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ABSTRACT

This research investigated how the Think—Pair—Share method combined with
Structured Problem Solving (TPS-SPS) impacted students' academic performance and
their attitudes about Discrete Mathematics. The study used a quasi-experimental pre-
test/posttest non-equivalent control group design with second- and third- year
mathematics pedagogy students at a private university located in the Almaty region of
Kazakhstan (N = 164 for achievement; N = 72 for attitude). The participants of the study
attended the same lectures, yet their practice sessions differed because experimental
groups completed TPS—SPS activities during a three-week Counting and Probability unit
while control groups followed traditional individual-work instruction. Academic
achievement was measured using a researcher-developed open-ended test (o = 0.809), and
attitudes were assessed using an adapted Attitudes Toward Mathematics Inventory (o =
0.909). ANCOVA results showed a statistically significant effect for the 2nd-year cohort,
with the experimental group producing higher adjusted post-test scores. The 3rd-year
cohort did not show a statistically significant effect; however, both cohorts displayed
similar improvement patterns, with experimental groups showing higher gains. No
significant between-group differences were found in overall attitude for either cohort, yet
the 2nd-year experimental group demonstrated a significant within-group improvement in
self-confidence. The results suggest that TPS-SPS is an effective method for enhancing
Discrete Mathematics achievement, while short-term interventions produce limited
attitudinal change.

Keywords: Think—Pair—Share; Structured Problem Solving; peer learning;

Discrete Mathematics; academic achievement; attitude



AHJIATIIA
by 3eprrey Think—Pair—Share oxicin Kypeuteimubik ecerr memymer (TPS—SPS)

OIpIKTIPYIIH CTYIAEHTTEPIH «JIMCKpETTI MaTemMaTrKay MoHi OOMBIHIINA YITEPIMIHE XKOHE
MIOHTE JITeH Ke3KapachlHa ocepiH 3eprTrefl. 3eprreyie AamaThl  OOJIBICHIHAAFBI
KEKEMEHIIIIK YHUBEPCUTETTIH MaTeMaTHKa IeIarorukachl MaMaH[bIFbIHAA OKUTHIH 2
XKoHe 3-1I1 KypC CTYACHTTEPl KaThICKAaH KBa3HUAKCIIEPUMEHTTIK IPe-TeCT/TIOCT-TECT
AKBUBAJICHTTI eMec Oakplaay TOOBI oficl KOJIAHBUIALI (yarepim OoiibiHIIa N = 164;
Ke3Kkapac OoibiHma N = 72). Karbicymsuiap Oiplieit gopicTepre KaTbICThl, anaiiia
IPAKTUKAIBIK cabakTap OpTYpdl YHBIMIACTBIPBULABI: AKCIIEPUMEHTTIK TOMTAp YIII
antanelk «KoMOmHaTopuka >koHE BIKTUMAJABIK» TaKbIpbIObl OofibiHIIa TPS—SPS
TaNChIpMaJIapBbIH OPBIHAABI, a1 0aKblIay TONTApPhI AICTYPIl JKEKe KYMBIC HYCKayJIapbIH
naiananibl. AKaIeMUSUTBIK YATEPIM 3€PTTEYIIN 931PJIETEH alllblK CYPAKTap bl KAMTUTHIH
TecT apKbutbl enmmeHal (o = 0.809), an monre Ko3Kapac OeiMaenren cayanHama (ATMI)
apkputbl  Oaramanabl (o = 0.909). ANCOVA Hotmkenepi 2-Kype CTYIACHTTEpiHIC
AKCIIEPUMEHTTIK TOITHIH TMOCT-TECT HOTIKeNepl Oakpliay TOOBIHAH CTATUCTUKAIIBIK
TYPFBIIaH MOHJI1 JKOFapbl OOJFaHBIH KOPCETTI, ajl 3-KypcTa MOHJII 9Cep aHBIKTaIMAaJIbl.
JlereHMeH, €Ki KypcTa J1a SKCIIEpUMEHTTIK TONTap KOFaphIpak inrepijiey JMHAMUKAChIH
kepceTTi. XKanmbl ke3kapac OOWbIHIIA €Kl KypcTa Jla TONTAp apachlHa CTaTUCTHKAIBIK
MOH/II allbIpMaIIBLIBIK OaliKanMabl, OipaK 2-Kypc 3KCIEPUMEHTTIK TOOBIH 1A ©31HE JIeTE€H
CEHIMIUTIK OOMBIHINIA TOT NTIHAETI MOHI )akcapy aHbIKTanabl. Hotmwkenep TPS—SPS
oniciHiH JIMCKPETTI MaTeMaTUKa aFrbl aKaIeMUSIIBIK KETICTIKTI apTThIpyFa THIM/1 TICLI
€KEHIH , ajai1a KbICKa MEepP31M/I1 MHTEPBEHITUSIIAP TIOHTE IETEH KO3KAPACThI A TapIIBIKTAI
©3repTIieyl MyMKIH €KEHIH KOPCETTI.

Tytiinoi coszoep: Think—Pair-Share; KypuolibimOvbix ecen wieuty; 03apa OKbimy

a0ici; OUCKpemmi MamemMamuxa, aKaoemusiiblk yieepim, Ko3Kapac



AHHOTALIUA

JlaHHOE HCcClieIoBaHue U3ydalo BiMsHUE Metoaa Think—Pair—Share B couetanuu
CO CTPYKTYpUPOBaHHBIM perenueM 3anad (TPS—-SPS) na akanemMuueckyro ycrieBaeMOCTh
CTYyJICHTOB M UX OTHOIIEHHWE K JHUCKPETHOW MaTemMaTuke. bbul uCMonb30BaH
KBa3MAKCIIEPUMEHTAIIBHBIN JAU3aliH C MPEATECTOM, MOCTTECTOM M HEIKBUBAJIICHTHBIMU
KOHTPOJIbHBIMU TpYIIaMHi. YYacCTHUKaMU CTald CTYJIEHTbl 2-T0 U 3-r0 KypCOB
oOpazoBarenbHON HporpaMMmbl «MaremaTrka» 4acTHOTO YHUBEpPCUTETa AJIMATUHCKON
obnactu Kazaxcrana (N = 164 nis oneHku akajgeMuueckux aoctwkenuit; N = 72 mis
OIICHKM OTHOIIEHUS K MpeaMeTy). Bce ydacTHUKM IMocemnand OJHM M T€ K€ JICKIIUH,
OJTHAKO TIPAKTUYCCKUE 3aHATHUS PA3INYAINCh: SKCIIEPUMEHTAIBLHBIC TPyl BHITIOTHSIITN
TPS-SPS mo pasnmeny «KomOuHatopuka u BEpPOSTHOCTBY», @ KOHTPOJBHBIEC TPYIIIHI
paboTanu WHAWBUAYaJbHO B TPAIUIUMOHHOM (opMmare. AKaJeMUUYECKUE TOCTHKCHUS
OIIEHUBAJIMChH TECTOM C OTKPBIThIMU BoripocamMu (o = 0,809), a OTHOIIEHHE K MaTEMaTUKE
—amanTupoBaHHoM mmikanoi Attitudes Toward Mathematics Inventory (a = 0,909).
Pesynbrater ANCOVA nokasanu CTaTUCTUUECKH 3HAUUMBIN 9(PPEKT A1t CTYJEHTOB 2-TO
Kypca: OKCIEpUMEHTalbHas  Tpylla MOpOJEeMOHCTpUpoBaja  0Oojiee  BBICOKHE
CKOPPEKTUPOBAHHBIE Pe3yIbTaThl MOCTTeCTa. s CTyA€HTOB 3-T0 Kypca CTaTUCTUYECKH
3HAYUMBbIN 3(PPEKT BBISIBICH HE ObLT; OAHAKO 000UX KypcaxX IKCIIEPUMEHTATbHBIE TPYIIIbI
MOKa3aJId OOJIBIIUI MPUPOCT. 3HAYMMBIX PaA3IMUMN MEXAy TpyHnamMud 1o o0meMmy
OTHOIIEHUIO K TIPEeIMETy OOHAPYKEHO HE OBbLIO, HO B AKCIIEPUMEHTAILHON Tpyme 2-To
Kypca ObUIO 3adUKCHPOBAHO 3HAYMMOE TOBBINICHHE YBEPEHHOCTH. IlomydeHHbBIE
pe3yibTaThl CBHUJIETEILCTBYIOT, 4TO [PS—-SPS MokeT mOBBIMIATH yCIEBAEMOCTH IIO
JUCKPETHON MaTeMaThKe, TOTJa KaKk KPaTKOCPOYHBIC MEIarornyecKre BMENIaTeIbCTBA
UMEIOT OTPAaHUYEHHOE BIMSHUE HA U3MEHEHUE CTYICHTOB K MPEIMETY.

Kmouesvie cnosa: Think—Pair-Share; cmpyxmypuposannoe pewenue 3aoau;
83aUMHOe oOyueHue, OUCKPemHAas MameMamura, aKaoemuyeckds Ycnesaemocms,

OmMHOUleHue K npeomemy
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1. INTRODUCTION

1.1 Background and Significance of the Study

The higher education system in Kazakhstan has experienced major changes since
the country gained independence. Through its involvement in the Bologna Process and its
adoption of new educational initiatives Kazakhstan seeks to transform its existing highly
centralized post-Soviet educational system into a versatile system which evaluates student
competencies and meets international educational standards (Tampayeva, 2015;
Yergebekov & Temirbekova, 2012). Researchers show that institutional reform efforts in
practice have been focused on building quality assurance systems, nurturing international
partnerships, reaching accreditation, and revising how education is delivered (Azhibayeva
et al., 2024; Massyrova et al., 2015). In more recent years, Kazakhstan’s National
Development Plan up to 2029 has doubled down on that same trajectory, by plainly
flagging student-centered teaching methods, active learning approaches, and the
formation of critical thinking abilities at every level of higher education (President of the
Republic of Kazakhstan, 2024). Research indicates that actual classroom practice at
Kazakhstani institutions continues to lag behind reform goals despite these policy pledges,
with teacher-centered instruction continuing to be the predominant style of delivery (Tajik
et al., 2025; Tampayeva, 2015).

University mathematics education is a particularly important spot for this reform
agenda. Mathematics builds logical reasoning, and problem-solving skills that students
will need later for their future work. Discrete Mathematics plays a crucial role here,
because it exposes students to logic, combinatorics, probability, graph theory, and also
proof methods, basically ways of thinking that sit under both advanced mathematics, and
computer science. Still, students quite often stumble with the abstract side of the course,
especially with symbolic representation, formal notation, and then proof construction
(Magda & Gardner-McCune, 2025; Nurrahmah et al., 2021). Magda and Gardner-

McCune (2025) also noted that students tend to see proof writing as one of the hardest

1



parts of Discrete Mathematics, mainly because it makes you switch to a different style of
thinking than procedural calculation.

These cognitive challenges get compounded by affective factors. Research carried
out in Kazakhstan suggests that students' self-confidence , along with their motivational
orientation, has a direct influence in their mathematics achievement (Kaymak & Sautkali,
2022). On top of that, mathematics anxiety keeps pushing performance down, while also
lowering engagement, so you get this reinforcing loop that becomes especially harmful
for students who already perceive Discrete Mathematics as difficult (Bjélkebring, 2019;
Tsirimokos et al., 2024) . For students studying mathematics pedagogy, these concerns
are especially important since their own educational experiences will directly influence
how they teach in the future. Students are less likely to implement collaborative and
student-centered teaching strategies in their own classrooms if they receive exclusively
teacher-directed education throughout their time in university.

Peer learning gives a solid, well-evidenced answer to these challenges. It helps
students articulate their thinking, compare solution methods and see where their
understanding is thin, then through that social interaction they gradually construct more
conceptual knowledge. In the meta-analysis by Capar and Tarim (2015), they reported a
medium positive effect of cooperative learning on mathematics achievement, and also a
small positive effect on student attitudes. For the university level, peer learning has been
shown to predict mathematics performance (Prasad Dahal, 2026; Samuel & Sumaila,
2025) . And peer instruction, has produced meaningful achievement gains, especially
inside the Kazakhstani university setting (Serkan Kaymak et al., 2020).

Think-Pair-Share (TPS) is one of the most widely usable peer learning structures in
mathematics instruction, because it mixes individual accountability with organized peer
talk, and also with whole-class sharing (Tanujaya & Mumu, 2019). Ramadhani et al.
(2025) found that mathematics teachers and lecturers generally viewed TPS positively,

since it helps students reach deeper conceptual understanding and also sharpen their



communication skills, additionally it made students more willingly involved during the
lesson. In order to ensure that peer conversations are based on mathematical reasoning
rather than answer-sharing, the current study blends TPS with Structured Problem Solving
(SPS) by forcing students to explain their solution method prior to calculation. The known
shortcomings of each approach separately are addressed by this TPS-SPS integration,
which also establishes circumstances for procedural and conceptual engagement with

Discrete Mathematics subject.

1.2 Research Problem

In Kazakhstan, the majority of university mathematics practice classes are teacher-
centered, with students working on problem sets on their own while the instructor makes
necessary modifications. This framework restricts opportunities for peer discussion, group
reasoning, and comparison of solution strategies—exactly the kinds of activities that
research indicates are most helpful for cultivating the abstract reasoning abilities required
by Discrete Mathematics (Magda & Gardner-McCune, 2025; Nurrahmah et al., 2021).
Negative attitudes toward discrete mathematics can arise when students find the topic
challenging and alienating, thus impairing their performance and engagement (Kaymak
& Sautkali, 2022). The effect of TPS-SPS on university-level Discrete Mathematics
achievement and student attitudes in Kazakhstan has not been investigated, despite
research on peer learning and TPS in mathematics education. This gap is filled in the
current study.

Aim of the study

The aim of this study is to investigate the effect of peer learning on students’
achievement and attitudes in Discrete Mathematics.

Research Questions and Objectives

This study is guided by the following research questions:



RQ1. Is there a statistically significant difference in Discrete Mathematics
achievement between students taught through TPS-SPS peer learning and those taught
through traditional instruction?

RQ2. Do students taught using TPS-SPS peer learning differ statistically
significantly from those taught through traditional education in terms of their overall
attitudes toward discrete mathematics?

RQ3. Do students taught by TPS-SPS peer learning differ statistically significantly
from those taught through traditional education in terms of their motivation, enjoyment,

and self-confidence toward discrete mathematics?

The following objectives of the study are in accordance with these research
questions:

1. To investigate how TPS-SPS peer learning affects students’ achievement in
discrete mathematics.

2. To assess how TPS-SPS peer learning affects students' overall attitudes of
discrete mathematics.

3. To examine the effect of TPS-SPS peer learning on the attitudinal dimensions

of self-confidence, enjoyment, and motivation.

Research Hypotheses
TPS-SPS peer learning has a positive effect on students' academic achievement and

attitudes toward Discrete Mathematics compared to traditional instruction.

Statistical Hypotheses
The following null and alternative hypotheses are formulated to test the research

hypothesis:



Achievement

Hol. There is no statistically significant difference in Discrete Mathematics
achievement between students taught through TPS-SPS peer learning and those taught
through traditional instruction.

H:1l. Students taught through TPS-SPS peer learning demonstrate significantly
higher Discrete Mathematics achievement than students taught through traditional

instruction.

Overall Attitude

Ho2. There is no statistically significant difference in overall attitude toward
Discrete Mathematics between students taught through TPS-SPS peer learning and those
taught through traditional instruction.

H:2. Students taught through TPS-SPS peer learning demonstrate significantly
more positive attitudes toward Discrete Mathematics than students taught through

traditional instruction.

Attitudinal Subscales

Ho3. There are no statistically significant differences in self-confidence, enjoyment,
or motivation between students taught through TPS-SPS peer learning and those taught
through traditional instruction.

H:3. Students taught through TPS-SPS peer learning demonstrate significantly
higher self-confidence, enjoyment, and motivation than students taught through

traditional instruction.

Contribution of the Study

The research makes three contributions to mathematics education. First, it extends
the theoretical knowledge base on peer learning, by using it within university-level
Discrete Mathematics. This subject, with its focus on proof logic, and combinatorial

reasoning, turns out to be a fairly apt setting for seeing how structured student-to-student
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interaction might shape conceptual understanding. Second, it adds empirical evidence
since both achievement and attitude are treated as dependent variables. It also relies on
pre-test/post-test measures with validated instruments (Tapia & Marsh, 2004), so overall
it forms a methodological model that other studies can follow later on. Third, it offers
practical value for Kazakhstani mathematics education, because it shows a structured low-
cost peer learning method that can slot into current practice class timetables without any
curriculum modification. It also gives future mathematics teachers direct experience of a

student-centered pedagogy, while they are still in their own training.



2. LITERATURE REVIEW

Research on mathematics education in higher education has more and more
emphasized the need to step beyond teacher centered instruction toward learning
environments where students actively build, justify and assess mathematical ideas. Within
this wider movement, peer learning has gotten a lot of attention, mostly because it gives
students a chance to state their reasoning, contrast solution routes, gather feedback from
classmates, and gain confidence through common mathematical work. Topping (2005)
defines peer learning as “the acquisition of knowledge and skills through active helping
and support among learners of equal status” (p. 631). This definition is important for the
present study because it distinguishes peer learning from simple group seating or informal
student talk: peer learning requires purposeful academic support among learners who
participate actively in each other’s understanding.

This chapter currently reviews some of the theoretical and empirical literature
related to peer learning in mathematics education, with a special focus on Think—Pair—
Share as it gets integrated with Structured Problem Solving (TPS-SPS). It also looks at
student achievement, student attitude and the learning challenges that associated with
Discrete Mathematics. Instead of considering earlier studies as just isolated findings, the
chapter tries to synthesize their contributions, limitation points, and then shows the gap

that this present study is aiming to address.

2.1 Theoretical Framework

Social Constructivism and the Zone of Proximal Development

Vygotsky's (1978) sociocultural theory serves as the primary theoretical foundation
that most influences peer learning. The framework depends on the Zone of Proximal
Development (ZPD), which defines the distance between independent learner abilities and
their capabilities when working with a more skilled partner. Vygotsky demonstrated that

people first develop advanced thought abilities through social interactions which they later



convert into personal knowledge, so he considered peer interactions to be essential for
cognitive development instead of simply helping the learning process.

The framework of Vygotsky explains that students who work together on proof
construction or logical reasoning will achieve better results than students who work alone,
when their collaborative partner meets their ZPD requirements. The research conducted
by Forman and Cazden (2013) proved that peers function as effective cognitive scaffolds
when the problem exists within this particular zone. Subiantoro et al. (2025) demonstrated
that VVygotskian principles, particularly the Zone of Proximal Development (ZPD) and
scaffolding, can reduce mathematics anxiety when applied in a collaborative mathematics
learning environment. Their findings also suggested that the ZPD functions as both a
cognitive and affective support mechanism.

Piaget’s Constructivism and Cognitive Conflict

Vygotsky's definition of more knowledgeable others receives extension through
Piaget's (1950) constructivism which shows how learners experience socio-cognitive
conflict when they face conflicting viewpoints that disrupt their established cognitive
schemas. Peer interactions at similar social levels create effective conflict situations
because students will not follow their peers as easily as they will follow their teachers;
thus, students must explain their thought processes while protecting their ideas from
examination. Doise and Mugny (1984) showed that students who experienced socio-
cognitive conflict during peer interactions developed their cognitive abilities faster on
tasks which needed them to use formal operational thinking because this development
needed them to build valid logical arguments.

The productive use of cognitive conflict requires particular conditions to be
fulfilled. Students who do not possess basic knowledge need to assess their classmates'
arguments will create a situation where peer interactions lead to mistaken beliefs instead

of actual understanding (Cohen, 1994). The limitation demonstrates that people need to



grasp their own understanding before they can enter group discussions which the THINK
stage of TPS-SPS framework requires.

Social Interdependence Theory

Johnson and Johnson (1989) social interdependence theory give the basic structure
for thinking about why cooperative learning tends to beat competitive and individualistic
setups. What it does is separate goal structures into three parts, positive interdependence,
where people see that their achievement is tied up with other people’s success, negative
interdependence, which is basically competition, and no interdependence, which shows
up with solo or individualized work. The idea is that positive interdependence then
triggers promotive interaction, where learners help, encourage and scaffold each other,
and that then leads to better achievement. It also supports stronger interpersonal ties and
even improved psychological wellbeing compared with the other goal structures. Later,
Johnson and Johnson (2014) also expanded the framework, not only in the classroom but
for how cooperative learning can build wider societal competencies. They argue that the
skills cultivated through well designed cooperation, like constructive controversy,
perspective taking, and collective decision making, aren’t just accidental by products, but
belong right in the educational mission.

Critically, however, Johnson and Johnson (1989; 2014) consistently emphasize that
positive interdependence does not show up automatically just from putting students in
groups. Simply assigning group work, without structural features like individual
accountability, promotive interaction, appropriate social skill development, and group
processing it tends to produce what they call pseudo-cooperation, and those results end up
no better than individual learning. This separation matters methodologically for the
present study because the TPS-SPS framework is built exactly to instantiate those
structures, especially in the PAIR stage — where both partners have to contribute a
prepared strategy — and also in the SHARE stage, which sets up group-level

responsibility for a coherent shared explanation. The control group in this study, by



contrast gives content exposure but without those structural elements. So any differences
we observe should be tied to the cooperative structure itself, rather than to content, or
teacher quality.

Bandura's Social Cognitive Theory and Self-Efficacy

Bandura's (1986) social cognitive theory demonstrates that vicarious learning and
self-efficacy function as two pathways through which students acquire motivation and
confidence from their interactions with peers. Observing a peer successfully solve a
Discrete Mathematics problem — a model perceived as similar to oneself — can enhance
the observer's belief in their own capability. The mechanism achieves its greatest effect
because students consider peer models to be more trustworthy than they view instructor
demonstrations which students think result from expertise. Increased self-efficacy leads
to students achieving greater results (Zimmerman, 2000). Pajares and Graham (1999)
showed that undergraduate students demonstrated higher mathematics self-efficacy
through peer modeling than their previous academic performance showed, which proved

this process operated as a direct mechanism.

2.2 Peer Learning and Mathematics Achievement: Evidence,

Contradictions, and Limitations

Converging Evidence

The body of research evidence which supports peer learning as a method for
teaching mathematics shows considerable strength. Springer, Stanne, and Donovan (1999)
conducted a landmark meta-analysis of 39 studies on small-group learning in
undergraduate STEM education and found a mean effect size of 0.51 on achievement
which showed a moderate positive impact. Alegre et al. (2020) demonstrated at the school
level that peer tutoring delivered major academic benefits in primary and secondary
mathematics education. Turgut and Turgut (2018) conducted a meta-analysis of 47
Turkish studies which showed that students who used cooperative learning methods
achieved mathematics success with an average effect size of 0.840. The research
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conducted by Abdelkarim and Abuiyada (2016) along with Awofala and Lawani (2020)
proved that peer-based learning methods lead to better results in undergraduate
mathematics than traditional teaching methods.

At the regional level, Kaymak et al. (2020) established that peer instruction in the
Kazakhstani context positively impacted university students' accomplishment of
Mathematics Analysis courses— a finding of particular relevance to the present study, as
it suggests the mechanism is not culturally restricted to Western educational contexts,
though it does not address Discrete Mathematics specifically. Similarly, Mena (2020)
conducted research which showed that an eight-week peer teaching program resulted in
better applied mathematics skills for engineering students in Ethiopia, with the
experimental group achieving higher results than the control group. What these studies
collectively show is not just that peer learning works in general, but that its positive effects
keep appear across different institutional and cultural settings, so it supports the idea in a
stronger way for testing it in the Kazakhstani Discrete Mathematics context.

Contradictory Findings and Methodological Limitations

The peer learning research shows both positive results and negative results which
need to be examined through particular important conditions. First, effect sizes show
wide-ranging differences because studies use various contexts to study peer learning
which needs different results. Springer et al. (1999) identified major differences
throughout their research studies which they examined because the authors wanted to
demonstrate that implementation quality serves as the essential factor which determines
success instead of the actual method used. Cohen (1994) presented strong evidence that
unstructured group work leads to minimal educational results while developing student
misconceptions because they lack the ability to assess their peers' statements which
contradicts common beliefs about the value of student-to-student contact.

Second, the advantages of peer learning are distributed unequally among students.

Some studies have found that higher-achieving students in heterogeneous groups show
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smaller gains than they would in homogeneous groups, raising equity concerns (Fuchs et
al., 1998). Moliner et al. (2022) discovered that students who participated in peer tutoring
programs showed different levels of cognitive engagement, while group work showed
more confident students taking control of activities which resulted in other members being
treated as inactive participants.

Third, the majority of peer learning research studies employ basic academic
achievement assessments which include final course grades and end-of-course tests
because these assessments combine multiple elements that assess design and knowledge
assessment and overall course impact. Kinnear, Wood, and Gratwick (2022) noted that
peer learning may confer specific advantages for higher-order skills such as proof and
reasoning, but not for procedural computation, suggesting that the choice of achievement
measure significantly influences findings. Also, most peer learning research studies use
intervention periods which last four to eight weeks as their standard practice. Finally,
Bengesai et al. (2023) found that formal peer learning approaches used in higher education
institutions is often limited by methodological inconsistency, insufficient rigorous
experimental designs, and context-specific evidence, which restricts the broader

generalizability of findings.

2.3 Student Achievement and Difficulty in Discrete Mathematics

The Nature of the Challenge

The undergraduate program contains Discrete Mathematics which serves as a
distinct subject that requires exceptional student effort. Discrete Mathematics gives
students their first introduction to formal logic, combinatorics, proof by induction, graph
theory, and probability because students lack any previous educational experience with
these subjects (Epp, 2003). Moore (1994) explained that students need to master new
mathematical content about proof-based mathematics, but they also need to develop a
different mathematical approach because they must shift from performing calculations

and following patterns to creating arguments and providing formal proof. Tall (1991)
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described this process as a student experience that requires advanced mathematical
understanding which leads to cognitive changes that most students will not comprehend
until they face them.

Research on specific student difficulties in Discrete Mathematics studies multiple
common areas which students find difficult to understand. The research conducted by
Raman (2003) and the research conducted by Selden and Selden (2003) show that
undergraduate students need to learn how to differentiate between formal proof and
informal argument, because they currently face difficulties with conditional and
biconditional statements and with quantifier usage. The research conducted by Magda and
Gardner-McCune (2025) showed that students identified proof writing as the most
challenging part of Discrete Mathematics because it required them to use different
thinking methods than those used for procedural calculation. Puspitasari et al. (2019)
discovered that students in the present study face challenges with counting and probability
because they specifically struggle with probabilistic reasoning and combinatorial
reasoning and understanding variability. Anggara et al. (2018) documented that students
encountered challenges when they tried to build sample spaces and use their basic
knowledge to solve problems.

Instructional Responses

Educators have replied to these challenges with a range of instructional innovations,
and the evidence, though still limited, to hint that active, positive collaborative
approaches, do hold particular promise. Fulton et al. (2022) found that active learning
combined with explicit links to school mathematics, leads to stronger conceptual grasp,
as well as higher student involvement in a Discrete Mathematics course aimed at future
mathematics educators. The study by Malheiros and Haetinger (2024) proved that
curriculum implementation of Python-based exploration led to better academic
performance and lower student attrition rates, while Leron and Dubinsky (1995)

discovered that abstract algebra cooperative learning methods helped students develop a
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better understanding of proof assessments even though their testing results remained
unchanged. Students who worked together in Anthony (1996) research found that their
collaborative work in discrete structures produced better proof results than what
independent study students achieved. Students used peer discussions to develop better
argument skills and to find missing pieces in their logical reasoning.

These studies collectively demonstrate that Discrete Mathematics challenges
students optimal to overcome their difficulties through peer learning methods which
enable them to develop their abstract reasoning and proof construction and symbolic
manipulation skills. The existing evidence base for peer learning in Discrete Mathematics
remains insufficient because existing studies lack consistent methodological standards
which create uncertainty about the success of structured peer learning methods in this

area.

2.4 Think-Pair-Share and Structured Problem Solving: Justifying
the TPS-SPS Integration

Think-Pair-Share: Strengths and Limitations

Think-Pair-Share (TPS), first described by Lyman (1981), structures peer
interaction into three sequential stages: individual thinking, paired discussion, and whole-
class sharing. The three-stage structure of the program supports effective teaching in
several ways. The THINK stage promotes individual accountability and prevents students
from remaining passive during group discussions. The PAIR stage allows students to test
and refine their understanding through interaction with a single peer before sharing their
ideas publicly. The SHARE stage introduces multiple methods of learning into classroom
discussions which helps students build shared knowledge. Tanujaya and Mumu (2019)
describe TPS as a cooperative strategy that integrates individual participation, peer
discussion, and whole-class communication, making it particularly suited to mathematics

classrooms where both procedural and conceptual dimensions need development.
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The empirical evidence shows that TPS creates consistent advantages in student
achievement. Alsmadi et al. (2023) demonstrated through their study that university
engineering mathematics students who used TPS experienced major improvements in
their problem-solving abilities which included better mathematical communication and
justification skills. Ningsih (2019) confirmed that TPS students achieved better results
than the control group in secondary mathematics assessments. Nwankwo et.al (2025)
discovered that TPS students achieved better results than the control group in circle
geometry assessments, while female students experienced slightly greater improvement.
The study by Langprayoon and Ruangsart (2025) proved that TPS together with
cooperative learning methods produced better results for university students in confidence
building and communication development and skillful reflection.

The TPS framework faces a critical organizational flaw because it fails to define
required student activities during the THINK phase except for the single task of 'thinking
about the problem." Research demonstrates that students who receive no structured
thinking guidance will either try to solve problems through calculations without
understanding the solution process or they will not write any reasoning (Ramadhani et al.,
2025). Students who enter the PAIR stage without any meaningful content to discuss will
start to speak about their numerical solution instead of showing their thought process. The
PAIR stage needs cognitive conflict and ZPD-based scaffolding to work because
permanent understanding will not happen without both students understanding their
respective viewpoints.

Structured Problem Solving: Strengths and Limitations

Structured Problem Solving (SPS) is a teaching method which originated from
Japanese mathematics instruction and is known there as structured problem-based
learning (Takahashi, 2006). Students in SPS must first explain their method to solve a
problem before they start their calculations because this process helps them understand

how to approach a problem through its fundamental components instead of following a
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standard procedure. The research by Takahashi (2006) showed that Japanese mathematics
lessons which used this method of individual attempts followed by class comparison
produced superior mathematical reasoning skills than standard teaching methods. Tang et
al. (2025) found that collaborative mathematical work improved students’ problem-
solving abilities. Their study also showed that the individual strategy-articulation phase
of SPS encouraged students to work independently, which helped develop self-confidence
and a sense of competence. The original Japanese version of the solution comparison stage
shows SPS proof that it needs teacher supervision to operate. After students attempt the
problem individually, it is the teacher, not a peer, who orchestrates the comparison of
approaches. Theoretical literature identifies peer learning mechanisms through which SPS
generates student-to-student dialogue and peer scaffolding and emotional advantages of
peer interaction. The individual thinking phase provides strength, but the sharing phase
returns power to the teacher.

The TPS-SPS Integration: Why Both Are Necessary

The rationale for combining TPS with SPS is therefore precise and theoretically
grounded. The TPS framework overcomes the SPS constraint by substituting teacher-
centered solution evaluation with organized student-to-student dialogue and classroom-
wide solution sharing. The THINK stage in TPS requires students to deliver two types of
output: a numeric solution and a complete explanation of their reasoning process.
Together, TPS-SPS ensures that students move from individual thinking to paired
discussion with their own strategies already prepared. This allows partners to compare
different approaches, creating the cognitive conflict and ZPD-based scaffolding that
Piagetian and Vygotskian theories suggest can deepen understanding.

The current study creates a new understanding of existing scholarly research.
Ramadhani et al. (2025) and Safitri et al. (2025) together suggest that a structured THINK-
stage preparation is, in a way the mechanism through which TPS effectiveness is most

reliably improved but neither study really tested it in a university-level Discrete
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Mathematics context, not directly. The present study is, to the researcher’s knowledge the
first to implement and evaluate the combined TPS-SPS model instead of looking at either
part separately, in this particular setting. This counts as both the study’s main theoretical
contribution, and also as a noticeable gap in the existing literature that the current research

Is trying to fill.

2.5 Attitude Toward Mathematics: Dimensions, Evidence, and

Limitations

Definition and Dimensions

Students develop their mathematical attitudes through learning which becomes their
stable tendency to engage with mathematical work. The tripartite model of attitude (Eagly
& Chaiken, 1993) defines the concept through three components which include cognitive
appraisals (beliefs about one's mathematical ability), affective responses (emotional
reactions to mathematics), and behavioral tendencies (effort, persistence, and avoidance).
The complex nature of attitude measurement distinguishes it from basic concepts like
anxiety and interest because it serves as a stronger theoretical framework for predicting
mathematical behavior.

Tapia and Marsh (2004) operationalized attitude as comprising four dimensions—
self-confidence, value, enjoyment, and motivation—all demonstrating strong internal
consistency (overall Cronbach's a = 0.97). The research demonstrates that these
dimensions function as distinct parts of a unified base construct instead of acting as
separate elements. The study by Hwang and Son (2021) used latent profile analysis on the
TIMSS 2019 dataset to identify distinct attitudinal groups which students belong to,
showing that their group membership determined their academic success. Hannula (2002)
provides a theoretical account of this relationship, arguing that students develop their
mathematical study choices and study dedication through their academic expectations and

values, which then leads to their academic success.
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Attitude, Self-Efficacy, and Achievement: A Complex Relationship

Students' learning results in mathematics show a positive connection with their
mathematical attitude yet this connection between attitude and achievement remains
complicated. Ma (1997) demonstrated a reciprocal relationship using structural
modelling: attitude influences achievement, and achievement feeds back to modify
attitude, creating a dynamic cycle. Research showed that students achieve better results
when they enjoy learning activities more than they find them important because
enjoyment drives their performance. Shakya and Maharjan (2023) found that attitude
accounted for approximately 26% of variance in achievement, while Khaiwal and Gupta
(2025) found a significant positive correlation between attitude and achievement with
students holding extremely favorable attitudes achieving markedly higher scores.

The relationship between attitude and achievement requires multiple research
studies to confirm its existence. The researchers found that students' attitude toward
mathematics correlated with their academic performance because the study showed no
significant relationship between these two factors. The researchers discovered that Grade
8 students' attitude towards their studies predicted their academic performance while self-
efficacy demonstrated no separate predictive capacity which other research studies proved
contradicting. The relationship between the two variables shows moderation through
various factors which include the educational level and subject matter and the particular
attitudinal aspects that researchers used for measurement. The study selects self-
confidence, enjoyment and motivation as its three measurement subscales because these
elements show the strongest theoretical connection with peer learning program outcomes
while the study aims to measure complete multidimensional attitude assessment.

Peer Learning and Attitude: Evidence and Mechanisms

Peer learning creates a positive effect on students' attitudes toward mathematics
studies however the impact of this method differs among different studies. Capar and

Tarim (2015) conducted a meta-analysis which showed that cooperative learning had a
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small positive impact on attitude development which proved to be statistically significant,
yet this impact was much weaker compared to achievement results. Siller and Ahmad
(2024) discovered that primary students who participated in collaborative learning
programs experienced both improved academic performance and improved educational
attitude because collaborative learning environments helped students feel less anxious.
Amankwah and Sumaila (2025) showed that attitude development functioned as a partial
mediator between peer-assisted learning and academic success because they showed that
students' attitudes served as a process through which peer learning affected their academic
performance.

Mathematics anxiety functions as a major obstacle to higher education success
because it creates an attitudinal barrier that exists in Discrete Mathematics courses as
students begin their first extended experience with formal proof. Bjilkebring (2019)
discovered that the most successful method to reduce mathematics anxiety in university
students used collaborative environments which allowed for student discussion.
Tsirimokos et al. (2024) established that active peer-assisted learning functions as an
essential part of anxiety treatment. Subiantoro et al. (2025) proved that Vygotskian
collaborative environments decrease mathematics learning anxiety because supportive
peer systems eliminate the emotional obstacles that standard teaching methods create.

Self-efficacy, which exists in close relation to the ATMI self-confidence part,
constitutes an attitudinal result that develops through peer learning. Misajon (2025)
discovered a strong positive link between self-efficacy and attitude toward mathematics
through his study which resulted in an r value of 0.68. Chan et al. (2022) established the
validity of a three-dimensional self-efficacy assessment tool for university students by
demonstrating that course self-efficacy exam, self-efficacy and future self-efficacy
function as separate and distinct constructs. Jaafar and Ayub (2010) discovered that
university students who achieved higher mathematics self-efficacy showed better

academic performance through their research which produced an r=0.311 and a p value
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below 0.05. The research findings establish self-confidence as a core attitudinal variable
for the study because peer learning raises performance through its impact on confidence
levels.

Gaps in the Literature and Conceptual Framework

Identified Gaps

The literature reviewed in this chapter, while substantial, reveals five important
gaps that motivate the present study. First, few rigorous empirical studies investigate
structured peer learning in Discrete Mathematics. Existing evidence relies heavily on
calculus, abstract algebra, and general undergraduate mathematics, and its applicability to
Discrete Mathematics — with its emphasis on proof, logic, and combinatoric reasoning
— cannot be assumed. As Anthony (1996) demonstrated, metacognitive demands differ
across mathematical domains, so findings from procedural or computational settings may
not transfer directly to proof based contexts.

Second, peer learning research is concentrated primarily in North American and
Western European higher education contexts, limiting its applicability to different cultural
environments. The current research investigates Kazakhstan, where students may bring
different educational backgrounds and cultural attitudes toward group learning.

Third, attitudinal outcomes in peer learning studies face studies which fail to
examine them with proper research methods. Many studies rely on post-only self-report
measures without pre-intervention baselines which make it impossible to determine
whether the observed attitudes resulted from the intervention or existed before the study
began. The present study addresses this through a pre-test/post-test design which both
groups will follow.

Fourth, The TPS-SPS integration requires testing in university-level Discrete
Mathematics. The research provides independent literature for both TPS and SPS but has

not examined their combined use which addresses their individual limitations in this field.
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Fifth, no peer learning study has been conducted with mathematics pedagogy
students studying Discrete Mathematics in Kazakhstan, a population of particular
significance because their learning experiences directly shape their future pedagogical

repertoire.

2.6 Conceptual Framework

The study uses TPS-SPS as its independent variable while measuring academic
achievement and student attitudes toward Discrete Mathematics as its dependent
variables. The theoretical mechanisms linking TPS-SPS to these outcomes are threefold.
Vygotsky's ZPD explains achievement gains through peer scaffolding that becomes
possible only when the THINK stage ensures both partners have a position to articulate
before discussion begins — the SPS contribution. The PAIR stage requires SPS-based
strategy articulation, which enables students to compare different solution methods, thus
using Piaget's cognitive conflict theory to achieve deeper conceptual transformation. The
SHARE stage enables students to witness their classmates successfully demonstrating
mathematical reasoning, which causes their attitudes to improve through Bandura's self-
efficacy mechanism.

The control group receives identical lecture content and identical worksheet
problems, but without the TPS-SPS structure: students work individually throughout the
practice session, and the teacher provides clarification as needed. The study design
establishes that all observed differences between groups result from peer learning
structures because content exposure and teacher quality and worksheet difficulty have

been controlled.
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3. METHODOLOGY

3.1 Research Design

The research uses a quasi-experimental design which assesses participants through
pre-tests and post-tests while establishing non-equivalent control groups. The university
timetable allocation system which allows to choose time and classroom group prevented
us from conducting random participant assignment to study conditions, so we needed to
select this design approach. The most suitable research method for these situations allows
researchers to compare their test groups and control groups through systematic evaluation
which fails to meet random assignment requirements (Creswell & Creswell, 2018).
Educational research uses quasi-experimental designs as established methods because
researchers need to maintain current institutional frameworks, and they can enhance study
validity through pre-test matching and statistical methods to address initial study group
differences (Cohen et al., 2018).

The study consisted of two experimental and two control groups at the second-year
level, together with two experimental and two control groups at the third-year level. All
groups study Discrete Mathematics at the same university in Kazakhstan while using the
same textbook (Epp, 2020) and they take assessments based on identical learning
outcomes. The experimental groups 2E and 3E learn through TPS-SPS peer learning
during three-week practice sessions while the control groups 2C and 3C learn through
traditional individual-work instruction during their three-week practice sessions. All
groups attend the same lectures with their cohort through traditional teacher-directed
methods. The independent variable instructional method functions as the sole distinction
between practice class and lecture components which lets researchers connect test result
differences directly to practice class methods instead of lecture content variations. This
structure allowed the study to compare instructional outcomes across both year levels
while keeping the broader course context as consistent as possible.

The design is illustrated in Table 3.1.1.
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Table 3.1.1. Research Design — Pre-test/Post-test Non-equivalent Control Group

Intervention

Year Group Condition Pre-test Post-test
P (Weeks 9-11)
ond  2E Experimental Achievement + TPS-SPS Practice Achievement +
P Attitude Sessions Attitude
i + i +
2nd 2C Control Acr_uevement Traditional Practice Acr_uevement
Attitude Attitude
. Achievement + TPS-SPS Practice Achievement +
3rd 3E Experimental . . .
Attitude Sessions Attitude
Achievement + .. ) Achievement +
3rd 3C Control Attitude Traditional Practice Attitude

3.2 Participants

The research involved 164 undergraduate students who were studying Mathematics
Pedagogy at a private university located in the Almaty region of Kazakhstan. All
participants were taking Discrete Mathematics as a compulsory course at the time of the
study. The sample consisted of 82 second-year students and 82 third-year students.

The research included eight complete classroom groups which consisted of four
second-year groups and four third-year groups. Two groups at each year level were
assigned to the experimental condition while two groups received the control condition.
The assignment followed existing class groupings and was not randomized.

The control groups for the second-year cohort of the study included 20 and 23
students while their experimental groups had 19 and 20 students. The third-year cohort
study used control groups that contained 18 and 23 students while their experimental
groups had 22 and 19 students. The control condition consisted of 84 students, while the
experimental condition included 80 students.

The attitude measure required assessment of students who had taken both the pre-
test and post-test assessment. Out of 82 second-year students 37 students completed both

attitude scales (Control n = 18; Experimental n = 19) whereas 35 third-year students
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completed both scales (Control n = 17; Experimental n = 18). The attitude-scale sample
size was smaller because the survey was completed voluntarily online, and only fully
completed pre-test and post-test responses were included in the analysis.

Figure 3.2.1. Gender Distribution of Participants by Group

Gender Distribution by Group

&

Number of Students
[,¥]
o
1

10 4

2nd Control 2nd Experimental 3rd Control 3rd Experimental
Groups

Participation in the research component of the study was voluntary. All students in
the eight groups receive the same instructional treatment as part of their normal course
experience. The experimental groups receive TPS-SPS practice, and the control groups
receive traditional practice. The students received information about the research purpose
whereas their research data would be used for research purposes without revealing their
identities. Verbal informed consent was obtained from all participants before beginning
collecting data.

3.3 Description of the Intervention

3.3.1 Overview

The study involves three 50-minute structured practice sessions which use TPS-
SPS method to conduct training for experimental groups during three weeks of the

semester which matches the Counting and Probability unit of the course (Sections 9.1—
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9.9 of Epp,2020). The control groups (2C and 3C) receive three weeks of practice classes
which use standard individual work methods to teach identical problem sets. The
intervention was designed to fit entirely within the existing practice class timetable
without requiring any additional class time, curriculum modification, or resource

expenditure beyond the structured worksheets developed for the study.

3.3.2 Experimental Condition: TPS-SPS Practice Sessions

The experimental groups perform their practice sessions according to the Think-
Pair-Share with Structured Problem Solving (TPS-SPS) framework. The teacher starts the
session with a short introduction that lasts 3 to 4 minutes to explain the session structure
and give out the TPS-SPS worksheet. The worksheet contains three problems which
follow the lecture content of the week, and each problem consists of three distinct sections
that are marked as THINK, PAIR and SHARE. Students complete their work during the
THINK stage which lasts between 2 and 3 minutes for each problem. The students needed
to describe their solution approach through written documentation which required them
to identify the appropriate formula or method before they started their calculations. The
first metacognitive step requires students to establish their individual reasoning which will
form the base for their following two-person conversation about the material. The teacher
circulates silently during this stage and did not answer content questions, preserving the
individual accountability function of the stage. In the PAIR stage which lasts between 5
and 7 minutes per problem students work together with their assigned partner. Partners in
this stage of the process examine their different methods until they reach an agreement
about which solution and explanation they will use as their final answer. The teacher
moves through the room to watch how students interact while she helps students work
together by asking them questions that lead to answers without giving them the solutions.

The experimental groups established their pairs through initial seating arrangements
which assigned adjacent students to partner roles. The method avoids grouping students

according to their academic abilities because it creates partnerships which match students
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with different achievement levels, it is to establish collaborative work patterns while
building trust between group members according to research which proves that stable
groups improve peer interactions (Johnson & Johnson, 2014).

The teacher chooses one pair from the class to present their solution during the
SHARE stage which lasts between 3 to 5 minutes for each problem. The selection process
for pairs involves both volunteers and random selection which ensures all pairs stay ready
to present their work. The session ends with students spending four to five minutes to
complete a short pair reflection exercise during their worksheet activity. Table 3.3.2.1.

presents the detailed time allocation for a typical TPS-SPS session.

Table 3.3.2.1. Time Allocation for a Typical TPS-SPS Practice Session (50 minutes)

Activity Duration TPS-SPS Stage
Introduction and worksheet distribution 3-4 min Teacher-led
Problem 1 — THINK (individual, silent) 2-3 min THINK
Problem 1 — PAIR (partner discussion) 5-7 min PAIR

Problem 1 — SHARE (class presentation and 3-5 min SHARE
discussion)

Problem 2,3 — Full THINK / PAIR / SHARE 10-15 min Full TPS cycle
cycle

Pair reflection section on worksheet 4-5 min Consolidation
Worksheet collection 1-2 min —

Total 50 min —

3.3.3 Control Condition: Traditional Practice Sessions

Practice sessions in the control groups followed traditional university mathematics
instruction. The teacher introduces the problem set briefly (3-5 minutes), after which
students work individually on the same problems covered by the experimental groups.

The teacher moves around the room to help students who raise their hands for assistance

26



and provides explanations at the desk. The teacher uses board space to explain problems
that most students find difficult. The session ends with the teacher analyzing selected
solutions for review. The control groups solve the same mathematical problems as the
experimental groups, establishing equivalent mathematical content and cognitive
demands across all conditions. The only systematic difference between conditions is the

pedagogical structure — individual work versus TPS-SPS peer learning.

Table 3.3.3.1. Content Coverage Across Three Practice Sessions

Session Week Sections (Epp, Topics

2020)
1 9 9.1,9.2,9.3 Introduction to probability; Multiplication Rule;
Addition Rule and Inclusion-Exclusion
2 10 9.4,9.5,9.6 Pigeonhole Principle; Combinations; r-Combinations
with repetition
3 11 9.7,9.8,9.9 Pascal's Formula and Binomial Theorem; Probability

axioms and expected value; Conditional probability
and Bayes' theorem

Pair Formation and Content Coverage

The experimental groups created their pairs through the seating arrangement at the
start of Session 1. Students who sat next to each other became designated partners. The
method required that pairs be formed according to the existing classroom seating rather
than ability levels or previous academic achievement. Sessions required fixed pairs so
partners could develop trust and collaborative work overtime which research suggest
enhancing their interactions (Johnson & Johnson, 2014). The content coverage

information from all sessions appears in Table 3.3.3.1.

3.3.4 Research Instruments
The research used two assessment tools to gather information through an

achievement test and an attitude scale test. The pre-assessments for both instruments were
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conducted in Week 8 before the intervention, while the post-assessments were conducted
in Week 12 after Session 3 for all research groups.

Achievement Test

The study used an open-ended achievement test which had nine questions that were
worth 32 total points and required 50 minutes to complete. The test was constructed in
two parallel forms, with Form A used as a pre-test and Form B as the post-test (see
appendix A and appendix B). The two forms assess identical nine content sections from
(Epp, 2020) while using different numerical values and actual situations to prevent
students from remembering pre-test answers. The open-ended format was selected in
preference to multiple choice because it requires students to show their reasoning and
working which provides richer evidence of conceptual understanding and aligns more
directly with the higher-order thinking skills that TPS-SPS is designed to develop (Magda
& Gardner-McCune, 2025).

The test blueprint (see appendix C) was designed to cover Bloom's Revised
Taxonomy Levels 2 through 5 — Understand, Apply, Analyze, and Evaluate. No Level 1
(Remember) items were included as university-level assessment should presuppose basic
recall, and no Level 6 (Create) items were included as the 50-minute timed format is not
conducive to creative mathematical production. The nine test questions distribute
cognitive levels throughout the assessment to evaluate both procedural skills and
advanced conceptual reasoning which peer learning research suggests should be
developed. A detailed marking rubric was developed alongside the test, specifying the
criteria for awarding 3, 2, 1, or 0 marks on each open-ended question, to ensure consistent
and objective scoring.

Expert reviews confirmed the content validity of the assessment. The three expert
evaluators analyzed the assessment and test blueprint. The reviewers rated each question
according to its relevance and clarity through a four-point rating system (see appendix D).

The Content Validity Index (CVI) was calculated as the proportion of items rated 3 or 4
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(relevant or highly relevant) by three reviewers. All items met the CVI > 0.80 criterion
and were retained without revision. The pilot study used 27 mathematics pedagogy
students who were not part of the main research study to evaluate both item quality and
internal consistency. The full 9-item assessment achieved a Cronbach's alpha of o = 0.809
which shows good internal consistency (George & Mallery, 2003). The item difficulty
indices showed values between p = 0.43 and p = 0.77 because all test items maintained a
difficulty level between 0.30 and 0.80 which demonstrated that all items presented
suitable challenge levels to the pilot participants. The item discrimination indices showed
values between D = 0.32 and D = 0.48, with all test items exceeding D = 0.25 minimum
standard, which showed that every item successfully assessed higher- and lower-
performing students (Ebel & Frisbie, 1991). The final test used all nine items from the
test.

Attitude Scale

The study used an adapted version of the Attitudes Toward Mathematics Inventory
(ATMI) by Tapia and Marsh (2004) to assess students' opinions about Discrete
Mathematics (see appendix E). The ATMI serves as a leading educational research tool
which effectively assesses students' mathematical attitudes according to its developers
who established Cronbach's alpha value of 0.97. The study selected three subscales from
the 40-item instrument which included Self-Confidence with 15 items, Enjoyment with 7
items and Motivation with 8 items to create an initial 30-item adapted scale. The Value
subscale was excluded because it assesses permanent beliefs that students hold about the
societal value of mathematics and were not expected to change during a three-week
period. The final instrument contained 24 items divided into three subscales after the
completed contextual review and pilot study item analysis process which is described
below.

The item wording was minimally adapted. All instances of 'mathematics' and ‘math’

were replaced with 'Discrete Mathematics' to establish direct links between the study
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material and the specific subject being researched. The initial checking removed one item
('l have usually enjoyed studying mathematics in school’) which needed removal since
Discrete Mathematics does not exist in Kazakhstan's secondary school curriculum. One
further item was adapted rather than removed: item 27 ('l would prefer to do an assignment
In mathematics than to write an essay') was modified to read 'l would prefer to do an
assignment in Discrete Mathematics than other subjects’, since mathematics pedagogy
students do not typically write essays. Respondents use a five-point Likert scale to
evaluate each item which starts at 1 (Strongly Disagree) and ends at 5 (Strongly Agree)
while the analysis requires reverse scoring of negatively worded items.

The content validity of the adapted scale was confirmed through the same expert
review process used for the achievement test. Experts evaluated the relevance of the items
for Discrete Mathematics students in the Kazakhstani university context using the CVI
procedure. The pilot study was conducted with 27 mathematics pedagogy students who
were not part of the main research study to test the reliability of the adapted assessment
tool. The initial 29-item scale showed good to excellent internal consistency across all
tests with an overall result of (o= 0.899) and subscale alphas of 0.873 for Self-Confidence,
0.790 for Enjoyment and 0.729 for Motivation. The item-total correlations were checked
for every item. Five items were identified for removal on the basis of low item-total
correlations: ‘Discrete Mathematics does not scare me at all’ (r = 0.142), ‘The challenge
of Discrete Mathematics appeals to me’ (r = 0.128), ‘I would like to avoid using Discrete
Mathematics in the future’ (r = 0.019), ‘I study Discrete Mathematics because | know how
useful it is’ (r = 0.219), and ‘I would prefer to do an assignment in Discrete Mathematics
than other subjects’ (r = 0.244). We deleted these items because their corrected item-total
correlations showed that these items did not aid the measurement of the construct which
their subscales were designed to assess (Field, 2018). The scale showed better internal
consistency after we removed items because the overall alpha value reached 0.908, Self-

Confidence alpha reached 0.952, Enjoyment alpha reached 0.847 and Motivation alpha
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reached 0.836. All retained items had corrected item-total correlations above 0.30,
confirming their adequate contribution to the scale. The main study used the final adjusted
ATMI which included 24 items divided into three subscales: Self-Confidence (14 items,
range 14-70), Enjoyment (5 items, range 5-25), and Motivation (5 items, range 5-25),
with a total score range of 24 to 120.

Data Collection Procedure

The researcher data collection was conducted according to the schedule shown in
Table 3.3.4.1. All groups used the same schedule for their data collection. The researcher
administered all instruments directly to the study participants in order to establish uniform

testing conditions across all groups.

Table 3.3.4.1. Data Collection Timeline

Timing Activity Instrument Groups
Week 8 Pre-test administration ~ Achievement test Form A + 2E, 2C, 3E, 3C
attitude pre-scale

Week 9 Session 1 — practice TPS-SPS worksheet (exp.) / 2E, 2C, 3E, 3C
class Traditional worksheet (ctrl.)

Week 10 Session 2 — practice TPS-SPS worksheet (exp.) / 2E, 2C, 3E, 3C
class Traditional worksheet (ctrl.)

Week 11 Session 3 — practice TPS-SPS worksheet (exp.) / 2E, 2C, 3E, 3C
class Traditional worksheet (ctrl.)

Week 12 Post-test administration ~ Achievement test Form B + 2E, 2C, 3E, 3C

attitude post-scale

The Week 8 practice class used the pre-test achievement measure (Form A) during
its 50-minute session. The pre-intervention attitude scale was distributed via Google
Forms in Week 8, and students were given until Week 9 to complete it.

The post-test achievement measure (Form B) was administered during the Week 12

practice class under the same conditions. The post-intervention attitude scale (ATMI post-
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scale) was similarly distributed via Google Forms, with a specified deadline for

completion.

3.3.5 Primary Analyses

The analysis of covariance (ANCOVA) served as the main statistical test for
achievement measurement which used post-test scores as its dependent variable and group
type as its constant factor while pre-test scores acted as the controlling variable.
ANCOVA was selected because it provides greater statistical power than gain score
analysis when examining post-test differences while controlling for pre-test variation
(Huck & McLean, 1975; Field, 2018). The study included gain score independent t-tests
as secondary support for its findings. We confirmed three assumptions before conducting
each ANCOVA test: we tested normality of ANCOVA residuals through Shapiro-Wilk
and assessed homogeneity of residual variances through Levene's test and they examined
homogeneity of regression slopes through group pre-test interaction term analysis.
Researchers measured effect sizes from t-tests using Cohen's d while they measured effect
sizes from ANCOVA tests using partial eta squared (n%p) (Cohen, 1988).

Significance Level and Effect Size Interpretation

An alpha value of 0.05 was used for hypothesis testing. We assessed effect sizes
through Cohen's (1988) benchmarks which defined small effects with d = 0.20, medium
effects with d = 0.50 and large effects with d = 0.80. The chapter presents both statistical

significance results and effect size measurements.
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4. ANALYSIS AND RESULTS

This chapter presents the results of the quantitative analyses for both the 2nd-year
and 3rd-year student cohorts. The study consists of two main sections which start with
Section 4.1 achievement results and continue to Section 4.2 attitude results. The section
presents 2nd-year and 3rd-year students first before conducting a comparison between the
two groups. The analysis followed a sequence that began with descriptive statistics and
assumption checks, continued with tests of pre-test comparability and within-group
changes, and concluded with between-group comparisons, ANCOVA, and hypothesis
testing. All analyses were conducted using Python in Google Colab at a significance level
of o = 0.05.

4.1 Achievement Results

Achievement was measured using the open-ended achievement test (32 points
maximum) administered as Form A (pre-test) and Form B (post-test) to all four groups
across both year levels. The 2nd-year cohort comprised 82 students (Control n = 43;
41;

Experimental n = 39); the 3rd-year cohort comprised 82 students (Control n

Experimental n = 41).

4.1.1 Descriptive Statistics

Table 4.1.1.1. presents the descriptive statistics for pre-test, post-test, and gain
scores for both cohorts. The two groups showed equivalent pre-test results at both year
levels while both groups progressed from pre-test to post-test assessment. The
experimental group demonstrated larger mean gains in both cohorts. The post-test mean
of the experimental group exceeded that of the control group in both years. Figures 4.1.1.1.
and 4.1.1.2 display the mean pre-test and post-test scores by group for each cohort. These
descriptive results provide an initial overview of the achievement patterns before the study

proceeds to inferential tests of statistical significance.
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Table 4.1.1.1. Descriptive Statistics for Achievement Pre-test, Post-test, and Gain Scores
by Group and Cohort

Cohort/ n Pre-  Pre Post Post Gain Gain Pre Post SW p
Group M SD M SD M SD SWp

2nd-Year Cohort
Control 43 1463 634 1733 719 270 835 0.737 0.662
Experimental 39 1415 787 2021 6.76 6.05 819 0.499 0.013*
3rd-Year Cohort
Control 41 1566 8.99 1856 9.26 290 9.29 0.087 0.007*

Experimental 41 1395 845 2015 769 620 780 0.137 0.011*
Note. An asterisk (*) indicates p < .05.

The following figure visually summarizes the same descriptive pattern for the 2nd-
year cohort and shows how the experimental group demonstrated a larger increase from
pre-test to post-test compared with the control group.

Figure 4.1.1.1. Mean Pre-test and Post-test Achievement Scores by Group — 2nd-Year

Cohort

I Pre-test
N Post-test

20.0

Contral Experimental
Group

Two groups improved from pre-test to post-test; but more gain for the Experimental
(A = 6.05) was observed than for the Control group (A = 2.70).
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Figure 4.1.1.1. Mean Pre-test and Post-test Achievement Scores by Group — 3rd-Year
Cohort

- I Pre-test
B Post-test

Control Experimental
Group

Both groups showed progress from their pre-test results to their post-test results,
but the experimental group achieved better results with a gain of 6.20 than the control

group which reached a gain of 2.90.

4.1.2 Assumption Checks

Shapiro-Wilk tests identified normality violations in post-test score distributions:
the 2nd-year experimental group (W =0.926, p = 0.013), and both groups in the 3rd-year
cohort (Control: W =0.921, p = 0.007; Experimental: W = 0.926, p = 0.011). The 2nd
year and 3rd year cohorts both met the requirement for ANCOVA because their residuals
showed normal distribution (2nd year: W = 0.985, p = 0.454; 3rd year: W =0.972, p =
0.073). All variance assumptions were satisfied because Levene's tests for pre-test scores
and gain scores and ANCOVA residuals showed non-significant results across both
cohorts (all p > 0.10). The homogeneity of regression slopes assumption was confirmed
via non-significant group X pre-test interactions (2nd year: F (1, 78) = 0.056, p = 0.813;
3rd year: F (1, 78) = 0.002, p = 0.965). The parallel regression lines shown in Figures

4.1.2.1. and 4.1.2.2. visually confirms this assumption.
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Figure 4.1.2.1. Regression Lines by Group — 2nd-Year Cohort
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The regression lines remain parallel to each other which demonstrates that the
assumption of equal regression slopes has been confirmed through the statistical test
which showed F (1,78) = 0.056 and p = 0.813 and the distance between the two lines

demonstrates the adjusted difference between the two groups.

Figure 4.1.2.2. Regression Lines by Group — 3rd-Year Cohort
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The parallel regression lines confirm that the assumption of homogeneity of

regression slopes is satisfied (F(1,78) = 0.002, p = 0.965), while the steeper slope relative
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to the 2nd-year cohort indicates a stronger pre-test covariate effect (F = 27.13 vs. F =
8.46).

4.1.3 Pre-test Comparability

Table 4.1.3.1. Pre-test Means (M) and Standard Deviations (SD) by Subgroup

Cohort C1 (M = SD) C2 (M £ SD) E1 (M £ SD) E2 (M + SD)
2nd Year 12.60 + 5.62 16.39 + 6.51 16.42 + 8.28 12.00 + 6.98
3rd Year 14.28 + 8.38 16.74 +9.49 11.55 +8.55 16.74 + 7.62

Note. C1 = Control subgroup 1; C2 = Control subgroup 2; E1 = Experimental subgroup 1; E2 = Experimental
subgroup 2.

The independent samples t-tests showed no significant pre-test differences between
groups in both cohorts (2nd year: t (80) = 0.302, p = 0.764; 3rd year: t (80) = 0.88, p =
0.378). The assessment of subgroup-level descriptive data in Table 4.1.3.1. showed both
within-condition variation and condition-specific patterning for the two groups. The
differences between the two groups required ANCOVA as the main analysis method
because it enables better control of pre-test differences through covariance adjustment
than gain score analysis. Even though the cohort-level pretest differences didn’t reach
statistical significance, the subgroup averages hint at some early variation across the
classroom groups. That result is typical for a quasi-experimental setup, because existing
groups are used, rather than random assignment. So, therefore, the pre-test scores were
accounted for in the ANCOVA, to make the post-test achievement comparison more
careful and accurate.

The scatterplots below show the relationship between pre-test and post-test scores
for the 2nd-year and 3rd-year cohorts. They help visually confirm the positive relationship

between the two scores and support the use of pre-test scores as an ANCOVA covariate.
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Figure 4.1.3.1. Pre-test vs. Post-test Scores by Group — 2nd-Year Cohort

Relationship Between Pre-test and Post-test Scores

e Control o
30 Experimental
] o
[ ] [ ] [ ]
25
®
o ¢ ° o
L 204 a
8 e @
3 & o [ I ] e
e
o o o
3 154
L e o o
@ ] e
a
®
10 - e @ [ ]
o
5_
[ ] ®
01 ]
T T T T T T T
0 5 10 15 20 25 30

Pre-test Score

The positive relationship between pre-test and post-test scores supports the use of

pre-test scores as an ANCOVA covariate.
Figure 4.1.3.2. Pre-test vs. Post-test Scores by Group — 3rd-Year Cohort
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4.1.4 Within-Group Changes

The within-group changes were examined using paired samples t-tests to determine
whether each group showed significant improvement from pre-test to post-test. The results
are summarized in Table 4.1.4.1.

Table 4.1.4.1. Within-Group Changes by Group and Cohort

Group / Cohort PreM PostM GainM t P d
(SD) (SD) (SD)

Control — 2nd Year 14.63 17.33 2.70 2.120 0.040* 0.32
(6.34) (7.19) (8.35)

Experimental —2nd  14.15 20.21 6.05 4.615 <.001* 0.74
Year (7.87) (6.76) (8.19)

Control — 3rd Year 15.66 18.56 290 2.001 0.052 0.31
(8.99) (9.26) (9.29)

Experimental — 3rd  13.95 20.15 6.20 5.089 <.001* 0.80
Year (8.45) (7.69) (7.80)

Note. An asterisk (*) indicates p <.05. d = Cohen's d

Paired samples t-tests examined pre-to-post improvement within each group. In the
2nd-year cohort, both groups improved significantly: the control group (t(42) = 2.120, p
= 0.040, M4;,= 2.70) and the experimental group (¢ (38) = 4.615, p < 0.001, My, =
6.05). The experimental group demonstrated a greater level of achievement advancement
through their internal progress. The experimental group displayed significant
improvements in their performance, which reached statistical significance according to
the results (£(40) = 5.089, p <0.001, M,;,, = 6.20) while the control group’s improvement
was borderline non-significant (t (40) = 2.001, p = 0.052, M,4;,= 2.90). The gain score
distributions by group are presented in Figures 4.1.4.1. and 4.1.4.2.
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Figure 4.1.4.1. Gain Scores by Group — Box Plot, 2nd-Year Cohort
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In Figure 4.1.4.1, shown the experimental group from the 2nd-year cohort had a
higher median gain score than the control group. This pattern matches what the paired t-
test showed, where the experimental group also had a bigger pre to post uplift,
improvement overall.

Figure 4.1.4.2. Gain Scores by Group — Box Plot, 3rd-Year Cohort
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Figure 4.1.4.2. shows that the 3rd-year experimental group had a higher median
gain score than the control group. This pattern supports the descriptive results, indicating
stronger improvement in the TPS-SPS group.
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To further examine the gain score patterns, histograms were used to compare the
distribution of gain scores between the control and experimental groups in each cohort.
Figures 4.1.4.3. and 4.1.4.4. present these distributions for the 2nd-year and 3rd-year

cohorts.
Figure 4.1.4.3. Distribution of Gain Scores — Histogram, 2nd-Year Cohort
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The experimental group distribution is shifted rightward relative to the control
group.
Figure 4.1.4.4. Distribution of Gain Scores — Histogram, 3rd-Year Cohort
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Considerable distributional overlap between groups, consistent with the non-

significant between-group result.
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4.1.5 Between Group Comparisons and ANCOVA

Table 4.1.5.1. shows the results from between-group comparisons and ANCOVA
analysis which were conducted on both study groups. The independent samples t-tests
which were conducted on gain scores revealed no statistically meaningful results for both
cohorts because both groups displayed results which were close to traditional significance
levels with small-to-medium effect sizes (2nd year: t(80) = —1.834, p = .070, d = 0.405;
3rd year: t (80) =—1.739, p = .086, d = 0.384). The ANCOVA was selected as the main
statistical test because it provides stronger statistical results when pre-test scores show a
connection to outcome measurements (Huck & McLean, 1975; Field, 2018).

The second year ANCOVA test confirmed that there were statistically significant
group differences after controlling pre-test results, F (1, 79) = 4.187, p = .044, n?p = .050.
The experimental group achieved an adjusted mean advantage of 3.025 points (b = 3.025,
SE = 1.478, 95% CI [0.082, 5.967]). TPS-SPS demonstrated its ability to produce actual
achievement improvements that exceeded what the baseline differences would predict.
The effect size shows small results, but it holds value because the three-week study
focused on one content unit.

The ANCOVA results for the 3rd-year cohort indicated no statistically significant
group effect, F (1, 79) = 2.190, p = 0.143, n?p = 0.027. The adjusted mean difference
between groups was 2.428 points (b = 2.428, SE = 1.641, 95% CI [—0.838, 5.693]), with
the confidence interval including zero. This result therefore warrants careful
interpretation.

Importantly, the absence of statistical significance does not necessarily indicate the
absence of an intervention effect. Instead, it reflects the specific statistical conditions of
the 3rd-year model. The pre-test covariate exerted a substantially stronger influence in
this cohort (F = 27.13, p < 0.001) compared to the 2nd-year cohort (F = 8.46, p = 0.005),
accounting for a larger proportion of variance in post-test scores. As a result, less residual

variance remained for the group effect to be detected.
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Notably, the descriptive effect sizes were highly similar across cohorts (d = 0.405

vs. 0.384), suggesting that the intervention produced comparable improvements.

However, in the 3rd-year cohort, these improvements did not reach statistical significance

due to the stronger influence of prior achievement. The ANCOVA-adjusted means are
presented in Figures 4.1.5.1. and 4.1.5.2.

Table 4.1.5.1. Between-Group Achievement Comparisons and ANCOVA Results by

Cohort

Statistic

2nd-Year Cohort

3rd-Year Cohort

Pre-test t-test

Control
(paired t)

within-group

Experimental within-group
(paired t)

Gain score t -test (between
groups)

ANCOVA — group effect
ANCOVA —  pre-test
covariate

Adjusted group difference
(95% ClI)

Ho1 decision

t (80) =.302, p=.764

t (42) =2.120, p=.040

t (38) =4.615, p<.001

t (80) =—1.834,
d=0.405
F (1,79) =4.187,
n°p=.050

F (1,79) =8.460, p=.005

3.025 pts [0.082, 5.967]

Rejected (p=.044)

p=.070,

p=.044,

t (80) =0.886, p=.378

t (40) =2.001, p=.052

t (40) =5.089, p<.001

t (80) = -1.739, p=.086,
d=0.384
F(1,79) =2.190, p=.143,
n’p=.027

F (1,79) =27.134, p<.001

2.428 pts [-0.838, 5.693]

Retained (p=.143)

As shown in Table 4.1.5.1, the experimental groups demonstrated larger

achievement gains in both cohorts, but the ANCOVA results differed by year level. The

2nd-year cohort showed a statistically significant adjusted group effect, whereas the 3rd-

year cohort did not. This suggests that the TPS-SPS intervention had a clearer measurable
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effect among 2nd-year students, while the 3rd-year results should be interpreted as a

positive but statistically non-significant trend.

Figure 4.1.5.1. ANCOVA-Adjusted Mean Post-test Scores by Group — 2nd-Year Cohort
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The experimental group adjusted mean exceeds the control by 3.025 points, F(1,79)

=4.187, p=0.044.

Figure 4.1.5.2. ANCOVA-Adjusted Mean Post-test Scores by Group — 3rd-Year Cohort
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Adjusted means at the grand mean of pre-test (u = 14.80). Overlapping confidence

intervals confirm the non-significant group effect, F (1,79) =2.190, p=0.143.

4.1.6 Hypothesis Decision — Achievement

The 2nd-year cohort results show that we rejected null hypothesis Hol. The
experimental group demonstrated superior post-test results in comparison to the control
group after we controlled for pre-test achievement, F(1, 79) = 4.187, p = 0.044, n*p =0
.050. The 3.025 point mean advantage shows small statistical yet reliable evidence. The
2nd-year cohort results confirm Hi1 according to the research findings.

The null hypothesis Hol will stay valid for the third-year student group. The
analysis of gain scores showed no group effect while the ANCOVA results showed no
statistically significant group effect (p = 0.143). The two cohorts show similar results
because their mean gains (experimental: 6.05 vs. 6.20; control: 2.70 vs. 2.90) and effect
sizes (d = 0.405 vs. 0.384) demonstrate virtual identity which indicates the same
fundamental effect exists, but 3rd-year analysis failed to identify it because stronger pre-

test covariate absorbed more outcome variance.

4.2 Attitude Results

The study has confirmed that TPS-SPS produces a specific effect on student
achievement which now leads to an investigation of its consequences for students'
attitudes toward Discrete Mathematics. Achievement and attitude are theoretically related
but empirically distinct constructs — gains in one do not guarantee gains in the other,
particularly within short intervention windows. The following sections examine whether
the peer learning experience shifted how students felt about Discrete Mathematics across
three dimensions: self-confidence, enjoyment, and motivation.

The attitude scale was collected through online Google Forms while the
achievement test was conducted during scheduled practice sessions. The pre-test attitude

survey link was distributed to students prior to the intervention, and the post-test survey
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link was shared after the completion of the intervention, with a specified deadline for
submission in each case.

Of the 82 students in each cohort, 37 2nd-year students (Control n = 18;
Experimental n = 19) and 35 3rd-year students (Control n = 17; Experimental n = 18)
completed both the pre-test and post-test attitude scales. The reduced sample sizes reflect
two factors: voluntary participation in the online survey and the exclusion of cases with
incomplete data (i.e., students who completed only one of the two surveys). Missing data

were handled using listwise deletion.

4.2.1 Descriptive Statistics

Tables 4.2.1.1. and 4.2.1.2. provides descriptive statistics information about all
attitude measurement variables. The two groups show a common pattern because their
pre-test scores reached a high point which measured between 81.39 and 85.65 for Discrete
Mathematics. The study participants maintained a positive attitude toward the subject
matter because their pre-test scores reached between 81.39 and 85.65 for Discrete
Mathematics. The study participants maintained a positive attitude toward the subject
matter because their pre-test scores reached between 81.39 and 85.65 for Discrete
Mathematics. The high baseline measurement presents an essential contextual element
which restricts the scientist's ability to observe positive results from his work. Chapter 5
explains the concept of a ceiling effect which exists because experts discovered
measurement limitations that developed from the research study's original high point. The
study results showed that both groups and both testing conditions produced minimal gain
scores. The post-test and pre-test subscale scores for each group in both cohorts appear in
Figures 4.2.1.1.t0 4.2.1.2.
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Table 4.2.1.1. Attitude Descriptive Statistics — Pre-test, Post-test, and Gain Scores by

Variable, Group, and Cohort: 2nd-Year Cohort

Pre M Post M

Variable / Group n (SD) (SD) GainM  Gain SD Min Max
2nd-Year Cohort — Overall Attitude (range 24-120)
Control 18  85.00 84.61 —-0.39 3.86 -10 8
(13.54) (12.99)
Experimental 19 83.05 84.58 1.53 4.99 =7 12

(8.89) (10.45)
2nd-Year Cohort — Self-Confidence (range 14-70)

Control 18  47.56 47.28 —-0.28 2.59 =5 6
(11.89) (11.07)
Experimental 19 4558 47.26 1.68 3.30 —4 9

(6.43) (6.87)
2nd-Year Cohort — Enjoyment (range 5-25)

Control 18  17.67 18.11 0.44 2.09 -4 4
(2.00) (2.47)
Experimental 19  19.00 19.21 0.21 1.93 -3 4

(1.89) (2.07)
2nd-Year Cohort — Motivation (range 5-25)

Control 18  19.78 19.22 —0.56 1.34 -3 2
(1.26) (1.52)
Experimental 19  18.47 18.11 -0.37 1.54 —4 2

(158)  (1.73)

Table 4.2.1.1. shows that both groups had high pre-test attitude scores and there
were only modest changes during the intervention period, not much. The experimental
group had the biggest improvement in Self-Confidence (Gain M = 1.68), but Enjoyment
and Motivation barely moved at all. These findings provide preliminary evidence that
attitude levels remained relatively stable throughout the study.
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Table 4.2.1.2. Attitude Descriptive Statistics — Pre-test, Post-test, and Gain Scores by

Variable, Group, and Cohort: 3rd-Year Cohort

Pre M Post M

Variable / Group n (SD) (SD) GainM  Gain SD Min Max
3rd-Year Cohort — Overall Attitude (range 24-120)
Control 17  85.65 84.82 —0.82 2.63 —4 5
(10.92) (10.36)
Experimental 18  81.39 82.06 0.67 2.09 -3 5

(12.08) (11.76)
3rd-Year Cohort — Self-Confidence (range 14-70)

Control 17  48.18 47.94 -0.24 1.92 —4 3
(6.71) (6.92)
Experimental 18  41.44 41.56 0.11 2.37 —4 4

(6.30) (5.97)
3rd-Year Cohort — Enjoyment (range 5-25)

Control 17  18.82 18.59 —0.24 1.48 -3 2
(3.00) (2.94)
Experimental 18 18.61 18.78 0.17 1.15 -3 2

(3.43) (3.25)
3rd-Year Cohort — Motivation (range 5-25)

Control 17  18.65 18.29 —-0.35 1.41 -3 1
(2.45) (2.26)
Experimental 18  18.00 17.83 -0.17 1.34 -2 2

(2.63)  (2.43)

Table 4.2.1.2. shows that both groups started the study with relatively high attitude
scores over all variable. During the intervention the changes were mostly small, and for
the experimental group there were small positive improvements in Overall Attitude, Self-
Confidence, and Enjoyment. The control group instead had slight drops across essentially
all measures. These descriptive findings shows that attitude levels stayed mostly stable
throughout the three-week intervention period, not much shift.

Figures 4.2.1.1 and 4.2.1.2 summarize the pre-test and post-test overall attitude
scores, for both cohorts. The visual patterns imply only slight differences between the
groups across the intervention period.
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Figure 4.2.1.1. Pre-test and Post-test Overall Attitude Scores — 2nd-Year Cohort

Pre- and Post-Test Overall Attitude Scores by Group
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Both groups show near-identical pre-test and post-test overall attitude means.

Figure 4.2.1.2. Pre-test and Post-test Overall Attitude Scores — 3rd-Year Cohort
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The descriptive results show that the learners in both groups kept mostly positive
attitudes about Discrete Mathematics over the whole study. There were a few, slight

changes in the total attitude scores, but did not differ in a statistically meaningful way.
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4.2.2 Assumption Checks

The results of the normality and variance equality tests for all attitude gain score
distributions are presented in Appendix F. Three normality violations were identified
across the two cohorts: the 2nd-year experimental group's enjoyment gain (W = 0.896, p
= 0.041), and the 3rd-year experimental group's enjoyment gain (W = 0.799, p = 0.001)
and control group's motivation gain (W = 0.832, p = 0.006). Non-parametric tests were
substituted accordingly. The Levene's variance equality tests produced non-significant
results (all p > 0.10) which confirmed that all attitude variables in both cohorts maintained

equal variances across different groups.

4.2.3 Within-Group Changes

Table 4.2.3.1. presents within-group pre-to-post changes for all attitude variables.
The only statistically significant change which occurred within the group was Self-
Confidence gain of the 2nd-year experimental group: t (18) = 2.224, p = 0.039, d = 0.510,
a medium effect (from M = 45.58 to M = 47.26).

No other within-group change reached significance in either cohort. The first cohort
and the second cohort both demonstrated minor declines in motivation which created a
pattern that showed student motivation throughout the intervention period because it was
a common trait across students. The motivation toward Discrete Mathematics shows
resistance to immediate instructional changes which created temporary suppression of
motivation during both testing conditions. The 3rd-year cohort showed no confidence gain
in either group, which may reflect the lower pre-test confidence of its experimental group
(M = 41.44 vs. M = 45.58 in the 2nd year): students beginning from a lower baseline may
require a longer period of positive peer experience before measurable gains emerge. The

mean gain scores for all dimensions of both cohorts appear in Figure 4.2.3.1.
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Table 4.2.3.1. Within-Group Changes in Attitude Variables by Cohort

Variable / Group Cohort W p Normality Test used
Shapiro-Wilk Normality Tests on Gain Scores
Overall attitude —  2nd 0.950 0.417 Yes Paired t-test
Control Year
3rd 0.916 0.129 Yes Paired t-test
Year
Overall attitude —  2nd 0.955 0.478 Yes Paired t-test
Experimental Year
3rd 0.933 0.218 Yes Paired t-test
Year
Enjoyment — 2nd 0.949 0.412 Yes Paired t-test
Control Year
3rd 0.943 0.359 Yes Paired t-test
Year
Enjoyment — 2nd 0.896 0.041 No Wilcoxon / Mann-
Experimental Year Whitney U
3rd 0.799 0.001 No Wilcoxon / Mann-
Year Whitney U
Motivation — 2nd 0.932 0.211 Yes Paired t-test
Control Year
3rd 0.832 0.006 No Mann-Whitney U
Year
Motivation — 2nd 0.922 0.122 Yes Paired t-test
Experimental Year
3rd 0.904 0.068 Yes Paired t-test
Year (borderline)
Confidence — 2nd 0.931 0.205 Yes Paired t-test
Control Year
3rd 0.954 0.521 Yes Paired t-test
Year
Confidence — 2nd 0.956 0.493 Yes Paired t-test
Experimental Year
3rd 0.939 0.280 Yes Paired t-test
Year
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Figure 4.2.3.1. Mean Attitude Gain Scores by Dimension and Group — Both Cohorts
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2nd-year cohort (left panels): the experimental group shows a notable confidence

gain. 3rd-year cohort (right panels): all gains near zero for both groups.

4.2.4 Between-Group Comparisons and ANCOVA

Table 4.2.4.1. shows the between-group gain score results and ANCOVA findings
for all attitude measurements which were tested between two different groups of
participants. The research study found that all attitude measurements failed to show any
statistical significance during both the between-group testing and the ANCOVA testing
which both groups of participants performed. The Self-Confidence subscale produced the
most notable results: in the 2nd-year cohort, the between-group t-test approached
significance (t(35) = 2.005, p = .053, d = 0.660, medium effect) and the ANCOVA was
borderline (b = 1.820, p = .073). The 3rd-year cohort showed no similar results (t(33) =
0.473, p = .639, d = 0.160). The Overall Attitude between-group comparison was
borderline in the 3rd-year cohort (t(33) = 1.864, p = .071, d = 0.630), though the
ANCOVA confirmed non-significance (b = 1.244, p = .127). The very high R? values in
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the ANCOVA models (ranging from .65 to .85) indicate that post-test attitude was
strongly predicted by pre-test attitude, leaving limited residual variance for a group effect

to emerge.

Table 4.2.4.1. Between-Group Attitude Comparisons and ANCOVA Results by Cohort

Variable / Cohort Ctrl Gain Exp Gain t-test p d ANCOVADb
(P)

Overall Attitude

2nd Year —0.39 1.53 0.212 0.42 1.822 (p=0.240)

3rd Year —0.82 0.67 0.071 0.63 1.244 (p=0.127)

Self-Confidence

2nd Year —0.28 1.68 0.053 0.66 1.820 (p=0.073)
3rd Year —-0.24 0.11 0.639 0.16 —0.079 (p=0.924)
Enjoyment

2nd Year 0.44 0.21 0.536 —0.12 0.071 (p=0.912)
3rd Year -0.24 0.17 0.375 0.30 0.376 (p=0.392)
Motivation

2nd Year —0.56 —-0.37 0.696 0.13 0.059 (p=0.904)
3rd Year —-0.35 -0.17 0.691 0.14 0.044 (p=0.921)

Table 4.2.4.1. shows that there weren’t any statistically significant between-group
differences, for the overall attitude ,or for any of the attitude subscale, in either cohort.
Even though a few comparisons seemed to be close to significance, especially for Self-
Confidence in the 2nd-year cohort, the results still didn’t quite reach the significance. So
overall these findings point to the idea that the intervention only brought about a limited

amount of change in students’ attitudes during the study.
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Figure 4.2.4.1. Box Plots of Attitude Gain Scores by Group — 2nd-Year Cohort
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Self-Confidence gain box plots show the experimental group median (Mdn =
2.00) exceeding the control (Mdn = 0.00), consistent with the significant within-group
confidence gain (p = 0.039, d = 0.510).
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Figure 4.2.4.2. Box Plots of Attitude Gain Scores by Group — 3rd-Year Cohort
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All subscale gain distributions are clustered near zero for both groups, consistent

with the uniformly non-significant between-group comparisons.

4.2.5 Hypothesis Decisions — Attitude
For both cohorts, the null hypothesis Ho2 — that there is no statistically significant
difference in overall attitude toward Discrete Mathematics between groups — is retained.

The 3rd-year between-group comparison showed borderline results with a p value of 0.071
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and a d value of 0.630 whereas no other comparisons between groups or ANCOVA studies
reached established levels of statistical significance in both cohorts.

The null hypothesis Ho3 which states there are no statistically significant differences
in self-confidence, enjoyment and motivation between groups maintains its validity
throughout all between-group and ANCOVA tests. Three findings which hold important
significance were observed. The 2nd-year experimental group achieved a statistically
significant Self-Confidence increase through its within-group testing which measured
their progress (t(18) = 2.224, p = .039, d = 0.510, medium effect) while the control group
showed no progress (d = —0.11). The observation that different confidence levels
developed between participants shows that students who received peer explanations
improved their self-confidence. The 2nd-year between-group confidence comparison
achieved near significance with a p value of 0.053 and a d =0.660 while the ANCOVA
reached a borderline result with a p=0.073 which indicated that between-group confidence
differences were practically significant yet the small attitude sample size of 37 participants
could not measure it with accuracy. The two groups demonstrated continuous slight
decreases in motivation throughout both experimental conditions which demonstrated that

their motivation levels remained unchanged during the three-week intervention period.

4.3 Integrated Interpretation and Hypothesis Decisions

Before presenting the formal hypothesis decisions, it is useful to view the results as
a coherent whole. A consistent descriptive pattern emerges across cohorts and outcomes.
In both year levels, the experimental group improved by about 6.1 points on the
achievement test compared to 2.8 points in the control group, with significant within-
group gains for the experimental group and only marginal or non-significant changes in
the control group. The between-group difference reached statistical significance in the
2nd-year cohort but not in the 3rd-year cohort, not due to a weaker intervention effect, but

because stronger pre-test influence in the 3rd year (F = 27.13 vs. 8.46) absorbed more
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variance, limiting detectability. This distinction between a true effect and a statistically
detectable effect is central to interpreting the findings.

The results of the attitude assessment show two different patterns of results. The
study did not find any significant differences between the two groups which supports the
belief that attitude changes need more extended periods of time to occur. The 2nd-year
experimental group demonstrated a moderate self-confidence increase with a significant
effect size of 0.510 which the control group did not show. TPS-SPS systems primarily
impact self-efficacy through their functions of displaying reasoning processes and
solution presentations as the system operates according to Albert Bandura's theoretical
framework. Short-term interventions activate cognitive mechanisms and confidence-
related mechanisms, but they do not produce any changes in enjoyment or motivation
according to the study results.

The results obtained from the study establish a positive conclusion which needs
certain qualifications because TPS-SPS produced measurable achievement improvements
which two different methods of testing confirmed and which two different groups of
students demonstrated. The results demonstrate theoretical expectations but show how a

three-week intervention period limits development of deep attitudinal changes.
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5. DISCUSSION AND CONCLUSION

5.1 Overview of Findings

This chapter presents research findings from Chapter 4 to examine research
questions, theoretical frameworks and existing literature. The study presents its limitations
which lead to conclusions and recommendations for teaching methods and upcoming
studies. The research studied how Think-Pair-Share with Structured Problem Solving
(TPS-SPS) impacted second- and third-year mathematics pedagogy students' performance
and attitude during their Discrete Mathematics course at a private university in
Kazakhstan. The study used a quasi-experimental approach which included pre-tests and
post-tests across multiple groups and two student cohorts to evaluate the three-week
intervention that focused on the Counting and Probability unit.

The results present a nuanced picture. The intervention led to a significant
achievement boost for the 2nd-year students but showed only minor changes which could
not be statistically confirmed in the 3rd-year students. The 2nd-year experimental group
demonstrated a significant gain in self-confidence while no other between-group
differences existed across both groups. These findings are consistent with the theoretical
framework of the study and with the broader literature on peer learning, cooperative

learning, and attitude change in mathematics education.

5.2 Discussion of Achievement Findings

5.2.1 The Significant Effect in the 2nd-Year Cohort

The second-year cohort ANCOVA demonstrated a statistically significant group
effect which produced F(1, 79) = 4.187 statistical results with p = 0.044 and n?p = .050
while TPS-SPS groups obtained 3.025 points higher adjusted means. This finding
supports existing research about peer learning which shows substantial evidence for its
effectiveness. Capar and Tarim's (2015) meta-analysis found a medium positive effect of

cooperative learning on mathematics achievement and university studies showed that
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structured peer interaction outperformed traditional instruction methods (Abdelkarim &
Abuiyada, 2016; Kaymak et al., 2020). The present finding increases existing evidence
about peer learning in university-level Discrete Mathematics which already exists as a
sparse but growing evidence base.

This effect operates through a theoretical mechanism which matches Vygotsky's
(1978) Zone of Proximal Development framework. Students in the TPS-SPS sessions had
to solve Counting and Probability unit problems through individual thinking, partner
discussions, and classroom presentations of their reasoning. The system establishes a
condition which permits students with partial understanding to access the reasoning
process of their more advanced peer, which exactly represents the ZPD-based scaffolding
method that will help them to learn better. The Structured Problem Solving component
needed students to identify their solving method before they began calculations, which
created a metacognitive element that steered discussions toward conceptual understanding
instead of sharing procedural solutions. The research of Magda and Gardner-McCune
(2025) found that students at Discrete Mathematics experience learning problems because
they need to develop abstract reasoning skills instead of solving computational mistakes.

The effect size of n?p = .050, which represents a small effect according to standard
measurement guidelines, achieves suitability as a significant measure for the three-week
educational program which consists of three teaching sessions focused on one specific
subject. Educational interventions of this duration lead to minor educational
improvements which create a sustainable academic advantage that develops into
substantial value after students complete their entire semester or academic year. The
finding also replicates the direction of effect found by Kaymak et al. (2020) in a peer
instruction study at the same type of institution in Kazakhstan, showing that Kazakhstani
universities use peer learning programs even though their teaching methods have
historically focused on instructor-led learning (Tampayeva, 2015; Yergebekov &
Temirbekova, 2012).
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5.2.2 The Non-Significant Effect in the 3rd-Year Cohort

The 3rd-year ANCOVA did not reach statistical significance, F(1, 79) =2.190, p =
143, n*p = .027. The result needs to be interpreted with caution. The experimental group
achieved a 6.20-point gain while the control group reached a 2.90-point gain which
produced identical results to their 2nd-year performance of 6.05 points and 2.70 points
with comparable effect sizes of d = 0.384 and 0.405.

The testing results showed that pre-test covariate was the important element which
separated two groups. The 3rd-year model used prior achievement to explain more
outcome variations than the 2nd-year model because its results showed (F = 27.13, R? =
.262) while the second year results showed (F = 8.46, R?=.134). Third-year students who
studied university mathematics for two years demonstrate their knowledge of previous
content through their understanding of new material. The assessment results show that
when previous achievements predict educational results then learning methods which
require short time periods become less detectable because they demonstrate actual
effectiveness. Researchers must treat the non-significant 3rd-year result as a detection
limit because it lacks proof for an established null effect. The experimental group achieved
extremely significant results (t(40) = 5.089, p < 0.001) which showed consistent effect

direction across all studies and generated similar results between both student groups.

5.3 Discussion of Attitude Findings

5.3.1 Overall Attitude — Null Results in Context

The anticipated result of the research study showed that both groups of participants
displayed no major differences in their attitudes toward the study material. The researchers
define mathematical attitude as a stable multidimensional framework which develops
through the totality of a person's mathematical learning experience (Tapia & Marsh,
2004).The stability of educational constructs shows that a three-week study which targets
one specific content area will not produce any major educational changes. The literature

shows that Capar and Tarim (2015) found cooperative learning produced a medium
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positive effect on mathematics achievement but its impact on attitude showed smaller and
less reliable results while multiple studies with brief intervention periods showed
significant learning outcomes without any corresponding changes in attitude.

The high pre-test baseline in both cohorts — overall means of 83-86 out of a
maximum of 120 — adds a further constraint. Students who already hold positive attitudes
have limited room for measurable improvement because their existing skills already reach
maximum potential which results in reduced progress regardless of teaching effectiveness.
The design represents actual mathematical pedagogy students who chose their discipline
because they already possess positive attitudes toward mathematics. The ANCOVA
models confirm this: R? values of 0.65-0.85 across all attitude outcomes indicate that post-
test attitude was overwhelmingly predicted by pre-test attitude, leaving minimal residual

variance for a group effect to register.

5.3.2 The Self-Confidence Finding

The 2nd-year experimental group showed self-confidence development with
statistical significance and theoretical importance because this development reached a
medium effect size (t(18) = 2.224, p =.039, d = 0.510). The subscale most related to TPS-
SPS mechanisms produced only one attitude outcome that achieved significance for both
cohorts. Bandura's social learning theory (1997) states that individuals develop self-
efficacy which forms the basis of their self-confidence through two main learning
methods: mastery experiences and vicarious learning. The SHARE stage of TPS-SPS
provides both: students directly experience the mastery of successfully explaining a
solution, and they observe peers solving problems in real time, raising their own belief in
their capacity to do the same. The finding shows specific effects through the confidence
subscale yet lacks impact on enjoyment and motivation which establishes theoretical
accuracy for the discovery.

The borderline between-group confidence comparison (p = .053, d = 0.660)

reinforces this interpretation. The study showed a medium effect which reached borderline
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significance when 18 to 19 students participated in each group. The study found
confidence levels which matched previous research about mathematics anxiety in higher
education that showed students who engaged in collaborative learning environments
developed better anxiety management skills and improved their confidence levels
(Bjalkebring, 2019; Tsirimokos et al., 2024). The 3rd-year cohort showed no matching
result because of the experimental group's lower baseline confidence which showed an
average of 41.44 while the 2nd-year group showed an average of 45.58. The requirement
for peer learning to increase confidence claims that students must first possess existing
confidence before they can develop further. More sessions are necessary when starting

from a lower baseline.

5.3.3 The Motivation Decline Pattern

The two groups showed slight decreases in motivation scores during both their
experimental tests and their control tests. This pattern existed across all four groups
because of their different teaching approaches which makes it impossible to link it with
TPS-SPS. The most likely explanation shows that student motivation during the specific
period of the academic semester which included the intervention period shows this pattern.
The research result provides reassurance about the situation because TPS-SPS maintains
student motivation at the same level as traditional teaching methods during a time when
student motivation across all teaching methods experienced decline. Future research needs
to investigate whether extended TPS-SPS programs can stop or reverse the current decline

in student motivation.

5.4 Implications

5.4.1 Implications for Pedagogical Practice
The results of this research study provide multiple practical applications for
teaching mathematics at universities in Kazakhstan. The TPS-SPS system functions as an

effective yet affordable teaching method which follows academic standards and
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requirements of Discrete Mathematics that traditional student study methods use. The
system needs only a basic structured worksheet and operates without any changes to its
existing lecture system and course materials and evaluation timetable. The intervention
can be introduced and implemented within a single content unit without disrupting the
broader curriculum — precisely the kind of feasible, scalable intervention that institutions
operating within resource constraints can adopt.

The research demonstrates that peer learning leads to academic improvement for
students studying mathematics at Kazakhstani universities. The existing research from
Kazakhstan was restricted to the study of Kaymak et al. (2020) which evaluated a different
course without assessing student attitudes. The current research adds to local evidence
while demonstrating that Kazakhstani mathematics pedagogy programs should include
structured peer learning as a required element of their practice class component.

The experimental group from the second year demonstrated confidence
improvement, which creates a double effect for teacher training programs. Teachers who
have personally experienced effective collaborative pedagogy as learners are more likely
to implement it in their own classrooms (Fulton et al., 2022). The school system benefits
from mathematics pedagogy training through peer learning because it enhances current

student results and develops future teaching quality.

5.4.2 Implications for Future Research

The study provides multiple directions which researchers should investigate. The
first requirement which needs implementation involves conducting extended research
through an intervention which lasts six to eight weeks or through a complete semester.
The research needs to confirm whether the achievement effect from three sessions will
develop into a more substantial effect which can show through the research process. The
study found that both the attitude sample sizes which used 35 to 37 participants and the
study design which required additional participants to estimate between-group attitude

differences were insufficient to achieve accurate results. The research needs to create
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attitude data collection procedures which will capture information from all students or
establish complete data collection methods from the beginning of the study. The study
needs to examine how previous accomplishments affect TPS-SPS success because its
results show that testing methods in the study depend on how well previous
accomplishments help forecast results in that specific group of participants. The study
needs to use mixed-methods research with student interviews and focus groups to enhance
its quantitative results because this approach will show how students experienced TPS-

SPS through their SHARE stage evaluations which affected their confidence levels.

5.5 Conclusion

The study examined how TPS-SPS affected mathematics pedagogy students in their
Discrete Mathematics course achievements and their attitudes. The results lead to a
positive conclusion which requires further qualifications. The 2nd-year students who used
TPS-SPS showed improved performance results through a statistical achievement benefit
which the study measured (ANCOVA: F(1,79) = 4.187, p = .044, n?p = .050) while the
3rd-year students showed a similar pattern which lacked statistical evidence. The 2nd-
year group showed significant confidence improvement through within-group changes
while the experimental group achieved a confidence gain of d = 0.510 which demonstrates
that TPS-SPS activates self-efficacy mechanisms through the attitudinal dimension which
connects most closely to peer learning.

The findings establish theoretical foundations for Vygotsky's (1978) ZPD and
Bandura's (1997) social learning theory which function as unified explanations for the
cognitive and attitudinal effects of structured peer learning. The ZPD accounts for
achievement gains through peer scaffolding; social learning theory accounts for
confidence gains through the direct performance experiences that the SHARE stage
generates. The two elements combine to provide a unified explanation which is based on

research for the different results observed in various outcomes.
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The study provides Kazakhstani mathematics educators a practical teaching method
which requires no financial investment and works with existing curriculum requirements.
The implementation of TPS-SPS enables instructors to introduce the system without
needing to modify their teaching materials or evaluation methods because they can use it
within their existing single lesson plans. The value for mathematics pedagogy students
doubles because they acquire academic knowledge while they study a research-based
teaching method which they can use in their future classrooms, thus improving the entire
system of mathematics education.

The higher education system which seeks to modernize its teaching methods faces
challenges because its educational institutions maintain their existing practices. The study
presents evidence to support this claim. The study demonstrates two findings which show
that structured peer learning works effectively and should be implemented to teach

Discrete Mathematics at educational institutions in Kazakhstan.
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6. LIMITATIONS

The present study has several limitations that should be acknowledged. The
intervention lasted three weeks with three practice sessions which is a brief period that
does not meet the usual duration of peer learning studies which require a full semester.
The achievement effect detected in one cohort was made possible by this duration but it
restricted both achievement results and attitudinal outcomes.

Second, the study examined two groups of students who demonstrated their
attitudes through two different assessments which had sample sizes of 37 students from
the second-year group and 35 students from the third-year group. The reduction of sample
size limitations used for statistical analysis which particularly affected between-group
comparison tests and resulted in missing the necessary evidence to show significant
differences in attitudes.

Third, the study was conducted at one university in Kazakhstan which restricts its
findings to particular institutional contexts and specific course structures and different
national environments,

Fourth, the existing class structure of the study required a quasi-experimental design
because it prevented researchers from using random participant assignment. The
researchers proved that both groups had equal starting points through statistical methods,
but unmeasured group differences still existed as a potential gap in their findings.

Finally, the study did not conduct any follow-up evaluations after the initial
assessment. The results from Week 11 show achievement increases, but it remains unclear

whether these gains continued to be maintained.
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LIST OF APPENDICES

Appendix A. Achievement Test Form A

Question 1
A bag contains 5 red, 3 blue, and 2 yellow balls. One ball is chosen at random.
(@) Write out the sample space S for this experiment and state N(S).

(b) Find P(E) where E is the event that the ball chosen is blue. Use the equally likely

probability formula and show your substitution.

(c) Find P(F) where F is the event that the ball is NOT yellow.

Question 2

A student ID consists of 2 letters (A—Z) followed by 3 digits (0-9). Repetition is allowed
throughout.

(a) State the number of choices for each position and apply the Multiplication Rule to

find the total number of distinct IDs.
(b) How many IDs are possible if the two letters must be different from each other (but
digits may still repeat)?

Question 3

In a group of 50 students, 28 study Spanish, 22 study French, and 8 study both languages.

(@) Draw a labelled Venn diagram showing all four regions. Write the number of

students in each region.

(b) Use the Inclusion-Exclusion Rule to find how many students study Spanish or

French (or both). State the formula you are using.

(c) A student is chosen at random. Determine the probability that they study exactly

one language. Show your reasoning step by step.
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Question 4
Answer the following questions about the Pigeonhole Principle.

(a) State the Pigeonhole Principle in your own words. ldentify clearly what 'pigeons'

and 'pigeonholes’ represent.

(b) In a class of 13 students, must at least two students share the same birthday month?

Justify your answer by explicitly applying the Pigeonhole Principle.

(c) What is the minimum number of students needed to guarantee that at least 3
students share the same birthday month? Show your working using the Generalized

Pigeonhole Principle.

Question 5
A department has 7 faculty and 5 students. A committee of 5 people is to be selected.

(a) How many committees of 5 are possible with no restrictions? Use the combination

formula and show your full calculation.
(b) How many committees contain exactly 2 students and 3 faculty?

(c) How many committees contain at least 1 student? Explain why it is more efficient

to use the complement method here and show the full working.

Question 6

A caf€ sells 4 types of cake: chocolate, vanilla, lemon, and carrot. You buy a box of 3
cakes (repetition allowed, order does not matter).
(a) State the formula for r-combinations with repetition and identify n and r for this
problem.

(b) Calculate the total number of different selections. Show full working.

(c) Without repetition, how many ways could you choose 3 different types? Compare

this to your answer in (b) and explain why one is larger.
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Question 7

Answer the following questions about Pascal's Formula and the Binomial Theorem.
(@) Use Pascal's Formula to find €(7,3) by building from the values €(5,2) = 10,
€(5,3) =10,C(6,2) = 15,C(6,3) = 20. Show each step.
(b) Use the Binomial Theorem to expand (x + 2)*. Write out every term clearly.

(c) Identify the coefficient of x2in your expansion from part (b). Then verify this

coefficient using the combination formula C (4,2) directly and explain the connection.

Question 8

Let S be a sample space and A, B be events with P(4) = 0.5,P(B) = 0.4,P(ANB) =
0.3.

(@) Find P(A U B) using the general probability formula. State which formula you are
using and why the simpler formula P(A) + P(B) cannot be used here.

(b) Find P(A%)and P((A U B)¢). State the rule you apply for each.

(c) A friend claims: ‘P(A n B) = 0.3 is impossible because it is larger than P(B) =

0.4 so this violates the axioms.” Is your friend correct? Justify your answer by checking

the relevant probability axiom.

Question 9

Factory X produces 60% of a product with a 5% defect rate. Factory Y produces 40% with

a 3% defect rate. An item is selected at random.

(@) Draw a tree diagram showing the two factories and their defect/non-defect

branches. Label every branch with its probability.
(b) Calculate the probability that a randomly selected item is defective. Show full
working using the total probability formula.

(c) Given that the item is defective, find the probability it came from Factory X. Use

Bayes' Theorem and show every step. Interpret your answer in one sentence.
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Appendix B. Achievement Test Form B

Question 1
A box contains 6 green, 4 white, and 2 black pens. One pen is chosen at random.
(@) Write out the sample space S and state N(S).

(b) Find P(E) where E = 'the pen chosen is green.' State the formula and show your

substitution.

(c) Find P(F) where F = 'the pen chosen is NOT white.'

Question 2

A password consists of 3 letters (A—2Z) followed by 2 digits (0-9). Repetition is allowed
throughout.

(a) State the number of choices for each position and apply the Multiplication Rule to

find the total number of distinct passwords.
(b) How many passwords are possible if all 3 letters must be different (but digits may
still repeat)?

Question 3

In a survey of 60 people, 35 own a car, 24 own a bicycle, and 9 own both.

(a) Draw a labelled Venn diagram showing all four regions with the correct number of

people in each.

(b) Use the Inclusion-Exclusion Rule to find how many people own a car or a bicycle
(or both). State the formula.

(c) A person is chosen at random. Find the probability they own exactly one vehicle.
Show your reasoning step by step.
Question 4

Answer the following questions about the Pigeonhole Principle.
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(a) State the Pigeonhole Principle in your own words. Identify what 'pigeons' and

‘pigeonholes’ represent in your statement.

(b) A drawer contains socks in 5 different colors. You draw socks one at a time without
looking. Must at least 2 socks match after 6 draws? Justify using the Pigeonhole

Principle.

(c) What is the minimum number of socks needed to guarantee at least 4 socks of the

same color? Show your working using the Generalized Pigeonhole Principle.

Question 5

A university club has 6 senior members and 4 junior members. A team of 4 is to be

selected.

(@) How many teams of 4 are possible with no restrictions? Use the combination

formula and show your full calculation.
(b) How many teams contain exactly 1 junior and 3 senior members?

(c) How many teams contain at least 2 junior members? Use the complement method,

explain why you chose it, and show the full working.

Question 6

A shop sells 5 types of chocolate: dark, milk, white, hazelnut, and caramel. You select 4

chocolates (repetition allowed, order does not matter).
(a) State the formula for r-combinations with repetition and identify n and r.
(b) Calculate the total number of different selections. Show full working.

(c) Without repetition, how many ways could you choose 4 different types? Compare

to (b) and explain why one is larger.

Question 7

Answer the following questions about Pascal's Formula and the Binomial Theorem.
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(@) Use Pascal's Formula to find €(8,3) by building from €(6,2) = 15,C(6,3) =
20,€(7,2) = 21,€(7,3) = 35. Show each step.
(b) Use the Binomial Theorem to expand (2x + 1)3. Write every term clearly.

(c) Identify the coefficient of x in your expansion from part (b). Verify using C(3,1) *

21 x 12directly and explain the connection.

Question 8
Events A and B satisfy P(4) = 0.6, P(B) = 0.3, and A and B are mutually exclusive.

(@ Find P(A U B). State which formula applies because A and B are mutually

exclusive, and why the general formula gives the same result here.
(b) Find P(A€) and P((A U B)®). State the rule for each.
(c) A student claims: 'If P(4) = 0.6 and P(B) = 0.3 then P(A n B) must equal 0.18

because they multiply.' Identify the error in this reasoning. Under what condition
would P(ANn B) = P(A) x P(B) be valid?

Question 9

A medical test for a disease has the following characteristics: the disease affects 2% of the
population. The test is positive for 95% of people who have the disease. The test is also

positive for 4% of people who do not have the disease (false positive rate).

(a) Draw a tree diagram with branches for disease/no disease and positive/negative test

result. Label all branches with probabilities.

(b) Calculate the probability that a randomly selected person tests positive. Show full

working.

(c) Given a person tests positive, find the probability they actually have the disease.
Use Bayes' Theorem step by step. Then explain in one sentence why this probability is

surprisingly low despite the test being 95% accurate.
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Appendix C. Achievement Test Blueprint

Content area Ne Understand = Apply | Analyze @Evaluate Points
(Section) - (L2) (L3) (L4) (L5)

9.1 Introduction to

Probability Q1 Qla, b, c 3
9.2 Multiplication

Rule Q2 Q2a, b 3
9.3 Addition /

Inclusion- Q3 Q3a Q3b Q3c 4
Exclusion

9.4 Pigeonhole

Principle Q4 Qda, b Qéc 3
9.5 Combinations Q5 Q5a, b Q5¢c 4
9.6 r-Combinations

with Repetition Qo Q6a, b, c 3
9.7 Pascal's

Formula & Q7 Q7a, b Q7c 4
Binomial Theorem

9.8 Probability

Axioms & Q8 Q8a, b Q8¢ 4
Expected Value

9.9 Conditional

Probability & Q9 Q9%, b Q9c 4
Bayes

% Of test 13% 47% 25% 15% 100%
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Appendix D. Achievement Test Expert Form

Relevance Clarity Expert
(1=4) (1-4}) comments
irevisions if any)

Cuestion and leaming objective

Week 9 Content — Sections 9.1, 9.2, 93

1. Q1 (L3 Apply) — Calculate basic probability using equally ~ o1 02 ':;3 a2
likely outcomes formula. [Section 9.1] O3 4 oh
e . ol o2
2. Q2 (L3 Apply) — Apply the Multiplication Rule to count multi- 01 o2 03
step arrangements with and without repetition. [Section 9.2] L& o4 e

3. Q3 (L2-L4) — Draw a Venn diagram and apply Inclusion- ol o2 %13;'2
Exclusion Rule; calculate probability from union. [Section 9.3] I:E,B’ o4

04
Week 10 Content — Sections 9.4, 9.5, 9.6
4. Q4 (L2 Understand) — State, apply, and extend the Pigeonhole o1 02 ':',';]5 H2
Principle to guarantee conditions. [Section 9.4 o3 'Igd o4
L ol o2
5. 05 (L3-L4) — Calculate combinations; apply complement ol o2 A
method for conditional counting. [Section 9.5 M3 o4 04
- . . ol o2
6. 06 (L3 Apply) — Apply r-combinations with repetition ol o2 03
formula; compare with and without repetition. [Section 9.6) gé‘ o4 M
Week 11 Content — Sections 9.7, 9.8, 99
7. Q7 (L3-L4) — Use Pascal's Formula step by step; expand using 01 02 EI;]3 f2
Binomial Theorem; interpret coefficients. [Section 9.7] o3 @ bt
- : ol o2
g, Q8 (L3-L3) — Apply probability axioms; find complement; ol o2 A
evaluate a claim using axioms. [Section 9.8) t.‘é 04 04
ol o2

9. (9 (L3-L5) — Draw probability tree; apply total probability 01 o2 03
formula; apply Bayes' theorem and interpret result. [Section 9.9) ‘gfj mp ?34/

General Evaluation

1. Does the test as a whole adequately cover the Counting and Probability unit {Sections 9.1-9.9)?

\y{ Yes, coverage is adequate O Partially — some sections underrepresented O No—
major gaps
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Appendix E. Adapted Attitude Scale

Ne | Statement

1 | I really like Discrete Mathematics.

) | am happier in a Discrete Mathematics class than in any
other class.

3 | have a lot of self-confidence when it comes to Discrete
Mathematics.

4 | think studying advanced Discrete Mathematics is
useful.

5 Discrete Mathematics is one of my most dreaded
subjects.

6 | believe studying Discrete Mathematics helps me with
problem solving in other areas.

- | am able to solve Discrete Mathematics problems
without too much difficulty.

8 | I like to solve new problems in Discrete Mathematics.

9 | am motivated to learn more about Discrete
Mathematics even outside of class.

10 | am comfortable answering questions in Discrete
Mathematics class.

11 | Discrete Mathematics is dull and boring.

12 | try to do my best in discrete mathematics even when
the material is difficult.

13 When | hear the words 'Discrete Mathematics,' | have a
feeling of dislike.

14 | Discrete Mathematics is a very interesting subject.

15 I am willing to take more than the required amount of

Discrete Mathematics.
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16

Statement

| expect to do fairly well in any Discrete Mathematics
class | take.

17

| really enjoy working with Discrete Mathematics.

18

Studying Discrete Mathematics makes me feel nervous.

19

| learn Discrete Mathematics easily.

20

| am confident that | could learn advanced Discrete
Mathematics.

21

It makes me nervous to even think about having to do a
Discrete Mathematics problem.

22

Discrete Mathematics makes me feel uncomfortable.

23

| am always under a terrible strain in a Discrete
Mathematics class.

24

| am always confused in my Discrete Mathematics class.

87




Appendix F. Assumption Tests for Attitude Gain Scores

Variable /
Group

Cohort

W p

Normal?

Test used

Shapiro-Wilk Normality Tests on Gain Scores

Overall attitude
— Control

Overall attitude

Experimental

Enjoyment —
Control

Enjoyment —
Experimental

Motivation —
Control

Motivation —
Experimental

Confidence —
Control

2nd Year

3rd Year

2nd Year

3rd Year

2nd Year

3rd Year
2nd Year

3rd Year

2nd Year

3rd Year
2nd Year

3rd Year

2nd Year

3rd Year

0.950 0.417
0.916 0.129
0.955 0.478
0.933 0.218
0.949 0.412
0.943 0.359
0.896 0.041
0.799 0.001
0932 0.211
0.832 0.006
0.922 0.122
0.904 0.068
0.931 0.205
0.954 0.521
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Yes

Yes

Yes

Yes

Yes

Yes
No

No

Yes

No
Yes

Yes

(borderline)

Yes

Yes

Paired t-test

Paired t-test
Paired t-test

Paired t-test
Paired t-test

Paired t-test

Wilcoxon / Mann-
Whitney U

Wilcoxon / Mann-
Whitney U
Paired t-test

Mann-Whitney U
Paired t-test

Paired t-test

Paired t-test

Paired t-test




Confidence — 2nd Year 0.956 0.493 Yes Paired t-test
Experimental

3rd Year 0.939 0.280 Yes Paired t-test
Levene's Test for Equality of Variances (between groups)
Overall attitude 2nd Year 0.652 0.425 Yes Independent t-test
3rd Year 1.359 0.252 Yes Independent t-test
Enjoyment 2nd Year 0.096 0.759 Yes Mann-Whitney U
3rd Year 2.283 0.140 Yes Mann-Whitney U

Motivation 2nd Year 0.199 0.658 Yes Independent t-test /
MwWU

3rd Year 0.197 0.660 Yes Mann-Whitney U
Confidence 2nd Year 1512 0.227 Yes Independent t-test
3rd Year 0.914 0.346 Yes Independent t-test
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