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PREFACE 

Computations are designed to solve problems. Programs arc descriptions of 

computations written for execution on computers. The field of computer science 
is concerned with the development of methodologies for designing programs, 
and with the development of computers for executing programs. It is therefore 
of central importance for those involved in the field that the characteristics of 

programs, computers, problems, and computation be fully understood. More- 

over, to clearly and accurately communicate intuitive thoughts about these 
subjects, a precise and well-defined terminology is required. 

This book explores some of the more important terminologies and questions 
concerning programs, computers, problems, and computation. The exploration 
reduces in many cases to a study of mathematical theories, such as those of 

automata and formal languages; theories that are interesting also in their own 
right. These theories provide abstract models that are easier to explore, because 
their formalisms avoid irrelevant details. 

The material in this book gradually increases in complexity. In many cases. 
new topics are treated as refinements of old ones, and their study is motivated 
through their association to programs. 

Chapter 1 is concerned with the definition of some basic concepts. It starts 
by considering the notion of strings, and the role that strings have in pre- 

senting information. Then it relates the concept of languages to the notion of 
strings, and introduces grammars for characterizing languages. The chapter 

continues by introducing a class of programs. The choice is made for a class. 
which on one hand is general enough to model all programs, and on the oth- 

er hand is primitive enough to simplify the specific investigation of programs. 
In particular, the notion of nondeterminism is introduced through programs. 
The chapter concludes by considering the notion of problems, the relationship 
between problems and programs, and some other related notions. 

Chapter 2 studies finite-memory programs. The noticn of a state is introduced 

as an abstraction for a location in a finite-memory program as well as an as- 

signment to the variables of the program. The notion of state is used to show 

how finite-memory programs can be modeled by abstract computing machines, 
called finite-state transducers. The transducers arc essentially sets of states 
with rules for transition between the states. The inputs that can be recognized 

by finite-memory programs are characterized in terms of a class of grammars, 
called regular grammars. The limitations of finite-memory programs, closure 
properties for simplifying the job of writing finite-memory programs, and de- 

cidable properties of such programs are also studied. 

Chapter 3 considers the introduction of recursion to finite-memory programs. 
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The treatment of the new programs, called recursive finite-domain programs, 
resembles that for finite-memory programs in Chapter 2. Specifically, the re- 
cursive finite-domain programs are modeled by abstract computing machines, 
called pushdown transducers. Each pushdown transducer is essentially a finite- 
state transducer that can access an auxiliary memory that behaves like a push- 
down, storage of unlimited size. The inputs that can be recognized by recursive finite-domain programs are characterized in terms of a generalization of regular 
grammars, called context-free grammars. F inally, limitations, closure proper-. 
ties, and decidable properties of recursive finite-domain programs are derived using techniques similar to those for finite-memory programs. 
Chapter. 4 deals with. the general class of programs. Abstract computing ma- chines, called Turing. transducers, are introduced as generalizations of push- down transducers that place no. restriction on the auxiliary memory. The Turing transducers are Proposed for characterizing the programs in general, and computability in particular. It is shown that a function is computable by a Turing transducer if and only if it is computable by a deterministic Tur- ing transducer. In addition, it is shown that there exists a universal Turing transducer that can simulate any given deterministic Turing transducer. The limitations of Turing transducers are studied, and they are used to demonstrate some undecidable problems. A grammatical characterization for the inputs that Turing transducers recognize is also offered. 
The choice of topics for the text and their organization are generally in line with what is the standard in the field. The exposition, however, is not always standard. For instance, transition diagrams are offered as representations of pushdown transducers and Turing transducers. These representations enable a significant simplification in the design and analysis of such abstract machines, 
and consequently provide the opportunity to illustrate many more ideas using meaningful examples and’ exercises. ‘The level of the material is intended to provide the reader:with introductory tools for understanding and using formal 
specifications ih computer science. As a result, in many cases ideas are stressed more than detailed argumentation, with the ob jective of developing the reader’s intuition toward the subject as much as possible. 

Theorems, Figures, Exercises, and other items in the text’ are labeled’ with 
triple numbers.’ An item that is labeled with a triple i.j.k is assumed to be the ‘kth item of its type in Section j of Chapter i. 

Chapter 1 

GENERAL CONCEPTS 

Computations are designed for processing information. They can be as simple 
as an estimation for driving time between cities, and as complex as a weather 
prediction. 

The study of computation aims at providing an insight into the characteristics 
of computations. Such an insight can be used for predicting the complexity of 
desired computations, for choosing the approaches they should take, and for 
developing tools that facilitate their design. 

The study of computation reveals that there are problems that cannot be 
solved. And of the problems that can be solved, there are some that require 
infeasible amount of resources (e.g., millions of years of computation time). 
These revelations might seem discouraging, but they have the benefit of warn- 
ing against ‘trying to'solve such problems: Approaches for identifying such 
problems are also provided by the study of computation. 

On an encouraging note, the study of computation provides. tools for identi- 
“fying problems that can feasibly be solved, as well as tools for designing such 
solutions. In addition, the study develops precise and well-defined terminology 
for communicating intuitive thoughts about computations. 

The study of computation is conducted in this book through the medium of 
programs. Such an approach can be adopted because programs are descriptions 
of computations. 

Any formal discussion about computation and programs requires a clear un- 
derstanding of these notions, as well as of related notions. The purpose of this 
chapter is to define some of the basic concepts used in this book. The first 
section of this chapter considers the notion of strings, and the role that strings 
have in representing information. The second section relates the concept of 
languages to the notion of strings, and introduces grammars for characterizing 
languages. The third section deals with the notion of programs, and the con- 
cept of nondeterminism in programs. The fourth section formalizes the notion 
of problems, and discusses the relationship between problems and programs. 
The fifth section defines the notion of reducibility among problems. 
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1.1 Alphabets, Strings, and Representations 

The ability to represent information is crucial to communicating and processing 
information. Human societies created spoken languages to communicate on a 
basic level, and developed writing to reach a more sophisticated level. 

The English language, for instance, din its spoken form relies on some finite set 
of basic sounds as a set of primitives. The words are defined in term of finite 
sequences of such sounds. Sentences are derived from finite sequences of words. 
Conversations are achieved from finite sequences of sentences, and so forth. 

Written English uses some finite set of symbols as a set of primitives. The 
words are defined by finite sequences of symbols. Sentences are derived from 
finite sequences of words. Paragraphs are obtained from finite sequences of 
sentences, and so forth. - oo 

Similar approaches have. been developed also for representing elements of other 
‘sets. For instance, the natural number can be represented by finite sequences 
of decimal digits. 

Computations, like natural languages, are expected to deal with information in 
its most general form. Consequently, computations function as manipulators 
of integers, graphs, Programs, and many other kinds of entities. However, in 
reality computations only manipulate strings of symbols that represent the 
objects. The previous discussion necessitates the following definitions. 

Alphabets ‘and Strings 
) 

‘A finite, nonempty ordered set will be called an alphabet if its elements are sym- bols, or characters (i.e:; elements with primitive” graphical representations). .A finite sequence of symbols from a given. alphabet will be called a string over _the alphabet. A string that. consists of a sequence a, 142,...,4n Of symbols will be denoted by the juxtaposition @1@2...€,. Strings that have zero symbols, called empty strings, will be denoted by e. 

Example 1.1.1 5 ={a,b,...,2} and 2 ={0,1,...,9} are alphabets. abd is a string over Z,, and 123 is a string over XY. bal2 is not. a string over 5}, because it contains symbols that are not in 2. Similarly, 314159623... is not a string over Xo, because it is not a finite sequence. On the other hand, é is a string over any alphabet. 

The empty set @ is not an alphabet because it contains no element. The set of natural numbers is not an alphabet, because it is not finite. The uhion 5, UL2 
is an alphabet only if an ordering is placed on its symbols. —- O 
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An alphabet of cardinality 2 is called a binary alphabet, and strings over a 

binary alphabet are called binary strings. Similarly; an alphabet of cardinality 
1 is called a unary alphabet, and strings over a unary alphabet are called unary 

strings. 

The length of a string @ is denoted |a| and assumed to equal the number of 
symbols in the string. 

Example 1.1.2 {0,1} is a binary alphabet, and {1} is a unary alphabet. 11 is 
a binary string over the alphabet {0,1}, and a unary string over the alphabet 

{1}. , . 
11 is a string of length 2, |<|=0, and |01|+|1|=3. oO 

The string consisting of a sequence a followed by a sequence § is denoted af. 

The string a is called the concatenation of a and f. The notation a! is used 
for the string obtained by concatenating i copies of the string a. 

Example 1.1.3 The concatenation of the string 01 with the string 100 gives 
the string 01100. The concatenation ea of ¢ with any string a, and the con- 
catenation ae of any string a with € give the string a. In particular, ce =e. 

If a@=01, then a® =e, a! =01, a2 =0101, and a? =010101. 

A string a is said to be a substring of a string @ if @=~yap for some y and p. 
A substring a of a,string @ is said to be a prefix of @ if 8=«ap for some p. The 
prefix is said to be a proper prefiz of @ if p#e. A substring a of a string @ is 
said to be a suffix of 8 if 8=~ya for some -y. The suffix is said to be a proper 
suffiz of B if y#e. 

Example 1.1.4 €,0, 1,01, 11, and 011 are the substrings of 011. ¢, 0, and 01 
are the proper prefixes of O11. «, 1, and 11 are the proper suffixes of 011. 011 
is a prefix and a suffix of O11. 

If a=a)...a, for some symbols a},...,an then @n...a; is called the reverse of a, 
denoted a”¢’. is said to be a permutation of a if @ can be obtained from a 
by reordering the symbols in a. 

Example'1.1.5 Let a be the string 001. a’ =100. The strings 001, 010, and 
100 are the permutations of a. a 

The set of all the strings over an alphabet 5 will be denoted by o*. 5+ will 
denote the set X*~ {e}. 

Orderirig of Strings 

Searching is probably the most commonly applied operation on information. 
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Due to the importance of this operation, approaches for searching information 
and for organizing information to facilitate searching, ,receive special attention. 
Sequential search, binary search, insertion sort, quick sort, and merge. sort.are 
some examples of such approaches. These approaches rely in most cases on the 
existence of a relationship that defines an ordering of the entities in question. 

A frequently used relationship for strings is the one that compares them al- 
phabetically, as reflected by, the ordering of names in telephone books. The 
relationship and ordering can be defined in the following manner. 

Consider any alphabet 5. A string a is said to be alphabetically smaller in Z* 
than a string G, or equivalently, 3 is said to be alphabetically bigger in 5* than 
a if@ and G are in * and either of the following two cases holds. 
a. aisa proper prefix of (. 
b. For some 7 in J* and some a and 6 in ¥ such that.a precedes b in Z, the 

string -ya is a prefix of a and the string yb is a prefix of @. 

An ordered subset of * is said to be alphabetically ordered, if B is not alpha- betically smaller in 2" than a whenever a precedes 8 in the subset. 
Example 1.1.6 Let 5 be the binary alphabet {0,1}. The string 01 is alpha- betically smaller in 5* than the string 01100, because 01 is a proper prefix of 011600. On the other hand, 01100 is alphabetically smaller than 0111, because both strings agree in their first three symbols and the fourth symbol in 01100 is smaller than the fourth symbol in 0111: 

The set {¢,0,00,000,001,01,010,011,1,10,100,101,11,110,111}, of those strings that have length not greater than 3, is given in alphabetical ordering. a) 
Alphabetical ordering is satisfactory for finite sets, because each string in such an ordered set can eventually be reached. For si 

dere 
milar reasons, alphabetical ordering is also satisfactory for infinite sets of unar y strings. However, in some other cases alphabetical ordering is not satisfactory because it can result in some strings being preceded by an unbounded number of strings. For instance, such is the case for the string 1 in the alphabetically ordered set {0,1}*, that is, 1 is preceded by the strings 0, 00, 000,... This deficiency motivates the following definition of canonical ordering for strings. In canonical ordering each string is preceded by a finite number of strings. ; 

A string a is said to be canonically smaller or lezicographically smaller in 3* than a string B, or equivalently, 8 is said to be canonically bigger or lezico- graphically bigger in Z* than a if either of the following two cases holds, 
a. @ is shorter than f. 

‘b. @ and B are of identical length but a is alphabetically smaller than’ B. 
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An ordered subset of ©*-is said to be canonically ordered or levicographically 
ordered, if 8 is not canonically smaller in 2* than a whenever a precedes # in 

the subset. a 

Example 1.1.7 Consider the alphabet £= {0,1}. The string 11 is canonically 

smaller in ©* than the string 000, because 11 is a shorter string than 000. ‘ 

the other hand, 00 is canonically smaller than 11, because the strings are o 

equal length and 00 is alphabetically smaller than 11. 

The set 5° = {¢,0 1,00,01,10,11,000,001,...} is given in its canonical ordering. 

tr 

Representations 

Given the preceding definitions of alphabets and strings, representations of 

information can be viewed as the mapping of objects into strings in accor ance 

with some rules. That is, formally speaking, a Pen OD” the encne ing ovr 

i ic from D-to at sa’ an alphabet Y of a set D is a function f fro 

following condition: f(e,) and f(e2) are disjoint nonempty sets for each pair 

of distinct elements e,; and eg in D. 

If L is a unary alphabet, then the representation is said to be a unary een 
sentation. If 5 is a binary alphabet, then the representation is said to be a 
binary representation. . 7 

In what follows each element in f(e) will be referred to as a representation, or 

encoding, of e. 

Example 1.1.8 f; is a binary representation over {0,1} of the natural numbers 

if 

f,(0)= {0,00,000,0000,...}, 

fi(1) = {1,01,001,0001,...}, 

fi(2)= {10,010,0010,00010,...}, | 

fi(3) = {11,011,0011,00011,...}, and 
fil4)={ 100,0100,00100,000100,...}, etc. 

Similarly, fo is a binary representation over {0, 1} of the natural names 
Signs to the ith natural number the set consisting of the ith thf @)= £00} 
binary string. In such a case, fo(0) = {e}, fo(1) = 0}; fa ®) ae {001} fo(9) = fo(4)= {01}, fa(5)={10},, fa(6)= {11}; fa(7) = {000}, fal8)=1001), LAX’ {010},.. “~ a 

: 8S . fa : tet : i -. . . . . abers 

On the other hand, f3-is a unary representation over {1} of the natural number 
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if it assigns to the ith natural number the set consisting of the ith alphabetically 
(=canonically) smallest unary string. In such a case, f3(0)={e}, fs(1) = {1}, 
f3(2) = {11}, f3(3)= {111}, f3(4) ={I 111 }ey f3(i) = {1*},... 

The three representations f,, fe, and f3-are illustrated in Figure 1.1.1. 

The set of 
natural 
numbers fi + {0,00.000,...} 

[  {1,01,001,...} 
_» {10,010,0010,...} 
» {11,011,0011,...} 

Fig. 1.1.1. Representations for the natural numbers 

In the rest of the book, unless otherwise is stated, the function f, of Example 1.1.8 is assumed to be the binary representation of the natural numbers. 

1.2 Formal Languages and Grammars 

The universe of strings is a useful medium for the representation of informa- tion as long as there exists a function that provides the interpretation for the information carried by the strings. An interpretation is just the inverse of the mapping that a representation provides, that is, an interpretation is a function g from &* to D for some alphabet Y and some set D. The string 111, for in- stance, can be interpreted as the number one hundred and 
by a decimal string, 
as the number three 

eleven represented 
as the number seven represented by a binary string, and 
represented by a unary string. 

The parties communicating a piece of information do the representing and in- terpreting. The representation is provided by the sender, and the interpretation is provided by the receiver. The process is the same no matter whether the parties are human beings or Programs. Consequently, from the point of view of the parties involved, a language can be just a collection of strings because the parties embed the representation and interpretation functions in themselves. 
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Languages 

In general, if S is an alphabet and L is a subset of 2”, then L is said to be a 

language over X’, or simply a language if © is understood. Each element of L 

is said to be a sentence or a word or a string of the language. 

Example 1.2.1 {0,11,001}, {e,10}, and {0,1}* are subsets of {0,1}*, and so 
they are languages over the alphabet {0,1}. 

The empty set @ and the set {e} are languages over every -alphabet.. @ is 
a language that contains no string. {¢} is a language that contains just the 
empty string. ; 

The union of two languages L; and Lo, denoted L, UL, refers to the language 
that consists of all the strings that are either in L, or in Lg, that is, to {z| 
zt isin L, or z is in Lo}. The intersection of L, and Lo, denoted L,NLo, refers 
to the language that consists of all the strings that are both in LE, and La, that 

is, to {x|xz is in L, and in Lz}. The complementation of a language L over 5, 
or just the complementation of L when S is understood, denoted L, refers to 
the language that consists of all the strings over Y that are not in L, that ts, 

to {x|z is in ©* but not in L}. 

Example 1.2.2 Consider the languages L, = {¢,0,1} and Ly = {e,01,11}. ite 
union of these languages is L,UL2 = {¢,0,1,01,11}, their intersection 18 “1 Ly ={e}, and the complementation of L, is Z; = {00,01,10,11,000,001,...}. 

SUL=L for each language L. Similarly, NL=O for each language L. On 
the other hand, @=5* and £* =@ for each alphabet L. 

The difference of L, and Lz, denoted L,~ Le, refers to the language that con- 

sists of all the strings that are in L, but not in Lo, that is, to 

{x|z is in L, but not in Lo}. 

The cross product of L, and Lz, denoted Ly x La, refers to the set of aie 

Pairs (x,y) of strings such that z is in L, and y is in La, that is, to the rr a nen 

{(x,y) |x is in L, and y is in Lo}. The composition of L, with D3, denote 

L, Lo, refers to the language {xy|a is in L; and y is in Lp}. 

Example 1.2.3 If Ly ={¢,1,01,11} and Ly ={1,01,101} then L;\Lo={e,11} 
and Lo\ L, = {101}. 

On the other hand, if L, ={e,0,1} and L2={01,11}, then the Ay and 
of these languages is L, x Ly ={(€,01),(€,11),(0,01),(0,11),(1,01),( mee 
their composition is Ly Lz = {01,11,001,011,101,111}. 

L\@=L, @\L=@, @L=@G, and {e}L=L for each language L. 

Li will also be used to denote the composing of i copies of a language L, where 
11.



L is defined as {e}. The set L° . et LDYUL'UL?UL3U..., called the f : just the closure of L, will be denoted by L*. The set L! Ubon hk at he postttve closure of L, will be denoted by L+. ‘ my caliente Li aa : - a Consists of those orings that can be obtained by concatenating i strings nL. onsists of those strings that can b i i arbitrary number of strings from L. nde obtained bY concatenating an 

Example 1.2.4 Consider th i 
For these languages e Pair of languages L, = {e,0,1} and Ly = {01,11}. 

Li ={e,0,1,00,01,10,11}, and 
La= 3 {010101,010111,011101,011111,110101,110111,111101,111111}. 
In addition, ¢ is in Lf, in Lf, and in L¥ but not in Ly. 0 
The ion: i ; ang Arcane oe apply In a similar way to relations in * x A*, when Z RiURy. ist P nk S Specifically, the union of the relations R, and Ro, denoted and Ry denoted ht on { Gal (29) is i re or in tz}. The intersection of R, a Vita, relation {(z,y)|(z,y) isi 1 composition of Ry with Ro, denoted Ri Re, wie a ee ‘hand in Fa}. The 

{(2122,9142) | (21,91) is in R, and (x2,y2) is in Ro}. 
Example 1.2.5 Consider the relations 

R ={(€,0),(10,1)}, and Ro = {(1,€),(0,01)}. 
For these relations 

Ri UR = {(¢,0),(10,1),(1,¢),(0,01)}, 
R, NR, =, 

720.0), (0,001), (103,1),(200,201)}, and 
oR; = {(1,0),(110,1), (0,010), (010,011)}. 

o The compl, } of R we Pauation of a relation R in 5* x A*, or just the complementation nd 4\ are understood, denoted R, is the relation 

{(2,y) |(z,y) is in S* x At but not in R}. 
The inverse of R $ » denot ty i {(ee)}. Ri=R-'p ee a "6 the relation {(y,2)|(a,y) is in R}. RP = 
Example 1.2.6 If Rj pois 2. is the relation {(e,¢),(e,01 , th = {(€,e)}, and R? = (2), (€,01),(€,0101)) My then {(e2),(0he)} 
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A language that.can be-defined by a formal system, that is, by a system that - 

has a finite number of axioms and a finite number of inference rules, is said to 3 

be a formal language. 

Grammars 

It is often convenient to specify languages in terms of grammars. The advantage 

in doing so arises mainly from the usage of a small number of rules for describing 

a language with a large number of sentences. For instance, the possibility that 

an English sentence consists of a subject phrase followed by a predicate phrase 

can be expressed by a grammatical rule of the form 

(sentence) — (subject)(predicate). 

(The names in angular brackets are assumed to belong to the grammar meta- 

language.) Similarly, the possibility that the subject phrase consists of a noun 

phrase can. be expressed by a grammatical rule of the form 

(subject) 4 (noun). 

In a similar manner it can also be deduced that "Mary sang a song” is a possible 
sentence in the language described by the following grammatical rules. 

(sentence) -+ (subject)(predicate) 

(subject) + (noun) _ 
(predicate) - (verb)articlenoun) 

(noun) —- (name) 
(noun) — (string) 

(name) —> (u_character)(string) 

(string) + (string)(character) 

(string) —> (character) 

_ (character) + a 

(character) > z 
{u_character) + A 

(u_character) > Z 
(verb) — sang 

{article) > a 

The grammatical rules above also allow English sentences of the form ” Mary. 

Sahg a song” for other names-besides Mary. On the other hand, the rules imply 
non-English seritences like "Mary sang-a Mary,” and do not. allow English 
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sentences like "Mary read a song.”. Therefore, the set of grammatical rules 
above. consists of an incomplete grammatical system for specifying the English 
language. 

For the investigation conducted here it is sufficient to consider only grammars that consist of finite sets of grammatical rules of the previous form. Such grammars are called Type 0 grammars, or phrase structure grammars, and the 
formal languages that they generate are called Type 0 languages. 
Strictly speaking, each Type 0 grammar G is defined as a mathematical system consisting of a quadruple (NV ,»,P,S), where 

N is an alphabet, whose elements are called nonterminal symbols. 
© is an alphabet disjoint from N, whose elements are called terminal sym- bols, 

P is a relation of finite cardinality on (N US’)*, whose elements are called production rules. Moreover, each production rule (a,@) in P, denoted 
af, must have at least one nonterminal symbol in a. In each such production rule, a is said to be the left-hand side of the production rule, and f is said to be the right-hand side of the production rule. 

S is a symbol in N called the start, or sentence, symbol. 
Example 1.2.7 (N,2,P,S) is a Type 0 grammar if N = {5}, += {a,b}, and P={S—+a5b,S +e}. By definition, the grammar has a single nonterminal symbol S, two terminal symbols a and 6, and two production rules S3aS6 and Se. Both production rules have a left-hand side that consists only of the nonterminal symbol S. The right-hand side of the first production rule is aSb, and the right-hand side of the second production rule is ¢. 
(M,,21,P,,8) is not @ grammar if N, is the set of natural numbers, or 5) is empty, because N; and +} have to be alphabets. 

If No={S}, D2 ={a,b}, and P, = {5 aSb,5— €,ab-+ $} then (No,>,P>,5) 1S not a grammar, because ab-+S does not satisfy the requirement that each 

, im) 

In general, the nonterminal symbols of a Type 0 grammar are denoted by S and by the first uppercase letters in the English alphabet A, B, C, D, and E. The start symbol is denoted by S. The terminal symbols are denoted by digits and by the first lowercase letters in the English alphabet a, b, c, d, and e. Symbols of insignificant nature are denoted by X, Y, and Z. Strings of terminal symbols are denoted by the last lowercase English characters u, v, w, 7, y, and z. Strings that may consist of both terminal and nonterminal symbols are-denoted by the first lowercase Greek symbols a, 8, and +. In addition, for 
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convenience, sequences of production rules of the form 

ah 

a—-> Bo 

as Br 

are denoted as 

as By 
” > Bo 

> Bn 

Example 1.2.8 (N,2,P,S) is a Type 0 grammar if N={S,B}, D={e,b,c}, 
and P consists of the following production rules. 

S > aBSc 
=~ abc 

3 é 
Ba — aB 

Bb — bb 

’ The nonterminal symbol S is the left-hand side of the first three production 
tules. Ba is the left-hand side of the fourth production rule. Bo is the left-hand 
side of the fifth production rule. 

The right-hand side aBSc of the first production rule contains both acti al 
and nonterminal symbols. The right-hand side abc of the second produc ve 
tule contains only terminal symbols. Except for the trivial case of the ren ° 
hand side € of the third production rule, none of the right-hand sides of ne 
Production rules consists only of nonterminal symbols, even though they i 
allowed to be of such a form. . 
Derivations 

Grammars generate languages by repeatedly modifying ven rine ea 
Modification of a string is in accordance with some pro ue ion sn accor- 
Stammar in question G=(N,2,P,S). A modification to a ron 7 a in y by dance with production rule af is derived by replacing a su string 

. «oy wy! if a! be obtained In general, a string + is said to directly derive a string 7’ ay dive if vy! can from + by a single modification. Similarly, a string 7.18 her f direct derivations. 
be obtained from + by a sequence of an arbitrary number o 
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Formally, a string 7 is said to directly derive in G a string y’, denoted 4 ape, 

if 7’ can be obtained from + by replacing a substring a with 3, where a Bis 

a production rule in G. That is, if y= pad and 7! = (6 for some strings a, 43, p. 

and 6 such that a @ is a production rule in G. 

Example 1.2.9 If G is the grammar (N,2,P,S) in Example 1.2.7, then both ¢ 

and aSb are directly derivable from S$. Similarly, both ab and a? Sb* are directly 

derivable from ab. ¢€ is directly derivable from S, and ab is directly derivable 

from aSb, in accordance with the production rule S—<. aSb is directly deriv- 
able from S, and a? Sb? is directly derivable from aSb, in accordance with the 

production rule S3aSb. 

On the other hand, if G is the grammar (N,Z,P,S) of Example 1.2.8, then 
aBaBabcce +c aaB Babccc and aBaBabcecc=>GaBaaBbece in accordance with 

the production mle Baa. Moreover, no other string is directly derivable 

from aBaBabccc in G. i) 

+ is said to derive y' in G, denoted 1>6 7 if%o>G...=>G 7, for some Yo,..-.Yn 

such that yo=7 and 7, =7'. In such a case, the sequence yo >G...>G7n 8 
said to be a derivation of y from 7/ whose length is equal to n. yo,....¥y are said 

to be sentential forms, if 79 = 5. A sentential form that contains no terminal 

symbols is said to be a sentence. 

Example 1.2.10 If G is the grammar of Example 1.2.7, then a‘Sb* has a 

derivation from S$. The derivation $=7,a?Sb* has length 4, and it has the 

form SSqGaSb>ca?Sh? soa? Sh) >ca'Sb'. a 

A string is assumed to be in the language that the grammar G generates if 

and only if it is a string of terminal symbols that is derivable from the starting 
symbol. The language that is generated by G, denoted L(G), is the set of all 
the strings of terminal symbols that can be derived from the start symbol, that 

is. the set {w|w isin D*, and S=%w}. Each string in the language L(G) is 
said to be generated by G. 

Example 1.2.11 Consider the grammar G of Example 1.2.7. ¢ is in the lan- 

guage that G generates because of the existence of the derivation Sqe. ab 
is in the language that G generates, because of the existence of the deriva- 

tion S=>¢aSb=qab. a*b? is in the language that G generates, because of the 
existence of the derivation S3gaSb>ca?St? >ga7b?. 

The language L(G) that G generates consists of all the strings of the form 
a...ab...b in which the number of a’s is equal to the number of b's, that is, 
L(G) = {a’b' |i is a natural number}. 

aSb is not in L(G) because it contains a nonterminal symbol. ab is not in 
L(G) because it cannot be derived from S$ in G. . o 
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: yh SAPS edt eis Pm nyt 
In what follows, the notations y= 7' and y=" 7 are use d instead of 7G 4 

and y=>¢, 7, respectively, when Gis understood. In addition, Type 0 grammars 

are referred to simply as grammars, and Type 0 languages are referred to simply 
as languages, when no confusion arises. 

Example 1.2.12 If G is the grammar of Exa
mple 1.2.8, then the following is 

a derivation for o3b3c3. The underlined and the overlined substr
ings are the 

left- and the right-hand sides, respectively, of thos
e production rules used in 

the derivation, 

S=aBSce ) 

>a BaaBbece 

> aBaabbecc 

=> aaBabbece 

= aaa Bbbece 

=>aa abbbecc 

G consists of all the strings
 of the 

The lane: 3 by the grammar . 
guage generated by tHe & a's, 6's, and c’s, that is. 

form a...ab...be...c in which there are equal numbers of 

L(G) = {a'b'c! |i is a natural number}. 

hat f ial forms that The first two production rules in G are used for generating sentential : hes 

have the pattern aBaB...aBabc...c. In each such sentential form ‘ « - a 

of a’s is equal to the number of c's and is greater by 1 than the number : 

Panty he py rard in the 
The production rule Ba > @B is used for transporting the a nD ake B's by : P pe the s§ DI 
sentential forms. The production rule Bb bb is used for replacing a 

Pen i E 3 a 

b S, Upon reaching their appropriate positions. 

Derivation Graphs 

— ne isplayed by dertva- Derivations of sentential forms in Type 0 grammars can be cspleyer 

tion, or parse, graphs. Each derivation graph is a rooted, cee ae 

directed graph whose nodes are labeled. The label of eeel "The aeration 
tonterminal symbol, a terminal symbol, or an empty aia | inductee 

Staph that corresponds to a derivation S= 71 =?
 Yn 18 denne 

'n the following manner. 
oi 5 Sing de 

» The derivati h Dg that corresponds_to- Se
COTEISTS. g 4 3 isle no

 

lon grap a 
et 

labeled by the start symbol 9. yThe mar pemirel Ae 
: 4 rivation ‘Yi VWist1il 

- Ifa is the production rule used in tee aiggonse oa tg 
?<n and y=S, then the derivation . * Diz : “fe F's ‘ 

SRV



Yo =>... => 7it1 is obtained from D; by the addition of max(|6|,1) new _ 
nodes. The, new nodes are labeled. by the characters of , and are as- _ 
signed as common successors to each of the nodes.in D; that corresponds 
to a character in a. Consequently, the leaves of the derivation graph D+, .. 

are labeled by Yi+1- 

Derivation. graphs are also called derivation trees or parse trees when the di- 
rected graphs are trees. 

Example 1.2.13 Figure 1.2.1(a) provides examples of derivation trees for’ 
derivations in the grammar of Example 1.2.7. Figure 1.2.1(b) provides ex- 
amples of derivation graphs for derivations in the grammar of Example 1.2.8. 
QO . 

(a) 5 (b) 
-—t— 

5 a a b Ss 

i | | a | 
S aS 6b a § 4 s B t 

aS 6b aS b aSob aBSec a Bele aa ec 

S>aSb S=>aSb S>aSb S>aBSe S>aBSc S=>aBSc 
=> aaSbb => aaSbb => aBeBScc => aBaBSce 

=> aaaSbbb 

Fig. 1.2.1. (a) Derivation trees. (b) Derivation graphs 

Sen eerenee 1 

p= 
B Sl aaabeeeeeee 2 

L-<----7"" 
t l UI 

3-2, a B Sf Jo. 4 

“ys = es pe 
rare B a 

ae ere 

a | a Be] | {u.. 6 

ion » . ee oe ae 

B 6b cebeeeere? 8 
t Mee poop . 

@aoew b ob > € CC 

Fig. 1.2.2. A derivation graph with oredering of the usage of 
production rules indicated: with arrows . ‘5 
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=>aaBBScc - 

Leftmost Derivations 

A derivation 79 > ...=> Yn is said to be a leftmost derivation if a, is replaced 

before ag in the derivation whenever the following two conditions hold. 

a. , appears to the left of ay in 7;, O€i<n. 

b. a, and ag are replaced during the derivation in accordance with some 

production rules of the form a; — f, and a2 — fe, respectively. 

Example 1.2.14 The derivation graph in Figure 1.2.2 indicates the order 
in which the production rules are used in the derivation of a3b3c? in Example 
1.2.12. The substring a, =aB that is replaced in the seventh step of the deriva- 

tion is in the same sentential form as the substring ag = Bb that is replaced 

in the sixth step of the derivation.. The derivation is not a leftmost derivation 
because a, appears to the left of a2 while it is being replaced after ag. 

On the other hand, the following derivation is a leftmost derivation for a3b°c3 
in G. The order in which the production rules are used is similar to that 
indicated in Figure 1.2.2. The only difference is that the indices 6 and 7.should 
be interchanged. 

S=>aBSc 

=>aBaBScc 

=> aaBBScc 

=> aaBBabccc 

=> aaBaBbcecc 

=> aaaB Bocce 

> aaa Bbbecc 

=> aaabbbecc 

Hierarchy of Grammars 

The following classes of grammars are obtained by gradually increasing the 
restrictions that the production rules have to obey. 

A Type 1 grammar is a Type 0 grammar (N,,P,S) that satisfies the following 
two conditions. 

a. Each production rule a— (in P satisfies |a| < |] if it is not of the form 
Se. 

b. If Se is in P, then S does not appear in the right-hand side of any 
production rule. 

A language is said to be a Type 1 language if there exists a Type 1 grammar that generates the language. 
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Example 1.2.15 The grammar of Example 1.2.8 is nota Type 1 grammar, 
because it does not satisfy condition (b). The grammar can be modified to 
be of: Type 1. by replacing its. production rules with the following: ones. F is 
assumed to be a new noriterminal symbol. ' 

SOE 

se 

' E> aBEc 
. —+ abe . 

Ba + aB 

Bb -.bb 

An addition’ to the modified grammar of a production rule of the form Bb 6: will result in a non-Type 1 grammar, because of a violation to condition (a).0 
A Type 2 grammar is a Type 1 grammar in which each production rule a—> 8 satisfies |a|=1, that is, a ig a nonterminal symbol. A language is said to be a Type'2 language if there éxists a Type 2 grammar that generates the language. 
Example 1.2.16 The grammar of Example 1.2.7 is not a Type 1 grammar, and therefore also not a Type 2 grammar. The grammar can be modified to be 
a Type 2 grammar, by replacing its production rules with the following ones. E is assumed to be a new nonterminal symbol. 

Se 
4 E 

E> akb 
+ ab 

An addition of a production rule of the form aE > EaEF to the grammar will result in a non-Type 2 grammar. : oO 
A‘Type 3 grammar is a Type 2 grammar (N,5,P,S) in which each of the production rules a 3, which is not of the form S-+e, satisfies one of the following conditions. 

a. fis a terminal symbol. 

b. 6 isa terminal symbol followed by a nonterminal symbol. 
A language is said to be a Type 3 language if there exists a Type 3 grammar that generates the language. , ‘ 
Example 1.2.17 The grammar (N,5,P,S), which has the following production rules, is a Type 3. - , 
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Se 
3 aA 

— 6B 
+b 

A- 6B 
> b 

B-+aA 
+ bB 

36 ae 

An addition of a production rule of the form A->+ Ba, or of the form B — bb, 
to the grammar will result in a non-Type 3 grammar. Oo 

Figure 1.2.3 illustrates the hierarchy of the different typés of grammars. 

Fig. 1.2.3. Hierarchy of grammars 

1.3 Programs 

be found at home, at work, and in businesses, libraries, hospitals, and schools. They are used for learning, playing games, typesetting, directing telephone Calls, Providing medical diagnostics, forecasting weather, flying airplanes, and for many other purposes. 

To facilitate the task of writing pro tions, 

i’, from t ? 
Putations, there is very little difference among them. Consequently, different Programming languages can be used in the study of programs. 
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The study of programs can benefit, however, from fixing the programming 
language in use. This enables a unified discussion about programs. The choice, 

| 
| 

however, must. be for a language that is general enough to be relevant to all . 
programs but primitive enough to simplify the discussion. 

Choice of a Programming Language 

Here, a program is defined as a finite sequence of instructions over some domain 
D. The domain D, called the domain of the variables, is assumed to be a set of 
elements with a distinguished element, called the initial value of the variables. 
Each of the elements in D is assumed to be a possible assignment of a value | to the variables of the program. The sequence of instructions is assumed to consist of instructions of the following form. 

a. Read instructions of the form 
read £ 
where z is a variable. 

b. Write instructions of the form 
write x 

where rz is a variable. 

c. Deterministic assignment instructions of the form 
y= f(21,...,0m) 
where z,.. 

d. Conditional if instructions of the form 
if Q(z, y+y92m) then J 
where J is an instruction, 4}y,.. fm are variables, and Q is a predicate from D™ to {false,true}. 

fe
) . Deterministic looping instructions of the form do a until Q(21,.-.,2m) 

where @ is a nonempty sequence of instructions, r,...,2;, are variables, and Q is a predicate from D™ to. {false,true}. 
Conditional accept instructions of the form if cof then accept 

8. Reject instructions of the form 
reject 

h. Nondeterministic assi 
Zi=? 
where z is a variable. 

g§nment instructions of the form 

i. Nondeterministic looping instructions of the form do a, 
or ao 
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“Um, and y are variables, and f is a function from D™ to D. 

or ay, 
until Q(.11.....2m) ; 
where k>2, each of a4,...,0% is a nnn 
Z1,...,2m are variables, and Q is a predica 

sequence of- instructions. 

D™ to {false,true}. 

© toe fe agen ve a represen- 
In each program the domain D of the variables nan of cstural numbers, 
Huon over some alphabet. For a, vements, The functions f and: predi- the s integers,.and any finite set of elemen . ble functions cates Oar ee to be from a given "built-in Set ° ea) 

oh Gs ’ e ar a and predicates (see Section 1.4 and Church’s thests 1m (i tly noted when : : Way Cl 
In what follows, the domains of the variables will not orion in infix notations their nature is of little significance. In addin ee ots 
Will be used for specifying functions and predicates. alled deterministic pro- . . ed ae! 
Programs without nondeterministic instructions tions are called nondeter- 8rams, and programs with nondeterministic instructio’ e 

? - 

Ministic programs. 
af 

b) do | {a} readz (b) read z 
y:=0 

or — zi=l yt 
do 

- write y . =ytl : ae until y=t 
til 2= if eof then accep until z= 

read y 
, if cof then accept _ 

reject 

A nondeterministic program — 
ae ple of a de- is an example. o! 4 

13. (b) is an example of 
: d for the 

Fig. 1.3.1 (a) A deterministic program. (>) | 
+ ms 3.1(a Example 1.3.1 The program P; in eon Figure 1.3.1 : €rministic program, and the program P» 1 tural numbers is assume 

® Nondeterministic program. The set of natur . . initial value. ren Mains of the variables, with 0 as initial and z. There are two 

The Program P, uses three variables, name'y ()=6, and the ihe bin ary Unctions in this program. The constant function I instruc “ton f3(n)=n-+1 of addition by one. The loop i Predicate of equality. 

tion uses | 

; ctions. One ° The Pro 
c instru . gram P» ‘uses two nondeterministi 

mi 
Tistic instructions is an assignment inst 

Sa looping instruction of the form "do... 
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... until... 
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do 
..- read value -” 

write value 

An input of a given program is a sequence of elements from the domain of the | » (a) variables of the program. Each element in an input of a program is called an | input value. ; 

do (b) 
if eof then accept . 

Example 1.3.2 The programs of Example 1.3.1 (see Figure 1.3.1) can have any input that is a finite sequence of natural numbers. An input of the form “1,2,3,4” consists of four input values, and an input of the 
no input value. 

no” form 

The sequence ”1,2,3,...” cannot be an input for the programs because it is not a finite sequence. 
QO 

contains | 

An execution sequence of a given program is an execution on a given input of * the instructions according to their semantics. 
consecutively, starting with the first instruction. The variables initially hold the initial value of the variables. 

Deterministic Programs 

Deterministic Programs have the property that no matter how many times they are executed on a given input, the executions are always in exactly the Same manner. Each instruction of a deterministic program fully specifies the operations to be performed. In contrast, nondeterministic instructions provide only partial specifications for the actions. 

An execution of a read instruction read x reads the next input value to rz. An execution of a write instruction write x writes the value of z. 
The deterministic assignment instructions and the conditional if instructions have the conventional semantics. 

An execution of a deterministic looping instruction do a until Q(x1,...,0m) consists of repeatedly executing a and checking the value of Q(x1,...,2m). The execution of the looping instruction is terminated upon detecting that the pred- icate Q(x, 7m) has the value true. If Q(z21,...,2m) is the constant true, then only one iteration is executed. On the other hand, if Q(21,...,2m) is the con- stant false, then the looping goes on forever, unless the execution terminates in a. 

A conditional accept instruction causes an execution sequence to halt if exe- cuted after all the input is consumed, that is, after reaching the end of input file (eof for short). Otherwise the execution of the instruction causes the ex- ecution sequence to continue at the code following the instruction. Similarly, an execution sequence also halts upon executing a reject instruction, trying to 
, trying to transfer the control beyond the end 

The instructions are executed 

read value 

write value 

until false 

until value <0 —— 

if eof then accept 

Fig 1.3.2 Two deterministic programs 

Example 1.3.3 Consider the two programs in F igure 1.3.2. Asst me vat ne 
programs have the set of integers for the domains of their variables, wi 
initial value. 

For each input the program in Figure 1.3.2(a) has one execution sequence. 
In each. execution sequence the program provides an output that is equ a 
the input. All the execution sequences of the program terminate due to the 
execution of the conditional accept instruction. 

On input 1,2” the execution sequence repeatedly executes for three times the. 
body of the deterministic looping instruction. During the first Herations e 
execution sequence determines that the predicate eof has the value fa ee 

Consequently, the execution sequence ignores the accept command and con ine 
ues by reading the value 1 and writing it out. During the second iteration he 
execution sequence verifies again that the end of the input has not been reac ‘ 
yet, and then the execution sequence reads the input value 2 and writes it ou : 

During the third iteration, the execution sequence terminates duc to the accep 
command, after determining a true value for the predicate eof. 

The execution sequences of the program in Figure 1.3.2(b) halt due to phe conditional accept instruction, only on inputs that end with a ale nputs and have no negative values elsewhere (e.g, the input ”1,2,—-3”). On oe that contain no negative values at all, the execution sequences of the tA 23°) halt due to trying to read beyond.the end of the input (e.g, on input ences of On inputs that have negative values before their end, the execution het gram the Program halt due to the transfer of control beyond the end of the prog: 4 
(c.g, on input ”—1,2,-3”) ‘ 
Intuitively, an accept can be viewed as a halt command that signals a success 
completion of a program execution, where the accept can be exec te han 
after the end of the input is reached. Similarly, a reject can be viewe ution instruction that signals an unsuccessful completion of a program execution. 
The requirement that the accept commands be executed only after reading 
all the input values should cause no problem, because each eens to be’ Modified to satisfy this condition: Moreover, such a constrain ‘ oe betove 
natural, because it forces each program to check all its input v: at that an Signaling a success by an accept command. Similarly, the requireme 
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execution sequence must halt upon trying to read beyond the end of au input 
seems to be natural. It should not matter whether the reading is due to a read 

instruction or to checking for the eof predicate. 

It should be noted that the predicates O(27,..-..2,,) m the conditional ff instruc- 

tions and in the looping instructions cannot be of the form cof. The predicates 

are defined just in terms of the values of the variables x),....2,),, not in terms 

of the input. 

Computations 

Programs use finite sequences of instructions for describing sets of infinite num- 
bers of computations. The descriptions of the computations are obtained by 
“unrolling” the sequences of instructions into execution sequences. In the case 
of deterministic programs, each execution sequence provides a description for 

a computation. On the other hand, as it will be seen below, in the case of 

nondeterministic programs some execution sequences might be considered as 

computations, whereas others might be considered noncomputations. To de- 
lineate this distinction we need the following definitions. 

An execution sequence is said to be an accepting computation if it terminates 
due to an accept command. An execution sequence is said to be a nonaccepting 

computation or a rejecting computation if it is on input that has no accepting 
computations. An execution sequence is said to be a computation if it is an 
accepting computation or a nonaccepting computation. 

A computation is said to be a halting computation if it is finite. 

Example 1.3.4 Consider the program in Figure 1.3.3. Assume that the domain 
of the variables is the set of integers, with 0 as initial value. 

On an input that consists of a single, even, positive integer, the program has 
an execution sequence that is an accepting computation (e.g, on input: 4”). 

read value 

do . 
write value 

value = value —2 

until value=0 
if eof then accept 

Fig 1.3.3 A deterministic program 

On an input that consists of more than one value and that starts with an 

even positive integer, the program has a halting execution sequence that is a 
nonaccepting computation (e.g, on input "43,2". 

On the rest of the inputs the program has nonhalting execution sequences that 
are nonaccepting computations (e.g, on input 1”). Do 
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F SR oe i = program has 
An input is said to be accepted, or recognized, by & progt fd . oid is said to be . rice od he . = 

an accepting computation on such an input. Otherwise the inpu 

not accepted, ov rejected, by the program. 
: -ifit has an accepting compu- 

A program is said to have an output y on input © if it has is 5 aa pitatont are 
tation on « with output y. The outputs of the nonaccepting Tete eats 

considered to be undefined, even though such computations may © 
instructions. 

i te accepts the 
Example 1.3.5 The program in Example 1.3.4 (see Figure =e ie and 

inputs *2”, °4”, ’6”,... On input "6" the program has the output 6,4,¢ . 

on input °2” the program has the output "2". 
. ane Sha >4.9>. For these inputs 

The program does not accept the inputs "0", "1". nee E o 
the program has no output, that is, the output 1s undenne’ 

«atin: ¢ ‘on if it involves the 
A computation is said to be a nondeterministic ee

e area ae a 
a . AP UTS c . 

execution of a nondeterministic instruction
. Otherwise the comp 

to be a deterministic computation. 

Nondeterministic Programs 

Different objectives create the need for nondeterministic LS . cd 
gramming languages. One of the objectives Is to é me : res eta nondeter- 
with problems that may have more than one solution. 

In suc 1 a : : ; es 

ministic instructions provide a natural method of ioe is bet (see. 
1.3.6 below). Another objective is to simpli fy ea sisi ‘ on cane for iden- 
e.g., Example 1.3.9 below), Still another objective 1s to pro caer 

See 

tifying difficult problems (see Chapter 5) and for 
studying res 

programs (sce Chapter 2 and Chapter 3). 
‘ int. After 

Implementation considerations should not bother the reader CO Lanilet before 

all, one usually learns the semantics of ay ae pair uages. Later on 
learning, if one ever does, the implementation phe rp "pranlatel into a 

it will be shown how a nondeterministic program can * Section 4.3). 
deterministic program that computes a related function (s : 

r 
be- 

i instruc that can choose 

Nondeterministic ins
tructions are essentia

lly 2 eee her
e | 

tween some given options. Although one 1s often gee See eee
 

in everyday life, the use 
of such instructions migh

t se g 

Context of programs. 

i 0 a; or 
The semantics of a nondeterministic looping Ee pets looping 
% Or... or vp until Q(21,---)%m): are similar to ek oa difference is that 
instruction of the form do @ until Q(211--tm)- i Sed in each iteration, 
in the deterministic case a fixed code segment a is aan ise from Q1 ++ 
whereas in the nondeterministic case an arbitrary code 8¢s 
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is executed in each iteration. The choice of a-code segment can differ from one 
ond . 

7 
- iteration. to another. 

Example 1.3.6 The Program in Figure 1.3.4 is nondeterministic. The set of natural numbers is. assumed to be the domain-of the variables, with 0 as initial value. Parenthetical remarks are.e closed between /* and «/. oo, counter i=0 Po 
/* Choose five input values. */ 
.do — 
1 read value . 
‘or - not 

read value 
write valuc 
counter := counter+1 

until counter =5 cot 
', /* Read the remainder of the input .*/ - do, 

, if cof then accept 
read value 

until false 

Fig 13.4 A nondeterministic program that chooses five input values 

that has been read, and incr. Teaches the value of 5, the e tion. During the first iteration of : Sequence halts due to the execution of the conditional ac 
execution sequence is an accepting computation with output ”2,3,4,5,6”. The Program on input ”1,2,3,4, 

tuction The tee! ment of the nondeterministic looping in- 
chines The additional execution Sequences are-accepting computations with 

vPuts °1,3,4,5,6? 1,2,4,5,6”, ”1,2,3,5,6", and ”1,2,3,4,6”, respectively, 
Put 1,2,3,4,5,6” also has an accepting computation of the 28 

The program on in



following form. The computation starts with five iterations of the first looping 
instruction. In each of these iterations the second code segment of the non- 
deterministic looping instruction is executed. During each iteration an input 
value is read, that value is written into the output, and the value of counter is 

increased by 1. After five iterations of the nondeterministic looping instruction. 
counter reaches the value of 5, and the computation transfers to the determin- 
istic looping instruction. The computation reads the input valuc 6 during the 
first iteration of the deterministic looping instruction, and terminates during 
the second iteration. The output of the computation is ”1,2,3,4,5”. 

The program has 27 —14 execution sequences on input ”1,2,3,4,5,6” that are 

not computations. 2®—7 of these execution sequences terminate due to trying 

to read beyond the input end by the first read instruction, and 2° —7 of these 

execution sequences terminate due to trying to read beyond the input end by 
the second read instruction. In each of these execution sequences at least two 
input values are ignored by consuming the values in the first code segment of 
the nondeterministic looping instruction. The execution Sequences differ in the 

input values they choose to ignore. 

None of the execution sequences of the program on input ”1,2,3,4,5,6” is a 

nonaccepting computation, because the program has an accepting computation 

on such an input. 

The program does not accept the input ”1,2,3,4”. On such an input the pro- 

gram has 2° execution sequences all of which are nonaccepting computations. 

The first nondeterministic looping iristruction of the program is used for choos- 

ing the output values from the inputs. Upon choosing five values the execution 

sequences continue to consume the rest of the inputs in the second deterministic 

looping instruction. 

On inputs with fewer than five values the execution sequences terminate in the 

first nondeterministic looping instruction, upon trying to read beyond the end 

of the inputs. 

The variable counter records the number of values chosen at steps during each 

execution sequence. ‘ Oo 

A deterministic program has exactly one execution sequence on each input, 

and each execution sequence of a deterministic program is a computation. On 

the other hand, the last-example shows that a nondeterministic program might 

have more than one execution sequence on a given input, and that some of the 

execution sequences might not be computations of the program. 

Nondcterministic looping instructions have been introduced to allow selections 

between code segments. The motivation for introducing nondeterministic as- 
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signment instructions is to allow selections between. values. Specifically, a nony 
deterministic.assignment instruction of the form x:=? assigns to the variable 

an arbitrary value from the domain of the variables. The choice of the assigne 
value.can differ from one encounter of the instruction to another. 

' /* Nondeterministically find a value that 

a. appears exactly once in the input, and 

b. is the last value in the input. +/ 

last :=? ; : 
write last 
-/* Read the input. values, until a value equal 

. to the one stored in last is reached. +*/, 

do” . 
Se yy ead value . 

until value =last 
/* Check for end of input. */ 

if eof then accept 
reject 

Fig 1.3.5 A nondeterministic program for determining 
a single appearance of the input value 

Example 1.3.7 The program in Figure 1.3.5 is nondeterministic. The set of 
natural numbers is assumed to be the domain of the variables. The initial value 
is assumed to be 0. 

The program accepts a given input if and only if-the last value in the input does not appear elsewhere in the input. Such a value is also the output of an accepting computation. For instance, on input ”1,2,3” the program has the output ”3”. On the other hand, on input ”1,2,1” no output is defined since the program does not accept the input. ; 
On each input the program has infinitely many execution sequences. Each execution sequence corresponds to an assignment of a different value to last from the domain of the variables. 

An assignment to last of a value that ap 
Sequence to exit the looping instruct 
With such ‘an assignihetit, one‘of th 

pears in the input, causes an execution 
ion upon reaching such a value in the input. 
e following cases holds. 

a. The execution sequence is an acc 
to last appears only at the end 
last on input *1,2,3”,) 

epting computation if the value assigned 
ofthe input (e.g, an assignment of 3 to 

b. The execution sequence is 2 nonaccepting computation if the value at the end of the input appears more than once in the input (e.g, an assignment of 1 or 2 to last on input 71,2,1”), : _ 
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c. The execution sequence is not a computation if neither (a) nor (b) hold 

(e.g, an assignment of 1 or 2 to last on input ”1,2,3”). 

An assignment to last of a value that does not appear in the input causes 

an execution sequence to terminate within the looping instruction upon trying 

to read beyond the end of the input. With such an assignment, one of the 

following cases hold. 

a. The execution sequence is a nonaccepting computation if the valuc a
t the 

end of the input appears more than once in the input (e.g, an assig
nment 

to last of any natural number that differs from 1 and 2 on input ”1,2,1
”). 

b. The execution sequence is a nonaccepting computation if the input is 

empty (e.g, an assignment of any natural number to last on input 
” ”). 

c. The execution sequence is not a computation, if neither {a) nor (b) 
hold 

(c.g, an assignment to last of any natural number that differ
s from 1,2, 

and 3 on input ”1,2,3”). 
o 

Intuitively, each program on each input defines.” good” exe
cution sequences, 

and “bad” execution sequences. The good execution sequences ter
minate duc 

to the accept commands, and the bad execution sequences
 do not terminate due 

to accept commands. The best execution sequence
s for a given input are the 

computations that the program has on the input. I
f there exist good execution 

sequences, then the set of computations is identified 
with that set. Otherwise, 

the set of computations is identified with the sect 
of bad execution sequences. 

The computations of a program on a given input are either
 all accepting compu- 

tations or all nonaccepting computations. Moreover, some o
f the nonaccepting 

computations may never halt. On inputs that are accepte
d the program might 

have execution sequences that are not computation
s. On the other hand, on 

inputs that are not accepted all the execution s
equences are computations. 

Guessing in Programs 

The semantics of each program are characteri
zed by the computations of the 

program. In the case of deterministic programs the semantic
s of a given pro- 

gram are directly related to the semantics of it
s instructions. That is, each 

execution of the instructions keeps the program wi
thin the course of a compu- 

tation. 

In the case of nondeterministic programs a distinction is made between execu- 

tion sequences and computations, and so th
e semantics of a given program are 

related only in a restricted manner to the
 semantics of its instructions. That 

is, although each computation of the p
rogram can be. achieved by executing 

the instructions, some of the execution sequ
ences do not correspond to any 

computation of the program. The source f
or this phenomenon is the ability of 
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the-nondeterministic instructions to make arbitrary choices. 

Each program can be viewed as having an imaginary agent with magical power 
that-executes the program. On a given input, the task of the imaginary agent: 
is to follow any of the computations the program has on the input. The case of 
deterministic programs can be considered as a lesser and restricted example in 
which the agent is left with no freedom. That is, the outcome of the execution 
of each deterministic instruction is completely determined for the agent by the 
semantics of the instruction. On the other hand, when executing a nondeter- 
ministic instruction. the agent must satisfy not only the local semantics of the 
instruction, but also the global goal of reaching an accept command whenever 
the global goal is achievable. : : 
Specifically, the local semantics of a nondeterministic looping instruction of the form do a or... or ay until Q(z),...,2m) require that in each iteration exactly one of the code Segments a ,...,a4 will be chosen in an arbitrary fashion by the agent. The global semantics of a program require that the choice be nade for a code segment which can lead the execution sequence to halt due to a conditional accept instruction, whenever such is possible. 
Similarly, the local semantics of a nondeterministic assignment instruction of the form x:=? require that each assigned value of x be chosen by the agent in an arbitrary fashion from the domain of the variables. The global semantics of the program require that the choice be made for a value that halts the execution sequence due to a conditional accept instruction, whenever such is possible. 
From the discussion above it follows that the approach of » and then check for its validity” can be used when writing proach simplifies the task of the programmer whenever che of a solution is simpler than the derivation of the solutio burden of determining a correct ” 
computations. 

first guess a solution 
a program. This ap- 
cking for the validity 

It should be emphasized: that from 
correct if and only if it leads an e 
the program. The agent knows no 
intends to solve. The only thing th 

the point of view ofthe agent, a guess is 
xecution sequence along a computation of 
thing about the problem that the program i 
at drives the agent is the objective of reach- ing the execution of a conditional accept instruction at the end of the input. Consequently, it is still up to the programmer to fully specify the constraints that must be satisfied by the Correct guesses. 

and storing it in z.. Then the program 
the input values differs from the value stored in x. : oO 
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n, In such a case, the. 
guess” is forced on the agent performing the 

gure 1.3.6 outputs ‘a value that does-not’ arts each computation by guessing a value. reads the input and checks that each of 

/* Guess the output value. «/ 

rim? 
write & 7 

/* Check for the correctness of the guessed valuc. +/ 

do . 
if eof then accept 
read y 

until y=x 

Fig 1.3.6 A nondeterministic program that outputs a noninput value 

The notion of an imaginary agent provides an appealing approach for explaining 

terminism. Nevertheless, the notion sho 

misconceptions, In particular, an imaginary agent should be employed only on 

full programs. The definitions leave no room for one imaginary 8 ne to be 

employed by other agents. For instance, an imaginary agent t ' g ven the 

program P in the following example cannot be emp oyes by g 

derive the acceptance of exactly those inputs that the agent rejects. 

Example 1.3.9 Consider the program P in Figure 1.3.7. On a given input. 

P outputs an arbitrary choice of input values, whose sum equals the sum ° 
the nonchosen input values. The values have the same relative ordcring in the 
output as in the input. 

sum1:=0 

sum2:=0 

do 
if cof then accept 
do /* Guess where the next input value belongs. */ 

read x 
sum1:=sum1+2z 

or 
read x 

write z 
sum2 := sum2+2 

until sum1 = sum2 
/* Check for the correctness of the guesses, with 

respect to the portion of the input consumed so far. */ 

until false 

i inisti for partitioning Fig 1.3.7 A nondeterministic program 
the input into two subsets of equal sums’ of clements 

i » ? ible outputs are ”2,1,3”,-”1,3,2”, i on input ”2,1,3,4,2” the possi out ‘ ‘ is ae 
ey 2”. On the other hand, no output is defined for input ”2,3”. 

In each iteration of the nested looping instruction the program guesses whether 
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the next input value is to be among the chosen ones. If it is to be chosen then 
sum2 is increased by the magnitude of the input value. Otherwise, sum1 is 

increased by the magnitude of the input value. The program checks that the 
sum of the nonchosen input values equals the sum of the chosen input values 

by comparing the value in sum1 with the value in sum2. o 

Example 1.3.10 The program of Figure 1.3.8 outputs the median of its input 
values, that is, the [n/2]th smallest input value for the case that the input 
consists of n values. On input ”1,3,2” the program has the output ”2”, and on 
input ”2,1,3,3” the program has the output 3”. 

The program starts each computation by storing in median a guess for the 
value of the median. Then the program reads the input values and determines 
in count the difference between the number of input values that are greater 
than the one stored in median and the i number of input values that maller 
than the one stored in median. “oo 

For those input values that are equal to the value stored in median, the program 
guesses whether they should be considered as bigger values or smaller values. 

The program checks that the i guesses are correct b i 
either the value 0 or the value 1. setae a 

median :=? 

write median 

count :=(0) 

do 

/* Guess the median. +/ 

/* Find the difference between the number of values greater 
i and those smaller than the guessed median, */ i 

read « 
if «> median then 

count :=count+1 
if x < median then 

count := count —1 
if cx =median then 

do 
count :=count+1 

or 
count :=count—1 

until true 

until 0< count <1 
/* The median is correct for the 
if eof then accept 

until false 

portion of the input consumed so far. */ 

Fig 1.3.8 A nondeterministic fin program that ian 4 a ds the median of the input values 
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The relation computed by a program P, denoted R(P), is the set 

{(a,y) |.P has an accepting computation on input x with output y}. + © 

When P is a deterministic program, the relation R(P) is a function. 

Example 1.3.11 Consider the program P in Figure 1.3.6. Assume the set of 

natural numbers for the domain of the variables. The relation R(P) that P 

computes 1s 

{(a,a) | a is a sequence of natural numbers, and a is 

a natural number that does not appear in a}. 4 

The language that a program P accepts is denoted by L(P) and it consists of 

all the inputs that P accepts. 

Configurations of Programs 

An execution of a program on a given input is a discrete process
 in which the 

input is consumed, an output is generated, the variables change their
 values, 

and the program traverses its instructions. Each stage in the pr
ocess depends 

on the outcome of the previous stage, but not on the history of the 
stages. 

The outcome of each stage is a configuration of the program that indicates 

the instruction being reached, the values stored in the variables, th
e portion 

of the input left to be read, and the output that has b
een generated so far. 

Consequently. the process can be described by a sequence of mo
ves between 

configurations of the program. 

Formally, a segment of a program is said to be an ins
truction segment if it is 

of any of the following forms. 

Read instruction 

o
P
 

Write instruction 

Assignment instruction 

if Q(:),.-..tm) then portion of a conditional 
if instruction 

Be
 

do portion of a looping instruction 

until Q(21,....0m) portion of a looping ins
truction 

c
S
 

o
m
 
®
 

Conditional accept instruction 

h. Reject instruction 

Consider a program P that has k instruction seg
ments, m variables, and a 

domain of variables that is denoted by D. A
 configuration, or instantaneous 

description, of Pisa five-tuple (i,2,u,v,w), where
 1<7& k, x is a sequence of 

m values from D, and u, v, and w are
 sequences of values from D. 
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Intuitively, a configuration (2,2,u,v,w) says that P is in its ith instruction 
segment, its jth variable contains the jth value of x, u is the portion of the 
input that has already been read, the leftover of the input is 7, and the output so 

far is w. (The component u is not needed in the definition of a configuration. It 
is inserted here for reasons of compatibility with future definitions that require 
such a component.) 

last :==? [+ T+/ 
write last {+ In«/ 
do [+ Isx/ 

read value [+ Ige/ 
until value=last = /* Is+/ 
if eof then accept /+ Ig+/ 

reject [+ Iz*/ 

Fig. 1.3.9 A program consisting of seven instruction segments. 

Example 1.3.12 Consider the program in F igure 1.3.9. Assume the set of 
natural numbers for the domain D of the variables, with 0 as initial value. 
Each line J; in the program is an instruction segment. The program has k=7 
instruction segments, and m=2 variables. 

In each configuration (7,7,u,v.w) of the program 7? is a natural number between 
1 and 7, and & is a pair (last,value) of natural numbers that corresponds 
to a possible assignment of last and value in the variables last and value, 
respectively. Similarly, u, v, and w are sequences of natural numbers. 
The configuration (1,(0,0),(),(1,2,3),()) states that the prog 
instruction segment, the variables hold the v 
read so far, the rest of the input is ”1,2,3” 

The configuration (5,(3,2),(1,2),(3),(3)) 
instruction segment, the variable last 
holds the value 2, °1,2” 
of the input contains jus 
valuc 3. 

ram is in the first 
alue 0, no input value has been 

, and the output is empty. 

states that the program is in the fifth 
holds the value 3, the variable value 

is the portion of the input consumed so far, the rest 
t the value 3, and the output so far contains only the 

D 

A configuration (i,2,u,v,w) of P is called an ¢ 
a sequence of m initial values, 
sequence. The configuration is 5 
instruction segment of P is a co 
sequence. 

5 nitial configuration if i= 1, es 
u ls an empty sequence, and w is an empty 
aid to be an accepting configuration if the ith 
nditional accept instruction and v is an empty 

A direct move of P from configuration C to configuration C2 is denoted C; kp C2, or simply C + C2 if P is understood. A sequence of unspecified number of moves of P from configuration C, to configuration C is denoted Cy +%.Co, or simply Cy -* C> if P is understood. eee 
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Example 1.3.13 Consider the program in Figure 1.3.9. On input "1,2,3” it has 

an accepting computation that goes through the following sequenc
e of moves 

between configurations. The first configuration in the sequence Is the initial 

configuration of the program on input ”1,2,3", and the last configuration in the 

sequence is an accepting configuration of the program. In each configuration 

(i,z,u,v,w) the pair x= (last,value) corresponds to the assignment o
f last and 

value in the variables last and value, respectively. 

(1,(0,0),(),(1.2,3),0) F (2,(3,0),(),(1,2,3),0) 

F (3,(3,0),(),(1,2,3),(3)) 

t (4,(3,0),(),(1,2,3),(3)) 

F (5,(3,1),(1),(2,3),(3)) 

F (3,(3,1),(1),(2,3),(3)) 

t (4,(3,1),(1),(2,3),(3)) 

F (5,(3,2),(1,2),(3),(3)) 

t (3,(3,2),41,2),(3),43)) 

F (4,(3,2),(1,2),(3),(3)) 

F (5.(3,3),(1,2,3),(),(3)) 

F (6,(3,3),(1.2.3).4).43)) 

The subcomputation 

(1,(0,0),(),(1,2,3),02) F* (1,40,0),(),(1,2,3),()) 

consists of zero moves, and the subcomputation 

(1,(0,0),(),(1,2,3),()) E* (6,(3,3),(1,2,3),(),(3)) 

Bb 
consists of eleven moves. . 

1.4 Problems 

The first two sections of this chapter treated di
fferent aspects of information. 

The third section considered programs. The pu
rpose of the rest of this chapter 

is to deal with the motivation for writ
ing programs for manipulating informa

- 

tion, that is, with problems. 
; | 

Each problem K is a pair consisting of a set
 and a question, rie the . 

can be applied to each element in the set. The se
t is called the domain 

problem, and its elements are called the in
stances of the problem. 
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Example 1.4.1 Consider the problem K, defined by the following domain and: 
question. 

Domain: {(a,b)|@ and b are natural numbers}. 

Question: What is the integer part y of a divided by 6 for the given instance 
x= (a,b) ? The domain of the problem contains the instances (0,0). (5,0), (3,8); 
(24,6), and (27,8). On the other hand, (—5,3) is not an instance of the problem. 

For the instance (27,8) the problem asks what is the integer part of 27 divided 
by 8. Similarly, for the instance (0,0) the problem asks what is the integer part 
of 0 divided by 0. Oo 

An answer to the question that the problem K poses for a given instance is said 
to be a solution for the problem at the given instance. The relation induced by 
the problem, denoted R(K), is the set 

{(z,y)| x is an instance of the problem, and 
y is a solution for the problem at 2}, 

The problem is said to be a decision problem if for each instance the problem 
has either a yes or a no solution. 

Example 1.4.2 Consider the problem K 
the solution 3 at instance (27,8) 
Ky induces the relation 

1 in Example 1.4.1. The problem has 
, and an undefined solution at instance (0,0). 

AUR) = {((0-1),0),((0,2),0),((1,19,1),((0,3),0),((1,2),0),((2,19,2),(¢0,3),0) }. gece 

The problem Ky is not a decision problem. But the problem Ko defined by the following pair is. 

Domain: {(a,b)|a and 6 are natural numbers}. 
Question: Does 6 divide a, for the given instance {a,b) ? Oo 
Partial Solvability and Solvability 

A program P is said to partially solve a given roblem K’ if j - he answer for each instance of the P vt provides t problem, that is, if R(P) = R(K). If, in addi- 
program are halting computations, then the em. 

Example 1.4.3 Consider the Program P, in Figure 1.4.1(a). The domain of the variables is assumed to equal the set of na. 
\ 

tural partially solves the problem K. 1 of Example 1.4.1. mumipers. The presen 
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(a) reada (b) read a 

read b read b 

ans:=0 do 

if a>b then ifa=b then 

do if eof then accept 

a:=a—b a:=a—b 

ans:=ans+l1 until false 

until a<b 

write ans 
if eof then accept 

Fig. 1.4.1 

i f dividing natural numbers a) A program that partially solves the problem of dividin 

(oy program that partially decides the problem of divisibility of natural numbers 

On input “27,8” the program halts in an accepting configuration with the 

answer 3 in the output. On input "0,0" the program never halts, and so the 

program has undefined output on such an input. On input "27 and input 

”27,8,2” the program halts in rejecting configurations and does not define an 

output. 

The program P, does not solve K, because it does not halt when the input 

value for b is 0. P, can be modified to a program P that solves A, by letting 

P check for a 0 assignment to b. 

A program is said to partially decide a problem if the following two conditions 

are satisfied. 

a. The problem is a decision problem; and 

b. The program accepts a given input if and only if the problem has an 

answer yes for the input, that is, the program accepts the language 

{x| x is an instance of the problem, and the 

problem has the answer yes at x}. 

A program is said to decide a problem if it partially decides the problem and 
all its computations are halting computations. 

Example 1.4.4 It is meaningless to talk about the partial decidability or 

decidability of the problem A, of Example 1.4.1 by a program, because the 

problem is not a decision problem. On the other hand, the problem Ke of 

Example 1.4.2 is a decision problem. The latter problem is partially decidable 

by the program P» in Figure 1.4.1(b). oO 

The main difference between a program P, that partially solves (partially de- 

cides) a problem, and a program P, that solves (decides) the same problem. 
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is that P; might reject an input by a nonhalting computation, whereas P, can 

reject the input only by a halting computation. (Recall that on an input that 

is accepted by a program, the program has only accepting computations, and 

all these computations are halting computations. But on an input that is not 

accepted the program might have more than one computation, of which some 
may never halt.) 

The notions of partial solvability, solvability, partial decidability, and decidabil- 

ity of a problem by a program can be intuitively generalized in a straightforward 
manner by considering effective (i.e., strictly mechanical) procedures instead of 

programs. However, formalizing the generalizations requires that the intuitive 
notion of effective procedure be formalized. In any case, under such intuitively 

understood generalizations a problem is said to be partially solvable, solvable, 
partially decidable, and, decidable if it can be partially solved, ‘solved. partially 
decided, and decided by an effective procedure, respectively. 

In what, follows effective procedures will also be called algorithms. 

Example 1.4.5 The program P, of Example 1.4.3 describes how the problem 
KY, of Example 1.4.1 can be solved. The program P, of Exarnple 1.4.4 describes 
how the problem Ky of Example 1.4.2 can be solved. Oo 

A problem is said to be unsolvable if no algorithm can solve it. The problem is 
said to be undecidable if it is a decision problem and no algorithm can decide 
it. The relationship between the different classes of problems is illustrated in 
the, Venn. diagram of Figure 1.4.2. 

Solvable 
Decidable 

Wi scacte 
== Partially 
===: decidable 

Unsolvable 
Undecidable 

Fig. 1'4.2. Classification of the set of problems 

It should be noted that an unsolvabl. : ome : € problem might be parti 
an algorithm. that makes an exhaustive search for a sélieor <1 anol the solution is eventually found whe on. In such a. case 

never it is defined, but the search might 
AO 

eoutinue forever whenever the solution is unde
fined. Similarly, an undecidable 

problem might also be partially decidable 
by an algorithm that makes an ex- 

haustive search. However, here the solution is eventual
ly found whenever it 

has the value yes, but the search m
ight continue forever whenever val

ue no. 

Example 1.4.6 The empty-word memb
ership problem for grammars is the 

problem consisting of the followi
ng domain and question. 

Domain: {G|G is a grammar 2 

Question: Is the empty word ¢ in L(G) fo
r the given grammar G aoe :

 

possible to show that the pro
blem is undecidable (e.g, see T

heorem i = 

Exercise 4.5.7). On the other hand
, the problem is partially ere

 bak 

given an instance G= (N,5.P,S
) one can exhaustively search “

 a tive ion 

of the form S=Yo Y= =P Y
n = Tn =F by considering all sakes a

 fr) 

length n for n =1,2,..- With such a
n algorithm the desired <pams i

 i nel 

tually be found if ¢ is in L(G). However, if € is not in L(G), then the searc 

might never terminate. 

For the grammar G=HtN,Z _P
,S), whose production rules a

re listed below, the 

algorithm will proceed in 
the following manner. 

S27 aBS 
— Ba 

aB— SB 

BS -€ 

The algorithm will start by determining the set of all
 the oe re “t 

a BS. §=> Ba} of length n=1, After determining that none © . sige 

ivan in W, provides the empty strin
g €, the algorithm ieee as 2

 Ae 

all the derivations Yo= {s = aBS => aBaBs, ; chia Py ut by de- 
SBS. $=>aBS, S=o} of length n=2. Then the algorit = —— a on 

: ae ning the set V3 of all the derivations of length 3, the ie a ev
i 

derivations of length 4, and so forth. 
The algorithm stone (i et ci 

yes) when, and only when, it finds a set Yn of derivations
 © es Reikivettied 

cludes a derivation for €. Such aset Y;, exists forte=a5/besadse ar he 

$3 aBS => SBS => BaB
S=> BSBS= BS. 

On the other hand, for the gram
mar GeatN SPA), whose produ

ction rules 

are listed below, the algorithm never Stops. 

S§ 4 aSb 
—+ aAb ; 

Ate a 
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The unsolvability of a problem does not mean that a solution cannot be found 
at some of its instances. It just means that no algorithm can uniformly find a 
solution for every given instancc. Consequently, an unsolvable problem might 
have simplified versions that are solvable. The simplifications can be in the 
question being asked and in the domain being considered. 

Example 1.4.7 The empty-word membership problem for Type 1 grammars 
is the problem consisting of the following domain and question. 

Domain: {G|G is a Type 1 grammar }. 

Question: Is the empty word € in L(G) for the given grammar G ? The 
problem is decidable because ¢ is in L(G) for a given Type 1 grammar G= 
(N,2,P,S) if and only if Se is a production rule of G. Oo 

A function f is said to be computable (respectively, partially computable, non- 
computable) if the problem defined by the following domain and question is 
solvable (respectively, partially solvable, unsolvable) 

Domain: The domain of f. 

Question: What is the value of f(x) at the given instance x ? 

Problems concerning Programs 

Although programs are written to solve problems, there 
problems that are concerned with programs. The followin 
of such decision problems. 

are also interesting 
§ are some examples 

Uniform halting problem for programs 

Domain: Set of all programs. 

Question: Does the given program halt on each of its inputs, that is, are all the computations of the program halting computations ? 

Halting problem for programs 

Domain: {(P,x)|P is a program and z is an input for P}. 
Question: For the given instance ( P,z) does P halt on z, that is, are all the computations of P on input x halti ng computations ? 

Recognition / acceptance problem for programs 

Domain: {(P,z)|P is a program and z is an input for P}, 
Question: For the given instance (P,r) does P accept xr ? 

Membership problem for programs 
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Domain: {(P.r.y)|P is a program. and x and y are sequences of values from 
the domain of the variables of P}. 

Question: Is (x.y) in the relation R(P) for the given instance (P.z.y). tha 

is, does P have an accepting computation on z with output y ¢ 

Emptiness problem for programs 

Domain: Set of all programs. 
that is, does Question: Docs the given program accept an empty language, , 

the program accept no input ? 

Ambiguity problem for programs 

Domain: Set of all programs. a 
. , ing computations 

Question: Does the given program have two or more accepting Compt ar 
. . . 9 that. define the same output for some input - 

Single-valucdness problem for programs 

Domain: Set of all programs. 
a is, does the given Question: Does the given program define a function, that is, ne 

9 

Program for each input have at most once output - 

Equivalence problem for programs 

Domain: {(P..P2)|P, and P, are programs }. 

Ruestion: Does the given pair (Pi, Px) of programs define 

prample 1.4.8 The two programs P, and PofE 

_ Y Fo halts on all inputs. + tit roblem, the. jnequivalence 

biguity P as the ‘niform halt- 

the same relati
on. 

ivalent. 
xample 1.4.3 are ar 

The nomen: | 7) nuniform halting problem, the unambig! 

ine elem, and so forth are defined similarly for Pee problem, and $0 she 
resprroelem, the ambiguity problem, the vuestions are phrased so pares €ctively. The only difference is that the qu tion of the old ones, that 
“oO Utions to the new problems are the complementa 1 ne : 

is, ye ee "Yes becomes no and no becomes yes- ult, if not 1m- 
e. diffic e 

t programs 2f become easier lems to De 
t these ane y’ restricted. ans 

prop ll as the loss 1” the 

4,28 quire due t0 such 

mo u, out that nontrivial q
uestions abou 

Ww en le, to answer. It is natural to expec ap 

exte the Programs under consid
eration are woke 

ex m ‘0 which the programs have
 to be restt oe they Fe 

Pressibility power, and the increase in the resou 
strict: . . ir own. - trictions, are interesting questions 0 their © 

AR



Problems concerning Grammars 

Some of the problems concerned with programs can in a similar way be defined 
also for grammars. The following are some examples.of such problems. 

Membership problem for grammars 

Domain: {(G,x)|G is a grammar (N,Z,P,S) and z is a string in z=}. 

Question: Is x in L(G) for the given instance (G,z) ? 

Emptiness problem for grammars 

Domain: {G]G is a grammar }. 

Question: Does the given grammar define an empty language ? 

Ambiguity problem for grammars 

Domain: {G|G is a grammar}. 

Question: Does the given grammar G have two or more different derivation 
graphs for some string in L(G) ? 

Equivalence problem for grammars 

Domain: {(G,,G2)|G, and G2 are grammars }. 

Question: Does the given pair of grammars generate the same language ? 

1.5 Reducibility among Problems 

A common approach in solving problems is to transform them to different 
problems, solve the new ones, and derive the solutions for the original problems 
from those for the new ones. This approach is useful when the new problems 
are simpler to solve, or when they already have known algorithms for solving 
them. A similar approach is also very useful in the classification of problems 
according to their complexity. 

A problem K,, which can be transformed to another problem Kg, is said to be 
reducible to the new problem. Specifically, a problem K, is said to be reducible 
to a problem Ko if there exist computable total functions f and g with the 
following properties (see Figure 1.5.1). - 
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q; —> $1 =9(S2) cee, oo 

f 9 

K b= f(h) 7» Ss, 
Fig. 1.5.1. Reducibility from problem Ky to problem K9.. 

If /; is an instance of K,, then _ 7 . Se tye 

a. Iy= f(J;) is an instance of Ko. ie. ges Lo. 

b. Ky, has a solution S, at J, if and only if Ka has a solution So at In = f(I,} 

such that 5; =g(So). . - 

Example 1.5.1 Let % be the set {m|m=2' for some integer i}. The prob- 
lem of exponentiation of numbers from ¥ is‘ reducible to the problem of mul- 
tiplication of integer numbers. The reducibility is implied from the equalities 
£Y = (2/097) ¥ = 2Q¥l08z | which allow the choice of f(z,y) =(y,logz) and g(z) = 27 
for f and g, respectively. Oo 

Example 1.5.2 Let Kg and Kez be the emptiness problem and the equivalence 
problem for programs, respectively. Then Kg is reducible to Kz by functions 

f and g of the following form. f is a function whose value at program P is the 

pair of programs (P,Pg). Pg is a program that accepts no input, for example, 
the program that consists only of the instruction reject. g is the identity 

function, that is, g(yes) =yes and g(no) =no. QO 

If K is a problem that is reducible to a problem K by total functions f and g 
that are computable by algorithms Ty and T,, respectively, and Ko is solvable 
by an algorithm A, then one can also get an algorithm B for solving K, (see 
Figure 1.5.2). 

, | Given algorithm s! af : 
I T; E>] A for solving >| Ty >S 

' problem K3 © 

% 

Fig. 1.5.2. Reduction of problem Ki to problem Ke 

Given an input J, the algorithm B starts by running Ty on J. Then B gives the 

output I’ of T; to A. Finally B gives the output ‘S’ of A to Ty, and assumes 

the same output S as the one obtained.from Ty. ‘ soos oa 

45



1.6 Exercises 

1.1.1 

a. Find all the alphabets that use only symbols from the set {a,b,c}. Which 
of the alphabets is unary ? Which is binary ? - 

b. Let S beasct of tsymbols. How many unary alphabets can be constructed 
from the symbols of S ? How many binary alphabets ? 

1.1.2 For each of the following conditions find all the strings a over the 
alphabet {a,b} that satisfy the condition. 

a. No symbol is repeated in a. 

b. The length of a is 3, that is, |a|=3. 

1.1.3 , 

a. Find af, 8a,07,0°6?, and a?6?e for the case that a=a and f=ab. 

b. Find all the pairs of strings a and over the alphabet {a,b} that satisfy 
af=abb. . 

1.1.4 Let a be the string 011. 

a. Find all the proper prefixes of a?. 
b. Find all the substrings 6 of aa"®” that satisfy 6 = 7°. 

1.1.5 How many strings of length t are in D* if 3; is an alphabet of cardinality 
T. 

1.1.6 For each of the following cases give the first 20 strings in {a,b,c}*. 

a. {a,b,c}* is given in alphabetical ordering. 

b. {a,b,c}* is given in canonical ordering. 

1.1.7 Let S be the set of all the strings over the alphabet {a,b,c}, that is, 
S= {a,b,c}*. Let S, and S2 be subsets of S. Which are the strings that appear 
both in S; and in So in each of the following cases ? 

a. 5S, contains the t alphabetically smallest strings in S, and S»_ containts all 
the strings in S of length t at most. ° 

b. S, contains the 127 alphabetically smallest strings in S$, and S_ contains 
the 127 canonically smallest strings in S. 

1.1.8 Show that if Y is an alphabet, then D* has the following representations. 

a. Binary representation 

b. Unary representation 
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1.1.9 Find a binary representation for the set of rational numbers. 

1.1.10 Show that if D has a binary representation f,, then it also has a binary 
representation f2, such that f2(e) is an infinite set for each element e of D. 

1.1.11 Let f; and fo be binary representations for D, and Do, respectively. 

Find a binary representation f for each of the following sects. 

a. D,UDs 

b. D, x De 

c. DT 

1.1.12 Show that the sct of real numbers does not have a binary representation. 

1.2.1 Let L be the language {¢,0,10}. Determine the following sets. 

LuL 

LAL 

c. LL 

d. LL 

e. L? 

f. LxL 

1.2.2 Let G=(N,5,P,S) be a grammar in which N={S}, S={a}, and each 

production rule contains at most 3 symbols. What are the possible production 

rules in P ? 

1.2.3 Let G be the grammar (N,2,P,S), where N={S}, L={a,b}, and 

P={S—.e, SaSbS}. 

a. Find all the strings that are directly derivable from SaS in G. 

b. Find all the derivations in G that start at S and end at ab. 

c. Find all the sentential forms of G of length 4 at most. 

T
P
 

1.2.4 Find all the derivations of length 3 at most that start at S in the 

grammar (N,,P,S) whose production rules are listed below. 

S > AS 

aS —> bb 

A- aa 

1.2.5 For each of the following sets of production rules P find all the strings 

of length 4 or less in the language generated by the grammar (N,,P,S). 
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(a) S- aa 

. — bb 

(b) S—+4aSA 
~ bSB 

3X 
aA —> Aa 

bA + Ab 

a4 bet -_ . aB- Ba 

bB + Bb 
‘KA Xa 

>a 
XB- Xb 

+b 

1.2.6 Give two parse trees for the string aababb in the grammar G=(N,5,P,5S), . . — whose production rules are listed below. 

Sb 

+ aA 

7 aS 
A — Ab 
> Sa 
sa; 

1.2.7 Consider the grammar G = 
N={E,T,F}, 5 
production rules. 

(N,2,,P,E) for arithmetic expressions, where 
={+,+,(,),a}, and P is the set consisting of the following 

E> E+T 
EoTf |. 

T+ T«F 
~ FF. 

Fo (E) 
>a 

Give the derivation tree for the expression a*(a¢+a) in G. 
1.2.8 Let G = (N. ,&,P,S)-be the grammar with the following production rules. 
Find the derivation graph for the string a383c3 in G. 
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S > aSBc 
“aE 

cB + Bec 

aB - ab 

bB — bb 

1.2.9 For each of the following languages give a grammar that generates the 

language. 

a. {r01|z is in {0,1}*} 

b. {01,10}* 

c. {x|z is in {a,b}*, and the number of a's in x or the number 
of b's in z 

is equal to 1} 

{0'1/ |i 23} 
{|x is in {0,1}*, and s=27°} 

{x|2 is in {0,1}*, and each 01 in z is followed 
by 10}. 

{x|zx is in {0,1}*, and the length of z is not divi
sible by 3} 

{x|ax is in {a,b}*, and z is of odd length if 
and only if it ends with b} 

{x|< is in {a,b}*, and abb is not a substring 
of x} 

{r#y|ax is in {a,b}*, and y isa permutation 
of z} 

k. {aibicid'|i is a natural number } 

I. {ait Hai? #a #...#taim |n>2 and ij =i, for some 1 <j<k<n} 

a 

a.
 

_
 

o
e
 

m. {aba2b2a3b3...a"b" |n is a natural numbe
r } 

nditions show how, from any arbitrar
y given 

2> (No, 22,P2 52), 
a grammar 

be constructed. 

1.2.10 For each of the following co 

Pair of grammars G, =: Ny, 21,P151) and G 

G3 =(N3,23,P3,53) that satisfies the condition can 

a. L(G3)={w|w"” is in L(Gi)} 

b. L(G3)=L(G,)UL(G2) 

c. L(G3)= L(G) L(G2) 

&. L(6s)=((G))" 
e. L(G3)=L(G,)NL(G2) 

1.2.11 Show that from each grammar G; 

symbols grammar G2 = ({S,A},5;P2,5) can be cons 

L(G). 

1.2.12 Give the leftmost derivation a
nd a nonleftmost de 

abbabb in the grammar of Exercise 1.2.5. 
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1.2.13 For each of the following cases find all the possible grammars G that 
satisfy the case, where G=(N,5,P,5) with N={S}, 2={a,b}, and P being 
a subset of {S—e, S-+abAS, Sab, bA-+ aS}. 

a. Gis a Type 3 grammar. | 

b. Gis a Type 2 grammar, but not of Type 3. 

“o E is'a Type 1’grammar, but not of Type 2: 

1.3.1 Consider the program P in Figure 1.E.1(a). What are the outputs of P 
on input ”2,2” ? On input ”3,2” ? 

(a) sum1:=0 wo Se (bb). ae? 
sum2:=0 write i 
do do 

if eof then accept if eof then accept 
do 

read y 
readt - until z4y 
suml:=sumi+z | 

or 

“yeada 7 
write z 
sum2 = sum2+z 

until sum14 sum2 
until false 

Figure 1El 

1.3.2 Consider the program P in Figure 1.E.1(b). Assume that P has the 
domain of'variables {0,1,2,3,4,5}. What are the outputs of P on input ”2,2”? 
Qn input "3,277 9.0 ; oO; 

1.3.3 For each of the following cases write a program that corresponds to the 
case. Assume that the variables have the set of natural numbers as the domain of the variables, and 0 as an initial value., 

a. The program outputs an input value v such that v-£2 does not appear in 
the input. 

Example : On input ”1,4,2.3” the program should have an accepting computation with output ”3”, and an accepting computation with output a Moreover, each accepting computation of the program should provide «+ - either the output ”3” or the output 24”: . - 
b. The Program outputs an input value v such that v+2 also appears in the 

Ezample : On input ”1,4,3,2” the-program. should have an accepting 
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ate 

computation with output ”1”, and an accepting computation-with output 
"2". Morcover, each accepting computation of the program should provide 
either the output ”1” or the output ”2”. 

c. The program outputs a value that does not appear exactly twice in the 
input. 
Example : On input ”1,4,1,4,3,1” the program should have for each i#4 
an accepting computation with output i (ie., 7=0,1,2,3,5,6,...). More- 

over, each accepting computation of the program should provide one of 

these outputs. 

d. The program outputs an input value v that appears as the vth- value in 
the input. oot. oat 
Example : On input ”3,2,1,2,5,3” the program should have an accepting 
computation with output ”2”, and an accepting computation with output 

"5”. Moreover, each accepting computation of the program should provide 

either of these outputs. 7 a 

e. The program outputs an input value v that, appears exactly v times in the 
input. wo 
Example : On input ”3,2,1,2,5,3” the program should have an accepting 
computation with output ”1”, and an accepting computation with output 

”2”. Moreover, each accepting computation of the program should provide 

either of these outputs. yo, 

f. The program accepts exactly those inputs whose values cannot be sorted 
into a sequence of consecutive numbers. a 

Example: The program should accept the input °1,2,1 im and the input 

“1,4,2”. On the other hand, the program should reject the input ”1,3,2”. 

1.3.4 For each of the following cases write a program that computes
 the given 

relation. , ; | 

a. {(x,y) | there is a value in the domain of the variable
s that does not ap- 

pear in x and does not appear in y}. oy 19 ” 
Example: With the domain of variables {1,2,3,4,5,6} on input ”1,2,4,5,6 
the program can have any output that does not contain the value * 

b. {(x,y) |x is not empty, and the first value in x is equal to the first value 

in y}. 

1.3.5 Let P, and P, be any two given programs. 
Computes the union R(P,)UR(P2). 

1.3.6 Let P be the program in Example 1.3.13. Gi 
‘tween the configurations of P in the computation © 
a8 the minimal number of moves. 

Find a program P3 that 

ve the sequence of mo
ves. 

f P on input ”1,2,1” t
hat 
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1.4.1 . Consider. the following problem K. 

Domain: {(a,b)|a,b are natural numbers }e 

Question: What i is the value of the natural number c that satisfies the equality 

a? +b? =e? ? 

Find a decision. problem Ke whose solutions: are defined at the same instances 

as for Ay. - 

1:4.2 Let K be the following decision problem. 

Domain: {(a,b,c)|a,b,c are natural numbers }. 

Question: Is there @ pair of natural numbers z and y such that the equality 
ax *+by= c holds: ?- 

a. Write.a program: ‘that decides K. 

b. Write a program that partially decides K, but does not decide K. 

1.4.3° Show that the following problems are partially decidable for Type 0 
grammars. , 

a. Membership problem 

b. “Nonemptiness problem 

1. 4. 4 Show that the membership problem is decidable for Type 1 grammars. 

1.4.5 Show that the inequivalence problem j is partially decidable for Type 1 
grammars. 

1.4:6 Which of the following statements is correct ? 

a. If the emptiness problem is decidable for Type 3 grammars, then it is also 
decidable for Type 0 grammars. 

b. If the emptiness problem is undecidable for Type 3 grammars, then it is 
also undccidable for Type 0 grammars. 

c. If the emptiness problem is decidable for Type 0 grammars, then it is also 
decidable for Type 3 grammars. 

d. If the emptiness problem is undecidable for Type 0 grammars, then it is 
also undecidable for Type 3 grammars. 

A polynomial expression over the natural numbers, or simply a polynomial ex- 
pression when the natural numbers are understood, is an expression defined 
recursively i in the following manner. 

a. Each natural number i isa ‘polynomial expression of degree 0. 
b. Each variable is a polynomial expression of degree 1. 
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. If E, and Ey are polynomial expressions of degree d, and do. respectively, 
then 

a. (£,+£2) and (E, — £2) are polynomial expressions of degree max(d.d2). 

b. (£,*£2) is a polynomial expression of degree d; +db. 

A polynomial is called a Diophantine polynomial if it can be is represented by a 
polynomial expression, and its variables are over the. natural numbers. Hilbert’s 
tenth problem is the problem of determining for any given Diophantine polyno: 
mial Q(z},...,2) with variables z,...,.2, whether or not there exist 2)... 
such that Q(4,....én)=0. 

A LOOP program is a program that consists only of instructions of the form 
r¢-0, ry, x¢-x+1, and do z a end. The variables can hold only natural 
numbers. @ can be any sequence of instructions. An execution of do x a end 

causes the execution of a for a number of times equal to the value of z upon 
encountering the do. Each LOOP program has a distinct set, of variables that 
are initialized to hold the input values. Similarly, each LOOP program has a 
distinct set of variables, called the output variables, that upon halting hold the 
output values of the program. Two LOOP programs are said'to be: equivalent 
if on identical input values they produce the same output values. 

1.4.7 The following problems are known to be undecidable. Can you show 
that they are partially decidable ? 

a. Hilbert’s tenth problem 

b. The inequivalence problem for LOOP programs 

1.5.1 Let Y be the set {m|m=2' for some integer i}. Show that the problem 
of multiplication of numbers from ¥ is reducible to the problem of addition of 
integer numbers. 

1.5.2 Show that the nonemptiness problem for programs is reducible to the 

acceptance problem for programs. 

1.5.3 Show that Hilbert’s tenth problem is reducible to the nonemptiness 

problem for programs. 

1.5.4 Show that the problem of determining the existence of solutions over 

the natural numbers for systems of Diophantine equations of the following form 

is reducible to Hilbert’s tenth problem. Each Q;(2},...,0n) is assumed to be a 

Diophantine polynomial. 

@r(m1,- En) =0 

Om(er,.. Tn) = 0 

1.5.5 For each of the following cases show that Kj, is reducible to Ko. 
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a. K, is the emptiness problem for Type 0 grammars, and Ko is the equiv- 
alence problem for Type 0 grammars. 

b. Ay is the membership problem for Type 0 grammars, and Ko is the equiv- 
alence problem for Type 0 grammars. 

1.7 Bibliographic Notes 

The hierarchy of grammars in Section 1.2 is due to Chomsky (1959). In the 
classification Chomsky (1959) used an equivalent class of grammars, called 
context-sensitive grammars, instead of the Type 1 grammars. Type 1 grammars 
are due to Kuroda (1964). Harrison (1978) provides an extensive treatment for 
grammars and formal languages. , 

Nondeterminism was introduced in Rabin and Scott (1959) and applied to 
programs in Floyd (1967). 

The study of undecidability originated in Turing (1936) and Church (1936). 
Hilbert’s tenth problem is due to Hilbert (1901), and its undecidability to 
Matijasevic (1970). LOOP programs and the undecidability of the equivalence 
problem for them are duc to Ritchie (1963) and Meyer and Ritchie (1967). 

Chapter 2 

FINITE-MEMORY PROGRAMS 

Finite-memory programs are probably one of the simplest.classes of programs 
for which our study would be meaningful. “The first section of this chapter 
motivates the investigation of this class. The second section introduces the 
mathematical systems of finite-state transducers, and shows that they mod- 
el the computations of finite-ememory programs. The third section provides 
grammatical characterizations for the languages that finite-memory programs 
accept, and the fourth section considers the limitations of those programs. The 
fifth section discusses the importance of closure properties in the design of pro- 
grams, and their applicability for finite-memory programs. And the last section 
considers properties that are decidable for finite-memory programs. 

2.1 Motivation 

It is often useful when developing knowledge in a new field to start by consid- 
ering restricted cases and then gradually expand to the general: casc. Such an 
approach allows a gradual increase in the complexity of the argumentation. In 
particular, it is a quite common strategy in the investigation of infinite systems 
to start by considering finite subsystems. We take a similar approach here by 

using programs with finite domains of variables, called finite-memory programs 

or finite-domain programs, first. 

However, it should be mentioned that finite-memory programs are also impor- 
tant on their own merit. They are applicable in the design and analysis of some 
common types of computer programs. 

For instance, in compilers (i.e., in programs that translate programs written in 
high-level languages to equivalent programs written in machine languages) the 

lexical analyzers are basically designed as finite-memory programs. The main 
task of a lexical analyzer is to scan the given inputs and locate the symbols 
that belong to each of the tokens. . 

Example 2.1.1 Let LEXANL be the finite-memory program in Figure 2.1.1(a). 
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39 (a) char := 
do 

/* Find the first character of the next token. +/ 

if char =” ” then 
do 

if eof then accept - a 

af rread chat . "i... a 

until char #” ” 
/* Determine the class of the token. +/ 

charClass :=class(char) 
” write ‘classNamie(charClass)_ 

/ * Determine the remaining, characters of the token. «/ 

e
d
 

‘do . - 

_ write char ~*~ 
if eof then accept _ 
oldCharClass: =charClass . 

read char 

charClass :=M (charClass, char) 
until charClass # oldCharClass 

until false 

class 

(6) fo 
aA” 1 

: > M, n? An ans ay Adal | a 7g” . className 

"OP tlt Ol L fers} Df dee] Ld 1]. *identifier” 

OQ” | 2 0] O}--:} 0} 24---| 2} 2} "natural number” 

ng {2 | 

Fig. 2.1.1 (a) A lexical analyzer. (b) Tables for the lexical analyzer 

The domain of the variables is assumed to equal © 

OQ?) {” AP yO” oy” 9 ,0,1,2},. 

ren 

with ”” as initial value. The functions class, classN ame, and M are defined 

by the tables of Figure 2. 1.1(b). ; 

LEXANL is a lexical analyzer that determines the tokens 3 ‘in ‘the given inputs, 

and classifies them into identifiers and natural numbers. Each identifier is rep- 
resented by a letter followed by an arbitrary number of letters and digits. Each 

natural number is represented by one or more digits. Each pair of consecutive 
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tokens, except for a natural number followed by an identifier, must be separated 
by one or more blanks. 

LEXANL can be easily modified to recognize a different class of tokens, by just 
redefining class, className, and M. a] 

Protocols for communicating processes are also examples of systems that are 
frequently designed as finite-memory programs. In such systems, each process 
is represented by a finite-memory program. Each channel from one process 
to another is abstracted by an implicit queue, that is, by a first-in-first-out 
memory. At each instance the queue holds those messages that have been 
sent through the channel but not received yet. Each sending of a message is 
represented by the writing of the message to the appropriate channel. Each 
receiving of a message is represented by the reading of the message from the 
appropriate channel. 

In Section 2.6 it is shown that finite-ememory programs have some interesting 
decidable properties. Such decidable properties make the finite-memory pro- 
grams also attractive as tools for showing the complexity of some seemingly 
unrelated problems. 

Example 2.1.2 Consider the problem K of deciding the existence of solutions 
over the natural numbers for systems of linear Diophantine equations, that is. 
for systems of equations of the following form. The a@;;s and bjs are assumed 
to be integers. 

1:1, 2, +... 40in ty, =), 

Qm121+..-+@mntn= om 

No straightforward algorithm seems to be evident for deciding the problem. 

though onc can easily partially decide the problem by exhaustively searching 

for an assignment to the variables that satisfies the given system. 

For each instance I of K, a finite-memory program P; can be constructed to 
accept some input if and only if J has a solution over the natural numbers. 
Consequently, the problem K is reducible to the emptiness problem for finite- 

memory programs. The decidability of K is.then implied by the decidability 
of the emptiness problem for finite-memory programs (Theorem 2.6.1). 

In fact, the proof of Theorem 2.6.1 implies that a system J has a solution over 
the natural numbers if and only if the system has a solution in which the values 

of 2),...,2, are no greater than some bound that depends only on the a; 58, bis, 

m and n. Oo 

Computer programs that use no auxiliary memory, except for holding the in- 

put and output values, are by definition examples of finite-memory. programs. 
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However, such ‘programs can deal with domains of high cardinality (i.c., 2* f
or 

computers with k bits per word), and as a result their designs are
 generally 

not affected by the finiteness of their. domains. Consequently, such programs 

should not generally be considered as “natural” finite-memory program
s. 

2.2. Finite-State Transducers 

Central to the investigation of finite-memory programs is the observation th
at 

the set of all the states reachable in the computations of each such program 

is finite. As a result, the computations of each finite-memory program c
an be 

characterized by a finite set of states and a finite set of rules for transitions 

between those states. 

Abstracted Finite-Memory Programs 

Specifically, let P be a finiteememory program with m variables x),...,2m
, and 

k instruction segments. J, ;...,[,. Denote the initial value of the variables
 of P 

with ©. 

Each state of P is an (m+1)-tuple [i,v1,...,Um], where 7 is an integer between 

l-and.k, and v},...,¥m are values from the domain of the variables. Intuitively, 

a state [2,v1,...,Um] indicates.that the program reached instruction segment 
J; 

with values v;,...,0m in the variables 2),...,0m, respectively. 

Example 2.2.1 Let P be the program in Figure 2.2.1. The domain of the 

variables is assumed to equal {0,1}, and the initial value is assumed to be 0. 

Let [é,z,y] denote the state of P that corresponds to the zth instruction segment 

I;, the value x in z, and the value y in y. 

- gr? {eli +/ 

write x /* Iz */ 

do {+ 13 */ 

~ do [+ Ig */ 
read y [* Is */ 

oe until c=y /* Ig +/ 

a “ if eof then accept = /+* Ir +/ 

- do /* Is */ 

wi=r—-1 /+ Ig */ 

or 
y:=ytl fe lio */ 

until cf~y /* tin +/ 

until false /* hha */ 

- Figure 2.2.1 

A finite-memory program with {0,1} as the domain of the variables 
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The state [1,0,0] indicates that the program reached the first instruction seg- 
ment with the value 0 in z and y. The state [5,1,0] indicates that the program 
reached the fifth instruction segment with the value 1 in x and the value 0 in 
y. 

From state (5,1,0] the program can reach either state [6,1,0] or state [6;1,1]. 
In the transition from state [5,1,0] to state [6,1,0] the program reads the value 
0 and writes nothing. In the transition from state [5,1,0] to state [6,1,1] the 
program reads the value 1 and writes nothing. Qo 

The computational behavior of P can be abstracted by a formal.system . 

(Q,2,4,5,0,F), a 
which is defined through the algorithm below. In the formal system 

Q represents the set of states that P can reach. 

6: represents the set of transitions that P can take between its states. 

= represents the set of input values that P can read. 

A represents the set of output values that P can write. — 

go represents the initial state of P. , 

F represents the set of accepting states that P can reach. 

The algorithm determines the sets Q, ', A, 6, and F by conducting a search 

for the elements of the sets. , 

Step 1 Initiate Q to the set containing just go =[1,0,...,0], and 6 to be an- 
empty set. go is called the initial state of P, and 6 is called the transition table 

of P. 

Step 2 Add the state p=[j,u),.-.,Um] of P to Q, if for some state q=[?,v1 ys Um] 

in Q the following condition holds: P can, by executing J; with values v},...,0m 

in its variables, reach J; with u),...,um in its variables, respectively. 

Step 3 Add (q,a,(p,p)) to 6, if P, by executing a single instruction segment, 

can go from state g in Q to state p in Q while reading a and writing p. For 

notational convenience, in what follows (q,c,,(p,)) will be written as (q,0,p,p). 

Each tuple in 6 is called a transition rule of P. 

Step 4 Repeat Steps 2 and 3 as long as more states can be added to Q or more 

transition rules can be added to 6. 

Step 5 Initialize Y,A, and F to be empty sets. 

Step 6 If (q,a,p,) is a transition rule in 6 and a#e then add a to J. Similarly, 
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if.(q,@,p;p) isa transition rule in 6 and p#e; then add pto-A: Each a in F is 
called an input.symbol of .P; ‘and. 2 is called the input alphabet of P. Similarly, 
each pin-A is called an output symbol of P, and Ais called the output alphabet 

of P. 

Step.7 Insert to F each state [2,v1,...,¥m] in Q for which I; is a conditional 
accept instruction. The: states in. F are called the accepting. or the final, states 
of P.. | - 

By definition 6 is a relation from Q x (ZU{e}) to Qx (AU{e}). Moreover, the 
sets Q,2,A,6, and Fare.all finite because the number of instruction segments 
in P, the number of variables i in P, and the domain of the variables of P are 
all finite. ‘ “Os 

Example 2.2.2 Assume the notations. of Example 2.2.1. The initial state of 
the program P is [1,0,0]. By executing the first instruction, the program can 
move from state [1,0,0] and either enter the state [2,0,0] or the state [2,1,0]. 
In both cases, no input symbol is read and no output symbol is written during 
the transition between the states. Hence, the transition table 6 for P contains 
the transition rules ([1,0,0],¢;[2,0,0],¢) and ([1,0,0],e;(2,1,0],¢). 

Similarly, by executing its second instruction, the program P must inove from 

state (2,1,0] and enter state [3,1,0] while reading nothing and writing 1. Hence, 
6 contains also the transition rule (2, 1,0],¢,[3,1,0],1). 

The number of states in Q is no greater than 12x2x2. {0,1} is the input and 
the output alphabet for the program P. {[7,0,0],(7, 1. Al} i is the set of accepting 
states for P. q 

Finite-State’ Transducers re 

In general, a formal system M consisting of a six-tuple (Q, 5, A,6,90 F ) is called 
a finite-state transducer if it satisfies the following conditions. 

Q ‘is a finite set, whose members are called the states of M. 

S is an alphabet, called the input alphabet of M. Each symbol in Z is called 
an input symbol of M. : : . Coa 

A is an alphabet, called the output alphabet of M. Each symbol i in Ai is called 

an output symbolof M. ' | 

6 is a relation from Q x (YU {e}) to Qx <(AUfe}), called the transition table of 
M. Each tuple (4,c,(p;)), or simply (q,a PsP); in 6i is called a transition rule 
of M. 

qo is a state in Q, called the initial state of M. 
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F isa subset of Q, whose. states, are called the accepting, or the Final, states 
of M. 

Example 2.2.3 The tuple ; 

M =({qo,0},{0,5},{1}; 
- {(40,@,91,1 ); (go,8 1M15€)> (91,6 Ms 1), (a ,2,90,€)}, : 

go,{go}) a _— Soo 

is a finite-state transducer. The finite-state transducer has the states-qg and 

q:. Phe input alphabet of M consists of two symbols a and b. The ‘output 

alphabet of AM consists of a single symbol 1. The finite-state transducer M has 
four transition rules. go is the initial.state of M,.and the only accepting state 
of Af. - os 

The transition rule (qo,a,q1,1) of M uses the input symbol a and the output 
symbol 1. The transition rule (a1.0, oe) of M tises the’ ° input symbol a and no 
output symbol. ©...” Oo 

Each finite-state transducer (Q,2,A,6,qo,/') can be graphically represented by 

a transition diagram of the following form.*For each state in Q the transition 

diagram has a corresponding node, which is shown by a circle. The initial 

state is identified by an arrow from nowhere that points to the corresponding 
node. Each accepting state is identified by a double circle. Each transition 

rule (q,a,p,p) in 6 is represented by an edge labeled with a/p, from the node 
labeled by state g to the node labeled by state p. For notational convenience 
edges that agree in their origin and destination are merged, and their labels 
are separated by commas. 

Example 2.2.4 The transition diagram in Figure 2.2.2 

a/1, b/e 

Om OSD 
Fig. 2.2.2 Trasition diagram of a finite-state transducer 

represents the finite-state transducer M of Example-2.2.3. The label a/1 on 

the edge from state go to state q, in the transition diagram corresponds to the 

transition rule (qoia > 1) of M, The label b/é on the edge from state | q to 

state N. corresponds to the transition tule (90.5 111,€)- The label ee on the 
edgé from state q, to itself corresponds to the transition rule (1,6 911). “oO 

Example 2.2. 5 The transition diagram i in Figure 2. 2. 3 
Py g 
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Fig. 2.2.3 Transition diagram for the program of Figure 2.2.1 

represents the finite-state transducer that characterizes the program of Exam- 
ple 2.2.1. oO 

Configurations and Moves of Finite-State Transducers 

Intuitively, a finite-state transducer M =(Q,2,A,6,q9,F) can be viewed as an 
abstract computing machine. The computing machine consists of a finite-state 
control, an input tape, a read-only input head, an output tape, and a write-only 

output head (see Figure 2.2.4). 

[fu | v | Input tape 

+ Input head 

Finite state q 
control Output head 

w Output tape 

Fig. 2.2.4 A view of a finite-state transducer ag an abstract computing machine 

Each tape is divided into cells, which can each hold exactly one symbol. 

The input tape is used for holding the input uv of M. The input head is used for 
accessing the input tape. The output tape is used for holding the output w of 
M, and the output head is used for accessing the output tape. The finite-state 
control is used for recording the state of M. 

On each input @)...@, from 2", the computing machine M has some set of 

possible configurations. Each configuration, or instantaneous description, of M 
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is a pair (uqu,w), where q is a state in Q, uv=a)...¢,, and w isa string in A*. 
Intuitively, a configuration (ugv,w) says that M on input-uv reached state q 
after reading u and writing w. With no loss. of generality it is assumed that Q 
and SX are mutually disjoint. 

Example 2.2.6 Let M be the finite-state transducer ‘of Bxainple 2.2.3 (see 
Figure 2.2.2). The configuration (aabq,ba,1).of M says that M reached the 
state q, after reading u=aab from the input tape and writing w=1 into the 
output tape. In addition, the configuration says that v=ba is the. remainder 
of the input (see Figure 2.2.5(a)). : : 

aabba .|aabba a oot 

go go 

. (a) © (b) Ss 

Fig. 2.2.5. Configurations of thé finite-state transducer of Figure 2.2.2 

The configuration (qgaabba,e) of M says that M reached the state go after 
reading nothing (ie., u=e) from.the input tape and writing. nothing (i.e., 
w =€) into the output tape. In addition, the configuration says that v= aabba 

is the input to be consumed (see Figure 2.2.5(b)). 

The configuration (aabbago,1) of M says that M reached state go after reading 

all the input (i.c., y=) and writing w=11. In addition, the configuration says 
that the input that has been read is u=«abba. sO o 

A configuration (uqv,w) of M is said-to be an initial configuration if g=4o 
and u=w-=e. An initial configuration says that the input head is placed at 
the start (leftmost position) of the input, the output tape is empty, ‘and the 
finite-state control is set to the initial state. 

A configuration (ugv,w) of M is said to be an accepting configuration if v=e 

and q is an accepting state in F. An accepting configuration says that M 

reached an accepting state after reading all the input. 

Example 2.2.7 The finite-state transducer M of Example 2.2.3 (see Figure 

2.2.2) has the initial configuration (goaabba, é),and the accepting configuration 

(aabbago,11) on input aabba (see Figure 2.2. 5(a) and Figure 2. 2. 5(b), respec- 

tively). 

(ddbbago,e) and (aabbago,111) are also accepting configurations of Mon input | 

aabba. On the other hand,’ (qoaabba, €) is the only initial configuration of M 

on input aabba. 0 
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The transition rules of M are used for defining the possible moves of M. Each 
move uses some transition rule. A move on transition rule (g,a,p,p) consists of 
changing the state of the finite-state control from q to'p, of reading a from the 
input tape, of writing p to the output tape, and of moving the input and the 

output heads, |a| and |p| positions to the right, respectively. 

A move of M from configuration C to configuration C2 is denoted C;y Co, 
or simply C, + C2 if M-is understood. A sequence of zero or more moves of 
M from configuration C; to configuration C2 is denoted C\ +4, C2, or simply 
C,+* Co, if Af is understood. 

Example 2.2.8 Let M be the finite-state transducer of Example 2.2.3 (see Fig- 
ure 2.2.2). On input aabba, M can have the following sequence (qoaabba,e)+* 
(aabbaqo,11) of moves between configurations (see Figure 2.2.6): 

+O) 
u 

Fig. 2.2.6. Sequence of moves between configurations of a finite-state transducer 

(qoaabba,e) + (aqyabba,1)+ (aaggbba,1)F 

(aabg,ba,1) (aabbg,a,11) + (aabbagg,11). 

The sequence consists of five moves. It starts with a move (qyaabba,c)t 
(aq;abba,1) on the first transition rule (go,@,91,1) of M. During the move, 
M makes a transition from state go to state q; while reading a and writing 1. 

The second move (aq, abba,1) + (aagobba,1) is on the fourth transition rule 
(41,4,90,€) of M. During the move, M makes a transition from state q, to 

state gg while reading a and writing nothing. 
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The sequence continues by a move on the second transition rule (90,b,q),¢), 
followed by a move on the third transition rule (q,,6,¢,,1), and it terminates 

after an additional move on the fourth transition rule (q;,¢,q0,€). 

The scquence of moves is the only one that can start at the initial configuration 

and end at an accepting configuration for the input aabba. oO 

By definition, |a|=0 or |a]=1 in each transition rule (q,a,p,p). \o|=0 if no 

input symbol is read during the moves that use the transition rule (i.e., a=¢), 

and |a|=1 if exactly one input symbol is read during the moves. Similarly, 

|o| =0 or |p|=1, depending on whether nothing is written during the moves or 

exactly one symbol is written, respectively. 

Determinism and Nondeterminism in Finite-State Transducers 

A finite-state transducer M =(Q,,A,6,q0,F) is said to be deterministic if, for 

each state g in Q and each input symbol a in 2, the union 5(g,a)Ud(q,e) is a 

multiset that contains at most one element. 

Intuitively, M is deterministic if each state of M fully determines whether an 

input symbol is to be read on a move from the state, and the state togeth
er 

with the input to be consumed in the move fully determine the transition rule 

to be used. 

A finite-state transducer is said to be nondeterministic if the previous condi- 

tions do not hold. 

Example 2.2.9 The finite-state transducer M), whose transition diagram is 

given in Figure 2.2.2, is deterministic. In each of its moves Mj) reads an input 

symbol. The transition rule to be used in each move is uniquely determined by 

the state and the input symbol being read. 

If M, reads the input symbol a in the move from state qo, t
hen M, must use 

the transition rule (qo,@,91,1) in the move. If M, reads the input
 symbol bin 

the move from state qo then M, must use the transition 
rule (go,b,q1,€) in the 

move. 

On the other hand, consider the finite-state transducer
 Mo, which satisfies 

M2 = (Q,2,A,6,90,F) 

for 

Q = {90,91,92,93}; 
Y= {a,b}, 

A={a,b},. a . 

6= { (0041 4) (41 £254) s(42s€ 41 
9b) 5(g2+bs90.€) (G20b,9354) }s 

F= {qs}. 
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The transition diagram of M2 is given im Figure 2.2.7. 

POO 
Fig. 2.2.7. A nondeterministic Finite-State transducer 

t 

Mz is a nondeterministic finite-state transducer. 

On moving from state.gj, the finite-state transducer Mz, must read an input 
symbol. On moving from state qi, the finite-state transducer M, does not read 
an input symbol. The transition rules that M2 can use on moving from states 
qo and gq; are uniquely determined by the states, and, therefore, these states 
are not the source for the nondeterminism of Mz. — 

The source for the nondeterministn of Mp is in the transition rules that originate 
at state go. The transition rules do not determine whether Mp has to read a 
symbol in moving from state g2, nor do they specify which of the transition 
rules is to be used on the moves that read the symbol b. Oo 

Computations of Finite-State Transducers 

The computations of the finite-state transducers are defined in a manner similar 
to that for the programs. An accepting computation of a finite-state transducer 
M 1s a sequence of moves of M that starts at an initial configuration and ends 
at an accepting configuration. A nonaccepting, or rejecting, computation of M 
18 a sequence of moves on an input x for which the following conditions hold. 
a. The sequence starts from the initial configuration of Mf on z. 
b.. If the sequence is finite, then it ends at a configuration from which no 

move is possible. 

Cc. M has no accepting computation on z. 

Each accepting computation and each nonaccepting computation of M is said 
to be a computation of M. 

A computation is said to be a halting computation if it consists of a finite 
number of moves. 

Example 2.2.10 Let M be the finite-state transducer of Example 2.2.3 (see 
Figure 2.2.2). On input aabba the finite-state transducer M has a computation 
that is given by the sequence of moves in Example 2.2.8 (sée Figure 2.2.6). The 
computation is an accepting one. 
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Alternatively, on input aab the finite-state’ transducer M -has the following 
sequence of moves: . ae 

(qoaab,e)F (aq,ab,1) + (aagob,1)F (aabq; 1). 

This sequence is the only one possible from the initial configuration of M on 
input abb; it is a nonaccepting computation of M. 

The two computations in the example are halting computations of M. Oo 

By definition, on inputs that are accepted by a finite-state transducer the finite- 

state transducer may have also executable sequences of transition rules which 
are not considered to be computations.’ 

Example 2.2.11 Consider the finite-state transducer M whose transition dia- 

gram is given in Figure 2.2.7. On input ab, M has the accepting computation 
that moves along the sequence of states go,9:,42,93- Similarly, on input ab, 
M also has an accepting computation that moves along the sequence of states 
90541 :92;41,92,93-. However, on input ab across the states 9o,91,92,90, Ad's se- 
quence of moves is not a computation of M. ; 

On input a the finite-state transducer has only one computation. The com- 

putation is a nonhalting computation that goes along the sequence of states 
90.41592>91;92;--- On the other hand, on input aba the Turing transducer has 

infinitely many halting computations and infinitely many nonhalting compu- 
tations. All the computations on input abe are nonaccepting computations. 

The halting computations of M on input aba consume just the prefix ab of 
M and move through the sequences go,q1,42141:42)---»91,92,93 of states. The 
nonhalting computations of M on input aba consume the input until its end and 
move through the sequences go , 91,4241 929---s91 192190591 192591 1925--. of states. O 

By definition, each move in each computation must be on a transition rule that 

allows the computation to eventually read all the input and thereafter reach 

an accepting state. Whenever more than one such alternative exists in the set 

of feasible transition rules, any of these alternatives can be chosen. Similarly, 

whenever none of the feasible transition rules satisfy the conditions above, then 

any of these transition rules can be chosen. This fact suggests that we view the 

computations of the finite-state transducers as being executed by imaginary 

agents with magical power. 

An input z is said to be accepted, or recognized, by a finite-state transducer 

M if M has an accepting computation on x. An accepting computation that 

terminates in an accepting configuration (rq,,y) is said to have an output y. 

The output of a nonaccepting computation is assumed to be undefined. 

A finite-state transducer M is said to have an output y on input < if it has an 

67



accepting-computation on « with output y. M is said to halt on x if all the 
computations of M on input z are halting computations. = 

Example 2.2.12 The finite-state transducer M whose transition diagram is 
given in Figure 2.2.8 

afl, bfe | 

; . a/e, b/1- 

Fig. 2.2.8. A nondeterministic finite-state transducer 

has,.on input baabb, a sequence of moves that goes through the states Go. M15 91; 
M+ 91, 91; @ sequence of moves that.goes through the states G0 1929259239292; 
and a sequence of moves that goes through the states 90,92;92192,92;93. The 
sequence of moves that goes through the states 90,9292 :92,92,93 is the only computation of M on input baabb. The computation is an accepting computa- 
tion that provides. the output 111. 

M accepts all inputs. However, the finite-state transducer of Example 2.2.11 
accepts exactly those inputs that have the form ababa...babd. oO 
As in the case of programs, the semantics of the finite-state transducers are 
characterized by their computations. Consequently, the behavior of these trans- ducers are labeled with respect to their computations. . 

For instance, a finite-state transducer M is said to move from configuration C, to configuration C2 on x if C2 follows C; in the considered computation of M 
on z. Similarly, M is said to read a from its input if a is consumed from the 
input in the considered computation of M. 

Example 2.2.13 The finite-state transducer whose transition diagram is given 
in Figure 2.2.8 on input baabdb starts its computation with a move that takes M 
from state go to state qa. M then makes four moves, which consume baab and 
leave M in state qo. Finally, M moves from state g2 to state g3 while reading 
b. 

o 

Relations and Languages of Finite-State Transducers . 
The relation computed by a finite-state transducer M = (Q,2,4,6,90,F), de- noted R(M), is the'set Ss 

- {(2,9) | (go2,e)F* (xas,y) for some gy in F}. 
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That is, the relation computed by M is the set of all the pairs (x,y) such that 
M has an accepting computation on input xz with output y. 

The language accepted, or recognized, by M, denoted L(A4), is the set of all the 
inputs that M accepts, that is, the set 

~ 

{x|(z,y) is in R(M) for some y}. 

The language is said to be decided by M if, in addition, M halts on all inputs, 
that is, on all x in =”. . a 

The language generated by M is the set of all the outputs that M has on its 

inputs, that is, the set . 

{y| (x,y) is in R(M) for some 2}. 

Example 2.2.14 The nondeterministic finite-state transduccr M. whose tran- 

sition diagram is given in Figure 2.2.8 computes the relation 

R(M) = {(z,1') |x is in {a,b}*, i= number of a's in x if the last symbol 

in x is a, and i= number of b's in x if the last symbol in x is b}. 

The finite-state automaton M accepts the language L(M)={a,b}*. -o 

a/e, b/e 

e/a, efb 

a/a,b/b 

ve /b 
le ile 

i he relation - Fig. 2.2.9. A finite-state transducer that computes t ig R(M)={(x,y)|2 and y are in {a,b}*, and y# 2} 
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Example 2.2.15 The nondeterministic finite-state transducer M whose tran- 
sition diagram is given in Figure 2.2.9 computes the relation 

R(M)={(z,y)|z and y are'in {a,b}*, and yx}. 
As long as M is in its initial state "x=y” the output of M is equal to the 
portion of the input consumed so far. 

If M wants to provide an output that is a proper prefix of its input, then upon 
reaching the end of the output; M must move from the initial state to state "y 
is proper prefix of z.” 

If M' wants its input to be a proper prefix of its output, then M must move to 
state “zx is a proper prefix of y” upon reaching the end of the input. _ 

Otherwise, at some nondeterministically chosen instance of the computation, 
M must move to state "x is not a prefix of y, and y is not a prefix of z,” to 
create a discrepancy bétween a pair of corresponding input and output symbols. 

From Finite-State Transducers to Finite-Memory Programs 

The previous discussion shows us’ that there is an algorithm that translates 
any given finite-memory program into an equivalent finite-state transducer 
that is, into a finite-state transducer that computes the same relation as the 
program. Conversely, there is also an algorithm that derives an equivalent 
finite-memory program from any given finite-state transducer. The program 
can be a ”table-driven” program that simulates a given finite-state transducer 
M= (Q,2,4,6,90,F) in the manner described in Figure 2.2.10. 

state := qo 

do 
/ * Accept if an accepting state of M is reached at the end of the input. */ 
if F (state) then ; 

if eof then accept - 
/* Nondeterministically find the entries of the transition rule 
(¢,@,p,p) used in the next simulated move. af 
do in:=e or read in until true {x ina +/ 
next_state =? /* next_state:=p +/ 
out :=! /* out:=p */ 
if not 6(state,in,next_state,out) then reject 
/* Simulate the move. +/ 
if out#ec then 

write out 
state := next_state 

until false | 

Figure 2.2.10 A table-driven finite-memory program for simulating a finite-state transducer 

The program uses a variable state for recording M’s state-in a given move, a 
variable in for recording the input M consumes ina given move, a variable 

next_state for recording the state M enters in a given move, and a variable out 
for recording the output M writesinagivenmove. | +; , «x, 

The program starts a simulation of M by initializing the variable state to the 
initial state gg of M. Then M enters an infinite loop. 

The program starts each iteration of the loop by checking whether an accepting 

state of M-has been reached at the end of the input. If such is the case, the 

program halts in an accepting configuration. Otherwise, the program simulates 

a single move of M. The predicate F is used to determine whether state holds 

an accepting state. oe : 

The simulation of each move of M is donc in a nondeterministic manner. The 

program guesscs the value for variable in that has to be read in the simulated 

move, the state for variable next_state that M enters in the simulated move, 

and the value for variable out that the program writes in the simulated move. 

Then the program uses the predicate 6 to verify that the guessed values 
are 

appropriate and continues according to the outcome of the verification 

The domain of the variables of the program is assumed to equal QU UAU {e}. 

where e is assumed to be a new symbol not in QUIUA, used for denoting the 

empty string é. 

In the table-driven program, F is a predicate that assumes a true value when, 

and only when, its parameter is an accepting state. Similarly, 6 is a predicate 

that assumes a true value when, and only when, its entries correspond 
to a 

, 
transition rule of M. 

The programs that correspond to different finite-state transducers differ 
in the 

domains of their variables and in the truth assignments for the 
predicates F 

and 6. nies 

The algorithm can be easily modified to give a. d
eterministic finite-memory 

program whenever the-finite-state transducer M is deterministic. 

-& Gre Gol Me Mt. 9 

. d0,€| false| false] false} false 
. 

go,2|false| false|false| true 

qo,b| false] faise| true false| . 

7 a/1,b/é _F ; que false| true | false, false 

‘Ome O go[faise| 912| false| false| false | false} 

e/1 q1| true qi,b| false | false| false false 

(a) nt () ns 
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bin Sout € a2 6 Jatate € @ b 

--4O} true | ~ qo lie go 1} qi 

71| false}: aj1| - qi] Go . 

(¢) 
Fig. 2.2.11. (a) A finite-state transducer M. (b) Tables for a table-driven program that 
simulates M. (c) Tables for a deterministic table-driven program that simulates M 

Example 2.2.16 For the finite-state transducer M of Figure 2.2.11(a), the 
.program in Figure 2.2.10 has the domain of variables {a,b.1,G0,41,e}. The 
truth values of the predicates F and 6 are defined by the corresponding tables 
of Figure 2.2.11(b). 

The program also allows that for F and 6 there are parameters that differ from 
those specified in the tables. On such parameters the predicates are assumed 
to be undefined. 

The finite-state transducer can be simulated also by the deterministic table- 
driven program in Figure 2.2.12. 

state :=4qo 

do ; 

if F (state) then 
if eof then accept 

if not 6;, (state) then 
in:=e 

if bin (state) then 

read in 

nezt_state := dgtate(state,in) 
out := bout (state,in) 
if out #4e then 

write out 

state := next_state 

until false 

Figure 2.2.12 A table-driven, deterministic finite-memory program for 
simulating a deterministic finite-state transducer. 

F is assumed to be a predicate as before, and Sin Sout, and Sstate are assumed 
to be defined by the corresponding tables in Figure 2.2.11(c). 

The predicate 6;, determines whether an input symbol is to be read on moving 
from a given state. The function 5,,, determines the output to be written in 
each simulated move, and dstate determines the state to be reached in each 
simulated state. 

The deterministic finite-state transducer can be simulated also by a non-table- 
driven finite-memory program of the form shown in Figure 2.2.13. 
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state := qo 

do 
if state =qn the 

do - ; 
read in 

if in=a then 

do 
state :=q) 

out:=1 

write out 
until true 

if in=b then 

state:=q 

until true 

if state=q, then 
do 

if eof then accept 

state := qo 

out :=1 

write out 

until true 

until false 

Figure 2.2.13 A non-table-driven deterministic finite-memory program that simu
lates 

the deterministic finite-state transducer of Figure 2.2.11(a). 

In such a case, through conditional if instructions, the program explicitly 

records the effect of F, din, Sout, and Sstate- 

It follows that the finite-state transducers characterize the fini
te-memory pro- 

and so they can be used for designing and analyzing f
inite-memory 

grams, ted below for finite-state transducers 
programs. As a result, the study conduc 

applies also for finite-memory programs. 

Finite-state transducers offer advantages in 

Their straightforward graphic representations, wh
ich are in many instance 

more ”natural” than finite-memory programs. 

b. Their succinctness, because finite-state trans
ducers are abstr 

ignore those details irrelevant.to the study underta
ken. 

a. 

actions that 

The close dependency of the outputs on the inputs
. 
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2.3 Finite-State Automata and Regular Languages 

The computations of programs’ are driven by their inputs. The outputs are 
just the results of the computations, and they have no influence on the course 
that the computations take. Consequently, it seems that much can be studied 
about finite-state transducers,‘ or equivalently, about finite-memory programs 
even when their outputs are ignored. The advantage of conducting a study of 
such stripped-down finite-state transducers is in the simplified argumentation 
that they allow. 

Finite-State Automata 

A finite-state transducer whose output components are ignored is called a finite- 
state automaton. Formally, a finite-state automaton M is a tuple (Q,5.6,q0.F), 
where Q, 5’, qo, and F are defined as for finite-state transducers, and the 
transition table 6 is a relation from Q x (LU{e}) to Q. 

Transition diagrams similar to those used for representing finite-state trans- 
ducers can also be used to represent finite-state automata. The only difference 
is that in the case of finite-state automata, an edge that corresponds to a 
transition rule (p,a,p) is labeled by the string a. 

Example 2.3.1 The finite-state automaton that is induced by the finite-state 
transducer of Figure 2.2.2 is 

(Q,2,6,90,F), 

" where — 

Q={go0}, 
= {a,b}, - 

6={(90,2,91),(90,0,91)(4155,91),(41,4540)}, 
F= {qo}. 

The transition diagram in Figure 2.3.1 represents the finite-state automaton. 
GB . . ' . . " ‘ 

Fig. 2.3.1. A finite-state automaton that corresponds to 
the finite-state transducer of Figure 2.2.2 

The finite-state automaton M is said to be deterministic if, for each state q 
in Q and for each input symbol a in D, the union 6(q,a)U6(q,£) is a multiset 
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that contains at most one element. The finite-state automaton is said to be 
nondeterministic if it is not a deterministic finite-state automaton.. 

A transition rule (q,0,p) of the finite-state automaton is said to be an € tran- 
‘sition rule if a=e. A finite-state automaton with no e’ transition rules is said 

to be an e-free finite-state automaton. 7 

Example 2.3.2 Consider the finite-state automaton 

M, =({@0;---.96},{0,1}, . Loe 

{(q050,40);(40,€s41 )s(40s€,94) (410542) 5(411,91)> ate 

(42,0,98),(g211,92),(93,0,93),(3,1,91),(g4,0,44), 

(441,45) s(45,0,95).(95,1,98); (461,96), (46,0,94)}s 

The transition diagram of M, ‘is given in Figure 2.3:2. 

Fig. 2.3.2. A nondeterministic finite-state @ntormatan ; . rie x 

M, is nondeterministic owing to the transition rules that originate at state go. 

One of the transition rules requires that an input value be
 read, whereas i e€ 

other two transition rules require that no input value be re
ad. Moreover, 1 

is also nondeterministic when the transition tule (q0,0,40) is 
ignored, because 

M, cannot determine locally which of the other transition r
ules to fo ow on 

the moves that originate at state go. 

The-finite-state automaton M2 in Figure 2.3.3 is a deterministic finite-state 

automaton. 

a,b 

Fig. 2.3.3. A deterministic finite-state automaton 
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Mj, has two ¢ transition rules, and M2 has one. a Oo 

A configuration, or an instantaneous description, of the finite-state automaton 
is a singleton uqv, where q is a state in Q, and wv is a string in &*. The 
configuration, is said to be an initial configuration if u=e and.g is the initial 
state. The configuration is said to be an accepting, or final, configuration if 
v=€ and q is an accepting state. With no loss of generality it is assumed tha 
Q and Y are mutually disjoint. 

Other definitions, like those of Fyy, +, Fig, -*, and acceptance, recognition, 
and decidability of a language by a finite-state automaton, are similar to those 
given for finite-state transducers. , 

Nondeterminism versus Determinism in Finite-State Automata 

By the following theorem, nondeterminism does not add to the recognition 
power of finite-state automata, even though it might add to their succinctness. 
The proof of the theorem provides an algorithm for constructing, from any 
given n-state finite-state automaton, an equivalent deterministic finite-state 
automaton of at most 2” states. 

Theorem 2.3.1 If a language is accepted by a finite-state automaton, then it is 
also decided by a deterministic finite-state automaton that has no € transition 
rules. 

Proof Consider any finite-state automaton M =(Q,5,6,q9.F). Let A, denote 
the set of all the states that M can reach from its initial state go, by the 
sequences of moves that consume the string z, that is, the set {q|qort* rq}. 
Then an input w is accepted by M if and only if A,, contains an accepting 
state. 

The proof relies on the observation that A,q contains exactly those states that 
can be reached from the states in A,, by the sequences of transition rules that 
consume @, that is, Arg={p|q is in A,, and gat* ap}. 

Specifically, if p is a state in Azg, then by definition there is a sequence of 
transition rules 7,,...,7 that takes M from the initial state qo to state p while 
consuming za. This sequence must have a prefix 7;,...,7; that takes M from go 
to some state q while consuming x (see Figure 2.3.4(a)). 

ORY 2OMAE) HH @ Me OMe) TI yye0ey TG TIAL 000g Tt Th yee Th TI e005 To 

(a) ; (0) 
Fig. 2.3.4. Sequences of transition rules that consume za 

Consequently, g is in A, and the subsequence 7;4,,...,7; of transition rules takes 
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M froin state q to state p while consuming a. 

On the other hand; if q is in Az and if p is a state that is reachable from state 

q by a sequence 7},...,Ts of transition rules that consumes a, then the state p 

is in Aza. In such a case, if 7],...,7, is a sequence of transition rules that takes 

M from the initial state gg to state q while consuming z, then M can reach the 

state p from state go by the sequence 7j,...,7,,71,-.-,7s of transition rules that 

consumes va (see Figure 2.3.4(b)). 

As a result, to determine if a)...¢, is accepted by M, one needs only to follow 

the sequence A,,Ag, Aa,aq14ay a, Of sets of states, where each Aaya +1 18 

uniquely determined from Ag,...a; and aj41. Therefore, a deterministic finite- 

state automaton J’ of the following form decides the language that is accepted 

by M. 7 ; 

The set of states of M’ is equal to 

{A|A is a subset of Q, and A=Az for some x in D*}. gi 

Since Q is finite, it follows that Q has only a finite number of subsets A, and 

consequently M’ has also only a finite number of states. The initial state o 

M' is the subset of Q that is equal to A,. The accepting states of M’' are those 

states of M’ that contain at least one accepting state of M. The transition 

table of M’ is the set 

{(A,a,A’)| A and A’ are states of M’, a is in X, and A’ is the set 

of states that the finite-state automaton M can reach 

by consuming a from those states that are in A}. 

By definition, M’ has no € transition rules. Moreover, M' is deterministic 

because, for each z in D* and each a in , the set Aga
 is uniquely defined from 

; 
ia) 

the sct A; and the symbol a. 

Example 2.3.3 Let M be the finite-state automaton whose transition dia
gram 

is given in Figure 2.3.2. The transition diagram in Figur
e 2.3.5 
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€(40,91,42,93,44]) 
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Fig. 2.3.5. A transition diagram of an é-free, deterministic finite-state 
automaton that is equivalent to the finite-state automaton whose: 

transition diagram is given in Figure 2.3.2 : 

represents an e-free, deterministic finite-state automaton that is equivalent to 
M. Using the terminology of the proof of Theorem 2.3.1 

Aoo = Aooo =. Ao...0 = {q0,%1 59293 94 }. 

Ac is the set of all the states that M cai teach without reading any input. go 
is'in A, because it is the initial state of M. gq, and qj'are in A, because M 
has € transition rules that leave the initial state go and enter states:q, aiid qo, 
respectively. 

Ao is the set of all the states that M can reach just by reading 0 from those 
states that are in A,. go is in Ag because qo is in A, and M has the transition 
rule (99,0,90). q1 is in Ag because go is in A, and M can use the pair (q0,0,q0) 
and (q0,€,91) of transition rules to reach qi from go just by reading 0. qo is 
in Ag because go is in A, and M can use the pair (qo,€,91) and (q:,0,g2) of 
transition rules to reach qo from go just by reading 0. Oo 

The result of the last theorem cannot be generalized to finite-state transduc- 
ers, because deterministic finite-state transducers can only compute functions, 
whereas nondeterministic finite-state transducers can also compute relations 
which are not functions, for example, the relation {(a,b),(a,c)}. In fact, there 
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‘rule of the form .(qo,@,q) that is in 6.) . 

Let G=(N,Z,P, [qo]) be a Type 3 grammar, where N has a nonterminal 

are also functions that can be computed by nondetéeriiiinisti¢ finite-state trans- 
ducers but that cannot be computed by deterministic finite-state transducers. 
The following relation 

R= {(x0,0!7!) |x is a string in {0,1}*}U{(z1,1!l) [z is a string in {0,1}*} 

is an example of such a function. The function cannot be computed by a de- 
terministic finite-state transducer because each deterministic finite-state trans- 

ducer M satisfies the following condition, which is not shared by the function: 

if x; ig a prefix of zo and M accepts x, and 2p, then the output of M on input 
x, is a prefix of the output of M on input x2 (Exercise 2.2.5). 6 

rye 
Finite-State Automata and Type 3Grammars __ 

The following two results imply that a language is accepted by a finite-state 
automaton if and only if it is a Type 3 language. The proof of the first result 

shows how Type 3 grammars can simulate the computations of finite-state 

automata. se 
a 

Theorem 2.3.2 Finite-state automata accept only Type 3 languages. 

Proof Consider any finite-state automaton M =(Q,2,6,90,F ). By Theorem 

2.3.1 it can be assumed that M is an e-free, finite-state automaton. With no 

loss-of generality, it can also be assumed that no transition rule takes M to-its 

initial.state when that state is an accepting one:' (If such is not the case, then 

one can add anew state qj, to Q, make the new state gy both an initial and an 

accepting state, and add a:new transition rule (q,0,q) to 6-for each transition 
t 

symbol {g] for each state g in Q and P has the following production rules. 

a. A production rule of the form [q] > a[p] for each transition rule (q,a,p) in 

the transition table 6. oe co, 

b. A production rule of the form [q] > a for each transition rule (g,@,p) in.6 

such that p is an accepting state in F. 

c. A production rule of the form [go] if the initial state go is an accepting 

state in F. og 

The grammar G is constructed to simulate the computations of the finite-state
 

automaton M. G records the states of M through the nonterminal symbols. In 

particular, G uses its start symbol [go] to ini
tiate a simulation of M at state go. 

G uses a production rule of the form [q] + a[p] to simulate a move of M from 

state q to state p. In using such a production rule, G generates the symbol a 

that M reads in the corresponding move. G uses a productio
n rule of the form 
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[a] ~ a instead of the production rule of the form [q]— a[p], when it wants to 
terminate a simulation at an accepting state p. 

By induction on n it follows that a string @,@9...@, has a derivation in G of the 
form 

[gq] >a) [a1] >a, a2[9q2] => o> 01 02...An-} [@n-1] > Q)Q9...dn 

if and only if M has a sequence of moves of the form 

9Q1Q2...dn / 1G) @9...dn + a1a0q003...€,b...F ay + On—19n—14n F A, Q2...0ngn 

for some accepting state q,. In particular the correspondence above holds for 
g=qo. Therefore L(G)=L(M). . oO 

Example 2.3.4 The finite-state automaton M,, whose transition diagram is 
given in Figure 2.3.6(b), . 

. ab 

(a) 

: 
(a) 

Fig. 2.3.6. Two equivalent finite-state automata 

is an e-free, deterministic finite-state automaton. M, is not suitable for a direct 
simulation by a Type 3 grammar because its initial state go is both an accepting 
state and a destination of a transition rule. Without modifications to M, the 
algorithm that constructs the grammar G will produce the production rule 
[40] +€ because go is an accepting state, and the production rule (g;]—> [qo] 
because of the transition rule (q;,6,99). Such a pair of production rules cannot 
coexist in a Type 3 grammar. 

My is equivalent to the finite-state automaton Mo, whose transition diagram 
is given in Figure 2.3.6(a). The Type 3 grammar G=(N,Z,P,[qh]) generates 
the language L(Mp2), if N = {[95],[¢o],[¢1],[¢2]}, © = {a,b}, and P consists of the 
following production rules: . 

[a6] > € 

> ala] 

[go] > ala). 

[a] — [go] 
756 

> alge] 
>a 
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The accepting computation - 

ghabaat aqybaak abggaat abaq at abaage 

of M, on input abaa is simulated by the derivation 

[90] => @[¢1] => abfgo] => abalq,] => abaa 

of the grammar. 

The production rule {q;]—+ a[q2] can be eliminated from the grammar without 
affecting the generated language. oO 

The next theorem shows that the converse of Theorem 2.3.2 also holds. The 

proof shows how finite-state automata can trace the derivations of Type 3 

grammars. 

Theorem 2.3.3 Each Type 3 language is accepted by a finite-state automaton. 

Proof Consider any Type 3 grammar G=({N,2,P,S). The finite-state au- 

tomaton M =(Q,5,6,qs,F) accepts the language that G generates if Q, 4, qs. 

and F are as defined below. 

M has a state qq in Q for each nonterminal symbol A in N. In addition, Q 

also has a distinguished state named gf. The state qs of M, which corresponds 

to the start symbol S, is designated as the initial state of M. The state qy of 

M is designated to be the only accepting state of M, that is, F={qz}. 

M has a transition rule in 6 if and only if the transition rule corresponds 

to a production rule of G. Each transition rule of the form (qa,@,ga) in 6 

corresponds to a production rule of the form A-aB in G. Each transition 

rule of the form (q¢a,a,gf) in 6 corresponds to a production rule of the form 

A- ain G. Each transition rule of the form (gs,€,qs) in 6 corresponds to a
 

production rule of the form S—e in G. 

The finite-state automaton M is constructed so as to trace the 
derivations of 

the grammar G in its computations. M uses its states to keep track of the 

nonterminal symbols in use in the sentential forms of G. M uses its transition 

rules to consume the input symbols that G generates in the direct
 derivations 

that use the corresponding production rules. 

By induction on n, the constructed finite-state automaton
 M has a sequence 

GAotE UGA, M1 F U2gAgd2 FF Un-19A,_1Yn-1 FFG A, 

of n moves. if and only if the grammar G has a derivation of length n of the 

form 
Ag =>u, A; > Ug Ag => ...=> Un-1 An-1>>2. 
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In particular, such correspondence holds for Aj ='S. Consequently, x is in 
L(M) if and only if it is in Z(G). a) 

Example 2.3.5 Consider the Type 3 grammar G = ({5, A ‘B}, {a,b},P, 5), where 
P consists of the following transition rules. 

Sime 
> aA 

+ bB 
A> aA 

> 6b 

od oo - B—- bB 

Do. 4a 

The transition diagram in Figure 2.3.7 

Fig. 2. 3. 7. A finte-state automaton that acepts L(G), 
where G is the Srammat of example 2.3. 5 

represents a finite-state automaton that accepts the language L(G). The deriva- 
tion 

S=aA=aaA=aab 

_ in G is traced by the computation 

" qsaabt aq4abt ag abt aabgs 

of M.- - ce “ Oo 
It turns out that finite-state automata and Type 3 grammars are quite similar 
mathematical systems. The states in the automata play a role similar to the 
nohterminal symbols in the} grammats, and the transition rules in the automata 
play a role similar to the Production rules i in the grammars. 
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Type 3 Grammars and Regular Grammars 

Type 3 grammars seem to be minimal in the sense that placing further mean- 
ingful restrictions on them results in grammars that cannot generate all the 

Type 3 languages. On the other hand, some of the restrictions placed on Type 
3 grammars can be relaxed without increasing the class of languages that they 
can generate. 

Specifically, a grammar G= (N,2,P,S) is said to be a right-linear grammar if 
each of its production rules is either of the form.A—- 7B or of the form Az. 

where A and B are nonterminal symbols in N and z,is.a string of. terminal 
symbols in 5*. . Dot 

The grammar is said to be a left-linear grammar if each of its production rules‘is 

either of the form A—- Bz or of the form A-> 2, where A and B arc nonterminal 

symbols in N and z is a string of terminal symbols in L*. 

The grammar is said to be a regular grammar if it is either a right-linear 

grammar or a left- linear grammar. A language i is said to be a regular language 

if it is generated by a regular grammar. 

By Exercise 2. 3. 5 a language is a. Type 3 language if and only if it is regular. 

‘Regular Languages and Regular Expressions. yet. 

Regular languages can also be defined, froin the empty set and from some finite 

number of singleton sets, by, the operations of union, composition, and Kleene 

closure. Specifically, consider any alphabet 2. Then,a regular set over ¥ is 

defined in the following way. . ; 

a. T he empty set 2, the set {e} containing only the empty string, ind the 

set {a} for each symbol ain S, are tegular sets. 

"+b. If. Dy and Lp» are regular sets, then so are the union L; UL», the, ,composi- 

' tion IyL2, and the Kleene closure Li. 

c. No. other set is regular. , 

By Exercise 2.3.6 the following characterization holds. ° 

Theorem 2.3.4 A set is a regular set if and only if it is accepted b
ya ‘finite- 

state automaton. 

Regular sets of the form 9, {e}, {a}, LVL, L aLp, and L* are qui
te often 

denoted by the expressions 9, €, @, (a) +(8), (a)(B), and (a)*, respe
ctively. a 

and @ are assumed to be the expressions that denote L
y and Lg ina similar 

manner, respectively. a is assumed to be a symbol from the
 alphabet. Expres- 

sions that denote regular sets in this manner are called
 regular expressions. 
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Some parentheses can be omitted from regular expressions, if a precedence 
relation between the operations of 

(1) Kleene closure, 

(2) composition, and 

(3) union 

in the given order is assumed. The omission of parentheses in regular expres- 
sions is similar to that in arithmetic expressions, where closure, composition, 
and union in regular expressions play a role similar to exponeutiation, multi- 
plication, and addition in arithmetic expressions. 

Example 2.3.6 The regular expression 

0*(1°01*00*(11*01*00*)* +0*10*11*(00"10*11*)*) 

denotes the language that is recognized by the finite-state automaton whose 
transition diagram is given in Figure 2.3.2. The expression indicates that each 
string starts with an arbitrary number of 0's. Then the string continues with a 
string in 1*01*00*(11*01*00*)* or with a string in 10*11*(00*10*11*)*. In the 
first case. the string continues with an arbitrary number of 1's, followed by 0, 
followed by an arbitrary number of 1's, followed by one or more 0's, followed 
by an arbitrary number of strings in 11*01*00*. 0 
By the previous discussion, nondeterministic finite-state automata, determin- 
istic finite-state automata, regular grammars, and regular expressions are all 
charactcrizations of the languages that finite-memory programs accept. More- 
over, there are effective procedures for moving between the different charac- 
terizations. These procedures provide the foundation for many systems that 
produce finite-memory-based programs from characterizations of the previous 
nature. For instance, one of the best known systems, called LEX, gets inputs 
that are generalizations of regular expressions and provides outputs that are scanners. The advantage of such systems is obviously in the reduced effort they 
require for obtaining the desired programs. 

Figure 2.3.8 illustrates the structural and functional hierarchies for some de- 
scriptive systems. The structural hierarchies are shown by the directed acyclic graphs. The functional hierarchy is shown by the Venn diagram. 
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Deterministic finite- 
memory programs 

Finite-memory Finite-state 
programs transducers 
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deterministic finite- 
memory programs 

ee . 
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Write-free 

Finite-state finite-mémory 
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Regular 
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Right-linear Left-linear 

>. expressions 

/ 
Deterministic finite- 

state automata 

Regular 
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Type 3 
grammars a, 

\\ —) 
Fig. 2.3.8. The structural and functional relationship between some 

descriptive systems 

2.4 Limitations of Finite-Memory Programs 

It can be intuitively argued that there are computations that finite-memory 

programs cannot carry out, because of the limitations imposed on the amount ; 

memory the programs can use. For instance, it can be argued that {ab |n > } 

is not recognizable by any finite-memory program. The reasoning here is i a 

upon reaching the first b in a given input, the program must remember ow 

many a's it read. Moreover, the argument coritinues that each finite-memory 

program has an upper bound on the number of values that it can record, 

whereas no such bound exists on the number of a’s that the inputs can contain. 

As a result, one can conclude that each finite-memory program can recognize 

only a finite number of strings.in the set {a"b” |n 20}. 

The purposes of this section are to show that there are computations that con 

not. be carried out by finite-memory programs, and to provide orm te inte 

identifying such computations. The proofs rely on abstractions 0 a 

itive argument above. However, it should be mentioned that the Proven ; 

determining for any given language, whether the abl 's can ‘ . ; 

ite- rogram, can be shown to be undeci n 4.9.0). 

Thescfore, no ool can be expected to provide an algorithm that decide
s the 

problem in its general form. | 

A Pumping Lemma for Regular Languages 

The following theorem provides necessary conditions for a lang
uage to be de- 
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cidable by a finite-memory program. The proof of the theorem relies on the 
observations that the finite-memory programs must repeat a state on long in- 
puts, and that the subcomputations between the repetitions of the states can 
be pumped. 

Theorem 2.4.1 (Pumping lemma for regular languages) Every ‘regular lan- 
guage L has a number m for which the following conditions hold. If w is in L 
‘and |w|2m, then w can be written. as ty2, where zy*z is in L for each k 20. 
Moreover, [zy] <m, and |y|>0. 

Proof Consider any regular. langtiage L.. Let M be a finite-state automaton 
that recognizes L.- -By Theorem 2.3.1 it can be assumed that M has no ¢ 

‘transition rules. Denote by m the number of states of M. 

On input w=a,...a, from L the finite-state automaton M hasa computation 
of the form 

Pody-..Anb Q)P)Q9...dn 

F Les  UPIAi+1- 

FQ)...05Pj0j41-0n 

Fay. “OnPn 

The computation goes through some sequence Po.P1,---.Pn of n+1 states, where 
- po is the initial state of M and Pn is an accepting state of M. In each move of 

the computation ‘exactly one input symbol i is being read. 

If the length n of the input is equal at least to the number m of states of M, 
then the computation consists of m or more moves and some state q must be 
repeated within the first m moves. That is, if n>m then’ Pi=p; for some i 
and j such that O<i<j< <m. In such a case, take x =a)...a;, y= j4+1.-.€;, and 
L= FAjpyee 7 ; . 

With such a «decomposition xzyz of w the above computation of M takes the 
form 

poryzt* xqyz F* xyqz F* TYZDn 

During the computation the state q= p= pj of M is repeated. The string 
x is consumed before reaching the state q that is repeated. The string y. is 
_consumed between the repetition of the state q. The string z is consumed after 
the repetition of state q. ae fo. . 

: . F 
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Consequently, M also has an accepting computation’ a of the > form 

Dory 2t* ngy* z 

F* cygy* 

F ry*qz 

+ zy* ZDn 

for each k20. That is, M has an accepting computation on zy*z for each 
k>0, where M starts and ends consuming each y. in state q.: 

The substring y that is consumed between the repetition of state q is not empty, 

because by assumption M has no ¢ transition rules. Qo 

Example 2.4.1 Let L be the regular language accepted by the finite-state 

automaton of Figure 2.4.1. 
. a 1 “a we . . 1 . . 

Fig. 2.4.1. A finite-state a automaton 

Using the terminology in the proof of the pumping lemma (Theorem 2.4. 11), 

has the constant m= 3. . 

On input w= ababaa; the finite-state: automaton goes through the
 sequence 

90391+90+91,90:91,92 of states. For such an input the pumping 
lemma provides 

the decomposition x =e, y=ab, z=abaa; and the decomposition s=a, y= ba, 

z=baa. The first decomposition is due to the first repetition of stat
e qo; the 

second is a result of to the first repetition of state qi. 

For each string w of a minimum length 3, the pumping lemma ‘imp
lies a de- 

composition ryz in which the string y must: -be either ab
 or ba or ac. If y=ab, 

then x=e and the repetition of go is assumed. If y=ba,: then z=a and. the 

repetition of q, is assumed. If y=ac, then x=a and the repetition of 1 is 

assumed. 

Applications of the Pumping Lemma. 

For proving that a given language L is not regular, the pumpin 

the following schema of reduction to contradictio
n. 

g lemma implies 

a For the purpose of the proof assume that Lis
a regular language. 

b. Let m denote the constant implied by the p
umping lemma for'L, under 

‘the assumption in (a) that L is regular.” 
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c. Find a string w in L, whose length is at least m. Require that w implies 
a k, for each decomposition ryz of w, such that zy*z is not in L. That 
is, find a w that implies, by using the pumping lemma, that a string not 
in Z must, in fact, be there. 

d. Use the contradiction in (c) to conclude that the pumping lemma does 
not apply for LD. 

e. Use the conclusion in (d) to imply that the assumption in (a), that L is 
regular, is false. 

It should be emphasized that in the previous schema the pumping lemma im- 
plies only the existence of a constant m for the assumed regular language L 
and the existence of a decomposition ryz for the chosen string w. This lemma 
does not provide any information about the specific values of m,x,y, and z be- 
sides the restriction that they satisfy the conditions |zy|<m and ol >0. The 
importance for the schema of the condition |xy| <m lies in allowing some limi- 
tation on the possible decompositions that are to be considered for the chosen 
w. The importance of the restriction ly|>0 is in enabling a proper change in 
the pumped string. 

Example 2.4.2 Consider the nonregular language L = {0"1"|n 20}. To prove 
that L 1s nonregular assume to the contrary that it is regular. From the as- 
sumption that L is regular deduce the existence of a fixed constant m that 
satisfies the conditions of the pumping lemma for L. 

Choose the string w=0"1™ in L. By the pumping lemma, 0""1™ has a decom- 
position of the form xyz, where |zy|<m,|y|>0, and zy*z isin L for each k>0 
That is, the decomposition must be of the form x =0',y=0), and z =9™-i-jjm 
for some i and j such that j>0. (Note that the values of i, j, and m cannot 
be chosen arbitrarily.) Moreover, xy°z must be in L. However, ry°z =0™-J1™ 
cannot be in ZL because 7>0. It follows that the pumping lemma does not 
apply for L, consequently contradicting the assumption that L is regular. 

Other choices of w can also be used to show that L is not regular. However, 
they might result ina more complex analysis. For instance. for w=0"-!1™-! 
the pumping lemma provides three possible forms of decompositions: 

a. c=0', y=), z=0™-i-5-1ym-1 fo, some j >0. 
b. c=0™"!~J, y= 071, z=1™-? for some j >0. 
ce. c=0"7), y=1, z=1"-2, 

In such a case, each of the three forms of decompositions must be shown to 
be inappropriate to conclude that the pumping lemma does not apply to w. 
For (a) the choice of k=0 provides zy°z=0"-1-31™-! not in L. For (b) the 
choice of k=2 provides zy?z=0™-!1071™-! pot in L. For (c) the choice of 
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c=0 provides zy°z=0"-'1"-? not in L. | en: 
Example 2.4.3 Consider the nonregular language L = {aa"®’ |q is in {a,b}*}. 
‘Yo prove that L is not regular assunie to the contrary that it is regular. Then 

deduce the existence of a fixed constant m that satisfies the conditions of the 
pumping lemma for LD. 

Choose w=a™bba™ in L. By the pumping lemma, a™bba™=xyz for some 
z,y, and z such that |zy|<m,|y|>0 and zy*z is in L for each k 20. That is, 
z=a',y=a), and z=a™~'-Jbba™ for some i and j such that 7 >0. However. 
zy°z =a" bba™ is not in L, therefore contradicting the assumption that L is 

regular. 

It should be noted that not every choice for w implies the desired contradiction. 

For instance, consider the choice of a?" for w. By the pumping lemma, am 

has a decomposition ryz in which c=a',y=ai, and z=a2™—*-J for some and 

j such that 7 >0. With such a decomposition, zy* z=a2™+(k-)3 is notin L-if 

and only if 2m+(k—1)j is an odd integer. On the other hand, 2m+(k—1)7 

is an odd integer if and only if k is an even number and j is an odd number. 

However, although k can arbitrarily be chosen to equal any value,such is not 

the case with 7. Consequently, the choice of a2™ for w does not guarantee the 

desired contradiction. “ oO 

A Generalization to the Pumping Lemma 

The proof of the pumping lemma is based on the observation that a st
ate is 

repeated in each computation on a *long” input, with a portion of the inp
ut 

being consumed between the repetition. The repetition of the state allows the 

pumping of the subcomputation between the repetition to obtain new accepting 

computations on different inputs. The proof of the pumping lemma with minor 

modifications also holds for the following more general theorem. -” .- 

Theorem 2.4.2 For each relation R that is computable by a finite-state tra
ns- 

ducer, there exists a constant m that satisfies the fol
lowing conditions. If 

(v,w) is in R and |v|+|w| 2m, then v can be written a8 TyYyZy
 and w can be 

written as TyYwZw, Where (ryyk zy, wy Zw) is in R for each k>0. Moreover, 

lcyye|+ltw¥wl <m; and |yo|+lyw] > 9. 

similar to the one that uses the pumping lemma fo
r determining 

A schema 
mining relations that nonregular languages, can utilize Theorem 2.4.2 for deter 

are not computable by finite-state transducers. 

‘Example 2.4.4 The relation R= { (u,u"”) [wu is in {0,1}*} is not computable 

by a finite-state transducer. If R were computable by 
a finite-state transducer, 

then there would be a constant m that satis
fies the conditions of: Theorem 

2.4.2 for R. In such a case, since (o™1™,
1"0™) is in R, then u=0™1 _could 
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be written as 2,y,z, and u”’=1"0™ could be written as LwYwZw, Where 

Ly =O Y= OF, 2y =0™-ie —je 1™, 

Ly 21, yy =e, zy=1"-tw-FeQ™ and © 

JutJw >0. 

Moreover, it would be implied that 

(royPzy,Twy®, Zw) = (O™-Je™, 17 —-Jw 0”) 

must also be in R, which is not the case. Oo 

2.5 Closure Properties for Finite-Memory Programs 

A helpful approach in simplifying the task of programming is to divide the given 
problem into subproblems, design subprograms to solve the subproblems, and 
then combine the subprograms into a program that solves the original problem. 
To allow for a similar approach in designing finite-state transducers (and finite- 
memory programs), it is useful to determine those operations that preserve the 
set of relations that are computable by finite-state transducers. Such knowledge 
can then be used in deciding how to decompose given problems to simpler 
subproblems, as well as in preparing tools for automating the combining of 
subprograms into programs. 

In general, a set is said to be closed under a particular operation if each ap- 
plication of the operation on elements of the set results in an element of the 
set. - 

Example 2.5.1 The set of natural numbers is closed under addition, but it is 
not closed under subtraction. The set of integers is closed under addition and 
subtraction, but not under division. The set 

{S| 5S is a set of five or more integers } 

is closed under union, but not under intersection or complementation. The set 

{S| 5S is a set of at most five integer numbers } 

is closed under intersection, but not under union or complementation. Oo 

The first theorem in this section is concerned with closure under the operation 
of union. 

Theorem 2.5.1 The class of relations computable by finite-state transducers 
is closed under union. 
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-Let Ms be the finite-state transduccr (Qs,23,As,63,90,F3), where: 

Proof Consider any two finite-state transducers a 

M, =(Q1,5),A) 191 Gor Fi), , ' 

and , ae Lo 
Mp = (Q2,22,A2,62,4025F2). 1, 

With no loss of generality assume that the sets Q, and Q2 of states are mutually 

disjoint, and that neither of them contains 9p. a Do 

4 

Q3=Q1 UQ2U {a0}, 

3 = LUZ, . 

63 =0) Ud2U {(qo,€,901 5€) (90,902 1) }, and. 

B =F,UF, 

(see Figure 2.5.1). _ . ae Totty 

ig.2.5.1. A scheata of a finite-state transducer Mg 

mis that computes R(M,)UR(M2) 

Intuitively, Mz is a finite-state transducer that at the start of each compu- 

tation nondeterministically chooses to trace either a computation of M, ora 

computation of M2. | 

By construction, R(Ms3) = R(M,)UR(M). 

in simplifyi : i losure prop- Besides their usefulness in simplifying the task of programming, ¢ -Pr 

erties can also be used to identify relations that cannot be computed by
 finite 

state transducers. - — . 

_— tat}, 

Example 2.5.2 The union of the languages Li ={e} and L2 ={0 os 21} ss 

equal to the language Ls = {0'1'|i 20}. By Theorem 2.5.1 the union _ a8 

Lo of L, and Le is a regular language. if L; and Dy are regular
 nae Le is 

L, ={e} is a regular language, it follows that [3 isa 
regular peo 30} 

a regular language. However, by Example 2.4.2 the la
nguage 3 - |i20} 

is not regular. Consequently, is also Ly = {0'1*|
i 21} not regular. 

ao 

The relations Ri ={(0'l,c!) i,j 1} and Re={(0'V,c’) Meee isin Rif 
putable by deterministic finite-state transducers. 

The pair (0°1’, 
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and only if k=i, and it is in Rp if and only if k=j. The intersection Ri NR» 
contains all the pairs (0'1),c*) that satisfy k=i= j, that is, R,;NR» is the 
relation {(0"1",c")|n>1}. 

If Rj NR2 is computable by a finite-state transducer then the language {0"1" | 
n 21} must be regular. However, by Example 2.4.2 the language is not. reg- 
ular. Therefore, the class of the relations that are computable by finite-state 
transducers is not closed under intersection. - , 

The class of the relations computable by the finite-state transducers is also not 
closed under complementation. An assumption to the contrary would imply 
that the nonregular language Ri NR is regular, because by DeMorgan’s law 

That is, an assumed closure under complementation would imply that 2, and 
Ry arc computable by finite-state transducers. Theorem 2.5.1 would then im- 
ply that the union Ry UR2 is computable by finite-state transducers. Finally, 
another application of the assumption would imply that 

' (Rj UR2) = Ri NR, 

is also computable by a finite-state transducer. 

The choice of R, and Ro also implies the nonclosure, under intersection, of 
the class of relations computable by deterministic finite-state transducers. The 
nonclosure under union and complementation, of the class of relations com- 
putable by deterministic finite-state transducers, is implied by the choice of 
the relations {(1,1)} and {(1,11)}. 

For regular languages the following theorem holds. 

Theorem 2.5.2 Regular languages are closed under union, intersection, and 
complementation. 

Proof By DeMorgan’s law and the closure of regular languages under union 
(see Theorem 2.5.1), it is sufficient to show that regular languages are closed 
under complementation. 

For the purpose of this proof consider any finite-state automaton 

By Theorem 2.3.1 it can be assumed that M is deterministic, and contains no 
€ transition rules. 

Let Meos be M with a newly added, nonaccepting ”trap” state, say, grrap and 
the following newly added transition rules. 
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y
e
t
 

a. (9-,9trap) for each pair (g,a) - of a state q in Q and of an input symbol 
a in S' — for which no move is defined in M. That is, for each (q,a) for 

which no p cxists in Q such that (g,a,p) is in 6. oo 

b. (Qrup:@;4trap) for each input symbol a in ©. _ . 

By construction Meoy is a deterministic finite-state automaton equivalent to 

M . Moreover, Meos consumes all the inputs until their end, and it has no € 

transition rules. | 

The complementation of the language L(M) is accepted by the finite-state 

automaton Meompiement that is obtained from Meoy by interchanging the roles 

of the accepting and nonaccepting states. 

For each given input a)...@, the finite-state automaton Meomplement has a 

unique path that consumes @}...a, until its end. The path correspon s to the 

sequence of moves that Meos takes on such an input. Therefore, complement 

reaches an accepting state on a given input if and only if Meog does not reac 

inpu 0 
an accepting state on the input. | . . 

Example 2.5.3 Let M be the finite-state automaton whose transition diagram 

is given in Figure 2.5.2(a). 

(2) 

i i the compementation. ig. 2.5.2. The finite-state automaton in (b) accepts tl 

me of the language that the finite-state automaton in (a) accepts 

The complementation of L(M) is accepted by the finite-state automaton whose 

transition diagram is given in Figure 2.5.2(b). . 

i to_ 
Without the trap state qrrap, neither M nor Meomplement would be able 1. 

accept the input 011, because none of them would be able to c 

whole input. 
. . - 

Without the requirement that the algorithm has to
 be applied one on soeut 

ministic finite-state automata, Mcomplement could
 end up ce ' atts 

that M also accepts. For instance, by adding the 
transition mu ct hs a ip 

M and Meomptements 02 input 01 each of th
e finite-state a oma oa veatse 

either in state go or in state q;. In such a case, M wou G aceee ae reac
h 

it can reach state qi, and Meomptement Would
 accept : 

oO 
state do. 
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2.6 Decidable Properties for Finite-Memory Programs 

The emptiness problem, the. equivalence. problem, the halting problem, and 
other decision Problems for finite-memory programs or, equivalently, for finite- 
state transducers are defined in a similar manner as f > ge ; 
oroprame > defin milar or the general class of 

nearie she equivalence problem for finite-state transducers asks for any 
N pair of finite-state transducers whether or not th 

the same relation.: . : ° ansducers rompuse 

Similarly, the halting problem for finite-state transducers asks for any given 
pair (M,z), of a finite-state transducer M and of an input x for M, whether 
or not-M has only halting computations on =. : 

In this section, some. properties of finite-state transducers are shown to.be de- 
cidable. The proofs are constructive in nature and they therefore imply effective 
algorithms for determining the properties in discourse. The first theorem is in- 
teresting mainly for its applications (see Example 2.1.2). It is concerned with 
the problem of determining whether an arbitrarily given finite-state automaton 
accepts no input. 

Theorem 2.6.1 The emptiness problem is decidable for finite-state automata. 

Proof Consider any finite-state automaton M. M accepts some input if and 
only if there is a path in its transition diagram from the node that corresponds 
to the Initial state to a-node that corresponds to an accepting state. The 
existence of such a path can be determined by the following algorithm. 

Step 1 Mark i siti i ini 
ee vara in the transition diagram the node that corresponds to the initial 

Step 2 Repeatedly mark those unmarked nodes in the transition diagram that 
are reachable by an edge from a marked node. Termi re . Terminate th 3 
additional nodes can be marked. ® Process when no 

Step 3If the transition diagram contains a marked node that corresponds to an 
accepting state, then determine that L(M) is not empty. Otherwise, determine” 
that L(M) is empty. ye 
py definition, a program has only halting coriputations on inputs that it ac- 
cepts. n the other hand, on each input that it does not accept, the program 
may have some computations that never terminate. a 
An ‘important general determination about programs is whether they halt on 
an ees. The proof of the following theorem indicates how, in the case of 
nite-memory programs, the uniform halting problem can be reduced to the 
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‘emptiness problem. 

Theorem 2.6.2 The uniform halting problem is decidable for finite-state.au- 

tomata. : 

Proof Consider any finite-state automaton M =(Q,2,6;90,F).. With no loss 

of generality, assume that the symbol c is not in 2, and that Q has n states. In 

addition, assume that every state from which M can reach an accepting state 

by reading nothing is also an accepting state. Let A bea finite-state automaton 

obtained from M by replacing each € transition tule of the form (q,¢,p) with 

a transition rule of the form (q,c,p). Let B be a finite-state automaton that 

accepts the language 

{x|« is in (2U{c})*, and c” is a substring of x}. 

M has-a nonhalting computation on a given input if and only if the fol
lowing 

two conditions hold. 

a. The-input is not accepted by M. 

b. On the given input M can reach a state that can be repeated without 

reading any input symbol. , 

Consequently. M has a nonhalting computation if and only if A acce
pts some 

input that has c” as a substring. 

By the proof of Theorem 2.5.2, a finite-state automa
ton C can be constructed 

to accept the complementation of L(A). By that sa
me proof, a finite-state 

automaton D can also be constructed to accept the’ intersect
ion of L(B) and 

L(C). 
. 

By construction, D isa finite-state automaton that accepts exactly those inputs 

that have c” as a substring and that are not accepted by A. 
That is, D accepts 

no input if and only if M halts on all inputs. The theorem thus follows from 

Theorem 2.6.1. 

For finite-memory programs that need not 
halt on all inputs, the proof of the 

following result implies an algorithm to decide 
‘whether or not they halt on 

specifically given inputs. 

Theorem 2.6.3 The halting problem is deci 

Proof Consider any finite-state automaton
 M and any in 

As in the proof of Theorem 2.3.1, on
e can derive -for each i=l,...,n the se

t 

Agq,---a; Of all the states that can be reac
hed by consuming 41...04. Then M is 

determined to halt on @,...dn if and only
 if either of the following two conditions 

hold. 

a. Ag,..a, contains an accepting state. 
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dable for finite-state automata. 

put @)...An for M.



b. For no integer i such that 1 <i <n the set Ag,---a; Contains a state that can 
be reached from itself by a - Sequence of one or more moves on & transition 
rules. ! oO 

There are many other properties that are decidable for finite-memory programs. 
This’ section concludes with the following theorem. 

Theorem 2. 6.4 The equivalence problem is decidable for finite-state automa- 
ta. - i 

Proof Two finite-state automata My, and Mp are equivalent if and only if the 
relation 

(L(Mi)NL(M2))U(L(My)NL(Mz)) = 
holds, where L(M,) denotes the complementation of L(M;) for i=1,2. The 
result then follows from the proof of Theorem 2.5.2 and from Theorem 2.6.1. 
og 

doa 

The result in Theorem 2.6.4 can be shown to-hold also for deterministic finite- 
state transducers (see Corollary 3.6.1). However, for the general class of finite- 
state transducers the equivalence problem can be shown to be undecidable (see 
Corollary 4.7. 71). 

2.7 Exercises 

2.2.1 Let P.be a program with k instruction segments and a domain of 
variables of cardinality m. Determine an upper bound on the number of states 
of P, and an upper bound on the number of possible transitions between these 
states. 

2.2.2 - Determine the diagram representation of a finite-state transducer that 
models the computations of the program in Figure 2.E.1. 

Gi? 

do 
read y 

until y#z2 

do 
ysSyte 
write y 

r 
‘if eof then accept 
reject 

until false 

Figure 2.E.1, 
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Assume that the domain of the variables,is {0,1}, and that 0 is the initial 

value in the domain. Denote each node in the transition diagram with the 

corresponding state of the program. 

2.2.3 For each of the following relations give a finite-state transducer that 

computes the relation. 

a. {(adty,a'b’) NE and y are in {a,b}*, i=(number of a's in x), and j= 

(number of b's in y)} 

b. {(z,c')|z is in {a,b}*, and i= (number of appearances of the substring 

abb’s in x)} - 

c. {(2,¢ ‘)jei is in {a,b}*, and i= (number of appearances 0 of the substring. 

aba’s in x)} . 

d. {(1',1)|i and j are natural numbers and i>} 

e. {(z,a)|2 is in {0,1}*, @ is.in {0,1}, and @ appears at least..twice in the 

string x} 

f. {(xy,a'b’)|a and y are in {a, b}*, i= (the number of a's in z), and j= 

(the number of b's in y)} 
. . 

{(z,y)|2 and y are in {a,b}*, and either x is a substring of y or y is a 

substring of x} 

h. {(z.9) |x is in {a,b}*, yisa substring of x, and the first and. last symbols 

in y are of distinct values } 

‘i. {(z,y)|x and y are in {a,b}*, and the substring ‘ab has the same 
number 

of appearances in x and y} 

j. {(17,14) |¢= 27 or i= 33} 

k. {(1',17)|¢# 23} 
1. {(a,y)|a and y are in {a,b}*, and the number of a 's in x dif

fers from the 

number of b's in y} . | 

{(z,y)|x and y are in {0,1}*, and (the natural 
number represented by y) 

= 3(the natural. number represented by z)} 
. 

a- 

n. {((74).. A ) 21. Zn) [Lys EaYlrroYarZ sve
n are in {0, 1}, and (the n 

ented 
tural number represented by z1...2n)— (the natural 

number repres 

by 41 --Jn) = (the natural number represe
nted by 21.. Zn)} 

2.2.4 Let M=(Q,2,4,6,00,F F) be the det
erministic finite-state transducer 

whose transition diagram is given in Figur
e 2.E.2. 

g. 
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For each of the following relations find a finite-state transducer that computes the relation. CT , 

a. {(z,y)| zis in L(M), and y is in A*}. ; 
b. {(z,y)|z is in L(M), y is in A*, and (x,y) is not in R(M)}. 

2.2.5: Show that-if a deterministic finite-state transducer M accepts inputs 2, and 22 such that 2; is a prefix of x2, then on these inputs M outputs y, and ¥2, Tespectively, such that y, is a prefix of yo. 

2.2.6 Determine-the sequence of configurations in the computation that the finite-state transducer 

{{dovai 92}, {0s4}, {4,8}, {(40,0,91 2) (a1;1,90,4);(4151,424€)s(a2.€,91,8)},40,{0}) 

has on input 0101. 

2.2.7 Modify Example 2.2.16 for the case that M is the finite-state transducer ‘whose transition diagram is given in Figure 2.2.2. 

2.3.1 For each of the. following languages construct a finite-state automaton that accepts the language: ae “eee 

a. {z|z is in {0,1}*, and no two 0's are adjacent in x} 
b. {x]|z isin {a,b,c}*, and none of the adjacent symbols in x are equal } 
c. {x|z is in {0,1}*, and each substring of length 3 in z contains at least ‘two 1's} , ; 
d. {17 |z=32-+5y for some natural numbers xz and y} _ 
e. {x|z is in {a,b}*, and x contains an even number of a's and an even umber of b's} 
f.,,{¢|z is in {0,1}*, and the number of 1's between every two 0's in x is even } 7 ‘ a7 

g.. {r|z is in {0,1}*, and the number of I's between every two substrings | of the form 00 in z is even } — ; 
h. {x|z is in {0,1}*, but not in {10,01}*} 
i. {r|z is in {a,b,c}*, and a substring of x is accepted by the finite-state automaton of Figure 2.4.1 } 
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2.3.2 Find a deterministic finite-state automaton that is equivalent to ‘the 

finite-state automaton whose transition diagram is given in Figure 2.E.3. 

Figure, 2.E.3 a 

2.3.3 Find a Type 3 grammar that ‘generates the language accepied y the 

finite-state automaton whose transition diagram is given in Figure 2.5. 7 

n) 

2.3.4 Find a finite-state automaton that accepts the language L(G), for the 

case that G=(N,2,P,S) is the Type 3 grammar whose production rules are 

listed below. tO 
S—+4aA 

= bB 

+ 6b yee 

A —-> aS. vo 

7b. 

Ba 5 ee 

+ bA OS 

C7 aB™ 
ry 

2.3.5 Show that a language is generated by a Type 3 gramme A a ted by 
it is getierated by a right-linear grammar; and‘if and only it 1s generated NY 

a left-linear gramriiar: ree een 
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2.4.1 Let M be the finite-state automaton wh iti : - os 
: ose t 
in Figure 2.E.5. e transition diagram is given 

Using the notation of the proof of the pumping lemma for regular languages 
Th i ¢ ( Mr 2.4.1), what are the possible values of m, z, and y for each w in 

2.4.2 Use the pumping lemma for re gular languages to show that 
following languages is regular. nes ow Meat mene of ine 

. {a"b*|n>t} 
. {v|v is in {a,5}*, and v has fewer a's than b's} 

c. {z]z is in {a,b}*, and z=2"e} 
d. {vv"*’|v is accepted by the finite-state automaton of Figure 2.E.6} 

0 

He, OG) 
Figure 2.E.6 

o
r
 
fp

 

{a™’ |n>1} 
f. {a"b'|n At} 

8. {x|z is in {a,b}*, and e#2"°} 

@
 

203 Show that each relation R computable by a finite-state transducer has a fixed integer m such that the following holds for all (v,w) in R. If lw] > m-max(l1,|v|), then w=zyz for some x.y.z s is i 
le}), »Y¥,z such that k 

EDO. Moreover cidene y,z such that (v,ry*z) is in R for all 

2.4.4 Prove that the relation {(a‘b/ ,¢*) |i and j are natural numbers and k= i-j} is not computable by a finite-state transducer. 

2.5.1 Let M, be the finite-state automaton given in Figure 2.E.3, and Ms be . the finite-state automaton in Fi i given in Figure 2.E.6. Give a finite- that accepts the relation R(M,)NR(M2). merstate automaton 
100 

2.5.2 For each of the following cases show that regular sets are closed under 

the operation ¥. ‘ wit 

a. w(L)= {z|z is in L, anda proper prefix of z isin L}. 

b. %(L,,L2) ={xyzw|xz is in Ly, and yw is in Lo}. 

2.5.3 Let ¥ be a permutation operation on languages defined as 

(L)={z|zx is a permutation of some y in L}. 

Show that regular sets are not closed under W. 

2.5.4 Show that the set of relations that finite-state transducers compute is 

closed under each of the following operations ¥: ; oe 

a. Inverse, that is, ¥(R)=R7={(y,2)| (x,y) isin R}. 7°. 

b. Closure, that is, D(R)=U;z0R’. - eS 

‘¢. Composition, that is, ce 

¥(R,,R2)={(z,y) |c=21 22 and y=y1y2 for some 

(x1,y1) in Ry, and some (z2,y2) in Ro}. 

d. Cascade composition, that is, 

W(R,,Ro)={(z.z)|(z,y) is in R, and (y,z) is in Rp for some y}. 

2.5.5 Show that the set of the relations computed by deterministic finite-state 

transducers is not closed under composition. 

2.5.6 Let M be the finite-state automaton whose transition diagram is given in 

Figure 2.E.3. Give a finite-state automaton that accepts the complementation 

of L(M). 

2.5.7 Show that the complementation of a relation computable by a deter- 

ministic finite-state transducer, is computable by a finite-state transducer. 

2.6.1 Show that the problem defined by the following pair is de
cidable: 

Domain: {M|M is a finite-state automaton } 

Question: Is L(M) a set of infinite cardinality for the given instance M ? 

2.8 Bibliographic Notes 

Finite-memory programs and their relationsh
ip to finite-state transducers have 

been studied in Jones and Muchnick (1977). Thei
r applicability in designing 
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lexical analyzers can be seen’ in Aho, Sethi; and Ullman (1986). Their appli- 
cability in designing communication protocols is discussed in Danthine (1980). 
Their usefulness for solving systems of linear Diophantine equations follows 
from Biichi(1960). Finite-state transducers were introduced by Sheperdson 
(1959). Deterministic finite-state automata originated in McCulloch and Pitts 
(1943). Rabin and Scott (1959) introduced nondeterminism to finite-state au- 
tomata, and showed the equivalency of nondeterministic finite-state automata 
to deterministic finite-state automata. The representation of finite-state trans- 
ducers by transition diagrams is due to Myhill (1957). Chomsky and Miller 
(1958) showed the equivalency of the class of languages accepted by finite-state 
automata and the class of Type 3 languages. Kleene (1956) showed that the 
languages that finite-state automata accept are characterized by regular expres- 
sions. LEX is due to Lesk (1975). The pumping lemma for regular languages 
is due to Bar-Hillel, Perles, and Shamir (1961). Beauquier (see Ehrenfeucht, 
Parikh, and Rozenberg, 1981) showed the existence of a nonregular language 
that certifies the conditions of the pumping lemma. The decidability of the 
emptiness and equivalence problems for finite-state automata, as well as Exer- 
cise 2.6.1, have been shown by Moore (1956). Hopcroft and Ullman (1979) is 
a good source. for additional coverage of these topics. 

102 

Chapter 3 . 7 

RECURSIVE FINITE-DOMAIN _ 
PROGRAMS 

Recursion is an important programming tool that deserves an ane
 on 

its i i additional importance her: - 
its own merits. However, it takes on onal i arta oy PO te 

vi i s — between the restricted class ing an intermediate class of programs rict Ie 

memory programs and the general class of programs. T
his intermediate cass 

i i i i ion into finite-domain programs. is obtained by introducing recursion in natn Thome 

i i i tion of.recursion in programs. 1] 
section of this chapter considers the notio: 

Tas oad by 

; i i ite-domain programs are charact ond section shows that recursive finite-d 
md 

finite-state transducers that are augmented by aer
a ae is i bi am 

ici ization fo: si ite-domai I 
tical characterization for the recursive ni | Progr 

in the third section. The fourth section considers t
he limitations of recursive 

fnite-domain programs: And the fifth and-sixth sections consid
er closure an 

decidable properties of recursive finite-domain programs, respectively. 

3.1 Recursion 

The task of programming is in many cases easier whe
n Fecursion rohan 

However, although recursion does not in general increase the
 se of ams 

that the programs can compute, in the.specific ca
se of :finite-domai P : 

such an increase is achieved. 
8 seine, . 

rog ‘by the instructi is elow. 
Here recursion is introduced to programs 

by the instructions liste 

‘a Pseudoinstructions of the following form : ee 

| | procedure (procedure name)((list 
of formal. parameter s)) 

dprocedure body) 

end 
| _ 

ach list of fofmal parameters These are uséd for defining procedures t, and éach procedure body 
consists of variable names that are all disti

nc 

"consists of an'arbitrary sequence of i
nstructions. 
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b. Call instructions of the following form: 

call (procedure name) ((list of actual parameters)) 

These are used for activating the execution of procedures. Each list of 
actual parameters is equal in size to the corresponding list of formal pa- 
rameters, and it consists of variable names that are all distinct. 

c. Return instructions of the following form : 

return 

These are used for deactivating the execution of procedures. The instruc- 
tions are restricted to appearing only inside procedure bodies. 

Finite-domain programs that allow recursion are called recursive finite-domain 
programs. 

An execution ofa call instruction activates the execution of the procedure that 6 invoked. The activation consists of copying the values from the variables in e list of actual parameters to the corresponding variables in the list of formal parameters, and of transferring the control to ¢ instruction i 
of the want g o the first inst uction in the body 

An execution of a return instruction causes the deactivation of the last of those activations of the procedures that are still in effect. The deactivation causes the trans er of control to the instruction immediately following the call instruction at was responsible for this last activation. Upon the transfer of control the values from the variables in the list of formal parameters are copied t the corresponding variables in the list of actual parameters. In addition the variables that do not appear in the list of actual parameters are restored to their values just as before the call instruction was executed. 

aN the variables of a program are assumed to be recognized throughout the ull scope of the program, and each of them is allowed to appear in an arbitra number of lists of formal and actual variables. ° 
Any attempt to enter or leave a procedure without using a call instruction or 

Trample 3-1-1 Let P be the recursive finite-domain program in Figure 3.1.1. i ariables are assumed to have the domain {0,1}, with 0 as initial value. € program P accepts exactly those inputs in which the number of 0's is 
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r
w
 

equal to the number of 1’s. On each such input the program outputs those 

input values that are preceded by the same.number of 0's as 1's. 

do . de dy +] 

if eofthen accept /* I +/ 
read z * [a Is +] 

_ write x J+ Ig */ 
call RP(z) de Isa] 

until false [+ Ig +/ 

procedure RP(y) 
- do” dads] 

read z /* Is +/ 
if z#y then [+ Ig */ 

return /* Iho */ 

until false /+ ha +/ 
end 3 oS 

fa 

Figure 3.1.1 A recursive finite-domain program 

On input 00111001 the program starts by reading the first in
put value 0 in I, 

writing 0 in J,, and transferring the control-to..RP in. Js
. Upon entering RP. 

g=y=z=0. In RP the program uses instruction segment Ig
 to read the second 

input value 0, and then it calls RP recursively.in J). 

The embedded activation of RP reads the first 1 in the input a
nd then executes 

the return instruction, to resume in [2 with s=y
=z=0 the execution of the 

first activation of RP. The procedure continues by read
ing the second 1 of the 

and then returns to resume the execution of the main p
rogram in 

input into z : 

" gram reads 1 into x, prints out that value, Ig with c=y=z=0. The main pro. 

and invokes AP. 

=1 and z=0. The procedure reads 0 and th
en returns 

main program reads into x the last 0 

RP again. RP reads the last input 

where the computation is 

Upon entering RP, z=y 

the control to the main program. :-The 

of the input, prints the value out, and calls 

value and returns the control to the main progra
m, 

terminated at Ib. 
—_ 

The table in Figure 3.1.2 shows the flow of data up
on the activatio 

tivation of RP. ae re 
n and deac- 
ee 

a 
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Values Comments Values Comments 
. of _ -of : 
Zyy,z - LyYy,z 

600 Initial values 

000 * Call * Is . ? 0 . Call at I 

000 Continue at I7 110 Continue at I7 

0 09 Call at Thy t}0 Return 

00 Continue at Iz 100 Continue at Ig 

0 q Return 0 Call at Is 

000 Continue at Ij 000 Continue at 77 

o 1 Return . % 1 Return 

000 Continue at Ig 000 Continue at Jg 

Fig. 3.1.2. Flow of data in the Program of Figure 3.1.1 on input 00111001 

call RP(parity) 
if parity=0 then 

if eof then accept 
reject 

procedure RP(parity) 
do /+* Process the next symbol in w, +/ 

read x ; 

writes 
parity :=1—parity 

call RP(parity) 
or /* Leave w and go to wTe”, x/ 

return 

until true 
/* Process the next symbol in wt”, «/ 
read y 

if y#2 then reject 
return 

end 

Figure 3.1.3. A recursive finite-domain program 
ate en given here for recursion is not standard, but can be shown to none er ae ard definitions. The sole motivation for choosing the rogramne Tt ion is because it simplifies the notion of states of recursive throught at onven ion that the variables of a program are recognizable € full scope of the program is introduced to allow uniformity in 
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the. definition. of states. The convention — that upon theexecution of a return 

‘instruction the variables.that do not appear in the list of actual parameters are 

restored to their'values just beforc the cxccution of the corresponditig call iti- 

structions --is introduced to show a resemblance to the riotion of local variables 

in procedures. ; 

Example 3.1.2 The recursive finite-domain program in Figure 3.1.3 computes 
the relation 

{(wwe w) |w is a string of even length in {0,1}*}. 

The domain of the variables is assumed’ to equal {0,1}, with 0 as initial value. 

On input 00111100 the program has a unique computation that gives the output 

0011. The program makes five calls to the procedure RP while reading 0011. 

Then it proceeds with five returns while reading 1100. 0 

It turns out that an approach similar to the one used for studying finite-memory 

programs can also be used for studying recursive finite-domain programs. The 

main difference between the two cases is in the complexity of the argumentation. 

Moreover, as in the case of finite-memory programs, it should be emphasized 

here that recursive finite-domain programs are important not only as a vehicle 

for investigating the genieral class of programs but also on their own merits. 

For instance, in many compilers the syntax analyzers are basically designed 

as recursive finite-domain programs. (The central’ task of a syntax analyzer 

is to group together, according to some grammatical rules, the tokens in’ the 

program that is compiled. Such a grouping enables the compiler to. detect the 

structure of the program, and therefore to generate the object code.) 

_3.2 Pushdown Transducers . 

In general, recursion in programs is implemented by means of a pushdown 
store, 

that is, a last-in-first-out memory. Thus, it is only natural to susp
ect that re- 

cursion in finite-domain programs implicitly. allows an access t
o some auxiliary 

memory. Moreover, the observation makes it also unsur
prising that the compu- 

tations of recursive finite-domain programs can be characteriz
ed -by finite-state 

transducers that are augmented with a pushdown store. 
Such transducers are . 

called pushdown transducers. ~ - 

Pushdown Transducers cee 

Each pushdown transducer M can be viewed a
s.an abstract computing machine 

that consists of a finite-state control, an input tap
e, a read-only input head, a 

pushdown tape or pushdown store, a read-write pus
hdown head, an output tape, 
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and a write-only output head (see Figure 3.2.1). Each move of M is determined 
by the state of M, the input to be consumed, and the content on the top of the 
pushdown store. Each move of M consists of changing the state of M, reading 
at most one input symbol, changing the content on top of the pushdown store 
and writing at most one symbol into the output. 

Input tape 
Input head 

Finite-state 
: ‘control Output head 

"| b1 babs ...b¢ - Output tape 

_ | Pushdown head 

{Zoe €263...Cm| $ Pushdown tape 

Fig. 3.2.1. Schemata of a pushdown transducer 

rxample 3.2.1 A pushdown transducer M can compute the relation {(a‘b’,c') | ‘ > h by checking vat each input has the form a... ab... b with the same num- of a's as U's, and writing that many c's. The computations i the following manner (see Figure 3.2.2). Puvations oF AE can be in 

At the start of After readi 
the computation "the feta’ 
ac...aabb...6b 

Upon reaching 
the last a 

; aa...aabb...bb aa...aabb...bb 

Nonaccepting Nonaccepti ptin; i state state 8 : : Nonarcepting ¥ 

— 
After reading After reading Upon reaching ‘the last a the first 5 the last b 
(9a.--aabb...bb . aa...aabd...bb aa...aabb...bb 

Nonaccepting : 
Nonaccepting State State . state p= 
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Nonaccepting 

i 

After reading Upon completion of 
the last 6 the computation 

aa...aabb...bb aa...aabb...66 . 
A a a —__4 

Nonaccepting Accepting 
state state 

CC...CC 

0 

Fig. 3.2.2. A description of how a pushdown trasducer can compute 
the relation {(a*b*,c*)|4>1} 

:
 

Initially the pushdown store is assumed to contain just one symbol, say, Zo 

to mark the bottom of the pushdown store. M starts each computation by 

reading the a’s from the input tape while pushing them into the pushdown 

store. The symbols are read one at a time from the input. 

Once M is done reading the a's from the input, it starts reading the b's. As 

M reads the 6's it retrieves, or pops, one a from the pushdown store for each
 

symbol b that it reads from the input. In addition, M writes one c to the 

output for each symbol 6 that it reads from the input. 

M accepts the input if and only if it reaches the end of the input at the same 

time as it reaches the symbol Zo in the pushdown store. M rejects the input if 

it reaches the symbol Zp in the pushdown store before reaching the end
 of the 

input, because in such a case the input contains more b's than a
's. M rejects 

the input if it reaches the end of the input before reaching the symb
ol Zo in 

the pushdown store, because in such a case the input contains more a’s
 than 

b's. 
Qo 

Formally, a mathematical system M consisting of an eight-tuple © 

(Q,2,0,4,6,90;20,F) 

is called a pushdown transducer if it satisfies the follow
ing conditions. 

Q isa finite set, where the elements of Q are called the stat
es of M. 

t alphabet of M, and its elements ; dA lphabets. 5 is called the znpu: 

a called the inpat sym d the pushdown alphabet of M, are called the input symbols of M. I is calle 

and its elements are called the pushdown symbols o
f M. -A is called the output 

alphabet of M, the elements of which are calle
d the output symbols of M. 

§ is a relation from Q x (ZU {e}) x (FU {e}) to QxI* x (AU {e}). 5 is called 

the transition table of M, the elements of whi
ch are called the transition rules 

of M. 

go is an element in Q, called the initial st
ate of M. 
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Zo is an element in I’, called the bottom pushdown symbol of M. ° 

F is a subset of Q. The states in the subset F are called the accepting, or final, 
states of M. : 

In what follows, each transition rule (q,a,8,(p,y,p)) of a pushdown transducer 
will be written as (q,0,8,p,7,). . 

Example 3.2.2 M=(Q,2,0,4,6,90,Z0,F) is a pushdown transducer if 

Q={40,91,92}; en oe 

L={a,b}; 

_A={a0} 

b= {(90,4,€,40,04€);(90,,€,90 1C,€);(90,€,€,91 EE), (910,06, ,€,@), 

(41,5,¢,91 £56), (41 5€,Z0,92,Z05€)}; and 

O 

By definition, in-each transition rule (q,«,8,p,7,p) the entries q and p are states in Q, q@ is either an input symbol or an empty string, @ is either a pushdown 
‘symbol or an empty string, is a string of pushdown. symbols, and p is either 
-@n output symbol or an empty string. — : 

"Each pushdown transducer M = (Q,2,L,4,6,90,Z0,F) can be graphically rep- | resented by a transition diagram of the following form. For each state in Q 
the transition diagram has a corresponding node drawn as a circle. The initial state is identified by an arrow from nowhere that points to the corresponding node. Bach accepting state is identified by a double circle. Each transition rule (q,a,8,p,7,p) is represented :by an edge from the node that corresponds to state g to the node that corresponds to state p. In addition, the edge is labeled with ° 

a 

fr 
f) 

For notational convenience, edges that agree in their origin and destination are ‘merged, and their labels are separated by commas. “ 
Example 3.2 3 Figure 3.2.3 gives th wee ge 

“ re Oe. et 
transducer of Example 3.2.2. Bives te transition diagram for the pushdown 
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Fig. 3.2.3. A transition diagram of a pushdown transdcer 

The label a 

on the edge that starts and ends at state go corresponds to the transition rule 

(q0,4,€,90,€,€)- The label . 
. : : |: 

€ 

on the edge that starts at state qo and ends at state q, corresponds to the 

transition rule (qo,€,€,91€5£): 
Qo 

The top row ”a/” in the label 3 

apr 
p 

corresponds to the input tape. The middle row "8/y ” corresponds to the 

pushdown tape. The bottom row ”/p” corresponds to the output tape. 

Throughout the text the following conventions are assumed for each produ
ction 

rule (q,0,8,p,7,) of a pushdown transducer. The conventions do not affe
ct the 

power of the pushdown transducers, and they are introduced to 
simplify the 

investigation of the pushdown transducers. 

a. If B=Zp, then Zp is a prefix of +. 

b. ¥ is a string of length 2 at most. 

c. If 7 is a string of length 2, the ( is equal to the first symbo
l in 7. 

Configurations and Moves of Pushdown ‘Transducers 

On each input x from 2* the pushdown transducer M 
has some set of possible 

configurations (see Figure 3.2.4). Each configuration, 
or instantaneous descrip- 

tion, of M is a triplet (uqv,z,w), where q is a state of 
M , uv=z is the input 

of M, z is a string from I’* of pushdown symbols, and w
 is a string from A*o 

output symbols. Intuitively, a configuration (uqu,z
,w) says that M on input x 

can reach state q with z in its pushdown store, 
after reading u and writing w. 

With no loss of generality it is assumed that ES
 and Q are mutually disjoint. 
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r7 A : Fig. 3.2.4, A confuguration of a pushdown transducer 

The configuration is said to be an ‘initial configuration if q =o, u=w=e, and 
+= Zo. Such an initial configuration says that M is in its initial state qo ‘with 
none of the input symbols being read: yet (ie., u=e), with the output being 
still empty (i.e., w=e), and the pushdown being still in its original stage (i.e. 
‘<= Zp). In addition, the configuration says that M is given the input v. 

The configuration is said to be an accepting configuration if u=e and q is an 
accepting state. Such an accepting configuration says that Mf reached an ac- cepting state after reading all the input (i.e., v =e) and writing w. In addition 
the configuration says that the input M has consumed is equal to v. 

Example 3.2.4 Consider the pushdown transducer M whose transition dia- 
gram is given in Figure 3.2.3. (goabbb,Zp,€) is the initial configuration of M 
on input abbb. The configuration (abq bb, Zocc,e) of M says that M consumed 
already u=ab from the input, the remainder of the input is v=bb, M has teached state q, with the string Zocc in the pushdown store, and the output SO far is empty. The configurations are illustrated in Figure 3.2.5(a) and Figure 
3.2.5(b), respectively. 

oot, - .. fa) (8) : 
., Fig, 3.2.5. Confugurations of the ‘pushdown transducer of Figure 3.23 

(abba, Zo bb) and (abgabb, Zgcc,e) are also configurations of My. The first conhguration is accepting. The second, however, is not an accepting configu- ration despite its being in an accepting state, because the input has not been consumed until its end. 
o 

The transition tules of M are used for defining the possible moves of M. Each move 1s in accordance with some transition rule. A move on transition rule 
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(q,0,3,p,7,p) changes the state of the finite-state contrdl from q to p; reads a 
from the input tape, moving the input head |a| positions to the right;. writes 
p in the output tapc, moving the output head |p| positions to the right; and 
replaces on top of the pushdown store (i.e., from, the location ‘of the pushdown 
head to its left) the string @ with the string y, moving the pushdown head 
-}y|-|8] positions to the right. The move is said-to be a pop move if-|y| <|(|. 
The move is said to be a push move if |B| < ||. . ‘he symbol under the pushdown 
head is called the top symbol of the pushdown store. : . 

A move of M from configuration Cj to configuration. Cy is denoted. C, Fy Co, 
or simply C, C2 if M is understood. A sequence of zero or more moves of 

M ‘from configuration C, to ‘configuration C2 is denoted C,+%4, C2, or simply 
C,+* Co, if M is understood. 7 Sete 

Example 3.2.5 The pushdown transducer whosc transition diagram is given 

in Figure 3.2.3, has a sequence of moves on input abbb that is given by the 

following sequence of configurations: m Se 

(qoabbb, Zp ,€) (agqobbb, Zoc,é) ft (abgobb, Zocc,€) F (abq, bb, Zycc,e) F 

(abbq, b, Zoc,b) F (abbbg, ,Z9,bb) F (abbbg2, Zo , bb). 

This sequence is the only one that can start at the initial configuration and end 

at an accepting configuration for the input abbb. The sequence of configurations 

is depicted graphically in Figure 3.2.6. 

abbb -fabbb} 0 

qo qo z qo ” [ -s ; _ 

ar a 1 a * Tae
 a at 

“Fig. 3.2.6. Transition between configurations of the pushdow
n 

... transducer of Figure 3.2.3 - - to, 
ral a4 

and end at state go 

les that both start 
: O 

All the moves of M on the transition rules that both start
 

are push moves. ‘All the moves of M on the transition ru 

and end at state gi are pop moves: a 
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A string in the pushdown store that starts at the bottom symbol and ends 
at the top symbol, excluding the bottom symbol, is called the content of the 
pushdown store. The pushdown store is said to be empty if its content is empty. 

Example 3.2.6 Let M be the pushdown transducer of Figure 3.2.3. Consider 
the computation of M on input abbb (see Figure 3.2.6). M starts with an empty 
pushdown store, adding c to the store during the first move. After the second 

move, the content of the pushdown store is cc. The content of the pushdown 
store does not change during thc third move. oO 

Determinism and Nondeterminism in Pushdown Transducers 

The definitions of determinism and nondeterminism in pushdown transducers 
are, in principal, similar to those provided for finite-state transducers. The 
difference arises only in the details. 

A pushdown transducer M =(Q,5,F. A,6,90,20,F ) is said to be deterministic 
if for each state g in Q; each input symbol a in 2’; and each pushdown symbol 
Z in T, the union 

-6(q,a,Z)U6(q,a,€)U5(q,e,2)U4(q,€,€), 

is a multiset that contains at most one element. 

Intuitively, M is deterministic if the state and the top pushdown symbol are 

sufficient for determining whether or not a symbol is to be read from the input, 
and the state, the top pushdown symbol, and the input to be read are sufficient 
for determining which transition rule is to be used. 

A pushdown transducer is said to be nondeterministic if it is not a deterministic 
pushdown transducer. 

Example 3.2.7 Let M, be the pushdown transducer whose transition diagram 
is given in Figure 3.2.3. 

In a move from state g,, the pushdown transducer M, reads an input symbol 
if and only if the topmost pushdown symbol is not Zp. If the symbol is not Zo, 
then the next symbol in the input uniquely determines which transition rule is 
to be used in the move. If the topmost pushdown symbol is Zp, then M, must 
use the transition rule that leads to gz. Consequently, the moves that originate 
at state q, can be fully determined ” locally.” 

On the other hand, the moves from state Qo cannot be determined locally, 
because the topmost pushdown symbol is not sufficient for determining if an 
input symbol is to be read in the move. 

It follows.that M, is a nondeterministic pushdown transducer. However, the 
pushdown transducer M2 whose transition diagram is given in Figure 3.2.7 is 
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deterministic. 

Fig. 3.2.7. A detefministic pushdown transducer | 

To move from state go the pushdown transducer “Mz has to read an input 

symbol. If it reads the symbol a, then the move takes M, to state qq. If it 
reads the symbol 6, then the move takes Mz to state qb. 

The topmost symbol i in the pushdown store determines whether Mo must enter 
state gg or state gg on a move that originates at state qq. If the topmost symbol 
is Zp, then M moves to state go. If the-topmost symbol is a, then M moves 
to state qq. In the latter case M uses the transition rule (qa,a,,qa,0a.¢) if the 

input, symbol to be read is.a, and it uses the transition rule (q.,b, Adase, €) if 

the symbol to be readisb.. . . |. ce, Oo 

Computations of Pushdown Transducers 

The computations of the pushdown transducers are also defined like the compu- 

tations of the finite-state transducers. An accepting computation of a pushdown 

transducer M isa sequence of moves of M that starts at an initial configuration 

and ends at an accepting one. A nonaccepting, or rejecting, computation ‘of M 

isa sequence of moves on an input z, for which the following conditions hold. 

a. The sequence ‘starts from the initial configuration of Mf on input z. | 

b.. If the sequence is’ finite, itvends at a configuration from which no move is 

possible. = 

c. M has no accepting computation on input x. 

“Each accepting computation and ‘each nonaccepting computation of Mi is said 

to bea computation of M. 

A computation is said: to be a ‘halting computation if it consists of -a ‘f
inite 

number of moves. 

Example 3.2.8 Consider the pushdown transducet M whose ‘transiti
on dia- 

gram is given in Figure 3.2.7... The pushdown transducer has acceptin
g compu- 

tations only on those inputs that have the same number of a’s as b's. On 
each 
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input w in which the pushdown transducer has an accepting computation, it 

writes the string c’ onto the output tape, where 

i=(the number of a’s in w) =(the number of b's in w). 

The pushdown transducer enters state gg whenever the portion of the input 

read so far contains the same number of a's and b's. The pushdown transducer 
enters state qq whenever the portion of the input read so far contains more 

a's than b's. Similarly, the pushdown transducer enters state q, whenever the 
portion of the input read so far contains more b's than a's. The pushdown store 
is used for recording the difference between the number of a’s and the number 
of b's, at any given instant of a computation.. 

On input aabbba the pushdown transducer M has only one computation. M 
starts the computation by moving from state qo to state qq, while reading a, 
writing c, and pushing a into the pushdown store. In the second move M reads 
a, writes c, pushes a into the pushdown store, and goes back to qq. In the 
third and fourth moves M reads b, pops a from the pushdown store, and goes 
back to state qq. In the fifth move M goes to state gg without reading, writing, 
or changing the content of the pushdown store. In the sixth move M reads 6, 
pushes 6 into the pushdown store, and moves to state gy. In its seventh move 
M reads a, pops b from the pushdown store, writes c, and goes back to qy. The 
computation terminates in an accepting configuration by a move from state qo 
to state qo in which no input is read, no output is written, and no change is 
made in the content of the pushdown store. - 0 

“By definition, each move in each computation must be on a transition rule that 
keeps the computation in a path, that eventually causes the computation to 
read all the input and halt in an accepting state. Whenever more than one 
such alternative in the set of feasible transition rules exists, then any of these 
alternatives can be chosen. Similarly, whenever none of the feasible transition 
rules satisfies the conditions above, then any of these transition rules can be 
chosen. This observation suggests that we view the computations of the push- 
down transducers as also being executed by imaginary agents with magical 
power. 

An input z is said to be accepted, or recognized, by a pushdown transducer M 
if M has an accepting computation on xz. An accepting computation on x that 
terminates in a configuration of the form (xgqz,z,w) is said to have an output 
w. The output of a nonaccepting computation is assumed to be undefined. 

Example 3.2.9 Consider the pushdown transducer M , whose transition dia- 
gram is given in Figure 3.2.3. The pushdown transducer accepts exactly those 
inputs that have even length. In each accepting computation the pushdown 
transducer outputs the second half of the input. 
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As long as the pushdown transducer is in state qo, it repeatedly reads an 
input symbol and stores c in the pushdown store. Alternatively, as long as the 
pushdown transducer is in state q,, it repeatedly reads an input symbol and 

pops c from the pushdown store. 

Upon reaching an empty pushdown store, the pushdown transducer makes a 

transition from state qi to state qo to verify that the end of the input has been 

reached. Consequently, in its accepting computations, the pushdown transduc- 

er must make a transition from state go to state gq; upon reaching the middle 
of its inputs. cos 

On input abbb the pushdown transducer starts (its computation) with. two 

moves, reading the first two input symbols, pushing two c's into the pushdown 
storc, and returning to state go. In its third move the pushdown transducer 
makes a transition from state go to state q. 

The pushdown transducer continues with two moves, reading the last two sym- 
bols in the input, popping two c’s from the pushdown store, and copying the 
input being read onto the output tape. 

The pushdown concludes its computation on input abbb by moving from state 

q, to state go. 

If M on input abbb reads more than two input symbols in the moves that 

originate at state go, it halts in state q, becausc of an excess of symbols in the 

pushdown store. If M on input abbb reads fewer than two input symbols in 

the moves that originates at state q), it halts in state q, because of a lack of 

symbols in the pushdown store. In either case the sequences of moves do not 

define computations of M. Qo 

This example shows that, on inputs accepted by a pushdown transducer, the 

transducer may also have executable sequences of transition rules which are 

not considered to be computations. 

Other definitions, such as those of the relations computable by pushdown trans- 

ducers, the languages accepted by pushdown transducers, and the languages 

decided by pushdown transducers, are similar to those given for finite-state 

transducers in Section 2.2. ; 

Example 3.2.10 The pushdown transducer M,, whose transition diagram is 

given in Figure 3.2.3, computes the relation 

{(xy,y) | zy is in {a,b}*, and |z|=[y|}- 

The pushdown transducer M2, whose transition diagram is
 given in Figure 
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3.2.7-computes the-relation 

{(v,c°) |z is in {a,b}*, and 1= (number of a’s in z)= (number of b’s in z)}. 

oO 

From Recursive Finite-Domain Programs to Pushdown Transducers 

‘The: simulation of recursive finite-domain programs by pushdown transducers 
is similar to the simulation of the finiteememory programs by the finite-state 
transduccrs, as long as no call and return instructions are encountered. In such 
a case the pushdown transducers just trace across the states of the programs 
without using the pushdown store. 

Upon reaching the. call instructions, the pushdown transducers 1 use their store 
to record the states from which the calls originate. Upon reaching the return 
instructions, the pushdown transducers retrieve from the store the states that 
activated | the corresponding calls, and use this information to simulate the 
return instructions. 

Specifically, consider any recursive finite-domain program P. Assume that P 
has m variables 2y,..,2m, and & instruction segments Ij....,I. Denote the 
initial value with © in the domain of the variables of P. Let a state of P be an 
(m+1)-tuple [i,v1,...,¥m], where i is a positive integer no greater than k& and 
ML .4,Um are values from the domain of the variables of P. 

The computational behavior of P’ can be modeled by a pushdown transducer 
M=(Q,5,0,A 5,90,Z0,F) whose states are used for recording the states of P, 
whose transition rules are used for simulating the transitions betwecn the states 
of P, and whose pushdown store is used for recording the states of P which 
activated.those executions of the procedures that have not been deactivated 
yet. Q,,I°,A,6,qo,Z0, and.F are defined in the following manner. 

Q isa set containing of all those states that P can reach. 

£ is a set consisting of all those input values that P can read. | 

L-is:a set. containing Zo and all the call states in Q.-Zp is assumed to be a new 
element not in Q, and a call state is assumed to be a state that corresponds to 
a call instruction. 

toe 

Aisa set containing all the output values that P can write. 

t 
go denotes the state [1,6,...,0] of P. 

F denotes the set of all those states in Q corresponding to an instruction of 
the form if eofthen accept. “~— 

6 contains a transition rule of the form (q,a,8,p,7, p) if and only if q=[i,u),...,Um] 
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and p=[j,¥),.. Um are states in Q that satisfy the following conditions. 

a. By executing the instruction segment J;, the program P (with values 

U1,-..,Um in its variables x1,...,0m, respectively) can read a, write p, and 

reach instruction segment J; with respective values v,,...,Um in its vari- 

ables. 

b.. If J; is neither a call instruction nor a return instruction, then G= == =€, 

That is, the pushdown store is ignored. 

c. If I; is a call instruction, then @=e and y=q. That is, the state q of P 
prior to invoking the procedure is pushed on top of the store. The state is 

recorded to allow the simulation of a return instruction that deactivates 

the procedure’s activation caused by Jj. 

d. If J; is a return, instruction then # is assumed to be a state of P, and the 

transition from state g to state p is assumed to deactivate a call made at 

state 3. In such a case y=€. 

| naaaffe 
é 1 

en es ae 
€ 

e /(110,09] 
| f [12,0,0,0) 

(soool/e 

(2) (aaaaffe (saaf/« o 
11,0 offs Et 

é[[sa.00 (eaaa) (eas) 

: . € 

(7.1.10) —> [8.1.0] é | 

characterizes 
Fig. 3.2.8 Transition for a pushdown transducer that 

¢ I 

& the recursive finite-domain program of Figure 3.1.1 
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Example 3.2.11 Consider the recursive finite-domain ‘program P in. Figure 
3.1.1 with {0,1} as the domain of its variables. The program is abstracted by 
the ‘pushdown ‘transducer whose transition diagram is given in Figure 3.2.8. 
In the transition diagram, a state {i,2,y,z] corresponds to instruction segment 
7; with values z, y, and z in the variables Z, y, and z, respectively. 

On moving from state ‘[3,0,0,0] to state [4,0,0,0], the pushdown transducer 
reads the value 0 into z. On moving. from-state [3,0,0,0]-to. state [4,1,0,0], the 
pushdown transducer reads the value 1 into z. ., ; 

Each move from state [5,1,0,0] to state [7,1,1,0] corresponds to a call instruc- 
tion, ‘and each’ such’ move stores the state’'[5,1;0,0] in the pushdown store. In 
each such move, the value of y in state [7,1,1,0] is determined by the value of x 
in state [5,1,0,0], and the values of x and zin [7,1,1,0] are determined by the values of and. z iir state [5,1,0,0]. . 

Each move from state [10,1,1,0] to state [6,1,0,0] that uses the transition rule 
({10,1,1,0],¢,[5,1,0,0], (6,1,0,0],¢,¢,¢) corresponds to an execution of a return instruction for a call that has been originated in state [5,1,0,0]. The value of x in state [6,1,0,0] is determined by the value of y in state [10,1,1,0]. The ob, OL y and z in state [6,1,0,0] are determined by values of y and z in state 
9,1,U,U]. . 

'The pushdown transducer has the following computation on input 0011. 
([1,0,0,0]0011,Z0,¢) + ({2,0,0,0]0011, Zo,€) 
oy F ([3,0,0,0]0011, Zo,e) 

F (0{5,0,0,0]011, Zo,0) 
F (0[7,0,0,0]011, Zo[5,0,0,0],0) 
F (0{8,0,0,0]011, Zo[5,0,0,0],0) 
, (00[9,0,0,0]11,Zo[5,0,0,0],0) 
F (00[11,0,0,0]11,Zo[5,0,0,0},0) 
F (00[7,0,0,0]11, Zo[5,0,0,0][11,0,0,0],0) 
F (00[8,0,0,0]11, Zo[5,0,0,0][12,0,0,0},0) 

as (001[9,0,0, 1]1, Z6[5,0,0,0]{11,0,0,0),0) 
F (001[10,0,0,1]1, Zo[5,0,0,0][11,0;0,0},0) 
F (001[12,0,0,0]1,Zo[5,0,0,0],0) 
“F (001[7;0,0;0]1, Zo[5,0,0,0],0) 
F (001[8,0,0,0}1,Zo[5,0,0,0},0) 
F (0011[9,0;0,1], Zo[5,0,0,0],0) . 
+ (0021(10,0,0,1], Zo[5,0,0,0],0). 
+ (0011[6,0,0,0],Zo,0) 

~ & (0011[1,0,0,0],Z0,0) 
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From Pushdown Transducers to Recursive Finite-Domain Programs 

Using the previous discussion, we conclude that there is an algorithm that 
translates any given recursive finite-domain program into an equivalent push- 
down transducer. Conversely, there is also an algorithm that derives an equiv- 

alent recursive finite-domain program from any given pushdown transducer 

M=(Q,2,I,A,6,q0,Z0,F). The recursive finite-domain program can be a 

table-driven program of the form shown in Figure 3.2.9. The program sim- 
ulates the pushdown transducer in a manner'similar to that of simulating a 
finite-state transduccr by a finite-memory program as shown in Section 2.2. 

The main difference is in simulating the effect of the pushdown store. 

state := qo 

do 
top:= Zo 
call RP(top) /* Record the bottom pushdown symbol Zo. +/ 

until false 

procedure RP(top) 
do ; 

/* Accept if an accepting state of M is reached at the end 

of the input. +/ 

if F (state) then 
if eof then accept 

/* Nondeterministically find the entries of the transition rule 

(q,0,8,p,7,p) that M uses in the next simulated move. +/ 

do in :=e or read in until true /« in:=a */ 
do pop:=e or pop:=top until true /* pop:=8 +/ 

next_state:=? /+ next_state:=p */ 
push:=? /* push:=y7 */ 

out:=? /* out:=p +/ 

if not 6(state,in,pop,nezt_state,push,out) then reject 

/* Simulate the next move of M. */ © 

state :=next_state 

if out #e then write out 

if pop#e then return —_ 
if push #e then call RP(push) 

until false 
end 

Figure 3.2.9 A table-driven recursive finite-domain program 

for simulating pushdown transducers. | 

The program uses the variable state for recording the states that M leaves in its 

moves, the variable top for recording the topmost symbol in the pushdo
wn store, 
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the variable infor récording inputs that M consumes in its moves, thé variable 
nezt_state for recording the states that M enters in its moves, the variable pop 
for recording the substrings that are replaced on top of the pushdown store, 
the variable push for recording the changes that have to be made on top of the 
pushdown store, atid 4 variable out for recording the outputs that have to be 
Written in thé ‘thoves of M. " _ 

The content -of:the pushdown; store-is recorded indirectly through recursion. 
Each ‘pushing of a.symbol is simulated by a recursive call, and each popping of 
a symbol is simulated by a return. aa . so 

The main program initializes the variable state to qo, and calls RP to record a 
pushdown store containing only Zp. 

The body of the recursive procedure RP consists of an infinite loop. Each 
iteration of the loop starts by checking whether an accepting state of M has 
been reached -at ‘the end of the input. If such is the case, the: program halts 
in an accepting configuration. Otherwise, the program simulates a single move 
of M. The predicate F is used to determine whether state holds, an.accepting 
state. 

, 

The simulation of each move of Mis done in a nondeterministic manner. The 
program guesses the input to be read, the top portion of the pushdown store 
to be replaced, the state to be reached, the replacement to the top of the 
store, and the output to be written. Then the program uses the predicate 6 
for determining the appropriateness of the guessed values: The program aborts 
the simulation if it determines that-the guesses aré inappropriate. Otherwise, 
the program records the changés that have to be done as a result of the guessed 

+ 
transition rule. ~ 23. 

The variables of the program are assumed to have the domain QUZUFUAU 
{e}, with e being a new symbol. In addition, with no loss of gencrality, it is 
assumed that each transition rule (q,0,6,p,7,p) of M satisfies either [6|+|y|=1 
or 8=y=Zg. The latter assumptions are madc to avoid the situation in which 
both a removal and an addition of a symbol in the pushdown store are to be 
simulated for the same move of M. 

Example 3.2.12 For the pushdown transducer of Figure 3.2.3 the table-driven 
program has the domain of variables equal to {a,b,Zo,c,40.0 192,¢}. The truth 
values of the predicates F and 6 are defined by the corresponding tables in 
Figure 3.2.10. (F and 6 are assumed to have the value false for arguments 
that are not specified.in the tables.) =... . | 

The pushdown transducer can be sitnulated also by the non-table-driven pro- 
gram of Figure 3.2.11... —:; re ‘a 
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5 GO,E,E GEE 4156.0 91,60 g2,Zo,€ 

)40,€,€/'false | true | false | false | false 

90;2,€! true | false | false | false | false 

F qo,b,e| true’ | false | false | false | false 

9o| false 91,4,€| false | false | true | false | false 

q| false g1,b,€| false | false | false | true | false 

q2| true 91,€,Z0| false | false | false |] false | true 

Fig. 3.2.10. Tables for a table-drven recursive finite-domain program: 
that simulates the pushdown transducer of Figure 3.2.3 

state :=qo 

next_top := Zo 

call RP(next_top) 

procedure RP(top) 
do 

if state=qy then 
do 

read in . 

if (in#a) and (in#b) then reject 
next_top:=c 

call RP(nezt.top) 
or , 

state:=q, 

until true 

if-state=q, then 

do 
if top= Zp then state :=4q2 
if top=c then 

do 
read in ; 

if (in#a) and (in #b) then reject 

write in 

return 

until true 
until false 
if state=qe then 

if eof then accept 

until false 

end 

Figure 3.2.11 A non-table-driven recursive finite-domain 
program 

for simulating the pushdown transducer of Figure 
3.2.3 
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In a manner similar to the one discussed in Section 2.2 for finite-state transduc- 
ers, the recursive finite-domain program can be modified to be deterministic 
whenever the given pushdown transducer is deterministic. 

A formalization of the previous discussion implies the following theorem. 

Theorem 3.2.1 A relation is computable by-a nondeterministic (respectively, 
deterministic)-recursive finité-domain program if and only if it is computable 
by a nondeterministic- (respectively, deterministic) pushdown transducer. 

Pushdown Automata... - 

Pushdown transducers whose output components are ignored are called push- 
down automata. Formally, a pushdown automatonis a tuple (Q,2,I, 5,90,20,F), 
where Q,2',I,qo,Zo, and F are defined as for pushdown transducers, and 6 is 
a relation from @ x (LU {e}) x (U{e}) to Qx I". . 

As in the case for pushdown transducers, the following.conditions are assumed 
for each transition rule (q,0,8,p,7) of a pushdown automaton. 

a. If B=Zp, then Zp is a prefix of 7. 

b. + is a string of length 2 at most. _ 
c. If y is a string of length 2, then @ is. equal to the first symbol in y. 

Transition diagrams similar to those used for representing pushdown transduc- 
ers can be used to represent pushdown automata. The only difference is that 
the labels of the edges do not contain entries for outputs. 

Example 3.2.13 The pushdown automaton M that is induced by the push- 
down transducer of Figure 3.2.3 is (Q,2,6,90,F), where 

Q={90,01,92}, 
S={a,b}, 

P={Zpo,c}, 4 

5= {(qo,4,€,90,¢),(Ga5,€,90,¢),(40s€s€91 €); (41 52,6,91 ,€), 
(91,6,¢,91 .€),(41,€,Z0,92,20)}, and 

F={q9}. _ 

The pushdown automaton is represented by the transition diagram of Figure 
3.2.12. oo 0 
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ele,ec fe, ble 

Fig. 3.2.12. A transtion diagram of a pushdown automaton 

The pushdown automaton is said to be deterministic if for each state g in Q, 
each input symbol a in S’, and each pushdown symbol Z in I’ the union 

5(q,a,Z)US(g,0,¢) U5 (q,€,2) Ud(9,€,6) 

is a multiset that contains at most one element. The pushdown automaton is 

said to be nondeterministic if it is not a deterministic pushdown automaton. 

A configuration, or an instantaneous description, of the pushdown automaton 

is a pair (ugv,z), where q is a state in Q, uv is a string in X*, and z isa string 

in ’*. Other definitions, such as those for initial and final configurations, Fy, 

F, Fy,, b*; and. acceptance, recognition, and, decidability of a language by a 

pushdown automaton, are similar to those given for pushdown transducers. 

Example 3.2.14 The transition diagram in Figure 3.2.13 - 

fa Pe. 

Fig. 3.2.13. ‘Transtion diagram of a deterministic pushdown automaton 
that accepts {a*b' |¢> 0}. 

represents the deterministic pushdown automaton 

{{q0,91:92:93},{@,5},{a,Zo}, Z } 

{ (051141 0€) (G1 1 s€591 +2) (41 10,0,925€) 5 (9210,4,92,€) (92,€,Z059, 0) ’ 

qo,Z0,{93})- 

The pushdown automaton accepts the language {a'b' |i 20}. rte pashecwn 

automaton reads the a's from the input and pushes them into t e an 
oe 

store as long as it is in state qj. Then, it reads the b's from tne jo
e it 

removing one @ from the pushdown store for each 6 that is read. 
5 nae 

reads b's, the pushdown automaton stays in state go. The p
ushdown ‘om 

enters the accepting state q3 once it has read the same num
ber 0 . 

The transition diagram in Figure 3.2.14 
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Ga, e, : dle, ble My 

Fig. 3.2:14: Transtion diagram of a nondetertiinistic pushdown automaton 
that accepts {ww"¢” | w is in {a,b}*} 

is of a:nondeterministic pushdown automaton that accepts the language {ww"°” | 
w is in {a,b}*}. In state go the pushdown automaton reads w and records it 
in the pushdown store: in reverse order: On the other hand, in state q, the 
pushdown automaton reads wre? and compares it with the string recorded in 
the pushdowni''store.”- ~ ne o 

telat ‘ 

3.3° Context-Free Languages. 

Pushdown automata cati be characterized by Type 2 grariimars or, equivalently, 
by context-frde grammats:: : a 

Specifically, a Type 0 grammar G=(N,Z,P,5) is'said to be context-free if each 
of its production rules has exactly one nonterminal symbol on its left hand side, 
that is, if each of its production rules is of the form A->a. 

The grammar is called context-free because it provides no mechanism to restrict 
the usage of a production:rule A~+a within some specific context. However, 
in a Type 0 grammar sich a restriction can be achieved by using a production 
rule of the form GAy—+ Bay to’specify. that Aa is to be used only within 
the context of # and +. 

The languages that context-free grammars generate are called contezt-free lan- 
guages, 

Example 3.3.1 The language 

{a*b'a'2b?2, ab Ini), jin D 0} 

are given below. - 
is generated by the context-free grammar (N. ,©,P,S), whose production rules 

oe 

A aAb 
— ab 
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From Context-Free Grammars to Type 2 Grammars 

Recall that a Type 2 grammar is a context-free grammar G=(N,5,P,S) in 
which:A—e in P implies that A=S and thatino right-hand side of the:pro- 

duction rules contains S. By the following theorem it follows that context-free 
grammars and Type 2 grammars act as maximal”, and ”minimal” grammars 
for the same class of languages. ~ nS 

Theorem 3.3.1 Each context-free language is also a Type 2 language. 

Proof Consider any context-free grammar G, = (N,2,P,,5,). A Type 2 gram- 
mar G2=(NU{S2},5,P2,52) satisfies L(G2)=L(G,), if Sz is a new symbol 
and P, is obtained from P, in the following way. 

Initialize Py to equal P,; U{S2-+S,}. Then, as long as P, contains a production 

rule of the form Ae for some A# 52, modify P) as follows. 

a. Delete the production rule A-+e from Py. 

b. Add a production rule to P) of the form B->a, as long as such new 

production rules can be formed. a, is assumed to be the string a with 

one appearance of A omitted in it, and a is assumed to be the right-hand 

side of a production rule of the form B-+a that is already in P,. If a4=e 
and the production rule B +e has been removed earlier from P2, then the 

production rule is not reinserted to Pp). 

No addition of a production rule of the form B-+a, to P, changes the gener- 

ated language, because any usage of the production rule can be simulated by 

.the pair Ba and A-e of production rules. © - 7 ot 

Similarly, no deletion of a production rule A-+e from P, affects the generated 

language, :because each subderivation cont 

| C=> Bi Ab =>*nAn> nv 

which uses A->€ can be replaced with an equivalent subderivation of the form 

C= BiBg ny. roe 

Example 3.3.2 Let G, be the context-free grammar whose production rules 
are listed below. _ 

Sy ae - 

_ + Dab 
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The construction in the proof of Theorem 3.3.1 implies the following equivalent 
grammars, where G2 is a Type 2 grammar. — 

.. Added Sy->S; Removed S;—¢ Removed C-»¢ Removed Doe 

a So > 5; So > Si : So => Sy So ard Sy 

S. 9 € SE ~eE oe 

Cae  —° -+aCC + SaC ° ~~ + S\aC 
/ + =» Dab Coe > Sia - + Sia 

“DOS; - — Dab 3 aCC + aCcCC - 

D3 5S, oe - aC ~al 

SE +a aa, 
C > Dab C > Dab 

Se DS, 

From Context-Free Grammars to Pushdown Automata 

‘Pushdown automata and recursive finite-domain programs process their inputs 
from left to right. To enable such entities to trace derivations of context-free 
grammars, the following lemma considers a similar property in the derivations 
of context-free grammars. 

Lemma 3.3.1 If a nonterminal symbol A derives a string p of terminal symbols 
in a context-free grammar G, then p has a leftmost derivation from A in G. 

Proof The proof is by contradiction. Recall that in context-free grammars the 
leftmost derivations p, => po =>... => pn replace the leftmost nonterminal symbol 

in each sentential form p;, +=1,2,....n—1. 

The proof relies on the observation that the ordering in which the nonterminal 
‘symbols are replaced in the sentential forms is of no importance for-the deriva- 

tions in context-free grammars. Each nonterminal symbol in each sentential 
form is expanded without any correlation to its context in the sentential form. 

Consider any context-free grammar G. For the purpose of the proof assume that 
a string p of terminal symbols has a derivation of length n from a nonterminal 
symbol A. In addition, assume that p has no leftmost derivation from A. 

Let ; 

A> p\> 1 => Pm => => Pa =P 
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be a derivation of length n in which A=> p; =>...=> pm is a leftmost 'subderiva- 
tion. In addition, assume that m is maximized over the derivations A=>* p 

of length n.. By the assumption that p has no leftmost derivation from <A, it 
follows that m<n—-1. 

The derivation in question satisfies 

Pm =WBim; Pmt =WBpmti > Ph=WBpk, Pei =WOPe 

for some string w of terminal symbols; production rule BB, m<k<n, and 
Pms---:Pr- Thus - ne 

A>? >... >Pm-1 > Pm =WBhm > WB pm > 

WBPm+1 => => WB PE = Pitt =>... > Pn =p 

is also a derivation of p from A of length n. 

However, in this new derivation. la 

A> pi >... > Pm => Whim 

is a leftmost subderivation of length m+1. Consequently, contradicting the 

existence of a maximal m as implied above, from the assumption that p has 

only nonleftmost derivations from A. 

As a result, the assumption that p has no leftmost derivation from A is also 

contradicted. a] 

The proof of the following theorem shows how pushdown automata can trace 

the derivations of context-free grammars. 

Theorem 3.3.2 Each context-free language is accepted by a pushdown 
au- 

tomaton. . a oe ee : 

Proof Consider any context-free grammar G=(N,2,P,S). With no loss of 

generality assume that Zp is not in NUX. L(G) is accepted by the pushdown 

automaton : . 

whose transition table 6 consists of the following derivation r
ules. 

a. A transition rule of the form (90,€,€,91,5). 

b. A sequence of transition rules for each Aa i
n P. Each such sequence 

starts and ends at state q,, and replaces a nontermi
nal symbol A on top 

of the pushdown store with the string a in reverse order. 

c. A transition rule of the form (q,@,@,91,€), for 
each terminal symbol a in 

the alphabet 2. 

129



d.. A transition rule of the form (q),¢, 20:99,Z0)-. 

Intuitively, we know that on a given input x the pushdown. , automaton M 
nondetermitistically traces a leftmost derivation in G that starts at S and 

ends at x. At each stage of the tracing, the portion of the input’ that has 
already been read together with the content of the pushdown store in reverse 
order, record the sentential form in the corresponding stage of the derivation. 

The transition rule in (a) is used for pushing the first sentential form S into the 
pushdown store. The transition rules in (b) are used for replacing the leftmost 
nonterminal symbol in a given sentential form with the right-hand side of an 
appropriate production rule. The transition rules in (c) are used for matching 
the leading terminal symbols in the sentential forms with the corresponding 
symbols in the given input x. The purpose of the production rule in (d) is to 
move the pushdown automaton into an n accepting state upon reaching the end 

of a derivation. v 

By induction on n it can be verified that z has a leftmost. derivation in G if 

and only if M has an accepting computation on z, where the derivation and 
the computation have the following forms with u;v;=2 for 1<i<n. 

4s ~ (gox,Zo) (12,205) 

=> Arp F*(uiqit,Zopi°" Ai) 

= U2 Arpe F* (uaqiv2,Z9p5°" Ao) 

F* (Un—191Un-1 »Z0Prot An-1) . 

=>2 F* (xq, ,Z0) + (xq7,Zo) 

=> Un—-1An—1Pn-1 

0 

Example 3.3.3 If G is the context-free grammar of Example 3.3.1, then the 
language L(G) is accepted by the pushdown automaton M, whose transition 
diagram is given in Figure 3.3.1(a). 
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(b) 
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[Zo 3 {Zo SS S ZSA 

oS sae 

[aabbabd| [aabbad| . [aabbad| ‘(aabbad| faabbal 

aAbS c———>*aabbS ———> aadbbA c———"aabb
ad 

Fig. 3.3.1. (a) A pushdown automaton that acc
epts the language generated 

by the grammar of Example 3.3.3. 
ai 

(b) A leftmost derivation in the grammar an
d the corresponding 

computation by the pushdown automa
ton 

aabbab has the leftmost derivation 

S=>SS=>3AS=>aAbS> aabbS => a
abbA= aabbab 

g configurations of M in its com- 
in G. Figure 3.3.1(b) shows the correspondin 

putation on such an input. 

From Context-Free Grammars to
 Recursive Finite-Domain Progra

ms 

By Theorems 3.2.1 and 3. 3, 2 each cont
ext 

sive finite-domain program. For a given co
ntext 

the recursive finite-domain program T that ac
cep 

form. 
So that 

T on a given input « nondeterministica
lly traces a leftmos ee accepts m 

starts at S. If the leftmost derivation 
provides the string =, 
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free grammar G=(N,¥,P, S), 

ts L(G) can be of the following



input. Otherwise, T rejects the input. 

T has one procedure for each nonterminal symbol i in N, and one procedure for 
each terminal symbol in ©. A procedure that corresponds to a nontcrminal 
symbol A is responsible for initiating a tracing of a leftmost subderivation 
that starts at A. The procedure does so by nondeterministically choosing a 
production rule of. the form: A X)...Xm, and then calling the procedures 

that correspond to X),...,Xm in the given order. On the other hand, each 
procedure that corresponds to a terminal symbol! is responsible for reading 
an input symbol and verifying: that. the symbol is equal to its corresponding 

terminal symbol. 

Each of the procedures abdve returns the control to the point of invocation, 
upon successfully. completing the given responsibilities. However, each of the 

procedures terminates the computation at a nonaccepting configuration upon 
determining that the given responsibility cannot be carried out. 

The main program starts a computation by invoking the procedure that cor- 
responds to the start symbol S. Upon the return of control the main program 
terminates the computation, where the termination is in an accepting configu: 
ration if-and. only if the remainder of-the input is empty. 

The recursive finite-domain program :T’can be. as depicted i in Figure 3. 3.2. 
-call S() 

if eof then accept 
reject 

procedure A() pe For each nonterminal symbol A. af 
do 

or a . a 

/* For each production rule of the form A> X)...Xm. +/ 

call X;()... cal Xn() 
_return:. 

or 

until true . 
end . 

" procedure a() / * For each terminal ‘symbol a. + 7 

read symbol 
if symbol =a then retin ne: 
‘reject; . re ae 

end 

¢ 

Toa “Figure. 353.2. A scheme of recursive. finite-domaini programs that simulate 
re a, con text-free grammars , a ' 

Example 3.3.4 If G is the context-free grammar of Example 3.3.1, then L(G) 

is accepted by the recursive finite-domain program in Figure 3.3.3. 

call S() 
if eof then accept 

reject 

procedure 5() 
do , [+ SSS +/ 

call S() call S{) return 
or [+ SAA] 

call A() return ; 
or , . ; /* Se +/ 

return 

until true 

end 

procedure A() 
~ do . _ [x A-+aAb */ 

call a() call A() call 6() return 
or - /+ A-vab +/— 

call a() call 6() return 
until true 

end 

procedure a() 
_ read symbol . 

if symbol =a then return 
reject 

end 

procedure b() 
read symbol 
if symbol =b then return 

‘reject Lo. 

" Figure 3. 3: 3. 

Ar recursive finite-domain program for the grammar of Example
 3.3.1 

On input aabbab the recursive finite-domain program traces the der
ivation - 

S=> SS => AS = aAbS > aabbS->aabbA => aabbab 

by calling its procedures in the order indicated in Figure 3.3.4. 
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Fig. 3.3.4. The calls to ptocedures that the program 
of Figire 3.3.3 makes on input aabbab 

From Recursive Finite-Domain Programs to Context-Free Gram- 
mars 

A close look at the proof of Theorem 2.3.2 indicates how a given finite-memory 
program P can be simulated by a Type 3 grammar G=(N,5,P,S). 

The grammar uses its nonterminal symbols to record the states of P. Each 
production rule of the form A+aB in the grammar is used to simulate a 
subcomputation of P that starts at the state recorded by A, ends at the state 
recorded by B, and reads an input symbol a. However, each production rule of 
the form A-+a in the grammar is used to simulate a subcomputation of P that 
starts at the state that is recorded by A, ends at an accepting state, and reads 
an input symbol a. The start symbol S of G is used to record the initial state 
of P. The production rule §—¢ is used to simulate an accepting computation 
of P in which no input value is read. : 

The proof of the following theorem relies on a similar approach. 

Theorem 3.3.3 Every language that is accepted by a-recursive finite-domain 
program is a context-free language. 

Proof Consider any recursive finite-domain program P. With no loss of gen- 
erality it can be assumed that the program has no write instructions. The 
language that is accepted by P can be generated by a context-free grammar 
G that simulates the computations of P. The nonterminal symbols of G are 
used to indicate the start and end states of subcomputations of P that have to 
be simulated, and the production rules of G are used for simulating transitions 
between states of P, 

The Nonterminal Symbols of G 

Specifically, the nonterminal symbols of G consist of 
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a. A nonterminal symbol Aj, for each state q of P. Each.such-nonterminal 

symbol A, is used for indicating that a subcomputation of P, which starts 
at state’ gq and ends at an accepting state, has to be simulated. Moreover, 

each execution of a return instruction in the subcomputation must be for 
a call that is made previously during the subcomputation. 

_ The start symbol of G is the nonterminal symbol A,, that corresponds to 

the initial state qo of P. 

b. A nonterminal symbol Ag,p, for each pair of states g and p corresponding 
to instruction segments that are in the same procedure of P. Each such 
nonterminal symbol Ag, is introduced for indicating that a subcomputa- 
tion, which starts at state g and ends at state p, has to be simulated. In 

the subcomputation the number of executions of return instructions has 

to equal the number of executions of call instructions. Moreover, each 

execution of a return instruction in the subcomputation must be for a call 
that is made previously during the subcumputation. 

The Production Rules of G 

The production rules of G consist of 

a. A production rule of the form A,—+a@A,, and a production rule of the 
form Ag,)—>@A,,p,:for each q,7,p, and @ that satisfy the following con- 

dition. The instruction segment that corresponds to state q is neither a 

call instruction nor a return instruction, and its execution can take the 
program from state q to state r while reading a. 

A production rule of the form A, 4 aA, replaces the objective of reaching 
an accepting state from state g with the objective of reaching an accepting 

state from state r. 

A production rule of the form A,.p > @A,,p replaces the objective of reach- 

ing state p from state g with the objective of reaching state p from state 
r. 

b. A production rule of the form A,—<, for each state q that corresponds 

to an if eof then accept instruction. . 

c. A production rule of the form A,—>A,, for each state q that corresponds 

to a call instruction, where r is the state reached from g. Each such 

production rule simulates an execution of a call which is not matched by 

an execution of a return. 

d. A production rule of the form Ag—A,;,sA;, and a production rule of the 

form Ag,p)—> Ar,sAt,p, for each q,7,8,, and p such that the following con- 

ditions hold. 

1. ‘State q corresponds to a. call instruction whose execution at such a 
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: state. catises the program to: enter’ ‘state'r. 

- State : s “cérréspbiids toa teturn ‘instruction i in the called procedure, 

, and the execution of the return instruction, at such a state takes the 

program to state t that is compatible with: rT. 

_. That is, the subcomputation that starts at state q is decomposed into 
" two ‘subcomputations. ‘One is to be performed by an invoked procedure, 
starting at state r and ending at state s; the other takes on from the 

Ma instant that the control returns’ from: the invoked. provedure, starting at 
‘state ft. cone . 

; é, ‘A ‘A production rule of the form. Ag, q se for each state q that corresponds 
— to a return instruction. 

Each of the. ‘production rules above i is used for terminating a successful 
. Simulation of a subcompuitation performed by an invoked procedure. 

L(G) is Contained in L(P) © 

A proof by induction can be used to show that the construction n above implies 

L(G)=L(P). 

To show that. Z(G), is contained.in L(P), it is sufficient to show that the fol- 
lowing two conditions hold for each string a of terminal symbols- 

7 a. If Ag>*a in G then. P can reach froni state q an accepting state e while 

reading @, and in any prefix of. the subexecution s sequence there must be 

at least as many executions of call instructions as executions of return 
‘instructions. ; 

b. If Ay,)=>* a in G, then P can reach state p from state g while reading a. In 
the subexecution sequence the number of executions of return instructions 

. must equal the number of executions of call instructions; and in any prefix 

of the subexecution sequence there must be at least as many executions 
of call instructions as executions of return instructions. 

The proof can ‘be-by induction-on the number of steps i'in the derivations. For 
i=1, the only feasible derivations are thosé that have either-the form ‘Ag>e 
or the form Ap,» =>e. In the first case g:corresponds to an accept instruction, 
and. in the second case p corresponds to a return instruction. In.both cases the 
subexecution sequences of.the program are empty. ee pat 

For i>1 the derivations must have either of the following forins. 

a. Aq= an Ar = QO =a, oF Agp > 1 Arp =>" 102 =a. 

In either case, by definition A q=? aA, and Ag, p= aA, rp correspond to 
subexecution sequences that start at state q, end at state r, consume the 
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input a, and execute neither a call’instruction nor a return instruction. 
However, by the induction hypothésis‘A, =>* a2 and A,,,=>* a2 correspond 
to subexecution sequences that have the desired properties. Consequently, 

Ag=>*a.and Ag p=" a also correspond to, subexecution sequences that 

have the desired properties. Coe. 7 , 

‘bh. Ag => Ar,sAt=>* O12, OF Agp => ArsAt,p >>" @{Qq, where Apasd* ay. 

In cither case, by definition g corresponds to a call instruction, r is the 

state that P reaches from state g, s corresponds to a return instruc- 

tion, and: t is the state that? reaches from state s. However, by the 

‘induction hypothesis Ay,s =>" a1, Ar=>* ae, and At,p =>* a correspond to 

subexecution sequences that. have the desired properties. Consequently, 

Ag=>* 1 @2 and Ag, p=?" a9 also correspond to subexccution sequences 

that have the desired properties. 

L(P) is Contained i in L(G) 

To show. that L(P) is contained in LQ) jit is sufficient to show that either 

of the following conditions holds for.each subexecution sequence that reads a. 

starts at state q, ends at state p, and has at least as many executions of return 

instructions as of call instructions in each of the prefixes. ’ 

a. Ifp corresponds to an accepting state, then G has a derivation of the form 

Ag=>* a. 

b. If p corresponds to a return instruction and the subexecution sequence 

has as many executions of call instructions as of return instructions, then 

G has a derivation of the form Ag,» =>* a. 

The proof is by induction on the number of’moves 7 in the subexecution se- 

quences. For i=0 the subexecution sequences consume no input, and for them 

G has the corresponding derivations Ap =e and Ap.»=>€, respectively. 

For i>0 either of the following cases must hold. 

a. q does not correspond ‘to a call instruction, or q corresponds to a call 

instruction that is not matched in the subexecution sequence by a return 

instruction. In such a case, by executing a single instruction segment the 

subexecution sequences in question enter some state r from state q while 

consuming some input a. 

Consequently, by definition, the grammar G has a production rule of the 

form A,—>a,A, if p is an accepting state, and a production rule of the
 

form A. pa Ap,p if p corresponds to a return instruction. 

However, by the induction hypothesis the —1 moves that start in state 

r have in G a corresponding derivation of the form A, =>*a if p 
is an 
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; accepting, state, and of the form A,,)=>* a2 if p corresponds to a return 
(6) Ate > Apa] Arg nie.) + Apsaise 

; instruction..a is ‘assumed to satisfy ajag=a. .. + Af4.a},{5,0]Al2,¢] , > Ate,},{5,0) 

b. q corresponds to a call instruction that is matched in the subexecution se- > Afa.a)fs,o}Af2,o} Afa,6},[5,6) — Als,o),[5,0] 

quence by a return instruction. In such a case the subexecution sequence Aj2,a] > € => Algo) f5,8] 

from state q enters some state r by executing the call instruction that — Ajs,q) Als,a]i{5.a) —? 

corresponds to state q. Moreover, the subexecution sequence has a cor- Aom 3 € , A raht6.a} 

responding execution of a return instruction that takes the subexecution 2 [5.8},{5,6] “* € . Tespo cecution al A A + aA 
sequence from some state s to some state t. A > ae ~4(6,q],[5,¢] hA {7,¢],[5,a} 

; > 4 
- ‘Consequently, by definition, the.grammar G has a production rule of the (a) ‘oa A [75a] 

-. form Ag—ApgAt if pi i : > A(6,a) -~ Alea) (5,5) > @A(7,a},{5,0] 
C q r,sAz if p is an accepting state, anda production rule of the A 3A + bA 

form Ag,» —+ Ar,sAt,p if p corresponds to a return instruction. an An A + eal 
an oe. ; . 6,0 Ale ,o),{5, aAj7,q),{5,4 

However, by the induction hypothesis, the grammar G has a derivation . Ale,a) > oA i" " ad ban me ° 

of the form A,,,=>* a for the input a, that the subexecution sequence yb m Are 6 5a) aA , ’; 

consumes between states r and s. In addition, G has either a derivation Aten —> a iy I 7 (6,0) 5,6] +b a va5,0} 

of the form A; =>* ag or a derivation of the form A;,)=>* ag, respectively, [6.6] b an A A (7,8),5.0} 

. for the input a» that the subexecution sequence consumes between states * > OAL7,b) {7,a),{5,a] —* Af4,a},{5,a]A[s,q),{5,4] 

7 t and p, depending on whether p is an accepting state or not. o At7,a] > At4,a] 5,4) A[s,o] . A => ‘leelis.) Ziel. 

; a A A 5.6) aA 

Example 3.3.5 Let P be the recursive finite-domain program in Figure 3.3.5(a), A, 3 ‘ala ‘ (roa}f5.6) 5 ae } eae 

with {a,b} as a domain of the variables and a as initial value. (7 + Anon Aen Ajz,6),{5,a] —> Ann eaAteatiea 
: ‘ ' 

4,b),(5,6}44(8,). -- 7,b},[5,a ; 4,6) ,[5,a]44[8,a},[5,a 

Aso) > Also] —> Afa,oj [5,6] A[s,0},[5,0] 
(a) call f (x T 

{ ’ ’ 
Ws hss 

"if eof Qo accept i by " ; Alaa} 5,0] > Als,a},{5,0] Afr 145.8) > Afa.s},{5.0]Afe,0},(5,4 

reject — /+ Is */ , 7 Ate | 2 AeA A 
procedure f(z) Ata,a],{5.6) > Afs,a},{5,0] Ajs,t},{3.e) > Afse} [3,4] 

do J+ lax] - _— > Afe,a},{5.6) Ajs,t1.5.6) > Afa,o}5.0) 
return [+ Is +/ . — Figure 3.3.5. Lo, 

or read ¢ ; 1 ) -. The grammar in (b) generates the language accepted by the program im (a) - 

«Ig * . i 

call f(x) /* Ty */ L(P) is generated by the grammar G, which has the production rules in Figure 

: 3.3.5(b). [i,2] denotes a state of P that corresponds to the instruction segment until z=a [+ Ig +/. 
end I,, and value x in =. ° 

The derivation tree for the string abb in the grammar G, and the corresponding 

transitions between the states of the program P on input ”a,b,b”, ar
e shown 

in Figure. 3.3.6. The symbol, .Aj,q) states that the computation of P has t
o 

start at state [1,a] and end at an accepting state. ‘Bhie production r
ule Aja) > 

Afa,a][s,)A[2,} corresponds toa call to. f which returns the valu
e b. Oo 

+ ort 

‘ ote 
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_ Alig) 
! 

“Aja,a),[5,6] Ar,by 

, 

Aje,a},[5,0) € 

\ 

Al7,a),{5,6] 
t 

Afa,a},[5.6) A[a,é],[5,5] 
\ nn 

Aje,al.[5,6) Afa,b),[5,0] 

Atr,t1,{5,6] Afs,b),15,0] 

Ala,6),15,0] Ale,b}.{5.0) € 

\ 

Atfe,b},[5,5] Aja,b},[5,5] 
\ 
At7,b),[5,6] Ajs,b),(5,6] 
t 

Ala,6),15,6] Aja,b),15,6) € 

“Aste Al4,b), [5,6] 
\ 
€ Als,b],[5,6] 

.... Sequence of moves 

Depth of recursion 

Fig. 3. 3.6. A’ correspondence between a derivation tree and a computation 
of a recursive finite-domain program 

Context-free grammars do not resemble pushdown automata, the way Type 3 
grammars resemble finite-state automata. The difference arises because deriva- 

tions in context-free grammars are recursive in nature, whereas computations 
of pushdown automata are iterative. 
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Consequently, some context-free languages can be more easily characterized by 
context-free grammars, and other context-free languages can be more easily 
characterized by pushdown automata. « , 

3.4 Limitations of Recursive Finite-Domain Programs 

The study of the limitations of finite-memory programs in Section 2.4 relied on 
the following observation: A subcomputation of an accepting computation of a 
finite-memory program cari be pumped to obtain new accepting computations 

if the subcomputation starts and ends at the same state. For recursive finite- 

domain programs similar, but somewhat more complex, conditions are needed 

to allow pumping of subcomputations. 

A Pumping Lemma for Context-Free Languages 

The proof of the following theorem uses the abstraction of context-free gram- 

mars to provide conditions under which subcomputations of recursive finite- 

domain programs can be pumped. The corresponding theorem for the degen- 

erated case of finite-memory programs is implied by the choice of U=U=E. 

Theorem 3.4.1 (Pumping lemma for context-free languages) Every context- 

free language L has a positive integer constant m with the following property. 

If w is in L and |w| 2m, then.w can be written as uvzyz, where uv* zy* z is in 

L for each k>0. Moreover, |vzy|<m and |vy| >0. 

Proof Let G=(N,5,P,S) be any context-free grammar. Use ¢ to denote the 

number of symbols in the longest right-hand side of the production rules of G. 

With no loss of generality assume that t 2. Use |N| to denote the number of 

nonterminal symbols in N. Choose m to equal ¢!NI+!. 

Consider any w in L(G) such that |w|>m. Let T denote a derivation trec for 

w that is minimal for w in the number of nodes. Let 7 be a longest path from 

the root to a leaf in 7’. Let n denote the number of nodes in 7. Foe, 

The number of leaves in 'T is at most t?-!, Thus, ¢?-? > |w| and {wl >m= 

#INI+1 imply that n>|N|+2. That is, the path 7 must have two nodes whose 

corresponding nonterminal symbols, say E and F’, are equal. As a result, w 

can be written as uvzyz, where vzy and = are the strings that correspond to 

the leaves of the subtrees of T with roots E and F, respectively (see Figure 

3.4.1(a)). 
u 
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(a) k times (0) k times 

Fig.3.4.1. (a) A derivation tree T with E=F. (b) The derivation tree T, 

Let T), be the derivation tree T modified so that the subtree of EF, excluding 
the subtree of F, is pumped k times (see Figure 3.4.1(b)). Then T; is also a 
derivation tree in G for each k 20. It follows that uv*zy*z, which corresponds 
to. the leaves of T;,, is also in L(G) for each k > 0. 

A choice of FE and FP from the last |N|+1 nonterminal symbols in the path 7 
implies that |vxy|<z!Nl+1 =m, because each path from E to a leaf contains 
at most |N|+2 nodes. However, |vy]40, because otherwise Ty would also 
be a derivation tree for w, contradicti i a de for w, radicting the assumption that T i ini 
derivation tree for w. - . mise mee 

Example 3.4.1 Let G=(N,Z,P,S) b 
: ™ FV Ant, e the context-fi 7 

duction rules are listed below. ext-free grammar whose pro 

53 AA 

— ab 

Av+SS — “ 
| >a 

For G, using the terminology of the proof of the previous theorem t=2,|N]=2 > ’ ’ — oy . 

and m=8. i =(ab)3 2 sas } 
3.4.2(a). The string w=(ab)*a(ab)? has the derivation tree given in Figure 

(a) s 
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Fig. 3.4.2. (a) A derivation tree T for (ab)3a(ab)*. (b) A derivation tree Tj, for 

"" (ab)? (aba)* (ab)?. (c) A derivation tree T, for ab(ab)* aba* (ab)? 

A longest path in the tree, from the root to a leaf, contains six nodes. 
. 

w has two decompositions that satisfy the constraints of the proof of th
e pump- 

ing lemma. One is of the form u=ab, v=e, c=ab, y=aba,z =abab; the other 

is of the form u=ab, v=ab, r=ab, y=4, z=abab. .— OT : 

(ab)? (aba)*(ab)? and ab(ab)*aba*(ab)? are the new strings in the language for
 

k>0, that the proof implies for w by pumping: Figures 3.4.2(b) and 3.4.2(c), 

respectively, show the derivation trees T;, for these strings. 
QO 

Applications of the Pumping Lemma 

The pumping lemma for context-free languages canbe used to show 
that a lan-" 

guage is not context-free. The method is similar to that‘for using th
e pumping: 

lemma for regular languages to show that a language is not regul
ar. eo 

Example 3.4.2 Let L be the language {a"b"c" |n 2 0}. To show that L i
s not 

a context-free language, assume to the contrary that L is context
-free. Consider 

the choice of w=a™b"c™, where m is the constarit implied
 by the pumping: 

lemma for. L. ae us Soba et 

By the lemma, a”b™c™ can be written as uvzyz, where |uz
y| < m,|vy|>0, an 

the decomposition satisfies the following conditions. 

a. vy contains a’s or b's but not c's. 

b. vy contains a's or c's but not b's. cl] 

v* xy* z is also in L for each k 20. However, 
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c. vy contains b's or c's but not a's. 

Moreover, by the pumping lemma, u



for (a) the choice of k=0 implies uv°xy°z not in L because of too many c's. 
Similarly; for (b) the choice of k=0 implies uv°zy°z not in L because of too 
many b's, and for (c) the choice of k=0 implies uv°ry°z not in L because of 
too manya’s.. 

Since the pumping lemma does not hold for a™b™c™, it also does not hold for 
L. It follows, therefore, that the assumption that L is a context-free language 
is false. ° Oo 

As in the case of the pumping lemma for regular languages the choice of the 
string w is of critical importance when trying to show that a language is not 
context-free. 

Example 3.4.3 Consider the language L = {aa|aq is in {a,b}*}. To show that 
L is not a context-free language assume the contrary. Let m be the constant 
implied by the pumping lemma for L. 

For the choice w=a™b™a™b™ the pumping lemma implies a decomposition 
uvzyz such that |vry|<m and |vy|>0. For such a choice uv’ ry®z=urz= 
a’bJa%b! with either i#s or j#t. In either case, uxz is not in L. As a result, 
L cannot be context-free. 

On the other hand, for the choice w=a™ba™b a decomposition uvzyz that 
satisfies |yry|<m and |vy|>0 might be of the form v=y=a/ with b in z for 
some j.>0. With such a decomposition uv*ay*z=a™t(F-Diggmt(k-l)3p is 
also in L for all k 20. Consequently the latter choice for w does not imply the 
desired contradiction. .. ~ 0 
A Generalization for the Pumping Lemma 

The pumping lemma for context-free languages can be generalized to relations 
that are computable by pushdown transducers. This generalized pumping lem- 
ma, in turn, can be used to determine relations that cannot be computed by 
pushdown transducers. 

Theorem 3.4.2 For each relation R that is computable by a pushdown trans- 
ducer, there exists a constant m such that the following holds for each (w;,we) 
in R. If |w;|+|we|>m, then w, can be written as u,v, 21412, and w2 can be 
written as U2V272Yo22, Where 

agit k 
(uj VP L1Yy 21 ,UgV$ Lays 22) 

is also in R for each k >0. Moreover, 

lv z191|+|vezeye| <m 
and 

leg |+|oeye| > 0. 
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Proof Consider any pushdown: ‘ratisducer Mj. “Let Mz be the’ pushdows 
automaton obtained from M, by replacing each transition rule of the form 

(q,0,8,p,7,P) with a transition rule of the form (q,[a,p],8,p,7) if the inequal- 

ity [a,p]#[e,e] hols, and with a transition rule of the form. (,€,8,P,7): if the 

equality [o,o]=[e,e] holds. Let h; and he be the projection functions defined 

in the following way: ; a ; 

hi(e)=ha(e)=6, hi(larel) =a, ha(leval)= 0, 
hy([anplw)=hr([a,elhr(w), and 
ha ([ox,p]w) = he ([a,p])ho(w). ee 

By construction My encodes in its inputs the inputs and outputs of M,. hy 

and ho, respectively; determine the:values.of these encoded inputs and-outputs.
 

As a result, (w;,w2) is in R(M;) if and only if wis in L(M2) for some w such 

that hy (w) =w), and ho(w)=we: Use m! to denote the constant implied by the 

pumping lemma for context-free languages for (Mo), and choose m= 2m.’ 

eps 

Consider any (w),w2) in the relation R(M;) such that Jw, |+|ws| > m:--Then 

there is some w in the language L(Mp) such that Ay (w)=w1, ho(w) =we
, and 

|w| > m/ 2=m'. By the pumping lemma for context-free languages w can be 

written as uvryz, where |ury|<m’, |vy|>0, and uv*ry"z is in L(M2) for each 

k 20. The result then follows if one chooses 
mos . 

+ 

i: =hy(u), “ue =ho(u), v1 =hy(v), v2 =h2(v), 

zy = hy (z), 22> k(z). 

; B 

Example 3.4.4 Let M, be the pushdown transducer whose transition diag
ram 

is given in Figure 3.2.3. Using the terminology of the proof of The
orem 3.4.2, 

My, is the pushdown automaton whose transition diagram is give
n in Figure 

3.4.3. 

€ ( ) 

. vs 

” transducer 
ig. 3.4.3. A pushdon automaton that ”encodes” the pushdown transduce

f | 

_ Fig. 845, A pustheon of Figure 3.2.3" : 

The computation of M, on input aabbaa gives th
e output baa. The computa. 

tion of M, on input aabbaa corresponds to the c
omputation of M2 on input 

[c,e][a,¢][b,€][b,4][2,2][2,4]. 
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3.5, . Closure Properties for Recursive Finite-Domain Pro- 

By a proof similar to that for Theorem 2.5.1, the class of the relations com- 
putable by-pushdown transducers, and consequently the class of context-free 
languages, are closed under union. However, these classes are not closed under 
intersection and complementation. For instance, the language {a”"b"c" |n >0}, 
which is not context-free, is the intersection of the context-free languages 
{a'bic! |i,j 20} and {a*bici |i,j 20}. es 

Similarly, the class of relations computable by pushdown transducers is not 
closed under intersection with the relations computable by finite-state trans- 
ducers. For instance, {(a‘b‘c ,d')|i,j >0} is computable by a pushdown trans- 
ducer and {(a'b/c*,d*)|i,j,4>0} is computable by a finite-state transducer. 
However, the intersection {(a"b"c" ,d”) |n 30} of these two relations cannot be 
computed by a pushdown transducer. 

For context-free languages the following theorem holds. 

Theorem 3.5.1 The class of context-free languages is closed under intersection 
with regular languages. . — a 

Proof Consider any pushdown automaton M, =(Q1,2,1,6;,901,20,F1), and 
any finite-state automaton Mz =(Qe,D,60,902,F2). With no loss of generality 
assume that Mj is € free and deterministic (see Theorem 2.3.1). 

The intersection of L(M,) and L(Mg) is accepted by the pushdown automaton 

Ms =(Q1 x Q2,,F,53,[G01,902],Z0,F1 x Fo). 

The transition table 3 contains ((q,q'],a,8, [p,p'],7 ) if and only if (q,,8,p,7) 
is in'6,, and M2 in zero-or one moves can reach state p’ from state gq’ by reading 
a. ; 

Intuitively, M3 is a pushdown automaton that simulates the computations of 
Mj, and Mz in parallel, where the simulated computations are synchronized to 
read each symbol of the inputs to M; and Mo together. 

By induction on n it can be shown that Mg accepts an input a...¢, if and only 
if both M, and Me accept it. Qo 
Example 3.5.1 The pushdown automaton ‘M3, whose transition diagram is 
given in Figure 3.5.1(c), 
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Fig. 3.5.1. The language acce ; ; pted by the pushdown automaton M3 in (c) i intersection of the language accepted by the pushdown automaton Me eo rhe anguage accepted by the finite-state automaton M2 in (b) , e computation of M3 on input abba is illustrated in (d) 

accepts the intersection of the lan 
M,, whose transition diagram is 
accepted by the finite-state autom 
in Figure 3.5.1(b). 

guage accepted by the pushdown automaton 
given in Figure 3.5.1(a), and the language 
aton M2, whose transition diagram is given 
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The computation of Mg on input abba is illustrated in Figure 3.5.1(d). 0 

The languages {a‘bic! |i,j 20} and {a‘bic! |i,j 20} are accepted by determinis- 
tic pushdown automata, and the intersection {a"b"c" |n 30} of these languages 
is not context-free. Consequently, the class of the languages that deterministic 

pushdown automata accept is not closed under intersection. However, the next 

theorem will show that the class is closed imder complementation. The proof 
of the theorem uses the following lemma. 

Definition A sequence of moves 

(ugiv3z1)F ... F (ugev;ze) 

of a pushdown autoniaton M is said to be a loop if k>1, M can move from 

configuration (ug,v,2,) on the same transition rules as from configuration 

(uqev,z%), and z, is a prefix of z; for i=2,....4. The loop is said to be a 

simple loop, if it contains no loop except itself. 

Lemma 3.5.1 Each deterministic pushdown automaton M, has an equivalent 

deterministic pushdown automaton M2 that halts on all inputs. 

Proof Let M, be any deterministic pushdown automaton. Let ¢ denote the 

number of transition rules of M,. Mj, does not halt on a given input z if 

and only if it enters a simple loop on z. Moreover, each simple loop of My 

consists of no more than tt moves. The desired pushdown automaton M2 can 

be constructed from M, by employing this observation. 

Specifically, Mz is just M, modified to use ”marked” symbols in its pushdown 

store, as well as a counter, say, C’ in its finite-state control. M2 marks the 

topmost symbol in its pushdown store and sets C’ to zero at the start of each 

computation, immediately after reading an input symbol, and immediately 

after removing a marked symbol from the pushdown store. On the other hand, 

Mp increases the value of C by one whenever it simulates a move of M,. Upon 

reaching a value of t'+1 in C, the pushdown automaton M2 determines that 

M, entered a simple loop, and'so M2 halts in a nonaccepting configuration. O 

The proof of the following theorem is a refinement of that provided for Theorem 

2.5.2, to show that the class of regular languages is closed under compleme
n- 

tation. , 

Theorem 3.5.2 The class of languages that the deterministic pushdown a
u- 

tomata accept is.closed under complementation. vo ; 

Proof Consider any deterministic pushdown automaton M. By Lemma 3.5
.1 

it can be assumed that M has only halting computations, and with no l
oss of 

generality it can be assumed that ly] <1 in each transition rule (¢,0,8,,7)
- 

From M to Meo 
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Let Meos be a deterministic pushdown automaton that accepts L(M), and that 
in-each of its computations halts after consuming all the input. Meog can be 
constructed from.M in the following manner. Let Meos be M initially with an 
added trap state grap, and added transition rule of the form (Qtraps@,€,9traps€) 
for each input symbol a., Then repeatedly add: to Meoz a new transition rule 
of, the form (9,0,8,4trap,8),-a8 long as Meor does not have a next move from 
state.g on input @ and. topmost pushdown content B.. - ~~ 5 

Elimination of Mixed States 

Call a state q of a pushdown automaton a reading state, if a is an input symbol 
in each transition rule (q,a,(,p,7) that originates at state q. Call the state ¢ 
an € state, if a=e in each transition rule (q,a,,p,7) that originates at state 
q. ‘If ‘the state’g is neither ,a reading state nor an € state then call it a mized 

If q is a mixed state of Me, f, then each of the transition rules (q,0,8,p,7) of M 
that satisfies |a| = 1, can be replaced by a pair of transition rules (9,€,8,98,€) 
and (qg,0,€,p,7), where ga is a new intermediate, nonaccepting state. Using 
such transformations M,, f cati be modified to include no mixed states. 

A Modification to Meoy | 
Mees can be further modified to obtain a similar deterministic pushdown au- 
tomaton Meos maz, With the only difference being that upon halting, Meos maz 
is in a reading state. The modification can be done in the following way. 

a. Let Meo maz initially be Meof. 

b. Rename each state'g of M to [q,accept] if it is an accépting state, and to 
' [4,reject] if it is 4 nonaccepting state. - 4 

“ form ([¢.accept],e,8,[p,reject],y), replace it with a transition rule of the 
_ form ([¢,accept],c,8,[p,accept],y). In addition, if [p,accept] is a new state, _ 

‘then for each transition rule of the form ([p,reject],q,8' ,p',y') add also 

axe. 

._ preject] andase. 
> 

d. Let a state of Meof-maz be an accepting state if and ‘only if it is a reading 

4 co 
state of the form [q,accept], _ 

The.above transformations propagate the "accepting property” of € states until © their.” blocking” reading states. :. 
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c. As long as the pushdown automaton Meof maz has a transition rule of the. 

1.A transition rule of the form ([p,accept],c,(’ ,p’ 7’) if.’ # [p,reject].or : 

2. A transition rule of the form ([p,accept],a,(' [p,accept],7'), if p'= 

A Pushdown Automaton That Accepts the Complementation of L(M) 

The constructed pushdown automaton Meof.mer On a given input has a unique 

sequence of moves that ends at a reading state after consuming all the input. 
The sequence of moves remains the same, even when a different subset of the 

set of reading states is chosen to be the set of accepting states. Thus, the 

deterministic pushdown automaton that accepts the complementation of L(M) 

can be obtained from Meof_maz, by requiring that the reading states of the form 

[g,reject] become the accepting states. oO 

Example 3.5.2 Let M be the deterministic pushdown automaton whose tran- 
sition diagram is given in Figure 3.5.2(a). 

Elo 

(0) --> 

(c) --> 

P/e, ble 
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Fig. 3.5.2 (a). A pushdown automaton M . (b) The complementation M.,, for M 
(c) Meo modified to ‘include no mixed states (d) A pushdown automaton that 

accepts the complementation of L(M) 

Using the terminology in the proof of Theorem 3.5.2, the state gg of M is ane 
state, the state g is a reading state, and the state p is a mixed state. 

The transition diagram of Meoy is given in Figure 3.5.2(b). The transition di- 
agram of Meo s modified to include no mixed states, is given in Figure 3.5.2(c). 
The transition diagram in Figure 3.5.2(d) is of a deterministic pushdown au- 
tomaton that accepts the complementation of L(M). Oo 
The closure under complementation of the class of the languages that determin- 
istic pushdown automata accept, the nonclosure of the class under intersection 
.and DeMorgan’s law all imply the nonclosure of the class under union. 

a 

Corollary 3.5.1 There are. languages that are accepted by nondeterministic 
pushdown automata, but that cannot be accepted by any deterministic push- 
down automata. co , ; 

3.6 Decidable Properties for Recursive Finite-Domain Pro- 
grams 

The first theorem of this section provides a generalization of the decidability 
of the emptiness problem for finite-state automata. 

Theorem 3.6.1 The emptiness problem is decidable for pushdown automata. 

Proof Consider any pushdown automaton M, =(Q,2,I,61,40,20,F). Let ¢ be 
a new symbol not in Y. Let 5) be 6; with each transition rule of the form 
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(q,€,8.p.7) being replaced with a transition rule of the form (q,c,G,p,7). Let’ 
Mz be the pushdown automaton (Q,2U{c},I',50,q0,20,F). me 

Intuitively, we see that Mo is the pushdown automaton M, modified to read 
the symbol c whenever M, is to make a move that reads no input symbol. By 
construction, A, can reach configuration (uqv,vw) in ¢ moves if and only if there 
exists u, such that Mz can reach configuration (u,gv,w) in t moves, where.u, is 
a string obtained from wu by insertion of some c’s and |u-|=t. Thus, T(M,)=2 
if arid only if T(M2)=9. °° Cot so 

Denote m as the constant that the pumping lemma for context-free languages 
implies for L(M2). The shortest string z in Z(M2) cannot be longer than m. 
Otherwise, a contradiction would arise because by the pumping lemma if z is 
in L(M2) and if its length is at least m, then a shorter string is also in L(Mo). 

On input x the pushdown automaton M2 can have at most |r| moves. Conse- 
quently, the emptiness of L(Mo) or, equivalently, of L(M) can be checked by 
considering all the possible execution sequences of M2 or, equivalently, of M, 

that consist of no more than m moves. oO 

The decidability of the emptiness problem for pushdown automata can be used 

for showing the decidability of some problems for finite-state transducers. One 

such example is the decidability of the equivalence problem for deterministic 

finite-state transducers. For the general.class of finite-state transducers as. 

well as the class of pushdown automata the problem is undecidable (Corollary 

4.7.1 and Corollary 4.7.2, respectively). On the other hand, for deterministic 

pushdown automata and for deterministic pushdown transducers the problem 

is open. 

Corollary 3.6.1 The equivalence problem is decidable for deterministic finite- 

state transducers. . : 

Proof Consider any two deterministic finite-state transducers M, and Mp. 

From M, and M2 a. finite-state automaton M3 can be constructed such that 

Mg accepts the empty set. if and only if L(M,)=Z(M2). The construction can 

be as in the proof of Theorem 2.6.4. 

On the other hand, one can also construct from M, and M2 a pushdown au- 

tomaton M, that accepts a given input if and only if both M,,and Mg accept 

it, while providing different outputs. That is, M, accepts the empty set if and 

only if M; and Mz agree in their outputs on the inputs that they both accept. 

A computation of M, on a given input consists of simulating in parallel, as in 

the proof of Theorem 3.5.1, the computations of M, and Mp on such an input. 

The simulation is in accordance with either of the following cascs, where the 

choice is made nondeterministically. 
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Case 1 M, simulates accepting computations of M, and Mz..that provide 
outputs of different lengths. During the simulation, M, ignores the outputs 
of M, and M2. However, at each instant of the simulation, the pushdown 
store of M, holds the absolute ‘value of the difference between the length of 
the outputs produced so far by M;"and M2. Mg, accepts the input if and only 
if it’ reaches acceptiiig'states of M,; and Mo at the end of the input, with a 
nonempty pushdown store. 9 "5s 7. : 

‘Case 2 M, simulates accepting computations of M, and Mp that provide 
outputs differing in their jth symbol, for some j that is no greater than their 
lengths: -Thé-simulation is similar:to that in Case 1. The main difference is 
that Mj ‘records in the pushdown store the changes in the length of the output 
of M; only until it'establishes (nondeterthinistically) that M; reached its jth 
output symbol, i= 1,2: In addition, M, records in its finite-state control the jth 
output symbols of Mj,.and My. Upon completing the simulation, My accepts 
the input if and only if its pushdown is empty and the recorded symbols in the 
finite-state control are distinct. . 

Given M3 and M,, a pushdown automaton Ms can then: be constructed to 
accept, L(M3)UL(M,). Ms .accepts the empty set if and only if M, and M2 
are equivalent. The result thus follows from Theorem 3.6.1.0. 1, Oo 

The uniform ‘halting problemi is undecidable for pushdown automata (Corol- 
lary 4.7.3).- However, the decidability of the emptiness problem for pushdown 
automata can be used to show the decidability of'the uniform halting problem 
for deterministic pushdown automata. a mo 

Theorem 3.6.2 The uniform halting problem is decidable for deterministic 
pushdown automata. 

Proof Consider any deterministic pushdown automaton M,. From M, a deter- 
ministic pushdown automaton Mp, similar to that in the proof of Lemma 3.5.1, 
canbe constructed. The only difference is that here M> accepts a given input 
if and only if it determines that My; reaches a simple loop. By construction 
M2 accepts an empty set if and only if M, halts on all inputs: O 

‘ 

The proof of the last theorem fails for nondeterministic pushdown automata 
because accepting coniputations of nondeterministic pushdown ‘automata can 
include simple'loops, without being forced ‘to enter ‘an infinite loop. 
Theorem 3.6.3 The halting problem is decidable for. pushdown. automata. 

Proof Consider any pair (M,z) of a pushdown automaton M and-of an input 
« for M. From z, a finite-state automaton M,.can be constructed that. accepts, 
only the input. z, However, from M , 2 pushdown automaton M, can be con- 
structed to accept a given input if and only.if M has a sequence of transition. 
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rules that leads M to a simple loop on the input. The construction can be 
similar to the proof of Theorem 3.6.2. 

From M and M,, a pushdown automaton M,,, can be constructed that accepts 

the intersection of L(M) with L(M,) (see Theorem 3.5.1). By construction, 
Mg,,r accepts a nonempty set if and only if M accepts z. By Theorem 3.6.1 

it can be determined if Maz accepts a nonempty set. If so, then M is deter- 
mined to halt. on input x. Otherwise, in a similar way, a pushdown automaton 
M,,z can be constructed to‘accept the intersection of L(M,) and L(M,). By 
construction, M,,z accepts the empty set if and only if M has only halting 

computations on input z. The result then follows from Theorem 3.6.1. Oo 

3.7 Exercises 

3.1.1 For each of the following relations give a recursive finite-domain program 

that computes the relation. 

a. {(a*b',c') |i >0} 

b. {(ay,z)|zy is in {a,b}* and |z|=|y|} 

c. {(x,y)|a and y are in {0,1}*, |z]=|y], and yAx™*”} 

3.2.1 For each of the following relations give a (deterministic, if possible) 

pushdown transducer that computes the relation. 

a. {(a*b) ,aJb*) |7,j 20} 

b. {(x,a'b?)|« is in {a,b}*, i= (number of a’s in x), and j = (number of b's 
in r)} 

{(cyz,ry"°’z) | xyz is in {a,b}*} 

{(a'b?,c*) ick <j} 

e. {(a'b’ ck) |k=min(i,j)} . 

{(w,c*)|w is in {a,b}*, and k=min(number of a’s in w, number of 6's in 

w)} 
g. {(zy,yx"e’) |x and y are in {a,b}*} 

ch. {(z,27¢’x) |x is in {a,b}*} 

i. {(r,y)|z and y are in {a,b}*, and y is a permutation of x} 

3.2.2 Find a pushdown transducer that simulates the computations of the 

recursive finite-domain program of Figure 3.E.1. Assume that the variables 

have the domain {0,1}, and the initial value 0. 

& 
9 

r
h
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in Figure 3.E.4. 
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f. {z|e=2"° and zt ; 32 is accepted by the finite-state automaton of Figure 

3.3,1 For each of the foll wi tes L(M that generates the i a ing languages construct a conte xt-free grammar. Find a context-free grammar that generates L( ). 

a { : Lou oe 3.3.5 Find a deterministic pushdown automaton that accepts the 
language 

° vy | z= and y are in {a,b}* and have the ame number of a's} generated by the grammar G=(N,¥,P, SY, whose production rules arc given 

b. {a'bic’ ix; or j#h} in Figure 3.E.3(c). 
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3.3.6: Let the program. P and the grammar G be as in Example 3.3.5, Find 
a derivation in G that corresponds to an accepting computation of P on input bab. ee . . ‘ . , . ‘ 

3.3.7 F ind the context-free grammar that accepts the same language as the 
program P in Figure 3.E.5, according to the proof of Theorem 3.3.3. Assuine 
that the domain of the variables is equal to {a,b}, with a as initial valuc. 

do [+ ly xf 
call f(z) fe Ty] 
if eofthen accept /+-13 «/ 

until false [* I, */ 

procedure f(z) 
if c= then [+15 */ ° 

return /+ Ig */ 
read x [+ Ty */ 
call f(z) /* Ig */ 
return /* Ig */ 

end 

Figure ‘3.E.5. 

3.4:1 Redo Example 3.4.1 for the case.that G has the production rules listed 
in Figure 3.E.3(d) and w=a°'. 

3.4.2 Show that each of the following sets is not a context-free language. 

a. {a"b'c!|t>1>n>0} 

- {aa"*’ala isin {a,b}*}- 
- {aBa"e’ Bre |q and f are in’ {a,b}*} 
. {a"aa"a|qa is in {a,b}*, and n=(the number of a's in a)} 
. {a#B|a and @ are in {a,b}* and isa permutation of a} 
. {af| the finite-state transducer whose transition diagram is given in Fig- 
ure 3.E.6 has output 8 on input a} .~ 

“ala b/b 

m
m
 

2 
A
a
n
 

e
o
 

g. {a™ |n>1} 
3.4.3 Show that the relation {(2,d") | is in {a;b,c}* and n = min(number of 
a's in £, number of b's in x, number of c's in x)} is not computable by a push- 
down transducer. 
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3.5.1 Show that the class of the relations computable by pushdown transducers 

is closed under each of the following operations ¥ : 

a. Inverse, that is, ¥(R)=R-'={(y,z)|(z,y) isin R}. 

b. Composition, that is, ¥(R:,R2)={(z,y)|e=2122 and y=yi¥2 for some 

(x1,y1) in Ry, and some (x2,y2) in Ro}. . 

“¢. Reversal, that is, Y= {(z7",y"*”) | (x,y) is in R}. 

3.5:2 Show that the class of context-free languages is not closed under the 

operation ¥(I,L2)={zyzw|-xz is in L, and yw is in Lo}. 

3.5.3. Find a pushdown automaton that accepts the intersection of the lan- 

guage accepted by the pushdown automaton whose transition diagram is given 

in Figure 3.E.7(a), and the language accepted by the finite-state auto
maton 

whose transition diagram is given in Figure 3.5.1(b). ; 

dle e/a dle ela 

() be 

3.5.4 Let M be the deterministic pushdown automaton given
 in Figure 3.E.7(b). 

Find the pushdown automaton that accepts the complementati
on of L(M) in 

accordance with the proof of Theorem 3.5.2. 

3.5.5 Show that if a relation is computable by a deterministic pushdown 

transducer, then its complementation is computable by a pushdow
n transducer. 

3.6.1 Show that the membership problem is decidable 
for pushdown automata. 

3.6.2 Show that the single valuedness problem is decidable fo
r finite-state 

transducers. 

3.6.3 Show that the equivalence problem for finite-state tr
ansducers is re- 

ducible to the equivalence problem for pushdown autom
ata. 
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