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Abstract

In this thesis we discuss sharp remainder formulae for the cylindrical extensions
of the improved Hardy inequalities. For more general p we obtain cylindrical
improved LP-Hardy identities for all real-valued functions f € C§e(R™\{2' = 0}),
while in L? case we have them for any complex-valued function f € CP(R™"\{z' =
0}). Moreover, we show cylindrical LP-Hardy inequalities for all complex-valued
functions f € C§°(R™*\{z' = 0}). As applications, we establish Heisenberg-Paul-
Weyl type uncertainty principles and Caffarelli-Kohn-Nirenberg type inequalities.
In particular cases, these inequalities imply new functional inequalities, which are
not covered by the classical Caffarelli-Kohn-Nirenberg inequalities. Furthermore,
the thesis contains L? and L? identities with logarithmic type functions on the
quasi-ball B(0, R) with R > 0. In addition, we also discuss the results in the
setting of homogeneous Lie groups.
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Anpaarna

Byn Tesucre 6i3 kakcapThuiran XapAy TEHCI3AIKTCPiHIH UMJIMHAPIIIK KCHEol
YIIH KQJIABIKTAPABIH HAKTHI (hOpMYJIaaphiH TaJKbIIaiMbI3. 2KaJlIbl p YIOiH XKaK-
capThliraH UNWINHAPAIK LP-Xapay TeHAiriH 6apsiblK HaKThl MaHII (YHKLHUsIAp
ywin f € CP(R™\{z' = 0}), an L? karnaitbinga KoMIvleke MaHAI byHKuusIap
[ € C(R*\{z' = 0}) ywin anambr3. CoHbIMeH KaTap, KOMIUIEKC MOHAI (ByHK-
uusnap f € CP(R™\{z' = 0}) ywin uwmnpuipaik LP-Xapuu Tencizairin kepceTe-
Mi3. Anpinran Tenaikrepain Koaganpicol pertinge leiizentepr-Ilos-Beiin Tuni 6es1-
ricizyik npunuunin >xkexe Kaddapeu-Kou-Hupenbepr ruirri Texcizuikrepai ana-
MbI3. Epekine >xkarpafinapaa, 6ya Tencisaikrep Kaddapennu-Kon-Hupenbeprrii,
KJIACCHKAJIBbIK, TCHCI3AIKTEPIMCH KaMTBIJIMAFaH »KaHa (PYHKIHOHAJIALIK TCHCI3IK-
repai 6epeni. ConbiMen Kartap, Te3ucTe paguycsl R > 0 6onarein B(0, R) kBa3u-
wapaa dpyHKUusAIaps! Jorapudm Typinge Gepinren L? xxone LP TeHIikTepi Kop-
ceriired. OHBIMEH Koca, 6i3 aJiblHFaH HoTHKejlepAi cTparuduKauusaanrad Jlu
TONTAPBIHIA TAJIKbIIAAMBI3.



AHHOTaIINA

B nannom Teance Mbl obcyX<aaeM ToYHbIe (hOpMYJIbI OCTATKOB AJIsi IMJIHHADH-
YECKHX PacLIMpPeHMH yJy4llleHHbIX HepaBeHCTB Xapau. [nsi Gosee obuiero p Mol
nosy4aeM LUWJIMHIAPHUECKHe ynyJuleHHbie LP ToxxaecTBa Xapau AJ1s Bcex JeHCTBH-
TenbHo3Haunelx ynkuuit f € Cg°(R™\{z' = 0}), B To Bpems Kax B ciyuae L2
MBI HX MOJIyuaeM JjIA KoMIuleKcHosHaunbix ¢yukuuu f € CP(R™\{z' = 0}).
Boulee Toro, mMbl 110Ka3biBaeM LuIMHAPHIECKHe HepasedcTsa LP Xapuu s BCex
kommiiekcuosnadupix gynkuuu f € CP(R"\{z' = 0}). B kauecTse npumenemus
Mbl yCTaHaBJIMBACM IIPUHLKI HeolpeleseHHocTH Tuna [eitzcnbepra-ITayins-Beitis
1 nepasencTBa thuna Kaddapennn-Kona-Hupenbepra. B wacrnbix cnyuasx st
HCpPaBCHCTBa MOAPA3yMCBAIOT HOBBIC (DYHKIMOHAJBHBIC HCPABCHCTBA, KOTOPHIC HC
OXBaTBIBAIOTCA KjaccuiecKkumu HepaBencTBaMu Kaddapennu-Kouna-Hupenbepra.
Kpowme Toro, Tesuc comepxkur toxxaectsa L2 u LP ¢ dyuxuuamu norapudmide-
ckoro Tuna Ha kxBasuiape B(0, R) ¢ paguycom R > 0. Kpome Toro, Mbl Takxe
obcy>xjaeM pe3yJabTaThl Ha ONHOPOAHBIX rpynmax Jlu.
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Chapter 1

Background and motivations

1.1 Introduction
Consider the following Hardy incquality:
f

|z|

/4
S =——IVflprgnyn 22,1 <p<n, (1.1.1)
Lp(Ru) n_p

where f € C§°(R"), |z|g = \/z? + 23+ ... + 22 is the Euclidean norm on R",
V is the usual gradient in R™ and the constant ;‘j; is best-possible. The one-
dimensional version of the classical Hardy inequality (1.1.1) for p = 2 was obtained
in [1). The LP version of the inequality goes back to [2]. The multidimensional
version of the Hardy inequality (1.1.1) was shown by J. Leray in [3].

The Hardy incquality has great applications in studying partial differential
equations. There are many well-known examples. Let us discuss a few of them. If
we consider the following second order partial differential equations

0 Juf*
Uy - Au = /\l |2 N
Ut

then existence of a solution depends.on a relation between the constant A and the
sharp constant - from the Hardy inequality, see, e.g., [4] and [5].

Furt-hermore, we shall include the uncertainty principle, which was introduced
in connection with the study of quantum mechanics in [6], as one of the inequality’s
many uses. On the Euclidean space R™ the uncertainty principle says that

(Z“Q_z)z(wlf( Izd"c) (/ le[*|f (<) Izdx) (/ |Vf(x)|2da:) (L1.2)

where u € CG°(R™). Such type of the uncertainty principle is called Heisenberg-
Paul-Weyl type uncertainty principle in the literature. This uncertainty inequality



can be derived easily from the L?-Hardy and Schwartz inequality as follows

(452 [ wra= (252) [ s e
< (%) ([ v@pioraz)” ([ L)’

< ([ @Pipa) ([ wi@ras),
which is (1.1.2).

The Hardy inequality (1.1.1) has been analysed in many settings (see, for ex-
ample, 7], [8] [9], [10], [11], [12], [13], [14], [15], [16], [17], [18]).

One of the main aims of the thesis is inspired by the work of Badiale-Tarantello
[19], namely by the following extended Hardy inequality: Let z = (z',z") € R* x
R"~*. Badiale and Tarantello proved that for 2 < k < n and 1 < p < k there
exists a constant C,, x, such that

[

(RIS

1
7’|

f < Crk ol V fllLe(wny, (1.1.3)

LP(R")

where V is the full gradient on R* and |2'|, is the Euclidean norm on R¥. Clearly,
for £k = n (e.g. [3]) this gives the classical Hardy inequality with the best constant

p

Cnp = .

m T

It was conjectured by Badiale and Tarantello that the best constant in (1.1.3) is
given by N

in {19], then it was proved in (20]. Moreover, new simple proof was obtained in
[21]).

In [19] Badiale and Tarantello mentioned importance of such cylindrical exten-
sions of the classical functional inequalities in investigating well-posedness of the
partial differential equations arised in astrophysics. As an example, they demonstrat-
ed an application of the extended Hardy inequality (1.1.3) in studying existence
and non-existence of cylindrical solutions for the following nonlinear elliptic prob-
lem in R3:

—Au(z) = ¢(r)|ulP~2u in R?,

u(z) >0 in R?

Jrs #(r)wP~ldz < +00
with p > 1. For z = (z1,25,23) € R, we write r = \/22+ 22,2 = x3 and
u = u(r, z) which is cylindrically symmetric function. The weight function ¢ is a

non-negative continuous function, depending only on r. This equation has been
proposed as a model describing the dynamics of galaxics.
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In this direction, in particular we obtain a sharp remainder formula for the ex-
tended L2-Hardy inequality (1.1.3) for complex-valued functions f € C§°(R™*\{z' =

0})

(5%)

2

f

||

Z - Vk . z
||k

L2 (|Ru ) L2 ([Rn )
T Vk k-2

2’1« 2|z |,

2
f . (1.1.4)

L2(]Rn)

where | - | is the Euclidean norm on R*.

If we drop the last term in the right-hand side of (1.1.4) then we get a refined
version of (1.1.3) when p = 2:

CoOlE

|2
where in the last line we have used the Schwartz inequality.

2

z' - Vi
||

2
f

L2 (Rn)

< IVeflIEe@ny < IV fllZ2gn),
(1.1.5)

2R

Morcover, when & = n taking into account

v Vif  x-Vf _ df
|z’|x lz|lz  dl|z|g’

we derive from (1.1.4) the Hardy identity for all f € C°(R™\{z’ = 0}) with the
radial derivative operator
L2(th) l

ol
2 |zle
which implics the following improved version of the classical Hardy inequality
n—2\?| f df
2

lz| £ dlz|g
We also discuss L? versions of the _above identities for all real-valued functions
f € CP(R™\{z' = 0}). In particular, on R¥ x R"*"* we have
x' - Vk _

f P ( p )P
LP(R™) B k— p |x,|k LP(R")

|='[
f P $"Vk)
I , —
”/n”(wn F—p o

where 1 < p < 0o and

2

df
djz|g

df +n—2
dl’ltlE 2|:II|E

,  (1.1.6)
Lﬁ(mn)

Lz(mn)

2

<NV fllZ2gny- (1.1.7)

L2 (Rn) - LZ(Rn)

f p_ T Vi |t
W Eop o | (18

L(hg) = ~1/|w+ £)glP-2de.

3



By dropping the last term in the right-hand side of (1.1.8) implies the inequality

f 14 <( P )P
@ry  \k—p

|z']&
for every real-valued function f € CP(R™\{z’ = 0}), where 1 < p < oo. Then, as
above using Schwartz’s inequality on the right-hand side of (1.1.9) yields the L?
version of the discussion (1.1.5)

f p ( P )P i
= < {7 ) IVefliL g
|2/ | @) k—p | 1% (R™)

14

' - Vi
|2/|x

(1.1.9)

LP(R")

for all real-valued functions f € Cg°(R™\{a' = 0}).

Actually, we also give a proof of the inequality (1.1.9) for complex-valued func-
tions f € C°(R™\{z' = 0}) in Chapter 4.

As an application, we extend the classical Caffarelli-Kohn-Nirenberg type inequal-
ities.

Let us begin by recalling the classical Caffarelli-Kohn-Nirenberg inequality from
[22):

Theorem 1. Letn € N and let p, q, 7, a, b, d, § € R such that p,q > 1, r > 0,
0<6<1, and

1 1
Lyalbliceg, (1.1.10)
p n g nr n
where ¢ = 6d + (1 — 8)b. Then there exists a positive constant C such that
el ey < CHREIT S oqeny el f My (L.L11)
holds for all f € C$°(R™), if and only if the following conditions hold:
1 1 -1 1 b
—+5=5<—+a )+(1—6)(—+—), (1.1.12)
r o on P n g n
a—d>0 if 6>0, (1.1.13)
a—d<1 if 650 and 24S=21p02t (1.1.14)
T n p n

Many well-known inequalities such as Hardy-Sobolev inequalities, Sobolev in-
equalities, Gagliardo-Nirenberg inequalities, Nash inequalities are particular cases
of the Caffarelli-Kohn-Nirenberg inequalities. Nowadays, there are many works
concerning various versions of the Caffarelli-KKohn-Nirenberg type inequalities and
applications, see e.g. {23, 24, 25, 26, 27] and the recent paper [28].

In order to compare with Theorem 1 let us state here our Caffarelli-Kohn-



Nirenberg inequality on R* x R™*,

)
. 2
It Mo < (75

- Vk
|71

. Vk k-2
+
AT

2
f

L2(R")

||| '|Lf||“m,,) (1.1.15)
(

L2(R™)

When k = n if we drop the last term on the right-hand side of (1.1.15), then our
result gives the following improvement of the classical Caffarelli-Kohn-Nirenberg
inequality for all complex-valued functions f € C§°(R"*\{0}):

. 2 \’|z-v |°
et o < (525) |52t Mot
" ol 2y (1.1.16)
2
< (n ) Ilvf||L2(R" ||$| f”Lq(Ru) )

where in the last line we have used the Schwartz inequality.

In the special case ¢ = r =2, b = —n/2, ¢ = —§ — n(1 — §)/2 the 1nequahty
(3.4.4) takes the form

1-46
f 2 f
—FenH < I| Fl3agny —5 (1.1.17)
Zle * |l pamm |z |l L2 @n)

Since we have 1/2 + b/n = 0 here, we observe that the condition (1.1.10) is not
satisfied, then the inequality (1.1.17)\ is not covered by the classical Caffarelli-
Kohn-Nirenberg inequality, Theorem 1.

Also, taking into account when k =n

o Vif _z-Vf df
|2’ Izl dlz|g’

we derive from (1.1.15) the Caffarelli-Kohn-Nirenberg type inequality for all complex-
valued functions f € C°(R™\{z' = 0}) with the radial derivative operator

2 \?
y: r(R" < Y
M|zl irmny < (n _ 2)
X 4
dlz|p
Furthermore, Caffarelli-Kohn-Nirenberg type inequalities with remainder terms

and explicit constants are obtained for the horizontal gradient on stratified Lie
groups. Stratified Lie groups are an important class of nilpotent Lie groups, which

o n-2 | R
- + = x a e (11,18
dlle 2Ix|Ef Lﬂ(]R"):l ”l IE‘f“L'l(lR )

L2(Rn)

5



was investigated thoroughly by Folland [29]. There are many different, equivalent
definitions of a stratified Lie group (see, for example, [30], [31], [32] or [33]). Also,
in Section 2.1 we briefly recall the main concepts of stratified Lie groups.

Moreover, the thesis contains Hardy identities with logarithmic type functions
on the quasi-ball B(0,R) C G.

For every complex-valued functions f € C3°(B(0, R)\{0})

2
f

e,
ol (too %) “

Br |x|? (logﬁ)
2

+ 2Ry f| dz, (1.1.19)

4 “R|-'E|f“i'-’(3n) B | —2AQ-2)

L%(BR)
- / B
Br ||| (logﬁ)
where Q@ > 2,1 <p < Q.

For more general p we obtain the following identity for all real-valued functions

f € C(B(0, R)\{0}):

p P v f
—— ) \Rietfll sy — |—F7
(p-—l) ” |=| ”L (Br) 2] (1091%)

4

L?(BR)

Q-p | fI? L f p
(50 [, e =n [ b o) P10
Rn lq;'P (logm) R I’L‘ Ogl-z-l>

2

P
+ ——Raf| de, (1.1.20)
|z (log,%) p-1

s f

X

where @ > p,1<p< Q.

In Chapter 2 we briefly recall all the necessary notions. L2-Hardy type identities
for complex-valued functions f € CP(R*\{z' = 0}) on R* x R*~*, on stratified
Lie groups and their applications are presented in Chapter 3. For more general
p cylindrical LP-Hardy inequality for complex-valued functions f € Co(R™\{z' =
0}) is showed in Chapter 4. Also, in Chapter (4) we establish LP-Hardy identities
for all real-valued functions f € C(R"\{z’ = 0}). In Chapter 3 and Chapter 4
L? and LP identities with logarithmic type functions on homogeneous Lie groups
are studied, respectively.

Results of this thesis partly were announced in the works [34], [35] and [36].



Chapter 2

Preliminaries

In this section we briefly recall the necessary notations and definitions con-
cerning the setting of homogeneous Lie groups following the books [31], [32] and
[33]. Also, a few other facts needed for our analysis will be discussed.

2.1 Stratified Lie groups

In this subsection we discuss a popular subclass of the homogeneous Lie groups
- stratified (or a homogeneous Carnot group) Lie groups, where a homogeneous
second-order sub-Laplacian £ can be defined.

Definition 1. A Lie group G = (R",+) is called stratified if it satisfies the con-
ditions:

o For some natural numbers N + Ny + -« + N, = n, that is N = Ny, the
decomposition R* = RN x - - - x RN is valid, and for every X > 0 the dilation
0x : R™ = R™ given by

Sa(x) = 6y (m',m(z), . ,:r(")) = (', A%2®, , ATz

is an automorphism of the group G. Here z’' = 21 € RN and z*) € R for
k=2,...,r. '

e Let N be as in above and let Xy, ..., Xy be the left invariant vector fields on
G such that Xi(0) = a—d';|0 fork=1,...,N. Then
rank (Lie {X1,..., Xn}) = n,

for every x € R", i.e. the iterated commutators of X1,...,Xn span the Lie

algebra of G.
Thus, the triple G = (R, +,6,) is a stratified Lie group.

The left invariant vector fields X;, ..., Xy are called the (Jacobian) generators



of G and r is called a step of G. The number

Q=‘:k1vk, Ny =N,

k=1

is called the homogeneous dimension of G and dx is the Haar measure on a group
G. The Haar measure on G is the standard Lebesgue measure for R™ (see, e.g.
(32, Proposition 1.6.6)).

We also recall that the left invariant vector fields X; have an explicit form and
satisfy the divergence theorem, see e.g. (32, Section 3.1.5] and [37],

o - . ® 0
— § E -1
Xk = a _;c f lak'm (.‘B’,...,:L‘ ) (2.11)

(O
=2 m= axsn)

We will also need the following notations:
VH = (Xl,.. . ,XN)

for the horizontal gradient,
diVH vi= VH ‘v

for the horizontal divergence, and
o'l = \Jat 4+ 2

for the Euclidean norm on RV,
The explicit representation of the left invariant vector fields X; from (2.1.1)

allows us to establish the identities
N

IVala|"| =2, (2.1.2)

and

N " N -1 .
divy (2= ) = 2= [ X = 3wy 2 X || _N-1v
|| |a:’|27 T

(2.1.3)

for any v € R and |z'| # 0.

2.2 Homogeneous Lie Groups

Now, in this section we recall basic necessary concepts and fix the notations
of general homogencous Lie groups in a very briefly manner.

Let us consider a family of dilations of a Lie algebra g, which is a family of



lincar mappings of the following lorm

Dy = ExplAlnY) = 3 1 n(01AY,

k=0

where A is a diagonalisable linear operator on the Lie algebra g with positive
eigenvalues, and each D) is a morphism of g, that is, a linear mapping from g to
itself satisfying:

VX,Y € g, ) > 0,[DaX, DyY] = Dy X, Y],

where [X,Y] := XY — Y X is the Lie bracket. Then, a homogeneous Lie group
is a connected simply connected Lie group whose Lie algebra is equipped with
dilations. It induces the dilation structure on the homogeneous Lie group G which
we denote by Dy, or just by Az.

Let dz be the Haar measure on G and let |:S| denote the volume of a measurable
set S C G. Then we have

|DA(S)| = A9|S| and / f(Az)dz = /\'Q/ f(z)dr,
G G
where @ is the homogeneous dimension of G :

Q=TrA

Definition 2. A homogeneous quasi-norm on G is a continuous non-negative func-
tion
G oz~ |z] €[0,00)

satisfying the following properties
o |7} = |z| for all z € G,
o |Az| = \z| for allz € G and A > 0,
o |z| =0 i and only if z = 0.

The following polar decomposition on homogeneous Lie groups will be very
useful for our analysis: there is a (unique) positive Borel measure o on the unit
sphere

G:={zeG:|z|=1}

such that for all f € L'(G) we have

[ sexz= [7 [ rpre-aaar

We use the notation

Rof = @)

- (2.2.1)



Let |- | be a homogeneous quasi-norm on G. Then the quasi-ball centred at z € G
with radius R > 0 is defined by

B(z,R):=yeG: |z 'y < R

The following Lemma 1 from 38, Lemma 1.1] and Lemma 2 from [13, Lemma 1.1.]
play important roles in obtaining Hardy's identitics.

Lemma 1. Let X be a scalar product space with scalar product (-,-). Let ¢ > 0.
Then the following statements are equivalent:

o The equality
lull* = —2¢ Re(u, v) (2.2.2)

holds for all u,v € X.

o The equality
lhull® = 42 loll* = [lw + 2¢v]|? (2.2.3)

holds for all u,v € X.

Lemma 2. Let (Q, 1) be a measure space. Let 1 < p < oo and let LP(Q, u) be the
Banach space of p-th integrable real-valued functions on Q with norm denoted by
| - ll,. Then for any u,v € LP(Q, ) the following statements are equivalent:

o u and v satisfy

fally = | ul~2uvds
Q
e u and v satisfy
Fully = ollg = | (1P + (= DIul? = plulP~uv) dis
e u and v satisfy

lull? = o] - p / I (w,0) [ - vfdp,

where

. 1
I(hg) = (p—1) / (Eh + (1 — £)glP2¢de.

Proposition 1. Let p € R satisfy p > 1. Then I,, has the integral representation

L(hg) = (p— 1) / leh + (1 — €)glP2ede.

10



Chapter 3

L-improved Hardy identities
with remainder terms

In this chapter we discuss the cylindrical improved L2-Hardy inequalities
(1.1.3) with remainder terms. Actually, sharp remainder formulae for the cylindri-
cal improved L2-Hardy inequalitics arc obtained. Moreover, hypoelliptic extension
of these results are discussed on stratified Lie groups. Also, we present L2-Hardy
type identitics involving logarithmic functions on the quasi-ball B(0, R) with a
radius R > 0 on homogeneous Lie groups. As applications, we establish extended
Caffarelli-Kohn-Nirenberg type inequalities with remainder terms.

For the LP cxtcnsions of these results with some additional assumptions, we
refer to the next Chapter 4.

3.1 L?-identity on RF x R*~*

Theorem 2. Let z = (2/,2") € R*xR** and k > 2. Then for all complez-valued
functions f € C§°(R™\{z' = 0}), we have

()

2 2

f

||

;L" . Vk
|2/«

L2(R")

L'Z(Rn)
.’E' . Vk k-2 2

.I.
EIREETEN

f

, (3.1.1)
L3(Rn)

where | - | is the Euclidean norm on R*.

Remark 1. By dropping the last term on the right-hand side of (3.1.1), we obtain
the following inequality for all complex-valued functions f € C(R*\{z' = 0}):

(e

||
Here, using Schwartz’s inequality on the right-hand side of (3.1.2), we obtain the

2 2

x' - Vi
|/

(3.1.2)

L2@®n) L2(Rn) ’

11



2

following Hardy inequality:
S

k—2\2
2 |k

for all complez-valued functions f € CP(R™\{z' = 0}) yielding an improvement
of Badiale-Tarantello’s extended Hardy inequality (1.1.3).

< NIVifl2egey < IV FIZ2 ey
LZ(R“)

Remark 2. When k = n taking into account

z-Vif z-Vf  df
|2’ |zl dlz]|e’

we derive from (3.1.1) the Hardy identity for all complez-valued functions f €
Cs°(R™\{0}) with the radial derivative operator

n—2\?|| f df
(=)

2|2 dlz|e
which was recently obtained by Ruzhansky and Suragan in [39].

2 2
d, -2

.L + n__f

dlz|le  2|z|g

L2(R")

, (3.1.3)

L2(Rn) L2(Rn)

Remark 3. If we drop the last term on the right-hand side of (3.1.3) it implies
the following improved version of the classical Hardy inequality:

(n;2)2 f df

|zle dlz|e
where in the last line we have used Schwartz inequality.

2 2

< IV, (314)

L2R") L2(R")

Proof of Theorem 2. Since the case k = 2 is trivial, it is sufficient to prove
the case k > 2. N

By using the identity (2.1.3) and the divergence theorem omne calculates

If(.’L‘)lz — 1 2 1 ( 1)
/ﬂ;u [z’ dz k-2 Jgn |f (@)} divi |,|2 dz. (3.1.5)

Using the integration by parts, we ha.ve

Je ‘f.ff%“ " z/ e s (g )

5 Re / f(z )’”I Zz"f (3.1.6)
___2 Re f(a:)x' ka

k — 2 R® ICL‘ 'k |$'|k

Introducing the notations
1

C= —

-2



and . f(z)

ek

and
T - Vk

T

f

v

formula (3.1.6) can be rewritten as

/ |f(x)|2d.l, _ _2cRe<U, 'U)a

|='[%

which is (2.2.2). Then by Lemma 1 it is equivalent to the identity

2
/ |f ()| dr = 4|v)|* = ||lu + 2¢v||?
R

- |23
_( 2 )2 x’-ka2 f 2 a:’-ka2
k—2 12l " pagny 2~ k=2 |2’k L2®Rn)
that is,
(k—2)2 f? N A7 P k—2f2
2 lelk L2(R") |~T,|k L2(R") '-Tllk 2|$'|k L?(Rn)‘

which is Hardy’s identity (3.1.1).

The proof of Theorem 2 is completed.

3.2 L*-identity on stratified Lie groups

In this section we adopt all the notation introduced in Chapter 2. We extend
the L2-Hardy identity from the previous section to stratified Lie groups.

Theorem 3. Let G be o stratified Lie group with N being the dimension of the first
stratum. We denote by x' the variables from the first stratum of G. Let N > 2.
Then for all complez-valued functions f € CZ(G\{z' = 0}), we have

(55

2 2

f

' Vy
|='|

||

L2(G) L2(G)

- -Vy . N-2 |?

EIRA T

. (3.2.1)
L%(G)

where | - | is the Euclidean norm on RN,

Remark 4. By dropping the last term of (3.2.1), we obtain the following inequal-

13



ily:
2

f

.’II’ . VH
|='|

3.2.2
el 22

f

L*(G)

(N - 2)2
2 L2(G)

for all complez-valued functions f € C(G\{z' = 0}). The inequality (3.2.2) was
obtained in [21] and with more general weights in [40]. So, our identity (3.2.1)
gives a sharp remainder formula for their horizontal Hardy inequalities.

Remark 5. In the Abelian case G = (R*,+), we have N = n, Vg = V =
(Ozys -y Oz,) and | - | being the Euclidean norm on R*, so (3.2.1) implies the fol-
lowing L? Hardy identity:

n—2\2
2
which is (3.1.3).
Remark 6. By dropping the last term on the right-hand side of (3.2.3) we get

) 1
2 |z|

yielding the classical Hardy inequality, where in the last line we have used the
Schwartz inequality.

2

z-V n—2
|lz| £ 2|z|g

z-V
lz|

f 2
|z|£ f

L2(Rn)

. (3.2.3)

L%(R") L*(R")

|z|e

< IV 122 (3.2.4)
L2(Rn)

LAR")

Proof of Theorem 3. We may assume that N > 2 since for N = 2 the
identity (3.2.1) is trivial. By using the identity

) @' N -~
divy (WP) = P (3.2.5)
N
and the divergence theorem one calculates
|f(~17)|2 / 2
Rarr dx = N—3 | f(z)|? divy T /|2 . (3.2.6)

Using the integration by parts we have

|f(@)? 1- . '
T dz = N—Q/ |f(z)|? divy (I—-7|-2-) dz

x VHf
=—-———R /f — (3.2.7)
_ f(@)a - Vuf
N 5 Re s o ] dz.
Setting the notations
1
N3

14



and

_ i@
||
and
- Vy
v= —f
]
formula (3.2.6) can be presented as
|/ (@)1

dz = —2¢Re(u, v).,

J

which is (2.2.2). By virtue of Lemma 1 it means that

|22

|f (z)|? 21112 2
A de = 4c*|jv]l® = Jlu + 2¢v]|
_( 2 )2 - Vy 2 S + 2 a'-Vyu 2
that is,
N -2 2 f 2 ZL‘I'VH 2 .’E"VH N -2 2
AL i P =
L2(G) | iz || |2/ "2

which implies Hardy’s identity (3.2.1).
The proof of Theorem 3 is finished.

3.3 Logarithmic Hardy identity on the quasi-ball
B(0, R)

In this section, we present L2-Hardy identity of logarithmic type on the quasi-
ball B(0, R) in the setting of a homogeneous Lie group G.

Theorem 4. Let G be a homogeneous Lie group of homogeneous dimension Q
and let | - | be any homogeneous quasi-norm on G. Let Q > 2,1 < p < Q and
B(0,R) C G be the quasi-ball with radius R > 0. Then for all complez-valued
functions f € C°(B(0, R)\{0}) we have

2
f Filk
RS ey oy IR Y My o
L2(B(0,R)) i$| (logﬁ) GO B(U,R) |:B|2 (logﬁ)

T2

/ +2R|1.|f dz, (3.3.1)

/B(o.m 2] (log,;"l)

15



where Ry is the radial derivative defined by (2.2.1).
Proof of Theorem 4. Note that

rQ-2 (Q —2)r@-3 rQ-3
Rr = )
(iog?) logZ " (logB)’

then introducing polar coordinates (r,y) = (|:c|, I—;'l) € (0,00) x p on G, where the
quasi-sphere p, we have

_U@P [ [ P
‘/’3(°rﬁ)|x|2(logﬁ)2x /0/@ (log!})z o(y)dr

* rQ-2 — 2)pQ-3
-, /(R (log_a> -8 )|f<ry)|2da<y>dr.

Then the integrating by parts implies that

f@E
/B(O,R) |z|2 (log'%)zda:

® r@-2 — 2)pQ-3
=/0 /G (R' ([Ogﬂ) -8 lo?g ) |f(ry)Pdo (y)dr

oo ' Q-2 0 Q-3
= e [ [ 10T pantir-@-2 [ [ TriseyPaster

log

F(@) R f |f ()|
= —9R S dr—(Q -2 — 7 _dz. (3.3.2
e,/B(o,m |.’L‘| (logFRI) \‘T (Q )L(O.R) Ix'z (lo-qrf-l) T ( )

Applying the notations
ui=u(r) = -2R,f

and

f(=)
|| (109]%)

v:=uv(z) =

formula (3.3.2) can be rewritten as

2
/ |v|%dz = Re/ vadz — (Q — 2)/ ——'fl——dr (3.3.3)
B(0,R) BOR) BO.R) |z)2 (logﬁ)

By Lemma 2 and Proposition 1 for all LP-integrable real-valued functions v and v

16



for p=2 we

2 —
lellZ2s0.m)) = 00 Z2(m00,7)) + 2/ (lv]* — Reva) dz
B(,R)

= / (Jul® + |v|* — 2RevT) dz
B(0,R)

b? Lv]? - vu
= 2/ L2 —— |y —uffdr = 2/ v — u|*dz,
B(0,It) v -y B(0O,R)

Combining this with (3.3.3) one obtains

2

S
2| (log %)

2
4Rz 22 - -2 2 / —If—l_-d
1Rzt f | 250,51 “ @-2) B(O.R) |z|2 (logﬁ) :

2

+ 2Ry f| dz. (3.3.4)

L2(B(0,R))

- / I
B(O,R) | |z| (logi%)

The proof of Theorem 4 is finished.

3.4 Applications

In this section we establish Caffarelli-Kohn-Nirenberg type inequalities and
their proofs. The proof is relying on Hardy identities and Holder’s inequality.

3.4.1 Caffarelli-Kohn-Nirenberg type inequalities on R x
R"—k ‘

Theorem 5. Let z = (¢/,2") e R* xR *, 2 < k<n,1<g<o0,0<r< oo,
with2+¢ 27,6 €[0,1] N[5, 2] and b,c € R. Assume that

or  (1=4&)r _

3+h—1
and

c=-—040(1-9).

Then for all complez-valued functions f € C(R™\{z' = 0}), we have

k—-2\° .
(T) |“$’|kf||u(mu) <

|

2 2

T Vk k-2
|21 2|z’

' Vi
|z &

L2(Rn)

]
2
! )] 218 ey - (8:4.1)

L2(Rn

17



Remark 7. By dropping the non-negative term from (3.4.1), we get the following
inequality:
.’I:' . Vk

k-2\° ..
(552) MR < |2

Jor all complez-valued functions f € CE(R™\{«' = 0}).
Using Schwartz’s inequality on the right hand side of (3.4.2), we get

5
f

L2(R")

2 oy €23 (3:42)

k-2
( ) "Ix |kf”Lr(Rn) = ”ka”[ﬂ(an) ”IxIILf”Lq(Rn (343)

for all complez-valued functions f € C(R™\{z' = 0}). Note that the inequality
(3.4.3), hence (3.4.1), can be thought as an cylindrical extension of the Caffarelli-
Kohn-Nirenberg inequalities (1.1.11).

Remark 8. When k = n if we drop the last term on the right-hand side of (3.4.1),
then our result gives the following improvement of the classical Caffarelli-Kohn-
Nirenberg inequality for all complez-valued functions f € C°(R™\{0}):

el 7 gy

n-—
(%52) Mot o < 227
LZ(R") (3.44)
< ||Vf||L2(R") |||x| f“u(uzn)’

where in the last line we have used the Schwartz inequality. Compared to the
classical Caffarelli-Kohn-Nirenberg inequality (1.1.11), our version (3.4.4) is with
an explicit constant, and actually the general case of our result (3.4.1) is obtained
with remainder terms.

N
Proof of Theorem 5. Case § = 0. In this case, we have ¢ = r and b = ¢ by
52_r + gl;q‘s)f =1 and ¢ = ~6 + b(1 — §), respectively. Then, the inequality (3.4.1)
becomes the trivial estimate

I”‘Lllif”[f (Rm) = ”I‘L’ka”Lq(]Rn :

Case § = 1. Notice that in this case, » = 2 and ¢ = ~1. It means that

1

/{:--2 . 2 2

(552) e/t M < [ f J ,
L2(Rn)

which is the inequality (3.1.1) that we already have proved in the prevnous Section
3.1.

z' - Vk
|z«

T Vk k-2
| |x 2|z,

L2(R")

Case § € (0,1) N [=2,2]. Taking into account ¢ = —6 + b(l - §), a direct

18



calculation gives

1 :
Y @ @I
ey = ([ 1O ) =(W o e %)

Since we have § € (0,1)N [f—;—'l, f] and 2+ ¢ < r, then by using Holder’s inequality
for%+@=1,wcgc‘c

s a9
Il < ( [ a0 ([ L2y
kJNILT(RR) = Ix'l[kl RY |.'L”'|;2bq
é 1-6
_f_ N i ,
|/« L2(R") I"‘:Ill:b L4(R™)

By Theorem 2 we get the following Caffarelli-Kohn-Nirenberg type inequality:

k—2\°
(552) Meeslinen <
(a2 N A k—2f2 M'Iﬂl
IJ;IIk L'I(Rn) |"L,|k 2|J:I|k L2(£Qn LQ(R‘) '

yielding (3.4.1).
The proof of Theorem 5 is finished.

3.4.2 Caffarelli-Kohn-Nirenberg type inequalities on strat-
ified Lie groups \
Theorem 6. Let G be a stmtiﬁed Lie group with N > 2 being the dimension of

the first stratum. We denote by ' the variables from the first stratum of G. Let
1<g<oo,0<7r<oowith2+q2>randde(0,1]N[=22] and bc € R.

Assume that ‘5’ + =9 qa)r =1andc= -0+ b(1 —4§). Then for all complez-valued

functions f € C’°°(G\{x = 0}) we have the following Caffarelli-Kohn-Nirenberg
type inequalities:

N-2
( ) N Fl e <

d

Remark 9. By dropping the last term on the right-hand side of (3.4.5) we get the

' Vy N -2

T VH
FIRT

||

6
] I "'fnL.,m (345

L*(G)
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following inequality:

N-2\°
(552) Wit <

for all complez-valued functions f € CP(G\{2' = 0}).

Remark 10. In the Abelian case G = (R",+), we have N = n,Vy =V =
(Bzys- .-, 0z,), so (3.4.5) implies the Caffurelli-Kohn-Nirenberg type inequalily on
R*. Letl<gq<oowith2+q>randd € [0,1]N [=2,2] and b,c € R. Assume
that % + %E =1and c= -0+ b(1—46). Then by dropping a non-negative term
and applying the Schwarz inequality we obtain

-V s 1-§
] 1 2

lzlzf @)
s
2 )6 eV, -V, n=2| s fl[1-8
: | * ol e
(TL -2 [ |$|E L2(R") leE 2|x|E L2(R™) ” E ||L4(R )
2 ’ z-V ? b 1-6
< T ]
(%) |5 o 1218 zeqary

9 s 1-6
< (5725) 19 s ol

(3.4.6)
for all complex-valued functions f € C(R"\{0}), where |z|p = /22 + ... + 22

is the usual Buclidean norm on R™. In the special case ¢ = r = 2, b = —n/2,
c= -0 —n(l —6)/2 the inequality (3.4.6) takes the form

é 1-6
n-2 / . s |
( D) ) &+ng21—az < Ilvfl|L2(Rn) 3 (3.4.7)
|$ E L2(R®) TlE L2(Rn)

Since we have 1/2 + b/n = 0 here, we observe that the condition (1.1.10) is not
satisfied, then the inequality (3.4.7) is not covered by the classical Caffarelli-Kohn-

Nirenberg inequality, Theorem 1. We also refer to [40, Theorem 4.1] for a similar
type results on stratified Lie groups.

Proof of Theorem 6. Case § = 0. In this case, we have ¢ = r and b = ¢ by
T+ Q'qﬁ =1 and ¢ = —§ + b(1 — §), respectively. Then, the inequality (3.4.5)
becomes the trivial estimate

i|'$'|cf||Lr(c) < “|$’|bf”z,v(c)'

Case § = 1. Notice that in this case, r = 2 and ¢ = —1. It meﬁns that

1

N-2 . 2 2

(552 1l < / ] |
L%(G)

x"VH 2

=

:L’I-VH \ N-=-2
I

L*(@)
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which is (3.2.1) from the previous Section 3.2.

Case § € (0,1) N [=¢,2]. Taking into account ¢ = —4 + b(1 — §), a direct
calculation gives

o (1=-6)r \*
I ey = ([ israr) = ([ L @R )"

Since we have & € (0,1) N [=4, -72] and 2+ ¢ < r, then by using Holder’s inequality
for%+§1—'qé)—'=1, we get

U@E N ([ @
21°fll - gy < ( G"Fi%z—dx) ( | (’c_b|q dl’)

¢ ||

(1-4) 1-6
q

f

j'|

L]

||

Lz(G) L1(G)

By Theorem 4 we get the following Caffarclli-Kohn-Nirenberg type inequality:

N-2\° .
(%52) 1 e

Vg Vg N-=2 |
S I II / f + 2 Vi f "I ’lbf”Lq(G) ]
T L%(G) |='| |='| L2(G)

which is (3.4.5).
The proof of Theorem 6 is finished.
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Chapter 4

LP-improved Hardy identities
with remainder terms

Here we discuss LP extensions of the identities from Chapter 3 for all real-
valued functions f € C§°(R"*\{z’ = 0}). However, as functional inequalities we also
obtain L? versions of the incqualities from the previous chapter for any complex-
valued function f € C§°(R™\{z’' = 0}). As consequences, we derive the Heisenberg-
Paul-Weyl type uncertainty principle and L"-LP-L? Caffarclli-Kohn-Nirenberg type
inequalities.

4.1 [I”? inequality on Rf x R"*

Theorem 7. Let z = (z',z2") € R* x R"* and 1 < p < 0o and k > p. Then for
all complez-valued functions f € C°(R™\{z' = 0}), we have
N

(ﬂ) / z' - Vi
p

S o , (4.1.1)
where | - | is the Buclidean norm on R¥,

LP(R")

|’ x LP@®R™)

Proof of Theorem 7. We may assume that k > p since for k = p the inequality
(4.1.1) is trivial. By using the identity (2.1.3) and the divergence theorem one
calculates

F@P, _ 1 @
/" I d.L-—k_p - |f ()P divy W dz.
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Integrating by parts implies that

e ¥
e P ‘_/ @) divi (W) d

T )—2’17"ka
LR | @l

p | [ U@F
< - Vi fld
<[5 [ e e
o] [ M,
[ W e e e

By the Holder inequality, it follows that

@), 1<|_p__’< If(x)l"dx); ( o’ kav'dz)%,
k—p R»

e 2P re |77 |='|?

which implies (4.1.1).

4.2 [P identity on R* x R*~*

Theorem 8. Let z = (2/,2") € R* x R** with 1 <p < 0o and k > p. Then for
all real-valued functions f € C°(R™\{z' = 0}), we have

(k_p)P f p _ l,i.kap
p Ix,,k Lp(R?) lx/lk LP(R")

k—P)p/ ( J p =V ) f p = Vil

—_— I, y dr, (4.2.1
”( p ) S "\ TE=p Tel ) W TR g d| 4 42D

where

1
L(h ) = (p—1) /0 €k + (1 — £)gPP~2€de.

Remark 11. By dropping the last term of (4.2.1), we obtain the Jollowing in-
equality for all real-valued functions f € C*(R™\{z' = 0}):

Gl
P E4

Here, using the Schwartz inequality on the right hand side of (4.2.2), we obtain
the following Hardy inequality:

el

for all veal-valued functions f € C(R™\{z' = 0}).

P a:’-Vk

|2/

(4.2.2)

LPRn) Lp(®n)

f
< ”kal Lp(an

Lr(R")
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Proof of Theorem 8. By using the identity (2.1.3) and the divergence theorem

one calculates
NP o
/ @ o L [ @) dive (-i—) dz

|/} k—p Jgn ||}
p 42T Vi f
=——— [ fIfP 2 ——dz.
k—p Jre |2

For every real-valued function f € C°(R"\{z’ = 0}) it becomes

|f(z)l" p flfP2 2’ - Vi f
—dr = — . dz.
/!R" |7'[% k=pJre |7k |:c’|,? (423)

Using notations

p = -Vi
u=u(zr) = ———
@) =—5= p 2k d
and s
V= U(IIJ) = T:L"T
formula (4.2.3) can be presented as
lolle ny = /R" [vP~2vud. (4.2.4)

By Lemma 2 for all LP-integrable real-valued functions u and v we have

el gy = [0y = P / I (v, w) v — uf? de,

where .
(o) = (1) [ len+ (1 - e)gPede.
That is,
i P Pl S|P
I_x—'ﬂ; LP(R™) - (k - P) E4P LP(R™)

fop 2V |
=T T E=p 7 fl de.

' f p -V
p/" G (Ix’lk’ k—p |2/l d
The identity (4.2.1) is proved.

The proof of Theorem 8 is completed.

4.3 [* identity on stratified Lie groups

In this section we establish LP-Hardy identity in the setting of stratified Lie groups
G.
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Theorem 9. Let G be a stratified Lie group with N being the dimension of the
first stratum. Let N > p and 1 < p < co. We denote by x' the variables from the
first stratum of G. Then for all real-valued functions f € CP(G\{z' = 0}), we

have
(M) A A7 -
p '] L*(G) |'| Lr(G)

N—p)"/ (f . m'-vH)
R L, ——t "
”( v ) S\ TN e

where

P P

f p 2 -Vy |
Tl t v ST Brl dz, (4.3.1)

1
L(hg) = (p—1) /0 ek + (1 — €)gP2¢de.

Remark 12. By dropping the last term on the right-hand side of (4.3.1), we obtain
the following inequality for all real-valued functions f € CP(G\{z' = 0}):

(52 2

I2/]
Remark 13. In the Abelian case G = (R",+), we have N = n, Vg = V =
(Ozyy -1 0z,), so (4.3.1) implies the following LP-Hardy identity:

() [l -
p |lz| e LP(R™) LP(R")

p o
n—p f P x-V)
n-—p I -
p( p ) /n ”<|.7:|E n—P\lxlEf

for all real-valued functions f € C*(R*\{0}).
Remark 14. By dropping the last term on the right-hand side of (4.3.3) we get

(5% |
p |zl e
for all real-valued functions f € C°(R™*\{0}).
Proof of Theorem 9. By using the identity (2.1.3) we get

Lf(z)? 1 / . ) i
dy = p _—
o [l T Wop @I diva (Ix’l"> &

P p

l‘/ . VH

7 (4.3.2)

f

LP@G) LP(G) .

p 4

z-V

|$|E

f p z-V |
et e @ (439)

p P

z-V
lxlEf

LP(R™)

S IV F Il zogny (4.3.4)
LP(R")
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Theorem 9. Let G be a stratified Lie group with N being the dimension of the
first stratum. Let N > p and 1 < p < co. We denote by z' the variables from the
first stratum of G. Then for all real-valued functions f € CP(G\{z' = 0}), we
have

(N—p)"
p Ll'(G) L(G)
N-p "/ / p_@-Va NS, p a-Vy |
|- —-—-t-_ -7 —  —————f| dz, (4.3.1
”( v ) G”(lx'l N 1o ) el W= e | 4 (43D

where

4

:L‘ VH
e

e

[z']

1
I(hg) = (0 - 1) /0 €k + (1 — £)gP?¢de.

Remark 12. By dropping the last term on the right-hand side of (4.3.1), we obtain
the following inequality for all real-valued functions f € C°(G\{z' = 0}):

(j\l_p)l’ _f—l’ 2 - Vy (432)
p |='| LP(@G) |z'| LP(G) o

Remark 13. In the Abelian case G = (R™,+), we have N = n, Vy = V =
(Ozy1 -y Oz, ), 50 (4.3.1) implies the following LP- -Hardy identity:
f z-V

() Il -
p |z|& LP(R™) |z LP(R"™)

n—p ”/ (f P z-V)
- ¥ I -
p( P ) "’ |z|5 n—P|$C|Ef
N

for all real-valued functions f € C°(R™\{0}).

P

f p x-V

2
e n=pals /| > (439

Remark 14. By dropping the last term on the right-hand side of (4.3.3) we get

BV L ey
= <NV ANz @ny 43,
( p |z| £ LP(R™) leEf LP(Rn)_II f'”Lp(R) (4.3.4)

for all real-valued functions f € CP(R™\{0}).
Proof of Theorem 9. By using the identity (2.1.3) we get

'ﬁi’]l"ﬁ = L @P divy (, ,,)dx
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Integrating by parts

| ”;i“ly dz = /|f 2)|P divyg (l 'I") dz

= p2® - Vuf an
/ flfl | Ilp

For all real-valued functions f € C§°(G\{z’ = 0}) it becomes

f@P, P fIfIP? &' -V f
B dz = N-pJ)s o] |m’|f’ dz (4.3.5)
Using notations
P ' Vg
u(z
=ulm) = -p |z NE
and f
vi=v(z) = m
formula (4.3.5) can be rewritten as
ol = /G o[~ 2vuds. (4.3.6)
By Lemma 2 for all L”-integrable real-valued functions u and v we have
i) = Wiy = # [ I (wru) o =,
where N
Lihg) = (=1) [ leh+ (1 - )gbede
0
Summing up all above we arrive at
F\F ( p )p z - Vy
|| L?(G) N-p | Lr(G)
f __» @V ) [, p &-Vg |
L2 - J_
» [ (v s N T |

which gives (4.3.1).
The proof of Theorem 9 is finished.
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4.4 Logarithmic Hardy identity on the quasi-ball
B(0, R)

In this section, we present L”-Hardy identity of logarithmic type on the quasi-
ball B(0, R) in the setting of a homogeneous Lie group G.

Theorem 10. Let G be a homogencous Lie group of homogeneous dimension Q
and let | - | be any homogeneous quasi-norm on G. Let 1 < p < Q and B(0,R) C
G be a quasi-ball with radius R > 0. Then for all real-valued functions f €
C$(B(0, R)\{0}) we have

p

) |
=) Wins(o,my)
Q- P) / ISP / f p
_p(——— _d:B:p [; y Rxf
P=1/JB0R) |gfp (109%)” : Bo.R) |\ 2] (logﬁ) p—1"

2

/ dz, (4.4.1)

L _P
| (log%) p-1
where Ry, is the radial derivative defined by (2.2.1).
Proof of Theorem 10. Note that

r@-p (Q - p)rQ—l-l’ r@-r-1
" (<—) B

X Rz f

then introducing polar coordinates (r,y) = (l;];l: I_:_I) € (0,00) x p on G, where the
quasi-sphere p, we have

|f(@)|P v = |f (ry) |p7Q 1- p )
-/B(O R) |z|P (logl | e loe Y / / (log®) do(y)dr

ro-r (Q—p)rQ-1-r ,
/ ‘/ ( ( Iog p l) - (log,—’?)p'1 ) |f(ry)|Pdo(y)dr
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Then the integrating by parts implies that

)P Q-1-p
/ / I.f ry ‘ ;)p dO'(J)df'

r@-n B Q - p)rQ—l—p ot
/ / ( ( (logB)" 1) (logg)p-l >lf( y)|Pdo(y)d

P * . peadf(ry) 9P
[ el S e da e

(Q P) / / e At (ry) Pdo (v)dr

N f@ @R/, (@) f@P
p—1 /13(0 R |z|p-1 (loq )?’ 1 p—1 /B(u R) || (log-l’zil)p_l
(4.4.2)

Applying notations

= = —__I)_

f

2| (tog2)

and
vi=v(z) =

formula (4.4.2) can be rewritten as

_ P
/ lv|Pdz = / lv|P~2vudz ~ @-p p/ /()] ——dz. (4.4.3)
B(0,R) B(0,R) p—1 /o) |z|P (log%)

By Lemma 2.2.3 and Proposition 1 for all L?-integrable real-valued functions u
and v we have

lellZe 0.y = N0 (m(0,1)) +P/ (|v|P = |v]P~2vu)dz
B(0,R)

= [ G+ (o= Dl ~ plop~rou)de
B(O,R)

[ S B~ P R
=P v—-u x=p/ v, u)|v — u|*dr,
B(0,R) IU - ul2 B(0,R) PR |

28



where .
Lhg) = (1) / l€h + (1 — £)gPP-2€de.

Combining this with (4.4.3) we arrive at

p
» P
4 ”'R p f Q-p | f|
— 1 x| ”Lr(B(o Ry~ P p-1 dz
p—l) ' ( _li) P=1/Jsonm) | ( ﬁ)
d log"" L?(B(0,R)) @R [ lo‘qlwl

/ p
= 77/ 1 y= Rz f
BO.R) <|x| (lOngl-zl) p—1

The equality (4.4.1) is proved.

2
dz.

p
_ 1R|1}f

|| (logﬁ) i
(4.4.4)

4.5 Applications

Here, in this section we give applications of the cylindrical improved Hardy
identities and inequalities from the previous sections in Heisenberg-Paul-Weyl type
uncertainty principle and Caffarelli-Kohn-Nirenberg type inequalitics.

4.5.1 Heisenberg-Paul-Weyl type uncertainty principle

As a by-product of (4.1.1), we obtain the Heisenberg-Paul-Weyl type uncertainty
principle.

Corollary 1. Letz = (2/,z") e R x R*™*, 2 <k <n,1<pg<oo. Letl<
p<kand ,l,+% = 1. Then for all complez-valued functions f € C(R™\{z' = 0})
we have

(.

Proof of Corollary 1. From the inequality (4.1.1) we get

P 1 1 1 1
» , q k — p P q
(f w) ([ W) 2222 ([ i) ([ 1aisias)
n n p re |2} R

k —
> 222 [ 12,
p mn

T Vk
[

P\ -
f dx) ( |x’|"|f|”dx) 2%»2 |f|%dz. (4.5.1)
. Rn

]Rﬂ

:IZ’ . Vk
||«

f

where we have used Holder’s inequality in the last line. This shows (4.5.1).
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4.5.2 Caffarelli-Kohn-Nirenberg type inequalities on R¥ x
Rn—k

Now we discuss the cylindrical Caffarelli-Kohn-Nirenberg type incquality. The
proof is relying on Hardy identities and the Holder inequality.

Theorem 11. Let z = (z',2") e RE xR**, 2 <k <n, k>p, 1<p,gqg< oo,
0<r<oo, withp+g=>r,6€[0,1]N [r—:'l, Zf] and b,c € R. Assume that
) 1-0)r
or  (1=d)
p q

=1

and
c=—0+b(1-14).

Then for all real-valued functions f € C§°(R™*\{2' = 0}), we have
7' Vi

k-p ¥ k—p\*
( p ) Il Ny < |21 L(IR)_p(T
Tl P(RN
J p -V f p z-Vi
I, , —
x/n '(If&"lk k—p |2/ d *

[zl k—p |2k
Remark 15. By dropping the last term on the right-hand side of (4.5.2), we obtain

k—p
( - ) Nl ey <

N
for all real-valued functions f € CP(R*\{z' = 0}). Then, using the Schwartz
inequality on the right-hand side of (4.5.3), we obtain

f

2 15
f dx] [[EL9]

(4.5.2)

T - ka s
e

([ (4.5.3)
Lr(Rn)

k'—p d c
(—p—) 21 f Nl e gmy < NVRF o ny [l ’kaIIL.,(R,.)

for all real-valued functions f € Cg°(R™\{z’ = 0}).

Proof of Theorem 11. Case § = 0. In this case, we have ¢ = r and b = ¢ by

61- + 89" _ 1 and ¢ = —6 + b(1 - 9), respectively. Then, the inequality (4.5.2)
leduces to the trivial estimate

M2 [& Nl gy < ”lx,'zf”u(!ll")'
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Case § = 1. Notice that in this case, p = 7 and ¢ = —1. We have the inequalify

14 P
’ p k -p
215 sy < ( ) f —p(——)
LT(R™) k—p Lr (™) P

f Y4 ‘TI * vk f Y4 ‘T, * vk
] —
x/" P (|$'|k' k—p |2k f)

|2l k—p |7k
which is the inequality (4.2.1) that we alrcady have proved in the previous Scction
4.2.
Let us prove the case § € (0,1) N [=2, 2]. Taking into account ¢ = —§ + b(1 — §),
a direct calculation gives

et ([ e < ([ L@ @\
5 oy = ([ W) —( L )

Since we have § € (0,1)N [T—:ﬂ, f] and p+ ¢ < r, then by using Hélder’s inequality
for % + Il_q—‘s)r = 1, we obtain

z' - Vk
/[

2 15
f d:v} . (4.5.4)

1-6
fx)lP f(@)} !
I”"I’J zf”Lr(Ru) S (/ I (I 3,' d.’L‘ I f—)blq .7:
R"® I.’L' |k R |7 I
; s ; 16 (4.5.5)
el rmey (|11 || oy
By Theorem 8 we obtain
~
) 1) P P
p T’ Vi k— p)
"efllorrmy < | T -pl| —
”IZ' ka"L (R") (k _ P) [ 'xllk f L") p ( P

/ 4P z' Vi
|zl k—p |2

I
r
f d"l?] ” ,lkf”Lq(Rn)

f _p -V )
<o (s
The proof of Theorem 11 is completed.

4.5.3 Caffarelli-Kohn-Nirenberg type inequalities on strat-
ified Lie groups

Theorem 12. Let G be a stratified Lie group and let N > p. Let 1 < p,q < oo,

0<r<oowithp+qg<randd € [0,1]N[=2L,2] and b,c € R. Assume that

6r + =9 ")r =1andc= =0+ 0b(1 ~4). Then for all real-valued functions f €

C°° G\{.’L = 0}) we have the following Caffarelli-Kohn-Nirenbery type inequalities
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with remainder terms:

]
S (- w e i v Sr] w eeni,
(4.5.6)
Remark 16. By dropping the non-negative term from (4.5.6), we obtain
(%ﬂ)dillw’l“fllmm < iI;Y,—”—f ip(@) r, s

for all real-valued functions f € CP(G\{z' = 0}).

Proof of Theorem 12. Case § = 0. In this casc, we have ¢ = 7 and b = ¢ hy
5;’- + (I—_qﬁ =1 and ¢ = —§ + b(1 — §), respectively. Then, the inequality (4.5.6) is
reduces the trivial estimate

12'1°f gy < N 1PF || oy -

Case d = 1. Notice that in this casc, p =7 and ¢ = —1. We have the inequality

N_p> / P N—p P
— ) ll='1°fllpre) < —-p|—
( p L@ L?(G) p

f p -V )
* /G b (|x'|' N-p Ja !

which is the inequality (4.3.1) that we already have proved in the previous Section

4.3.
Case d € (0,1)N [T—:—‘l, lrf] . Taking into account ¢ = —J+b(1—4), a direct calculation

gives

’ 1 1
et porrgs) - ([ L@ @0\
0 = ([ Wrrae) = ([ ML V@)

Since we have § € (0,1)N [=4, 2] and p+¢ < r, then by using Hélder’s inequality

III’-VH

||

f

f p 2 -Vy
& T N=p JoT !

2 P
dx] , (4.5.8)
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= 1, we obtain

e <([155) ()

S (1-d)r
for ’—f + —

s 1- (4.5.9)

f o

I:):'l Lp(@) I’U | L9(G)

By Theorem 9 we obtain
é ’ P P
. P z'-Vy N-p
et (22) I, - (252
” ”L (G) N -« '1I| (@) P

S P T Va
@] " N—p 7

] A,

f p 2-Vy
"/G"’(lx'l’ N-p 17| f)

4.5.4 Caffarelli-Kohn-Nirenberg type inequality on the ball
Bp

Let us recall the following Theorem 13 from [41, Theorem 2|, which will be used
in our proof:

Theorem 13. Let 1 < p < N. Then the following inequality
— p P
(p 1) / |f] . ,,de/
p Bg |z|p (log m) Bp

P
holds for any f € Wy™ (Br). And the constant (E—;—l-) is optimal and is not
attained. Furthermore the following improved Hardy inequality

— p P
(p—l) / M 5d2 + dnp(f) S/
p By |z|? (log ﬁ) By ‘
holds for any f € Wy* (Bg), where

-1\ M
onalf) = (N = 1) (”T) A e %)dr

Theorem 14. Let By be the ball with radius R > 1 and let 1 < p < N, then the

p

e (4.5.10)

v A
_r

p

Vil de

||
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following inequality holds for all real-valued functions f € C§°(Br\{0}):

R [+ p 6
2l (zog—) A < (—)
| | L(Br) NP1

z
||

A\ (4.5.11)

o, RY
|| (loglxl) f

Proof of Theorem 14. Case 6 = 0. In this case, we have ¢ = r and b = c by
%’ + Q_—q&_y =1 and ¢ = —d + b(1 — §), respectively. Then, the inequality (4.5.11)
becomes the trivial estimate
R\’
ol (10077 ) 1
||

c R\°
|| (logl“z'l) f

Case § = 1. Notice that in this case, 7 = p and ¢ = —1. It means that

1) = G 75
z|Vlog— | f <|{—){vf =
= ( g'xl L7(BRr) p—1 / ||

which was proved by Sano in [41].

Case 6 € (0,1) N [=2,2]. Taking into account ¢ = —4 + b(1 — §), a direct

calculation gives
1
1) .~ (L7 (i) s
z|{log— | f = z|“ {log— | |f(x)|"dz
= ( g|33| L"(BRr) BRI | |z| 17(=)]
S v

_ / IfE)l |f ()| 09"
- ér br(1-6)
Br |5|or (logﬁ—l) |zp|br1=9) (logl_}:l)

L"(BR) L'I(BR)

<
L7(Br)

La(Bgr)

Lr(BR)

dz

Since we have § € (0,1)N ['—:‘1, E] and p+¢ < r, then by using Holder’s inequality
for%+ﬂ#=1,weget '

R\°, z)|P ’ q
|z|¢ (logm) f < / _ME—'ﬁd@' / |.f ()| -da
oo b (™) o g

5 1-4

Y S R
o1 (1098) [ g5,y |11 (102)

By Theorem [41, Theorem2] we get the following Caffarelli-Kohn-Nirenberg type

o

L4(Bp)
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inequality:

¢ R\,
|z| (109'_—1:0 f

) )
<(55)
By  \P—1

Vi

5 1-6

z

X
|

*

La(Bg)

2 (log%)bf

Lr(Bg)

which is (4.5.11).
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Chapter 5

Conclusions and future work

The Hardy inequality has numerous applications in the analysis of linear and
nonlinear partial differential equations. However, the situation with cylindrical
versions of functional inequalities changes the form of differential equations.

It is worthy to mention that importance of cylindrical extensions of the classical
Hardy inequalities due to applications in partial differential equations arising in
astrophysics. First, in this direction Badiale and Tarantello [19] obtained analogue
of the Hardy inequality and used it in investigating cylindrical solution to a model
describing the dynamics of galaxies. We also refer to [20], [21], [42] and [43] for
cylindrical versions of Hardy, Hardy-Sobolev and Hardy-Rellich inequalities.

In this thesis, we obtained sharp remainder formulae for the cylindrical Hardy
inequalities, namely cylindrical Hardy identities. For more general p we obtained
cylindrical L? Hardy inequalities for complex-valued functions f € C°(R™\{z' =
0}). As an application of the cylindrica] Hardy inequality, we established Heisenberg-
Paul-Weyl type uncertainty principle. Moreover, for real-valued functions f €
C°(R™\{z’' = 0}) we established L? Hardy identitics. The thesis also contains L2
and L? identities involving logarithmic functions on the ball B(0, R) with a radius

R>0.

Furthermore, we discussed more gencral cylindrical Caffarelli-Kohn-Nircnberg
inequalities with an explicit constant and remainder terms. In particular cases,
these inequalities imply new functional inequalities, which are not covered by the
classical Caffarelli-Kohn-Nirenberg inequalities.

In addition, we established LP inequalities, L? and L” identities on Folland
and Stein’s stratified Lic groups. Also, we obtained L? and L” identitics with
logarithmic functions on homogeneous Lie groups. Namely, on stratified Lie groups
we obtained horizontal versions of the results, while on general homogeneous Lie
groups we discussed them for the radial derivative operator with any homogeneous
quasi-norm.

One possible future directions can be to investigate cylindrical extensions of
other classical functional inequalities. Another possible direction is to study op-
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timality of the constants in cylindrical functional inequalities. Finally, it would
be also interesting to apply these results in studying cylindrical solution of partial
differential equations.
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