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PREFACE

Computations are designed to solve problems. Programs arc descriptions of
computations written for execution on computers. The field of computer science
is concerned with the development of methodologies for designing programs.
and with the development of computers for executing programs. It is therefore
of central importance for those involved in the field that the characteristics of
programs, computers, problems, and computation be fully understood. More-
over, to clearly and accurately communicate intuitive thoughts about these
subjects, a precise and well-defined terminology is required.

This book explores some of the more important terminologies and questions
concerning programs, computers, problems, and computation. The exploration
reduces in many cases to a study of mathematical theories, such as those of
automata and formal languages; theories that are interesting also in their own
right. These theories provide abstract models that are easier to explorc, because
their formalisms avoid irrelevant details.

The material in this book gradually increases in complexity. In many cases.
new topics are treated as refinements of old ones, and their study is motivated
through their association to programs.

Chapter 1 is concerned with the definition of some basic concepts. Tt starts
by considering the notion of strings, and the role that strings have in pre-
senting information. Then it relates the concept of languages to the notion of
strings, and introduces grammars for characterizing languages. The chapter
continues by introducing a class of programs. The choice is made for a class.
which on one hand is general enough to model all programs, and on the oth-
er hand is primitive enough to simplify the specific investigation of programs.
In particular, the notion of nondeterminism is introduced through programs.
The chapter concludes by considering the notion of problems, the relationship
between problems and programs, and some other related notions.

Chapter 2 studies finite-memory programs. The noticn of a state is introduced
as an abstraction for a location in a finite-memory program as well as an as-
signment to the variables of the program. The notion of state is used to show
how finite-memory programs can be modeled by abstract computing machines,
called finite-state transducers. The transducers arc essentially sets of states
with rules for transition between the states. The inputs that can be recognized
by finite-memory programs are characterized in terms of a class of grammars,
called regular grammars. The limitations of finite-memory programs, closure
properties for simplifying the job of writing finite-memory programs, and de-
cidable properties of such programs are also studied.

Chapter 3 considers the introduction of recursion to finite-memory programs.
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The treatment of the new programs, called recursive finite-domain programs,
resembles that for finite-memory programs in Chapter 2. Specifically, the re-
cursive finite-domain programs are modeled by abstract computing machines,
called pushdown transducers. Each pushdown transducer is essentially a finite-
state transducer that can access an auxiliary memory, that behaves like a push-
down storage of unlimited size. The inputs that can be recognized by recursive

finite-domain programs are characterized in terms of a generalization of regular

grammars, called context-free grammars. F inally, limitations, closure proper-.

ties, and decidable properties of recursive finite-domain programs are derived
using techniques similar to those for finite-memory programs.

Chapter 4 deals with the general class of programs. Abstract computing ma-
chines,, called Turing transducers, are introduced as generalizations of push-
down transducers that place no. restriction on the auxiliary memory. The
Turing transducers are proposed for characterizing the programs in general,
and computability in particular. It is shown that a function is computable
by a Turing transducer if and only if it is computable by a deterministic Tur-
ing transducer. In addition, it is shown that there exists a universal Turing
transducer that can simulate any given deterministic Turing transducer. The
limitations of Turing transducers are studied, and they are used to demonstrate

some undecidable problems. A grammatical characterization for the inputs that
Turing transducers recognize is also offered.

The choice of topics for the text and their organization are generally in line

“{ith What is the standard in the field. The exposition, however, is not always
standard. For instance, transition diagrams are offered as representations of
P.llsl.Idown transducers and Turing transducers. These representations enable a
Slgnlﬁcanﬁ simplification in the design and analysis of such abstract machines,
and consequently provide the opportunity to illustrate many more ideas using
meaningful examples and’ exercises. "The level of the material is intended to
PPOV}de the reader with introductory tools for understanding and using formal
specifications in computer science. As a result, in'many cascs ideas are stressed
more than detailed argumentation, with the ob jective of developing the reader’s
Intuition toward the subject as much as possible. '

T]_léb??msy Figures, Exercises, and other items in the text are labeled' with
triple numbers.” Ap item that is'labeled with a triple i.j.k is assumed to be

tbg ‘kth itg’r’n Of, its‘_type in Section j of Chapter i.

Chapter 1

GENERAL CONCEPTS

Computations are designed for processing information. They can be as simple
as an estimation for driving time between cities, and as complex as a weather

prediction. ‘

The study of computation aims at providing an insight into the characteristics
of computations. Such an insight can be used for predicting the complexity of
desired computations, for choosing the approaches they should take, and for
devcloping tools that facilitate their design.

The study of computation reveals that there are problems that cannot be
solved. And of the problems that can be solved, therc are somec that require
infeasible amount of resources (e.g., millions of years of computation time).
These revelations might seem discouraging, but they have the benefit of warn-
ing against'tryihg to 'solve such problems. Approaches for identifying such
problems are also provided by the study of computation. '

On an encouraging note, the study of computation provides tools for identi-

‘fying problems that can feasibly be solved, as well as tools for designing such
solutions. In addition, the study develops precise and well-defined terminology
for communicating intuitive thoughts about computations.

The study of computation is conducted in this book through the medium of
programs. Such an approach can be adopted because programs are descriptions
of computations.

Any formal discussion about computation and programs requires a clear un-
derstanding of these notions, as well as of related notions. The purpose of this
chapter is to define some of the basic concepts used in this book. The first
section of this chapter considers the notion of strings, and the role that strings
have in representing information. The second section relates the concept of
languages to the notion of strings, and introduces grammars for characterizing
languages. The third section deals with the notion of programs, and the con-
cept of nondeterminism in programs. The fourth section formalizes the notion
of problems, and discusses the relationship between problems and programs.
The fifth section defines the notion of reducibility among problems.
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1.1 Alphabets, Strings, and Representations

The ability to represent information is crucial to communicating and processing
information. Human societies created spoken languages to communicate on a
basic level, and developed writing to reach a more sophisticated level.

The English language, for ins,taqce, in its spoken form relies on some finite set
of basic sounds as a set of primitives. The words are defined in term of finite
sequences of such sounds. Sentences are derived from finite sequences of words.
Conversations arc achieved from finite sequences of sentences, and so forth.

Written English uses some ﬁnitg set of symbols as a set of primitives. The
words are defined by finite sequences of symbols. Sentences are derived from

finite sequences of words. Paragraphs are obtained from finite sequences of
sentences, and so forth. - o

‘Similar appro'a,che_s;havé.vl.)'ee‘n developéd also for representing elements of other

‘sets. For instance, the natural number can be represented by finite sequences
of decimal digits.

Computations, like natural languages, are expected to deal with information in
its most gen_eral form. Consequently, computations function as manipulators
of integers, graphs, programs, and many other kinds of entities. However, in
reality computations only manipulate strings of symbols that represent the
objects. The previous discussion necessitates the following definitions.

Alphabets and Strings [}
A finite, nonempty ordered set will be called an alphabet if its elements are sym-
bols, or characters (i.e., elements with ”primitive” graphical representations).
-A finite sequence of symbols from a given. alphabet will be called a string over
,the alphabet. A string that consists of a sequence a, 182y.-,@n Of symbols will

be denoted by the juxtaposition @1@3...aq. Strings that have zero symbols,
called empty strings, will be denoted by €.

E:ga_mple 1.1.1 % ={a,b,...,z} and 2,={0,1,...,9} are alphabets. abb is a
string over X, and 123 is a string over Xp. bal2 is not a string over X,
,becaijse‘ it contains symbols that are not in 2. Similarly, 314159623... is not
a s_.trmg‘ over X, because it is not a finite sequence. On the other hand, & is a
string over any alphabet. '

The empty set @ is not an alphabet because it contains no ¢lement. The set of
natural numbers is not an alphabet, becausé it is not finite. The uhion X, UL,
is an alphabet only if an ordering is placed on its symbols. - a
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An a]pha.bet of cardinality 2 is called a binary alphabet, and strings over a
binary alphabet are called binary strings. Similarly, an alphabet of cardinality
1 is called a unary alphabet, and strings over a unary alphabet are called unary

strings.

The length of a string « is denoted |a| and assumed to equal the number of
symbols in the string.

Example 1.1.2'{0,1} is a binary alphabet, and {1} is a unary alphabet. 11 is
a binary string over the alphabet {0,1}, and a unary string over the alphabet
{15, '

11 is a string of length 2, |¢|=0, and |01|+]1|=3. 0
The string consisting of a sequence a followed by a sequence 3 is denoted af.

The string a3 is called the concatenation of a and 3. The notation o' is used
for the string obtained by concatenating i copies of the string a.

Example 1.1.3 The concatenation of the string 01 with the string 100 give§
the string 01100. The concatcnation ea of ¢ with any string «, and the con-
catenation ae of any string a with £ give the string . In particular, e =e¢.

If =01, then o® =¢, o' =01, a2=0101, and o® =010101.

A string o is said to be a substring of a string 8 if 8=~ap for some 7y and p.
A substring o of a,string 3 is said to be a prefiz of 8 if B=ap for some p. The
prefix is said to be a proper prefiz of 8 if p#£€. A substring & of a string 3 is
said to be a suffiz of 3 if 3=~a for some . The suffix is said to be a proper
suffiz of B if y#e.

Example 1.1.4 €,0,1,01, 11, and 011 are the substrings of 011. ¢, 0, and 01
are the proper prefixes of 011. &, 1, and 11 are the proper suffixes of 011. 011
is a prefix and a suffix of 011.

If a=aq,...a, for some symbols a,...,a, then ay...a; is called the reverse of a,
denoted a™”. B is said to be a permutation of a if 8 can be obtained from a
by reordering the symbols in a.

Example'1.1.5 Let o be the 'étring 001. o™’ =100. The strings 001, 010, and
100 are the permutations of a. o

The set of all the strings over an alphabet £ will be denoted by T owill
denote the set-Z*\ {e}.

Orderirg of Strings
Searching is probably the most commonly applied operation on information.
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Due to the importance of this operation, approaches for searching information
and for organizing information to facilitate searching, receive special attention.
Sequential search, binary search, insertion sort, quick sort, and merge sort are
some cxamples of such approaches. These approaches rely in most cases on the
existence of a relationship that defines an ordering of the entities in question.

A frequently used relationship for stfings is the one that compares them al-
phabetically, as reflected by, the ordering of names in telephone books. The
relationship and ordering can be defined in the following manner.

Consider any alphabet . A string o is said to be alphabetically smaller in £*
than a string 8, or equivalently, 3 is said to be alphabetically bigger in X* than
a if & and § are in £* and either of the following two cases holds.

‘a. aisa proper prefix of 3.

b. For some 7 in X* and some a and b in X such that precedes b in X, the
string va is a prefix of « and the string vb is a prefix of 3.

An brdergd subset of £* is said to be alphabetically ordered, if B is not alpha-
betically smaller in 2" than a whenever o precedes B in the subset.

Example 1.1.6 Let £ be the binary alphabet {0,1}. The string 01 is alpha-
betically smaller in £* than the string 01100, because 01 is a proper prefix of
01100. On the other hand, 01100 is alphabetically smaller than 0111, because

both strings agree in their first three symbols and the fourth symbol in 01100
is smaller than the fourth symbol in 0111; '

The set {¢,0,00,000,001,01,010,011,1,10,100,101,11,110,111}, of those strings
that have length not greater than 3, is given in alphabetical ordering. o

Alphabetical ordering is satisfactory for finite sets, because each string‘in such
an ordered set can eventually be rcached. For si

dere milar rcasons, alphabetical
ordering is also satisfactory for infinite sets of unar

y strings. However, in some
other cases alphabetical ordering is not satisfactory because it can result in

some-strings being preceded by an unbounded number of strings. For instance,
su.ch is the case for the string 1 in the alphabetically ordered set {0,1}*, that is,
1 is preceded by the strings 0, 00, 000,... This deficiency motivates the following

definition of canonijcal ordering for strings. In canonical ordering each string is
preceded by a finite number of strings. :

A string a is said to be cdnom’cally smaller or lezz'coéraphically smaller in 2*
than a strmg B, or equivalently, 3 is said to be canonically bigger or lezico-
graphically bigger in T* than o if either of the following two cases holds,

a. o is shorter than g.
b. @ and B are of identical length but « is alphabetically smaller than’ 8.
8

An ordered subset of £*is said to be canonically ordered or lem’cographical.ly
ordered, if B is not canonically smaller in %* than a'whenever « precedes 8 in
the subset. o

Example 1.1.7 Consider the alphabet Z:{Otl}. The string 11 is canonicaél)ly
smaller in X* than the string 000, because 11 is a shorter string tha..n 000. x}
the other hand, 00 is canonically smaller than 11, because the strings are o
equal length and 00 is alphabetically smaller than 11.

The set 2* = {5‘:0 1,00,01,10,11,000,001,...} is given in its canonical ordering.
u] L .

’

Representations

Given the preceding definitions of alphabets and st.rings, fegrefsentatxo;s of

information can be viewed as the mapping of objects into s'frmgs in ac;t?r al:,:.

with some rules. That is, formally speaking, a repr;sent;tzz:?ntzr 1;encczi safri:gsothe
‘ i ic from D -to at sal

an alphabet ¥ of a set D is a function f fro !

following condition: f(e,) and f(es) are disjoint nonempty scts for each pair

of distinct elements e, and e, in D.

If ¥ is a unary alphabet, then the representation is said to. be a unary TEZ”'e‘
sentation. If X is a binary alphabet, then the representation is said to be a
binary representation. B

In what follows each element in f(e) will be referred to as a representation, or
encoding, of e.

Example 1.1.8 f; is a binary representation over {0,1} of the natural numbers
if

(0= {0,00,000,0000,.-..},
£1(1)={1,01,001,0001,...},

fi(2)y= {10,010,0010,00@;0,...}, |
£1(3)={11,011,0011,00011,...}, and
Fu(4)={ 100,0100,00100,000100,...}, etc.

Similarly, f, is a binary representation over {0,_ 1} of the ’.“’t“’?‘l qull)lerzg;;l:;
signs to the ith natural number the set consisting of the ith (iz_mC;I}HC; (3:;).: {00}
binary string. In such a case, fo(0) = {e}, fo(1) = {0}, f2 (2) _8-){— {’0021} £2(9) =
fa(4) = {01}, /2(5)= {10}, f2(6)={11}; f(7)={000}, fa(8)={O0L}, 121D
{fow0},.. ~* 7 ’

[ .. s . ot . : _.r . - . . bs
On the other hand,. f3 is a unary representation over {1} of the natural number
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if it assigns to the ith natural number the set consisting of the ith alphabetically
(=canonically) smallest unary string. In such a case, f3(0)={e}, f3(1)={1},

f3(2) = {11}, f3(3)= {111}, f3(4) ={] 111 },...,' f3(i) = {li},...
The three representations fj, f2, and f3-are illustrated in Figure 1.1.1.

The set of
natural
numbers fi

 {0,00.000,...}
[# {1,01,001,...}
.» {10,010,0010,...}
» {11,011,0011,...}

Fig.1.1.1. Representations for the natural numbers

In the rest of the book, unless otherwise is stated, the function f of Example
1.1.8 is assumed to be the binary representation of the natnral numbers.

1.2 Formal Languages and Grammars

The universe of strings is a useful medium for the representation of informa-
tion as long as there exists a function that provides the interpretation for the
information carried by the strings. An interpretation is just the inverse of the
mapping that a representation provides, that is, an interpretation is a function
g from X* to D for some alphabet X and some set D. The string 111, for in-

stance, can be interpreted as the number one hundred and
by a decimal string,

as the number three

eleven represented
as the number seven represented by a binary string, and
represented by a unary string.

The parties communicating a piece of information do the representing and in-
terpreting. The representation is provided by the sender, and the interpretation
is provided by the receiver. The process is the same no matter whether the
parties are human beings or programs. Consequently, from the point of view of
the parties involved, a language can be just a collection of strings because the
parties embed the representation and interpretation functions in themselves.

10
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Languages

In general, if Sisan alphabet and L is a subset of 2*, then L is said to be a
language over X, or simply a language if X is understood. Eaf:h. e]emgnt of L
is said to be a sentence or a word or a string of the la.ngua‘ge.

Example 1.2.1 {0,11,001}, {6,10}, and {0,1}* are subsets of {0,1}*, and so
they are languages over the alphabet {0,1‘}.

The empty set @ and the set {¢} are languages over every,-alpl;.gbe.t.. Z is
a language that contains no string. {c} is a language that contains just thDe :
empty string. :

The union of two languages Ly and Lo, denoted L, UL, refers to the'language
that consists of all the strings that are either in L) or in Ly, that is, to {z|
zisin Ly or 2 is in Lo}. The intersectionof L, and L, dent?ted LiNL,, refers
to the language that consists of all the strings that z}re'both in L, and L‘g,'th;ti
is,'to {z|z isin Ly and in L,}. The complementationof a la.ngugge_ L over X,
or just the complementation of L when X is understood, denotec.l L, refers .to
the language that consists of all the strings over £ that are not in L, that is;
to {z|x is in £ but not in L}. ‘ '

Example 1.2.2 Consider the languages L; = {&,0,1} anc'l 1:42 = {570‘1311_}' ghg
union of these languages is L1UL2={5’0’1v0_1’11}' thglr intersection 15 L
Ly ={e}, and the complementation of L, is I; = {00,01,10,11,000,001,...}.

@UL=L for each language L. Similarly, oNL=2 for each language L. OS
the other hand, &= X* and £* =@ for each alphabet L.

The difference of L, and L,, denoted Ly~ Lo, refers to tl'le language that con-
sists of all the strings that are in L; but not in Lo, that is, to

{z|z is in L, but not in Ly}.

The cross product of Ly and Ly, denoted L, va{, refers to Fhe set of alllt!:he
Pairs (z,y) of strings such that z is in L; and y is in L, that is, to tl’le (rie a ;qg
{(x,y)lx isin Ly and y is in Ly}. The compositw'n .of L, with L3, denote
Ly L, refers to the language {zy|z is in L, and y is in Ly}

Example 1.2.3 If L; ={¢,1,01,11} and L ={1,01,101} then L~ Lo={e,11}
and Lo\ L, ={101}.

On the other hand, if L ={¢,0,1} and L, ={01,11}, then the cr(issn};IiOdaI;f;
of these languages is L; XLz={(5,01),(5»11)’(0’01)’(0’11)’(1f01)’( s
their composition is L, L, = {01,11,001,011,101,111}.

I\@=L,o~L=2, L=, and {€}L=L for each language L. :

L will also be used to denote the composing of i copies of a language L, Where
11



L? is defined as {e}. The set L0

J . et LYULYUL2UL3U..., called the K :
just t'he closure of L, will be denoted by L*. The set J! UL(;U{;;’G“G C'l (l)is 73’"6 e
positive closure of L, will be denoted by L+, ) o called the

L,’ .y . .

z nclozswlllzf ::)Zntsl;otse itz;ngs that can be obtained by concatenating i strings
n L. nsists of those strings that can b i i

arbitrary number of strings from L. " e obtained by concatenating an

Example 1.2.4 Consider th i
For these languages e pélr of languages L, = {£,0,1} and L, = {01,11}.

L}={¢,0,1,00,01,10,11}, and
Li=
3 {010101_,010111,011101,011111,110101,110111,111101.111111}.
In addition, ¢ is in L}, in L}, and in L3 but not in Lf. | o

The ion: i ; '

o ZP:II;&SOI;; ;btove app.ly In a similar way to relations in J5* x A*, when X

RUR, lll)e rel: ts.. Specifically, the. union of the relations R; and Ry, denoted

and Ry denoteg B ::])1112 j (.;::;ﬁlle (:c,iy)t.}s 1'1; (Rl or in Ry}. The intersection of R,
 d 1Ry, relation {(z,y) | (z,y) is i ]

composition of Ry with Ry, denoted RiR,, ’is)t!}fe x?gc)lz::icl)fl i and in fi}. The

{@122,919) | (21,3,) is in Iy and (z3,y,) is in Ry}.

Example 1.2.5 Consider the relations

R, ={(¢,0),(10,1)}, and Ry ={(1,¢),(0,01)}.

For these relations

B VR ={(,0),(10,1),(1,6),(0,01)},
Rl nRg =g,

?Rz={(1,0)_,(0,001),(101,1),(100,101)}, and
2R, ={(1,0),(110,1),(0,010),(010,011)}. o

The compi, ;
o R whe];)l i‘fjnzni;zlizon of a relation R in £* x A*, or just the complementation
14 A are understood, denoted R, is the relation

{(z.9)|(z,9) isin Z* x A* but not in R}.

The inversé of R
s , denot, =l i
{(€€)}. Ri=Ri-1p for ie;f + 1 the relation {(y,2)|(z.y) is in B}. R°=

Example 1.2.6 If B
P .2, s the relation {(e,¢), (¢,01 , th o=
{(,6)}, and 2= (5,5),(5,01),(5,01015}. )} then B {(E’e)’(m’g)}u’
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A language that can be defined by a formal system, that is, by a system that - |
has a finite number of axioms and a finite number of inference rules, is said to f

be a formal language.

Gramimars

It is often convenient to specify languages in terms of grammars. The advantage
in doing so arises mainly from the usage of a small number of rules for describing
a language with a large number of sentences. For instance, the possibility that
an English sentence consists of a subject phrase followed by a predicate phrase

can be cxpressed by a grammatical rule of the form
(sentence) — (subject)(predicatce).

(The names in angular brackets arc assumed to belong to the greﬁhma.r mcta-
language.) Similarly, the possibility that the subject phrase consists of a noun
phrase can be expressed by a grammatical rule of the form

(subject) = (no_un).

In a similar manner it can also be deduced that "Mary sang a song” isa possible
sentence in the language described by the following grammatical rules.

(spﬁte’nce) — (subject){predicate)
{(subject) — (noun) .
(predicate) — (verbMarticle)Xnoun)
(noun) — (namie)
(noun) — (string) A
(name) — (u_character){string)
(string) — (string){character)
(string) — (character)
_{character) — a

(character) — z
{u_character) = A

{u_character) = Z
{verb) — sang
{article) = a
The grammatical rules above also allow English sentences of the form "Mary.
sahg a song” for other names besides Mary. On the other hand, the rules imply
non-English‘ senitences like "Mary sang -a Mary,” and do not allow :English
13



sentences like "Mary read a song.” Therefore, the set of grammatical rules
above consists of an incomplete grammatical system for specifying the English
language. '

For the investigation conducted here it is sufficient to consider only grammars
that consist of finite sets of grammatical rules of the previous form. Such

grammars are called Type 0 grammars, or phrase structure grammars, and the

formal languages that they generate are called Type 0 languages.

Strictly speaking, each Type 0 grammar G is defined as a mathematical system
consisting of a quadruple (N ,2,P,S), where

N is an alphabet, whose elements are called nonterminal symbols.

L is an alphabet disjoint from N, whose elements are called terminal sym-
“bols. -

P is a relation of finite cardinality on (N UZL)*, whose elements are called
production rules. Moreover, each production rule (a,8) in P, denoted
@—f3, must have at least one nonterminal symbol in «. In each such
production rule, a is said to be the left-hand side of the production rule,
and f is said to be the right-hand side of the production rule.

S is a symbol in NV called the start, or sentence, symbol.

Example 1.2.7 (N,Z,P,S) is a Type 0 grammar if N = {5}, X ={a,b}, and
P={S—>055,5—>6}. By definition, the grammar has a single nonterminal
symbol S, two terminal symbols a and b, and two production rules S —aSb
and S—¢. Both production rules have a left-hand side that consists only of
the nonterminal symbol S. The right-hand side of the first production rule is
aSbh, and the right-hand side of the second production rule is ¢.

{N1,Z1,P,,8) is not a grammar if NV; is the set of natural numbers, or X, is
empty, because N, and 2| have to be alphabets.

Ny ={S}, 5= {a,b}, and P, ={5—a5b,5—¢,ab— S} then (Ny, 55, P,,S5)
1S not a grammar, becayse ab— S does not satisfy the requirement that each

. D

In general, the nonterminal symbols of a Type 0 grammar are denoted by S
and by the first uppercase letters in the English alphabet 4, B, C, D, and
Ej. .The start symbol is denoted by S. The terminal symbols are denoted by
digits and by the first lowercase letters in the English alphabet a, b, ¢, d, and
e. S?'mbols of insignificant nature are denoted by X, Y, and Z. Strings of
terminal symbols are denoted by the last lowercase English characters u, v, w,
T: Y, and 2. Strings that may consist of both terminal and nonterminal symbols
are-denoted by the first lowercase Greek symbols a, B, and . In addition, for
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convenicnce, sequences of production rules of the fom

a— B

a—)ﬂz

a = 0,
arc denoted as

a—-)ﬁ1
" _)ﬂ2

= P
Example 1.2.8 (N,X,P,S) is a Type 0 grammar if N={S,B}, ¥={a,b,c},
and P consists of the following production rules.

S — aBSc
— abc
=z

Ba — aB
Bb — bb

" The nonterminal symbol S is the left-hand side of the first three production

rules. Ba is the left-hand side of the fourth production rule. Bb is the left-hand
side of the fifth production rule.

The right-hand side aBSe of the first production rule contains both t;rm:}l a::
and nonterminal symbols. The right-hand side abc of Fhf’ second produc llot-
rule contains only terminal symbols. Except for the t.n_.wal case of. the r;gt;l -
hand side £ of the third production rule, none of the right-hand s'ldei of e
Production rules consists only of nonterminal symbols, even though they aD
allowed to be of such a form. ' ‘

Derivations

Grammars generate languages by repeatedly modifying gévefz. Stllsﬁ: 0?:;]:
modification of a string is in accordance w1t.h some pro uf: lon " accor-
§rammar in question G=(N,X,P,5). A modification to a s;rltng 7 ain v by
dance with production rule a— 3 is derived by replacing a su string

. Ry be obtained
In general, a string ~ is said to directly derive a string 7' d‘i”’ d‘:?vé zloif +' can
from v by a single modification. -Similarly, a string 7.1s ;a‘ 'fodirect derivations.
be obtained from v by a sequence of an arbitrary number o
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Formally. a string = is said to directly derive in G a string 7', denoted 5 e
if %' can be obtained from 7 by replacing a substring a with 3, where a— 3 1s
a production rule in G. That is, if vy = pad and 4" = pf3§ for some strings o, 3. p.
and § such that a — 3 is a production rule in G.

Example 1.2.9 If G is the grammar {(N,X,P,S) in Example 1.2.7, then both €
and aSb are directly derivable from S. Similarly, both ab and a®Sb? are dircctly
derivable from aSb. ¢ is directly derivable from S, and ab is directly derivable
from aSb, in accordance with the production rule S —z. aSb is directly deriv-
able from S. and a25b? is directly derivable from aSh, in accordance with the
production rule §— aSh.

On the other hand, if G is the grammar (N,X,P,S) of Example 1.2.8, then
aBaBabcee = aaB Babeee and a BaBabece=>; a BaaBbeee in accordance with
the production yle Ba—0B. Moreover, no other string is directly derivable
from aBaBabeee in G. 8]

v is said to derive 7' in G, denoted T=E 7, if v =g ... =g, for some ¥o,....Yn
such that 79 =% and v, =7'. In such a case, the sequence vo =g ... = va 18
said to be a derivation of v from v’ whose length is equal to n. vy,....7, are said
to be sentential forms, if o =5. A sentential form that contains no terminal
symbols is said to be a sentence.

Example 1.2.10 If G is the grammar of Example 1.2.7, then a'Sb* has a
derivation from S. The derivation §={,a*Sb* has length 4, and it has the
form S = aSb=5a?5h? = a®5H® = a? Sbt. ul

A string is assumed to be in the language that the grammar G generates if
and only if it is a string of terminal symbols that is derivable from the starting
symbol. The language that is generated by G, denoted L(G), is the set of all
the strings of terminal symbols that can be derived from the start symbol, that
is. the set {w|wisin £*, and S=%w}. Each string in the language L(G) is
said to be generated by G.

Example 1.2.11 Consider the grammar G of Example 1.2.7. ¢ is in the lan-
guage that G generates because of the existence of the derivation S =ge. ab
is in the language that G generates, because of the existence of the deriva-
tion 5= aSb=gab. a®b? is in the language that G generates, because of the
existence of the derivation S =g aSb=ca?S5h =g ab?.

The language L(G) that G generates consists of all the strings of the form
a...ab...b in’ which the number of a’s is equal to the number of b's, that is,
L(G)={a'|i is a natural number}.

wSb is not in L(G) because it contains a nonterminal symbol. a2b is not in
L(G) because it cannot be derived from S in G. ' a
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3 IR S o e C A
In what follows, the notations v=+" and v="7" are ust d instead of 7 =¢ 7
and v =¢, 7', respectively, when G is understood. In addition, Type 0 grammars
are referred to simply as grammars, and Type 0 languages are referred to simply

as languages, when no confusion arises.

Example 1.2.12 If G is the grammar of Example 1.2.8, then thelfollowing is
a déerivation for a3b%c3. The underlined and the overlined substrings are tl.w
left- and the right-hand sides, respectively, of those production rules nsed in
the derivation,

S=aBSc

Y

=0 BG@L)C(‘C
= aB_aaEccc
= (,,&Egbbccc
= qaaBbbcee
= aa abbbece

G consists of all the strings of the

The laneu; 2 by the grammar .
glage generated by the B a's, b's, and c’s, that is.

form a...ab...be...c in which there are equal numbers of
L(G) = {a'bc?|i is a natural number}.

e ' . ! ial forms that
The first two production rules in G arc used for generating f;cnt,enmdl E umb(cl‘
have the pattern aBaB...aBabe...c. In each such sentential form .t :c .nof B’;,
of a’s is cqual to the number of ¢'s and is greater by 1 than the number *

boory Lo i rard in the

The production rule Ba - aB is used for transporting the 55 ”-ght“t?w B's by
. - o the S D]

Sentential forms. The production rule Bb - bb is used for replacing !

'a i N 3 sy
b S, Upon reaching their appropriate positions.

Derivation Graphs

8 i o isplayed by deriva-
Derivations of sentential forms in Type 0 grammars can be displayec )

ton, or parse, graphs. Each derivation graph is a rooted, ord;:re_d., a::izi‘lca
directed graph whose nodes are labeled. The label of G?Ch n%le» lgeilivatiou
fonterminal symbol, a terminal symbol, or an empty Sb.milg'ﬁ cllt—inductivef.‘f
8raph that corresponds to a derivation §=71 = .. =¥ Y 15 dENNE

1 the following manner.

.. ] S_H]. d(‘.‘.
+ The derivati h Dy that corresponds_to- 56"-01_.13555“0& ¥ %'J-" é‘f no
on grap 0 i

labeled by the start symbol §. The - E}eglzirell 4
. 4 rivation i Vi1V

- If o B is the production rule used in %Qﬁiaﬁ“\ac“;;a;&ox{;‘@%pﬁﬂs 4
t<n and vy=S§, then the derivation gap ‘Z Eiﬁ;ﬂ LA =g {
YRS

X WS e L
1[?‘; -@'ﬁ%ﬂé L



Y0 =>...= i1 is obtained from D; by the addition of max(|3|,1) new
nodes. The, new nodes are labeled by the characters of S, and are as-
signed as common successors to each of the nodes.in D; that corresponds -
to a character in a. Consequently, the leaves of the derivation graph D, ..

~ are lapeled by Yit1-

Derivation graphs are also called derivation irees or parse trees when the di-

rected graphs are trees.

Example 1.2.13 Figure 1.2.1(a) provides examples of derivation trees for’
derivations in the grammar of Example 1.2.7. Figurc 1.2.1(b) provides ex-

amples of derivation graphs for derivations in the grammar of Example 1.2.8.
D -

(a) s (b)

—t—

.'S' a ‘?' b S
I | | 1
S o S b a § b s B f
a §b eSb aSh aBSc aaglcc aa cc
S=>aSb- S=>aSh S=>aSbh S=aBSc S=>aBSc S=aBSc
= aaSbb =>aaSbhb =>aBaBScc =aBeBScc
= aaaSbbb

Fig.1.2.1. (a) Derivation trees. (b) Derivation graphs

S o eceeeene- 1
I A
B S e 2
| €--=--""
I | 1
3-ea.. a B S ] L. 4
T :ﬁ —t
Sl B a
' il SN
T a B b | | | ... 6
""" > : D
B b T 8
[ 4__.,_-1-.- .
a a a b b b ¢ ¢ ¢

Fig.1.2.2. A derivation graph with oredering of the usage of
production rules indicated: with arrows . N
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=aaBBScc’

Leftmost Derivations

A derivation ryg = ...= v, is said to be a leftmost derivation if a, is replaced
before a5 in the derivation whenever the following two conditions hold.

a. « appears to the left of a3 in v;, 0K i< n.

b. «; and oy are replaced during the derivation in accordance with some
production rules of the form a; — 3; and as — 32, respectively.

Example 1.2.14 The derivation graph in Figure 1.2.2 indicates the order
in which the production rules are used in the derivation of a3b*¢® in Example
1.2.12. The substring o; = aB that is replaced in the seventh step of the deriva-
tion is in the same sentential form as the substring as = Bb that is replaced
in the sixth step of the derivation. The derivation is not a leftmost derivation
becaise a, appears to the left of o while it is being replaced after a.

On the other hand, the following derivation is a leftmost derivation for a®5%¢3
in G. The order in which the production rules are used is similar to that
indicated in Figure 1.2.2. The only difference is that the indices 6 and 7 should
be interchanged.

S=aBSc
=>aBaBScc
=aaBBScc
= aaBBabcce
= aaBaBbcce
=.aaaBBbccc
= aaaB_Eccc
= aaabbbeee

Hierarchy of Grammars

The following classes of grammars are obtained by gradually increasing the
restrictions that the production rules have to obey.

A Type 1 grammaris a Type 0 grammar (N, X, P,S) that satisfies the following
two conditions.

a. Each production rule a— 8-in P satisfies || < |8 if it is not of the form
S—e.

b. If S—eis in P, then S does not appear in the right-hand side of any
production rule.

A language is said to be a. Type 1 language if there exists a Type 1 grammar
that generates the language.

19



Example 1.2.15 The grammar of Example 1.2.8 is not a Type 1 gramumar,
because it does not satisfy condition (b). The grammar can be modified t.o
be of Type 1. by replacing its- proé_luctién rules with the following ones. F is
assumed to bé a4 new noriterminal symbol. '

S E
— €
" E - aBEc
. — abe .
Ba — aB
Bb = .bb

An ‘addition to the modified grammar of a production rule of the form Bb— b-

will result in a non-Type 1 grammar, because of a violation to condition (a).0

A Type 2 grammar is a Type 1 grammar in which each production rule o — 8
satisfies |a =1, that is, o is a nonterminal symbol. A language is said to be a
Type'2 language if there exists a Type 2 grammar that generates the language.

Example 1.2.16 The grammar of Example 1.2.7 is not a Type 1 grammar,
and therefore also not a Type 2 grammar. The grammar can be modified to be

a Type 2 grammar, by replacing its production rules with the following ones.
E is assumed to be a new nonterminal symbol,

S—ae
- F
E — oFb
— ab

An addition of a production rule of the form aF — EaFE to the grammar will
result in a non-Type 2 grammar. ' : o

A'Type 3 grammar is a Type 2 grammar (N,X,P,S) in which each of the

production rules & — 8, which is not of the form S — ¢, satisfies one of the
following conditions. '

a. B 1is a terminal symbol.
b. B isa terminal symbol followed by a nonterminal symbol.

A language is said to be a Type 3 language if there exists a Type 3 grammar
that generates the language. ' ' N

Example 1.2.17 The grammar (N, ¥, P,S), which has the following production
rules, is a Type 3. - ; , .

20

S=e¢
— aA
— bB
= b
A - bB
= b
B — uA
: — bB
=+ b o
An addition of a production rule of the form A~ Ba, or of the form B — bb,
to the grammar will result in a non-Type 3 grammar. o

Figure 1.2.3 illustrates the hierarchy of the different types of grammars.

. : A
Fig.1.2.3. Hierarchy of grammars

1.3 Programs

be found at home, at work, and in businesses, libraries, hospitals, and schools.
They are used for learning, playing games, typesetting, directing telephone
calls, providing medical diagnostics, forecasting weather, flying airplanes, and
for many other purposes.

To facilitate the task of writing pro
tions,

r, from t
b
putatlons,.there is very little difference among them. Consequently, different
Programming languages can be used in the study of programs.
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The study of programs can benefit, however, from fixing the programm.ing
language in use. This enables a unified discussion about programs. The choice,

\
|

however, must be for a language that is general enough to be relevant to all .

programs but primitive enough to simplify the discussion.
Choice of a Programming Language
Here, a program is defined as a finite sequence of instructions over some domain

D. The domain D, called the domain of the variables, is assumed to be a set of
elements with a distinguished element, called the initial value of the variables.

Each of the elements in D is assumed to be a possible assignment of a value ;

to the variables of the program. The sequence of instructions is assumed to
consist of instructions of the following form.

a. Read instructions of the form _
read z

where z is a variable.

b. Write instructions of the form
write z
where r is a variable.

¢. Deterministic assignment instructions of the form
Y=f(21,0sTm)
where z,,..

d. Conditional if instructions of the form
if Q(z, y«»Zm ) then I
where I is an instruction, Zy,..

+Zm are variables, and Q is a predicate
from D™ to {false,true}.

D

. Deterministic looping instructions of the form
do o until Q(z1,..., )

where « is a nonempty sequence of instructions, z,,...,z,, are variables,
and Q is a predicate from D™ to {false,true}.

Conditional accept instructions of the form
if eof then accept

8- ‘Reject instructions of the form
reject '

h. Nondeterministic assi
=7

where z is a variable.

gnment instructions of the form

i Nondeterminiétic looping instructions of the form
do o, '

or apy

22

»%m, and y are variables, and f is a function from D™ to D. .

or ay

until Q(ry.....tm) . :
where k32, cach of ai,....ak is a “(‘;f“f‘:‘fgomv
zy,....I,, are variables, and Q is a predica .

sequence of- instructions.
D™ to {false,true}.

C Floc te AcelTL ve a represen-
In cach program the domain D of the variables is az;mlsl:? otf0 n}::ural numbers,
tation over some alphabet. For instanc(;, Iljrfli:?ltl;e T}fe functions f and-predi-
: e N .
the s integers, and any finite set of elemen . ble functions
catesetQS)frt’naZE\lméd to be from a given "built-in .S?t osf (c::irzgl:lt?)
artas ’ e PP A

and predicates (see Section 1.4 and Church’s t{he.Sls'm , '1' t1v noted when

: ‘ . N 1 c1
In what follows, the domains of the variables will not b;;);}: ;n i:ﬁx notations
their nature is £>f little significance. In addltu')n,tzléfe ) S
will be used for specifying functions and predicates. alled deterministic  pro-

. H ed Ge
Programs without nondeterministic 1n§t}‘u?t1?ns ar'eti(:)ns are called nondeter-
grams, and programs with nondeterministic 10structio! 2
b o

Ministic programs.

N

b) do
(a} read z (b) read T
y:=0 or
zi=1 y::Z
do - write'y .
=y+1 .
'J__y:[l utily=2
il om. if eof then accep
until z=
read y A
if cof then accept
reject

A nondeterministic program -
o ole of a de-

is an example of 2
'3 (b) is an cxample of
: d for the

Fig.1.3:1 (a) A deterministic program. (b‘) (

A 3.1(a

Example 1.3.1 The program P in Fxgu.r: ]?l‘igure 1.3.1 :

€rministjc program, and the program Pz 1 tural numbers is assume
2 nondeterminjstic program. The set of natur

. . initial value. Co
®Mains of the variables, with 0 as initial and z. There are two

. L . N A el’:;'x,‘ y; Ll ; v func- .
The Program P, uses three variables, namely ()=0, and the u:}?g)m ary

Unctions iy this program. The constant fuxllctl‘Oilxligjr ’instru‘c
Y00 f5(n)=n+1 of addition by one. The loop .
Predicate of equality. '

tion uses

. S a . .tex_
R . ‘ fthe noﬂde
: ctions. One ©
The pro ¢ IHStru

. gram P, uses two nondeterministt
m

NG . ; c
Mstic instructions is an asmgnmen:' mstrl:)r
Sa looping instruction of the form "do...
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... until...

o =7+ the other -
tion of the form °¥ — i .

e el




do
.. -read value -
write value

An input of a given program is a sequence of elements from the domain of the ( = (a)

variables of the program. Each element in an input of a program is called an !
input value. , ;

do

(b)
if eof then accept .

Example 1.3.2 The programs of Example 1.3.1 (see Figure 1.3.1) can have
any input that is a finite sequence of natural numbers. An input of the form
"1,2,3,4” consists of four input values, and an input of the
no input value.

" "

form

The sequence ”1,2,3,...” cannot be an input for the programs because it is not
a finite sequence. ui

contains

An czecution sequence of a given program is an execution on a given input of |

the instructions according to their semantics.

consecutively, starting with the first instruction. The variables initially hold
the initial value of the variables,

Deterministic Programs

Deterministic programs have the property that no matter how many times
they are executed on a given input, the executions are always in exactly the
same manner. Each instruction of a deterministic program fully specifies the
operations to be performed. In contrast, nondeterministic instructions provide
only partial specifications for the actions.

An execution of a read instruction read z reads the next input value to z. An
execution of a write instruction write z writes the value of z.

The deterministic assignment instructions and the conditional if instructions
have the conventional semantics.

An execution of a deterministic looping instruction do a until Q(z1,....Tm)
consists of repcatedly executing o and checking the value of Q(z1,....2:). The
execution of the looping instruction is terminated upon detecting that the pred-
icate Q(ux; y--3Tm ) has the value true. If Q(z1,...,z) is the constant true, then
only one iteration is executed. On the other hand, if Q(zi,...,xm) is the con-

stant false, then the looping goes on forever, unless the execution terminates
in a.

A conditional accept instruction causes an execution sequence to halt if exe-

cuted after all the input is consumed, that is, after reaching the end of input
file (eof for short). Otherwise the execution of the instruction causes the ex-
ccution sequence to continue at the code following the instruction. Similarly,
an execution sequence also halts upon executing a reject instruction, trying to
» trying to transfer the control beyond the end

The instructions are executed

read value
write value
until false

until value <0 o
if eof then accept

Fig1.3.2 Two deterministic programs

Example 1.3.3 Consider the two programs in.F igure 1'.3‘2' As;lu me ?l::tot::
programs have the set of integers for the domains of their variables, wi
initial value.

For each input the program in Figure 1.3.2(a) has one executlon. seque:llcte.
In each.execution sequence the program provides an output 'that is equ tho
the input. All the execution sequences of the program ternynatc due to the
exccution of the conditional accept instruction.

On input "1,2” the execution sequence repeatedly e)‘cecutesrrfor th'ree times :Ee
body of the deterministic looping instruction. During the first 1terat;on,l e
cxecution sequence determines that the predicate eof has the valucel fa ;::
Consequently, the execution sequence ignores the a.Fcept commanq and con tlhe
ues by reading the value 1 and writing it out. Dum}g the second iteration ihe
€Xecution sequence verifies again that the end of the input has not begn re.ztmc .
yet, and then the execution sequence reads the input v§lue 2 and writes it ou t
During the third iteration, the execution sequence terminates duc to the accep
command, after determining a true value for the predicate eof.

The execution sequences of the program in Figure 1.3.2(b) halt due t:),a:ﬁ:
conditional accept instruction, only on inputs that end with a ’?egagvei nputs
and have no negative values elsewhere (e.g, the input ”1,2,—3"). On zam
that contain no negative values at all, the execut_ion sequences ?’f the ”plt 0233”)
halt due to trying to read beyond the end of the input (e.g, On.lnP“t e;c’es oi'
On inputs that have negative values before their end, the execution slelqu orram
the program halt due to the transfer of control beyppd the end of the prog o
(c.g, on input ?=1,2,-3") ‘

Intuitively, an accept can be viewed as a halt command that signals a sntxc;ezslﬁl;
completion of 3 program execution, where the acgept can be .exefiu a(; oy
after the end of the input is reached. Similarly, a reject can be viewe ution
instruction that signals an unsuccessful completion of a program execution.

The ‘requirement that the accept commands be execqted qnly after r::f;gg
all the input valyes should cause no problem, because ?aCh ].Jrggra:;s to be’
modified to satisfy this condition. Moreover, such a f:on§trmn : o
Ratural, because it forces each program to check all its input v; 11111; that an.
signaling a success by an accept command. Similarly, the requireme

25



execution sequence must halt upon trying to read beyond the end of an input
scems to be natural. It should not matter whether the reading is due to a read
instruction or to checking for the eof predicate.

1t should be noted that the predicaies Qfzy.....T») | the conditional it instruc-
tions and in the looping instructions cannot be of The form ecof . The predicates

are defined just in terms of the values of the variables x,,...,2,,, not in terms
of the input.

Computations

Programs use finite sequences of instructions for describing sets of infinite num-
bers of computations. The descriptions of the computations are obtained by
"unrolling” the sequences of instructions into execution sequences. In the case
of deterministic programs, each execution sequence provides a description for
a computation. On the other hand, as it will be seen below, in the case of
nondeterministic programs some execution sequences might be considered as

computations. whereas others might be considered noncomputations. To de-
lineate this distinction we need the following definitions.

An execution sequence is said to be an accepting computation if it terminates
due to an accept command. An execution sequence is said to be a nonaccepting
computation or a rejecting computation if it is on input that has no accepting
computations. An execution sequence is said to be a computation if it is an
accepting computation or a nonaccepting computation.

A computation is said to be a halting computation if it is finite.

Example 1.3.4 Consider the program in Figure 1.3.3. Assume that the domain
of the variables is the set of integers, with 0 as initial value.

On an input that consists of a single, even, positive integer, the program has
an execution sequence that is an accepting computation (e.g, on input 4”).

read value

do .
write value

value ==value—2
until value =0
if eof then accept
Fig1.3.3 A deterministic program

On an input that consists of more than one value and that starts with an

even positive integer, the program has a halting exccution sequence that is a
nonaccepting computation (e.g, on input *4.3,27 1

On the rest of the inputs the program has nonhalting execution sequences that
are nonaccepting computations (e.g, on input ”17).

O
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g el e i ~ prograim has

An input is said to be accepted, or recognized, by & Progt alm v t)htt I'?q siid to be
. o > 1 - 5

an accepting computation on such an input. Otherwise the inpu

not accepted, or rejected, by the program.

: . if it has an accepting compu-
A program is said to have an output y on input T if it has d % Con‘ﬁ)\ltaﬁons are
tation on ¢ with output y. The outputs of the nonuccep_tmn S
considered to be undefined, cven though such computations may €=
instructions.

. g accepts the
Example 1.3.5 The program in Example 1.3.4 (sec Figure 1'3'?).,(? :c;) and
inputs *2", *4”, *6”,... On input "6” the program has the output 0,44,
on input "2” the program has the output "2".

. ey e »4 9° . For these nputs
The program does not accept the inputs "07, "17, ang);lfd 5 o
the program has no output, that is, the output 1 undeRnes:

o el ion if it involves the
A computation is said to be a nondetermainisitc mn.a.putln,tzon llf :t-mion o
5 . ATV S r .
execution of a nondeterministic instruction. Otherwise the comp
to be a deterministic computation.

Nondeterministic Programs

Different objectives create the need for nonci.(\.rcrm111‘5t_lc ﬁnsm.zciﬁz il(l) flt:?al
gramming languages. One of the objectives 1s 10 ¢ o t clpl (‘i;(‘ nondeter-
with problems that may have more than one solution. In.buc 1 ac : : e
ministic instructions provide a natural mcth'od of SE’.ICC!‘,-IOIE (‘5“0 .E--j{;ni“% (see.
1.3.6 below). Another objective is to Simpl.l fy Fhe ~mS]\ : s'ldg t{ools fO;r iden-
e.g.. Example 1.3.9 below). Still another objective 1§ to. pro 1‘mcted S e
tifying difficult problems (see Chapter 5) and for studying res

programs (sce Chapter 2 and Chapter 3)-

: int. After
Implementation considerations should not bother the readf}r atl;}:llgs'l?;:]s: before
all, one usually learns the semantics of HEY pmgmn_lm;ng uagcs_DLaher on
learning, if one ever does, the implementation e 1? g’rran“slai‘.cd into a
it will be shown how a nondeterministic program c¢an :e éef£ion 4.3).
deterministic program that computes a related function (s Y

i be-
i imstruc that can choose
Nondeterministic instructions are essentmll?' mshugtxm:fire(; gt |
tween some given options. Although one 15 oft:cn reg}em iy
in everyday life, the use of such instructions might se g

Context of programs.

; o @y Or
The semantics of a nondeterministic IOOP.mg instructlt}ﬂ chettgfni?i;zti loo;ing
a3 or... or qy until Q(Ty,...,Tm); are gimilar to those}i) ‘"—Lnl , ;ﬁ{ference is that
instruction of the form do o until Q(-"ﬂls--"l"’")'. i e.ot.il in each iteration.
I the deterministic case a fixed code segmc_nt @ s ezltet‘; Cment from @1, @k
Whereas in the nondeterministic case an arbitrary code 5§
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is executed in each iteration. The choice of a.code segment can differ from one
o - - -
iteration to another. :

Example 1.3.6 The program in Figure 1.3.4 is nondeterministic. The set .of
natural numbers is-assumed to be the domain of the variables, with 0 as initial
value :_l?g‘renthetica-l remarks are.e closed between /* and =/.
o -counter ;=0 o
/* Choose five input values, */
.do
i iread value .
‘or - T
read value
write value
counter ;= counter+1 -
until counter =5 S
. /* Read the remainder of the input .«/ -
~do , .
' if eof then accept
read valye
until false

Fig 134 A nondeterministic program that chooses five input values

that has been read, and incr
reaches the value of 5, the e
tion. During the first iteration of ,
Sequence halts due to the execution of the conditional ac
eXecution sequence is ap éiccepting computation with output "2,3,4,5 6”,
Thg_ Program op input "1,2,3 4,

fuction. Ty e In | ‘ gment of the nondeterministic looping in-
zt’:\:‘,‘;%"‘t- Th‘e_?fid”ltll’t’)nal €Xecution sequences are-accepting computations with
VPUtS 713,45, 67 . 1,2,4,5,6”, 71,2,3,5,6" ang "1,2,3,4,6”, respectively,

PUE"1,2,3,4,5,6” also has an accepting computation of the
28
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following form. The computation starts with five iterations of the first looping
instruction. In each of these iterations the second code segment of the non-
deterministic looping instruction is executed. During each iteration an input
value is read, that value is written into the output, and the value of counter is
increased by 1. After five iterations of the nondeterministic looping instruction.
counter reaches the value of 5, and the computation transfers to the determin-
istic looping instruction. The computation reads the input valuc 6 during the
first iteration of the deterministic looping instruction, and terminates during
the second iteration. The output of the computation is ”1,2,3,4,5”.

The program has 27 —14 execution sequences on input *1,2,3,4,5,6” that are
not computations. 28 —7 of these execution sequences terminate due to trying
to read beyond the input end by the first read instruction, and 2% -7 of these
execution sequences terminate due to trying to read beyond the input end by
the second read instruction. In each of these execution sequences at least two
input values are ignored by consuming the values in the first code segment of
the nondeterministic looping instruction. The execution scqucnces differ in the
input values they choose to ignore.

None of the execution sequences of the program on input ”1,2,3,4,5,6” is a
nonaccepting computation, because the program has an accepting computation
on such an input.

The program does not accept the input ”1,2,3,4”. On such an input the pro-
gram has 2° execution sequences all of which are nonaccepting computations.

The first nondeterministic looping inistruction of the program is used for choos-
ing the output values from the inputs. Upon choosing five values the execution
sequences continue to consume the rest of the inputs in the second deterministic
looping instruction.

On inputs with fewer than five values the execution sequences terminate in the
first nondeterministic loopmg instruction, upon trying to read beyond the end
of the inputs.

The variable counter records the number of values chosen at steps during each
execution sequence. ’ o

A deterministic program has exactly one execution sequence on each input,
and each execution sequence of a deterministic program is a computation. On
the other hand, the last-example shows that a nondeterministic program might
have more than one execution sequence on a given input, and that some of the
execution sequences might not be computations of the program.

Nondcterministic ]oopmg instructions have been introduced to allow selections
between code segments. The motivation for introducing nondetermlmstlc as-
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1

signment instructions is to allow selections between‘yalueg Specifically, a non4
deterministic assignment instruction of the form z :=? assigns to the var1§ble
an élt:bitrary value from the domain of the variables. The choice of the assigne
\;alug,c@ diﬁ'er from one encounter of the instruction to another.

" /* Nondeterministically find a value that
a. appears exactly once in the input, and
b. is the last value in the input. *+/
“last:=7 : - :
write last
/* Read the input values, until a value equal
. to tl.ie,one stored in last is reached. */,

do’ ,

. .. .. ,, read value .

until value=last ,

/* Check for end of input. */

if eof then accept

reject

Fig1.3.5 A nondeterministic program for determining
a singlg appearance of the input value

Example 1.3.7 The program in Figure 1.3.5 is nondeterministic. The set of

natural numbers is assumed to be the domain of the variables. The initial value
is assumed to be 0.

The program accepts a given input if and only if the last value in the input
does not appear elsewhere in the input. Such a value is also the output of an
accepting computation. For instance, on input ”1,2,3” the program has the

output ”3”. On the other hand, on input ”1,2,1” no output is defined since
the program does not accept the input. ’

On each input the progra.in has infinitely many execution sequences. FEach
execution sequence corresponds to an assignment of a different value to last
from the domain of the variables,

An assignment to last of a value that ap
Sequence to exit the looping instruct
With such ‘an assignmnerit, one’of th

pears in the input, causes an execution

ion upon reaching such a value in the input.

e following cases holds. '

a. The execution sequence is an acc
to last appears only at the end
last on input "1,2,3")

epting computation if the value assigned
of the input (e.g, an assignment of 3 to

b. The execut’ion‘sgquence is a nonaccepting computation if the value at the
end of the Input appears more than once in the input (e.g, an assignment
of 1 or 2 to last on input "1,2,1"). ’ o
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¢. The execution sequence is not a computation if neither (2) nor (b) hold
(e.g. an assignment of 1 or 2 to last on input "1,2,3”).

An assignment to last of a valuc that does not appear in the input causes
an execution sequence to terminate within the looping instruction upon trying
to read beyond the end of the input. With such an assignment, one of the
following cases hold.

a. The execution sequence is a nonaccepting computation if the valuc at the
end of the input appears more than once in the input (e.g, an assignment
to last of any natural number that diffefs from 1 and 2 on input "1,2,17).

b. The exccution sequence is a nonaccepting computation if the input is
empty (e.g, an assignment of any natural number to last on input ” ).

. The execution sequence is not a computation, if neither (2) nor (b) hold
(c.g, an assignment to last of any natural number that differs from 1,2,
and 3 on input "1,2,3"). , o

[ntuitively, each program on each input defines.”good” execution sequences,
and "bad” execution sequences. The good execution sequences terminate due
to the accept commands, and the bad execution sequences do not terminate due
to accept commands. The best execution sequences for a given input are the
computations that the program has on the input. If there exist good execution
sequences, then the set of computations is identified with that set. Otherwise,
the set of computations is identificd with the set of bad execution sequences.

The computations of a program on a given input are either all accepting compu-
tations or all nonaccepting computations. Moreover, some of the nonaccepling
computations may never halt. On inputs that are accepted the program might
have execution sequences that are not computations. On the other hand, on
inputs that are not accepted all the execution sequences are computations.

Guessing in Programs

The semantics of each program are characterized by the computations of the
program. In the case of deterministic programs the semantics of a given pro-
gram are directly related to the semantics of its instructions. That is, each
execution of the instructions keeps the program within the course of a compu-
tation.

In the case of nondeterministic programs a distinction is made between execu-
tion sequences and computations, and so the semantics of a given program are
related only in a restricted manner to the semantics of its instructions. That
is, although each computation of the program can be. achieved by executing
the instructions, some of the execution sequences do not correspond o any
computation of the program. The source for this phenomenon is the ability of
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the-nondeterministic instructions to make arbitrary choices.

Each program can be viewed as having an imaginary agent with magical power

that-executes the program. On a given input, the task of the imaginary agent-

is to follow any of the computations the program has on the input. The casec of
deterministic programs can be considered as a lesser and restricted example in
which the agent is left with no freedom. That is, the outcorne of the execution
of each deterministic instruction is completely determined for the agent by the
semantics of the instruction. On the other hand, when executing a nondeter-
ministic instruction.the agent must satisfy not only the local semantics of the

instruction, but also the global goal of reaching an accept command whenever
the global goal is achievable. : ' '

Specifically, the local semantics of a nondeterministic looping instruction of
the form do a; or... or q; until Q(z,,...,z,,) require that in each iteration
exactly one of the code segments q;,...,a; will be chosen in an arbitrary fashion
by the agent. The global semantics of a program require that the choice be

inade for a code segment which can lead the execution sequence to halt due to
a conditional accept instruction, whenever such is possible.

Similarly, the local semantics of a nondeterministic assignment instruction of
the form z:=? require that each assigned value of z be chosen by the agent in
an arbitrary fashion from the domain of the variables. The global semantics of
the program require that the choice be made for a value that halts the execution
sequence due to a conditional accept instruction, whenever such is possible.

From the discussion above it follows that the approach of ”
and then check for its validity” can be used when writing
proach simplifies the task of the programmer whenever che
of a solution is simpler than the derivation of the solutio
burden of determining a correct ”

computations.

first guess a solution
a program. This ap-
cking for the validity

It should be emphasized- that from
correct if and only if it leads an e
the program. The agent knows no
intends to solve. The only thing th

the point of view of the agent, a guess is
Xecution sequence along a computation of
thing about the problem that the program

i . at drives the agent is the objective of reach-
ing the execution of a conditional accept instruction at the end of the input.

Consequently, it is still up to the programmer to fully specify the constraints
that must be satisfied by the correct guesses.

and storing it in z.. Then the program

the input values differs from the value stored in z. ' O
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n. In such a case, the.
guess” is forced on the agent performing the

gure 1.3.6 out’putsr'a value that does not"
arts each computation by guessing a value
reads the input and checks that each of

T
i

i
i
|
r

/* Guess the output value. */
z:=? :
write T .
/* Check for the correctness of the guéessed value. */
do ’

if eof then accept

read y

until y=z
Fig 1.3.6 A nondeterministic program that outputs a noninput value

The notion of an imaginary agenthprovi:es ag a“l;;gesilzgengz:;c(:}; f,‘ggi?;:;?g
terminism. Nevertheless, the notion sho

;irslggszgstions. In particular, an imaginary agent shoulfl l.)e"emploze;inzn:: 4‘)):

full programs. ‘The definitions leave no room fox.' one lmdgtu;xlr); : 5 it to be

employed by other agents. For instance, an lmagmarly agcclenb :h clr g ven the

progre;m P in the following example c'a.nnot be emp o-ygv ty‘? © g

derive the acceptance of exactly those inputs that the agent rejects.

Example 1.3.9 Consider the program P in Figure 1.3.7. On a given mput%
P outputs an arbitrary choice of input values, whose sum .eqllals t}}e Sl.lmt ;1)
the nonchosen input values. The values have the same relative ordering in the

output as in the input.

suml:=0
sum2:=0
do

if cof then accept

do /+ Guess where the next input value belongs. */
read z
suml:=suml+z

or
read x

write =
sum?2:=sum2+z
until suml =sum?2
/* Check for the correctness of the guesses, with
respect to the portion of the input consumed so far. */
until false

i inisti for partitioning
Fig1.3.7 A nondeterministic program
tlﬁa input into two subsets of equal sums' of clements

i » ’ ible outputs are ”2,1,3”,.71,3,2”,
i on input "2,1,3,4,2” the possi out , ‘ S
f‘;rzl’l’ns::?ic’?:l 2”7, On the ;tiler hand, no output is defined for input ”2,3”.

In each iteration of the nested looping instruction the program guesses whether
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the next input value is to be among the chosen ones. If it is to be chosen then
sum?2 is increased by the magnitude of the input value. Qtherwise, suml is
increased by the magnitude of the input value. The progfam checks that the
sum of the nonchosen input values equals the sum of the chosen input values
by comparing the value in suml with the value in sum2. o

Example 1.3.10 The program of Figure 1.3.8 outputs the median of its input
values, that is, the [n/2]th smallest input value for the case that the inpuf
consists of n values. On input ”1,3,2” the program has the output "2”, and on
input ”2,1,3,3” the program has the output ”3",

The program sta‘u'ts each computation by storing in median a guess for the
Ya.lue of the me:chan. Then the program reads the input values and determines
in count the difference between the number of input values that are greater

than the one stored in median and the i
number of input values that maller
than the one stored in median. . s

For those input values that are equal to the value stored in median, the program
guesses whether they should be considered as bigger values or smaller values.

The program checks that the i

! guesses are correct b: 1

cither the value 0 or the value 1. RTE A sl h01d5_
median :=7
write median
count:=()

do

/* Guess the median. */

/* Find the difference between the number of values greater
(tiha.n and those smaller than the guessed median, *f
o ;
read z
if £ > median then
count :=count-+1
if z < median then
count :=count —1
if z=median then

do

count :=count+1
or

count:=count—1
until true

until 0 < count <1
/* The median is correct for the
if eof then accept

until false

portion of the input consumed 50 far. =/

Fig1.3.8 A nondeterministic fin
program that ian 3 e
o ds the median of the Input values

ITRTANTHITE

The relation computed by a program P, denoted R(P). is the set
{(z,y) | P has an accepting computation on input z with output y}.
When P is a deterministic program, the rclation R(P) is a function.

Example 1.3.11 Consider the program P in Figure 1.3.6. Assume the set of
natural numbers for the domain of the variables. The relation R(P) that P
computes 1s

{(a,a)| « is a sequence of natural numbers, and a is

a natural number that does not appear in a}. E

The language that a program P accepts is denoted by L(P) and it consists of
all the inputs that P accepts.

Configurations of Programs

An execution of a program on a given input is a discrete process in which the
input is consumed, an output is generated, the variables change their values.
and the program traverses its instructions. Each stage in the process depends
on the outcome of the previous stage, but not on the history of the stages.
The outcome of each stage is a configuration of the program that indicates
the instruction being reached, the values stored in the variables, the portion
of the input left to be read, and the output that has been generated so far.
Consequently. the process can be described by a sequence of moves between
configurations of the program.

Formally, a segment of a program is said to be an instruction segment if it is
of any of the following forms.

Read instruction

o ¢

Write instruction
Assignment instruction
if Q(xy,....xm) then portion of a conditional if instruction

B

do portion of a looping instruction

until Q(z1,...,tm) portion of a looping instruction

= - 2

Conditional accept instruction

h. Reject instruction
Consider a program P that has k instruction segments, m variables, and a
domain of variables that is denoted by D. A configuration, or instantaneous
description, of P is a five-tuple (4,2,u,v,w), where 11 < k, z is a sequence of
m values from D, and u, v, and w are sequences of values from D.
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Intuitively, a configuration (i,z,u,v,w) says that P is in its ith instruction
segment, its jth variable contains the jth value of z, u is the portion of the
input that has already been read, the leftover of the input is #, and the output so
far is w. (The component u is not needed in the definition of a configuration. It

is inserted here for reasons of compatibility with future definitions that require
such a componeunt.)

last =7 [+ Li+/
write last [+ T/
do [+ I3+/

read value [+ Iyx/

until value=last [+ I5+/
if eof then accept [+ I4+/
reject J* L%/

Fig.1.3.9 A program consisting of seven instruction segments.

Example 1.3.12 Consider the program in F igure 1.3.9. Assume the sct of
natural numbers for the domain D of the variables, with 0 as initial value.

Each line I; in the program is an instruction segment. The program has k=7
instruction segments, and m =2 variables.

In each configuration (,z,u,v,w) of the program ¢ is a natural number hetween
1 and 7, and z is a pair (last,value) of natural numbers that corresponds
fo a possible assignment of last and value in the variables last and value,
respectively. Similarly, u, v, and w are sequences of natural numbers.

jl‘he configuration (1,(0,0),(),(1,2,3),()) states that the prog
instruction segment, the variables hold the v
read so far, the rest of the input is 71,2,3”

The configuration (5,(3,2),(1,2),(3),(3))
instruction segment, the variable last
holds the value 2, »1,2”

of the input contains jus
value 3.

ram is in the first
all;e 0, no input value has been
; and the output is empty.

states that the program is in the fifth
' holds the value 3, the variable value
Is the portion of the input consumed so far, the rest
t the value 3, and the output so far contains only the

]
A configuration (4,2,u,v,w) of P is called an 4
a sequence of m initial values,
sequence. The configuration is s
instruction segment of P is a co
sequence.

: nitial configuration if i = 1; @8
U 1s an empty sequence, and w is an empty
:':l.l':'l to be an accepting configuration if the ith
nditional accept instruction and v is an empty

A direct: move of P frop: configuration C, to configuration Cs is denoted C, Fp
Ca, or simply Cy - C5 if P is understood. A sequence of unspecified number of
moves of P from_ configuration C; to configuration C, is denoted C, F%.Cy, or
simply Cy F* Cy if P is understood. e
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Example 1.3.13 Consider the program in Figure 1.3.9. Qn input ”1,2,3" it has
an accepting computation that goes through the following sequence of moves
between configurations. The first configuration in the sequence 1s t.he :_nntxa]
configuration of the program on input ?1,2.3", and the last configuration in !:he
sequence is an accepting configuration of the program. It} each configuration
(i,2,u.v,w) the pair z=(last,value) corresponds Lo the assignment of last and
value in the variables last and value, respectively.

(1,(0,0),(),(1,2,3),()) F (2,(3,0).0,(1,2,3),0)
F (3,(3,0),0,(1,2,3),(3))
F (4,(3,00,0,(1,2,3),(3})
F (5,(3,1),(1),(2,3),(3))
F (3,(3,1),(1),(2,3),(3))
F (4,(3,1),(1),(2,3),(3})
F (5,(3,2),(1,2),(3),(3))
b (3,(3,2),{1,2),43),(3))
F (4,(3.2),(1,2).(3),(3))
F (5.(3.3),(1,2,3),0,(3))
F (6,(3,3),(1.2,3).0).43))

The subcomputation
(1,(0.00,00,{1,2,3),0)) F* (1,{0,0),0,(1,2,3),0))
consists of zero moves, and the subcomputation
(1,(0,0),0.(1,2,3),()) F* (6,(3,3),(1,2,3),0,(3))

O
consists of eleven moves. .

1.4 Problems

The first two sections of this chapter treated different aspects of inf?rmatiqn.
The third section considered programs. The purpose of the r'est of .thlsl chapter
is to deal with the motivation for writing programs for manipulating informa-
tion, that is, with problems. : |
Each problem K is a pair consisting of a set and a q1‘1esti6n, wherz the guzs;t;;:;
can be applied to each element in the setj The set is called the domain
problem, and its elements are called the instances of the problem.
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Example 1.4.1 Consider the problem K, defined by the following domain and:

question. .

Domain: {(a,b}|a and b are natural numbers}.

Question: What is the integer part y of a divided by b for the given instance

2={a,b) ? The domain of the problem contains the instances (0,0), (5,0), (3,8),
(24.6), and (27,8). On the other hand, {~5,3) is not an instance of the problem.

For the instance (27,8) the problem asks what is the integer part of 27 divided

by 8. Similarly, for the instance (0,0) the problem asks whar, is the integer part
of 0 divided by 0. o

An answer to the question that the problem K poses for a given instance is said

to be a solution for the problem at the given instance. The relation induced by
the problem, denoted R(K), is the set

{(z,y)| = is an instance of the problem, and

Y is a solution for the problem at x}.

The problem is said to be a decision

problem if for each instance the problem
has either a yes or a no solution.

Example 1.4.2 Consider the problem X
the solution 3 at instance (27,8)
K, induces the relation

1 in Example 1.4.1. The problem has
» and an undefined solution at instance (0,0).

RKK:)={(<0a1%0),(<0,2>,0),(<1,1>,1),(<0,3>,0),(<1,2>,0),((2,1>,2),(<o,3>,0) }

geoe

The problem K is not a decision

. problem. But the problem K defined by the
following pair is.

Domain: {{a,b)|a and b are natural numbers}.

Question: Does b divide a, for the given instance {a,b) ? O

Partial Solvability and Solvability

A program P is said to partially

solve a given roblem K if i y he
answer for each instance of the P 11 1t provides t

problem, that is, if R(P) =R(K). If, in addi-

program are halting computations, then the
em.

Example 1.4.3 Consider the program P, in Figure 1.4.1(a). The domain of

the variables is assumed to equal the set of na
\ tural
partially solves the problem K 1 of Example 1.4.1. uepbers. The progra
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(a) read a (b) read a
read b read b
ans:=0 do .
ifa>2b then if a=b then
do if eof then accept
a:=a-b a:=a-b
ans:=ans+1 until false
until a<b

write ans
if eof then accept

Fig.1.4.1

i f dividing natural numbers
a) A program that partially solves the problem of dividin .
(b)(A) pmgraﬁl that partially decides the problem of divisibility of natural numbers

On input “27.8" the program halts in an accepting configuration with the
answer 3 in the output. On input ”0,0” the program never h%ltf,’, and so the
program has undefined output on such an mput.. On 1nput "27 ;md‘mput
727,8,2” the program halts in rejecting configurations and does not define an
output.

The program P does not solve K; because it does not halt whe.n the input
value for b is 0. P, can be modified to a program P that solves R, by lettng
P check for a 0 assignment to b. ‘

A program is said to partially decide a problem if the following two conditions
are satisfied.
a. The problem is a decision problem; and

b. The program accepts a given input if and only if the problem has an
answer ves for the input, that is, the program accepts the language

{z| z is an instance of the problem, and the

problem has the answer yes at xz}.

A program is said to decide a problem if it partially decides the problem and
all its computations are halting computations.

Example 1.4.4 It is meaningless to talk about the partial decidability or
decidability of the problem K, of Example 1.4.1 by a program, becauscv the
problem is not a decision problem. On the other hand, the problem .I&Z of
Example 1.4.2 is a decision problem. The latter problem is partially decidable
by the program P, in Figure 1.4.1(b). a

The main difference between a program P, that partially solves (partially de-
cides) a problem, and a program P, that solves (decides) the same problem.
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is that P, might reject an input by a nonhalting computation, whereas P, can
reject the input only by a halting computation. (Recall that on an input that
is accepted by a program, the program has only accepting computations, and
all these computations are halting computations. But on an input that is not

accepted the program might have more than one computation, of which some
may never halt.)

The notions of partial solvability, solvability, partial decidability, and decidabil-
ity of a problem by a program can be intuitively generalized in a straightforward
manner by considering effective (i.e., strictly mechanical) procedures instead of
programs. However, formalizing the generalizations requires that the intuitive
notion of effective procedure be formalized. In any case, under such intuitively
understood generalizations a problem is said to be partially solvable, soluable,
partially decidable, and decidable if it can be partially solved, solved. partially
decided, and decided by an effective procedure, respectively. '

In ‘wl;,at.‘_follows effective procedtires will also be called algorithms.

Example 1.4.5 The program P, of Example 1.4.3 describes how the problem

K of Example 1.4.1 can be solved. The program P, of Exarnple 1.4.4 describes
how the problem K5 of Example 1.4.2 can be solved. ]

A .problen} is saic! to be unsolvable if no alg'(‘)rithm can solve it. The problem is
said to be undecidable if it is a decision problem and no algorithm can decide

it. The relationship between the different classes of problems is illustrated in
the Venn diagram of Figure 1.4.2. \

Solvable
Decidable

R e

== Partially
=== decidable

ﬂi

Unsolva.ble

Undecidable

Fig. 1'4.2. Classification of the set of problems

It'should be noted that an unsolvabl 2 =

: € problem might be part;
an algon?_pm- that makes an exhaustive search forga soleut?iar laily ol
thg_solutmn is eventually found whe on. In such a case

never it is defined, but the search might
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continue forever whenever the solution is undefined. Si_milar]y, an undecidable
problem might also be partially. decidable by an algorithm that makes an ex-
haustive search. However, here the solution is eventually found whenever it
has the value yes, but the search might continue forever whenever value no.

Example 1.4.6 The empty-word membership probl.ern for grammars is the
problem consisting of the following domain and question.

Domain: {G|G is a grammar k-

Question: Is the empty word ¢ in L(G) for the given grammar G‘ ?2It 1:;
possible to show that the problem is undecidablei (e.g, see Thec:rem 4.3. an‘

Exercise 4.5.7). On the other hand, the problem is partially demdab]; .E:'_‘ai.;l‘lbe
given an instance G= (N,X,P,S) one can exhaustlvel;,r sefa.rch fo;[('1 2t ,en-‘a mr;
of the form S=Y% =N = =T =T =5 by conSfdcrmg fti] .nrm.m.tlllons o

length n for n=1,2,... With such an algom_hm t.,he des.tred dcnva;mon ‘; 1 eve:ni;
tually be found if ¢ is in L(G). However, if € 18 no_t in L(G), then the searc

might never terminate.

For the grammar G={N,X .P.S), whose production rules are listed below, the
algorithm will proceed in the following manner.

S — aBS
— Ba

aB — SB

BS — ¢

The algorithm will start by determining the set f)f_all the derivatio;xsti"a ‘-Z{S =>
aBS. S= Ba) of length n=1. After determining that none o ti e;-v::f
tioné in ¥, provides the empty string €, the algorithm detggmess =>ea 153 Lo
all the derivations ¥a= {s =>aBS=>aBaBS~ ; :QBS T_#>11a a,t' by de-
SBS. S = aBS, S=ya)} of length n=2. Then the algorit hm co;lg;nu:: alji’ e
: ermi ning the set ¥3 of all the derivations of ler}gth 3, the Se'th4tl\e 2
derivations of length 4, and so forth. The algont:bm.stopsf(lw; et oo
yes) when. and only when, it finds a set .!I’n of derivations 0 e?%h Pt
cludes a derivation for €. Such a set ¥, exists for n==because T Lue

S=.‘>aBS=>SBS=>BaBS=>BSBS=‘,»BS=->s.

On the other hand, for the grammar G:{N,Z‘,P,S), whose production rules
are listed below, the algorithm never stops.

S — aSb
— aAb e
A—=ce O
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The unsolvability of a problem does not mean that a solution cannot be found
at some of its instances. It just means that no algorithm can uniformly find a
solution for every given instancc. Conscquently, an unsolvable problem might
have simplified versions that are solvable. The simplifications can be in the
question being asked and in the domain being considered.

Example 1.4.7 The empty-word membership problem for Type 1 grammars
is the problem consisting of the following domain and question.

Domain:_ {G|G is a Type 1 grammar }.

Question: Is the émpty word € in L(G) for the given grammar G ? The
problem is decidable because ¢ is in L(G) for a given Type 1 grammar G =
(N,Z,P,S) if and only if S —¢ is a production rule of G. ]

A function f is said to be computable (respectively, partially computable, non-
computable) if the problem defined by the following domain and question is
solvable (respectively, partially solvable, unsolvable)

Domain: The domain of f.
Question: What is the value of f(z) at the given instance z ?

Problems concerning Programs

Although programs are written to solve problems, there
problems that are concerned with programs. The followin
of such decision problems.

are also interesting
g are some examples

Uniform halting problem for programs

Domain: Set of all programs.

Question: D.oes the given program halt on each of its inputs, that is, are all
the computations of the program halting computations ?

Halting problem for programs

Domain: {(P,z)|P is a program and z is an input for P}.

Question: For the given instance (

. P,z) does P halt on z, that is, are all the
computations of P on input z halti

ng computations ?

Recognition / acceptance problem for programs
Domain: {(P,z)|P is a program and z is an input for P},
Question: For the given instance (P,z) does P accept = ?

Membership problem for programs
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Domain: {(P.r.y)| P is a program. and ¢ and y are sequences of values from
the domain of the variables of P}.

Question: Is (r.y) in the relation R(P) for the given mstam‘:?e (P.z.y). tha
is, does P Liave an accepting computation on z with output y ©

Emptiness problem for programs

Domain: Set of all programs.

that is, does
Question: Does the given program accept an empty language, ’

the program accept no input ?
Ambiguity problem for programs

Domain: Set of all programs. o
. y ing computations
Question: Docs the given program have two or more accepting compt T
. . . ?
that define {he same output for some input :

Single-valucdness problem for programs

Domain: Set of all programs.

_— is, does the given
Question: Does the given program define a function, that is, ne 5

"
Program for eacly input have at most onc output :
Equiv&lence problem for programs
Dornain: {(17“]72)']?'I and P, are programs }

3ue§ti0n; Does the given pair (P, Py) of programs define
lat 1S, dOes R(Pl)=R(P2) 2

E;:tample 1.4.8 The two programs P, and PofE
Onl P i . . . .
o Yy haltS on all lnP\ltS- s it [Oblem, the. ine'qu'lva.lence
biguity P < as the niform halt-

the same relation.

jvalent.
xample 1.4.3 ar¢ e

The . |

. ‘onuniform halting problem, the unambig!
broblem, and so forth are defined similaly for proge roblem, and 50 e
refppmblem’ the ambiguity problem, the equlestions are phrased 50 o o

ectively. The only difference is that the gu tion of the old ones; _tha§
'0 utl()ns to the new problems are the comp]enlenta‘ 1 o .

is, ye .
* Y8 becomes no and no becomes yes- ult, if not M-
. 3 )

e. diffic .-
t programs 27 become €asier

lems to be®
t these pmli)atel Y restl‘lcte‘:i' Il:(:
propt 1l as the loss 1T the
d e quire due t© such

Ltoz:' :)ns out that nontrivial questions abou
w erlx le, to answer. It is natural to _expeC vap
CXte the Programs under consideration aret o
ex o t'o'which the programs have to be restf o they 1€

Dressxbllity power, and the increase in the resou

eStrict: X . ir own. .
tnctlons, are interesting questions ofl their 0
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Problems concerning Grammars

Some of the problems concerned with programs can in a similar way be defined
also for grammars. The following are some examples. of such problems.

Membership problem for grammars

Domain: {(G,z)|G is 2 grammar (N,Z,P,S) and z is a string in .
Question: Is z in L(G) for the given instance (G,z) ?

Emptiness problem for grammars

Domain: {G|G is a grammar }.

Question: Does the given grammar define an empty language ?
Ambiguity problem for grammars

Domain: {G|G is a grammar}.

Question: Does the given grammar G have two or more different derivation
graphs for some string in L(G) ?

Equivalence problem for grammars ‘
Domain: {(G,,G,)|G; and G, are grammars }-

Question: Does the given pair of grammars generate the same language ?

1.5 Reducibility among Problems

A common approach in solving problems is to transform them to different
problems, solve the new ones, and derive the solutions for the original problems
from those for the new ones. This approach is useful when the new problems
are simpler to solve, or when they already have known algorithms for solving
them. A similar approach is also very useful in the classification of problems
according to their complexity.

A problem K, which can be transformed to another problem K, is said to be
reducible to the new problem. Specifically, a problem K| is said to be reducible
to a problem K if there exist computable total functions f and g with the
following properties (see Figure 1.5.1). B
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I —>-Sl=9f52)__ R o

J 9
K
L= f(h) s
Fig. 1.5.1. Reducibility from problem Ki to problem Kj ..

If 1, is an instance of K, then - ‘ L

a. Iy=f(I;) is an instance of Kj. . e .
b. K has a solution S, at I, if and only if K, has a solution Sy at I, = f(I;}
such that S; =g(S,). . .

Example 1.5.1 Let ¥ be the set {m|m=2' for some integer i}. The prob-
lem of exponentiation of numbers from ¥ is'reducible to the problem of mull-
tiplication of integer numbers. The reducibility is implied from the equalities*
z¥ = (2!997)Y = 2¥198% wwhich allow the choice of f(z,y) = (y,logz) and g(z)=2%
for f and g, respectively. . o

Example 1.5.2 Let K and K= be the en?ptiness problem and the‘equiva‘l?nce
problem for programs, respectively. Then Ky is reducible to K- by f}lnc-tgoqs
f and g of the following form. f is a function whose value at program P is the
pair of programs (P,Pg). Py is a program that accepts no input, for e?ca.mp_l&
the program that consists only of the instruction reject. g is the '1dent1ty
function, that is, g(yes) =yes and g(no)=no. a

If K, is a problem that is reducible to a problem K by total furictions f and g
that are computable by algorithms Ty and Ty, respectively, and K3 is scilvable
by an algorithm A, then one can also get an algorithm B for solving K (see
Figure 1.5.2).

, | Given algorithm s 1 .
1 Ty -L5] A for solving > Ty .y
' problem K3 -

B

Fig. 1.5.2. Reduction of problem K; to problem K2
Given an input I, the é;lgorithm B starts by running Ty on I. Then B gives the

output I' of Ty to A. Finally B gives the output 'S’ of A to Ty, and assumes
the same output S as the one obtained from 7. ’ C -
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1.6 Exercises

1.1.1

a. Find all the alphabets that use only symbols from the set {a,b,c}. Which
of the alphabets is unary ? Which is binary ? -

b. Let S be a sct of t symbols. How many unary alphabets can be constructed
from the symbols of S ? How many binary alphabets ?

1.1.2  For each of the following conditions find all the strings a over the
alphabet {a,b} that satisfy the condition.

a. No symbol is repeated in o.
b. The length of « is 3, that is, |o| =3.
1.1.3 V

a. Find afB,8a,02,a°42, and o?B2%¢ for the case that a=a and f=ab.

b. Find all the pairs of strings o and 3 over the alphabeti {a,b} that satisfy
aff=abb. ‘ .

1.1.4 Let a be the string 011.

a. Find all the proper prefixes of o2.
b. Find all the substrings 8 of aa™" that satisfy g=p"e",

1.1.5 How many strings of length ¢ are in £* if 2’ is an alphabet of cardinality
7.

1.1.6 For each of the following cases give the first 20 strings in {a,b,c}*.

a. {a,b,c}* is given in alphabetical ordering.

b. {a,b,c}* is given in canonical ordering.

1.1.7 Let S be the set of all the strings over the alphabet {a,b,c}, that is,

S= {?,b,c}*. Let S) and S, be subsets of S. Which are the strings that appear
both in S} and in S5 in each of the following cases ?

a. S) contains the ¢ alphabetically smallest strings in S, and S, contgiré all
the strings in S of length ¢ at most. ’

b. S) contains the 127 alphabetically smallest strings in S, and S, contains
the 127 canonically smallest strings in S.

1.1.8 Show that if X' is an alphabet, then X* has the following representations.

a. Binary representation
b. Unary representation
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1.1.9 Find a binary representation for the set of rational numbers.

1.1.10 Show that if D has a binary representation f;, then it also has a binary
representation fp, such that fy(e) is an infinite set for each element ¢ of D.

1.1.11 Let f; and fo be binary representations for D, and Ds, respectively.
Find a binary representation f for each of the following sets.

a. DiUD,

b. Dy xDs

c. Dy
1.1.12 Show that the sct of real numbers does not have a binary representation.
1.2.1 Let L be the language {£,0,10}. Determine the following sets.
LUl ‘
LNL
c. LL
d. LL
e. L?
f. LxL

1.2.2 Let G=(N,X,P,S) be a grammar in which N={S}, £={a}, and ea.tch
production rule contains at most 3 symbols. What are the possible production

rulesin P ?
1.2.3 Let G be the grammar (N,X,P,S), where N={S}, ¥'={a,b}, and
P={S—¢, S—aSbS}.

a. Find all the strings that are directly derivable from Sa$§ in G.

b. Find all the derivations in G that start at S and cnd at ab.

c. Find all the sentential forms of G of length 4 at most.

N

1.2.4 Find all the derivations of length 3 at most that start at S in the
grammar (N, X,P,S) whose production rules are listed below.

S o AS
aS — bb
A= aa

1.2.5 For each of the following sets of production rules P find all the strings
of length 4 or less in the language generated by the grammar (N,X,P,S).
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(a) S = aa
. — bb
e " 3 aSe
. - . . Ve . roe : .—) bSb
v B i

(b) S — aSA
— bSB
- X
aA = Aa
bA — Ab
S P . . aB = Ba
‘ , bB — Bb
XA = Xa
—a
XB 5 Xb
= b

1.2.6 Give two parse trees for the string aababb in the grammar G = (N, X, P,S),
. . N—————
whose production rules are listed below.

S
—+ aA
— aS
A — Ab
- Sa_
"> oa

1.2.7 Consider the gramrxl‘a.n.G =
N={ET,F}, ¥

production rules,

(N,X,P,E) for arithmetic expressions, where
=.{+,*,(,),a}, and P is the set consisting of the following

E - E+T
E-T
T - TxF
- F
F - (E)
= a

Give the derivation tree for the expression a*(a+a) in G.

1:2.8 Let G = (N ,2,P,S)-be the grammar with the following production rules.
Find the derivation graph for the string a343c3 in G.
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S — aSBc
— £
¢cB = Bc
aB = ab
bB — bb

1.2.9 For each of the following languages give a grammar that generates the
language.
a. {z01}x is in {0,1}"}
b. {01,10}*
c¢. {z|z isin {a,b}*, and the number of a's in z or the number of ¥'s in z
is cqual to 1}
{017]i >3}
{z|x is in {0,1}*, and z=2""}
{z|z isin {0,1}*, and each 01 in z is followed by 10} . -
{z|z is in {0,1}*, and the length of z is not divisible by 3}
{z|z isin {a,b}*, and z is of odd length if and only if it ends with b}
{z|z is in {e,b}*, and abb is not a substring of z}
{z#y|z isin {a,b}*, and y is a permutation of z}
k. {aibicid!|i is a natural number }
L. {a"l.:/;&a"'2 #a#.. . Fa'" |n>2 and i;=1j for some 1 <j<kgn}

o

A

FE e @

o

[N

m. {aba2b?a3b?...ab"™ |n is a natural number }

nditions show how, from any arbitrary given
2= (N21Z2aP2 ’32‘)3 a gl‘a»mmal‘
be constructed.

1.2.10 For each of the following co
Pair of grammars G; =" Ni,zl,PhSl) and_G
G3=(N;,5;.P;.5;) that satisfies the condition can
a. L(G3)={w|w"" is in L(G1)}
b. L(G3)=L(G)UL(Ge)
¢. L(G3)=L(G1)L(G2)
4. L(Gy)=(LG)
e. L(Gs)=L(Gi)NL(G2)
1.2.11 Show that from each grammar Gy

symbols grammar Go = {{S,A},Z,P;,S5) can be cons
L(G,).

1.2.12 Give the leftmost derivation and a nonleftmost de
abbabb in the grammar of Exercise 1.2.5.
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1.2.13 For each of the following éi;sésf'ﬁnd all the possible grammars G that
satisfy the case, where G=(N,X,P,5) with N ={S}, £={a,b}, and P being
a subsct of {§—e, §—+abAS, S—ab, bA—aS}.

a. Gisa Type 3 grammar. .

b. Gis a Type 2 grammar, but not of Type 3.
e is'a Type 1’grammar, but not of Type 2:
1.3.1 Consider the program P in Figure 1.E.1(a). What are the outputs of P
on input ”2,2” ? On input "3,2” ? ‘

(a) suml:=0 A e o (b)) z=?
sum2:=0 write
do do
if eof then accept if eof then accept
do . read y
readz - . : until z #y
:suml:=suml+z '
or
“readz
write z

sum?2:=sum2+zg
until suml # sum?2
until false

" Figure 1E1

1.3.2 Consider the program P in Figure 1.E.1(b). Assume that P has the
d’om.‘a.m of variables {0,1,2,3,4,5}. What are the outputs of P on input "2,2” 7
On input 3,277 ~. . = ) _ ‘ S

1.3.3 For each of the following cases write a program that corresponds to the

case. Ass?me that the variables have the sét of natural numbers as the domain
of the variables, and 0 as an initial value.,

a The.program outputs an input value v such that v+2 does not appear in
the input.

Ezample On. input "1,4,2,3” the program should have an accepting
’c’o;nputatlon with output ”3”, and an accepting computation with output
e Moreover, each accepting computation of the program should provide
=« - either the output ”3” or the output 74”;: - A -
b. The program outputs an input value v such that v+2 also appears in the
lnpu't.’i. R T Gl - o
Ezample : On input ”1,4,3,2” the - program. should have an accepting
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computation with output ”1”, and an accepting computation with output
"27. Morcover, each accepting computation of the program should provide
either the output ”1” or the output 2", '

c. The program outputs a value that does not appear exactly twice in the
input.
Ezample : On input ”1,4,1,4,3,1” the program should have for each i #4
an accepting computation with output i (i.e., 1=0,1,2,3,5,6,...). More-
over, each accepting computation of the program should provide one of
these outputs. '

d. The program outputs an input value v that appears as the vth-value in
the input. ' R T
Ezample : On input ”3,2,1,2,5,3” the program should have an accepting
computation with output ”2”, and an accepting computation with output
"5”. Moreover, each accepting computation of the program should provide
either of these outputs. .

¢. The program outputs an input value v that appears exactly v times in the

input. o
Ezample : On input “3,2,1,2,5,3” the program should ha..ve an accepting
computation with output ”1”, and an accepting computation with outPut
"2”. Moreover, each accepting computation of the program should provide

either of these outputs. _ S
f. The program accepts exactly those inputs whose values cannot be sorted

into a sequence of consecutive numbers. o ’ -
Ezample: The program should accept the input ’.1,2,1 ", a.md t}ie lnpl’x’t
"1,4,2”. On the other hand, the program shoqld reject the input ”1,3,2”.

1.3.4 For each of the following cases write a program that computes the given
relation, ‘ . |
a. {(I,y)l there is a value in the domain of the variables that does not ap-

pear in = and does not appear in y}. , T, "y o »
Ezample: With the domain of variables {1,233,4’5’6} on input ”1,2,4,5,6

the program can have any output that does Iiot;‘contalin the value 3.‘
b. {(z,y)|x is not empty, and the first value in z is equal to the first value
in y}.
1.3.5 Let P, and P, be any two given programs.
Computes the union R(P,)UR(P2).

1.3.6 Let P be the program in Example 1.3.13‘. Gi
Stween the configurations of P in the computation 0
3 the minimal number of moves.

FindAa program P3 that

ve th‘e sequence of moves.
f P on input ”1,2,1" that
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1.4.1 . Consider. the following problem K.
Domain: {(a,b)]a,b are natural nunibers 3
Questlon' What i is the va.lue of the na.tural number c that satisfies the equality

a?+b2=c? ?

Find a decision problem K2 whose solutmns are defined at the same instances
as for K. 2 :

1.4.2 Let K be ‘thetfoli'owing decision problem.
Domain: {(a,b,c)|a,b,c are natural numbers }.

Questxon Is there A pair of natural numbers z and y such that the equality
azx +by c holds ?- ‘

a.. Write-a program that decides K.

b. Write a program that partially decides K, but does not decide K.
1.4.3° Show that the following problems are partially decidable for Type 0
grammars. _ '

a. Membership problem

b. "Nonemptiness problem

1 4 4 Show that the membership problem is demdable for Type 1 grammars.

1.4.5 Show that the inequivalence problem is partially decidable for Type 1
grammars. ‘

1.4:6 Which of the following'st‘atetﬁents is correct ?
a. If the emptiness problem is decidable for Type 3 grammars, then it is also
decidable for Type 0 grammars.

b. If the emptiness problem is undecidable for Type 3 grammars, then it is
also undecidable for Type 0 grammars.

c. Ifthe emptmess problem is demdable for Type 0 graminars, then it is also
decidable for Type 3 grammars. '

d. If the emptmess problem is undecidable for Type 0 gxammars then it is
also undecidable for Type 3 grammars.

A polynomzal ezpression over the natural numbers, or simply a polynomml ez-
pression when the natural numbers are understood, is an expressnon deﬁned
recurswely in the followmg manner.

a. Each natural number isa polynomlal expression of degree 0.

b. Each variable is a polynomial expression of degree 1.
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. If E| and E; are polynomial expressions of degree d; and d,. respect,xvely.
then

a. (E\+Ej)and (E,-E;) are polynomxa.l expressions of degree max(d,.d»).

b. (E\*E,) is a polynomial expression of degree d; +ds.

A polynomial is called a Diophantine polynomialif it can be is represented by a
polynomial expression, and its variables are over the. natural numbers. Hilbert’s
tenth problem is the problem of determining for any given Diophantine polyno-
mial Q(z,...,z,) with variables z,,...,z, whether or not there exist %,..
such that Q(%,,...,Z,)=0.

A LOOP program is a program that consists only of instructions of the form
t+0,z¢y, z+z+1, and do z o end. The variables can hold only natural
numbers. a can be any sequence of instructions. An execution of do ¢ a end
causes the execution of a for a number of times equal to the value of = upon
encountering the do. Each LOOP program has a distinct set, of variables that

‘are initialized to hold the input values. Similarly, each LOOP program has a

distinct set of variables, called the output variables, that upon halting hold the
output valuesof the program. Two LOOP programs are said' to be: equwalent
if on identical mput values they produce the same output values.

1.4.7 The following problems are known to be undecidable. Can you show
that they are partially decidable ?

a. Hilbert’s tenth problem

b. The inequivalence problem fof LOOQOP programs
1.5.1 Let & be the set {m|m=2' for some integer i}. Show that the problem

of multiplication of numbers from ¥ is reducible to the problem of addition of
integer numbers.

1.5.2 Show that the nonemptiness problem for programs is reducible to the
acceptance problem for programs.

1.5.3 Show that Hilbert’s tenth problem is reducible to the nonemptiness
problem for programs.

1.5.4 Show that the problem of determining the existence of solutiens over
the natural numbers for systems of Diophantine equations of the following form
is reducible to Hilbert’s tenth problem. Each Q;(z;,...,%,) is assumed to be a
Diophantine polynomial.

Ql(-’b‘l, 2Tn)=0
Qm(zlv 1$n) 0

1.5.5 For each of the following cases show that K is reducible to K5.
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a. K, is the emptiness problem for Type 0 grammars, and K, is the equiv-
alence problem for Type 0 grammars. ,

b. K is the membership problem for Type 0 gramunars, and K is the equiv-
alence problem for Type 0 grammars.

1.7 'Bibliographic Notes

The hierarchy of grammars in Section 1.2 is due to Chomsky (1959). In the
classification Chomsky (1959) used an equivalent class of grammars, called
context-sensitive grammars, instead of the Type 1 grammars. Type 1 grammars
are due to Kuroda (1964). Harrison (1978) provides an extensive treatment for
grammars and formal languages. '

Nondeterminism was introduced in Rabin and Scott (1959) and applied to
programs in Floyd (1967). '

The study of undecidability originated in Turing (1936) and Church (1936).
Hilbert’s tenth problem is due to Hilbert (1901), and its undecidability to
Matijasevic (1970). LOOP programs and the undecidability of the equivalence
problem for them are due to Ritchie (1963) and Meyer and Ritchie (1967).

Chapter 2

FINITE-MEMORY PROGRAMS

Finite-memory programs are probably one of the simplest classes of programs
for which our study would be meaningful. “The first section of this chapter
motivates the investigation of this class. The second section introduces the
mathematical systems of finite-state transducers, and shows that they mod-
el the computations of finite-memory programs. The third section provides
grammatical characterizations for the languages that finite-memory programs
accept, and the fourth section considers the limitations of those programs. The
fifth section discusses the importance of closure properties in the design of pro-
grams, and their applicability for finite-memory programs. And the last section
considers properties that are decidable for finite-memory programs.

2.1 Motivation

It is often useful when developing knowledge in a new field to start by consid-
ering restricted cases and then gradually expand to the general casc. Such an
approach allows a gradual increase in the complexity of the argumentation. In
particular, it is a quite common strategy in the investigation of infinite systems
to start by considering finite subsystems. We take a similar approach here by
using programs with finite domains of variables, called finite-memory programs
or finite-domain programs, first.

However, it should be mentioned that ﬁnite—rﬁeinory programs are also impor-
tant on their own merit. They arc applicable in the design and analysis of some
common types of computer programs.

For instance, in compilers (i.e., in programs that translate programs written in
high-level languages to equivalent programs written in machine languages) the
lexical analyzers are basically designed as finite-memory programs. The main
task of a lexical analyzer is to scan the given inputs and locate the symbols

that belong to each of the tokens.
Example 2.1.1 Let LEXANL be the finite-memory program in Figure 2.1.1(a).
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(a) char :=
do
/* Find the first character of the next token. */

if char =" " then
do
if eof then ac,cept B ‘ o
s s srread chaz = . C. . L. L
untll char#” "
/* Determine the class of the token. */
charClass:=class(char)
7 write className(cha'rClass)
/ * Determme the rema.lmng cha.racters of the token. */

Y

do ‘
. write char
if eof then accept
oldCharClass: —-charC'lass N
‘ read char

' charClass =M (charCIass char)
until charClass 75 oldCharClass
until false

class
®) ..o
”A” l
; 1 R L .
: E M.” ””A” - nz»nor_a_.." ng» : CIa‘SSNa’me
"2 1] o|1]-|2}2]]L] 1] identifier”
07 | 2 0[0]|--jO}2i{---]2| 2| "natural number”
ngn | 2]

Fig.2.1.1 (a) A lexical analyzer. (b) Tables for the lexical analyzer

The domain of the variables is assumed to equal

QO
{” ”,”A”’".’”Z”,”0”,."’) 9 ,0’1’2}"

o

with ” " as initial value. The functlong class, classN ame, and M are . defined
by the tables of Figure 2. 1.i(b). .

LEXANL is a lexical analyzer that determines the tokens in the given inputs,
and rla,smﬁes them into identifiers and natural numbers. Each identifier is rep-
resented by a letter followed by an arbitrary number of létters and digits.' Each
natural number is represented by one or ‘more digits. Each pair of consecutive
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tokens. except for a natural number followed by an identifier, must be separated
by one or more blanks.

LEXANL can be casily modified to recogmzc a different class of tokens, by just
redefining class, className, and M. a]

Protocols for communicating processes are also examples of systems that are
frequently designed as finite-memory programs. In such systéms, each process
is represented by a finite-memory program. Each channel from one process
to another is abstracted by an implicit queue, that is, by a first-in-first-out
memory. At each instance the quecue holds those messages that have been
sent through the channel but not received yet. Each sending of a message is
represented by the writing of the message to the appropriate channel. Each
receiving of a message is represented by the reading of the message from the
appropriate channel.

In Scction 2.6 it is shown that finite-memory programs have some intercsting
decidable properties. Such decidable properties make the finite-memory pro-
grams also attractive as tools for showing the complexity of some seemingly
unrelated problems.

Example 2.1.2 Consider the problem K of deciding the existence of solutions
over the natural numbers for systems of linear Diophantine equations, that is.
for systems of equations of the following form. The a;;s and bis are assumed
to be integers.

anzr+...tagz, =bh

am1Z1+...FemnZTn=bn

No straightforward algorithm seems to be evident for deciding the proble:m.
though onc can easily partially decide the problem by exhaustively searching
for an assignment to the variables that satisfies the given system.

For each instance I of K, a finite-memory program P; can be constructed to
accept some input if and only if / has a solution over the natural numbers.
Consequently, the problem K is reducible to the emptiness problem for finite-
memory programs. The decidability of K is.then implied by the decidability
of the emptiness problem for finite-memory programs (Theorem 2.6.1).

In fact, the proof of Theorem 2.6.1 implies that a system I has a solution over
the natural numbers if and only if the system has a solution in which the values

of z,,...,z, are no greater than some bound that depends only on the a,Js, bis,

m and 7. a

Computer programs that use no auxiliary memory, except for holding the in-
put and output values, are by definition examples of finite-memory.programs.
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Hotwever, such ‘programs can deal with domains of high cardinality (i.c., 2* for
computers with k£ bits per word), and as a result their designs are generally
not .affected by the finiteness of their. domains. .Consequently, such programs
should not generally be considered as "natural” finite-memory programs.

2.2 . Finite-State Transducers

Central to the investigation of finite-memory programs is the observation that
the set of all the states reachable in the computations of each such program
is finite. As a result, the computations of each finite-memory program can be
characterized by a finite set of states and a finite set of rules for transitions

between those states.
Abstracted Finite-Memory Programs

Specifically, let P be a finite-memory program with m variables z,,...,Ty;, and
k instruction segments. I;;...,Jx. Denote the initial value of the variables of P

with .

Each state of P is an (m+1)-tuple [i,v;,...,vm], where ¢ is an integer between
1-and k, and v,,...,9,, are values from the domain of the variables. Intuitively,
a state [¢,v1,...,um] indicates.that the program reached instruction segment I;
with values vy ,...,um in the variables zi,...,Tm, respectively.

Example 2.2.1 Let P be the program in Figure 2.2.1. The domain of the
variables is assumed to equal {0,1}, and the initial value is assumed to be 0.
Let [i,z,y] denote the state of P that corresponds to the ith instruction segment
I;, the value x in z, and the value y in y.

- =7 ‘ /% I %/
write = [x Iz
do J* I3 =/

"~ do [* Is «/
read y [* Is */
o until z=y [xIs */
o if eof then accept [+ Ir */
' - do [x Ig +/
r:i=z~1 /% I */
or .
y:i=y+1 LY ITRY)
until z#y J* In #/
until false [* Iz */
~ Figure 2.2.1

A ﬁﬁite-memdry' program withA{'(')',l} as the domain of the variables
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The state [1,0,0] indicates that the program reached the first instruction seg-
ment with the value 0 in z and y. The state [5,1,0] indicates that the program
reached the fifth instruction segment with the value 1 in r and the value 0 in
Y.

From state [5,1,0] the program can reach either state [6,1,0] or state [6;1,1]:
In the transition from state [5,1,0] to state [6,1,0] the program reads the value
0 and writes nothing. In the transition from state [5,1,0] to state [6,1,1] the
program reads the value 1 and writes nothing. , o

The computational behavior of P can be abstrécted.by .a. formal system .
(Q.2,4,6.0,F), -

which is defined through the algorithm below. In the formal system

Q represents the set of states that P can ’reac‘h. :

& represents the set of transitions that P can take between its states.

X represents the set of inpqt values that P can read.

4 represents the set of output values that P can write.

go represents the initial state of P. .

F represents the set of accepting states that P can reach.

The algorithm determines the sets Q, X, 4, 6, and F by conducting a search
for the clements of the sets. '

Step 1 Initiate Q to the set containing just go =[1,0,...,®], and & to be an-
empty set. qo is called the initial state of P, and d is called the transition table
of P. : :

Step 2 Add the state p=[j,u; ,--.,m) of P to @, if for some state g= [z, |
in Q the following condition holds: P can, by executing I; with values v;,...,¥m
in its variables, reach I; with uy,...,um in its variables, respectively.

Step 3 Add (g,a,(p,p)) to 4, if P, by executing a single instruction segment,
can go from state ¢ in Q to state p in Q while reading a and writing p. For
notational convenience, in what follows (g,c,(p,p)) will be written as (¢,@,p,p)-
Each tuple in ¢ is called a transition rule of P.

Step 4 Repeat Stepé 2 and 3 as long as more states can be added to Q or more
transition rules can be added to 4.

Step 5 Initialize =,A, and F' to be empty sets.

Step 6 If (g,a,p,p) is a transition rulein § and a#¢ then add a to X. Similarly,
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if (g,@,p;p)-is a transition rule in 4 and p#¢; then add p to-A. Each a in ¥ is
called an iriput. symbol of P, and X is called the input alphabet of P. Similarly,
cach p in-A is called an output symbol of P, and A'is called the output alphabet
of P.

Step.7 Insert to F each state [i,v1,...,u] in @ for which I} is a conditional
accept instruction. The states in. F are called the accepting. or the final, states
of P.- =+

By definition d is a relation from @ x (£U{e}) to Q x (AU{e}). Morcover, the
sets @,2,A4,6, and F -are all finite because the number of instruction segments
in P, the number of variables i in P, and the domam of the variables of P are
all finite. b s

Example 2.2.2 Assume the niotations of Example 2.2.1. The initial statc of
the program P is [1,0,0]. By executing the first instruction, the program can
move from state [1,0,0] and either enter the state [2,0,0] or the state [2,1,0].
In both cases, no input symbol is read and no output symbol is written during
the transition between the states. Hence, the transition table & for P contains
the transition rules ([1,0,0],¢;[2,0,0],¢) and ([1,0,0],&,(2,1,0],¢).

Similarly, by executing its second instruction, the program P must thove from
state [2,1,0] and enter state [3,1,0] while reading nothing and writing 1. Hence,
§ contains also the trausition rule ([2 1,0},¢,[3,1,0],1).

The number of states in @ is no greater than 12x2x2. {0,1} is the input and
the output alphabet for the program P. {[7,0,0,[7, 1 1]} is the set of accepting
states for P. d

lete-State Transducers S R

In gcncral a formal system M consisting of a sxx-tuple (Q, Z‘ A,6,q0 ,F } is called
a ﬁmte-state transducer lf it satlsﬁes the followmg condltlons

Q ns a ﬁmte set whosc members are called the states of M

% is an alphabet, called the input alphabet of M. Each symbol in T is called'

an input symbol of M. - ; . o o

Ais an alphabet called the output alphabet of M. Each symbol inAi 1s called
an output symbol of M.

8 is a relation from @ x (ZU{e}) to Qx (AU{e}) called the transztzon. table of
M. Each tuple (g,e,(p;p)), or simply (g,a ,p,p) in 6 is called a transztwn rule
of M.

qo is a state in @, called the initial state of M.
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F isa subset of Q whose states are called the acceptmg, or the ﬂnal states
of M. '

Example 2.2.3 The tuple )
M =({a0,a1},{a.0},{1},

- {(qoya’QIs ) (‘10, :q1s€) (‘11, 1q19 ) (ql ,G,QO,E)} )
go.{q}) - o o S

is a finite-state transducer. The finite-state transducer has the states-go and
q1. The input alphabet of M consists of two symbols a and b. The -output
alphabet of M consists of a single symbol 1. The finite-state transducér M has
four transition rules. qq is the initial.state of M, and the only acceptlng state
of M. - co : :

The transition rule (go,a,q1,1) of M uses the input symbol a and the output
symbol 1. The transmon rule (ql,a qo,e) of M tises the mput symbol a and no
output symbol. ..~ ]

Each finite-state transducer (Q,X,A4,0,90,F) can be graphically represented by
a transition diagram of the following form. For each state in  the transition
diagram has a correspondmg node, wlnch is shown by a circle. The initial
state is identified by an arrow from nowhere that points to the corresponding
node. Each accepting state is identified by a double circle. Each transition
rule (g,c,p,p) in & is represented by an edge labeled with a/p, from the node
labeled by state g to the node labeled by state p. For notational convenience
edges that agree in their origin and destination are merged, and their labels
are scparated by commas.

Example 2.2.4 The transition diagram in Figure 2.2.2
af1, bfe

OO

Fig.2.2.2 ’IYasition _diagra.m ofa ﬁnite-,state transducer

represents the finite-state transducer M of Example 2.2.3. The label a/1 on
the edge from state go to state ¢, in the transxtlon diagram corresponds to the
trans1t10n rule (qo, 15 1) of M. The label b/e on’the edge from state o to
state a corresponds to the transﬂnon rule (go,b ,ql,é‘) The label /1 on the.
edgé from state ¢; to itself corresponds to the tran51tlon rule (ql, ,ql,l) -0

Example 2.2. 5 The tra.nsmon dlagra.m in Fxgure 2 2. 3 A

RAER
Lt
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Fig.2.2.3 Transition diagram for the program of Figure 2.2.1
represents the finite-state transducer that characterizes the program of Exam-
ple 2.2.1. o

Configurations and Moves of Finite-State Transducers

Intuitively, a finite-state transducer M ={(Q,X,A,d,q0,F) can be viewed as an
abstract computing machine. The computing machine consists of a finite-state
control, an input tape, a read-only input head, an output tape, and a write-only
output head (see Figure 2.2.4).

oo | v | Input tape
t Input head
Finite state q

control

Output head
w Output tape

Fig.2.2.4 A view of a finite-state transducer as an abstract computing machine

Each tape is divided into cells, which can each hold exactly one symbol.

The input tape is used for holding the input uv of M. The input head is used for
accessing the input tape. The output tape is used for holding the output w of
M, and the output head is used for accessing the output tape. The finite-state
control is used for recording the state of M.

On each input a;...a, from X*, the computing machine M has some set of
possible configurations. Each configuration, or instantaneous description, of M
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is a pair (uqu,w), where g is a state in Q, uv=g,...a,, and w is a string in A*.
Intultwely, a configuration (uqv,w) says that M on input-uv reached state q
after reading » and writing w. With 1o loss of generality it is assumed that Q
and X are mutually disjoint.

Example 2.2.6 Let M be the finite-state transducer of Example 2.2.3 (see
Figure 2.2.2). The configuration (aabgiba,l).of M says that M reached the
statc ¢, after reading u=aab from the input tape a.nd writing w=1 into the
output tape. In addition, the configuration says that v=ba is the rema.mder
of the input (sec Figure 2.2.5(a)). : : :

aabba .laabba R G
q0 qo

. (a) () R
Fig. 2.2.5. Configurations of thé finite-state transducer of Figure 2.2.2

The configuration (goaabba,c) of M says that M reached the state go after
reading nothing (i.e., u=¢) from. the input tape and writing nothing (i.e.,
w=¢) into the output tape. In addition, the configuration says that v=aabba
is the input to be consumed (see Figure 2.2.5(b)).

The configuration (adbbaqo,l) of M says that M reached statc go after reading
all the input (i.c., v=¢) and writing w=11. In addition, the configuration says
that the input that has been read is u =waabba. - D

A configuration (uqu,w) of M is said to be an initial configuration if g=qo
and u=w=c¢. An initial configuration says that the input head is placed at
the start (leftmost position) of the input, the output tape is empty, and the
finite-state control is set to the initial state.

A conﬁguratioﬁ (ugv,w) of M is said to be an accepting configuration if v=¢
and q is an accepting state in F. An accepting configuration says that M
reached an accepting state after readmg all the input.

Example 2.2.7 The ﬁmte—state transducer M of Example 2.2.3 (see Figure
2.2.2) has the initial configuration (goaabba, €), and the acceptmg conﬁguratlon
(aabbagy,11) on mput aabba (see Figure 2.2. 5(a) and Flgure 2. 2 5(b), respec-
tively).

(aabbaqo,s) and (a.abbaqo,lll) are also accepting configurations'of M"on input |
aabba. On the other hand,’ (qoaabba €) is the only lmtlal conﬁguratlon of M

on input aabba. D
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‘The transition rules of M are used for defining the possible moves of M. Each
move uses some transition rule. A mowve on transition rule (g,a,p,p) consists of
changing the state of the finite-state control from g to'p, of reading o from the
input tape, of writing p to the output tape, and of moving the input and the
output heads, |a| and |p| positions to the right, respectively.

A move of M from configuration C; to configuration C; is denoted C, Fps Co,
or simply CiFC; if M- is understood. A sequence of zero 6r more moves of
M from configuration C; to configuration C; is denoted C) 3}, C3, or simply
CF*C,, if M is understood. '

Example 2.2.8 Let M be the finite-state transducer of Example 2.2.3 (see Fig-
ure 2.2.2). On input aabba, M can have the following sequence (goaabba,c)F*
(aabbago,11) of moves between configurations (see Figure 2.2.6):

o
g

Fig.2.2.6. Sequence of moves between configurations of a finite-state transducer

(goaabba,e) - (agyabba,1) - (aagobba,1)
(aabgiba,1)F (aabbgia,11) - (aabbagg,11).
The sequence consists of five moves. It starts with a move (gpaabba,c)t

(aqiabba,1) on the first transition rule (go,e,9:,1) of M. During the move,
M makes a transition from state go to state q; while reading a and writing 1.

The second move (aql.abba,l)l-(aaqobba,l) is on the fourth transition rule
(41,¢,90,€) of M. During the move, M makes a transition from state g, to
state go while reading e and writing nothing.
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The sequence continues by a move on the second transition rule (go,b,q1,£),
followed by a move on the third transition rule (¢,b,q1,1), and it terminates
after an additional move on the fourth transition rule (g;,2,90,€).

The scquence of moves is the only one that can start at the initial configuration
and end at an accepting configuration for the input aabba. m}

By definition, |a| =0 or |a|=1 in each transition rule (g,a,p.p). |a|=0 if no
input symbol is read during the moves that use the transition rule (i.e., a=¢),
and |a|=1 if cxactly one input symbol is read during the moves. Similarly,
|o| =0 or |p|=1, dcpending on whether nothing is written during the moves or
exactly one symbol is written, respectively.

Determinism and Nondeterminism in Finite-State Transducers

A finite-state transducer M ={Q,X,4,8,q0,F) is said to be deterministic if, for
each state g in Q and each input symbol a in X, the union d(g,a)Ud(q,e) is a
multiset that contains at most one element.

Intuitively, M is deterministic if each state of M fully determines whether an
input symbol is to be read on a move from the state, and the statc together
with the input to be consumed in the move fully determine the transition rule
to be used.

A finite-state transducer is said to be nondeterministic if the previous condi-
tions do not hold.

Example 2.2.9 The finite-state transducer M;, whose transition diagram is
giveﬂ in Figure 2.2.2, is deterministic. In each of its moves M) reads an input
symbol. The transition rule to be used in each move is uniquely determined by
the state and the input symbol being read.

If M, reads the input symbol a in »the move from state go, then M; must use
the transition rule (go,a,q1,1) in the move. If M reads thc input symb<.)l b in
the move from state go then M; must use the transition rule (go,b,q1,€) in the

move.

On the other hand, consider the finite-state transducer M», which satisfies

M2 = (Q327A16’QO,F)

for

Q ={40,91,92:03}»

Y ={a,b},

A={a,b}, o .
o= {(qo’aaQI’a):(QI’s’QZaa)s(QZ,e,QIab)»(QZ,b,QO75)’(Q2:b,QSaa)}a
F={gs}.
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The transition diagram of M, is given in Figure 2.2.7.

PaORSO0

Fig.2.2.7. A nondeterministic Finite-State transducer

1

M, is a nondeterministic finite-state transducer.

On moying from state. gy, the finite-state transducer M, must read an input
symbol. Qn moving from‘s_ta,te q1, the finite-state transducer M, does not read
an input symbol. The transition rules that M, can use on moving from states
go and g; are uniquely determined by the states, and, therefore, these states
are not the source for the nondeterminism of M,.

‘Tll‘le‘ soﬁrce for the nondeterministn of M, isin the transition rules that originate
at stat‘e'qg. The transition rules do not determine whether M, has to read a
symbol in moving from state g2, nor do they specify which of the transition

rules is to be used on the moves that read the symbol b. (]
Computations of Finite-State Transducers

The computatipns of the finite-state transducers are defined in 2 manner similar
to t'hat for the programs. An accepting computation of a finite-state transducer
M 1s a sequence of moves of M that starts at an initial configuration and ends
at an accepting configuration. A nonaccepting, or rejecting, computation of M
1s a sequence of moves on an input z for which the following conditions hold.

a. The sequence starts from the initial configuration of M on z.

b. If the'seq'uence is finite, then it ends at a configuration from which no
move is possible.

¢ M has no accepting computation on .

Each accepting computation and each nonaccepting computation of M is said
to be a computation of M.

A computation is said to be a halting computation if it consists of a finite
number of moves. :

Example 2.2.10 Let M be the finite-state transducer of Example 2.2.3 (see
Figure 2.2.2). On input aabba the finite-state transducer M has a computation
that is given by the sequence of moves in Example 2.2.8 (sée Figure 2.2.6). The
computation is an accepting one.
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Alternatively, on input aab the finite-state transducer M -has.the following
sequence of moves: : ' o

(goaab,e) (aq,ab,hl) F(aaqob,1) (aabq{ ,1).

This sequence is the only one possible from the initial configuration of M on
input abb; it is a nonaccepting computation of M.

The two computations in the example are halting computations of M. a

By definition, on inputs thdt_ arc accepted by a finite-state transducer the finite-
state transducer may have also executable sequences of transition rules which
are not considered to be computations.’

Example 2.2.11 Consider the finite-state transducer M whose transition dia-
gram is given in Figure 2.2.7. On input b, M has the accepting computation
that moves along the sequence of states go,91,92,43. Similarly, on input ab,
M also has an accepting computation that moves along the sequence of states
0,41,92,41,42,93.. However, on input ab across the states go,g1,g2,90, M's se-
quence of moves is not a computation of M. ‘ :

On input a the finite-state transducer has only one computation. The com-
putation is a nonhalting computation that goes along the sequence of states
40,91,92,91:92,-.- On the other hand, on input aba the Turing transducer has
infinitely many halting computations and infinitely many nonhalting compu-
tations. All the computations on input abe are nonaccepting computations.

The halting computations of M on input aba consume just the prefix b of
M and move through the sequences go,9:,92,91,92,---,q1,92,93 of states. The
nonhalting computations of M on input aba consume the input until its end and
move through the sequences go,91,92,41,92,---,91,42,90,91 ,92,91 ,g2,-.- of states. O

By definition, each move in each computation must be on a transition rule that
allows the computation to eventually read all the input and thereafter reach
an accepting state. Whenever more than one such alternative exists in the set
of feasible transition rules, any of these alternatives can be chosen. Similarly,
whenever none of the feasible transition rules satisfy the conditions above, then
any of these transition rules can be chosen. This fact suggests that we view the
computations of the finite-state transducers as being executed by imaginary

agents with magical power.
An input z is said to be accepted, or recognized, by a finite-state transducer
M if M has an accepting computation on z. An accepting computation that

terminates in an accepting configuration (zgy,y) is said to have an output y.
The output of a nonaccepting computation is assumed to be undefined.

A finite-state transducer M is said to have an output y on input z if it has an
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accepting-computation on & with eutput y. M is said to halt on z if all the
computations of M on input z are halting computations. ‘ .

Example 2.2.12 The finite-state transducer M whose transition diagram is
given in Figure 2.2.8

a/1, bfe

) . afe, bj/1
Fig.2.2.8. A nondeterministic finite-state transducer

has,.on input baabb, a sequence of moves that goes through the states do, q1, G1,
91: 91, 415 2 sequence of moves that.goes through the states 40,92,92,92,92,92;
and a sequence of moves that goes through the states 90,92,92,92,92,93. The
sequence of moves that goes through the states 90:92:92:92,92,93 is the only
computation of M on input baabb. The computation is an accepting compuyta-
tion that provides. the output 111.

M accepts all inputs. However, the finite-state transducer of Example 2.2.11
accepts exactly those inputs that have the form ababa...bab. 0

A; in the case of programs, the semantics of the finite-state transducers are
characterized by their computations. Consequently, the behavior of these trans-
ducers are labeled with respect to their computations. -

For instance, a finite-state transducer M is sajd to move from configuration C,;
to configuration C, on z if C, follows C, in the considered computation of M
on z. Similarly, M is said to read o from its input if o is consumed from the
input in the considered computation of M.

E;gain;ile 2,2,13»The finite-state transducer whose transition diagram is given
in Figure 2.2.8 on input baabb starts its computation with a move that takes M
from state go to state g,. M then makes four moves, which consume baab and
leave M in state g,. Finally, M moves from state g2 to state g3 while reading
b. 0
Relations aﬁd_Languages of Finite-State Transducers .

The relation computed by a finite-state transducer M = (Q,2,4,6,q0,F), de-
noted R(M), is the set B ' ~ '

- (@) | (qo2.6) F* (2a7,y) for some ¢ in F}.
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That is, the relation computed by M is the set of all the pairs (z,y) such that
M has an accepting corputation on input z with output y.

The language accepted, or recognized, by M, denoted L(M), is the set of all the
inputs that M accepts, that is, the set

~

{z|(z,y) is in R(M) for some y}.
The language is said to Be decided by M if, in addition, M halts on all inputs,
that is, on all z in ™. ' o
The language generated by M is the set of all the outputs that M has on its
inputs, that is, the set

{y|(z,y) is in R(M) for some z}.

Example 2.2.14 The nondeterministic finite-state transducer M. whose tran-
sition diagram is given in Figure 2.2.8 computes the relation
R(M) = {(z,1') |z is in {a,b}", i=number of a's in z if the last symbol
in z is a, and i = number of b's in = if the last symbol in x is b}.

The finite-state automaton M accepts the language L(M)={a,b}". -0

afe, bfe

efa, €fb

afa,bfb

/b
el

i he relation -
Fig. 2.2.9. A finite-state transducer that computes t
ig R(M)={(z,y)|z and y are in {a,b}", and y #z}
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}?)fan;l);le 2.2.15 The nondeterministic finite-state transducer M whose tran-
sition diagram is given in Figure 2.2.9 computes the relation

R(M)={(z.y) |z and y are'in {a,b}", and ys#z}.

As lfmg as M is in its initial state "z =y” the out'put of M is equal to the
portion of the input consumed so far.

If M wants to provide an output that is a proper prefix of its input, then upon

.reac'h‘ing the end of the output,”M must move from the initial state to state "y
is proper prefix of z.”

If M':/a.x{ts its input to be a proper prefix of its output, then M must move to
state "z 1s a proper prefix of y” upon reaching the end of the input. o

Otherwise, at some nondeterminis’ticé.lljr chosen instance of the computation,
M must move to state "z is not a prefix of y, and y is not a prefix of z,” to
cDreate a discrepancy bétween a pair of corresponding input and output symbols.

From Finite-State Transducers to Finite-Memory Programs

The p.revious discussion shows us that there is an algorithm that translates
any given ﬁnite-memory program into an equivalent finite-state transducer
that is, into a finite-state transducer that computes the same relation as th(;
program. Conversely, there is also an algorithm that derives an equivalent
finite-memory program from any given finite-state transducer. The program
can be a "table-driven” program that simulates a given finite-state transducer
M= (Q,Z‘,A,&,qg,F) in the manner described in Figure 2.2.10.

state:=gqq
do

{ * Accept if an accepting state of M is reached at the end of the input. =/
if F'(state) then )
if eof then accept -
/* Nondeterministically find the entries of the transition rule
(9,2,p,p) used in the next simulated move. */

do in:=e¢ or read in until true [xin:=a +/
next_s?tatc =7 ' [* next_state:=p */
out :=" [* out:=p x/

if not d(state,in,next_state,out) then reject
/* Simulate the move. */
if out #c then
write out
state :=nezxt_state
until false

Figure 2.2.10 A table-driven finite-memory program for simulating a finite-state transducer

The program uses a variable state for recording M’s state-in a given move, a
variable in for recording the input M consumes in-a given move, a variable
nert.state for recording the statc M enters in a given move, and a variable out
for recording the output M writes in a given move. . . .

The program starts a simulation of M by initializing the variable state to the
initial state go of M. Then M enters an infinite loop. ..

The program starts each iteration of the loop by-checking whether an accepting
state of M has been reached at the end of the input. If such is the case, the
program halts in an accepting configuration. Otherwise, the program simulates
a single move of M. The predicate F is used to determine whether state holds
an accepting state. o ’

The simulation of each move of M is done in a nondeterministic manner. The
program guesscs the value for variable in that has to be read in the simulated
move, the state for variable next_state that M enters in the simulated move,
and the value for variable out that the program writes in the simulated move.
Then the program uses the predicate & to verify that the guessed values are
appropriate and continues according to the outcome of the verification

The domain of the variables of the program is assumed to equal QUL uAu{e}.
where e is assumed to be a new symbol not in QUEUA, used for denoting the
empty string €. '

In the table-driven program, F is a predicate that assumes a true value when,
and only when, its parameter is an accepting state. Similarly, § is a predicate
that assumes a true value when, and only when, its entries correspond to a

»

transition rule of M.

I T . .
The programs that correspond to different finite-state transducers differ in the
domains of their variables and in the truth assignments for the predicates F
and 4. Do

The algorithm can be easily modified to give-a'deterministic' finite-memory
program whenever thefinite-state transducer M is deterministic.

& qoe go,1 gque gl o o
. go,e|false|false|false|false ‘
go,a|false|false|false| tTue
qo,b|£alse|false| true false| .“.

" a/l,b/e F U que false| true |false, false
@ go[false| 1.0[false|false|false|false}
/1 q1| true q1,b|false|false|false ‘failse

(@) N N
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Fig.2.2.11. (a) A finite-state transducer M. (b) Tables for a table-driven program that
simulates M. (c) Tables for a deterministic table-driven program that simulates M

Example 2.2.16 For the finite-state transducer M of Figure 2.2.11(a), the
_program in Figure 2.2.10 has the domain of variables {a,b,l,qo,ql,e}. The
truth values of the predicates F and § are defined by the corresponding tables
of Figure 2.2.11(b).

The program also allows that for F and & there are parameters that differ from
those specified in the tables. On such parameters the predicates are assumed
to be undefined.

The finite-state transducer can be simulated also by the deterministic table-
driven program in Figure 2.2.12.

state:=qq
do :
if F(state) then
if eof then accept
if not 8;, (state) then
in:=e
if 6;,(state) then
read in
next_state:= 040 (state,in)
out :=dy, (state,in)
if out #e then
write out
state :=next_state
until false

Figure 2.2.12 A table-driven, deterministic finite-memory program for
simulating a deterministic finite-state transducer.

F'is assumed to be a predicate as before, and Oin,0out, and dgsqs are assumed
to be defined by the corresponding tables in Figure 2.2.11(c).

The predicate 6;, determines whether an input symbol is to be read on moving
from a given state. The function d,,,; determines the output to be written in
each simulated move, and 40, determines the state to be reached in each
simulated state.

The deterministic finite-state transducer can be simulated also by a non-table-
driven finite-memory program of the form shown in Figure 2.2.13.
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state:=qq
do
if state =g the
do - :
read in
if in=¢ then
do
state:=q
out:=1
write out
until true
if in=> then
state:=q
until true
if state=g¢, then
do
if eof then accept
state:=qp
out:=1
write out
until true
until false

Figure 2.2.13 A non-table-driven deterministic finite-memory program that simulates
the deterministic finite-state transducer of Flgurg 2.2.11(a).

In such a case, through conditional if instructions, the program explicitg
records the effect of F, 8in, dout, and dgrate-

It follows that the finite-state transducers characterize the finite-memory pro-

and so they can be used for designing and analyzing finite-memory

grams, ted below for finite-state transducers

programs. As a result, the study conduc
applies also for finite-memory programs.

Finite-state transducers offer advantages in

. . . . s
Their straightforward graphic representations, which are in many instance
more "natural” than finite-memory programs.

b. Their succinctness, because finite-state transducers are abstr
ignore those details irrelevant.to the study undertaken.

a.

actions that

The close dependency of the outputs on the inputs.
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2.3 Finite-State Automata and Regular Languages

The computations of programs' are driven by their inputs. The outputs are
Just the results of the computations, and they have no influence on the course
that the computations take. Consequently, it seems that much can be studied
about finite-state transducers,’or equivalently, about finite-memory programs
even when their outputs are ignored. The advantage of conducting a study of
such stripped-down finite-state transducers is in the simplified argumentation
that they allow.

Finite-State Automata

A finite-state transducer whose output components are ignored is called a finite-
state automaton. Formally, a finite-state automaton M is a tuple {Q, Z.,4,q0.F),
where @, X, qo, and F are defined as for finite-state transducers, and the
transition table § is a relation from @ x (ZU{e}) to Q.

Transition diagrams similar to those used for representing finite-state trans-
ducers can also be used to represent finite-state automata. The only difference
is that in the case of finite-state automata, an edge that corresponds to a
transition rule (p,a,p) is labeled by the string a.

Example 2.3.1 The finite-state automaton that is induced by the finite-state
transducer of Figure 2.2.2 is

(Q.Z,6,90,F),

" where -

Q={p@.qn},

2£{a,b}, .
6=1(40,2,q1),(90,5,91)(91,6,41),(41,0,90) },
F={qo}~

The transition diagram in Figure 2.3.1 féprésents the finite-state automaton.
D N - : * . i ) '

— @@‘

Fig.2.3.1. A finite-state automaton that corresponds to
the finite-state transducer of Figure 2.2.2

The finite-state automaton M is said to be deterministic if, for each state q
in Q and for each input symbol @ in X, the union §(g,a)Uéd(g,c) is a multiset
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that contains at most one element. The finite-state automaton is $aid to be
nondeterministic if it is not a deterministic finite-state automaton..

A transition rule (g,o,p) of the finite-state automaton is said to be an ¢ tran-

‘sition rule if a=e. A finite-state automaton with no ¢ transition rules is ‘s'ajd

to be an e-free finité-state automaton. .

Example 2.3.2 Consider the finite-state automaton

M, =({'q0',»--’45}_7_{0’1}’ . L
{(40,6,?15),(40,6,111),(40,6,04%(91,0&2),(41,1,91), L
(92,0.43)5(92,1,92)-(43,0,43), (43, 1,41 ) (94,0,04)
(§4:i,Q5),(qs,O,QS),(05,1,QG),(q6,1,46),(45,0,(14)},

Qm{%;‘hﬂs})- ‘

The transition diagram of M, is given in Figurfa 2.3:2.

Fig. 2.3.2. A nondeterministic finite-state a.utomaton‘ : ' T X

M; is nondeterministic Qwiﬁg:to the transition rules that originate at stat.e,(ﬁ;.
One of the transition rules requires that an input value be g‘ead, whereas }:W e
other two transition rules require that 'po input value be rt.eaq. Mc.).reov_er,» 1
is also nondeterministic when the tran‘sitiox} :’ule (qo,O,.q?) is ignored, t;leyca,pfsev
M, cannot determine locally which of the other transition rules to'fo ow on
the moves that originate at state go. :

The- finite-state automaton M, in Figure 2.3.3 is 2 deterministic finite-state
automaton.

a,b

Fig.2.3.3. A deterministic finite-state automaton
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M, has two ¢ transition rules, and M, has one. o : o

A configuration, or an instantaneous description, of the finite-state automaton
is a singleton uqu, where ¢ is a state in Q, and uv is a string in ™. The
conﬁguratidg, 1s said to be an initial configuration if u=¢ and.q is the initial
state. The configuration is said to be an accepting, or final, configuration if
v=¢ and q is an accepting state. With no loss of generality it is assumed tha
Q and X are mutually disjoint. '

Other definitions, like those of -y, F, Fu» F*, and acceptance, recognition,
and decidability of a language by a finite-state automaton, are similar to thosc
given for finite-state transducers. '

Nondeterminism versus Determinism in Finite-State Automata

By the following theorem, nondeterminism does not add to the recognition
power of finite-state automata, even though it might add to their succinctness.
The proof of the theorem provides an algorithm for constructing, from any
given n-state finite-state automaton, an equivalent deterministic finite-state
automaton of at most 2™ states.

Theorem 2.3.1 If a language is accepted by a finite-state automaton, then it is
also decided by a deterministic finite-state automaton that has no ¢ transition
rules.

Proof Consider any finite-state automaton M ={Q,X,6,q0.F). Let A, denote
the set of all the states that M can reach from its initial state go, by the
sequences of moves that consume the string z, that is, the set {g|goz " zq}.
Then an input w is accepted by M if and only if A, contains an accepting
state. :

_The proof relies on the observation that A,, contains exactly those states that
“can be reached from the states in A, by the sequences of transition rules that
consume a, that is, A;, ={p|q is in A,, and gaF*ap}.

Specifically, if p is a state in Ag,, then by definition there is a sequence of
transition rules 7q,...,7, that takes M from the initial state gy to state p while
consuming za. This sequence must have a prefix 7y,...,7; that takes M from do
to some state g while consuming z (see Figure 2.3.4(a)).

DA (O (@D AAD A=)
TlyseensTi TitlyeeesTt ThaeeesTh TlyeeesTa
(@) : (%)

Fig.2.3.4. Sequences of transition rules that consume za

Consequently, g is in A, and the subsequence 7;y1,...,7; of transition rules takes
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M froin state g to state p while consuming a.

On the other hand; if q is in A, and if p is a state that is reachable from state
g by a sequence 7,...,Tg of traﬂsitiqn rules that consumes a, then the statc p
isin Azq. In such a case, if 71,...,7; is a sequence of transition rules that takes
M from the initial state go to state ¢ while consuming z, then M can reach the
state p from state go by the sequence 7,...,7.,7,...,Ts of transition rules that

consumes ra (see Figure 2.3.4(b)).

As a result, to determine if a;...a, is accepted by M, one needs only to follo?v
the sequence A.,Aq, ,A.,l,,,',...,Aal ..a, Of sets of states, where each. {la,....a,. 4118
uniquely determined from Ag,...o; and a;1. Therefore, a determm}stlc finite-
state automaton M’ of the following form dccides the language that is accepted

by M. - :
The set of states of M’ is equal to

{A] A is a subset of Q, and A=A, for some z in 2*}. ﬁ

Since Q is finite, it follows that @ has only a finite number of s,.ul.)s.ets A, a,n(:r
consequently M’ has also only a finite mlmber of st‘ates. The lmtlla] state o
M is the subset of Q that is equal to A.. The accepting states of M’ are t.hf)se
states of M’ that contain at least one accepting state of M. The transition

table of M is the set

. ,
{(A,a,A")| A and A’ are states of M’, a is in ¥, and A’ is the set
of states that the finite-state automaton M can reach

by consuming a from those states that are in A}.

By definition, M’ has no & transition rules. Moreov.er, M’ is determ(;nflstlc
because, for each = in £* and each a in X, the set Agq is uniquely defined from

’ O
the set Az and the symbol a.

Example 2.3.3 Let M be the finite-state automaton .whose transition diagram
is given in Figure 2.3.2. The transition diagram in Figure 2.3.5
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Fig.2.35. A transition diagram of an é-free, deterministic finite-state
automaton that is equivalent to the finite-state automaton whose:
t_ranmtxon‘dj_qgam is given in Figure 2.3.2 :

represe.nts an e-free, deterministic finite-state automaton that is equivalent to
M. Using the terminology of the proof of Theorem 2.3.1

) .AE: {q01q1 ,44}, ‘
AO = {qU 391,92 ;Q4}, ahd
Aoo = A})OO == AO-'-.(,) = {QO,(h aQqus‘,er }

:4{ is 'tlixe set of all the states that M can feach without reading any input. g
is‘in A, because it is the initial state of M. ¢, and g, are in A, because M
has ¢ transition rules that leave the initial state go and enter states g; and ¢,
respectively. 4

Ao is the set of all the states that M can reach just by reading 0 from those
states that are in A.. go is in Ay because qq is in A, and M has the transition
rule (g0,0,q0). q; is in Ag because g is in A, and M can use the pair (go,0,40)
fmd (g0,€,q1) of transition rules to reach q) from go just by reading 0. ¢» is
in Ao because go is in A, and M can use the pair (g0.€,1) and (q1,0,q2) of
transition rules to reach g, from g just by reading 0. o

The result of the last theorem cannot be generalized to finite-state transduc-
ers, because deterministic finite-state transducers can only compute functions,
whereas nondeterministic finite-state transducers can also compute relations
which are not functions, for example, the relation {(a,b),(a,c)}. In fact, there
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‘rule of the form.(go,,q) that is in 4.) ‘ ‘
Let G=(N,Z,P, [q0]) be a Type 3 grammar, Wﬁere N has a nonterminal

are also functions that can be computed by nondetertiinistic finite-state trans-
ducers but that cannot be computed by deterministic finite-state transducers.
The following relation ' :

R={(20,0171) |z is a string in {0,1}* }U{(z1,1?1) |z is a string in {0,1)*}

is an example of such a function. The function cannot be computed by a de-
tcrministic.ﬁnite-state transducer because each deterministic finite-state trans-
ducer M satisfies the following condition, which is not shared by the function:
if z; is a prefix of z, and M accepts z; and #,, then the output of M on input
z, is a prefix of the output of M on input z, (Exercise 2.2.5). =~ = -~

FAE

Finite-State Automata and Type 3 Grammars

The following two results imply that a language is accepted by a finite-state
automaton if and only if it is 2 Type 3 language. The proof of the first result
shows how Type 3 grammars can simulate the computations of finite-state
automata. R

-,

Theorem 2.3.2 Finite-state automata accept only Type 3 languages.

Proof Consider any finite-state automaton M =(Q,E,6,qo,F ). By Theorem
2.3.1 it can be assumed that M is an e-free, finite-state automaton. With no
loss-of generality, it can also be assumed that no transition rule takes M to its
initial state when that state is an accepting one:’ (If such is not the case, then
one can add a new state gj to @, make the new state gy both an initial and an

accepting state, and add a:new transition rule (gg,,q) to 6 for each t'.ransition

t

symbol [g] for each state ¢ in @ and P has the following production rules.
a. A production rule of the form [g] -+ a[p] for each ’gransitién rule (g,a,p) in
the transition tabled. . [
b. A production rule of the form [g) = a for each transition rule (g,a,p) in.8
such that p is an accepting state in F.-
c. A production rule of the form [go] — € if the initial state go is an accepting

state in F. o

The grammar G is constructed to simulate the computations of the finite-state

automaton M. G records the states of M through the nonterminal symbols. In
particular, G uses its start symbol [go] to initiate a simulation of M at state go.
G uses a production rule of the form [g] = a[p] to simulate a move of M from
state g to state p. In using such a production rule, G generates the symbol a
that M reads in the corresponding move. G uses a production rule of the form
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[q] —+ a instead of the production rule of the form [g] = a[p], when it wants to
terminate a simulation at an accepting state p.

By induction on n it follows that a string a,a5...a, has a derivation in G of the
form

[q] =a) [Q1] =a; agqu] =..=0103...p_ [Qn—l]=§’ a1as...0,
if and only if M has a sequence of moves of the form
qaras...anFajqrag...a,Fajasqoas...an k... Fa; wly_1qn_1apFajas...anq,

for some accepting state g,. In particular the correspohdence above holds for
g=go. Therefore L(G)=L(M). ' : ‘ o

E.xam.ple‘2.3.4 The finite-state automaton M;, whosc transition diagram is
given in Figure 2.3.6(b), '

. .ab‘ ‘
OO ORE
()

“

(a)

Fig. 2.376. Two equivalent finite-state automata

is., an s-f:ree, deterministic finite-state automaton. M is not suitable for a direct
sxmtn]atlon by a Type 3 grammar because its initial state go is both an accepting
state.a,nd a destination of a transition rule. Without modifications to M, the
algorithm that constructs the grammar G will produce the production rule
[90] = € because g is an accepting state, and the production rule [g;]— b[go)
beca‘use. of the transition rule (¢;,b,gp). Such a pair of production rules cannot
coexist in a Type 3 grammar.

'Ml .is eqpivalent to the finite-state automaton M,, whose transition diagram
is given in Figure 2.3.6(a). The Type 3 grammar G={(N,Z,P,[g)]) generates
the language L(M>), if N ={[gg],[g0],[a1],[¢2]}, £ = {a,b}, and P consists of the
following production rules: *
lgg] — €
— afgi]
- b[Ch]
[90] = aa]-
- b[qll
[a1] — bgo]
= b
= algy]
—a
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The accepting computation -
gpabaatagybaat abgoaat-abagat-abaags
of M, on input abaa is simulated by the derivation
[g0) = alg1]=> ablgo] = aba[q,] = abaa

of the grammar.

The production rule [g;] — a[gz] can be eliminated from the grammar without
affecting the generated language. a

The next theorem shows that the converse of Theorem 2.3.2 also holds. The
proof shows how finite-statc automata can trace the derivations of Type 3

grammars.
Theorem 2.3.3 Each Type 3 language is accepted by a finite-state aulomaton.

Proof Consider any Type 3 grammar G={N,%Z,P,S). The finite-state au-
tomaton M =(Q,X,6,qs,F) accepts the language that G generates if @, 4, gs.
and F are as defined below.

M has a state g4 in @ for each nonterminal symbol A in N. In addition, Q
also has a distinguished state named g;. The state gs of M, which corresponds
to the start symbol S, is designated as the initial state of M. The state gy of
M is designated to be the only accepting state of M, that is, F={qy}.

M has a transition rule in & if and only if the transition rule corresponds
to a production rule of G. Each transition rule of the form (ga,a,gg) in &
corresponds to a production rule of the form A—aB in G. Each transition
rule of the form (ga,a,qs) in & corresponds to a production rule of the form
A— ain G. Each transition rule of the form (gs,€,gs) in & corresponds to a
production rule of the form S—¢ in G.

The finite-state automaton M is constructed so as to trace the derivations of
the grammar G in its computations. M uses its states to keep track of the
nonterminal symbols in use in the sentential forms of G. M uses its transition
rules to consume the input symbols that G generates in the direct derivations

that use the corresponding production rules.
By induction on 7, the constructed finite-state automaton M has a sequence
QaTHu1ga, 01 F U204, V2 F o FUn 194, Un-1F 204,

of n moves.if and (;nly if the grammar G has a derivation of length n of the

form

Ay S>u A = U Ag = ... =>Up1 A, 1=z
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In particular, such correspondence holds for Ay =S. Conscquently, = is in
L(M) if and only if it is in L(G). O

Example 2.3.5 Consider the Type 3 grammar G = {s, A B} {a,b},P, S) where
P consists of the following transition rules.

S e

— aA

- bB

A = aA

=b

o : S - B = bB
y - a

The transition diagram in Figure 2.3.7

Fig. 2. 3 7. A finte-state automaton that acepts L(G),
where G is the grhmmai- of example 2.3. 5

represents a ﬁmt.e—state automaton that accepts the language L(G). The deriva-
tlon

S=)aA=>aaA=>aab

in'G is traced by the computation
qsaabl-anabi-aanbl- aabgy
of M. B e - ‘ o

It turns out that finite-state automata and Type 3 grammars are quite similar
mathematical systems. The states in the automata play a role similar to the
nohterminal symbols in the'j grammars, and the transition rules in the automata
play a role similar to the productlon rules in the grammars.
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Type 3 Grammars and Regular Grammars

Type 3 grammars seem to be minimal in the sense that placing further mean-
ingful restrictions on them results in grammars that cannot generate all the
Type 3 languages. On the other hand, some of the restrictions placed on Type
3 grammars can be relaxed without increasing the class of languages that they
can generate.

Specifically, a grammar G = (N,Z,P,S) is said to be a right-linear grammar if
each of its production rules is either of the form. A = B or of the form A—z.
where A and B are nonterminal symbols in N and z.is- a string of termmal
symbols in Z*. - : Lo

The grammar is said to be a left-lincar grammar if each of its productionrulesis
either of the form A —= Bz or of the form A — z, where A and B arc nonterminal
symbols in IV and z is a string of terminal symbols in 2*.

The grammar is said to be a regular grammar if it is either a right-linear
grammar or a left- linear gra.mma.r A language is said to be a regular language
if it is gcneratcd by a regular grammar.

By Exercise 2. 3 5 a language is a. Type 3 la.nguage if and only if it is regu'lar

'Regular Languages and Regular Expressxons . il

Regular languages can also be defined, froin the empty set and from some finite
number of singleton sets, by, the operations of union, composition, and Kleene

.closure. Specxﬁcally, consider any alphabet X. Then a regular set over X is

defined in the following way ‘ '
a. T he empty set &, the set {e} containing only the empty etrmg, and the
set {a} for each symbol ain X, are regu]ar sets.

"~ b. If Ll ‘and L, are regular sets, then s0 a.re the union L; UL’g, the comp051-
© tion L1L2, a.nd the Kleene closure Ly

c. No other set is regular.. ,
By Exercise 2.3.6 the following characterization holds. -

Theorem 2.3.4 A set 1s a regula.r set 1f and only 1f it is accepted by a ﬁmte—
state automaton.

Regular sets of the form &, {s} {a}, L,ULg, L Lp, and L% are quite often
denoted by the expressions &, €, a, (a)+(ﬂ) (@)(B), and (a)*, respectively. @
and B are assumed to be the expressions that denote L, and Lg in 2 similar
manner, respectively. a is assumed to be a symbol from the alphabet. Expres-
sions that denotc regular sets in this manner are called regular ezpressions.
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Some parentheses can be omitted from regular expressions, if a precedence
relation between the operations of

(1) Kleene closure,
(2) c'omposi.tiqn', and
(3) union

in the given order is assumed. The omission of parentheses in regular expres-
sions is similar to that in arithmetic expressions, where closure, composition,
and union in regular expressions play a role similar to exponeutiation, multi-
plication, and addition in arithmetic expressions.

Example 2.3.6 The regular expression
0‘(1"01*00*(11*01*00*)*+0*10*11"(00‘10*11*)*)

denotes the language that is recognized by the finite-state automaton whose
transition diagram is given in Figure 2.3.2. The expression indicates that cach
string starts with an arbitrary number of 0's. Then the string continues with a
string in 1*01*00*(11*01*00*)* or with a string in 10*11*(00*10*11*)*. In the
first case. the string continues with an arbitrary number of 1's, followed by 0,
followed by an arbitrary number of 1’s, followed by one or more 0's, followed
by an arbitrary number of strings in 11*01*00*. o

By the previous discussion, nondeterministic finite-state automata, determin-
istic finite-state automata, regular grammars, and regular expressions are all
charactcrizations of the languages that finite-memory programs accept. More-
over, there are effective procedures for moving between the different charac-
terizations. These procedures provide the foundation for many systems that
produce finite-memory-based programs from characterizations of the previous
nature. For instance, one of the best known systems, called LEX, gets inputs
that are generalizations of regular expressions and provides outputs that are
scanners. The advantage of such systems is obviously in the reduced effort they
require for obtaining the desired programs.

Figure 2.3.8 illustrates the structural and functional hierarchies for some de-
scriptive systems. The structural hierarchies are shown by the directed acyclic
graphs. The functional hierarchy is shown by the Venn diagram.
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Fig.2.3.8. The structural and functional relationship between some
descriptive systems

2.4 Limitations of Finite-Memory Programs

It can be intuitively argued that there arc (.:orn.puta.tions that ﬁnite-memor;;
programs cannot carry out, because of the lirr}ltatlons imposed on thena.x’{lou:;t (;)

memory the programs can use. For instance, it can be argued th:f,t {a™b I'n ,h }t
is not recognizable by any finite-memory program. The reasoning here is ; a

upon reaching the first b in a given input, the program must rem‘ember ow
many a's it read. Moreover, the argument continues that each 'ﬁmte-memox('iy
program has an upper bound on the number of values t‘hat it can record,
whereas no such bound exists on the number of a's that the inputs can conta}n.
As a result, one can conclude that each finite-mmemory program can recognize
only a finite number of strings in the set {a™b" |n 20}.

The purposes of this section are to show that there are comPut?tnon:l t?:;:l;:af.:;
not be carried out by finite-memory programs, and to prov;def ormf o
identifying such computations. The proofs rely on a.bstractlonl? o }:iem y
itive a,fgument above. However, it should be mentioned t'hat the Pmb]éb !
determining for any given la.nguage, whet]lx)er thiz1 la'r:ig;::;fe( ;Z :?16‘252;:; : 5)('5 \

ite- rogram, can be shown to be undec 1 4.9.0).
'f}‘r}l:geg:g (;1?: &olg::an ,be expected to provide an algorithm that decides the

problem in its general form. |
A Pumping Lemma for Regular Languages

The following theorem provides necessary conditions for a language to be de-
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cidable by a finite-memory program. The proof of the theorem relies on the
observations that the finite-memory programs must repeat a state on long in-
puts, and that the subcomputatlons between the repetitions of the states can
be pumped.

Theorem 2.4.1 (Pumpmg lemma for regular languages) Every regular lan-
guage L has a number m for which the following condltlons hold. If wisin L
‘and |w|>m, then w can be written as zyz where zy* 2 1s in L for each £ >0.
Moreover, |zy| <m, and |y|>0.

Proof Consider any regular langUage L. Let M be a finite-state automaton
that recognizes L. By Theorem 2.3.1 it can be assumed that M has no ¢
“transition rules. Denotc by m the number of states of M.

On input w=a,...a, from L the ﬁmte-state automaton M has a computatlon
of the form

poad,..anl- ayp10g...a,

F...

Fa,.. a'tpzaz+1

F..
Fa,..a;pjajq...an
...

|_a' anpn

The computatlon goes through some sequence P0sP1,--.sPn of n+1 states, where
- po is the initial state of M and Pn is an accepting state of M. In each move of
the computa.tlon exa.ctly one input symbol is being read.

If the length n of the inpiit is equal at least to the number m of states of M,
then the computation consists of m or more moves and someé state g must be
repeated within the first m moves. That is, if n>m then’ pi=pj for some i
and j such that 0<i<jg € m. In such a case, take z=aq,...a;, y= @it1..-G5, and
= aJ+1 B ) .
With such a decomposﬂ:mn zyz of w the above computatlon of M takes the
form '
poryz* zqyz F* zyqz l-* :r,yzp,.

Durmg t;he computatlon the state q= p.- pj of M is repeated The stnng
z is consumed before reaching the state g that is repeated. The string y. is

_consumed between the repetition of the state q. The string z is consumcd after
the repetition of state q. R S .

v . . i

86

Consequently, M also has an acceptlng computatlon of the form

DoZY zl—‘a‘qy z
* zyqy*
F..

F :cyqu
+ my” 2Py

lz"

for each k>0. That is, M has an accepting computation on zy*z for each
k>0, where M starts and ends consuming each y. in state q.:

The substring y that is consumed between the repetltlon of state ¢ is not empty,
because by assumption M has no ¢ transition rules. 0

Example 2.4.1 Let L be the regular language a.ccepted by the ﬁmce-state

.automaton of Figure 2.4.1.

. a i -a tL . ‘ . . ‘ N
b s & - . . U
Fig.2.4.1. A ﬁmte—state automaton

Using the terminology in the proof of the pumping lemma (Theorem 24. 1),
has the constant m= 3 ‘

On input w= ababaa., the finite-state: automaton goes through the sequence
0.,91,90+41,90,d1,92 of states. For such an input the pumping lemma provides
the decomposition z =¢, y=ab, z=abaa; and the decomposition z=a, y=ba,
2=baa. The first decomposition is due to the first repetition of state go; the
second is a result of to the first repetmon of stateq;.

For cach string w of a minimim length 3, the pumping lemma implies a de-
composition zyz in which the string y must: ‘be either ab or ba or ac. If y=ab,

then z=¢ and the repetition of go is assumed. If y=ba," ‘then z=¢ and the
repetition of ¢, is assumed. If y=ac, then z=a and the repetition of g1 g

assumed.
Applications of the Pumping Lemma

For proving that a given language L is not regular, the pumpin
the following schema of reductlon to contradiction.

g lemma implies

a. For the purpose of the proof assume tha.t. Lisa regular language

b. Let m denote the constant implied by the pumpmg lemma for:L, under

the assumption in (a) that L is regular.”
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¢. Find a string w in L, whose length is at least m. Require that w implies
a k, for each dec?mposmon zyz of w, such that zy*2 is not in L. That
is, find a w.that implies, by using the pumping lemma, that a string not
in L must, in fact, be there.

d. Use the contradiction in (c) to conclude that the pumping lemma does
not apply for L.

e. Use the Fonclusion in (d) to imply that the assumption in (a), that L is
regular, is false.

Ic.should be emphasized that in the previous schema the pumping lemma im-
plies only the existence of a constant m for the assumed regular language L
and the existence of a decomposition zyz for the chosen string w. This lemm;;
d.oes not provide any information about the specific values of m,z,y, and z be-
fsldcs the restriction that they satisfy the conditions |zy| < m and Ig;l >0. The
importance for the schema of the condition |zy| < m lies in allowing some limi-
tation on the possible decompositions that are to be considered for the chosen

w. The importance of the restriction [y| >0 is in enabling a proper change in
the pumped string.

Examp}e 2.4.2 Consider the nonregular language L = {0*1™|n>0}. To prove
that L 1s nonregular assume to the contrary that it is regular. From the as-
suxrlptlon that L is regular deduce the existence of a fixed constant m that
satisfies the conditions of the pumping lemma for L.

Ch(.m'sc the string w=0™1™ in L. By the pumping lemma, 0™1™ has a decom-
position of the form 2y z, where |zy| < m,|y| >0, and ry*zisin L for each k>0
That is, the decomposition must be of the form =0'y=07, and z =0m‘i“j/1";
for some i and j such that 7>0. (Note that the values of i, j, and m cannot
be chosen arbitrarily.) Moreover, 2y°z must be in L. However, zy%z =Qm~J1m
cannot be in L because j>0. It follows that the pumping lemma does not
apply for L, consequently contradicting the assumption that L is regular.

Other (;hoices of w can also be used to show that L is not regular. However,
they mlgh.t result in a more complex analysis. For instance, for w=0m-!1m~!
the pumping lemma provides three possible forms of decompositions:

a. z=0% y=0/, z=Qm-i-i-11m-1 g, some j > 0.

b. £=0m"1"J, y=071, 2=1™2 for some j >0.

c. z=0""1 y=1, z=1m"2,
In §uch a ca§e, each of the three forms of decompositions must be shown to
Ize mapproprlatfe to conclude that the pumping lemma does not apply to w.
bor' (a) the choice of k=0 provides zy®z=0™~1~i1m~1 not in L. For (b) the
choice of k=2 provides zy®z =0™-11071™~1 not in L. For (c) the choice of
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¢=0 provides zy°z=0""'1""2 not in L. | o

Example 2.4.3 Consider the nonregular language L ={aa™"|a is in {a,b}*}.
To prove that L is not rcgular assunie to the contrary that it is regular. Then
deduce the existence of a fixed constant m that satisfies the conditions of the

pumping lemma for L.

Choose w=a™bba™ in L. By the pumping lemma, a™bba™ =zyz for some
z,y, and z such that |zy| <m,|y| >0 and zy*z is in L for each k>0. That is,
r=a',y=a’, and z=a™"*~Jbba™ for some i and j such that j>0. However.
zy®z=a""7bba™ is not in L, therefore contradicting the assumption that L is
regular.

It should be noted that not every choice for w implies the desired contradiction.
For instance, consider ‘the choice of a>™ for w. By the pumping lemma, a?™
has a decomposition zy2z in which z=da',y=al, and z=a?""*"J for some 1 and
j such that j>0. With such a decomposition, zy* z=q?m+(k=1)j jgnotin L-if
and only if 2m+(k—1)j is an odd integer. On the other hand, 2m+(k—1)j
is an odd integer if and only if k is an even number and j is an -odd number.
However, although k can arbitrarily be chosen to equal any value, such is not
the case with j. Consequently, the choice of a®™ for w does not guarantee the

desired contradiction. ‘: " [m}

A Generalization to the Pﬁmping Lemma

The proof of the pumping lemma is based on the observation that a stz-x't'e is
repeated in each computation on a "long” input, with a portion of the input
being consumed between the repetition. The repetition of the state allows t.;he
pumping of the subcomputation between the repetition to obtain new accep!:mg
computations on different inputs. The proof of the pumping lemma wi‘th minor
modifications also holds for the following more general theorem. - -

Theorem 2.4.2 For each relation R that is compgtal.)lé. by a ﬁnite-stvaf,(: trans-
ducer, there exists a constant m that satisfies the following conditions. If

(v,w) is in R and |v|+|w|>m, then v can be written as Tyyy 2y, and w can be

written as Ty¥w2Zw, Where (xuyﬁzv,xwyﬁ,zw) is in R for each k>0. Moreover,

[Zog0 |+ |Twyw| < m; and |yy|+]yw|>0.

similar to the one that uses the pumping lemma for determining

A schema .
: mining relations that

nonregular languages, can utilize Theorem 2.4.2 for.deter
are not computable by finite-state transducers.

'Example 2.4.4 The relation R={ (u,u™*) v is in {0,1}‘} is not computable
by a finite-state transducer. If R were computable by a ﬁmtfa-:sta.te transducer,
then there would be a constant m that satisfies the conditions 'oﬁi Tileox;em
2.4.2 for R. In such a case, since (o™1m,1™0™) is in R, then u=0™1 .could
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be written as 2,y,2, and u"¥ =1™0™ could be written as TyYw 2w, Where
Ty =03'u s Yo = Ojv, 2y =0mfiv —Jv lm’
Typ=1", y,,=1w, z,=1M"fw=JuQm gnd
Jut+jw>0.
Moreover, it would be implied that
(xvygzvazwyg;zw) = (Om—jv'lm’lm—j.,, Om)

must also be in R, which is not the case. a

2.5 Closure Properties for Finite-Memory Programs

A helplul approach in simplifying the task of programming is to divide the given
problem into subproblems, design subprograms to solve the subproblems, and
then combine the subprograms into a program that solves the original problem.
To allow for a similar approach in designing finite-state transducers (and finite-
memory programs), it is useful to determine those operations that preserve the
set of relations that are computable by finite-state transducers. Such knowledge
can then be used in deciding how to decompose given problems to simpler
subproblems, as well as in preparing tools for automating the combining of
subprograms into programs.

In general, a set is said to be closed under a particular operation if each ap-
plication of the operation on elements of the set results in an element of the
set. -

Example 2.5.1 The set of natural numbers is closed under addition, but it is
not closed under subtraction. The set of integers is closed under addition and
subtraction, but not under division. The set

{S|S is a set of five or more integers }
is closed under union, but not under intersection or complementation. The set
{S|S is a set of at most five integer numbers }

is closed under intersection, but not under union or complementation. ]

The first theorem in this section is concerned with closure under the operation
of union.

Theorem 2.5.1 The class of relations computable by finite-state transducers
is closed under union.
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.Let M3 be the ﬁni{:e-state transducer (Q3,237A3,63‘,q0,F3), wher(?-: ‘

Proof Consider any two finite-state transducers e

Ml =(Q1,21,A1 ’(slqul ’Fl)a ' :
and ' R v :

M, —_-‘_(Qg,Zf“z",AAz,‘s'z,‘Ioz{Fi)' "

‘With no loss of generality assume that the sets )y and Q2 of states are mutually

disjoint, and that neither of t.he‘m contains go. o v S

4

Q3=Q UQ2U{‘10}7‘

Y3=3,U%,, N
d3 =4, u62.U{(‘I015,QOI 35)1(‘1035vQO2 75)}‘\ andﬁ'
F3 =F1UF2 o ‘
(see Figure 2.5.1).' . e T N

iz.2.5.1. A scheata of a finite-state transducer Mg
ng that computes R(M1)UR(Mz)

Intuitively, M is a finite-state transducer that at the start qf each compu-
tation nondeterministically chooses to trace either a computation of Myora

computation of Ms. |
By construction, R(Ma) = R(M,)UR(Mj).

in simplifyi ; i losure prop-
Besides their usefulness in simplifying the task of programming, c Pre
erties can also be used to identify relations that cannot be computed by ﬁmt%
state transducers. . e .

— ISER P

Example 2.5.2 The union of the languages L ={e} and L —{0 1}] ?_12 S
equal to the language L3 = {0f1%|i >0}. By Theorem 2.5.1 the union :—Si ;ce
L, of L, and Ly is a regular language.if L, and Lg.a;e regular :anguag: {f s
L, ={e} is a regular language, it fol‘lows that L3 is a ?egqlar Laniu{%gfi"'|i>0}
a regular language. However, by Example 2.4.2 the language Ig . 20}
is not regular. Consequently, is also L,={0°1*|i>1} not regu'm'.

a

The relations B ={(0°19,¢') [i:5 31} and Ry={(0'1/,) |(ff{f~>c}3 ioin ‘I:;nif
putable by deterministic finite-state transducers. The pair (0°17,
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and only if k=1, and it ig i_n Ry if and only if k=j. The intersection R;NR,
contains all the pairs (0°17,c*) that satisfy k=i= J, that is, RyNR, is the
relation {(0"1*.c")|n>1}.

If RiNR, is computable by a finite-state transducer then the language {0™1"|
n2>1} must be regular. However, by Example 2.4.2 the language is not reg-
ular. Therefore, the class of the relations that are computable by finite-state
transducers is not closed under intersection. . : '

The class of the relations computable by the finite-state transducers is also not
closed under complementation. An assumption to the contrary would imply
that the nonregular language R;NR; is regular, because by DeMorgan’s law

R] nRg = (EUR—z).

That is, an assumed closure under complementation would imply that R; and
R, arc computablc by finite-state transducers. Theorem 2.5.1 would then im-
ply that the union R;UR; is computable by finite-state transducers. Finally,
another application of the assumption would imply that '

"(RiUR;)=RiNR,
is also computable by a finite-state transducer.

The choice of R, and R; also implies the nonclosure, under intersection, of
the class of relations computable by deterministic finite-state transducers. The
nonclosure under union and complementation, of the class of relations com-
putable by deterministic finitc-state transducers, is implied by the choice of
the relations {(1,1)} and {(1,11)}. '

For regular languages the following theorem holds.

Theorem 2.5.2 Regular languages are closed under union, intersection, and
complementation.

Proof By DeMorgan’s law and the closure of regular languages under union
(see Theorem 2.5.1), it is sufficient to show that regular languages are closed
under complementation.

For the purpose of this proof consider any finite-state automaton
M=(Q78’6$QO»F)-

By Theorem 2.3.1 itvcan be assumed that M is deterministic, and contains no
€ transition rules. '

Let Meo5 be M with a newly added, nonaccepting "trap” state, say, g;rqp and
the following newly added transition rules.
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Ep—:

a. (.a.qtrap) for each pair (g,a) - of a state ¢ in @ and of an input symbol
a in X - for which no move is defined in M. That is, for each (g,a) for
which no p cxists in Q such that (g,a,p) is in 4. C

b. (irap:@,qerap) for each input symbol a in X - .

By construction Mos is a deterministic finite-state automaton eq}xivalent to
M . Moreover, M,y consumes all the inputs until their end, and it has no ¢
transition rules. A |

The complemcﬁtation of the language L(M) is accept';ed by the finite-state
automaton Mcomptement that is‘obta,inedvfrom M.,y by interchanging the roles
of the accepting and nonaccepting states.

For cach given input a;...a, the finite-state automaton Mcom,,lemegt tha.:hz:m.
unique path that consumes a,...a, until its end: The path corres;;;n s to the
sequence of moves that M.,y takes on such an input. Thereforc, comﬂemm}:
reaches an accepting state on a given input if and only if Moy does not reac

inpu ]
an accepting state on the input. | » ’
Example 2.5.3 Let M be the finite-state automaton whose transition diagram
is given in Figure 2.5.2(a).

(o)

i i the compementation.
ig. 2.5.2. The finite-state automaton in (b) accepts th
Tl of the language that the finite-state automaton in (a) accepts

The complementation of L(M) is accepted by the finite-state automaton whose
transition diagram is given in Figure 2.5.2(b). .

i to_
Without the trap state girqp, neither M nor M,_.,,m,,,e,,.emlw::)uldol;;eui).rll)elethe~
accept the input 011, because none of them would be able to ¢

whole input.

. . -
Without the requirement that the algorithm hz;g to be applied Otr:]ll}; (;1:1 c:;ll::.m
ministic finite-state automata, Mco,,,plemem. could e;nd up a,cceple‘(q : ql),td
that M also accepts. For instance, by adding t..he tra,ns1t'1‘c;n ri ol al,;l ;nd -
M and M omplement OR input 01 each of the finite-state alt:il o:;l;e B e
either in state go or in state ¢;. In such a case, M w(;xlu be:.ausg et
it can reach state g1, and Mcompiement Would accept .

(]
state qp.
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2.6 Decidable Properties for Finjte-Memory Programs

The empjtifless problem, the.equivalence. problem, the halting problem,‘ and
otthter :lemsgm problem; for finite-memory programs or, equivalently, for finite-
state transducers are defined in a similar manner as f " g 5

o > defin milar m or the general class. of

;(:‘elnst@cef ;hc.etequivalence problem for finite-state transduéers asks for any
n pair of nnite-state transducers whether or not th
the same relation.:: . ' ) FranSd‘ucers compute

Su.nilarly, the haltix?g problem for finite-state transducers asks for ény given
pair (M,z), of a finite-state transducer M and of an input z for M, whether
or not-M has only halting computations on z. ’

I{l this section, some ppopertieélof finite-state transducers are shown to.be de-
c1dab.le.. The proofs are constructj{le in nature and they therefore iix.lply effeétivc
al‘gorl'thms for determining the prbpertjic's in discourse. The first theorem is in-
teresting mainly for its applications (see Example 2.1.2). It is concerned with

the problem of determining whether an arbitrarily given finite-state automaton

accepts no input,
Theorem 2.6.1. The emptiness problem is decidable for finite-state automata.

Pro9f Consi.der' any finite-state automaton M. M accepts some input if and
only if f:hc'er.e is a path in its transition diagram from the node that corresponds
to.the Initial state to a node that corresponds to an accepting state. The
existence of such a path can be determined by the following algorithm. .

Step 1 Mark i i ini
Stats oy, in the transition dlagram the nqde that corresponds to the initial

Step 2 Repeatedly mark those unmarked nodes in the transition diagram that

are reachable by an edge from a marked node. Termi
re . Terminate th 5
additional nodes can be marked. ¢ process when no

Step 31If the transition diagram contains a marked node that corresponds to an

accepting st"a,te; then determine that L(M) is not empty. Otherwise, determine
that L(M) is empty. S

By'tdgﬁglthn’, a program has only halting comtiputations on inputs that it ac-
cepts. ; '_n‘phe ot_:hg; ha.nd, on each input that it does not accept, the program
may have some computations that never terminate. o

An-important general determination about programs is whethér they halt on

gll.mputs. The proof of the fol!owing theorem indicates how, in the case of
nite-memory programs, the uniform halting problem can be reduced to the
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‘emptiness problem.

Theorem 2.6.2 The uniform halting problem is decidable for finite-state .au-
tomata. )

Proof Consider any finite-state automaton M =(Q,X,8;g0,F).. With no loss
of generality, assume that the symbol ¢ is not in X', and that @ has n states. In
addition, assume that every state from which M can reach an accepting state
by reading nothing is also an accepting state. Let A be a finite-state automaton
obtained from M by replacing each ¢ transition rule of the form (g,&,p) with
a transition rule of the form (g,c,p). Let B be a finite-state automaton that

accepts the language
{z|z is in (ZU{c})*, and c" is a substring of z}.

M has-a nonhalting computation on a given input if and only if the following
two conditions hold.
a. The- input is not accepted by M.
b. On the given input M can reach a state that can be repeated without
reading ainy input symbol. ‘
Consequently. M has a nonhalting computation if and only if A accepts some
input that has c® as a substring.

By the proof of Theorem 2.5.2, a finite-statc antomaton C can be constructed
to accept the complementation of L(A). By that same proof, a finite-state
automaton D can also be constructed to accept the’intersection of L(B) and

L(C). »
By construction, D is a finite-state automaton that accepts exactly those inputs
that have c® as a substring and that are not accepted by A. That is, D accepts

no input if and only if M halts on all inputs. The theorem thus follows frorén

Theorem 2.6.1.
For finite-memory programs that need not halt on all inputs, the proof of the
following result implies an algorithm to decide whether or not they halt on
specifically given inputs.

Theorem 2.6.3 The halting problem is deci

Proof Consider any finite-state automaton M and any in ‘
As in the proof of Theorem 2.3.1, one can derive -for faach i=1,..,n the s?t
Agq,...q; of all the states that can be reached by consuming a;...d:. Then.]\./.f is
determined to halt on @y ...a, if and only if either of the following two conditions

hold.

a. Ag,...q, contains an accepting state.
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déble for finite-state automata.

put a)...Gn for M.



b. For no integer i such that 1 <i < n the set Ag,...a; contains a state that can
be reached from 1tself by a sequence of one Or more mMoves on & transntlon
rules. -+ ' : o

There are many other properties that are decidable for finite-memory programs.
Thns sectlon concludes with the following theorem

Theorem 2 6.4 The equlvalence problem is decidable for finite-state automa-
ta. - :

v

Proof Two finite-state a,utomata M; and M, are equlvalent if and only 1f the
relation

(L(MONL(MR))U(L(M)NL(M;)) = &

holds, where L(M;) denotes the complementation of L(M;) for i=1,2. The

result then follows from the proof of Theorem 2.5.2 and from Theorem 2.6.1.
a

[

The result in Theorem 2.6.4 can be shown to hold also for deterministic finite-
state transducers (see Corollary 3.6.1). However, for the general class of finite-

state transducers the equivalence problem can be shown to be undecidable (see
Corollary 4.7. 1)

2.7 Exercises

2.2.1 Let“P.be a program with k instruction segments and a domain of
variables of cardinality m. Determine an upper bound on the number of states

of P, and an upper bound on the number of possible transitions between these
states.

2._2.2_ - Determine the diagram representation of a finite-state transducer that
models the computations of the program in Figure 2.E.1.

=7
do

read y
until y#z

do
y=y+z
write y

r
“if eof then accept
reject :
until false
Figure 2.E.1
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Assume that the domain of the variables is {0,1}, and that 0 is the initial
value in the domain. Denote each node in the transition diagram w:th the

corresponding state of the program.

2.2.3 For each of the follow:ng rclatlons give a finite-state transducer that
computes the relation.

a. {(a#ty,a) |:v and y are in {a,b}*, i=(number of a's in ), and‘j=
(number of b's in y)}

b. {(z,¢')|z is in {a,b}*, and z—(number of appea.ranc‘esvof the substring
abb’s in z)} -

c. {(z,c )I.L is in {a,b}*, and i = (number of appeara.nces of the substring.
aba’s in z)} .

d. {(1%,17)|i and j are natural numbers and z>]}

e. {(z,a)|z isin {0,1}*, ¢ is.in {0,1}, and a appears at least. twice in the
string z:}

f. {(zy,a't’)|z and y are in {a b}*, z-(the number of a's in z), and j =

(the number of b's in ¥)} ' '

{(z,y)|z and y arc in {a,b}*, and either z is a substring of y or y is a

substring of x}

h. {(:L',y) |z is in {a,b}*, yisa substrmg of z, and the ﬁrst and last symbols
in y are of distinct values }

i. {(z,9)|z and y are in {a,b}*, and the substnng ab has the same numiber

of appearances in = and y}

j- {(1%,19)|i=2j or i=3;}
k. {(1%,17)|i#2j5}
1. {(z,y)|z and y are in {a,b}*, and the number of a s in z differs from the

number of b's in y} . |
{(z,y)|z and y are in {0,1}*, and (the natural number represented by y)
=3(the natural number represented by z)} .

a—
n. {((“") (y )y21.. 22) | T1 s T sYLsees¥nsZ1sesZn BLE in {0, l} and (the n

ented
tur::ll number represented by z;...z,) — (the nataral number repres

by ¥1...yn) = (the natural number represented by z1.. zn)}

2.2.4 Let M=(Q,%,4,6,q0,F ) be the determmlstlc finite-state transducer
whose transition diagram is given in Fxgure 2.E.2.

g.
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" Figure 2.E.2

For each of the followipg_relations find a finite-state transducer that computes
the relation. - B ‘ '
' a. {(z,y)|z isin L(M),and y is in A*}. ] ,
b. {(z,y)|x is in L(M), y is in 4%, and (2,9) is not in R(M)}.
2.2.5 Show that if a'deterministic¢ finite-state transducer M accepts inputs z,

and z; such that z; is a prefix of z,, then on these inputs M outputs y, and
Y2, respectively, such that y, is aprefix of y5.

2.2.6 Determine the sequence of configurations in the computation that the
finite-state transducer '

Dy e T e s . -
<{‘10»‘Il,42},{0,1},{a,b},{(qo,0,ql,a),(ql,1,90»0),(q§,1,02’.5);,@2,6,91,b)},Qm{q'z})
has on input 0101. '

2.2.7 Modify Example 2.2.16 for the case that M is the finite-state transducer
whose transition diagram is given in Figure 2.2.2. '

2.3.1 For each of the following languages construct a finite-state automaton
that accepts the language: ' T e

a. {z|z isin {0,1}*, and no two 0's are adjacent in z}

b. {z|z isin {a,b,c}*, and none of the adjacent symbols in z are equal }
¢. {z|zisin {0,1}*, and each substring of length 3 in 2 contains at least
© two 1's} A ,

d. {12 | z=3z+5y for some natural numbers z and y}

e. {z|z isin {a,b}*, and z contains an even number of ¢'s and an éven
_Bumber of b's}

f.,{z|z is in {0,1}*, and the_nuﬁber of 1's between every two 0's in z is
even } .

' o

g {z|zisin {0,1}*, and the number of 1's between every two substrings
of the form 00 in z is even } L :

bh. {z|z isin {0,1}*, but not in {10,01}*‘}

i. {z|zisin {a,b,c}*, and a substring of z is accepted by the finite-state
automaton of Figure 2.4.1 }
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2.3.2 Find a deterministic finite-state automaton that ~is'e;quiva.lent tok‘t‘he
finite-statec automaton whose transition diagram is given in Figure 2.E.3.

Figure, 2.E.3 o

2"3‘3 Find a Type 3 grammar that generates the Iarig"u-age .accepteg ;)y the
finite-state automaton whose transition diagram is given in Figure 2.E. .“

3
2.3.4 Find a finite-state automaton that accepts the language I./(G), for the
c;;se that G=(N,X,P,S) is the Type 3 grammar whose production rules are
listed below. s

5 = aA
- bB
= b te
A = aS- , Yo
= . .
BobS o R
— bA -
C =-aB"

a4

A B S N ST H d o lif
2.3.5 Show that a language is generated by a_Type}’f:gr.ag{‘t‘?’l:: 3fef;§fal’3d-y:by
it. is getierated by a right-linear gralmmal', ;and;"lf and 0121}’ 1t 15 generalec By
a left-linear gramriiar: AR P
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2.4.1 Let M be the finite-state automaton wh iti : ..
. ose t
in Figure 2.E.5. e transition diagram is given

Using the notation of the proof of the pumping lemma for regular languages

Th i
2 ( Me;»r;rn 2.4.1), what are the possible values of m, z, and y for each w in

2.4.2 Use the pumping lemma fér re
. gular languages to show that
following languages is regular. e o that none of the
. {a™b*|n>t}
- {v|visin {a,b}*, and v has fewer a’s than b's}
¢. {z|zisin {a,b}*, and z =z"**}

d. {vv"™|v is accepted by the finite-state automaton of Figure 2.E.6}
0

ROWNO

Figure 2.E.6

o p

{a"|n>1}
f. {a™b'|n#t}
g {z|zisin {e,b}*, and z#z" v}

®

2.2.3 Show that each relation R computable by a finite-state transducer has
a fixed integer m such that the following holds for all (v,w) in R. If lw|>

m-max(1,[v]), then w=zyz for some z.y.2 s is i
Jol), »¥,z such that k
120, Motorer a2V ¥,z such that (v,zy*z) is in R for all

244 Prove that the relation {(a’b’ +¢*)|i and j are natural numbers and k=
i-j} is not computable by a finite-state transducer.

2.5.1 Let M, be the finite-state automaton given.in Figﬁre 2.E.3, and M, b‘e

.

the finite-state automaton in Fi i
given in Figure 2.E.6. Give a finite-
that accepts the relation R(M)NR(M,). istate automaton
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2.5.2 For each of the following cases show that regular sets are closed under
the operation ¥. : : : TR

a SP(L)>= {#|zisinL,and a proper prefix of z isin L}. o
b. ¥(L,,Ls) ={:cyzzf)|:z:z isin L, and yw is in Ly}.

2.5.3 Let ¥ be a permutation operation on languages defined as
¥(L)={z|z is a permutation of some y in L}.

Show that regular sets are not closed under ¥.

2.5.4 Show that the set of relations that finite-state transd_ﬁcefspompqte is
closed under each of the following operations ¥:" ) R

“a. Inverse, that is, #(R) =R~ ={(y,z)| (z,y)isin R}.- - -
b. Closure, that is, !P(R)=Ui;’gRi. R : IR
"¢. Composition, that is, ‘ o

U(Ry,R:)={(z,¥) [la:;xl:tg"énd y=yiy» for some
(z1,31) in Ry, and some (z3,y2) in 'Ry}

d. Cascade composition, that is,
@ (Ry,R2)={(z.2)|(z,y) is in R; and (y,z) is in R, for some y}.
2.5.5 Show that the set of the relations computed by deterministic finite-state
transducers is not closed under composition.

2.5.6 Let M be the finite-state automaton whose transition diagram is given in
Figure 2.E.3. Give a finite-state automaton that accepts the complementation

of L{M).

2.5.7 Show that the complementation of a relation computable by a deter-
ministic finite-state transducer, is computable by a finite-state transducer.

2.6.1 Show that the problem defined by the following pair is decidable:

Domain: {M|M is a finite-state automaton }

Question: Is L(M) a set of infinite cardinality for the given instance M ?
2.8 Bibliographic Notes
Finite-memory programs and their relationship to finite-state transducers have

been studied in Jones and Muchnick (1977). Their applicability in designing
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lexical analyzers can be seen in Aho, Sethi, and Ullman (1986). Their appli-
cability in designing communication protocols is discussed in Danthine (1980).
Their usefulness for solving systems of linear Diophantinc equations follows
from Biichi(1960). Finite-state transducers were introduced by Sheperdson
(1959). Deterministic finite-state automata originated in McCulloch and Pitts
(1943). Rabin and Scott (1959) introduced nondeterminism to finite-state ay.
tomata, and showed the equivalency of nondeterministic finite-state automata
to deterministic finite-state automata. The representation of finite-state trans-
ducers by transition diagrams is due to Myhill (1957). Chomsky and Miller
(1958) showed the equivalency of the class of languages accepted by finite-state
automata and the class of Type 3 languages. Kleene (1956) showed that the
languages that finite-state automata accept are characterized by regular expres-
sions. LEX is due to Lesk (1975). The pumping lemma for regular languages
is due to Bar-Hillel, Perles, and Shamir (1961). Beauquier (see Ehrenfeucht,
Parikh, and Rozenberg, 1981) showed the existence of a nonregular language
that certifies the conditions of the pumping lemma. The decidability of the
emptiness and equivalence problems for finite-state automata, as well as Exer-
cise 2.6.1, have been shown by Moore (1956). Hopcroft and Ullman (1979) is
a good source. for additional coverage of these topics.
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Chapter 3 ( B
RECURSIVE FINITE-DOMAIN
PROGRAMS

Recursion is an important brbgramming tool that deservtes an i}?vzstf,a;l:::, ic:in
its i i additional importance her -
its own merits. However, it takes on onal | ortar e
v i s — between the restricted class
ing an intermediate class of programs rict . e
mgmory programs and the general class of programs. .Thls 1ntermed};1:;;:3 cﬁ;:t
i i i i ion into finite-domain programs. .
is obtained by introducing recursion in , natn o o
i i i tion of recursion in programs. 1)
section of this chapter considers the notio; ; S e oy
A ’ i ite-domain programs are charact:
ond section shows that recursive finite-d _ <y
finite-state transducers that are augmentefcil })ty ggshq:)lw;r ;xg]:x;‘yi.s ;&r Ogv o
ic: ization fo. si ite-domai :
tical characterization for the recursive ni - progr: .
{natlllccdthird section. The fourth section considers thf: hmltatl_ons of recqrsw;
;ililite4domain programs: And the fifth and sixth sections consider closuré an

decidable properties of recursive finite-domain prograins, respectively.

3.1 Recursion

. ) o g : TR Ad
The task of programming is in many cases easier wbeq };‘ecf.ur_s;vc;n' ;sﬂ?;lll:tviv:ns
However, although recursion does not in ge.neral increase thg se .on e
that the ’progra.ms can compute, in the specific case of finite-domai p ;
sﬁch an increase is achieved. o . .

rog ‘by the instructi is elow.
Here recursion is introduced to programs by the mstructw.ns hs,té
“'a. Pselidoinstructions of the wfolldwin.‘g:‘form‘:m- e
| | procedure (procedure na,me)((list of formal 'pizrameters))
{procedure body)

end | o
ach list of formal parameters

‘ g gt e cedures.” B MEne.
These are used for defining procedures t, and éach procedure body

consists of ‘variable names that are all dis‘tir{'c
" consists of anarbitrary sequence of instructions.
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b. Call instructions of the following form :

call (procedure name)({list of actual parameters))

These are used for. activating the execution of procedures. ' Each list of
actual paramel_:ers is faqual in size to the corresponding list of formal pa-
rameters, and it consists of variable names that are all distinct.

¢. Return instructions of the followiﬁg form:

return

’I.‘hese are useq for deactivating the execution of procedures. The instruc-
tions are restricted to appearing only inside procedure bodies.

Finite-domain programs that allow recursion are called recursive finite-domain
programs.

An executvion ofa ca}ll instruction activates the execution of the procedure that
;s;l 1§1lx.roked. The activation consists of copying the values from the variables in
e list of actual parameters to the corresponding variables in the list of formal

paramcters, and of transferring the control to t instruction i
b L ouers, and g ‘ o the first 1n§tl uction in the body

An'excsution of a return instruction causes the deactivation of the last of those
:ctlve;txons of the procedu.res that are still in effect. The deactivation causes the
t;;ans e'r of control. to the 1ns!:ruction immediately following the call instruction

at was responsible for this last activation. Upon the transfer of control
the values from the variables in the list of formal parameters are copied t ’
the corresponding variables in the list of actual parameters. In additiﬂn th:

vfe:rfables thz%t do not, appear in the list of actual parameters are restored to
their valugs Just as before the call instruction was executed.

fAllll the variables of a program are assumed to be recognized throughout the
ull scope of. the program, and each of them is allowed to appear in an arbitra
number of lists of formal and actual variables. Y

Any attempt to enter or leave a procedure without using a call instruction or

In ha.t fO" W 1 X ea ]l e 1} I on i1s (:()llSldeled

?;:Tp'leb?.l.l Let P be the recursive finite-domain program in Figure 3.1.1.
o ariables are assumed to have the domain {0,1}, with 0 as initial value.
e program P accepts exactly those inputs in which the number of 0's is
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equal to the number of 1's. On each such input the program outputs those
input values that are preceded by the same number of 0's as 1's.

do . A Iy */

if eof then accept /x I +/

read by 8

. write z 1% 1o/

call RP(z) LY RV

until false [ Is */
procedure RP(y)

- do R A
read z [* Is */
if 2y then [x Is +/

return [+ ho */

can RP(Z) o /.*.-‘elll */

until false /* hz +/
end - o

r

Figure 3.1.1 A recursive ﬁgité{dgmain program

On input 00111001 the program starts by reading the first input value .0 in I3,
writing O in I, and transferring the control to.-RP in. I5. Upon entering RP.
z=y=2=0. In RP the program uses instruction segment Jg to read the second
input value 0, and then it calls RP recursively.in J;;.

The embedded activation of RP reads the first 1 in the input and then executes
the return instruction, to resume in I 2 with z=y=2=0 the execution of the
first activation of RP. The procedure continues by reading the second 1 of tl}e
and then returns to resume the execution of the main program In

input into z :
" : gram reads 1 into z, prints out that value,

I with r=y=2z=0. The main pro
and invokes RP.

=1 z;.nd z=0. The procedure reads 0 and then returns
main program reads into z the last 0
RP again. RP reads the last input
where the computation is

Upon entering RP, z=y
the control to the main program.:The
of the input, prints the value out, and calls
value and returns the control to the main program,

terminated at I. o
The table in Figure 3.1.2 shows the flow of data upon the a.ctivatio
tivation of RP. A L

n and deac-
N

vr
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Values Comments Values Comments
. of . -of :
Y2 . z,y,2

600 Initial values

000

< Call ?t Iy ‘ 1{) 0 » Call at Iy
000 ‘ Continue at I 110 Continue at Iy
0 2‘0 Call .a.t Iy lxl‘O ‘Return

00 Continue at Iy 100 Continue at Ig
0 ({‘1 Return 0\0 0 Call at Iy
000 Continue at I;o 000 Continue at I
0)(0 1 "Rétu'm A O%O 1 Return .
000 Continue at Iy 000 Continue at Jg

Fig.3.1.2. Flow of data in the program of Figure 3.1.1 on input 00111001

call RP(parity)
if parity=0 then
if eof then accept
reject
procedure RP(parity)
do /* Process the next symbol in w, +/

read z :
writez
parity:=1-parity
call RP(parity)

Oor /+ Leave w and g0 to wreY, «/
return

until true
/* Process the next symbol in w"e?, x/
read y
if y#z then reject
return
end

Figure 3.1.3. A recursive finite-domain program

E:ee ;!:ir:lg): t;g)win lzlere for re?l{rsion is not standard, but can be shown to
ronaler deﬁnsitz'm z.zrd deﬁmtl.ons.. The sole motivation for choosing the
rograme o ion t1;s because it sxmp.liﬁes the notion of states of recursive
e e s llnven lon that the variables of a program are recognizable

¢ lull scope of the program is introduced to allow uniformity in
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the. definition. of states. The convention — that upon the:execution of a return

-instruction the variables that do not appear in the list of actual parameters are

restored to their values just beforc the cxccution of the correspondisig call iii-
structions --is introduced to show a resemblance to the riotion of local variables
in procedures. : ' =

Example 3.1.2 The recursive finite-domain program in Figure 3.1.3 computes
the relation ‘

{(ww"* w) |w is a string of even length in {0,1}*}.

The domain of the variables is assumed to equal {0,1}, with 0 as initial value.
On input 00111100 the program has a unique computation that gives the output
0011. The program makes five calls to the procedure RP while reading 0011.
Then it proceeds with five returns while reading 1100. o

It turns out that an approach similar to the one used for studying finite-memory
programs can also be used for studying recursive finite-domain programs. The
main difference between the two cases is in the complexity of the argumentation.

Moreover, as in the case of finite-memory programs, it should be emphasized
here that recursive finite-domain programs are important not only as a vehicle
for investigating the g'etiefa.l class of programs but also on their own merits.
For instance, in many compilers the syntax analyzers are basically designed
as recursive finite-domain programs. (The central task of a syntax analyzer
is to group together, according to some grammatical rules, the tokens in’the
program that is compiled. Such a grouping enables the compiler to detect the

structure of the program, and therefore to generate the object code.)

3.2 Pushdown Transducers -

In general, recursion in programs is implemented by means of a pushdown store,
that is, a last-in-first-out memory. Thus, it is only natural to suspect that. re-
cursion in finite-domain programs implicjtly allows an access to some auxiliary
memory. Moréover, the observation makes it also unsurprising that the compu-
tations of recursive finite-domain programs can be characterized by ﬁni!;e—stgte
transducers that are augmented with a pushdown store. Such transdugglf; are .
called pushdown transducers. - a

,Pughdbwn ﬁansducers et

Each pushdown transducer M can be viewed as.an abstract comp'u‘ting machine
that consists of a finite-state control, an input tape, a read-only ‘input head, a
pushdown tape or pushdown store, a read-write pushdown head, an output tape,

107



-and a write-only output head (see Figure 3.2.1). Each nove of M is determined
by the state of M, the input to be consumed, and the content on the top of the
pushdown st-fare. Each move of M consists of changing the state of M, reading
at most.; one input symbol, changing the content on top of the pushdov,vn store
and writing at most one symbol into the output. ’

Input tape
Input head

Finite-state

: control Output head
A ' " [bibabs...ty - Output tape

~] Pushdown head

[Zocr c2¢3...cm| 2 Pushdown tape

Fig.3.2.1. Schemata of a pushdown transducer

E;czlample 3.2..1 A pushdown transducer M can compute the relation {(a'b’,c')|

; ;. }fb}l' che(I:’llcmg t(ljxat each input has the form a... ab... b with the same n,um-
Ol @'s as 0's, and writing that many ¢’s. The computations : i

the following manner (see Figure 3.2.2). putations of M can be in

At the start of After readi
the computation " the ﬁrsta:mg

aa...aabb...bb

Upon reaching
the last @

) aat..aabb...bb

aa...aabb...bb

Nonaccepting Nonaccepti

ptin; i
state state & % : Non::::gtxyg -1-
=
After reading After reading Upon reaching

‘the last a the first b the last b

'aa..‘.aab...bb , aa...aabb...bb aa...aabd...bb

Nonaccepting :
Nonaccepting

state state . state
"

108

Nonaccepting

I

After reading Upon completion of
the last & the computation

aa...aabb...bd aa...aabb...bb .
‘ t
p— p—
Nonaccepting Accepting
state state
cc...cC

0

Fig.3.2.2. A description of how a pushdown trasducer can compute
the relation {(a*b*,¢*)|i>1}

i

Initially the pushdown store is assumed to contain just one symbol, say, Zg
to mark the bottom of the pushdown store. M starts cach computation by
reading the a’s from the input tape while pushing them into the pushdown
store. The symbols are read one at a time from the input.

Once M is done reading the a's from the input, it starts reading the b's. As
M reads the b's it retrieves, or pops, one a from the pushdown store for each
symbol b that it reads from the input. In addition, M writes one c to the

output for cach symbol b that it reads from the input.

M accepts the input if and only if it reaches the end of the input at f.h.e same
time as it reachés the symbol Zg in the pushdown store. M rejects the input if
it reaches the symbol Z, in the pushdown store before reaching the end of the
input, because in such a case the input contains more b's than a's. M rejec.ts
the input if it reaches the end of the input beforc reaching the symbo,l Zy in
the pushdown store, because in such a case the input contains more a's than
b's. o
Formally, a mathematical system M consisting of an eight-tuple °

(Q327F3A163q0,aZ0$F)

is called a pushdown transducer if ‘i't'satisﬁesl the following conditions.

Q is a finite sct, where the elements of ( are called the states of M.

¢ alphabet of M, and its elements

, dA Iphabets. X is called the inpu;
e eello the. st s d the pushdown alphabet of M,

are called the input symbols of M. I is calle _
and its elements are called the pushdown symbols of M. A is called the output

alphabet of M, the elements of which are called the output symbols of M.
§ is a relation from Q x (ZU{e}) x (I'U{e}) to QxI'* x (AU{e}). 5 .is called
the transition table of M, the elements of which are called the transition rules

of M.

go is an element in @, called the initial state of M.
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Zy is an element in I, called the bottom pushdown symbol of M. -

F'is a subset of Q. The states in the subset F are called the accepting, or final,
states of M. :

In. what f().llows, each transition rule (g,,8,(p,7,p)) of a pushdown transducer
will be written as (g,a,8,p,7,p). .

Example 3.2.2 M=(Q,Z,T,A,6,qo,Zo,F) is a pushdown transducer if.

Q=~{40,‘11',¢12‘}; S S

X ={a,b}; ' ‘
CA={epl
{ /r={ZOac-}; ‘ . . N

o= {(QO,a,E,'Qb,C,-E');(qo,b,a,qo 16:€)(90,6,6,q1 5675)’(q1,asC,QI ,E,a),

(‘11’6’019-1’Eab),(QI,E,Zo,q'z,Zo;e)}; and
i ‘F'={q2}‘, ' . ‘
(m]

By deﬁn%tion, in-each transition rule (9,2,8,p,7,p) the entries g and p are states
in Q, « is either an input symbol or an empty string, B is either a pushdown
symbol or an empty string, 7 is a string of pushdown:symbols, and p is either
-an output symbol or an empty string. - :

'_E@ch pushdown tranisducer M = (Q,2.IA,8,q0,29,F) can be graphically rep-
| resented 'b‘y a transition diagram of the following form. For each state in Q
the t;r'an-SLtiox} diagram has a corresponding node drawn as a circle. The initial
state is identified by an arrow from nowhere that points to the corresponding
node. Each accepting state is identified by a double circle. Each transition
rule (¢,a,8,p,7,p) is represented by an edge from the node that corresponds to
state g to the node that corresponds to state p- In addition, the edge is labeled

with )
(e 3
ﬁ/’V
i}

rnF?r. notg.tlona;l -cc?nvenience, edges that agree in their origin and destination are
Tmerged»,- and their l‘abels are separated by commas. ‘

I:)xamplé 3.2 3’Figure 3.2.3 gives th e :
: iy e 9.l et
transducer of Example 3.2.2. gi¥es thie transition diagram for the pushdown
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Fig.3.2.3. A transition diagram of a pushdown transdcer

The label o

on the edge that starts and ends at state go corresponds to the transition rule
(g0,a,€,90,€,€). The label .
. - R /E
€

on the edge that starts at state qo and ends at state g, corresponds to the
transition rule (go,&,€,q1,€,€)- ‘ o

The top row "a/” in the label .
s
P
corresponds to the input tape. The middle row »3/y  corresponds to the
pushdown tape. The bottom row ”[p” corresponds to the output tape.

Throughout the text the following conventions are assumed for each production
rule (¢,,8,p,7,p) of 2 pushdown transducer. The conventions do no_t aﬁ'?ct the
power of the pushdown transducers, and they are introduced to simplify f:he
investigation of the pushdown transducers.

a. If B=Z,, then Z; is a prefix of .
b. ~ is a string of length 2 at most.
¢. If v is a string of length 2, the 3 is equal to the first symbol in 7.

Configurations and Moves of Pushdown Transducers

On each input z from £* the pushdown transducer M ha?s some set of poss1t?le
configurations (see Figure 3.2.4). Each configuration, or instantaneous de.?cmp-
tion, of M is a triplet (uqv,z,w), where ¢ is a state of M , W=2 is the mFu;
of M, z is a string from I"* of pushdown symbols, apd w is a string fl‘OI?l A* o

output symbols. Intuitively, a configuration (ugqu,z,w) says that M ();l?l"lprllt z
can reach state g with z in its pushdown store, after reading u and wx:{t.1r}g w.
With no loss of generality it is assumed that 5 and Q are mutually disjoint.
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3 Al\ y
Fig.3.2.4. A confuguration of a pushdown transducer

The configuration is said to be an ‘initial configuration if :q #q'o, u=w=¢, and
z=2Zyo. Such an initial configuration says that M is in its initial state o ’with
none of the input symbols being read: yet (ie., u=¢), with the output ,bcing
still empty (i.e., w=¢), and the pushdown being still in its original stage (i.e.
z=2Zg). In addition, the configuration says that M is giveh the input v. ’

The ccfnﬁguration is said to be an accepting configuration if v=¢ and ¢ is an
accepting state. Such an accepting configuration says that M reached an ac-
cepting state after reading all the input (i.e., v =¢) and writing w. In addition
thc'conﬁguration says that the input M has consumed is equal to v. ,

Exan?ple’ 3.2:4 Consider the pushdown transducer M whose transition dia-
gram is given in Figure 3.2.3. (qoabbb, Zy,¢) is the initial configuration of M
on input abbb. The configuration (abg, bb, Zocc,e) of M says that M consumed
alrea_dy u=ab from the input, the remainder of the input is v=>bb, M has
rea(fhed state ¢, with the string Zycc in the pushdown Store, and thé o’utput S0
far is empty. The configurations are illustrated in Figure 3.2.5(a) and Figui‘e

3.2.5(b), respectively.
S

RS : S C) S ®) : '
... Fig,3.2.5. Confugurations of the pushdown transducer of Figure 3.2.3

(ab%bqg,Z,o‘,bb)' and (al).qzbb?Zoéc,e) afe also ’cdﬁ'iigi;ratibns of My. The first
conhiguration is accepting. The second, however, is not an accepting configu-

ration despite.its being in an accepting state, because the input has not been
consumed until its end. o

The tl:an§ition rules of M are used for defining the possible moves of M. Each
move 1s 1n accordance with some transition rule. A move on transition rule
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(¢,,3.p,7,p) changes the state of the finite-state control from g to p; reads a
from the input tape, moving the input head |o| positions to the right; writes
p in the output tape, moving the output head ]p| positions to the right; and
replaces on top of the pushdown store (i.e., from. the location of the pushdewn
head to its left) the string 8 with the string 7y, moving the pushdown head

-|¥I—18| positions to the right. The move is said:-to be a pop move if-|v| <|4|.

The move is said to be a push move if | 8] < |]. . "he symbol under the pushdown
head is called the top symbol of the pushdown store. : .

A move of M from configuration C; to.configuration. C; is denoted G Fu Ca,
or simply C,-C, if M is understood. A sequence of zero or more moves of
M from configuration C; to ‘configuration C; is denoted C) k3 Cy, or simply
C,}F* Cy, if M is understood. v ‘ : CoTe '
Example 3.2.5 The pushdown transducer whosc transition diagram is given
in Figure 3.2.3, has a sequence of moves on input abbb that is gii'r_en by the
following sequence of configurations: e

(goabbb,Zy ,€) - (aqobbb,ch,e) - (abqobb,Zogc,s) F (abg1bb, Zocc,e) F
(abbgy b, Zoc,b) - (abbbqy , Zo,bb) - (abbbga, Zo,bb).

This sequence is the only one that can start at the initial configuration and .end
at an accepting configuration for the input abbb. The sequence of configurations
is depicted graphically in Figure 3.2.6. '

abbb fabbb] 1

qo do B % . i__ . ‘A ‘
i : . o |

a - l_ ' }—- QI}J— qz‘ -

" Fig. 3.2.6. Transition between configurations of the pushdown
. ... . transducer of Figure 3.2.3 - S

Y
R

a;id end at state go
les that both start
) O

All the moves of M on the transition rules that bot.h .start
are push moves. ‘All the moves of M on theé transition ru
and end at state g’ are pop moves." s
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A string in the pushdown store that starts at the bottom symbol and ends
at ‘the top symbol, excluding the bottom symbol, is called the content of the
pushdown store. The pushdown store is said to be empty if its content is empty.

Example 3.2.6 Let M be the pushdown transducer of Figure 3.2.3. Consider
the computation of M on input abbb (see Figure 3.2.6). M starts with an empty
pushdown store, adding c to the store during the first move. ‘After the second
move, the content of the pushdown store is cc. The content of the pushdown
store does not change during the third move. ]

Determinism and Nondeterminism in Pushdown Transducers

The definitions of determinism and nondeterminism in pushdown transducers
are, in principal, similar to those provided for finite-state transducers. The
difference arises only in the details.

A pushdown transducer M =(Q,Z’,F ,A,J,qo,Zo,F ) is said to be deterministic
if for cach state ¢ in @Q); each input symbol a in X; and each pushdown symbol
Z in I', the union

8(g,a,Z)Ué(q,a,6)Ud(q,¢,Z)Ub(q,e,¢),
is a multiset that contains at most one element.

Intuitively, M is deterministic if the state and the top pushdown symbol are
sufficient for determining whether or not a symbol is to be read from the input,
and the state, the top pushdown symbol, and the input to be read are sufﬁcxcnt
for determining which transition rule is to be used.

A pushdown transducer is said to be nondeterministic if it is not a deterministic
pushdown transducer.

Example 3.2.7 Let M be the pushdown transducer whose transition diagram
is given in Figure 3.2.3.

In a move from state g;, the pushdown transducer M; reads an input symbol
if and only if the topmost pushdown symbol is not Zp. If the symbol is not Zg,
then the next symbol in the input uniquely determines which transition rule is
to be used in the move. If the topmost pushdown symbol is Zy, then M; must
use the transition rule that leads to g2. Consequently, the moves that originate
at state ¢; can be fully determined ”locally.”

On the other hand, the moves from state go cannot be determined locally,
.because the topmost pushdown symbol is not sufficient for determining if an
input symbol is to be read in the move.

It follows.that M, is a nondeterministic pushdown transducer. However, the
pushdown transducer M, whose transition diagram is given in Figure 3.2.7 is
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deterministic.

Fig. 3.2.7. A detéiministic pushdown transducer -

To move from state gy the push;lown transducer ‘M, has to read an input
symbol. If it reads the symbol a, then the move takes M, to state g,. If it
rcads the symbol b, then the move takee M, to state -

The topmost symbol in the pushdown store determines whether M, must enter
state qg or state g, on a move that originates at state go. If the topmost symbol
is Zy, then M moves to state gg. If the-topmost symbol is a, then M moves
to state go. In the latter case M uses the transition rule (g4,8,2,9q4,0a.c) if the
input, symbol to be read is a, and it uses the transition rule (ga.b, a,q.,,c ) if
the symbol to bereadisd. . . . . ‘ o . o

Computations of Pushdown Transducers

The computations of the pushdown transducers are also defined like the compu—
tations of the finite-state transducers. An accepting computation of a pushdown
transducer M is a sequence of moves of M that starts at an initial conﬁguratlon
and ends at an accepting one. A nonaccepting, or re]ectmg, computatwn ‘of M
isa sequence of moves on an mput z, for which the following condmons hold.

a. Thc sequence ‘starts from the mltla.l configuration of M on input z.

b. If the sequence is ﬁmte, 1L’énds a.t. a wnﬁgura.tldn from which no move is
possible.

¢. M has no accepting computatlon on mput z.

"Each acceptmg computatlon and ‘each nonacceptmg computatlon of M i is sald

to be a computatzon of M.

A computation is said: to be a haltmg computatwn 1f it consxsts of -a ‘finite
number of moves. A :
Example 3.2.8 Consider the pushdown transducer M whose transmon dia-

gram is given in Figure 3.2.7. The pushdown transducer has accept,mg compu-
tations only on those inputs that have the same number of a's as b's. On each
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input w in which the pushdown transducer has an accepting computation, it
writes the string ¢’ onto the output tape, where

i=(the number of a’s in w) = (the number of &'s in w).

The pushdown transducer enters state go whenever the portion of the input
read so far contains the same number of a’s and b's. The pushdown transducer
enters state g, whenever the portion of the input read so far contains more
a’s than b's. Similarly, the pushdown transducer enters state g, whenever the
portion of the input read so far contains more 4's than a's. The pushdown store
is used for recording the difference between the number of a’s and the number
of b's, at any given instant of a computation..

On input aabbba the pushdown transducer M has only one computation. M
starts the computation by moving from state gy to state g,, while reading a,
writing ¢, and pushing a into the pushdown store. In the second move M reads
e, writes ¢, pushes a into the pushdown store, and goes back to g,. In the
third and fourth moves M reads b, pops a from the pushdown store, and goes
back to state gq. In the fifth move M goes to state g without reading, writing,
or changing the content of the pushdown store. In the sixth move M reads b,
pushes b into the pushdown store, and moves to state g;. In its seventh move
M reads a, pops b from the pushdown store, writes ¢, and goes back to gp. The
computation terminates in an accepting configuration by a move from state g,
to statc ¢o in which no input is read, no output is written, and no change is
made in the content of the pushdown store. ; O

[B‘y definition, each move in each computation must be on a transition rule that
keeps the computation in a path, that eventually causes the computation to
read all the input and halt in an accepting state. Whenever more than one
such alternative in the set of feasible transition rules exists, then any of these
alternatives can be chosen. Similarly, whenever none of the feasible transition
rules satisfies the conditions above, then any of these transition rules can be
chosen. This observation suggests that we view the computations of the push-
down transducers as also being executed by imaginary agents with magical
power.

An input z is said to be accepted, or recognized, by a pushdown transducer M
if M has an accepting computation on z. An accepting computation on z that
terminates in a configuration of the form (zqs,2,w) is said to have an output
w. The output of a nonaccepting computation is assumed to be undefined.

Example 3.2.9 Consider the pushdown transducer M , whose transition dia-
gram is given in Figure 3.2.3. The pushdown transducer accepts exactly those
inputs that have even length. In each accepting computation the pushdown
transducer outputs the second half of the input.
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As long as the pushdown transducer is in state qq, it repeatedly reads an
input symbol and stores c in the pushdown store. Alternatively, as long as the
pushdown transducer is in state q,, it repeatedly reads an input symbol and
pops ¢ from the pushdown store.

Upon reaching an empty pushdown store, the pushdown transducer makes a
transition from state g to state gy to verify that the end of the input has been
reached. Consequently, in its accepting computations, the pushdown transduc-
er must make a transition from state go to state g; upon reaching the middle
of its inputs. ' T

On input abbb the pushdown transducer starts (its computation) with. two
moves, reading the first two input symbols, pushing two c's into the pushdown
storc, and returning to state go. In its third move the pushdown transducer
makes a transition from state go to state g;. '

The pushdown transducer continues with two moves, reading the last two sym-
bols in the input, popping two ¢'s from the pushdown store, and copying the
input being read onto the output tape.

The pushdown concludes its computation on input abbb by moving from state
q) to state go. ' v :

If M on input abbb reads more than two input symbols in the moves that
originate at state qo, it halts in state q; becausc of an excess of symbols in tl.le
pushdown store. If M on input abbb reads fewer than two input symbols in
the moves that originates at state g;, it halts in state g, because of a lack of
symbols in the pushdown store. In either case the sequences of moves do not
define computations of M. O

This example shows that, on inputs accepted by a pushdown transdgc-er, fshe
transducer may also have executable sequences of transition rules which are
not considered to be computations.

Other definitions, such as those of the relations computable by pushdown trans-
ducers, the languages accepted by pushdown transducers, and the la:nguages
decided by pushdown transducers, are similar to those given for finite-state
transducers in Section 2.2. : : :

Example 3.2.10 The pushdown transducer M;, whose transition diagram is
given in Figure 3.2.3, computes the relation

{(zy,y) | xy is in {a,b}*, and |z]=yl}-

The pushdown transducer M;, whose transition diagram is given in Figure
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3.2.7-computes the relation

S LI N T AP ) : - : P

. ’{(:u,c") |z is in {a,b}*, and i=(number of a’s in z)= (number of b’s in z)}.
(]

From Recurswe mete-Domam Programs to Pushdown Transducers

’l‘he sxmulatlon of recursive ﬁmte—domam programs by pushdown transducers
is similar to the simulation of the finite-memory programs by the finite-state
transducers, as long as no call and return instructions are encountered. In such
a case the pushdown transducers just trace across the states of the programs
wﬂ:hout usmg the pushdown store

Lpon reachmg the. call 1nstruct10ns, the pushdown transducers use theu‘ store
to record the states from which the calls originate. Upon reaching the return
instructions, the pushdown transducers retrieve from the store the states that
actlvated the correspondlng calls, and use thls information to s1mulate the
return instructions.

Specifically, consider any recursive ﬁmte-domam program P Assume that P
has m variables ZyyersTm, and k instruction segments 1....,1. Denote the
initial value with © in the domain of the variables of I’. Let a state of P be an
(m+1)-tuple [i,v1,...,v,,]; where i is a positive integer no greater than k and
vl, -yUm are values from the domain of the variables of P.

_,The computational behavior of P can be modeled by 2 pushdown transducer
M=(Q,2.IA 6,qo,Z0,F) whose states are used for recording the states of P,
whose transition rules are used for sumulatmg the transitions betwecn the states
of P, and whose pushdown store is used for recording the states of P which
activated.those executions of the procedures that have not been deactivated
vet. Q,X,I",A,6,g0,Z0, and. F are defined in the following manner.

@ is a set containing of all those states that P can reach.
.f_'f‘ is a set consisting of all those input values that P can read. -

I'.ig:a set. con'taining Zg and all the call states in Q. -Z; is assumed to be a new

element not in @, and a call state is assumed to be a state that corresponds to
a call mstructlon

.

Aisa set conta.mmg all the output values that P can wnte

1

go denotes the state [1,0,...,0] of P.

F denotes the set of all those states in Q correspondmg to an mstructlon of
the form if eof then accept. ' -

d contains a transition rule of the form (g,o,8,p,7, p) if and only if g=[1,u,...,Um]
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and p=[j,v),.. vm] are states in @ that satisfy the following condltlons

a. By executmg the mst_ructlon segment I;, the program P (with values
Up,ens U iDL its variables z,...,&m, respectively) can read e, write p, and
reach instruction segment I; with respective values vy,...,um in its vari-
ables.

b.. If I; is neither a call instruction nor a return instruction, then 8= 7 =E.
That is, the pushdown store is ignored. :

c. If I; is a call instruction, then B=¢ and y=g. That is, the state g of P
prior to invoking the procedure is pushed on top of the store. The state is
recorded to allow the simulation of a return instruction that deactivates

the procedure’s activation caused by I;.

d. If I; is a return, instruction then 3 is assumed to be a state of P, and the
transition from state g to state p is assumed to deactivate a call made at

state 3. In such a case y=¢.
| u.l.l.lf/ee
: 1
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Fig. 3.2.8 Transition for a pushdown transducer that ¢ 1
& the recursive finite-domain program of Figure 3.1.1
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Example 3.2.11 Consider the recursive finite-domain program P in. Figure
3.1.1 with {0,]:} as the domain of its variables. The program is abstracted by
the ‘pushdown ‘transducer whose transition diagram is given in Figure 3.2.8.

R .
In tl.le;trapsition diagram, a state [i,z,y,2] corresponds to instruction segment
I; with values z, y, and z in the variables z, y, and 2, respectively.

On moving from state 13,0,0,0] to state [4,0,0,0], ‘the pushdown transducer
reads the value 0 into z. On moving from state 3,0,0,0] to-state [4,1,0,0), the
pu_,shdowp transducer reads the value 1 into z. . :

Each move from state [5,1,0,0] to state [7,1,1,0] corresponds to a call instruc-
tion, and each' such'move stores the state'[5,1,0,0] in the pushdown store. In
faach such move, the value of y in state [7,1,1,0] is determined by the value of =
in state [5,1,0,0], and the values of z and 2 -in [7,1,1,0] are determined by the
values of z and 2 in state [5,1,0,0].

Each move from state [10,1,1,0] to state (6,1,0,0] that uses the transition rule
'([10,1,'1,0],6,[5,1,0,0],[6,1,0,0],6,5,5‘) corresponds to an execution of a return
msftruction for a call that has been originated in state [5,1,0,0]. The value of
T in state [6,1,0,0] is determined by the value of y in state [10,1,1,0]. The
E;allucz)s ‘;)]f ¥ and z in state [6,1,0,0] afg determined by values of y and z in state
J,1,U,U]. *

{The pushdown transducer has the following computation on input 0011.

((1,0,0,010011,20,¢) + (12,0,0,0]0011,Zp,¢)
C F ([3,0,0,0]0011,2,¢)
F (0[5,0,0,0]011, 2,0) ,
F (0[7,0,0,0]011,20(5,0,0,0],0)
F (0[8,0,0,0J011,2,]5,0,0,0],0)
k. (00[9,0,0,0]11,Z0[5,0,0,0],0) .
+ (00[11,0,0,0]11,2(5,0,0,0],0)
F (00[7,0,0,0]11,2(5,0,0,0][11,0,0,0],0)
F (00(8,0,0,0]11,20(5,0,0,0][11,0,0,0},0)
F (001[9,0,0,1]1,2(5[5,0,0,01[11,0,0,0],0)
F (001[10,0,0,1]1,Zo[5,0,0,0][11,0,0,0},0)
F (001[12,0,0,0]1,205,0,0,0],0)
'k (001{7;0,0,0]1,20[5,0,0,0},0)
F (001[8,0,0,0]1,Z]5,0,0,0],0)
F (0011[9,0,0,1], Zo(5,0,0,0},0) .
F (0011{10,0,0,1}, Zo[5,0,0,0],0) .
F (0011[6,0,0,0], Z0,0)
~ F (0011(1,0,0,0}, Z5,0)
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From Pushdown Transducers to Recursive Finite-Domain Programs

Using the previous discussion, we conclude that there is an algorithm that
translates any given recursive finite-domain program into an equivalent push-
down transducer. Conversely, there is also an algorithm that derives an equiv-
alent recursive finite-domain program from any given pushdown transducer
M=(Q,X.I'A,6,q0,Z,F). The recursive finite-domain program can be a
table-driven program of the form shown in Figure 3.2.9. The program sim-
ulates the pushdown transducer in a manner similar to that of simulating a
finite-state transducer by a finite-memory program as shown in Section 2.2.
The main difference is in simulating the effect of the pushdown store.

state:=qyp
do

top:=Z,

call RP(top) /+ Record the bottom pushdown symbol Zp. +/
until false

procedure RP(top)

do )
/* Accept if an accepting state of M is reached at the end

of the input. */
if F(state) then
if eof then accept
/* Nondeterministically find the entries of the transition rule
(g,2,8,p,7,p) that M uses in the next simulated move. +/
do in:=e or read in until true /«in:=a x/
do pop:=e or pop:=top until true /+ pop:=p +/
next_state :=? [+ nezt_state:=p */
push::? /* push:=-~y */
out:=? [+ out:=p */
if not d(state,in,pop,nert_state,push,out) then reject
/* Simulate the next move of M. */ -
state :=next_slate
if out #e then write out
if pop#e then return o
if push#e then call RP(push)
until false
end
Figure 3.2.9 A table-driven recursive finite-domain program
for simulating pushdown transducers.

The program uses the variable state for recording the stai.:es that M leavesin its
moves, the variable top for recording the topmost symbol in the pushdown store,
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the variable in-for récording inputs that M consumes in its moves, thé variable
next_state for recording the states that M enters in its moves, the variable pop
for recording the substrings that are replaced on top of the pushdown store,
the variable push for recording the changes that have to be made on top of the
pushdown store, afid & variable ot for recording the outputs that have to be
written in the ‘hoves of M. o o

The content-of-the pushdown;store is recorded indirectly through recursion.
Each pushing of a.symbol is simulated by a recursive call, and each popping of
a; symbol is simulatéd by a. return. ’ e

The main program initializes the variable state to go, and calls RP to record a
pushdown store containing only Zj.

The body of the recursive procedure RP consists of an infinite loop. Each
iteration of the loop starts by checking whether an accepting state of M has
been reached-at the end of the input. If such is the case, the program halts
in an accepting configuration. Otherwise, the program simulates a single move
of M. The predicate F is used to determine whether state holds an.accepting
state. ’

The simulation of each move of Mis done in 2 nondeterministic manner. The
program guesses the input to be read, the top portion of the pushdown store
to be replaced, the state to be reached, the replacement to the top of the
store, and the output to be written. Then the program uses the predicate &
for determining the appropriateness of the guessed values; The program aborts
the simulation if it determines that-the guesses are inappropriate. Otherwise,
the program records the changes that have to be done as a result of the guessed

.

transition rule. - -3

The variables of the program are assumed to have the domain QUXUTUAU
{e}, with e being a new symbol. In addition, with no loss of genecrality, it is
assumed that each transition rule (q,@,8,p,7,0) of M satisfies either |8|+|y|=1
or 8=+ =2,. The latter assumptions are madc to avoid the situation in which
both a removal and an addition of a symbol in the pushdown store are to be
simulated for the same move of M. ‘

Example 3.2.12 For the pushdown traihédu_cer of Figure 3.2.3 the table-driven
program has the domain of variables equal to {a,b,Z0,¢,90,q1 ,g2,¢}. The truth
values of the predicates F' and & are defined by the corresponding tables in
Figure 3.2.10. (F and 6 are assumed to have the value false for arguments
that are not specified.in the tables.) = .°. - '

The pushdown transducer can be simulated also 'b&the non-table-driven pro-
gram of Figure 3.2.11.- . e : :a
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' G0EE 1,6,E G1E8 Q&b g2,Z0,6
y@0,€,€ | ' false | true | false | false | false

90,8,€} trne | false | false | false | false

F go,b,e| true | false | false | false | false
qgo| false q1,a,€| false | false | true | false | false
Q1| false q1,b,e| false | false | false | true | false

q2| true q1,€,Z0| false | false | false | false | true

Fig. 3.2.10. Tables for a table-drven recursive finite-domain program’
that simulates the pushdown transducer of Figure 3.2.3

state:=qo
next_top:=Zy
call RP(next_top)

procedure RP(top)
do :
if state=gp then
do
read in .
if (in#a) and (in #b) then reject
next_top:=c
call RP(next._top)
or '
state:=q,
until true
if state=gq; then
do
if top=Z, then state:=¢
if top=c then
do
read in )
if (in#a) and (in#b) then reject
write in
return
until true
until false
if state=qo then
if eof then accept
until false
end
Figure 3.2.11 A non-table-driven recursive ﬁnite-d.oma.in program
for simulating the pushdown transducer of Figure 3.2.3
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In a manner similar to the one discussed in Section 2.2 for finite-state transduc-
ers, the recursive finite-domain program can be modified to be deterministic
whenever the given pushdown transducer is deterministic.

A formalizgxtic_);ljéif;éhg p:i':zyiqq.; discussion implies the following theorem.
Theorem 3.2.1 A rélé.tion is.cbmpﬁtable -‘by-a nondeterministic (respectively,
deterministic)-recursive finité-domain program if and only if it is computable
by a nondeterministicx(_respectiVely,‘deter;’ninistic) pushdown transducer.
Pushdown Automata.. .

Pushdown transducers whose output components are ignored are called push-
down automata. Formally, a pushdown automatonis a tuple (Q,Z, I 16,0,20,F),

where Q,X,I',q9,Z, and F are defined as for pushdown transducers, and ¢ is
a relation from @ x (XU{e}) x (I'u{e}) to Q x I'". '

As in the case for pushdown transducers, the following.conditions are assumed
for each transition rule (g,a,8,p,7) of a pushdown automaton.

a. If B=2,, then Z is a prefix of v.

b. v is a string of length 2 at most. .

c. If v is a string of length 2, then 3 is equal to the first symbol in 7.
Transition diagrams similar to those used for representing pushdown transduc-

ers can be used to represent pushdown automata. The only difference is that
the labels of the edges do not contain entries for outputs.

Example 3.2.13 The pushdown automaton M that is induced by the push-
down transducer of Figure 3.2.3 is (@,2,6,40,F), where

Q={g0,91,92},

2 ={a,b},

I'={Z,c}, B

0= {(90,2,6,40,€),(40,0,€,90,C), (90,€.6,01.€), (41,a,C,01 ,€),
(91,6,¢,91,€),(91,€,Z0,92,20)}, and

F={g}. o

The pushdown automaton is represented by the transition diagram of Figure
3.2.12. ’ S @]

124
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Fig.3.2.12. A transtion diagram of a pushdown automaton

The pushdown automaton is said to be deterministic if for each state ¢ in @,
each input symbol @ in X, and each pushdown symbol Z in I" the union

8(9,a,2)U8(q,2,€)U8(g,6,Z) U5 (g,€,€)

is a multiset that contains at most one element. The pushdown automaton is
said to be nondeterministic if it is not a deterministic pushdown automaton.

A configuration, or an instantaneous description, of th(? pushdown a'utoma,t.;on
is a pair (uqv,z), where g is a state in Q, uv is a string in X'*, and z is 2 string
in I'*. Other definitions, such as those for initial and final configurations, -y,
F, F3,, F*; and acceptance, recognition, and, decidability of a language by a
pushdown automaton, are similar to those given for pushdown transducers.

Example 3.2.14 The transition diagram in Figure 3.2.13 -

o Bl

Fig. 3.2.13. Transtion dlagram of a deterministic pushdown automaton
that accepts {a*b*|i>0}.

represents the deterministic pushdown automaton

({QO,QJ,Q2,¢I3},{a,b},{a,zo}, Z }
{(‘IO;EaEaQI,5),(111,a,f?#haa),(fh,b10,42;5),(<J2ab,a,112,€),(42,6,30#13, 0) ’

0:Z0,{a3})-

The pushdown automaton accepts the language {a'd’ |z>0} Tllie PUS:SE:VVE
automaton reads the a's from the input and pushes t,hem into t e pu: e
store as long as it is in state ¢;. Then), it reads the b's f.rom t(;le ;npll;n, -
removing one a from the pushdown store for each b that is read. sutmgn o
reads b's, the pushdown automaton stays in state go. The pushdowfnbz’lS tom
enters the accepting state g3 once it has read the same number o .

The transition diagram in Figure 3.2.14
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g/a,e-b/b - :-/E»HE

Fig. 3:2:14: Transtion diagram of a nondeterrainistic pushdown automaton
: that accepts {ww"*¥|w is in {a,b}*}

is of a:nondeterministic pushdown automaton that accepts the language {ww™e"|
w is in {a,b}*}. In state go the pushdown automaton reads w and records it
in the pushdown store- in reverse order:- On the other hand, in state q) the
pushdown automaton reads w™" and compares it with the string recorded in
“thi¥ ‘pushdown'store.” - S : o

(PRI ¢

3.3" Context-Free Languages. -

Pushdown automata cari Be characterized by Type 2 gratiimars or, equivalently,
by context-fide grammais:- ' : -

Spfzciﬁcally, a Type 0 grammar G=(N,X,P,S) is'said to be contexzt-free if each
of 1ts.productlon rules has exactly one nonterminal symbol on its left hand side,
that is, if each of its production ryles is of the form A — a.

The grammar is called context-free because it provides no mechanism to restrict
_the usage of a production:rule A— o within some specific context. However,
in a Type 0 grammar stich a restriction can be achieved by using a production
rule of the form BAy— By to specify that ‘A =« is to be used only within
the context of 3 and 7.

The languages that context-free grammars generate are called context-free lan-
guages.

Example 3.3.1 The language

{a*bhai2bz atnbin |ni) .0, > 0}

are given below. -

- ' ar= A

is generated by the context-free grammar (N, ,Z,P,S), whose production rules

—e

- Aadb
- ab
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From Context-Free Grammars to Type 2 Grammars

Recall that a Type 2 grammar is a eontext-free grammar G=(N,Z,P,S) in
which-A — ¢ in P implies that A=3S and that'no right-hand side of the:pro-
duction rules contains S. By the following theorem it follows that context-free
grammars and Type 2 grammars act as "maximal” and ”minimal” grammars
for the same class of languages. - R

Theoréfn' 3.3.1 Each context-ffccianguage i's":also a Me 2 languégé.

Proof Consider any context-free grammar G, =(N,X,P,,S;). A Type 2 gram-
mar Go=(NU{S2},Z,P,5,) satisfies L(G3)=L(G,), if Sz is a new symbol
and P is obtained from P, in the following way.

Initialize P; to equal P,U{S;—S;}. Then, as long as P, contains a production
rule of the form A — ¢ for some A# S5, modify P, as follows.

a. Delete the production rule A—¢ from P,.

b. Add a production rule to P, of the form B—a,4 as long as such new
production rules can be formed. a4 is assumed to be the string o with
one appearance of A omitted in it, and « is assumed to be the right-hand
side of a production rule of the form B — a that is already in P;. If ag =¢
and the production rule B — € has been removed earlier from P, then the
production rule is not reinserted to P,. . : ‘

No addition of a production rule of the form B — a4 to P; changes the ggné_r—
ated language, because any usage of the production rule can be simulated by

- the pair B — « and A - ¢ of production rules.’ - - N PR

Similarly, no deletion of a production rule A—¢ from P, affects the generated
language,:because each subderivation : Cot

Oz BAB S nATL SN2

which uses A - ¢ can be replaced with an equivalent subderivation of the forrél

C=pB=>"nr - v -

Example 3.3.2 Let G, be the épntgxtéfi‘ée g'raflllr'l!.il?}r"‘;f’hose production rules
are listed below. ‘ ‘ '
S =3¢ -

c se

= Dab

D —->'.§1
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The construction in the proof of Theorem 3.3.1 implies the following equivalent
grammars, where G; is a Type 2 grammar.

.+ Added S3 - Sy 'Removed Sy —¢ Removed C ¢ Removed D—¢
o Sg — 51 52 - S] : Sg -.—)V‘S] 52 - 51
S, —=¢ € — € . —€
- SlaCC Sl — SIGCC Sl - S]GCC , Sl - S!GCC
C—oe  =aCC =+ 85aC 7 5 8.aC
.+ =.Dab C e = Sia = Sa
~D =8 - = Dab — aCC - aCC -
D -5 S o — aC = aC
—€ —a . sae
C — Dab C = Dab
D - S] - ab

=€ D - 5

From Contéxi-Free Grammars to Pushdown Automata

‘Pushdown automata and recursive finite-domain programs process their inputs
from left to right. To enable such entities to trace derivations of context-free
grammars, the following lemma considers a similar property in the dcrivations
of context-free grammars.’ ' '

Lemma 3.3.1 If a nonterminal symbol A derives a string p of terminal symbols
in a context-free grammar G, then p has a leftmost derivation from A in G.

Proof The proof is by contradiction. Recall that in context-free grammars the
leftmost derivations p; = ps = ... = p, replace the leftmost nonterminal symbol
in each sentential form p;, i=1,2,...,n~1.

The proof relies on the observation that the ordering in which the nonterminal
‘symbols are replaced in the sentential forms is of no importance for-the deriva-
tions in context-free grammars. Each nonterminal symbol in each sentential
form is expanded without any correlation to its context in the sentential form.

Consider any context-free grammar G. For the purpose of the proof assume that
a string p of terminal symbols has a derivation of length n from a nonterminal
symbol A. In addition, assume that p has no leftmost derivation from A.

Let .
Asp = = Pm T T Pa =P
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be a derivation of length n in which A=>p) =...= p,, is a leftmost ‘subderiva-
tion. In addition, assume that m is maximized over the derivations A=>%p
of length n. By the assumption that p has no leftmost derivation from A, it
follows that m<n—1. '

The derivation in"question satisfies

Pm=0Bpm, pmt1 =wBpmi1, - s Pk=wBpr, P =whh .
for some string w-of terminal symi)ols,' production rule B— B, m <k<n, and
Pmse-Pr. Thus ‘ a ‘ P

A P12 .. D Pme) = P =WBpm = WM =
WBPmy1 = ... WPk =Pk-|§i = ... =P =P ’
is also a derivation of p ffom A of length n.

However, in this new derivation e
A=z o= .. pm=>w0Pm

is a leftmost subderivation of length m+1. Consgquently, contradicting the
existence of a maximal m as implied above, from the assumption that p has
only nonleftmost derivations from A.

As a result, the assumption that p has no leftmost derivation from 4 is also
contradicted. : : ]

The proof of the following theorem shows how pushdown automata can trace
the derivations of context-free grammars. ’

Theorem 3.3.2 Each context-free language is accepted by a pushdown au-
tomaton. . _ o o .
Proof Consider any context-free grammar G=(N,Z,P,5). With no loss of
generality assume that Zp is not in NUZX. L(G) is accepted by the pushdown
automaton : .
M=(Q)EaNUSU{ZO}a61q0’ZO){qf})

whose transition table & consists of the following derivation rules.

a. A transition rule of the form (go,€,€,g1,5)-

b. A sequence of transition rules for each A— « in P. Each such sequence
starts and ends at state ¢;, and replaces a nonterminal symbol A on top
of the pushdown store with the string o in reverse order.

c. A transition rule of the form (g1,2,a,q1,€), for each terminal symbol a in
the alphabet X.
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d.. A transition rule of the form (g, ,¢, Zo,qf,Zo)

Intuitivelj, we know that on a given 1nput z the pushdown automaton M
nondeterministically traces a leftmost derivation in G that starts at S and
cnds at z. At each stage of the tracing, the portion of the input that has
already been read together with the content of the pushdown store in reversc
order, record the sentential form in the corresponding stage of the derivation.

The transition rule in (a) is used for pushing the first sentential form S into the
pushdown store. The transition rules in (b) are used for replacing the leftmost
nonterminal symbol in a given sentential form with the right-hand side of an
appropriate production rule. The transition rules in (c) are used for matching
the leading terminal symbols in the sentential forms with the corresponding
symbols in the given input z. The purpose of the production rule in (d) is to

move the pushdown automaton into an acceptmg state upon reaching the end
of a derivation. .

By induction on n it can be verified that z has a leftmost derivation in G if
and only if M has an accepting computation on z, where the derivation and
the computation have the following forms with u;v; =z for 1 <i<n.

- § " (90%.Z0) F(12,20S)
=wdip F* (u1q1v1,ZopT" Ay)
= uz A2y F* (u2q1v2, 2 p5°" Ap)

E* (un—l‘h'vn—l ,ZOP;'Tl An—l) .
=z F* (zq1,20) F (zqy,20)

S Un_1An_1Pn1

(]

Example 3.3.3 If G is the context-free grammar of Example 3.3.1, then the
language L(G) is accepted by the pushdown automaton M, whose transition
diagram is given in Figure 3.3.1(a).
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[aabbab mbbabl [aabbad] |aabbab?
[Zo 2 ‘ZoSS g ZoS A

S::}SS:::)AS;::)

[aabbab| [aabbabd| ‘ [aabbab] ‘[aabbab| |aabbab|

aAbS ——=>"aabbS ——— aabbA ———>"aabbab

Fig.3.3.1. (a) A pushdown automaton that accepts the language generated
by the grammar of Example 3.3.3. @
(b) A leftmost denvanon in the grammar and the corresponding
computation by the pushdown automaton

aabbab has the leftmost derlvatlon
S=5S= AS=>aAbS= aabbS = aabbA'=> aabbab

g configurations of M in its com-

in G. Figure 3.3.1(b) shows the correspondin ; -

putation on such an input.

From Context-Free Grammars to Recursive Flmte-Domam Programs

By Theorems 3.2.1 and 3. 3 2 each context
sive finite-domain program. For a given context
the recursive finite-domain program T' that accep
form. o
T on a given input & nondetermiinistically traces a leftmo‘s;;:1 eie?’v:z:::l;ts o
starts at S. If the leftmost derivation provides the string z,
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-free language is a.ccepted by a recur-
_free grammar G=(N,Z,P, S),
ts L(G) can be of the following



mput. Otherwise, T rejects the mput

T has one procedure for each nontermma.l symbol in IV, and one procedure for
each terminal symbol in X. A procedure that corresponds to a nontcrminal
symbol A is responsible for initiating a tracing of a leftmost subderivation
that starts at A. The procedure does so by nondeterministically choosing a
production rule of the form: A—X,..X,,, and then calling the procedures
that correspond to X,,...,X,, in the given order. On the other hand, each
procedure that corresponds to a terminal symbol is responsible for reading
an input symbol and venfymg that the symbol is equal to its corresponding
terminal symbol.

Each of the procedures abdve returns the control to the point of invocation,
upon successfully completing the given responsibilities. However, each of the
procedures terminates tle computation at a nonaccepting configuration upon
determining that the glven responsibility cannot be carrned out.

The main progra.m starts a computation by invoking the procedure that cor-
responds to the start symbol S. Upon the return of control the main program
terminates the computation, where the termination is in an acceptmg conﬁgu-
ration if-and. only 1f the remainder of-the input is empty.

The recursive ﬁmte-doma.m program:T"can be as deplcted in Figure 3 3.2
“call S()
if éof then accept
reject

procedure A() /* For each nonterminal symbol A. :/
do

or o . -
/* For each production rule of the form A= X).. Xm. */
call X;()... call X,()
. return:;
or
until true ‘
end .

procedure a() / * For each termma.l symbol a + /
read symbol
if symbol=a then return oot e e
‘reject : oo e '

end

+

T ‘Fxgure -3:3.2. A scheme of recursive. finite-domaini programs that simulate
e o con text-free grammars , - '
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Example 3.3.4 If G is the context-free grammar of Example 3.3.1, then L(G)
is accepted by the recursive finite-domain program in Figure 3.3.3.

call S()
if eof then accept
reject

procedure S()
do ‘ ' [+ 5855 +/

call S() call S() return
or J* S Ax/

call A() return i
or " . : [* S—e +f
return
until true
end
procedure A()
“ do . . [* A= aAb =/

call a() call A() call b() return
or B [+ A=abs/

call a() call () return
A until true
“end
procedure a()

~ read symbol .
if symbol =a then return

reject
end ,
procedure b()

read symbol :
if symbol =b then return

~ reject Lo
~.end o

: Fxgure 3. 3 3.
A recursive ﬁmte-domam program for the grammar of Example 3.3.1

On input aabbab the recurswe ﬁmte-domaln program traces the denvatlon B
S = $5=> AS = a AbS = aabbS =>aabbA => aabbab

by calling its procedures in the order indicated in Figure 3.3.4.
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4 5 8 11 12
a A b a b
6 7
a b

Fig.3.3.4. The calls to ptocedures that the program
of Figire 3.3.3 makes on input aabbab

From Recursive Finite-Domain Programs to Context-Free Gram-
mars

A close look at the proof of Theorem 2.3.2 indicates how a given finite-memory
program P can be simulated by a Type 3 grammar G=(N,X,P,S).

The grammar uses its nonterminal symbols to record the states of P. Each
production rule of the form A—aB in the grammar is used to simulate a
subcomputation of P that starts af the state recorded by A, ends at the state
recorded by B, and reads an input symbol a. However, each production rule of
the form A — a in the grammar is used to simulate a subcomputation of P that
starts at the state that is recorded by A, ends at an accepting state, and reads
an input symbol a. The start symbol S of G is used to record the initial state
of P. The production rule § — ¢ is used to simulate an accepting computation
of P in which no input value is read. :

The proof of the following theorem relies on a similar approach.

Theoren_l 3.3.3 Every language that is accepted by a recursive finite-domain
program is a context-free language.

Pro'of Consider any recursive finite-domain program P. With no loss of gen-
erality it can be assumed that the program has no write instructions. The
language that is accepted by P can be generated by a context-free grammar
G that simulates the computations of P. The nonterminal symbols of G are
useq to indicate the start and end states of subcomputations of P that have to
be simulated, and the production rules of G are used for simulating transitions

between states of P, :
The Nonterminal Symbols of G

Specifically, the nonterminal symbols of G consist of
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a. A nonterminal symbol A,, for each state ¢ of P. Each.such.nonterminal
symbol A, is used for indicating that a subcomputation of P, which starts
at state ¢ and ends at an accepting state, has to be simulated. Moreover,
each execution of a return instruction in the subcomputation must be for
a call that is made previously during the subcomputation.’

- The start symbol of G is the nonterminal symbol Ag4, that corresponds to
the initial state g of P. '

b. A nonterminal symbol Agp, for each pair of states g and p corresponding
to instruction segments that are in the same procedure of P. Each such
nonterminal symbol A, ; is introduced for indicating that a subcomputa-
tion, which starts at state ¢ and ends at state p, has to be simulated. In
the subcomputation the number of executions of return instructions has
to equal the number of executions of call instructions. Moreover, each
execution of a return instruction in the subcomputation must be for a call
that is made previously during the subcomputation.

The Production Rules of G

The production rules of G consist of

a. A production rule of the form A;—aA,, and a production rule of the
form Agp—> A, for each g¢,,p, and « that satisfy the following con-
dition. The instruction segment that corresponds to state g is neither a
call instruction nor a return instruction, and its execution can take the
program from state g to state r while reading a.

A production rule of the form A, = «A, replaces the objective of reaching
an accepting state from state g with the objective of reaching an accepting
state from state r.

A production rule of the form A, , = @A, , replaces the objective of reach-
ing statc p from state ¢ with the objective of reaching state p from state
r ,

b. A production rule of the form Ay —e, for each state g that corresponds
to an if eof then accept instruction. ‘

c. A production rule of the form A, — A,, for each state ¢ that corresponds
to a call instruction, where r is the state reached from ¢q. Each such
production rule simulates an execution of a call which is not matched by
an execution of a return. .

d. A production rule of the form Ay — A, ;A;, and a production rule of the
form Agp— ArsAyp, for each ¢,r,s,t, and p such that the following con-
ditions hold.

1. State g corresponds to a call instruction whose execution at such a
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: state. causes the program to. enter’ ‘state 7.

2” Stai:e s corresp‘onds to a return 'instruction i in the called procedure,
’ and the execution of the return rnstructxon at such a sta.te takes the
' program to state t that is compatrble wrth T,

. That is, the subcomputatlon that starts at state ¢ is decomposed into
" two subcomputatrons 'One is to be performed by an invoked procedure,
starting at state r and ending at state s; the other takes on from the

1 instant that the control retuins’ from the mvoked procedure, starting at
'state . R -

) é‘?. K productxon rule of the form Aq q -)e for each state q tha,t corresponds
T to a return mstructron

Ea.ch of the. productlon rules above is used for terminating a su(,ccssful
. simulation -of a subcompiitation performed by an invoked procedure.

L(G) is Contained in L(P)

A proof by induction can be used to show that thc construction a.bove 1mp11es
L(G)=L(P).

To show that. L(G), is contained.in L(P) it is sufficient to show that the fol-
lowmg two conditions hold for each string a of terminal symbols:

": a. IfA;=2%a in G then. P can reach from state q an accepting state whr]c
readlng @, and in any prefix of the sitbexecution sequence there must be

at least as many executions of call mstructrons as executions of return
-instructions. :

b. If Ay =* @ in G, then P can reach state p from state g while reading o In
the subexecution sequence the number of executions of return instructions
. -must equal the number of executions of call instructions; and in any prefix
of the subexecution sequence there must be at least as many executions

of call instructions as executions of return instructions.

The proof can be by induction-on the number of steps i'in the derivations. For
i=1, the only feasible derivations are those that have either-the form Ag=e
or .the form A, ,=>¢. In the first case g-corresponds to an accept mstructron

and. in the second case p corresponds to a return instruetion. In.both cases the
subexecution sequences of the program are empty. S cer!

For i>1 the derivations must have either of the following forins.
a. Aq=>a;A => ‘ajop=aq, or Aq,,=>a|A,.,,=:> 0102—0{

In either case, by definition A g=>aAr and 4, p=>oz1A rip correspond to
subexecutron sequences that start at state ¢, end at state T, consume the
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input a;, and execute neither a call"instruction nor a return instruction.
However, by the induction hypothésis' A, =* ap and A, ,=* &, correspond
to subexecution sequences that have the desired properties. Consequently,
Ag="aand 4,,=" a also-correspond to subexecution sequences that
have the desired properties. R . -

b, Ag=> Ar A =" o, or Aq,,=>A,.,sAg,,,: ay g, where A,.s=> bq

In cither case, by definition ¢ vcorrespo.nds to a call ms_truc_tron, 7 is the
state that P reaches from state ¢, s corresponds to a return instruc-
tion, and: ¢ is the statc that.I reaches from state s. Towever, by the
" induction hypothes:s AL =" ay, Ar=>" ag, and Ay p=>" o correspond to
subexecution sequences that have the desired properties. Cénsequently,
Ag=>" ooz and Ay p =" @103 also correspond to subexccution sequences
that have the desired properties.

L(P) is Contamed m L(G)

To show that L(P) is contained in L(G’) it is sufficient to show that either
of the following conditions holds for.each subexecution sequence that reads a.
starts at state q, ends at state p, and has at least as many executrons of return
instructions as of call instructions in each of the preﬁxes ' :

a. Ifp corresponds to an accepting state, then G has a derivation of the form
Ag=" o

b. If p corresponds to a return instruction a.nd the subexecution sequence
has as many executions of call instructions as of return instructions, then
G has a derivation of the form 44, =" c.

The proof is by induction on the number of ‘moves 7 in the subexecution se-
quences. For i =0 the subexecution sequences consume no input, and for them
G has the corresponding derivations Ap =€ and A, , = ¢, respectively.

For i >0 either of the following cases must hold.

a. ¢ does not correspond to a call instruction, or ¢ corresponds to a call
instruction that is not matched in the subexecution sequence by a return
instruction. In such a case, by executing a single instruction segment the
subexecution sequences in question enter some state r from state ¢ while
consuming some input o;.

Consequently, by definition, the grammar G has a production rule of the
form A,— a1 A, if p is an accepting state, and a production rule of the
form Aq praAppifp corresponds to a return instruction.

However, by the induction hypothesis the :—1 moves that start in state
r have in G a corresponding derivation of the form A, =*'ay if pis an
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A accepting\st'ate, and of the form A, p=>*ay if p corresponds to a return (b) Apa — Appa A b],[s';i S Agagal

instruction.-o is 'a,ss“r.‘led to satisfy qjop=a. .. — A a) (5,0 A2,0] . = As5).5.,0)
b. g corresponds to a call instruction that is matched in the subexecution se- = Ap,a) (5,61 4f2.6) Af4,5]05,6) = Al5,5),(5.0]
quence by a return instruction. In such a case the subexecution sequence A g € S = A ) (5.
from state q enters some state r by executing the call instruction that — Az q) A als.a) = € T
corresponds to state g. Moreover, the subexecution sequence has a cor- Aol = € ' A ohis.a)
responding execution of a return instruction that takes the subexecution (2.0 iehfs.0) =¥ €
. Tespo xecution 2l A A — a4
seéquence from some state s to some state t. A - .-A~[3ab] “1{6,a},[5.a] ba [7.a},[5,a]
: - -
- .Consequently, by definition, the.grammar G has a production rule of the ‘ ) A[s,a] A (7:0h{5.cl
- form A;— A A, ifpi i : — A6,a) - Agg.a)fs.8) — ¢A[7,0)5,8)
C q r3A¢ if p is an accepting state, and a production rule of the A - A — bA
form-Ag, —+ Ay sA¢p if p corresponds to a return instruction. : [4’61'_) A[S'b] A N AIT’b]’[s'b]
L L ) v 6.6 Al aA[7,0)(5,a
However, by the induction hypothesis, the grammar G has a derivation . Als,a) = a¢[4[7]a] [ ][" N - bA[[—,- :;][[5 ‘,]]
of the form A, ,=>* ¢, for the input ; that the subexecution sequence T bA 7’b A;b <y = aA 7’ ’ ’b
consumes between states r and s. In addition, G has either a derivation Are 51 = a A[ & B (6.21{5:) b A[ o} 5.4)
of the ff)rm A =" o or a derivation of the form A, ,=* ay, respectively, (6. b A[7’a] A A m.e1{5.4)
‘ for the input @y that the subexecution sequénce consumes between states * = 0475 {7,0)5.a) = Afs,a}[5.0]48,0](5.0]
B t and p, depending on whether p is an accepting state or not. 0 Afr,a] = A[4.a]|[5m]A[8Q¢] . 4 = i[4,u],[5yb]A[8,b]-[5'°]
i o A A 5.5 — A
E.xample 3.3.5 Let P be the recursive finite-domain program in Figure 3.3.5(a), A : A[4'°]'[5’bl Ats'b] (ralfs.) 5 4[4"1]'[5»' ) A[s,a],[s,b]
w;th {a,b} as a domain of the variables and a as initial value. (7.4 - Ai‘t'b;'ts'a]] A[[S‘a]] Af7,6),(5,0] = :4%4,:]] -[[5£51Ai8-b]].[[5,bl]
: ' ‘ 4,b],(5,6)41(8,8) - 7,0),[6,a - 4,b],[5,a]41[8,a],[5,a
Ay = Apy - Afa,8),[5,61A[8,6].[5.,0]
(a') Ca.l.l f (.’B T [ ! ! €2y 10}sl0y
"if eof chen accept ; 1; *; : © Aualfs.a) ~ As.allsal Az pliss) = Al )s.a)Afs.als.
reject [+ Iz */ , ~ Al b | 2 Ao
procedure f(z) A a)f5.6) = Als,a}(5.0] Ag,b)5.0) = Aa,)5.q)
do Lo w] - . ~ = Afs,a) (5. A58 = Aptlis
return [* Is +/ . - Figure 3.3.5. S
or road o ' p ‘I ; . - The grammar in (b) generates the language accepted by the program in (a) -
* I * ' .
call f(z) [ It +/ L(P) is generated by the grammar G, which has the production rules in Figure
s 3.3.5(b). [i,z] denotes a state of P that corresponds to the instruction segment

until z=a [+ Is +/ .

end I;, and value x in z. *

The derivation tree for the string abb in the grammar G, and the corresponding
transitions between the states of the program P on input ”a,b,b”, are shown
in Figure 3.3.6. The symbol A; q states that the computation of P has to
start at state [1,a] and end at an accepting state. ‘The production rule Ap ¢ =
Al4,q](5,6)A[2.b) corrgsponds to a call to f which returns _the vglug b. a

+
[N

. e
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\
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]
Ad,a},15.6) Als,b],[5,5)
\ S
Alg,a),[5,6) Af4,),[5,6]
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Ats, b, (5,6} Af4,5,[5,5)
\
Apz,5),[5.8) As,5),(5.6]
]
Af4,5),15,5) Ags,b),[5,6) €
\A[s,b],[s,b] Al4,5),[5,6)
\
€ Al5,8),(5,6)

l——) Sequence of moves
Depth of recursion

Fig. 3 3.6. A'correspondence between a derivation tree and a computatlon
of a recursive finite-domain program

Context-free grammars do not resemble pushdown automata, the way Type 3
grammars resemble finite-state automata. The difference arises because deriva-

tions in context-free grammars are recursive in nature, whereas computations
of pushdown automata are iterative.
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Consequently, some context-free languages can be more easily characterized by
context-free grammars, and other context-free languages can be more easily
characterized by pushdown automata. . '

3.4 Limitations of Recursive Finite-Domain Programs

The study of the limitations of finite-memory programs in Section 2.4 relied on
the following observa.tlon A subcomputation of an accepting computation of a
finite-memory program car be pumped to obtain new accepting computations
if the subcomputation starts and ends at the same state. For recursive finite-
domain programs similar, but somewhat more complex, conditions are needed
to allow purmping of subcomputatlons

A Pumpmg Lemma for Context-Free Languages

The proof of the following theorem uses the abstraction of context-free gram-
mars to provide conditions under which subcomputations of recursive finite-
domain programs can be pumped The correspondmg theorem for the degen-
crated case of finite-memory programs IS implied by ‘the choice of u=v=c¢.

Theorem 3.4.1 (Pumping lemma for context-frée languages) Every céontext-
free language L has a positive integer constant m with the following property.
If wis in L and |w|>m, then w can be written as upzyz, where uv"zy zisin
L for each k0. Moreover, jvzy| <m and |vy| >0.

Proof Let G=(N,X,P,S) be any context-free grammar. Use ¢ to denote the
number of symbols in the longest right-hand side of the production rules of G.
With no loss of generality assumc that ¢ > 2. Use |N| to denote the number of
nonterminal symbols in N. Choose m to equal ¢t/VI*1,

Consider any w in L(G) such that |w|>m. Let T denote a derivation trec for
w that is minimal for w in the number of nodes. Let 7 be a longest path from
the root to a leaf in T'. Let n denote the number of nodes in 7. PR

The nurhber of leaves in T is at most 1. Thus, £ |w| and |w|>m—-'
#INI+1 imply that n > |N|+2. That is, the path 7 must have two nodes whose
corresponding nonterminal symbols, say E and F), are equal. As a result, w
can be written as uvzyz, where vzy and z are the strings that correspond to
the leaves of the subtrees of T with roots E a.nd F, respectively (see Figure

3.4.1(a)).

¥
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U v - v T Y Y z
— —
(a) k times (b k times

Fig.3.4.1. (a) A derivation tree T with E =F. (b) The derivation tree T}

Let T, be the derivation tree T modified so that the subtree of E, excluding

the. sub.tree of F, is pumped k times (see Figure 3.4.1(b)). Then T} is also a .
derivation tree in G for each k > 0. It follows that uv*zy*z, which corresponds

to the leaves of Ty, is also in L(G) for each £ >0. ’ :

:A. cl;oxce of E and FlfNrom the last [ N|+1 nonterminal symbols in the path =
implies that |vzy| < tN+1 =m, because each path from E to a leaf contains
at most |N|+2 nodes. However, |uy|#0, because otherwise T, would also

be a derivation tree for w, contradicti i
a de for w, radicting the assumption that T i ini
derivation tree for w. - a- Tise lmmmg

Example 3.4.1 Let G=(N,Z,P,S) b
. - =\, 2,5 e the context-fi N
duction rules are listed below. ext-free grammar whose pro

S = AA

— ab
A—S8S “
| —a
For G, using the terminology of the proof of the previous tht;orem t=2,|N|=2 B
) ) =& .

and m=8. i =(ab)3 2 - ]
3.4.2(a). The string w=(ab)a(ab)® has the denvatxop tree given in Figure

(a) s
A i s
3 57 S s
f 1 ) f 1 l_‘—'l I_.l_
a b A —.]4 a b a b
S\ /s
A F

Q) 3 (0 s
I -
. A . E, A o . 7"‘}'4' . E st A:v
5y 0§ Ty S I ‘ 5 -
a b A A 6 b a b a b A A a6 b a’'p
- - ® Y. 5.8 } *
F I rL| 3 ) 1 'J-‘ l\F .. e . \
'ap a ab “a ) Soet
L ——— —~ —~ :
v, Y v . v S
A A 1k times . . A A Sktimes,
A . A o .
.S S S S
ol Ah |
'y a b o ) .a bl 3‘ 3
s B v, r v
a b a' b
e
T 1 r -

Fig.3.4.2. (a) A derivation tree T' for (ab)3a(ab)?. (b) A derivation tree T}, for
" (ab)?(aba)* (ab)3. (c) A derivation tree T} for ab(ab)* aba*(ab)? .’

A lo‘n'gcst path in the tree, from tﬁe root to a leaf, contains six nodes. _

w has two decompositions that satisfy the constraints of the proof of the pump-
ing lemma. One is of the form u?gb, v=¢, t=ab, y=aba, z =abab; the other
is of the form u=ab, v=ab, z=ab, y=a, z=abab. . R :
(ab)?(aba)* (ab)? and db(ab)*aba*(ab)? are the new strings in the language for
k>0, that the proof implies for w by pumping: Figures 3.4.2(b) and 3.4.2(c),
respectively, show the derivation trees T}, for these strings. O

Applications of the Pumping Lemma

The pumping lemma for context-free languages canbe used to show that a lan--
guage is not context-free. The method is similar to that for using the pumping’
lemma for regular languages to show that a language is not regular. RO
Example 3.4.2 Let L be the language {a"b"c" |n > 0}. To show that L is not

a context-free language, assume to the contrary that L is context-free. Consider

the choice of w=a™b™c™, where m is the constant implied by the pumping:
lemma for L. S A S

By the lemma, a™b™c™ can be written as uvzyz, where |vzy| < fn,l'vy|”>'04 an
the decomposition satisfies the following cqnd_i,tiqns.\

a. vy contains a's or b's but not c's.

b. vy contains a's or ¢'s but not b's.
Yy

v*zyk z is also in L for each & 20. However,
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¢c. vy contains b's or ¢'s but not a’s.
Moreover, by the pumping lemma, u



for (a) the choice of k=0 implies wv®zy°z not in L because of too many c's.
Similarly; for (b) the choice of £=0 implies uv°zy°z not in L because of too
many b's, and for (c) the choicc of k=0 implies uv®zy°z not in L because of
too many a's.. .. ; :

Since the pumping lemma does not hold for a™b™c™, it also does not hold for
L. 1t follows, therefore, that the assumption that L is a context-free language
is false. ’ ' o

As in the case of the pumping lemma for regular languages the choice of the
string w is of critical importance when trying to show that a language is not
context-free.

Example 3.4.3 Consider the language L ={aa|a is in {a,b}*}. To show that
L is not a context-free language assume the contrary. Let m be the constant
implied by the pumping lemma for L.

For the choice w=a™b™a™b™ the pumping lemma implies a decomposition
uvzyz such that |vzy|<m and |vy|>0. For such a choice ur’zy’z=uzz=

a*b’a®bt with either i#s or j#t. In either case, uzz is not in L. As a result,
L cannot be context-free.

On the other hand, for the choice w=a™ba™b a decomposition uvzyz that
satisfies |vzy| <m and |vy| >0 might be of the form v=y=a7 with b in z for
some j.>0. With such a decomposition uv*zy*z=qa™+(k-1ipgm+(k-1)j} ig
also in L for all k£ >0. Consequently the latter choice for w does not imply the
desired contradiction. .. - 0
A Generalization for the Pumping Lemma

The pumping lemma for context-free languages can be generalized to relations
that are computable by pushdown transducers. This generalized pumping lem-

ma, in turn, can be used to determine relations that cannot be computed by
pushdovyn transducers.

Theorem 3.4.2 For each relation R that is computable by a pushdown trans-
ducer, there exists a constant m such that the following holds for each (w;,ws)
in R. If |w; [+ |wa| > m, then w, can be written as u;v; 7,4, 2; and wy can be

written as UgVaZ2Ya 29, Where
P k
(v VIT1Y12) ,uzv§m2y§zz)

is also in R for each k£>0. Moreover,

lv12131 |+ Jvazaga| < m
and
loagn|+[v2g2] > 0.
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Proof Consider any pushdown:tradsducer Mj. Lét M be the’ pushdowsd
automaton obtained from M; by replacing each transition rule of the. form
(9,a,8,p,7.p) with a transition rule of the form (g,[ex,0),8,p,7) if the ine‘qual-
ity [@,p) #[€,€] hols, and with a transition rule of th? fo§°m. (q,g,g,p,'y)j if the
equality [, 0) =[e,€] holds. Let hy and h; be the projection functions defined
in the following way: ) , ‘ ' :

hi(e)=la(e)=¢, m((ep)=a, h(lad) <0,

h(edw)=h(oh(), and .

ha([or,plw) = hz ([, p]) R (w)- e
By construction M3 encodes in its inputs the inputs and outputs of M;. hy
and h,, respéctively; determine the:values.of these encoded inputs and-outputs.
As a result, (wy,w;) is in R(M; ) if and only if w'is in- L(M) for some w such
that hy (w) =w; and he(w)=w,: Use m' to denote the constant implied by’the
pumping lemma for context-free languages for L(Mz), and choose m=2nt".-

oo

Consider any (w,,w,) in the relation R(M,) such that |wy|+|ws| > m: Then
there is some w in the language L(Mp) such that h, (w) =wy, he(w) =ws, and
lw]=m/ 2=m’'. By the pumping lemma for contexkt-fr:g !al.l_guages w can be
written as uvzyz, where |vzy| <m’, |vy| >0, and wv zy~z is in L(Mg)_ for fzach
k>0. The result then follows if one chooses - .

-

¢,=h‘1(u)k, ‘ug :ﬁé(u)', n=hy(v), v=ha(v),
2)1'=h1(:":)a $2=h2(x), yl=h1(y)‘ y2=h2(y),

z) = h] (Z), Z9 = kg(Z).
. (m]

Example 3.4.4 Let M, be the pushdown transducer whose transition diagram
is given in Figure 3.2.3. Using the terminology of thf: proof f)f '];'heorf:m :?,4.2,
M, is the pushdown automaton whose transition diagram is given in Figure
3.4.3.

L g kg, g b

£ '
- 1 e

n ‘transducer
iz.3.4.3. A pushdon automaton that "encodes” the pushdown. transducer .
- Fig 343 A pusicon of Figure 3.2.3° :

The computation of M; on input aabbaa gives the output -baa. The com.puta.;
tion of M, on input aabbaa corresponds to the computation of Mz on mpuD
[a,e][a,e][b,s][b,b][a,a][a,a]. ,.

145



3.5 . Closure Properties for Recursive Finite-Domain Pro-
- o .grams e ]

By a proof similar to that for Theorem 2.5.1, the class of the relations com-
pittable by -pushdown transducers, and consequently the class of context-free
languages, are closed under union. However, these classes are not closed under
intersection and complementation. For instance, the language {a"b"c" |n >0},
which is not context-free, is the intersection of the context-free languages
{a'bic’ |4,j >0} and {a’bic? 4,5 >0}. o

Similarly, the class of relations computable by pushdown transducers is not
closed under intersection with the relations computable by finite-state trans-
ducers. For instance, {(a’bc?,d})|4,j >0} is computable by a pushdown trans-
ducer and {(a'd’c*,d*)|4,5,k >0} is computable by a finite-state transducer.
However, the intersection {(a"b"c",d")|n >0} of these two relations cannot be
computed by a pushdown transducer.

For context-free languages the following theorem holds.

Theorem 3.5.1 The class of context-free languages is closed under intersection
with regular languages. . o
Proof Consider any pushdown automaton M; =(Q:1,%,I'6,,901,20,F,), and

any finite-state automaton M, =(Q5,%,8,,902,F2). With no loss of generality
assume that M, is € free and deterministic (see Theorem 2.3.1).

The intersection of L(M;) and L(Mj) is accepted by the pushdown automaton

My =(Q1 X Q2,%,T,83,[g01,902), Zo, Fy x F3).

Tl;1é transition table d3 contains ([q,¢'),a,8, [p,p'],7 ) if and only if (g,2,8,p,7)
isin'd;, and M, in zero or one moves can reach state p' from state ¢’ by reading
a. : '

Intuitively, M; is a pushdown automaton that simulates the computations of
M, and M, in parallel, where the simulated computations are synchronized to
read each symbol of the inputs to M; and M, together.

By induction on n it can be shown that Mj accepts an input a;...a, if and only

if both M; and M, accept it. o

Examplé 3.5.1 The pushdown automaton 'Ms, whose transition diagram is
given in Figure 3.5.1(c),
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Fig.3.5.1. The language acce;
" : pted by the pushdown automaton Ms in (c) i
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Tﬁ anguage accepted by the finite-state automaton M, in (b) '
e computation of M3 on input abba is illustrated in (d)

accepts the intersection of the lan
M, whose transition diagram is
accepted by the finite-state autom
in Figure 3.5.1(b).

guage a}ccepted by the pushdown automaton
given in Figure 3.5.1(a), and the language
aton M, whose transition diagram is given
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The computation of M; on input abba is illustrated in Figure 3.5.1(d). O

The languages {a'bic? |1,j >0} and {a?b¢’ |i,j >0} are accepted by determinis-
tic pushdown automata, and the intersection {a™b"c™ | n > 0} of these languages
is not context-free. Consequently, the class of the languages that deterministic
pushdown automata accept is not closed under intersection. However, the next
theorem will show that the class is closed imder complementation. The proof
of the theorem uses the following lemma. :

Definition A sequence of moves

(uqiviz) b ... b (uqrv;zk)
of a pushdown automiaton M is said to be a loop if k>1, M can move from
configuration (uq;v,z;) on the same transition rules as from configuration
(ugrv,z¢), and 2 is a prefix of z; for i=2,...k. The loop is said to be a
simple loop, if it contains no loop except itself.

Lemma 3.5.1 Each deterministic pushdown automaton M) has an equivalent
deterministic pushdown automaton M that halts on all inputs.

Proof Let M, be any deterministic pushdown automaton. Let ¢ denote the
number of transition rules of M;. M, does not halt on a given input z if
and only if it enters a simple loop on z. Moreover, each simple loop of M,
consists of no more than ¢! moves. The desired pushdown automaton M; can

be constructed from M; by employing this observation.

Specifically, My is just M; modified to use "marked” symbols in its pushdown
store, as well as a counter, say, C in its finite-state control. M, marks the
topmost symbol in its pushdown store and sets C' to zero at the start of each
computation, imimediately after reading an input symbol, and immediately
after removing a marked symbol from the pushdown store. On the other hand,
M., increases the value of C by one whenever it simulates a move of M,. Upon
reaching a value of t'+1 in C, the pushdown automaton M, determines that
M; entered a simple loop, and so M, halts in a nonaccepting configuration. O

The proof of the following theorem is a refinement of that provided for Theorem
2.5.2, to show that the class of regular languages is closed under complemen-
tation. ‘ )

Theorem 3.5.2 The class of languages that the deterministic pushdown au-
tomata accept is.closed under complementation. T '

Proof Consider any deterministic pushdown automaton M. By Lemma 3.5.1
it can be assumed that M has only halting computations, and with no loss of
generality it can be assumed that |7/ <1 in each transition rule (g,2:.8:p,7)-

From M to M,y
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Let M,os be a deterministic pushdown automaton that accepts L(M), and pha.t
in-each of its computations halts after consuming all the input. Meo5 can be
constructed from M in the following manner. Let M.,y be M initially with an
added trap state girap, and added transition rule of the form (9trap,@,€,giraps:€)
for each input symbol a.. Then repeatedly add:to Mooy a new transition rule

of,:j;h_ejrfq;m (q,a,ﬂ,,qtmp,ﬁ),;aslong« as M,,; does not have a next move from

state.q on input a and. topmost pushdown content 8. - - T

Elimination of Mixed States

Call a state g of a pushdown automaton a reading state, if @ is an input symbol

in each transition rule (g,a;3,p,7) that originates at state g. Call the state ¢
an ¢ state, if a=¢ in each transition rule (g,0,0,p,7) that originates at state
g. 'If ‘the state’q is neither a reading state nor an ¢ state then call it a mized
state] " R B

If g is a mixed state of M., 7, then each of the transition rules (g,¢,8,p,7) of M
that satisfies |a =1, can be replaced by a pair of transition rules (9,€,8,98,¢)

and (gg,0,¢,p,7), where gp is a new intermediate, nonaccepting state. Using

such transformations M,, ! cani be modified to include no mixed states.
A Modification to M,,; |
Meos can be further modified to obtain a similar deterministic' pushdown au-

tomaton Mo saz, With the only difference being that upon halting, M.of_maz
s in a reading state. The modification can be done in the following way.

a. Let Meof;maz initially be Meof-

b. Rename each state‘q of M to lg,accept] if it is an acceépting state, and to
* [g,reject] if it is a nonaccepting state. o

N ‘fog‘m ([q.,qccept],g,ﬁ,[p,reject],'.7),.repla.ce it with a transition rule of the

. form (lg,agcept],e,B,[p,accept],7). In addition; if [p,accept] is a new state,

“then forAeéc':h_ transition rule of the form (Ip,reject],@,8',p'v') add also
a#e.

.Ip.reject] and a=e.

kY

d. Let a state of Meos_maz be an accepting state if and ‘only if it is a reading

* e

state of the form [g,accept].

The.above transformations propagate the ”-acqeptin‘g property” of € states until -

their "blocking” reading states. :' =
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c. As long as the pushdown automaton Maof-mas has a transition rule of the .

LA transition rule of the form ([p,accept],e,B' p' ') if p' # [p,reject] or :

2. A transition rule of the form ([p,accept],a,8',[p,accept],y'), if p'="

A Pushdown Automaton That Accepts the Complementation of L(M)

The constructed pushdown automaton Meof_mer OD & giveq in.put hasa u.nique
sequence of moves that ends at a reading state after consuming all the input.
The sequence of moves remains the same, even when a filfferent subset of the
sct of reading states is chosen to be the set of accepting sta.tes.. Thus, the
deterministic pushdown automaton that accepts the complementation of L(M)
can be obtained from Meof_maz, by requiring that the reading states of the form

[g,reject] become the accepting states. o

Example 3.5.2 Let M be the deterministic pushdown autornatop whose tran-
sition diagram is given in Figure 3.5.2(a).

éla

(®) -->

(c) -->

g/E:Eb/S
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Fig.3.5.2(2). A pushdown automaton M . (b) The complementation M, for M
(¢} Meos modified to ‘include no mixed states (d) A pushdown a;utom;t:gn that
accepts the complementation of L(M)

Using the terminology in the proof of Theorem 3.5.2, the state gg of M isan €
state, the state g is a reading state, and the state p is a mixed state.

The transition diagramy of M. is given in Figure 3.5.2(b). The transition di-
agram of M.e" s modified to'include no mixed states, is given in Figure 3.5.2(c).
The transition diagram in Figure 3.5.2(d) is of a deterministic pushdown au-
tomaton that accepts the complementation of L(M). 0

fI‘h.e closure under complementation of the class of the languages that determin-
istic pushdown automata accept, the nonclosure of the class under intersection
.and DeMorgan’s law all imply the nonclosure of the class under union.

3

Corollary 3.5.1 There are.langhages that are accepted by nondeterministic

pushdown automata, but that cannot be accepted by any deterministic push-
down automata. T : ' )

3.6  Decidable Properties for Recursive Finite-Domain Pro-

grams

The first thfaorem of this section provides a generalization of the decidability
of the emptiness problem for finite-state automata.

Theorem 3.6.1 The emptiness problem is decidable for pushdown automata.

Proof Consider any pushdown automaton M, ={Q,%,I',61,90,2,F). Let c be
a new symbol not in . Let d; be §; with each transition rule of the form
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(¢,.3.p.7) being replaced with a transition rule of the form (g.c,8,p.7). Let’
M, be the pushdown automaton (Q,2U{c},I',02,96,%0,F). = o

Intuitively, we see that My is the pushdown automaton M; modified to read
the symbol ¢ whenever M, is to make a move that reads no input symbol. By
construction, M) can reach configuration (uqu,w) in t moves if and only if there
exists u, such that M, can reach configuration (u.qv,w) in t moves, where u, is
a string obtained from u by insertion of some ¢'s and |uc| =t. Thus, T(M,) =@
if anid only if T(Mp)=2. ’ o o '

Denote m as the constant that the pumping lemma for context-free languages
implies for L(M3). The shortest string z in L(M3) cannot be longer than m.
Otherwise, a contradiction would arise because by the pumping lemma if z is
in L(M,) and if its length is at least m, then a shorter string is also in L(Ma).

On input z the pushdown automaton M, can have at most |z| moves. Conse-
quently, the emptiness of L(My) or, equivalently, of L(M;) can be checked by
considering all the possible execution sequences of M; or, equivalently, of M,
that consist of no more than m moves. , ]

The decidability of the emptiness problem for pushdown automata can be used
for showing the decidability of some problems for finite-state transducers. One
such example is the decidability of the equivalence problem for deterministic
finite-state transducers. For the general class of finite-state transducers as
well as the class of pushdown automata the problem is undecidable (Corollary
4.7.1 and Corollary 4.7.2, respectively). On the other hand, for deterministic
pushdown automata and for deterministic pushdown transducers the problem

is open.

Corollary 3.6.1 The equivalence problem is decidable for deterministic finite-
state transducers. : _ : :

Proof Consider any two deterministic ﬁnit,é-state transducers M; and M,.
From M; and M, a ﬁnitg-staté automaton Mj; can be constructed such that
Mj accepts the empty set if and only if L(M;)=L(Ma). The construction can
be as in the proof of Theorem 2.6.4.

On the other hand, one can also conétruct from M) and M; a pushdown au-
tomaton M, that accepts a given input if and only if both M; and M, accept
it, while providing different outputs. That is, My accepts the empty set if and
only if M; and M, agree in their outputs on the inputs that they both accept.

A computation of M, on a given input consists of simulating in pa.rallel,. as in
the proof of Theorem 3.5.1, the computations of M; and M, on such an-input.
The simulation is in accordance with either of the following cascs, where the

choiceé is made nondeterministically.
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Case 1 M, simulates accepting computations of M, and M, that provide
outputs of different lengths. During the simulation, M, ignores the outputs
of M, and M,. However, at each instant of the simulation, the pushdown
store of M, holds the absolute ‘value of the difference between the length of
the outputs prodiiced so far by M and M,. M, accepts the input if and only
if it"reaches acceptiiig'states of M; and M, at the end of the input, with a
nonempty pushdown store. 7P - - : - '

‘Case 2 M, simulates accepting computations of M; and M, that provide
outputs differing in their jth symbol, for some j that is no greater than their
lengths: - The-simulation is similar to that in Case I. The main difference is
that Mj records in the pushdown store the changes in the length of the output
of M; only until it establishes (nondeterthinistically) that M; reached its jth
output symbal, =1,2: In addition, M, records in its finite-state control the jth
output symbols-of M; and M,. Upon completing the simulation, M, accepts
the input if and only if its pushdown is empty and the recorded symbols in the
finite-state control are distinct. ' \

Given M3 and M,, a pushdown automaton Mj; can then be constructed to
accept, L(M3)UL(M,). Ms accepts the empty set if and only if M; and M,
are equivalent. The result thus follows from Theorem 3.6.1. - ... a

The uniform ‘halting probler is undecidable for pushdown automata (Corol-
lary 4.7.3).- However, the decidability of the emptiness problem for pushdown
automata can be used to show the decidability of‘the uniform halting problem
for deterministic pushdown automata. ' o & '
[ B e A . R : . . .
Theorem 3.6.2 The uniform halting problem is decidable for deterministic
pushdown automata.

Proof Consider any deterministic pushdown automaton M, . From M, a deter-
ministic pushdown automaton My, similar to that in the proof of Lemma 3.5.1,
can"be ‘constructéd. The only difference is that here M, accepts a given input
if and only if it determines that M, reaches a simple loop. By construction

M, accepts’an empty set if and only if M, halts on all inputs.’ =

[

T‘he prpof of the last theorem fails for nondei:é_rministic pushdowh ~automata
bécause accepting coniputations of nondeterministic pushidown ‘automata can
include simple'loops, without being foréed ‘to’enter ‘an infinite loop.
Theorem 3.6.3 The'halting pioblexh is deéidébl_e for. pﬁshdown\autpmata; .

Proof Consider any pair (M,z) of a pushdown automaton M and-of an input

z for M. From z, a finite-state automaton M, .can be constructed that accepts,

only the input. z, .However, from M » a pushdown automaton M; can be con-

structed to accept a given input if and only.if M has a sequence of transition
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rules that leads M to a simple loop on the input. The construction can be
similar to the proof of Theorem 3.6.2.

From M and M, a pushdown automaton M, ; can be constructed that accepts
the intersection of L(M) with L(M,) (see Theorem 3.5.1). By construction,
M, ; accepts a nonempty set if and only if M accepts z. By Theorem 3.6.1
it can be determined if M, , accepts a nonempty set. If so, then M is deter-
mined to halt on input z. Otherwise, in a similar way, a pushdown automaton
M, ; can be constructed to-accept the intersection of L(M,) and L(M;). By
con,struction, M, . accepts the empty set if and only if M has only halting
computations on input . The result then follows from Theorem 3.6.1. o

3.7 Exercises

3.1.1 For each of the following relations give a recursive finite-domain program
that computes the relation.

a. {(a’b',c')|i>0}

b. {(xy,z)|zy isin {a,b}* and |z]=|y|}

c. {(z,y)|z and y are in {0,1}*, |z|=|y|, and yF#z"*"}
3.2.1 For each of the following relations give a (déterministic, if possible)
pushdown transducer that computes the relation.

a. {(a'd?,a?b")|¢,j >0}
b. {(x,a't’)|x is in {a,b}*, i=(number of ¢'s in z), and j = (number of b's
in z)}
{(zyz,zy"¥z) | zyz is in {a,b}*}
{(@'¥,c*) i<k <}
e. {(a*V,c*)|k=min(i,j)} .
{(w,c*)|w is in {a,b}*, and k=min(number of a’s in w, number of ¥'s in
w)}

g. {(zy,yz"*)|z and y are in {a,b}"*}

h. {(z,z"*"z)|=z is in {a,b}*}

i. {(z,y)|z and y are in {a,b}*, and y is a permutation of T} -

3.2.2 Find a pushdown transducer that simulates the computations of the

recursive finite-domain program of Figure 3.E.1. Assume that the variables
have the domain {0,1}, and the initial value 0.

e o

—n
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o Gottepieeye T ) N oen - g PR :
! p call. RP(z): :~ [+ Ty %/ c. {z|z isin {a,b}* and each prefix of = has at least as many a's as b's} " -

if eof the . e ! :
o rejeit éaccept‘ 5:;: Z i . : : d. {z#y|z and y are in {a,b}* and y is not a permutation of =}’
. ;ui':'i: . &+ & .+  procedure RP(y) B oo o e {e#y|z and y are in {a,b}" and 2y} o
KK . : .read z [ Is %] = ‘ o ‘ 3.3.2 Find a Type 2 grammar that is equivalent to the context-free grammar
e - :. - o fz#ythen - [sL;«] | e . G=(N,X P,S), whose production rules are given in Figure 3.E.3(a).
vy o call RP(z) - fedgs) .
i . ~writey. [*Ir.xf : ' : §-CD
». el;dref:yn Y _ L —a S - AB .
: S : , C—oe A — BAB S = aASu
’ - SC - a - b S —=aA
Figure 3.E.1 —b B - ABA A - ada A— Sb
D—-CC = b = b — ab

3.2.3 For each of the following la ‘
g languages find a (deterministi f
pushdown a.utomaton that accepts th inistic, | possnble) '

pts the language. , (a) (b) (c) (d)

N

a. {vww"el"vandwarem {a,b} and le)O} .
) o Fi 3.E3
b. {z|z isin {a,b}* and each prefix of z has at least as many a's as b's} igure
c. {atiaibi
{a’ba’b 4,5 > 0) ; . o 3.3.3 Let G={(N,X,P,S) be the context-frec grammar whose production rules
d. {w|wis in {a, b}*, and w;éw'ev} are listed in Figure 3.E.3(b). Find a recursive finite-domain program and a
e. {a::v""" |z is accepted by the ﬁmte state automaton of Fi pushdown automaton that accept the language generated by G.
. - omaton of Figure 3.E.2
: & } 3.3.4 Let M be the pushdown automaton whose transition diagram is gwen
in Figure 3.E.4.
§le. éle, Ble,
Fig.3.E.2. !
f. {z|z=2"" apd z ,
3E.9 is accepted by the finite-state automaton of Figure
3.3.1 For each of the foll ' ‘
wi tes L(M
tha.t generates the la‘nguago mg la-nguages construct a conte xt-free grammar Find a context-free grammar that generates L( )-
a. { ’ S R 3.3.5 Find a deterministic pushdown automaton that accepts the language
) z'j#y ,k z 'a.nd y are in {a,b}* and have the s'ame number of as} generated by the grammar G=(N,Z,P, S, whose production fules arc glvcn
b. {abick|isj or i#k} in Figure 3.E.3(c).
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3.3".,6."_ L?t the program. P and the graminar G be as in Example 3.3.5, Find
a derivation in G that corresponds to an accepting computation of P on input
bab. . . . ) B . . i

337 F ind tye cgqpext-free grammar tila.t a"c;:e;;ts the same Ilangdage as the
program P in Flgure 3.E.5, according to the proof of Theorem 3.3.3. Assuine
that the domain’ of the variables is equal to {a,b}, with a as initial valac.

do [* I %)
call f(z) Y XY
if eof then accept /I3 «/
until false [ Is +f
procedure f(z)
if z=0 then [+ 1s %] -
return /* Is %/
read z [+ Ir +/
call f(z) - [* Is %/
return J* I +/
end :
- Figure 3.E.5.

341 Redo Example 3.4.1 for the case.that G has the production rules listed
in Figure 3.E.3(d) and w=a%h?*.

3.4.2 Show that each of the following sets is not a context-free language.
a. {a™'ct|t>1>n>0)}

- {aa™ala isin {a,b}*} .

- {aBa™ "B | o and B are in’ ‘_{a,b}‘} ,

- {a"aa”a|a is in {a,b}*, and = (the number of ¢'s in a)}

. {a#B|a and B are in {a,b}* and Bis a permutation of o}

. {apB] the finite-state transducer whose transition diagram is given in Fig-
ure 3.E.6 has output 8 on input a} -
-afa b/b

- 0o Q. n O

g {a™|n>1)}

3,,4:3 _Show that the relation {(z,d") |z is in '{a“,b,c}* and n =n‘ii73z'(nl1lmber of
a's In z, number of ¥'s in z, number of ¢'s in z)} is not computable by a push-
down transducer.
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3.5.1 Show that the class of the relations computable by pushdown transducers
is closed under each of the following operations ¥ :

a. Inverse, that is, ¥(R)=R~' ={(y,z)|(z,y) isin R}.

b. Composition, that is, ¥(R;,Rz)={(z,y) |z =z172 and y=y,y; for some

(z1,3) in R, and some (z2,y2) in Ra}. ’

" ¢. Reversal, that is, ¥ = {(z"*,y™*") | (z,y) is in R}.
3.5.2 Show that the class of context-free languages is not closed under the
operation ¥(Ly,L2)={zyzw|zz isin L, and yw is in L,}.

3.5.3 Find a pushdown automaton that accepts the intersection of t.he .la.n-
guage accepted by the pushdown automaton whose transition diagram is given
in Figure 3.E.7(a), and the language accepted by the finite-state automaton
whose transition diagram is given in Figure 3.5.1(b). :

&l &la 8e éla

()

3.5.4 Let M be the deterministic pushdown automaton given in Figure 3.E.7(.b).
Find the pushdown automaton that accepts the complementation of L(M) in
accordance with the proof of Theorem 3.5.2.

3.5.5 Show that if a relation is computable by a deterministic pushdown
transducer, then its complementation is computable by a pushdown transducer.

3.6.1 Show that the membership problem is decidable for pushdown automata.

3.6.2 Show that the single valuedness problem is decidable for finite-state
transducers.

3.6.3 Show that the equivalence problem for finite-state transducers is re-
ducible to the equivalence problem for pushdown automata.
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3.8 Bibliographic Notes
: : N ’ . - o
McCarthy (1963) introduced recursion to prégfams. Recursive finite-domain
programs and their relationship to pushdown transducers were considered in
,!‘qne,s and Muchnick (1978). The pushdown automata were introduced by Oet-
tinger (1961) and Schutzenberger (1963). Evey (1963) introduced the ~push-
down transducers. The equivalence of pushdown automata to context-free lan-
guages ‘were olgserved‘by Chomsky (1962) and Evey ( 1963). "The purnping
lemrfla for context-free languages is from Bar-Hillel, Perles, and-Shamir (1961)
Scheinberg (1960) used similar arguments to show that {a™"c"|n>1} is nolg
context-free. ’I:he closure of context-free languages under union, a.nd/their non-
closure under intersection and complementation, were noticed by Scheinber
(1960). .':I‘h.e closure.: of the class of context-free languages under compositios
ggjx:ll}ldirggntersectlon with regular languages is due to Bar-Hillel, Perles, and
> ir (1961). Schutzenberger (1963) showed the closurc under complementa-
ion of the class of languages that are accepted by the deterministic pushdown
automata (Theorem 3.5.2). Bar-Hillel, Perles, and Shamir (1961) showed the
closure of context-free languages under reversal (see Exercise 3.5.1(c))

The decu?ability of the emptiness problem for context-free grammars is also due
t.q Ba;-Hlllel, Perles, and Shamir (1961). The decidability of the equivalence
problen.l for the deterministic finite-state transducers in Corollary 3.6.1 follows
from Bird ('1973). The proof technique used here is from Gurari (1.9%9) This
proof techmque' coupled with proof techniques of Valiant (1973) were US.ed by
gbe};‘ra and Rqs;_)gr (1981) to show the decidability of the.equivalence problem
or some subclafs'ses of deterministic pushdown transducers. ‘

lGﬂ:zni)::hs lf:,_?ilt) and H.opcrof‘t and Ullman (1979) provide additional insight
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