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Abstract 

This work is based on two of my scientific articles [10],[7]. When writing this 

work, I singled out the thesis into two sections. In the first section, I perform 

computer calculations, in the second section, I confirmed the theorem. That is, in 

the first part of the "Sierpinski triangle and the open set condition" I study the 

size of the triangle (Sierpinski triangle) in the fractal system, composed by Vaclav 

Sierpinski, in different conditions. These studies are conducted by two different 

methods of computer computing. Comparing the results obtained, I conclude on 

two methods for calculating the size and triangle of the Serpin in the amount 

of 729 pieces that we consider. That is, I will define both methods as effective 

and flawed, as well as some uncertainty of the methods and reasons for this in 

the form of a table. In the second section, working together with the supervisor, 

I study a closed Cantor set with parameter A and consider that these fractal 

sets are completely identical to themselves. In particular, I consider the fractal 

system Ey constituting specific lines, the iterative functional system fi(z) = 2/3, 

fa(z) = (2 +A)/3 and fo(x) = (x + 2)/3 consisting of three functions. That is 

when passing 1 < A <2as\=1+3°" for an integer n, I determine and prove 

that the fractal set F) is self-similar.



AngvatTna 

By 2xyMbic e3iMHin, eki rbiipimu [10],[7] Makamam Heri3inge 2xa3buiran. Byn 

2KYMBICThI 2Kasya DUccepTallMaAHb! eki Oemimre Oemin KapacTbIpgzpiM. Bipinui 

6emiMge KOMMOTepwik ecemTeyep »Kypri3cem, eKinuli Oetimae Teopema Jaues- 

HehtTin Oonampin. Arun, «Cepmuu yiliOypbillibl 2KeHe ALIbIK 2KMbIH WapTbI» aTTbl 

6ipinmi SOenimne Banas Cepnuuckuiizin KypacTbipraH cdbpaktTasiqap »*«yHecinzeri 

yU6yppIlEHbH, (Cepnun yi6yppimbl) epTypsi Kargalijarbl enuemin 3epTreti- 

mMiH. Ost 3epTTeylepyi eKi Typ.ti aticMeH KOMIIbIOTepJIIK eCelITeyIep 2KYPrisemiH. 

IllbikkaH HeTHMKeNepTi CabICTLIPA OTLIPbIN 613 KapacTbIpraH 729 nana Cepmnu 

YUIOYpbILIbI MeH @JIMIeMiH eCeliTeyre APHAJIFAH €K1 OIC 2KaliJIbI KOPbITHIHJbI LIbI- 

FapaMbiH. ?1rHu, eKi aticri, ge THiMAI-TUiMCi3zIriH, opi oAicTepyiH Dypbic aHbl- 

KTaJIMauTbIH KeltOip MoHZepi MeH ceOeOiH aHbIKTall OHbI KecTe TypiHae Kepce- 

remiH. Exinmti 6eriMge, FLIIbIMM 2KeTeKIWiMeH Oipre 2KYMbIC 2Kacali OTBIpbI A 

TlapametTpi Oap KantTopyzbin 2KaObIK 2XWbIHbIH 3epTTeMMiH >KoHe Oy cbpakTai- 

Ibl 2KUbIHJap TOJIbIFbIMeH 63 — e3iHe yKCac OosIFaH 2KaryalilapbIH KAPACTbIPMBIH. 

Jlenipek aliTkaHya, HAKTbI CbISbIKTap KypaiTbIH dpaktasyb! &) »x«MbIHbIH »KoeHe 

yu byHKuMagan Typaten fi (x) = £/3, fy(x) = (x +A)/3 xone fo(x) = (x+2)/3 

UTepauluANblk CPYHKUMOHAIbIK 2% yeni KapacTeipaMbiH. Aruu, 1 < A < 2 apa- 

JIbIFBIHDa 63 — O3IHe YKCACTHIK OOATbIHbIH »KoHe OYTIH n caHnbI yin A= 14+3°-” 

TypiHge Oepinren Ke3sne cdbpaktTasmght |) »*«MbIHbIHbIH ©3 — 3iHe ycac eKeHiH aHbI- 

KTall, ToJIeAeuTin S6omamMblH.



AHHOTaIMaA 

Sra pa6ota Hanvcana Ha OCHOBe JBYX MOMX Hay4HbIx cratett [10],|7]. pu ua- 

MHCaHHN sTO paboTbl A BbIZeIMI DUccepTaliMio Ha JBa paszena. B nepBom pas3ze- 

jl€ A BbIMOJIHAIO KOMITbIOTEPHbIe PaCueTHI, BO BTOPOM pasylewe A MOATBepAU Teo- 

pemy. To ecTb, B HepBow uactu «CepmuHckult TpeyrosIbHUK U yCOBMe OTKPbITOrO 

Hadopa> H3y4aio pa3Mep TpeyrosIbHuKa (CepnuHcKoro TpeyrouIbHUKa) B CHCTe- 

Me pakTasioB, COCTaBJIeHHLIN Bauyaspom CepmuHcKuM, B PassIM4HbIX yCIOBMAX. 

OTM UCCIELOBAHUA TIPOBOAATCA IBYMA Pa3JIMYHbIMH MeTOJAMU KOMIIbIOTePHbIX 

BbIUMCIeHuM. CpaBHUBad NOMyYeHHbIe pe3yIbTaTbI, A BbIBOZY O AByX MeTOZax 

Ila pacueTa pa3Mepa U TpeyroJbHuka, Cepmuua B KosMuecTBe 729 uITyK, KOTO- 

pble MbI paccMaTpuBaem. To ecTb # ompegemio 06a MeToya Kak scbcdbekTUBHEle U 

HeOCTAaTKH, & TAaK2Ke HEKOTOPY!0 HEOMpeeJICHHOCTb MeTOAOB UM IIPMUVH IIA STOFO 

B Bue TaOsMuUbI. Bo BTopom paszese, paboTan COBMECTHO C HayudHbIM PpyKOBOIIU- 

TeJIeEM, U3Y4alO 3aKpbITHI Habop KaHTopa c mapamMeTpom A uM paccMaTpHBaio, 

UTO 3TH CPpakTAJIbHble MHOMKECTBA MOJIHOCTbIO HJCHTMYHEI ceOe. B yacTHoctn, 

si paccCMaTpuBalo CbpaktTasIbHylo cuctemy &), COCTABJIAIOWLyIO KOHKpeTHDbIe JIM- 

HMM, UTepallMoHHyto byHKuMOHaIbHy!o cuctemy fi(x) = 2/3, fx(x) = (x + A)/3 

u fo(xz) = (x + 2)/3, cocrosmtyto u3 Tpex cdbyHKuni. To ecTb, mpu mepezaye 

1<A<2BBugeX=14+3-" aa LeNoro WcIAa N, OlMpeAe/IO U TOKa3biBaio, 4TO 

cbpakTasIbHEIi Ha6op Fy mpexzcTaBiaeT aBTOMOJeJIbHBIM.
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1. Introduction 

1.1 Motivation 

In the context of the development of modern technologies, the use of computer 

programs has become normal. Even in the field of mathematics with the use of 

computer programs, new approaches to the development of science are opening 

up. The transfer of mathematical calculations to computer algorithms simplifies 

the work of mathematical calculations and efficiently uses time. In addition, an 

effective method is a computer calculation of the size of geometric systems. One 

of the widely used approaches to image analysis is fractal analysis. Fractals, by 

definition of B. Mandelbrot, called set, for which the fractal dimension is more 

topological. As a rule, such sets have a complex geometric structure, as well as 

properties of self-similarity. The characteristic reflecting this self-similarity is the 

fractal dimension. ‘The concept of fractal dimension has already been used in many 

disciplines, including computer science, for example, for image compression and 

coding, texture analysis, and document processing. Non-traditional for classical 

geometry approaches in fractal analysis helps to obtain new data on the sample 

under study, to analyze its often. rather complex, irregular structure — images 

of pharmacological preparations, tissues of living organisms, faults of geological 

rocks, etc. As is well known, one of the sources of images with complex structure 

are dynamic systems. Their phase portraits demonstrate an extraordinary wealth 

of structures — both fractal and multifractal, and the image of invariant sets- 

of rational plane transformations (Julia sets) can also be attributed to the art 

of computer graphics. I was interested in the use of computer devices in the 

conduct of research. Due to the fact that the direction of the study is related to 

the system of fractals, I considered one function in this area. The choice was a 

triangle Serpina. In addition, when working with a supervisor, we study a closed



Cantor set with parameter 4. We are interested in finding new values of the 

parameter A for the following fractal functions of the set E, that we consider. 

1.2 Thesis Outline 

My work consists of two parts. In the first section, I perform computer calcu- 

lations, in the second section I prove a theorem. 

In particular, in the first part, I study the dimension of the Hausdorff under 

various conditions in the system of fractals (the Serpinski triangle), composed 

by Vaclav Serpinsky, using computer calculations. In geometry, fractals are very 

natural sets that have self-similarity. Certain fractals are more complex in nature 

and it is an important question to measure the complexity of these objects. One 

such option is by means of their dimension. Scientists such as A. A. Vinogradova, 

D.N. Kaliteevsky, talked about getting a dimension from the Sierpinski triangle. 

Other scientists were able to calculate it’s dimension in an equilateral triangle 

only in a single position. After that "why not bring the sizes of different kinds of 

serpin triangle?" the question arose. To do this, I first considered the function in 

the Matlab of such a Sierpinski triangle: 

x(a) = a, * x * (a—1) 

“y (a) = Br *y*(a-1) 
fiton.8) = | ; 

z (a) = a2*2*(a—1)+0.25_ 
ftom) =| y (a) =Bxys(a-1) +8 ; (1.1) 

t(a) =a3*x*(a—1)+0.5_ 

y(a)=Ps*y*(a—1) 
With this function, I consider 729 species and find the dimensions. On mea- 

3 (a3, B3) = 

surements in various systems, including iterative systems P.S. Alexandrov, B.A. 

Pasynkov|11]. in their works, scientists considered in a generalized state. That is, | 

using the Serpin triangle in the iterative functional system, we calculate the Box 

dimension of the Sierpinski triangle with the computer program Matlab. When 

calculating the dimension of the Sierpinski triangle, choose two different methods 

and make a mathematical analysis. In the first method, we obtain a graphical 

representation of various Sierpinski triangles in Matlab using an algorithm written



on the basis of the Box dimension method, determine the dimensions based on 

the conditions of the open set in the following method, determine the dimension 

by calculating the total degree of the function arguments. 

That is the theorem of Kenneth Falconer[3], in this method the arguments 

Oy = Bi = VN, 2 = Bo = 2, 03 = B3 = 43 to the (1.1) — function for 

n+ ye +737 = 1 (1.2) 

the value z in the interval 0 < x < 2 is the dimension in the given (1.1) - function 

argument and will be equal to the dimension. However, to obtain the correct 

results by this method, the function of the Serpin triangle must satisfy the open 

set conditions. One of the most important concepts in this article is the open set 

condition (OSC). 

Definition. The f; is said to satisfy the OSC if there exists a nonempty open 

set V C R” such that 

LJ fi(V) S Vandfi(V) Nf (V) = Ofort # 5. (1.3) 
i=1 

We can also calculate Hausdorff and box dimensions using the OSC for self-similar 

set F. Both methods are implemented in the computer Matlab program. First, in 

order to determine when it is possikle to correctly apply the methods to calculate 

the dimensions of fractal sets, collecting the dimensions results from 729 different 

Sierpinski triangles and comparing the results, we determine optimally the inef- 

ficiency of both methods, as well as some values and causes that are incorrectly 

defined, and show it in a table. . 

In the second section, together with the supervisor, we study a closed Cantor 

set with parameter A and classify the situations when these fractal sets are totally 

self-similar. More precisely, we consider iterated function system consisting of 

three functions f(z) =2/3, fy(2) = (x + )/3 and fa(x) = ( + 2)/3 and the 

fractal set E, it generates in the real line. We define what totally self-similar - 

means and show for 1 <A< 2 that the fractal set F) is totally self-similar if and 

only if it is in the form A= 1+ 3~” for some positive integer 7. We mainly rely 

on the recent work of Dajani, Kong, and Yao where they consider the analogous 

problem for 0 <A< 1.



2. Preliminaries 

In some cases it is possible to analytically compute exact Box dimension. One 

such general case is when the fractal is obtained as the fixed point of certain 

conformal Iterated Function Systems (IFSs) that satisfies the so called Open Set 

Condition (OSC). For all these notions are recalled in the next section. 

However, in general analytic exact solution for box dimension problem is a very 

difficult task. In particular, for IFS if the OSC fails, then ethere is no guarantee 

that the formul will work. 

In this paper, we want to consider a special family of fractals, called Sierpenski 

Traingles. For various parameters the fractal structore changes and so does the 

box dimension. Our goal is to consider various parameter values that determine 

the IFS for Sierpenski Triangle and try to estimate their box dimensions. On one 

hand, we use the formula from the literature that is valid when OSC holds and on 

the other hand we use computer software to numerically estimate the dimension. 

Then, we compare the two values to get an idea when the OSC seems to hold 

true. 

First of all, we describe the systems and functions that we use. Familiarize 

yourself with this system because the function was used through the Iterated 

function system. An iterated function system (IFS) is a set of abbreviations 

{5}, S2,..., Sm}, with m>2, on a closed subset D of R". A nonempty compact 

subset F of D is an IFS attractor if 

F =|(JSi(F) | (2.1) 

Is a method of creating fractals this is an Iterative functional system in mathe- 

matics. Fractal-a mathematical set that has the properties of self-identification 

(object, exactly or approximately coincides with one part, it is a form as a whole



one or more parts). 
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Image 1. (Construction of the Koch fractal) 

Fractal (lat. fractus — crushed) is a term introduced by Benoit Mandelbrot 

in 1975. There is still no strict mathematical definition of fractal sets. His fun- 

damental work Mandelbrot performed in the genre of essays, as if giving readers 

space for imagination and allowing them to participate in the development of 

theory and its applications. Mandelbrot’s merit is that he was able to generalize 

and systematize "unpleasant" sets and build a beautiful and intuitive theory. He 

opened for us the wonderful world of fractals, the beauty and depth of which 

sometimes amaze, delight scientists, artists, philosophers... the Work of Mandel- 

brot was stimulated by advanced computer technology, which allowed to generate, 

visualize and explore a variety of sets. No work on matalam not without beautiful 

illustrations. 

Classification of fractals: Fractals are mainly divided into geometric, alge- 

braic and stochastic. Under certain conditions, stochastic fractals can be called 

multifractals. 

However, there are other classifications: 

e Man-made and natural. To man-made are those fractals that were invented 

by scientists, they at any scale have fractal properties. Natural fractals are 

10



limited by the area of existence — that is, the maximum and minimum size 

at which the object has fractal properties. 

e Deterministic (algebraic and geometric) and non-deterministic (stochastic). 

Geometric fractals: the History of fractals began with geometric fractals, 

which were studied by mathematicians in the XIX century. Fractals of this class 

— the most obvious, because they immediately visible self-similarity. In the two- 

dimensional case, such fractals can be obtained by setting some polyline, called 

the generator. In one step of the algorithm, each of the segments that make up a 

polyline is replaced by a polyline generator at the appropriate scale. As a result of 

the infinite repetition of this procedure (or rather, in the transition to the limit), a 

fractal curve is obtained. With the apparent complexity of the resulting curve, its 

General appearance is given only by the shape of the generator. The geometric 

fractals also include fractals obtained by similar procedures, for example: the 

Cantor set, the Serpinsky triangle. 

Algebraic fractals: iterations of nonlinear maps given by simple algebraic 

formulas are used To construct algebraic fractals. 

The two-dimensional case is most studied. Nonlinear dynamical systems can 

have several stable States. Each stable state (attractor) has a certain area of 

initial States, in which the system will necessarily pass into it. Thus, the phase 

space is divided into areas of attraction of attractors. . 

If the phase is a two-dimensional space, then, painting the region of attraction 

in different colors, you can get a color phase portrait of the system (iterative pro- 

cess). Changing the algorithm for choosing colors can be difficult to obtain fractal 

patterns with whimsical multicolored patterns. A surprise for mathematicians 

was the ability to generate very complex non-trivial structures using primitive 

algorithms. 

The construction algorithm is quite simple and is based on an iterative ex- 

pression: 

z4+1= F(z) (2.2) 

where F(z) is a function of a complex variable. 

For all points of a rectangular or square area on the complex plane, we calculate 

a sufficiently large number of times (2.2), each time finding the absolute value of 

11



The function we use is a function of the Sierpinski triangle. There are several 

ways to obtain the function of this Sierpinski triangle. For the first time such 

concept of a triangle was introduced in 1915 by the Polish mathematician Vaclav 

Sierpinski. To get it, you need to take an (equilateral) triangle from the inside, 

hold it along the middle line and throw out the Central of the four formed small 

triangles. Then the same actions should be repeated with each of the remaining 

three triangles, etc. The image 2 shows the first four steps, and in the flash 

demonstration you can practice and take a step to an infinite step. 

BM ba £4 £4 5% 
Image 2 

Dimension: There are different dimensions for sets. Familiar from a school 

bench ideas about three-dimensional space, two dimensional planes, one dimen- 

sional lines and so have a very superficial and simplified perspective on the diver- 

sity that hides in itself the term dimension. Next, we consider rigorous algebraic 

theories , philosophical and practical concepts of dimension. Often the concepts 

of dimension are constructed through the discovery of parameters that relate to 

covering sets. But it’s not the only way. Fractional dimensions will also be con- 

sidered, the practical significance of which was shown by Madelbrot in 1970x. 

Dimension strongly depends on how its measure. This means that in addition 

to the formulas for calculating the dimension, it is necessary to precisely define 

an operational set of methods for measuring and interpreting the dimension. Tra- 

ditionally, the number of independent parameters required to set the position of 

a point in space is associated with the dimension. The position of the point of 

the plane area bounded by the square can be set by two dimensions, and then its 

dimension will be equal to two. And it is possible to contrive, and to imagine this 

area in the form of a broken with very strongly pressed to each other links, folded 

like a joiner’s meter, for example a curve of Peano. Then, to set the position of the 

point will be enough and one dimension, and the dimension will be equal to one. 

Next, we will try to bring different dimensions and ways of their measurements 

12



and provide information on their practical application. 

A topological dimension is a regular geometric dimension. It takes only in- 

teger values. In mere phenomena it describes are often (but not always!) the 

number of degrees of freedom or the number of parameters required to uniquely 

define any point in the set. The theory of topological dimension is a developed 

field of mathematics. The strict mathematical definition for metric and topolog- 

ical spaces belongs to Lebesgue and sometimes this kind of dimension is called 

Lebesgue dimension. Urison and Brauer also contributed. The topological di- 

mension is determined by the inductive method, so it is sometimes called the 

inductive dimension. A dimension is the distance in one direction, in this case, 

width. Fractal dimension is a fundamental concept of geometry. It is known that 

we usually know a straight line or curves is dimension of the 1 - dimensional, 

surface is 2 - dimensional and figure in planimetries is 3 - dimensional. Dimension 

— the number of independent parameters required to describe the state of the 

object, or the number of degrees of freedom of the system. 

Hausdorff dimension: This dimension is similar to the Minkowski dimen- 

sion. The difference is that the balls are taken of arbitrary radius 0 <r<e and 

the set is not necessarily compact. Subsets of A € R” are defined by the formula 

(A) =n | SPD ):AcUA, Rert, 

where P is the class of all standard parallelepipeds in R” (i.e. parallelepipeds 

with edges parallel to coordinate axes). For this formula to make sense, of course, 

it is necessary that the Lebegue measure A, is already defined on the class of 

all such parallelepipeds (recall that the measure of a standard parallelepiped 

I =1, x...X Jy is equal to the product of the lengths of one-dimensional inter- 

vals I1,..-,Jn). It is not difficult to modify the definition of an external measure 

so that it does not rely on the notion of a parallelepiped measure. To do this, we 

note first that for any A C R” 

3(A)=int) MPD ):ACUP neal 

where Q is the class of all standard cubes in R® (i.e. cubes with edges parallel 

to coordinate axes). This easily follows from the fact that any standard par- 

13 °



allelepiped approaches standard parallelepipeds with rational vertices, and the 

latter is divided into a finite number of standard cubes (spend a neat argument). 

The advantage of cubes is that the volume of a cube is easily expressed in terms 

of its diameter. 

Definition 1. The diameter of the metric space (X, p) is the number 

diamX =sup{p(z,y):2,y €X} € [0,+00). 

By definition, believe diam@ = 0. 

Note now that if P C R” is a cube with an edge length J, then diamP = l,/n, 

so \,(P) = I" = (diamP )"/n"/?, and the definition of the external measure 

takes the form 

Aj, (A) = — aint {So (came YP: AC OE Pe€ of ; 

i=1 

This formula leads to the following definition. 

Definition 2. Let (X, p) be a metric space, p > 0 and e > 0. Lie 

H? (X) = inf >» (diamA; )”: X CJAi, Ai € X,diamA; < 7 ; 
i=l . 

H? (X) = sup H? (X) 
E>0 

The value of H?(X) € [0,+00) is called the p - dimensional outer Hausdorff 

measure of space X. 

The Hausdorff dimension is close to the Minkowski dimension. In many cases, 

these dimensions coincide, although there are sets for which they are different. 

Therefore, in order to find the size of Hausdorff we have sets and systems, it is 

enough to calculate the dimension of Minkowski. Therefore, we will now use this 

method instead of Hausdorff dimension in the dimension calculation. In this case, | 

as stated above, it is mutually equal: 

dimyF =dimyF . 

When measuring the fractal dimension of various natural and artificial objects, 

a number of problems arise due to the fact that there are several definitions of 

fractal dimension. The basic concept is the Hausdorff dimension, but its eval- 

14



uation is often very difficult. Therefore, in practice, dimensions related to the 

so-called box-computing (or box-counting) class are more often used. 

In this approach, the studied set is covered by cells (box) of the same size 6 

and the number of elements of the cover N(6) is considered. It is assumed that 

this number is proportional to the cell size to some extent (—d). The relation 

logN(5)/(—log6) is considered and its behaviour at scale 6 is investigated. If 

there is a limit to this ratio, it is equal to the number d, which is called the 

capacitive dimension of the set. For a point, segment, square, etc. this value 

coincides with a well-known dimension and is an integer. For fractal sets, the 

capacitive dimension is not equal to an integer. Thus, the main idea of introducing 

this class of dimensions is the concept of "measurements on a scale 6": for each 

6, we measure the object in such a way that we ignore the unevenness of objects 

smaller than 6 and consider these measurements at 5 tending to 0. 

Consider a nonempty bounded set F in R", 2 ={w;} — its finite covering by 

sets with diameter 5. Denote N;(F’) the number of elements of the coating. We 

define the lower and upper bounds of the capacitive dimension for F’: 

dimpF = ji tOS2NalP) 
emp 50 —logd 
dimgF = lim logs Ns(F) 

S590 —logyd 

If the upper and lower bounds exist and coincide, then their total value is 

called capacitive dimension: 

_ loge.N5(F) 

dimph = jim —log,d 

In practice, the calculation of the number of coating elements of a given diam- 

eter, in which the image points fall, is not very effective. Therefore, it is advisable 

to use a different dimension — Minkowski dimension. It coincides with the capac- 

itive one for non-empty bounded sets in R3. And as these sets for the image, we 

consider a special construction — 6 - parallel body. 

Definition 1. Let F C R”. Then 6 is a parallel body F; — a set of points, not 

more than 6: Fs = {x € R”: |z—y| < 6, y.€ F} away from F’ 

Definition 2. Let F C R", F #9. Let Fs be the d-parallel body F, and 

Vol"(F5) its n-dimensional volume. If for some constant D at 6 —0 the limit 

15



Vol"(F5)/6"-” is positive and bounded, then the Minkowski set dimension F is 

the number D. (Denoted by dimyF). 

Examples of 6 - parallel bodies in R?: 

F is a one-point set, then Fs is a ball with volume Vol3(F;) = 4163/3. 

F is a segment of length L, then F's is a cylinder with volume Vol?(F5) = 

nL. 

F is a rectangle of area A, then F’; is a parallelepiped of height 26 by volume 

Vol? (Fs) = 2A6. 

In each case the following is true: Vol?(F;) ~ 66°-?, where D is the fractal 

dimension F’, 6 is some constant. In the given examples D = 0, 1, 2 respectively. 

Theorem. Let fF be a nonempty bounded set in R . Then dimgF = dimyF. 

Examples: 

The dimension of a finite set is zero, since for it p(n) does not exceed the 

number of elements in it. 

The dimension of the segment is 1, since [a/6] of segments of length 6 is 

necessary to cover the segment of length a. Thus, 

In(N5) _ ,. In(a) —In(d) _ 

im info) PS ns) 

The dimension of a square is 2, since the number of squares with a diagonal 

of 1/n needed to cover a square with a line a behaves roughly like a?n?. 

The dimension of a fractal set can be a fractional number. Thus, the di- 

mension of the Koch curve is In4/In3. 

The Minkowski dimension of the set {0, 1, 1/2, 1/3, 1/4,...} is equal to 1/2. 

Properties: 

The dimension of the Minkowski finite Union of sets is equal to the maski- | 

mum of their dimensions. Unlike the Hausdorff dimension, this is not true 

for a countable Union. For example, the set of rational numbers between 

0 and 1 has Minkowski dimension 1, although it is a countable Union of 

one-space sets (the dimension of each of which is 0). Zamknutaja example 

of a countable set with zero-dimensional Minkovskogo the above. 
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e The lower dimension of Minkowski of any set is greater than or equal to its 

Hausdorf dimension. 

e The dimension of Minkowski of any set is equa! to the dimension of Minkowski 

of its closure. Therefore, it makes sense to talk only about the dimensions 

of Minkowski closed sets. 

This dimension is sometimes called Box dimension. At the same time, like 

the name Minkowski, its structure consists of a cell. There are no differences 

between them. Only both are alternate names for each other. Consequently, the 

Box dimension is also defined as the dimension of Minkowski. 

The definition of measurement is mainly based on the idea of "measuring sets 

at scale 6". We can measure every geometric pattern. For each 6, we measure 

the set in such a way that we detect inhomogeneities of the delta of size 6, and 

we see how these measurements behave like 60. Thus, one of the methods 

of computation of dimension is the Box dimension. Kenneth Falconer|3] fully 

specified in his work the generalization and calculation of the formula. 

When F is a limited subset of R”, then Box dimension of F is defined as 

log Ns (F 
dimgzF = tim O8Na(P) 

60 —logd i) 

Here, N(F) be the least number of $ets of diameter at most 6 which can cover F. 

Based on this formul, we will calculate the dimension of the Serpinski triangle. 

ibd grid sare ~ 37 

Image 3 (Geographial map) 

In Gencral, this method is closed by the same boxes of all the places where 

the points of the geometric figure, the dimension of which must be determined, 
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lie. It should cover all points of the figure. The smaller the radius of the Box, the 

greater the number of boxes. The smaller the radius of the Box, the closer to the 

solution. Therefore, when calculating Box dimension, we tend to zero radius. As 

a simple example, you can see the image below. 

In addition, this method is used in the preparation of medical tests. That 

is, certain diagnoses associated with the formation of the cerebral cortex are 

determined. 

Image 4 (Fractal dimension estimation of brain MR images) 

One of the most important concepts im this article is the open set condition 

(OSC). The f; are said to satisfy the OSC if there exists a nonempty open set 

V Cc R” such that ‘ 

LU fi(V) S Vand; (V) 0 fj (V) = Ofori # 5. (2.4) 
i=1 

We can also calculate Hausdorff and box dimensions using the OSC for self-similar 

set F. For this it is necessary to use the theorem dimensions of self-similar sets 

in the scientific work[3] of Kenneth Falconer. As shown in the theorem, suppose 

S; on R° with radius 0<7;<1 for 1<i<mi is satisfied for similarity the open set 

condition and if there is 

F =| )5(F) (2.5) 
i=l 

so F is the attractor of the IFS {5),...,5,,}, then the formulation dimpF'=s is 

correct. Where s is obtained by the equation 
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Sori =1 | (2.6) 

i=1 

at 0 < H%(F) < oo. The proof of this can be seen in this article(3]. 

According to this theorem, the most effective way to determine the size we 

need is the Bisection method. Bisection method or the method of dividing a 

segment in half is the simplest numerical method for solving nonlinear equations 

of the form f (x) = 0. Only the continuity of the function f (x) is assumed. The 

search is based on the intermediate value theorem. 

1. Method description. Let it be required to find the root % of equation 

f(x) =0 (2.7) 

With the given accuracy ¢ > 0. The segment of localization [a; }] (i.e. the segment 

containing only one root Z) will be considered as given. Suppose that the function 

f is continuous on the segment [a; b| and at its ends takes the values of different 

signs, 1.e. 

f (a) f(b) <0 (2.8) 

"Image 5" shows the case where f (a) < 0 and f(b) > 0 

For further it will be convenient to designate a segment [a; b] through [a, b | 

we will Take as approximate value of a root the middle of a segment — a point 

£ = (a +6) /2. As the position of a root Z on a segment [a , 6] is 

unknown, it is possible to claim only that the error of this approximation does 

not exceed a half of length of a segment (Image 5):. 
[2 _ z| < (0 _ a) /2 

To reduce the approximation error possible, stating the period of localization, 

i.e. replacing the initial cut [a,b] cut [a®, 6 ]of a smaller length. According 

to the method of bisection (half division) as [a“), b)] take one of the segments 

[a, «| and [2b] at the ends of which the condition f (a) Ff (bY) <0. 

This segment contains the desired root. Indeed, if f (a) f (b)) < 0 then the 

presence of the root follows from theorem in the following; if f (a) f(b) = 0, 

then the root is one of the ends of the segment. 

Theorem|12]. Let the function f be continuous on the segment [a, b] and take 

values of different signs on its ends, i.e. f (a) ¢ f (b) > 0 Then the segment [a, b] 
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Image 5 

contains at least one root of the equation f (x) = 0. 

The middle of the obtained segment 2“) = (a) + 6) /2 now gives an ap- 

proximation to the root, the error estimate of which is 

Lot - z| < (6% — a) /2= (b—a) /2’ 

For the next refinement of the localization segment [a'),b?)] again take 

one of the segments [a2] , [2b] at the ends of which the condition 

F(a) (8) <0 
We describe the next (m+ 1) iteration of the method. Let the segment 

[a™), pm) already found and calculated values 2. f (a) a Ft (b) Then per- 

form the following actions: 

1°. Calculated f (x) 

2°. TEL f (a™) f (2) <0] then the segment fa”, x] is taken as the local- 

ization segment |a'"*)), b+) |. Otherwise f (a) f (2'")) < Oand [al™+)), pint] 

is taken as a segment lap” b' "| 

3°. Calculated 2) = (al) +4 prt) /2 

Unlimited continuation of the iterative process gives a sequence of segments 

[al | . fal) 6] mead [a™ be] ,..., containing the desired root. Each of 

them (except for the initial one) is obtained by dividing the previous segment in 

half. 

2. Rate of convergence. The middle n of the segment — point gh) = 

(a) + b™) /2 gives an approximation to the root %, which has an error esti- 
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[2 - Z| < (3 _ a")) /2=(b—a)/2) (2.9) 

From this estimation it is seen that the bisection method converges with the 

rate of geometric progression, the denominator of which g = 1/2 In comparison 

with other methods, the bisection method converges rather slowly. However, it 

is very simple and very unassuming; for its application it is enough that the 

inequality is fulfilled (2.8), the function f is continuous and its sign is correctly 

determined. In those situations where super high convergence rates are not needed 

(and this is often the case with simple engineering calculations), this method is 

very attractive. 

Note that the number of iterations required by the bisection method to achieve 

reasonable accuracy € cannot be very large. For example, 19 iterations are needed 

to reduce the initial localization interval by 10° times. 

3. The criterion for the end. Iterations should be carried out until the in- 

equality is satisfied pi) — a < 2¢ When it is performed due to the evaluation 

(2.9) can be taken x‘) for approaching the root with accuracy €. 

Example. Find the bisection method with accuracy ¢ = 10~° the positive root 

of the equation 4 (1 — x?) — e* =0. 

In example, this root was localized on the segment (0, 1], and f (0) > 0, f (1) < 

0 let us Assume a = 0, 6 =1, 2 = (a0) = 0,5. . 

I iteration. Calculate f (x) ~ 1,3512. f (a) f (2) > 0 for the next 

piece of the localization undertaken [a‘,b™] = [0,5; 1] Calculated gl) = 

(a + 6) /2 = 0,75. . 

I] iteration. Calculate f (2) ~ —0, 3670. As f (a) f (x) <0, [a), | = 

[0, 5; 0,75], 2) = (a + 6°) /2 = 0, 625. 

The results of the next iterations (with four digits after the decimal point) are 

shown in table. 

Table 
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Iteration a p(n) Sign Sign [2™ | f(r) pO 
num- f(a™) | fo™) a”) 

ber 

0 0.0000] 1.0000] + - 0.5000 | 1.3513] 1.0000 

0.5000} 1.0000] + - ~ | 0.7500} - 0.5000 

0.3670 

0.5000 | 0.7500} + - 0.6250 | 0.5693 | 0.2500 

0.6250 | 0.7500} + - 0.6875 | 0.1206 | 0.1250 

0.6875 | 0.7500} + - 0.7187 | - 0.0625 

0.1182 

5 0.6875 | 0.7187) + - 0.7031 | 0.0222] 0.0312 

6 0.7031 | 0.7187] + - 0.7109 0.0156 

At n = 6 we have b{) — q(6) ~ 2e10-* Therefore, the specified accuracy is 
reached and we can accept % = 4) Finally obtain Z = 0,71 40,01 

4. The influence of computational errors. When using the bisection method, 

it is fundamentally important to correctly determine the sign of the function f. 

In the case where z™) falls within the uncertainty interval of the root, the sign of 

the calculated value f* (x) does not have to be true, and subsequent iterations 
do not make sense. However, this method should be considered very reliable; it 

guarantees an approximation accuracy approximately equal to the radius of the 

uncertainty interval €. 

I use the above definitions and theorems to write the first part, and using the 

following definitions and theorems, I write the second part. 

Here we study a closed Cantor set with parameter and I consider these fractal 

sets if they are completely identical to themselves. Thus, when considering the 

parameter A within 1 < » < 2. I am looking for, based on the work provided 

within 0 < A < 1. So, Dajani K., Kong D., Yao Y.[2] some definitions and 
theorems that were used in the works had to be used. . 

X € (0, 1), the » - Cantor set Fy is the self-similar set generated by the 

iterated function system 

xr+d 
fa(z) = 3° d€Q):= {0, r, 2}. (2.10) 
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Then E) is the unique non-empty compact set in R satisfying E, = Ugeo, fa (£)- 

Since \ € (0, 1), one can see that fo(I)Nf(I) # 0, where J := [0, 1] is the convex 

hull of Fy. So Ey is a self-similar set with overlaps. 

It follows from (1.1) that for any x € E) there exists an infinite sequence (d;) 

over the set 2) such that 
ora) di; 

c= lim fa,..d, (0) = Ss) 3 ((4i))s 

where fu,...d, = fa,°°*:° fa, denotes the composition of fa,,..., fa,. The infinite 

sequence (d;) is called a coding of x with respect to the digit set Q). Since 

d€ (0, 1), a point in H, may have multiple codings. 

Definition. E) is totally self-similar if 

fi (Ey) = fi (1) NE) for any ied € Q}. 

Our first result describes when F) is totally self-similar. 

Theorem. Let A € (0, 1). Then £) is totally self-similar if and only if 

\ = 1-—3-™ for some positive integer m. 

When £) is totally self-similar Let X € (0, 1). Recall that J = [0,1] is the 

convex hull of Fy. Set Jp = J, and for n > 1, let 

Then the sequence of sets (J,,) decreases to F), i.e., 

IhDhDh2D..., and 24 In = Ed. 
The set I, is called the n - level basic set, and each subset f; (J) with 1€Qf is 

called an n - level basic interval. By a hole of £, we mean a connected component 

in I\E,. Let H := I\I, = (444, 2). Then H is obviously a hole of E). 
393 
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Set Ho := H, and for n > 1, let 

Hn = VU fi (2). 
ieQF 

In general, f;(H) is not necessarily a hole of Ey. For example, we can easily prove 

that for \ = § the set fi(H) is not a hole of #1. This is because 2 € H and 

fy (2) = fos2(0) € Ex. However, when E) is totally self-similar we show that 

each f;(H) is indeed a hole of Ey. 

Proposition. The following statements are equivalent. 

(i) The set E) is totally self - similar. 

(42) For any two finite words i, 7 we have 

filE) 0 fj) (Ex) =f (DOF (BE) = f(A) =A) 9. 

(it) H, Ey = for any n > 0. 

(iv) For any two finite words i, 7 of the same length, we have either f; = f; 

or fi) Nfs (H) = 0. 
(v) HnO In4i = O for any n > 0. 

A fractoid is an algebraic structure involving fractal algebra over a self-similar 

set. Property — “similarity” is used as a determinant in many works on fractals. 

The classical definition of a fractal is given by Mandelbrot on the basis of self- 

similarity and fractal fractional dimension at the end of 1970’x : part of the fractal 

structure is similar to the whole, it,does not matter how the partition of a small 

part is made, the part contains no less details than the whole. 

The definition of a self-similar set, by means of a similarity transformation 

system S, allows us to introduce fractal algebra operators used to construct math- 

ematical objects. 

Definition. A compact, perfect and completely discontinuous set C is called 

self-similar if there is a system of similarity transformation S, similarity coefficient 

r, such that C = $1(C), S2(C),..., Sw(C), and dimy(C) = d, where d is the 

only solution of the equation, called the similarity dimension, 714 + rot +...4 

ry? = 1, where 7, — similarity coefficients of transformations Sn(C), lying in the 

interval [0,1]. dimj(C) is the dimension of the Minkowski set C- If the similarity 

coefficients are equal r,= 7, n = 1,2,...,N, then the dimension of the Minkowski 

d of the set C is determined from the equation: Nr# = 1. 

I’m making a topological connection to link these concepts. That is, we will 

use these theorems for further proofs, relating to the Topological conjugacy. 
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Topological conjugacy: f and g are iterated functions, and exists an 4h such 

that 

g=htofoh 

so that f and g are topologically conjugate. 

Then of course one must have 
gr =h'o ftoh 

and so the iterated systems are conjugate as well. 

Example: In our case: g = fa, f = fo-a, h = @. 

for (x) = foo fo(x) = fo(¢* © foo g(z)) = 

= $10 foo d(x) (d+ 0 foo d(z)) = 0 foo foo d(x) = © fn o (2). 

Using these materials, when submitting in section 2 of the form A=1+3™ 

for an integer n, we determine and prove that the fractal set B) is a propensity. 
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3. PART 1 

3.1 Sierpinski triangle and open set condition 

Let’s take its graphical image using the Sierpinski triangle function, using the 

version of Paulo Silva|8] in Matlab For a = 2: N, N=10 000, aj, Bje(0;1), i = 1;3 

Sierpinski’s triangle depends on the arguments a; and £;: 

_ J z(a)=a,*2*(a—1). 

Nab)= | 3) mcaetent) 
_ J @(a) =ag*r* (a—1)+0.25_ 

flea Ba) = | y(a) = Bx yx(a—1) +¥4 ° (3.1) 

x(a) = a3*x*(a—1)+0.5 

y(a)=P3*y*(a—1) | 

Here and consider the arguments (0;1) in the interval. Moving on step +0.1 

each you can extract the image of Matlab (729 pieces). Now use the Matlab code 

to make different images for the arguments of different serpin Triangles. 

First, enter the standard Matlab code: 

clf | 

hold on 

It is known that the Computer cannot perform an infinite operation. There- 

3 (a3, 63) = 
\ 

fore, we introduce a constant large value: 

N=10000; ; . 
x=zeros(1,N);y=x; //our function used is performed in the plane 

for a=2:N 

c=randi([0 2]); 

Let’s introduce the function of the Sierpinski triangle in the plane: 

switch c 

26 



case 0 //first part of the function 

x(a)=argument 1*x(a-1); //cntcr the valuc of the first argument as a 

constant number | 

y(a)=argument 1*y(a-1); //enter the value of the first argument as a 

constant number 

case 1 //second part of function 

x(a)=argument 2*x(a-1)+.25; //enter the value of the second argument 

as a constant number 

y(a)=argument 2*y(a-1)+sqrt(??)/4; //enter the value of the second 

argument as a constant number 

case 2 //the third part of the function 

x(a)=argument 3*x(a-1)+.5; //enter the value of the third argument as 

a constant number 

y(a)=argument 3*y(a-1); //enter the value of the third argument as a 

constant number 

end //end function input 

end //end all inputs 

plot(x,y,’.’) //we take as a graphical representation of our function on the 

plane and save separately for use in determining the size of the resulting graph 

As an example, we obtain a graphical image in the plane of the Serpin triangle 
hy 

with the arguments 0.5, 0.5 and 0.5: 
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These collected graphs can be used to study this function. Of these, choose a 

random three images (image 8-10): 

4 & ofA a} 

So Bes Sod 

A LS Pe 
a & a hd a 

Image 8 Image 9 Image 10 

a, = 6, = 04 a, = 8, = 0.5 iy = Oy ee d¢ 

ay = By == 0.6 a= By == 0.5 a= By == 0.8 

a; = 8 = 0.3 a, = B, = 0.5 ay = B, = 0.3 

Find these images by the Box dimension method, ic. with the formula 

(2.3) — the dimension of the Serpinski triangle. To do this, we calculate the 

dimension using the Matlab code]5] that was written by Frederic Moisy in this 

way, i.e. Box dimension. Thus, the dimension of the Serpinski triangle can be 

found in the Matlab with a very small error accuracy (for example: a;=8)=0.6, 

a9=Bo=0.4, a3=63=0.5 > dimgF =1.4534 + 0.18967). We work using the file 

«boxcount.m»|5] when using this code. Now write the structure using this code: 

c=imread (’555.png’); //first we enter one picture to use the image we collected. 

As an example, we consider a Serpin triangle with the values of the arguments 

0.5, 0.5, 0.5. | 

image(c) 

colormap gray 

axis image 

figure(1) //we get a graphical report to see that the operations are performed 

correctly 

i = c(1:size(c), 1:size(c)); / /we choose in what interval we consider this picture 

bi = (i<100); 
| 

imagesc(~bi) //we replace the whole image with one black colour to use it to 

count the picture 

colormap gray 

axis image 
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figure(2) ; 

correctly 

‘we get 

ft 

“Feoane W 

a graphical report to see that the operations are performed 

*s Lh] e2 aa oe os a6 er en oo J 

“Image 12 

[In,r] = boxcount(bi,’slope’); //Run the code «boxcount.m» 

figure(3) //we get a graphical report to view the solution interval 

df = -diff(log(n))./ diff(log(r)); //We introduce the formula for finding the 

Minkowski dimension (Box dimension). The required clements here are obtained 

from the file «<boxcount.m» 

disp([’Fractal dimension, Df = * num2str(mean(df(4:8))) ’ +-/-’ num2str(st 

//Thus, we calculate the size of the picture on the computer and display the re- 

sponse on the monitor. In our case, the size was equal to «1.4785 + 0.19882» 

This is how we study all the collected 729 paintings. We can fully preserve the 

outgoing answers, i.e. the size of some reasoned function. 

If for a set of points functions performed open set condition, then the following 
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4) Command Viindow 

>> BoxDim 

Fractal dimension, D£ = 1.4785 +/- 6.19882 

fx >> 

Image 14 

method to calculate dimension-the method of Bisection. (2.3) - use the formula. 

In this method the arguments a, = 8, = ¥1, @2 = G2 = JY2, a3 = By = ys to the 

(3.1) — function for 

“i + a" + yg" = 1 (3.2) 

the value x in the interval 0 < x < 2 is the dimension in the given (3.1) - 

function argument and will be equal to the Box dimension. And in order to 

find the value of x, we use the Bisection method to solve equation (3.2). As 

mentioned above, based on the Bisection method we will look for solutions with 

a computer program. This method searches for a value by selecting from the 

given interval fa; b] to find the value of x in the Matlab. To solve the Brato 

Chakrabarti’s Matlab algorithm|13] using the Bisection method, we introduce the 

function "f=Q@(x)-1+1Ax+-2Ax+3Ax" looking for 2 with the interval |a; b]=[0; 

20|. Since we determine the size of the shape on the plane, the solution would be 

in search of 0 to 2. But to see some erroneous values, we will also look at a large 

interval. Where x is the dimension of the Sierpinski triangle in 7, yo. y3e(0; 1) 

values. This method can be written with different algorithms in any computer 

program or in the Matlab program we used. But the structure of all is similar, 

the meaning is the same. Now lets write the structure of the same code we used: 

s—0.7; //enter the value of the first argument, 

30



+=0.8; //enter the value of the second argument 

k=0.9; //enter the value of the third argument 

f=@(x) -1+sAx+tAx+kAx; //we enter the function we use. As shown above, 

the sum of the total power arguments is 1 

a=0; //starting search intervals 

b=20; //limit the search interval 

if f(a)*f(b)>0 //check the correctness of the selected interval 

disp(’Wrong value selected’) //if you are looking for a solution in the wrong 

interval, you will see a command to fix it 

else //when the correct interval is selected, the following algorithm works. This 

algorithm is based on the Bisection method 

p = (a+ b)/2; //starting the cycle 

err = abs(f(p)); 

while err > le-7 

if f(a)*f(p)<0 

b= Pp; 
else 

a = Pp} 
end //stop the loop when finding a solution 

p = (a + b)/2; 
err = abs(f(p)); 

end //end of the cycle 

end //end of the algorithm 

p //our search solution «p» displays 

For example, consider the Serpin triangle arguments whose values are 0.7, 0.8, 

and 0.9 (image 15). In this case, the value «5.4651» is displayed as the response: 

When using this method, the recount is not required to be replaced by similar 

values. As it is known from algebra, when calculating the same value comes out. 

Thus, we study all those 729 function arguments that we consider. We can fully - 

preserve the original answers, that is, the dimensions along with the function 

\ 

arguments. 

With the above two ways you can get the dimension of all the Sierpinski 

ane We consider the coefficients of the (3.1) function as a, = = B1, Q2 = Bo, 

— fs identical. Compared to these initial results (table 1-9 ), we see that the 
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dimensions occurring by the two methods have mutually incompatible values. Of 

course, the size of one graphic image can not be of two kinds. The results of the 

Box Dimension obtained by the method ebtained using the figure are absolutely 

correct. However, some values obtained by Bisection method which were easy and 

efficient to calculate are false. Because, as we said above, it is necessary to fulfill 

the open set condition (OSC) for the correct execution of Formula (2.6). For a 

function (3.1), you can view the following tables, which don’t always meet the 

conditions. 

3.2 Results 

Summarizing this, we can analyze the dimensions of the Sierpinski triangle ob- 

tained by two methods. First of all, we analyze which methods are used correctly 

and which methods are effective. Let’s group the results and highlight: 

e Green number — the dimensions obtained by the Bisection method and the 

dimgf’ + approximation error obtained by the image are equal to each 

other, 

e Yellow number — the dimensions obtained by the Bisection method and the 

dimgF’ + approximation error obtained by the image are not. equal to each 

other, 
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e Red number — the values of the invalid dimension obtained through the 

Bisection method, which were greater than two. 

It is known that the dimension of the Sierpinski triangle should not exceed two, 

since the image of the function that we study is in the plane (2D). Solutions that 

have more than two values are a measure of a shape in space, not in a plane. 

The table shows the values of numbers obtained through the Bisection method: 

= 6, = %, 4 = 152, ye(G 1) 

Table 1: 7 = 0.1, ye—vertically, y3—horizontally 
ya3| 0.1 | 02 | 03 | 04 | 05 | 06 | 07 | o8 | 09 
0.1 104771 | 0.5381 | 0.5931 | 0.6493 | 0.7 1.2197 
0.2 [0.538 1.1527 | 1.4223 

| 0.3 | 05931 1.3139 | 1.6499 
04 |C 0.7: ; 1.2728 | 1.5003 | 1.9239 

| 0.5 | 0.7110 | 0.8073 | 0.9002 | 1.01 3 1.4458 | 1.7295. 
| 0.6 | 1.6672 [ae 

0.7 | 0.8734 5| 1.2728 | 1.4458 | 1.6672 | 1.9733 
0.8 | 1.0000 | 1.1527] 1.3139 | 1.5003 | 1.7295 aa 
0.9 | 1.2197] 1.4223 | 1.6499 | 1.9239 

Table 2: y = 0.2, ya—vertically, y3—horizontally 

yas] 01 | 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09 
0.1 (OS 5071 ey 

02 1.2912 | 1.5915 | 
031 "14406 | 1.7903 

04 "1.3833 | 1.6138 

poll 1.5489 | 1.8267 
06 “1.5310 | 1.7592 
0.7 | 1.5489 | 1.7592. 
0.8 1.6138 | 1.8267 
0.9 | 1.4223 | 1.5915 | 1.7903 | 2.0342. 
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Table 3: y, = 0.3, yo—vertically, y3—horizontally 

0.8 0.9 Y2\3 . 

0.1 285 | 1.3139] 1.6499 
02 Peon 

|) 1.2445| 1.4406] 1.7903 
0.3 |ow4ts ] a (3667 | 1.5826 
0.4 | 0.8165 1.7490 

0.5 [Os 1.9536 

0.6 | 1.0000 Fs 

AS SSS — 

0 ie 7 ae et 
Se Aaae eee a Bee pee! | Nit arte, 

0.8 

0.9 

Table 4: 7, = 0.4, y2—vertically, y3—horizontally 

Y2\3 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

0.1 0.6493 | 0.7353 | 0.8163 | 0.9024 | 1.0 Wisi) 1.2728} 1.5003 | 1.9239 
0.2 

| 0.3 

0.4 | 0: 

0.5 

“0.8165 | 0.9099 | 1.0000 | 1.0959 | 1.2046 | 1.3354 | 1.5046] 1.7490 
0.9024 | 1.0000 | | | 1. 1.6436 | 1.9111 
“1.0000 [1-101 1.2046 | 1.3166 | 1.4459 | 1.8100 

0.6 181 5 | 1.33 1.7823 
0.7 0461 1.6436 | 1.8100 
0.8 T5003 1.6138 | 1.7490 1.9111 

0.9 1.9239 

Table 5: 7 = 0.5, 72—vertically, y3—horizontally 

Y2\3 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

0.1 
02 08 

0.3 

0.4 | 1 
0.5 

0.6 

0.7110 | | 1.4458 | 1.7295 
| 1.5489 | 1.8267 

0.9002 | ! 7.6689 | 1.9536 
1 1.8100 (ae 

: 1.9809. 

: 1.9454 | 
0.7 l AAS8 B: 6689 | 1 -8100 | 1.9809 

0.8 

0.9 

1 7295 (1.8267 if 9536 
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Table 6: y, = 0.6, ye—vertically, y;—horizontally 

1.9536 

yx3} 01 | 02 | 03 | 04 06 | 0.7 | os | o9 
0.1 | 0.7830 | 0.8922 | 1.0000 |1-1181 | 1.2569 | 1.4309 | 1.6672 
0.2 | 0.8922 | 1.0000 | 1.1072 | 1.2245 | 13612 } 1.5310 | 1.7592 

0.3 | 1.0000 | 1.1072 | 1.2159 | 1.3354 | 1.4747 | 1.6469 | 1.8764 
0.4 | 4.1181 | 1.2245 | 1.3354, 1.4589 | 1.6035 | 1.7823 
0.5 | 1.2569 | 1.3612 | 1.4747 | 1.6035 | 1.7559 | 1.9454 
0.6 | 1.4309 | 1.5310 | 1.6469 | 1.7823 | 1.9454 
0.7 | 1.6672 | 1.7592 | 1.8764 
0.8 
0.9 

Table 7: 7, = 0.7, 72—vertically, 7~3;—herizontally 

Yea | 0. 03 | 04 | 05 | 06 | 07 | O8 | 09 
0.1 | 0.8734 1.1285} 1.2728) 1.4458 | 1.6672 | 1.9733 
0.2 | 1.0000 [3833 | 1.5489 | 1.7592 
0.3 | 4.1285 7 (5046 | 1.6089 | 1.8764 
0.4 | 1.2728 | 1.3833 | 1.5046 | 1.6436 | 1.8100 
0.5 | 1.4458 | 1.5489 | 1.6689 | 1.8100 | 1.9809 
0.6 | 1.6672 | 1.7592 | 1.8764 
0.7 | 1.9733 
0.8 
0.9 

Table 8: y, — 0.8, y2—vertically, y3—horizontally 

yaz| 0.1 | 0.2 | 03 | 04 
0.1 | 1.0000 | 1.1527)) 1.3139) 1.5003 | 1.7295 
02 2912 1.4406 | 1.6138 | 1.826 
03 A406 | 1.5826 | 1.7490 
0.4 1.7490 



Table 9: y, = 0.9, yo—vertically, y3—horizontally 
0.2 0.3 : 0.5 : 

If we look at these results, we see that the number of incorrect results obtained 

by the Bisection method increases. Even in the last table, we can see that there 
were no correct values. 

As a result, based on the results ofthe table, in some cases (see green results in 
the table) we see that the calculation of the Bisection method is more profitable 

than the calculation via of the figure. In some values, you can see that the 

results of the Bisection calculations are incorrect (see yellow and red results in 

the table). As already mentioned above, the method|5] of determining the Box 
dimensions using image of Sierpinski triangle, which was long and hard is 

absolutely correct. However, because the open set condition is sometimes not 
satisfied for the members of a set, the Bisection method may not always be 

efficient and correct. 
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4. PART 2 

4.1 »-— Cantor sets and total self-similarity 

A fractal is a set in Euclidean space that has self-similar structure, that is, it 

repeats itself as you zoom in its image. The famous example of a fractal is the 

well-known middle third Cantor set which is obtained by removing the middle 

third of the preceding interval starting with [0,1]. Some of the characteristics 

of the middle third Cantor set are that it is totally disconnected, uncountable, 

compact, and has zero Lebesgue measure, fractal dimension log2/log3. We recall 

that the fractal dimension, e.g. Box dimension, Hausdorff dimension, Capacity, is 

a way to measure the complexity of the set. In general, it is difficult to characterize 

fractal sets. 

One interesting approach to study and construct fractals is by means of Iter- 

ated Function Systems (IFS). Consider two functions fo, fo: [0,1] — [0,1] given 

by 
fo(x) =sand fo(c) —* ; 2 

These are contractions and the well-known Contraction Mapping Theorem, see 

e.g. cite[3], the contraction mappings have a unique fixed point in complete 

metric spaces. In particular, the IFS {fo, fo} gives rise to a unique fractal and 

by iteratively applying these functions to the unit interval it is easy to see that 

in the end we obtain the middle third Cantor set. 

If so called Open Set Condition (OSC) holds for an IFS with contraction rates — 

T1,72,--»,1n then{3] cite Theorem implies that the fractal dimension d satisfies 

rd 4 r44...+r4= 1. In our example of {fo, fo} we have ry=re= 1/3, thus 

1/34 + 1/34= 1 yields d= log2/log3, the dimension of the middle third Cantor 

set. . 

In this article we consider a family of IFSs {fo, fx, fo} parametrized by  € 
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(0, 2] defined as 

A 2 | alo) =", and fo(n) =. x 
3 (4.1) 

Unless A= 1 these IFSs produce overlapping images of the unit interval and as 

such it is difficult to see for which \ it satisfies OSC, hence it is difficult to say 

when one can use the above equation to compute the fractal dimension, or more 

specifically Hausdorff dimension. In this direction B. Solomyak and P. Shmerkin 

proved that the Hausdorff dimension of the fractal for irrational is one, for 

the proof see[4]. This established a conjecture of Furstenberg from 1970s, see 

also[6],[9] for partial results in this direction. | 

We now introduce a finer notion of self-similarity due to Broomhead, Montaldi 

and Sidorov[1], called totally self-similarity. To this end, we follow the notation 

from(2]. For any \ € [0,2] we let E, denote the compact set (fractal) in [0,1] 

generated by the IFS { fo, fa, fo} and Q,={0,A, 2} is an alphabet consisting of 3 

letters, oN is the space of infinite words from the alphabet 12), for any natural 

number n, 2% is the set of all finite words from alphabet (2) of length n, and 

=U, N% is the space of all finite words. For any finite word djdp...dy € QY 

we denote fu,do...d,=fd, 0:':° ff, The space of infinite words OX gives us a 

symbolic representation of the fractal Ey: For any x € EF) there exists an infinite 

word (sequence) (dy) € QN such that ; 

— 
z= lim Fayda...d, (0) = > 3° 

i= 

Here one can take any other number instead of zero. 

Let J:= [0,1]. We say that F) is totally self-similar if 

fa(Ey) =fa(l) O Ey 

for any finite word d € 3. 

One of the main results of[2] is the following. 

Theorem. For d € (0,1), the set Ey is totally self similar if and only if 

\=1-3- for some natural number n. 

Our goal is to obtain the similar result for other values of A. Our main result 
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is the following. 

Theorem 1. For d € (1,2), the set E) is totally self similar if and only if 

\}=1+3- for some natural number n. 

For example: fg (x) rid forz € I = 0,1], d€?{0, », 2} ord € ?x{0, x, 2} 

ii) =F) AM =A LA) = BAS hh = Gt 
3.0C8 3 

Where 0 <A<land1<)\ <2. 

The next section is devoted to proving the main result. 

4.2. Proof of Theorem 

In this section we prove Theorem 1. For any A € (1,2) we set A= 2-2 € (0,1). 

We prove 

Proposition 1. For any  € (1,2), the set BE) ts totally self-similar if and 

only if the corresponding set Ex is totally self-similar. 

The proof of Theorem 1 now easily follows from Proposition 1. 

Proof of Theorem 1. It follows from result of[2], the theorem stated above, 

that Ex is totally self-similar if and only if A= 1 — 37” for some natural number 

n. Hence, for A € (1,2) using Proposition 1 we get that EF) is totally self-similar 

if and only if 2— A=A= 1 — 3-™ for some natural number n. Therefore, we see 

that A= 1+ 3-” for some natural number n which finishes the proof. 

So, it remains to prove Proposition 1. The idea of the proof is to realize 

that the two IFSs are topologically conjugate. We have to consider one function 

(see the commutative diagram below) that will be executed in the next queue 

topologically conjugate. Then we will build a connection between the systems. 

Show it through diagram commutative: 

fo,a,2 
Sy I I 

| |e 
I— TI 

fo x2 
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To this end, we let ¢: (0,1] — [0,1] via 

o(z) =1—z. 

Lemma. 1. For any 2 € [1,2] we have fr = ¢7' 0 fxohb=0 fxod. 

Proof. Recall that fy(z) == which is also true for A= 0,2. A simple calcu- 

lation yields 

fro dz) =e) + rA_1 a4 r_ L- rt C56 fx(2), 

so that f= 10 f,od. The last assertion follows since ¢~'=¢, that is, ¢?(x) =a. 

Lemma 2. For any  € (1,2) we have $(£)) = Ex 

Proof. Recall that x € Ey if and only if there exists (d;) € Q such that 

t=limn-+oofdidp...d,(0). Then, Lemma 1 gives 

(x) = lim go Faydp...dn (9) 

= lim (¢0 fa, ° $1) 0 ($0 fa, 06") +++ (G0 fa, 2d") © $(0) 

= lim 7,a,..4,(1). 

As all d; € Nx we see that ¢(x) € Ey. Hence, o(£y) =£y. 

Proof of Proposition 1. Let us assume that Ey is totally self-similar. We claim 

that E) is also totally self-similar. For this we need to check that fa(£)) =fa(J)N 

Ey for any finite word d= (did2...dn) € 2). We already know that fy, a, (Ex) =fy,. 

Ex. Thus, from Lemma 2 we see that 

60 faa, ($(Ea)) =60 faa, (1) 190 By. (4.2) 

Note that from Lemma 2 we have ¢( Ex) =¢?(E,) =E). Using Lemma 1 repeat- 

edly we get 60 f3,..4,($(Ey)) =fa,..d,(Ea) and $0 fy,_a,(1) 0 Eax=fay..d (LI) Ed 

as #(1) =1. Hence, (4.2) implies that . 

fay.dn(EX) =fay.1d, (2) O Ed, 

for any finite word d,...dn. Thus, F) is totally self-similar. The converse is 

analogous. 

40



5. Conclusion 

We summarize the results of this scientific work in two sections. In conclusion, 

in the first section, we see that the two methods we are considering are mutually 

acceptable and Vice versa. The method of calculating the dimension of the image 

of the Sierpinski triangle - a computer method that is difficult to use and that has 

to work hard to get the results. However, the probability that this method always 

shows us the true result is high. And the second method, which we consider, is 

a small and simple way, which gives the correct result, only when the conditions 

of the open collection are satisfied. In addition, these methods can be considered 

in other cases, when the Serpin triangle is not provided by us, or these methods 

can be used to determine the size of other fractal systems. Now, in order to use 

the methods in this section effectively, we need to know that the open collection 

conditions meet or do not meet the conditions. At the same time, you can use 

the computer method calculated by the Bisection method. In the second section, 

we proved that the parameter A in a closed Cantor set can be considered as 

} = 143°". If we find this parameter in the interval 1 < A < 2, we are 

now working on finding the parameter of the fractal set EH, in other unintended 

regions. 
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