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To the students

There are a few lucky students who seem to learn even the
hardest math almost effortlessly. The rest of us can only envy them and
try to pick their brains. You are like the majority of us who cannot learn
math without working hard at it. Do not fool yourself into thinking that
you can get by without working at it. You will only get yourself into
more trouble than you climb out of by mid-semester.

Tip 1: Do the homework exercises. Many professors do not
require you hand in the homework. The homework is for your benefit,
not the professor’s. You cannot learn to play the piano without
endlessly practicing scales. You cannot make the football team without
endlessly running windsprints. You cannot learn to paint without
endlessly painting still lives. Math is no different. The exercises will
train your mind and sharpen your intuition. So do the work. It will pay
off in the end.

Tip 2: Math books are meant to be read slowly. You cannot
speed- read it and expect to get any benefit out of it at all. When you
encounter a new concept in a math book, do not expect to understand it
on the first reading, no matter how carefully you read it. You should go
over each difficult paragraph several times. If you are still
uncomfortable with it, read ahead a page or so, then come back to the
difficult passage. And remember that math books are meant to be read
with paper and pencil in hand. .

Tip 3: Always use a pencil to do math (and exams). Don’t ever
try to do math in ink. You will make mistakes. Everybody does. So be
equipped to clean them up. If you like mechanical pencils, great. If you
prefer the old wooden kind, then sharpen several of them before you
start each homework. Make sure you have a clean, usable eraser as
well.

Although neatness might not get you extra points, it does help
keep you from confusion. Keep your work organized. Skip a line (or
even two) between each row of written calculations. You will be
surprised at how much easier it will be for you to follow your own
work when it’s not so densely packed onto the page. Paper is cheap. Do
not be afraid to use lots of it.
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Tip 4: Your greatest assets are in the class with you. Your
classmates are in the same boat as you. Organize a study group. Try to
coax at least one of the top students in the class into your group. I
recommend that the group size be three to five. Try to meet at least
once per week. You will be working together on homework and
comparing your lecture notes.

Tip5: You will be tested as an individual. Despite the
helpfulness of your group activities, in the end your grade will be based
upon your individual performance at solving problems. Following your
group get-togethers, be sure to go solo on a few exercises.

Tip 6: Try to see more than just procedures. Again [ urge you,
learn the concepts, and the procedures will seem obvious. And try to
have some fun with it. Humanity invented math largely because it is
fascinating.

As for this book, it was written with the aim to help students to
understand how to solve problems. The chapters are divided into
sections. Each section contains necessary theoretical background and
solved problems. This book also contains a lot of exercises, which
would be useful to strength your understanding of sections. Answers
are right after exercises.

In the end, any suggestions from readers would be greatly
appreciated.



Chapter 1.4
Coordinates, lines, functions, graphs.

1.1. Rectangul~~ coordinate systems.

A rectangular coordinate system (also called a Cartesian

coordinate system) is a pair of 4 y-axis
perpendicular coordinate lines, called
coordinate axes, which are placed so
that they intersect at their origin. L. _____ I_Jga, b)
The horizontal axis is usually called E
x-axis and the vertical axis is called |
y-axes.(Fig. 1.1). E
A plane in which a rectangular 0 >
coordinate system has been introduced is , a A-axis
called a coordinate plane. Fig.1.1.
Every point P in a coordinate plane can be
associated with a unique ordered pair of real
numbers (a, b) .
The number a is called the
4y x- coordinate or abscissa of P and the
quadrant quadrant number b is called the y-coordinate
I I or ordinate of P.
(=+) (+.+) In a rectangular coordinate system
0 ? the coordinate axes divide the plane
quadrant™ | quadrant into four regions called quadrants.
I v These are numbered counter-
(=) (+-) clockwise with roman numerals as
Fig. 1.2 shown in Fig.1.2. It is easy to

determine the quadrant in which a
given point lies from the signs of its
coordinates: a point with two positive coordinates (+, +) lies in
quadrant I, a point with a negative x — coordinate and positive
y — coordinate (—,+) lies in quadrant II, and so on. Points with a zero
x — coordinate lie on the — y axis and points with a zero y -
coordinate lie on the x —axis.




1.2. Increments.
Increments are net changes. When a particle moves from
(%1, y1) to (x3, y2) the increments in its coordinates are Ax =x, — x,
and Ay =y, - y,(Fig.1.3.).

Example:
From A(2,5) to B(7,2) the increments are Ax=7-2=35

andAy=2-5=-3.

Example:
A particle starts at A(-5,6) and its coordinates change by increments

Ax=7and Ay =-4. Find its new position.

Solution:

From Ax=x, —x;and Ay =y, ~ y,using x, =—5 and y,=6 we get
x, =(=5)=7 and

¥, =6 =-4. So particle’s new positionis x, =2 and y, =2.

1.3. Slopes of nonvertical lines.

If P(x, y1) and Py(x,, y,) are points on a nonvertical
line (Fig. 1.3), then slope m of the

line is defined by: 4
_rise Yy, =Y Py(x2, y2)
run X, =X,
rise=y,-
Example: Pi(xy, v1) e
Find the slope of the line through | & .. ___. L
the points (2,9) and (4,3). run=x,- x;
Solution: X
0 ; »

31-9 6 Fig.1.3
m=—==—-—== ——3

4-2 2
Example:

Find the slope of the line through the points (6,2) and (9,8).

10



Solution:

m is sometimes called the rate of change of y with respect to x along the
line.
1.4. Lines that are parallel or perpendicular.

Let L, and L, be nonvertical lines with slopes m; and m,
respectively.
a) The lines are parallel if and only if m, =m, .

b) The lines are perpendicular if and only if m, -m, =-1.

Example:
Use slopes to show that the points 4 (1, 3), B (3, 7) and C (7, 5)

are vertices of right triangle.
Solution:

We shall show that the line through 4 and B is perpendicular to
the line through B and C. The slopes of these lines are

my= (7-3)/ (3-1) =2 and my= (5-7)/ (7-3) =-1/2
Since m;-m,=-1, the line through 4 and B is perpendicular to the line
‘hrough B and C; thus, ABC is a right triangle.

1.5. Equations for lines.
a) Horizontal and vertical lines.
The vertical line through (a,0) and the horizontal line through

(0, b) are represented, respectively, by the equations
x=a and y=b

~

ixample:
Find an equation for a) the vertical line and b) the horizontal

ine through (-5, 7).
solution:
a) The graph of x = -5 is the vertical line and
b) The graph of y =7 is the horizontal line through (-5, 7).

b) Point- slope equation for lines.
The line passing through Py (x;, y;) and having slope m is given
vy the equation:

11




(1) y=y =m(x-x)
This is called the point- slope equation for the line.
Example:
Find the point slope equation of the line through (4,-3) with slope 5.
Substituting the values x; =4, y, =-3 and m=5 in (1) yields
the point- slope equation:
y+3=5(x-4) or y=5x-23.
Example:
Write an equation for the line that passes through (-2, 1) and (2, 2).
Solution:
First of all we calculate the slope and then use equation (1).
m=(2-1)/ 2-(-2)) =1/4
The (x;, 1) in equation (1) can be either (-2, 1) or (2, 2).
Let (x;, y1) be (-2, 1).

Then
1
“l=—(x—(-2
y 4(x (-2))
_x.3
Y 4 2

Check for yourself that with (x,, y,) =(2,2) the equation is the same.

¢) Lines determined by slope and y-intercept.
3
The line with y intercept b and slope m is given by the equation
(2) y=mx+b

This is called the slope-intercept form of the line.
Example:

Find the slope intercept form of the equation of the line that
satisfies the stated conditions:

a) slope is —9; crosses the y-axis at (0, 4);

b) slope is 1; passes through the origin;

c) passes through (-5, 1); perpendicular to y=3x+4.
Solution:

a) From the given conditions we have m=-9; b=-4,
so equation (2) yields y=-9x—-4 .

12



b) From the given conditions = =1and the line passes through
(0,0), so b=0.

Thus, it follows from (2) that y=x.
c) The given line y =3x + 4 has a2 slope m=3, so the line to be
determined will have slope (—1)/3. Substituting this slope and given
point in the point slope form (2):

1
y-l=- 3 (x+5)

and simplifying yields

Example:
Find equations for the lines through P (-2, 2) that are
a) parallel and
b) perpendicular to the line 2x+y=4.

Solution:

a) We shall first write equation 2x + y =4 in the form
y=-2x+4.

This line has slope m = ~2 . Parallel line will have same slope. So using
m=-2and P(-2,2) from point-slope form we will have

y-2=-2(x+2) or y=-2x-2.
b) Two lines are perpendicular if m, -m, =~1.So if m, =-2
then m,=1/2. Again using point-slope form we will get

1 X
-2=—(x+2)or y==—+3.
y 2( yor y 5

Exercises.

In exercises 1-2, a particle moves from A to B. Find the net
changes Ax and Ay. in the particles coordinates.
1.A(5,11),B(3,6)

2.A(6,2.7),B(0,-1.3)

3. A particle starts at 4 (-2, 3) and its coordinates change by increments
Ax=5, Ay=-6. Find its new position.

13




4. The coordinates of a particular change by Ax=3, Ay=-5 as it moves
from A4 (x, y) to B (-6, 4). Find x and y.

5. Find the slope of the line through

a)(-1,2)and (3, 4)

b)(5,3and (7, 1)

¢) (4,42 ) and (:3,4/2)
d) (-2,-6) and (-2, 12)
6. Let points 4 (8, 1), B (2, 10), C (4, 6), D (2, -3) be given. Determine
whether the line through 4B is perpendicular or parallel to the line
through CD.

In exercises 7-8 find an equation for a) the vertical line and

b) the horizontal line through the given point.

7.(-2,3/2) 8. (31 5)

In exercises 9-10, write an equation for the line through P
with slope m.

9.P(-2,3), m=2 10. P (7, 0), m=-3

In exercises 11-12, write an equation for the line through the
two points.

11.(2,4),(1,-7) 12. (-3,6), (-2, 1)

In exercises 13-14 write an equation for the line with slope m
and y-intercept b.

13. m=-2/3, b=~/3
14. m=2, b=3.5
15. Find equations for the lines through P (1, 2) that are a) parallel and
b) perpendicular to the line x+2)=3.
16. Find equation for the line which is parallel to y=4x-2 and its
y-intercept is 7.
17. Find equation for the line which is perpendicular to y=5x+9 and has
y-intercept 6.
18. For what value of k the line 3x + k- y = 4 will

a) have slope 2

b) have y-intercept 5

c) pass through the point (-2,4)

d) be parallel to the line 2x-5y=1

e) be perpendicular to the line 4x+3y=27

14



Answers.
L Ax=8, Ay=-5; 2. Ax=- V6 , Ay=-4; 3. (3, -3); 4. (-9,9); 5. 2) 1/2; b)-1;

¢) 0; d) not defined; 7. a) x=-2 b) y=3/2; 8. a) x=-371,b) y =5
9.y=2x+7;10. y=-3x+37 11. y=11x-18; 12. y=-5x-9;

13.y=2x/3+/3 ; 14, y=2x+3.5; 15, a) y=-x/2+5/2; b) y=2x;
16. y=4x+7; 17. y=-x/5+6; 18. a)-3/2; b) 4/5; ¢) 5/2; d) ~15/2; ¢) 4.

1.6. The properties of inequalities.

. If a<b and e¢<d, then a+c< b+d

. If a<b and ¢ is any number, then a+c< b+c

. If a<b and c¢ is any number, then a-c< b-¢

. If a<b and c¢ is a positive number, then a-c<b-c

. If a<b and ¢ is a negative number, thena-¢>b-¢

.If a<b and c¢<d and q, b, ¢, and d are positive, then a-c<b-d
. If a<b and c is a positive number, then a/c< b/ ¢

.If a<b and c is a negative number, then a/c> b/ ¢

. If a and b are positive numbers and a< b, then 1/a> 1/b.

All 1-9 properties hold for < as well as for < .

N oL Bie WV I T S

1.7. The absolute value function.

The absolute value or magnitude of a real number a is denoted
by |a] and is defined by

|a1={a ifaz0

—a ifa<0
Example:
I5I=5; |-6/7}=6/7; [0]=0
Remark:
Inequality |x| < a, (a>0) is equivalent to the inequality

-Aa<x<a

15




1.8. Properties of absolute value.
Ifa and b are real numbers, then

L |-ol=|c

2. \a-b\=a-\b\

3. \a/b\=\a\\b\; b*0

4. lat/>|<al+/>|

5. |a-/>[>[al-{6]

To solve an equation or inequality that contains absolute
values, we write equivalent equation or inequality and then solve as
usual.

Exatupie:

Solve: |x-3|< 4
Solution:

This inequality can be revvritten as

- 4<x- 3<4 or,onadding 3 throughout, - 1<x<7.
This can be wvritten in interval notation as (-1, 7).

ExaTtpie:

Solve: |5(x-I)|< 3
Solution:

|5(x-1)|< 3 given.

5 |(x-1)|< 3 absolute value of product

|(x-1)|<3/5 dividingby5

-3/5<(x-1) < 3/5 (x-1) has absolute value less than 3/5

-3/5+I<x < 3/5+1 adding 1to an inequality

2/5<x <8/5 arithmetic. *

In short, x is in 6pen interval (2/5, 8/5).
Exatpie:

Solve: ==—17>5
\2x - 3
Solution:

First of ali, we see that x=3/2 is not a solution because this
value ofx results in a division by zero. Let’s keep it in mind.

1
B——r>5 given
I"-3]

|2n- 3 <1/5 taking reciprocals



[2(jc3/2)|< 1/5 factor out the coefficients ofx

|2-(x-3/2|< 1/5 absc’ite value of product

\x-3/2\< 1/10 dividing by 2

-1/10<x-3/2< 1/10 (x-3/2) has abs. value less than 1/10
7/5<x< 8/5 we added 3/2 throughout.

If, as noted above, we eliminate the value x=3/2 to avoid the
division by zero, we see that the solution consists of ali x that satisfy

7/5<x<3/2 or 3/2<x<8/5
The solution set consists of ali x in the set (7/5, 3/2)u(3/2, 8/5).
Exawpie:

Solve the equation |;c-3=4
Solution:

Depending on vwvhether (7>3) is positive or negative, the
equation pc-3]= 4 can be vvritten as:

Xx-3 =4 or Xx-3 =-4
We obtain that equation has two roots x =1landx =-1 .
Exawwupie:

Solve the equation |m1|+[*-2|= 1
Solution:

Let us consider these cases:

x<\\2) \<x<2\ 3)x>2
1) In this case pc-l|=-(x-1) and \x-2\=-(x-2).
So given equation is equivalent to

-(*-1)- x-2)=1or - 2x+2=0and x =1
Since in this case /i< 1, and x~\ can not be a root of equation.
2) In this case |x-I|=(x-1) and \x-2\=-{x-2).
Given equation is equivalent to

A—1—ic—2) —
It leads us to the identity, so any x from [1,2] satisfies the given
equation.
3) In this case |[x-1|=(x-1) and |jc-2|=(;t-2).
Given equation is equivalent to

n—+jc—=2=1
2n=4 andx =2.

It contradicts to the condition that x >2. SuieT'Sfaa r>.,
So as aresult, the root of the equation is afnyx from [1*/].

7 v m 4h& rh



1.9. Distance formula for points in the plane.

Exercises.
In exercises 1-11 solve the inequalities. The distance between two points (x;, y1) and (x;, y,) in a

1. x-3|< 4 2-|"; *'22|S 5 coordinate plane is given by:

3. x-4p>7 4x°<25 _ 2 2

5% 16 6.|x+6/<3 1(1) A=l =)" + (2 =3)
Example:

7. [2)‘ - 3| <6 8. |x + 2! 21 Find the distance between the points (-2, 3) and (1, 7)

1 Solution:

9.15-2x2 4 lx P =2 Tf we let (x1, y1) be (-2, 3) and let (x5, y,) be (1, 7) then

(1) yields
3 2 2 2 2
1 e 1‘—4 d=J(1-(-2))* +(1-3)* =32 +4? =5.
In exercises 12-19 solve the equations. Remark: ;Vh;n }leglnlg tEll) 15 does notT r;llatte.r which plmn; 18 lab;kd -
e 3 [2x5)= 1 (x1, y1) and which is labeled (x,, y,). Thus, in example a ove, if we ha

12. x-5= 4 13.] let (x1, y1) be (1, 7) and (x2, y») be (-2, 3) we would obtained

14. x+1}-x-4|= 6 15. |s/2-2}=3 _\/ 5 5 \/ > e

16./6x~2|=7 17.6x - 7| =[3+ 24 d=y(2-1)7+B=7)7 =43+ (A =5
which is the same result we obtained with the opposite labeling.

x+5
18.09x/—11=x 19. =6
: -x 1.10. Division of line segment into the given ratio.

Answers. The coordinates of the point M (x, y) which divides the line segment

l-l<x<7;2.-7<x<3;3. x<-3 and x> 11; 4. -5< x < 55 5. x< -4 and M ;

‘ . .M
MM, with M, (x,,y,)and M,(x,,y,) into the ratio

X2 4,6.(-9,-3) ;L{‘ =3 } 8. (=0,-3] U [-1,40) 0, (o0, LU [0 M
2’9 , 2 2 (where! # ~1) are defined by .
1 [—3 11 1 7 x, +Ix Y +ly
10. [ -0, |U| 2 40 |5 1L[2,2) U (=, 2)312. 1= 1; 0,=9; 13 xi=-2; 1 =2 ==
( 2} 12 ) 3V GrgdExmhn ’ O == SRy

53 15
x;=-3; 14. x=4.5; 15, 51=10; 5,=-2; 16. - g;z;l_: E;E;L 10 8 Flnd the coordinates of the point C(x, y) which divides the line
17 segment 4B between points A(~4,~2) and B(2,-8) into the ratio
D.L—. 4C 3

CB 2

. 3
Solution: /= 5 and using (1) yields




2 28
Hence C(x,y)=| - =;-==|.
ence C(x,y) ( FE )

1.11. The midpoint formula.

The midpoint of the line segment joining two points (x,, ;) and
(x,,y,) in a coordinate plane is

(2) xl + x2 yl + y2
2 2
Example:

Find the midpoint of the line segment joining (3,-5) and (4,7).
Solution:

+ +
From (x‘ 5 X2 , 4 5 2 J , the midpoint is

(3+4 -5+7

R j=@5J)

1.12. Area of the triangle.

Area of the triangle ABC with vertices A(x,,y,), B(x,,¥,),
C(x4,yy) is defined by

3)

1
S=-£|(x2 —x)(ys —3) — (5 = X)), _J’1)i
Example:

Find the area of the triangle with vertices A(-3,~1) , B(2,5),C(~1,4).
Solution: From (3)

20



S=[2- (A=) (4 -6 D) -
:%]5-5 -2-6]:—;13 =1—2§(unitsquare)

ixample:
Find the length of the medians (A median of a triangle is a line that

rasses through a vertex and the midpoint of the opposite edge) of a
riangle POR with vertices P(-3,2),0(5,4) ,R(7,-2).

solution: Let L, M, N be midpoints of the sides PQ, R, and PR,
espectively. Coordinates of the point L can be found using (2). In this
rasex, =-3,y,=2,x, =5,y, =4.If we will denote coordinates of

he point L by (x,,y,) we would get

-3+5 2+4
X, = =1, = =3, L{1,3
L 5 Y > (13)
Similarly
xM.—_ﬁl=6’ yM —_-_i_t_(:g_)_zl, M(6,1)
2 2
- )
T e N(2,0)

Now let us find the length of median LR . Using distance formula
vithx, =1,y,=3,x, =7,y, =2 we obtain

LR=(7-1) +(-2-3)> =61

Similarly
MP=\/(6-(-3)> +(1-2)* =82
NQ=(5-2)% +(4-0)? =5.

Exercises.

In exercises 1-4 find the distance between 4 and B.
1.4(2,5),B(-1, 1)
2.4(7,1),B(1,9)
3.4(2,0),B (-3,6)
4.4(2,-6), B(-7,4)

.
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5. The point C divides the line segment 4B with A(2,5) and

B(4,8) into the ratio 2 + 3 . Find the coordinates of the pointC .

6. The point C(2,3)divides AB into the ratiol + 2. Find the coordinates
of the point B if the coordinates of the point 4 are

x=1 y=2.

7. Find arca of the triangle ABC with vertices 4(0,-2), B(4,5),

and C(6,-4) .

8. Let4(2,1),B(-2,-2),and C(-8,6) be vertices of the triangle
ABC . Find the height of the triangle through the vertex B .

9. Prove that the triangle with vertices (5, -2), (6, 5), (2, 2) is isosceles.
10. Prove that for all values of # the point (¢, 2¢-6) is equidistant from
(0, 4) and (8, 0).

11. Prove that points (0, -2), (-4, 8) and (3, 1) lie on a circle with
center (-2, 3).

Answers.

L 52,103 V61 ;4.425;5 C369) 56 B4S) ;

[

7. 25 unit sq. ;§._2\/§.

1.13. Functions.

Definition: Let X and Y be sets. A function from X to Y is arule (or
method) for assigning one (and only one) elementin Y to each element
mx.

Definition: (Domain and range). Let X and Y be sets. Let f be
function from X to¥ . The set X is called the domain of the function.
The set of all outputs of then function is called the range of the
function.

Example:
Find the domain and range of f(x)=3+vx—-1.
Solution:

For 3++/x—1 to be meaningful, the square root of (x —1)
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must make sense; thus, the domain consists of all numbers x such that
x-120 or x>1. That is, the domain is the interval[l,+).
As x varies from 1 to larger numbers, f(x) increases from

f(1)=3++1-1=3 to arbitrary large values.
Thus, the range of f is[3,+).

Example:
Find the domain and range of the function f(x) = f—t-:- .
x —
Solution:

The domain of f consists of all x, except x =1. In interval
notation the domain is (—o0,1) U (1,40} .
To find range of the function, let us introduce a dependent variable

_x+1
x~1
Solving this equation for xin terms of y yields
x-Dy=x+1 = leJr—1
y-1

It is now evident from the right side of this equation that y =1is not in
the range. So the range of the function f is(-~0,1) U (1,+©).

1.14. Operations on functions.

Definition: Given functions f and g , formulas for the'sum
S + g difference f —~ g, product f - g and quotient f/g are defined
by
(f +8)x) = f(x) + g(x)
(f - 8)x) = f(x) - g(x)
(f-8)®) = f(x)- g(x)
(f/&)x) = f(x)/ g(x)
Example: Let f(x)=2+ x/—x_:g andg(x)=x-2.
Find (f + £)(x), (f - )(x), (- £)(0), (F / £)x)
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Solution:

(f+2®)=f()+g(x)=Q+Vx-3)+(x=-2)=x+/x-3

(f-2))=f(x)-g(x) =2 +Vx=-3)-(x-2)=
=Jx-3-x+4
(f-&)x)=f(x) g(x) =2 +Vx-3) - (x-2)=
=x«/;——3—2\/;cv——3—+2x—4

(f 1 8)0) = £ (x)/ g(x) = gigi
Definition: Given functions f and g ,the composition of f withg,
denoted by f o g, is the function defined by

(fog8)=/f(gk)

(fegisreadas ™ fcircle g7 oras*“ f composed with g ).
Example:

Let f(x)=x" andg(x)=x+3.Find a) f(g(5))and g(/(5)).
Solution:

S (g(x))=f(x+3)=(x+3)’

g(f(x)=g(x*)=x" +3,
So

S/ (g(5)=f(8)=64and g(f(5)) = g(25) =28

Exercises. 5
1. Given that f(x) =3x* + 2. Find
a) f(=2); D@ fO0); D3 e fla+))
1
2. Giventhat f(x)=4x " ° .Find
2x ,x<3
a) f(-4); b)f4;  ofO); dfd; e) f(t* +5)

In exercises 3-8 find domain of the function

24

20. Let f(x)=

1 ¢ x-1
3. = 4. h(x)=
1) x-3 Hx) x+2

5. f(x) = M’i 1 6. F(x)=3x —x* -4
C7.G(x)=vx® —2x+5 8. g(x)=sinvx
In exercises 9-16 find the domain and the range of the given
unction.
9. f(x)=AB-x 10. g(x)=v4 - x’
12 F(x)=x*+3

11. h(x)=3++x
13. H(x)=3sinx 14. g(x)=2+cosx

15. f(x)=—1—~ 16. g(x) = ! .
X +1 1._x“
17. Given that f(~1)=4, f(2)=5, g(-1)=-3, and g(2)=~1. Find
a) (f-g)=D) b) (/- g)-D

¢) (f/8)2) d) (f=8)2)
In exercises 18-19 find formulas for

a) (f+g)x) b) (f - g)x)

d) (f/ g)(x) e) (f o g)x)

¢) (f - g)x)
) (g f)x)

18 f(x)=vx+1, g(x)=x-2
19. f(x)=+1-x?, g(x)=sin3x

4

x2+5

and g(x) =+/x . Find (f o g)(x)and (g o £)(x).

In exercises 21-22 find &i-h;l)—_—j:(—xl and simplify as much

as possible.

2L f(x)=3x? -5

22. f(x):%
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Answers. Definition:

1.2) 14;b) 50;c) 2;d) 115 €) 3a” +6a+5; 2. a) -8;b) 1/4; ¢) 0; A function f such that f(—x) = - f(x) is called an odd function.
Example: The function f(x)=x" is odd function, since

[0 =(=x)° =~/ (%)
5. (=0,400) ; 6. [2,4+) ; 1. (-o0,40) ; 8. [0,400); The graph of odd function is symmetric with respect to the origin.
9. domain (0,3}, range [0,+cc) ; 10.domain [-2,2], range [0,2}; pfost functions are neither even nor odd. For instance x* + x®is neither
11.domain[0,+0) , range [3,+¢0);12.domain (-oo,+00), range[3,+%) oven nor odd, since (—x)* + (~x)® = —x° + x%, which is neither x* + x°
13. domain (-o,+), range[-3,3];14. domain (—co,+e0), range(,3];. . (x* +x°).
15. domain (~o,~1) U (~1,+0) , range (-0,0) U (0,+0) ; 16. domain
all real xexcept x==1; range (-»,0)U{l+0); 17.2) 7; b) -12; 1.16. Graphs and graphing.

c)-5;d)4;18.a) Vx+1+x-2;b)vx+1-x+2;¢)(x~2x+1;

D 6;¢) s 33 (0L B0); & (0D UN4);
i+

The points (x, y) in the plane whose coordinates are the input-output

d)Vx+1 : e)\/x——T; 0@—%1&@ /1—x2 +sin3x; pairs of function y = f'(x) make
x-2 up the function’s graph. ya

b)V1—x? —sin3x; c)Vl-x? -sin3x; d)V1-x* /sin3x; e)]cos3x’; Example: Sketch the graph /y=x+4

of f(x)=x+4.
, x20;5(go fUx)= Solution:
x*+5 By definition the graph of
1 f 1s input-output pairs
21.6x + 3, ;,;to;_z_z_.-x(ﬁh),h:t : of f(X)=x+4:
this is a line with slope 1 and
Y —mtercept 4. (Fig.1.4)

DsinGV1—x2); 20, (f o g)(x) = — :

X+

1.15. Symmetry of odd and even functions.
, Example:
Definition: i Sketch the graph of f(x)= l x!
A function f such that f(—x) = f(x)is called an even function. Solution;
4
Example: f(x)= X >~ is an even function, since y=f(x)= X ,x20
(1-x7) ~-x ,x<0
0" xt The graph coincides with the line
J=x)= —0h) a1 =/ Yy=xfor x>0 and with the line

. . . Y=-x f .
The graph of even function is symmetric with respect to the y -axis. X lor x<0. (Fig.1.5)




\\\\\

Example: ) Similarly, if a positive constant is ¢

1 ,X<2 dded to the independent variable of &

Sketchy*f(x)~{x+2 x>2 anction /' (x), (y = f(x +C)), the )
| Solution: eometric effect is to translate t graph = (x\+ 3)2 y=x
Forx<2, we y A4 f the function parallel to the horizontal X
| have y =1, forx>2 we xis in the negative direction.(Fig.1.9). 3 0 -
) have y = x + 2. The graph of a1 Fig.1.9

vy =1is a horizontal line, and the 1 -
graph of y =x + 2is a straight o Ay
line. (Fig.1.6).In that figure we 0 2’ —> 4) If a positive constant is subtracted
used the heavy dot and open o ) ,  from the independent variable of a
- ~ y= YEE=3D" " function f(x), (y=f(x-C))
circle above x =2 to emphasize Fig. 1.6 24 ,
that the value f(2)=1lies on T translate the graph of the graph of the
the horizontal line and not on i 0 3 X function f parallel to the horizontal
the inclined line. Fig.1.10 axis in the positive direction,
| (Fig.1.10).
’ 1.17. Graphing functions by translation.
| 1‘ Exercises.
| y , . .
| 1) If a positive constant is added to f(x), 4 y=x'+3 In exercises 1-10 label each function as even, odd, or neither.
!‘ (y = f(x)+ C), the geometric effect is to Lf(x)=x"+2 2. f(x)=v1-x?
lﬂ t}anslatﬁ, tlhe g;aph ofthclz fuzllc.tior})1 s 3 y=x 3. f(x)=x+x° 4 f(x)=3+x
| paraliel to the vertical axis in the positive 5 - 2 s
direction. (Fig.1.7). —- f®=x+2) 6. f(x)=¥x
Fig.1.7 X T.f(x)=x+x* +5x* 8. f(x)=7x* —5x*
i 9. f(x)=¥x* +1 10.f(x)=x2+—1—
X
. In exercises 11-23 sketch the graph of the function.
2) If a positive constant is subtracted from 11 f(x) = 2x +1 & 11)2. f®=x, 1<x<2

f(x), (y=f(x) - C), translate the graph of

13, =x2-2 _ = x?
the graph of the function f parallel to the J@=x"-2, ~1sx<1 14 h(x)=x"~5

vertical axis in the negative direction. 15. h(x) = (x - 5)? 16. F(x)=+x +1
(Fig.1.8). 17.F(x)=\3—« 18. f(x)= x* -4
x+2
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2

3—
19 fy=2"2
x—1
20. f(x)= =
&
2. f(x) = x+2,x<3
R x+4,x>3
1, O0<x<ti
3, l<x<2
22. h(x) =
-1, 2<x<3
0 ,elsewhere
xr x>1
23. f(x)= ’
oy
24. Use the graphof y = ]xl to graph the following functions
a)y:.'x—4‘ b)y:|x1+4
c) y=|x—4|+4 d) y=|x+6/-2
L)

Answers.

even; 3. odd; 4. neither; 5. neither ; 6. odd ; 7.

en; 2.
en; 9. even; 10. neither.
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Chapter 2.
The limit of a function.

2.1. Definition of limit.

A limit is the value a function tends to take as the limit variable
approaches a specified value. For example, the limit of the function
f(x) as x approaches the value of zero would be written as:

lim £(x)

The value will come as close to zero as possible without
actually becoming zero. The limit variable (x in example above) could
approach some value other than zero. Most limits will have their limit
variable approaching zero but that is not necessary and any other value
will work just as well.

As an example, consider a function such as f(x) =3x’+2, and
substitute x+Ax everywhere the variable x appears in the function to get
the function f (x+Ax).

F)=3x"+2
f (et AX)=3(x+Ax)+2=3(x*+2x-Ax+(Ax))+2=3x"+6x-Ax+3(Ax)*+2

Then the limit of the function f{x+Ax) as Ax approaches zero is
written as:

lim (f(x + Ax)) = Hm(3x” + 6x-Ax +3- (Ax)* +2) =
Ax-0 Ax—0
=3x7+6x-0+3-(0)+2=3x7+2

Obviously, in this example, the value of the limit is a function of x and
a value can be computed if a value of x is specified. For x=2, the limit is

neithef?m’ etc. You can find limit of a function as the limit variable approaches

something other than zero. It could approach any other value within its
tange such as:

Jim (f (x + Ax)) = 3x+6x-14+3-14°+2=3x"+84x+590

This method of evaluating a limit does not work for all functions. For
example if:

JS)=

x? -16

x—4
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then the limit of this function as x approaches the value of 4 cannot be finition of limit: Let f(x) be defired for all x in some open interval
computed by simply substituting for x. This function does not have a  ntaining the number a, with the p<-sible exception that f(x) may not
value for x=4 since we get a division of zero by zero by substituting  defined at . We will write

4 for x. This is defined as an indeterminent result since there is no real lim f(x)=L
result defined for this type of division. xma
There are two possibilities here: given any number &> 0 we can find a number >0 such that
1. Factor the equation. In example above, the equation can be factored fe-L | < & if x satisfies 0< [ x-al< 3 .
into: tample: Prove that 1irr21(3x ~5=1
f(x)= w =x+4 ilution: We must show that given any positive number &, we can find

- . sositive number  such that
Now we can substitute the value 4 for x to get the limit: ‘

il_rg(f(x))z}vl_r)x}(x+4)=8, (3x-5)-1li<e ifxsatisfiesO <jx -2 <6
This works most of the times but not always. [0 L ¢
2. Approach the value of the limit from both directions and calculate ut this “ if statement “ can be rewritten as
the value of the function. If you take values for x that approach the 3x-6| < & if 0<|x-2|<8
value 4, you will get answers other than divided by zero. And by taking 32| < & if 0<|x-2]<d
values for x approaching 4 from both directions, you start to narrow -2 < £/3 it 0<|x-2| <8

down the value of limit. It becomes apparent that as x approaches the
value 4 from either direction, the limit of the function approaches the
value of 8.

A limit can also result in a value of infinity. For example, if the
function is

ne choice of 8 that makes the “ if statement * true for any £ > 0 is
=¢/3.The value 6= € /3 is not the only value that will make “ if
atement “ true. Any smaller 8 will do as well.

2.2. Computations of limits.

3
fx)== ) .
X Let fand g be two functions and assume that
then the limit of £ (x) when x approaches zero would be: m f(x)and lim g(x)both exist. Then
) . 3 -a ) x—>a
s <x>:11.‘33(;)’ L 1im(f (x) + g(x)) = lim /(%) + lim g ()
obviously will approach infinity as x becomes closer and closer to zero. 2. lim(f (x)—g(x)) =lim f(x)-limg(x)
It cannot be directly calculated but can be determined by observation of ¥oa x—a x-a
the fact that the function would be a division by zero at the limit 3. l‘_‘}l}(k f (x)): k-lim f(x) , for any constant &

conditions, which is by definition equal to infinity. 4. lim(f(x) g(x)) = lim f(x)- lim g(x)
" x-a ' =x—->a x-xl_r}}gx

S lim £ (x)

5. lim

R
e g(r)  limg() o mg(x)#0
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6. lim(/ (@) =(1im 7)) 59 i lim £(x) > 0
7. img/f(x) =oflim f(x) if lim f(x)>0

Example: Find lim(x2 —4x+3)

Solution: hm(x -4x+3)= 11mx - 11m4x +lim3=

x-»5

= lln;xx -4 11rr51x+ 1m;13=5 4-5+3=8§

Example: Find 11m—-——6—x—+——9-

© xo3 x—-3
Solution: The numerator and denominator both have a limit of zero as

x approaches 3, so there is a common factor of (x-3). We proceed as
follows:

2 _ )2
lim™® 6x+9=lim(x 3)

x—3 x-=3 >3 x-—

Example: Find Ilm—z——z—]ﬂ—
-4 x% 4+ x-12

Solution: The numerator and denominator both have a limit of zero as
x approaches -4, so there is a common factor of (x-(-4))=x+4. We
proceed as follows:

= lin31(x —-3)=0.

o 2x+8 . 2x+4) .. 2
lim —————=lim = lim =2/7.
x—>-4 x2 +x =12 xo-4 (x+4)(x—-3) x=>-4 x =3
3x2-4x+7

Example: Find lim
=125 _5x+6
3

Solution:
1 2x* —5x+6 um(zx2 ~-5x+6)

lim3x2-lim4x +lim7 3-limx® - 4limx + lim7
—___ Xl 11 X x—1 11 Sl S

lim2x? -lim5x +lim6 2 limx? ~511mx+11m6

x-»] x> x-»] x—1 x—1 x—1
2 — .
3L
2:1°-5-1+6
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Example:

2
Find lim*_—%*+8
x—4 x—4
Solution: The numerator and denominator both have a limit of zero as
x approaches 4. Let us rewrite x*-6x+8 using x*+px+g=(x-x)(x-x,)
where x; and x, are roots of equation x’+px+4=0. An equation
x*-6x+8=0 has roots x;=2 and x,=4, 50 x*-6x+8=(x-2)(x-4).
After substituting we get

2 - —
x —6x+8=h.m(x 2)(x-4)

lim =lim(x — 2) =4-2=2.
x—4 x—4 x4 X~ x—4
Example:
. . 3x2-x-2
Find lm———

=1 4x? = 5x+1

Solution: Again when x=1 both numerator and denominator have a
limit of zero. Let us factor given function using identity

ax*+bx-+c=a(x-x;)(x-xy)
where x, and x, are roots of equation ax*+bx+c=0. The limit can be
obtained as follows:
tim 3P —x-2 .. 3(x-D(x+2/3) i 3 +2/3)
4% =5x+1 =1 4(x-D(x=-1/4) x=14(x~-1/4)

30213 o

41-1/4)

2.3. Limits of polynomials as x — +o¢ or x — —0,

Sometimes it is useful to know how f(x) behaves when x is a
large positive (or a negative number of large absolute value).

Rather than writing “as x gets arbitrary large through positive
values, f'(x) approaches the number L”, it is customary to use the

notation lim f(x) = L . This is read “as x approaches infinity, £ (x)
X%

approaches L”, or “the limit of f(x) as x approaches infinity is L”.
Similarly, lim f(x) = L means that “the limit of /' (x) as x approaches
X—p—

minus infinity is L”.




and we will use both of these notations.

Remark: All properties of limits stated above hold when x— « is
replaced by

X —> 400 or by x - —c0.,
lim x" =+ |, n=1,23,

X+

limx" =
X—>-0

-0

+o ,if n=240,......
JAfn=1,35,.....

| Iimiz(liml) =0.

L b X0 x

‘a A polynomial P(x) = co+c,x+ex™+
term of highest degree as x — ® orx = — . If ¢,20, then

lim(c, + e x+c,x +........ +c¢,x") = lim ¢, x"
X~3+00 X+
lim(c, +e,x +c,x% +........ +c,x") = limc,x".
X—~0 X—»—x

Example: Find lim (7x° - 8x +12x - 8)

X4

Solution: lim (7x° -8x* +12x—8) = lim 7x° = +w.

x>+ X—»+0

Example: Find lim (-4x® +14x% - 4x +3)

X~3=a0

Solution: lim (—4x° +14x* —4x+3)2 lim (—4x°) = 0.
X—¥»—Q X—»—00

Remark: It is important to keep in mind that “+ o0 > or “ —

number. The last two limits above do not exist.

Remark: Notations x — c and x — +0 are equivalent to each othe

........ +c,x" behaves like i

00 is not 3 2
ample: Find lim /%~ 4% +1

lution:

’%7"2'4"‘**"’0, §—>O,and (2——5—
x

2.4. Limits of rational functjons as x — © or x > —w .

To find limits of rational functions as x — o or x —> —0 we
ide the numerator and denominator of a rational function by the
hest power of x that occurs i the denominator. What happens then
yends on the degrees of the polynomials involved.

ample: Find lim ox 3
: 0 TX + 6
lution: Divide the numerator and denominator by the highest
wer of x that occurs in the denominator; this is x' =x.
> obtain

5___3/x_x1_1.3&(5"3/X)

im : =
>0 T+ 6/x  lim(7+6/x)

X—>+0

. 5x-3
lim
x40 Tx + 6

lim 5- lim 3/x

— X+ X>+00

5-0 5

lim7+ lim6/x 740 7

2
ample: Find lim ________5x3 x
¥>-0 3x° —4
lution: Divide the numerator and denominator by the highest power
x that occurs in the denominator, namely x*. We obtain
2 _ _ 2
lim Sx3 X _ im S/ix-=1/x _
o3yt 4w 3450
; _ 2
=x1_1-)r2°(5/x 1/x )”O_O—

lim(3-4/x*) 3-0

X0

2x-5
Divide the numerator and denominator by x to obtain
342 2
Ix” —4x +1_ 7x —4x+1/x=+oo,
2x~5 2-5/x

lim

X~»—0

X—»—00

)——)2 as x — —o,
X
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2.5. A quick method for finding limits of
rational functions asx —> o or x > -0 .,

Let f(x) be a polynomial and let ax” be its term of highest degree. Let
g(x) be another polynomial and let bx™ be its term of highest degree.

Then
lim AC)) = lim ax and lim S() = lim &
X—>® g(x) x—® hy™ fa - g(x) x=3=0 hy™
Example: Evaluate the following limits:
4 2 3 4
2) lim 3x" +5x ‘b) hm x° —-16x .¢) lim )c3+x2

=0 —xt 41045 o 15xt +x7 - 5x
Solution: By the preceding observations,

3x* +5x7 4 .
a) lim =lim =1lim(-3) = -3;
)x—>co__x +10X+5 x—)w_x4 x—)m( )
_ 3
b) lim 10 o fim—* =lim—— =0,
X—m15x +x> =5x xo=15x% xow]5x
4
¢) lim _x:x_: lim % = —co.

X=>—0 6x - xz x-»-o §

Exercises.

3
In exercises 1-5 use definition of limit to prove that the giver

limit statement is correct.

1. 1irr513x:15 2. 1in;(2x—7)= -3
3. lim(2-3x)=5 4 lim =3

x—~1 x->1/3 x
5. ling\/x+3 =

X

In exercises 6-20 find the limits.
6. lirr;(2x2 ~7x +6)

2 2
8. 1im4_x_§i% 9. lim ,____M

—23x? _6x+4 =>4x? —Tx+6

38

7. 1irr31(3x4 ~5x° +6x2

x>yt —x

—4x+7)

2 2
—8x+12 _
10. lim = 1. 2L = 7x+2
-6 x° —7x+6 »=24x° ~85x—6
2
12, lim 220 13, lim 2 F6%+3
y-6 y? —36 -1 x? 3y -4
-5t 2
14, tim 15043 15, lim 2% +7
=l 7 =31+ 2 S
7 6 4
16. lim —= +8x5 >x 17. lim(4x? - x+3)
=0 ]10x” +7x° —4x+17 X0

3
18. lim (6x° +12x°) 19, lim— % =%
X——0 X>x0 leo +5x+8
3
20. lim Sx+2x
w0 x? x4 7

Answers.

6.3;7.157;8.2; 9. 0; 10. 4/5; 11. 5/11: 12. Does not exist; 13. -4/5;

14. 4/3; 15.5/3;16. 00 ; 17. 0 ; 18. -0 ; 19.0; 20. - .
2.6. Limits involving radicals.

Example: Find lim 3/ 2> 5
X—>40 8)C—3

Solution:
Using the property of limit

. 3x+5 3
hma\/‘_\=3 . 3x+5= . 3x 3_\/5
0|8y 3 \/3-1;-08)(—3 3X]_Lrgo§;_3g_7.

Example; Find;

2
2) ,Eﬁ@ ;and b) lim hm'
Sol“ﬁon- X—»—00 X

. Befor,
© beginning the solution, note that if x is positive, vx? = x, but if

xis negative, \/x2 —
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V3l +2x Jx? (3+1/x) i x\/3_+1/x

a) lim

X—> 400 X X—>+0 >0

= lim «/-3:_1—/;=~/—

X+

V3x? +2x - lim \Jx? (3+1/x) _ -X1/3+l/x=
e x .

b) lim

x> X>—a0 __)_ ao

= lim (—JETT/E):—\/_.

Example: Find lim——=— Vitx-1
Vi+x -1

x—0

Solution:
. 6 .
Let us substitute z°=1+x. We choose z* in order to take roots easily.

‘ From substitution it is easy to see that if x—»0 then z— 1. Using
1 substitution, we get

Yiex-1_ \/—— L o

lim
x—>01“+x 1 z»l\/—— 1 Z‘”Z -1
i EDEHD i 2L

= (z=)z2+z+1) 1z8 +z+1
Example: Find lim (vx? + 6x+5 —x).
x40

( Solution:
i When x —> oo we get(eo —o0) . Letus multiply and divide given

function to (vVx” +6x+5 +x). We will get
lim (VX +6x+5-x)= ’

X3 40

- lim (\/xz +6x+5_.x).(\[x2 +6x+5 +X)=
x>0 Vxl+6x+5 +x

7 46x+5)- P Hbx5)=x’ o 6x+S
it Vel 46x+5+x 77 Vx* +6x+5+x
6+5/x =_’§___=3

= lim ————————
s>+ J1 1 6/x+5/x7 +1 1+1

40




%

xt+2
le: Find lim ———
Ixample: Fin 36

x—+o
solution:
As x — 400, the values of x are . ventually positive, so we can replace

ixl by x where desirable. We obtain

i Nxi+2 \lx+ o i Vx2+2/\[)c_2:

m
r>t0 3x -6 Hm 3x— 6)/{x( x>0 (3x—6)/x

fia lim 272

= li x-—>+oo —

m
>0 3-6/x lim (3~ 6/ x)

X+

Exercises.
In exercises 1-21 find the limits.

Vx+4-2 \/5x+9—3

1. lim 2.1
x>0 X x—~>0
2
3. lim¥X_ 42 4 limmYE=2
x=0 X x=3 x— 3
5. xl_i)xzo(w/xz +3 —x] 6. lim (\/2x2 +5 ~x)
7. xlj’Tw(VxZ +5x —x) 8. lim (\/xz —3x ~x)

. 2
9. hm( x2+ax~x) 10. lim— "2

X=>+o0

x-—>52 ,/

«/l—tanx —\/1+tanx

12. lim -
x>z sin2x
2
14, lim X2 =2

oo x+3

[aa -
16, lim Y2X **

x>-m x __8
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) 1 ) 1
lim = +00; lim == -0,
—a" X—a x=a” X —a

lim—= 8.
-3 x—-3
19, lim 2t 20. 1im %3

n>°327n® +6n° +8 914 4x? +3

4 —
21. lim\/; !
x—>1 3\/;_1

(Hint :Letx = tlz)

Answers.

18. 6; 19. 4; 20. 6; 21. 3/4.

2.7. One sided limits.
X

Let f(x) = ¥

If x approaches 0 from the left, /' (x) is always —1. This introduces{

notion of one-sided limits.

Definition: Right-hand limit of (x) at a. Let f be a function and

xample: Find lim

cample: Find:a) lim ———2—_—1—————; lim _2mx

=4 (x —4)(x + 2) =4 (x—4)x +2)
ylutien: In both examples the limit of the numerator is -2 and
mominator is 0, so the limit of the ratio does not exist. We need to
ialyze the sign of the ratio. As x approaches 4 from the right, the ratio

always negative, and as x approaches 4 from the left the sign of the

11.1;12.-1/2;13.0; 14.-V/5;15. 1/J6 ; 16. V3 ; 1T does motey,, _ 2=% 0 .4y 2-x
>4 (x—4)(x +2)

lim ————— =+
=4 (x=4)(x+2)

x>-1' (x + 1)

. If x approaches 0 from the right, / (x) is alwalution: As x approaches -1 from the right, (x+1) approaches 0 from
ght. The reciprocal

5 stays positive and increases beyond all

ounds.

I 1

a some fixed number. Assume that the domain of f contains an orxample: Find: a) lim 3% and b) lim 3x

interval (a, ). If, as x approaches a from the right, f(x) approache
specific number L, then L is called the right-hand limit £'(x) as x

approaches a.
This is written:
lim f(x)=L orasx—a}f (x)—L.

The assertion that lim f(x) = L isread : “ the limit of fas x

approaches a from the right is L”, or * as x approaches a from th¢§ince I-}J is large when x —> 0 | then 3H

f(x) approaches L”.

The left-hand limit is defined similarly. The onty differen 1
are that the domain of £ must contain an open interval of the foxfm(J
and f'(x) is examined as x approaches a from the left. The notatio”3

lim f(x)=L orasx—a,f(

the left-hand limits are:

X—>a

1 .1
lim—=+0w ; lim—=-o;
-0 X x>0" X

42

x->07 x>0
solution: a) When x approaches 0 from the left, then —1— 1s large
X
i _t
nd negative. We can write: 3 =3 M= R

x

3

1

1s also large, and its reciprocal

‘ i‘ is a small number. Consequently

1 1

Hm 3% — 15 2 1o ) 1
¥ = Jim3 M < im =0
3|Xl
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[nspecﬁon of the graph shows thate
' lil’;l_ f(x)=3and lin f(x)=3
x> x—=2*

us, lin;l J(x) exists and is 3. The solid dot at (2,2) shows that

b) When x approaches 0 from the right, then 1 is large and positive.
x

1
The value 3* will be large and positive.
1 1 2)=2. This information, however, plays no role in our examination of
lim 3~ = 1im}M =400, limit of f(x) asx — 2.
. 0 [nspection of the graph shows that lirgg f(x)=2 and lim f(x) =2
> x->3

2.8. Existence of limits. us, lin; f(x) exists and is 2. Incidentally, the fact that f(3) is equal

In general, no guarantee that a function f(x) actually has a limit 2 Is irrelevant in determining lim f(x).
as x = x, ,x —»x, orx —» x,. If there is no limit, then we say that the

limit does not exist.
Theorem: A function f'(x) has a limit as x approaches x, if and only if

the right-hand and left-hand limit at x,, exist and are equal. In symbols

2.9. Continuity.

finition: A function f'is said to be continuous at a point ¢ if the
> lowing conditions are satisfied:

lim f(x)=L < lim f(x)=L and lim f(x)=L 1. f(c) is defined

XX, ' . XXy X—»Xg - 2' llmf(x) CXiStS
Remark: Keep in mind that the symbols + o and — oo are simply x-¢
descriptions of limits that fail to exist. These symbols do not represent 3limf(x) = f(c)

real numbers and consequently they can not be manipulated using rules
of algebra. For example, it is not correct to write + o — w0 =0.
Example: 4
Figure 2.1 shows the graph of
function f whose domain is the closed

. If one or more of the conditions in this definition fails to hold,
mnf is ca}led discontinuous at ¢ and c is said to be a point of
scontinuity of f. If f'is continuous at all points of an open interval
, b), then f is said to be continuous on (a,b).

x* -4

interval [0, 5]. b ample: f(x) = is discontinuous at 2, because
a) Does lim /(x) exist? s 2F e 2) is undefined.
X ) 1L gmnle:
b) Does lim f(x) exist? '. :
RIS P I SR e
. . 9 ) _ . X# 2 .
¢) Does }ggf (x) exist! Fig.2.1 &x)=1 x_2 is also discontinuous
Solution: 3 s x=2

a) Inspection of the graph shows that
lim f(x)=1 and lim f(x) =2
x-»1" x>t

because g(2)=3, and

= lim>_~4 _

a2 y_p CIm(+2)=4, so thatlimg(x) # g(2).
Show that f(x) =

Although the two one-sided limits exist, they are not equal. Thus,

lim 7(x) does not exist. In short, “ fdoes not have a limitas x = 1" i : .
lim 1) f |x| is a continuous function.

44 45




Solution: We can write f (x) as

x if x>0
f(x)=lx)= 0 if x=0
-x if x<0

f(x)= ]x] is continuous if x>0 or x<0. Ix[ is identical to the polynor!, lim

and all polynomials are continuous functions. Thus, x=0 is the only

point that remains to be considered. At this point £(0) =[0] =0, so it |;

remains to show that lin‘é f(x)= Iirr(}]xf =0
Because the formula for f changes at 0, it will be helpful to consider
one-sided limits at 0 rather than the two- sided limit. We obtain:
x] = lim x =0 and lim |x| = lim(-x)=0
x>0~

x->0" x>0

lim
x—-0"

Thus, (2) holds and lxl is continuous at x=0.

Theorem: If functions f'and g are continuous at ¢, then
a) f+ g is continuous at c;
b) - g is continuous at ¢;
c¢) f-g is continuous at ¢;
d) f/ g is continuous at c if g(c)#0
and is discontinuous at ¢ if g(¢)=0.

Theorem: A rational function is continuous everywhere except at th

X

i, lim 4. lim —
-2 x2 —4 x>0" 3x
i, lim 2 6. lim 2
-5 t+5 t>-5" { + 5
6 .
8. lim s
-3 x-3 -3 x-3
1
im —— 10. lim 2*2
=2 (x—-2) x—>2"
1
{1, him 22
x—27
x? -1
(2. lim as a) x > -2" andb) x —» -2~
2x+4
t3. lim >
x° -4
as ayx—2" by x > 27
c)x—>-2" d)x —> -2~

In_each of exercises 14 and 15 there is a graph of functions.
1_4. ‘(See _Flg.2.2). Decide which of given y
limits exist, and evaluate those which do.

@) lm f(); - B)lim £ (o)

points where the denominator is zero. olim f(x); d)lim f(x); ¥4 3
2 . =2 x—-2* ’

Example: Where is A(x) = Zx — continuous? 15. (See Fig.2.3) ‘:-

X% —~5x+ a)lim f(x): BV .
Solution: By theorem, the ratio is continuous everywhere except atd s AR £1_r}r21f (%) 3+ ———y——>
points where the denominator is zero. Since solution of C)ll_l_)tsl S(x); d)lim f(x) »f 12345 °
x® —5x+ 6 = Oare x=2 and x=3, h(x) is continuous everywhere exct anad 1 W Fig.2.2
at these two points. S

1T T 7T >x

Exercises.
In exercises 1-13 find the limits.
X

2. lim —
3 x—3 -2t x -4

46

16. Gra ’ !
16. Graph f(x):{x’ x#1 Fig.2.3

- 0, x=t1
i }l_g}f(x)and lim f(x).

x—1%
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b) Does Iirrll J(x)exist? If so, what is that? If not, why not?

In exercises 17-22 find points of discontinuity, if any.

17. f(x)=x> —2x+3 18. f(x)= 2x
x“+1
x—4 X
) = 2 . =y
19. f(x) Y 0. f(x) =3
2x+3 , x<4
21.f(x)=‘x3—2x2| 22. f(x)=1_ 16
7+—, x>4

x
23. Find a value for the constant £, if possible, that will make the
function continuous.

) 7 7x-2 , x<1
a x)=
kxr, x>1

kx? , x<2

2x+k , x>2

; b)f(X)={

24. Let f(x) equal the least integer that is greater than or equal to x. F

instance, f(3) =3, f(3.4) =4, f(3.9) =4. This function is sometimes
denoted "x_] and called the ” ceiling of x”. Graph the function and
answer the questions,
a) Does lim f(x) exist? If so, what is it?
x—4"
b) Does lim f(x) exist? If so, what is it?
x—4"

3
¢) Does lim f(x) exist? If so, what is it?
x4

d) Is f continuous at 4?

¢) Where is f continuous?

f) Where is f not continuous?
Answers.

e

. +00;10. +00;11.0; 12.a) +0;b)~0; 13.2) +00;b) — 0}

¢) —o0;d) +0; 14.2)2;b) 1;¢) 1;d)3;15, a)2;b)2;¢) 1;d) 2 |

16.a) 1, 1;b) 1; 17. none; 18. none; 19.x =+4;20. x =43 ;
21. none; 22. none; 23. a) 5; b) 4/3; 24. a) yes; 4; b) yes; 5; ¢) no;
d) no; ¢) all nonintegers; f) all integers.
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~0;2, +00;3. —00 ;4, +0 ;5 +®;6, —© ;7. ~0; 8, +¥

2.10. The limit of trigononv-tric functions.
The first remarkat.e limit

st of all, let us consider principle called the squeeze principle.
e squeeze principle:

If g(x) < f(x) < h(x)and limg(x) = L =limh(x)
then lim f(x) =L

eorem 1: Let sin@ denote the sine of an angle of @ radians. Then
. sind
lim =1
-0 &
metimes this limit is also called ‘the first remarkable limit’.

eorem 2: Let cos@ denote the cosine of an angle of & radians.
en

60 a8

’ X —> 40 0rx —» ~o0, the values of sin x and cos x oscillate
reatedly between —1 and 1 without approaching any fixed real value.
us, the limits lim sinx , lim sin x , lim cosx, lim cosx do not

X+ X—>—00 X—+w0 X —0

st. We shall say that they fail to exist due to oscillation.
ample: Find ljm 0%

x-30 X
ILt?&!iL‘Etax=(9,asx—>0,c9—->0.Thus,
LySnax .. ging i i
= Y sin@ . sin@
T S R
im 2R
e x
‘ , if =2, then ljm S 2% =2
‘ x>0 X
Find ljm S05%
x>0 5)6
sinSx . .
_—-\=1im_1__sm5x=lhmsm5x:1_5:1
x>0 5 S5xs0 5
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sin ax

Example: Find lim—

x=0 sin bx
Solution: Let us divide numerator and denominator by x
sin ax . sinax
singx . Lim a
. . 0
lim—— =lim—% —=22_%X _=_
x~0ginbx x—osinbx lim sinbx b
X =0 x
. . tanx
Example; Find lim
x—=0 x
. . tanx .  sinx 1 . 1 sinx
Solution: lim =lim( +—)=lim —)=
x>0 x  x0 ¢cosx x  *0 COSX X
) 1 . sinx
=lim -lim——=1-1=1.
x-20COosSx x-0 x
.2
. . sin“(x/3
Example: Find hm——(—z—)
x>0 x
2 2
2 X ) .
sin 3 sin — smg 121
Solution: lim =li 3| =llim—2| =[=] ==.
x>0 x? -0 x =0 x 3 9

Example: Find lim sin x

. >0fx+9-3
Solution: As x—0 then numerator and denominator approaches
Let us multiply numerator and denominator by the conjugate of
denominator:

i sinx ~1i sinx(y/x+9 +3)

m =1L
-0

m =
x+9-3 03 4+9-3)/x+9+3)
SBz. lim(v/x +9 +3)=1-(3+3)=6.

X

=lim
x>0 X
. . X
Example: Find 11rr21(2 -Xx)- tanT
x>
Solution: Observe that as x—2, we shall have (0- ),
Let x =2 —a . We obtain
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X . T . T T
. —x)-tan—=lima - tan—~ (2 -a)=limea - tan(> - = g) =
11_13;(2 x) 4 o 4( ) a0 (2 4 )

7
cos—qa
. T .
=limg-cot—a=limg:- —2—=
a—0 a—0 /4
sSin—a
4
dd a
n 1
=lim 4 limcos—qg =— I:i.
a0 T . T a—0 4 V.4 T
Z.sin—ea —
4 4
Exercises.
In exercises 1-18 find the limits.
1. lim $n30 2. lim 22X
80 £ X—0* 5\/;
3. lim A0 7% 4. lim
x-0 sin 3x k-0 tan h
2 —
5. 1im a8 6. lim 1-cos5h
601 —-cos@ 40 cos7h -1
.2 i
7. lim X+ sinx 8. 11'mx-sinl [let t=1]
x>0 X X-300 X X
sin® >
e i =
9. Jim S0 10. lim—-—2
x>0 tan hx x—0 x3 :
1. i3 -1 12, lim—2%

x-1 x3__1 .“"“’01/)6 4-2

. l-cosx-tan? x
13. lim-—C0SX —tan” x 14, 1imx-cot§

x>0 x.sinx x—>0
15 i VX +9 =3 . 1+x* —cosx
Aim—7 70 16. lim
x>0 §in 6y 0 gin? x
. b3
17 imGxr-Zy tanx [jef g=x_ %
x—); R 2 2
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(”) JIf lim@(x) =1 and limp(x) = oo "then we assume
Cos| — o a
[let 1=X_ 1} (x) =1+ a(x), where a(x) =0 as x—> aand
x { : }G(W(X) lima(x)p(x) _lim[p(x)-1}p(x)
[ S =g*a .

18. m

x—-2 X —
19. Find a nonzero value for the constant k so that Y= limejl+ a(x)]Z?B
tan kx e

if x<0 . . Y
flx)= X will be continuous at x=0, :xample: Find lim(] + _)
3x+2k* if x20 o

Answers. ;olution: As x — o, expression (1 + E) —> 1 and we get indeterminate

LB;;_.O;;JBA_.1;;2;_6_.—25/49;1._3;_8_._1;_9_.a/b;_1_9_.1/8; x

11. 1/3; 12.4;13.-1/2;14.3; 15, 1/36; 16. 3/2; 17.~1; 18. 4,
o

19. 1/2 rm1” . Let us introduce & by Z‘t—za = x=
il : X

f x > o thena — 0. Thus,

2.11. The number e. Second remarkable limit. x B
k . k !
(1 + —) =lim(l+ @)= lim{(l + a);‘}

lim
x>0 X a—0 a—»0,

k

Number e is the limit
Jsing (2) we obtain
) lim(

X—>0

k

k
m{(na)i‘} ={1irré(1+a)ﬂ =et

a—0 .
3
Limits (1) and (2) are equivalent and called the second remarkabl ® )1(1-52

(2) lim(l+a) =e .
. k ‘
(1+—) =e;

X

X—® X

limits. .
To evaluate Lim[g(x)]?™ = C there are following possible cases. In particular, if &=3, then lim(l + }—j =e’

Example: Find lim 2 *)

x>0 X

a) If limg(x) = 4 and limg(x) = B then C=4"
b) If limg(x) = A#1 and limp(x) = B then we apply
x—>a x—a P In(1+ 1 =
if 0<C<l1 Solution: Since h(x x)=;1n(1+x)=ln(l+x)"
if C>1 Using (2) we obtain
. In(l+x) 1 I

if 0<C<l 11_{% . =_1‘1_r)13[1n(l +x)* } = lntiii_r}rg(l%—x)"}ﬂne:l.
if C>1




x-3 1 4y-1
’ : —lim|14~] =
Example; Find lim(x * j J }L’Eﬁ(l e 4) pac (L
X—>0 x —

Solution: 1Y ! 4

Let us divide numerator and denominator by x, and then use;, = lim||1+— A1+—] =e .

5 X y—© y y
x+2 x 1+ — 62
lim =lm| —% | =—=¢°. Exercises.
x—ol X —3 X3 1_+_:;§ e’

X

1-4x
Example: Find lim(l - 3 2 J
x —

X—>o0

Solution:

2

Let— =—.Thenx=-—2-y+—.

Ix—1 y
Asx —> o, theny — o,
We obtain

1
1-4x e
lim(1+ “ZJ ST UL
el 3r1 i

1-4x 1-4x
) ) -2
hm(l - 2 j = hm(l + J
X 3x-1 x>0 3x-1
1

1
3

8
% 3 - 8

= lim (l+~} ~(1+~ =e 3,
Y- )} J/ 5

x-3
Example: Find nm(zx * 4)

x—o\ 2x —

Solution:
Let 8 = l . Then
2x-4 y

. (2x+4 2 . 8 =
lim =lm| 1+
x>\ 2x -4 x>0 2x -4

54

In exercises 1-12 find the limits.

n 1
2 i P
i_{ﬂ(l + —’;) 2. 11_{%(1 -3x)x
. In(l+4%) 4. tim x-[tn(x + 1) = In]
0 X e
m{“ﬁ 6. 1im[x+,l)
Do x‘_'3 x—=0\ X+ m

5-2x
8. lim(2x~3 ]
=\ 2x+1

2x-4 x
- 3
lim| 2%~ 10. lim 1n(2” j
-\ 342 e\ 2x~1
x—4 X
lim 1n(5x * 3) 12. lim(3x - 2)aeoy
X~ 5_x -1 x>
Answers.

62;&3-3;i4;$1;§-’e4;§; en~m;z=e—4/3;§-=e4;9_:
.2 11,4/5,12. ¥2.
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Chapter 3.
Derivatives.

3.1. Definition of derivatives.

Definition: Let / be a function that is defined in at least in some o

interval that contains the number x. If

(1) llmf(x+h)~f(x) V

h—>0 h

‘ﬂ -
[

exists, it is called the derivative of fat x and is denoted f(x).

The function f'is said to be differentiable at x.

Example: Find the derivative of the function x* at any number x.
Solution: By the definition of the derivative

2 2
£(x)= lim Xt —x” =lim
h—0 h h—>0

i

. 2hx+ h?
=lim————

h—0

The fact that the derivative of the function x? is 2x is recorded in the

notation (x°)=2x or gx—(xz) =2x.

x2 4 2hx+h: —x

2

==lim(2x + h) =2x.

3.2. Geometric interpretation of derivatives.

Definition: If P(x,,y,)is a point on the graph of a function /; the

the tangent line to the graph of fat
P is defined to be the line through 5
P with slope Y

(1) m,, =lim J(xg + )~ f(x,)
h=0 h

provided this limit exists.

For brevity, the tangent line

at P(xp,)0) 1s often called the

tangent line at x,.(Fig.3.1)

It follows from the definition

that point-slope form of the

>\ \

SRR, Ny -

., e e e e - — -

tangent line at x, is:
(2) Y=Y = My, (x~x,)

=
S

Fig.3.1

S

Geometric interpretation of the derivative:
is the function whose value at x iv ihe slope of the tangent

to the graph of fat x. ,
:mgle: I%irnd the slope and an equation of the tangent line to the

pph of f(x)= x? at the point P(3,9).
lution: We have x, =3 and y, =9, so from (1)

2
o f(3+h)—f(3)=1- G+h)’-(3)° _
My, = lim h ) h
C9+6h+h* -9 . 6h+h2=. 64 R =6
=lim—— ——=lim Hm(6+4)

ws, from (2) the point-slope form of the tangent line is

-9 = 6(x - 3) and the slope-intercept formis y = 6x -9.

ample: Let f(x)=x* +1

a) Find 1 (x)

b) Use the result in part (2) to find the slope of the tangent line
to y:x2 +latx=2,x=0,and x=-2

a) From (1) of (3.1)

. - 2= [x? +1
£ timdEEDN =1 N n? il ey
h—>0 ~ h h—0 h
c xP 4 2xh+ R +1-xP -1 2xh+ h*
=lim =lim =
40 h h~0 h

= }’ing(Zx +h)=2x

b) From part (a) the slope of the tangent line at any point x is
f(x)=2x.

Thus,at x=2,x=0, and x= -2 the slopes are

S @=4; f(0)=0and f'(-2)=—4.

tample: Find

a) the derivative with respect to x of f(x)= Jx

b) the slope of the tangent line to the graph of y = Jx atx=9.
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Solution: a) From definition

') = lim L&~ () _
R

lim
h—>0

ST

h

:h.m(\/x+h ~\/;)(\/x+h +\/;)=

h=>0 h(\x+h ++/x)

) xX+h-x
=lim

lim

1

we have 19 = 1

29 6

Example: Find the derivative of f(x)=

Solution:

f‘(JC)I},I;I;%f(x-Fh}z_f(X) -

[

1y x4+ h x .1
=lim—{ ———— — =lm--
0h Xx+h-9 x—9| rs0p

1

— 1 _—
h=o p(Nx+h +\/;) =0 x+h+4x 2

b) The slope of the tangent line at x=9 is /(9) ,and from part (a)

X

7=

(x+h)(x—9)—x(x+h~—9)

(x+h-9)x-9)

=lim—
-0}

1 x? -9+ x-h-9h—x?—x-h+0y
(x+h~-9)(x-9)

-9

3.3. Derivative notation.

. o . . x=0.(Fig.3.2)
The process of finding a derivative is called differentiation. I
often useful to think of differentiation as an operation that, when

applied to a function f; produces a new function S In the case whef‘)x; qr
the independent variable is x, the differentiation operation is often nd ().

denoted by the symbol di[ S (x)], which is read, “ the derivative of slution:
X

J (x) with respect to x”. Thus,

S8

}:

. -9 .
=lm— = lim—————— -
h—»°h[(x+h—9)(x~9)J h—*°(x+1&2—9)(x—9)

=9

g;[f(X)Ff'(x)

mark: Ll should not be regarded as a ratio, it should be considered
= dx

a single symbol denoting the derivative. ‘ . ‘
he ingdependent variable is not x, then appropriate adjustments in the
tation have to be made. For example, if y = f(») then

A rwl=1 ).
du

particular, adjusting the notation in last two examples above yields

de= L qdf u }zh
E;[«/Zkz\/; and du[

3.4. Existence of derivatives.

The derivative of a function f'is defined at those points where
2 limit in (1) exists. If x, is such a point, then we say that fis
fferentiable at x, or f has a derivative at x,. Stated another way, the
main of £ consists of those points where /is differentiable. We say
at f'is differentiable on an open interval (a, b) if it is differentiabl.e
each point in (a, b), and we say that fis a differentiable function if
is differentiable on (—o0,+o0) . At points where fis not differentiable

2 say that the derivative of f does not exist.

rample:
1e function f(x) = le is continuous for ty
- x and consequently is continuous y = ; x|

} Show that f(x) = |1| is not differentiable

=y

FigO.3.2
a) From definition:
£ =i QNSO i SOO_

h—>0 h—0
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-l
; h->0 }

b

h0 h
i {1

But — =

h -1

i

=1.Thus f (O)-11m,~Z—l

if h>0 . ‘h‘
) ,50 that lim -2 =—
if k<0 0" f

and lim

B0

at x=0.
b) If x>0, then f(x) = }x} =x,s0 f(x)=1 and

B ! if x<0, then f(x)=]xl=~X,SO f(x=-1 1

dv 4 :
3 - V:-ﬂr
3ind = if 3

In exercises 13-17 find f ‘(@) and the equation of the tangent

to the graph of f at the poir* where x= a.
¢ is the function in Exercise 1.; a=3

does not exist because the one js the function in Exercise 2.; a=2

f is the function in Exercise 3.; a=0

sided limits are not equal. Consequently, f(x)= ’x[ 1s not differentiy i the function in Exercise 4.; a=-1

f is the function in Exercise 5.; a=8
Given that f(3)=-1and f '(3) =5, find an equation for the tangent

to the graph of y = f(x) at the point where x=3.

is continuous and

= [fxl] {_11 if x>0

if x<0 0

} As we see in Fig.3.3. /' is not a continuous i -
| function. So, this example shows that a Fig.3.3
|

continuous function can have a derivative that is not continuous.

i Exercises.
| \’lt i In exercises 1-8 use definition of derivative to find £
Ll 1. f(x)=3x? 2. f(x)=x"-x
‘ ‘E  \‘ 3. f(x)=x" . 4, f(x)=2x"+1
e 5. f(x)=Ax+1 6. f(x)=1/x

7. f(x)=ax’ +b (a,bconstants) 8. f(x):\_/l-:
X

\} ; . In exercises 9-12 use definition of derivative (with the
[ appropriate change in notation) to obtain the derivative requested.
9.Find f'(¢)if ) =4 +¢

i 10.Find g'(u)if g(u) = 5u+3

11.Find ad if 4=32% -2
di

[
o 60
| i

x2+1 , x<1
__Show that f(x) = . x>
]

erentiable at x=1. Sketch the graph of f.

2 <1 X
X" +2 X 1s continuous but not

Show that f(x) = {

x+1 , x>1

erentiable at x=1. Sketch the graph of f.

3x? , x<1
Let =
A {ax+b , x>1

d the values of a and b so that fwill be differentiable at x=1.

Answers.

w;2.2x-1;3, 3x%; 4, 6x° ;5. ;6. ~
2 x +

p—

1

2
X

; 1. 2ax

o

1

T
18x-27;14. 3; y=3x-4,15.0, y=0;16.6; y=6x+35;
1

Lo, x5
6’ 6 3’

9.8+1;10.5;11. 64 —1; 12. 4z r® . 13. 18,

;18. y =5x-16; 21. a=6, b=-3.




d
3.5. Techniques of differentiation. _d_ [f( x) - g(x)] = —gx——[f(x)]— E;[g(x)]
Rule 1: If fis a constant function, say /' (x)= ¢ for all x, then f(x) dx _ . U
that is in function notationas (f -g) =f -g . .
) J 1e 4 can be extended to any finite number of fqnctlong, ' ‘
T [C] =0 A T, - are all differentiable at x, then their sum is differentiable
) d x and:
Example: If £ (x)=5 for all x, then f (x) =0 for all x; that is e [5]=t d [fl () + £, (X) + oo fo( x)]=
Rule 2: (The power rule) For any fixed exponent n dx
—_—= d 1 =_‘Z_[f(x)]+i[f )]+ +i[fn(x)]
a[x”]zn-x"’ P dx " ? dx
kample:
through any interval where x”"and x" are both defined. ; ] ] ] d [ ; ] d [7 5 ]+ d [6 ]+ d [-7]=
—7l== — —t{b6x|+—[~7]=
Example‘:i . ;[3)“ +7x% +6x—T7]= x 3+ dx R dx
Lle)=soxty Lh]=120 =15 =24x" +35x% +6. , .
& o ule 5: (The product rule) If fand g are differentiable at x, then so 1s
g-[x”]:u.x“, ie product g, and
* d d d
Rule 3: Let ¢ be a constant. If fis differentiable at x, then so is ¢! zx“[f(x) -g(®)]=f(x) 'gx‘[g(x)]+ g(x): dx [f(x)]
a4 [c f( x)] -c. i[f( x)] he product rul'e can bfl: writter? in function notation as
dx dx fe=rg+gf.

Remark: In words, a constant factor can be moved through a deriv . o . \ ' o' that
sign. In function notation, rule 3 states (¢ f) = 7 Yarning: Note that it is not true in general that (f-g) = f -g ; tha
gn. > - s derivative of a product is not generally the product of the derivatives.

Example: Xample:
d s]_, d s _ Ty _ 7. .. d
'd—x[4x ]—4-—d-x-»[x ]-—-4'(8x )——~32x ’ Flnday ify=(4x2_7)(7x3+x)
4 [— X2 ] =(-1)- —d_[x” ]: —12x" lolution: There are two methods that can be used to find dy/dx. We can
dx dx iither use the product rule or we can multiply out the factors in y and

Rule 4: If fand g are differentiable at x, then so is f + g,and hen differentiate.

vlethod 1. (Usi
i[f (x)+g (x)] = L3 [f(x)]+ 4 [g( x)] € dy(USI;g product rule)
- i i E =$[(4x2 -7 + x)]=

Rule 4 can be written in function notationas (f +g) = f +g p
=(4x2 -4 (7,3 3 do 0
Example: %[x“+x7]=di[x"’]+_}[x7]=4x3+7x6_ (4x 7)dx[7x +x]+(7x +x)dx[4x 7]
X X
By writing f - g = f +(-1)g and applying rule 4 it follows that
63
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=(4x’ = 21X* + D+ (7x° + x)@8x) = emark: Since it is needed often, "~ worth memorizing that

=84x! +4x2 ~147x% —7+56x* +8x*=140x" —135x2 -7 . if f (x)= ¢ then '
Method 2. (Multiplying first) fY (¢} __cz
y=@4x* =7)(7x* +x)= g g g
=28x% +4x’ - 49x> ~ 7x = 28x° —45x" —Tx. , 1Y
Thus, xample: Find m .
& _4 —(28x S 45x° ~7x]=140x* —135x% -7, B
dx olution: By the formula for | — |,
which agrees w1th the result obtained using the product rule. g
_ The produgt rule can be extended to any finite number of - 1 ‘ 12x° +x+5) 6x2 +1
differentiable functions : P p =- o 5)? == 20 5)?
e : 2x7 +x+ X+ x+ xT+x+
(fifz """ f):f]f2 fn+f2 '.fl.'“fn+ """ d ° 91 10
xample: —[x" ]=-9-x7 " =-9x7;
+f S Lyt xample dx[x ] X X
Rule 6: (The quotient rule) If fand g are differentiable at x and g(x dil| d_ . REN
then f/ g is differentiable at x and and il % E;{x I=CDx = R
d d
d i:f(x)] _ g(x)-av(x)]—f(x)-a[g(x)] ixample: Find y' if );:%x5 ——§—x3 +x
dx | g(x) g7 iolution: Applying rule 2, rule 3, and rule 4 where it is necessary,
The quotient rule can be written in function notation as we obtain
! ' ' i 1 ' 2 ' f v ’ '
N _fg-gf V=GR -G () = LY -2 @) () =
g g2 . ) 5 3
dy’ ‘=—5x4—-3x2+1=x4~2x2+1=(x2~1)2.
Example: Let y = .Find == 5 3
x4 dr’ X2 -2
ixample: Find f"(x) if f(x)=2
. . i %42
Solution: & _IADEI o) 6PNty ﬂl—m&USmg rule 6 we get
- dx (x*+1)? . 2 -2) (2 -2+ D) (-2 4 2)
4 2 3 fx)=| == L) Ao mo)x +2)
=(x +1)(2x)4-—(x2——1)(4x ) - (x +2J (x2 +2)2
+1
(" +1) 2 < 2x(x% +2) - 2x(x? ~2) . 2 +2-x7+2) 8x
2x° +2x—4x° +4x°  -2x° +4x* +2x 2x(x* -2x* 1) 2 =
B e 1 e S C (< +2) @12 (2
x"+ X"+ X+

64 { | 65




2
x-1 ay read as d squared y dx squared
Example: Find y" if y=(2x" —x?)- oy 2
Solution: y(™ -read as y super 1.
{w_x) ” 1] (2 -x?y 20 ples If y=3x" =2+ +3° +4x+2, then
x+l X+l Y _12x% —6x° +2x+4; |
X
+(x 1] (2x7 = x?)=(14x° - 2x)- Foly 2 = (27 = x%) 2 fJ
+1 x+1 (x+1) ;_%'.=3ﬁx2~12x+2 ;
Example: Find y' if y =(x° +2x)? lxa 1
Solution: y=(x* +2x)% =x' + 4x° + 4x* % =72x~12;
y =" +4x% +4x?) =10x" +24x° +8x. d'y
e AAg A . il
Example: Find y if y= S (A, is constant)
] =0.
. (a4 A8 ' ) Exercises.
Solution: y = - = 2 - (l Ao + A% —5——(1 +6exercises 1-15 use the techniques of differentiation to find dy/d>.
0 Ao = 4x’ 2. y=3x"+2x+1
3.6. Higher order derivatives. = 4 y= ——(x7 +2x-9)
If the derivative of y' of a function y is itself differentiabl 3
2 2x+[}/ ] 6. y=ax’ +bx" +cx+d
then the derivative of y is denoted by y (or%——) and is calledﬂ V2 ¥
1
second derivative of y. =';X + - b x+c 8 y=x"+ _17_
":..@_‘. =_d_ _(.12. =d—2y 5 2 1 *
de  dxldel dx?’ = (3x° +6)(2x *z) 10, y=(x* +7x* -8)(2x7 +x™%)
As long as we have differentiability, we can continue the process! ) ‘ 1
differentiating derivatives to obtain third, fourth, fifth, and evenhi™ (3x* +1) 12. y=
derivatives of y. 3x 5x~3
" = 2 "'1
y =iiy—~; .............. ;y(")=——d~——[y("“’)], 2x+1 14. y= xx+3
dx dx" _l+t/x
y -read as y prime 1-1/x
" -read as y double prime f®=-2and f'3)=4 , fina g (3
67
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a) g(x)=3x -5 f(x) x)= 1 t
_ @, 1/5)
Y= ox+1 ¢

;7. If f(2):—3 aad f(2)=4 ,g(2=land g'(2)=-5 then y=Ax(x*+2)  at(4,36)
ind F (2) x+1
) F()=5f(x)+2-gx)  b) Fx)=f(x)-3 g(x) VT2

¢) F(x) = f(x) g(x) d) Fx) =L
g(x)

at (-1, 0)

‘ Answers.

- 7 6 2
' 28x% ;2. 247 +2;3:054 —x° -3 5.2 ;
18. Find ' 2. !
’ ’ 2 2x 1‘ -4 7
a) y=4x" -5x° +2x b) y=3x+2 3ax +2bx+c;’_7_.—a—+z,§_.~3x -

3x-2 -
©)y= xSx d) y=(x’~5)2x+3) , —15x2 —14x7 +48x 7 +32x7 11, 12x(3x” +1) 5
5 3 7 2

19. Find " - 13, : 14. | 15. :
ey * 5x-23)? » 13- Q@x+1D? 7T (x+3)° (x —1)
) y=x by b) y=- 5, a) -2 b) -8; 17.a) 10; b) 19; c) 19; d) -11; 18.2) 168x> —30x;
x -
10; ¢) :—‘:—;d) 6x(4x+3); 19.a) —~210x +60x7; b) —6x7*;
5x

;9. 18x7 —%x+12;

¢) y=ax’ +bx+c (a, b, c constant)
20. Find

a) f(2), where f(x)=3x?-2
d*y

)C2

6a; 20.2)0;b) 112;¢) 360 21 2) 42x~10; 1) 24;¢) ¥/, ;

9

2x
3 _96x: 22. y=3x—1:23. y=—1 2.
) 70057 ~96x; 22, y=3x-1;23. y=-So+ o

b) , where y = 6x° —4x?

! $. y=20.5x-46;25. y=x+1.

4

d
9 k] o
dx = 3.7. The derivatives of the trigonometric functions.

2 B
21. Find d_%’_ For the purpose of finding derivatives of the trigonometric
dx Inctions sinx,cosx, tanx, cotx , secx , and cscx, we shall assume that x

— 3 2 _ 2 . .
a) y=T7x" =5x% +x b) y=12x* -2x+3 » measured in radians. In order to find 5— (sin x) and % (cosx), it will
x

x+1
¢) y=""= d) y=(5x> =3)(7x* + x) € necessary to make use of the limits

x .
In each of exercises 22-25 find an equation of the tangent toth limsﬂﬁ =1 and lim}—:—c—ﬂ =0.

given curve at the given point. "0 h b0 h
22 y=x’—x'42x at(l, 2) Let us first consider the problem of differentiating sin x. Let x

¢ any real number. From the definition of a derivative,
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d [sin x]= lim sin{x + h) —sin x _
X h—0

. sinxcosA+cosxsinh—sinx
=lim =
h—0 h

. ) cosh—1 sin h
=1lim] sin x| ————— [+ cosx =
h—0 h h
h ) 1-cosh
- 8in x| ——————
h

. sin
=lim| cosx
A0 h

Since sinx and cosx do not involve 4, they remain constant as A—»(,

thus
Im(sin x) = sin x and lim(cosx) = cosx .
h—>0 h—>0
Consequently,
dy. . (sinh . . {l1=cosh
-—[smx]=cosx-hm — |~sinx-lim| ————— |=
dx w0l A 0 h

=cosx - (1)—sin x-0=cosx.
Thus, we have shown that

1 —d—[sinx]=cosx;
dx

or in function notation (sinx) = cosx

The derivative of cosx can be obtained similarly, resulting in the
formula

(2) L2 [cos x] =-sinx;
dx

or in function notation (cosx) = —sinx

The derivatives of remaining trigonometric functions can be obtaint

using the relationships

sinx cosx
tanx = ; cotx =— , secx = , CsCx = ——,
COSX sin x cos x sin x
For example,
dr. . d
d d [ sinx cosx-;i—[sm x]—smx-;—[cos x]
lanaf= L[ S0X det T
dx| cosx cos” x

(x-cosx —sinx-(—sinx) _cos” x+sin” x

0052 X

28602 X.

COS2 X

o Lmiws

3 . * _ 2
or in function notation (tanx) =sec” x

remaining formulas are
d 2

4) — cotx] =-—¢SC” X}
@ —l 2
or in function notation (cotx) =-csc” x

d

5 —Isecx|=secx-tanx;
) lseex]
or in function notation (secx) =secx-tanx

6) -i[cscx] =-—cscx-cotx;
dx

or in function notation (cscx) = —cscx-cotx
mple: Find f (x) if f(x)=x> tanx
ation: Using the product rule and formula (3), we obtain

fl(-%?)-'--'x2 .Tj;[tanx]-{- tanx-,:_x[XZ]_—_

=x%.sec’ x+2x-tanx.
umple: Find dy/dx if y =sin2x
ution:

sin2x =2sinx-cosx tri gonometric identity

18
(sin2x) = (2sinxcosx) = 2(sinxcosx) =

=2 |sin x(cosx)  + cosx(sin x) ]=

-[sin x(~sin x) +cos x(cos x)] = 2(cos” x —sin? x) = 2cos 2x.

ample: Find (x* -sec x)’
lllﬁon: (x3 -sec x)' =

3 ‘ .
(secx) +secx-(x) = secx-tan x +secx - (3x%)
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Example:

8 ff)" cotx C
i =cscx-cotx Sl =
Find dy/dx ify::l_im_x_. fx) 2 1+cscx |
. . = x4Cos X
Solution: Using the quotient rule together with formulas (1) and f) S“.l %
we obtain sin xsecx i
0. f(x)= i
d . . d 1+x-tanx ]
dy (1+cosx)2;[smx]—s1nx-‘~1;[l+cosx] ) 14+ 3seCx ]
i A - | fx)=
dx (1+cosx)? A tan x
_ {1+ cosx)(cos x) — (sin x)(~sin x) _cosx+ cos’ x +sin’ x _ 2. f(xn= cotxz
(1+ cos x)* (1+cosx)? +x dly
. l+cosx 1 In exercises 13-17 find T
(1+cosx)® l+cosx 3. y=x-COSX 14. y=cscx
Example: Find y(—;ﬁj if y(x)=secx 5. y = x-sinx ~300S X 16. y = x* -cosx + 4sinx
=8l +COS X
Solution: 17. y =sinx-co
y =secxtanx; Answers.
y' = secx-i[tanx]+tanx-i[secx]= 1. —2sinx-3cosx ; 2. xcosx2-8mx . 3. x* cosx + (3x* +5)sinx;
dx dx == & X
=secx-seczx+tanx-secx-tanx=sec3x+secx-tan2x.1,_ secx-tanx—\/_Z_secz x5 8603 x+secx-tan2 X,
Thus, 1+cos?® x 1
. 6. 1+4cscxcotx —2cse” x; 7, ~—————3 8 ————32:.0;3
y (%)=sec3[§~J+scc(%)-tanz(%)z sin® x ) 1+;mx
1 —1-3cosx —(1+x“)csc” x—2x-cotx
= ? M = 10. 11. 12, :
(2 + (/20 5\5 T (+x-tanx)®? T sin’x (l+x2)2
Exercises. . 1+cos® x . .
13. -x-cosx-2sinx; 14 ———; 15, - x-sinx+5cosx;
sin” x

In exercises 1-12 find f" (x) 16. 2cosx —4x-sinx~ x* -cosx—4sinx ; 17. —4sinx-cosx.
1. f(x)=2cosx—3sinx 2. f(x):smx

X
3. f(x)=x’sinx~5cosx 4. f(x)=secx—+2tanx
5. f(x)=secx-tanx

6. f(x)=x-—4cscx+2cotx
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Example: p
Find fif f(x)=(x? -x+1)? wumple: Find E[sin(Zx)]
Solution: Let u = x* —x+1,s0 f(u)=u®, then apply (3) to bty ion: Taking u = 2x in the generalized derivative formula
il d d du sin u yields 5
| St —x+ DB =L B =032 B sin u y1 !
\ o dx (2 -5 +07] gl 1= 1

. d
gx—[sin(2x)] = %[sm uj=cosu- E% =

=23(x2—x+1)22-i[x2—x+1]= d
dx = cos(2x) - E-[2x] =c0s(2x) - 2 =2cos(2x).
X

| ’ | =23(x? - x + )2 (2x~1).
‘ |

’ ﬁ wi More generally, if u were any other differentiable function of x, the!!-n—pﬁi L
A " \\ il ﬁa;tttem of computation would be the same. For example, if u =cos  Find %[tan(xz +1)]
Oy en
IR di » 1. d,., d ion; Taking u = x> +1 in th lized derivative formula fi
: i “ =@ o3y 2 au _ ution: Taking « = x° +1 1n the generalized derivative formula for
} N i dx [cos x] dx[u 1=23u ';— tan u yields
‘ ‘;% A — 22 d - . 22 _4_ 2 1 =_.‘1_t = 2 .ﬂ:
| \ i H =23cos x-;[cosx]——%smx-cos x. dx[tan(x +1)] dx[anu] sec” u .
i | e emn2p2 d ., _ 2,2
L = +1) —[x° +1]=2x- 1).
‘ H ‘ Generalized derivative formulas. sec” (=" +1) d.x[x 1725 se”(x" +1)
i d - . .
| E[u"] =n-u™’ el (n an integer) ample: Find —;—:—[(Hx5 -cotx)'S]
P | X
| 4’ | d \/;]z 1 du ution: Taking u =1+ x° -cot x in the generalized derivative
j' ‘ dx 2Ju dx mula for 4™® yields
il d . du d 5 s]_d du
Hil _[Slnu] = COSU - — —_ (l+x -cotx $l=" u-8 =—8u—9——=
;;r!‘;'l‘j ilx d); dx{ ! ] dx[ ] &
i i = _sinu- % =-8(1+x° -cot 0 s osc? 4. =
| I ‘ o [cosu] =—-sinu . ( X) dx[x (—csc” x) +5x" -cot x]
N i[tanu]: sec?u- 4 =(1+x5 ~eotx)” - (8x® -csc? x — 40x* - cot x)
5}; | dx dx H some'tlmes necessary to apply the Chain rule more than once to
| d , du 1a derivative,
} | —[cotu]=—csc” u-— d
I dx dx ample: Find —[cosz(nx)]
A -d—[se 1= ¢ du . dx
" ‘i_‘ ‘ dx cul=secu anu~c-i; uition: Taking u = cos(r x) in the generalized derivative
S fo 2 vi
AN —‘i[cscu] = —cscu-cotu-fiﬂ. rmula for u® yields
| f! ‘ dx dx
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ix [0052 (7 x)]: %[u = Zu% =2cos(r x)- de—[cos(ﬁ x)]

, _ . . o , w
Taking u = 7 x in the generalized derivative formula for cosu yig ;. 580 Jor+1% -sec Jor-an [t

2cos(r x)- g-[COS(ﬂ' x)]1=2cos(r x) - (~7 - sin(xr x)) =
X

=—2r -sin{z x)- cos(m x) =~z sin(2x x).
Example:

Find %[sin Wi+ cosx]

d
=7 .sec\/Zo‘?Hz -secm-tanm'-é;[\/;]=

2Jwt‘

Exercises.
In exercises 1-20 find f (x)

D=0 2" 2 ()= (f —Z)

4 _ ./
Solution: —g—[sin«./1+cosx]=cosx/1+cosx-;id—[\/l+cosx]=5-f(x)=‘—"_"“-_" 4. 1= 4+3x
I '

—-sinx —sinx-cosv1l+cosx
=cos+v1+cosx- = .
24/1+cosx 241+ cosx

As you become more comfortable with using the Chain rule,

Bx?-2x+1)°
5. f(x)=sin(x’) 6. f(x)=tan(4x?)

7. f(x)=4cos’ x 8. f(x) =Si“(}17j

you may want to dispense with actually writing out the expression fiy f(x) =2sec?(x7) 10. f(x) = {/cos(5x)

in your computations. To accomplish this, it is helpful to express

formula (3) in words. If we call u the * inside function ” and f the 11. f(x)= [x +esc(x® + 3)}3 12. f(x)=x>-5-x*

“outside function “ in the composition f (), then (3) states:

. 1
“To find dy/dx , differentiate the “ outside function “ fand leave the13- f(¥) = x* -sin’(5x) 14. f(x)=x" 'Sec(;)
“inside function” wu alone; then multiply by the derivative of  inside

function *.

.. d .
Example: Find ——[cos(x2 + 9)]= ~sin(x* +9) - 2x
[ Lo
dx rivative of the gleqva\we of the
olitside function inside function

2

. d d 2
Example: Find —[tanz x]=———[tan xP= 2tanx - sec’x
dx dx S~ S~
derivative of the  derivative of the
outside function  inside function

Example: Find % if u=1*-secvwt

Solution: Because the independent variable is ¢ rather than x,
appropriate adjustments in notation have to be made.

—d——'lﬁ=—d—[t2 -sec«/E]-—'

dt dt

15. f(x) = cos(cos x) 16. f(x) = cos’ (sin2x)

17. f(x)=(5x+8)° .(x* +7x)’2 18. f(x) :(2);51)
(2x+3)
(ax” -1

520- f (x) = (x -$in(2x) + tan* (x” ))5

19. £(x)=

1 pia diy
21. Find Tlx—f if y=x-cos(5x)—sin? x

- Inexercises 22-23 find an equation for the tangent line to the
graph at the specified point,

122, Y=x-cos(3x); =x=g1€
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23 _ 3 T . _ a 1 1 ‘ . .
SyEseel T =y _x3.scc(;)-tan(;—)+5x4-sec . ; 18, sin x - sin(cos x) ;

In exercises 24-25, find the indicated derivative

dy —6-cos*(sin 2x) - sin(sin 2x) - cos 2x ;
24. y=cot’(r-6); find =

12-(x+8)° - + 70" - (Bx7 +7)+65-(x* + Tx)* - (5x+8)";
2-(2x+3)* - (52x* +96x +3)

s

25. i[a -cos*(r w)+b-sin’(r w)]; (a, b constants) 33(x ~5)? 19, S
b @x+1* T 4x" -1

5.[x-sin2x + tan* (x")] -[2xcos(2x) + sin(2x) + 28x° -
n®(x7)-sec?(x”)]; 2L~ 25x - cos(5x) ~ 10 - sin(5x) ~ 2 - cos(2x) ;

26. Given that f'(0)=2, g(0) =0, and g'(0) =3, find (f o g)]
27. Given that f'(x)=+3x+4 and g(x) = x* ~1, find F'(x)

if F(x)= f(g(x)) y_______x;_2_3_.yz..1;l4_._3-c0t20-05029;

. [ X )
iven that £ (x) e and g(x)=+v3x-1, find F (x) 2+ (b~a)-sin(r w); 26. 6: 27, 2x- (3x2+1;g§;£;2_9_.“%;
if F(x) = f(g(x) N
In exercises 29-30 find the value of (f o g)" at the given valuel
3.9. Implicit differentiation.
/4
29. f(u)zcot—u—; u=g(x)=5«/§; x=1.
) 10 Consider the equation
30 f)=—5—;  u=g(x)=10x"+x+1; x=0, M o=l
u® +1 . dy . . . .
Answers. > way to obtain - 18 to rewrite this equation as
x
-3

L3707 420" (2" +2)5 2, ~2(x3 —Z) (3x2 +~—7;]; @ y=-

: x X x

24-(1-3x) 3 , , which it follows that
3. ;4. , ;8. 3x° cos(x”);

Gx* 22407 45 Jaralx & dir]_ 1
2 1 dx dx| x x2
6. 8x-sec’(4x’); 7, —20-cos* x-sinx; 8. — —08(—); vever, there is another possibility. We can differentiate both sides of
. x X bgfore solvmg for y in terms of x, treating y as a differentiable
9. 28x® sec®(x7)- tan(x’); 10, — _5_;_S_I£1£5_X)_; “tion of x. With this approach we obtain
2,/cos(5x) i[ 1= d )
o ~a[ ]

18-3-frese(e + ) fr-3x oo +3) - cot(e? +3));

2
) x-(10-3x")

d d
. xzx‘[YHy—-[x]:O
; 13. 10x” - sin(5x) - cos(5x) + 3x2 -sin?(5x) ; dx

1

= VS5 —x?
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. dy . 3_ 2
xézq—y:() = _dlz_l 5xamgle:Fdex—1f3x+y =y +4
dx dx X d d 5
If we now substitute (2) into the last expression, we obtain jolution: —[3x+y°1= :1——[ y° +4]
L Yo b
dx X 3+3y° :;)- =2y ‘JX
which agrees with the previous computation, x p *
The equation xy =1 is said to describe the function y = f(x) 3 y2 ﬂ}i -2 y_(.i.xJ_) =3
dx
. 1 . .
implicitly. The equation y = — describes the function y = f(x) dy 3
X — = —
2
explicitly. dx  2y-3y S o
The second method of obtaining derivatives is called implicpne important thing to remember when doing implicit differentiation:
differentiation. It is especially useful when it is inconvenient or The derivative of y is y . The derivative of x is taken in the
impossible to solve explicitly for y in terms of x. ormal way of a variable, so that the derivative of x is 1, as an example.

Example: By implicit differentiation find dy / dx if 5y + sin y = x"he reason for this is that y is a function of x, and does not exist without

Solution: Differentiating both sides with respect to x and treating yy¢ing dependant on the eq'uation on the other side. The derivative of,
differentiable function of x, we obtain or example, y* is 2y -y . The reason is that we actually use Chain
d [5y* +sin y] = d [x%] ule to solve it. So the ” outside function™ has a derivative 2y, and the
dx dx
d 2 d : . ! . . 2 . '
Szi;[y ]+&—;[smy] =2x btain 2y -y . So the derivative of 3y? is 6y-y'.
& & Xample: Assume that equation 2xy + 7 - sin y = 27 defines y = f(x).
5- (ZyZ;) + (cosy)? =2x
x

inside function” has derivative y', we multiply them together and

. d
Find E}iwhen x=1 and y:%

dy dy . o ,
10y o +(cos y) I 2x olution: Implicit differentiation yields
d , d
Solving for giv— , we obtain s dx[ny +7-sin y] = :1‘;[2”]
x
dy d
d 2 2x—=+2 . @ =
dy 2 AL RS RC UL

dx 10y+cosy olving for the derivati
. _ tive, dy/dx , t
Note that this formula for dy/dx involves both the variables* dy 2y i’ s

and y. In order to obtain a formula involving x alone we would have! ot
solve the original equation for y in terms of x and substitute it in dy/é

However, it is impossible to do this, so the formula for dy/dx must bé

left in terms of x and y.

e
2x+m-cosy
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In particular, when x =1and yzz, d[ 2_x+1]=_f1_[0]
2 2;‘ y dx

7
il d
R N 2y=--1=0
dx 2-1+7r-cos~72E 2 _@______1__
dx 2y

Implicit differentiation takes four steps:
Step 1. Differentiate both sides of the equation. 7
y

Step 2. Send all terms with y' to one side of the equation, and ally my, = el
without to the other side. put)
Step 3. On the side with y" terms, factor out the y.

1

2

e tangent to the curve at (2, -1) 1s

. then evaluate the derivative at x =2, y =-1, to obtain

Step 4. Solve for y' by dividing. y-(-h= ~%(x -2)
Example: .
Find the slope of the tangent line at the point (4,0) on theg y= ——;- +1-1andintheend y= )

of 7y*+x’y+x=4
Solution: It is difficult to solve given equation for y in terms of x,!

we shall differentiate implicitly. We obtain Moy =2 ‘
d s 3 d ¢ normal to the curve at (2, -1) is
2;[7)) +X y+X]=;i;{4] y—(~1) =2(x—2)
=2x-3
3dy | sy 2 _ Y
28y E;HC E;+3x yri=0 ample: Find slope of the curve x* + y° =2x+y at (2, 1).
. dy . lution:
Solving for — yields d d
= \ S+ y1=S 2w )
dy 1+ 3x?y p dx
de 28y +x° ‘ 2:c+3yz—dlx=2+g;-Ji
At the point (4,0) we have x =4, and y = 0, so & 2-2x x
m :dy = 1 Ex-=3y2—1

tan :i; et “’6‘4‘
y=0

Example: Find the tangent and normal to the curve y* —x+1=0

at the point (2, -1). r_iy_i _2-22
x= 12
Solution: We first use implicit differentiation to find L : dx perEc Bl

dx

84

¢ slope of normal line can be found from the condition m, -m, = -1

. ) d
bstitute (2, 1) into Ey to find the slope at that point

1 is the slope of the curve.
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Example: Use implicit differentiation to find g—f if 4x? —2y?
X

Solution: Differentiating both sides of equation implicitly yields
dy
8x—-4y—=0
Y dx
& _2x
dx y

We now apply the quotient rule to find y~

d-y
2. y—-2x-—
o d [ 2x dx

dx\ y y?

. . . 2x . o .
Finally we substitute y =— into y toexpress y interms
y

of xand y
2x

2y -2x-—

y _d’y o y _2y°-4x’ 1 2y° —4x°
dx* y? y ¥ v’
Exercises.
In exercises 1-12 find dy/dx by implicit differentiation.
1. x*+y* =25 2. x’y+3xy° —x=7
3_l+_1_=2 5 4\/;'"\/;:9
xy

6. 3xy = (x° +yz),3/2
8. tan’(xp® + y)=x

5. (x+3yH)P =x

7. sin(x*y*)=x

9. {l+sin’(xy*) =y
2 2 2 2

x° oyt 3493 =g?
11_;—2-——1)—2—_1(a,bconstants) 12. x> + y? =a®

10. xy +siny =0

~

In exercises 13-17 use the differentiation to find the slopé 9.

the tangent line to the given curve at the given point.
2xy .
l3.~;—+smy:2 at (1, %)

86

14. 2y +4xy+x =7 atL D
15, x° +y xeyt 4y’ =4 at(l, D)

at (1, %)

at (1, 2)

16. x+tanxy =2
17. x*y+y’x=10

2
In exercises 18-21 find %Ty by implicit differentiation.
X

18. 3x2 —4y* =6 19. x* +y* =27

20. x*y* -6=0 21. 2xy—y* =13
In exercises 22-23 find the lines that are a) tangent and b)
normal to the curve at the given point.

22. x> +xp* -2y* =0 at(1, 1)

23. x*y? =9 at (-1, 3)

24. At what point(s) is the tangent line to the curve y* =2x°
perpendicular to the line 4x -3y +1=07?

25. Find the values of a and b for the curve xzy + ay2 = b if the point
(1, 1) is on its graph and the tangent line at (1, 1) has the equation

4x+3y=17.
Answers.
x 1-2xy-3y° 2
y x° +9xy x? X

3 2,3 24
5, 1-—70x(x2+3y2)34 ) Ex (x> +y“)?2 -y
210y(x? +3y%)* * =

x=y( 4y
7. 1-2x° cos(x’y?) i 1-3y% tan®(xp” + y) - sec? (x* +y) )
T 2x%y.cos(xy?) T 3(2xy + ) tan® (xp? + y)sec’ (p* +y)
3y? sin® (xy? ) cos(xy?) 10, - — Y
2\1+sin’ (xy?) - 6xysin’ (xy?)cos(xy?) T x+cosy’
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1
2 3 8
.Ll_-—-bzx;L-(ZJS,L—E;L*E,E_—m_Q
ay X 2 5 9
2_ 2 3 4
17 - B e, BT g0 2
y Yy x
2
~2x 2x 5
_Lm)(}y_x)g;&ymn=“2“"2-2ynor‘“*§‘+§§-2§-ymn=3“’

Vor = ——%x + g ; 24. for all (x, y) which satisfies y + 4x>

IN

;b=

1
.a=—
4 4

3.10. The linearization.

Fig. 3.4 suggests that if f is differentiable
at the given point a, then the tangent line
to the curve

¥y =f(x) at a is a reasonably good
approximation to the curve y =f(x) for
vales x near a. Since the tangent line
passes through (a, f(a)) and has slope f(ayt

2+ 5
* "4’ |ution; In this case [ (x) =sec’ x. We compute

=0:

f(.z—] = tan% =1

f'(%)zse&%(«/z')z =2

1
: : Fi linearization of f(x)=-— at a=2.
:ample: Find the li f(x) >
1
lution: We evaluate (1) for f(x)=—
x

f@=G?)==2x"=-=

r a =2 we obtain f(2)=

b

juation (1) gives L(x) =

N

B

Tangent!
3.11. The differential.

f'(a), the point- slope form of its A E
equation is 0 !
y-f(@)=f(a)x-a) or a

4 Fig.3.4

y=f@)+f (a)x-a) ’

Definition: If y = f(x) is a differentiable at x = a, then
ey L(x)= f(a)+ [ (a)(x-a)

is the linearization of fat a. The approximation f(x) ~ L(x) is the

linear approximation of fnear x = a.

88
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ample: Find the linearization of f(x)=tanxat 7/4.

T . /4
us the linearization of tan x at 7 is  L(x)=1+2(x~ _4_)

R

(x-2) = L(x)=——‘1ix+%.

Up to now we have been
viewing the expression dy
/dx as a single symbol for
the derivative. “dy ” and “
dx ” are called differentials.
Regard x as fixed and
defme dx to be an
independent variable that
can be assigned an arbitrary
value.

If f'is differentiable at xy,
then we define dy by the
formula



| dy= f(x)-d xample:
(1) ly = f (o) -dx Letyzﬁ_FinddyandAy ifxo=4and Ax=3.

dy : dy . olution: From Ay = f(x, + Ax) ~ f(x,) with f(x) = Jx,
—_= . S -—_= = . h th 1
g~ (o) Sinoe T = (50) = My WHETE Mg S RESIOPEAT SR -y =T -~ 065

If dx #0, then we can divide both sides of (1) by dx to obtain

tangentto y = f(x) atx,, the differentials dy and dx can be viewg dy 1 1 1 3

a corresponding rise and run of this ince y = , then ax odx b = Ede N 3=5707
tangent line (Fig. 3.5). 4y . . y *

It is important to understand the lotice that dy is very close to Ay , as was to be expected.

distinction between the increment ) ixample: Find dy and Ay for y = x? =2x whenxg=2

Ay and differential dy. . and dx=Ax=1.

lolution: Ay = f(x, +Ax) - f(x,)=f(3) - f(2)=
=(32-2.3)-(2*-2-2)=3.

To see the difference, let us represent ,
the change in y that occurs when we 2
start at xo and travel along the curve '
y = f(x) until we moved Ax(=dx) | ST .- J:_-. y=x2—2x;

units in the x-direction, while dy ] poAx= dx Iy _ 2x—2: and dv = (2x -2

represents the change in y that occurs : n oo as (2x-2)dx=(2:2-2)-1=2.
if we started at x, and travel along the 0 )'Co x0‘+ " .

tangent line until we have moved dx éxo +dx) 3.12. Using the differential.

(= Ax) units in the x-direction (Fig. Fig.3.

The linearization of y = f(x) at x, is
l y_f(xo)zf‘(xo)'(x—xo) or
)’:f(xo)"'f’(xo)(x”xo)

of x close to x,, the height y of tangent line will closely

3.6)

Definition: Let y = f(x) be a differentiable
function and x, be a number in thg domain of /.
Then f (x,)dxis called the differential of fatx and denoted df or}

Example: If y = x’, then the relation % =3x? can be written if
X p

D @R f) + (o) (x = %)

;xo. Kwelet Ax = x - x,, so that x = Xy + Ax, then (1) can
m the alternative form

@) o+ A= f(xg)+ £ (x)Ax

80od approximation when Ax is near ZEero.

S at'xo + Ax is approximated by the output of f'at x, plus
S (x) - Ax.

differential form dy =3x*dx

For example, when x¢= 2, this becomes dy =12dx .
This tells us that if we have travel along the tangent to the curve
y= x° at xo = 2, then a change of dx units in x produces a chang :

12dx units in y. For example, if the change in x is dx =3 then the
in y along the tangent is dy =12-3 = 36 units.
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Example: Use approximation formula to estimate /29 6 = % and 60° = Z;— .

Solution: Because we wish to estimate /29 , we introduce the cy

root function f(x) = 3/x . We know the exact value of Vx when
x =27, which is near 29, so we use (2) with x, = 27, and

31z
x0+Ax=—9—6— and x,

V4 .
Ax=29-27=2 ollows that Ax—_--g—o-,so (2) yields
@:31/27-%2 z§/§:7—+f'(27).(29_27) 31z . (z\ 7
1 1= zf A+ fl=t=;
Since f(x)=x3; f(x)= - .
3 Mzcos —sinfc—' il
Thus we have cos 90 39 2
V29 =3+ ! -2 or

r example:

3.3/272

2 d[x*]=2xdx
V29 =3 +2—7 ~3+0.0741~3.0741.

d{f (D)= f (x)dx
To estimate f(b) take the following steps:

1. Find a number x, near b at which f(x;)and f (x,)are casy to Terentials.
calculate

tial f las:
2. Find Ax = b - x,. ( Ax may be positive or negative) flerential formu
3. Compute f(x,)+ f (x,)-Ax. This is an estimate of /' (b). dfc]=0
dlefl=c-df

In short, f(b)=~ f(x,)+ f (x4)-(b~x,)
Example: Use a differential to estimate \/6-1_
Solution: Let us take the point x, =64, since f(64) is known, Wel

dif +g}=df +dg
dlf-g}=f-dg+g-df

df - f-d
f(64)=/64=8." "[‘ﬂrg‘*‘[‘;f‘—g
. 1 1
64y ==
2-J64 16 @ample: Finddy if y = x-cosx

Since 61=64-3, Ax = ~3. Therefore
V61 =(64-3)~ f(64)+ f (64)-(~3) =8+ %@3) =781,

lution:
dy=d[x - cosx]=x- d[cos

Example: Use (2) to approximate cos62°

Solution: We shall take advantage of the fact that 62° is close to &
at which point the trigonometric functions are easy to estimate
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4

___z.___l/.:--—-z().4698.

¢ basic rules of differentiation can be expressed in terms of

x}+cosx-dix}=
=x(~sin xdx) + cos xdx = (cos x — x sin x)dx
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Exercises. Answers.

In exercises 5-8 compute df'and A f'of the given functions, 0.98; 12, 0.856,13. 0.13; 14, 0.5302; 15. dy = (12 —14x + 2)dx :

x+1 x 4 _ ) i
In exercises 1-4 find the linearization L (x ) of f(x)atx=a. L(¥)=- 2 y 2 L(x) :EJ”_{’ 3. L(x) =11x-16; 5
. = ta= 2. =3 = |
L f(x)=+x ata=1 f(x)=¥x ata 8L(x)=—j:-+%;idy=0-6;Ay=O-69?id}’=’%?Ay:‘ﬁ_3§ g
3. f(x)=x"—x ata=2 4, f(x)= al ata=| z { 2 1 g
X+ |
dy=—;0y=1-—=;8 dy=~—;Ay=-=;9. 1091 10. 2.9259; i
34 9 y \/5 8. ay 5 \y 3’ = Y. é
and values of x, and dx 3 R — g
5. f(x)=x* atxo=1land dx=0.3 ; dy=Esin2—2{cos§dx; 17. 3tan’ x -sec? xdx ; g
6. f(x)=\/; atxy=9and dr=-2 ) 2% —6x2 41 ;
z s [3x? -sec? 5x + 10x - sec? 5x - tanSx)dx; 19, —————dx;
7. f(x)=tanx at x, =— and dxz’% (2-x)° i
6 12 32 i

8. f(x)=x"at x, =0.5 and dx=0.1 b~

by —————dx.
> -1n?

In exercises 9-14 use differentials to estimate the given quantiti

9. V119 10.325 "
11, tan(f- - 0.01] 12. sin(-’—r— - 0.02)
4 3
13. sin0.13 3

R ———

14. sin 32" [Hint: first translate into radians]

In exercises 15-19 find dy
15. y=4x"-7x* +2x~1 16. y =sin*(x/2)

17. d[tan’ x] 18.d[x’ -sec’ 5x]
1-x° 1
19. y= 20, y =
Y 2-x Y x -1
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Chapter 4.
Applications of derivatives.

4.1. Relative maxima and minima.
The first and second derivative tests.

Definition: A function f is said to have a relative maximum at x, if
f(x9) 2 f(x) for all x in some open interval containing x, .
Definition: A function f is said to have a relative minimum at x, if
f(x,) < f(x) forall x in some open interval containing x,.
Definition: A function f has a global maximum at the number x, if
f(x,) 2 f(x) forallxin the domain of [ . "
Definition: A function f has a global minimum at the number x, if
f(xy) < f(x) for all x in the domain of f .

Definition: A critical point for a function f is any value of x in the
domain of f atwhich f'(x)=0 orat which f is not differentiable;

the critical points where f (x) =0 are called stationary points of /.

The first derivative theorem for local extreme value:
Let f be a function defined at least on the open interval (a, b).

If f takes on an extreme value at a number c in this interval and if
£ () exists, then
f(©=0.

If an extreme value occurs within an open interval and derivative ex1sts
there, the derivative must be 0 at that point. ;

Warning 1: The theorem is not 4 _

necessarily true if the open Y Maximum

interval (a , b) replaced by a : occurs

closed interval [a, b].  at x=b

As Fig. 4.1 shows, the maximum '

occurs at b where the derivative is f

not zero. 0 ! : N
a b x

Fig. 4.1




Warning 2: The converse of this theoremisnot  y 4 [ fx)=«'
true. Having the derivative equals to © at a
point does not guarantee that there is an
extremum at that point,

Let us consider f(x)=x". 0 x
f(x)=3x% f(0)=0
Aswesee f(x)has [ (0)=0, but Fig.4.2

f(x)=x" has neither maximum nor minimum at the point x =0 .

After finding a number ¢ such that £ (c) = 0, we would like to

know whether there may be a relative maximum or relative minimum
at ¢. The following test describes a way to get the answer.

The first derivative test for local maximum at point ¢:

Suppose fis continuos at a critical point c.

a)If f'(c) >0 on an open interval extending left from ¢ and

f'() <0 on an open interval extending right from c, then fhas a
relative maximum at ¢.(Fig.4.3)

elative relative
rrna e minimum
For x<c For x>¢ For x<c F or r>e
fosd | \@WO  fm<o />0
!
c c
a C;n?; point a critical point
ig.4.
4 Figd.4

open interval extending right from ¢, then f has a
e minimum at ¢.(Fig.4.4).

" has the same sign [either f'(c) >0 or f (c) < 0] on an open

extending left from c and on an open interval extending right
then f'does not have a relative extremum at c.
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Briefly, the relative extrema, on an open interval where fig

i "' changes from “+” to b, e e e 4y
. " . . . The S]gn Of f C } L+ +
continuous occur at those critical points where f* changes the sigy w» gtz =1 and from “- to “+” at ! 2'
Example: Locate the relative extrema of f(x) = x?-2x-1. the point x =2. Thus there is a N ¢ 1812
Solution: relative maximum at x =1 and 180 0 X -1ox

(x) =2x-2 relative minimum at x =2. - |
! '(X) i Relative maximum equals 5 at x =1 and relative minimum is 4 at x =2.
Solving f (x)=0 we obtain x =1. To see whether the critical poin; Second derivative test:

relative maximum, relative minimum or neither, check the sign of Wthat [is twice differentiable at a stationary point c.
f(x)=2x-2. a)If £ (c)>0 thenf has a relative minimum at c.
If x>1 then 2x-2)>0, and b)If f (c) <0 thenf has a relative maximum c.
If x<1 then (2x —2) <0, so the first derivative test tells

that the critical point x =1 is a relative minimum.

Example: Locate the relative extrema of f(x) = x* —3x” +3x-1.

s, Example: Locate the relative extrema of f(x) = xt-2x7.
Solution: f (x)=4x" —4x

Solution: £l =12¢* 4
f(x)=3x" -6x+3 Solving /' (x) = 0 yields the stationary points x=0, x=1, x=~1.
f'(x)=0= 3(x-1)° =0 and x =1 is only critical point. Since

Since (x—-1)* >0 forall xand f'(x) does not change sign at x =1, f(0)=-4<0

make conclusion: f'H=8>0

In spite the fact that x =1 is a critical point but f does not have a reli f(=1)=8>0

extrema at x =1. Thus f has no extrema.

: \ there is a relative maximum at x =0, relative minimum at x =1; x =-1.
Example: Locate the relative extrema of f(x)=3/x—1.

Example: Find all relative extrema of the function f(x)= xt+2x7.

Solution: - ‘ ,
, 1 a Solution: f"(x)=4x> + 6x°
[ )= o s
=12x" +12x - - - - + 4+ + 4+ + +
3.3/(x-1)? S ) ; :
. . , L | ' , . 3 0
Since f (x)does not exist when x =1, so this point is a critical po S (x)=0= 2x*(x+3)=0;

: , , X =0 x =3 Sign of f'(x) =4x’+6x”
But, as we see, f does not change the sign. We make conclusion ¥ 1% Xy =2
does not have a relative extrema at x =1. S (0)=0; S (=3)=72>0

Example: Locate the relative extrema using first derivative test of Since f "(0)=0, then second derivative test fails. Let us use first

hl 2 . ' _
f(x)=2x"=9x" +12x. Gerivative tegt. Since at x =0, f does not change the sign then we say
Solution: f(x)=6x"~18x+12 tx=0 is not extreme point.

S (%) =0=6x*-18x+12=0 yields x, =1; x, =2 Function S(x)=x* +2x* has arelative minimum at x=-3.
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Example: Find relative extrema of f(x) = %x —sinx, O0<x<2x

using second derivative test.
Solution: /'(x) = %—cosx

£ (x) =sinx
From f (x) =0 we obtain cosx:%; x=—5.

" 3 . ..
f (f_) = £ >0,s0 f(x) has arelative minimum at x =% and its

3 2
value is
f(gj_g_ﬁ_zz-&@
3)6 2 6

Exercises.

In exercises 1-6 locate the critical points and classify them as
stationary points or points of nondifferentiability.

L f(x)=x*-5x+6 2. f(x)=x"+3x* -9x +1
3. f(x)=x* —6x2 -3 4 f(x)=—
x“+2

5. f(x)=sin?2x; 0<x <27,

6. f(x)=x%-(x+4) P
In exercises 7-16 use any method to find the relative extrema.
7. f(x)=x° 8. f(x)=x+5x-2
9. f(X)=x(x-1)? 10. f(x)=2x? —x*
1. f(x)=x" 12, f(x)=tan(x® +1)
2

13, f(x)=v2x -’ 14, fx)=22+2

x°+2x+1
15, f(0) = (x=1)° 16, f(x)=1-(x-2)%
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In exercises 17-18 f (x) is given. Find all critical points and

determine whether a relative maximuin, relative minimum or neither
occurs there.
- ' ' - 4 2
17, £ ()= (2 ~5) 18. f (x)=omdX
s Ux+1

19. Find a value of & so that x? + E will have a relative extremum
e X

Fhet

at x=13.

X

2

2 Pind a value of  so that
x +k

will have a relative extremum

Answers.

1,2 =5/2 (stationary); 2. x=-3;1 (stationary); 3. x =0; + V3 (stationary);

%iﬁ(stationary); 3. x= 14’1 ; n=1,2,3,4,5,6,7 (stationary);

8.1 (stationary); x =0 (not differentiable); 7. Critical point is x=0,
 maximum nor minimum; 8. none; 9. Relative min. of 0 at x=1;

e max, of % at x = % ; 10. Relative min. of Q at x=1;

be max. of 1 at x =1; -1; 11. Relative min. of 0 at x=0;
slative min. of tan(1) at x=0; 13. Relative min. of 0 at x=0;

je max. of 1 at x =1; 14. Relative min.of —Zi at x = 7.

3

16. Relative max. of 1 at x =2; 17. Relative maximum at x =0;

>

o . . 3
minimum at x = ++/5 ; 18. Relative maximum at x == 5 ;

minimum at x=-1; 19.54; 20.6.25.




4.2. Maximum and minimum values of a function on a
closed interval.

In many applied problems we are interested in finding global
maximum or global minimum of function over some closed interval
[a, b]. To find the extreme values of continuous function / on a clos
interval [a, b] we use following steps:

Step 1: Find the critical points of f".

Step 2: Evaluate f at the endpoints a and b, and at those critical poit,
which lie in [a, b]. ;
Step 3: Select the largest of the values in step 2 as the global (absoluy
maximum value of fon [a, b] and the smallest value as the global
(absolute) minimum.

Example:
Find the maximum and minimum value of

f(x)=x> -3x* +3x on [0, 2]

Solution:
Step 1: Let us find critical points

f1(x)=3x* -6x+3
f'(x)=0is equivalent to 3x> —6x+3=0 or 3(x-1)> =0.
Thus 1 is the only critical number, and it lies in the interval [0, 2].
Step 2: Evaluating f at critical point x =1 and the endpoints, we havt

f(0)=0; ; |
fOy=1-3-12+31=1;
f(2)=2>-3.22+3.2=2
Thus, the maximum value is 2 and the minimum value is 0. The
maximum occurs at x =2 and the minimum occurs at x =0.

Example:
Find the maximum and minimum value of

f(x) = 2x> =3x* —12x on the interval [0, 3]
Solution:
Step 1: f (x)=6x> —6x-12
The equation f'(x) =0 becomes 6x> —6x —12 = 0, which simplifi®'{
to x> —x—-2=0or (x—-2)(x+1)=0. :
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Example:

There are two critical points x, =—1and x, =2. Butonly x, =2 lies
on [0, 3]. So x; = —1 is not a point of interest.

Step 2:
f0)=0;
f(2)=2-2°-3-2" -12-2=-20;
f(3)=2-3-3-3"-12-3=-9

Step 3:
Thus, the minimum value of fon [0, 3] is 20, which occurs at x =2,
and the maximum value of fon [0, 3] is 0, which occurs at x =0.

2
Find the maximum and minimum value of f(x)=x3(20-x)

~ onl[-1,20]
. Solution:

Differentiating, we obtain
i

! 2

3/x

, Thus, £ (x) =0atx =8 and £ (x)does not exist at x =0. It follows that

; both of critical points lie on the [-1, 20]. Let us evaluate fat these and at
i endpoints:

S =Yx* - 20-x)

FED =37 -0 (-1) =21
£(0)=0
f(8)=%/§;-(20—8)=4-12=48
£20)=320% .20 -20)=0.

Thus, the maximum value of fon [-1, 20] is 48, which occurs at x =8

- and the minimum value is 0, which occurs at two points

¥*=0and x=70.
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4.3. Concavity.

Definition: The curve is called concave down if it lies below its
tangent lines and above its

chords.(Fig. 4.5) tangent

Definition: The curve is chord
called concave up if it lies

above its tangent lines and

below its chords. (Fig. 4.6) chord tangent

Since fis the slope of a
tangent line to the graph

of f, it brings the following
definitions.

Definition: A function f whose derivative is increasing through the
open interval (a, b) is called concave up in that interval.

Definition: A function f whose derivative is decreasing through the
open interval (g, b) is called concave down in that interval.
Theorem:

a) If £"(x)>0 on an open interval (a, b), then f 1s concave up

on (a, b)

b) If f"(x)<0 on an open interval (a, b),then f is concave down

on (a, b).

Example: Find open interval on which following functions are concav
up and open intervals on which they are concave down.

a) f()=x*+4x-7; b) f()=x*; ¢ f®)=x(x-1)
Solution:
a) Calculating f and f~ we obtain

f(x)=2x+4 and [ (x)=2
Since f(x) >0 for all x, the function is concave up on (—w0;+a0).
b) Calculating f and f we obtain

f(x)=5x*  and f'(x)=20x"
Since f"(x) <0 if x<0 and f"(x) >0 if x>0, the function f(x)¥
concave down on(—0;+0) and concave up on (0;+) .

Fig4.5 Fig.4.6
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9 f(®)=(x-1)*@dx-1)
f(x)=12(x -—;-)(x -1).

f=0if x =% and x, =1.

f(x) >0 if xe(-o051/2)and x € (L;+00),
so function 1s concave up on these intervals.
f (®)<0 if xe (1/2;1) sofis concave down on this interval.

4.4, Inflection points.

Definition: If function / is continuous on (a, b) containing x, and if

f ‘hanges the direction of concavity at x,, then the point (x,, f(x,) is
callgd an inflection point of f, and we say that function f'has an

inflection point at xo.

‘Thesimplest way to look for an inflection point is to use the second

detivative.

inflection point of f(x) use following steps:

ute 1 (x);

ple: Find the inflection point of f(x) = x* - 6x* + 12x2
Letus find f (x)

E R T b
6x+24=0 < 1 2
2=0;

equation are: x, =1; x, =2.

e /" (x)changes sign at x = land x = 2, so both of these

Signof £ (x)=(x-2)(x-1)
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numbers are inflection numbers. The graph of f(x) has two inflection
points namely (1, £(1))=(1, 7) and (2, f (2))=(2, 16).
Example;

Find the inflection point of f(x)=3/x~1

2
Solution; fx)= %(x -1 3;

-2

9-2/(x—1)5

f(x) is never zero. f(x)is not defined at x =1. Let us check if

5
=27 =

7" (x) changes the sign at x =1.

Ifx<1then f (x)>0 and ifx>1then f (x)<0 so point
(1, f(1)=(1, Q) is an inflection point.

Exercises.

In exercises 1-7 find the maximum and minimum values of fo ‘
the given closed interval and state where these values occur. "

1. f(x)=x2—-x4; [0,1] 2. f(x)=4x-x*; [0, 1]

3. f(x)=x*-2x +5x; [-1,3] 4 f(x)=(x-1)°; [0, 4]

5. f(x)=-ﬁ;3f_.——:; FL11 6 f(x)=(® +x)7; [23]

T
7. f(x)=x-tanx; | ~—;— 1.
o= [ 2]
In exercises 8-15 find the intervals where the function is concave up¥

concave down and give x coordinate of inflection points.

8. f(x):x3——3x2+2 9, f(x)=x2+x+]
10. f(x)=x* —4x° 1. f(x)=—
1+ x?
12. f(x)=3x" - 4x> 13. f(x)=cosx; 0<x<2r

14. f(x)=2x>-3x*+15
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Answers.

l:maxf(X)=f(\/§/2):y; minf(x):f(O):f(l):o;

L max f(x) = £(1) = 3;min £(x) = £(0)=0.

3 maxf(x)=f(3)=24;minf(x)=f(..1);__8.,
—,5.-. maxf(x)=f(4)=27; min f(x)= f(0)=—1;

Bmax f(x) = £(1)=3/45 ;min f(x) = f(-1)=-3/45 ;
Somax £(x) = £(3) =3/ 144; min £(x) = f(=1) = £(0) =0

f.maxf(x)=f(~ﬁ=1-§-;mmf(x)=f(§)=§-1;

§':°°n°a"° Up: x >1, concave down x <1, inflection point: x =1;
gtconcave up for all x ; 10. concave up for x <0 and x >2; concave
*ﬂown for 0< x <2; inflection points: x = 0, 2; 11, concave up for

>1/4/3, concave down for [x| <1/+/3 ; inflection points:

=11/43 ; 12. concave up for x < 0 and x >2/3, concave down for
<x<2/3; inflection points: x =0; 2/3 ; 13. concave up for

;/2< x <37 /2; concave down for (0 < x < z/2)and

7/2<x <2r); inflection points: 7/2;3x/2; 14. concave up for
2; concave down for x < 1/2 ; inflection point: 1/2.

4.5. Asymptotes.

ine is an asymptote of the graph of y = f(x)if the distance

een the line and graph approaches zero as we move farther from
rigin. There are three kinds of asymptotes: vertical asymptote,
rontal asymptote and an oblique asymptote.

pition:

x = x, is called a vertical asymptote for the graph of f(x)if

lim f(x)=1e or lim f(x) =t

e y = y, is called a horizontal asymptote for the graph of f(x)if
Jim f(x) =y, or im f(x)=Yo
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If lim PAC)) =k and lim[f(x)~kx]=5 exists then the line

X—»+0 X
y =kx + b is called an oblique asymptote. In other words, rational

function has an oblique asymptote if the degree of numerator is one
more greater than degree of denominator.
1

(=17
Selution: To search for vertical asymptote we set denominator
equals to zero.

(x-1)? =0, we find x =1.
From definition:
) 1
lim ———=
x-»" (x - 1)

: 1
lim

Example: Find vertical and horizontal asymptote of f(x)=

Vertical
asymptote

400

+o0

x> (x=1) -

so x =1 is a vertical asymptote.

Horizontal 0| )
asymptote gy 47

To search for horizontal asymptote we examine lim =( and

X—>400 (x - 1)2
lim l_—l—l)—z =0, The line y =0 is a horizontal asymptote.(Fig. 4.7).
X—r—0 X ~

Example:

L]

. . . x
Find vertical and horizontal asymptote of f(x)= 5
x —
Solution: Vertical asymptotes occurs at x =2
lim =+ and lim =00,
x=2% x ~ =2 X ~2

The line x = 2 is a vertical asymptote.
The horizontal asymptote:

=1 and lim X =1,
X—=00 X —

lim
X—>+0 X —

so the graph approaches the line y =1 as x > +cand x — ~w.
The line y =1 is the horizontal asymptote.
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Epample: ¢

3

Find asymptotes of f(x) = x
: x?+1
Sal ution: As we see the graph of function has neither a vertical
: 3
(x* +1# 0 for all x) , nor a horizontal ( lim i ) asymptote.
; X+ ¢ 4
Let us find an oblique asymptote:
3
k=1lim L9 oy XLy
x>0 X xx0 y2 4
3
b:l_i}zgo[f(x)-l-x]=lim —x =0,

x=rtool p< 4]
So, an oblique asymptote is the line y = x.

Exercises.

' In exercises 1-13 find asymptotes and sketch the graph of the
given rational functions.

2x 2
Ly=—"; 2. y= X ;

x=3 x? =1
3‘y= xz; 4 :3—4)(:.

1+x 2+5x°
S.y=‘.____~ : ; 6. =1+x2 .

14 x° 1-x2’
7y~_£_ 1 .

2+ x* x(x-1)(x-2)’
Ly X-1 (x-1?
| x2—49 10. y=_—7—’
“‘)’:3-&__4_; 12. yz(x—2)3 .
M X x2 xz >
13'5}’=)c+1__1_~_1~

x  x?
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Answers.
Ly=2x=3;2.y=Lx=Lx=-1;3. y=0;4.x=-2/5; Y =4s
S.y=-16.y=-1,x=1;x=-1; 1.y =3x; 8. y =0, x =2; x =0; x =1;
9.y=0,x=-2;x=2;10.y = 1x—0 11, y=3,;x=0; 12. y=x-6 ; 3 X =(;
13. y =x+1; x=0.

4.6. The derivative and sketching the graph.

For graphing the function it is advisable to follow the scheme:

1). Find the domain of the function.

2). Check for symmetry.

3). Find the vertical asymptote.

4). Investigate the behavior of the function in + o0 and — o0
find horizontal or oblique asymptotes.

5). Find extreme values and intervals where function increase or
decrease.

6). Find point of inflection, intervals of concavity.

7). Find x and y intercepts.

8). Sketch the graph.

+x?

Example: Sketch the graph of y = I

1) Domain of the function is all x # +1

2) The function is odd, since

: 14 () 1+

1+x
Xx)= and f(-x)= = = f(x),
S (x) —_ f 1A J(x)
and the graph is symmetric about the y -axis.
2 2
3) lim ¥ = oo and lim - = 4o,
x> ] - xz -1 l—-x
so x =1 is a vertical asymptote.
2 2
lim % v and lim X - o,
x=>-1" ] —x x>-1" ] — x2

so x =-1 is a vertical asymptote.
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Lt x” =-1 and lim by x =-1,
¥t | x2 x>-0 ] - x2
s0 y=-1 is a horizontal asymptote.
5) Let us find the critical points:
o 2x(1~ x?)+ 2x(1 + x?%) 4

S a-xy C-x?)?
There is only one critical point x =0 ; since x = *1 are not from domain
of function, we omit them. If x <0, then f (x) <0, if x>0, then

2 f'(x)>0.So0 point x =0 is a point of relative minimum.

On (~,-1) and (-1,0) function 1 0o 1
is decreasing and on (0,1) and (1,0) Sign of f
“itis increasing.
-6) Concavity: i Ay
o 401+3x%) ; 5
(-x?)’ : |
Since y* >0 on (-1,1), the Nt ! i1 .
sgraph is concave up on this interval. R
T
Fig. 4.8

xt-1
3

%{ample: Sketch the graph of y = ——.
o x
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2) Symmetries: Replacing x by ~x and y by -y yields an equation that
simplifies back to the original equation, so the graph is symmetric

about the origin.
2

3) lim al ;I = —o0 and lim > 1 +o0 yield the vertical
0" x =07 x
asymptote x=0.
x* -1 . xt -1 .
4) lim =0 and lim = 0 yield the horizontal
x>0 ¥ X~y-0  y

asymptote y=0.
dy _2x.x*=3x°( -1 _3-%°
dx x® x*
x =*+/3 are stationary points.
Function is decreasing on w0
R T e T
(~e0,~v/3) and (/3,+0) . ! P 5
And function is increasing on -3 Signof y’

(—/3,0)and (0,4/3)

5)

0

At x=—/3 there is a relative minimum f(~3)=~ _2_6‘/_3— :
at x=4/3 there is a relative maximum 3= _%_;[—5_ ;
- L. 5

6) Concavity: y = g—(f——g—ﬂ 0 . 0

. . x Saulueleu s e .
This analysis show that a change _J6 0 J
in concavity occurs at the vertical .
asymptote x =0 and at the points Signof y

x=-4/6 and x:\/g.

7) x intercepts are x =1;x = -1. There is no y intercept, since setting
x=0 leads to a division by zero. The final graph is sketched in Fig. 49 |
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Exercises,



4.7. Rolle’s theorem; Mean-value theorem.

Rolle’s theorem: Let f be a continuous function on the closed interval
{a . b] and have a derivative at all x in the open interval (a, ).
If f (a) = £ (b), then there is at least one number c in (a, b) such

that £ (¢)=0.

Example: Verify Rolle’s theorem for the case f(x) =cosx
and [a,b] =[x ,5x].

Solution: Note that f(7) =~1= f(57). f(x)=cosx is differentiable §
for all x and it is continuous on [7,57]. According to Rolle’s, there :

must be at least one number ¢ in (x, 57) for which (cosx) =0. So

(cosx) =—sinx = 0. As can be checked, the equation has three such
solutions, 27,37 and 41 .

Example: Verify Rolle’s theorem for the case f(x) = x> ~3x% +2x
and [a,b]=][0,2].
Solution: f(0)=0

f(2)=2"-3.2"42.2=0, f(a)= f(b) satisfies.

Given function is continuous on {0, 2] and differentiable on (0, 2), 50
according to Rolle’s theorem there must be at least one number ¢ in

[0, 2] such that " (¢) =0.

Let us find that number
f{x)=3x" —6x+2
£ (x)=0 = 3x> —6x+2=0 and we obtain

V3

X, =1+—~3-3- and x, =l*—3—

§

As we see equation has two solutions in (0, 2), we make conclusion®
at two points in (0, 2) given function has derivative equals zero.

Example: The function f(x) =|x| -1 has the property that f(-1)
and f(1)=0, but there is no point in (-1, 1) where 7" (x) =0. This ¥
that f (x) is never zero does not contradict Rolle’s theorem, becd
f(x)y= ]x! -1 does not satisfy all conditions required for Rolle’s
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facorem, namely the function fis not differentiable at every point of the
.jmerval -1, 1).

The Mean— value theorem:

%&t J be a continuous function on the closed interval [a, b) and have a
ferivative at every x in the interval (a, b). Then there is at least one
gnmber ¢ in the interval (a, b) such that

S {01@

erify the Mean-value theorem for f(x)=2x? +x+1; a=2;5=3

use f* is a polynomial, it is differentiable and continuous
here, hence it is continuous on [-2,3] and differentiable
»3). The hypothesis of Mean-value theorem are satisfied.

f@)=f(-2)=2(=2)> +(-2) +1=7
f®)=f(3)=203)*+(3)+1=22
F(x)=4x+1

£ (©)=4c+1, so the equation

7 @=L0-1@

becomes

22-7 15 1

=——=3 Dc=—.

: 3-(-2) 5 2
B sce ce(~2,3) and it is only number whose existente is
:'ed by the Mean-value theorem.

dc+l1=

the Mean-value theorem for f(x)= ———17 on [2, 5] and find all

= ¢ that satisfy the conclusion of the theorem.

#—-—1—1 is continuous on {2, 5] and differentiable on (2, 5). The

""::; of the theorem are satisfied.
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fl@)=f(2)=1; f(b):f(5)=l

-1
fo=—y f©=
( ) (C - )
-1 ! -1
according to the theorem 1) = "—: Y ;

(c-1)" =4and we find ¢, =3 and ¢, = 1.

Only the ¢, is in the interval (2, 5), so ¢ =3 is the only number in (2, 5)
that satisfies the conclusion of the Mean- value theorem.

Exercises,

In exercises 1-4 verify that the given function satisfies the
hypothesis of Rolle’s theorem for the given interval. Find all numbers ¢
that satisfy the conclusion of the theorem.

1. f(x)=x*-2x-3 and [0, 2]
2. f(x)=x*-2x* +1and [-2,2]
3. f(x)—x2—6x+8 and [2, 4]

4. f(x)=—x x and [0, 4]

In exercises 5-8 verify that the hypothe51s of Mean- value
theorem are satisfied on the given interval and find all values of ¢ that
satisfies the conclusion of the theorem.

5. f(x)=x*-4x and[0, 5]

6. f(x)=x"+2x~4 and[-1; 4]
7. f(x)=Vx+3 and[l, 6]

8. f(x)=«/36~x2 and [-6, 0]

9. Let function f(x) = x% be given.

a) Graph given function for x in [-1, 1]
b) Show that f(-1)=f (1)
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¢) Is there any number ¢ in (<1, 1) such that £ (c) =0?
d) Why does this function no« contradict Rolle’s theorem?

Answers.

15.-1;;_.0; 1;-1;3.3,4.1;3. 2.5; 6. E;LBM;& -3V2.

.

4.8. Indeterminate forms and L’Hopital’s rule.

If llmf(x) 0 and hmg(x) 0 then finding lim fg ;
x—a g(Xx

Ey simply substituting the limits of numerator and denominator

ﬁoduces [—g], a meaningless expression traditionally called an

lldetermmate form. Because geometric arguments and the technique
of canceling factors apply only to limited range of problems it is
demrable to have a general method for handling indeterminate forms.
I’ins is provided by L Hopital’s rule.

'!?heorem: ( L’Hopital’s rule for (%) case )

Ecta be a number and let fand g be differentiable over some open
interval that contains a. Assume also that g (x) is not 0 for any x in
that interval except perhaps at a. Then

hm——= A (O) hmf )

x=a g(x) x> g (x)

E!_ampl_e; Find 1121

M We can ﬁnfi this limit using factorization:
fim x = —lim (x = 1)(x? +x+1) 3

eix2 ] b (x=DE+l) 2
Efew let us use L.’Hopital’s rule to evaluate it.
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In this case, a=1, f(x)=x> -1, g(x)=x* —1. All assumptions of
L’ Hopital’s rule are satisfied. In particular,
lim(x’ -1) =0 and hm(x -)=0.

x>l

According to L’Hopital’s rule,
3 31y 2
m ¥ 1 =(9) =lim (x 1), =lim 3x =3/2.

i
=gt o1 \0) =1(x?=1) x> 2x
, o . sin3x
Example: Use L’Hopital’s rule to evaluate hm
x
Solution: Since limsin3x=0 and limx=0 the given limit is an

x>0 x>0

indeterminate form of type (%) . Thus, we can apply L’Hopital’s rule:

. sin3x ( ) (sin3x) .. 3cos3x
lim = —|=hm =lim =3.
x—30 X 0 X0 ()C) x50 1
Example: Find lim sin x; a
x>0 X

Solution: As x — 0, both numerator and denominator approach zero.
According to L’Hopital’s rule

. sinx—x (0) .. (sinx—x) . cosx-1_ (0
lim —— = —|=lim —— =1lim — ==
o0 x 0) =0 (x%) 30 3x 0

Let us use L’Hopitals rule for the second time:
i SOSX 1 _ (9)=]im (cosx—'l) -l o SnE (9
x—=0 3X2 0 x>0 (3x2) =0  Ox 0
Using L’Hopital’s rule again we obtain
i = Sin¥ (9_)= lirrg (-sinx) _ . —cosx 1

-0  6x 0 (6)6')' x—0 6 - _g )

Warning: When applying L’Hopita’s rule to lim—= DACS E ; the derivative
e g(x
f ()

of f(x) and g (x) are taken separately. lim ———- . Do not make the

g (_x)
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stake of differentiating

according to quotient rule.

f(x)
(

glx
- Theorem: ( L’Hopital’s rule for (ﬁj case )
L o o]

"’Let Jfand g be defined and differentiable functions of x. If £ (x) and
3g (x) both approaches infinity as x approaches a, then
S _ ( ) AC))
[ee] x-—»n g (x)
| ¥A similar result holds for x > a™,x >4, x — +0or x > —0.
Morcover, 11}32 f(x)and )1‘1—1’12 g(x) could both be -, or one could be

¥

o and the other —

4x* -
Example Find lim _x___3£
o §x? 7
Solutlon Both numerator and denominator approach «asx — o .

Trying L’Hopital’s rule we obtain

. 4x?-3x (o0) . (4x*-3x) . 8x-3 (w
11m—-—5—————= hame =11m———2———*11 —|=
oo §x2 7 ®/) xoo (552 -7) x> 10x @
(8x 3) 3
x—ocx: (lox) x—-)co 10

=2
5

tan x

f Example Find lim

x—z/2 tan 3x

'{fSolution:
i fanx _ (—i) ; Let us apply L’Hopital’s rule
x»r/2tan3x \ —o0
1
' 2
: tanx _[ © ) lim (tanx)' =l SOS7X
~x/2 tan 3x -0 x—>n/2 (tan3x) x>l 3
' cos® 3x

2 _ : : 6
- fim % 23x _(9)2 lim 6oos3xsindx _ . sin6x

L x/23c08° x \0Q) x—ml2 —6cosxsinx x>7/28in2x
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0 . 6bcosbx 6
=|—1= lim ===

0) xori22cos2x 2
Indeterminate form of type (0-)or (c — ).

If lim f(x)=0 and lim g(x) = then lim{ f(x) - g(x)] is called an
indeterminate form of type (0-0).
Similarly if lim f(x) = and lim g(x) =0 then lim[ f(x) — g(x)]

produces an indeterminate form of (o0 — o). The limits of these types

[oo]

can be converted to the form of (%) or (f) and then can be evaluated

by L’Hopital’s rule.

Example: Find lim(l— .1 J
=0 x SInx

. 1 . 1 . .
Since lim— = and lim—— =0 the given problem is an
x>0 x 0 8In x

indeterminate form of type (o0 — ). Let us convert it to (%) form and

apply L’Hopital’s rule
lim(i 1 ) i SIRX X —(9)=lim (sinx-x) _

x sinx) =0 x-sin® 0/ x-0 (xsinx)

. cosx—1 0) .. cosx—1)
=lim——————=| —|=lim ,( ) o
=0sinx+xcosx \0/ *>0(sinx+ xcosx)

. ~8in x
=lim —— =,
x50 COSX +COSXx—Xxsinx -

Example: Evaluate limu(l —tan x) -sec2x
X

Solution:
The given problem is an indeterminate form of type (0 ). We can

convert it to type (%J and then apply L’Hopital’s rule
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(1-tanx)-sec2x= lim -
14 x»x/4 COSZX

1—tau. (O)z lim (1-tanx) _

0) xn/4 (cos2x)

. —-secix -2
= fim =X _ T2
x>l =2sin2x ~—2

Athough the L’Hopital’s rule is very useful and widely used method,

ferc are some limits for which L’Hopital’s rule does not help.

Vax+1

mple: Evaluate lim
x>0 \[x 43

Vdx+1 =00 and lim+x+1=00, so the given limit is an

X—r®0

ildeterminate form of ( ) Thus,
0

[e¢}

Vax+1 _ (_J (Véx +1) — lim 4Jx+3=(3]
+3 m(\/}l_) e Jaxsl \e

ated application of L’Hopital’s rule simply will produce another

ildeterminate form of (33) . We must try something else.
2 0

&

ﬁe given limit can be rewritten as

\/4 f4 /
X+ 1 x+1 4+1/x__h.m ;—4:2'
x—>°° x+3 1+3/x oo

Exercises.

In exercises 1-16 use L Hopital’s rule to find limits if it applies.

A

L lim fanx —smnx

am - 2. lim
B o — -0 X
: x—~sinx =0t
2
tan .
F im0 4. lim(l1-cosx)cotx
x>0

=7 tan Sx
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X

p—

2

6. 1im{-—}'-'
=3 X — 3

S. hrr}(l ~ x)tan

122

5

x* —x—6)

Y

— sl 4yt -2 -
7 1.mnxcosx3 sinx 8. lim X - x* -2
x>0 x o1 Ax? —5x+1
9, lim 1_:—2—3321 10. lim(x - cot nx)
s, €083X =0

(1 2 . 1
11. lim —f{—cot x 12. lim| cotx ——

x>0\ x x-»0 X

. 2 3

3. lim— 14. nm"z““"g

x>0 (sinx)” -2 X0+

2 _ .

5. lim 4x? +3cos3x 16. lim x sm'x

wow 2x% — 2SI 2x x>0 tan x —Sin X

In exercises 17-20 verify that L’Hopital’s rule isno help in
finding limit, then find limit by some other method.
7. 1im x + sin2x (8. lim x(2 +sm 2x)

P Xy + X+ 1
19. lim 16x—1 20. lim 2x—sin’

o J2x+5 £ 3% + SN X

5
Answers.
2
132533 5405 25651 —}—;&§;2=£;
2 bia 5 3 3 3

10. —1—;_1_1_.2/3; 12.0; 13. 1; 14. 16/9; 15.2; 16.1/3; 17.1

n
18. does not exist; 19. 2\/—7: ; 20, 2/3.




Chapter 5.
Integration.

5.1. Antiderivatives. The indefinite integral. Properties
and some integration formulas.

Definition: A function F (x) is called an antiderivative of the function
- f(x) on a given interval if

F'(x)= f(x)
r all x in that interval.

Example: The functions i—x"; %x“

“xonstant) are antiderivatives of f(x) = x>, because derivatives of all

s

+7;ix4 -7z;lx4 + C (C-is any
4 4

F(x)is antiderivative of any function f(x), and C is any constant,
en F(x)+ C is also antiderivative of f(x).

d —
E ;,;[F(X)JrC]—f(x)

%{e will denote it by
W [fea=Fmec

he symbol j is called an integral sign, f(x) is the integrand.

| isread as " the definite integral of f(x)equals F(x) plus C “

i r example above:
x4
Ix"‘dx =—+C.
4

perties of indefinite integrals. Integration formulas.

An indefinite integral has the following properties:
constant factor can be moved through an integral sign

j ¢ f(x)dx=c- J' f(x)dx

kn antiderivative of a sum is the sum of the antiderivatives
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/() +g()ldx= | f(x)dx + |g(x)dx
J Jreas |

3) An antiderivative of a difference is the difference of the
antiderivatives

ftre) - g0 = [£(dx - [gxdx.
List of some basic integration formulas.

(1) jo-dx=c
2) J'dx=x+c

n+l

3) jx"dx =2

n+1
©) J.sinxdx =—cosx+C

+C;  (n=-1)

(5 Icos xdx=sinx+ C

(6) J‘secz xdx=tanx +C

N Icscz xdx=-cotx+C
(8) Isecx ‘tan xdx =secx +C

9) J.cscx-cotxdx,y:—cscx-k C

Correctness of integration formulas can be checked by differentiation
For example (3) is correct, since

n+l ) n
_)C_—+C :M_._:x”
n+l n+l

Example: Evaluate '[8 cos xdx

Solution:
j 8cos xdx = Apply the first property=8 j cos xdx =
=Apply formula (5)=8sinx + C.
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¢ Example: Evaluate

—ld

+C-——«/—+C
+1

f- a2

[Yxax= j4dx—"4 +C=-:—4x5+C

Second and third properties of indefinite integrals can be extended to
re than two functions:

Jlr -+ heoMe= [rde~ [gloyde+ [

I(6x ~2x% 47y - 4)dx = f6x3dx—
- [2x%dx+ f7xde - fads= 6 [x'av 2 [x*drv +7 [xdx -

x4 x3
‘4de= 6‘(T+C,J—2-(—3—+C2J+

2
X 3 2 7
PN A G -4+ C) = 2xt - E P S xt —dx+

+(6C, ~2C, +7¢, 4C)-—2-x 32x3+—22x2——4x+0

125

dx
' b [ZL ¢) {xax

e Y

- Solution:

n+l

. For all integrals we will apply (3) Ix"dx =2 7 + C for different n:

¥ n+

dx s x7 1
8 — = {xdx= +C=- +C;

) x* J. -5+1 4x*

s



Sometimes it is useful to rewrite an integrand (simplify) in a different
form before performing integration.
Example: Evaluate

a)

Solution:

a)

sin x

b)

COS x

sin x sinx 1
dx = I . dx=jtanx-secxdx=secx+c
cos’ x COSX COSX

t '—3t _ 1 _ -2 .
b) e dt= I(t—z—3Jdt—It dt—j3dt—

¢! -1
=—-3+C=—=-3t+C.
-1 t

2
Example: Find I(sm§ +cos5) dx

Solution:
j sinZ +cos dx sin? X+ 2sin Zcos = + cos? = |ax =
2 2 2 2 2
= I(l +sinx)dx=x-cosx+C

dx

Example: Evaluate _[

Solution:
Let us multiply numerator and denominator bby (1-sinx).
We obtain

J- 1‘ dx=j .1-smx ‘ dx='[1—slnxdx=
1+sinx (1 +sin x)(1 —sin x) cos” x

1+sinx

1
= > dx~jtanx-secxdx=tanx—secx+c
cOs” x

Example: Evaluate Isinz %dx

Solution:
. . .2 1—-cos2x
Let us use identity sin® x = —
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23‘—dx= jl_cosxdx=jldx _'rcosxdx=3c__s1nx+c.
2 2 2 i2 2 2

Exercises.

In exercises 1-15 evaluate the integrals and check each answer
: differentiating it.

2 1 3 s
5x"dx o _‘-(2x—x +x%)dx

4, J‘xi/;dx

(257 —8x 5)dx 6. j(2x+x2)2dx

X +2f2 LN 8. [[4sinx +2cos x]dx
sec x(sec x + tan x)dx 10. j[\/g —csc? 01d6
sinzxdx 12, cos3§—5 P
coS X cos” @
J'({/x—er%]dx 14. J(ax—b):‘dx

il
A

J‘sinz X dx

16. Find the antiderivative F(x) of f(x)=%x that satisfies F(1)=2.
l? Find a function fsuch that f (x)+cosx=0 and f (%J =2.
Answers.

4 6 9

24C2 xz—%+%+c;;8\/?+c;4_.g-x3+c;

6 5
~xix? —4—0\/5 x +C;6. Xoixt +ix3 +C; 1. lx2——g+
5 3 =5 3 27 x

+C;8., —4cosx+2sinx+C;9. tanx+secx+C;
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10. ges[e +cot# +C; 11.-2cosx +C; 12. sin# - 5tan# + C ;
13, =x\[x* +A[x* +C; 14. - x n-a bxi +—abX2-
— 5 2 — 4 2

-i13+C; 15 -i(ac—sinx) +C;16. F(x) ="x" +";
17. /(x) =3-sinx.

5.2. Integration by substitution.

We use substitution method of integration to transform an
integral not listed in an integral table to one that is listed.

Exatpie: Find J(sinx2) -2xdx

Solution:
Note that 2x is the derivative of x 2. Make substitution u=x2.
Then du =2xdx and

f(sin7x") 0 dx= Isinudu —eosu +C
Replacing uby x2in - cosu vyields - cos*2. Thus
J(sinx2)-Ixdx =- cosx2+C
The answer can be checked by differentiation:
-[-cos*2+C] =(sin*2)-2*.
dx
Exartpie: Evaluate J(x3+ 1)@ *3x2dx
Solution:

Ifwe let u=x3+1, then du - 3x2dx, so

f(*3+1)60-3*21 = fuBldu=— +C=(X +1)-- +C.
J J 61 61

ExaTtpie: Evaluate Jsin 5xdx
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Solution:

u=5x
JISin5xdX = gy - 50d | e _
stmn 5 - I Gosu +& = 1c055*+C.
\dx=*L 5
- mark:-There are no hard and fast rules for chnn
A" makinS an

aPP”~nate choice wdl cowe with ex"enence
tam ie: Evaluate fsin2xcosx<b
Solution:

u =sin x )
sindx
+C

T Jsin3xcosxdx =
du =cosxdx\ SUdu--~ +c=

Exatpic; Evaluate J<SiV* A

Solution-
weldet u=yfx, then _J “
dx 2yfx
du=2vC and”™ =22 Then
fsinv» _ f

dx- Jsinu-2du=- 2cosm+ C=-2cos +C*~
Evaluate (~ ~ d x
L u=Il+x
du=3x2dx = fdu/3-j u'2{ _
»+x3 du 0 ] 3~ - +C=

-~ =X2dr ~2+1



=%-2«/§+C=—§—\]1+x3 +C.

Example: Evaluate J’7t3 Aa-T7ttde

Solution:

J'7z3 Aa-Tt%dt=

u=4-7t* 1,
3
du =-28t dt"J‘x/— (———-)z_lll‘ +C=
—+1
2 pd 3
4

S J_ c_———%/(4 7 4 C.

Example: Evaluate Jx Jx+1dx

Solution:
u=x+1
Ixzvx+1 dx=|du=dx |= I(u —1)2J5du=
x=u-1

5 3 1
=j(u2 ~2u+l)\[1;du=J-[u2 ~ 22 +u2Jdu=

1]
3

3

(.7C+1)2 —i(x+l)2 + 2(x+1)2 +C.

Exerclses

In exercises 1-20 use appropriate substitutions to evaluate integrals.

1. j(1+x2)6xdx 2, j3,/(1+x2)-xdx

3. jcosm do 4, j(x—3)5dx
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. 6
¥ -sinx” dx

4 \817 +14 ar

Ix\/x_—_de

X

V1-x?
sin(5/ x) &

2
X

dx

sin’ 3¢ - cos 3t dt

= (1+x?) +C;L§(l+x2)% +C ;3. El—n;?—g—wLC;fL

6
,_‘Z_%\/(Stz +14)° +C;

1
—cosx’ + C; 6——-————1——~——
6 3 (P +7x+6)°

Vix +4)° +C;2-_4SinZ+C;_1& —%cot3x+C;

5 3
(x-2)7 +§(x——2)/2 1 C;12, %\/1+4sinx+C;
meC, 14. g\/)53 +1+C;15. écos(S/x)+C;

p@l

?
|
|

sec’ 2x - tan 2x dx

6. J 2x+7

x+7x+6)°

vx+4 dx

10.

sin? 3x
12"" cos x

——x
1+ 4sinx

2
X

14.Im

1

(=2

<

Answers.

~tan(x? )+C; 11, Tlgsm 3t+C; 18, ——(2—sm4¢9)/2+C

sec’ 2x+C;20. —%tan(cos30)+C.
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5.3. Sigma notation.

Definition: Let a,,a,,4;,.......,a, be nnumbers. The sum
a, +a, +a; +.... + a, will be denoted in sigma notation by the

symbol Z a, , which is read as ” the sum of a sub k as k runs
k=1

from 1 to n.

Example: Write 17 + 2* +3* +4° in the sigma notation.
Solution:

4
P+28 43 44 =&

k=1

5
Example: Compute 22"

k=1

S
Solution: Zz“ =2' +22 423 +2% 4 2°=2+44+8+16+32=62.

k=1
Properties of sigma notation:

a) ic-ak =c'§n:ak
k=1 k=1

b) i(ak +b,)= }ia,, + i“bk
k=1 k=t k=1

©) > (@, ~b)=D.a, - Db,
k=1 k=1 k=1

Some useful sums:

- _n(n+1)
(1);/«————2

S, n(n+)(2n+1)
(2)§k ==

n 2
3 0 ___{n(n%—l)}
( )Z“, >
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10
% Example: Evaluate Z k(k +3)
, k=1

lution:

10 10 10 10 10
D k(k +3) =>k? +> 3k =k +3) k=
k=1 k=1 k=1 k=1 k=1
J10:11-21 L 10-11 3854165 =550,
6 2
ome sums are formed by addin

cancels part of the next te
st terms at the end of the sum is said t

50 1 1
fample: Evaluate Z(_ - _j

Ak k+1

o telescope.

21 1) 1 11 1 1
- =1———+—~—+——~+ .....

kzl[k k+1 ( 2) (2 3) (3 4)
+(ihi):1 150

50 51 51 51

dmple: Evaluate Z(ak = Q)
k=1

tion;

)= (a, ~a;)+(a, —a,)+

Exercises,
In exercises 1-3 evaluate the sums.

4
. . 2
e b) > 2%; ) D.n

x~

, 6 150
I b) > (-D*; )23
=1 k=2 =
10 5
Gj-1; b) Y'1; c) ) 2m
n=0 m=3
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In exercises 4-10 write is sigma notation, but do not evaluate,

4. x> +xt 4 xS+ x84

5.

6.1:2+2-3+3-4+...... +49-50
7. 1-3+5-7+9-11

8.

9. -by+b, ~b, +b, ~by + b

10. @® +a*b+a’b? + a’h® + ab* +b°
In exercises 11-13 evaluate sum using useful sums formulas.

20 6 30
LYK 12, D (4% =2k +1); 13. ) k(k=2)(k +2)
k=1 k=1 k=1
In exercises 14-16 evaluate telescoping sums.
100 50
i ni 1 1
14. 20 =27, 15. -
,Z:}:( ) ;(ZHI 2(i—1)+1)

$3t)
SR (k-1

17. Evaluate

100 n n
a) D i b) > on; ¢) D kx

i=l k=1 s k=1

Answers.

1.a) 6;b) 20; c)14; 2. a) 4;b) 1;¢) 450; 3. a) 55; b) 11;¢) 112;

7 . 102 1 49 6 5 l
4. 5.8 6. nel);L Y DRk -1)8. Y (D
_igx ~§k “;"( )_g( P )-,Z;( )"

5 5
9.3 (=15, ;10. 3" a** -b*; 11.2870; 12.1728;

k=0 k=0
13.214365; 14. 2'® 1,15, -5)-9;_1@ —332;1_7_.51) 5050; b)n’;

101 400

c) %n(n +Dx.
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5. 4. The definite integral and its properties.

 function £ be continuous on [a, b].
# us divided [a, b] into n

pintervals. If an interval [a, £,
Wided into n subintervals, and if

is an arbitrary point in

¥ subinterval, the f(x;)Ax, is
j¢ area of a rectangle of height
b(x;) and width Ax,, so then the
under the curve y = f(x)

er the interval [a , b] is defined

im > f(x;)Ax,
k=1

© max Ax, -»0

e write
b n
[ropax= tim Z fGAx, .

riefly, the definite integral f over [a, b] is the area under the curve
= f(x) over [a, b].

f(x)dx is called the definite integral of f/ from a to b.

and b are called the lower and upper limits of integration,
spectively.

n
Example: Express lim Z(x,:)4 Ax, ; as a definite integral
max Axy -0 P

fora =1, b=2.
£ Solution: The function being evaluated at x; in each term of the sum

g8 f(x)= x*. The partition interval is [1, 2], so the limit is the integral
§ of ffrom1t02

n 2
lim Y () Ax, = jx“dx
k=1 1

max Ax; -0
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area under b
A=|y=f(x)over =If(x)dx.
la,b] ¢

5

Example: Evaluate Ix dx

3 Ay
Solution; The integral represents the area ’

under the graph of y = x over [3, 5]. (Fig.5.2). y=
This region is a trapezoid whose parallel
sides are have length 3 and S, and whose
height is 2. 0 : >
Thus 35 «x
5 345 Fig. 5.2
I xdx= 2 9=8
; 2

6
Example: Evaluate I(Z - Xx)dx
2

Solution:

The integrand is negative over [2, 6],
so the integral is the negative of the
area of the triangle (Fig. 5.3). The area

of triangle is §, so
6

j(z—x)dx=—s.

2

Properties of definite integrals.

1. bj f(x)dx=— j F(x)dx
a b

2. ‘]f(x)dx =0

3. I]c-f(x)dx=c-l:[f(x)dx
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b b
B/ +e(ldr= [7(xdx+ [g(x)ax

. b b
B0~ e(ldx= [f (o) - ey

S() + g(x) - h(x))dx = bff (x)dx + ]‘g(X)dx - [jl‘h(X)dx
a,b, and c are numbers tl‘;en ’ ’

f(x)dx = jf(x)dx + f F(x)dx

is mtegrable on [a, b] and f(x)20 forall xin [a, ] , then

f F(xX)dx20

and g are integrable functions on [a, b], where a < b and
<g(x) for all x in [a, b], then

b b
Jr@ads< [gxax
m and M are numbers and m < f(x) <M for all x in [a, b], then

b
mb - a) < j f(x)dx<M(b—-a) ifa<b and

&
mb-a) = If(x)dsz(b—a) ifa>b
le Suppose that
ff (R)dx =1 j F(x)dx=3 and jg(x)dx

3) j[3f(x)—g(x)]dx; b) jf(x)dx
3 1
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Solution:

a) From properties of definite integral
6

6 6
ﬁaf(x)—g(x)]dx=3- jf(x)dx - jg(x)dx=3.3_4: 5.

b) From 7 property of deﬁmte mtegral w1th a=1, b=6, ¢=3
j f(x)dx = jf(x)dx + I f(®)dx

If ()dx = jf(x)dx~ jf(x)dx=- 1-3=4.
1 1 3
Example:
_2 1 3
Find  [f(0dsx if [f(x)dv=2 and [f(x)dx=-6.

Solution:
From 1* property it follows that

-2 3
[reax=- frixas
3 2

From 7 ™ property we obtain
3

f J(x)dx = xIf (x)dx + 3[ f()dx=2+(-6)=—4 and
-2 -2 1

-2
[ryde=-(4=4 -

It can be shown that

b
J-cdx==c(b -~ a) (c-const);
b 2 2
J.xdx=2——-a—~; and
h 2 2
b 3
Ixz dxz-b—.

3
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Using these integrals we can evaluate, other integrals.

xample: Evaluate |x’dx

0
. 3 3

& Solution: Ixzdx =3 =9
0 3

] .
Example: Evaluate j‘(3x2 ~4x +5)dx
1 0

3 4 4 4 4

| @ Solution: J3x* —ax+5)dv=3 [x’dx ~ 4 [xdx +5 [dx=
% 1 0 0 0 0

v’; 3 3 2 2

L =3(34-3—)~4(f'2——92—)+5(4-0)=64-4-8+2o=52.

3 3 3
| § Example: Evaluate Ixzdx
- 2

-

| 3 3 3 2 3 3
. § Solution: szdx= Ixzdx ~ Ixzdx=§——3—=6l.
2 ] 0

Exercises.

In exercises 1-3 use the given values of a and b to express the
& following limits as a definite integral. (Do not evaluate the integrals).

lim > (x;)’Ax,;a=1;b=4
k=1

max Axy -0 4=

lim Y {4(x;)® - 3x; +3}Ax, ;a=-1;b=2
k=1

max Ax, -0 -

- V4 %
. Iim Z(c052 XA s a=—=; b==—
. mxAxk—)Ok_l 2 3

e In exercises 4-10 evaluate definite integrals by using area
”. E formulas from geometry, where needed.
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1
1
5. {(1—-—x)dx
_{( 5

0

6. 9j6 dx 7. 5j(3—4x) dx
7 0

8. Bf 9—x* dx 9. 3.ﬂ3x~3|dx
0 -2

10. Ii(cosxdx

<

2 2 2
11. Find j[f(x)—3g(x)]dx if j fydi=Tand [g(x)dr=-5.

5 1 5
12. Find jf(x)dx if jf(x)dx=—2and fropax=1.
1 0 o}

b b b
In exercises 13-16 use formulas for jc dx ; jx dx and J'xz dx
a a 0
to evaluate the given integrals:
S 2 S
13.a) sz dx; b) sz dx; c) sz dx
2 5 s
2 1 3
14. a) '[xdx; b) jxdx’, ’ c) jxdx
1 2 k!
2 0 2
15. j(x+ 2)? dx 16. J[(sz xde 17 j(x2 ~2x +T7)dx
0 3 i
Answers.
’ 2 %
1. jx3 dx ;2. j(4x2 J3x+3)dr;3 feos’ xdxid ;52,612
1 -1 _%
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14. 2) 3/2; b) -3/2; ¢) 0; 15, 56/3; 16.

5. 5. The first fundamental theorem of Calculus.

Fheorem: (The first fundamental theorem of Calculus
Let fbe continuous on an open interval containing the

-35; 8. —9;:—(— 9.39/2; 10. 0;

rval [a, b]. Let

()

F (x) is differentiable on [a, b} and its derivative is £ that is
F'®)=£(x).

Iso can be expressed by the formula

d X
= ‘Ilf(t)dt =f(x)

(2) states: ”

@

b words

F(x)=}cf(t)dt forasx<bh
a

fraluated at the upper limit .

- 4 .‘: amle Differentiate y = I 1+3dt

Fample: Find &
¥ dx
fution: —‘—1—
4 dx

.lutlon By the fundamental theorem

dy d [IVIH dt )=
x

" x

j'sin ¢ dt

14

X
j sint dt

L7

where the integrand is continuous, the derivative
¥ integral with respect to upper limit is equal to the integrand

_l i

. -

11.22; 12. 3;13. a) 39; b) -39; ¢) 0;

94J" 6l

17.

wl

1+x°

} =sinx [Equation (2) with f (r)=sin ¢ ].
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X
Example: Find i[ jﬂ dtJ
dx ;

. d |’ 3
Solution: —_— J‘t dt |=x
dx ;

10
Example: Differentiate y = |v1+¢2dt

Solution:

The lower limit of integration is x, we change the limit of integration

first:

X
y=- J‘ V1+t2dt then apply the first fundamental theorem
10

dy

dx

Example: Differentiate y =

Solution:

4
X

t+1%dt
0

{— ;[W dt} =1+ 2.

The first fundamental theorem does not apply directly since the upper
limit of integration is x*, not x. In this case let u = x* . Then

u
y= J\/t+t2dt,where u=x*
0

By the first fundamental theorem

The Chain rule tells us that

dy
du

]

u+u?

ﬂ)i=£)igli =Vu+u® A’ =vyx* +x* -4xP = 4x°V1+ x* .

dc du dx

Example: Differentiate y = jJ t+1dt
0

sin? x




lution: Let  =sin? x, then :
& T | =i+
du du ;

the Chain rule

oE o =Nu+1-2sinxcosx=+/sin x +1 . sin2x .

SEN

Sl Ba

Exercises.

In exercises 1-6 differentiate the given functions.

5 .ft4dt 2. ft“dt
2

1 J‘mdt 4. ]‘4—tdt

-1
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X

7. Let F(x)= I;OS; dt . Find
a) F (0) b) F'(0) ¢) F'(0)
8.Let F(x)= ]\M[Z +5dt. Find
a) F (0) b) F'(0) ¢) F'(0)
9. Prove that
g(x)
L [ 1= (g ()= 1)K ()
x h(x)

.X‘
10. Find 2 if y =L fsin? £ de
dx dx 3

d d’f
11 Find 2 if y== [¢-tancar
dx dex

Answers.
b
Lox*; 2, x*; 3 2x1+sin(x?) ;4. 47 5. 3/x; 6. 1 CO_SJZ ;7.2)0;
+Ssimn- x
b)1/4; ¢) 0; 8. 2) 0; b) /5 ; ¢) 0; 10. 4x° sin®(x*) —3x? sin(x°); 1L
9xtan3x —-4xtan2x.

5. 6. The second fundamental theorem of Calculus.

Theorem: If fis continuous on {a, b] and F is antiderivative of fthen
b
M [f@dx=FE)-F@

The difference F(b) - F(a) is commonly denoted by F(x)|. and
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) can be written as

[ = F o = £y - i)

3
ample: Evaluate fxzdx

ce F(x)= x? by 2" fundamenta] theorem we obtain

3 x3 3
fxzdx=m =
; 3

3 3

1 1 1 26
P C) () L SR

| 3() ;O

0

4
mple: Evaluate fxdx

Hution:

5 2 2
~4x+S)dx = ’L—4L+5x = i71—8-1»10);0:&%.
5 2 . 5 S

2
Mple: Evaluate ﬂx(dx
tion ; )

H=x if x>0 and fx{

=-x 1f x<0, then

Y ¢ T 2f e 4 13
=f(—x)dx+ J-xdxz—i + I Soto=—,
3 J 2, 2|, 272773
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Theorem: (The Mean Value theorem for integrals)
If fis continuous on a closed interval {a, b] then there is a number ¢

between ¢ and b such that
b

[Fdx= )b -a).
Definition: The average or mean value of an integrable function f(x)
on a closed interval [g, 5] is

1 b
Juve = b_a‘!f(")d"'

Example:
Verify the Mean Value theorem for f(x) =x* and {a,b]}={0,3)

3 x3 3
szdx:‘l =9
(4] 3 ]

Since f(x)=x?, we are looking for ¢ in closed interval [0, 3], such that
3

szdx =9=f(c)(3-0) or 9=c*-3; since ¢* =3 = ¢ =+/3 thus
(]

¢ =+/3 1s the number in {0, 3], whose existence is guaranteed by Mean-
Value theorem.

Example: Find the average value of x* ower the interval {1, 3]
Solution:
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Exercises.

In exercises 1-13 use the second fundamental theorem to
evaluatc the given integrals.

4

1 j5x3dx 2. j'(x+5x2)dx

: n/3 Itl/2

‘_ chosxdx 4. fsin2xdx

E 1is o

"‘:‘.7 g 8

b. [svx as 6. [ ax

: |
f(t2~2t4-8)dt 8. Ifdx

: ; P
ij[dy 10. f(——-—-S\/;~x 2}dx
44
I(x3 +x)dx . I
¥ cos’ a

9][3\/2 + T]

3  Find the area of the region under the curve 3x? and above [1, 4}
Make a sketch of the region.

J‘,Find the area of the region under the curve 6x* and above [-1, 1].
Make a sketch of the region.

£ Find the total area between the curve x> ~3x —10 and the
 interval {-3, 8]. Make a sketch of the region.

In exercises 17-21 find the average value of the given function
the given interval.

13,51
,‘3x [1,3]
x5 10,9]
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20, -2 (4, 9]

Jx
21.sec’ x ; E,E
6 4

Answers.

1.75/4; 2. 112% 3, %(ﬁ—l) : 4. 1; 5. 190/3; 6. 93/5; 7. 22/3; 8. 5253

9. 844/5; 10. -55/3; 11. 66; 12. 1; 13. 40;14. 63; 15. 12/5; 16. 203/2;

17. 49/3; 18. 6; 19. 2; 20. 4/5; 21. 1—29[3—19
Br

5. 7. Substitution in a definite integral.

Method 1:
The substitution technique extends to definite integrals,

b
I f(x)dx , with one important remark:

a

When making the substitution from x to u, be sure to replace the
integral [a, b] by the interval whose endpoints are u (a) and u (b).
Examples will illustrate the necessary changes in the limits of

integration.
3
Example: Evaluate IZ(I +x? )5 xdx
2

Solution:
If we let u=1+ x?, then du = 2xdx .

As x goes from 2 to 3, u =1+ x? goes from 1+2% =5 to 1+3* =10
Then

10

10
3_[2(1+x2)5xdx= Jusdu :%6- = 10° -5
2

5 5 6

Remark: Once you make the substitution, you work only with
expression involving u . There is no need to bring back x again.
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v/
Bample: Evaluate cos(rr - x) dx
| ;
Shtion:
® =7 — x50 that oy = _
8 this substitution
¥ when X=0 then y =7

dxand dx = ~du .

when x =§ then u = Tﬂ » [ this is the Jagt you see of x], so
% % 3
A
fcos(ﬂ‘ —X)dx=— fcosu du=— smuI” 4=
1]

V4

r

=—[sin3§—sin7z]= —ll/x/E—OJ=-\/5/2.
5

e: Evaluate fx\/x+4 dx
0

VX+4 . Now let us express x and
Hing square of 4 - VX + 4 we obtain

u2=x+4, x=u?_4 and dx =2y gy,

runsﬁ'omOtoS, U=+x+4 runsﬁomZtoS.Thus
3
4dx=

dx by u and dy.

f(uz —4)u‘2ud'u=]'(2u4 ——8u2)du=
2

2

2
211-2 19:§26.=33H
15 15
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nl8

Example: Evaluate jsins 2x - cos 2x dx

4]

Solution:

U
Let u =sin 2x so that du =2cos2x or cos2xdx =—

With the substitution u =sin 2x we obtain
u=sin0=0 if x=0

N

u=sin2-£=—~— if x=£.Thus
8 2 8

S (3) 1
12

n/8 J212
_"sinS 2x-cos2xdx=
V]

s du _

26|,

Oq___..

Example: Evaluate j J.__ dx
44 5x

Solution:
Let u=+4+5x.To express x and dx we have to take the square of u

2

U
ul=4+5x; x=

and dx = -5~u du

if x=0 then u=+/4+5-0=2
if x=1then u=+v4+5.1=3,s0

1

1
== udu=— f(u? - 4)du =

!4+5x 52'( “ J(u =
3

2 [ 2 g 14

=Y du| = 9-12) - C-8)] =

25[3 “]2 250G 8l=

Method 2:

5 J
There is another method for evaluating a definite integral j f() La

a




- The idea of the method is that first we evaluate the indefinite integral
j J(x)dx by substitution as it discu:.ed in 5.3., and then change back

to x , and use the original x- limits.
2

> PR T

' Example: Evaluate fx(xz +1)* dx
¢ o
. Solution:
: u=x+1
 Substitute du = 2xdx| then we obtain
. xdx = du
2
¥ 2 4
ffx(,12+1)3 dx=— {u’du= C (x ;l) +C
'»Thus
2 4]?
2
E x(x? +1)° =D ’ =52 N
= g |, 8 8

, e choice of methods for evaluating a definite integral by substitution
5 2 matter of taste, but it is best to know both methods.

Exercises.

In exercises 1-14 evaluate the integral by any method.
k1 Jis

1 I L dx 2. J\/I +x° xdx

E o V1+x? Js

LT 0

| sinvx 4, 4. f(-2x)* ax

;‘:’/16 ‘/; -1

7/2

e 6. | 4sin(-§—) dx
0

o
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¥ -1
‘\_‘ 7. IMZX 3dx j x+2
’;« 55 +2) 7 x? +4x+7
b Ji )
5‘[ 9, '[Sx-cos(xz)dx 10. Isin 3x-cos3xdx
l 0 0
g 7!9 1 2
i 2 dy
11. |sec® 3040 12.
qfl ﬂ.;[z 0 \/4_3.}/
13 1j15x2 5x° +4dx R ELE
‘ . 0 ‘ -1 S+X
L : Answers.
‘.‘!1.“1
“@’ L V2 -1;2.37/3; 3. V234, 10, 5. 1192/15; 6. 8~ 42 ;7. -1/48;
| 8. 2(+7 =~/3); 9. 0; 10. -1/9; 11. —(\F—n 12. 106/405; 13. 38/3;
“ 14. 853,
}I‘j
{‘
.
!
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Chapter 6.
Logarithmic and exponential functions.

6.1. Logarithms (an overview).
7 finition: If 2 and x are positive numbers,a # 1, and a” = x, then the
nber y is the loganthm x to the base a and we write
: =log, x
E log, x is read as ” the logarithm to the base @ of x
general, if y =log, x, then y is that power to which a must be raised

oduce x, 80 x=a’
| ¥ =log, x has the following properties:
1) log, 1=0
2) log, a=

3) log,(b-c)=log,b+log,c
4) log, L log, b-log, c
c

5)log,b" =x-log, b

: 1
finition: The number e is e= lim(1 + x)* =2.7182
A X

‘ ill denote the natural logarithm of x by Inx (read”ell n of x ).
5 Inx is that power to which e must be raised to produce x.
Xample:
.0 Ine=1; In(l/e)=—-1; Ine’=3.
ark: All properties for y =log, x are hold for y =Inx as well.

Smple: Evaluate
] 1
23 b) logs V257 ; ¢) log; 7+ log,, 100
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Solution: a) log, 37=7-10g93=7-%=7/2

2
b) log, Y252 =log,(25)> =310g 25=4/3
S 3 5

c) log, 1_16_ +log,, 100=1log, 2™ +log,, 10> =4 +2=-2

Example:
2.4
Express In ad 1;)_ in terms of sums, differences and multiplies
z
Solution:
In 'y =Inx? +Iny* —1n1/?=21nx+41ny—-1—1nz
iz 3

Example: Write expression (5In3 + 2In4 ~In7) as a single logarithm
Solution:
3° .47

(5m3+2mn4-In7)=In3° +In4*> —In7=In

Example: Solve for x if In2x=3

Solution;:
In2x=3
3
2x=e’ = x= €
2
3
Exercises.
1. Evaluate
1
a) log, V3 b) log, (3°); ¢) 1og3(5]
2.1f log, A=2.1, then evaluate
a) log, 4%; b) log4—112; c) log, 164
3. Evaluate
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v a) log, 16; b) ]ogz[—l—J" c) log, 3
3 32)

4. Evaluate
‘? a) zlogzlb; b) zlogz(!&); C) zlogz'l

In exercises 5-7 expand the logarithm in terms of sums,

§ differences and multiplies.

5. log, (10x/x~3)
3 x* sin’ x
Vit 41
\[Xz -1-x°

sin? x

': " 6. In

| :‘7. In
E | In exercises 8-9 write the expression as a single logarithm.
g 8. 4log,(x - 3)—Slog,(sin3x) +2

.:9. 3In{x +2)+ %m x —In(sinx)

In exercises 10-14 solve for x.
3

7' io. log,y vx =-2; . in==-3
12 log, (7%)=9; 13. Inx*? ~Inyx =5
%14. ln(i—] + 1n(2)c3 )=1n8
5 Answers.

i. a) 1/2;b) 5;¢) -3; 2. a)4.2; b) -2.1; ¢) 4.1; 3. a) 4; b) -5; ¢) 1/2;
4. a)16; b) 1/2;¢) 7; 5. log, 10 + log, x +%Iog3(x -3);

'.21n[x[ +3In(sinx) - —;— In(x* +1);1. —;-lnixz - ll +31n|x| - 2In(sin x) ;

9-(x-3)* " m‘/)_c.(x»rz)3
‘ sin®3x T sin x
B. ¢*;14. 2.

;10. 107 11. 3¢°;12. 3;

p: log,
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6.2. The derivatives y=Inx and y=log, x.

o . . _ .1
The derivative of natural logarithm function y =Inx is the function —;
x

d 1
—(nx)=—, x>0.
dx( ) x

If u(x) >0, and if the function « is differentiable at x, then applying the
Chain rule to the function y =Inu yields

d 1 du
1 —[nu}=——
1 dx[nu] u dx

or in function notation
A
(inu) ==-u
u
To find the derivative of a base a logarithm, we first convert it to a
natural logarithm.
d{lnx|_ 1 d
—d—(loga x)=—— =X =———[lnx]= :
dx dx{Ina| Inadx x-lna
In general, if u is a positive differentiable function of x, then

-

dx dx{lna| Ina u dx
a 1 1 du
2 —\lo =_ ..
) dx( . 4) Ina u dx
or, in function notation
(]Qg“ u) :—_._1_.._1_.
Ina u

Example: Find ?‘i’—i);[]n(x3 + 1)]

Solution: From (1) with u = x> +1,

g—);[ln(x3 + 1)]= ! g;[x’ +1]=

x +1 x> +1

156



xample: Find (In cgs xJ
X

1 cosx 2x {cosx 2x -sinx-2x-2 Cos x
n = ——— :\\:
cosx\ 2x CoSx 4x?

__Xsinx+cosx
=_ - TEOr

Xcosx
= . d 2
1 ®xample: Find E[IO& (2x° - 7)}

lution:

] . (2) with w =2x2 _ 7 we obtain

e 1 1 d 4x
Blog, (2x2 -7 TR T —[2x -7
l : [ g )] In3 2x2 _7 dx[ I (2x2 -7)n3

JEN

-@ample: Find Iogs(—»—J

3 x+1

 Wution;

log x? R N s '=
\x+1)) s 2 x+1

1 x4 (2x* +2x - x?)
AT TEX X)L

e — .,

_ x+2
B 5 2 (x+1)? In5. x(x+1)
Jark: Before differentiating, if it is possible, the properties of

8 should be used to con

E vert products, quotients and exponents
.U;nS, differences, and constant multiples. Let us apply it to the last
Bple.

x2
S N
X+ 2 ‘
o |T—=IInx*~In(x+1] =
In5 | Jpst"¥ ~hGx+D
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—-———~[21nx-—ln(x+l)]—-_l_{z_ 1 ]z x+2
Ins x+1] In5-x(x+1)

3
Example: Find g— {ln _x__f;_o_s_)ﬁ}
X

V1+ x?
Solution:

First of all, let us use properties of natural logarithm function to convert
given expression into sums, differences and constant multiples:

—d— 1n———ﬁ)i)£ ~i[lnx +Incosx —Inv1+ x? :‘

' 2
Ly 3lnx+lncosx——-ln(l+x ) 11 sinx 10 2x _
Cdx 2 3 x cosx 2 1+x?

1
= —fan x —
Ix x2+1

==

Example: Find —‘-1—{10 5[
dx sin x - sec x

Solution:
i Ve x+1){_d| 1 m\/}-vxn
dx Bs sin x-secx dx| In5 sin x - sec x

; 1 . . . o
Since T—S is a constant, we can move it outside the derivative symbol.
n

Then

—1—~i[ln«,/;+ln3\/x+l ~Insinx - Insec x]=
InS5 dx
1

=—-(1 Inx+-— 1 ~In(x +1) - Insinx ~ Insec x) =
In5 3

=-1— —!—+ 1 —Ccotx ~tanx
In5{2x 3(x+1

Example: Use implicit differentiation to find Z_y if y* +In(x-y)=3
X
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Solution: leferentlatmg both sides,with respect to x yields
“—[y +In(x- y)]= —;[3]

Since y 18 the function of x we get

. 1 ,
2y +—(y+x-y)=0
xy

By solving for y’

ool
2yy +—+L:0
] x oy
1 : y
] Yy =
4 x(2y +1)
xamle. Find tangent to y + In x? y=2at(l, ).
lutlon. The tangent line is

d
J’“YO:‘X (x—x,) Xy, =1 Yo =1
dx (x9.¢)

1 . . .. d
bd all we need to write equation of tangent line is -2

X
; (x0,v4)
ltierentiating both sides of equation we obtain
‘; : 1 ,
Y+ 2xy+x7y)=0
x‘y

Sa2.0
X oy
C_dy 2y
d ~E—_x(y+l)
Q _ 21

dx an 1(]+l)

t10n of tangent line is y —1= “lx-Dor y=—x+2
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E.xercises.

In exercises 1-14 find dy [ dx .
1. y=In3x 2. y:(lnx)3
_ X _ 1Al —
3. y~1n—-»—f1+)c2 4,y 1n\x 4x 5\
3
5. y=+lnx 6. y=cos(«——)
Inx
x2
7. y=x n(3-2%) g y=— 1"
1+1nx
9. y=1n(secx+tanx) 10. y:x(ln3 x—3n’ x+6lnx—06)
11. y=10g4 x’ 12. y=x-cos(1084 X)
14. y:x-logﬁ(l/x)

13, y=x" in(logs (3%)
differentiation iyt + In(xy)=2-

15. Find dy [ dx by implicit
[n exercises 16-22 first simplify by using laws of logarithms,
then differentiate.
Uy 2 1. y=«l-1n(/—~5+x)
10 \5—X

16. y=—n
Y 5 \3x+3
, 3/
3(x5 +1)41 19. y:hl 2x(+21 i)xs-FZ
. x° +

o aed
20 yz\ogw 21, y =log (102, 7x)
2 .
7 y:10g3 x? .sindx
cos X x+1
Answers.
~x 3x% — 1L
Ll T erit 38 g =
X O ox(lex) X “axl -5 WinX x
3 ‘ Inx
—_35111‘1(3/111230’L~ 2x +3x2-ln(3~2x);§_._l(l+2n2)3
x(In x) 3-2x (1+1nx)
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, secx;10. In® x;11,

ln

sin(log, x)

4

; 12.cos(log, x) -

' -[~+Scot5x+tanx~

',: ple: Differentiate y =

xlnd4 — Ind

3. 2xln(log5(3x)+~—x—~;y1= - L+inx ;18. ——~—Z—~;

In3x In6 x(2y* +1)
1 1 6x  20x* 1 1

6. s 17, ;18. + ;19, + -
g Cxt+35) T 25-x> T x2+1 x*4+17T 2x+1 3x+2
f " 0

. lzx ; 20, ——(cotx 3tan3x—~-—) 2 -—1———-

2+ In7 "X In6-In7x>

2(x+1)]'

6.3. Logarithmic differentiation.

The logarithmic differentiation is the special case of implicit

ferentiation. This way of differentiation is useful for differentiating
tmns that are composed of products, quotients and powers.

Yx - ,/(1+x

x

tion: If you were differentiating dlrectly, you would run into

by computations. Let us take logarithm of both sides of the equation

by

EWe can write

. 1 3 4
L y=—Inx+>=In(l+x*)~—Inx
Iny=giner e 2 =g

Fentiating implicitly gives

x 1+x? 5x

ldy 11 e 2x 41

.: for & yields
' dx

v1+3x 4) \/‘\/(TT(M 4)

1+x* Sx

7

k: Notice that we replaced y back with what it is equal to. We
o that by a regular implicit differentiation problem.
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Example: Find EX if y=3 x—1
dx Vx+1

Solution:

x-1 1 1
In =1n51/ =—In(x-1D)-=In(x+1
Y x+1 5 ( ) 5 ( )

1dy 1.1 11

ydx 5x-1 5x+l
dy 2 x-l

dx 5(x*-1)Vx+1
Logarithmic differentiation is also useful for differentiation of

functions of the form (f (x))g(x)

Example: Find gX if y=x*
X
Solution:
Again taking logarithms of both sides yields
Iny=Inx* =2xInx
Differentiating implicitly we obtain

lfJ—X=21nx+2)c-i
y dx X

& =2(Inx +1)- x>
dx

Example: Differentiate y = (sinx)“*”
Solution:

COs x

In y =In(sinx)*>* = cosx - In(sin x)

d . .
1l =—sin xIn(sinx) +cos x - c?sx
y dx sin x

COsx

%)i =[cosx - cotx —sin x In(sin x)] - (sin x)
x




Exercises,

In exercises 1-12 obtain ? vy logarithmic differentiation,

% i
Ly =(1+32)% (sin 3x)° 2 y=%

Vx
3 X1 4 (xz‘—8)4-«/x2+1
] = . e
¥ \’x—l yEr—" 7

sin x

2
5.y=x5-4x3+1 6_y:3x(3x\1)(x+\1)
(" +2)3x-2)
e

8. y=(sinx)tn=
10 yz(zx)log3x
12 y:(z_t)ul

] y:xx+2
L. Y =(cosx)"x

Answers.

B+ 305 in 3¢ [ 13
2 1+3x

1)-3 3&1 _2
2x)" = 37—

/. 2
t1 [ 28x +2\xk—cotx];§_: y=)cj-\/4 x4+
X" -8 x?4q

[ XG =D(x? +1) 11 # 2x N
B e

-1 x?2 4

codnrd s
+1800t3x);& (sec4x) Sin” 2x

Vx

3
i 7. 6. x5 Inx+1 ;8. (sinx
] (Inx +1) 8, (sin x)

~(lnx+l+%);L0._i-(2x)'°g”-
x

E In(cos x)

"(I+sec? xInsin X)) ;

log, 2x2;lL Y=(cosx)mx.
1
~1nx-tanx];& (2-t)’”[ln(2-t)+:%].
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6.4. Integrals involving Inx and log, x

jldx =1n]x] +C forany x#0.
x
If u is nonzero differentiable function, then
fl du = ln]ul +C
u

3

Example: Evaluate j. é:x 3dx
x'+

Solution:
The numerator is exactly the derivative of the denominator. If we let

u=x>+3,then du = 4x*dx so that

Jx4+3dx j——du—ln]u{+c lnlx +3|+C

Example: Evaluate J.tan xdx

Solution:
_ U =CosX
sin x )
jtanxdx:I dx=|du=—sinxdx|=
cos X )
— du = sin xdx

= J.—l—du = —Inju| + C=~Inlcos x|+ C
U

4

1
Example: Evaluate |-—=———=4dx
J Vx(+ %)

Solution:

Letu=l+\/; sothatdu—m —Zdu

2/x J"

It is necessary to change limits of integration x =1, x =4 to the elioni®
1fx:1,thenu=1+J_=2 :
if x=4 then u=1+v4=3

164




4

3

! - (2du o
b e P o o,

2

In2)=2InG3/ ),

Integrag in volving log, .

1
lamp]e. Evaluate fﬁgi@

dx
‘ 6 X+2
Hution, -
“=In(x 4 2)
8, (x + ) 1’ma+a
3 dr=___ T —dr= =
Ext2 1n3f x+2 du = 9% _
1 0 X+ 2
ifx:O,then U=Ino
ifx:l,then U=In3  ywe get
(xr+2) 1 2 1og2™
TTo—~dy=_1_ Udy=_2_ =
X+2 ln3, In3 2/
n2 In2
1
In*3 12 5)
2in3 n n 2)
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A S S R BTN i ‘ ‘

4In10

6, Inlln(lnx)’JrC 17. 2In2;18. 12~3 19. n3-In {

 Injsinx{+C; 9,

3-In°(2x+1)

né

b4

+c;g11n§;13.1ln§-14
300

= 2y/In(csc x + cot x).

1 aJHV

6.5. Exponents (an overview).

Laws of exponents:
The bases are positive, the exponents are any real numbers.

=q° -a”

7.a"8x - i (for x >0)

Ws above are true for the base e as well.

iy Dle: ]n e

_ ple: ont'+h) _ 2

E‘ ble: 2lug2 7
b Dle: 4log2x
h le. x+In s

hole: Find y

=3

+3

=7

=2210g2x ~21032x1 ___x2
ex eln, _5 x

if In(2y)=4x+3

=o0: Exponentiate both sides:
] 22y = e%*3
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du
dx

: xample: %[3“)”]:3“’” -ln3-%[cosx]=—3°°s" -In3-sinx

d i
(4) -le*]=e

‘Example: %[63“1 ]=e>*. dix[Bx +1] =3¢

d x5 x° d 5 4 5t
E E ample: —\| e =e X —5x e
. A dx[ dx[ ]

Find (2;“2 + e -xz)

: ;(23)(2 +et -xz) =2 2. (3x%) + e (dx) - xP+e . (x2) =
=2x(3In2-2° + 2xe*" + &%)

$Example: Find the extrema of y=x-¢e*
olution:

. dy
alet us examine — :
= dx
PRI
; dx dx|e” e’ e’
g 'here is a critical point whenx =1.
] dy dy .
en x <1, o >0 and when x >1, = < 0. Hence there is a global
x Ix .

aximum occurs when x =1and S(max)= f(1)= l .
g e

Exercises.

E

: 1‘ Simplify

‘ e‘lﬂ8 b) eln3+ln5 C) lOgg 35inx
k Solve for k&
b =9 b) 2¢2 =7 c) /1% =4
 Solve for y
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- Eis,

e

oo

R
= e T s

gt e

i
_

a) In2-y)=k b) log,(y +3)=4 ¢) eV =x*
In exercises 4-15 differentiate and simplify where it is

necessary.
1

4. y=e7% 5. y=e*
6. y=cos(e*) 7. y=x’e"
8. yzi;t;e—:;— 9. y=e*®”

e +e
10. y=et " 11. y=In(l - xe™)
12. y=i‘x—(27x—_-ll(a is a constant) 13. y=2%*
14, y=3° + 7% 15. y=7"" ¥
16. Find the minimum value of y =x® - Inx

(Inx)*

17. Find the relative extrema of

X
In exercises 18-19 find a) relative maxima or minima,
b) inflection points of the given functions.

18. f(x)=(1+x)e™

19. f(x)=x-¢e*

20. Let f(x)=e” and g(x)=e™™ Find °
a) £ () b) ()

HESI
O B
21.Find f (x)if f(x)= e * 7/ where u4 and o are
N27 o
constants and o # 0.

Answers.

1.a) 1/8;b)15;c) (sinx)/2;2.a) In9/3;b) 2+1log, 7;¢) 100In¢;

i
1 -

3.)2-¢;b) 78;¢c) In?x*; 4. ~21x2e7™ 8. ——er;
x
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~esin(e") ;2. xe (34—t A
(e +e™)

3

x 3y -1
0, (x - sec’ X +tanx)-e ™10, (1-3¢%)exe 11> 312, x-e™;

e’ ~x
1 b3, secx-tanx-In2.2%°%; 14, 3 .[p3.¢* 2Inz- 7%

WALV dn7 +41;16. l(1 +1n2);17. Relative minimum (1,0),
: 2x 2
: elative maximum (e2,4e"2) ;18. a) global maximum O, 1)3;b) x=1;

B

B o) obal maximum (3,22 6) 520,523+ 5 20, o) e

‘ nypn _—kx 1 —%(f;i)
)("‘I) k e ’ﬂ;_-ﬁ(x*#).e i
] To

6.7. Integrals of the functions 2* and e*.

J‘e"dxze* +C
fe“du:e" +C
Ia"dx:lfl; +C
J‘a"dlezua +C.

Rample: Evaluate J'e“dx
= Ution: Let 1 =7x so that dy = 7dx or dx = % , which yields

_"67)‘61'%:l J-e“du=le“ +C=le7x +C.
7 7 7

‘ ple: Evaluate J’e—smx cos x dx

ftion:
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u=-sinx
J.e"sm cosxdx=|du=~cosxdx |=~— J'e"du=—e" +C=-e" 4 (.
cosx dx =~du
n4

Example: Evaluate Ie" (1+e*)dx

inz

Sohution:
Make the u-substitution
u=1+e" du =e“dx

and change the x- limits of integration (x=1In2,x =1n4) to the

u-limits (u =1+e"™? =3, u=1+¢"™* =5). We obtain
In 4 5 3P

3 3
feras ety ae= fuldu=" i
in2 3 3 3 3 3
Example: Evaluate I27"dx
Solution:
u:7x 1 1 2u Tx
jz“dx= du="Tdx|=~ jz“du-— rc=2_sc.
7 71n2 TIn2
du
dx =—
7

2
Example: Evaluate Ix-4'*z dx
1

Solution:

Let u = —x?so that du = -2x dx or xdx——-qzﬁ

if x=1 then u =-1
if x—\[— then u = -2 and we obtain
14 - 1 3

" 2n4| 21n4(ﬁ”2)‘641n2

G
jx 47 dy= t j4 du=

1
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§ ;
Example: Evaluate J’ 30D
: J

§ Solution:

T u=x+1 * o

9 _”3(“1)dx= =f3”du= 3 =
g du = dx i ln3ﬁJ

~ g 1,24

In3 3 3m3’

tExample: Evaluate —_—
5 SIn x cos x
Nolution:

Bt us divide numerator and denominator by cos’ x.

1
" - 1 cos? x
e obtain —— - C0s" x

SINXCOSx  tan x

Let u =tan x then du = dx.

cos’ x
1

- f : dr =J‘mdx=J’ﬁ=ln}ul+C=]n,tanx'+C.
= Smxcosx tan x u
Exercises.

In exercises 1-18 evaluate the integrals

. 7 3
Bl ix 2. fxz e ¥ gy
. < 2 2

i I dx 4. e V1+e* g
1+
I

Jsinx . gcosx gy 6. Ie"’ rsec’(2—e ") dx

8. f(xln3 —4r-e* - cosx) dx

7 Sin x

" COS x dx

vy
80(e”) + Ine™) g 10. [£= o
; b
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in5 3
1. Jex(3—4e")dx 12, j(3—e~‘)dx
0 1

in3 X

J2x-1
d dx
2x~1

13, Iexe+4dx 14, IJ’_'

-In3
15, | xdr 6. [—&
3-2x 1+¢€*
2 -1
17. f3x3*(1nx+1)dx 18. J'S"“~1n2dx
1 -2

19. Find the area of the region enclosed by y = e*,y=2andx=0.

3x

20. Evaluate j ¢ dx .
e +3
Answers.
T e 1 50 x 1 201312
l—ge +C;g_.—€e +C;3.In(l+e )+C;A_t_.—3—(l+e) +C;

sin x

§=~e°"“+C;§_.tan(2—e"‘)+C;L +C8. %len3—

Inz
Caz-lsinx+C:9. C310. 2V +C311.36, 12, 6+e—e’;

13. ln2;1_4; V> 4 C15. —lln’3—2x2‘+c;
13 4 4

16. x—In(l + e*) + C;17. 63;18. %(84 ~64):19. 2In2-1;

2x

20. e2 _3¢" +9In(e" +3)+C.
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6.8. Limits involving functiéas a”, e* and Inx.
] L’Hopital’s rule and the forms (1°° ), (OO) and (oo0 )
JVe are familiar with the L’Hopital’s rule, which is a technique for

fealing with limits of the form * _ero-over-zero” and ” infmity-over-
: ﬁmty” In both of these cases it asserts that

i @) i S )
£ x->a g(x) xa g (X)
If the latter limit exists.

ote that it concerns the quotients of two derivatives, not the
ferivatives of the quotient. Now let us consider some limits involving

", ¢* and Inx.

5 Inx
: xamle Evaluate lim —-
i L ot
Wolution:
First note that Inx — coand x* — 0 as x - . We may use

{’Hopital’s rule in the [EJ form. We have

[oe]

—=lm—-=
0 x-—)co (x ) oo 2x  xoo 2x

£ Elﬁ:(f)_) (Inx)’ = lim 1/x 1 0.
oo 32

A . X
$xample: Evaluate lim —
‘ :' x>0 g

olution:
flim x = lim e =+ , so given limit is an indeterminate form of type

- +0 X—»+00

‘ :‘3). Thus, by L’Hopital’s rule:

,CO
' 1
lim i:(ﬁ): lim (x—)— lim -—:O

X—>+0 (8 ) xX—p+0 e

175




Example: Evaluate lir%2 ~
X—> x

Solution: Both (2° - 1) and x approach zero as x — 0. The given limjt

is an indeterminate form of type (%) . Thus, by L’Hopital’s rule

x _ x 1y x
lim 2" =(9-]=hm @ D 22y,
>0 X 1) -0 (x) =0 1
Example: Evaluate lim x-Inx
x—0*
Solution:
Since lim x =0and lim Inx = -0, the given limit is an indeterminate
x—>0" x—=0"

form of type (0 - ). Rewriting x - In x as i—l;ﬁ converts the problem to
X

the form ( ) and by L Hopital’s rule
= 0]

Imx . Inx= llmy—E (EJ lim (lnx)
x-20* =01/ x 00 x—>0" (1/.76)

= lim — - = lim (-x) =0

0 "
Remark: We could convert the problem to the form (—O—j by writing

. But it is less desirable than ln_x because of the
/Inx 1/x

x-Inx=

1
relatively complicated derivative of —.
n x

cos(w x/2)

Example: Evaluate ]in? T
x> nx

Solution:

n
~—sin(m x/2
5 ( )

[\
i
ol

i SO507 %/ 2) __{gjz lim (cos(r x / 2)) _

= Inx 0) =1 (inx) ¥t 1x
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bxample: Evaluate fim £ % 6%
4 x—>»0 er -1
Wsolution:
; %-. x-e*-cos? 6x __:(QJ:Hm (x-e” -cos” 6x)' _
S | 0) =0 (e -1)

b 1l.me" +cos” 6x + x-e* -cos’ 6x —2cos6x-sin6x-6-x-e* |
& 0 2e¥ 2

v ndeterminate forms of types (lm ), (00) and (°°0) :

BLimits of the form lim £ (x)¢"* gives an indeterminate forms of
P x=>a

‘:‘ pes (O" ), (ooo) and (1“’ ) All three types can be evaluated by
Biroducing a dependent variable y = £(x)¢™ . Then calculating
‘ limlny = lim[ln( f (x))g(‘)J= limg(x) - In(f(x))

if liminy = L then limy = lime" = ¢*

x—>a x—ra x—a

Example: Find lim x*

x—0"

Bolution:
Ihe limit leads to indeterminate form of (OO ) But a little algebraic
1 anipulation will change the problem, which obeys to L’Hopital’s rule.
Lety=x".Thenlny=Inx" = xInx. Taking limits of both

i :,'des yields
limlny= lim xInx= lim Inx_ (2J=
x=>07 x—0° =01/ x  \
—1im 8 i X g o0

x—»0* (I/x)' x—0! — 1/x2

and lim y=¢’=1.

x=0*




l)i/lnx

Example: Find lim (e** -
x—0"

Solution:

The limit leads us to the form (00 ) We let y=(e* -D'"""and

find lim Iny. Since
x=>0"

2x
lny:‘ln(eb( _,.1)”1“'” zln(e 1)

Inx
2x 2%
hm h’ly_- hm w:(ﬁ)z h M
x->07 Inx w0 x-0* (n x)
282)6

2x 0 -0 262x

__2#::_— 2x 0 2x 2x
= lim £ 1~hmx 2e =(~)=1im 2e " +dxe =1
X0 1/){: 0" g~
Therefore lim y =e =e (With L=1)
x—>0"

Example: Show that 1im(1 + l) =e
X—»0 x

Solution:
The limit has indeterminate form of type {1 ( )

1ny=x1n(1+—-)
x

! 1)
Ind+-) (ﬁln i+ ))
X = (%]“ him X/ =

limlny= hm

P 1/x X0 (1/X)
x 1
=)
-::.hmﬂ_}:.__i—x———: hm,_.l.__—_l
=) e
Therefore Iny = e =e. (With L=1)
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. X
Example: Evaluate lim(l + —13-)
3 X0 x
%§2|Lﬁ_0_11: The limit has indeterminate form of type (1°° )
1 s
] y=(1+-5)
X

In(1+ —};)
x

:' Iny=n(l+—=—)" =——-2%—
y=ind xz) 1/ x

1
In(l+ i) (ln(l + T)J
i - x2" [0} _.. x
limlny= hm————“—:(.—):hm____‘__.__
¥  dd 1/x 0 x—»20 (1/)6)
x’ -2 2x*
=lim —=-(-x*)=lim =0, s0
o x? 4l X1 x5 x>0 3x5 4353
ljmlny=e° =1.
gample: Evaluate lim (3 + 57 )”-‘

plution: The limit leads to indeterminate form of type (l°°)
y = (3): + Sx)l/x

lny—_-ln(3x+5x)ux=M
X
e X~»40 X o X400 (x)

. 3*In3+5"InS
= lim —————
: X—>+00 31 + Sv" o
peated use of L’Hopital’s rule does not help here. Let us divide

erator and denominator by 5”:
(3/5*In3+InS
> (3/5)" +1

B cfore lim Iny=e" =5.

X=>+0

=In5 (since (3/5)* -0 as x — ®)
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11.

13.

15.

17.

Exercises.

In exercises 1-23 find the limits.

x4

x>0 e"

X

. lim—

x-y0 3%

cotx

lim —
0" Inx
101

o lim ——

x>+ ex

) LT
~limx-sm—
X

Xy

lim (1 - —3—)
X—r+0! x

lim (1 + }-}
x>+ X

111’1'1 xsin x
x—>0"

. (1 1 )
lim| — -
—lx e" -1

19. hm (Vx* +x —X)

21.

x—»+®©

lim xe* (1+ x)*

x>0 ex _..l

bx
23. lim (1 + f‘-]
X-—r+0 x

2
2. lim Sln %)
e X

m
xo X+ InX

8 limx-e”

x~»+0

10. lim x(e™@' =1)

X—ro

N /
12. tim(e* +x)'""

x>0

: tan(")
14, 1m}(2 -x) ?
3

16. lim (sin x) "
x—0"

18. lim [x —in(x* + D]

X+
L
20. lim(cos x)*
x—0

1
22. lim(1 +sin 2x)*
x—=0

180



Answers.

B10.2.0,3.04.73 5. 016, +0:7,0:8.0;9. 7:10. 2:11 ¢

:. In2 ¥ 33
B12. %13, +0; 14, V7515, 1316, €517, 1/2;18. +0; 19, 1/2; 20, 1
buin i e

6.9. The hyperbolic functions.

'eﬁnition: The hyperbolic cosine and hyperbolic sine functions,
$enoted by cosh and sinh respectively, are defined by the formula
3 x —x x -x
coshx:i—%fh and sinhx =< —¢
', ¢ four other hyperbolic functions, namely, the hyperbolic tangent,
ghe hyperbolic secant, the hyperbolic cotangent, the hyperbolic
gosecant, are defined as follows:

_sinhx e -e™ eclx 1 2
; sechx= =
“coshx  ef +e* coshx e*+e™
| coshx e +e* 1 2
Foth x = — = —; cschx=— = ~
sinhx ¥ —e™* sinhx e~ —¢™*

pe hyperbolic functions satisfy various identities similar to the
ntltxes for the trigonometric functions. The most useful of these are:

cosh? x —sinh? x =1
sinh 2x = 2sinh x - cosh x .

bl .
cosh 2x =cosh? x + sinh? x

cosh? x cosh 2x+1
2
sinh? x cosh 2x—1

tanh® x=1-sech’x
coth? x=1+csch’x.
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Example: Simplify cosh 5x —sinh 5x

Solution:
Sx ~5x S5x _ ~5x

cosh 5x — sinh 5x=2 ’;e £ 2e —e™*

Example: Letsinh x = -2 . Find other five hyperbolic functions.

Solution:

From cosh? x —sinh? x =1 we obtain

cosh? x =1 +sinh? x =1+ (=2) =5 => cosh x = ++/5 . Since

cosh x > 0 for all x then the answer will be coshx = «/g .
sinh x

From tanhx = we obtain tanh x = _z
cosh x 5
From cothx = C?Sh % we obtain cothx = —-{5—
sinh x
From sechx= we get sechx = L and
cosh x J5
From cschx=— ! we get cschxz—l.
sinh x 2
Example: Simplify cosh(31n x)
3lnx =3Inx 3 -3 6
Solution: cosh(3lnx) = e T X rx o x4l
2 2 2x°

Derivatives of hyperbolic functions.

L3 [sinhu]=coshu du
dx dx

4

[mnhu]=sech2uf’-‘i
dx

—d—[sech u]=—sechu tanhuiiy—
dx dx

182

d ) du
—fcoshu]=sinhu —
dx[ u]=sinhu o

—d—[cothu] = —cschzugti
dx dx

d du
—[cschul=~cschucothu—
dx[ J=—-cschucothu

SRS

dx



¢
iExample: Differentiate gx— [cosh(x*}:
Solation:

:.-i—[cosh(x" J]=sinh(x*)- %[.x )= 4x -sinh(x")

;Example: Find di[ln(cothx)]
“ x
! Solution:

d 1 d csch’x
-—[In{coth x)]= —— —[coth x] = - —Z
dx[ ( J coth x dx[ ] coth x

 Example: Find —g—[sm}ﬁ (2x)]
) X
Solution:
" d .. 3 _ S 42 d .
| — [sinh” (2x)]=3sinh* (2x)—[sinh(2x)] =
 dx dx
=3sinh?(2x) - cosh(2x) —5— [2x]= 6sinh*(2x) - cosh(2x) .
X
fExample: Find % if y =sech(e’™) + sinh(cos3x)
: x

iSolution:

%’X =-sech(e’)- tanh(e®™)- (e**) + cosh(cos3x)- (cos3x) =
X

=-2e¢’* -sech(e®*) - tanh(e?) — 3sin 3x - cosh(cos 3x) .
7 ntegral formulas for hyperbolic functions.

jsinhu du =coshu +C fcoshu du=sinhu+C

[sechzudu=tanhu+C Icschzuduzcothu+C

-jsechutanhu du=-sechu+C jcschu cothudu=-cschu+C
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Example: Evaluate jsinh(’ x cosh x dx

Solution:
Let u =sinx then du = cosh xdx .

We obtain
.

jsinh6 xcosh x dx= juﬁ du =-Li7~ +C=

Example: Evaluate j coth x dx

Solution:

=sinh
fcoth xdx= IC(_)Sh x dx= u=smx =
sinh x du = cosh xdx|

= J‘ﬂ = ln‘u\ +C= 1n\sinh x‘ +C
u

i
Example: Evaluate .fZe" .cosh x dx
4]

Solution:
1 1

jZe‘ .cosh x dx= jZe’ .
0 0

(e
Solution:

‘}sinh\/; ~u=& 2

e +e”

dx

; 2x ldu=

2

2x
el +e’

=cosh u\f —cosh2 —coshl= 5 -
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sinh’

7

dx |= jsinhu du=

et+e
2

1




Exercises.
1. Let coth x = 2. Find the values of the other five hyperbolic functions.

In exercises 2-8 simplify the expressions as much as you can.

2.sinh(41n x) 3. sinh(4x) + cosh(4x)
4, (sinhx + coshx)>  5.In(cosh x + sinh x) + In(cosh x — sinh x)
6. (coshx —sinhx)® 7. cosh(—x) 8. sinh(~x)

In exercises 9-15 find @

dx

9. y=sinh(7x~4) 10. y=coth(ln x)
11, y=csch(l/x) 12. y =+/4x + cosh?(5x)
13.y=x"tanh? Jx 14. y=e* -sinhx

15. y=x-sinhx—coshx
In exercises 16-22 evaluate integrals.

16. _“\/tanx sech’x dx 17. Itanhxsechﬁtdx
1

hs f coshx 19. [sinh?(2x)dx

Y

0
2

20, jtanh(Sx)sechs(sx)dx 21, jsmhxdx

~2

: In3
2. j-\/cosh 2x ~1dx
F ~In3

Answers.

;Sinhx=1/\/—3—'coshx-—2/\/§;tanhx=l/2; sechx=+/3/2;

fehy =32, =~ 3e“* 4.7:5.0;6. €™ 7. coshx;8, — siny |

Tcosh(7x — 4) ;_1_0_. [—cse A’ (Inx)}/ x ;11.[csc(1/ x) - coth(l/ X)/(x2 ).

185




12.[2 + S cosh(5x) - sinh(5x)]//4x + cosh? (5x) ;

: tanh(\/—)sech (\/;)+3x - tanh? \/_

14.¢° *(cosh x + 3sinh x) ; 15. xcosh x 1;16. —(tanhx)/ +C;

Jun—y

ﬂ—%sech x+C;18.2sinhx + C;19, S’—“?;

_sech®Sx
30

b3
L

+C 321.0; 22. 0.

186




Chapter 7.,
Inverse trigonometric an: hyperbolic functions.

7.1. Inverse trigonometric functions.

fnition: The inverse sine function, denoted by sin™', is defined to

' L r P
Inverse of the function sinx , — E <x< —2-
-1gx<1
y=sin"! x is equivalent to siny=x if T T
IR

finition: The inverse cosine function, denoted by cos ™, is defined

be inverse of the function cosx , 0<x <7
-1<x<1

-1 . . -
=¢cos~ x isequivalentto cosy=x if
4 9 4 {0 <y<rm

“ bfinition: The inverse tangent function, denoted by tan™' | is defined

E . T n
d be inverse of the function tanx , — -5 <x<—

2
—w < x <+
y=tan"' x isequivalentto tany=x if { 1 P
793

Pefinition: The inverse secant function, denoted by sec™!, is defined to

e inverse of the function secx , OSx<E or nSx<—2——

x21 x<-1

z or 3n
0<y<— ALy <—
Yy 2 Yy >

cot? x= % ~tan'x forallx
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csc ! x=sin~ 1 for |x| =1
x

Example: Find cos™ (—v/3/2)
Solution:
Lety=cos™ (—ﬁ /2) . This 1s equivalent to

cosy=—«/§/2 and y=§67i

Example: Find sin™' (—v2/2)
Solution: Lety =sin" (—/2/2) . Then

siny=—\/5/2:>y=—%

The derivatives of the inverse trigonometric functions.

1) ~d~[sin'1 u]=#gli —l<u<l
dx 1—y? dx
2) —fl—[ocos'l u]=- L du -l<u<l
dx 1-4? dx
d 1 1 du
3 —[tan™" u)= —
®) dx[ ] l+u’ dx
d -1 1 du
4 £ feot™ u]=- au
@ et ul=—rm
5) i[sec‘1 u]=-——1———ﬂ |ul >1
dx u| u? -1 9x
(6) %[csc"' u]=—|—|—12~—g,—li ‘u}>1
ulvu® —1 X
Example: Find the derivative of tan™ Jx
Solution:
From(3) Qz__l._._d_.[ X :—1__.___.
dx l+xdx 2\/;(1+x)
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f . dy. | _1(3x)
' le: Find —<if y= —_
:?‘- n p; 1t y=sin 4

‘ X

‘lution:

om(l)

" Q___l_i[ix.}_ 1 3__ 3
dx  N1-@x/a)? &L4] J120x2716 4 16— 9%

| xamle: Find & if y=sec™!(e*)
] dx

lution:

from (5)
d 1 d_ . 1
e S e e ——
dx ex e2x -1 dx er -1

Example: Differentiate y = xy1-x? +sin™' x

] lution:

=i[x\/1—x2 +sin” x] =v1-x? +x-———1~—~-(—2x)+

dx 291 - x?

N e

N e

Example: Find ?d;ify=(1+x-csc‘l x)'

Polution:
%—%[(l+x cese )=

=10-(1+x-csc”' x)° -5;[l+x~csc"l x]=

1
=10-(1+x-csc™' x)° - csc"x—x-————J.
xVx? -1

BVith each derivative of (1)-(6) comes a corresponding antiderivative.
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Most commonly needed integration formulas are

N j U _intu+C for u’ <1
1-u’
8 j du —tan" u+C for all u
1+u’
9) j “ =s<:c'1u+C=cos'l —+C for u® >1
uu? -1 u
Example: Evaluate j—ji-—
' 1+6x°
Solution:
Subst1tutmg u=+6x, du= =6 dx ylelds
I j. tan "u+C=
1+ 6x° 1+’
1. 4
= ——tan (\/5 N+C
J6

2x
e
Example: Evaluate X
j- ’l_e‘tx

Solution:

Substituting u =e’*, du= 2¢%* dx yields
2x
I ¢ dx=lf du =—1-sin'lu+C=~12~sin"(e“)+C'

1—e¥ 2°01-4?

Example: Evaluate j _d—di——-

13 X \/ 4x2 -1
Solution:

Substituting u =2x, du =2 dx yields
1 2

1

j dx _ dul?2 =cos”'l _
L xv4x? =1 2,fu/2-\/u2 -1 L PYNE
=cos ' (1/2)—cos ‘(f/Z)———-%z%.
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12dx ¢

—

let us multiply and divide numc. ator and denominator by e”.
J~ 12dx J- 12-¢* dx

xample Evaluate I

 Solution:

Let u=e* ,du=e dx.
en

i
{ e 12-¢% dx

et e

-1 - -, x
12J' \/.u__:_—IZSCC u+C=12sec”' (e*) + C.

é

E j Exercises.

i

%s Evaluate without a calculator

o sin~' (1/2) b) tan™' (1/4/3) c) sec™' /2
_tan_l(—\@) e) sin(¥2/2) £) cos™ (-1)

B sin ' (sinz/7) h) sin[2cos™'(3/5)] 1) tan{2sec™ (3/2)]
B Inexercises 2-13 find dy/dx

b = sin ' 5x 3. y=sec” 3x
-1
3 - x-sec 3x
)= tan l{[; S. y:-———‘;z‘;‘“

‘=sin" x—41-x2 7. y= (tan—‘ 2Jc)3

~£\fZ—)c2 +sin? = 9, y.—:—?'—sec"\/?uc5
2 V2 3

=tan"(%_—x-) 11. y.—.e"-sec"'x
3 +x

'=sin‘1 (x*Inx) 13. y—;m-sec" x
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In exercises 14-23 evaluate the integrals.

1 242
dx dx
14. j - 5. J' .
alex HxNxt -1
e* dx
16. 17.
j1+16x2 j1+62"
18 3-[ dx 19 j-scczxdx
EREICE)) J1—tan® x
2
dx dy
20. 21. |————=
J.xwfl—(lnx)z 01+(y—1)2
n2/V3) - 4
e “dx dx
2 | — 23, j?.x ——
n2 —e 2
Answers.
La)-’—’é-;b)—’;—;cﬂ;d)—f;e) ) 758 h), i) —45;
5 i

L & ’T-—"/—s—
Nio2set lx\\/9x —1 TR ‘x|\/9x -

+(1-2x)sec” 3x]; 6 liﬁ;z_.ﬁﬁ;““——-z—x) 8 V2 X
1-x 1+ 4x?

9, > 0. - L g

—3x«13x5—l,_- x*+1 xx? -1
x+2xInx 13, fl—%;lé_-n/Z;_l_S_-—f—;
J1-x*mn?x x 12

l@%tan“ 4x+C;

+etsec” x;

in”! (tan x) + C;20.sIn” Yinx) +Cs




‘ 7.2. The inverse hyperbolic functions.
" y=sinh™ x, y=cosh™ x, y=tanh™ x, y=coth™ x,

v y=sech™'x,y=csch™'x areinverses of y =sinhx, y=coshx,
| y=tanhx,y=cothx,y=sechx and y =cschx respectively.
L Some useful identities for inverse hyperbolic functions

sech™ x =cosh™

csch'x=sinh™

'<><]>—‘><|._.

_ a1
coth x=tanh™ =
x

Derivatives of inverse hyperbolic functions.
(D) —‘-";[sinh‘1 ul= 1 du
dx 1+2? &
I du,
_pdx’
1 du
1-u? dx’
1 du
1-u? dx’

d a 1 du
5 —[sech " ul=———eno-—"": O<uxl
(5) dx[ ] O<u

u1—y? dx ,

d 1 du
6 —Jeschyl=——0un 2% #0.
(6) dx[ u] u

]ulm dx’

gXample: Find % if y =sinh™(2x)

(2) —g;[cosh"I u]=

|u|<1

A3) %{tanh"' ul=

()] %[coth" ul= lul >1

‘. lution:
' _ 1 2

A Jiiax? dx —-\/1+4x2

fKample: Find % if y=x’(cosh™ x)*

fom (1)
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Solution:
% =(x3 (cosh™ x)") ~3x% - (cosh™ x)* +

1 2 -1 33 K -1 4x
= x*(cosh™ x)™ - 3cosh™ x+
Jx? vxt -1

x- =1

+ x4 (cosh”1 x)* -

Example: Find (csc h™' (tan x))

Solution:
(csch" (tan x))' = -_.._——————1'———-—‘ . L —CSCX
|tan x| J1+tan® x cos® x

Exercises.

In exercises 1-9 find dy/dx.

1. yzsinh"iix) 2. y=cosh™ (2x+1)

4, y= csch™(e")
6. y=x"(sinh™ x)’
8. y=sec h~ (sin x)

3. y=sech™ (x")
5. y=e* -sech™'x

7. y=(Q+x" cschx)"
Answers
7 . 1

9. y=tanh” (1 x)
1+x
-—-—-——- 4. ;

1
L == ;4
\]9+x2 1/(?.x+1) —1 x 1 x" 1+e*

5, o+t .sech™x; 6. W-{“ 2x(s'mh'1 x)3;

xv1-x° Ji+x?
1. 10(1+x-csch‘1)c)9 N X tcschTx)|; 8 —esex;
& \x\-\/1+x2

1
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Chapter 8.
Techniques of in.egration.

8.1. Basic inte-ration formulas.

The following integral table lists a few formulas that should be
memorized. Each of them can be checked by differentiating the right-
hand side of the equation.

L fau=u+c
2. Iadu=a_[du=au+C

+1
u

3. Jurdu=2—+c, re-1

r+1
du
4, {— =1
; ju nju|+ C
| 3. Ie"du———e“ +C

au

6.fa“du= +C, a>0

Ina
7. 4smu du=-—-cosu +C

8. lcosu du =sinu+C

9, [secz udy=tanu+C

10. lesc® u du=—cotu+C
11 "‘secutanu du=secu+C
12. Yescucotudu=—cscu +C
13. j.tanu du = ~Injcosu| + C
14. jcotu du =ln}sin u} +C

15. {sinhu du =coshu +C
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\u\\/—;{:

20. ju Ldv=u-v- gv -du (Integration by parts)

Example: Find Sx’dx
Solution:
Using (3) with r=3 we obtain
3+1
§x3dx=—x—’—+C=/+C
341 4

Solution:
We divide the numerator by the denominator
_xt+3x+C

4
L,-Zi:—?’—x‘dx g(x x4 d)dx = 3

e

2
Example: Find i{ —-’L) dx
x

Solution:
By expanding the integrand we get

1~—§;+£—;}dx= gdx~2§x’2dx+ gx

i) el

Ax

~2+1 ~4+1
i
=x’2l-—~+i-—*+c=x+-2-w_,—+c
-2+1 —~4+1 b 3x}

10A



3
s
1

»Exa mple: Find j

dx

sm X COS X

i Solution:
[ dx B sin2x+coszxdx‘
£ ). 2 2 ‘I -2 2 -
| /sin” xcos” x sin” xcos* x
dx
-I J. > =-~cotx+tanx+C.
cos’ x sin” x
L2 X

Example: Find stde
Bolution:

. . 2x l—cosx

Since sin’ ST, we get

Ism —dx= '[ cosxdx=—;—x-—;—sinx+c

mple: Find j‘ sin x cos 3xdx

"= lutlon‘

. . | . .
Since sinx-cos3x = 5 (.in4x —sin 2x), then we obtain

pin x cos 3xdx = -;— J'(sin 4x —sin 2x)dx = - é cosdx + i—c‘os 2x+C

8.2. The substitution method.

The substitution method changes the form of an integrand to

B that we can integrate more easily. Sometimes we use substitution to

bvert an integral not listed in an integral table to one that is listed.
iple: Find jcos(x3) 3xtdx
tion;

Since 3x?is the derivative of x* , we make substitution
u=x".Then du =3x*dx and

Icos(x3)-3x2dx = jcosu du =sinu+ C=sin(x’) + C
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Example: Find I6ex6 x dx

Solution:
Introduce u = x®. Then du =6x’dx and

I6e"6 xPdx = Ie“du =e" +C=e"6 +C
Example: Find [cos® x - sin x dx

Solution:
Note that derivative of cosx is —sinx . Let u=cosx , then
du =—sinxdx and sinx dx =-du .

We obtain
4

4
: u cos” x
jcosa x-sinxdx :—j-u3du =———4-+C=—

4

+C.

Example: Evaluate J.(l +x* )5x3 dx

Solution:

The derivative of (1+ x*) is4x>, which differs from x’ in the
integrand only by constant factor 4.

Ifwelet u=1+x*,

then du = 4x*dx and x3dx=az7u.
We obtain
6
J‘(1+x4)5x3 dx = jus -£1£=—1—E—+C=L(1+x4)6 +C.
4 46 24 g
Check: i(—(1+x )® +Cj
dx

=6-——(1+x4)5 -———[l+x4]=(l+x4)5 -

Example: Find j ) dx
1+x

Solution:
Try the substitutionu =1+ x. Then du = dx . Solving the
equation u =x+1 for x gives x=u—1.
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et e

|
| Asx goes from 2 to 3, u=— goes from
x

+
2(1 + x)?
Example; Evaluate f\ dx

Solution:

Let u—— . Then duz—izdx and i;cz-a'u.
X x x

1

_ to _—
3
3 173 s
fe\zfix:— eudu=__euI - ( 1/3
¥ 172
2 1/2
1
rExam le: Evaluate i_
¢ 1+ (4x +1)2
Solution:
The nearest standard form is I =tan
l+u
du
SOletu 4x+1, du =44y and 2dx = =22 >
if x = then 4 =1
fx=1 then 4 = 5 and we obtain
1
2dx T == ~—tan lu!5=
J1+ (4x+1) 1

=2l(tan“’5~tan ) (tan 5-Z
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3x

Example: Evaluate j—(——e—:—;—)j— dx
1+e™

Solution:
d
Let u=1+¢>, then du= 3e¥*dxand e dx =—.

We obtain

e 1edu 1u
I(—“*wdx?j—f:?—ul " 6u

—3+1 1

\/2+cotx

Example: Evaluate j
sin? x

Solution:

dx.

Let u =2+ cotx,sothat du =—-——

sin” x

I\/2+cotx j\/_duaﬁ %“

sin” x L}
4

=—%2/(2+cotx)5 +C. "

Exercises.

vo=-24 o=
5

In exercises 1-9 evaluate the integrals.
2. x-2Jx + 2
ozl

X X g 3—~4co
. j(sin-ﬂ:os-) dx 4. J s x
2 2 cos’ x

5. j 6. j1+x2 dx

—

. j(x3 ~x? +1)dx

W
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7, J(sin X 4 cos ij dx 8. Isin x-cos 7xdx
; 3 3

9. cos4x - cos6x dy

In exercises 10-28 evaluate the integrals using appropriate

T T e o T

substltutlons
10. J'(l-x ) x dx 1. [M+x% xan
o j—dz 13. [sin36 40
4. x* sinx’ dx 15.
E I e 1+ x*
{4 In3x X
186, 17. dx
H J‘\/,\H—4
i 3
§8. [sin’ x cosxdx 19. |x?e* dx
§ y dx
j “fzx dx 21.]’
p "cos  x+1 1+\/;
3 PIITE x/4
¥ f Sm\/;dx 23. Itan@-seczﬁdﬁ
| g Vx 776
: I dx 2ln2x
(l+x)\/;
1
b [52¢a0 27, f a0
¥ ax+b’
' J'emdx

Vi-e*
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Answers
4 kl

1 X X +x+C; 2,
. = —-——-+ .
= P +C,I_5_.x—cosx+C;
4,3tanx - 4sinx+C;5, e"-%«kc-s - xaC
2x v = ’

. X x 1
A 3(sm-3—-—cos—3—)+C;§: —-{-6-COS8x+—l—l—cos6x+C;
1. 1. 1
g_—iasm10x+zsm2x+c;m:_Tz_(l_xz)e+C;

3
11. (1 +x%)*° + C; 12, 2¢7" +C; 13, L eos3g 4
. 3 b

o0
—

1
g_:—gcosxs +C; 15. ——tan~1 x*+C;16. -l-(ln3x)2 +C;

17. 2+ 4 -8z 4 +C; 18. 51“4x +C: 19, 31,

w]t\)

20. —tan"'(cos® x) + C 21, 2\/;—21n(1+\/—;)+C;_2__2_: ﬁ,llé

24.2tan " Jx + C; 25. 2me - 2m2) 26, 12,

n2? = In§’
1 (1
27. —?(Ealx’ —abx + b’ ln}ax+b|)4-C;_2_8_. 2sin”'(e'?)+ C;
a

8.3. Integration by parts.

Integration by parts is based on the equation
(1) ju-dv=u-v—~ v-du
where « and v are both differentiable functions of x.
Example: Find {xe*dr
Solution:
To use formula Iu -dv=u-v— |v-du we must write

xe*dx as u-dv.One way to do this is
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u=x;dv=e"dx sothat du =dx and v= fexdx=e" .
Thus from (1)
J'x-exdx=x-e" - Ie"dx=xe" —-e*+C
:: dv u-v L.'._:ud

Remark: The key to applying integration by parts is the labeling of u
and dv. Usually three conditions should be met:

1. v can be found by integration and should not be too messy.
2. du should not be more complicated than u

3. |v-du should be easier than the original I u-dv

Application of integration by parts formula is a matter of experience
that comes with lots of practice.

Example: Find |xInxdx

SR AR Cre e

Solution:
3 Letting dv = In x dx is not a wise move, since J- In xdx is not
% immediately apparent. But setting # = In x is promising.
i 1
i u=Inx, du=—dx
¢ x
‘ E
dv = xdx v= I xdx =— Thus
2
2 2 2 2
J'xlnxdx =lnx-2— - ji—--‘fx_zﬁ_lnx_f_+c
, 2 2 x 2 4

" You may check the result by differentiation.
E Example; Evaluate Ixz e“dx
! Solution:

{
{

Let u=x> du = 2xdx
dv=e"dx y= Ie"dx =¢*  sothat

fxz e'dx =xle* - Ier‘dx=xzex —ije"dx

Another integration by parts applied to I x e*dx will complete the
problem.
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We let

U=x du=dx
so that
dv=e"dx v=e"

Ix e*dx = xe* — je"dx =xe* -e" .
After substituting we obtain
Ixz erdx =x’e" — Ier"dx =x’e* -2 jxe"dx =
= xle* —2(xe* —e")=(x" -2x+ 2)e* +C
For definite integrals the formula corresponding to judv =uy— jvdu 18

b b

2 Iu-dv:u-v’l;—jvdu

a a
Remark: It is important to keep in mind that the variables ¥ and v in
(2) are functions of x, and that the limits of integration in (2) are limits

on the variable x.

Example: Evaluate j—l%{ dx
X

Solution:
Let
' 1
u=Inx du = dx
x
1 1
dv=—-—3—dx y=—— Thus
X 2x

& 1 e e 1

nx nx

WX e =——2] 4+ |—5dx But
jx3 2x7|, j.2)c3
€ €
63 83

1 1

—dx=——y =~ e®—e?),s0
;2;:3 4x* |, ( )
f mxl© 1

nx nx

—Zdx =— —=(e° e?)=
;‘.x3 2, 4
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u=e”, du=¢e"dx

dv=sinxdx, v= jsinxdx =-COSX.
;hus
t (3)

tegral {e” cosxdx is similar to the original integral; it seems that

Je” sin xdx =—¢e* cosx + Ie" cos xdx

pthing has been accomplished. Let us integrate new integral by parts;
e let

u=e”* du =e*dx

dv = cos xdx v= [cosxdx=sinx.

‘ Ie" cosxdx = e sinx — Ie" sin xdx .

Rstituting in (3) yields

'je" sinxdx =—e*cosx + e*sinx - _"e" sin xdx ,

Bch is an equation we can solve for the unknown integral. We obtain
| 2 je* sinxdx = e*sinx— e* cosx and herce

J‘ex sin xdx =—;-e" sinx ~~;—e’ cosx+C

Exercises.

In exercises 1-17 evaluate the integrals by integration by parts.
P dx 2. |xsin 2xdx

xdx 4. {x? sin xdx
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=
><
N
oy
=z,
=]
=
—
=
L]
~—
&

5}"

J}
M2 '
7\jx2e"‘dx 8. jsm‘1 xdx
1 0
’ 2 “Inx
9. f(inx)° dx 10. [=rdx
2 1 X
11. jln(l” D ax 12. e sinbx dx
2
13. jx3e dx 14. jln(x+3)dx
-2
72 i x3
15. Ix sin 4xdx 16\\[ dx
0 x2 +1

][
17. jx tan® xdx
O
AnSwers.

L—e”@x-1+C ;_2_;—%0052x+—:—sin 2x+C 3. xtan” X~

—‘12-1ﬂ(1+x2)+C;4_t_.—x2cosx+2xsinx+ZCosx+C;§; 2xInx-
4
—-4\/;+C 6. -(sm(lnx) cos(lnx))JrC,__5 —210- T

9. 3(In3)* —6In3 - 21n2)* +4In2+2;10. _L_,.;/
e

ax 2

5 (asinbx—bcosbx)+C, 13. — 2

+2tan" x+C; 12,

e

a*+b

_lzef +C;l_$51n5~4;li~7r/8;l§_.%(2—\5);

2
-\/;ﬂ 1n2—£——'

1.
18
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8.4. Trigonometric jntegrals.

8.4.1. Integrating powers of sine and cosine functions.

Integrals of the form jsin"' xdx and jcos" xdx can be

evaluated by using so called reduction formulas:

) 1 . .- m
J.sm”' xdx =——sin™"! xcosx +

fsin "2y dx and
m m

1 a4 . n-1 -
Icos" xdx =—cos"™ xsinx + —— |cos" % x dx,
n n

where n and m are integers and m>2, n>2.

But we will now give alternative methods for evaluating such
integrals.

If m and s both positive integers, then evaluating integral
Isin”’ xcos” x dx can be divided into three cases.

Case 1: m is odd
Case 2: n 1s odd
Case 3: m and n both even

- identity sin? x=1-cos? x to obtain
" sin” x =sin**' x = (sin® x)* -sinx = (1 - cos? x)* -sinx
. Then we make the substitutionu = cos x, and solve as usual.
 Example: Evaluate {sin’ xcos xdx

Solution:

"lsinS xcosxdx = "lsinz Xx-sinx-cosxdx =

=CoSX
=J'(1~cosz x)-cosx-sinxdx=u . =—J'(1—u2)14d“=
du = —sin xdx]
24 4 2
S MM o 808 x_cosTx .
2 4 4 2
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Case2. If # is odd then in j.sin"‘ xcos” x dx we write n as 2k+1 and use

identity cos* x=1-sin? x to obtain

cos” x =cos* x=cos* x-cosx=(1~sin? x)* -cosx
Example: Evaluate jsin" xcos’ xdx
Solution:

. . 4
jsm" xcos’ xdx = Ism“ x-cos® x-cosxdx =

= Isin“x-(l—sinz x)? cos xdx = u=smx = ju4(1—u2)2du=
du = cos xdx
9
= J'(u4 -2u° +u")du=—1—uS A S A
5 7 9

=lsin5 x—gsin7 x+ —l—sin9 x+C
5 7 9

Case3. If m and n both are even, then we use identities
. 2 1-cos2x 2 1+cos2x
sin® x = ————— and cos’ x=—""T7
2 2
to reduce the powers on sinx and cosx .

Example: Evaluate 'f sin® xcos® xdx

Selution: .
fsinz ccos? xdx = Il -cos2x l+cos2x dx=
2 2
1___ 2
= Iﬂdx = i— sin? 2xdx

For the sin’ 2x we again use identity

- cos4
sin? 2x =-1——9—;—S-—£ and get

1.
— _{smz 2xdx = ———-——dxl 084X =L f(l cos4x)dx =
4 4 2




RExample: Evaluate fcos3 xdx
gSolution:
jcos3 xdx = |cos? x - cos xdx = f(l —sin? x)cos xdx =

3 s a3

= f(l—uz)duzu—%-+C=sinx— Shx

U =sinx

+C

du = cos xdx
Fxample: Evaluate {sin? xdx

Solution;

J‘sm xdx = J‘(sm x)dx= f(l cos2x) dx =

» 4

4 _J'(l 2¢0s2x + cos? 2x)dx--—J‘(1 2cos2x +li£§—s-f)dx=
l( __2'sm2x ﬁ+sm4xJ C_ﬂ_sxn2x+sm4x+c

g 4 2 2 8 3 4 32

b

tegrals of the form f sin mx - sin nxdx § |sin mx - cos nxdx ;

{
;x’ :
#icos mx - cosnxdx can be found using the product to sum formulas

4

f sin mx - sin #nx =%[cos(m —n)x —cos(m + n)x]
sin mx - cos nx = —;—[sin(m — n)x + sinm + n)x]

COSMX * COS X = -;—[cos(m —n)x + cos(m + n)x)

ample: Evaluate J sin 5x cos 6xdx
lution:

Since sin5xcosb6x = —;— [sin(~x) + sin(11x)] = %[sinl 1x — sin x]
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We can write

1 11
J‘1n5xcos6xdx— 'f(sm11x~smx)dx=——cos X cqu_{%_cl

2 11 2

Example: Evaluate Icos 2x cos 8xdx
1
jcos 2x cos8xdx = > j.[cos 6x + cos10x]}dx =
_lsin 6x 1sini0x 1(sin6x sinlOx
4 C= +C.
2 06 2 10 4 3 5
Example: Evaluate Isin 7 xsin 3xdx

Solution:

Isin Txsin3xdx = !

5y I(cos 4x —cos10x)dx =

:—1—sin4x—~—1—sin10x+ C.
8 20

Exercises.

In exercises 1-20 evaluate the integrals.

Pe /jsinx -cos* xdx 2 'jsm x-cos” xdx
5
3. 'J‘sinz S5x dx 4 ICOS Xd
sin’ x
5. jsinz x-cos® xdx /6/ sinxcos’ x dx
7. jcos" X dx 8. J‘sin2 2t -cos’ 2t dt
4 .
9. fcos?* x-sin’ x dx 10. j sme dx
cos® x
i3 ) /2 x x
11. j.sin4 3x-cos® 3x dx 12. j sin? = - cos® =dx
s 2 2
0 Q
13. jsinx-sinSxdx 14. ‘Isin 3x - cos2x dx

\ \
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15. c0s4x - cos2x dx

17. fcos® x -sin x dx

19, sin? X 20. sin’® X,

cos® x cos* x

Answers.

5 4 6 sinl10
.L-“COS x ;l:_cos x+cos x+C;;£— x+ :

5 4 6 2 20

. sin’ x 1 1 . 1 .,

4. — —— —2sinx + +C;5. ToX -~ —sindx + —sin 2x+C;
~ sinx 16 64 48

nl6
16. |sin2xcos4x dx

0
27

18. sin2 2x-cos® 2x dx

- 6. ~lcos"x+C;L-3-x+sin£+lsinx+C;8. —]~sin32t—
A 8 2 8 -6

-ismszmc;g —1cos5x+1cos’x;£c; 10.
0 5 7 =

sin2x sindx cosS5x  cosx
;1 +C;14, - 227

1

7cos’ x

+C;

+C;
10 2

i | i in6x+~1—sin2x+C;& —17. —lcosﬁx+C; 18. 0:
it 12 4 2497 6 -

72- —
1623
1
i3 5
Ltaln x+C;2_O_. 1 N 1

3cos’ x  cosx
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8.4.2. Trigonometric substitutions.

We will evaluate integrals of the form va® —x? | Jx? +a? and

vx? —a’ by making substitutions involving trigonometric functions.
One of the trigonometric identities 1 —sin” @ = cos? 8,

tan’ @ +1=sec? @, or sec> @ —~1=tan* @ will be used to convert a
sum or difference of squares into a perfect square.

Casel: Va? —x? ;let x=asin@ (a>0 ,-%SOS%)
Case2: Vx* +a’ ;let x=atané (a>0 ,-%<0<~7-2t—

Case3: Vx? —a? ;let x=asec (@a>0 ,0<0<n, 09&%)

For example, if we replace x in Va? - x* by x=asin8, we obtain
Ja* —x? =vJa* —a*sin’ @ =4a’(1-sin® @) =acosf
Example: Compute_[ 1+ x%dx

Solution:
To eliminate the radical we make the substitution

x=tanf (Fig.8.1) dx =sec’ 6 d6
Vi+x? =yl1+tan? 6 =sech .

Thus

1+ x?
J\/1+x2dx= Isecé’-seczﬁda v=tanf
From the integral table,
1
Fig.8.1

secf-tan @

_[sec30d9= +%ln|sec0+tan0|+C.

To complete the solution we must express sec 6 and tan g in terms

of x. Since x =tan & we obtain sec¢9=«/l +tan’ @ =\/1+x2 .
Thus

212




f\/1+x dr =% 1+x —In(\/1+x +x|+C.

anmple Compute “dx\
452

Solution:

Let X=2sing ;%=2c0s8 or dx=200$¢9d6’.
This yields

dx 2cos0 dg

2c0s6 dp
x’Vq 42 f(Zsm&) *V4-4sin? g f(

251n6’) (200319)
\‘f 40 -i csc 0d¢9~—icot6’+C
sin’g 4 4

From » - 2sin 8 we obtain sip g =

triangle) so that

dx 1 1 V4,2
| f2\7=~zcot«9+C=-Z\+C
% X V4 — 2

X

2
5 and cotg - V4-x

> ( Draw

EExample Evaluate f dx

Solut:on

{0 elimingte the radical, we make
bstitution ¥=5secq,

Vx? Z s
g :SSecHtanH

r dx:Ssethané’d&.
us

5
[T : Fig.8.2
de = fwﬁsecﬁ-mnﬁc{e:
X S5seco
S]tané?[ ) ]
m.Ssece-tanﬁdﬁ-:Sftan 0d6:5f(sec a_l)dg:
=5tan6?-59+C
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To express the solution in terms of x, from triangle (Fig.8.2) we

obtain tané = Jf—-s:-zi so that

2 —
§px—~——%idx =Ax?—25 ——SSec"(i}JrC

X 5

d
Example: Evaluate g x
a2 +x

Solution:

D e ——

Let x =atant, dx= asec” tdt .Then
a-sec 2yt 1 sec’ t
=— g,_,._————-—’ dt =
a

[ e
a? +x* a - tant - a+a’ tan” ¢ tant - sect

1 1¢dt 1}
=— i-—»——dt =; S;—rgz—;ln\csct -cott\+ C

\/’”’/ a +x
Since tant*-— we get cott——— and csct = 1+cot?t=—"7_

j/‘i’i/—_l\\m \+c

X

Exercises. 1

In exercises 1-10 find the integrals using trigonometric
substitutions

1. j dx 2. §x3 1-x> dx

\/9+x2
3. Na2~x2dx (@a>0) 4. g a? +x°dx
dx JxP -9
5. gm 6. g._T’dx
7. g_p——fi}—”“ 8. ie" 1-e>t dx

)cz-d9f4x2
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I3 2 dx

Answc:s.

VxZ+9+x

: 1 2y572 1 21312
. In) ———— [+ C;2.—(1—x -—(1- C,
1.In 3 _5( ) 3( x“)0 4

—;—(az sin? 2+ xa? ~ x? )+C;§_.-;—x\/a2 +x? +%a2 :

a

ln(\/a +x2 + 1) +C35. —ln,5x+\/25x 16 |+cs N
N
.;ﬁ+c;_.————~4—x——+C;& -;—sin“(e )+§e"\/l~e *+C;

9x

8.5. Integrals involving ax” + bx +c¢, a+#0.

¢ that the polynomial ax’® + bx + c is irreducible; that is | it
ot be factored into two first degree polynomials. This is the case

the discriminant (b2 - 4ac) is negative. Integrals that involve a

tic expression can be evaluated by first completing the square,
making an appropriate substitutions.

If integral is in the form I—————————~——
DX+ gx+r

completing the square reduces to one of the following integrals

m f——g-u———=—1-ta 'lu+C or

uz+a2 a a
du 1. lu-a
—_—— = —} +C
2 qu-az 2anu+a
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If integral is in the form J‘-—'E—X—JFL—— dx

pxtgx+r
then completing the square converts given integral to (1), (2) or
udu 1.,
3) quiaz =5’ £a?|+C

d.
If integral is in the form S —
Jpxt v qrer

then completing the square converts given integral to one of

du R | U
“4) I————-—z = = sin Z+C or

a’ —u
du u+vu +a
If integral is in the form [/ px® + gx + r dx

) =
u‘+a
then completing the square converts given integral to one of

(6) J. u2+adu=%Vu2+a+%lnu+Vu2+a
2
7 f\/az -u’ du=-g-\/a2 -u? +a?sin'1 ¥ic.

=In +C

+C

a
Example: Evaluate j——z—%{————lg "
x° +4x+

Solution;
In x> +4x +13, b* —dac=4" —4-1.13=-36<0.
Therefore x* + 4x +13 is irreducible. Completing the square yields
X H4x+13=x" +4x+27 +13-22 =(x+2)% +9.

Thus
J‘ dx _j- dx
X +4x+13 Y(x+2)2 +9
3u=x+2
Let and
3du = dx
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J'( dx 3du 1 du

u°+1 3
Hence
dx 1 -1 x+2
T ———=—tan +C
f;2+4x+13 3 ( 3 )

Examgle: Evaluate fx\”

X2 +2x+5
Solution:

1t1s the integral of the fopm [—rEsn

dx .
PX +gx+ip
xX+2 _ xX+2 de= [x+D+1
xX* 42545 (x2+2x+D+4

(x+1)? +4

u du
fz 2¢‘+ 2 2
u-+2 u<+2

 u=x+1

u+1
;Lm:dJ

— =

112+22

3=—1]n(u2 + 22)+itan" Lic=
2 2 2
Xample: Evalyate &

5—4x - x2
olution:

Completing the square and using (4) yields
dx dx
e r——— = ‘\ =
| f\/5‘4x-x2 fw/—(x2+4x+4~4—5)

_ dx _u:x+2_ du _
*,/9~(x+2)2 du = dx f\/32-1¢2

U . Xx+2
=sin §+C=sm1

imple: Evaluate f ‘*

V6 —4x 2,2
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Solution:

j dx =I dx =LJ- dx i
\/6~4x—2x2 V=20, +2x-3) V27 (1) -a)

I = x+1 1 j- du _
,/4 (x+1)2 du=ax | V2 22 _ 2
:—I—Sin"—+C :Lsin‘I x+1

C
J2 2 V2 2
Example; Evaluate I—L
V3x? —6x+9

I dx =J' dx ""1‘"[ dx B
\/3x2—6x+9 B2 -2x+3) V37 Jx-1)2 42
=l j' du Using (5) we obtai
du . \/_ m_ sing (5) we obtain
I Iniu +Vu? + ’+C—
Vu? +2
:-——1nx-1+\/x2—2x+3)+c.
3
Example: Evaluate j x? +8x+25dx

[Vx? +8x+25dx = [J(x? +8x+16) =16+ 25 dx =

u=x+4
= I\/uz +9 du =using (6) yields

; 9
I u*+9 du:f—-;i,/(x+4)‘ +9 +—2—lnx+4+1/(x+4)2 +9{+C=
=x42-4 x2 +8x+25 +§lnx+4+\/x2 +8x+25]+C.

= [Nx+4 +9dx=
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Example: Evaluate f\/8 +2x—x?% &

Solution:

=f\/-(x2~2x+1—1—8)dx= VI—(x=1)% gy =
=x-1
v l: f\/32—u2 du:% 9-u2+-22sin"3‘f+c=

du = dx
=X 8+ 2x— x2 +gsin"x;1+c.
2 2 3

Exercises.

In exercises 1-20 evaluate the integrals.

dx dx
1. =
x? +36 2x% +17
3 dx 4. \dx\h
3x2-10 4x? +10x - 24
5. [ 6 [&
4x° ~S5x +2 xz—x~1
7. j{“l - dx 8, j\d"\_
X —-x~1 V3x2 —6x+12

dx dx

9 | —=2 100 | —=__
f\/2+3x—2x2 f\/xz +2x
11, Val +4x 413 dx 12 W5+ ax—x2 4

3. [

dx
4, f— 2
X" ~4x+13 w/8+2x—x2
dx / 2
S|l =% 16. 3-2x-x% gy
J‘\/x2~6x+10
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e

7. | 20y 18. | dx

x2 +2x4+5 x?-2x+3
19, [ 2. 35 g

x> 4+2x+3 3 +2x+1
Answers.

1 - 2 «Bx—m
1.—tan —+c 2. tan” 3. NIXTNX 4+ C
6 Ny J zr \ﬁﬂm\

1 |2x-=3 2 . 8x-5 2x—1-+5
.—In +Ci3e Z-tan~ 1927, C 6 ,—-—/+C;
=92 |2x+8 J7 J7 ( \x 1+4/5

{ L lax—1-45

7. =Inlx® —x— 1 +C8~—lnx 1+

-2 \ \ 2«[5 \Zx 1+I\ J3 \

i —2x 4+ Ci0 Jli gin 222 3+c .10. In x+1+\/x2+2x\+

+C;_1_1_=x;2\]x +4x+13+—-1n

g_x ~2 Jsax-+* +-9~sm'x l.c; 13 —-tan \(f,__
2 2 3 3

14. sin” (’L’i) +C 15, 1n\\/x2——6x+10+x—3\+C;

3

o[ x+1
16. 2sin ,(x )+ S(x+IN3-2x- ~xr +Cs1. 1nx +2x+5)
3 _‘(x+1) 1 )
+2tan” | T +C;18.———tan ; 19. +2x+3
2 2 V2 Ji b

ﬁ«/ﬁtan‘x}1+c 20. ——1n(3x2+2x+1)+2ﬁtan 33% +C.

X+2+NX 2 4x+13 4 \
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8.6.1. Integration of rational functions by partial fractions.

A rational function %%{;— in which the degree of A(x) is less
x

than the degree of B(x) is called proper rational function. Otherwise
the function is called improper rational function. An improper rational
function can be expressed as the sum of a polynomial and a proper
rational function.

First we will concentrate on the representation of a proper
rational functions, and then improper rational functions.
To represent a proper rational function as a sum of rational functions
we use following steps:
1. Write B(x) as a product of first-degree polynomials and irreducible

- second degree polynomials.

- 2. If (ax + b) appears exactly » times in the factorization of B(x), form

A
(1) L S PO,
ax+b (ax+b) (ax + b)"
where A4,,4,,......... , A, are constants to be determined.

3.If (ax® + bx + ¢) appears exactly m times in the factorization of
B(x), then form the sum
Ax+ B, N A,x+ B, R A,x+B,
(ax® +bx+¢) (ax* +bx+c)? (ax® + bx +c)"
where 4, 4,,......... »A,,B,B,,.......,B, are constants to be
termined.
Find all constants 4,'s , B;'s mentioned in steps 2 and 3 so that the

A(x)

)

m of all expressions formed in steps 2 and 3 equals

B(x)
A(x) x2-3x+1

xample: =
B(x) (x+1)*(x*+2x+3)°

Carry out steps 2 and 3 for
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Solution:

Degree of numerator is 2, degree of denominator is 7. Thus AEX; isa
x

proper fraction. x? + 2x + 3 is irreducible, since
b® —4ac=4-12=-8<0. Therefore, we have
x? —3x+1 _
(x+1)3(x? +2x+3)?

__ A4 . 4, . A, . 1244X+A5 N 2,/16x+A7 '
x+D x+D* @+ (P +2x+3) (P +2x+3)
Remark: In example above the number of unknown constants is 7-
equals the degree of B(x) . Always number of unknowns equals degree

of polynomial in the denominator and this fact can be used as a check
on your algebra.

2x - . . .
Example: Express —————— in a partial fractions.
x°=3x+2
Solution:

The denominator x> —3x + 2 is reducible, since
b* —4ac=9-8=1>0. Its factorization is
X —3x42=(x-1)x-2). ?
Thus

2x -1 _ 2x-1 _ _ A4, N 4,

2 -3x+2 (x-D(x-2) x-1 x-2
To find the constants 4, and 4, , we multiply both sides of last
equation by (x —1)(x —2), obtaining

3) 2x-1=4(x~-2)+ 4,(x-1)

(3) is actually an identity that holds for all values of x. In particular it
holds for x=1landx=2.

Therefore:
if x=1then 2-1-1=4,(1-2)+ 4,(1-1)
if x=2then 2:2-1=4,(2-2)+4,(2-1)
These equations reduce to




{—A,+0-A2=1 {

A -0+ 4,=3
from which we obtain that 4, =-1, 4, =3. Then
2x -1 -1 J

x?-3x+2 x-1 x-2
Example above can be solved by a completely different method, called
comparison of coefficients. It is based on the fact that if two
polynomials are equal, then their corresponding coefficients are equal.
2x-1=A(x-2)+ A, (x~1)
Let us multiply out and collect terms of like degree on the right side:
2x-1=Ax-24,+ A, x— A, =(4 + 4))x - (24, + 4,)
and the equating the coefficients of the like powers of x on both sides to
obtain

4, +4,=2
24, + 4, =1
The solution of this system of linear equations is 4, =1, 4, =3,

which agrees with the results obtained above.
Example:

3x2 ~4x +1
(x~2)(x+1)(x-3)

Find the partial-fraction representation of

Solution:
here are constants 4, B, C such that
2 —
@) 3x° —4x+1 =A_|_B+C
x-2Y(x+D)(x-3) x-2 x+1 x-3
o find 4, multiply both sides of (4) by (x — 2), obtaining

®) 3x2—4x+1=A+(x_2)( B c)
(x+D(x-3) x+1 x-3

2+1)(2-3)
0 obtain B, multiply both sides of (4) by (x + 1), obtaining




2
©) 3x? ~4x+1 :B+(x+1)( 4_, C )

(x=2)(x-3) x-2 x-3
replacing x by (-1) in (6) gives
3.1_4'(‘—1)-”: +0. HenceB=z
(-1-2)(-1-3) 3

To obtain C , multiply (4) by (x - 3) , obtaining
) 3x2—4x+1=C+(x_3)( A, B j
(x=-2)(x+1) x-2 x+1
replacing x by 3 in (7) gives
3:9-4-3+1
G-2)3+)

Therefore
3% —dx+1 _‘%+ % L8
(x=D(x+Dx-3) x-2 x+1 x-3

=C+0. Hence C=1—4§=4.

x*-x+2
Example: Evaluate }——————dx
j(xz +1)(x+1)
Solution:
By the (1), factor (x + 1) introduces one term
K
A and
x+1
the quadratic factor (x? + 1) introduces
Bx+C
2+l

Thus the partial fraction representation of integrand is
x’-x+2 A4  Bx+C
P +D)(x+1) x+1 x? 41
Multiplying by (x + D(x? +1)yields
x2—x+2=4(x* +)+(Bx+C)(x +1)
To determine 4, B, and C we multiply out and collect like terms:
x?=x+2=(A+B)x* +(B+C)x+(4+C)

ANA



Equating corresponding coefficients gives

A+B=]
B+ C=-1 and we find that A=2,B=-1,C=0.
A+C= 2
Thus integrand becomes
2
——i;‘xfi :-2__ - _z_x_ (Verify)
T +DE+D) x+1 x4
and
2
[5=2522 o jﬂdln,xn]-iln(f )+C
7+ D(x+1) x+1 Jx% 41 2
Example: Evaluate I 3x+2
: x° 4+ 2x2
Solution:
The integrand can be rewritten as ﬂf_ o 3x+2

*+2x? xz(x+2)
| Although xis a quadratic factor, it is not irreducible.
By the (1), x?introduces two terms of the form
‘ 4 B
— -
x  x?
 and factor (x + 2) introduces one term
C
x+2°

$0 partial representation is

3x+2 4 B C

2 STt
x(x+2) x x x+2
ultiplying by x?(x + 2) yields

3%+2=Ax(x+2)+ B(x+2)+ Cx’

hich after multiplying out and collecting like powers of x, becomes
3x+2=(4+C)x* + 24+ B)x + 2B

quating corresponding coefficients gives

1<




A+C=0
2A+B=3
2B=2

whichistrueif B=1, 4=1, C=-1 and

3x+2 1 1 1
——— T + — —
x(x+2) x x* x+2
Thus
3x+2 dx dx dx
et e dx = —+ |— - =
'[x3+2x2 J‘Jc J.xz J-x+2
1 x 1
=t - —-Inlx+ 2|+ C=In| -=+C
X x+2| x
xZ
Example: Evaluate |—————dx
j(x +2)(x = 1)?
Solution:
The factor (x + 2) introduces one term
A4
x+2
The factor (x —1)? introduces two factors
B C

—t

x—-1 (x-1)
%

So the partial fraction representation is
? 4 B C
+

id = +
x+Dx-D* x+2 x-1 (x-1)?
Multiplying by (x + 2)(x —1)° yields
x? = A(x =17 + B(x+ 2)(x =)+ C(x + 2)
if x=1,then 3C=1and C=1/3
if x=-2,then 94=4and 4=4/9
if x=0, then 0=A(0-1)> + B(O+2)(0-1)+ C(0+2)

Substituting values of 4 and C into last equation we get B=5/9

Thus
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x? 4/9 5/9 1/3
= + and
(x+x-D? x+2 x-1 (x-1)?2
f— _4pdx +_5_J' -
(x+2)(x-1)? 9Jx+2 9Jx-1 3J(x-1)?
_—1n]x+2] ——ln!x 1- L_ic-
3(x 1
-—ln’(x+2) (x-1) [—3( T

8.6.2. Integrating improper rational functions .

If Ax) is improper, (degree of numerator greater than degree
* ) ‘

40

of denominator) first we use long division to divide - and obtain
x
A(x) R(x
=00+ 2
B(x) B(x)

i

R(x)

|
where Q(x)1is a polynomial and E-) is a proper (may even be zero).
X

3% 4252 4 x -
xample: Evaluate —x;zxif—}-dx
x% -1

Since integrand is improper rational function, we first carry out
long division.
us 32t +x—3‘ 21
3
+ 25 +x -2, dx -1 3x7-3x  13x42
o 25" +4x-3

+2+
x° -1 x? -1 -7
2x°-2

i’ld 4x-1
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sz +2x2 +x-—3dx

4x~1
N =j(3x+2)dx+jx2_ dx

Second integral can be evaluated by a partial-fraction representation:
J~4x—-1d S5¢de 3 ¢dx

X =— -
x? -1 29x+1 279x-1
In the end we obtain

J~3x3+2x2 +x~3

2
dx:3f—+2x+zln|x+1|+
xt -1 2 2

|x+lf
2 1P

+C.

-1n|x 1|+C—%x +2X+— 1

Exercises.

In exercises 1-4 indicate the form of the partial-fraction
representation of the proper rational functions. (Do not find the
numerical values of the coefficients).

2x-1 2-3x*
S+ D(x-3) (2 +2)
3 2x% +1 4 2x+1
T+ 1)’ (2x+2)(3x +3) (x+ D2 +x+1)°

In exercises 5-11 express the rational function in terms of
partial fractions. !

x—4 6 5x2 —x-1

" x(x+2) ' 2 (x-1)
2x* +3 g 5x +9x+6

x(x + 1)(x + 2) T+ D+ 2x+2)
9 22x 10, 3x® +2x? +3x+1

x° -1 x(x? +1)
. x +2x7 +3x+1

x(x+1)
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In exerciseg 12-28 perform the integrations,
2
X" +2 2xdx
12, |— dx 130 | ——=_
fx3+x2—2x fx2+3x~4
I
14.1‘ 21x+17 15, f\dxﬁg
2% +7x_4 (x—l)(x+2)(x—3)
2 2 _
16. {2 *2, 17. fde
x+2 x'—dx+4
5 2 2 -
8. fx +32x +1dx 19, J- x“+x 162 e
X —x (x+1)(x—3)
2 2_
20, X4 a f 2 -1
(x+2) (4x-D(x +1)
3 2 _
2 }‘x 3x2 +2x -3 2. f : cos?
x°+1 SIN" @ +4sing -5
L)
8 [& 25 [frax+l
I+e* o (x*+1
22 3
26. fxzdx 27. de\z
Joxt 41 x*(1+x?)
2
&J- xzdx
(x+2) (x+1
Answers,
A B 4 B (¢ Dx+E A B
—_— 32—+ 38 —— +
Y+l x-37% T3 N (x+1)2
C D Bx+(C Dx+ E ]
D’ (et = T x4 x 4] (2 +x+1?’
2 3 2 1 3 3 5 11
—— e e L —-—— ;
X2 T v T 2x  x+1 2(x+2)
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. 2 + 3x+2 ;.9—. 1 + 1 10 3+1+
T x+l xP+2x+2 x-1 x+1’ x x+1
RPE T PRLINIE MRS PR (Club 4.0 PGP
x x+1 x

13. 3 (x - D2 (x +4)° +C;&%ln|2x——l|+3ln|x+4|+c;

15. -—1~ln[x—1[+ i1n|x+2|+iln[x—3i+C;_l_6= L ons
6 15 10 2

+6ln|x + 2|+ C; 17, 3x+121n|x - 2| -

;lilx3+x+
3

2
(x+1)(x 1) N
X
4 2

+ —
x+2  (x+2)?

13+C;_2_(L 1n'x+2|+

C; 1.——Z—lnl4x—1[+—6—-ln(Jc2 +1)+
34 17

+itan_‘x+C;22. -l—x2 —-3x+—1-ln(x2 +)+C;
17 - 2 2

23, Lm0l s h ;25 T2 26, 4 -3
6 |[sin@+5 1+e* —
1 1 X 3 -1

2] ~———-——-=tan" x+C; 28 Inlx + 1|+ +C.
x 2 1+x* 2 x+2

7
8.7. Special techniques of integration.

There are some integrals that do not fit into any of categories
previously studied.

Example: Find jsec xdx

Solution:
secx +tanx
Isecxdx = Isecx —_———ldx =
secx+tanx

u = secx +tanx

Isecz X+secx-tanx o

secx +tan x du = (sec’ x+secx- tan x)dx
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= [du = Infu [+C=1n[sec,x/f+tanx[+C.
u

as sin x + COS X COSx

1 e o 5 etc. can be evaluated by
sin x + Scosx’ 1+ sin x ~ cog? X

substitution u

= tan— .
2
X -1
uU=tan= —T<x<g x=2tan"'y
) 2u I-u? 2
Sinx = 5 cosx-~\ dx = 5 du
I+u 1+ 4?2 1+u
dx
Examgle: Evaluate [ % _
l+sinx
Solution:

Let u=tan X . Then dx = -———2—du and sinx = 2u
2 1+u4
Hence

1 2 2
J‘I+smx: 1_‘_\211_. u:f

> 2a’u:
I+u I+2u+y
1+4?
J’ 2 R +C
A
dx
Example Evaluate _—
SINX + tan x
Solutlon:
) 2u
=tan— Sinx = 3
I+u
tan x = 2u2’ = 5 du
1~y l+u
231




Then

[ dx - 1 2
sin x + tan x 2u N 20 1+u?
1+u?  1-u?

!(1—u Ja+u?) 22 =‘I( WJdu_

1+u

2
=——lniu|+y-—+C= Lin
2 2 2

tan = +ltan2—x-+c
20 2 2

+\/—~/—

Example: Evaluate J
x(1+\/_ x)

2 1 {

The integrand involves x?, x¢ and x3 . The least common

multiple of denominator is 6, so we make substitution x = «°.
Then

dx=6udu, x=u?, Sx=u, {[x—zzu"

We obtain

J‘x+\/_— \[— Iu +u +u
x(1+¥x) ub(l+u?)

=6j%il—du=6ju

6u’du =

=—32-u4 +6tanu+C =%3\/x2 +6tan x4+ C

Example: Evaluate J- dx\/-
2+4x

Solution:
1

The integrand contains Jr=x? , S0 we make substitution
x=u® and dx = 2udu . This yields

2udy = J(l——!—-)du=u-1n‘l+ut+C=
1+u

I2+f Jz+2u
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=\/;-Inll+\/;+Cl
Example Evaluate f "i/+_ dx

Solution:

First of all let ys rewrite the given integral as

1
1,3 N2 2
fiﬁdx: 1+x3J -x
31x2
t
and then introduce A+x3)=¢2 1t yields
2

2
x3 =12~1, —1~x Sdy = 2¢ds x 3dv = 614y

After substituting we obtam
3
e 2 1

- — — — 3

f = RAR LN ft 6 dr = sfz dt=6.. 3 +C 21+

2~ x
Example Evaluate
Example: Evaluace f3/2-

+C,

+ x (2 x)2
Solution:
Letj X £ Solving for x yields
+

3 3
o 2-2p3 2—x=2—-2 2t &

37 1+28 14,37

E 1 342 2
‘ *\2—2(1\-”7’)— and dx:~—QLdt
| 2-x) 16¢ (1+2%)?
Thus
[2-% 1 1+ A+ (<1242
3 ————dx = |¢. s dt =
J‘2+x (2-x)? f C16° (1+£%)?
__3 dz“ 3 1 C= 23 2+xY L C
475 g7 8VY(2-x '
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Exercises.
In exercises 1-17 evaluate the integrals.

1, 2. ”j &

1+sinx+CoSx 1—-cosx

cos X
dx

W

2 —-cosXx smx 3cosx

3 reemic o
5. Ixmdx Z(

7.j L i s.jxs X +1dx
dv

9. j_————~\[;+3\/; 10. -‘-————————v(l~v”4)

11. j—lii—t——l— 12. jsin&dx

13. j—iif‘-a 14.[ x°dx

e’ +1 V1+x?

15. j__»—‘i"——— 16! Ix+3\/x—2+%dx
ERTE - V)

Answers

X
1. Injtan +1+C; 2. 1;3. -—tan tan=l—-x+C;
L jer(3) (5 )

! tanit—-—l 2 10
4,—Inl——= 2 3y g\/ x+5 —-—3—\/(x+5 ;
e tan;+3

5 1 |4
7.4-61n338. 2 -2 o a0 2x =30
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1
/4

+ 6xy6 ~—61n(x%S

+1)+C; 10, 4In +CIL 2 43

| SRV

L
+6r/6 +6lnt%j ~1

ve* +1-1

e’ +1+1

15. 3tan”' Yx + C; 6. %%/xz +6tan"' §{x + C.

+C;1_.L——2«/;cos«/;+25in\/;+C;

3. In

+C§1_4:§(1+x2)%—(1+x2)% +C;
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Chapter 9.
Improper integrals.

9.1. Definition of improper integrals.

b
In the definition of f S(x)dx it is assumed that
a

1) the interval [a, b]is finite
2) integrand f(x) is defined and continuous on [a, b]
If at least one of two conditions above fails then integral

b
j f(x)dx is called improper integral.

Let us consider two cases
Case 1: If f is continuous on the interval [a,), then we define

improper integral j f(x)dx as

+o0 b
(1) j f(x)dx = lim j f(x)dx
b—>+0
If this limit exists, the improper integral is said to converge, and the
value of the limit is the value assigned to the integral. If the limit does
not exist, then the improper integral is said to diverge.

+c0
dx
Example: Evaluate I——-s- 3
x
1

Solution:
Replacing the infinite upper limit with a fmite upper limit &

jﬁf = lim [}f'f‘__ lim L b-— = lim «wl-—+—1— 1
x3 —b->+oo JC3 —b—>+oo 2)('2 1— -_b»nao 2b2 2 2

so the given integral converges to 1/2.




If f is continuous on the interval (—o0, b], then we define improper

b
integral f S(x)dx as

b 6
) [7(0dx= lim [ f(x)dx
—o0 a»-ma
Again, the improper integral is said to converge if limit in (2) exists.

b
Otherwise J. S (x)dx diverges.

i

Example: Evaluate fe"dx

-0

Solution:
Replacing the infinite lower limit with a finite lower limit a
yields
! 1 .
fe"dx = lim [e*dy=lime*| = lim[e' —~e®]=¢
a~>—0 a—»-o a a-»r—wo
-0 a

 If f is continuous on the interval (—oo,+c0) , then we define improper

integral J' f{x)dx as

+%0 b
G [fGde= lim [7(x)ds

b—>+0a

oes not exist, then the improper integral is said to diverge.

400

xample: Evaluate j‘

-0

1+x

solution:
Replacing infinite limits with a finite limits yields
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b

dx ) dx . - b

I = lim j = limtan™ x| =
1+ xz a—>-w J] 4 xz a-»—® a

- bt 2 b+

SRR
+
NN
i
_

+00

X
So 5 converges to 7.
oltx

Remark: We may define J' Sf(x)dx as

T f(x)dx = lim Cj‘f ()dx + lim l] f(x)dx

Case 2:
If f is continuous on [a, b) but fails to have limit as x appro-

b
aches b from the left, then we define improper integral j f(x)dx as

b {
@ [feds=lim [ra

2

dx

Example: Evaluate
JJ2*x

Solution:

The integral is improper because the integrand approaches + o asx
approaches 2 from the left.

From (4)

2 i
dx . dx

—— =lim =lim[-242 —

J.\/Z—x -2 2 - x l—lg![ 2=

= lim[-2v2 -1 +242-0]=22
-2
If f is continuous on (a, b]but fails to have limit as x appro-

1
0

b
aches g from the right, then we define improper integral '[ f(X)dx as
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b ) b
6 [s@dx lim [foar
a i

3
Example: Evaluate __glzc_

z—x

Solution:
The integral is improper because the integrand approaches

—wasx—>2". From (5) we obtain
3 3

I dx ) dx )
= lim = — limin
22—-x 1—+2*12—-x -2

= limfin1 - 2 ~lfl=- lim Inf2 -} =-c0

24 -

S0 3." dx diverges
2-x

+00

Example: Evaluate J'xe"‘zdx

0

Solution:

b+

+o0 , b » . ) z
j‘xe"‘ dx = lim lxe ¥ dx=lim|-~e™*
5>+

+20
dx
Example: Evaluate J‘——;
; x
a

olution:

~ b
+uodx bdx ) xp+1

= =lim |—= limj—— =
axt” b—)+00“xp b>+o0) -p+1 o

1-p

e lmprt-——a

I— pboriw 1-p
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if p>1, then lim 5" =0, and J-—— converges to —

qtr
b+ 1_ p
Tdx .
if p<1,then lim "' =+w,and I——— diverges.
be»+0 ; xp
40
d
Example: Evaluate j——f—
e
1
Solution:
a a . _ ~ 1
i{:limj = lim - "] =11m(—e“+e')=—,
e’ a—>+e : e’ e 1 a4 e
1
)

I—; converges to % .
Warning: It is sometimes tempting to apply
bjf(x)dx = F(), = F(b) -~ F(a)
directly to an improper integral without taking the appropriate limits.

To illustrate what can go wrong let us suppose that we ignore the fact

k]

that integral I 27 is improper and write
3[ o 1 14
Jx-2* x-2 3

Since (x” - 1)is always positive and J'(—_%T can not be negative. To
x —

evaluate the given integral correctly we should write
3

Gt odx % dx
I"‘(x—2)2 =IJ‘()c—Z)2 ¥ J(x—Z)2
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SO di
'[(x 2)2 1verges.

9.2. Tests for convergence and divergence.

Theorem1: Let f(x) and g(x) be integrable functions over [a,b] and
0<g(x)< f(x) forall x>a, then

+oo +o0
a) Ig (x) dx converges if J‘ f(x)dx converges

b) _[ S (x)dx diverges if I g(x) dx diverges.

Example:

diverges or converges.

Determine whether the integral f
I

Solution:

dx
D converges

1
ecause o <55 forall x from [1,+) and I— converges

heorem2: Let f (x) and g(x) be positive and mtegrab]c functions

ver [a,b] and that
lim L&) -7

O0<L<o
X~>+00 g(x)

’
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+0 +o
Then I f(x)dx and !g(x) dx both converge or both diverge.

Example:
Determine whether the integral Tl Py converges or diverges.
Solution: |
With f(x)= , 2(x)= 1 we have
1+e” e’
lim ﬂx_) = lim —-‘L =1 and 1€ (0,+).

X—>+0 g(_x) x>0 ] 4 oF

+00

Therefore f

+o
dx

converges, because I—X converges.
e

Jl+e” ;
Example:
+©
Determine whether the improper integral J——-— is
1

1+x*
convergent or divergent.
Solution:
Let us solve the problem by both of two tests:

1 1 B 1 _ 1 7
< 4 ( ,1
X X
and ————1——<—1-2—
x’ —1~+1 *

4
X

+00 +0
. dx
Since |—- converges, so does
x
1 ]

&
v+ x*

2) Let f(x) 1 and g(x)=

1
1+ x* \[xT
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J(x)

“In —_— = hm

Xt g(x) Tt V] 4y 4
make conclusion that :

j \/d\x converges, because f%
I+ x4

4

3

modx

1

Exercises.

X

4

I

+oo

dx
= f~ converges.
x2

=1.Limi: hasa positive fi

In exercises 1-10 evaluate the integrals.

+00

1. j e "dx
0
+00

3.f1dx

xin® x
[

0

dx
> ! (2x-1)°

S
7. J‘j-sm—dx
x° X

P

In exercises 1]
diverge or converge.

+o0

dx
11.
J‘)c“w‘—l
13.
(x+2)3
5. L“idx
X

) i
7 x
4 T xdx
Iy
1
6. [
1%
+©
8. fez"dx
[4]

xdx
x +1

nite value and we




6.+ 1. 1;8 +003;9.2; 0.2;

11. converges; 12. converges; 13. converges;

-

16. converges; 17. converges;

— e

0. diverges;21. diverges;

—

25, converges.

P td

22. conver

18. converges;

ges; 23
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14. diverges;15. diverges:
19. converges;
diverges; 24. diverges
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