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Abstract 

In this thesis we discuss sharp remainder formulae for the cylindrical extensions 
of the improved Hardy inequalities. For more general p we obtain cylindrical 

improved L?-Hardy identities for all real-valued functions f € Cg°(R"\{2x' = 0}), 
while in L? case we have them for any complex-valued function f € Cg°(R"\{z' = 
0}). Moreover, we show cylindrical L?-Hardy inequalities for all complex-valued 
functions f € Cp°(IR"\{a’ = 0}). As applications, we establish Heisenberg-Paul- 
Weyl type uncertainty principles and Caffarelli-Kohn-Nirenberg type inequalities. 

In particular cases, these inequalities imply new functional inequalities, which are 

not covered by the classical Caffarelli-Kohn-Nirenberg inequalities. Furthermore, 

the thesis contains L* and L? identities with logarithmic type functions on the 

quasi-ball B(0,R) with R > 0. In addition, we also discuss the results in the 
setting of homogeneous Lie groups. 
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AnHatTia 

Byn vesuctre 613 2xakcapTpiiranh Xapgu Tenci3sgixtTepinin, UWIMHOpiK KeHerOi 
YH KAJ ObIKTapAbIH, HAKTbI CPOpMyaNapbiH TasIKbWIahMbI3. 7K aJiibl p YW 2KaK- 

capTbviraH uniMHopmix L?-Xapau Tergirin Oapapik HakTbI MaHAI dPyHKUAAap 

yun f € Cg°(R"\{z' = 0}), an L? xxarnatpmga Komiiekc Menai cbyHKuMaap 
f € Ce(R"\{c' = 0}) ywin anamprs. ConbimeH KaTap, kKomMnieKc Moai cpyHk- 
unanap f € Ce (R"\{2' = 0}) ymin ummuyipnix L’-Xapyu teucisazirin Kepcere- 
Mi3. ANbral Tenliktepzin Konganbict petinge Detisen6epr-Ion-Beiin tunti 6en- 

rici3yik npHHuMiin *xaHe Kacbcbapesin-Kou-Hupen6bepr ruiri TeHcisyikrepsli avia- 

MbI3. Epekiue »kargaiinapya, 6yn Tercisgziktep Kacdbdapennu-Kon-Hupen6eprrin 
KIACCHKAJIBIK, TCHCI3MIKTepIMCH KAMTbIIMaraH Kaha PYHKUHOHAIIbIK TCHCI3ZiK- 

Tepai S6epenzi. Conbimen KaTap, TesucTe paguycrr R > 0 6GonareH B(0, R) KBasu- 

mapyza dyHKuMAapb Norapudm Typinge 6Gepinren L? 2xane L? rengixrepi Kep- 

ceTimreH. OHbIMeH KOca, 613 aJIbIHraH HeTM2KeNepsi CTpaTuduKauuananran J1lu 

TONTAapbIH Da TaJIKbaliMbIs.



AHHOTalua 

B aHHOM Te3Hce MbI O6cy2xKaeM TOUHbIe ChOpMy/IbI OCTATKOB JVISI WHIHHIpH- 
YeCKHX PaclUMpeHvA y1yULIeHHbIX HepaBeHCTB Xapgu. Jia Gonee o6mero p MbI 

nosly4aem IMWIMHIpuyeckue yiyumenuble L? tox yzectBa XapAu Wa Bcex jelicTBH- 
TeIbHOSHANHBIX cbynKun f € CF(R"\{c’ = 0}), B To spems Kak B cyuae L? 
MbI MX MOMYYaeM JIA KOMIMVIeKCHO3HAYHBIX cbyHKunH f € C&(R"\{x’ = 0}). 
Bouiee Toro, MbI NOKa3bIBAaeM WWIMHApHueckne Hepapenctba L? Xapyu jis Bcex 
KOMIMVI€KCHOsHayubix cbynkunn f € Cp°(IR"\{z' = 0}). B kayecrse npumenennsa 
MBI YCTaHaBJINBaCM UPHHUKMN HeoupeyeenHocru ‘rina Deiscu6epra-[ays-Beitiis 
M MepaBencTBa Tuna Kaddapennu-Kona-Hupen6epra. B yacriupix cnyuasx 9TH 
HCpaBCHCTBa NOAPa3yMCBalOT HOBbIC C(PYHKUMOHAJIbHbIC HCpaBCHCTBA, KOTOPbIC HC 
OXBATBIBAIOTCA KaCCH4eCKHMM HepaBencTBamu Kaddapesnu-Kona-Hupenbepra. 
Kpome Toro, Tesuc cofepxur Towpectsa L? u L? c bynKuuamu sorapucpmuue- 
cKoro Tura Ha KBasMinape B(0,R) c paguycom R > 0. Kpome toro, MbI Tak2Ke 
o6cy2kaeM pe3yJIbTaTb! Ha OAHOPOAHbIX rpymmax JIn.
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Chapter 1 

Background and motivations 

1.1. Introduction 

Consider the following Hardy incquality: 

f 
|x| x 

p 
S —— [IVF lorry r 2 21S p<n, (1.1.1) 

LY(R") nm—p 

where f € Cf°(R"), |zle = 2} +23+...+22 is the Euclidean norm on R®, 
V is the usual gradicnt in R” and the constant rors is best-possible. The one- 

dimensional version of the classical Hardy inequality (1.1.1) for p = 2 was obtained 
in [1]. The L? version of the inequality goes back to [2]. The multidimensional 
version of the Hardy inequality (1.1.1) was shown by J. Leray in [3]. 

The Hardy incquality has great applications in studying partial differential 
equations. There are many well-known examples. Let us discuss a few of them. If 
we consider the following second order partial differential equations 

° ul? 
Ut —-Au= Mae [3 ’ 

Utt 

then existence of 2 solution depends.on a relation between the constant » and the 
sharp constant =“; from the Hardy inequality, see, e.g., [4] and [5]. 

Furthermore, ¥ we shall include the uncertainty principle, which was introduced 
in connection with the study of quantum mechanics in (6], as one of the inequality’s 
many uses. On the Euclidean space R” the uncertainty principle says that 

() (fe yPde) < (f. |el1F(«) (e)Par) (f. IV(a)l) (1.1.2) 

where u € Cq°(IR"). Such type of the uncertainty principle is called Heisenberg- 
Paul-Wey] type uncertainty principle in the literature. This uncertainty inequality



can be derived easily from the L?-Hardy and Schwartz inequality as follows | 

(52) [.toraee (32) [verre 

<(*3*) ([ errterar)’ (f Year)” 

<([ ePierac) ([ v7G)Pae) 
which is (1.1.2). 

The Hardy inequality (1.1.1) has been analysed in many settings (see, for ex- 

ample, [7], [8] [9], [10], [11], [12], [13], [14], (15), [16], [17], [18}). 
One of the main aims of the thesis is inspired by the work of Badiale-Tarantello 

[19], namely by the following extended Hardy inequality: Let x = (z',x2") € R* x 
R"-*, Badiale and Tarantello proved that for 2 < k <n and 1 <p <k there 

exists a constant C,,4,) such that 

ie
) 

to
le
 

1 

lr'lk 
f < Crrpll VS Ize), (1.1.3) 

LP(R") 

where V is the full gradient on R” and |z"|,, is the Euclidean norm on R*. Clearly, 

for k = n (e.g. [3]) this gives the classical Hardy inequality with the best constant 

Dp Crp = . "Pp 

It was conjectured by Badiale and Tarantello that the best constant in (1.1.3) is 
given by ‘ 

in (19), then it was proved in [20]. Moreover, new simple proof was obtained in 
[21]. 

In [19] Badiale and Tarantello mentioned importance of such cylindrical exten- 
sions of the classical functional inequalities in investigating well-posedness of the 
partial differential equations arised in astrophysics. As an example, they demonstrat- 
ed an application of the extended Hardy inequality (1.1.3) in studying existence 
and non-existence of cylindrical solutions for the following nonlinear elliptic prob- 
lem in R?*: 

—Au(x) = ¢(r)Jul?-2u in R3, 
u(z) >0 in R® 
Jas O(r)uP dx < +00 

with p > 1. For x = (21,22,23) € R3, we write r = \/x?+28,z = 23 and 
u = u(r, z) which is cylindrically symmetric function. The weight function ¢ is a 
non-negative continuous function, depending only on r. This equation has been 
proposed as a model describing the dynamics of galaxics. 
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In this direction, in particular we obtain a sharp remainder formula for the ex- 
tended L?-Hardy inequality (1.1.3) for complex-valued functions f € Cg°(R"\{z' = 

0}) 

(“Sy 
2 

f 
"lk 

a’: Ve . ? 

are L2 (IR* ) L2 (R" ) 

x’: Ve k-2 

|x'le 2\z'|x 

2 

f , (1.1.4) 
L2(R") 

where | - |, is the Euclidean norm on R*. 

If we drop the last term in the right-hand side of (1.1.4) then we get a refined 

version of (1.1.3) when p = 2: 

S) le |2’|k 

where in the last line we have used the Schwartz inequality. 

2 
xu’ VeE 

|z"|k 

2 

f 
L2 (R") 

S |Vef liza) < IVS ize) 

(1.1.5) 
LR") 

Morcover, when k = n taking into account 

a Vaf  a-VF df 
|x’ |i ltle daz’ 

we derive from (1.1.4) the Hardy identity for all f € Cg°(IR"\{x’ = 0}) with the 
radial derivative operator 

— | 2) la 2 Ize 

which implics the following improved version of the classical Hardy inequality 

n—2\7|| f df 
2 [tle d\x\|z 

We also discuss L? versions of the above identities for all real-valued functions 

f € CS°(R"\{x' = 0}). In particular, on R* x R"-* we have 

xy’: Ve _ 
f P ( p y 

L?(R™) 7 k- Pp "|x L?(R") Iz'lk 

f p Tae!) 
I — 

of (ar k—-p wh ! 
where 1 < p < 00 and 

2 
df 
d|z|z 

df 4, nn? 

d|z|e 2|r\e 
, (1.1.6) 

L2(R") LRN) 

2 

< IV Fifer): (1.1.7) 
L2 (R") ~ L2(R") 

f p_2'-Ve |, 

eh Fp eh {| O18) 

I,(h, g) = -0 f irsa- £) gl? eae. 
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By dropping the last term in the right-hand side of (1.1.8) implies the inequality 

f Pp <( p ) 

torn) \K—P Fears 

for every real-valued function f € C§°(R"\{z' = 0}), where 1 < p < oo. Then, as 
above using Schwartz’s inequality on the right-hand side of (1.1.9) yields the L? 

version of the discussion (1.1.5) 

f P ( D ) ; 

aT S( o } Ve Meee eal LR) k—p | Ii (R") 

Pp xv’: Vz 

[a's 
(1.1.9) 

L>(R") 

for all real-valucd functions f € C§°(R"\{z’ = 0}). 

Actually, we also give a proof of the inequality (1.1.9) for complex-valued func- 

tions f € Cg°(R"\{2z' = 0}) in Chapter 4. 

As an application, we extend the classical Caffarelli-Kohn-Nirenberg type inequal- 

ities. 

Let us begin by recalling the classical Caffarelli-Kohn-Nirenberg inequality from 
[22]: 

Theorem 1. Let n € N and let p, g, r, a, b, d, 6 € R such that p,q > 1, r > 0, 

0<6<1, and 

1 . 1 il 
yee FES, (1.1.10) 
pngnrioon 

where c = 6d + (1—6)b. Then there exists a positive constant C such that 

Wels fllercam) < CHLRTEIV sUlSocanlllalsF I3aSe0 (1.1.11) 
holds for all f € C§°(R”), if and only if the following conditions hold: 

1 1 -1 1 b 
455 (5+ )+a-9(2+2), (1.1.12) 
ron p n qn 

a-d>0 if 6>0, (1.1.13) 

a-d<1 if 6>0 and 242224951, (1.1.14) 
ron p n 

Many well-known inequalities such as Hardy-Sobolev inequalities, Sobolev in- 
equalities, Gagliardo-Nirenberg inequalities, Nash inequalities are particular cases 
of the Caffarelli-Kohn-Nirenberg inequalities. Nowadays, there are many works 
concerning various versions of the Caffarelli-Kohn-Nirenberg type inequalities and 
applications, see e.g. [23, 24, 25, 26, 27] and the recent paper {28}. 

In order to compare with Theorem 1 let us state here our Caffarelli-Kohn-



Nirenberg inequality on R* x R"~*. 

6 
c 2 I'tefllsran < (G3) 

x’. Vi 

[2"lk 
x. Ve k-2 

+ 

he 2 * Wel 
2 

f 
L2(R") 

“Wi 2 fll ice): (1.1.15) 
( 

L?(R") 

When k = n if we drop the last term on the right-hand side of (1.1.15), then our 

result gives the following improvement of the classical Caffarelli-Kohn-Nirenberg 
inequality for all complex-valued functions f € C§°(IR"\{0}): 

e 2 \ollc-V.,l]° Wstevllenan < (25) [Zs] Motes ten 
— Hele” Haagen) (1.1.16) 

2 
< (5 5) IVF teas) leas Allene) ’ 

where in the last line we have used the Schwartz inequality. 

In the special case ¢ = r = 2, b = —n/2, c = —6 — n(1 — 6)/2 the inequality 
(3.4.4) takes the form 

1-6 

f - f 
aay < ‘IV Fieger) —F (1.1.17) 
tle * |r Tle lIL2(Rn) 

Since we have 1/2 + b/n = 0 here, we observe that the condition (1.1.10) is not 
satisfied, then the inequality (1.1.17) is not covered by the classical Caffarelli- 
Kohn-Nirenberg inequality, Theorem 1. 

Also, taking into account when k =n 

wVif 2:-Vf _ df 

|2" |i tle = daz’ 

we derive from (1.1.15) the Caffarelli-Kohn-Nirenberg type inequality for all complex- 
valued functions f € C9°(R"\{x' = 0}) with the radial derivative operator 

2 \é 

V3 r(Rn < ~~ *y Izlefllerceny S (. = 5) 

x df 
d|z|z 

Furthermore, Caffarelli-Iohn-Nirenberg type inequalities with remainder terms 
and explicit constants are obtained for the horizontal gradient on stratified Lie 
groups. Stratified Lie groups are an important class of nilpotent Lie groups, which 

df n—2,|/ 5 
= += x ny (1.1.18 d\z|z ale! “el II lef lace) ) 

L2(R") 

5



was investigated thoroughly by Folland [29]. There are many different, equivalent 

definitions of a stratified Lie group (see, for example, [30], [31], [32] or [33]). Also, 
in Section 2.1 we briefly recall the main concepts of stratified Lie groups. 

Moreover, the thesis contains Hardy identities with logarithmic type functions 

on the quasi-ball B(0, R) CG. 

For every complex-valued functions f € C§°(B(0, R)\{0}) 

2 
ii ye 

al (log) . Br |x|? (log) 

2 

+ 2Riaf| dz, (1.1.19) 

4 Rial Veeco ~ ~ 2(@ — 2) 
L?(Br) 

- | _f 
Br | |z| (log) 

where Q>2,1<p<Q. 

For more general p we obtain the following identity for all real-valued functions 

f ¢ Cy (B(O, R)\{0}): 

D ? p f 
—— } | Rictf|le¢5,) — || —7— (45) | |x| lle (Br) ic| (log) 

p 

L?(Br) 

Q-—p fl? _. f p 
-o(S=4) | artte=p fb (log) P= R |x|? (loo) R |x of) 

2 

D +——Rzif| da, (1.1.20) 
|x| (too) pol 

‘ f 
x 

where 0 > p,l<p<Q. 

In Chapter 2 we briefly recall all the necessary notions. L?-Hardy type identities 

for complex-valued functions f € C§°(R"\{z' = 0}) on R* x R"-*, on stratified 
Lie groups and their applications are presented in Chapter 3. For more general 

p cylindrical L?-Hardy inequality for complex-valued functions f € CS°(R"\{a' = 
0}) is showed in Chapter 4. Also, in Chapter (4) we establish L?-Hardy identities 
for all real-valued functions f € C§°(IR"\{z' = 0}). In Chapter 3 and Chapter 4 
L? and L? identities with logarithmic type functions on homogeneous Lie groups 
are studied, respectively. 

Results of this thesis partly were announced in the works [34], [35] and [36].



Chapter 2 

Preliminaries 

In this section we briefly recall the necessary notations and definitions con- 

cerning the setting of homogeneous Lie groups following the books [31], [32] and 
[33]. Also, a few other facts needed for our analysis will be discussed. 

2.1 Stratified Lie groups 

In this subsection we discuss a popular subclass of the homogeneous Lie groups 

- stratified (or a homogeneous Carnot group) Lie groups, where a homogeneous 
second-order sub-Laplacian £ can be defined. 

Definition 1. A Lie group G = (R",+) is called stratified if it satisfies the con- 
ditions: 

e For some natural numbers N + No+-+--+N, = n, that is N = Nj, the 
decomposition R" = RN‘ x---x R™ is valid, and for every \ > 0 the dilation 
6, : RR" > R” given by 

6,(x) = dy (x! x, a ,a(")) r= (Az’, ar, Are) 

is an automorphism of the group G. Here x! = x) € RN and x) € R%* for 
k=2,...,r. : 

e Let N be as in above and let Xy,...,Xwn be the left invariant vector fields on 

G such that X;,(0) = x, fork =1,...,N. Then 

rank (Lie {X1,..., Xv}) = 7, 

for every x € R", i.e. the iterated commutators of X,,...,Xn span the Lie 
algebra of G. 

Thus, the triple G = (R", +, 6)) is a stratified Lie group. 

The left invariant vector fields X,,..., Xv are called the (Jacobian) generators



of G and r is called a step of G. The number 

Q= Dk, M=N, 
k=1 

is called the homogeneous dimension of G and dz is the Haar measure on a group 

G. The Haar measure on G is the standard Lebesgue measure for R” (see, e.g. 

(32, Proposition 1.6.6}). 

We also recall that the left invariant vector fields X; have an explicit form and 

satisfy the divergence theorem, see e.g. (32, Section 3.1.5] and [37], 

fe} - : (8) 0 — 5 5 é-1 
Xt = a a t 1 Ter (v’,...,2 ) (2.1.1) 

(2) ° 
é=2 m= ax 

We will also need the following notations: 

ViH = (X},.. . ,Xy) 

for the horizontal gradient, 

divy v= Via ‘UV 

for the horizontal divergence, and 

n= arte +h 

for the Euclidean norm on RN. 

The explicit representation of the left invariant vector fields X; from (2.1.1) 
allows us to establish the identities 

‘\ 

[Valal”| = 12," (2.1.2) 

and 

N . N -1 

div, (_) = Dejan bl X55 = Veja B57 l2'[ Xj |e | _N-1 
|x| |ax*|?7 ey (2.1.3) 

for any y € R and |z"| 4 0. 

2.2 Homogeneous Lie Groups 

Now, in this section we recall basic necessary concepts and fix the notations 
of gencral homogencous Lie groups in a very briefly manner. 

Let us consider a family of dilations of a Lie algebra g, which is a family of



lincar mappings of the following form 

Dy = Exp(Alnd) = 90 y(n)" 
k=0 

where A is a diagonalisable linear operator on the Lie algebra g with positive 

eigenvalues, and each D) is a morphism of g, that is, a linear mapping from g to 

itself satisfying: 

VX,Y €g,\ > 0,[D,X, D,Y] = Da[X,Y], 

where [X,Y] := XY — YX is the Lie bracket. Then, a homogeneous Lie group 
is a connected simply connected Lie group whose Lie algebra is equipped with 
dilations. It induces the dilation structure on the homogeneous Lie group G which 

we denote by D), or just by Az. 

Let dx be the Haar measure on G and let |.S| denote the volume of a measurable 

set S CG. Then we have 

|D,(S)| = A°|S| and [ f(Ax)dz = xe | f(x)dz, 
G G 

where Q is the homogencous dimension of G : 

Q:=TrA 

Definition 2. A homogeneous quasi-norm on G is a continuous non-negative func- 

tion 
G2zr+ |z| € [0, 00) 

satisfying the following properties 

e |x| = |2| for allx eG, 

e |Az| = Ala] for alla €G and X>0, 

e |x| =0 if and only if x = 0. 

The following polar decomposition on homogeneous Lie groups will be very 

useful for our analysis: there is a (tinique) positive Borel measure o on the unit 

sphere 

G := {x EG: |z| = 1} 

such that for all f € L'(G) we have 

[sere = [° [ reer? doar 

We use the notation 

Raf =< 2o 7. (2.2.1)



Let |-| be a homogeneous quasi-norm on G. Then the quasi-ball centred at + € G 
with radius R > 0 is defined by 

B(x, R):=y eG: |x7'y| < R. 

The following Lemma 1 from [38, Lemma 1.1] and Lemma 2 from [13, Lemma 1.1.] 
play important roles in obtaining Hardy’s identitics. 

Lemma 1. Let X be a scalar product space with scalar product (-,-). Let c > 0. 

Then the following statements are equivalent: 

e The equality 

I ul]? = —2c Re(u, v) (2.2.2) 

holds for all u,v € X. 

e The equality 

lull? = 4c? |jul]? — Ju + 2col]? (2.2.3) 
holds for all u,v € X. 

Lemma 2. Let (Q, 4) be a measure space. Let 1 < p < 00 and let L?(Q, u) be the 
Banach space of p-th integrable real-valued functions on Q with norm denoted by 

ll Ilp. Then for any u,v € L?(Q, 1) the following statements are equivalent: 

eu and v satisfy 

ful =f Pav 
fe) 

e uandv satisfy 

ful, = og — f (lel + @ — ful ~ plalPPaw) as 

eu and v satisfy 

lull? = lvl? — p [ I,(u,v)|u— v/2dp, 

where 
. 1 

I,(h,g) = (p-1) | lh + (1 — €)g)P-Pede. 

Proposition 1. Let p € R satisfy p >1. Then I, has the integral representation 

I,(h,9) = (p—1) | lgh + (1 — €)g/P-2éde. 

10



Chapter 3 

L?-improved Hardy identities 

with remainder terms 

In this chapter we discuss the cylindrical improved L?-Hardy inequalities 
(1.1.3) with remainder terms. Actually, sharp remainder formulae for the cylindri- 
cal improved L?-Hardy inequalities are obtained. Moreover, hypoelliptic extension 
of these results are discussed on stratified Lie groups. Also, we present L?-Hardy 
type identitics involving logarithmic functions on the quasi-ball B(0,R) with a 

radius R > 0 on homogeneous Lie groups. As applications, we establish extended 

Caffarelli-Kohn-Nirenberg type inequalities with remainder terms. 

For the L? extensions of these results with some additional assumptions, we 
refer to the next Chapter 4. 

3.1 L?-identity on R* x R™-* 

Theorem 2. Let x = (2',2") € R* x R°-* andk > 2. Then for all complex-valued 
functions f € CR(IR"\{a' = 0}), we have 

(3) 
2 2 

f 
als 

y! . Vi 

"lk L?(R") L?(R") 

z' . Ve k-—2 2 
+ 

ek! * de f , (3.1.1) 
L2(R") 

where |-|, is the Euclidean norm on R*. 

Remark 1. By dropping the last term on the right-hand side of (3.1.1), we obtain 
the following inequality for all complex-valued functions f € C3°(R"\{x' = 0}): 

(=) [2"|k 

Here, using Schwartz’s inequality on the right-hand side of (3.1.2), we obtain the 

2 2 
z+ Vr 

|z'ls 
(3.1.2) 

L2(R) L2(R") 

11



2 

following Hardy inequality: 

tf k-2\? 

2 care 

for all complez-valued functions f € C§°(R"\{x' = 0}) yielding an improvement 
of Badiale-Tarantello’s extended Hardy inequality (1.1.3). 

< [Ve flRoa@ny SIV SIF 2@) 
L?(R") 

Remark 2. When k =n taking into account 

c-Vef 2-Vf df 
|x"|k Izle — d|z|z’ 

we derive from (3.1.1) the Hardy identity for all complex-valued functions f € 
C§°(R"\{0}) with the radial derivative operator 

n—2\7 ll f df 

CY) |e d|z|z 

which was recently obtained by Ruzhansky and Suragan in [39]. 

2 2 
d, —2 
Ff + ovfr 

d|z|z 2\z\g L2(R") 

, (3.1.3) 
L2(iR") L?2(R") 

Remark 3. Jf we drop the last term on the right-hand side of (3.1.3) it implies 
the following improved version of the classical Hardy inequality: 

(C3) f df 

tle d\x|z 

where in the last line we have used Schwartz inequality. 

2 2 

<IlVfiBa@y (3.1.4) 
LAR") L2(R) 

Proof of Theorem 2. Since the case k = 2 is trivial, it is sufficient to prove 
the case k > 2. ‘ 

By using the identity (2.1.3) and the divergence theorem one calculates 

|f (x)? = 1 2 4: (; <a) 

[. |x’? dx k—2 Jan [f(z)|° dive ee dz. (3.1.5) 

Using the integration by parts, we have 

h. ee “Fr eal Veale (rg) 
5 Re I. f(x Deas FE ae (3.1.6) 

___2 Re f(z) 2" ViF Vik 4 

k- 2 Rn Ire lk |alk 

Introducing the notations 
1 

c= —— 
~2



and - Ic) 

lal 
and 

x’. Ve 

~ (al 
f VU 

formula (3.1.6) can be rewritten as 

I LP = —2c Re(u, v), 
jn"li 

which is (2.2.2). Then by Lemma 1 it is equivalent to the identity 

2 [ If (z)| dx = 4c*|lu||? — lu + 2co||? 
R n [x'le 

-( 2 ) a «We oll” f 2 x! Ve ol" 
k-2 [z'le “Nezmny Welk K-22 |o'|e L2(R) 

that is, 

(2) fi _ flee |? iat Ve k—2 | 
2 lz" lk L2(R") |x" 4 L2(R") |x" |x 2| x" |i, LR) 

which is Hardy’s identity (3.1.1). 

The proof of Theorem 2 is completed. 

3.2 L*-identity on stratified Lie groups 

In this section we adopt all the notation introduced in Chapter 2. We extend 
the L*-Hardy identity from the previous section to stratified Lie groups. 

Theorem 3. Let G be a stratified Lie group with N being the dimension of the first 
stratum. We denote by x' the variables from the first stratum of G. Let N > 2. 
Then for all complex-valued functions f € Ce°(G\{2' = 0}), we have 

(34) 2 2 
f r+ Vay 

|z"| [2"| L2(G) L(G) 

z'-Vi. N—-2|l? 

je /t eq! , (3.2.1) 
L(G) 

where |-| is the Euclidean norm on RN, 

Remark 4. By dropping the last term of (3.2.1), we obtain the following inequal- 

13



aly: 
2 

f zx! : Vit 

|x| 
3.2.2 mT Nesey’ 622) f 

L?(G) 

(* _ 2)" 

2 L2G) 
for all complez-valued functions f € C&°(G\{x' = 0}). The inequality (3.2.2) was 
obtained in [21] and with more general weights in [40]. So, our identity (3.2.1) 
gives a sharp remainder formula for their horizontal Hardy inequalities. 

Remark 5. In the Abelian case G = (IR",+), we have N =n, Vy = V = 

(Or, ;-, Ox, ) and |-+| being the Euclidean norm on R”, so (3.2.1) implies the fol- 
lowing L? Hardy identity: 

n-2\? 

2 

which is (3.1.3). 

Remark 6. By dropping the last term on the right-hand side of (3.2.3) we get 

CS) la 2 lal z 

yielding the classical Hardy inequality, where in the last line we have used the 

Schwartz inequality. 

2 
z:V n—-2 

lz|z 2|z|e 

x:V 

Ize 

f 2 

lzle j L?(R") 

, (3.2.3) 
L?(R") L2(R") 

lzle 
< WV S lien) (3.2.4) 

L2(R") LR") 

Proof of Theorem 3. We may assume that N > 2 since for N = 2 the 
identity (3.2.1) is trivial. By using the identity 

. wv! N-y¥ 
divy (=) = rap (3.2.5) 

‘\ 

and the divergence theorem one calculates 

f(z)? sf 2 SP dx = No f(x) |* dive re si x. (3.2.6) 

Using the integration by parts we have 

|f(z)P? 1° ; x’ herr dz = val, |f (x)? divy (=) dz 

x’. Vil 5, =~ yy Re [i@ nice (3.2.7) 

__ f(a) Vif 
a 5 Re oie in| dz. 

Setting the notations 
1 

C= N92 

14



and 
f(z) 
[z"| 

and 
a! Vy 

v= _—S i 
formula (3.2.6) can be presented as 

PACD) dz = —2cRe(u, v). I 
which is (2.2.2). By virtue of Lemma 1 it means that 

|’? 

lf(x)|? 21.72 2 
, eR = 4c*|lv||" — lu + 2co|| 

=( 2 ) zw’: Vu 2 f + 2 2 Vu 2 

that is, 

N-2 2 f zu’: Va 2 u's Vu N-2 

FE) Wet > TET ewe ~ Wet tt eT ate 126) x'| “ lz) |2"| Iz’l “ Hace) 

which implies Hardy’s identity (3.2.1). 

The proof of Theorem 3 is finished. 

3.3 Logarithmic Hardy identity on the quasi-ball 

B(0, R) 
In this section, we present L?-Hardy identity of logarithmic type on the quasi- 

ball B(0, R) in the setting of a homogeneous Lie group G. 

Theorem 4. Let G be a homogeneous Lie group of homogeneous dimension Q 

and let |-| be any homogeneous quasi-norm on G. Let Q > 2,1 <p <Q and 

B(0,R) c G be the quasi-ball with radius R > 0. Then for all complex-valued 
functions f € C§°(B(0, R)\{0}) we have 

2 f 
fl? [RefMan | TTok)| ——~%9-?) foam ia top) L?(B(0,R)) |x| (loo) 11(000.8) B(0,R) |x|? (tog) 

“12 

u + 2Rio f dz, (3.3.1) 
Jor lz| (tog) 

15



where Rj, is the radial derivative defined by (2.2.1). 

Proof of Theorem 4. Note that 

then introducing polar coordinates (1, y) = (lal, &) € (0,00) x g on G, where the 

quasi-sphere go, we have 

OP yf? f CMP nang 
Joa ae (ins Ef (log2)? o(y)dr 

°° 7-2 — 2)r2-3 

- | L(® (= -853 ) rrwytaotna 

Then the integrating by parts implies that 

Lae 
Lom |x|? (\oo) 

°° re-2 — 2)r9-3 

=f [ (x, & -& a If (ry) Pdo(y)dr 

fore) Q-2 oo Q-3 =-are [” [peru pdatu)ar ~(Q-2) | [ alsowPaotyyer 
log 

F(x)Riaf If (x)/? = ~2R aE dr —(Q—-2 —— 4dr. (3.3.2 Lom |2| (1o9 & ) o (Q from |z|2 (log) Zz ( ) 

Applying the notations 

and 

formula (3.3.2) can be rewritten as 

2 
/ \u|?dx = Re | vidz — (Q - 2) | ay. (3.3.3) 
B(0,R) BOR) B(0,R) |x|? (log) 

By Lemma 2 and Proposition 1 for all L?-integrable real-valued functions u and uv 
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for p = 2 we 

2 — 

llellZ2¢8¢0,n)) — llellZ2ce,o,2y) + 2 | (|u|? — Reva) dx 
B(G,R) 

= / (jul? + |v]? — 2Revu) dr 
B(0,R) 

wl Aly|? — vu 
= 2 | 22 |v — ude = 2 | \v — ul?dz, 

B(O,R) lu — u B(0,R) 

Combining this with (3.3.3) one obtains 

2 

__f 
l2| (log) 

2 

4||Ry. - ~ 
~2 ~2 [ hak) 

Ric lle 250.2) | (Q—2) B(O,R) |x|? (log) J 
2 

+ 2Rif| dz. (3.3.4) 

L?(B(0,R)) 

- | _f 
B(0,R) | || (tog) 

The proof of Theorem 4 is finished. 

3.4 Applications 

In this section we establish Caffarelli-Kohn-Nirenberg type inequalities and 
their proofs. The proof is relying on Hardy identities and Hélder’s inequality. 

3.4.1 Caffarelli-Kohn-Nirenberg type inequalities on R* x 
R°-- 

Theorem 5. Let x = (2’,2”) €R* x R™*, 2<¢k<nel<q¢<w,0<r<o, 
with2+q>r, 6 € (0,1) [4,2] andb,ce€R. Assume that 

dr (1-6)r _ 
gt =! 

and 

c=—6+ (1-94). 

Then for all complex-valued functions f € C&°(R"\{x' = 0}), we have 

k-2\°,. 
(=?) Ize llereny < 

| 
2 2 

x’: Ve k-2 

|x' lk 2|z'|s 

xu’: Ve 

|x'le L?(R") 

6 
2 

f | lle" llevan) (8-4-2) 
L2(R" 
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Remark 7. By dropping the non-negative term from (3.4.1), we get the following 
inequality: 

z' . Vi: k-2\o 0 (F537) Wee stir < ASP 
for all complex-valued functions f € Cge(R"\{2' = 0}). 
Using Schwartz’s inequality on the right hand side of (3.4.2), we get 

5 
f 

L?(R") 
lle’ RS lian R23 (8.4.2) 

k-2 
(S y I[|x’ ifllin@ry S = Vif lizzy [2S Ioan) (3.4.3) 

for all complex-valued functions f € C§°(IR®\{z' = 0}). Note that the inequality 
(3.4.3), hence (3.4.1), can be thought as an cylindrical extension of the Caffarelli- 
Kohn-Nirenberg inequalities (1.1.11). 

Remark 8. When k = n if we drop the last term on the right-hand side of (3.4.1), 
then our result gives the following improvement of the classical Caffarelli-Kohn- 
Nirenberg inequality for all complex-valued functions f € C§°(R"\{0}): 

[ele lcecwny 
n~ (22) tetas < [2 

Ns ecany 
(3.4.4) 

Ss IV Flea) IlIz le fllccaey 

where in the last line we have used the Schwartz inequality. Compared to the 
classical Caffarelli-Kohn-Nirenberg inequality (1.1.11), our version (3.4.4) is with 
an explicit constant, and actually the general case of our result (3.4.1) is obtained 
with remainder terms. 

‘\ 

Proof of Theorem 5. Case 6 = 0. In this case, we have gq =r andb=c by 
fe + oor = 1 and c = —6 + b(1 — 4), respectively. Then, the inequality (3.4.1) 
becomes the trivial estimate 

INe"leS ll cc (R") = S |[le'eS Lacey , 

Case 6 = 1. Notice that in this case, r = 2 and c= —1. It mcans that 

1 
k-2 ; 2 2 

(=S*) tetera < | f | | 
L?(R") 

which is the inequality (3.1.1) that we already have proved in the previous Section 
3.1. 

x’: Vi: 

x’le 

x’. Ve k—2 

|x’ |i 2|x'|j, L2(R") 

Case J € (0,1)M [4,2]. Taking into account ¢ = —6 + v1 — 6), a direct 
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calculation gives 

| 
or) ade)” LFCayle  [f(e)|°-9 5, Ihe'telaran) = (fet seorrae) -(/, ir prea) 

Since we have 6 € (0,1)/N [=, 2] and 2+q <1, then by using Holder’s inequality 

for & + G-8" — 1, we get 

j (zs) 

Wee liram <(f Mean) ( f Moran)” kJ ULT(R") = rv |" [2 Re |zx"|, 704 

6 1-6 

a || . 
|" lk L2(R") Fouad L4(R") 

By Theorem 2 we get the following Caffarelli-Kohn-Nirenberg type inequality: 

k-2\? (=3*) teen < 
. | [eve —_|ieeVeg k— 2 * werwryt! 

|x" |i. L2(R") lx" |s: 2|2" |x L?(R") La(R") , 

yielding (3.4.1). 

The proof of Theorem 5 is finished. 

3.4.2 Caffarelli-Kohn-Nirenberg type inequalities on strat- 

ified Lie groups \ 

Theorem 6. Let G be a stratified Lie group with N > 2 being the dimension of 

the first stratum. We denote by x' the variables from the first stratum of G. Let 

1<q<o,0<1r<0o with2+q2>r andé € (0,1) [=,2] andbce R. 

Assume that x 4+ Geode Gay" = = 1 andc = —6+b(1 — 6). Then for all complez-valued 

functions f € “C=(G\ {a! = 0}) we have the following Caffarelli-Kohn-Nirenberg 
type inequalities: 

N-2 

AS x=?\' ll2'I°Fllane) < 

| 
Remark 9. By dropping the last term on the right-hand side of (3.4.5) we get the 

t's Vy N—2 zg’: Vu 

ey St 27 |z"| 

4 

ol il “Mi (3.45) 
L(G) 
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following inequality: 

N-2\°,_,. (~*) tes $ 

for all complex-valued functions f € Cg°(G\{z' = 0}). 

Remark 10. In the Abelian case G = (R",+), we have N = n,Vy = V = 
(Oz,,---;O2,), $0 (3.4.5) implies the Caffarelli-Kohn-Nirenberg type inequality on 
R". Letl <q <0co with2+q2>r and6€ [0,1)N [=,2] andb,ce R. Assume 

that & + eo = 1 andc= —6+b(1—56). Then by dropping a non-negative term 
and applying the Schwarz inequality we obtain 

z’-V 6 1~5 ce 

ele flea) 
Fy 

) yl o-V, n-2,|| “oie ptytn8 

. - Fae’ + gate! lb liste 
(; —2 | [tle L2(R") |zle 2|zle LAR") | E lle ) 

2 ° -V ° b 1-6 
S$ z ; 
(<3) |e saan | lefllea 

2 4 1-6 < (<5) IVs lets 
(3.4.6) 

for all complex-valued functions f € C@°(IR"\{0}), where |z|e = 2? +...+22 
is the usual Euclidean norm on R". In the special case q = r = 2, b = —n/2, 

c= —d—n(1—6)/2 the inequality (3.4.6) takes the form 

6 1-6 

n-2 f . s |e 
( 5) ) Sen(i=8) Ss IV fllze¢eny a (3.4.7) 

|x E L?(R") TE L2(R®) 

Since we have 1/2 + b/n = 0 here, we observe that the condition (1.1.10) is not 
satisfied, then the inequality (3.4.7) is not covered by the classical Caffarelli-Kohn- 

Nirenberg inequality, Theorem 1. We also refer to [40, Theorem 4.1] for a similar 
type results on stratified Lie groups. . 

Proof of Theorem 6. Case 6 = 0. In this case, we have g = r and b = c by 
xy v3) = 1 and c = —6 + b(1 — 6), respectively. Then, the inequality (3.4.5) 
becomes the trivial estimate 

Nel Fleece) S [ll2’l’ Fl cers) - 

Case 6 = 1. Notice that in this case, r = 2 and c = —1. It means that 

1 
N-2 ° 2 2 

(7S) tte te s j | 
L?(G) 

a! Via 2 

ey 
x's Vi , N—2 

ey / + Oey L?(G) 
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which is (3.2.1) from the previous Section 3.2. 

Case 6 € (0,1) MN [=4,2]. Taking into account ¢ = —d + b(1 — 6), a direct 
calculation gives 

ir (i-é)r  \t le Flanay= (etrcorrae)” = ( fe ee) 
Since we have 6 € (0,1)N [=4, 2] and 2+q <1, then by using Hélder’s inequality 

for & + Gor = 1, we get 

ne ae \? (fe @e IIz'"I° flee) S ( fuer de) ( | to) dz) 
g |2'| 

(1-4) 1-6 
g f 

Jz" 
_|_£I’ 

|2"| 126) L(G) 

By Theorem 4 we get the following Caffarclli-Kohn-Nirenberg type inequality: 

N-2\*, ,. (7) tere 
u's Vu v'- Vi N—-2 JI? 

< | "| / f + 2 / f ‘Ws x' fleece) ’ 

v L2(G) |x| |z"| L2(G) 

which is (3.4.5). 

The proof of Theorem 6 is finished. 
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Chapter 4 

[?-improved Hardy identities 
with remainder terms 

Here we discuss L? extensions of the identities from Chapter 3 for all real- 
valued functions f € C§°(IR”\{2’ = 0}). However, as functional inequalities we also 
obtain L? versions of the incqualitics from the previous chapter for any complex- 

valued function f € C5°(IR"\{x’ = 0}). As consequences, we derive the Heisenberg- 
Paul-Wey] type uncertainty principle and L’-Z?-L1 Caffarelli-Kohn-Nirenberg type 
inequalities. 

4.1 L? inequality on R* x R™-* 

Theorem 7. Let x = (2,2) € R* x R™-* and 1 <p <oo andk>p. Then for 
all complex-valued functions f € Cf°(R"\{x' = 0}), we have 

\ 

(=) f w:Vk 
Pp 

fo = (4.1.1) 

where |- |, is the Euclidean norm on R*. 

LP(R") [z's LP(R™) 

Proof of Theorem 7. We may assume that k > p since for k = p the inequality 
(4.1.1) is trivial. By using the identity (2.1.3) and the divergence theorem one 
calculates 

@r, 1 a (at). 
[. rap de = Z | f(x)? div, bP dz. 
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Integrating by parts implies that 

a? , v 
we a= ef. P(@)P divi (a) a 

x yt! Vif Pere | sais er eae 
P| er, < Vila leaf. cpap he Yel 

gf eta| [ee wea, 
SEP Jaw PTT 

By the Holder inequality, it follows that 

FOP | i <|2-|( Le)? ( la’ Vill ae)’, 
k-—p Rn pe |! rv |e"? [2"|P 

which implies (4.1.1). 

4.2 L? identity on R* x R"™-* 

Theorem 8. Let x = (2', x”) € R* x R®-* with 1 < p < 0 andk> p. Then for 
all real-valued functions f € Cf°(R"\{z' = 0}), we have 

(=) f p _ 2! Ve ||" 

Pp |z'lk LP(R") ea LP(R") 

<2)" | ( f p x Vp ) f p «-V,|? 
— [, 7 dz, (4.2.1 »( DP) Sew ?\iete’ kp tele!) lee * Bp Je 1] 42D 

where 
1 

y(t, 9) = (p 1) [ lgh + (1 — 6g)? ede. 

Remark 11. By dropping the last term of (4.2.1), we obtain the following in- 
equality for all real-valued functions f € CS°(IR"\{x!' = 0}): 

(*) le Pp Fars 

Here, using the Schwartz inequality on the right hand side of (4.2.2), we obtain 
the following Hardy inequality: 

*) le 
for all real-valued functions f € C2(R"\{r! = 0}). 

P x’: Vz 

[xi 
(4.2.2) 

LP(R") Le(Rn) 

f 
< Wf lly Lv(R") 

LP(R”) 
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Proof of Theorem 8. By using the identity (2.1.3) and the divergence theorem 
one calculates 

“\{p at 

[ OP te = fi p(ayraiv, (se) dz 
lx'lk k—p Jpn |e 

p a pp-2t* Ve =-~— / flfP 2 dz. 
k—p Jpn |nTk 

For every real-valued function f € C$°(IR"\{x’ = 0}) it becomes 

|f(z) |” Pp F\fP? a! Vif 
—dx = — . dz. 

I. l2"lk k-p Jee |x'lk jo |?” (4.2.3) 

Using notations 
p 2: Vz u:= u(x) = -——— 

(= EE p |x'l f 
and i 

v= v(x) = irl 

formula (4.2.3) can be presented as 

lluleeaey = [. \uPP-vudse. (4.2.4) 

By Lemma 2 for all L?-integrable real-valued functions u and v we have 

lel ogeny — lOlRogeny =P [ 1, (vu) |v — ul? de, 

where 1 

Int) = (P= 1) [ gh-+ (1 ~e)gPP-ede. 
That is, 

f |r p Pia! VSI? 

le'le LP(R") ~ (; — 5) [2'lk LP(R") 

fo op we,’ 
ek + k-p fe f\ dx. 

; f p 2'-V« 

an ? (a k—p |x'| J 

The identity (4.2.1) is proved. 

The proof of Theorem 8 is completed. 

4.3 L? identity on stratified Lie groups 

In this section we establish L?-Hardy identity in the setting of stratified Lie groups 
G. 
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Theorem 9. Let G be a stratified Lie group with N being the dimension of the 

first stratum. Let N > p and1<p< oo. We denote by x' the variables from the 

first stratum of G. Then for all real-valued functions f € C§°(G\{z' = 0}), we 
have 

(“=z iP _ ie Va _ 
p |x'| L»(G) |x"| L»(G) 

Nan)" f ( p au) aaa i I, ( —,-—— —— 4 
»( >) de? \fel N—p det / 

where 

Pp Pp 

f p w-Vy Jt? wl + De 4 f| dz, (4.3.1) 

1 

I,(h, 9) = (p—1) | leh + (1 — €)g)-ede. 

Remark 12. By dropping the last term on the right-hand side of (4.3.1), we obtain 
the following inequality for all real-valued functions f € CS°(G\{x' = 0}): 

() le Iz'| 

Remark 13. In the Abelian case G = (R",+), we have N =n, Vy = V = 
(Or,;-+1Or_), $0 (4.3.1) implies the following L?-Hardy identity: 

7) Tethoe p lzlz LP(R") L?(R") 
Pp e 

n—-p f p ae!) n=P I - 
( Pp ) [. (ee n=? Fle” 

for all real-valued functions f € CZ°(IR"\{0}). 

Remark 14. By dropping the last term on the right-hand side of (4.3.3) we get 

57) Tis p [tle 

for all real-valued functions f € CR°(R"\{0}). 

Proof of Theorem 9. By using the identity (2.1.3) we get 

Lf (x)|? 1 [ . , a! 
dx = Pp —— ger Nop fg FP avn (ZF) a 

P p 
gz ’ Vu 
a (4.3.2) f 

L(G) L»(G) , 

p Dp z:V 

lzle 

f p «:V,|° mie twopee!| & (438) 

Pp P z:V 

ale? LP(R") 
SIV Flreaenys (4.3.4) 

LP(R") 
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Theorem 9. Let G be a stratified Lie group with N being the dimension of the 
first stratum. Let N > p and 1<p< oo. We denote by x' the variables from the 
first stratum of G. Then for all real-valued functions f € C%(G\{x' = 0}), we 
have 

(“2)" 

P L(G) L(G) 

N=-p | f p_a'-Va\| fo. pa! Vu ,| I,{ —,-—__ += — + ff | dr, (4.3.1 °( p ) h(i Nop (el /) \el* Nop at 4] OS) 
where 

Dp 
x! oH f 

“el? 
f 
I2'| 

“1 

Ip(h,g) = (v1) | lgh + (1 — €)g)?-Peae. 

Remark 12. By dropping the last term on the right-hand side of (4.3.1), we obtain 
the following inequality for all real-valued functions f € C°(G\{z' = 0}): 

(42) ral a! Vy (4.3.2) 

D |x"| L(G) |x'| L(G) -_ 

Remark 13. In the Abelian case G = (R",+), we have N =n, Vy = V = 
(Oz, ; +++) Orq), $0 (4.3.1) implies the following L?- -Hardy identity: 

f xz:V 57) Titelonan” Pp [zle L?(R") Iz|z L?(R") 

n—p f (4 p ae!) —_—_£ I _ 
p( P ) n? Itle n—p Tele! 

‘ 

for all real-valued functions f € CZ°(R"\{0}). 

Pp 

f p «:V 
2 

ele np lee /| (39) 

Remark 14. By dropping the last term on the right-hand side of (4.3.3) we get 

mae fev 
= SVS llco@n) 4.3. ( p lz|z LP(R") tle? wen! Flliecany (4.3.4) 

for all real-valued functions f € Cx°(R"\{0}). 

Proof of Theorem 9. By using the identity (2.1.3) we get 

pede = waz [ Ver aivn (“5 ip) a 
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Integrating by parts 

f wt dr = = fu x) |? divy (; =) dx 

=-5 p-2t Vat Vil oe 
ff ffl | a! |P 

For all real-valued functions f € C§°(G\{z' = 0}) it becomes 

| f(a) |? p f\fP? aw! Vaf 
dz = — . dx 4.3. ee" "N-ple lel a aie 

Using notations 

_ __ Pp _ w-Va 

eu) eT! 
and f 

v:=v(z) = rl 

formula (4.3.5) can be rewritten as 

lollaco) = ff oP Pade. (4.3.6) 
By Lemma 2 for all Z?-integrable real-valued functions u and v we have 

[lll ence) _ loll) = pf Ip (v,u) |v — ul? dz, 

where + 

Iy(h9) = (P~1) | [gh (1 ~ ga? P€ae. 
0 

Summing up all above we arrive at 

fir _ ( Pp ) a+ Vi 
[z"| L(G) N-p |e L(G) 

fp a-Vn ) fo lop w-Va | L{—,-—_ 44 — » fo ows ees i] Np ey 7] 
which gives (4.3.1). 

The proof of Theorem 9 is finished. 
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4.4 Logarithmic Hardy identity on the quasi-ball 

B(0, R) 
In this section, we present L?-Hardy identity of logarithmic type on the quasi- 

ball B(0, R) in the setting of a homogeneous Lie group G. 

Theorem 10. Let G be a homogencous Lie group of homogeneous dimension Q 

and let |-| be any homogeneous quasi-norm on G. Let 1 <p <Q and B(0,R) Cc 
G be a quasi-ball with radius R > 0. Then for all real-valued functions f € 

C§°(B(0, R)\{0}) we have 

P 

625) lta |e 
17 IIz(B(0,R)) 

Q - P | FP / f Pp 
(=? —dz =p [, > Rial f 

P—1/ J50,R) |g (log 2)” Bar)” \ [ar (og &) p-1™ 
2 

f dx, (4.4.1) 2 

|x| (log) p-l 

where Rj, ts the radial derivative defined by (2.2.1). 

Proof of Theorem 10. Note that 

x Rig f 

then introducing polar coordinates (r, y) = (c Zi) E (0, 00) x g on G, where the 

quasi-sphere #, we have 

Lf(x)|? t= lf(ry) a 1- i ' 

be R) |x |P [el (log) ! (ook [ LX (log) da(y)dr 

1 oe 7 Q-P _ Q-1l-p 

7 sail, I G (as) 7 ae ") If (ry) Pdo(y)dr 
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Then the integrating by parts implies that 

) p,Q-1-p [ [ee do(y)dr 
r 

1 oT rQ-P (Q — p)r@-1-p a - 

= —/ [ (x. (a) ~ (log 2)?" lf(ry)| da(y)dr 

p *° (ry) reo? sea [few ureen Te area one 

- @-7) P) @=2) [* hia A ils (ry) Pdo(y)ar 

___P_ f(a)lF(@)PP Raf, (2-2) fr 
p-l Doom” R) |a|P-} (lon yr 1 p-1 i- R) |x| (tog) 

(4.4.2) 

Applying notations 
‘= = __P_ 

f 

lal (tog) 

and 

v:=u(z) = 

formula (4.4.2) can be rewritten as 

_ p 
| |u|’dx = / \v|?-?vudx ~ Q=P a (2) de. (4.4.3) 
B(0,R) B(0,R) P—1 Jpe,r) ||P (109 2.) 

By Lemma 2.2.3 and Proposition 1 for all L?-integrable real-valued functions u 
and v we have 

lleelle>(eco.ry ~ Wellcrcaco,ny) + | ({o|? — JulP-Pvu)dax 
B(0,R) 

=f (uP + (> 1)lol — plu Pvu)ee 
B(0,R) 

/ St Erbe — lho ay Lowe 
=p v-U v=p | v,u)\v — ul*da, 

B(0,R) lv ~ ul? B(0,R) pes | 
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where 1 

I,(h.9) = (p ~ 1) [ léh + (1 — €)gPPPEde. 
Combining this with (4.4.3) we arrive at 

p 

p P 
Dp \|z p f Q-p lf 
7 || hema R))_ —P p-i dx ~) 1( #) P—-1/ Jeep) |. ( 5) 

Ie! logis L?(B(0,R)) OR) [z|P ogi 

f Pp 
= a I on Ria f 

BOR) (- (tog 8) p-1 

The equality (4.4.1) is proved. 

2 

dz. 
Pp 

_ 7 Pf 

[z| (log) > 
(4.4.4) 

4.5 Applications 

Here, in this section we give applications of the cylindrical improved Hardy 
identities and inequalities from the previous sections in Heisenberg-Paul-Wey] type 

uncertainty principle and Caffarelli-Kohn-Nirenberg type inequalitics. 

4.5.1 Heisenberg-Paul-Wey]l type uncertainty principle 

As a by-product of (4.1.1), we obtain the Heisenberg-Paul-Wey] type uncertainty 
principle. 

Corollary 1. Let x = (2',2") € RX x R™*,2<k <n, 1<p,q<oo. Letl< 

p<kand i+i = 1. Then for all complex-valued functions f € C°(R"\{x! = 0}) 
we have 

U. 
Proof of Corollary 1. From the inequality (4.1.1) we get 

p 1 1 1 1 p ; q k- P Pp q ( ar)" (fl lorena)’ > $=? ( / Sade)’ (flere) n n Pp re [2'|k R" 
k — 

>A? | i fPas, 
Pp Rv 

x: Vi 

i 
» \s a 

f az) ( jis pat | fle. (4.5.1) 
4 R" Rr 

x’ . Ve 

|x" |r 
f 

where we have used Holder’s inequality in the last line. This shows (4.5.1). 
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4.5.2 Caffarelli-Kohn-Nirenberg type inequalities on R* x 
R"-* 

Now we discuss the cylindrical Caffarelli-Kohn-Nirenberg type inequality. The 

proof is relying on Hardy identities and the Hdlder inequality. 

Theorem 11. Let 2 = (2',2") € R*' x R™-*, 25k <n, k >p,1<p,q<o, 
O<r<o, withpt+g>r,6€ [0,1]N (=, z] and b,c € R. Assume that 

6 1-—d)r or | ~dy 
Pp q 

=1 

and 
c=-d+06(1—9). 

Then for all real-valued functions f € Cg°(R"\{2’ = 0}), we have 

xv’ Ve k-p ? k—p\? 

(S p ) Mele Floren) S |x"li vay POP a PUR: 

f p «x -Ve f p x -Ve 
i, 7 

«fh (ar k—p |z'le J * [ze K—p |e'|k 

Remark 15. By dropping the last term on the right-hand side of (4.5.2), we obtain 

k-—p (= - re)! Ile'Ié llores < 
‘\ 

for all real-valued functions f € Cé°(R"\{z' = 0}). Then, using the Schwartz 
inequality on the right-hand side of (4.5.3), we obtain 

f 

2 47> 
f | I" Flleewny- 

(4.5.2) 

x’. Ve 6 

|2'le lle" Fllcstany (4.5.3) 
Lv(R") 

k—p ° c (=) Wz lef llerqany S UVa Flere [lle aaa 

for all real-valued functions f € Cg°(R"\{z' = 0}). 

Proof of Theorem 11. Case 6 = 0. In this case, we have g =r and b = c by 
x + G9 _ 1 and c = —6 + W(1 — 4), respectively. Then, the inequality (4.5.2) 
reduces to the trivial estimate 

Wel fleece) S [lee pen) 
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Case 6 = 1. Notice that in this case, p =r and c= —1. We have the inequality 

B Pp 
, Pp k —p Il2"lefllaecam < ( ) f -» (==) LT(R") k—p LP(R") p 

f Pp x’ . Ve f Pp gy! . Vi I — 

«[. p (a k—p |2'|, ') lz'lk k—p |2'lh 

which is the inequality (4.2.1) that we already have proved in the previous Section 
4.2. 

Let us prove the case 6 € (0,1) [4,2]. Taking into account ¢ = —d + d(1 — 4), 
a direct calculation gives 

nef) =< Cf aties(ayran) — ( f ole ele" Heel = (fete eorPae) -( Loe ear) 
Since we have 6 € (0,1)/N (=, 2| and p+q <r, then by using Hélder’s inequality 

for a + ier = 1, we obtain 

x’: Ve 

{0's 

2 |p 
f ts . (4.5.4) 

1-5 

F(x)P f(z)I? ° 
Ifa" kd eras) < (/ | ( dr | Fon dx 

Re |x 7 Rn a: lk 

; 5 j 1-6 (4.5.5) 

Ie"le lames) [lee pecan) 

By Theorem 8 we obtain 
‘ 

6 1 P p 

P zr: V« k- P) 
VES llerany S ( ~—~p|—— II|z lef lle (R") (; _ -} an f LR") Pp ( D 

f +? z's Vi, 

lv’,  k—p [aly 

& 
P 

f ts eg leh Fld een) 

f pp w-Ve ) 
« [oo aa ae! 

The proof of Theorem 11 is completed. 

4.5.3 Caffarelli-Kohn-Nirenberg type inequalities on strat- 

ified Lie groups 

Theorem 12. Let G be a stratified Lie group and let N> p. Let 1 < p,q < 0, 
O<r< oo withp+q <r andé € [0,1]M [4,2] and b,c € R. Assume that 
r 4+ “ear a = 1 andc = -3+b(1—6). Then for all real-valued functions f € 
C0 (G\{2' = = 0}) we have the following Caffarelli-Kohn-Nirenberg type inequalities 
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with remainder terms: 

é 

« [6 (ge np ar!) Lit ep ere ee] Melt 
(4.5.6) 

Remark 16. By dropping the non-negative term from (4.5.6), we obtain 

(2) tet lene <a Wels (45.7) 

for all real-valued functions f € C>°(G\{zx' = 0}). 

Proof of Theorem 12. Case 6 = 0. In this casc, we have q = r and b = c by 
* + or = 1 and c = —6+ b(1 — 4), respectively. Then, the inequality (4.5.6) is 
reduces the trivial estimate 

llx'I°flleey S Mlle’ fll ence) - 

Case 6 = 1. Notice that in this case, p =r and c= —1. We have the inequality 

2) 7 P N-p P 

—— } |llz'I°fllu-e) S$ — p {| —— 
( P u(8) L?(G) p 

f eee) f w': Vu 
«[o(& Nop el 

Pp 

|" N—p |e 
which is the inequality (4.3.1) that we already have proved in the previous Section 

4.3. 

Case 6 € (0,1)/N (=, | . Taking into account c = —d5+0(1—5), a direct calculation 

gives 

. 1 1 nenpmyran\’ . ( [ Welle Af@le-®"* Il Fle = (fetter) = ([ He Wer an)" 

Since we have 6 € (0,1) [4,2] and p+q <r, then by using Hélder’s inequality 

xz’: Va 

|z"| 
f 

f 
2 p 

| , (4.5.8) 
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= 1, we obtain 

women) (Lo) 
rs (i-6)r for = + — 

j 1- (4.5.9) 
£ _f 

~ Wel L(G) |’ \~° La(G) 

By Theorem 9 we obtain 

6 ’ Pp Pp p re Vi N-p tom oa) Eg | Ile (G) N-a {a:"| L(G) p 

fo, PT Pp we Vi 

lz] " N—p |x| ‘a (ieee f p 2x’: Vu 

«Loe N-p | f) 

4.5.4 Caffarelli-Kohn-Nirenberg type inequality on the ball 

Br 
Let us recall the following Theorem 13 from [41, Theorem 2], which will be used 
in our proof: 

Theorem 13. Let 1 <p<N. Then the following inequality 

_ pP Pp (2 ‘) / If| - pte < f 
Pp Br |x|? (log &) Br 

Pp 
holds for any f € Wy’? (Br). And the constant (25+) is optimal and is not 
attained. Furthermore the following improved Hardy inequality 

_ P P 

(2) / ir pdt + bnol(f) < | 
Pp Br |x|P (log &) Br | 

holds for any f € Wo” (Br), where 

-1\r" l/l bnp(f) = (N - 7) (=) [ lee oe 

Theorem 14. Let Br be the ball with radius R> 1 and let 1 < p< N, then the 

Vf | dz (4.5.10) 

P 

Vf-—| de 
[2 
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following inequality holds for all real-valued functions f € C§°(Br\{0}): 

R c p 6 

lal (109%) |< (4) 
! In| Lr(Br)  \P—1 

ae 
|z| 

x |Vf- (4.5.11) fy RY 
|x| (v0) f 

Proof of Theorem 14. Case 6 = 0. In this case, we have g = r and b = c by 
& + Boor = 1 and c= —d + b(1 — 4), respectively. Then, the inequality (4.5.11) 
becomes the trivial estimate 

R\® 

jet (too) J 
|x| 

c R\* 
|x| (v0) f 

Case 6 = 1. Notice that in this case, r = p and c = —1. It means that 

=) Slice £ Gat) Pk z|° { log— } f < { —)ilvyf-— 
I ( Na] L"(Br) p-1l J |x| 

which was proved by Sano in [41]. 

Case 6 € (0,1) MN [=*,2]. Taking into account c = —6d + b(1 — 4), a direct 
calculation gives 

1 

=) Slovo” Aol” (Wr) vere), z|° {| log— ) f = z\* | log— | |f(x)|"dx 
I ( Na] L*(Br) Bn | |x| i)! 

\ r 

_ | FAC?) [f(x)|[O-9" 
— or br(1—5) Br |p|or (tog 8) |ar|r—-8) (tog 4) 

L?(Br) L'(Br) 

S 
L’(Br) L1(Br) 

L?(Br) 

dx 

Since we have 6 € (0,1)/N (=, e| and p+q <r, then by using Hdlder’s inequality 

for & + G8" — 1, we get 

R\*. x)|P ° q 
|x|° (‘oo ) f < / OP ae | lf(z)| ~jadx 

von ® ois ong) (lr (en) 
6 1-6 

-[—f£_] J 
el (09) Nascoay |tel-*(Head) 

By Theorem [41, Theorem2] we get the following Caffarelli-Kohn-Nirenberg type 

lo
 

L4(Br) 
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inequality: 

¢ R\*, 
|x| (109%) f 

, 6 

< (54) u(Bp)  \P71 

Vie 
5 1-6 

x 
x 

|x| 
? 

£1(Br) 

lo Cal 
LP(Br) 

which is (4.5.11). 
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Chapter 5 

Conclusions and future work 

The Hardy inequality has numerous applications in the analysis of linear and 

nonlinear partial differential equations. However, the situation with cylindrical 
versions of functional inequalities changes the form of differential equations. 

It is worthy to mention that importance of cylindrical extensions of the classical 
Hardy inequalities due to applications in partial differential equations arising in 
astrophysics. First, in this direction Badiale and Tarantello [19] obtained analogue 
of the Hardy inequality and used it in investigating cylindrical solution to a model 

describing the dynamics of galaxies. We also refer to (20], [21], [42] and [43] for 
cylindrical versions of Hardy, Hardy-Sobolev and Hardy-Rellich inequalities. 

In this thesis, we obtained sharp remainder formulae for the cylindrical Hardy 
inequalities, namely cylindrical Hardy identities. For more general p we obtained 
cylindrical L? Hardy inequalities for complex-valued functions f € Co°(R"\{2' = 
0}). As an application of the cylindrica] Hardy inequality, we established Heisenberg- 

Paul-Weyl type uncertainty principle. Moreover, for real-valued functions f € 

C§-(R"\{2' = 0}) we established L? Hardy identities. The thesis also contains L? 
and L? identities involving logarithmic functions on the ball B(0, R) with a radius 

R>0. 

Furthermore, we discussed more gencral cylindrical Caffarelli-Kohn-Nirenberg 

inequalities with an explicit constant and remainder terms. In particular cases, 

these inequalities imply new functional incqualitics, which are not covered by the 
classical Caffarelli-Kohn-Nirenberg inequalities. 

In addition, we established LZ? inequalities, L? and L? identities on Folland 
and Stein’s stratified Lie groups. Also, we obtained L? and L? identitics with 
logarithmic functions on homogeneous Lie groups. Namely, on stratified Lie groups 
we obtained horizontal versions of the results, while on general homogeneous Lie 
groups we discussed them for the radial derivative operator with any homogeneous 
quasi-norm. 

One possible future directions can be to investigate cylindrical extensions of 
other classical functional inequalities. Another possible direction is to study op- 
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t 

timality of the constants in cylindrical functional inequalities. Finally, it would 

be also interesting to apply these results in studying cylindrical solution of partial 
differential equations. 
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