J(sin2 x)2 dx = J p —— ^  j  dx -

J(1 -  2 cos 2x + cos2 2x)dx = j  J( 1 - 2 cos 2x + - t . Ĉ -S =

l (  _ sin2x x sin 4x̂ 1 _ 3x sin2x sin4x _-  x - 2 -------- + -  + -------- + C = --------------+ --------+ C
4{ 2 2 8 J 8 4  32

litegrals of the form Jsin mx ■ sin nxdx; Jsin mx ■ cos nxdx;

jcos mx ■ cos nxdx can be found using the product to sum formulas

sin шх ■ sin nx ——[cos(w - n ) x~  cos (m + я)х] 

sin ШХ ■ cos ЯХ — —■ [sin(w -  и)х + sin(m + n)x]

cos mx ■ cos nx = ̂ [cos(m -  и)х + cos(»2 + и)х]

ample: Evaluate Jsin 5xcos6xdx 

Üution:

Since sin 5x cos 6x = — [sin(-x) + sin(l lx)] = ̂  [sin 1 lx ~ sin xj
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1 1 coslU  cos*
jsin 5x cos 6xdx = — j(sin llx-sinx)t/x  = - — — + 2

Ехатріе: Evaluate jcos 2x cos %xdx 

Solution:
Jcos2xcos8xdx = -̂  j[cos6x + cosl0x]dx =

1 sin6x | 1 sinlOx | c _ j_ j" s ıı^  + sınlOx'| + c  _
~ 2 6 + 2 10 4 І  3 5 )

Ғлатіііс: Evaluate Jsin 7x sin 3 xdx 

Solution:
j s i n  7x sin 3xd!x = — j(cos4x -  cos\0x)dx -

= -s in  4x -  —  sin 10x + C.
8 20

We can wnte

Exercises.

In exercises 1-20 evaluate the integrals.

Д . jsinx • cos4 x dx

3. jsin2 5xdx

5. Jsin2 x - cos4 xdx

7. [cos4 — dx 
i 4

9. Jcos4 x-sin3 xdx
7Г /3

11. jsin4 3x- cos3 3xdx
0

13. Jsmx-sin3xclx

2. jsin3 x • cos3 X dx

, rcos X , 4. ----— dx
J sin x

(>, ' jsin X cos3 X dx

8. jsin2 2/ ■ cos3 2/ Л

r sinx ,
10. — -x~dx

J t'  COS X
я / 2

. 2 * 
212. J sin2 ~ ' cos2

o
14. jsin3x • cos2x dx
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15. Jcos4;t-cos2;c<fo

17. J"cos5 x  • sin x  dx

19 . f — ^ Oc  
J COS6 X

Answers.

1. cos5 x

я/б
16. jsm2xcos4xdx

o
2x

18. Jsin2 2x-cos3 2 x d x
0

2 0 .  \ ~ - d x

,  +C ;2: - Î 2 1 ^  + £ ^  + c  X  sinlO*
5 4 « + ^ 2 20 + ^  ’

4.-----!-----2sm.t + S ^
sınar 3 + c & s jr" s sin4j:+i si” ] 2 j t + c ;

Ь 4 C0S4 + C ; i r  + Smf  + J ™ ^  + C;8s is ,n s2 , -

- - s m  гг + С ^ - І с м ^ + і м ^ І с . д о .  l _  + c
' 7 onc ' V““]  COS ^ X

12. ^ T î - ^ f i  + c .i4 cos5x cos* ^
16 4 8 + C ’& — T T ~ - T  + C >

& n s m 6 x * l s i n 2 x + C ; i & ~ ; l Z - ± c OS‘ x  + C ; M 0 .

19 tan x
+ C; 20. 1 1

3  cos3 ar cosx
+ C,
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8.4.2. Trigonometric substitutions.

We will evaluate integrals of the form -Ja2 - x 2 , *Jx2 +a2 and 

Vx2 -  a2 by making substitutions involving trigonometric functions. 
One of the trigonometric identities 1 -  sin2 Ө = cos2 Ө,
tan2 Ө +1 = sec2 Ө , or sec2 Ө -1  = tan2 Ө will be used to convert a 
sum or difference of squares into a perfect square.

Casel: *Ja2 — x 2 ; let x = asin# ( a >0 , - - < # < - )  
2 2

Case2: 4 x 2 + a 2 ; let x = a tan Ө (a > 0 , - - < Ө < - )  
2 2

Case3: ^}x2 - a 2 ; l e t x  = asec# (a> 0 , 0 < Ө < n ,  Ө * ү )

For ехатріе, if we replace x  in v a 2 -  x 2 by x = a sin Ө, we obtain

y/a2 -  x 2 =<Ja2 -  a2 sin2 Ө =^]a2( 1 -s in 2 0) = acos9

Ехатріе: Compute JV1 + x 2 dx

Solution:
To eliminate the radical we make the substitution 
x = tan# (Fig.8.1) dx = sec20d6  

Vl +• x 2 = Vl + tan2 Ө = sec Ө.
Thus

jVl + x 2 dx = Jsec# • sec2# d6 

From the integral table,
1

f з n ,n secӨ- tanӨ 1, . л _ ^ıg.ö.ı
Jsec Ө d0 = -------------+ — ln|sec# + tan#| + C .

To complete the solution we must express sec Ө and tan Ө in tertns

of x. Since x = tan Ө we obtain secӨ -  Vl + tan2 Ө = Vl + x2".
Thus
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JVl + x 2dx

^2 П т к і Compute 

Şolution; *2V w ~

2 +2 ln[Vl + x 2 + x] + c .

Let x = 2 sin <9 _ 9 л
de  ~2c°se  ordx = 2cosede .

4 ^ sin2 0 4
--_ * I -> 1

-"T

i  j .
= 0 (#  + c

*t

I l : ? : * w e o b , ™ =  ı - » , .tnangJe) so that

1 r------ -
j  5 ГГ :-------- cot e + C  =  \ ч 4 ~ Х2

~~------+C

( Draw

4

fenfiie:Eva]uate f i____~
|а!Щіоп: x'гГГП——

4 *
Jx2 -2 5

Г0 5sec0tan0

(û ~ 5sec<9 tan (9^6).

5«с(?.,ап(?да = 5 л 2 
= 5<ane _ 5(? + c  J 5і(ад

2П



c „ f ,  fr„m triM gteffig -8-;1> 're
To express the solution m tenns °f  *' fr°m

ГТ n«; x

ExamEİeiEvaluate î“

§оШІ£>йі , A r - a s t t t d t . V c & i
Let X - a tant, ax- öse, ,, w  sec' t

1 rsect ,,  1 r İ L  = ! l n j c s c ( - c o 4 + C

- a l  İ S ? "  - İ A ' °
* „ С0, , = Д  ашісзсІ=^ + «>' '

Since tan. ^  get с°1< ,  _  ,

Hence

Exercıses.

İn exercises 1-İ0 fmd tFe integrals using trigonometnc

2 .
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Ansnc.s.

9. j W l 6  -x*  dx
o

il. İn
yjx2 + 9+Х

\ /

1_
'5

+ C ;2 . - ( } - x 2)512 -1 (1  - x 2)3/2 + C ;

B.lffl2sin 11  + x f a 2 - x 2 ] + С;4. — хл/а2 + x 2 + ~ a 2 ■ 
'2[ a )  ~ 2  2

|ln(Va 2 + x2 +x) + C;5. j l n  5x + лІ25х2 -16  + C ;6. лГх2 - 9  -

|3sec"1 -  + C + C ;8. -  sin4 (e*) + -  ex л/ b V 7 + C ;
3 9x 2 2

2̂ ; jo. I (V î -V2) .
15 — 2 '  ’

8.5. Integrals involving ax2 +bx + c, аФ 0.

tıe that the polynomial ax2 +bx + c is irreducible; that is , it 
pot be factored into two fırst degree polynomials. This is the case 
ı the discriminant (b2 -  4acj is negative. Integrals that involve a 
atic expression can be evaluated by first completing the square, 

[making an appropriate substitutions.

If integral is in the form f— ------
3 px + qx + r

Icompleting the square reduces to one of the following integrals

0 ) f du
. 2  , „2 = l ta n  _1-  + C or

« Ч я  a a
' u - af du 1 .

(2) I—----T = ̂ Tln3u - a  2a u + a
+ C



Ірх +qx +  r

then completing the square converts given integral to one of
du . u 

a

= 1п|м + yju2 + a

If integral is in the form j j p x 2 +qx + r dx 

then completing the square converts given integral to one of

[yu2 + a du = — *Ju2 + a + —İnu + л]и2 +a 
J 2 2

[*Ja2 - u 2 d u = - ^ a 2 - u 2 + —  sin"1 — + C .
J 2 9

f dx 
x 2 + 4x +13

In xz + 4x +13, ö2 -  Aac = 42 -  4 • 1 • 13 = -36 < 0 . 
Therefore x 2 + 4x +13 is irreducible. Completing the square yields 

x2 +4x + 13 = x 2 +4x + 22 + 1 3 - 2 2 = (x + 2)2 +9.
Thus

dx r dx
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Hence
( х  +  2 ) 2  +  9

: f J ^ İ _  = l  f__£ 
*9u2 +Q -? J „29u2+9 з К 2+ Г з

Solutinn•
Е™Ш£Іе: Evaluate J.

x  + 2 x  +  5

f-

ft 13 the lntegral ofthe form j- mx + n

x + 2
- dx

Ч т
x  + 2

Px + qx + r

* +2*+s  

h x + IL r « + 1
\du ~ dx

l - - 1
=Ы ғ * +/-

, z J u

dx= r j£ + l )  + l_ , 
■Ч-Х + 1)2 +4 ^

+ 22
; î ,n(" , + 2 V î - - ı - 4 ^ +2^ 5 ) 4 t a n 4 ( ^

Evaluate J-
;) + C

ÜÜIÎİÇİ Evaluate J-
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Solution:

1
dx

л/ б -4 * -2 х 2 J V -2 ( x 2 + 2jc-3 )  4l ̂ -((X + \)2ZT r i  .R  І '
dx

4 )

dx
V2 J ^ 4 - ( x  + l)2 

1

ıı ~ x + \ 
du = dx - У ! І

du

—f= sin — + C 
УІ2 2

f CLЕхатріе: Evaluate I ,
J V i 7 3

1
V2
йбс

sın

V2 U l ' - u 2
- I  ДГ + 1

- + C

Solution:
dxJ - f

6x + 9 

dx

Ь х 2 - 6 x  + 9 3(jc2 -2 x  + 3) л/3 д/(х-1)2 +2- i f

u = x -1  
= dx 

du

du

+ 2
Using (5) we obtain

- MV3 JVn2 +2 V3
irln lu  + л/м2 + 2 + C -

: лЯ
İn : - \  + л]х2 - 2x + 3 + C.

Ехашріе: Evaluate jV* 2 + 8x + 25 

Solution:
JVx2 + 8x + 25 dx = J*-y/(x2 + 8x + 16)-16 + 25 dx =

= [л/(х + 4)2 + 9  dx=  = jVw2 + 9 du = using (6) yields
J du = dx J

J V m 2 + 9  с?м =  - ү - д / ( х  +  4 ) 2 + 9  + ^ - 1 п х  +  4  +  ^/(д: +  4 ) 2 + 9

^  ^  I 1 1 T ^  I ■ l lll I

= ------ V x2 + 8x + 25 н—  İn x + 4 + v x + 8x + 25 + C .

+ C =

2 1 8



^2ДЩІе: EvaJuate dk
Solutinıv-

the form (7)”РІейПё the Square converts given integra] to

- J V v ^ n 7 П ^ Л=
\u — v _ıl

9
+ —sin

■ h

■/:

2 3

Exercises. 

h  exercises 1-20 evaluate the mtegrals.
dx

2 +36 2.

dx
f

dx
2x2 +17

3x2 -10

4%+ 2x-

i6. \4з̂ і4.

Integra! of

+ C =
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2х + 5 
і; ? 7 2 х + 5' 

2х

dx

-dx

- dx ! Зх2 + 2х +1
- dx

Answers.

rr- 1 Іл/Зх-лЯ0І + с .

1
L i t a ^ - » - 4 ' 2j ; ta

+ С ; 8 ^ Ч * - ‘ *
i 2vx 1 ’ '  1 p j- -----1

____ 1 . - ı Ü 2 J -  + C;10.1nx + l + Vx2 +2х|
2х + 4 + С - , % ^  1

. o.u, ^ j? ^ * î i+*, ‘ İ ^ 7 ; İ
з * Л " г

12
------- 2 9 . -1 £_Ẑ 1 + С ; 13. —tan"1' -  ' + С ’

16

sin'1-Т "] ’—1 1 \

/ , \  1  -1 x ~ l  + с  ■ 1 9 Л п ( х 2 + 2 Х  + 3 )
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8.6.1. Integration of rational functions by partial fractions.

Â(x)
A rational function — in which the degree of A(x) is less 

B(x)
than the degree of B(x) is called proper rational function. Othenvise 
the function is called improper rational function. An improper rational 
function can be expressed as the sum of a polynomial and a proper 
rational function.

First we will concentrate on the representation of a proper 
rational functions, and then improper rational functions.
To represent a proper rational function as a sum of rational functions 
we use following steps:
1. Write B{x) as a product of first-degree polynomials and irreducible 
second degree polynomials.
2. If (ax + b) appears exactly n times in the factorization of B(x) , form

( 1) . 4* •
ax + b (ax + b)2 (ax + b)n

where Ax, A2.......... , An are constants to be determined.

3. If (ax2 +bx + c) appears exactly m times in the factorization of 
B(x), then form the sum

(2)
Axx  + Bx A2x + B2 Amx + B„

(ax2 +bx + c) (ax2 +bx + c)2 (ax2 +bx + c)'
where Ax,A2,.........,Am,Bx,B2,....... ,B m are constants to be

etermined.
I.Find ali constants Ax s , Bt s mentioned in steps 2 and 3 so that the

A(x)lım of ali expressions formed in steps 2 and 3 equals
B(x)

Іхатріе: Carry out steps 2 and 3 for x 2 -3 x  + lA ( x )  _____________________
B{x) (х + 1)3 (х2 +2x + 3)2



Solution:
A(x)Degree of numerator is 2, degree of denominator is 7. Thus------ is a
B(x)

proper fraction. x 2 + 2x + 3 is irreducible, since 
b2 - 4ac = 4 -1 2  = -8 < 0 . Therefore, wehave 

x 2 -3 x  + l _
(x + l)3(x2 + 2x + 3)2 ~

— 4  -^2 -^З ЛдЗС i- Л 7

(х +1) (х + 1)2 (х + l)3 (x + 2x  + 3) (х2 + 2x + 3)2
Remark: In ехашріе above the number of unknovvn constants is 7- 
equals the degree of B{x) . Always number of unknowns equals degree 
of polynomial in the denominator and this fact can be used as a check 
on your algebra.

2 x - lЕхатріе: Express —------------in a partial fractions.
x 2 ~3x + 2

Solution:
The denominator x 2 -  3x + 2 is reducible, since 

b2 - 4ac = 9 -  8 = l>0.Itsfactorizationis 
x 2 -  3x + 2 = (x -  l)(x -  2).
Thus

2x -1  _ 2x -1  _ Aj A2
x 2 -3 x  + 2 (x -  l)(x -  2) x -1  x -  2 

To fınd the constants A, and A2, we multiply both sides of last 
equation by (x -  l)(x -  2), obtaining

(3) 2x - 1 = A{{x -  2) + A2(x - 1)
(3) is actually an identity that holds for ali values of x. İn particular it 
holds for x = 1 and* = 2 .

Therefore:
if x = 1 then 2-1-1 = 24,(1-2) + Л2(1-1) 
if x = 2 then 2 • 2 -1  = Ai (2 -  2) + A2 (2 - 1)

These equations reduce to



Г- Al + O • A2 = 1 (
{/f, 0 + A2 = 3

from which we obtain that A] = -1 ,A2 -  3. Then 
2x -1  _ -1   ̂ j

x 2 -3x  + 2 x -1 x -  2
Ехашріе above can be solved by a completely different method, called 
comparison of coefficients. It is based on the fact that if two 
polynomials are equal, then their corresponding coefficients are equal. 

2x - 1 = Aj (x -  2) + A2 ( x  - 1)
Let us multiply out and collect terms of like degree on the right side:

2x -1  - A tx -2Aj + A2x - A 2 =(At + A2)x -  (2Al + A2) 
and the equating the coefficients of the like powers of x on both sides to 
obtain

U  + =2
[2Al +A2 = 1

The solution of this System of linear equations is A, = -1 ,A2 = 3, 
which agrees with the results obtained above.
Ехашріе:

3x2 -  Ax +1ind the partial-fraction representation of 

Solution:
(x -  2)(x + l)(x -  3)

here are constants A, B, C such that
3x2 -  4x +1 A

(4)
B C + ----- + -

(x - 2)(x + l)(x-3 )  x - 2  x + l x - 3
o find A , multiply both sides of (4) by (x - 2 ) ,  obtaining

/сч 3x2 - 4 x  + l . . . /
(5) t-----^ -----— = A + (x~2)

B C
(x + l)(x -3 )  Vx + 1 x-3

fow replace x by 2, obtaining
3 - 4 - 4 - 2  + 1 , ft TT j 5---------------- = A + 0. Hence A -  —
(2 + 1)(2 -  3) 3

o obtain B , multiply both sides of (4) by (x +1), obtaining



(6) Зх - 4 х  + 1 = В + (х +1) A C
^х -  2 x -  3(x -  2)(x -  3) 

replacing x by (-1) in (6) gives

— + 1 = B + 0.  Hence B =
Н - 2 Х - 1 - 3 )

To obtain C , multiply (4) by (x -  3), obtaining

(7)
Зх2 -4 x  +1
(x -  2)(x +1) 

replacing x by 3 in (7) gives 
3 - 9 - 4 - 3  + 1

= C + (x -  3) - + -
B

x -  2 x +1

16
(3-2)(3 + l)

= C + 0. Hence C -  — = 4.

Therefore

3x2 - 4x +1 ~ /  3 /3 4
(x -  2)(x + l)(x -3 )  x -  2 x + l x - 3

Ехапшіе: Evaluate f—?---- — dx
J (x2 + l)(x +1)

Solution:
By the (1), factor (x + l)introduces one term

——  and
x +1

the quadratic factor (x2 +1) introduces 
Bx + C 
x2 +1

Thus the partial ffaction representation of integrand is 
x2 - x  + 2 _ A Bx + C

(x2 + l)(x + 1) x +1 x2 +1
Multiplying by (x + l)(x2 + l)yields

x2 -  x + 2 = A(x2 +1) + (Bx + C)(x +1)
To determine A, B , and C wemultiply out andcollect like terms: 

x2 - х  + 2 = (Л + В)х2 +(B + C)x + (A + C)



Equatmg corresponding coeffıcients gives
\A + B = 1

j B + C = -1 andwefindthat A = 2 ,B  = - l , C  = 0. 
[A + C = 2

Thus integrand becomes
* 2 - x  + 2 _ 2

(x2 + 1)(л- + 1) ~ T + \  
and

~T~7  (Verify)x +1

dx  ~ 2 "  / 7 7 7 = 2 lnl* + 1 \ - \  ln (x 2 + 1)
Ехатріе: Evaluate f— 3C + 2 -dx 

J *3 +2x2
Solution:

The integrand can be rewritten as - 3x + 2 _ 3x + 2
X3 + 2x2 x 2(x + 2)

Although x 2 is a quadratic factor, it is not irreducible.
By the (1), X1 introduces two terms of the form 

A B_
x x 2

and factor (x + 2) introduces one term
C

x + 2 ’
SO partial representation is

3x + 2 _ A _B_ C 
x 2(x + 2) x x 2 x + 2 

multiplyingby x 2(x + 2) yields

3x + 2 = Ax(x + 2) + B(x + 2) + Cx2 
^hıch after multiplying out and collecting like powers ofx, becomes 
, 3x + 2 = (A + C)x2 + (2 A + B)x + 2 B 
-quating corresponding coeffıcients gives



л + с  = o
< 2А + В = Ъ 

25  = 2
which is true if 5  = 1, A = 1, C = -1 and

3x + 2 + J _____1__
x2(x + 2) x x2 x + 2

Thus
3x + 2 

c3 + 2x2
tdx rdx rЧт+Һ-Іf

= ln|x| -  — -  ln|x + 2| + C = İn

dx r dx
7+2

x + 2
— + C 

x

Ехатріс: Evaluate f------- -- ------ j d x
•'(x + 2 ) ( x - l ) 2

Solution:
The factor (x + 2) introduces one term

A
x + 2

The factor (x - 1)2 introduces two factors 
5  C 

x - 1 + (x - 1)2
So the partial fraction representation is

x2 A B C
(x + 2 )(x - l)2 ~ x + 2 x -1  (x - 1)2

Multiplying by (x + 2)(x - 1)2 yields 
x2 = A(x - 1)2 + 5(x + 2)(x -1) + C(x + 2) 

if x = l,then  3C = 1 and C = l/3  
if x = -2 , then 9A = 4 and A = 4 / 9 
if x = 0 , then 0 = Л(0-1)2 + 5(0 + 2)(0 -1) + C(0 + 2) 

Substituting values of A and C into last equation we get 5  = 5 / 9. 
Thus
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4 /9  5 /9  1/3+ ----- + -------- - and
(* + 2)(л:-1)2 x + 2 x ~ l  (jc-1 )2

-̂ 2 dx -  — [  ̂ r dx 1 r dx
_ 9 ^  + 2 9 J7^T+ 3 J(jc - 1)2'(*  + 2 )(* - l)

= —• 1п|л: + 2І + — lnljc -1 İ -  —— î—  + C =
9  1 1 9 1 1 3 (jc — 1)

= 1п|(дг + 2)4(x -  l)51------ -----+ C.
9 I I 3(дг-1)

8.6.2. Integrating improper rational fnnctions .

A(x)
If is improper, (degree of numerator greater than degreeB{x)

A(x)of denominator) first we use long division to divide------ and obtain
B(x)

B(x) B(x)
R(x)(vhere Q(x) is a polynomial an d ------ is a proper (may even be zero).

jplution:
Since integrand is improper rational function, we first carry out 

le long division.

xample: Evaluate J-

B(x) 
3*3 +2x2 + x - 3  

x 2 - l
dx

hus
x3 + 2 x 2 + x  — 2 4x — 1-  = Здг + 2 + -------

x 2 -1

ıd

x 2 -1

3;r + 2л:2 + x  -  3 
Зх3 - З х  

2 x 2+ 4 x - 3  

~ 2x:-2
4x-l

x2-\
3x+2
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fЗх3 + 2.x2 + x — 3
c2 -1

dx = J(3x + 2 )dx+ |dx

Second integral can be evaluated by a partial-fraction representation: 
r4x -1  _ 5 c dx + 3 r dx

i  y 2 — 1 2 J r + 1 2 » îx ' -1  2 J x +1 2 J x - l
In the end we obtain

r3x3 + 2x2 + x -  3 
' x2 -1

2

dx = 3 —  + 2x + — ln|x + 1| +

+ — Іпілг — ll + C = — x2 +2x + - l n t i İ -  + C. 
2 1 1 2 2 |* _ ı|3

Exercises.

In exercises 1-4 indicate the form of the partial-fraction 
representation of the proper rational functions. (Do not fînd the 
numerical values of the coeffıcients).

2 x - l1.

3.

(x + l)(x -  3)
2x2 +1

2.

4.

2 - 3 x  
x 3(x2 +2)

2x +1
(x + l)(x2 + x + 1)2(x + 1)2 (2x + 2)(3x + 3)

In exercises 5-11 express the rational function in terms of 
partial fractions. ’

x - 45.

7.

9.

x(x + 2)

2x2 +3 
x(x + l)(x + 2)

2x
x2 -1

6.

10

5x - x - l  
x2(x -1)

5x2 + 9x + 6 
(x + l)(x2 +2x + 2) 

Зх3 + 2x2 + Зх +1 
x(x2 +1)

11.
x3 + 2x2 + Зх +1 

x(x +1)
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In
exercises 12-28 perform the integrations.

12. [—1Lİ2 .J „з — r ~ d x
■2x

22. J ill iŞ *  + 2 x - 3

24
f;

dx
1 + <

2%/T

26.■ /
!8 .

/ ;

x dx 
x 2 +1

x 2dx
(x + 2)2(x + 1)

13. f__ 2 x d x
Jx 2 +3x~4

dx
(x~ l)(x  + 2 )(x-3)
3x2 -10

■4x + 4
dx

(4x -  l)(x2 + 1)

23 f cosd
d°

2 5 - o (x2 +l)2

27. [___dx
Jx 2(l + x 2) 2

Answers.

_A_
■ +  ı
C

B
+ ------- 2 A в  c ı

x - 3 --- f-
X X2 + X3

*+• — 
J

■ • d A Br
> 0 + 1 )  4

) i
X + \ x■2 +

3 2 —----• /£ z 1 3) U* - •*
x + 2 x 4----

x 2 * - Г
;7.

—  â — + - J L
+ 2 * + 1 (я + іу

Dx +E

+î;
~ î -  + _ 2 l _ .
* + 1 2 0  + 2 ) ’

- +

• + -
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„ 2 Зл; + 28. ----- +
х +1 х 2 + 2х + 2

1 + —— ; 10. 3 + —+ ■

П . JC-1 + İ- + — ; 12. 1п
х х +1

х -1  х + І 
(х -  1)(х + 2)

* дг +1

+ С :

13. \ n \ j ( x - \ ) 2(x  + 4)8 + С ; 14.^1n|2x - і |  + 31п|л: + 4| + С ;

15. -  -j- ln|x - 1| + Іп|л + 2| + ^  In|x -  3| + С ; 16. -^х2 - 2 х  + 

+ 61п|* + 2| + С; 17. Зх + 121п|л:-2|---- ^  + С; 18. і * 3 +х  +

+ 1п
(х + 1)(х-1)2

+ С ; 19. 1п
(* -3 )2

l| х - 3
+ С ;20. ln|x + 2| +

+ — ----------— -  + С;21.~ —  1п|4х-1І + — 1п(л:2 +1) +
х + 2 (х + 2)2 34 1 1 17 '

+ — tan-1 х + С ; 22. — х 2 -  Ъх + — 1п(л:2 +1) + С ;
17 — 2 2

23. — 1п 
—  6

sin Ө -1

27.

sin Ө + 5 
1 1 х

+ С ; 24îln—— г + С ; 25. 26. 4 -1пЗ;
1 + е 4

л  И

------ tan"1 х + С ; 28. ln|x + 1І + ----- - + С .
х 2 \ + х 2 2 >—  I I х + 2

8.7. Special techniques of integration.

There are some integrals that do not fit into any of categories 
previously studied.
Examnle: Find |secxdx 

Solution:

Jsecxd!x =  J se c x

- f

sec х + sec x • tan x 
sec x + tan x

dx

sec^ + tan*^ ,
----------------\dx =

Vsecx + tanx:j
u = sec;c + tanx 

du = (sec2 x  + sec x  • tan x)dx
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_ çdu
%  ~ b H  + C = lnjsec x  + tan д:| + C .

Integrals containing rationaJ functionc nf • .
as ^ ± Ç o s ^ x  cos x °nS °f  sm * and cos x , such

s>nx + 5cosx etc- can be evaluated by

subsîlîuî/on U ~ tan —
2 ‘

11 = tan -

sinx = 2u
1 + u 2

Кхатріо; Evaluate J -  

Solutinn-

~K<X<7Z x  -  2 tan 1 u

cos x = L ü L_ 
1 + u 2 

dx

“e

-|îil

+ sinx

Hence
Let w = tan — . Then d \ -  2 . o

2 , 2 du and sin x = -2?L___
l + U 1 + u2

t + sin ЛГ J 2u ' î 2 '1 + —Г і_  l + U2
1 + u2

о ^ л = ~ ^ - +Сі

1 + 2u + u 2

1 + u

Дхапщіе: Evaluate f
C , sin v -i- 1
g O İU tlO n-

sin x  + tan x

u = tan — 
2

tan v : 2u
~ l - u :

sin X ■ 

dx~-

1 + tan — 
2

2u
1 + u 2
2

- +  C ,

l + u ‘
du



1 2 X _+ —tan2 —+ С
2 2

The integrand involvesx 3, x 6 and х г . The least common 
multiple of denominator is 6, so we make substitution x = u6.
Then
d x  =  6 u 5d u ,  \ [ x = u 2 , л/~
We obtain

jc(1 + lfx) 

rus +u3 +1
m6(1 + « )

6ubd u =

= 6 [м3</и + 6 f—— — =
J J I V m2

= — m4 + 6tan ‘ к + С - -У ІХ2 + 6tan"‘ tfîc + C 
2 2

r dbcЕхатріе: Evaluate I------=•
J 2 + y/x

Solution:
I

The integrand contains \[x = x 2, so we make substitution 
x ~ u2 and (& = 2«cfo . This yields

*  f “ U  f(1— :L )r f„ = „ - ı„ | ı  + „| + c  =
'2 + 2 u J 1 + M 1 1



- ^ - l n ) l  + V3c + c|

Evaluate f ^ l S l dx

Şolutinn»

First of a]] Jet us rewrite the given integral as
i----- =? , IrVbH/x /  іЪ _ 2  

4 7  А ~1^І + х 3 1 ■* >dx

x 2 = t 2 _ ı1 5

»dttenintroduceO  + J , ^ . Ityie[ds
•э

Г* 3dx = 2 td t , x  2 dx  = 6tdt
After substituting we obtain

Ехатріе: Evaluate

Solution:
2 + x  (2  — x ) ‘

- dx

r , 2 -  x  з
- t  • Solvingforjryields

v =

2 + x  

2 - 213

Thus

1 + 13 ’

___L _ _ = ( i + t 3y  
(■2 ~ x У  ~ і б 7 ~

2 ~ x  = 2 - 7 T L -  V 3
1+/3 l + t 3 1 

\2 t2
' o T y

and &  = - _

-F* J 16/6 Пл./3%2
3 f<* 3- f i

16/'

4. r  ~ 3 i l f ^ + х 1

0 + ^3)
d  t -

2



Exercises.

f-

In exercises 1-17 evaluate the integrals.
* dxdx

1 + sin x + cos x

p cosx ,3 . — --------dx
' J 2 -  cos x

5. fx4x + 5 dx

4

7 10

1__
3 +

dx

dx

•̂ Vx +\[x 
p dt

Ч - J-i— T
t 2 _ t 3

dx
13. J ,-------

4 e x +1
p dx 

15. [
y[x^ (1 + V ? )

2- îr
Я-/2

4 s in x -3 c o s x

•yfx -  4

l-co sx  

r dx
4. — :J 4 sı

6. f2L̂ — ^ - d x
j JC
4

8. ^x5 4x^+1 dx 

r dv
Ю- J 7î ı/77J v(l -  v ) 

12. Jsin 4xdx

x i dx
İ4. f- .--------

■Wl + x 2 

fX + y[x~ +  'l
) ~ И р Щ

dx

Answers.
4 f

2
5'

v

10
' 3 '

■n\

I/

3 15



I

+  6 х  6 -6 1 n (x ^ +1) + С ; 10. 4ІП ?у/4
l - v /4

+ C;1L  2 / ^ + 3 / ^  +

+  6 t  + 6In|*/ « - I  + C ; 12. ~ 2 л [ х  cosVx + 2sinV x + C; 

l i  l „ + C; l ±i (1 + x^% _ (1 + хі / г + c

15, 3lan-j V 7+C ; 1& І ^  + біап-1 5/J + C.
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Chapter 9. 
Improper integrals.

9.1. Definition of improper integrals.
ь

In the definition of j f  (x)dx it is assumed that
a

1) the interval [a, b] is fmite
2) integrand / (x) is defined and continuous on [a, b]

If at least one of two conditions above fails then integral
ь
\f(x )d x  is called improper integral.
a

Let us consider two cases
Case 1: If /  is continuous on the interval [a,oo), then we define

+ «

improper integral J/ (x)dx as
a

+co b
(1) ff(x)dx = lim ff{x)dx

J  6->+oo J

If this limit exists, the improper integral is said to converge, and the 
value of the limit is the value assigned to the integral. If the limit does 
not exist, then the improper integral is said to diverge.

rdx
*7

Ехатріе: Evaluate Г^-J y 3

Solution:
Replacing the infmite upper limit with a fmite upper limit b

1
yields
+ç}dx bfdx-  jım j—_ =  iım
J ү 3 b-~M-oO J д*3 b->+<x>

1 b
= = lim

2 x \ 1 L 2b1 2 J 2

so the given integral converges to 1/2.
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If /  is continuous on the interval { - c o , b ] ,  then we define improper
ь

integral | f(x)dx  as
~oo

b b
(2) \f(x)dx = Hm f/ (x)dx 

J  a ~ + -c Q  J
- 0 0  Q

Again, the improper integral is said to converge if limit in (2) exists.
b

Otherwise j f(x )d x  diverges.
—co

i
Ехатріе: Evaluate f e xdx

Solution:

yields
Replacing the infmite lower limit with a fınite lower limit a

s ı

(exdx = lim \exdx -  lim
J  0 Г -+ -С О  J  £ -* -o C

= lim [e1 = e

If /  is continuous on the interval (~oo,+oo), then we define improper
+oo

integral J/ {x)dx as
-co

+co b
(3) ff{x)dx = lim f/ (x)dx

* ö — J
6->+«o a

If this limit exists, the improper integral is said to converge, if the limit 
jioes not exist, then the improper integral is said to diverge.

Рхагоріе: Evaluate f-
I i 1

dx
+ x

Solution:
Replacing infinite limits with a fınite limits yields
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If /  is continuous on [a, b) but fails to have limit as x appro-
ь

aches b from the left, then we define improper integral J/ (x)dx as
a

b i
(4) | / (x)dx = lim J/ (x)dx

Ехатріе: Evaluate .

Solution:
The integral is improper because the integranc| approaches +oo asr 
approaches 2 from the left.
From (4)

f - ^  = Hm = 1іт[-2%/2 -  x]
o л / 2 - х  ı - r

= lim [-2V2 - /  + 2V2 -O ] = 2V2
/->2~

If /  is continuous on (a,b] but fails to have limit as x appro-
b

aches a from the right, then we define improper integral J/(x)dx as
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b , b
(5) J f  (x)dx - Iim j f  (x)dx

dxЕхатріе: Evaluate J—-
2 - xi

Solution:
The integral is improper because the integrand approaches 
-  oo as x 2+. From (5) we obtain

( Л -  = lim Г -*
J 7  ~  Y l-> 2* J  ;' 2 ~ х  1-+2* • 2 — X  /-> 2

-  limln( 2 - x f  =

= -  limjlnl -  ln]2 -  /)]= - ;lim ln|2 - 1\ = - »

3

1
so diverges.

>2-x
+oo

Ехатріе: Evaluate fxe * dx
o

Solution:
+CO b г
[xe'x'dx = lim \xe'x dx = lim

J  J  0-»+co

1
Jo

= lim f i - i  ̂
a-»+ool 2 2 2

Ехатріе: Evaluate J
; a

İolution:

7* .u»f4-.s-J ,./> /,_>+«, J yP b-»+°

-i*

------lim h
1 — p  b~*+CO

-/>  + 1

, 1-/?
l - p



1
if р>\,  then lim b p+> = 0, and f—  converges to -

Һ-++<*> J XFa
+00  ^

if p <1, then Ііш Г р+1 =+00, and f - j  diverges.
İ -+ + 0 0  J  Х и

a

■ aI-p

Ехашріс: Evaluate j
I

Solution
r dx

dx
V

f—  = lim f—  = lim - ( e -*) = lim (-e  “ + e ' ) = -J p X  ü—> +00 J PX a->+°0  ̂ û~>+ Q0 £I C 1 e
SO

+r<& t ıI—  converges to -  .
\e* e

Warning: It is sometimes tempting to apply

J/(x)<fc = F(x)fa = F (6 )-F (a )
a

directly to an improper integral without taking the appropriate limits. 
To illustrate what can go wrong let us suppose that we ignore the fact

that integral f— ——  is improper and write
I (x ~ 2)2

dx
/  (x -  2)2 x - 2 3 3

dx
Since (x2 -1) is alvvays positive and can not negative. To

evaluate the given integral correctly we should write 
f ^х _ 2ç dx 3r dx 

[ ( x - 2 ) 2 ~ } ( x ~ 2 ) 2 +  \ { x - 2 ) 2 '
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Then

f <b “fJ~, r=  lım I
, (X — 2 /7-»?* J

dx
{ x - l ) 2 a- * r h x - 2 ) :

■= lim
a~* 2" x — 2Jl

= lima~+2~
dx

1 1
a —2 2

= +00 .

S° / ( Щ ғ  diverses'

»ecause

9*2. Tests for convergence and divergence.

Theoreml: Let / (* )  and g(x) be integrable functions över [a,b] and 
O ^g(x)<  f ( x )  for ali x > a , then

+°? +«o
a) jg(x) dx convergesif J /(x )  dx converges

a a
+ fb) j f ( x )  dx diverges if jg(x)dx  diverges.
a a

Ехапшіе:
+°° ,

Determine whether the integral f------— diverges or converges.
/ 1 + x10

converges

1 + x
1 f  n  \  Л  t < bu  for ali JC from [l,+oo) and J—  converges

lıeorem2: Let f ( x )  and g(x) be positive and integrable functions 
»ver [a,b] and that

lim 22*1 = £ 
'M+c0 g(x)

0<L<  oo
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+UU +0 0

Then ^ f (x )dx  and |g (x) dx both converge or both dıverge.
a  a

Ехатріе:
+r dxDetermine whether the integral I-------  converges or diverges.
Г l + ex

Solution:

With /(x )  = —Ц -, g(;c) = -î- we have 

f(x) exlim ------= lim --------= 1 and le(0,+oo).+ 1 + eX
+ 0° ^  +00  ̂

Therefore Г-------  converges, because [—  converges
1 + ex 3 ex

Ехашріе:
+00

Determine whether the improper integral J-

convergent or divergent.
Solution:
Let us solve the problem by both of two tests:

1) 1 1 1 •

dx ıs

л/Г+ X

and

Since converges, so does ^—~ =
l X  I V 1 + X

2) Let f ( x )

dx

л/і + x
1 and g(x) = ~
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lim = h I x 4 
™  g(x) 1 + jc4 1 ' LlOÎİ! has a P°sitive finıte value and
make conclusion that:
+00

Г , +00
J T T T T  converges, because f-® L - „i VI+ x4 J г ү  ~ J—f  converges.

1 VX t x

we

Exercises.

In exercıses 1-10 evaluate the integrals.
1- je~Kdx

O 
+co

f '
r<&
ІТз"

3.

/ 7

vln3 д 

dx

-dx
i - 

+00
xû£c

4

(2x - 1)3

l  1
2/x 2 X
/ n

-41

7. J— -sin-atc

4.
* V  + D2

6.

-ı*2
+oo

8- Je2jtrfx
O

9- I —j=r- dx
o Vv 10■ f ■ öîr

diverge o ^ “ n -2 İd ' te™ “ ^ < the improper integrals

11
1

+C0
x 4 +1 12 c/x

13. J;
A

oO  + 2)3

İn;
А'

f x 5/2+i

14- JV°"Vx

J ^ x
» v

1
+co

*6- Jo

xdx 
x 4 +1

15.



o

Answers.

1 ■ 5. + “ ^ 2;!42;
L i; b. 2  •— 2 ' “  l(a ‘ +1) 4 , .  jr„„™.S'15. divages

25. converges.
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