Iycre Bemonusiores mpeanonoxkennss 1 n 4, dymxwn  u(t) elU , v(t) eV
onpenenensl Ha [0, 0], npuuem u(z) — usmepuma, aVv(f) — xycouno—mocrosunas. Torna,
eciu B (5) MOACTAaBUTL BMECTO TApaMeTpoBlU W V ykazaHHble QyHKIMH, To peuenne Zz(f)
ypaBHeHus (5) cylecTByeT U eMHCTBeHHOE Ha BeeM otpeske [0, 0].

B paccMarpuBaeMoll MOJENU JOTOHSIOLIMN UIPOK P, xax n Bome, pacropsbKaeTcs
napamMeTpoM U W €ro JOMyCTUMbBIM YIpaBJICHUEM siBiseTcss uzMepumas qyukmas U(Z) co

3HAYCHUEM B U .
Thpamerp V sBisieTCS CIIy4ailHO BEIMYMHOW, €€ peaju3aldd U3MEHSIOTCS B KOHEUHBIE

MOMEHTHI BpeMeHH | yrpasisiercst urpokoM P . Wrpok P wurpaer B € -crpatermsix.

1 o
Iyers @ : E" — E' — nenpepeisroe otobpaxenue, 0 > 0 — qukcuposanubiii MoMeHT
Bpemenn. Bemuunna D (z(0)) sBaserca  cywaiinoit BenMumMHOW W LEmb Urpoka P -

MUHMMHU3UPOBAThH €€ MAaTEMaTHUYECKOE OKUJIaHUE.
[bckonpKy 3apaHee He U3BECTHbBI MOMEHTHI U3MEHEHUs pean3alMii MOMeXH, TO BBIOOP

STHX MOMEHTOB MPEIOCTABIISETCS HIPOKY-TIPOTHBHIKY £ .

B wurpoBeix Mozensx HcCCIENyHOTCS 3aqaud  COJMKEHUS -YKIOHEHHs, KOTOpbIe
OIMMHCHIBAIOTCS TEPMUHATIBHBIM MHOXKECTBOM, MHOXXETBOM (R30BBIX OTPAHUYCHHHA WIIH
TEPMHUHAIBHBIM (yHKIMOHATIOM.
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ON A RIGHT HAND SIDE IDENTIFICATION PROBLEM OF A PARABOLIC
EQUATION

Abstract. In nany physical phenonena, especially in tenperature over -specification
partial differential equations with an unknown source function appears. The present paper is
devoted to the study of the well -posedness of the approxinate solution of a right -hand side
identification problemfor a parabolic equation.

Key words: Identification problem stability estinates

Introduction

Inverse parabolic problens is of significant inportance in nathenatical sciences,
applied sciences and engineering. In nany physical phenonena, for instance in the process of
transportation, diffusion and conduction of natural naterials, the parabolic partial differential
equation is induced (see [1] and the references therein). In inverse problens, the optinal
overdetermnation conditi ons are analyzed in sone classical boundary conditions or/and
simlar conditions given at a point. The problemof determning the tenperature at one end of a
rod fromtenperature neasurenents at an interior point is an exanple of an inverse heat
conduction problem(IHP) vhich has been extensively studied [2].
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(onsiderable efforts have been expanded in fornulating nunerical solution nethods
that are both accurate and efficient. Mthods of nunerical solutions of parabolic problens wth
paraneters have been s tudied by nany researchers (see, [3-6]). (ne usually focuses hinself on
the uniqueness and the stability of the inverse problem For the uniqueness, we refer [7]. The
discussion of the stability is preparatory to the nunerical inplenentation for the invers e
problemin the theoretical respect. Diuring the last decades, sone nunerical techniques have
been proposed to solve a one-dinensional IHP. [etermnation of a control function in three -
dinensional parabolic equation and in polar coordinate systemare also investigated. Among
themthe finite difference nethod and the finite elenent nethod are so far the principal
nunerical tool of choice for the nodeling and sinulation of the THP.

Problem formulation

(ne application of inverse heat conduction problemin e ngineering and science is to
predict the thernal conductivity from the neasured tenperature profiles. The inverse
estination of thernal conductivity by the neasured tenperature profiles has been studied by
nany researchers. This work is devoted to the stud y of the well -posedness of the approxinate
solution of the right-hand side identification problem

u,(t,x)—a(x)u, (¢, x)+ou(t,x)= P()O(x)+ £(z, x),

0<x<1,0<t<T,

ult,0)=u(t,1)=0,0<1<T,

u(0,x)=p(x),0< x <1
vhere  P(1)0(x)= py (g, (x)+ s (g () + -+ p, (1)g, (x). Fere ult.x) and p,(e)(i=1,2,.n)
are unknown functions, f(t,x), ¢,(x)(i=1,2,--,n), @(x), and a(x) are given sufficiently

(1)

snooth functions, a(x)25>0 and >0 is a sufficiently large nunber. For solving the
parabolic inverse problem (D), the overdetermned conditions
ult,s, )= p,(t)ult,s,)= p,(t)---,ult,s,)=p, () vhere s,,s,,---,s, are inner points, p.(¢)
(i =1,2,---,n), 0<t<T are sufficiently snooth functions are determned. Let us assune
q(0)= q(l )= 0 and ¢(s,),¢(s, ),---¢(s,) are different fromzero. In this paper, for the clarity
n =12 is taken.

Stability analysis of solutions u(l,x), pl(t) and pz(t) are given by the help of an
auxiliary problem To fornulate the auxiliary problem the transfornation

u(t, x) = wlt,x)+77,(0)q, (x)+ 7, (), (x), 2)

vhere

t

m()=[p,(s)ds.m,(0)=0
and

m(r)= jpz (s)ds,7,(0)=0

is determned. Taking partial derivative of both sides of equation (2), we get

u,(t,x)=w,(t,x)+ p,()g, (x)+ p, (1), (x) 3)
and

0 (t.5) = w (6,0)+ 7,0, o () + 1, (g, (). @)

Uing the overdetermned conditions, ve can wite

p1(t): ”(tasl): W(tosl)+771(t)q1(sl)+772(t)%(sl)

,02(1‘): u(tasz): W(tasz)+771(t)q1(52)+772(t)q2(32)'

and

If
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one can easily showthat

pz(t)_w(tasz) %(Sz

Ui (t): J(sl,s2) (5)
and
%((Sl)) plEt;_WEtosl))‘
S, L\ )—wit, s,
Uz(t): 1 Jf()sl,%) . (6)
Replacing equations (3)-(6) in (1), we reach to the following auxiliary problem
w, (t, x)— a(x)w,, (t, x)+ aw(t, x) = f(t,x)
" Pl(t)%(sz)_pz(t)%(sl)_w(tasl)qz(sz)"'W(tasz)qz(sl)(q (x)—O'q (x))
q (51)Q2(52)_91(Sz)q (Sl) b 1
N pz(t)%(sl)_pl (t)% (Sz)_w(tasz )‘]1(51)+W(t=51 )% (Sz)(%,xx(x)_o'%(x)) 7)

91(51 )%(Sz)_%(sz )qZ(Sl)

0<x<[,0<¢<T,
ult,)=u(r,1)=0,0<t<T,
u(0,x)=p(x),0<x <!/

under the sane assunptions on  g(x).

Theoretical considerations
In this section, coercive stability estinates of problem( 1) are obtained vhere additional
condition is observed with and wthout noise. To formulate our results, we introduce the

Banach space C [0,L] @<€(0,1), of all continuows functions @(x) defined on [0, L] vith
¢'(0) = ¢(L) = 0 satisfying a Hlder condition for vhich the followng normis finite
¢(XX + sup |¢(x i h)_ ¢(xx .

0<

x<x+h<L ha

o, 1]~ mx.

In a Banach space E, with the help of a positive operator A we introduce the fractional
spaces E_,0<a <1, consistingofall ve E for vhich the following normis finite:

My, =M, +sup 2 expl- 24,

Positive constants wll be indicated by M wvhich can be differ in tine.
+2

. 2a . 2a
Theorem 11 Let p(x)eC  [0,L] f(l,x)eC([O,T],C [O,L]j and p'(t)e C[0,T]. Then

for the solution of problem (1) the following coercive stability estimates

”ut”c([o,T],éza[O,L]j + ”u”C([o,T],ézmz[O,L]) = M(x*’ ql‘p,“c[o,r]
+M(a,6,0,a,x",q.T {”(0”232“ [0.L] +[ 7 ||C([0,T],Z“2a[0,L:D + ||P||c[o,T1]a

||p1||C[0,T] < M(x* > ql‘p’HC[O,T]

112



#tlaionas a oW o] o |

||p2||C[O,T] < M(x*’ ql‘p,HC[O,T]

o ) e P, 2] WP 2] Pt

hold.
Theorem 22 For the solution of problem (7), the following coercive stability estimate

o2, £] < M{e.6.0,5"0.7)

e (o0 VLo ) 1ok
holds.

The proof of Theorens 1 and 2 can be given in a simlar nanner by the proof given in
[8, Theorem?2. 1 and Theorem?2. 2].
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