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PREFACE

This book describes data structures, methods of organizing large amounts
of data, and algorithm analysis, the estimation of the running time of
algorithms. As computers become faster and faster, the need for pro-
grams that can handle large amounts of input becomes more acute.
Paradoxically, this requires more careful attention to efficiency, since
inefficiencies in programs become most obvious when input sizes are
large. By analyzing an algorithm before it is actually coded, students
can decide if a particular solution will be feasible. Therefore, no al-
gorithm or data structure is presented without an explanation of its
running time. As computers have become more powerful, the prob-
lems they must solve have become larger and more complex, requiring
development of more intricate programs. The goal of this text is to
teach students good programming and algorithm analysis skills simul-
taneously so that they can develop such programs with the maximum
amount of efficiency.

Chapters 1 and 2 give some general approach to investigate programs
and describe main classes of algorithms.

Chapter 3 covers lists, stacks, and queues. The emphasis here is on
coding these data structures using abstract data types, fast imple-
mentation of these data structures, and an exposition of some of their
uses. There are almost no programs (just routines), but the exercises
contain plenty of ideas for programming assignments. .

Chapter 4 covers trees, with an emphasis on search trees, including
external search trees (B-trees). The UNIX file system and expression
trees are used as examples. AVL trees and splay trees are introdufzed
but not analyzed. Seventy-five percent of the code is written, leaving
similar cases to be completed by the student.



Chapter 5 is a relatively short chapter concerning hash tables. Some
analysis is performed, and extendible hashing is covered at the end of
the chapter.

Chapter 6 is about priority queues. Binary heaps are covered, and
there is additional material on some of the theoretically interesting
implementations of priority queues.

Chapter 7 covers sorting. It is very specific with respect to coding
'-details and analysis. All the important general-purpose sorting algo-
rithms' are covered and compared. Four algorithms are analyzed in
detail: insertion sort, Shellsort, heapsort, and quicksort. The analysis
of the average-case running time of heap sort is new to this edition.
External sorting is covered at the end of the chapter.

Abstract data types have helped greatly in organizing the subject
matter, both by classifying and specifying data structures, and by
removing.them from the algorithms. They permeate the book, and
there are whole chapters devoted to their implementation. By count-
ing the number of times that a characteristic operation is performed,
the analyses give quite precise results, without excessive detail.

Exercises, provided at the end of each chapter, match the order in
which material is presented. The last exercises may address the chap-
ter as a whole rather than a specific section. Difficult exercises are
marked with an asterisk, and more challenging exercises have two
asterisks.

References are placed at the end of each chapter. Generally the refer-
ences either are historical, representing the original source of the ma-
tgria.l, or they represent extensions and improvements to the results
given in the text. Some references represent solutions to exercises.

This book is intended as a text for a one-semester second or third year
course on algorithms and data structures. Chapters 1-7 of the book
p.rov1de:enough material for one-semester data structures courses. It
aims to present the central topics of the subject under a coherent or-

ganization, with emphasis more on depth of treatment than on broad
survey.

‘Chapter 1

Algorithm Correctnesé -

Most algorithms are straightforward and obviously correct. For example, the

* algorithm for summing the elements of a set of mmbers, by adding each in tumn into
‘asum variable, is of thiskind. If all algorithms were like this, there would be no need

to study algorithm correctness. : :
Here is an algorithm, simple to state, whose correctness is not nearly so

- obvious. We are given a map showing cities and the distances between them:

The problem is to connect all the cities together with fiber-optic cable, using links
whose total distance is as small as possible. For the map just given, the answer is

. . B '2 i 4’ T ', . :
One algorithm for this problem, (Kruskal’s algorithin frori Section 12.2) takes
each link in turn, from the shortest to the longest, and adds it to the growing result
whenever doing so would not introduce a cycle, This is plausible, and it works
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for the instance above, but is it obviously correct in every instance? Not af all. _To
understand Kruskal’s algorithm and otherslike it, intuition is not enough: something
more formal is needed. o

The study of algorithm correctness, as this book goes about it, is known as
axiomatic semantics, and it is principally owing to Floyd (1967) and Hoare ('l 969?.
Itis possible, using the methods of axiomatic semantics, to prove .that an algorithm is
correct as rigorously as onie can prove a theorem in logic. This will not be attempted
here, because it is an entire subject in itself; see, for example, Dijkstra ( 1976) apd
Gries (1981). Instead, a less rigorous approach will be used which is compatible W.lth
the fully rigorous one, but which is more appropriate to our aim of understanding
why algorithms are correct.

1.1 Problems and specifications

A problem is a general question to be answered, usually possessing one or more
parameters. A problem is specified by describing the form the parametersare to take,
and the question that is being asked about them. For example, the minimum-finding
problem is ‘S is a set of numbers, What is a minimum element of S?’ It has one
" parameter, the set of numbers S. .

An instance of a problem is an assignment of values to the parameters. For
example, ‘S = {5, 2, 6,9} is an instance of the minimum-finding problem.

An algorithm is a step-by-step procedure for taking any instance of a problem
and producing a correct answer for that instance. If several answers are equally cor-
rect, as often happens, the algorithm may produce any one. An algorithm is correct
if it is guaranteed to produce a correct answer to every instance of the problem.

Specifying a problem can be difficult, because great precision is needed. For
example, the empty set has no minimum element, so the specification above for the
minimum-finding problem is flawed. A good way to state a specification precisely
isto give two boolean expressions, or conditions: the first, the precondition, states
what may be assumed true initially; the second, the postcondition, states what is to be
true about the result. The minimum-finding problem could be specified like this:

Pre: S isa finite, non-empty set of integers
Post:  mis a minimum element of §

By writing (there exists x € S such that m = x)and (forallx € §,m < x), it 18
possible to express more formally what it means for m to be a minimum element of
S. Whether this degree of formalism is worthwhile or not will depend on the use to
which the specification is put. :
. By assuming that all instances are non-empty, we are saying that we don’t care
Wha{ an algorithm for this problem does if it is given the empty set. It is the user’s
responsibility to supply only instances in accord with the precondition.

4

1.2 Recursive algorithms

‘Newcomers to recursion are often confused by the apparent circularity of recursive

definitions: to solve a problem, first solve the problem. ‘As a first, simple example,
consider this well-known recursive algorithm for calculating n!, the product of the
first n natural numbers: '

facﬁ;ﬁal(n: INTEGER): INTEGER is
0

if n=0 then
Result :=1
else ‘
Result = n x factorial(n—1)
end
end

A naive approach to undemtaﬁding this algorithm, based on tracing its behavior, is
possible but becomes very confusing as the recursive calls build up.
A much clearer view is obtainable when the ideas of problems, instances, and

formal specification using preconditions and postconditions are used. The problem
of calculating n! has specification s

-- Pre: nis an integer such thatn > 0
x := factorial(n)

-- Post: x = n! &
The convention used here is to include the conditions as comments in a program
fragment at the points where they should be true,

Instead of trying to understand the algorithm by tracing it, the approach
recommended here is to prove that the program satisfies its specification, and to use
the proof as a guide to understanding the algorithm. - ' .

It must be shown that for all n > 0. factorial(n) returns'n!. This statement is
clearly suited to a proof by induction on n. First it must be shown that JSactorial(0)
returns 0!, and second, that if factorial(j) returns j! for all j such that § < Jj<n-1,
then factorial(n) returns n!. , .

_The key point js that during the proof we will be assuming that factorial(n—1)
returns (n — 1)}, as proof by induction permits us to do. That is, to understand this
algorithm there is no need to trace the call to factorial(n-1), and in fact to do so only
leads to confusion. Instead, the recursive call is assumed correct by induction, and
the formal specification defines its effect without any need to trace it. -

Here is the formal proof: : '

Theorem 1.1: For all integers n 2 0, factorial(n) returns n!.

Proof: by induction on n. . ‘

Basis step: n = 0. Then the test n = 0 succeeds, and the algorithm returns 1. This
is correct, since 0! = 1.
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Inductive step: The inductive hypothesis is that factorial(j) returns ]' for alljin tt::e
range 0 < j < n— 1. It must be shown that factorial(n) returns n!: Since n > 0, 1te
Jalgorithm returns n * factorigl(n-1).. By the inductive hypothesis, factorial(n-1)

retums (n.=-:1)!, and so factorial(n) returns n x (n — 1)}, whichequalsn!. .~ O

“Notié¢ thiat the jproof is only possible because the recursive call is givena smaller
instance than the original, so that the inductive hypothesis may be applied toit. Also,
the theorem says nothing about the behavior of factorial(n) forn < 0, apd in fact the
algorithm never halts for these n. o .

For a second example, consider the binary search algorithm, whose goalis to
determine whether x is present in the sorted array entries.item(a..b):.

--Pre; a < b+ 1and entries.item(a..b) is a sorted array

found := binary_search(a, b, x); .

- Post: found = x € entries.item(a..b) and entries is unchanged

Thecodeis - |
.. binary_search{a, b: INTEGER; x. KEY_TYPE): BOOLEAN is
"~ local - N
mid: INTEGER,
do

if a> b then
Result = false
else

mid:=(@+b)//2;
¢ = . if x=entries.item{mid) then
Result := true :
elseif x < entries.item(mid) then
Result := binary_search(a, mid~1, x)

Result := binary_search(mid+1, b, x)
: end A S

- . end

end

where // denotes integer division. Binary search first compares x thh ti.le middle
entry of the-array, enitries.item(mid). If x < entries.item(mid), x must liein t!‘e.leﬁ
half of the arrdy if it is present at all; if x > entries.item(mid), it must lie in the right
half. The proof is by induction on the size of the atray entries.item(a..b):

Theorem 1.2: For all n > 0, where n = b — a + 1 equals the number of elementsin
the array entries.item(a..b), binary_search(a, b, x) correctly returns the value of the
condition x € entries.item(a.b).

Proof: by induction on 7. : i

Basis step: n = 0, The array is empty, 0@ = b + 1, the test a > b succeeds, and the
algorithiii retuims false:- This is correct: x cannot be present in an empty array.
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Inductive step: n > 0. The inductive hypothesis is that, for all J lying in the range
0<j<n-1; wherej=b'~a’+1, binary_search(a’, b’, x) correctly returns the
condition x € entries.item(a’.b’). From the calculation mid :=(a+b)// 2 it fol-
lows that a <mid < b. If x = entries.item(mid), clearly x e entries.item(a..b)
and the algorithm correctly returns the value true. If x < entries.item(mid),
then since entries is sorted it follows that x € entries.item(a.b) if and only if
X € entries.item(a.mid ~ 1). By the inductive hypothesis, this second condition is
returned by binary_search(a, mid—1, x). The inductive hypothesis does apply, since
0<(mid-1)—a+1<n-1 Thecasex > entries.item(mid) is similar, and so the
algorithm is correct Yor all instances of size n. ‘ (]

1.3’ lterative algorithms

Iterative algorithms (those containing a loop) are much easier to trace than recursive
algorithms, but they are not always easier to understand. For example, the mysterious
algorithm - given at the beginning of this chapter, for building communication
networks, has a simple iterative form.

It turns out that proofs of correctness of iterative algorithms can supply the
ideas needed to understand such algorithms. In particular, a condition called the loop
invariant, which lies at the heart of every such proof, is the key to understanding even
the most mysterious iterative algorithms. K

A loop invariant I of an algorithm containing an until loop is a condition
which is true at the beginning of each iteration of the loop, at the moment just before
the until condition is tested. C o ‘

Two questions are raised by this. First, how do we go about finding loop
invariants? And second, how do we use them to prove that algorithms are correct?
It seems best to tackle both questions simultaneously, by way of examples. Our first,
very simple, example finds the sum of the elements of the array entries.item(a..b):

~Preea<b+1

from i := a; sum :=O until i = b + 1 loop
sum := sum + entries.item(j);
i=i+l

end ,

-- Post: sum = Zj= Jentries.item(j)

As usual, the precondition and postcondition have been included as comments at
the points where they should be true. By definition, entries.item(a..a~1) denotes an
empty array whose sum is 0, and this algorithm calculates this empty sum correctly.

Now, what is the loop invariant of this algorithm? We are looking for a con-
dition which is true at the beginning of each iteration of the loop. Some trivial ex-
amples are true and i 2 a; but, to be useful, a loop invariant must express everything
that the algorithm has achieved up to the point where it occurs.
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. Itis often helpful to imagine the state of affairs when about half. the iterations
aré:&implete:imhabis truethen? At that point, the sum variable contains the sum of
all,theifems'bxanﬁned~sofar.‘Mo‘teprecisely,.’f I

. CTael
4 siipn £ Y. entries.item())
T jEar o o , . .
'i'lnscondmon is t,he-loop invariant of the summing a!lg‘o.rithm;the nf.ader'may easily
veriy.fuuively that this condition holds at the beginning of each fieraion.
" Even without proof, the loop invariant is very useful toknow. For example,it
makes an excellent comment (at least, it does for loops less tnvna} tthh::‘n this summing
example). To know the loop invariant is to underst.and the algorithm. _
I;"or the record, and as a model for the more difficult proofs that appear later in

this book, here is a proof that the condition really is a loop invaﬁmt:

Theorem 1.3 (Loop invariant of zuumningxilgmrmm;):1 At the beginaing of the
kthx iteration'of the summing algorithm above, sum = Z};aentries.itemo )
mst:zu::c?o::trlf begummg of the firstiteration, the initializatio‘n-statements
ensure that sim = O and i = a. Since 0 = 2;;:Mes.itmq7, the condition holds.
Irﬁ&'ucﬁve step The inductive hypothesis ns that sum = Z‘.;.;:entr:ies.iter,'n.(i) at the
beginning of the kth iteration. Since the aim here is to prove that this condition holds
after one more iteration, it may. also be assumed at this point that the loop is not
aboht to terminate, or in other words, that i # b+ 1. Let sum’ and i’ be the values
of sum.and i at the beginning of the (k + 1)st iteration. It is required to show that
sum’ = Z;:entﬁes.item(i). Since sum’ = sum + entries.item(i),and i’ = i + 1,

- -sum’ = sum + entries.item(i)
i=1

= ) entries.item(j) + entries.item(i)
j=a .

= ientries.item(i)

j=a

-1 .
=Y entries.item(j)

j=a : _ ‘ ‘
and so the condition holds at the beginning of the (k + Ut iteration. . O

Establisking the IGop invariant is invariably the hard part of te proof, but there are

two easier steps remaining. First, it must be shown that the postcondition holds at

the end. Consider the last iteration of the loop in the summing algerithm. At the
8

end of it, the loop invariant holds, as has been shown. Then the testi =) + lismade,
succeeds, and execution passes to the point after the loop. Clearly, at that moment
the ¢ondition ’ - ’
i-1
sum = ), entries.item(j)and i = b + 1

j=a

holds. But this condition implies

. b A
sum = Y entries.item(j)
J=a

‘which is the desired postcondition; so the postcondition holds when the algorithm
terminates. Notice that this conclusion could not have been reached so simply if
i > (the condition that is usnally written in practice) had been used as the condition
at the top of the loop. In general, just after the completion of the execution of the
loop ‘from ... until B-.., with loop invariant /, the condition / and B holds, and it is

‘necessary to prove that this implies Post. Lo :

The final step is to show that there is no risk of an infinite loop. This is usually
obvious, so may be done briefly. The method of proof is to identify somé integer
quantity that is strictly increasing (or decreasing) from one iteration to the next, and
to show that when this becomes sufficiently large (or small) the loop must terminate.
For the summing algorithm, i is strictly increasing, and when it reaches b + 1,the loop
must terminate. This argument depends on i being no greater than b + 1initially; in
other words, the condition'a < b + 1 must be true initially in order for termination
to be guaranteed. . S T

- To summarize; then, the steps required to prove that thé iterative algorithm

-~ Pre

from ... until B loop

end ’ '

-~ Post

is correct dre-as fpﬂows: ' .

1. Gue,ssééoﬁcijﬁonl.. e o
2. Prove by induction thft Tisa !001_3 invariant. -
3. Provethat/and B=> Post.

4. Prove that the loop is guaranteed to terminate.

With practice, a clear intuitive understanding ofthe con'ectheSS of an algorithm

will lead immediately to the loop invariant. Remember that the loop invariant must

mention all the variables whose values change within the loop, but that it expresses
9



an tmchangmg }élﬁﬁonship among those variables. It must also contain complete
information about what the algorithm has achieved up to the point in the program
text where it occurs.

For example, the loop invariant

i=1
sum = Eenm'es.item(,)

j=a

makes good intuitive sense. It simply expresses the fact that, at the beginning of each
iteration, sum contains the sum of all the values examined so far. ‘

Some guidance on the general form of the loop invariant may be obtained from
Post, since I must satisfy I and B = Post, where B and Post are known. In fact, it
is good policy to take Post and generalize it in some way to obtain /. For example,
.in the summing algorithm above, / is just Post with breplaced by i — 1. This simple
relationship ensures that the condition  and B = Post is readily proved. :

Atthe other extreme, check that the initialization statementsestablish /. If they
do,and 7 and B =» Post, it is probably worthwhile to proceed with the main part of
the induction. - : '

Correctness of selection sorting

Selection sorting is a simple sorting method which works by repeatedly finding the
smallest item among those that remain unsorted, and adding it to the end of a growing
sorted sequence. It makes an interesting example because there is a natural choice
of loop invariant which turns out to be too weak, as will be seen.

-~ Assuming that the items to be sorted are stored in an array entries.item(a..b),
the sorting problem may be specified like this:

~-Prea<b+1

=- Post: entries.item(a..b) contains some permutation of its initial values
and entries.item(a) < entries.item(a + 1) < ... < entries.item(b)

The precondition permits the array to be empty, when a = b + 1. The first part of
the postcondition prevents an algorithm from changing (as distinct from moving) the
items in the array; without it, a ‘sorting’ algorithm could replace every item by zero
and declare the array to be sorted. -

In the following algorithm, it is assumed that m#:_index(entries, i, j) returns
the index of a smallest item in entries.item(i..j), and that swap(entries, i, j) exchanges
items i and j. Here then is the selection sorting algorithm:

_ fromi :=quntil i = b+1loop
J = min_index(entries, i, b), '
ifj I=i :hen swap(entries, i, j) end;
=l 0 ’ : :
_end ' '

in

On the first iteration of the loop, min_index(entries, a, b) finds an overall smallest
item, and then swap(entries, a,j) swaps it into entries.item{a). On the second
iteration of the loop, min_index(entries, a+1, b) finds a smallest remaining item, and
swaplentries, a+1, j) swaps it into entries.item(a+1). This process continues until the
array is sorted, - - , . - )

It should be clear that the first part of the postcondition, ‘entries.item(a..b)
contains some permutation of its initial values,’ may be incorporated into the loop
invariant without change. It is trivially true at the beginning of the algorithm, and
since the only changes to entries are those made by swap(entries,, j), which permutes
items but does not change them, it remains true. throughout the entire execution of
the algorithm. .

Itis clear informally that the purpose of one iteration is to get the correct item
into entries.item(i); so at the beginning of this iteration,

entries.item(a) < ... < entries.item(i — 1)

and since this condition plus the termination condition i = b + 1 implies the re-
mainder of the postcondition, it is a natural candidate for the remainder of the loop
invariant. However, although this condition is true, it is inadequate: Something is
missing.

A simple way to see the problem is to consider the special casei=a+l,
that is, to consider the state of affairs at the beginning of the second itération. The
condition is '

entries.item(a) < ... < entries.item(a)

which.is vacuously true. But at this moment the loop invariant should be expressing
everything that the algorithm has achieved, which in this case is to have swapped a
smallest item into entries.item(a). We need to strengthen the loop invariant, which
altogether comes to o o :

entries.item(a..b) cantains some permutation of its initial value.zs
and entries.item(a) < ... S entries.item(i — 1) < entries.item(i..b)

The last inequality means that the items of entries.item(i..b) are no smaller than the
items of entries.item(a.i - 1). oL )

The actual proof of correctness is now quite straightforward. The loop invari-
ant clearly holds initially, since entries.item(a..i — 1) is empty, and wheni = b + 1it
trivially implies the postcondition. The combined action of min_index(entries, i, b)
and swap(entries, i, j) clearly produces .

entﬁes.iieiﬁ(a) <..< entries.item(i) < entries.item(i + L.b)

and the final i ;=i + 1 returns us to the loop invariant.
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‘Correctitess of binary-search -

:I‘lnssecuon ct ncliides withia study of the correctness of the following ﬁbn-recuréiw)e
binary searchialgorithm: *° E '

binary_search(a, b: INTEGER; x: KEY_TYPE): BOOLEAN is

o loegl . acuiney et oot .

eder ok jymidoINTEGER, - . .

Do n‘;:-";"é. fowt,drBOO,L_EéN; .
o ’ ;

1" -"'l‘l, _TOW:I?TQIS_G; e L . .
o7 fromi=a; ji=bunéll i=j + 1 or foind loop
mid =G +j) /] 2;
. i x = entries.item(mid) then.. .
found :=trwe - - .
elseif x < entries.item(mid) then
Ji=mid~1 .
else -

Ve

P L

. Pi=mid+1
¢ end
"~ 7 Result i=found
end
Fromthe discussion of the recursive binary search algorithmin Section 1.2, itis fairly
evident that the loop invariant should state that x € entries.item(a..b) if and only if
X & entries.item(i.j). This takes care of the variables i and j.
. The harder question is how to bring found and mid into the loop invariant,
especially since mid is undefined at the beginning of the first iteration. Perhaps the
“best way to handle these two is to imagine anothier version of the algorithm in which
weactually return the index of + if it is found. For this version it would be necessary
tola‘_ldf"""d = (a < mid < b and x = entries.item(mid)) to the postcondition, and
this immediately suggests that it be included in the loop invariant:

(x € entries.item(a..b) if and only if x € entries.item(i..j)) and
(found = (@ < mid < band x = entries.item(mid)))

‘The'initialization found := false; i := a; J :=b; clearly establishes this invariant.

At termination, the loop invariant holds and so does i = j + 1 or found. If
found is trug, the loop invariant shows that @ < mid < b and x = entries.item(mid),
So it must be that x e enfries.item(a..b); on the other hand, if found is false, then
i=j+14ndsox e entries.item(i.j) and therefore x & entries.item(a.b). Thus the
postcondition holds. . ' ' o

The rest of the proof is left as an exercise; it is quite similar to the argument
used to prove that the recursive binary search algorithm was correct.
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1.4 Exercises

1.1

1.2

1.3

Consider the following recursive algorithm:
g(n:l INTEGER): INTEGER,
o

if n <=1 then
Result .=n
else ‘ '

Result := 5sg(n—1) = 6+g(n-2)-
end v
end

Prove by induction on » that g(n) returns 3" — 2" for.alln > 0.
Prove that the specification e \

-Pre.a<b+1 .
-- Post: entries.item(a) < entries.item(a + 1) < ... < entries.item(b)

is satisfied by the routine

selection_sort(a, b: INTEGER)is =~ -
i: INTEGER,
do
ifa=b+1then
-- do nothing
else
i :==min_index(entries,a,b);, . . o
if i /='a then swap(entries, i, a) end; -
selection_sort(a + 1, b) Co '
end
end;

You may assume that min_index(entries,i,j) will return the index of a
minimum element of the non-empty subarray entries.item(..j), and that
swap(entries, i, a) swaps the two indicated ele_meqt.g.' A

oy,

It is not within the scope of this book to explain fiow program corectness
may be reduced to a formal logical system. Here though is a glimpse.
Consider an assignment statement: L

- Pre:- 2 ..

x:=E .

i POt f(x) B : oo
"where x s any varigble, E is any expression, and f(x) is any condition. Show
that f(E) must be true to guarantee the truth of the given postcondition.
13
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L5

1.6

1.7

Use the method of the previous question to show formally that the precondi-
tion true is sufficient to make the given postcondition true:

i=a
sum =0

. R S ,
-- Post: sum = ij JEntries.item(j)

Then use the method to show formally that the postcondition shown below
will be true where it occurs if that same condition is true at the beginning:

sum := sum + entries.item(i);
i=i+l

SRS X
- Post: sum = Zj=aenmes.ztem(1)

Thes? two results taken together prove formally that the given condition is a
loop invariant of the summing algorithm from Section 1.3.

Prove that the following linear search algorithm is correct with respect to the
given precondition and postcondition:

- Pre:' a<bandx e entries.item(a..b)
frqm i= iz until x = entries.item(i) loop
=i+l |
end
~Posta<i<bhandx ¢ entries.item(a..i — 1)
and x = entries.item(i)

This algorith.m for evaluating the polynomial ay+ax+---+a,_x"'atthe
point x = x, is named after William G. Horner-

hoTo;(la: ARRAY[INTEGER]; x0: INTEGER): INTEGER is

- I INTEGER;

do
Result :=0; A
fromi:=k- L until i <0 loop

] {?eslflt =a.item(i) + Result » x0;
i:=i-

end

end

Find the loop invariant of this algorithm and prove it correct.

In addition to finding whether x entries.item(a..b), the following iterative

version of binary search finds the index of the place where x lies, or, if x is not

 present, the index of the place just to the left of x’s place in the ordering:

14
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binizry_seamh(a, b: INTEGER,; x; KEY_TYPE): INTEGER is

i,j, mid: INTEGER,
4 Jound: BOOLEAN;
o
Jfound := false;
fromi:=g; j:=buntili=j + 1 or found loop
mid =@ +j) 1] 2;
if x = entries.item(mid) then

found = true
elseif x < entries.item(mid) then
ji=mid -1
i :=mid + 1
end ,
end;
if found then Result := mid else Result := j end

end
where // is integer division. Prove that this satisfies the specification

- Pre: o
a < b + 1 and entries.item(a) < ... < entries.item(b)
-- Post. :
(found = a < Result < b and entries.item(Result) = x) and
(not found = a— 1 < Result <band
(for all k such that a < k < Result, entries.item(k) < x) and
(for all k such that Result + 1 < k S b, x < entries.item(k)))

. Your first task is to determine what must be true just after the loop terminates,
-in order for the final if staterent to establish the postcondition.

1.8 The bill-splitting problem (J. MéCormack)’. A group of p people hvmg ina
shared household receive a bill for c cents. They want to split the bill p ways
as fairly as possible, given that fractions of one cent are not allowed. The

- following algorithm js proposed: .

fromm :=c; n:=puntiln<0loop
re=mlin, - : v
output.put_ini(r);
output.next_line;

m=m-r,
n=n-1
end

where // is integer division. Does it always work?

19  Tail recursion elimination. Recursion is a powerful tool for expressing al-
gorithms, and it is used extensively throughout thns book. However, when a
15



1.10
I.11

recursive algorithm is heavily used in a production system, it may be worth-
while to tune it by eliminating some or all of the recursive calls. In general,
recursion elimination requires the replacement of the runtime stack with an
explicit stack appearing in the algorithm; but, in the case where there is only
one recursive call, and it is the last statement in the body of the routine, the
recursion can be replaced with a loop. This case is known as tail recursion.
In general, the tail-recursive routine

tail_rec(x: instance_type): result. : eis
local 8

Y instance_type;
do
if b(x) then
Result := c(x)
else
y=d(x);
Result := tail_rec(y)
end
end

has identical effect to the non-recursive routine

nond_rec(x: instance_type): result_type is
]

from until b(x) loop
x:=d(x)
end; :
Result := c(x)
end

where b(x), c(x), and d(x) are any functions of type BOOLEAN, result_type,
o fnsfance_typ_e respectively. Prove this assertion by showing that the two
Toutines execute identical statements in identical order. A

E.hmmate tail recursion from the selection_sort routine of Exercise 1.2.

Althoulgh the recursive binary search given in Section 1.2 is not in the form
_of a tall-recurswfa routine, since it has two recursive calls within its body.
1t can be made tail-recursive by careful rewriting, Do this and compare the

npn-re.cursive version obtained by eliminating tail recursion with the version
given in Section 1.3,

14

Chapter 2

Analysis of Algorithms

The speed of computation has increased so much over the past 40 years that it
might seem that efficiency in algorithms is no longer important. But, paradoxicaiiy,
efficiency matters more today than ever before. The obvious reason why this is so
is that our ambition has grown with our computing power. Virtually all applications
of computing — the simulation of continuous systems, high-resolution graphics, and
the interpretation of physical data, for example — are demanding more speed.

The more subtle, and more important reason is as follows. The time that many
algorithms take to execute is a non-linear function of the size of their input, and
this can greatly reduce their ability to benefit from increases in speed. For example,
consider an algorithm that sorts » numbers into increasing order in n*steps. Suppose
that over the course of a few years, computing speed increases by a factor of 100.
In the time that it used to take to execute the n® steps, it is now possible to execute
10072 = (10n)” steps. Thus, only 10 times as many numbers can be sorted as before.
One of the potential two orders of magnitude improvement has been lost to an
inefficient algorithm. ;

Another example is the multiplication of integers. It takes longer to perform
one 64-bit multiplication than it does to perform two 32-bit multiplications, as far as
anyone knows. 7

The faster computers run, the more are efficient algorithms needed to take
advantage of their power. The branch of computer science that studies efficiency is

known as analysis of algorithms.

2.1 Characteristic operations and time complexity

Consider the following algorithm, which finds ﬂn.é;incgex of aminimum element of
the non-empty array entries.item(a..b): £y ATYLR P

0T 5L



mir;;f&!dax(a, b: INTEGER): INTEGER is

i: INTEGER
do N
Result :=a;
fromi:=a+ 1untili> bloop
if entries.item(i) < entries.item(Result) then
Result :=i :
end;
i=i+l
end
end

How long does m.in_index( 1,n)take to execute? The answer to this question depends
on the particular implementation (that is, computer and compiler) used to execute the

algorithm, and on the size of the array, n. Since our interest is in the algorithm itself, :

and not in any pa.rticular implementation of it, these two factors must be separated.
In general, this will be done as follows. Choose some characteristic operation, th(n,,t

1
|
-
.
{
|
i

the algorithm performs repeatedly. Define the time complexity T (n) of an algorithm
to be the number of characteristic operations it performs when given an input :9f

size n.

~ For f:xa.mplé. if thg.b’;ieration Result := a is chosen as the characteristic oper;; :
tion for min_index(1, n), it turns out that T'(n) = 1, since this operation is perfomigd .

exactly once. Or, if the comparison entries.item(i) < entries.item(Result) is taken a5

the characteristic operation, () is the number of times the body of the loop is ex;';Q:L 5
- 1,since entries.item(Result)is coip- . -

cuted. It isnot hard to see that this is T(n)=n

pared once with each of the # — 1 numbers entries.item(2..n). Finally, if Result =i

is chosen as the characteristic operation, T'(n) could be anything from Oton — |, g{ E
? , .

pending on the values in the array: if the first entry is the smallest, 7'(n) = 0; if
first entry is the largest and then every entry after the first is smaller than the preceg-

ing one, 7(n) = n ~ L. This dependence on values will be considered further in the
next example. :_

One way to choose among these answers is to refer to some particular imple-

mentatic’m. Suppose it takes p microseconds to execute the body of the loop once, ,‘
and ¢ microseconds to execute the initialization and return parts. Then the execution -
timeis p(n — 1) + ¢, which is pT(n) + q if the second complexity function is chosen.

A characteristic operation and its corresponding complexity function T'(n) are called

realistic if the execution time with respect to some implementation is bounded by a

By choosing a realistic characteristic operati i ’
i i peration, the inherent
complexity T'(n)is neatly separated from the implementation-dependent detailspand

linear function of T'(n).

q. The choice of a realistic characteristic operation is almost always so obvious that

it rarely needs justification; in principle the analysis could be done for every possible |

operation and the largest answer taken,

Now consider the following algori L e
of entries.item(a..b); g SOﬂ@fordemang whether x is an element

18

.:.:linear_search(a, b: INTEGER,; x:KEY_TYPE): BOOLEANis : '
- local .: SO . S T TR
. ...>INTEGER, - - - .
found: BOOLEAN

do
found :=false; -
from i :=aguntili > bor foundloop
found = (x = entries.item(i)); - -

i=i+l )
end; -
Result := found

end

The time complexity of linear_search(1, n, x) dépends on the valie of x and on the
contents of the array. This leads to two questions:” -~ .~ * . °

Over all instances of size n, what is the maximum time the algorithm takes to
-execute? This is its worst-case time complexity, denoted W(n),

Over all instances of size n, what is the average time the algorithm takes to
execute? This is its average time complexity, denoted A(n). o

More formally, suppose algorithm P accepts k different instances of size n. Let T(n)
be the time complexity of P when given the ith instance, for 1 < i < &, and let p, be
the probability that this instance occurs. Then S

W(n) = max T(n)

1sigk !

k
A(n) = E‘P;T;(n)

Incidentally, it follows that A(n) < W (n), with equality, assuming all the probabilities
are non-zero, if and only if T\(n) = T,(n) = ... = Ti(n). (Exercises 2.1 and 2.2).
Average complexity analysis is complicated by the need to find suitable values
for the probabilities p,. In one sense, any values would do, but if the result is to be
useful the values must reflect the conditions under which the algorithm will be used
— a hazy and subjective requirement. For some problems, no consensus on suipble
probabilitiés has been reached (for.example, graph problems). « » ~-- - -
.. ~Here now is the calculition of W(n) and A(n) for linear..search(1, n, x),choos-
ing x = entries.item(f) as the characteristic operation. Two reasonable assumptions
are (a) the probability that x will'be found somewhere'in the array is a constant, p;

. and (b) if x is present, it is équally likely to be found at/any position in the-array. -

. : Although linear_search(1, n, x) has-an infinite number of instances, they fall
into just k= n + 1 classes: If x= entries.item(i), the algorithm will determine this

and stop after comparing x v J galries.itemi2), ... , entries.item(i);
that is, after performing i chagacter Sigathe prpbability p of x being

RGOt BHARS B
P e o ;.
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present is spread equally among the n cases x = entries.item(1), x = entries.item(2),
-+ » X = entries.item(n), each must have probability p/n. If x is not present, then x is
compared with all n elements of the array before stopping. This is all summarized

in the following table:
i Instance p; T(n)
1 X = entries.item(1) plin 1
2 X = entries.item(2) pin 2
i X = entries.item(i) . pin i
n X = entries.item(n) : ) pln n
n+1  x ¢ entries.item(1.n) I-p n

From this table, it is clear that linear_search(1, n, x) has worst-case time complexity
W(n) = n comparisons. This occurs when x = entries.item(n), and also when x i
not present. The average complexity is

n+1

A(H) = le‘]:(n)

M

e pJ'Tf(n) +pn+lTn+l(")

i=1

=32+ (1= py
i=1n
=P——__("2+ D s (1—pin

For example, if p = 1 the algorithm scans halfway along the array on average.

2.2 Recursive algorithms

In Sectiox} 1.2 it was shown how the correctness of a recursive algorithm is proved
by induction on #, the size of its input. That approach allowed the recursive calls t0
be assumed correct; no investigation of them was needed, ' e '
o :i: :nft:ﬁz;rnstra;‘egy:ofteﬂ ?Pplies to th? analysis of a recursive algorithm. BY
o ’B 5 f? . '(n) is the time con?plemty of the algorithm when given an in[{'—‘t
o [;0 fznh nition, ‘thex?, a recursive call of size n/2, say, has time CDmPI"x‘,ty
S (;f i t}il;; mvesugat:m.: of it is needed. Just as the algorithm is defined if
o il approach will lead to.an-expression for 7'(n) in terms of itself: &
ce equation for T (n), which must then be solved. '

20

For example, consider the Towers of Hanoi problem, defined as follows. There

are three pegs, labelled a, b, and ¢. On peg a there is a stack of n disks, each with a
hole in the middle to accommodate the peg:

|

As the diagram shows, the disks increase in size going down. The problem is to
transfer the stack of disks to peg ¢, one disk at a time, in such a way as to ensure that
no disk is ever placed on top of a smaller disk. Here is a well-known algorithm for
the Towers of Hanoi problem:

hanoi(n: INTEGER,; from_peg, to_peg, spare_peg: CHARACTER)is
do
if n > 0 then
hanoi(n—1, from_peg, spare_peg, to_peg);
output.put_string("Move the top disk from peg ");
output.put_character(from_peg);
output.put_string(" to peg ");
output.put_character(to_peg);
output.next_line; :
hanoi(n—1, spare_peg, to_peg, from_peg)
end
end

Incidentally, it is the policy of this book to make the base of recursive algorithms as
low as possible. In the case of hanoi, it makes sense to move zero disks from one
peg to another. This policy invariably leads to simpler algorithms.

Let T(n) be the time complexity of hanoi(n, x, y, z), when the characteristic
operation is the printing of one line. Clearly, T(0) = 0, because the test n > 0 fails
and nothing is printed. For larger n, the following statements are executed and
costs incurred:

hanoi(n-1, from_peg, spare_peg, to_peg); T(n-1)
output.put_string(...); 1
hanoi(n—1, spare_peg, to_peg, from_peg); Tn-1)

As discussed above, the time complexity of hanoi(n-1, x, y, z) is T(n— 1) by
definition, and no further investigation of it is needed. (Many beginners to recursion
stumble at this point; they persist in attempting to enter and investigate the recursive
calls, when the whole point of recursion is that all needed information about the

21



; Tecursive calls may be assumed, by induction.) Summing thesé contributions giveqi

T(n)=2T(n-1)+1 1

i

for T'(n). By convention, the second line is taken to inces

. s apply only when n > 1, since!

the first line takes care of n = 0. This recurrence equation defines T'(n) for all n:
(1) = 2?'(0) +1= !.{hen T(2) = 2T(1)+ 1 = 3,and so.on. In one sense, then, the |
analysis is over, l?ut 1t is preferable to have a formula for T'(n) that does not have
Z'lgz - lf) on tl;; right-hand side. In other words, the goal is a formula for T'(s) in

‘ sea form. The process of deriving a closed i i
sobing e recumes o " g a closed form expression for T(n) is ¢:alled‘EE
~ . Of the variety of techniques.for solving recurrence equati sim-|
C van eCmques. equations, only the sim-:;

g}“‘ technique, repeated substitution, is used in this book. Since th: formula!
og;)i:ﬁ(T(nl- 1) + 1 holds for all n > 1, it is valid to substitute  — 1 for  in it 10!
n -n 3 - * - ”‘
Therefor ) 2T(n 2)+ lforallrf 2 2. Similarly, T(n -2 =2T(m-3)+ 11

T(m)=2T(n-1)+1
=22T(n-2)+ 1+ 1
=2[22T(n - 3)+ 1)+ 1]+ 1 :
=2T(n-3)+22 421 490 1 :

(provided n > 3), expandin ina ti
23), g the brackets in a way that elucidate: ing
Pattem. If this substitution is repeated i times, clear)l,y the resu(l::?:tes e emecgsié |

T =2T(n—iy+ 21492, +20
%2 ). Induction on i Gould be used to prove this, but that is rarely necessary. BY

choosing ; as large as possible, the base of the ion ‘
o ; ;6 K1 base of the recurrence equation may be used 10
‘hmmateTﬁ‘omthenght-handmde: if i = n, then T(n - i) =.T(0)=g. Hence

T(r)=20+2% 4 02 .., o0

=2'-1 . - |

' aPP‘Y“lS the’ standard formula for
gggl.plgt&s the analysis of hano;,

22 ' '

“There are cdses where the information needed for an analysis is in the data;
not the code. Consider this algorithm from Section 6.2 for the inorder traversal of
abinary'tree: - - o ot

inorder._traversal(x: like entry type)is .
do . . ‘ .
if not nil_entry(x) then -
inorder_traversal(x.left_child);
visit(x);
inorder_traversal(x.right_child)
end;

where visit(x) stands for some operation to be performed at each node in the tree,
such as printing its contents. A , .

 Choose visif(x) as the characteristic operation. It is performed once for each
node in the tree being traversed, so T'(n) = n, where n is the number of nodes. For
want of a better term, this will be called the global structure approach to analysis.
The global structure over which the algorithm travels is identified, and the number
of characteristic operations performed is related to the size of this structure.

e

Analysis of binary search . B

This section ends with an example which shows how to deal with the practical dif-
ficulties and complications that often hinder analyses. The binary search algorithm,
which was proved correct in Section 1.2, determines whether x is present in the sorted
array entries.item(a..b):

bin;zry;seamh(a, b: INTEGER,; x: KEY_TYPE): BOOLEANis * -
ocal
mid: INTEGER, PR
do o St .
ifa>bthen . e
Result :=false o
else - ‘ - ‘
mid :=(a+b) 1 2;
. 4f x=-entries:item(mid)then . . . - . .
. - Result:=trme .. . ,. ... ... .
elself x < entries.item{mid) then
.Result := binary_search(a, mid—1, x)
else
Result := binary_search(mid+1,b,x). "
end
end
end

The artdy size is halved aftr cach, Comparisin between x ind entriesitem(mid),
roughly, and an array of length n can be halved only about log,n times before
238



reaching a trivial length, so the worst-case complexity of -binary_search(1, n, x) is

about logzn. . | ) o ‘This may now be solved by repeated substitution: .
A more precise analysis can be made using recurrence equations. Let T(n)be' W -1)=1+WE1- n
the time complexity of binary_search(1, n, x), where the characteristic operation is .
one comparison between x and entries.item(mid).(with a three-way outcome). { =1+ [1+ W(22-1)
If n > 0, the algorithm begins by setting mid to | (n + 1)/2 ' and examination'
of the program text reveals that ‘ : =1+[1+ 1+ W3-
T0)=0 : = e
T(n)=1 if x = entries.item(mid) =it WEo )
=1+T([(n+1)2]-1) ifx< entries.item(mid)
L =14T@m-(n+ )2])  ifx> entries.item(mid) | < k), and letting i = k gives.

Although it is sometimes possible to solve. messy recurrence equations hkethls W2 - 1) = k+ W(0)
one, in general it is better to make some simplifying assumptions. The first step in
;‘;"Ph.fymgthim,cmnceis the elimination of the floor function, which can be done =k

‘Testricting n to values of the form n = 2* — 1, where k is a non-negative integer.: x
e e . . 4 B -]= = fi
This choxcg_el_lsuresthat the array always breaks symmetrically into two equal pieces | Butpow 2~ 1 =p,and k log,(n + 1), so0 @y
plus middle element: ; | .

_ W(n) = log,(n + 1)
t
il
21 R o (for n = 2% — 1), which concludes this analysis of binary search. .
1 Although it might seem that the restriction to values of n of the form 2* — 1
: , | weakens the result, in practice this does not matter very much: W(z) is a monotone
— —— - ;| increasing function of n, and hence the formula givenisa good apprsm;mghﬂn even
21 *-1_ i} when n is not of the form 2* — 1 (Exercise 2.15). In Exercise 6.10 it is shown that
| © 1 W(n) = [log,(n + 1y] for arbitrary . :
i is i f!
Algebraically this is L(n+ D2)=[2*-1+ 2] =2%*fork > 1, giving

'

r sz(O) =0 2.3 Iterative algorithms

-)= e it

( ) = :~+ T(2*-! ?fx _ entt'l.es.{tem(mfd) fi Just as recursive algorithms lead naturally to recurrence equations; so-iterative
=1 T(z"-l - ?fx N emn.es.l.tem(mgd) ! algorithms lead naturally to formulas involving summations. -~ S

TETS) it entries.item(mid) l The simplest iterative algorithms to analyze are those containing only loops

A further simplification can be made by considering only the worst case, which by ‘| that iterate over a fixed range of integers. The techmque is based on the obséivation

i | that i fragment
1hspection occurs (for example) when the test x = entries.item(mid) always fails: | that in the code fragm
4 g | 1= tili> bl
W(0) =0 , [ fropi=auntii>Slop
W(Zk—l)=l+W(2"'1_1) -”‘ ;:=i+1
" ’ nd
2 €!

1 e : .
|| the statement S is executed b — a + 1 times, provided that @ < b + 1. -In particular,
\lif a.= b + 1,8 is executed zero times. -(This also-applies when counting downwards

‘Th i s [} . !
smallest iﬁteger m than or equal to:.ays truncated in mls way. Similarly, [‘x] , ‘ceiling of x, is ma | | y
24 |



For example, the min_index algorithm analyzed earlier in this chapter has this
form. The loop executed by min_index(1, n) is

from i :=2 until i > n loop -
if entries.item(i) < entries.item(Resulf) then -
‘ Result =i

i:=;'+l
end

By the observation about loops, the if statement and hence its comparison is made
n—2+1=n- 1times.

, When analyzing an algorithm containing nested loops that iterate over a fixed
range of integersin this way, it is generally best to begin with the innermost loop. For
example, consider the following algorithm for adding two matrices a.item(L.n, L.m)
and b.item(1.n, L.m) together:

from i := 1 until i > n loop
fromj := 1 untilj > mloop -
q.put(a.item(i, J) + b.item{i, ), i, j);
Jj=j+1
end;
i=i+l . st
end |
A good choice for the characteristic operation-here is a.itemi, 7 +b.item(, j), since
«dt is characteristic of the algorithm and lies inside the inner loop. Having mJZde this
choice, the complexityof - = - . o S

fromj := 1 until j > m loop
c’put(ajtem(i’j) + bOite’"(i’j)’ i»j);
j=j+1

end;

‘is clearly m additions, by the observation about loop:
analyzing the outer loop, which now has the form

fromi:=1untili>nloop .
perform m additions;,
i=i+l

end

s. Tlns reduces the problem to

During each of the n iterations of the outer loop, m additions are performed, giving

a total of T(n, m) = nm additions overall. The time complexity of the algorithm is

a function of two parameters in this example, n and m.

-+ Insome algorithms, the cost of the inner loop depends o1 the valué of theindex
‘variablé of the oiiter loop. Consider this algorithm for sorting the ejeinents of the
array entries.item(a..b) into non-decreasing order: ' :

.26

bubble_sort(a, b: INTEGER) is
local ,
i,j: INTEGER,
‘do - '
from i :=buntilli<aﬁllopp i
fromj :=a+ 1until j > i loop A
if gnm‘es.item(i-l), > entries.itemy) then
swap(entries,j-1.J) =
end; .
j=j+1
end;
i=i-1
end
end

It works by ‘bubbling’ the largest entry up to entries.item(b), the second la:gest to
entries.item(b—1),and so on. The ocuter loop’s invariant is ‘emries.item(a:.b) mnm
a permutation of its original contents, and entries. item(i+1.h) contains the b —i
largest entries, in sorted order. : o
Take the comparison entries. item(j~1) > entries.item(j) as the characteristic
operation, and consider the analysis of bubble_sort(1,n). As before, the first step is

to take the inner loop in isolation:

from j := 2 until j > i loop

if entries.item(j—1) > entries.item(j) then

swap(entries, j-1,j) - »
end;
j=j+1
end | ‘ _

where a+1 has been replaced by 2. Applying the observation about loops over fixed
ranges shows that the operation entries.item(j—1) > entries.item(j) is performed i — 1
times, and so the problem reduces to analyzing the outer loop

from i :=n until i < 1loop
perform i1 comparisons;
i=i- :

end

where b has been replaced by 7 and a by 1. The first iteration, when i = n,has a
cost of n — 1 comparisons; the second iteration, when z =n-1,hasacostof n—2
comparisons. Continuing in this way, the total cost is (r =)+ (r—2)+---+ 0
comparisons, SO

n -1
T(n)=§(i-l)="—("—2—-)

Compared with the algorithms of Chapter 9, bubble,_sort is highly inefficient.
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Incidentally, it is the. policy of this book to produce algorithn
4 . X gorithms that work
comrectly on the smallest possible input. It makes sense to sort an empty array (that
1s, an array of length zero); accordingly, this version of bubble_sort is well defined
whena = b + 1, and the analysis is correct too. S
As with recursive algorithms, sometimes the'information needed for th
s e . L ’ - ! S 3 e anal-
ysis1sin the data, not the code. In such cases the global structure method introduced
:t.; :l;:e preva ous section is needed: identify the global structure, and relate T(n)to
Pethaps the simplest example is the traversal of linked: ist, usi i
taken from Section 5.1: o sk using this code

from x := L. first until L.nil
vg‘sit(x.v'aﬁlue); i_eniryx) loop

SR sk i=tnext(x)y e

gﬁi a0y ;easo:able linked list implémentation, the cost of both I first and Lnext(x)

perfom (1), and so visit(x.value) is a realistic characteristic operation. It is clearly
TOTme !,l“o:!pe fg{ egch entry of the list, so the time complexity of traversing a list

containing n items is just n, e o . &

Troe traversal

foo;s f:i;:::e complex f:xa.mple of the globai strucum; method just introduced
i er! i;;gn-rec:;swt:ezmplexqentaﬁogof the inorder traversal of abinarytree.a;
presen gure 6.2 (the recursive version was analyzed in Section 2.2). The idea

isto proceed from the first node ;
andsoom oo _Of @e traversal to its successor, to the next successor,
fmrﬁx::t.' de st until £.nil '
Vi, et vl il enirye) loop
X := t.inorder_next(x)
end

Parent references are needed in addition to the usual

o, o : : left child and ri ild links.
As explained mdetallmSecgon 6.2,if xhasa right child, ts successrghixtn (t:lt:;l?nggesr

X

inorder_next(x). »’/
If x has n‘dﬁgﬁt child, its successor is ' ~ i
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‘of the code just given. -

. inorder_next(x) .-

]

‘ | B N 'u, . 'x; . \
If, following the recursive analysis; visif(x) is chosen as the characteristic operation,
it follows immediately that T(r) = n, the fumber of nodes in the trée.  But it is not
clear that this choice is realistic, because visit(x) does not lie insidé the inner loops

Another characteristic operation, which is realistic, is the edge-traverse. An
edge-traverse is the movement of the algorithm’s attention across one link, which
could be by any one of the operations y := t.left_child(x), y :=t.right_child(x), or
y :=t.parent(x). Examination of examples such as

N

shows that every link is traversed exactly twice: once
on the way back. The final traverse out of the root may,be ignored. If n 2 1, there
aren - 1edgesin an n-node binary tree (Exercise 6.1), 50 T(n) = 2(~ 1). Note that
the algorithm treats n = 0 as a special case, and accordingly the analysis must do so

on the ﬁray down, and once

too: T(0) = 0. :
I SR SV R T 1
2.4 Evaluating efficiency, and tlié O-notation
A number of algorithms have been analyzed here, but so far no opinipn_has been ex-
pressed about their efficiency. Consider the Towers of Hanoi algorithm, for éxample,
whose worst-case time complexity was shown in Section 2.2tobe T'(n) = 2" — 1lines
of output. Is this an efficient algorithm? e o
" Clearly, the Towers of Hano algorithm is not efficient, When given the small
instancen = 10, the algorithm produces 1023 lines of output; when given the instance

n = 20, it produces 1048 575 lines. S o -
Even if its time complexity were T(n) = 2" =100, or T(n) = 2"/100, the

Towers of Hanoi algorithm would still be inefficient. A general assessment of an

algorithm’s efficiency does not depend very strongly on constant factors in the time
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complexity function, unless they are unusuall: e isi i
mwfomofmefunc:{zinmm%}arg or small. What is important is
Similarly, yvhen two glgorithms for the same problem are compared, the gen-
:resalL f;}:n of their complexity functions is usually sufficient to determine which is
ot r example, consxdf:r a comparison of linear search, of worst-case time com-
I;Vemy W (n) = n comparisons, with binary search, of worst-case time complexity

(n) = log,(n + 1) comparisons. -

Lot Itse":m"l: be argued that this comparison is unfair, since more work is done in
mwbmmyered per comparison than is done in linear search. This objection can be
iswered by first adding implementation-dependent constants 50 as to express the

complexities in microseconds. The result might be W(n) = n + 3 microseconds for

linear search, and W (n) = Slog,(n + 1) + 16 microseconds for binary search, say. -

Here is a graph of these two functions: o
600 T ’ : '
Wn)=n+3
400 +
200+
W(n)= Slogy(n+ 1) + 16
0 + $ 3 n !
0 10 200 300 400 500
It shows that for n less thin abo ‘ i
farge . binay comehs b m;t 40, linear search is superior to binary search; for

. . . to the val
the superiority of binary search for large n is not, sinz:si:’ ¥ the constant factors, but

for any positive constants 4, b, ¢, and d, the quotient = is a well-known fact thal
alongn +1)+b
cn+d

approaches 0 asn increases. That s, even without knowing the values of the constan!

'f:cto;s.‘ lltll can be co’ncludeq that binary search will be superior for sufficiently large
» and unless some exceptionally large constant factors are pr ol ‘
would be preferred for this reason. S are present, binary searct
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The O-notation e - _
A convenient way to express the general form of a function is provided by the
O-notation. For example, one may say that the time complexity of binary search is
O(logn), pronounced ‘big oh of logn,’ meaning that it has the general form of logn.
The term asymptotic time complexity is also used for the general form of a time
complexity function. : '

The technical definition of the O-notation is less important than the idea,
explained above, that the asymptotic time complexity determines our evaluation of
the efficiency of an algorithm. For the record, however, here is the definition:

Definition 2.1: The notation O(f (n)), appearing in a formula, stands for a quantity
x, which may not be explicitly known but which is known to satisfy | x| S M|f(n)}
for all n > n, where M and n, are fixed constants.

Let us take the simplest example, O(1). According to the definition, this stands for a

quantity x, which satisfies|x,| < M foralln 2 n,. In other words, O(1) is a quantity

which is no larger than some fixed constant, whose precise value is not stated. It

succinctly describes the time complexity of any algorithm containing no loops and

no procedure calls; such an algorithm takes at most some constant amount of time

to execute. ) ) ’
Here is another example:

[og,(n + 1)] = O(logyn)

This follows from the definition above by letting x, = [log,(n + D)1.f(n) = log,n,
M =2,andn, = 2,forthenitisindeed true that| x| S Mlf ()|foralln 2 n,, Ttisvery
convenient to be able to describe binary search as ‘an O(log,n) algorithm,’ presenting
just the essential fact of its asymptotic time complexity. .

It turns out that the base of a logarithm is itrelevant inside O. In other words,
if x, = O(log,n), then x, = O(log,n) for any bases a and b greater than 1. The proof
of this is not difficult; it uses the formula log,n = log n/log b, which shows that the
two logarithms only differ by the constant factor log,b. For this reason, the base of
a logarithm is usually omitted inside O. . ,

.. Various useful, if obvious, theorems may be proved aboqt the O-notation. For
example, if x, = O(f(n)) and y, = O(g(n)), then x y, = O(f (n)g(n)). The proofs of
these theorems have been left as an exercise (Exercise 2.17); they all follow easily
from the formal definition. . , , »

Since the definition of the O-notation is based on the condition | x| < MIf ()}
it is allowable for () to be a much faster-growing function than x,. For example,

[og,(n + 1] = 07
is a true statement, altilough not a very useful one. »
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This looseness in the definition of the O-notation does have one virtue,
however. Suppose that analysisreveals that for some algorithm,
L n eer o7 S _
-?-;"T'(ii)—é‘;zﬁﬁiﬂij'-’;’“- S
TR ) § e D0

i Rl AT

The analyst might then proceed to estimate 7'(n) as follows. Since | i} < n,

"

WO R L ey e

K

© Ems Xn=n,

i=1

. dndt1—1_1§ may ;be_qop'egt]y,_ ‘ i;epﬁt:ted as T(n) = Q(pz). In fact, it is also true that
T(ny= O(nlogn), but more advanced algebra is needed o prove this, and it is not
always possible to find the lowest general form in this way. In such ca’ses, an upper
bound like the O(’) one,just given is the next best thing, and the O-notation is ideal
for reporting it, without making any claim that the result is the best possible.

- «

Thenand 9!‘! ot m ons" YL ot

PR 4

The Q-notation is defined very sumlarlyto the O-notation:

mt:]:) 2.2:d':'he notation Q(f (n)), ?mnounéed ‘big omega of f(n),” appearing in
2 formu stands for a quantity x, which may not be explicitly known but which is
o satisfy | x,| 2 M| f(n))for all n > ny, where M and n, are fixed constants.

'I'lxé'é)rnly éhange.he‘re is the replacement of 9 | <
The only change here is the replacement of 9 | < M|f(n)f b y
soi follows hat 85 = /(1) ifanonly i 7o et ke
o somee Q-l;;)tatwn 18 used in Work on lower bounds, to state that every algorithm
i z?ﬁ?h!twg’s't'mgm at leGijsta certain: amouint of time to execute. For
xample, we might state that every algorithm for searching an unsorted sequence to
determine whither some iteth x i present must take Q) time,

N ::1:: gvegrlyapi:s “t':.;hep:mt_mg out that the statemient W(n) = Q(f (n)) does not
e _ of some problemi takes at least on the order of f(n) tire
i:‘,’s,ok ‘Yg',"r‘athgg,; it means that for all » there exists an instance which takes this long

Fof ;z;;:p!e» thie complexity of linear searchi is Q(n);since when x is not found the
entire list must be searched; but there are instances of arbitrarily Jaree size which
require pnly'O( 1) time: those where  is present af the front of thjé l:srtg l

.. Finally, g(n) = 6(()), ‘big theta of £(s),” means that g(n) = O(f (n)) and
807 % LX(7(n)). It is perhaps surprising that the 8-notation is not used more widely.
in such statements as bm searchis ©(logn) in the worstcase, but the O-notation
is much 91der and more widely used than the other two notat; d is used
customarily despite its relative lack of precision. ' TR

Problems for which O(nlogn) algorithms exist are saj ‘
. Ims exist are said to be feasible, i

that large instances can be solved. Problems for which all ﬂgbﬁ&zlxea?agf
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where a is any constant strictly greater than 1, are infeasible, because even on the
fastest computing equipment available today or in the foreseeable future, it will be
possible to solve only small instances. The feasibility of problems with intermediate
complexities, such as O(n%) and.O(r?); will depenid on the sizeof the instance to be
solved. This is illustrated in the following table, which shows the largest instance
solvable in a given time, for various complexity functions. ~

Complexity Largest instance ~ Largest instance . Largest instance
(microseconds) - solvablein .- solvablein .. solvablein

one second one day one year
Win)=n n = 1000000 n = 86400000000 . n=31536000000000
W(n) = nlog,n n = 62746 n=2755147514 n-= 798 160 978 500
W(n)=n’ n = 1000 n=293938 n=35615692
Wm=n’  n=100 n=4421 . n=31593
Wn)=2" n=19 n=36_  n=4A4

2.5 Exercises :
21  Using the formal definitions of W(n) and A(n) given in Section 2.1, prove

- .

that A(n) < W(n).

22 Assuming that all the p, are non-zero, show that A(n) = W(n) if and only
if Ty(n) = ... = Ty(n). |

23 Consider the fo_llowing algorithm for the linéar sedrch of a sorted array
entries.item(a..b). The algorithm employs a senfinel: it adds x to the end of
entries before commencing, so as to simplify the search.

- sorted_searcha, b:INTEGER; x: KEY_TYPE): BOOLEAN 15

ocal
i:INTEGER . = =~ -
do
entries.put(x, b+1); S
from i := a until entries.item(i) >=x loop -
=i+l oA
end; .
Result := (i <= b) and (x = entries:item(i))
end o :

(a) Choose a characteristic operation. Construct a table of cases for the
analysis, similar to the table given in Section 2.1. What is the worst-
case compleéxity of sorted_search(1, n, x)?'
(b) Making reasonable assumptions about the probabilities of the cases,
’ determine the average complexity of sorted_search(1,n, x).
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1 eleméit of entries.itemia..b): -
e md.index(a;txmcm);masms
.do o .

ST UL gL Tl K iia:bthep | o
Result '=a -

24 - ‘Considér-the following slgorithm for finding the index of a minimum

g?esult.:= r_nin_index(a +1,b);
if entries.item(a) < entries.item(Result) then
Result :=a : .
. end - -
v Lo end
.end

(a) Show t}mt, if T(n) .is ,.the number of comparisons of the form
entries.item(a) < entries.item(Resulf) made by min_index(1, n), then

T)=0
T(n)=1+T(n-1)

® Zﬁ;tl;i: th1 n?é by r peated substitution. How does the perfor-
Section2 19 s version of mm_mdgx compare with the one given in

(c) Whatisthe average number of times that the operation Result := a will

h :;gim? cpunﬁ!:grec.m?;ve calls?(Hint: it will be performed only
' is 2 reaso nab-ll_tem(a) 158 minimum element of entries.item(a..b). What
#ble probability to assign to this event?)

25 The following version of

two-way ratheér thana Search is often preferred because it has a

three-way branch, and s is more amenable to efficient

bmlaorz;lsearch(a, b: INTEGER:; x; KEY_TYPE): BOOLEAN is
mid: INTEGER;
do
if a=b then
Result .= (x = entries.item(a))

mid:=(a+b)//2;
ifx<= entries.item(mid) then
Result := binary,seamlx(a, mid, x)

- (fesult = binary_search(mid+1 ,b,x)

end
end
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27

28

Analyze this algorithm, taking as yoir measure of complexity the number of
comparisons between x and elements of entries.

The Fibonacci numbers are defined by the recurrence equation

Fh=1
Fn)=F(n-1)+F(n-2)

The first few numbers are 0, 1, 1,2, 3, 5, 8, 13,21, 34,55, ... Unfortunately,
the recurrence equation cannot be solved by repeated substitution; a more
advanced technique, the use of generating functions, is required. Prove by
inductiononnthat o

¢2<Fms¢

for all n > 2, where ¢ = (1++5)/2 = 1:6180339. You should begin by
showing that ¢ = ¢ + 1, and use this identity to prove the result.

Consider the following algorithm for calculating F(r), as defined in the
previous question: C .

ﬁb((r;: INTEGER): INTEGER is
o

if n<=1then
‘Result.:=n

else :
Result = fib(n—1) + fib(n-2)
end
end

Choosing Result := n as characteristic operation, show that T(n) = F(n+1),
and use the previous question to conclude that T'(n) =.6(¢")-. (A more
obviously realistic characteristic operation is # <=1, and analyzing it is an
interesting but more difficult exercise.)

Euclid’s algorithm. The following algorithm,. for finding the greatest
common divisor of two positive integers, is similar to one giy'en by Euclid:

ged(n, m: INTEGER): INTEGER is
d

o
if m =0 then
Result .=n
else
Result := ged(m, n\\ m)
end ‘
end
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e

. Where n \ m 1s the remainder after division of n by m. The correctness of
* Buclid’s algorithm follows from a theorem in number theory, and it will not
be explored here.

() ‘Show that the number of W' operatlons performed by this algonthm is
given by the recurrence equation

T(n,0)=0
T(n, m)- 1+T(m n\\m)

[P J'i- ro.
+(b).. Solvevﬂus mcunence equauon for the s
e pecial case of the Fibonacci
= 7* i numbers defined i the:previous question; that is, letting n = F(k + 1)

and m = F(k).
()  Show that, for all integers n and m such that n > m > 0,
'f_ n+ m“é'g(m #a\ mj
' the ﬁ'acnorl (n +m)/(m +n\ m)). 20d0 £ b < m, and then consider

(d Use(c)to prove by induction o '
n m that ‘ -
edn2m> 0. atT(n,m) < lOg;,2 (n + m) provid

- Solve the following recurre:
you may aseme tlgla poun ;Ceequanons chaconstant, and where necessary

@ TO)=1
T(n)= cT(n 1)
o To=1
T(n) nT(n 1)
(C) T\ =
. I =»1+T(Ln/2J)
T(n) =1+ 2T(|n2}). .
€ TM=0
T(n) = c[log,n] + T([n/2])
® TM)=0

T(n) = [nlog,n] + T([ n/2'|)
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2.10  Show that the solution of the two-dimensional recurrence equation
T(n,0)=1
. TO,m)=1 .
T(n,m) = T(n— 1,m)+T(n,m— - 1)
is the binomial coefficient
_(n+m
T(n,m) = ( 4 )

Consider the following algorithm for mnluplymg two n by n matrices a and
b, placing the result in Result: ~

matrix_multiply(a, b: MATRIX): MATRIX is
* local _ L
i,j, k, total: INTEGER,

o
from i := 1 until i > n loop
from j := 1 until j > n loop
total :=0;
from k := 1 until X > n loop
total := total + a.item(i, k)*b item(k, j);
k=k+1 .
end;
Result put(total i, j),
=j+ 1 .
end;
i=i+l
end
end

2.11

If the characteristic operation is one multiplication of matrix elcments what
is the time complexity of this algorithm as a function of n?

Consider the following algorithm for somng the array enmes ztem(a. b)into
non-decreasmg ‘order:

strazght_selecnon sort(a, b: INTEGER) is
local :
im: INTEGER,
do
from i -auntilz>—bloop
m :=min_index(i, b);
if i /= m then swap(entries, i, m) end;

2.12

i=i+l
end
‘ end
. where swap(entries, i, m) swaps entries.item(i) with entnes.ztem(m) Taking
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2.13

'm Loanm e

as your. measure of complexity one comparison between elements of

ntries, as occurs within min_index (Exercise 2.4), what is the complexity of
this algorithm?

Consider the following algorithm for finding both the index of a minimum
element and the index of a maximum element of the array e.item(a..b).
Routine is_odd returns true when its parameter is an cdd number.

min_max(a, b: INTEGER) is
local
i: INTEGER
* i is_odd(b-a¥1) then

=a;
max:=a;
M e.item(a) < e.item(a+1) then
min :=a; T
max :=a+l;
i=a+2 -
else o
min :=a+1;
max:=a; "
i=aq¥2 ‘
end;
from until i > b loop
it e.item(i) < e.item(i+1) then
if e.item(i) < e.item(miri) then min := i end;
elseif e.item(i+1) > e.item(max) then max := i+1 end

2

if e.item(i+1) < e.item(min) th in =i ;
| - g e.item(i) > e.item(ma) t;lene:lextgi;;}lend'
0 iEiey |

end

(2)  Explain how this algorithm works, clearly. indicating the differences

between the odd and fvgn cases. Then give a formal loop invariant.

(®)  Analyze min_max(1,n) for arbitrary n > 1, using one comparisor

b'etween elem.ents of e as the characteristic operation, and show that it
time complexity is

T(n) = I'%"-l =2

Recall that [x] (‘ceiling of x’) means the smallest integer greater thar
-~ orequaltox. (Hint: consider the cases n even and n odd separately.)
38 ’

2.14  The following algorithm solves a standard problem encountered by text

215

216

editors, It searches for the first occurrence of the string (that is, array of
characters) pattern.item(1..m) within the string text.item(1..n), returning the
index where pattern begins if found, or else zero. The value limit = n-m+1
is the rightmost place in fext where patfern could possibly begin.

string_search(text, pattern: ARRAY{CHARACTER]; n, m: INTEGER):
BOOLEAN is )
local
found: BOOLEAN,
start, i, j, limit. INTEGER;

o
found :=false;
limit:=n-m+1;
from start := 1 until found or start > limit loop
from : it
i=smart, j:=1
until ,
j =m+1 or élse text.item(i) /= pattérn.item(j)
loop
i=i+l;
J=j+1
end; o .
found :=(j=m+1);
start ;= start + 1
end;
if found then .
Result = start <1
else
Result :=0
end
end

d

T

How many times is the comparison text.item(i) /= pattern.item(j), whichis a
realistic characteristic operation, performed in the worst case?

Prove, by induction on », that the function W(n) defined by

W(©0)=0
W(n) = 1+ W([(n + /2] - 1)

is monotone non-decreasing, or in other words that W(n) < W(n + 1) for all
n. You may assume that | x | is a monotone non-decreasing function of x.

Suppose you have one hour of computer time each evening to run a certain
program. You find that the hour is exactly long enough for your program to
processan inputof sizen = 1000 000. Then your employer buysa computer
which runs one hundred times faster than the old one. How large an input
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will your program handle in one hour now, if its complexity 7'(n) s, for some

oL constamsk,.:

217

2.18

2.19

+a) ‘kln

O kploggn

© kg
@ kp
(&) k0"

t.;sesg:‘i:gu t.l;ant :; :meéftgr;)t) and yn= O(g(n)), use the formal definition of
(@ cx, = O(f(n)) for any constant ¢
®)  xy,=0(f(n)g(n)) .
© =x, + Yo = O (n) + g(n)) = O(t‘nax(f (n), g(n))
In the last part, f(n) and &(n) must be non-negative.
Use the results of the previous question to prove that
ay+an+an+.. -+ ant = 0t
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Lists, Stacks, and Quéués

This chapter discusses three of the most simple and basic dafa structures, Virtually
every significant program will use at least one of these structures explicitly, and a
stack is always implicitly used in a program, whether or not you declare one. Among
the highlights of this chapter, we will .

e Introduce the concept of Abstract Data Types (ADTs).

o Show how to efficiently perform operations on lists.

o Introduce the stack ADT and its use in implementing recursion.

o Introduce the queue ADT and its usé in operating systems and algorithm design.

Because these data structures are so important, opé might expect that they are
hard to implement. In fact, they are extremely easy to code up; the main difficulty is
maintaining enough discipline to write good gener’al-‘gurpbse code fqt routines that

are generally only a few lines long.
3.1. Abstract Data Types (ApTS)

One of the basic nﬂes_ concerning programming is that no routine sho_i:Id ever exceed
a page. This is accomplished by breaking thie program down into modsules. Each

. module is a logical unit and does a specific job. Itssize is’ kept small by calling
- other modulés. Modularity has sevecal advantages. First, it is much easier to debug

. small routiries than large routines, Second, it is easier for several people to work on

a modular program simaltancously. Third, a well-written modular program places
certain dependenciés in only one routine, making changes easier. For instance, if

. output needs to be writtefi in a cértain format, it is certainly important to-have one
. routine to-do this. If printing statements are scattered throughout the program, it

will take considerably longer to' make modifications. The idea that global variables

and side effects afe bad is directly attributable to the ided that modularity is good.
An abstract data.type (aDT) is 3 set of opefations. Abstract data types are

mathematical abstractions; nowhere in an AbT’s definition is'there any mention of
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CHAPTER /LISTS, STACKS, AND QUEUES

" bow the set of operations is implemented. This can be viewed as an extension of
modular design. _ S

" - Objects such as lists, sets; and graphs; along with their operations, can be viewed
as abstract data types, just as integers, reals, and booleans are data types. Integers,
reals, and booleans have operations associated with them, and so do abstract data
types. For the set ADT, we might have such operations as union, intersection, size,
and complement. Alternativély, we might only want the two operations union and
find, which would define a different ADT on the set.

-, Thecbasic idea is that the implementation of these operations is' written once
in the program, and any other part of-the program that needs to perform an
operation on the ADT can ‘do so by calling the appropriate function. If for some
reason implementation details need to be changed, it should be easy to do so by
merely changing the routines that perform the ApT operations. This change, in a
perfect world, would be completely transparent to the rest of the program.
. . There'is no ule telling us which operations must be supported for each ApT;
this'is aiqgsign‘dqqisi‘gq.“l!rtﬁr'hagdl.ipg'and tie breaking (where appropriate) are
also generally up to the program esigner. The three data structures that we will
study in this chapter are primary examples of AbTs. We will see how each can be

implemented in several ways, but if they are done correctly, the programs that use
them will not need to know which implementation was used. : ’

3.2. 'The Listapt -

We,will deal.withagcnr;frallistofthcfomA sAz, As, ..., An. We say ti t the si
of this lstis N. We will call the special list of size 0 az, smpry fist, thatthe sae
For any hist except the empty list, we say that A;.; follows (or succeeds) A;
(# < N) and that A;—; precedes A; (i > 1). The first element of the list is A;, and
the last element is Ay. We will not define the predecessor of A; or the successor of
An. The po'smol'itfy of elemm:h:; E Ll:!t! is i. Throughout this discussion, we will
assume, to sim matters, thait the ents in the list are j i
arbitrarily coml;lex elements are allowed. ~ fist areinegers, but in general,
Associated with these “definitions” is a set of operations that we would lik
to perform on the list Apr. Some popular operations are PrintList and MakéE}hptyf
which do the obvious things; Firid, which returns the position of the first occurrence
of a key; Insert and Delete, which generally insert-and delete some key from
some position in.the list; and FindKth, which teturns the element in some, position
(specified as an argument). If the list is 34, 12, 52, 16, 12, then Find(52) might return
3; Insert(X, 3). might make the list into 34, 12, 52, X, 16, 12 (if we insert after the
position given); and Delete(S2) might turn that list into 34, 12, X, 16,12,

(A course, che interpretation of what is appropriate for a fanceion i entirely
up o the programmet,.as is the handling of special cases (for example, what does
F‘Ki“i:(hl)’muld _aI;:ove?). We could also add operations such as Next and- Previous,
Which would take a position as argument and return the position of ccesso
and predecessor, respectively.. : ' i.?osmon (-,f the',.s,u '
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32.1. Staple Array Implesentation of Lists

40 implemented it if . Even if the:array
1 instructi be impiemented just by using an array. Even :
énd;im;mm estima 4 te of the maximum size of tl;;l;:t is reqmredThis.
Usually this requires a high overestimate, which wastes hsc:sn:fd ‘e) 3?1:9. ;
could be a serious limitation, especially if thefe are many unkn'ed o ear
A e e cope Z,thgtdxangxﬁ:i"I?t;o o';r;:;:n ai‘; constant
i hich i as can be expected, and the Xs X€s cor
:22: Ylom;se:f gomiias«:rticon and deletion are expensive. For exam I;i’:s’t inserting t;:
position 0 (which amounts to making a new first element) l‘?“g; elemgnmt recsires
A ARt tt(;xma'h:te room,ew;uﬁsgzlxseeof these operations is
ifti ts.in the list up on ; hese ¢ .
ahfrgx;.goatlll :t:r:l::;ilf of the list needs to be movedfor either operanot‘:l,dso llnu;ourre
time is still required. Merely building a list by N successive Inserts wo req .
e e running tim for insertions and deleions is so sow and the s ize
Because the ing time for insertions and deletio i oy
must be k‘:xs:wn in advance, sipple arrays are generally not used to nmyleqlent lxstsj~

-

- ot deleti eed to ensure that the
id the linear cost of insertion and deletion, we neec to ex
{i.;xtoi;d::tt:tz‘;:d contiguously, since-otherwise e'nm:i ;;fms of the hst w:ll ?“fed t be
moved. Figure 3.1 shows the general u!ea of a linked list. lnch e not iy
The linked list consists of a series of structures, Wi ar tertomrdastmcmre
adjacent in memory. Each structure contains the element dnd ;:togn b
containing its successor. We call this the Next pointet. 'Ill:: e e D e
points to NULL; this value is deﬁleq byC and cannot be confuse _
i pecifies JLL is zero. ) .
_Pomt;;:a;AllN tilatcas pointer ?;tial;)rl[elis just a variable that ch}tams-thc address Whﬁ
some other data are stored. Thus, if P is deda.red_.ﬁo- be a pointer to:h ?:':camre, then
the value stored in P is interpreted as the'location, in main me:;o;yi,r herea st mwm
can be found. A field of that structure.can be gcce;sed !)y_ -,-3 2’:howst‘h;actual
FieldName is the name of the field we wish to examipe. Figure 3.

. 3 - - . M .
" representation of the list in Figure 3f1‘ The list Fon?xm ﬁ_ve stmctum, wluch ppen

Figore 3.1 A linked list

A | A T2

Ay . Ay Ay

Figure 3.2 I;inkediisfwithacux;lpointerfalm o .

Ar 8o | 4 71'2.*“.|. 4 |992 A;)ﬁ A |0
1 © .80 Mmoo - 2

et
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t

to'reside in memory locatiotis 1000, 00, 712, 992, and 692, respectively. The Nex

pointer in the first structure has the value 800, which provides the indication o
where the second stricture is. The other structures each have a pointer that serve
a similar purpose. Of course, in order to access this list, we need to know wher:
the first cell can be found. A pointer variable can be uséd for this purpose. It i
iml)o{tant to ren_mnber. that a pointer is just a number; For the rest of this chapter
we will draw pointers with arrows, they are more illustrative.

. -To execute PrimList(L) or Find(L,Key), we merely pass a pointer to the firs
element in the list and then traverse the list-by following;:the Next pointers. Thi:
operation is clearly linear-time, although the constant s likely to be larger than-i
an array xmplemenmgpn were used, The FindKth operation is no longer quite a:
efficient as an array implementation; FindKsh(L,i) takes O(i) time and works b
traversing doy_vp the list in the obvious manner. In practice, this bound is pmimistié
mxus‘; (iﬁ:g;le;ﬂ;z It(h;(?gj? m%tb :re in sorted order (by ). As an example
oe scan doma the otr : el (L, 2, and Fdeﬁ '_ th(L,6) can all be executed ir

.. The Delete command can be executed ; pointer change. F: ‘

| the‘r'lu:hult of delering the thind eleges x;egh ;noonmlﬁ;ter change. Flgqre 3.3 show
e Insert command requires obtaining a new cell feoy. st ‘usi

a malloc call (more on this later) and then executing twf ;':int:"; ;};sat::wlgsusﬁf

generali idea is shown in Figure 3.4. The dashed line represents the old pointer: )

323 mmmnem E .
The description above is actually énough to get everythin, ki
15 actu A et eve g working, but
- several glaces where you are likely to gowrong. First of all, there is ng’ re:ll;}c‘l)f:i;r;
way to insert at t!xe frqnt of the list from the definitions given, Second,vdeleting fron;
the front of the list is'a special case, because it chatiges the start of the list; careless
coding will lose the list. A-third problem concerns deletion in general. Although the

44,

header Al |4~ 4. Ay o A |4 as [

/7
L

Fgare 3.5 Linked list with a header

pointer moves above are simple, the deletion algorithm requires us to keep track of

. the cell before the one that we want to delete. .

It turns out that one simple change solves all three problems. We-will.keep a
sentinel node, which is spmetimes referred to as a header or: dumimy node. This is
a common practice, which we will see several times in the future. Our convention
will be that the header is in position 0. Figure 3.5 shows a linked list with a header
representing the'list A3, As; . . ., As. g R

To avoid the problems associated with deletions; we need to write a routine
FindPrevious, which will return the position of the predecessor of the cell we wish
to delete. If we use a header, then if we wish to delete the first element in the
list, FindPrevious will return the position of the header, The use of a header node
is somewhat controversial. Some people argue that avoidirig special cases is not
sufficient justification for adding fictitious cells; they view the use of header nodes as

- little more than old-style hacking. Even so, we will use them here, precisely because

they allow us to show the basic pointer manipulations without obscuring the code
with special cases. Otherwise, whether or not a header-should be used i$ a matter of
personal preference. o e

As examples, we will write about half of the list AbT routines. First, we need
our declarations, which are given in Figure 3.6. Following C conventions, the types
List and Position, as well as the function prototypes, are listed in.what is to be a .b
file. The actual Node declaration is in a .c file. A

The first function that we will write tests for an empty list. When we write code

* for any data structure that involves pointers, it is always best to draw a picture first.

gigure 3.7 shows an empty list; from the figure it is easy to write the function in
igure 3.8. - )

- The next function, which is shown in Figure 3.9, tests whether the current
element, which by assumption exists, is the last of the list. o

~ The next.foutine we will write is Find. Find, shown in Figure 3.10, returns the

Position in the list of some element. Line 2 takes advantage of the fact that the and
(8&) operation is short-circuited: if the first half of the and is false, the result is
automatically false and the second half is not executed.

Some programmers find it tempting to code the Find routine recursively, possibly
because it avoids the sloppy termination condition. We shall see later that this is a
very bad idea and should be avoided at all costs. - o

Our fourth routine will delete some element-X in list L.-We:need to decide
what to do if X occurs more than once or not at all. Our routine deletes the first
occurrence of X and does nothing if X is not in the list. To do this, we find P,
which is the cell prior to the one coritaining X, via a call to FindPrevious. The code to
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‘. _#f?fﬁ?:l‘ef _L'i‘s't__li o | . ‘ : /* Ret.urn-tru.e if-L is empty oo ’ ST
' int o »

struct Node; IsEmpty( List L )
{

typedef struct Node *PtrToNode, h

typedef PtrToNode. List;. return L->Next == NULL;

" typedef . PtrToNode Position; o . o ‘ }
List MakeEmpty( List L )5 o ' ' ' |
int IsEmpty( List L ); . . Hgme&.s Funcnontotestwhetherahnkedhstls
o ~dint: IsLast( Position P, L1s't L ). . ) empty
I -Position Find( ElementType X, List-L ), ‘ ‘

: .~ . void Delete( ElementType X, List L ); .
-, -  Position FindPrevidus( ElementType X, List L ).

' o * Returﬁ true if P is the 'l-ast~ sition"in list L */
void Insert( ElementType X, List L, Position'? )i . o 5* Parameter L 1is um::ed in this?‘i’m lementation */ /
_ void DeleteList( List L ); - . : 1 P
. Position Header( List L); .=~ : . int :
" Positiop First( List L ); T L ‘ - m
. Position Advancé( Position P ); - . R . IsLast( Position P, List L) : -
: BementType Retr'leve( Pos1t1on P); - - { B ‘ ; e

‘ . return P->Next'==- NULL;
#end'lf /" _L'!SLH */ -

’ e 7 . ' . Figare 3.9 Fum:nontomtwhetherczmmtposmoms
/* P]ace in.the mp'lementauon ﬁ]e */ g the last in a linked hSt . ‘
struct Node ~ oL _

ElementType Element;

Position  Next; -~ o .~ /% Return Position of X.in L NULL if not found: */
- - — ' SR e . Pos-n:ion
ﬂgme'3.6 Type declarations for linked.lim r'i nd( ElementType X, List L )
R : . o T . . Position Py ' '
/% 1%/ P = L->Next;
/* 2%/ ,whﬂe( P I= NULL & P->Element != X )
- . , f* 3%/ " P = P->Next; - ,
‘_ o header : —-ﬁ -~ . ) : . . AR LY ‘ ) .return,.P: - ' ‘“'* e CaT
i LI Hwes.w Find routine - o e
. . ._ - . ) t. .lr;’x “, .- e ‘.
=37 Evmptyhst;thhheade:' S S ' SR ; lmplementth;sxsshownm‘ﬁgure3ll TherdPrmousronune:ssmn?aermd
: andlsshowanxgure312. IRRERAE Lo

The last routine we will write'is anihsertion routine. Wewxll pass an élement to
be inserted along wnth the list*L-and a posmon P. Our parm:ular insertion foutlne ‘
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4* Delete first occurrence of X from-a 1ist */
/* Assume use of a header node * -

vo*i& ;
Delete( ElementType X, List L )
{ . . : .

Position P, Tmpce‘l‘l;-
P = FindPrevious( X, L );

if( 1Istast( P, L ) ) /* Assumption of header use */
: i /* X is found; delete it */
TmpCell = P->Next;- : :

l?‘?ﬂext--,.,:I'mpCeTl--:»Next';' /* Bypass deleted cell */
- -free( TmpCell-); A

}

Figare 3.11 Deletion routine for linked Lists

/* If X is not fOuﬁd, ‘then Next fiéld of returned */
~ /* Position is NULL */ R ST
/* Assumes a header */

. Position” oo
{Fw‘ndhre'\n'ous( ElementType X, List L ). -

Position P;

/*1*/ - P = L; ‘
/* 2%/ while( P->Next != NULL &% P- Next- =
Je 34y P = PooNont: : >Next->Element != X )
/* 4%/ -return P; .
D ' v
Figure 3.12 FindPrevious—the Find routine for use .
with Delete

will insert an element after the position implied by P. This decision is arbitrary and is

‘meant to show that there are no set rules for what insertion does. It is quite possible
to insert the new element isito position P (which means before the element currently
in position P), but doing thig requires knowledge of the element before position P;
This could be obtained by a call to FindPretious. It is thus important to commient
what vou are doinig. This has been done in Figure 3.13. ° ~ =~
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N /* Insert (after legal position P) */

/* Header implementation assumg.d fl . '
/* Parameter L is unused in this implementation */

void ‘ ) .

Insert( ElementType X, List L, Position P )

{ .

Position TmpCell; <Y _

‘/* .1*/ TmpCe'l:l = malloc( sizeof( stiiibt Node ) );
/* 2%/ if( TmpCell == NULL ) | . -
f* 3%/ FatalError( “Out of space!!!" );
% 4%/ TmpCel1->Element = X; '
/* 5%/ TmpCell->Next = P->Next;
f* 6*/ P->Next = TmpCell;

}
Fignre 3.13 Insertion routine for link’ed'lists ' o .

:, " Notice that we have passed the list to the Insert and IsLast routines, even

‘though it was never used. We did this becausé another implémentation might need

this information, and so not passing the list would defeat the ‘idm of using ADTs.”
" With the exception of the Find and FindPrevious routines (and Delete, which

mlls FindPrevious), all of the operations we have coded take O(1) time. This is

because in all cases only a fixed number of instructions are performed, no matter
how large the list is. For the Find and FindPrevious routines, the running time is

‘O(N) in the worst case, because the entire list might need to be traversed if the
¢glement either is not found or is last in the list. On average, the. running nmve‘ is
‘D(N), because oni average, half the list must be trav '

- Additional routines, listed in Figure 3.6, are fgirly straightforyvard. We could
also write 4 routine to implement Previous. We leave these as exercises. .

324 .Comm(m Errors

The most common error you will encounter is that your program wnll ctash :mb
a nasty error message from the system, such as “memory access .vxolanon. b(;r
“segmentation violation.” This inessage usually means that a pointer variable
contains a. bogus address. One common reason is failure to initialize the van?ble.
For instance, if line 1 in Figure 3.14 is omitted, then P is undeﬁned and is not l.nkﬂy
to be pointing at a valid.part of memory. _Anqthel:. t'ypxcal error concerns line 6
in Figure 3.13. If P is NULL, then the indirection is illegal. This function knows

that P is iot NULL, so the routine is OK. Of course, you should cqmme:r.it'this”so that

Y

"Thisis!eg"al,‘butso@ecompi!én,wiﬂiss'ue?wamins- S
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/* Incorrect Deletelist algorithm */. 7

3 e

void® Ui -
DeleteList( List L )

{ .
Position P;. - = -

Wil Ly P = L->Next; /* Header assumed */

/% 2%/ L->Next = NULL;
/* 3%/ whileGP 1= NULL'Y .
/% 4~/ free(P); = - : o
/* 5%/ P = P->Next;
’ } . . .:V
} T

Figure 3.14 Incorrect way to delete a list

the routine that calls Insert will ensire this: Whenever you do an indirection, you
must make sure that the pointer is not NULL. Some C compilers will implicitly do
this check for you, but this is not part of the C standard. When you port a program
from one compiler to another, you may find that it no longer works. This is one of
the common reasons why.: . - R , N ..
- - The second common mistake concérns when and whea. ot to use malloc to get
a new Cell. You must remember that deciaring a pointér to a structure does not create
thf: structure: but only gives enough space to hold the address where some structure
might be. The only way to create a record that is not already declaréd is to use the
malloc library routine. malloc(H owManyBytes) has the system create, magically, a
new structure. and return a pointer to it. If, on the other hand, if you want to use

inclusion of stdlib.h. L

When ‘;hings are no longer needed, you can issue a free command to inform
.the.system that it may teclalm thie space. A consequente of the free(P).command is
that the address Et;hat» P is‘pointing to is unchanged, but the data that reside at that
address are' now undefined. - - :
_ Ifyou never delete from a linked list, the number of calls to malloc should equal
the size of the list, plus 1 if a header is used. Any fewer, and you ‘cannot -possibly
¢havg ﬁ‘vc‘rknﬁg program: Any niGire, and you are wasting space and probably time.
Occasionally, if your program uses a lot of space, the system may be unable to
satisfy your request for a pew cell. In this case a NULL pointer is returned.

After a deletion in a linked list, it is usually a good idea to free the cell, especially
if there are lots of insertions and deletions intermingled and memory might become
a problem. You need to keep a temporary variable sét to the cell to be disposed of,
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/* Correct DeleteList algorithm */

void : o
DeleteList( List L )
{

Position P, Tmp;

/1y P = L->Next; /* Header as;mdf*l :
[* 2%/ L->Next = NULL; .. L s
I 3=/ - while( P~ 1= NULL ) . _
{ : .
*-4ar/ Tmp = P->Next;
AT free( P )i = R ‘ ’
/* 6%/ PomTmp; ~ R >
: }
}
_Figare 3.15 Correct way to delete a list’ R

ot . » . : '. '.' B . “ As
tecause after the pointer moves are finished, you will not have a reference to it. /
- an example, the c‘::ie in Figure 3,14 is not the correct way to delete an entire list
. {although it may work on some systems). o . )
- Flgguh;e 3.13" shows the correct way to do this. Pnsposal is not necessanly 2
- fast thing, so you might want to check to see if the dlsposal‘routme is causing any
slow. performance, and commient it out if this is the case. 'I'hwautho; has wrzttelél a
“.program (see the exercises) that was made 25 times faster by commenting out the
~ disposal (of 10,000 nodes). It tirned.out that the cells were freed in a rather %eculmr
" order and apparently caused an otherwise linear program to spend O(N log N) time
.%0 dispose of N cells. R e
v : g::é last warning: malloc(sizeofiPtrToNode)) is legal, but.it doesn\t Qmw

. enough space for a stricture. It allocates space °"1Yf°‘ a p‘om‘ ger. N

. Somtetimes it is convenient to traversé lists backwards. The standard upplm?eqtauon
. does ot help here, but'the solution is simple. Merely add an extra field to the 1}‘:::
~ sttucture, contdining a pointer to the previous cell. The cost of this is an extra .
< which adds to the space requirement and also doubles the cost of insertions i;a‘zs
; deletions ‘because there are more pointers to fix. On the other hand, it simp fe
~deletion, because you no Jonger have to refer t6.a key by using.a pointer ::l)liste
© previous cell; this infornfition is now at hand. Figure 3.16 sh?ws 3 flgpl_)ly link 2
- Aigare 3.16 A doubly linked list G e A

A | A Ay A‘ .

AS._-_.L

. -
- -
e .
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‘Fignre 3.17 A double circularly linked list

3.2.6. Circularly Linked Lists

A popular convention is to have the last cell keep a pointer back to the first. This can
be done with or without a header (if the header is present, the last cell points to it)
and can also be done with doubly linked lists (the first-cell’s previous pointer points

to the last cell). This clearly affects some of the tests, but the structure is popular in

some applications. Figure 3.17 shows a double circularly linked list with no header.

3.2.7. Examples

We‘provi&e three exambles tlfat use lmked lists. The first is a simple way to represent
sing!e-variqble _polynomials. The second is a method to sort in hl:]m iiine, fol: some
special casés. Finally, we show a complicated example of how linked lists might be
used to keep track c?f.conrse registration at a university. :

The Polynomial sor .
We can define an abstract data type for 'siﬁgle-variable polynomiéls'(witb nonnega-

tive exponents) by using a list. Let F(X )= Zﬁ-‘o A; X', i most of the coefficients A;:

are nonzero, we can use .a.simple array to store the coefficients. We could then write
routines to perform addition, subtraction, multiplication, differentiation, and other
operations on these polynomials. In this case, we might use the type. declarations
given in Figure 3.18. We could then write routines to-perform various operations.
Two possibilities are-addition and multiplication; these are shown in Figures 3,19 to
3.21. Ignorfng the time to initialize the output polynomials to zero, the runmng time
of the multiplication routine is proportional to the product of the ’degree of the two
input polynomials. This is adequate for dense polynomials, where most of the terms
are present, but if P;(X) = 10X1000 +.5X" + 1 and P(x ) = 3X19%0 _ o142
11X + 5, then the running time is likely to be unacceptable. One can see that
Figare 3.18  Type declarations for array im -

B} tion of the polynomial AD’I? l@plcx,nenﬁa '

void ,
ZeroPolynemial( Polynomial Poly ) .
int d9;

f&r_( i=0; 3 '<‘= —Maxbegree'; i)
Poly->CoeffArray[ i ] = 0;
" Poly->HighPower = 0;

P flq'!tlfﬂynoma‘l(,const Polynomial. Po] !.1 yromtal PolyProd 3 -

;:ypedef" struct

int CoeffArray[ MaxDegree + 1 ];
int HighPower; .
} * Polynomial;,
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oy |
Figare 3.19 Procedure to initialize a polynomial to
zero , o
void - -

AddPolynomial( const Polynomial Polyl, . :
Y const Polynomial Poly2, Polynomial PolySum )
{ ' S ‘ ‘

int i;

ZeroPolynomial( Polysdm )s . o
->HighPower = Max( Polyl->HighPower,
PolySum->Hig Po'ly.2;,->ﬂjighPOW'e."..l );\

for( i = PolySum->HighPower; i >= 0; j--) _
~ i ] = Polyl->CoeffArrayl 1 ] )
o Pty e ReTyz > CoetfArrayl 1 ]

R S

Figare 3.20 Procedure to add two polynomials

.

void -

' ' . const Polynomial Poly2, "Po
.:l. B { . ‘ ) .,-‘ : ) - . : K = R L _ - -
ool Cint 1, -j: . e e i
SR s .'ﬂ - polyProd:); - e .
l S ~i-1z>§{3:m'-'::}gn§mry= Pc'l)!_i»ﬂi“gh?o\qer:d-j Ro)_y2->ﬂwgl?p?wer,
i .Po‘lyProd->l-l'ighPower_ > MaxDegre:z )
Error( “Exceeded array size" );

- else

e orC i = 0; i ‘<= Polyl->HighPower; i++) . -
. i:m.(ﬁ;r(' 3 = 0; j.<= Poly2->HighPower; J++ ). .

_ .7 PolyProd->CoeffArray('i + j 1 #=. . ..
s o oo T Polyl->CoeffArrayl i 1 *° '~
e ' . - Poly2->Coeffarrayl i 1; ‘
Y T R T L T e

S Migmre 3.1 ‘Procedurs to muliply two polymomidls . - . o
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Figare 3.22  Linked list representations of two
polynomials :

typedef struct Node *PtrToNode;

struct Node
{ .
int Coefficient;
‘int_Exponent;’
PtrToNode Next;
| } :

typedef PtrToNode ﬁo’lynom"a‘l ;l' i /* Nodes sorted by exponent */

Figare 3.23 Type declaration for linked list implementa-
- tion of the Polynomial apr g

most of the time js spent multiplying zeros and stepping through what amounts to
nonexistent parts of.d:c input polynomials. This is always undesirable.
- An alternative is to use a. singly linked list. Each term in the polynomial is
contained in one cell, and the cells are sorted in décreasing order of exponents. For
" instance, the linked lists in Figure 3.22 represent Py(X) and P;(X).-We could then
use the declarations in Figure 3.23. - - .o :
The operations would then be straightforward to implement. The only potential
ty is that when two polynomials are. multiplied, the resultant polynomial will
have to have like terms combined.. There are several ways to do this, but we leave
this as an exercise. _

Radix Sort

A second example where linked lists are used is called radix sorr. Radix sort is
sometimes known as_card sort, because it was used, until the advent of modern
computers, to soit old-style punch cards; . - . )

If we have N integers in the range 1 to M (or 0 to M — 1), we can use this
information to obtain a fast sort known as bucket sort. We keep an array called
Count, of size M, which is initialized to zero. Thus, Count has M cells (or buckets),
which are initially empty. When A; is read, increment (by 1). Count{A;). After all the
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inpyt is read, scan the Cownt array, printing out a representation of the sorted list.
This algorithm takes O(M + N); the proof is left as an exercise. f M = &(N), then
bucket sortis O(N). . . . : .
‘Radix sort is a generalization of this. The easiest way to see what happens is by
example. Suppose we have 10 numbers, in the range 0 to l299, that we would like
to sort. In general, this is N numbers in the range 0 to N* — 1 for some constant
P. Obviously, we cannot use bucket sort; there would be too n'ianyubuckets. The
trick is to use several passes of bucket sort. The natural algorithm would be to
bucket-sort by the most significant “digit™ (digit is taken to bgse N), then the next
most significant, and so on. That alggrt:thx do: n:ltso w;:ll:;l but if k\:e gﬁf:urze bl::l;::
sorts by the least significant “digit” first, then the thm works. Of course,
than oie number could fall intgc: the same bucket and, unhke the original bucket
sort, these numbers could be different, so we keep them in a list. Notice that all the
numbers could have some digit in common, so if a simple array were used for the

lists, each array would have to be of size N, for a total space requirement of 8(N2).

The following example shows the action.of radix sort on 10 numbers. The input
is 64, 8, 216, 512, 27, 729, 0, 1, 343, 125 (the first 10 cubes, arranged randomly).
The first step bucket-sorts by the least significant digit. In this case the math is in
base 10 (to make things simple), but do not assume thi$ in general. The buckets are

‘as shown in Figure 3.24, so the list, sorted by least significant digit, is 0, 1, 512, 343,

64,125,216, 27, 8, 729. These are now sorted by the next least significat digit (ﬂ;e
tens digit here) (see Fig. 3.25). Pass 2 gives output 0, 1, 8, 512, 216,125, 27; 7'_1*’:h
343, 64. This list is now sorted with respect to the two leastsngmﬁcantdl%fs ﬁnai
final pass, shown in Figure 3.26, buckaet-aoﬂ:z9 by the most significant digit. The
list s 0, 1, 8, 27, 64, 125, 216, 343, 512,729, . o
To sce that the algo’l-ithm works, notice that the only possible failure would
occur if two numbers came out of the same bucket in the wrong order. B“‘f::;
previous passes ensure that when several numbers enter a bucket, they enter in so. h
order. The running time is O(P(N + B)) where P is the mumber of passes, N'is the
number of elements to sort, and B is the number of buckets. In our case, B} = N.

Figure 3.24 Buckets afterﬁrst step of radix sort




ﬂm&% Buckets after the last pass of radix sort L

*  ~:As-an‘example, we could sort all iritegers that are representable on a computer

(32 bits) by radix sort, if we did three passes over a bucket size of 211 This algorithm

would always be O(N) on this'computer; but probably still not ds efficient as some

-of the algorithms we shall se¢ in Chapter 7; because of the high constant involved.

(Remember that a factor of log N is not all-that high, and this algorithm would have
'the overhead of maintaining linked lists) - -~ e

Maltilists -~ - - R . B :
Our last example shows a more complicated use of.lihked lists. A university with

40,000 students dnd 2,500 courses needs.to be able to generate two types of reports.
The first repor lists the régistration for each class, and the second report lists, by
student, the classes that each student is registered for. _ .

.. - The obvious implementation might be to-use a two-dimensional array. Such an
~ array would have 100 million entries, The average student registets for about three
courses; 30 only:120,000 ‘of these entfles, or roughly 0.1 percent, would actually
have meapingful data. I :

.+ .What is needed is a list for each class containing the students in the class. We
also need a list for each student containing the classes the student is registered for.
Figure 3.27, shows our implementation, = . . . .

~ As the figure shows, we have combined two lists into one. All lists use a header
and are circular. To list all of the students in class C3, we start at C3 and traverse its
list (by going right). The first cell belorngs to student S1. Although there is no explicit
nfxform?uon to this effect, this can.be determined by following the student’s linked
list until the header is reached. Once this is done, we returri to C3% list (we stored
the position we were at-in the course list before we traversed the student’s list) and
find another cell, which can be determined to- belong to $3. We can continue and
find that $4 and SS are also in this class. In-a sim; manner, we can determine, for
any student, all of the classes in which the student i registered.. '
Using a circular list saves space but does 5o at the expense of time. In the worst
case, if the first student was registered for every course, then every entry would need
to be examined to detérmine all the course names for that student. Because in this
. application there are relatively few courses per student and few students per course,

then each.of the (nonheader) cells could have pointers directly back to the student

speed the implementation. _

and class header. This would double the space requirement but would simplify and -
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Figure 3.27 Multilist implementation for
registration problem

3.28. Cursor Implementation of Linked Lists " - * —
Many languages, such as Basic and FORTRAN, do not:support pointers. If linked

are 1"3<luir§:il agnd pointers are not available,.then‘ana’ltematxyeimplemenfatxon must

be used. The method we will describe is known as a cursor mplen.xenta??i:i: st
" The two important features present in a pointer nlrfx')le?ggtano? of linke

are as follows:. o ’ '_ o s
1. The data are stored in a collection of Structures. Eachmqtmewonmms
data and a pointer to the next structure. ’
2. A new structure can be obtained from the.syst_eu:x.s
- .%o malloc and released byacalltofree. =~ - - -

Our cursor implesiatation fust be able to simulate this, The logical way to sacisfy

TS

obal memory by a call

! " . Lot piy H i m .

idex'can be'sd in place of an addres. igure 3.8 give the declarasions for 4
cursor implementation of linked lists. .. i G
" We shust mow simolate condition2 by allowing the Sautvlens of maloc and
free for ¢ells in the CursorSpace airay. To do this, we will keep 2 d : (q'}{é thitial
of cells that are not in any list. "Iz'h;e, list wdluse cell 0. ds a hea er‘ e,
ration is shown in Fi re 3.29.. .= T o R T R S PR
O N ol o UL . Tho il

‘ i< a straightforward loop, which we leave as an exercise. To perform a
CursorSpace is a straightforward loop, which we leave as an exercise. To perfc
malloc, the ﬁrlzt é]emg:'(a&eé the headesr) is removed froin the freelist. To perform



#ifndef _Cursor_h

typedef int PtrToNode;
typedef PtrToNode List;
typedef PtrToNode Position;

-void InitializeCu tjspf.épace_ ( void );

LTst MakeEmpty( List L );
© int IsEmpty( const List L )H .
~_dnt IsLast( const Position P, const List L 1
~Position Find( ElementType X, const List L );
void Delete( ElementType X, List L ); -
-Position FindPrevious( ElementType X, const List L );
void:Insert( ElementType X, List L, Position P );
void DeleteList( List L ); - - '
Position Header( const List L );
Position First( const List L )
Position ‘Advance( const Position p );
. ElementType Retrieve( const Position P );

#endif /* _Cursof.H f/

/* Place in the implemeéntation file */

"~ struct Node
- { . A .
: ElementType Element;
Position  Next; '
b e

ls'truct Node CursérSpace[ SpaceSize ];

Figure 3.28 Declarations for cursor implementation
of linked lists : '

a frée, we place the cell at the front of the freehst Figure 3.30 shoﬁrs the cursor
implementation of malloc and free. Notice that-if there is no space available, our

routine does the correct thing by setting P = 0. This indicates that there are no more
cells left, and also miakes the second line of CursorAlloc a no

are strdightforward.” Figure 3.32 implements g function to test whether a list
is empty. Figure 3.33 implements the test of whethier the current position is the
" i - 58 '

‘3.2, ' THE LIST aor

1

Slot
0
1.
2
3
4

OO WVONR LB W

© VNN

- -

Figore 3.29 An initialized CursorSpace

' static Position .
" CursorAlloc( void )

Position P; -

P = CursorSpace[ 0 ].-&ext; . R
- CursorSpacel 0 ].Next = CursorSpace[ P ]..NextT
retur,'n-‘P:

}

static void . '
CursorfFree( Position P,-)

Cur;sérSpace[ P J.Next - Cur;drSéhcg[.Q_‘]:v.'ljext':
CursorSpace[ 0 ]..Nex‘t = P; . .

}.

‘Figure 3,30 Routines: CursorAlloc and CursorFree.

,, S cure 3.34 returns the position of X in list
las in a linked list. The function Find in Figure 3.34 retums the position of

APy i i for
L. The code to implement deletion is shown in Figure 3.35. Again, the interface

igw L Ficure..
the cursor implementation is identical to the pointer mp!ementatlon Fma_?l?, 18“1'
3.36 shows a cursor implementation of Ir;sert. od The crucial pomt i dhat.

The rest of the routines are sit ~coded. The crucial | dthese-
b et wprnion. Toe plancin . it 10 o wer. T
fo i tions. The im: ntatic . t to 1
curr‘s‘:)rsim lecm:xl::taion could be used instead of the linked lu:t mﬂ;m;g;:on,
with v'irtu:lly'no change required in the rest of the code. If relatively inds are
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Figure 331 Example of a cursor implementation of linked lists

/* Return true if L is empty */

int
{IsEmpty( List L)

‘-'-.’

- return CursorSpace[ L ] Next == 0'

agms.sz Funcuontotestwhethera lmkedhstls
. .empty—cursor unplemeutatxon

/* Return true 1f P is the 'Iast .positmn inl *
/* Parameter L is unused in this 1mp'|ement:t1grslt*ll- /

int
{sLast( Position P, List L) .

retum CursorSpace[ P J uext — o.. ) P

ﬂums.as Functxontowstwhetherl’ls!astm
_ llnl:edllst—curaor mplemamuon a
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/* Return Pos1t'ion ‘of Xin L; 0 if not found */
/% Uses a header. node */ : .

Pos1t'ion

Find( E'lementType X, L1st L)

{

* Position P; .
* 1=/ P = CursorSpace[ L ].Next;
2%/ while( P & CursorSpace[ P 1. Elmeut I= X )
* 3%/ P = CursorSpace[ P ] Next; - .
44y return P;

} ..

igare 3.34 Find ’rout_ine—cursdr im;:_lémeutaﬁonl ‘

/% Delete first occurrence of X from a 'Hst */
/* Assume use of a header nqde * . R

void .
: De'lete( E'IementType X, List L)
{

- Position P, TmpCell; ) e ot
‘P = FindPrevious( X L ), )
' 'If( !IsLast( P, L)) /* Assumptioh “of hedlder use vy

/% X.is found; delgzq it. az/

T e’l'l = CursorSpace[ P: J.Next;
nggorSpace[ P ].Next = CursorSpace[ Tmpce‘ll 3 !{ext.

: CursorFree( TrupCeh L

‘.

W 3-35 Deleuon foutine for lmked lxsm-cursor

.nmplementat:on o T

S e

’°ff0tm€d, the cun;or lmplemeneat:on could be. s:gmﬁcantly ﬁaster becau.se, Of the '
ack of memory management routines. ©

Thefteelmtrepmenmanmemnnsdammmmmownngh:,mgen
hatxsremovedﬁom:he&eehstmheonethatwasmos:mendyplmdthmhy
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o /* Insert-(after legal position P). */ -
/* Headér implementation assumed */ . . .
/* Parameter L is unused in this implementation */
void S R .
Insert( ElementType X, List L, Position P )
{ -

Position TmpCell;

/1% Tmpce‘l]in,cursorATIOCg);

/% 2%/ ifC TmpCell m= 0 ) - - RO
/* 3%/ .FatalError( "Out of space!!!" );
/% 4%/ CursorSpace{ TmpCell ].Element = X; :
/* 5%/ CursorSpace[ TmpCell ].Next = CursorSpace[ P ].Next;"
7*76%/ """ " CursorSpace[ P I.Néxt = TmpCell; ~ )

} . S
Figure 3.36 Insertion routine for linked lists—cursor

implementation .

virtue of free. Thus, the last cell placed on the freelist is the first cell taken off. The
data structure that also has this property is known as a stack, and'is the topic of the
next section, ' . '

‘3.3, 'l‘lu_:Siackm
331. StackModel

A stack is a list with the restriction that insertions and deletions can be performed
in only one position, namely, the end of ‘the: list, caled the t0p. The fundamental
“Operations‘on a stack are Push, which is equivalent'to an insert, and Pop, which
deletes the most recently inserted element, The most recently inserted element can

be examined prior to performing a Pop by use of the Top routine. A Pop or Top on'

an empty stack is generally considered an error in the stack ApT. On the other hand,
. rungiing out'of space wher petfprming aPushig an Mplemmcgyidnieuor but not an
ADT error. - ) )
Stacks are sometimes known as Lrvo (last in, first out) lists. The model depicted
in Figure 3.37 signifies only that Pusbes are input operations and Pops and Tops are
output. The usual operations to make empty stacks and test for emptiness are part
of the repertoire;but essentially all that you can do to-a stack is Push and Pop.
Figure 3.38 shows an abstract stack after several operations, The general model
. i&a that thgx:bel is some element that is at thie top of the stack, and it is the only element
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~ Pop(S)
s . Stack §
Top(S)

1 Push.(x. )

Figare 3.37 Stack model: input to a stack is by Push, output is by Pop

. Top | 2
. e
FTE) I i
5
o o

Figure 3.38 Stack model:-'only the top element is accessible

33.2. - Implementation of Stacks . ‘ T
Since a stack is a list, any list implementation will do. We will g::e two p:f;lz_:
implementations. One: uses pointers-and the °‘.h°' uscs 21 ,3.,““’_"@ 1 1?;’;’210?@& do.
the previous section, if we use good programming principles, tbe~ ST
not need to know which method is being used. S o

uﬂkedﬂstlﬁplemmtaﬂonofm." L . . ‘bw
The first implementation of a stack uses a singly linked list. We "é’f’fé'.’nii“; iﬁ
inserting at the front of the list. We perform a Pop by deleting :‘;_ front of the
front of the list. A Top operation merely examines the element at. combined into
ist, returnirig its value. Sometimes the Pop-and Top operations are it we will
one. We could use calls to the linked list rouﬁqessazﬁ thfe cllm"t;o“s section, but we.¥
rewrite the utine atch for the sake of clasity.. . -~ .
Fifsnév::a :Sv:otlilx:n :ﬁz‘m Figure 3.39. We implement the stack ns.mg:s
header. Figure 3.40'shows that an eripty stack is tested fag in the same manner

an empty list.’

" Crext SRS S ‘a header node;
Creating an. empty 'stack is also simple. We merely create a headet .no
Mdk.eEmptygséts the b’gct pointer to NULL (see Fig. 3.41). The Push is implemented
63



TN 33 eE AR

' : : Stack o &
#1tndet .S_téck_h CreateStack( void ) -
. SfﬂlCt"Nﬂdei a L ’ . ,‘«A .
“typedef striuct Node *PtrToNode; Stack S;

typedef PtrToNode Stack;

" _ | o S o NULL ) o
int IsEmpty( Stack S ); : : FCS = L 1" );
Stack CreateStack( void ); : FatalError( "Out of space!l!” )

S = malloc( ;izeqf‘(..stquétiwe*.’);):-:-r;f-;.. :

void DisposeStack( Stick §); - ! v A L R
void MakeEmpty( Stack § ); ° . : - return 5; T el e e .
void Push( ElementType X, Stack S ); , : } o .o oL T
E]_gment'fype Top( Stack S ); . : } . void - . _ : YIS

void Pop( Stack s ); B 3 MakeEmpty( Stack S ) A

‘ ! ' -Error( “Must use Cre_ateStaC.k~ﬁ.r§t‘ 4),'

/* Place in implementation file */ , : S else I Tek D) ;.“"-"."'1,..;';‘

/* Stack implementation is Tinked 1ist with a header */ ' . while( ‘!IsEu'tpty__(__,r,S,.,) ). .

struct Node -~ ~ } Pop( S I3
- TementType Element; . . ‘ - P TR T W PN
}E’trTo:bde‘e.‘ Next"?' : . Figure 3.41 ‘Routine to Create an empty M"]mk"d_‘ T
_ R o ‘ list implementation o e

Figure 3.39 Type declaration for linked listt'impiemén- S
tation of the stack apt _

) vo‘id - ) .. .. ) . )-‘ .; _ : f" .'- "‘ ‘.‘ . . _.‘ " -. R :,:
Push( ElementType X, Stack S') [ = .- WL
0 . , .

int 5 o PrToNode TmpCell; B Sy

{eEmpry(Stack s ) S ~ | o7 TapCel: = gallocC sizeaf( struct Node ) i <
oy T SeNet oL T | o e rorc "oue oF sparsi 11" 1, |
- ‘; ' : - ~~ else e N i o . i

Figure 3.40 Routfnetotestwhet'herastackisemp’t)'r—. Lo t =X .’ 'A-??%’ SRTATTSI
o inlead Las VN - N . 11->Element = X; E e e
: ;hgkﬁhsrlmglmw?on B I ' ;::gzl'l-kﬂext N
s am imsértion o the frome of £ Bk v e < o T JSeoNext - TapCelli- * - g R
asan]nsgruon l'rltothtffrontof_a;link@djist, Where theﬁ'bntdfthe hstserves'as the SRR SR .:_';r,.»_f:_; .-.A' s -‘.ﬁ S R
tOPOfﬂle stadt(see Flg.3.42),.'lhe Topisperfgrmedby examiningtheelementin ’ SRR T } sl e i’ LR R PR e b - - e,

the first position of the list (s Fig. 3.43). Finally, o b 008 the element i Ty - ey
From the front of the lst (séc Fig, 3.44). -~ 1" "uPlement Pop as & deletion Figore3.42 Roudne oo push anes g stack—figked iy - & - % RO
nt 3 L . ‘:lmpem At .Qn:“‘.: I T e y o

ck_(except’ ) o W vf PR

It should be clear that ali

j 85’
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ElementType
Top( Stack S )
{

if( 1IsEmpty( S ) )
- return S->Next->Element;
Error( "Empty stack" ); ‘
return 0; /* Return value used to avoid warning */

Figure 3.43 Routine to return top element in 2
stack—linked list implementation

void
Pop( Stack S )
{

. PtrToNode FirstCell;

if( IsEmpty(S) )" .
Error( “Empty stack” );
else -
{ -
- FirstCell = S->Next;
S->Next = S->Next->Next;
free( FirstCell )

1

Rgure 3.44 Routine to pop from a stack—linked list
implementation -

comparison to the pointer manipulation routines, Sdme of this can be avoided by

' using a second stack, which is initially empty. When a cell js to be dropped from the
first stack, it is merely. placed on the second stack. Then, when new cells are needed
for the first stack, the second stack is checked first,

Array Implementation of Stacks }
An alternative implementation avoids pointers and is probably the more popular
solution. The only potential hazard with this strategy is that we need to declare
an array size ahead of time. Generally this is Dot a problem, because in typical
applications, even if there are quite a few stack operations, the actual number of
elements in the stack at any. time never BCLS t00 large. It is usually easy to déclare
the array to be large enough without wasting too much space, If this is not possible,
then a safe course would be to use a linked list implementation, .

If we use an array implementation, the implementation is trivial. Associated with
each stack is TopOfStack, which is —1 for an empty stack (this is how an empty stack
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t t ck, we inc ' ck and
is initialized). To push some element X onto the sgack, we increment Tog)OfSta
then set StaZ:k[chp,OfStack] = X, where Stack is the array repre:lendt:ng ;he :;f:::
stack. To pop, we set the return value to Stacfz[TopOfStaq[z‘]r an th?stae:kr men
TopOfStack. Of course, since there are potentially several ﬁcl;s, ac;m tack are v
and TopOfStack are part of one structure representing a stack. ttl;?s ( )--da’:
a bad idea to use global variables and fixed names to represent tﬁaﬁr anyka
structure, because in most real-life situations there will be more odelonecl ck
When writing your actual code, you should attempt to follow the'm ) m:sa o };
as possible, so that no part of your code, except for the smck.zl:m,is truettf:lrnfll
to access the array or top-of-stack variable implied by eacl} stack. This e for all
ADT operations. Modern fanguages such as Ada-and C++ mnactuall y
e. ) . . . -
- Notice that these operations. are performed in not only constant umel;e but very
fast constant time. On some machines, Pushes and Pops (of integers) mnt andmauto-
in one machine instruction, operating on a reg:ster,vmh_ autol;;ncrzzi o tations
decrement addressing. The fact that most modern mzu:lnnecsk ave stack opecations
as part of the instruction set enforces the idea tl:ft;r tht;e staam ;s probably
fundamental data structure in computer science, after the actay. . oo
One problem that affects the efficiency of implementing t‘:lks;n;:e?; :303::%3
Our linked list implementation carefully checked for erel:lrs;v the aocay bounds aad
Pop on an empty stack or a Push on a full stack will ov ? e ions were
cause a crash. This is obviously undesirable, but if cti;keck:s ﬁuch s the actaal
put in the array implementation, they would likely take N actice to skimp on
stack manipulation. For this reason, it has become a commh::n dll,m e is crucial (58 in
error checking in the stack routines, except where error e o st case by
Operating systems). Although you can probably get away w‘; o e e
declaring the stack to be large enough not to overﬂt:i:r an | m chat barely
that use Pop never attempt to Pop an empty stack. y Fea:vritten by more than one
works at best, especially when programs are laxge and ar ok foot costant
Person or at more than one time. Because stack QPCMPO“Z £2 00 is spent in
time, it is rare that a significant part of the running time e oo oogxmitamaror A
these routines, This means that it.is gencml}y not l“m%undant, you canmalways
You should always write the error checks; if they areHa e
comment them out if they really cost too much time. H: vxy!sls udal O ¥
Dow write routines to implement a general stack using a’:“s - rute. e
A Stack is defined in Figure 3.45 as a pointer L e, e i:"km“““"wn,
oy s the TopOfStack and Capacity fields. Oner " 46 creates a stack of a given
the stack array can be dynamically allocated. Figure 3. c; lines 6-8 allocate. the
maXimum size. Lines 3-5 allocate the stack structure; dqz'apadty Gields. ThE stack
stack array. Lines 9 and 10 initialize the TopOfStack.an datline 1l .
array does not need to be initialized. The stack is recurmed at fine L1 ructire, This
The routine DisposeStack should be written to free the. e (see Fig."S. 47).
foutine first. frees the stack array and then the stack ¢ leiitentation, but not in
Since CféateSMck'reqtﬁres.an argument in the array impledtier :

i k will need to. know
the linked list implementation, the routine that uses a stack will n

Wwhich implementation is being used unless a dummy parameter is added for the
67



T wifndef Stackh

.. a..Strilct StackRecord; | [ .
.y, fypedef struct StackRecord *Stack;

et int IsEmpty( Stack's ); o

it Roint IsFUl1€ Stdck §yy, v T

v .. 'Stack CreatéStack( ‘int ‘MaxElements ); - -

anmst s S void D'lsposeSta"ck(; Stack-S-); - N

" <z void ‘MakeEmpty( Stack L35 PR R

- sz, void Push( ElementType X, .Stack § ey . s
ElementType Top( Stack S ); ’
void Pop( Stack,$ ); .. -

| endif /o -_'st,g;ulf[ L

/* Place in implementatioin file #/ ' '

" /* Stack implementation is a dynamically alloecated array */
#define EmptyTos ( -1 ) S ’
#define MinStackSize ( 5 )

. struct StackRecord:

-

© int Capacity; o
int TopOfStack;, * -
E'lgmem.:l'ype, *Array;

e

éfficiency and software ‘ idealism ofeeri create
 We have assumed that all 'mckxldml with the éa;'ne type of -elenl'xent.'i‘n many

laqg}xages, if“t_he‘re aredlfferent types of stacks, then we need to rewrite a new

version of the stack routines for éach different type, giving edch version a different .

later tmptementauon Unfortunately,

calling routine,  .:.-. R T i :
- Having said all this, we will now rewrite the four stack-routines. In true ApT
picit, we.will make the function and procedure héading look identical m the linked
list implementationi: The routines themselves are vety simple iind follow the written
description.exactly (see Figs. 348 to 3,52), B . R
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A% i*-/ . if( MaxElements < MinStackSize )

Stack Co
CreateStack( int MaxElements ) | . 3

S—tack S; . v T e N :' |

= 2%/ Error( "Stack size 1s:too. saaﬂ“ ¥

% 3%/ '$ = malloc( sizeof( struct St?‘c!&R“ecord ) _):
P 4%/ . iFCSam NULL) -t o
r* 5*5 " FatalError( "Out of space!li" ); |

{zeoF( ETénentType )’ * MaxElements );
* 6%/ S->Array = malloc( si;eof( lETeﬂteﬂtT!!ﬁe ‘) * Max .
A iF( S->Array == NULL) .. = .
/™ 8*5 ‘ FatalError( “Out of spacelll )'
* 9%/’ S->Capacity = MaxElements; . oo
/#10%/  MakeEmpty( S );

5

[*11%/° - return Si S - ;
Figare 3.46 Stack creation-—arra' yiﬁplmmﬁ".,n ) :
“void L -
DisposeStack( Stack S ). S s
PFCS = NLL DL T o
 free( S->Array ); . .+ ©
Ffree( S ); R T s
— ' - ) - le‘ e Y ‘- Bl
Figare 3.47 Routine for frecing stack—array Imp'e E )
;_ mentation " e

it ; L RN A
IsEmpty( Stack S ) . = 2
{.

" return S->TopOfStack == EmptyTOS‘. L
} 4 — — . A ' . . ’ ! . .
Rgnre 348 Routing to cest whether astack s €MPIF © 5 - o

array implementation. - ol
} ' 69



CHAPTER 3/L1STS, STACKS, AND QUEUES

void .
?akeEmpty( Stack S )

S->TopOfStack = EmptyTOS;

Figure 3.49 Routine to créte an empty stack—array
implementation : :

void A '
{ush( ElementType X, Stack S )

fCIsFulICsy)

Error( "Full stack” ); '
else o
) S->Array[ +5->TopOfStack ] = X;

Figure 3.50 Routine to push onto a stack—array im-
' plementation : :

’ E’Iméht‘l’ype
;l‘op( Stack S )

1F( IsEmpy('s ) )

return S->Array[ S->TopOfSt: v
Error( “Empty stack® ); tack 1;

return 0; /* Return value used .to -av_bid warning */

Figare 3.51 Routine to return

of P—
* plementation wp - 3 o

void .
{Pop‘( Stack S )

if( IsEmpty( S ) )

else .
S->TopOfStack--;

Error( "Empty stack” ); | : \

- Figare 3.52 Routine to pof ﬁ’bﬂaa : —
*  mentation P m‘:k_a“ay imple-
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ElementType s
TopAndPop( Stack S )
{ - 3 - . . ;
if( 1IsEmpty( S ) ) .
return S->Array[ S->TopOfStack-- 1; 7

Error( "Empty stack” ); . .
retur: 0; /* Return va'ﬂue used to avoid warning */

. } - C - . . - aat
Fgare3.53 Routine to give top elementandpopa - - . 7 - . b
o stack—array implementation L Nl T

op i asi i i the poppe element
. Pop is occasionally written as a function that returns the popped element
(and alters the stack). Although current thinking suggests that functions shou{v:ii;::
their input variables, Figure 3.53 illustrates that this is the most conve
method in C., ' '

It should come as no surprise that if we restrict the O??fa'i‘?n.s,all? ved or a |
the small numbkr of operations left aré so powerful and important. | i:t‘xt mtomhow
the many applications-of stacks. The third application gives a deep insight in! how
Programs are organized. . R c . P

Ralancing Symbols

i ’ Bt juently a lack of one
Compilers chieck your programs for syntax errors, but frequen ck of one
synibol (such as a missing brace‘or comment starter) will cause'the compiler to gpilt

v

-ut a hundred lines of diagnostics without identifying the real ecror.

. A useful tool in this situation is a program that checks whether ever}:‘]in;s':
. Thus, every right brace, bracket, and parenthesis m“é‘b'i.‘-'"u?i”u is not
left countecpart. The sequeace [(] is legal, but [() is wrong.Obviousl, (88 70
Worthwhile writing a huge program for this, but it turns outf at | s wsxbm&m,
these things. For simplicity, we will just check for balaincing of parentheses, bracke
and braces and ignore any other character t.ha't appears.
The simple algorithm uses a stack and is as follows: . o
Make an empty stack. Read characters until end of file. "f%ﬁfﬁfm
symbol, push it onto the stack. If it :;alfctl::ins wml;b::;pede‘; ot the correspondi
m&:&m repsf;t!:o ai?;:fm end of file, if the stack is not empty report an
ctror. o S ' It is clearl
You should be able to convince yourself that this a'.lﬁmthl‘tn,w‘t’;]‘::‘ X :lffi‘ne anﬁ
linear and actually makes only one pass through the input. 1 lds when aperroris
Quite fast. Extra work can be done tg-attempt (o decide what to do when:2
Teported—such as identifying the likely t’:,aluse _



Suppose we have a pocket calculator and would like to compute the cost of a
shopping trip. To do so, we add a list of numbers and ‘multiply the résult by 1.06;
this computes the purchase price of some items with local sales tax added. If the
items are 4.99, 5.99, and 6.99, then a natural way to enter this would be the
sequence S : S

4.9945.99 +6.99+1.06 =

Depending on the calculator, this produces either the intended answer, 19.05, or
the scientific answer, 18.39. Most simple four-function calculators will give the
first answer, but many advanced calculators know that multiplication has higher
precedence than addition. )

. On the other hand, some items are taxable and some are not, so if only the first
and last items were actually taxable, then the sequence .

4.99%1.06 + 5.99 + 6.99 % 1.06 =

would give the correct answer (18.69) on a scientific calculator and the wrong
answer (19.37) on a simple calculator. A scientific calculator. generally comes with
parentheses, so we can always get the right answer by parenthesizing, but with a
simple calculatoi we need to remember intermediate results, ,

A typical evaluation sequence for this example might be to multiply 4.99 and
1.06, saving this answer as Ay. We then add 5,99 and Ay, saving the result in A,. We
multiply 6.99 and 1.06, saving the answer in Ay, and finish by adding A; and A,,

leaving the final answer in A;. We can write this sequence of operations as follows:

4.99 1.06 * 5.99 + 6.99 1.06 * +

This notation is known as postfix or reverse Polish noﬁtion and is evaluated exactly
we have described above. The easicst way ‘to do this is to use a stack, When a

numper 15 seen, it is pushed onto the stack; when an operator is seen, the opérator is

applied to the two numbers (sym ls) that are popped from the stack, and the result

i$ pushed onto the stack:For instance, the postfix expression - :

C 652348%+3 4 ’ R :
is elaluated as follows: The first four symbols are placed on the stack, The resultlng
stack is -

Nexta “+is read, 80 3 and 2 are POPM frométhe stack ;sna their sumi, 5, is_éu;hed.
72 ' ‘

8,=A0ispished. "™

~ : .

- Now &*#” is seen, s0 8 and 5 are popped and 5

Lo - . . . =‘,-_'., .'_:.;’:.'.‘v:'. .. . “_:.‘;. RS . {.,'_ it
Nexta s i see, o 40 and  are opped 6 5.+ 40 = SPEE.

L ’
A
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Ne?"t“+’90993and,45andpushes45+3=4g_ o _

Finally, a ‘¢’ i3 gseen and 48 and 6 are popped; the result; 6 # 48 = 288, is pushed.

ﬁetimetoevaluate.apostﬁx ion is O(N), becius rocess

time to e ¢ expression is O(N), beca i

_e;lﬂn:lntg in t:: input consists of stack operations and’ :hus :i:spconsta!:tg ;:1?
orithm to do so is very simple. Notice that when an expression is given in

postfix notation, there is no need
advasitage, © l:nqw any precedence rules; this is an obvious

lnﬁxtol’octﬁx(:onvuslon

Not only can a stack be used to evaluate a postfix ¢ i :

a stack t‘% convert 4n expression in standard form m kzl::\::e o )
only dhe o;'f;"m"?”f“ a small vesion of the general problem b e
C 3 ’ s,:a‘f iQSiSﬁngontheusualprecedence i
further assume that the expression is legal. Suppose we want to éb;:rde:ts.txgin“gil

expression
3+b*c+(d.e+”‘g

intopostﬁx.Acorrectanswerisabu}de,f T

- £ correct a : +get:

. When an operand is read, it is immediately Plage:i :;;no

31: i:!:; meehcedxately output, so they must be saved somewhere, The correct thin

stack. Wp wmoperators that have been seen, but not Placed on the o ' gd:o
ck. We alsostackleftparentheseswhentheyf‘are S .!'tPlIt,onto.e

an initially empty stack. - =¥ are encountered. We start with

If we see a right parenthesis, then we \ ]
t par We pop the stack, writing symbols until
e sy o St i ot et
. d a0 0ty of ladnr e . 2 U then we i :
until we find an entry of Jower priority. One wc@qnzlmﬁsnmr: :E;::?:
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the output. Operators

EPTR——_——

0 from the stack except when processinig a */'. For the purposes of this operation,

“42 has lowest ptiority and ‘(’ highest. When the popping is done, we push- the

opérator onto the stack, . .
Finally, if we read the end of input; we pop the stack until it is empty, writing

_symbols onto the output.

- To see how this algorithm performs, we will convert the infix expression above
into its postfix form. First, the symbol‘a is read, so it is passed through to the output.
Then ‘+° is read and pushed onto the stack. Next bis rcadiand passed through
the output. The state of affairs at this juncture is as follows: " . _

Ll

Stack

e _——1

. ét i than
Next a "'ismdinetopenﬂmmeopmmamckha?lowerprecedmce
*#", s0 nothing is output and *’ is put on the stack: Next, cis ‘mad and output. ’l‘hus

far, we have A -

N R
‘+. . ‘rabc ‘I

. _ . h . - . . -. . “::“; \ 3 d
Thenextsymbolis‘a‘.-i—’.Cbechngtbemck,weﬁndthntwemﬂgopa * an
place it on the output; pop the other *+*, which is not of lower but equalpnonty,

on the stackj and then push the +%. .o L
l-rl | | [abc*+ - J
ihenext symbolmdis,a--;(:, which,bdﬂ%of highest pmoededoe,isplﬂgfl'fg the

stack; Then d is read and output. ~ ~ ) v e

~~ .

+ |. | —*l;ab°‘+d. _I

Stack .
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:::u:clmd parenthesis is being processed, there is no output. Next, ¢ is read and

A

S L
Eh EEN abct+de
- Lomt7

The next symbol read is a “+*, Wi " o
read and output f. -+ e pop and output ‘s and then push *+". Thea we

-

+ | '
‘4 "(. R co o) ‘ . R PR
L+ v s [abevvdest o
= e
Néwwewaaa‘)’,sothe'sta'i:kisempﬁedbackho,the‘(’.Webutpura ‘“+
_ .l‘*' , abc*+de*f

. e
We read a2+’ nexty it is pushed onto the stack; Then giis read and C;I.l.tput o

-

* -
+ . . o abc* de * ——i
~ Stack _— L *Ompemf+g j

empty. )

Stack -

I_ab°‘+de}*f+g#.?|
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et s now empty, 50 we pop and output symbels fro ihe séack unel i i

3.3. THR STACK aor

As before, this conversion requires only O(N) time and works in one pass

‘through the input. We can add subtraction and division to this repertoire by

assigning subtraction and addition equal priority and multiplication and division
equal priority. A subtle point is that the expression 2 — b — ¢ will be converted
to ab — ¢~ and not abc — —. Our algorithm does the right thing, because these

‘operators associate from left to right. This is not necessarily the case in general, since

exponentiation associates right to left: 22’ = 28 = 256, not 4*- = 64. We leave as
an exercise the problem of adding exponentiation to the repertoire of assignments.

Function Calls

The algorithm to check balanced symbols suggests a way to implement function
calls. The problem here is that when a call is made to a new function, all the
variables local to the calling routine need to be saved by the system, since otherwise
the new function will overwrite the calling routine’s variablés. Furthermore, the
turrent location in the routine must be saved so that the new function knows where
to go after it is done. The variables have geaerally been assigned by the compiler
to machine registers, and there are certain to be conflicts (usually all procedures get
some variables assigned to register #1), especially if recursion is involved. The reason
that this problem is similar to balancing symbols is that a function call and function
Teturn are essentially the same as an open parenthesis and closed parenthesis, so the
same ideas.should work. . e : -

When there is a function call, all the important information that needs to be
saved, such as register values (corresponding to variable' names) and the retum
address (which can be obtained from the program ¢ounter, which is typically in
tegister), is saved “on a-piece of paper” in an abstract way and put at the top of
a pile. Then the control is transferred to the new function, which is free to replace
the registers with its values. If it makes other function calls, it follows the same
Procedure. When the function. wants-to return, it looks at the “paper” at the top of
the pile and restores all the registers. It then makes the return jump. ,

Clearly, all of this work can be done using a stack, and that is exactly. what
happens in virtually every programming language that implements recursion. The
information saved .s called either an activation record or stac{z frame. : Tmlm“%
a.slight adjustmesit is made: The current environment is-represented at the top of
the stack. Thus, a return gives the previous.énvironmeat (without copying). The
stack in a real computer frequently grows from the high end of your memory
Partition dawnward, and on many systems there is no checking for overflow. There
is.always the possibility that you will run out of stack space by having too a.lr‘l;any
Si‘fnultaneous_l'y active functions. Needless to say, running out of stack spaceis.alt ays
a fatal error. - T

In languages and systems that do not check for stack overflow, your program
Will crash without an explicit -explanation. On these symm’wmmz
happen when your -stack gets too. big; because your stack- will mn into pa;ta o
Your progrim, It could be the-main program, or it could be part of your ¢ t:; ,

‘especially if you have a big array. If it runs into your program, your program

corrupted; you will have nonsense iistructions and will crash as soor as they re exe-
Cuted. If thz stack runs into your data, what is likely to happen is that when you write



. ",;‘. /* Bad hse‘of-recﬁrsioh':'Prinﬁng ailinked Tist */ -
~ /* No header.®/  -.. o .U a

R A
o . yoid .-
Rt NP

' Printlist List L ) .
I T TTiFCL = NULL) T
L S ,l,ﬁ;‘::;- { P O S o0 L.

/* 2% PrintElement( L->Element );
/* 3%/ PrintList( L->Next);
e} T e

PN

R 50 o i s
- ‘;.i'-uqudlht ST v-pnn?nsa'

or ething into your data, it w:lldestro y stack 'infomation-—'pty obably the r’etumA‘

. In normal events, you should niot run out of stack space; doing so is usually an
I ecursi ing a base.case). On the other hand, some
perfecty legal and seemingly INnocuous program can cause you to fiin out of stack
space. The routine in Figure 3,54, which prints out a linked list; is perfectly legal and
.actually,ci');wct. It propedy-handles the base case of an empty list, and the recursion
is fine, This program can be proven correct. Unfortunately, if the list contains 20,000
elqme_nts! there will be a stack of 20,000 activation‘records representing the nested
calls of line 3. Ag:tfvamn«recqr@ are typically large because of all the information

saved values, Because of this, we can just go to the top of the funiction with the v:

: ’ s us on with the values
thatwould ha‘fe been used in:a recursive call. The program in Figure 3.55 shiows the
:?pmved_ ] :’;m'[;nl :K:p'm&m that you should use the more natural while loop

.20 . 4 N . » e . 2
remove the recurs ,igix.' ’ : ert'? 0 show h'ov'v : 09#-‘?“?: might automaucally
- .. Removal of tail recursion is so simple that some compilers do it automatically.

Even so, it is best not to find out that yours does not.
Recursion can always becomplete}y removed (the com

requires using a stack-and is worthwhile only if you can manage to put the bare

minimum on the stack.: We -will not dwell on ‘this further; except to point out

that although nonrecursive programs are certainl ¢ than equiva
PRl -y ly generally faster than alent -
recursive programs; the ‘sp,eedadvantaqg'g rarelyjdstifies the lack of clatity tﬁ‘;‘t“m‘f ,mlt”s

from removing the:recursion. . s
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‘As with stacks, any list implementation. is legal for queues

! ; h - ilerd A '. ) - . -
to assembly language), but- doing so°can be quite ‘tbdiol:ls.' T::s gs;::im s:;@ug'

| /* Printing a linked 1ist non-recursively */ 5 .
/* Uses a mechanical translation */ o
/* No.-header */- L ‘

void. o
PrintList( List L )
{ .

top:
if( L s NULL )
.7 PrintElement( L->Element );
L = L->Next; o
- goto top; -
}
. . } ) . A . .
Figure'3.55 Prititing a list without recursion; a com-
piler might do this (you should not) ’

3.4. The Queue ADT R
Like stacks, guewes are lists. With a queue, however, insertion is done at one end,
Whereas deletion is performed at the otherend: -1 e

34.1. Queue Model S b e
‘The basic operatioss on a queue are Engisexe, which isers serts an element at the end
- of the list (called the rear), and Dequese, which deletes.(and réturns) the element at

- the start of thé list (known as the front). Figute 3.56 shows the éabscraa'qdd‘el ofg

“queue.

34.2. Anuymlemmﬁonofw S R -

. Like stacks,both
the linked list and array implementatians give fast O(1) running times for every
Operation. The linked list implementation is straightforward and left as an exercise.
We will now discuss an array implementation of queuss: . = - - Co

l'18!11';3.56 Modei»bf a queue
<'_Dequeue(Q) '  Quene Q - . “4_____-@—-—
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<---~For each quene data structure; we keep an array, Quéue[], and the positions
Front and Rear, which represent the ends of the queiie. We also keep track of the
number of elements that are-actually in the queue, Size. All this information is
part of one structure, and as usual, except for the queue routines themselves, no
routine should ever access these directly. The following figure shows a queue in
some intermediate state. By the way, the cells that are blanks have undefined values
in them. In particular, the first three cells have elements that used to be in the queue.

. The operations should be clear. To Engueue an element X, we increment Size
and Rear, then set Queue[Rear] = X. To Deqsieue an element, we set the return value
to Queue[Front}, decrement Size, and then increment Front. Other strategies are
possible (this is discussed later). We will coriment on checking for errors presently.

There is one potential problem with this implementation. After 10 Engueues,
the queue appears to be full, since Rear is now 10, and the next Enqueue would be
in a nonexistent position. However, there might 6nly be a few elements in the queue,
because several elements may have already been dequeued. Queues, like stacks,
frequently stay small-even in the presence of a lot of operations. ‘

The simple solution is that whenever Front or Rear gets to the end of the array,
it is wrapped around to the beginnirig. The following figure shows the queue duiring
some operations. This is known as a circular array implementation. - '

The extra code required to implement the wraparound is minimal (although it
probably doubles the running time). If incrementing <ither Rear or Front causes it
to go past the array, the value is reset to the first position in the array.

Initial State

= 2sezzs

o e T e s

34. 'THE QUEUR aot

After Regueue, Which Returns 3
" and Makes the Queune Empty

. A -

Rear Front A

There are two warnings about the circular array jmplementation of queues.
First, it is important to check the queue for emptiness, because a Dequeue when the
queue is empty will return an undefined value, silently. . .

Second, some programmers use different ways of representing, the-front and

zgar of a queue. For instance, some do not use an eatry to keep track of the size,

because they rely on the base case that when the queue is empty, Rear = Front — 1.
The size is computed implicitly by comparing Rear and Front. This llsf a very et:ldcl:y
way to go, because there are soine special cases, SO bé very careful ,y&nthz o
modify code written this way. If the size is not part of the structure; then he ;gf?y
size is ASize, the queue is full when there are ASize = 1 cleinents, since on'y l:lfe
different sizes can be differentiated, and one of these 15 0. Pick any style you foe
and make sure that all your routines are consistent. Since thiere arec:d fewifopuox:ison’:
implementation, it is probably worth a comment or W I the code, if you

use the size field. ' ‘
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In applications where you are sure that the number of Enguenes is not larger
than the size of the queue, the wraparound is not necessary. As with stacks, Dequees
are rarely performed unless the calling routines are-certain that the queue is not
empty. Thus error calls are frequently skipped for this operation, except in critical
code. This is generally not justifiable, because the time savings that you are likely to
achieve are minimal. S el .

. We finish this section by writing some of the queue routines. We leave the
others as an exercise. First, we give the ‘queue declarations in-Figure 3.57. We
add a maximum size field, as was-done for-the-array implementation of the stack;
CreateQuewne and DisposeQueue routines also need to be provided We also provide
routines to' test whether a queue is empty and to make an empty queue (Figs.
3.58 and 3.59). The reader can write the function IsFull, which performs the test
Figare 3.57 - Type declarations for queue—array . -

implementation _ L

#ifndef _Queue_h

struct QueueRecord;
typedef struct QueueRecord *Queue;

int IsEmpty( Queue Q );:. .

int IsFull( Queue.Q ); = .. .

Queue CreateQueue(. int MaxElements ); .

void DisposeQueue( QueueiQ );

void MakeEmpty( Queue Q.-);: ’

void Enqueue( ElementType X, Queue Q );
ElementType Front( Queue Q ); ) o
void Dequeue( Queve Q ); - - X
ElementType FrontAndDequeue(. Queue Q );

;. #endif /* Quewesh’t/ <. "

" /* Place in 1&91emenfat~i0& file v/ - -
¢ /* Queue implémentation is a dynamically a1 *
#def_in’g MinQueueSize (53 e y allocated array */

.- struct QueueRecord --

. . .. int Capacity; .. -
.. int Front;.
_.int Rear; 4
int Size; .

C EleméntType *Array;
b
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- T else”

© 34 THE QUEUE v

T -
IsEmpty( Queue Q.) .
{ .

. ‘return Q->Size == 0;

}
‘ Figure 3.58 Routine to test whether a-queue is empty—
.~ - array implementation S

void . - e . . v - R
MakeEmpty( Queue Q.) o L &
Q->Size = 0;- -
‘Q->Front = 1;
Q->Rear = 0;
} .

. Rgore 3.59 . Routine to make an empty queue—
' array implementation ~
LA . .

. .static int - ...
- Suce( int Value, Queue Q)

(ifC +iValye == Q->Capacity) - 1 i
.Value = 0; . : T T e 4
. - return Value;

-}

7 void L e
" Enqueue( ElementType X, Queye Q). .. .. . .. ...
- iFC ISFU11C Q) )

o Q—>S'lze++, e . )
" Q->Redr = Succ( Q->Reary @ )i -
| Qe>Array[ Q->Rear 1= X3 - - T
.- } v.-_-.', W e . cat on - v ...' ) "
' } cee o T e .. B A ‘—

Figire 3.60 Routmos to enqueue—
' * ‘arry implementation
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implied by its paime. Notice that Rear is preinitialized to 1 before Front: The final
operation we will write is the Engueue routine. Following the exact description

above, we arrive at the implementation in Figure 3.60.

3.43.. Wmm of Quesnes

. There are several algorithms that use queues to give efficient running times, Several

of these are found in graph theory, and-we will discuss then in Chiapter 9. For now,
we will give some simple examples of queue usage, “ - - -

- Whei jobs are submitted to a printer, they are arranged in order of arrival.
“Fhus;essentially, jobs sent to a line pririter are placed on a queve.* '
» Virtually every real-life line is (supposed to be) a queue. For instance, lines at
ticket countess are queues, because service is first-come first-served.

Another example coricerns computer networks. There are many network setups
of personal computers in which the disk is attached to one machine, known as the file
server. Users on other machines are given access to files on a first-come first-served
basis, so the data structure is a queue. C -

" Further examples include the following:

. Call; to large companies are generally placed on a queue when all operators

are busy. g - :

¢ In large universities, where resources are limited, students must sign a waiting
= listif all terminals are 6ccupied. The student who has been at a terminal the

longest is forced off first, and the student who has been waiting the longest is
_ the next user to be allowed on. - )

A whole branch of mathematics, known.as queeing theory; deals with com-
puting, probabilistically, how long users expect to wait on a line, how long the line
gets, and other such questions. The answer depends on how frequently users arrive
to the line and how long it takes to process a user once the user is served. Both
of these parameters are given as probability distribution functions, In simple cases,
an answer can be computed analytically, An example of an easy case would be a
phone line with one operator. If the operator is busy, callers are placed on a waiting
line (up to some maximum limit). This problem is important for businesses, because
studies have shown that people are quick to hang up the phone. ‘

If there are k& operators, then this problem is much more, difficult to solve.
Problems that are difficult to solve analytically are often solved by a simulation. In
our case, we would need to use a queue to perform the simulation. If k is large, we
also need other data structures to do:this efficiently. We shall see how to do this
simulation in Chapter 6. We could then run the simiulation for several values of &
and choose the:minimum k that gives a reasonable waiting time, |

Additionat uses for queues abound, and as with stacks, it is staggering that such
a simple data structure can be so important, -~ -~ . .. .

- 2

*We say essentially because jobs can be killed, This amounts to  deletion from the middle o‘f the queue,
which is a violation of the steict definition. .
84
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This chapter describes the concept of ApTs and illustrates the concept with three
of the most common abstract data types. The primary objective is to separate the
implementation of the abstract data types from their function. The program must
know what the operations do, but it is actually bettet off not knowing how it is
done. . o - i o R
Lists, stacks, and queues are perhaps the three fundamental data structures in
all of computer science, and their use is documented through a host of q;amp!a,.
In particular, we saw how stacks are used to keep track of procedure and function
calls.and how recursion is actually implemented. This is important to understand,
not just because it makes procedural languages possible, but because knowing how
recursion is implemented removes a good deal of the mystery that su;r,ounc}s its use.
Although recurdion is very powerful, it is not an entirely free operation; misuse and
abuse of recursion can result in programs i : e

Exercises v
3.1 Write a program to print out the elements of a singly linked list.

i linked li and another linked list, P, containing integers
2 sY:rltle:r ::1 galsv:;x;ing o;de:h.sg‘l'hl:op'eré'ﬁén PrintLots(L,F) will print the elements
~_in L that are in positions specified by P. For instance, if P ='1,3,4,6, the
"~ first, third, fourth, and sixth élements in L até printed. Wntethe procedure
PrintLots(L,P). You should use only the basic list operations. Whar is ‘the

 running time of your procedure? - R
3.3 Swap two adjacent elements by adjusting only the pointers'(and":.:g; the data)
a. Singly linked lists.
b. Doubly linked lists.

ey s

3.4 Given two sorted lists, L and L, write a pr:)cedureto ‘coni?utqe Li.0 Ly using

only the basic list operations.

.3.5 Given two sorted lists, L1 and Ly, write a procedure to conibﬂ? L't'k'L_” LZJWS

only the basic list operations. L
3.6 Write a function to add two polynomials; Doot destroy the input. Use a linked
l;";:‘it;;ldnenwﬁbm I tl;e. poployni)q;iails' ?ave M and N termS, mpecmfely, what
‘is the timié complexity of your program?  «* .
3.7 Writea functio: é multiply'twbo polynorials, usinga linkedlist mglqmenc:ln;;:;
You must make'siire that the output polyromial is sorted by exponent an
at most one term of any power. .. .y - - e -
a. Give a algorithm to solve this problem in (?(M. N%) tu;ie. S -
*b. ‘Write a program to perform the multiplication in O(MN ) time, W ere
' isthemn‘nbei'o‘ftern'u;inthe'pcalyu‘c-;:nuafoffcwc:rterms_..:~ .



. ..*c. Write a program to perform the xhultiplimtibn in O(MN log(M N ) time,
~ d. Which timeé bound above is the best? '

38 Write a program that.takes a polynomial, F(X j, and computes (F(X W What

is the complexity of your program? Propose at least one altemative solution

that could be competjtive for.some plausible choices of F(X) and P.

-3.9 Write an arbitrary-precision integer arithmetic package. You should use.a
- .- strategy similar to polynomial arithmetic. Compute the distribution of the

+ digits0to 9in 20900, S
3,10 The Josephus pioblem is the following game: N people, numbered 1 to N, are
' sitting in a circlé. Starting at pefson 1, a hot potato is passed. After M passes,
- the person holding the hot potato is eliminated, the circle closes ranks, and the
~ game continues with the person who was sitting after the eliminated person

picking up the hiot potato. The last remaining person wins. Thus, if M = 0

and N = §, players are eliminated in order, and player 5 wins. If M = 1 and

N = 5, the order of elimination is 2, 4, 1, 5. ‘

a. Write a program to solve the Josephus problem for general values of M
and N. Try to make your program as efficient as possible. Make sure you
dispose of cells. : ’

~ b. Whatis thenmqingtinieofyour program? ‘
c. If M = 1, what is the running time of your program? How is the actual
) speed affected by the free routine for lirge values of N (N > 10,000)?
3.11 Write a program to find a particular elément in a singly linked list. Do this
- both recursively and nonrecursively, and compare the running times. How big
does the list have to be before the recursive version crashes? "
3.12 a. Write a nonrecursive procedure to reverse a singly linked list in O(N) time.
*b. Write a procedure to reverse a singly linked list in O(N ) time using constant
extra space. : , .. '
3.13 You have to sort an array of student records by social security number. Write

a program to do this, using radix sort with 1,000 buckets and three passes.

3.14 Write a program to read a graph into adjacency lists using:
- a. Linked lists. ' . '
" b. Cursors.

3.15 a. Write an array implementation of‘self-adiustving lists. A sélf-adiu(sting list is
~ like.a regular list, except that all insertions are performed at the front, and
when an element is accessed by a Find, it is moved to the front of the list

without changing the relative order of the other items, . '
“b. ‘Write a linked list implementation of self-adjusting lists. R
*c. Suppose each element has a fixed probability, p;, of being accessed. Show
that the clements with highest access probability are expected to be close

. tothe front. . ‘ ,

3.16 Suppose we have an array-based list A[0..N — 1} and we want to delete
all duplicates. LastPosition is initg%lly N -1, but gets smaller as elements

" 3.17 An alternative to the deletion strategy we have

/* 1%/ For( i= 0;‘ i < LastPosition; i+ )

{ o
"2 =14+1; ,
;* 3*5 vjvhﬂe'( j < LastPosition )
/* 4%/ ifCA[i)==ALj1)
/* 5%/ .. Delete( j J; _
else B - - ~
/* 6%/ . J++s ,
‘ }
Figure 3.61 Routine to remove duplicates from a list—
: . array implementation

are deleted. Consider the pseudocode yrogram fragment in Figt:;e l?sf.l The
* procedure Delete deletes the element in position j and collapseg e
a. Explain how this procedure grorks. .
b. Rewrite this procedure using general list operattons.
*c. Using a standard array implementation, what is the
procedure? 4 - o _ -
d. What is the funning timé using a linked list implementation
*e. Give an algorithm to solve this problem in O(N logl‘:l ) time. e ) com
**f. Prove that any algorithm to solve this problem regunghg)_(N (7)3)
parisons if only comparisons are used. (Hint: Look .to pt;tthe o e
*g. that if we allow operations besides comparisons, an .
® lr::lv';umbexs::hen we can solve the problem without using compansons
between elements. .

mnningﬁﬁeofthis

given is to use lazy deletion.
‘ it deleted (using an extra bit field). The
Igmdﬁe:eo?ndzllee:;n:n:?:neg:%i;mu in the list is keg:l :;g:t e::in ﬂ';e
dara structure, If there are as many deleted elements as non d clemer =
we traverse the entire list, performing the mndqd deletion algori _
amarked nodes. .
a. List the advantages and disadvantages of lazy delefxon.
b. Write routines to implement the standard linked list operal
deletion. - ' -
3.18 Write a program to check for balancing
a. Pascal (beginend, (), [J,{}) -
b. C e+, (), [1L{})
*c. Explain how to print out an error message
" probable cause. ) .
3.19 Write a program to evaluate a postsf,irx expression.

ions using lazy

symbols in the following languages:

that is likely to reflect the



CHAFTRR 3/1ISTS, STACKS, AND QUEUES

3.20 a. Write a program to convert an infix expression which includes C, ¢, ‘4,
‘=’ *°, and ‘7 to postfix. i {
b. Add the exponentiation operator to your repertoire.
¢. Write a program to convert a postfix expression to infix.

3.21 Write routines to implement two stacks using only one arfay. Your stack
routines should not declare an overflow unless every slot in the array is used.

3.22%a. Propose a data structure that supports the stack Push and Pop operations
and a third operation FindMin, which returns the smallest element in the
data structure, all in O(1) ‘worst case time.

*b. Prove that if we add the fourth operation Déletébﬁn which finds and
removes the smallest element, then at least one of the operations.must take
Q(log N) time. (This requires reading Chapter 7.)

3.23 * Show how to implement three stacks in one array.
3.24 ¥ the recursive routine in Séction-2:4 used to compute Fibonacci numbers is
run for N = 50, is stack space likely to run out? Why or why not? ’
3.25 Write the routines to implement queues using: :
a. Linked lists
b. Arrays - _ .
3.26 A dequeisadata structure consisting of a list of items, on which the following
operations are possible: :
Push(X,D): Insert item X on the front end of deque D.
Pop(D): Remmove the front item from deque D and return it.
Inject(X,D): Insert item X on the rear end of deque D.
Eject(D): Remove the rear item from deque D and return it.
Write routines to support the deque that take O(1) time per operation.

88

CHAPTER 4

Trees

' me of linked lists is prohibitive.
ess time of linked lists is prohibiti

i accmm for which the running time

We also sketch a conceptually simple

For large amounts of input, thF lin
In this chapter we look at a simple .data
of most operations is O{log N} on average. _ o e
moc[iﬁcati?m to this data structure that guarantees tl%e above tm::l .b(g?lnot; e
case and discuss a second modification that esscr.lually gives
time per operation for a long sequence of xfnstruct'lon;l; el
The data structure that we are referring to 1s kno Ea
Trees in general are very useful abstractions in cgl?pu;;r ts:r e
their use in other, more general applications. In this chapter,

t the file system of several pdpular operating

binary search tree. -
so we will discuss

o See how trees are used to implemen
systems. ‘ ; y o |

o See how-trees can be used to evaluate arithmetic exgrcss;?ni.) o

e Show how to use trees to support searchi.ng opera;ons u:s o asfbounds. o
time. and how to refine these ideas to obtain O(log hczl“trl?c e e oo
will :also see how to implement these operations W ;

a disk.

4.1. Preliminaries ‘ o

a tree is recursively.
A tree can be defined in several ways. One natm'illlm3 W:;’l “t)y ézﬁt::;;: fﬁge gk
A tree is a collection of nodes. The collection cart pty;: sibltzees T

: em
of a distinguished node 7, called the roof, anddzgroaor_moredn;:; : ffgn -
B, ..., Ty, each of whose roots are.connecte ch:?;d 'oduf :’c an[ d r is the parent of each

i i u a - . o
The root of each subtree is Salt! tol 4  fntion:
subtree ‘i:;ot Figure 4.1 shows a typical tree using the recur?]l:ctioh N aors one
From the recursive definition, we ﬁ';x;ll th:; a tr:; I;Ia f'oll'édges oL
ich i and N — 1 edges. That there 7 e ot
?:c‘:' t};adtl;;c[ﬁi:ig:téoa:nects some.node to its parent, and ev_'ery node excep ‘
has one parent (see Fig. 4.2)-
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CHAPTYR 4/TRERS

In the tree of Figure 4.2, the root is A. Node F has A as a parent and K, L,
and M as childrén. Each node may have an arbitrary number of children, possibly
zero. Nodes with no children are known as leaves; the leaves in the tree above are
B,C,H,I,P,Q,K,L, M, and N. Nodes with the same parent are siblings; thus K,
L, and M are all siblings. Grandparent and grandchild relations can be defined in a

A path from node 1y to n; is defined as a sequence of nodes ny, 15, +ves g such
that n; is the parent of 7,41 for 1 = § < k. The length of this path is the number of
edges on the path, namely k — 1. There is a path of length zero from every node to
itself. Notice that in a tree there is exactly one path from the root to each node.

For any node n;, the depth of n is the length of the unique path from the root
to ;. Thus, the root is at depth 0. The beight of n; is the length of the longest path
from #; to a léaf. Thus all leaves are at height 0. The height of a tree is equal to the
height of the root. For. the tree in Figure 4.2, E is at depth 1 and height 2; F is at
depth 1 and height 1; the height of the tree is 3. The depth of a tree is equal to the
depth of the deepest leaf; this is always equal to the height of the tree.

If there is a path from #y to my, then n; is an ancestor of n; and m; is a

descendant of ny. If ny # my, then n, is a proper ancestor of n, and n; is a proper
descendant of n;. ‘ , : : ‘ o .

4.1.1. Implementation of Trees

One way to ihiplcli:ent a tree would be to have in each node, besides its data, a
pointer to each child of the node. However, since the number of children per node
can vary so greatly and is not known in 3dvance, it might be infeasible to make the

4.1. PRELIMINARIES

typedef struct TreeNoglg:P;rToNdde; )
" struct TreeNode
ElementType Element;

PtrToNode FirstChild; .
PtrToNode NextSibling;

}
Figare 43 Node declarations for trees

Figure 4.4 First chﬂdl@ sii)ling representation of the tree shown in Figure 42

in the there would be too much wasted
i 'ectlinksmthcdatasmmre,_bemuse 1 bt so soneh e
‘gieqhd;rsoluﬁon is simple: Keep the children of each node in a linked

ion in Figure 4.3 is typical. R

m?}g?}i iﬁh:ﬂ:x lll:l‘ow a tree might.be re_presented in tht:a zglgeﬁaﬁght
et e o POl P
vyt agatadiy in dea st 00 masy.

= ?nexttlféﬁzgo%mr:‘t% :i_c;’ze E has-both a pointer to a.mbhgq (F} anda po e
to a child (I), while some nodes have neither. - :

£1.2. mmbmmmlw e s the direhory
There are many applications for trées. One of gﬁﬁm o Ax{\ius‘;"a:{? ”bosf
structure in many common opcrating ot o
Figure 4.5 is a typical directory in the UNIX B mext t the hame indicates chat
The root of this directory 13/'“"'(11}‘ aﬁu,nmk -alex, and bill; which are
usr is itself a directory.) usr. has threé children, mar: s s ind o' régular les.

themselves directories. “Thus, fust wnmim:.'; fon"":&h'f? che lefimost child three

* The filename Jusrimark/book/chl.1 is obtaif o cesult 15 ‘:'h:e full pathame. Tlns

E!P::rchigal“ﬁle system is very popular, because it alio ity l‘w the samt

data-logically: Furthermore; two files mm&emt and thus have different.

dxffercnt%a

name, because they must have d



M’
book® eom<c0 junkc  junke me‘

M\ | ‘ ' wpslélz.
fali96*  spr97+ wmm“ }fﬂ“;‘r’,\

falig7+
| -1

9lr wit slc gres progir proger Mf/msl:'\g:m

Hgire 4.5 Unix directory -

static void o ‘
: {L‘nstD'ir( DirectoryOrFile D, int Depth )

/* 1%/ {if(. D is a legitimate entry )

/* 2%/ PrintName( D, - Depth );

/% 347 1FC D is a direceory |

/* 4’/ v for each child, C, of p :

/* 5%/ ) ) ListDir( C, Depth + 1 );
void T :

;.istD'i rectory( DirectoryOrFile p )
Listdir(' D, 0 );: - . -

Figare 46 Routine to ii;té dire'ctoryinahicrarchiéai
file system -

with sc:‘ther non-scu information), _ :
Ppose we would like to list the names of all of the files in thl ire
2@;: format will bé that fles that are depth d; will haye their rames if‘:ccti:gedoﬁu
ta'ﬂ; Onr a}gcf)ttll:chm is given in Figure 4.6, . : ’
 The heart of the algorithm is the recursive procedure ListDir, This routing need:
to be started with the directory Bame and a depth of 0, to signify no f;);:n“gr?ge ;g:

*Each ditec in the tax file system also has one ints to another .' '
directory ¢ ! eatry that points to itself ang that poi
mdwmofdagquqsmm,wchmuy,d:eggmﬁklyminignotéuee,bmisue:ei?l;:.l'mmm

4.1. PRELIMINARIES

the root. This depth is an internal bookkeeping variable, and is hardly a parameter
that a calling routine should be expected to know about. Thus the driver routine
ListDirectory is used to interfacé the recursive routine to the outside world.

The logic of the algorithm is simple to follow. The argument to ListDir is some
sort of reference into the tree. As long as the reference is valid, the name implied
by the reference is printed out with the appropriate number of tabs. If the entry.
is a directory, then we process all children recursively, one by one. These children
are one level deeper, and thus need to be indented an extra space. The output is in
Figure 4.7. - o ) _

. Th‘}s traversal strategy is known as a preorder traversal. In a preorder traversal,
work at a node is performed before (pre) its children are processed. When this
program is run, it is clear that line 2 is executed exactly once per node, since each
name is output once. Since line 2 is executed at most once per node, line 3: must
also be executed once per node. Furthermore, line.S can be executed at most ence
for each child of each node. But the number of children is exactly one:less than the

Fgare 4.7 The (preorder) difectory listing

/usr
mark .
book
chrl.c
chr2.c
--chr3.c
course- -
cop3530 : . '
fanlee - . - - e
.. sy.'.r Lo Lt . o ‘
spr97
©osyl.r,
sum97
) syl.r . .
Jjunk.c P
alex : e o
' junk.c
- bill -
g work
course
cop3212
fal196 .o .
grades . - " .
progl.r .- '
. ~__prog2.r
s -fall9y -
prog2.r
~progl.r
grades
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B H

T b)) coumed(n) Rme®) Juoko® (1) - . ommmerqt)

c 'V R R W R l
DO ) Hietd) copdszon) T T copzizeq

T GEOGNY) sprOTH()RISTH) £a96(T) ' ST
DL D ) oy e g ) g2l prog ) proglaCh grades)
Figare &8 Unix dirtctory with file sizes obtained via postorder traveréal

number of modes. Finally, the for loop itérates once per ‘éxecution of line 5, plus
once ‘each-time the loop ends. Each'for loop tetminates on a NULL pointer, but
‘there is at most one of those per node. Thus, the total amount of work is constant
per node. lfdxereareNﬁlenameswbeoptpgt,thenthémnningtimeis O(N). .

. Another common miethod of traversing a tree is the postorder traversal. In a
postorder traversal, the work at a node is performed after (post) its children are
evaluated. As an example, Figure 4.8 represents the same directory structure as
before, with the numbers in parentheses representing the number of disk blocks

_taken up by each file. ) ' : :

Since the directories are themselves files, they have sizes too. Suppose we would
like to calculate the total number of blocks used by all the files in the tree. The
most natural way to do this would be to find the number of blocks contained in the
subdirectories /usr/mark (30), fusrfalex (9), and /fusr/bill (32). The total number of
blocks is then the total in the subdirectories (71) plus the-one block used by /usr, for
a total of 72, The function SizeDirectory in Figure 3.9 implements this strategy.

Figere 49 Routine to calculate the size of a directory

static void ' .
{Sizelh‘ rectory( DirectoryOrFile D )

int TotalSize;

/* 1%/ TotalSize = 0; . -
/*2*/ . if(Disa Tegitimate entry ).
/* 3%/ TotalSize = FileSize( D );
/* 4/ © if( D'is a directary ).
/* 5%/ - for each child, C, of D :
/* 6%/ ) TotalSize += SizeDirectory( C D;
/* 7%/ return 'Tota'lS'ize; |

. } . o

o4

4.2. BINARY TREES

chl.r .3
ch2.r 2
ch3.r 4
book 10
syl.r . 1
fal196 2
. syl.r 5
spro7 . 6
- syl.r 2
sum97 3
cop3530 . 12
course 13
junk.c 6
mark 30
junk.c 8 . )
; alex 9
’ work 1
. grades 3
progl.r 4
- prog2.r .1
fa1196 9
‘prog2.r 2
progl.r 7
. grades 9
- fall9z . 19
¢op3212 29
course ... 30
bill ' , 32
. /ﬁSl‘ " . ’ 72

AN

' ﬂslm 410 Trace of the SiéeDirectory function -

If D s not a directory, then SizeDirectory merely mm:l::d !tlo“mtl:tn:fnm

used by D. Otherwise, the number of blogks used by D :;: e O T tween the
- blocks (recursively) found in all of the children. To see the Cit? e 10 shd

postorder traversal strategy and the preorder vm"“sal Strategy; M . _

* how the size of each directory or filé is produced by the algorithm. -

.42, Binary Trees - : L
Abi . -in which no.node ¢an have more tham two caIlrea. - d
e it o e s 1.4
"Iy, both of which could possibly be.empty. it is that the depth of
B e { is sometimes important 1§ SHE
" A propésty of a binary trec that is sometimes Impora B L EL U Lo
..an averl;g; binary tree is considerably Sm:““ than N. An analysis sho

. © 9l



Figure iiz Worst-caseé binary tree

average depth is O( VN), and that for-a-"speci‘al ype -of binary trée, mam the
binary search tree, the average value of the depth tizp(‘?)(logbl). Unfor,tunatcell;: the
depth canhe.as as.N.— 1; as the example in Figure 4.12 shows. .

<

421, mplemonsation . . -
Because a binary trée has at fost two childres we can keep direct poitirs o the
.  inost two' ch . p direct pointers to them.
3::: cale:l:dr:t_lon' of tree nodes is snmllaxf- g: structure to that for doug,lg’linked lists, in
18 a structure consisting of the Key informati i
and Rl\gﬁt) mf th nl:,odes (see Fig. 4.13),  fiormation plus t_wo pm.nm (Leﬁ
Many of the rules that apply to linked lists will apply-to' treés as well, In
particular, when an insertion is performed, a node will have to be created by a call
tom%ogﬁgdgﬁmbg&e:dafmddéﬁdﬂbycaﬂhgﬁeé:'" U
e'could'draw the binary trees iising the rectangular boxes that are ci
Nt !  the r ar boxes that are custo:
 for hnt:;e‘! lists, bat trees are generall ally drawh as circles connectéd by lies, mﬁ-y
cause thiey are actually graphs, We also do not explicitly draw NULL pointérs when
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typedef struct TreeNode, *PtrToNode;
" typedef struct PtrToNode Tree;

stt;uct. TreeNode
ElementType Element; T
Tree " Left; Lo
Tree Right; . :
b ‘

Figare 4.13 Binary tree.node declarations

referring to trees, Because every binary tree with N nodes would require N + 1
NULL pointers. ) TR i
Binary trees have many important uses not assoc:ated wntlx. searchmg. Qm:v?l{
the principal uses of binary trees is in"the area of compxler design, wlnch we
now explore. ' o , » :

4.2.2.~Mrmloulhes R

‘Figire 4.14 shows an example of an expression tree. The leaves of an expression

tree are aperands, such as constants or vari blenames,ﬁndtheot}x.ernodesop:n'miq
bpemto:?s‘., This. particular tree happens to be binary, because ( all fgf th:d ope;atl::z
are binary, and although this is the simplest case, it is possible for n gﬂ e
more than two children. It is also possible for a node to have only one child, as

1 unary mi F. We can evaluate an expression tree, T, by
g e ope the raot vo the obtained by recursively evaluating the

-applying the operator at the root to the values _

eft and right no . a+(b*c)apd
left and right subtrees. In our example, the left subtree evaluates to 8 +(
the right subtree evaluates to ((d *e) +.f)* & The eatire tree therefore represents

@+ (b)) +(((dxe)+[)*g) e s .
We can_produce an (overly parenthesized) infix expression by recursively

producing a parenthesized left expression, then printing out the operator at the

Figure 4.14 Expression tree for (a + b*c) + ((d*e+ fl*g)




root,and finally recursively producing a parenthesized right expression. This general
strategy ( left, node, right ) is known as an inorder traversal; it is easy to remember
becauseoftbet‘ypeofexpressionitprodﬁm. o

An alternate traversal strategy is to recursively print out the left subtree, the
right subtree, and then the operator. If we apply this strategy to our tree above, the
outputisabc*+desf+gs+, whichis easily seen to be the postfix representation
of Section 3.3.3. This traversal strategy is generally known as a postorder traversal.
We have seen this traversal strategy earlier in Section 4.1.

A third traversal strategy is to print out the ‘operator first and then recursively
print out the left and right subtrees. The resulting expression, + +asb cs++d e fg,
is the less useful prefix notation and the travers strategy is a preorder traversal,
which we have also seen earlier in Section 4.1. We will return to these traversal
strategies later in the chapter. ‘

We now give an algorithm to convert-a postfix expression into an expression tree.
Since we already have an algorithm to convert infix to postfix, we can generate

expression trees from the two common types of input. The method we describe

strongly resembles the postfix evaluation algorithm of Section 3.2.3. We read our
expression one symbol at a time. If the symbol is dn operand, we create a one-node
tree and push a pointer to it onto a stack. If the symbol is an operator, we pop
pointers to two trees T; and T from the stack (i is popped first) and form a new
tree whose root is the operator and whose left and right children point to T; and Tj,
respectively. A pointer to this new tfee is then pushéd onto the stack.

"As an example; suppose the input is IR

abtcde+ss ‘ . .
<= The first two symbols are operands, so we create one-node trees and push
pointers to them onto a stack.* T v

’

N

Next, a *+*is read, so twd_poinuers to trees are popped, a new tree is formed, and a
pointer to it is pushed onto the stack, . -

’Forconvmienu,wewiﬂbanthemd:gréwﬁomkﬁwdghtinﬁedinm. )
98

. the corresponding tree is pushed onto the stack.

Next, ¢, d, and e are read, éﬂdforwchaone-nodenee:smwdanda,?omw

e

RS NN
' _l#owva *+?* is read, so twoueesaxemaged ) -
| N RN RN
,+.
+ ' L ar - ¢ 2 i‘;\;‘:’t_” 3 P~
& T w . =@ O

LA -
R AR x

T L Yorni & new tree With's, -
. Continuing, & ¢’ is read; sb we ﬁ?&.‘."";"iﬂ"‘-’"-’i”’d-' L e
L

99



il;hl:&,lyo,nd:‘hgtsymbplhrgad,tjvomarcﬁérggd,gndapdintertdtheﬁna]u_'ee

-

- D
.

43, The Search Tree AoT—Binary Search Trees

An 'impom.mt' aj;;ﬁmﬁon of binary trees is their use in searching; Let us ;mume that
e’achg(_)deinthetre‘eis.assignedakeyvalue.lnourmmples,wewﬂla;ssnmefor
simplicity that these are integers, although arbitrarily complex keys are allowed. We
will also assume that all the kevs afe distinet. and deal with duplicates later. L
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-definition of trees more closely. It is also a simple routine, gs_
ure 4.17.

-X, we can return T. Otherwise, we mak

Rgare 4.15 Two binary trees (only the left tree is a'segrch tree)

i i inary is that for every
-The pro| thatmaksabmarytreemtoqbngarymtchtregts
node, X,pin lt)he:t{ree, the values of all the keys in its left subtree are snl!:llrg: m
thekeyvalueinX,andthevaluesofallthckeysm:tsnghtsub;rgeg:mmbe
the key value in X. Notice that this implies that all tlxe-elmmemsﬂ:n.,Ieft e
ordered in some consistent manner. In Figure 4.15, the tree on the

‘search tree, but the tree on the right is not. The tree on the right has a node with key

i ich b be the root).
7in the left subtree of a node with key 6 (which happens to be the «

B Wee :xonsr give brief descriptions of the operations t.hat are usuaﬂyfmrx::e:
on binary search trees. Note that because of the recursive definition 0 ’ ~b’inary
common to write these routines recursively. Because the average &p:h ofa =y
search tree is. O(logN), we generally do not need to worry about runaing

of stack space. We repeat our type definition in Figure 4.16 and list the function

‘prototypes. Since all the elements can be ordered, we will assume that the operators

<, >, and = can be applied to them, cven if this might be syntactically erroneous
for some types. ' o

43.1. MaheEmply S
This operationis mainly for initialization. ngelprograx‘:ix:;e;so lf;:ier d:: 1m.ual§::
the first element as a one-node tree, but our 1mp ementati( evid_encedmby e

S Had es retur the node in tree, T that has

SR ing a pointer tO o
This operation generally requires returning & pe  the tree makes this simple.
keyX,p:tNULLifthercisno,su node.TheztrgdlcmfeQ ' the key stored at T is

If T is NULL, thenwecaniustreturnbilfa . 'i;recallonasu!)trCCOfT,eith?I

left or right, depending on the relationship of X t0 the
Figure 4.18 is an implementation of this strategy-
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4.3, THE SEARCH TRER acr—BINARY SEARCH TREES

#ifndef _TreeH

struct - TreeNode; .
typedef struct TreeNede *Position;
typedef struct’ TreeNode *SearchTree:

SearchTree MakeEmpty( SearchTree T ); :
Position Find( ElementType X, SearchTree T );
. Position FindMin( SearchTree T );
Position FindMax( SearchTree T );
SearchTree Insert( ElementType X, SearchTree T )

"SearchTree Delete( ElementType X, SearchTree T );

ElementType Retrieve( Position P )

#endif /* Tree H.+/

/% Plice in the'in Jementation file */
Struct Treehode o avion File =/
. ElementType Element; -
-SearchTrée Left; - .
s 4 SearchTree Right;
: H . A ..

¥

Bgure 416 Binary search tree declarations

A}

ﬁarthTEée .
:iake&upty( SearchTree T )
{if( T 1= NULL )

- MakeEmpty( T->Left );
MakeEmpty (- T->Right );
“free(CT); ,

return NULL;

" and go left as long as there is a left child. The stopping po

Figare 417 Routincw‘makeanemptyme.- =
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Position
Find( ElementType X, SearchTree T )

JFC T == NULL )
return NULL;
if( X < T->Element )
: return Find( X, T-sLeft );
else
if( X > T->Element )
retucn Find( X, T->Right );

return T;

else

}

| Rgare 4,18 Find operation for binary search trees

Notice. the order of the tests. It is crucial that the test for an empty tree be

 performed first, since otherwise the indirections would be on a NULL pointer.

The remaining tests are, with the least likely case last. Also note that
both recursemamil:f calls are actuallmg;dtaﬂ recursions and can be easily removed with
an assignment and a goto. The use of tail recursion is justifiable 'hete because the
simplicity of algorithmic expression compensates for the decrease in speed, and the
amount of stack space used is expected to be only O(log N).

43.3. FindMin and FindMax A ' .

. . .. -. . - ' . ) . - the m,
These routines return the position of the smallest and largest elements in the &
respectively. Although returning the exact values of these elements might seem more

" reasonable, this would be inconsistent with the Find operation. It is important that

a FindMin, start at the root
int is the smallest element.
‘The FindMax routine is the same, except that branching is to'the right child.”

similar-looking operations do similar things. To perform

Figare 4.19 Recutsive implementation of Fmde fpr _

binary search trees
Position -
FindMin( SearchTree T )
{
if( T == NULL )
* réturn NULL;
else
if( T~->Left == NULL )
return.T;
. else o .
“return FindMin( T->Left );
}
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*;GHAPTER ATREES .
ratier

Position
{indnax( SearchTree T ): . -
AF( T = NULL ) -
© while( T->Right != NULL )
T = T->Right;

return T;

}

Figare 420 Nonrecursive impleme:ifation c;f FindMax —
for binary search trees ' =

. This is so easy- that manyprogrammem do not bother usi i

- Th § ; ing recursion. We
will c0de the routines both ways by doing FindMin recursively and FindMax non-
recursively (see Figs. 4.19 and 4.20).

3+ "Notice how we carefully handle the degenerate case of an em

. “Notice how w ally handle the dey pty tree. Although

. ‘dus is ;‘l?vays important to do, it u?ﬁsp'eqally crucial in recursive programs. Also
‘motice ' betit is safe to change T in FindMax, since we are only working with a copy.
.Alwav ys be extremely careful, however, because a statement such as T—>Right =
’T—‘>Rx_gbtf—>Rxgbtwnllmakcchan‘ga.' o R

43.4. Insert

The insertion routine.s conéeptually simple. To i X irito tre - .
. PR, . - 10 Ingert to tree T,

the trec as you would witha Find. 1 X is found, do nothing (or “upda,tep’f?ozdcthmd?:;
!?;h""w'”’ insert X at the last spot on the path traversed. Figure 4.21 shows what
'nb?em%m%-mfn 5, we traverse the tree as though a Find were occurring. At the
. andj'ﬂ?s lslg:rc‘;xggtfo go @&ht thcre,_xs.?o subtree, 50 5 is niot in the tree,
" Diplicates can be handled by keeping an extra field in the node record indicati

the frequency of occurrence. This adds some extra space tox:]le e;e:c:erc::::l%a;n :

Figare 4.21 .Binarysearchmbeft;rc and after
. inserting5 . -
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- bétter than putting duplicates in the tree {

4.3. 'THE SEARCH TRER sor—BINARY SEARCH TREES

SearchTree

- Insert( ElementType X, SearchTree T )
{ : .
/* 1%/ 3FC T == NULL )
{. . ’
/* Create and return a one-node tree */
/% 2%/ T = malloc( sizeof( struct TreeNodé ) );
/% 3%/  if( T = NULL) " .
/* 4/ " FatalError( “"Out of space!!!" );
else
. {
/* 5%/ - T->Element = X;
/* 6%/ T->Left = T->Right = NULL;
| . :
else . ; ‘
/* 7* if( X < T->Element ) S :
/* 8*5 : T-sLeft = Insert( X, T->Left )i
else . £1 't , - .
/* 9%/ if( X > T->Elemen : E _
*10%/ T->Right = Insert( X T->Right ); - : .
e _ /* Else Xg'is. in the tree'al‘ready; we'll do nothing */
/*11%/ return T; /* Do not forget this ‘!in.e!-! */

}

Figaré 422 Insertion into a binary search tree | |

which tends to make the tree very deep}i
i if the key i f a larger structure.

Of course this strategy does not work if the key is only part o ger re.

. that is the case, then we can keep all of the st&hucmwtha&;havefyesameke? in an

uxiliary tructure, such as a list or ano| er search tree. ) .

. ) Figm'?za fzsz shows ’the code for the insertion routine. Since T‘l;:::s t: ft:: ;9:;

of the tree, and the root changes on the first insertion, Insert 1; ‘;gre‘cursively ction

that returns a pointer to the root of the new tree. Lines 8 an sivel

. and attach X into the apprppriate subtree.

" 43.5. ' Delete | , T
"' As is commomn with many data structures, the hardest :perag::nall :;.i;!;tﬁ?& f)nce
‘we have found the node to be deleted, we need to c:.o::ix &Itf s:;:ve ol posdblites
" If the node is a leaf, it can bede!etet.hmm ately. . o e el
. the node can be deleted after its pasent adjusts a pomtell': 0 y;; s the ol
- draw the pointer directions explicitly for clanty). S:;:i lgu;el 2 a.pointer that the
- deleted node is now unreferenced and can be disposec © onlyifaf ! ‘
: bee“ﬁffompucmd case deals with 2 node with tv;: :ah:fdé:e:;-i S'I"?tesgm i
i egyisto replace the data of this node with smallest t: 1 | '



Figare 423 Deletion of a siode £ ek & Lo
before and afer <+ one child,

is easily flool:ln‘cdi):::e rgﬁr:ivel'jr delete that node (whiich is now e;npty). Because the
easysmaumone. Figare 454 5 .Bubtree' € cannot have-a left child, the second Delete is an
OWS ‘an initial tree and the result of a deletion. ;I.fhe node

,Delelt:}::: :;qc;x:n,‘and we have left it in only for ;impli;:itycy’ by g spei
e s o ;em . ?fdglenousxsexpcc't.e_c’itobésmalj,thu;épopulars&at t
merely marked as bemg. i dclac:e;fe'r;ﬁ?-w to be deleted, it is left in the megyang
.U .- 3 leted. This is e‘specxauyipopular if duplicate keys are
Figure 424 Deletion of a node (2) with two chlldren, | ’

ore and after .
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‘present, because thén the field that keeps

43.6. Amragc-asaM;m o

SearchTree T .
?e'lete( ElementType X, SearchTree T ).
Position TmpCell;
if(T==NULL) - =
“Error( "Element not found" ¥;
-else - ' Lo - .
if( X < T=>Element ) /* Go left */ ~.
, - T->Left = Délete( X, T->Left ); .
- else - - : .. oL
- .3fC X-> T->Element ) /* Go right */ .
. T->Right = Delete( X, T->Left ); -

else /* Found element to be deleted */ o
{f¢ T->Left && T->Right' ) /* Two children */ .
{

/* Replace with smallest in right subtree */
- TmpCell = FindMin( T->Right ); b
T->Element = TmpCell->Element;” -
T->Right = Delete( T->Element, T->Right );

Y} :
else /* One or zero children /

{ : : .
* TmpCell = T; . , ,
if( T->Left == NULL ) /* Also handles.0 children.*,
Ta=T->Right; .. - -~ .
. else if( T->Right == NULL )

T = T->Left; DU
" free( TmpCell ); . _

- }
return T;
} . .
Figure 4,235 Deletion routine for binary search trees

count of .th‘.e frequency ofgpmce
can be decremented, If the number 6f real nodes in the tree is the same as the

‘umber of “deleted” nodes, then the depth of the treeis only expected to 5:.’;‘,’3

a small nsmnt'-’wh?,sothereis.averysgalltim'c'penaltygsso_cxa !
deleion. Alsb, |f:1 de{'eLd ey is reinserted, the overhead of dllocating a new cell is
»avqided, “ . 3 o ih ] ) . oL

Intuitively, we expect that all of the operations gf the previous section, excep
MakeEmpty, should take O(logN) time, because in constant time we descend a
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level in the tree, thus Gperating on a tree that is now roughly half as large. Indeed,

the running time of all the operations, except MakeEmpty, is O(d},'yhcre d is the -

depth of the node containing the accessed key. : _

We prove in this section that the average depth ‘over all ‘nodes in a tree is
O(log N) on the assumption that all trees are equally likely. R

The sum of the depths of all nodes in a tree is known as the internal path length.
We will now calculate the average internal path length of a binary search tree, where
the average is taken over all possible insertion sequences into binary search trees.

Let D(N) be the internal path length for some tree T of N nodes. D(1) = 0. An
N-node tree consists of an i-node left subtree and an (N = i — 1)-riode right subtree,
plus a root at depth zero for 0 < i < N.'D(i) is the internal path length of the left
subtree with respect to its root. In the main tree, all these nodes are one level deeper.
The same holds for the right subtree. Thus, we get the recurrence

D(N) = D{i)+D(N i —-1)+N -1 .
If all subtree sizes are equally likely, which is true for binary search trees (since the
subtree size depends only on the relative rank of the first element inserted into the

tree), but not binary trees, then the average value of both D(i).and D(N — i — 1) is
(UN) N3 D(j). This yields: » _

) 2 [N ’
D(N) = N ;mn +N -1 |
This recurrence will be encountered and solved in Chapter 7, obtaining an average
value of D(N) = O(N logN). Thus, the expected depth of any node is O(log N).

As an example, the randomly generated 500-node tree shown in Figure 4.26 has
nodes at expected depth 9.98. ' ' :

Figure 426 A randomly generated binary search tree

43. THE SEARCH TREE sor—BINARY SEARCH TREES'

, ~.- 3 ' ' | '.
| ‘ "' A ’ "‘
o 'ﬂ"ﬂ"% | S

I ek

/i . .
Rgure 4.27 Binary search tree after &(N 2) Insert/Delete pairs

i ting to say immediately that this result implies that the average running
ﬁmel:)'fs:flm tll::e (Sgperatiy(;ns discussed in the previous section is O(logN), ?tltdt::
is not entirely true. The reasori for this is that beeam.;e of -_gielen:xeals, itis alllgo Clear
that all binary search trees are equally likely. In particular, the .eﬁoimm -
described above favors making the left subtreés deeper than the right, e
aré always replacing a deleted node with a node from the right t;eoubmrencal i,
effect of this strategy is still unknown, but it scems only to bea th e, thon
It has been shown that if we alternate insertions ‘and deletions qmﬂ)lion es,
the trees will have an expected depth of 8(yN). After a qugrte;: 4.2m6 ndom
Inséit/Delete pairs, the tree that was somewhat nght-heav?z 1;1, igure 4.26 lo
decidedly unbalanced (average depth = 12.51). See,Figu:l 427. o

We could try to eliminate the problem by randomly choosing oo whenm-r‘ep ¢
smallest element in the right subtree and the largest in tcli‘esli e keep’ﬂ:emm
the deleted element. This apparently climinates the bias an"'ent,o'this'pheno‘
balanced, but nobody has actually proved this. In ansze;'t does not show up at
appears to be mostly a theoretical novelty, because the effect ¢ o O o3, then the
all for small trees, and stranger still, if o(N 2) Insert/Delete pairs .
tree seems to gain balance! . - S s

ﬁé maiga;noint' of this discussion is that deciding wth::t ':avefzfcmi;‘e::: be
generally extremely difficult and can require assumptions & hsed, Yt "an be shown
valid, In the absence of deletions, or when lazy deletion is e hat the average
that all binarysarchtrewatehquallylikelyandmm“ for strange cases like
running times of the operations above are OflogN)- m S beloior,
the one discussed above, this result is very consxs:lnt wil O Inserts will take
- If the input comes into a tree preso en a € linked list, since the
Quadratic time and give a very expensive mglemenmuons:l tion to the problem is
tree will consist only of nodes with no left children. One solu o oo to get
to insist on an extra structural condition called balance: 0o 1

toa deep.
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There are quite a few general algorithms to implement balanced trees. Most
are quite a bit more complicated than a standard binary search tree, and all take
longer on average for updates. They do, however, provide protection against the
embarrassingly ‘simple cases. Below, we will sketch one of the oldest forms of
balanced sedsch irees, the av tree. 4

A sécond, newer method is to torego the balance condition and allow the tree
w0 be arbitrarily deep; but after every. operation, 2 :restructuring rule is applied
tbétwndsmmakeﬁ;tmop&aﬁonséfﬁdthtypésgfdatamucmesare
generally classified as self-adjusting. In the.case of a binary search tree, we can no
longer guarantee an O(leg N) bound on any single operation, but can show that

any sequence of M operations takes total time O(M log N) in the worst case. This is
generally sufficient protection against a bad worst case. The data structure we will'

discuss is known as a splay tree; its analysis is fairly intricate and is discussed in
Chapter 11. - . ,

4 :'-'\‘“1 ‘.!‘ .

44 WTrees

\n ‘avi. {Adelson-Velskii and Landis) tree is a binary sedrch tree with a balance

condition. The balance condition'must be easy to mainitain, and it ensures that the
depth of the tret js Oflog N). The iimplést idea is to require that the lefr and right
subtrées have the same heighit. As Figure 4.28 shows, this idea does not foree the
mtoln shaﬂow.—. 3 - .»4... 'u N ,‘ H ] - ‘. A - ' ..>- .4'(
. Another balance condition would insist that every node must havé left and right
subtrees of the same height, If the height of an empty subtree is defined t0 be —1
(as is usual), then only perfectly. balanced tréés of 2t — 1 nodes would satisfy this

criterion. Thus, although this guarantees trees of small depth, the balance candition

is too rigid to be useful and needs to be relaxed. ‘
... An'avi tree js identical to a binary search tree, except that for every node in the

tree, the height of the left and right subtrees can differ by at most 1, (The height.

of an einpty tree is defined to be —1.) In Figitre 4.29 the tree on the left is an'avL
tree, but the'tree on “the right is not. Height information is kept for each node

. 17

fin the node stfugnre), It can be shown that the height of an avi treg is at most roughly
Figare 4.28 A bad binary tree, Requiring balance at the root is ﬁéﬁ Eﬂo,ixgh. -
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Rgare 4.2§ Two bmary search trees. Only the left tree is avi.

A4410g(N +2) — 328, but in practice it is only slightly more than logN. As
:n ex:‘;:(iple, th)e AvL tree of height 9 with the fewest nodes (143) is shown in
Figure 4.30. This tree has as a left subtree an avL trec qf he:gh-t 7 of mmum
Size.'TherightsubtreeisanAVLtreeofheight8ofm1mmum'sm,'l'.lns' l1:s
that the minimum number of nodes, S(b), in an AvL tree of height b is. _gt;enThy
S(b) = S(h—1)+S(h~2)+ 1. For h = 0, S(h) = 1. For .= 1, §c(l’:)th- bom;
function S(h) is closely related to the'Fib?onEcci numbers, from which the ‘
claimed abo the height of an AvL tree follows. Y

lm'I‘fhuas, al‘ﬁl?: tre: opgﬁons can be performed in O(log N)) time, except POSSlb. _ Z
insertion (we will assume lazy deletion). When we do an insertion, vgcl:eed to :&d:he
all the balancing information for the nodes on the path back to th  Fod Dt i
teason that insertion is potentially difficult is that inserting a'node co! 1 viclate the
AVL tree property. (For instance, inserti 'gG_i;nt;g}t,bc AVL treemFitﬁ:re tblothe
destroy the balance condition at thde; node ynthg S)wam this is 1 :-‘;:-m o

perty  restored before the insertion step is consideged over: It turns oul
fl::t this mtaol:eayrsesl;.: done with a simple modiﬁcq,qo.n 0. ﬂte,qee,fknown ol
.'Ofg'ﬁon.' :_ ‘ ] o o . P S ". B 'onpoint
' r an insertion, only nodes that arc on the path from the insertion pomnt
to :ﬁffffof nmnghtfnssrl?::;"the{r balance altered because only those 29‘!: hgre theit
subtrees altered, As we follow the path up to the root and update :&:Mdoh' -
information, we may find a node whose new balance violates tlcllel A‘?d‘e:,oand N
will show how to rebalance the tree at the first (i.c., deepest) suc -:he‘-.m. property..
Prove that this rebalancing guarantees that the entire tre'e.s.aﬂ"ﬁe‘. ode has at most

* Let us call the node that must be rebalanced a. Since any S height differ by
two childrein, and a height imbaliince requires ;hay_uf:‘.tvowm_: e sheal
two, - ‘easy to see that  violation miight occur in four cases: - © - s

| _ 1. Anmsemon into the left subtree of the left 9!“1‘;14‘!""" .

2. An insertion into the right subtree of theutcmdo: "

3. An insertion into the left subtree of the ﬁd“ d“ld by ,.‘;'. .

'4. An inseftion'into the right subtree of the right childofa.
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Figare 430 Smallest AvL tree of height 9

"Cases 1 and 4 are mirror image symmetries with respect to a, as are cases
2-and 3. Consequently; as a matter.of théory, there are two basic cases, From a
programming perspective, of course, there are still four cases. | '

The first case, in which the insertion occurs on the “outside” (i.e., left-left or
right-right), is fixed by a single rotation of the tree. The second case, in which
the insertion occurs on thé “inside” (i.c., left-right or right-left) is handled by the
slightly more complex doublé rotation. These are fundamental operations on the
tree that we’ll see used several times in balanced-tree algorithms. The remainder of
this section describes these rotations, proves that they suffice to maintain balance,
and gives a casual implementation of the avL tree. Chapter 12 describes other
balariced-tree methods with an eye toward a more careful implementation.

4.4.1. Single Rotation , , )
Figure 4.31 shows the single rotation that fixes case 1. The before picture is on the
left, and the after is on the right. Let us analyze carefully what is going on. Node k;
violates the avL balance property because its left subtree is two levels deeper than
its right subtree (the dashed lines in the middle of the diagram mark the levels).
The situation depicted is the only possible case 1 scenario that allows k; to satisfy
the AvL property beforeé an insertion but violate it afterwards. Subtree X has grown
10 an extra level, causing it to be exactly two levels deeper than Z. Y cannot be
at the same level as the new X because then k; would have been out of balance before
112

" condition.

_tree and satisfy all the ordering requirements.

Figure 432 Vi, property destroyed by insertion of 6,

L0, S
“44." mTREES

: the insert‘ion;and Y canno.t be at the same level as Z because then k1 would be the

first node on the path toward the root that was in viola;ion‘of the avL balancing
To ideally rebalance the tree, we would like to move X up a level and Z down a
level. Note t.hgt this is actually more than the AvL property would require. To do this,
we rearrange nodes into an equivalent tree as shown in 'thevsec?nd part of Flgxﬂrg
4.31. Here is an abstract scenario: visualize the'ﬂge as being flexible, grab.thteha A
node k;, close your eyes, and shake it, letting gravity take hold. T!'le :sult.is. :m;
will be the new root. The binary search tree proper tells us tha‘:nﬁze‘o’% e
k3 > ky, so ka becomes the right child ofkl-m new tree. X nd 2 mthat
left child of k; and right child of &, rqspxhydy. Subtr_q’eg Y, vgh:e& dc:ll d i s that
are between k1 and k; in the Original tree, can be placed as ky’s left child in the n
As.a result of this work, which requir,es'oxgly;:i; 'few pmnwrch;nges,mw:h:::
another binary search free that is an AvL tree. This hiappens because 2 :12 e "6th o
level, Y stays at the same level, arid Z moves down one level. k; and &y not only

B g e s R . To N 'cdy&e_..

" sati uirements, but they algo.ha‘gc'subnpgs that are exactly the saine

' ;ae?gs}f:{.\tg:r:}tlerzgre, the niew height of the entire subtree is m’c(tlytbe swn;h a;s t::
‘height of the original subtree prior to the insertion that caused X t6'grow. Thus 1

i is needed, and consequently 7o
furth dating of heights on the path to the root is needed, and con y
furth: l:gtai:iongs are -n;‘:lded. Figure 4.32 shows that after‘the insertion of 6 into

Figure 4.31 * Single rotation to fix case 1

g i

then fixed by a single rotation -~ . -
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_ Hg:}eé.ss " Sifigle rotation fixes case 4 .

thie original AvL tree on the left, node 8 becomes unbalaii i
rotation between 7 and 8, obtaining the tree on the i'ight. cod. Thus, we do  single
- “As we mentioned earlier, case 4 represents a symmetric case. Figure 4.33 shows
liowa s_mglf rotation is applied. Let us work through a rather long example. Suppose
we.stanwzth.an ;mqally empty AVL tree and insert the keys 3, 2, 1, and then 4
thfough 7 in sequential order. The first problem occurs when it is time to insert
key 1 because the avL property is violated at the root. We perform a single rotation
tl’ee‘;een the root and its left child to fix the problem. Here are the before and after

‘A dashed line joins the two nodes that are the s’ubiect of the i

e > rotation, Next
insert the key 4, which causes no problems, but the insertion of 5 cmt:sna vioiiti‘::
at node 3 that is fixed by a single rotation. Besides the local change caused by the

rotation, the programmer must remember that the rest of the tree has to be informed .

_oi ;hn; change. Here this means that 2’s right child must be reset to point to 4 instead
o . oxgettmg to do so is easy and would destroy, the tree (4 would be inaccessible).

. < 4. - i TREES

Next we insert 6. This causes a balance problem at the root, sirice its left subitree
‘is of height 0 and its right subtree would be height 2. Therefore, we perform asingle
;pmﬁongttherootbetweenland‘%.' IR L

The rotation is performed by making 2 a child of 4 and 4’ original left subtree
dlenewrightsixbtteeon.-Eyerykeyinthisspbn'cemustlicbgfweenZand%so
this transformation makes sense. The next key we insert is 7, which causes another
rotation: - - : . S -

-~

442 Double Rotation cone T
The algorithm described above has one problem: as Figure 4.34 shows, it does not
“work for cases 2 or 3. The problem is that su . : .
rotation does not make it any less deep. The double rotation that scﬂvgs the probléfn
is shown in Figure 4.35. : i T W
" 'The fact gt::subuee Y in Figure 4.34 has had an item msefﬁg?s: guar
antees that it is nonempty. Thus, we may assume thatit hasa roofb threenodb:m o
“Consequently, the tree may be viewed as four subtrees c0n? i y than D (poless
the diagram suggests, exactly one of tree Bor Cis two levels decper e in Figure
" all are empty), but we cannot be sure which one. It turns out ot to-MAtter; 1N 52

435, both B-and C are drawn at 1} levels below D- o, -5 rotation betw een

To rebalance we scethat we cannar eave ks 20 T8 P e magive is o

e . ot or . .
T aud ey was shown in Figure 436 1 okolefechild and ko b s right chid,
15

.Place k, as the new root. This forces k1 tti

btree Y is too deep, and a single.



CHAPYER 4/TREES : . .

and.it also completely determines thc rewlting;lécgﬁoﬁs of the four sul;.trees. It is
easy to see that the resulting tree satisfies the AVL tree property, and as was the case
with the single rotation, it restores the height to what it was. before the insertion,

thus guaranteeing that all rebalancing and height updating is complete. Figure 4.36.

shows that the symmetric case 3 can also be fixed by a double rotation. In both
cases the effect is the sarne as rotating between a’s child and grandchild, and then
between a and its new child. .

We will continue our previous example by inserting the keys 10 through 16 in
reverse order, followed by 8 and then 9. Inserting 16 is easy, since it does not destroy
the balance property, but inserting 15 causes a heighs imbalance at node 7. This is
case 3, which is solved by a right-left double rotation. In our example, the right-left

double r@mtion will involve 7, 16, and 15. In this case, &y is the node with key 7, k3 -

Figure 4,34 Single rotaﬁon fails to fix case 2

()
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is the node with key 16, and &, is the nodé with key. 15. Subtreés 4, B, €, and D are
empty. : ‘ '

ity

’ '. ) . . - 3 . donble
Next we insert 14, which also requires a double rotation. Here the .

rotation that will restore the tree is again a gght—left double rom:::g that:l g
involve 6, 15, and 7, In this aseglu ig.the node with key 6, kais thenade::th i
7,and kj is the node with key 15. Subtree A js the tree rood g;ﬂ:euﬁ,wﬁ_&
5; subtree B is the empty subtree that was origin y the left child of the nod: vith
key 7, subtree C is the tree rooted at the node with key 14, and ﬁnaﬂy, subtree D is
‘the tree rooted at the node wii key 1§.

before ‘ | . |
If13isn6§viﬁsemd,ﬂ‘“é'i§§ni{.;balagoegtdxemot8inqe.lsnsnotbetfvm
4and 7 wéknowthat'thesipglemtgtgogwdlwork.l -

AT EEE

nr



- Insertion of 12 will also require a single rotation:

To insert 11 asmgle" ¢ rotation needs s to'be p e the same.s e
To 1, asi at to be performed, and the i
the sibsequen mggmc.m"of .10‘. We insert 8 without 4 rotation c’roéasz’lr‘!:; :Ht:ul;g

perfectly balanced tree:

Sl e RS
Notice th:t’ ;ve cawmm' the :dto Shw,'!‘e symmetric case of the double rotation.
between 10 and B (ot s oty colaining 10 o becoms uabalanced. Since 9 i
be performed, yielding the following tre:: pathto 9),a (‘!ouble rotation needs to
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Let us summarize what happens. The programening details are fairly straight-
forward except that there are several cases. To insert a new node with key X into an
avL tree T, we recursively insert X into the appropriate subtree of T (let us call this
Tix). If the height of Ty does not change, then we are done. Otherwise, if a height
imbalance appears in T, we do the appropriate single or double rotation depending
on X and the keys in T and Tig, updamthehgigh:s(makinsdxewnnecﬁonﬁom
the rest of the tree above), and are done. Since one rotation: always suffices, a
carefully coded nonrecursive version generally turns out to be significantly faster

than the recursive version. However, nonrecursive versions are quite difficult to code
correctly, so many programmers implemenit AVL trees recursively. - -
Another efficiency issue concerns storage of the height information. Since all
thatis'reaﬂyrequiredisthediffermoeinhdghnﬁhicﬁisguammdtqbewﬂ,
we could get by with two bits (to represent +1, 0, —1) if we really try..Doing so
will avoid repetitive calculation of balance factors but results in some loss of clarity.
The resulting code is somewhat more complicated than if the height were stored
at each niode, If a recursive roitine is written, then speed is probably not the main
consideration. In this case, the slight speed advantage obtained by storing balance

since most machines will align this to at least an 8-bit boundary anyway, there is
not likely to be any d:ﬁferea:c? in the amount of space used. E@ltbxtswﬂl aﬂgw us
::astore absolute heights of up to 255. Since th; tree is balanced, it is a_ncoaoemble
I tthiswouldbeinsufﬁcient(seetheexerdses. o o
With all this, we are ready to write the AVL routines. We wnlldo only a pamal
job and leave the rest as an exercise. First, we need the declarations. Thes arc gl_Iv‘:
in Figure 4.37. We also need a quick function €0 returd the height of 2 node.
function is necessary to handle the annoying case of a NULL pointer. This-is shown
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in Figure 4.38. The basic insertion routirfe is easy to write, since it consists mostly ) S ) -

of function calls (see Fig. 4.39). - AV‘T"eg ElementType X, AviTree T.). S
For the trees in Figure 4.40, SingleRotateWithLeft converts the tree on the left - Insert( E . ‘ . ‘ -

to the tree on the right, retrning a pointer to the new root. SingleRotate WithRight o f SFCT == NULL ) - ~

is symmetric. The code is shown in Figure 4.41. . ] {

i « Create and return a one-node trge' /.

Figore 4.3 Nodcdeciaxa . for . '{' = malloc( s-ig’eof( struct AviNode ) );:
7 tion for AVL trees I = pallocC e

1f,( FatalError( "Out of space!ll” J; .

#ifndef _AviTree H . | . | _-".'_?]se,: e
T - iT->ETeient = X; T->Height = B;-:
T->Left = T->Right = NULL;*" -

struct AviNode; :
typedef struct AviNode *Position;

typedef struct AviNode *AviTree; - ’ ' } } . o
Av;lTree‘ MakeEmpty( Av"l'l'r.ee T); else e o

Position Find( ElementType X, AvTree TY) .- S :f( X < T->Element ) . ’)v » ,
" Position -FindMin( Av1Tree T ); - - X, T->teft ); .

Position FindMax( AviTree T ); T->Left h {"-?f:f_gﬂ ) - Height(-T->Right ) == 2 )
AviTree Insert( ElementType X, AviTree T 1£( :.':}gxt( T->Left->Element ) =~ .
AviTree Delete(. ElementType X, AviTree T ); . ' T = s-ing‘lekotatewithl.ef;(- T

ElementType Retrieve( Position ‘P ); P
_ T V , 915.“1,- = DoubleRotateWithLeft('T ); -
#endif /* -AVIT! ree_H */ ) Sy P -:"; = . e

/* Place in the implementation file */ ' - if( X > T->Element )_: Lo i ht ,
struct AviNode : e : X, T->Right );
, . ->Right = Insert( X, 32
X S If;,ugi ght( T->Right ) - Height(

R o’ t? E.[mnt) ’ ‘. - ———

Telse )
~ T->left ) == 2:) ‘
ElementType Element; .

AviTree Left; :

AviTree Right; - S R .
dint Heighé: . _ _ ) , else_r DoubleRotatewithRight( T )i

we'll do nothing */

"k

}/* '|~=.'1séx‘ is in the tree already;

Max( Height( T->Left ),

: | Height( T->Right ) ) +
" T->Height = e o

m 438 l.’uncti‘ontocobmyué Height of an avL node

return T;
static int - - o N
aE e e o we il i il B 0 O PR
~ return P->Height; o . ' ' Figure 4.42, for which tl:: mm°;:mwmppcam§m;::mqn.m
' PR ' ispfm;tll; :h?;:tugwgy {f deletions are relatively infrequent.
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Figare 4.40 “Single Rotation -

}

/* T Hon. can be ca . :
7+ Perform o romacs be called omly if K2 has a Teft child ¥
/* Update height a node (K2) and its left child *

. g h S, theﬂ return. new root */ child */

static Position.

{Sipg]ekotgtewithl.eft( ﬁsitioﬁ K2 )

Position K1;

KK%-- x;;»n.ef-:,#
~ K2->Left = K1- . L
K1->Right = Kz:k‘ight- ,

K2->Height -'Hax( Height( K2->:Left').

Ki->Height = - Height( K2- 1.
>Height = Max( Height( Ki->Left )( Kzf::,g?;hi g L

return K1; /* New root */

Figure 4.41

Rotitinne o perform single rotation

199

4.3, "SPLAY f .t; RS

“for binary search trees is not bad,

- costs O(N ), then a sequence ofMécmgt ¥ s 2 node is

/* This function can be calléd only if K3 has“a’ left AN
~ /* child and K3's Jeft child has a right child */: R
/* Do the left-right double’ rotation %/ e T
/* Update heights, then return new root *
. static Position R e )
- DoubleRotatewithLeft( Position K3 ) -~
/* Rotate betvieen K1 and K2 */ )
K3->Left = SingleRotatewithRight( K3->Left ); .
/*RotatebetweenkSénti_KZ*/ L
return SingleRotatewithleft(K3; = = ‘
- } . . - o ) L

Figure 4.43 Routine to perform double rotation

4.5. Sﬁlay Trees

We now describe a relatively simple data structure, known as a splay tree, that
guarantees that any M consecutive tree operations starting from an empty tree t.a.ke
at most O(M log N) time. Although this guaranitee does not prectude the possibility
that any single operation might take O(N) time, asid thus the bound is not as strong
as an O(log N') worst-case bound per operation, the net effect is the' same: There
are no bad input sequences. Generally, whien a sequence of M operations has tota
worst-case running time of O(MF(N)), we say that the amortized running ime 15
O(F(N)). Thus, a splay tree has an O(logN) amortized cost per operation, Over a
long sequence of operations, some may take more, some less.

Splay trees are based on the fact that the O(N) worst-case time. per operation
nary as long at it bocurs relatively infrequently.-Any -

one access, even if it takes O(N), is still likely to be extremely fast. The problen

with binary search trees is that it is possible, and not uncomimon, for a whole

sequence of bad accesses to take place. nt;%u;aﬁw nmmng-case u::; ‘::nm
i : i worst: g

noticeable. A search tree data structure wi ( ey st ’

zﬁ;tf most O(M logN)) for any M consecutive operations,

use there are no bad sequences. .. : " '
icular ¢ ion i +d to have an O(N) worst time bound,

If any pamcular_opcranonlsal!o to have e it i cledr that ; .

: A e or , th
+and we scill want an O{log N) amortzed time bound, S840 R0 P00 o oo ol

a node is accessed, it must be moved. Otherwise, once we

i ing Fi i je.node does not

keep performing Finds on it. If the node ozn o L - N).
The basic idea of the splay tree is th ; oF . .

the root by a series of AVL tree rotations. Notice that if a-node is deep, there are
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many. nodes on the path that are also relatively deep, and by restructuring we can
make future accesses cheaper on all these nodes. Thus, if the node is unduly deep,
then we want this restructuring to have the side-effect of balancing the tree (to some
extent). Besides giving a good time bound'in theory, this-method is likely to have
-practical utility, because in many applications when a node is accessed, it is likely
to be accessed again in the near future. Studies have shown that this happens much

-more often than one would expect. Splay trees also do not require the maintenance’

of height or balance information, thuis saving space and simplifying the code to some
extent (especially when careful implementations are written). N '

45.1. ASimple Idea (That Does Not Work)

One way of performing the restructuring described above is to perform single
rotations, bottom up. This means that we rotate every node on the access path with
its parent. As an example, consider what happens after an access (a Find) on k; in

the following tree.

The access path is dashed. First, we would petform a single rotation between k; and
its parent, obtaining the following tree. ) :

124

4.5; SPLAY TREES

'Then,we,rombmacnklandk;,ob@iﬁingth'ena.am.. -

o ' - | e way to the root, 50
. Thesé rotations 'ha’\: hgon (foqfap'whde' ). ll;lllfoa“rl'ultn!tel!'th9 wﬁttzﬂs ‘pushed an-
?mmw(ﬁm almost aadeepaSkxusedmbe.Ansm°‘“.‘“-“‘°dW-'“~ push
s ' 125 :
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another ncde deep, and so on. Although this strategy makes future accesses of k;
cheaper, it has not significantly improved the situation for the other nodes on the
(original) access path. It turns out that it is possible to prove that using this strategy,
there is a sequence of M operations requiring (M - N) time, so this idea is not
quite good enough. The simplest way to show this is to consider the tree formed by
inserting keys 1, 2, 3,..., N into an initially empty tree (work this example out).
This gives a tree consisting of only left children. This i5 not necessarily bad, though,
since the time to build this tree is O(N) total, The bad part is that accessing the node
with key 1 takes N —.1 units of time. After the rotations are complete, an access of
the node’with key 2 takes N — 2 units of time. The total for accessing.all the keys
in order is 3]1"i = Q(N2). After they are accessed, the tree reverts to its original
state, and we can repeat the sequence. .

452. Splaylng =

The splaying strategy is similar to the rotation idea above, except that we are a little
more selective about how rotations are performed. We will still rotate bottom up
along the access path. Let X be a (nonroot) node on the access path at which we are
rotating. If the parent of X is the root of the tree, we merely rotate X and the root.
This is the last rotation along the access path. Otherwise, X has both a parent (P)
and a grandparent (G), and there are two cases, phis symmétries, to consider. The
first case is the zig-zag case (sée Fig. 4.44). Here X is a right child and P is a left
child (or vice versa). If this is the case, we perform a double rotation, exactly like
an AL double rotation. Otherwise, we have a zig-zig case: X'and P are either both
left children or both right children. In that case, we transform the tree on the left of
Figure 4.45 to the tree on the right. = o

Figure .44 Zig-zag
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' As an example, consi&er.the"nee from the last example, with'a Fmd oxi'kl_:

. ) - N ;. - ) . .V . N N . ) AVL
‘ step i i ly a zig-zag, 80 We performastandard»
The first s laysuepu;atk;,andnsclw. 20§ orn .
»dosble rolgtion using k1, 22, and ks. Themulnns tree‘ fo'lléw& Ny ‘

DN e vic roation svith kso £4-and
“The next splay step at ki is a zig-2ig, ”w“fk"he‘z’g?g L :
ks, obtaining the final tree. . .

i e - s L ‘ , .‘ otOlﬂYmthhP
- v . . mmples, splaymgn . th of
. A]thonzgdh.it i:hhard tO;:: :ﬁ:’hﬁ ffect of roughly halving the depth
‘accessed node to the root, 5 }
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most nodes on the access path’ (some shallow nodes are pushed down at most two
levels). . B i .
" To see the difference that splaying makes over simple rotation, consider again
the effect of inserting keys 1, 2,3, ..., Ninto an initially empty tree. This takes a
total of O(N)), as before, and yields the same tree as simple rotations. Figure 4.46
shows the result of splaying at the node with key 1. The difference is that after an
access of the node with key 1; which takes N — 1 units, the access on the node with
key 2 will only take about N2 units instead of N ~ 2 units; there are no nodes quite
"asdeep as before: . : o e
An access on the node with key 2 will bring nodes to within N/4 of the root,
and this is repeated until the depth becomes roughly log N (an example with N = 7
is too small to see the effect well). Figures 4.47 t0.4.55 show the result of accessing
1 through 9 in a 32-node tree that originally contains only left children. Thus
we do not get the same bad behavior from splay trees that is prevalent in the
simple rotation strategy. (Actually, this.turns out to be a very good case. A rather
complicared proof shows that for this example, the N accesses take-a total of O(N)
These figures highlight the fundimental and- crucial property of splay trees.
When access_paths are long, thus leading to a longer-than-normal search time,
the rotations.tend to be good for future operations. When accesses are cheap, the
rotations are not as good and can be bad. The extreme case is the initial tree formed
by the inseftions. All the insertions were constant-time operations leading to a bad
initial tree. At that point in time; we had a very bad tree, but we were running ahead
-of schedule and had the compensation of less total rupining time. Then a couple of
really horrible accesses left a nearly balanced tree, but the cost was that we had to
give back some of the rime that had been saved. The main théorem, which we will
‘prove in Chapter 11, is that we never fall behind a pace of O(log N') per operation:
We are always on schedule, even though there are occasionally bad operations.

J\

Figure 4.46. Rééuhofspléying atnodét: -
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. s :.'. ' - . ;-. . i . '.., > ‘i‘ '.-";-.:;_
Figure 4.47 A'R'csult of splaying at-node 12 neeofall hftchqldrm . | o

-~

o R . i .o
m‘g' anﬂt,qf.sphy@& p;mom«w# e LR
P 3 the oo b deletsd Thi pu he code
.~ We can perform deletion by 35500 L oy 0d T ‘m@dﬁwm&d

it the root, f it is deleted, Wﬁfiifz.?ﬁ),mﬁsvw*"mﬁ,gmmw

‘&f:m?vmmima wof:“f-"?"‘","é-t- e i §7 el
‘making Tg the rightchild.  * 9 :
O . 12
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Figare 4.51 Result of splaying previous tree at node 5

tree at node 6 '
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Figare 455 Result of splaying previous tree atnode 9 - - s
| A e it into
e i oy il b 0
The analysis 'cmsrgof:'hetreé-OntheotherhandsﬁP ; - veider and o bak
mWMAVL trees, since dxm;rcdfe;“ Q“: thatthls 4|. ::
;;?Oeﬁ;i“;ftgrmc:&?iz :;anclua;?lnthme the case for this is far from complete. Fimally
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point out that there are several variations of splay trees that can perform even better
in practice. One variation is completely coded in Chapter 12,

o

46. Tree Traversals (Revisited)

Because of the ordering Eﬁmatiozi_ip a binary search tree, it is simple toist all the

keys in sorted order. The recursive procedure in Figure 4.56 does this. ,
Convince yousself that this procedure works. As we have seen before, this kind
of routine when applied to trees is known as an inorder traversal (which makes
sense, since it lists the keys in order), The general strategy of an inorder traversal is to
process the left subtree first, then perform processing at the current node, and finally
process the right subtree. The interesting part about this algorithm, aside from its
simplicity, is that the total running time is O(N). This is because theré is constant
- work being performed at every node in the tree. Each node is visited once, and the
work performed at each node is testing against NULL, setting up two ‘procedure

the running time is O(N). * - ' '

* Sometimes we need to process botli subtrees first before we can process a node.
For instance, to compute the height of a node, we néed to know the height of the
subtrees first, The code in-Figure 4.57 computes this. Since it is always a good idea
to check the special cases—and crucial when recursion is involved—notice that the
routine will declare the height of a leaf to be zero, which is correct. This general order
of traversal, which we have also seéni before, is known as a postorder traversal. Again,
the total running time is O(N ), because constant work is performed at each node.

The third popular traversal scheme that we have seen is preorder traversal.
Here, the node is processed before the children. This could be useful, for example,
if you wanted to label each node with its depth. :

: The common idea.in all of these routines is.that you handle the NULL case first,
and then the rest. Notice the lack of extraneous variables. These routines pass only

Figure 4.56 ‘Rcziutine to print a bitiary search tree in
order : -

void - I
PrintTree( SearchTree T )
( _ i

?f( T 1= NULL )

PrintTree( T->Left );
' PrintElement( T->Element ); -
PrintTrée( T->Right ); :

Py )
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int
Height( Tree T )

FFC T = NULL )
return -1;

return 1 + Max( Height( T->Left ),

else 7
. Height( T->Right ) )3

b
Figure 4.57 Routine to compute the height of a tree

using a postorder traversal . o

. ' . . T - . . . &e cwe’

the tree, and do not declare or pass any extra vanablles. ’l(')hf:enm:::d’ co:apgct rieiey
the 'less’likely that a silly bug will turn up. A fourth, less versal

we have not seen yet) is Jevel-order traversal.

4.7. B-Trees T

arch trees eq so far are binary,
all of the search trees we have seen s0 nary, (here
ilatrhc(;xus‘eeauthaot is not binary. This tree is known as a B-tree ropertes:
A B-tree of order M is a tree with the following structural .

: ildren. .
o The root is either a leaf or has between 2 and M ?h;lme:n 4 M cidren.
« All nonleaf nodes (except the root) have between e

_ ¢ depth. -
o All leaves are at the same dep i iteion mode ae poines

‘ d at the leaves. Contained in €2 resenting the
P ?ﬂ e ;r: st?rt;ia:htill‘gren, and values ;1’ k; 'Tf’a.,’z.f;.',gffgopmge-' s, ‘some of
Y 25 *v09 - 9 o P ey PMs pec n.ve - k . .
2 d inthe sibtrees P2, P3, . b would then inec
‘ ~ in subtree Py e gither the keys th ves
For every node, all the keys in su data, which are either ti keep our
poirliied l:?i?éﬁiﬁm; the keys. We ‘;ﬂ;_a““m;:ihange this'straicture
:;mn;:r:hnple‘. There are various dffim“."'fnz : (AT
“in mo'l;tl minor ways, but this deﬁ?!‘t?on » be stored iz both Iegv?ﬁnd_ 1t the
i vy sure allows the actual d@ta to will dlso insis {for Hiow) that :'e
n:l:nsa :;ei:tl;luoné in binary sia“f:h :le;’s) We i[M/2] andM. = )
. > oif kévs in a (nonroot) leaf is betwe order 4.
t}mbTe!:e“,;:eeg g;gmea (n%:s 8 is an example of a B-tree of ort
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[1.4,8.11,&.13 [send] 21.24, e [3138 "4143@ 49 59;68 778 A8'4,ss 9;32.§9
s Beotomis

Aé%sm of.o;c:er 4 i;;moxe popularly kniown.as a 2-3-4 tree, and a B-iree of
thcmd“ hmc'aée ofzﬁi:' ~3 tree. We w:ll describe the operation of B-trees by using:
special trees. Our mg point is the 2-3 tree that follows. .

58, 59, 61

8,11,12 16,17

pieceyz f#::fa' dfl:lrwel;gmor nodes (nqnlévé) in elhpsw, wﬁic,h. c;n'miﬂ.dxe: two
By of aama for ca t::tdc.: A dash line as‘a second piece of information in an
o etk mmmnmin  hat the node has pnly two children., Leaves are drawn in
P> Which conta eys. The keys in the leaves are ordered. To perform a
plged telaﬁonaof thcmoe; g:edalzera;mh in one of (at most) three MOM,.depmﬁng
o the aod T chd e ooking for~witbe two (possibly one) values stored
& perform an: Insert vt On5 ;-pmqusly~.ugseen key, X, we follow th

ough we were performing a Find, When we get to a leaf.node, wéﬁve fem;'::lht::

correct place to 0 i i
place to put X. Thus, to insert a node with key 18, -we can just add it.to-3.

the following ﬁgu;"g any nolat,léns of the 2~3 tree properties. The resplt is shown in

194

8 11,12 [16,17,18
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22,23,31 | 41,52

58, 59, 61

two or three keys, this’ might not

Unfortunately, since a leaf-can hold oaly
1 into the tree, we find that-the node

always be possible. If we now

try to insert

into this node would give it a

where it belongs is already full. Placing our new key i :
s not allowed. This can be solved by making two noggs of

fourth element, which is

two keys each and adjusting the information in the pareat.

.16, 17, 18

1,8 11,12

Bl 41..52_58,59.9]

work, as can be seen by an attempt to

" Unforainately, this idea does pot alwa ;
Unfortuntely, this kdes dw°n°tmakey;vo nodes-of two keys each, we obtain

insert 19 into the current tree. If we
the following tree. ) -
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This tree has an internal node with four - ins height. - LT
node. The solution is simple. We merely split this node into two nodes with two '“?Y)az 3 tree gains . R . .
children. Of course, this node might be one of three children itself, and thus splitting o
it would create a problem for its parent (which would now have four children), but
wemnkeeponsplit,tingqodesond:ewayuptotherootunﬁlweeithergettoﬂxe
root or find a node with only

spedalcase,whichweﬁnishbycraﬁnganew-rpo;-ﬁiﬁsw&zeonly
children, but we only allow three per we have a h we: by creasng anewr ook

two children. In our case, we can get by with splitting
‘only the first internal node we see, obtaining the following tree. _ .

) R - _' - .'311“4 .
{1,8] 112} - 16,17 ) 28‘ :

; . e e T L d LR R L
Netice s that whena ke i insereed, the oy changes o Ipteme 206 B20 e
. &N‘?“"‘ : path, These changes can be made in time PrOPOOte P ool
e K o B ik path, but be forewarned that there are quite 4 few cases to hancles cipadd
23,31f | 41,52 | |58, 59, 61 e T B ion whete 2 node becomes ovetloade:
. ' O hete ace b ways co haiidle the case whete & hode BERRE L0
. ) ) ° ‘e ) o o . have dmi;".__ 18. Mo . ;wowe
.. If we now insert an element with key 28, we create a leaf with four children, W“hd“ldren’::;: :‘ f:)zih ::y‘::a leaf, instead of sgﬁ%;&zmm
which is split into two ledves of two children: | D o ot to find a sibling with only two keye: 4 and 52, place 70 with 59
- e bove. we could move S8 to the oot O o sategy can also be applied
16:22 | ‘and 61, and adjus the entries in the internal nodes. T ESFERR Gk ol ighly more
' o areucal nodes and tends to keep more nodes full. The cost @

; | complicated routines, Bt % FAC te?dstt;: b: to be deleted and removing.it. If
41:58 m%Ve can perform deletion by finding the ey

L8 |2 ||1617 || 1819 |

1:-

i wal | ves only-one key.
this k wasoneofonlytwbkcysina-node,dxcnmmm eaves
" .. W

+ s sibling bling has three keys,
i W fix this by.combining this,l.l.ode.v,"..':h,.agb l.f\;heﬂ s
R 5 . . . . . P > . emu, ' 7. )
, lf8 . 11, 12 : |16, 17 .!8’, 19 22,23 '2,8;3115' 41, 52"58, 59, 61|

s e 1 the dbling has only two
we can steal one and have both nodés with two T Ceys. The parens of

o a single node with three keys.
a . ‘two nodes into a single node W it £ty
o« i e ma e el

e ia its second chill, then the root 18.8.50.
. If the root loses its secon e nodes, We must
ﬁ:nzponé level shallower. As.we combine ¢

bvocaned

........ — e oot v o1 5 T e

| T e i we ol v v S v kv

) + 1 keys, ol arent an extra ROCE W& o o iready has ¥

" : AR > thls v;ﬁthehpm e . . ‘t R dariey SR B

| R e e o accepted by the pareat and sPit 52 BRELS oy i ol
18,19) - 122, 23| P8, 31| - Pﬂ,'52"5?.59.6 'childt:-em Wg,-repeatﬂ}ismdlweﬁnﬁl‘a parent yAth 155 X

-y

L8| izl 617

R o
Y .

iy This Ercates an internal node with fout children, which is then split into o ™ dela mﬁﬁ;ﬁf&fim a5
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but an Insert or Delete coiild require: O(M} work to fix up all the information at
the node. The worst-case running time for each of the Insert and Delete operations
is thus O(M logy N) = O((M/ log M)log N ), but a'Find takes only O(log N). The
best (legal) choice of M for running time considerations has been shown empirically
to be either M = 3 or M = -4; this agrees with the bounds above, which show
“that as M gets larger, the insertion and deletion: times increase. If we are only
concerned with main memory speed, higher order B-trees, such as 5-9 trees, are not
an advantage, : . _ o
The real use of B-trees lies iri database systems, where the tree is kept on a
physical disk instead of main memory. Accessing a disk is typically several orders of
magnitude slower than any main memory operation. If we use a B-tree of order M,
then the number of disk accesses is O(logy N). Although each disk access carries the
overhead of O(log M) to determiine the direction to branch, the time to petform this
computation is typically much smaller than the time to read a block of memory and
can thus bé considered inconsequential (as long as M is chosen reasonably). Even if
updgtqs are performed and O(M) computing time is required at each node, these too
are gerierally not significant. The value of M is then chosen to be the largest value

is chosen so that if the leaf is full, it fits in one block. This means that a record can
always be found i very few disk accesses, since a typical B-tre¢ will have a depth of
only 2 or 3, and the root (and possibly the first level) can be kept in main memory.

" Analysis suggests that a B-tree will be In2 = 69 percent full. Better space
utilization can be obtained if, instead of always splitting a node when the tree
obtains its (M + 1)th entry, the routine searches for a sibling that can take the extra
child. The detailscan-be found in the references, ' ‘

~ We have seen uses of trees in operating systems, compiler design, and searching.
Expression trees ar a small example of a more general structure known as a parse
tree, which is a central data structure in compiler design. Parse trees are not binary,
but are relatively simple extensions of expression trees (although the algorithms to
build them are niot quite 50 simple). - A .

Search trees are of great importance in algorithm design. They support almost
all the useful operations, and the logarithmic average cost is very small. Nonrecursive
implementations of search trees are somewhat faster, but the recursive versions are
sleeker, more. elegant, and easier to understand and debug. The problem with search
trees is that their performance depends heavily on the input being random. If this js

- 0ot the case, the running time increases significantly, to the point where search trees
become expensive linked lists. _ o E S
- We saw several ways to deal with this problem, AvL trees work by insisting that
all nodes’ left-and right subtrees differ jn heights by at most one. This ensures that
the tree cannot get too deep. The operations that do not change the tree, as inser-
tion does, can all use the standard binary search tree code. Operations that change the
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tree must restore the tree. This can be somewha:&c:)rll}pﬁca%:,s ng(i;ﬂgy ;In) :;E :ase

f deletion. We showed how to restore the tree inserti e ey deeo,
° We also examiried the splay-tree. Nodes in splay t;;e:s can ge_tous y deep,
but after every access the tree is adjusted in a somew t;nxg;le)nﬁmemannwm(:h . The
n‘eltt effect is that any sequence of M operations takes O(M log ,

alance uld take. . ST which

same;;:; are b:l;eczc‘lv:{-way (as opposed to 2-way or bl:t:?r)commm ;ih;x ethﬁ
well suited for disks; a special case is the 2-3 ttee,,wluch isan

3 ins searchtrmo . . b a
e th ronsing tim of sl te blanced we schemes s vore (b1
cons:nfzcc:tnor)’than e e smrgdtreei,bu.t gillf)rgsetn-mse iyﬂput. Chapter

' - being @i i ily obtain I o
:‘;‘",9‘ ***:;'22‘?.‘52°;‘d‘£?§n§‘1’23?§“§; data structures and provides demled»
. . : ! ) . an
mPlTﬁﬁﬂ::: By inserting elements into a search “&T;?: "5;“:?:‘32»: 16gN)
inorder traversal, we obtain the eléments lll:o s:nﬁo::;’mphsfw red search treé :is
. We shall see better ways in Chapter 7, \

Exercises . _
| Questions 4.1 to 4.3 refer to the tree in Figure 4-59- .
4.1 For the tree in Figure 4.59:. R
a;- Which node is the root? | : R
b. - Which nodes are leaves? - .
4.2 For each node in the tree of anszrej-S?f,.: :
" a. Name the parent node. A .‘
'b. List the children. - o
c. -List the siblings. . :
d. Compute the dgpth.
e, ‘Compute the height. o . o
43 What s the depth of che xes Flgm’e 4'59?& e are N +1 NULL poumnters
44 Show that in a binary tree of N nodes, there &% 5 - o
re(pmsenﬁngdlﬂdre?. umber of nodes in a binary tree of .helsht
4.5 Show that the maximum n
) ; i node With two . . binal'Y trees
D N ooy WA
.. - ’ 30 .A? N | .
4.7 Suppose : b.il‘,‘a'y tt'::th;ml?zvﬁf % {'and determine when the equality
respectively.. Prove that 2.;= ' ‘
true. . :

sve that the niamber of full nodes
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| u;ev: .qo.p@& infix, and postfix expres_uoqs corresponding to the tree in Fig-
4.9 a, Show the result of inserting 3, ), 2, into an initi
b. Show the result of deleting the root.

4.10 Write routines to implement the basic binary seagdnreeoperatxons. :
4.11 Binary search trees can be imple: ith 8, usin similar
£ iplemented with cursors, using a strategy similar
a cursor linked list implementation. Write the basic bmary"‘ search oo e
using a cursor implementation. o 1 SEAIER e outines
4.12. Suppose yoiz want to perform an xperitiient to verify th '
] : experintent: to verify the problems that
bec;usedbymndomlmert{Deletepahs.Hcreisad&aw'gydl:ét.is not perfeéctalny
. random, but close enough. You build a tree with N elements by insérting N

Fignre .60 . Tree for Exercise 4.8

420 * How can you implement (nonlazy)

'. 422 Wrié the functions to perform'the_dpuble 10
423 Show the resulr-of accessing the keys 3,5,

"424 Show the result of deleting
s+ for the-previous exergise. -

elements chosesi at random from the range 1to M = aN-. You then perform

e

N pairs of insertions followed by deletions. Assume the existence of a routine,
RandomInteger(A, B), which returns a uniform fandom integer between A and
B inclusive. ' : A
a. Explain how to generate a random integer between'1 and M that is not
alreadyintheu'ee(soarandominse;tcanbeperformed).lnpergnsofN
 and a, what is the running time of this operation? o
b." Explain how to generate a random integer between 1 and M that is already

in the tree (so a random delete can be performed). What is the ruining
~ time of this operation? - - S e
C. What is a-good choicedf a? Why? ;
4.13 Write a program to evaluate empirically the following strategies for deleting
nodes with two children: B : . '
a. Replace with the largest node, X, in Tp and recursively delete X -1 -’
b. Alternately replace with the largest node in Ty, and the smallest node in Tx,
and recursively delete the appropriatenode.  © - . . . -
c. Replace with either the largest node in Tp or the smallstnodem Tk
(recursively deleting the appropriate node), makmgthe chqx‘oe”r'andomlg:
Which strategy seems to give the most balance? Which takes the least CPU
time to process theeqtireseque;lce? J’ R
4.14 ** Prove that the depth of a randoni binary search treg (depth of the deepest

node) is‘O(lpgN),opaycrage. e e e .
4.15%a. Give a precise expression for the minimum number of nodes in an AVL tree

of height H. . . A
b. What is the minimum number of nodes in an AvL tree of height 152
4.16 Show the result of insertin g2, 1,4, 5,9, 3,6,7 into an initially empty-AVL tree:
417 * Ke.ys 1,2,..., 2k —1are msetted i o'rc!etihwani:ﬁﬁally‘emptx._m.me.
‘Prove that the resylting tree.s perfectly balanced. .~

4.18 Write the remaining procednres.to,implement'gvn.singlenndidoubl.e-mtadons.
4.19 Write a nonrecursive function to insert into an AvLtree. < i~

deletion’in m.trea? o
421 a. How many bits are required per node to store the hgighf”ﬁf‘a nodé in an
N-node AvL tree? o Lo e
b. What is the smallest AVL tree that 0V erflows an 8-bit hﬂghtmmtet? g
mﬁon:vgi,thjom"_theinefﬁciaicg of-
doing two single rotations. S e
g 1, §°in’ order in the splgy'q'ee in

Figure 4.61. . Reanes SRR
o ' the ‘element with key 6 in the resulting splay tree
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Hgmeﬁl‘

4.2.? Nodes 1 through N = 1024 form a sp!ay tree of left chnldren
a. ‘What is the mtemal path length of the tree (exactly)?

" Find(8), Find(S), Findigy, - 2feer each of Find(1), Find(2), Find(3),

*c. ;fthe sequence of? smve Fmd‘sAis continued, whien is the internal path
4.26 a, Showthatnfallnodesmasplayu’eeareaccessed ual
‘resulting tree consists of a chain of left childréns, oder,

**b. Show that if all nodes in a splay tree are accessed in sequential order, then
the total access time is O(N), regardless of the initial tree;

4.27 Write a program to perform random o
perations on splay trees. Count the total
number of rotations performed over the sequence. How does the running time
compare to AVL trees and unbalanced binary search trees?

4.28 Write efficient functions that take only a pointer to
T, and compute: y P° the root of a blnary tree,

_a. The number of nodes in T., - e
b. The number of leaves in T.

¢. The number of full nedesin T.

What is the running time of your routines?

4.29 Writea function to genérate an N-node random bi
inary search tree with dnsnnct
keys 1 through N. What is the running time of your routine? -

4.30 Write a funcnon to generate the AVL tree of height H with fewest nodes What .

is the running time of your function?

4.31 Write a function to generate a perfectly balanced bi
inary search tree of height:
H with keys 1 through 2H+1 — 1, What ; is the running time ofyourfunctul)gnl;
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’436 a. Show the result of inserting the foll
e tree3145926870

_4.37*a. Wirite a routine to perform insertion into a B-tree.

432 Write a' function. that takes as input'a bmary search tree, T, and two keys
ky and k3, which are ordered so that k; = k;, and prints’ all elements X in
the tree such that k; < Key(X) =< k,. Do not assume any isiformation about
the type of keys except that they can be ordeged (consnstently) Your. program
should run in O(K + logN )-average time, where K is the number of keys
printed. Bound the running time of your algorithm.

4.33.The larger bmary trees in this chapuer were generated automaucally by a

program. This was done by assigning an (x, y) coordinate to each tree node,
drawing a circle around each coordinate (this is hard to see in some pictures),
and connecting each node-to its parent. Assume you have a binary search tree
stored in memory (perhaps generated by one of the routines above) and that
.each node has two extra fields to store the coordinates. -

a. The ¥ coordinate can be coinputed by assigning the inorder traversal
number. Write a routine to do this for each node in dle tree.

b. The y coordinate can be compuwd by using the neganve of the depth of
the node. Write a routine to do this for each node in the tree.

,c.. ‘In terms of some magnnaryumt, what will the dimensions of the picture be?
~ How can you adjust the units so that the tree is always toughly two-thirds
B ashlghasmswxde?

d. Prove that using this system no hnes cross, and that for any node, X, all
elements in X’s left subtree appear to the left of X and all elements in X’s
right subtree appear to the right of X. |

4.34 Write a general-purpose tree-drawing program that will convert ‘a tree into the
following graph-assembler instructions: »

a. Circle(X,Y)

b. DrawLinel(i, ) o ]

The first. instruction draws a circle at (X, Y), and the second instruction

connects the ith circle to the jth circle (circles are numbered in thef :Jl:dﬁxt'

drawn). You should either make this a program and define some sort x:. Wl’;a ¢
language or make this a function that can be called ffom any progra

is the running time of your routine? "

4.35 Write a routine to list out the nodes of
root, then nodes at depth 1, followed by nodes a

‘must do this in linear time. Prove your time bound. '
owing keys into an mmally empty 2-3

o1y tree in level-order. List the
8 binary t depth 2, and so_on. You

b. Show the result of deletmg 0-and then 9 fzom the 2-3 tree. “eated m p art
(a). :

When a key is deleted,
*b. Write a routine to perform deletion from a B-::; N des? ey

is it necessary to update information in the int
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{
- e Modxfyyourmsemonrouuncsothaufanattempt:smadetoaddmtoa
' nadethatalreadyhasMemnes,amrchxsperform:dforaszbhngwnth
_less than M children beforé the node is split. .. -
4:38 A'B:treé of ordér M'is a B-tree in which each interior nodehas between 2M/3
-+ and M children. DambéamedxodtopetformmsemonmtoaB‘—Uee

4, 39 Show how the tree in Fignre 4 62 is rcpwsented usmg a chxld/sxblmg pointer
lmplementauon. BT

4 417 ‘Write a ptocedure to traverse a treestored with cln[dlmbl;ng links, -
441 Two bmary trees are similar if they are. both empty or both nonempty and

have similar left and right subtrees, Write a function to decide whether two
bmarylreesaremmﬂar Whatnsthcmnnmgumeofyouprogram’

4.42 Two. trees, Ti and B, are isomorphic if Ty can be transformed into T by
" swapping left and right children of (some of the) nodes-in Tj. For instance,
the two trees in'Figure 4.63 are isomorphic because they are the same if the
" children of A, B, and G, butnotthc other nodes, are swapped
a. Givea polynomlal ume algonthm to decide if two trees are isomorphic.
*b; What is thc funning' tune of your program (there is a linear solution)?
443‘3. ‘Show l:hat via AVL smgle rotations, any binary search tree T; can be
e transformed into another search tree T; (with the same keys).

’b. Give an.algorithm to perform this transformation using O(N log N) rota-
‘tions on average, :

‘s

**c. Show that this transformanon can be done with O(N ) rotanons, worst-
cdsé.’ ‘

Figure 4.62 Tree for Exercise 4.39

.444

' The operation’
Suppose we want to add the operation FindKthto our repertoire.
F?:dplgtb('r i) returns the element in tree T with ith smallest key.-:Assume all

 elements have distinct keys. Explain how to modify the binary search tree to

4.45

o .. the extra pointers are called threads,

4.46

support this operation in O(log N) average time, wnthout sacnﬁcmg the time
bounds of any other operation.
Since a binary search treewnhNnodahasN-l—l NULLpomms,half

" the space allocated in a binary search tree for pointer information is wasted.

left child-peint to
that if odehasaNULLleftchlld,wemakcm

f;plﬁer pred:o!;sor, and if a node has a NULL right child, 'we n:;:c;ﬁ
nghtchﬂdpomttoxtsmozdetsumor 'l'hxs:sknuwnasatbreaded

A

7
a. How can we distinguish threads from real chﬂdreapomners

'b. Write routines to perform insertion and delenon mto a tree tbmded m thc

mannerdescnbedabove. o . ,‘_w;,
c Whatnstheadvantageofusmgthreadedm SR ,
Abmarysurchtrecp possthatmrchmgwbasedononlyoneke!pef

e:th
record, Suppose we would like to be able 0] perform seamhmg based oﬂ er

- of two keys, Key, or Keyy,:

‘ c; Write an efficient procedure that pnnus

Hgméﬂ A2dtree B

extra
a. One method is to build t\:ro separéte binary search treeS_ How many
pointers does this require? . ,a u _
b. An-alternative method is a 2-d tree. A 2-d tree is sxmxl;rl dtio lqag
‘»sarchtree,cxceptthatb:anqugatevcnlevelsisdpne respect

o Key,, and branching at odd levels is done with Kay,. “Figure 4.64 shows a

3.d tree, with the first and last names as keysy for. posthWlI pmdeng
. 'The presldents‘mmes weére inserted chmnologtsally (T v
Kennedy, Johnson, Nixon, Ford, Camer

. toutine to ‘perform insertian into a 2:d-tree. a“ ‘mrds -m d‘eﬁ ehat :
mul:aneously sansfy the const:amts Lowl = Km s H!Xb LQ“‘Z.
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i d. Show how to extend the 2-d tree to handle more than two search keys. The
©* ' resulting strategy is known as a k-d tree. - o -

More- information on. binary search - trees, and in particular the mathematical
properties of trees, can be found in the two books by Kntuth, [23] and [24]. °
- -Several papers deal with the lack of balance caused by biased deletion algorithms

in binary search trees. Hibbard’s paper [20] proposed the original deletion algorithm

and established that one deletion preserves the randomness of the trees. A complete

analysis has been performed only for trees with three nodes [21] and four nodes [5].
'Eppinger’s paper [15] provided early empirica! evidence of nonrandomness, and the
papers by Culberson and Munro, [11], [12] provided some analytical evidence (but

not a complete proof for the general case of intermixed insertions and deletions).
- AVL trees were proposed by. Adelson-Velskii and Landis [1]. Simulation results

for Ay trees, and variants in which the height imbalance is allowed to be at most &

for various values of k, are presented in [22). A deletion algorithm for AvL trees can

be found in [24]. Analysis of the average search cost in avL trees is incomplete, but
some results are contained in [25]. ’ :

. [3] and [9] considered self-adjusting trees like the type in’ Section 4.5.1. Splay
trees are described in [29). : . o
~~ B-trees first appeared in [6]. The implementation described in the original paper
allows data to be stored in internal nodes as well as leaves. The data structure we
‘have described is sometimes known as a B*-tree. A survey of the different types of
B-trees is presented in, [10]. Empirical results of the various schemes are reported in
[18]. Analysis of 2-3 trees and B-trees can be found in (4], [14), and [33].

Exercise 4.14 is deceptively difficult. A solution can be found in [16]. Exercise
4.26'is from [32). Information on B*-trees, described in Exercise 4.38, can be found
in [13]. Exercise 4.42 is from [2]. A solution to Exercise 4.43 using 2N — 6 rotations
is given in [30].- Using threads, 4 la Exercise 4.45, was first proposed in [28]. k-d trees
were first proposed in [7]. Their major drawback is that both deletion and balancing
are difficult, [8] discusses k-d trees and other methods used for multidimensional
searching; a short discussion is also provided in Chapter 12.

* Other popular balanced search treés are red black trees [19] and weight-
balanced trees [27]. More balanced tree schemes can be found in Chapter 12, as well
as in the books (17], [26), and [31]. : o
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the keys. Typically, a key is a string with an assoc
information), We will refer to the table size as TableSize, T ariable fodting around

Hashing

In Chapter 4, we discussed, the search tree ADT, which allowed various operations
on a set of elements. In this chapter, we discuss the hash table AoT, which supports
only a subset of the operations allowed by bi searchtrees. .
The implementation of hash tables is frequently cz ¢d hashing. Hashing is &
technique used for performing insertions, deletions, .and finds in constant average
time. Tree opetations.that require any -ordering information among the elements
are not supported efficiently. Thus, operations such’as FindMin, FmaMax;and dhie:
printing of the entire table in sorted order in linear time areitot sapported:” "~ -
The central data structure in this chapter is the bash table. We will _

o See several methods of implementing the hash table: -
o Compare these methods analytically. '

o Show numerous applications, of hashing. .. ol o .
o Compare hash tables with biparysearch trees. .~ “ <70 1 S

PR

1. Gemeralldea = . =
B : . . L T o AT

T R e . R ray of some fixed size, containing
The ideal hash table data structure 18 merelyanaﬂ'zf)_'-~ vl {foF insta salary

with the understanding that
this is part of a hash data st cture and not merely some VAOaRE <o fe, T
globally. The common conventiot is to have the table rin from 010 TableStze . 5y
we will see why shortly. v B L NP Y P

" Eachkey .Z mapped into some number in the range 0Oto T_‘(’f:shf:‘k . lands‘l:‘:ig
in the appropriate cell. The mapping is called a hash ngt’;’ceys ot d‘I-. E_ﬁal!)m ccells.
be simple to computé and should ensure that ay tWo "l'fsg.:ﬁéiiéﬁblé supply of keys,
Since-there are a finite number of cells and a virtually inext e distribupes the keys
*this js clearly impossible, and thus we seek a hash fl.mmf’_!_‘m ion. In s, example,
evenly among the cells. Figure 5.1 is typical of 2 perfe“d ;‘”y hoehes 0.7,
john hashes to 3, phil hashes to 4, dave hashes t© 6, aad i
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. CHAPTER S/HASHING
0 s
1
)

. 3 john25000
4 phil 31250 .
5A
6 dave 27500

- 7|  mary 28200
8
.9

Figare 5.1 An ideal hash table

" This is the basic idea of hashing. The only remaining problems deal with
N h €a of hashing, y g problems deal with
thogngafuncgpq,-d?gdmg~qhatm_dowhentwokcyshashtothesamevalue
(this is known as a collision), and deciding on the table size. .l

5.2. Hash Function

If the input keys are integers, then simpl i N
| ply returning Key mod TableSize is generally
talns feasonaglle ;s:awgy, unless Key.happens to have some undesirable properties. Ir);
iy theml,)l e choice of hash function needs to be carefully considered. For instance,
e b::l c; size 1; 10 andlthe keys all end in zero, then the standard hash function
iad bad ¢ oice. For reasons we shall see later, and to avoid situations like the one
keysv:,‘ is usuallc| ya good idea to ensure that the table size is prime. When the input
re random integers, then this function is not only very simple to compute but
also distribufes the keys evenly. S o S
} Usually, the keys are strings; in this case, the hash function needs to be chosen
One option is to add up the Ascn values of the char: i \ Figu
Ca v _ acters in the string. In Figure
ii .meegl;re u::hel etlynp; Im;;c;, which is returned by the !msh function. The ro:xgtiu;e
throngh s -3 imple tql strategy and uses the typical C method of stepping
" The hash function depicted in Fi is simple to i i ‘
The hash icty igure 5.3 is simple to implement and computes
an answer qmckly. However, if the table size is lqrgc, the function does not dist'rli)bute

Figure 5.2 * Type returned by hash function

typgdef unsigned int Index;

5.2. HASH FUNCTION

Fignre 5.3 A simple hash function

Index :
Hash( const char *Key, int TableSize ) - -

unsigned int Hashval = 0;-’ '

/* 1%/ while( *Key = '\0' )

/E 2/ HashVal += *Key+;
/* 3%/ return Hashval % TableSize;
' }

thé keys well. For instance, suppose that TableSize. '
number). Suppose all the keysaregishtorfewachgract(}:slopg. Since a char has an
integer value that is always at most 127, the hash function can ony

- Another hash function is shown in Figure 5.4. This hash fumction
Key has at least two characters plus the NULL terminator. The value 27 represents
B b of letters in the Eiglish alphabet, plus the blank, and 72915 272 This
function examines only the ﬁrstthreecharaéﬁet_s,bntifm_;a;@raggiom a:_xd{het;gblc
size is 10,007, as before, then we would expect a msyggb.l’y qqmtablej distribution.
Uaforeunately, Baglish is not random, Althotigh thefe aré 26° = 17,576 possible
combinations of three characters (ignoring blanks), a chieck of 2 reasgnably l::gle
on-line dictionary reveals that the number of différent combinationis 13 ??“;“HYC y
2,851. Even if none of these combinations collide, only 28 percent of ‘h i can
actually be hashed to. Thus this funcﬁglx;, l:lrz“sh casily cgmputab!e, is als no;
a riate if the hash table is reasonabl; e eme b .,

PPr;?gmes.s shows a third attempt at a hash funcuion. This- hash m
il‘wolvesall‘characmsinthekeyaﬂdmn- ybcexpewedz‘sllsm te we
(it computeb X251 KeylKeySizé — i = 1] - 32', and bingt the result into pioper
range). The code computes a polynomial function (of 32) by “‘fﬂ: is by the
rule, For instance, another way of computing b = /fx + 27'k:hi: 27°R3 ’&: p
formula by, = ((k3)*27 + ka)* 27 + ky. Horner’s rule extends this to an 7 egree

polynomial. | , R
Higure 54 Another posible hash function—' '
Index . -'ipt.Tab'l;eLS"ii'e) ) . ‘

Hash( const char *Key, ‘ ; c
‘returnC Key[ 0 1 + 27 * Keyl 17+ 729+ key[21)
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Index - . .
Hash( const char *Key, int TableSize )
{ ) .

unsigned int Hashval = 0:

/* 1%/ while( *Key 1= '\0' ) o
/* 2%/ HashVal =2 ( Hashval << 5 ) + *Key++;

/* 3%/ return Hashval % TableSize;
} o :

Figare 5.5 A good hash functiog

... We have uséd 32 instead of 27, because multiplication by 32 is not really a
multiplication, but amounts to bit-shifting by 5. In line 2, the addition could be
replaced with a bitwise Exchisive O, for increased speed. L

. The hash function described in Figure 5.5 is not necessarily the best with.respect.
to table distribution, but does have the merit of extreme simplicity (and speed if
= overflows are allowed). If the keys are very long, the hash function will take t60 long
* - to compute. Furthermore, the early characters will wind up being left-shifted out of

- the eventual answer. A common practice in this case is not to use all the characters.
The length and properties of the keys would then influence the choice. For instance,
the keys could be a complete street address. The hash function might include a couple
of characters-from the street address and perhaps a couple of characters from the
city name and zip code, Some programmers iniplement their hash function by using
only the characters in.the odd spaces,, with the idea that the time saved computing
the hash function will makeup for a slightly less evenly distributed function. .

. --The main programming detail left is collision resolution. If, wher an element is
inserted, it hashes to the same value as an already inserted element, then we have a
collision and need to resotve it. There are several methods for dealing with this. We
will discuss two of the simples : separate chaining and open addressing.

53, SeparateCllaIning

The first strategy, commonly known as separate chaining, is to keep a list of all
elements that hash to the same value. For convenience, our lists have headers! This
makes the list impleme

ntation the same as in Chapter 3, If space is tight, it might be
preferable-to avoid their use. We assume for this section that the keys are the first 10
perfect squares and that the hashing function is simply Hash(X) = X mod 10. (The
table size is not prime but is ysed here for simplicity.) Figure 5.6 should make this
clear, ) ’

+ To perform a Find, we use the liash function to determine which list to traverse.

We then traverse this list in the normal manner, returning the position where the
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P DT T
N B :

TTH®ED-
Figure 5.6 A separate chaining hash mble'v

V.00 N AW b W IN = O
1
) -.A

. the iate list o check

item i found. To perform an Insert, we traverse ‘down a:e apptop'ﬂ::m ool s
whether the element is already in place (if duphmtgs e e o match). I the
usually kept, and this field would be incremented in-the B o ot at the end
el yi msept, out to be new, it is insert: ed.eighcr at the ffont :dm&ed O e code
o:?il:tiiist, whichever is easiest. This is an issue most easnl:rh : e e o, since i
is being written. Sometimes new elemer:lns mhamsfmp@d t;; oy i lements
i i ¢ happens that recendly inserted
is convenient and also because freguen y i . e
are the most likely to be accessed in the-fm,r future. ate-chainip&mﬁ#"“ o

The type declarations required to implement separ e 4 ot declarations of
Fig ‘e'5"t7yp';'he ListNode: structure is.the samie as ?feﬁnkediisw(anwd« e ombe
le'::)ter 3. The hash table structure contains an armt);d e e able i iniilize
of lists in the array), which are.dynamlm_.lly .allzct;e . ’ | uahzed.. .
The HashTable type is just a pointer to this struct: Te o odpbint 10 L
" Notice that the TheLists field is actually a pqﬂ:is O it co m"“ﬂ. .

ure. If typedefs and abstraction are~n0tu§ed? 15 Co8 oeo the same ideas that

Struc;tiue. e 5.8 shows the initialization ﬁmcuoqi;es 2 = bash
were sg: in the array implementation oﬁ sméks T e sttucture ontaining 4
tabl, e. If space is available, then H-will po h snmet'tec'nwﬁh!bér, and lines
intege : sm?: ointer to a list. Line 7 sets the table snz;to. :w‘ & defined to be 2
Poiiiter; the resilt is &n array of pointers. eaders, e coild stop beie: Sinde
%" Ifour Lisk implementationr were not us:;lgocate s
our implementation uses headers, we must a. o 15: Ofcourse, i .
Next field to NULL. This is done in lines 11 thro S
»15 could be replaced with the statement :
oauisesl 1] ¢ keERY O,
ﬂ{ake the code as self-contalnedas posglga BT

A




#ifndef _HashSep H

struct ListNode ;—

typedef struct ListNode *Position;
. struct HashTbl;

typedef struct HashTbl *HashTahle;

HashTable InitializeTable(.int TableSize );
void DestroyTable( HashTable H P HEE

Position Find( ElementType Key, HashTable H bH
void Insert( ElementType Key, HashTable H );
ElementType Retrieve( Position P ); :

/* Routines such as Delete and MakeEmpty are omitted %/
#endif /* _HashSep_H */ _ g

-~ /* Place in the implementation file */
" struct ListNode o
{

ElementType Element;
Position - - Next; -

_typedef Position List;

/* List *TheList will be an array of lists, allocated later ¥/

/* The Tists use headers (for simplicity), =/
/* though this wastes space */ ’
struct HashTbl S

{

int TableSize;
. List *TheLists;

53. SEPARATE CHAINING

Figure 5.7 Type decl#ration for separafe chaining
hash table =~ ‘

inefficiency of our code is that the malloc on line 12 is performed H->TableSize
ltimw. This can be avoided by replacing line 12 with one call to malloc before the
‘loop occurs: ‘ ’ :

H->TheLists = malloc (H->TableSi

Line 16 returns H.

The call Find(Key, H) will return a pointer to the cell containing Key. The
code to implement this is shown in Figure 5.9. Notice that lines 2 through § are
identical to the code to perform a Find that is given in Chapter 3. Thus, the list ApT
impleméntation in Chapter 3 could be fssgd‘ here. Remember that if ElementType

ze * sizeof (struct ListNodé));

HashTable '
I::t'ia‘l‘ize‘l'ab'le( int TableSize )
{ HashTable H;
int i;
/* 1t/ if( TableSize < MinTab'leS'ize‘_) |
/* 2%/ { . Error( "Table size too small” );
/* 3 return NULL;
. - _
* Allocate table */ : )
/* 4%/ l{l = malloc( sigeof( struct HashTbl ) );
if( H == NULL : TR
5: 2:5 it FatalError( "Out of spacel!!" );
:/’* 7%/ H->TableSize = NextPrime( TableSize 3 -
' ' ray of lists * . ;
/* 8/ ﬁ::-?lltl?:::- :rma!l,'Ioc( sigeof( List -) *H ?Tab'lgs'lze )
£(¢ H->Thelists == NULL ) - L
5:1325 .i' ¢ FatalError( "Out of spacelll )i
» Allocate 1ist headers */
/*11*/ '4or( i = 03 i < H->TableSize; 'I-f»+ ) )
*12% b H->TheLists[ i ] = malloc( sizeof( struq ListNode )
5&23*5 if( H->TheLists[ i ] == NULLe)llf“t)'
140/ FatalError( "Out of spacel!!1”:);
1se . . ,
1%15%/ e H->TheLists[ i ]->Next  NULL
} .
/6, return H;
} C
Ee's.s “Initialization routine for separate chaining .
" hash table - .
‘ | ‘ ith str and strcpy,
i a string, comparison and assignment must be done “flth_. cmp and ¢
TRPeCHVCly. s the insertion routinc Ifthe ifem to be inserted is already presett
* Next comes the insertion routine. o eont of the lst (see. Fi. '.“‘m’“ .

- .. then we do nothing; otherwise we pl?n“thizztst;thisisfmostconveqientinourme. a

The element can be placed anywhere

| o = ode I Figare 5.10 wil
Wi e able T Fige 5.6 was creted by Tasertng et the end of the it cbe ,

ice the table in’ g y ' :
Nﬁua:bkﬁﬂlthel&sinﬁgueSjuvwefw



CHAPTIR AR

P?sition .
, {Fmd( ElementType Key, HashTable H ) -

Position P;

List L;
/*1%/ " L= He>TheLists[ | [ e
/: 2: Y P = L-oNext: [ Hash( Key, H->TableSize ) 1:
/* 4%/ - P = P->Next; - /* Probably need strcmp!! */
/* 5%/ return P;

}

Figure 5.9 Find iouﬁng}o:' séparate chaining hash table
Notice that the code to insert at the front of the lisi.is:essentially' identical to the

code in Chapter 3 that implements a Push using li ists. Again
‘ : ing linked lists. in, if th i
Chapter3 have already been carefully imp!emet{tgd; they can be used here.e e

Figure 5.10 Insert routine for separate cbmmng hash table

3

void - R :
{Insert(' E’lement-‘l‘ype Key, HaéﬁTab'le H) |

Position Pos, NewCell; ... - ., . .-

. List L;
I* 1%/ . Pos = Find( Ke
* . yi H ); . . : i
’ /“2*/ : {If( Pos_""NUU- ) /* Key is not found f/
/%3 " NewCell = mallocC si uct |
\ = malloc( sizeof . .
;: g:; : if( NewCeTl == NULL ) ('Stmc?.'.'ismode') )i
FatalError( " "y,
o else r( 0ut' of space!!!" );
.60 i He>TheLi [. hC Nay, HooTe S
e rey - b= sts[ Hash - a e
;,:;:5 Lok :mei.ucg:-}-?ue’(t :.=.,l.->l,l‘e:$-t.|;(,evy'j .t! >Ta}b_1es'ize‘) ¥
/re%y } ‘L-‘>Ne§kt-zgm:¥1? Key; /*_.NPijb'ab'ly nge’d strcvp)"
} .

166

" too.

5.4 OPENADDRSSING

The deletion routine is a straightforward impleméntation of deletion in a linked
list, so we will not bother with it here. If the repertoire of hash routines does. not
include deletions, it is probably best to not use headers, since their use would provide
no simplification and would waste considerable space. We leave this as an exercise,

" Any scheme cotild be used besides linked liss to resolve the collisions; a binary
search tree or even.another hash table would work, but we expect that if the table

" is large and the hash function is good, all the lists should be short, so it is not
_worthwhile to try anything complicated. =~ . - . ’

We define the load factor, ‘A, of a hash table to be the ratio of the mimbek of
“elements in the hash table to the table size. In the example above, A = 1.0. “The

- average length of a list is A. The effort required to perform a search is the constant
 time required to evaluate the hash function plus the time to traverse the list. In an

unsuccessful search, the number of links to traverse is A (excluding the final NULL
link) on average. A successful search requires that about 1 + {M2) links be traversed;
there is a guarantee that one link must be traversed (since the search is successful),
and we also expect to go halfway down a list to find our match. This analysis shows
that the table size is not really important, but the load factor is. The general rule for

' separate chaining hashing is to make the table size about as large as.the number of

elements expected (in other words, let A-= 1), It is also 3 gaod idea, as mentioned
before, to keep the table size prime to ensure a good distribution.

PPN Vv . - Do

54, Open Adiressing

Separate chainifig-hashing has the disadvantage -of requiring pointers. Thittends
_to slow the algorithm down a bit because of the time required-to allocate new
. célls, and also essentially requires the implémentation'ofa second data structure.
. Opén addressing hashing is an alternative to resolving collisins with Tinked lists: In
! an open addressing hashing system, if a collisioir occurs, alternative cells are tqed
until ‘an empty: cell is found.: More formally, cells ho(X); ki(?(_'),"k_z,(?f), .. are tried
. it succession, where by(X) = (Hash(X) + F(i))mod TableSize, withi F(0) = 0. The
. function, F, is the collision resolution strategy. Because all the data go mdethe
table, a bigger table is needed for open addressing hashing than fo_lf s:ep.:s_rate chaining
"*hashing; Generally, the load factor should. be below-A = 0.5 for qpeva;adm‘ ing
* hashing. We now look at thrée common collision resoquon stmws‘iw -.
541, - LinearProblng - = . . - m
“Ya linear probing, F is a linéar-function of iy typically F(i) = i. This amounts t0
¢ tying c‘ell‘; séquentially’ (with wWraparound) i search of an e@ghcegi,}:sufe 5-;1 i
{ ghows the result of inserting keys {89; 18, 49; 58, 69} into a X using the
" Simé hash function as before and the collision cesolution SEAFEY, @ )é;t o able
% "The first éollision occurs when 49 is inserteds lll:td At e oo d then 49
" spot, namely, spot 0, which is open. Thtlt 5L;ey 58 collides with 25 27



89

Figare 5.11 Open addressing hash table with incar
probing, after each insertion ’

before an empty cell is found three away. The collision for 69 is handled in a similar
manner. As long as the table is big enough, a free cell can always be found, but the
tin; 10 do so can get quite large. Worse, even if the table is relatively empty, blocks
of occupied. cells start forming. This effect, known as primary clustering, means
that amy ke;’ that hashes into the cluster will require several attempts to resolve the
collision, and thon it will add tothe cluster, - -

Although we wi,! not perform the calculations here, it can be shown that the
expected number of prob:s using linear probing is roughly }(1 + 1/(1 ~ A)2) for
insertions and unsuccessful sm.:hes,and%(l +1/(1 - A)) for successful searches, The
calculations are somewhat involveq, It is easy to see from the code that insertions
and unsuccessful searches require the san;> number of probes. A moment’s thought
suggests that, on average, successful searches s:>ould take less time than unsuccessful
searches :

. The corresponding formulas, if clustering is not a oroblem, are fairly-easy to
defive. We will assume a very large table and that each proue is independent of the
previous probes. These assumptions are satisfied by a random collision resolution
strategy and are reasonable unless A s very close to 1, First, we der:ve the expected
number of probes in an unsuccessful search, This is just the expected number of

search is equal to thc number of probes required when the particular clement .waé
inserted, When an element is inserted, it is done as a result of an unsuccessful search.

Thus, we can use the cost of an unsuccessful search to compute the average cost of
a successful search, , :

158

54. OPENADDRESSING

 The caveat is that A changes from 0 to its current .va.h;e, S0 th.:!t carlier I::ls:ré:l(:ms
are cheaper and should bring the average down. For-instance, in the table ;t , ﬂ::’t
A = 0.5, but the cost of accessing 18 is determined when 18 w‘abmsertcd.  that
point, A= 0.2. Since 18 was inserted into f\::dgqvely emw‘:h\e,gs;ce;;\engm
should be easier than accessing a recently inserted element s;xl ., aa;the o
estimate the average by using an integral to calculate the mean v ue of inserti

time, obtaining : : Lo

LN o ST SO U N
Im:XL'l'—xdx_xhl-A o L

These formulas are clearly better than the corresponding fogmq!gshg? e:ln::n;; m
Clustering is not only a theoretical problem but actually Wdéshed lepents.
“tions, Figure 5.12 compares the performance of linear probing 8 .CUrves >
what would be expected from more random collision resolution. ummﬁ:ﬁrkedmwitﬁ o
are indicated by an S, and unsuccessful ‘;ear;hes and insertions are | .
: i el . : : . oo P
and i’f;esgt.l’;s,);hen the formula above indicates that 8.5 probes are expected Wh“:hfo‘:
an insertion in linear probing. If A = 0.9, then 50 probes are exp ol facors
unreasonable. This compares with 4 and 10 probes for tht:'llt:ﬁ e liear probing
if clustering were not a problem. We see from these for::an lsxalf LT A 0
can be a bad idea if the table is expected to bé more tha 2 nd only 1.5 probes
however, only 2.5 probes are required on average for insertior,
are required, on average, for a successful search.

. . . ]
Figire 5.12  Number of probes plotted against loa
> fagr for linear probing (dashed) and

tegy (S is successful search,
0 e wpsuceestal seareh, and s oserion)
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-Quadratic ‘probing is'a collision resolution ‘method that eliminatés the primary
clustering problem of linéar probing. Quadratic probing is what you would expect—
tﬁeconis'ioqﬁmféﬁbn-iﬁtjh‘adﬁtié ‘The popular choice is F(i) = §2. Figure 5.13 shows
the resulting opeii ‘addresging hash table-with this collision function on the same
input used in the linear probing'example, * -~ - © . )
~ When 49 collides with 89, the next position attempted is one-cell away. This
cell is empty, s0 49 is placed there. Next 58 collides at position 8. Then the cell one
away is tried, but another collision otcurs. A vacant cell is found at the next cell
tried, which is 22 = 4 away. The key .58 is thus placed in cell 2. The same thing
happens for 69. T B e 4
.~ For lineiir probing it is a bad ‘idea to lef the hash table get nearly full, because
pérformance degrades. Forquadratic probing, the situation is even more drastic:
There is no guarar tec of finding an empty cell once the table gets more than half full,
or eyen before tie table gets half full if the table size is not prime. This is because at
most half of the tabje can be used as alternative locations to resolve collisions.
Indeed, we prove now that if the table is half empty and the table size is prime,
thenwe are always guaranteed to be able to insert a new element.

. THEOERMS.Y: -

* If quailratic prqbbxj}is used, and thetable size is prime, then @ new elemént can
«ahways be inserted if the table is at ledst half empty. - I

Figure 5.13° Open addressing hash talile.with‘quadratic
: ptobing,ah:reqchinserﬁOn L

0 :

54. OPENADDRESSING

ﬁopt:lp table size, TableSize, be an (odd).‘pfime greater th:tn ?&ﬁf stl;l:::
that the first | TableSizef2| alternative locanqns are ali dlstmmi TablcSize)  these
locations are h(X) + i%(mod TableSize) and b()Q + ]__(tp 4 Tuble 't.ha,t there
0 <i,j < |TableSizef2). Suppose, for the sake of contradiction,

locations are the same, but i # i.. Then R
h(X) +i% = h(X)+j*  (modTableSize) -

L 2= (modTableSize)

il-j2=0 - (mod TableSize)

(i =i +j)=0 (mod TableSize) -

' N : - N - . ) . ’ ." '. ual to 0

i iz is prime; it follows that either (i.— j)-or (i + ) is equal t
?mm:;; ;“:zzgz).w Sil:lcn? ie allld j are distinct, the first o?non.@b:;:t mbl;::g;i
0<i,j< lTableSize/Zthhe second op.tign.xs ;l:zeu;ﬁa . hus, ¢ .
; ternative locations are distinct. Smnce ¢ ement “mserted
l'c::xb;el.ssombiz‘:)ﬁced in :I:c cell to which it hashes (if there are no collisions), any

ich it ¢z ableSizel2,
element has [TableSize/2] locations into which it can go- If at most | T |

positions are taken, then an empty spot can always be fo ad.

inserti d fail (although
If the table is even one more than half full, the insernon could fail (

lceep this in mind. It is also
this is extremely unlikely). Therefore, it is important to keel: th:ml:, ntllll: umber of
crucial that the table size be prime.® If the table size is 00 p;f;he table size were
alternative locations can be severely reduced. As ax:h ances 1, 4, or 9 away.
16, then the only alternative locations would be at distances 1o S5 PR )
> Standard deletion cannot be performed in an open it. For instance, if we
because the cell might have caused a cf’l-hmm;;,zszllﬁ. Thus, open addressing
femove 89, then virtually all of the remaining Finds Wi_ % - " b o aziness
hash tables require 1azy deletion; althcugh in this case E2e7% F7 - N
implied. . . t open addressing hashing are shown
The declarations required to implemen array of hash table entry
in Figmet?:a Instéad of an array of lists, we P:J:Q;d‘d ically. Initializing
cells, which, as in separate chaining hashing, mliﬁ'es 1 through 10)'and then setting
the table (Fi,g'; 5.15) consists o‘i:‘;gglfatms 3?3"‘( ) N thépddﬁbn_ofxé,
e vopia haiing haside, Ky, ) wil s e peelion S0
in the hash table. If Key is not present, then Find Wi_ SRR i b onpiy, s
is where Key would be inserted if needed. Furthet, BOSRsE, - fopo cble i an
57 to tell that the Find failed. We assume for conver ble, so quadratic resolution
rﬂsy to tel lt ¢ as the nuinber of clements in the '?collisionNW)fbeﬁ_‘f-“P‘ 4,
ol alwags work Otherwise, we would need t0 test § (Collsion T T8 -

L

| e T B SR
md!etabfesiuisaprimeoftlxe‘for&l‘4k’+3,?nd‘h§£m‘.mﬁc e contplicated outiae:
13 used, the the entire table cani be probed. The cost slightly more
. 161




. . #ifndef-_HashQuad.H .

.. typedef unsi gned. § nt. Index;
.+ .itypedef Index Position; -

_ struct HashTbi; . .
typedef struct HashTbl *HashTable; - .

void DestroyTable( HashTable H ); ,
Position Find( ElementType Key, HashTable H );

void Insert( ElesientType Key, HashTable H) -~ -
ElementType Retrieve( Position P, HashTable H );
HashTable Rehash( HashTable H );’ ) ) '
/* Routinés such as Delete and MakeEmpty are omitted */

- #endif. /* _HashQuad_H */

‘HashTable InitializeTableé( int TableSize );

~/* Place in the implementation file */ . -
enum KindOfEntry { Legitimate, Empty, Deleted };

" struct '.l}aSIiEntry- -
- ElementType ~  Element; - '
“enum KindOfEntry Info; ‘ -
ko ’

© o . typedef sfruct_ HashEntry Ce'l'l;
/* Cell *TheCells will be an array of */ .

. /* HashEntry ceMs, allocated later */
_Struct HashTbl L
; .

_int TableSize; -
Cell *TheCells;

.
’

Ceoaapn

Figore 5:14 'Type 'declaraﬁoﬁ for open addressing - -
" ‘hashtables -~ - _ :

In the implémeritation in Figure .16, elements that are marked as deleted count
as being in the table. This can cause problems, because the table can get too full
prematurely. We shall discuss this item presently.

Lines 4 through 6 represent the fast way of doing quadratic resolution.

From the qeﬁnjﬁbnfof the quadratic resolution function, F(i) = F(i — 1)+2i -1,
so the next-cell to vy can be determined with a multiplication by 2 (really a bit
' 162
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HashTable - e
InitializeTable( int Tabl gsi ze )
{ .
HashTable H;
N int i; ‘
/* 1%/ if( TableSize < MinTablesize ) - \
/% 2%/ ~{ * Erfor( “Table siie,p:og_sm;;j)f'j.);
/* 3%/ - - - return NULL;
N } 3;.. . L. |
/* Allocate table */ .. .
/* 4%/ é = malloc( sizeof( struct HashTbl ) pH
* 5% if( H == NULL ) ' .
5* (55*5 ‘ FatalError( "Out of space! 1" )3

/* 7%/ . H:->Tah1eSize NextPrime( TableSize ?:

/% Allocate array of Cells */ ) :u->1'ab'le51;e )i

cel
/* 8% H->TheCells = malloc( sizeof(
5* g*; i€( H->TheCells == NULL ) -
/*10*/ . FatalError( "Out of space g i
o0 4 % HooTabtistie; i)
WSt TA for( i = 0; i < H->TableSize; ORI
5*}%*; . 3 H4>Th’e§e_11$‘[ i’,].Info. = EQP;Yj s _
/%13%/ return H; o " U . . ;
—— o -. - ',"-' . ge_ - - ddms . LA ] -
Figure 5.15 Routine to initialize open a / ]
. hashmble e maty $ o ]
LT itcanbe putback i range
shift) and a decrement. If the new location is past the array, it can be put

e d; because it avoids
by subtracting TableSizé. This lstha faster th;“b:h@ °b"°usA':°th od, bet:amm The
the multiplication and division that seem to be £equZ .“’ﬂ,, o
order o?pt;sting at line 3 is important. l?"ntm‘::l ining hashing, we do nothing
The final routine s insertion. As with ?‘Pa;aéﬁ;h Ed"d.' so%m else. Otherwise,
if Key is already present. Itisa g,leﬂn; n Fmdroﬂﬂﬁe The codé iis'ghown in Figure
we place it at the spot’s yt | - - .
$5.17. : e pﬁmarydummg, elements that hash
Although quadtatic; probing gliminates, tive cells. This is known as.seoondary
to the same position will probe the mﬁﬂ;‘ coretical blemisht.’eSmnlanon m_luﬁ
oring. Sex clustering is : r search.
dsusgestmmm' Se?onda?ra‘;lr causes Jess than an STH halft g;o extrap:tﬂ.tiplications
e o ae elinate this, but does o at the co%t O -
ollowing technique nages U . LD e
and divisions. L ;
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Position - o
- Find( ElementType Key, HashTable H ) . .
{ .
Position CurrentPos;
int CollisionNum;

/* 1*/ - CollisionNum = 03 o .
/* 2% CurrentPos = Hash( Key, H->TableSize );
/* 3%/ while( H->TheCells[ CurrentPos J.Info != Empty &&

H->TheCells[ CurrentPos ].Element != Key )
' /* Probably need strcmp!! */ :
{ .

/* 4%/ CurrentPos += 2 * ++CollisionNum -.1;
/* 52/ - 4f( CurrentPos >= H->TableSize )
/* 6%/ . CurrentPos -= H->TableSize;
} o
/* 1%/ return CurrentPos;

}

Fignre 5.16  Find routine for hashing with quadratic probing

L4

5.43. Double Hashing

The last collision resolution method we will examine is double hashing. For double
hashing, one popular choice is F(i) = i *hashy(X ). This formula says that we apply a
second hash function to X and probe at a distance hashy(X), 2bashy(X), ..., and so
on. A poor choice of hash(X) would be disastrous. For instance, the obvious choice

hashy(X) = X mod9 would not help if 99 were inserted into the input in the previ- -

ous examples. Thus, the function must never evaluate to zero. It is also important
to make sure all célls can be probed (this is not possible in the example below, becatise

Figare 5.17 Insert routine for hash tables with quadratic probing -

void ) : o
Insext( ElementType Key, HashTable H)
{ . : ' '
Position Pos;
l_’os"; Find( Key, H ) A
{1f( H->TheCells[ Pos ].Info != Legitimate ) .
. /* OK to insert here */
‘H->TheCells[ Pos ]1.Info = Legitimate;

H->TheCel1s[ Pos J.Element = Key;
: /* Probably need strcpy! */
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Figure 5.18 Open addressing hash table with double hashing, after each insertiv

.- = R—{X modR),withRa
i :me). A function such as hash2(X) = " o Fieure 5.18
;hnm? t:::bslrensaillzceer‘sthanmt ?I‘Ebml:.)ﬁze, will work well. If we choose R = 7, then Figure 515,

: inserting the same keysas before. - ' . 4g;
Shovzlsht:‘;i:se:?otfhgifon occurs when 49 is inserted. bgsf:z(49) _aZloct?tioh 3, Finally,
inserted in position 6. hasha(58) = 72 = 5,80 38 1s 15cr e ey, If we tisd
€9 collides and s iser'sd 5" gﬂ?ﬁéﬂ“ﬁgﬁ Since bash(60) =74 = 3
i i ition 0, we woulc: ” is found. It
t\;’e WOulg othuelnp:r&yn;t;iti,o:s 3, .63‘97 and the:hitm ::te::gt]yn:np;th:te. o
generally possible to find some bad case, but e hash table is not prime. We

 o-gi impl ] L
id before, the:size of our samp function, but it is worth
l;aveA;o:ee tlll:;sv efos:l convenienC:k in con}mle siz;ehg:ll:time w(l’;;x double hashing
seeing why it is important to m: € sure 1d collide » JBO
is used. If we attempt to insert 2 10, we essentially have only one
hashy(23) = 7 — 2 = 5, and the table size i5 ° if the table size is not prime, it is
alternzlative location, and it is alrelady g.l;n pmly Howevet, if btubfle m‘
of alternative locations PrEF= 7, number of pr
& comct “mplementd, siomuations e siatgy. This makes double
almost the same as for a random collisiop resolutio however, does not require the
liashing heoretically interesting. Quadratic Pmb‘?&:ﬁmp!cf and faster in practice.
useofa:e:ondhashfuhctionandi‘sthlisllkd?m. ; . ,

et — —

-

5.5. Rehashing = o araking toolong
If th 00 full, the running time for the oper ;?tﬁn;ﬁadratic resolution. This
and iz:igggtht fail for open addressipghashing Wit € :



s oo ey L :

can biappén if thére are to0 many removals intermixed with insertions. A solution, .

“then, is to build another table that is about twice as big (with an associated new
hash function) and scan down the entire origimal hash table, computing the new
hash value for each (nondeleted) elemiént and inserting it in the new table,

As an example, suppose the eler :
open addressing hash table of size 7, The hash function is #(X) = X mod 7. Suppose
linear probing is used to resolve collisions. The resulting hash table appears in
Figure 5.19. :

I 23 is inserted into the table, the resulting table in Fig. 5.20 will be over 70

percentfull.&éuse-thembleissoﬁxll,ancwm‘bleiscrmmd.Thesizeofth_ismble‘

is17,beequsethisisdleﬁrstprimethatistwiceaslarggastheoldtablesize.'Iihe

new hash function is then A(X).= X mod 17. The old table is scanned, and elements *

6, 15, 23, 24, and 13 are inserted into the new table. The resulting table appears in
Figure 5.21, :

1 . .
This entire operation is called rehashing. This is obviously a very expensive
operation; the running time is O(N ), since there are N elements to rehash and the

Figure 5.19 Open addressing hash table with linear

probing with input 13, 15, 6, 24

o of 6

- i 15

: 2 — ,
3 2% .
i 4

s
6 13

Figure 5.20 Open addressing hash table with linear

probing after 23 is inserted
e )
| 1 15

2 2F : 23
3 24
4 g
5 ,
6 B
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13, 18, 24, and 6 are inserted into an

the tible reaches a cértain load factor. Since md‘

‘5.5, REBASHING

0
1
2
3
4
5
6 6
7 23
8 24
-9 ’
10
1
i 12
- 13 13
14]. h
15] 15
- 16

Figure 5.21 Open addressing hash table after rehashing - .
; use it happens very
table size is roughly 2N, but it is actually not all th8} bad, b;:}:tothe i
infrequently. In particular, there must haye’ been N %,;,M O ata s : !m'e.ll”h’_p.afl
thﬁauyadd“com:wstwmmm‘o&&héhd,ﬁwme i
of the program, the effect is not noticeable, On b o e ser i m “asetion
performed as part of an interactive system, then ortupate user whose fnserti

caused a rehash could see a slowdown. . .. . with quadratic probing, C
- . Rehashiog can be implemented in sversl WSS EP e ;o reias

o when

e s b d is to rehash

only when an insertion fails. A third, middle-of-the-roa y Joesdegadms bd:;:zd

oad fact a good cutoff, could be best..

T
B e abes canot be made arbitacly 41 1 COmP X PEETL

'l-'h:::e:cises ask you to investigate the f"‘*‘_’f o ' C

e,
.Ihisiswhyd;mwmbleismdewagwf;gf .




HashTable ..
Rehash(' HashTable'H )

int 1, OldSize;
Cell *01dCells;

/* 1%/ 0ldCells = H->TheCells;
/* 2%/ 01dSizé = H->TableSize;

- /* Get a new, empty table */
/* 3%/ H = InitializeTable( 2 * 01dSize );

/* Scan through old table,. reinserting into new %/

/* 4*/ for( i = 0; i < 01dSize; i+ )
/* 5%/ - if( 01dCell1s[ i ].Info == Legitimate )
/* 6%/ Insert( 01dCells[ i ].Element, H );
/* 7%/ free( O1dCells ); =~ ~
/* 8%/ return H; -

}

Figure 522 Rehashing for 6pen addreésing hash tables

deletion. Rehashing can be used in other data structures as well. For instance, if

the queue data structure of Chapter 3 became full, we could declare a double-sized

array and copy everything over, freeing the original. -
Figure 5.22 shows that rehashing is simple to implement. . -

Our last topic in this chapter deals with the case where the amount of ‘data is too
large to'fit in main meémory. As we saw in Chapter 4, the main considetation then is
the number of disk accesses required to retrieve data,- ~ -
As before, we assume that at any point we have N records to store; the value of
N changes over time. Furthermore, at most M records fit in one disk block. We will
use’M = 4 in this section. g o T
.. Heither open addressing hashing or separate chaining hashing is used, the major
problém is that collisions could cause several blocks to be exainined during a Find,
even for a well-distributed hash table. Fufthermore, when the tabile gets too full, an
extremely expensive rehashing step must be peiformed, which requirés O(N) disk
accesses, : ‘ . : R h
A clever alternative, known as exténdible hashing, allows a Find to be petformed
in two disk accesses. Insertions also require few disk accesses.
We recall from Chapter 4 that a B-tree has depth O(logy, N). As M increases,
. the depth of a B-tree decreases. We could in theory choose M to be.so large that
168
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the depth of the B-tree would be 1. Then any Find afuerthe@st won[dn:ke ';)'::
disk access, since, presumably, the root node cquld bestqrggd in'main trll:mitfy.ould
problem with this strategy is that the branchmg factor 1s 50 hlg‘h‘lftthe;;zem
take considerable processing to determine which leaf the dam_,yv;a:al ln.xheme me to
perform this step could be reduwg, Md have a p@@ . .
ctly the strategy used by extendible hashing. -~ L
- I.Zt us sup;)g, for they moment, that our data consists of sever‘al .Is‘lxlx bit I:t:fgegé
Figure 5.23 shows an extendible hashing scheme for these data. ! d: r::m. fihe
“tree” contains four pointers determined by the l;admg two b';;s »%m ;;m 2. Bach
leaf has up to M = 4 elements. It happens thag:meachlea:e e o
identical; this is indicated by the number in parentheses. To l{_l?l; o e
represent the number of bits used by the root, which-is s;gw;m‘s o e
directory. The number of entrics in the directory is thus 2" La e dumberepmd of
leading bits that all the elements of some leaf L have in common. &1

icular leaf, anddp = D. - NP R .

e P;;;;l;l;r that we 'walx‘lt to insert the key 100100. This w:huld g‘;l :lf‘t;.;stlh;fd::tg
leaf, but as the third leaf i§ already-full, there is no roonll;ngs us r:gmrw e
two leaves, which are now determined by the first tbrele: its. vt {cr¥easmg
the directory size to 3, These changes are reflected in Figure w. pointed to;by two

Notice that all of the leaves not involved in the split are.now. po eeo. aone of
adjacent directory entries. Thus, although an entire directory. is rev A
e the key 000000 i now scred then th fst et i pli, gereing o
lbaves with d;. = 3. Since D =3, the only change Fequireci8 B EFTE
updating of the 000 and 001 pointers. See Figure 5.5 nmabfor Insert and-Find
~ This very simple strategy promdes‘.qu;d;ew ac0css etant details we. have not
operations. on large databases. There are- important -C¢ S
considered. ’

‘Figure 5.23 Extendible hashing: original data o

' J o o | w0 ]
o |[o]|l@} @} -

-, |oo0100 010100 | | 100000} nmm
i I : . ;;;.l...”?’;‘ ‘

1 o01000] 011000 | | 101000 m.wk ‘

. |oow00 Haonoof | - |

- d 101110, |

. fooron, R
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* Joco100 010100 | | 100000} | 101000 [ 111000
001000 ol'iooo' 100100 | 101100 111001
{01010 101110
" |oot011

Figare 524 - Extendible hashing: after insertion of 100100 and directory split

o : -

First, it is possible that several directory splits will be required if the elements
in a leaf agree in more than D + 1 leading bits. For instance, starting at the original
example, with D = 2, if 111010, 111011, and finally 111100 are inserted, the
directory size must be increased to 4 to distinguish between the five keys. This is an
easy detail to take care of, but must not be forgotten. Second, there is the possibility
of duplicate keys; if there are more than M duplicates, then this algorithm does not

work at all. In this case, some other arrangements need to be made.

These possibilities suggest that it is important for. the bits to be faitly random.

This can be accomplished by hashing the keys into a reasonably long integer—hence

the name.

Figure 525 Extendible hashing: after insection of 000000 and leaf split

000 001 010 | o11 100~ 101 110 l.ll
3) 3) - ) 3) 3) 2
000000 [001000 | {010100 | }100000 | { 101000 { | 111000
000100/ |0o1010 [ Jo11000 | |100100 | | 101100 | | 111001
oot011 | o110
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tioning so ies of extendible
. We close by mentioning some of the performance properties of exten
hashing, which are derived aftec a very difficult analysis. These result:t;e based on
the reasonable assumption that the bit patteins are uniformly distributed. - oy
The expected number of leaves is (N/M)log;s:. Thus. ¢ average leaf is
In2 = 0.69 full. This is the same as for B-trees, which is not entirely st:rpxmng,
since for both data structures new nodes are created when the (M + 1)th entry is
added. T ) S L
4 . . . . . of. (m otl!e!
The more surprising result is that the expected m.oﬁmty 0
words, 2P) is O?I{IP‘WMIM). If M is very small, then the directory Cal;sset !ln%llz-
large. In this case, we can havé the leaves contain pointers to the m;:hsk instea o
the actual records, thus increasing the value of M. This addsa Isfe::n : accf:sm
each Find operation in order to maintain a smaller directory. If the directory y~ 00.
large to fit in main memory,the seoondd;slsaccequuldbeneededanywa ;

Summary

Hash tables can be used to implement the Insert and: Find o?eratgn:s;xlno::m
average time. It is especially important to pay attention to det.allls su 25 oad. 2
when using hash tables, since otherwise the time bounds aré not \; lid, I
important to choose the hash function carefully when the key is not a- i
” mltfogre;par:;lte chaining hashing, the load factor should be clbo:o to ;vi;hﬁg
petformance does not significantly degrade unless the load factor 0.5mi|nless rivt
For open addressing hashing, the load factor should not:mn e:gceedce y » un e st
completely unavoidable. If linear probing is used, perfolmwd esenel’ato e rabl
as the load factor approaches 1. Rehashing can be impler N his s importan
to grow (and shrink), thus maintaining a reasonab!e -ll‘oad ‘ hacsth? e.able'.’ mpest
if space is tight and it is not possible just to declare a huge b b b, | operitions
Binary search trees can also be used to implement Iftn“:mary A
Although the resulting average time bounds are O(logN), 7 sear dla hash sable
support routines that require order and are thus more P b0t eficient)
it is not possible to find the minimum element. It is not possi ol comuld quickly fin.
for a string unless the exact string is known. A binary l:::rh B Piee, Furthermore, thi
all items in a certain range; this is not supported bythan S specially sine
O(log N) bound is not necessarily that. much more than ,

- multiplications or divisions are required by search trees. genarally results from ar

hashing ‘
On the other hand, the worst case for e perform pootly
implementation error, whereas sorted input can make :’omim ord m!,mﬁm
Balanced search trees are quite expensive to lm?lmt!gixt be sorted, then hashing i
is required and there is any suspicion that the input nugh! | o .

- oice. : ' i keep track o
- dzlt:mc:g;ﬁﬁgﬁem abundant. Compilers “”ish‘k‘:ll:’ 3:’:‘; f:;"bo [ table
declared variables in source code. The data Strg‘[:;:ebemuse oly Insorts and Find
Hash tables are the ideal application for this Pro e hioh Furiction can bé computeq
are performed. Identifiers are t}"pi&“}' short, so ¢ - .

quickly. 171
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-+ --'A-tiash table is-useful for any graph theory problem where the nodes have real
names instead of numbers. Here, as the input is read, vertices are assigned integers
from 1 onward by ordér of appearance. Again, the input is likely to have large
groups of alphabétized entries. For ‘example, the vertices could be computers. Then
ifone patticular installation lists its computers as ibm1, ibm2, ibm3, ... , there could
be a-dramiatic effect oni efficiency if a search tree is used. - »
A third common use of hash tables is in programs that play games. As the
program searches through different liries of play, it keeps track of positions it has
seéfi by comiputing a hagh funttion based on'the position (and storing its move for
that position). If the samie Position reoccurs, usually by a simple transposition of
moves, the program can avoid expensive recomputation. This general feature of ali
gathe-playing programs is known as the transposition table, - -
Yet aiother use of hashing is in on-line spelling checkers. If misspelling detection
(as opposed to correction) is important, an entire dictionary can be prehashed and
words can be checked in constant time, Hash tables are well suited for this, because
it is not important to alphabetize words; printing out misspellings in the order they
occurred in the document is certainly acceptable, I
*'We close this chapter by returning to the word puzzle problem of Chapter 1.
If'the seécond algorithm described in Chapter 1 is used, and we assume that the
maximum word size is some small constant, then the time to read in the dictionary
coritaining W words and put it in a hash table is O(W). This time is likely to be
dominated by the disk /O and not.the hashing routines. The rest of the algorithm
woiild test for the presence of a word for each ordered quadruple (row, column,
orientation, number of characters). As each lookup would be O(1), and there are
only a constant number of orientations (8) and characters per word, the running
tiffie of this phase would be O(R- C). The total running time would be O(R-C + W),
whiich is a distinct improvement over the original O(R - C- W), We could make
further ‘optimizations, which would decrease the running time in practice; these are
described in the exercises. o

54 Given input {4371, 1323, 6173, 4199, 4344, 9679, 1989} and a hash function
h(X) = X(modlp),showthermultigg: T

a. Separate chaining hash-table. ~ :
" b. Open addressing hash table using linear probing,
e Openaddressmghash table using quadratic probing. !
- d. Open’ addressing hash table with second hash function h3(X).= 7 —
(Xmod7). . -. o -
5.2 Show the result of rehashing the hash tables in Exercise 5.1.- R
‘5.3 Write a program to comipute the number of collisions required in a long random

. sequenice of insertions using linéar probing, quadratic probing, and double

hashing,
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54 A large number of delétions in a separate chaining hash table can cause the

tablewbefaklympq,whichmstaspacg.mmism;gxc;x:;:l:;h&;
5 mble.lmlfaslzugé.Asalzumetl:at:vve'nehat;hmfalal'ﬂel'lcah,di t::le‘bc-beforewe
as many elements as the table size. How empty should the le-be befor
rehash to a smaller table? o T, el L
1 resoluti i ence, F(i) = ri,
i llision resolution strategy is to deﬁne a sequet J
* \Avrl:eif zninr)ea;% 71,72,...,7N is a random permutation of theﬁr»st N integers
(each imegerapparsexécdyonce)r . L A
a. Prove that under this strategy; if the mble is ngtﬁfuj.l,dten ﬂ&collmon?
always be resolved. c T sl ? :
b. Woddwmmummmedm i Eoman
c Iftheloadfact,orofthe.wbleis_A,wbatxsthcexpeftd : perfo 4
.. insert? v e G for acandesshi
d. I the load factor of the table is 3, what s the expected time f0 ,sumﬁﬂf
search? : . o ‘ e
e. Give an efficient algorithm (tlieoreuqallyaswell;s'pr_acu?;lr)g mpgoe:m N
" the random sequence. Explain yvhythemles for" oosms mdb;;‘mlmion
5.6 What are the advantages and disadvantages of the.various co e
ies? . . L RPN wo
7 e 1 ey e ST
sparse polynomials Py, P2 of size M and N, D ooktficient, an exponeat,

inked list with cells const oo, o i P
:ﬁi a N:td gzi:ttrnrlixerdse'BJ). We mulugly eﬂlﬂ @.m Piby ;i i
for a total of MN operations. One’ is to sort these terms

. - . 've’
like terms, but this requires sorting MN '°‘°°'ds§::1m:1.e wc';':l e s
&cpece ially"in small-memory environmen . Alternatively, S
as they are computed and then sort the mul" - : e
" a. Write a program to implement ‘b";’!m?e&syam'j
b. If the output polynomial has about, O(M tet s, - -
- omeofbothmehods . ﬁlﬂ d prints-dut all words not in soz‘xl:
A spelling reads an input e and P, oo 0 < ords and the
wa sﬁeul“;lgm‘::ﬁ;f Suppose the dictionary Cm 30, through the input file.
;n[arge so that the algorithm can make o?,'l,ytoo:m?mbh and look for each
A simple strategy is to read the dictionary int0  b%8 FO 0 charactpes and
y . RIS keSS - “km K
that it is possble o store words of length Lin L +1bytes (RSB ARl
much of a consideration), and assuming an open ddressng (Ee, AT
: ‘does thi . uite?. e T T hashtable,
. space does thlshmr:;d oo the entir digﬁomﬂn:lptbesz::&fgv;é g
5.9 If,mcm:cguls “an efficient algorithm that almostT::Y‘ 41,A§Wed :;eadm
aeesy Table of bis (nitiaied to 26008 1000 20 FoAC Cce, o
2 word, we set Table[Hash(Word)] = 1. Which of the 5507
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a. If a word hashes to a location with value 0, the word is not in the
b. If a word hashes to a location with value 1, then the word is in the
Suppose we choose TableSize = 300,007.

S How miuch memory does this require?.
" " d. What is the probability of an error in this algorithm? ,
~ e. A typical document might have about three actual misspellings per page
of 500 words. Is this algorithm usable?” :
*5.10 Describe a procedure that avoids initializing a hash table (at the expense of
.men_lory), o ‘

5.11 "Suppose we want to find the first occurrence of a string P1P; -+ Py in a long
input string A1A; -+ AN. We can solve this problem by hashing the pattern
string;-obtaining a hash value Hp, and comparing this value with the hash

- value formed Az - Ap, AgA3 - Apey, A3Ag o+ Apya, and so on until
- AN-k+1AN-p+2 - AN we have a match of hash values, we compare the
strings character by cliaractex to verify the match. We return the position (in
A) if the strings actually do match, and we continue in the unlikely event that
the match is-false.
*a. Show that if the hash value of A;A; 4 -+ A; 44—, is known, then the hash
-value of A;4+14;+2 *** A4 can be computed in constant time.
. b. Show that the running time is O(k + N)) plus the time spent refuting false
matches. o
" *c. Show that the expected number of false matches is negligible.
d. Write a program to implement this algorithm.
**e. Describe an algorithm that runs in O(k + N) worst-case time.
**f, Describe an algorithm that runs in O(N. {k) average time.

5.12 A masic program consists of a-series of statements numbered in ascending
order. Control is passed by use of a goto or goswub and a statement number. -

Write a program that reads in a legal asic program and renumbers the
statements o that the first starts at number F and each statement has a
number D higher than the previous statement. You may assume an upper
limit of N statements, but the statement numbers in the inpuit might be as
large as a 32-bit integer. Your program must run in linear time.
5.13 ‘a. Implement the word puzzle program using the algorithm described at the
end of the chapter.

b. We can get a big speed increase by storing, in addition to each word W, all
of W’s prefixes, (If one of W’s prefixes is another word in the dictionary,
it is stored as a real word.) Although this may seem to increase the size of
the hash table drastically, it does not, because many words have the samé

prefixes. When a scan is performed in a particular direction, if the word
that is looked up is not even in the hash table as a prefix, then the scan in
174

" resolution scheme is coalesced hashing, descri

chosen by the algorithm, appear in [3] and [4].

that direction can be terminated early. Use this idea to wnte an improved
program'to solve the word puzzle. - hBSh m‘bi-e o e can
illi sacrifice the sanctity of the hash s »
“ ifpev:l i?wgg::m in part (b) by noting :hat if, for exau:iple, we h;:;:
just computed the hash function for “excel,” we do not nee tgl:co;lp
the hash function for “excels” from scratch. Adjust your hash on so
that it can take advantage of its previous calculan;:‘;o - e iden o
pter 2, we suggested | using binary search. Incorporate the 1
¢ Iulligghgl:eﬁxw into your binary search dgoﬁm; Fhe modification should
be simple. Which algorithm is faster? - . P
5.14 Show the result of inserting the keys 10111101, 00000010, 1(;3(1)}(1)11,
10111110, 01111111, 01010001, 10010110, - 00001011’1011}1 mg;
10011110, 11011011, 00101011, 01100001, 11119002{, ?-14 1
an initially empty extendible hashing data stmctur‘e with { = ;,1 -
5.15 Write a program to implement extcndiblg,.haslnng. If the A:’ m;;:e mal
enough to fit in main memory, how does its performance
. separate chaining and open addressing hashing?
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CHAPTER 6

Y <

Priority Queues (Heaps)

: is might not always
Although jobs senttoa printer are gencrall?r plac;d uI;}: ql;ﬁ:’ultgljy i i
b i? “%‘e Itothin to do. For instance, one job might Pas the pinter is available.
might scl i a%)lé to allow that job to be run as soon several: 1-page jobs and
might be ef’? hen the printer becomes available, there are s b go last, even if it is
Conv%raely, le’_‘:b it might be reasonable to make the lol:igo I::Ot o thisy which cas
32: tlhe l-a?sigiotj) sn.;bmitted. (Unfortunately, most systems CO.
be particularly annoying at umes.)_ the operating system scheduler must
¥ Similarly, in a multiuser cnvuonmeg:nemﬂy a process is allowed to rlunc:iuly
. . '.! tol'l.l.ﬂ- -.ti.ailY.Pa at
decide which of several processes to It a queue. Jobs are ini ,
: ime. One algorithm uses first job on the queue,
for a fixed period of time : tedly take the first]
heduler will repea it at the end of the quene
the end of the queue. The scheduler will 1 isup, and place it at
o = . e limit is'up, : because very short
run it until either it finishes or its tume & not appropriate, ‘ : 1
e e . 1 s Ee“efauy FaT i l d to- rumn. Genera Y,
if it does not finish. This strategy 1 of the wait involved tC d have
: : a long time because . these jobs shoul
R Sr::glt' ttcl)u:? l;fmrt iolg)s finish as fast as poss ;bl;ﬁemot:e, some jobs that
e l‘rin pte over jobs that have already been uld also .have precedence.
prece enh re still very important and sho _ 31 ecial kind of queue, known as
e n;;‘s Onrt?cular application seems to require & Spect :
is pa :

a priority queue. In this chapter, we will-dls-cuss e
‘o Efficient implementation of the priority qu

o Uses of priority queues. I
e Advanced implementations of prio

“The data structures we will see a_re among

ty queues. e
the most elegant in cormputer science.

6.1. Model

A priority queue is a data stru;tz;is
tions: Jnsert, which does the 0 b
and removes the minimum elen;:l 27 -
-is the equivalent of Enquene, 3 d Dl in fancriona

quiet ion.
the queue’s Dequete operatio

least the follqwing two c;p;:;as-
: d DeleteMin, ‘which finds, re a&m;
thlﬂg; an $ qucue. 'Ihefnseft Opel' A
the Pﬂ-“.f riority queue equivalent o
M 150 alters its input. Current

that allows at
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.

‘LDeleteMiﬁ(Ii) Priority Quese H Insert(H)

s

Figure 6.1 Bisic model qf a priority queue

thinking ini the software engineering community suggests that this is no longer a
good idea. However, we will continue to use this function for historical reasons;
many programmers expect DeleteMin to operate this way.

.~ As with most data structures, it is sometimes possible to add other operations,
but these are éxtensions and not part of the basic model depicted in Figure 6.1.

'~ Priority queues have many applications besides operating systems. In Chapter
7, we will see how priority queues are used for external sorting. Priority queues
are also important in the implementation of greedy algorithms, which operate by
repeatedly finding a minimuin; we will see specific examples in Chapters 9 and 10.
In this chapter we will see 2 use of priority queues in discrete-event simulation. -

6.2. Simple Impleniaﬁons

There are several obvious ways to implement a priority queue. We could use a simple

inked list, performing inseitions at the front in O(1) and traversing the list, which
requires O(N) time, to deleté the minimum. Alternatively, we could insist that the
list be kept always sorted; this makes insertions-expensive (O(N)) and DeleteMins
cheap (O(1)). The former is probably the better idea of the two, based on the fact
that there are never more DeleteMins than insertions. ' -

Another way of impleménting priority queues would be to use a binary search
tree. This gives an O(log N) average running time for both operations. This is true
in spite of the fact that although the insertions are random, the deletions are not.
Recall that the only element we ever delete is the minimum. Repeatedly removing a
node that is in the left subtrée would seem tQ hurt the balance of the tree by making
the right subtree heavy. However, the right subtree is random. In the worst case,
where the DeleteMins have depleted the left subtree, the right subtree would have
at most twice as many elements as it should. This adds only a small constant to
its expected depth. Notice that the bound can be made into a worst-case bound by
using a balanced tree; this protects one against bad insertion sequences.

Using a search tree could be overkill bécause it supports a host of operations

that are not required. The basic data structure we will use will not require pointers -

and will support both operations in O(log N ) worst-case time. Insertion will actually
take constant time on average, and our implementation will allow building a priority
queue of N items in linear, time, if no deletions intervene. We will then discuss how
to implement priority queues to support efficient merging, This additional operation
seems to complicate matters a bit and apparently requires the use of pointers.
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6.3. BimaryHeap
The implemientation we will use that when the word hap is used without a qualifiec,

é.s‘_ "::‘;‘ i m

. R

is known asa bmmybeap Its use is ééjcoﬁllﬂbn for

iori implementations e WO S e .
ﬁril:;ge(::lel‘;ea:;n&i to be referring to th?:gﬁ?::f}?{ ethi,e u;daa:; structure. In
this section, we will refer to binary heaps y as hea an daheap O:dmef.;hfd'n‘:‘m’: g

“heaps have two properties, namely, a structure property one of the propesties, 50 4

. Ny e y
As with AVL trees, an operation on a hedp can destroy one o
bieap operation m’lxst not terminatgnnnl all hedp pr?pfrqgs are
out to be simple to do. . : .

63.1. Structure Property i - f‘:hA
A heap is a binary tree that is completely filled; m&-tﬁ;ﬂmyf b
~bottom level, which is filled from left Ul’ _nght.ASudl.a., e ‘m“.'?_ ‘
i . Figure 6.2 shows an example.- - S b and
bmg its'e;sylggrshdw that a complete binary tree of henlght h has, mllog N
2+1 _ '3 nodes. This implies that the height of a complete binar 1y tree B
. - . - l N . . ." - N ) - N - ce . ar’
thc‘l;;sliem( :Bgscn)ration is that because a coniplete bmaqi_hn;ee arlrsa ;oinrel‘g';u :
it can be represented in anarra; and ?'2 pointers are necessary- e ngm
. . h in igure . g b '7'?"-"‘2;,@ . i
b cl?g“aﬁgngse;?eiein?gay pasition i, the left childis cis g:s‘posmnqqon |i72]. Thus
‘child'is in the cell after the left child (2i +1), an(!dlfm o averse the tree are
“not only are pointers not required, b‘uf the opemtwlfs re‘l“l“d\. R

in order. This turns

e

,,ﬁgme6.z.Acomplvetebingrytree‘ L e

lete binary tree - 7.

-Figure 6.3 Afray implementation of comp: T

. . Ay 'I‘ ’fw -

' Tclp|e[Flelwlri sl

N A[BIC| R ”



extremely simple and likely to be very fast on most computers. The only problem

with this implementation is that an estimate of the maximum heap size is required
in advance, but typically this is not a problem. In Figure 6.3, the lifit on the heap
size is 13 elements. The array has a position 0; more on this later. .

- ‘Aheap data structure will, then, consist of an array (of whatever type the key is)
and an integer representing the maximum and current heap sizes. Figure 6.4 shows
a typical priority queue declaration. Notice the similarity to the stack declaration in
Figure 3.47. Figure 6.4a creates an empty heap. Line 11 will be explained later.

. . Throughout this chapter, we shall draw the heaps as trees, with the implication

that an'actual implementation will use simple arrays.

6.3.2. Heap Order Property ) .

The property that allows operations to be performed quickly is the beap order

property: Since we want to be able to find the minimum quickly, it- makes sense that

the smallest element should be at the root. If we consider that any subtree should

also be a heap, then any node should be smaller than all of its'descendants.
Applying this logic, we arrive at the heap order property. In a heap, for every

node X, the key in the parent of X is smaller than (or equal to) the key in X, with

ngre&ti Declaration fonpridrityi;ueue '

#i fnaef _BinHeap_H

struct HeapStruct; . .
typedef struct ‘HeapStruct *PriorityQueuve; .

PriorityQueue Initialize( int MaxElements ):
void Destroy( PriorityQueue H );

void MakeEmpty( PriorityQueue H ); .
void Insert( ElementType X, PriorityQueue H );
ElementType DeleteMin( PriorityQueue.H );
ElementType FindMin( PriorityQueue H );

int IsEmpty( PriorityQueue H );

int IsFul1( PriorityQueue H );

#endif

/* Place in implementation file */
struct HeapStruct

int Capacity;
) int Size;
- ElementType *Elements;
b
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i A i i 6.5-£he tree on the left is
the exception of the root (which has no parent).* In F:gure - the tree of v
a lieap, gSt the tree on the right is not (tlw‘;dashed,kne shov:sktll‘le “mt:e;!" ozfﬂ i:labi
order). As usual, we will assume that the keys are integers, ough
arbitrarily complex. v ‘ _

Figare 6.4 - Declaration for priority queue

Priorityqueve
Initialize( int MaxElements )

_PriorityQueue H;

: ;: ;lz:f - ¢ :?;1?53'5_6:%3":?;:3:; s too smal", i j
/* 3»;" : H = malToc( sizeof( struct .!l_eapstﬁ!lc"t')‘);‘ e
;:2:5 ..“:( }l:a::;lggttr%‘“Out ﬁ';qpage_l:!i"_‘):f. e
Y A Allocate the arr#y plus one extra fgr)senting] =/
/* 6%/ H->Elements = malloc( ( ?’s‘slifezt;l:me ntType yyE
e o oF apacet 11735
npy pgmenownees
/*11*/ H->Elements{ 0 ] =.MinData; e
.'/*-lé*/ '}_ return H; ‘

‘ Figure 6.5 Two _«:omplé_ee u:eqs.(OnIy the left treeis a heap)” -

. S e e £rad either &
B el
* eleir ing ‘the . S o‘ﬁmf‘ ' T
{tk‘n}m&‘bz,immbﬁt&f !'wuwﬂlw‘d '



- By 'the heap order property; the sinimum element édn always be found at the

e

633. Basic Heap Operations

It is easy (both conceptually and practically) t6 perform the two required operdtions.
Al the work involves ensuring that the heap order property is maintained. '

Insert

To insert an element X into the heap, we create 2 hole'in the next available location,
since otherwise the tree will not be complete. If X can be placed in the hole without
violating heap order, then we do 50 and are done, Otherwise we slide the element
that is in the hole’s parent node into the hole, thus bubbling the hole up toward the
root. We continue this. process until X can be placed in the hole. Figure 6.6 shows
that to insert 14, we create a hole in. the next available heap location. Inserting 14
in the hole would violate the heap order property, so 31 is slid down into the hole.
This strategy is continued in Figure 6.7 until the correct location for 14 is found.

Figure 6.6 Attempt to insert 14; creating tﬂé‘hél'e,'
_and bubblingth.eholeup,u.!»lf‘ .

12)

Figare 6.7 iﬁeremainingmompgmm 14
' in previous hedp B

X in the heap must move soméwhere i

g > P I = i o
. ‘/'* H->E1e@1ent["0 ]_ 1s a sentinel */ i;. , . . . J 7"‘
* Void ' L e
_ Insert( ElementType X,.PriorityQueue H:) .. ol
." int 'i.; L ’ . _,}1 . n.‘l.:‘;:
- AFCIsFUICH) )

L]

: Error( “priority queue i‘s fu‘l'l" ) R
return; . 7 T c
}- . -
For( 1 = s+->Size; Hs i 721>%1/=2)
‘( 1 = ++H->Size; H->Elements[ i / X; 1.
1=M(IlLE]eutents[ 1',] = H->Eléments[ i / 2 i
H->Elements[ i ] ='X; - .
}

Figure 6.8 Procedure to insert into a binary key

rv i thenewelementlspetwlaﬁ

, is general strategy is known as a percolate up; the new €1 \emented with
up th?;faf;n until the t:gzrect location is found. Insertion xs casily nn? emen
the code shown in Figure 6.8. - o in the Insert routiné by pecform:

We cotild have implemented .the percolation in e bt a swappareqfomres!m
ing repeated swaps until the correct ordes was egmbted i mamber
thr ignment-statements. If an element is percola gﬁimefhoduswdﬁfl
of ?ssmm performed by-the swaps would be 3d. Our. 1 .
wssigaments, i i w minimun, it will be pushed all the way

If the element to be inserted is the new minimum, it e B out of the while
to the top. At some point, i will be 1 and we will :aaméhéeen to put 3 very
loop. We could do this with.an explicit uest,bl;;;tlwe ve ¢ ve, This:value mustbe
value in position 0 in ordet to make the while loop m’h e heaps i is known s

o L T .
! be smaller than (or equal to) any element 10 € & lst, By axding 2
m::id 'Iflc:is idea is similar to the use ofbmdernodesmhnkedompalwgimmon’

duramy piece of information, we avoid a test that s executed
.thus. .isa'hvmg s:zedo d:e insertion could be as much'as o(!og: 21:: root. On average,
insected isthe new-minimum and i percolaed al the hat 2,607 comparisons are
the' percolation ferminates early it has beed ShOW?. L o e o, clement up
. insert, so tt - I
tequired on average to perform an . -

1.607 levels. =y

: . . L ons mm m,mmm is
DekéMins arehand!ed in a similar manner ag 1nser umn is removed, 2 hole is created

“easy; the hard part is removing i;,When(:‘l: Tm’ it follows that the last clement

at the root. Since the heap now becomes X can bé placed in the hole,

he heap. I
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' g::; :v!: a:: done: This is unlikely, so'we slide the smaller of the hole’s children into

ol rd thuslwpnslnngl the hole down  one level. ' We repeat this step until X can be

placed i e hole. Thus, our action is to place X in its correct spot alon, th
root containing minimum childs & e pe

. In - . . L » . X .

cemoved e mit o s i 9 e o che DelteMin Al 13 s

L t now 2 5 eap. The value 31 cann

:!11 ‘gle i::ll:ee, musseh m wdt;lﬁ :llcolshe heap Otl‘::rei Thus, we place the s:ial;leef m‘
) 4 ] own one _(see Fig. 6.10). W i

again, placing 19 into the hole and creating a new hole one level deeper. V%er;p:;tpltal::l:

Fignre 6.9 Creation of the hole at the root . -

:..k .‘j : "l,“l - — "'185.-‘ i

S LN -

26 in the hole and create a new hole on the bottom level. Finially, we are ablt to
place 31 in the hole-(Fig. 6.11). This general strategy is known as a-percolate doivn.
We use the same technique as in the Insert routine to avoid the use of swapsin this
routing. - . : L R ,

. - A frequent implementation error in heaps occurs when'there aré dn even nuitiber
of elements in the heap, and the one node that has only one child-is enconfitred.
You must make sure not to assume that there are always two children, so this usually
involves an extra test. In the code depicted in Figure 6.12, we've doiie-this test at
line 8. One extremely tricky solution is always to ensure that your algorithm thinks

. every node has two children. Do this by placing a sentinel, of value higher than any

in the heap, at the spot after the heap ends, at the start.of each percolate.down
when the heap size is even. You should think very carefully before attempting this,

and you must put in a prominent comment if you do use this technique. Although this.

Wgue 612 Function to perform DeleteMin . . .ot
T _inabinarybeap* A e Vo
ElementType S .
DeleteMin( PriorityQueue H') R
" jnt 1, Chivd; - - PR
¢ " . "ElementType MinElement, LastElement; .
Ir1x/ if( IsEmpty( H ) ). ‘
{ - .
/* 2%/ Error( "Priority queue is empty” Yoo o
/* 3%/ return H->Elements[ 0 13 .~ . a0
/¢ 4#/  MinElement = H->Elements[ 1 1 HE.
/* 5%/ LastElement = H->Elements[ H->Size-- 1;
I 6%/ for(i=1; 1 *2 < HosSize; i = Child )
t /* Find smaller child */. ' -
/* 1%/ . Child =i * 25 . d+11
: S hosize & H->Elepents[ Child +
: ;: g:; if( Child ! H >Size & Koo tel Child ] )
/*10%/ T  Child++; o '
' ' Y & Peréo‘laté one level */ = chitd .]:.‘)
WL . .§f( LastElement > H->Elements[ Child . S
/*124‘ ~ s aents[ 41 = H->Elementsl .f"“-‘{' oy
: - elsé o L
134/ - . - break; AN
S T .
/rgv/ . H->Elements[ 1.1'= Lastﬁ?gﬂfs?f.g.

: /*15*/ Areturn.H‘i'nIEI’@e"t; 715{}_.5" .L,-. ‘§ ’ ,;.\"

A
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climinates. the need to test for the presence of a right child, you cannot eliminate the
requirement that you test when you reach the bottom, because this would require a
sentinel for every leaf. . , ' :

' The worst-case running time for this operation is O(log N'). On average, the
element that is placed at the root is percolated almost to the bottom of the heap
(which is the level it came from), so the average running time is O(log N ).

63.4. Other Heap Operations

Notice that although finding the minimum can be performed in constant time, a heap
designed to find the minimum element (also known as a (min)heap) is of no help
whatsoever in finding the maximum element. In fact, a heap has very little ordering
information, $6 there is rio way to'find any particular key without a linear scan
throtigh the entire heap. To see this, consider the large heap structure (the elements
are not shown) in Figure 6.13, where we see that the only information known about
the maximum element is that it is at one of the leaves. Half the elements, though, are
contained in leaves, 5o this is practically useless information, For this reason, if it is
important to know where elements are, some other data structure, such as a hash
table, must be used in addition to the heap. (Recall that the model does not allow
looking inside the heap.) ' -

~ If we assume that the position of every element is known by some other method,

then several other operations become cheap. The three operations below all run in
logarithmic worst-case time.

DecreaseKey

The DecreaseKey(P, A, H) operation lowers the value of the key at position P by
a positive amount A. Since this might violate the heap order, it must be fixed by
a percolate up. This operation could be useful to system administrators: They. can
make their programs run with highest priority. : '

Figare 6.13 A very large complete binary tree

6.3. ' BINARY HEAP

The I Key(Pv.'.s H) operation increases-the value of the key at position P
ncrease , A, : ‘

by -a positive amount A. This is'done with a ?ercolate dou;nxc;dsla:ey c:cuh:itlers
automatically drop the priority of a process that is consuming

] ition P frs ~:h heap"l'hisis
»H tion removes the node at position P from-the heap. 1
}gze?)elz:s(t?perf)om DecreaseKey(P,, H) and thex‘l pe.rformmg Dele?eMm(H&
When a’: process is terminated by a user (instead of finishing 'n:o.rmally), it must

removed from the priority queue.

BuildHeap . : | ' .
The BuildHeap(H)) operation takes as input N keys and p!ac&;.thcteeme;zlt‘oba“na ; %
heap. Obviously, this can be done with N successive t;nsgz.l ince. : v
take O(1) average and O(log N) worst-case time, the mnnmSincethisisa h
algorithm would be O(N) average but O(N log N) worst-case. e i knospwalw -
instruction and there are no other operations interveniiig, and we-al nab{é o
the instruction can be performed in linear average.nme, it is reaso  expect
d:atwithreasonablecarealinwtimgboundanbe e, e in any order,
The general algorithm is to place the N keys into the say oxder,
‘Maintaining the structure property. Then, if PercolateDown(i) Pef'&.:mdmm ,
from node i, perform the algorithm in Figure 6.14 to create a h_,wp—o;emining -
The firet tree in Figure 6.15 is the unordéred tree. The seven reaiing e
in Figures 6.15 through 6.18 show the result of :.c(l: nzf“t)hgn m Perco eDours.
ine corresponds to two comparisofis: smaller
fzzhtod::lrlnegg :iic smaller child with the node. Notice tl;at there are only 10 dashed

Figure 6.14 Sketch of BmldeP

for( 4 = N/ 2i 4305 i--)
PercolateDown( i );

——

-Figure 6.15 | Left: mmal heap; right: after Percoktquaén(?)

|
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Fignre 6:16  Léfe: afeér PercolateDown(e) ot ~
‘ _right: after Percola:ebm( 5;

ngreG.ﬂ Left-afterPercoIateDow,,4 L
nght:afterP COIateD0w;£(3)) SR

Hgnm 6.18 'Left: after PercolateDown(Z), right: after PercolateDown( 1)

lines in the entire D

t0 20 comparisons a‘l"ﬂfbm (l'bere could have been an1 ltb-where?) comspondmg
To bound the running time of BuildH,

eap, we must bound the number of '

b, which ‘*m..,.,”%.:f thesum of the heights ol he noes i h

M&l

:';Fortbeperfeabmytreeofba h
the heights hts.of the nodes is 26+1 ws(b+1)

<

2”“‘1"0485, tbesumof

design. In Chapter 9, we will see how pribrity queues
~graph algorithms efficiently; Here we w:ll show how to use pnonty

6.4. APPLICATIONS OF FRIQRITY. QUELES

PROOE: ' '
It is easy toseethattlnstreeconsms of 1 node:at height b, 2nodes athelght
" b = 1, 22 -nodes at height b — 2, and in general 2/ nodesathenghrb—r The
sumofthehexgbtsofallthenodesxsdlen -

8= Zz*(b—:) ' : L ‘ 2

i=0 L
=h+2(h = 1) + 4(h - 2) + 8(h — 3) + 16(h - 4)+ F+2) (6.

- Multiplying by 2 gives the equation o
25 =2b+4(b—1)+8(b-2)+16(h-3) +---+251). (6.2)

We subtract these two equauons and obtain Equation (6.3). We find that certam
terms almost cancel. For instance, we “have 2b - 2(h - 1) "2, 4(h - 1)-
4(h — 2) = 4, and so on. The last term in Equation {6.2), 2%, does not appear
in Equation (6.1); thus, it appears in Equation (6.3). The ﬁxst term.in Equation
(6. 1),bb does not appm in Equauon (6.2); thus, —b’ appars in Equauon (6.3).
We obtain .

S=-h+2+4+8+- 2”"12"=(2f’*‘ 1)-(b+1) _ 16.3)
wluch proves the theorem - ‘ o

" A complete tree is not a perfect bmary tree, but the result we have obtained is
an upper bound on the the sum of the heights of the nodes in a complete tree. Since
a complete tree has-between 2* and 25+! nodes, this theorem implies that this sum

is O(N), where N is the number of nodes.
. Although the result we have obtained is sufﬁczent to show that BmldHeap is

linear, the bOund on the sum of the heights i is not.as strong as possible. For a
complete tree with N = 2* nodes, the bound we have obtained is roughly 2N The

sum of the heights'can be shown by induction to beN - b(N ), where b(N) is the
number of 1s in ‘the binary repraentanon of N. - . PR

~

6 4. Apphmtions of Priority Queuee ‘ ' ‘
We have already menuoncd how pnonty queues araie usu:; 1; ::ﬁ;?:::tm
quetm to obmm'

snlunons to tWo problems

64.1. Tbe Sekaion Problem. -
‘the selection probiem from Cbapter 1. Recall

The first problem we will éxamine is
that the input is a list of N eleinents, w which can be totally on'i_eted,..and an mwger k

-The selecuon problem isto find the kth largest element.

189
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~ Two-algorithms were given in Chapter 1, but neither is very efficient. The first
aigqnthm,*whichzwé shall call algorithm 1A, is to read the elemer?:s into-an array and
sort them,remrmng the appropriate element. Assuming a simple sorting algorithm,
the running time is O(N2). The alternative algorithm, 1B, is to read k elements.into
an array and sort them. The smallest of these is in the kth position. We process the
remaining elements one by one. As an element arrives, it is compared with the kth
element in the array. If it is larger, then the kth element is removed; and the new
element is placed in the correct place among the reinaining k — 1 elements. When the
algorithm ‘ends, the element in the kth position is the answer. The running time is
O(N - k) (why?). If k = [N/2], then both algorithms are O(N2). Notice that for any
k, we can solve the symmetric problem of finding the (N — k + 1)th smallest element,
sok'= [1\! R)is really the hiardest case for these algorithms: This also happens to be

the most interesting case, since this value of & is knawn as the median.
We give two algorithms here, both of which run in O(N log N) in the extreme

case,of k = [N/2], which is a distinct improvement.

For simpli.city, we assume that we are interested in finding the kth smallest element.
Tht? algon;hm is.simple. We read the N elements into an array. We then apply the
BuildHeap' algorithm to this array. Finally, we perform k DeleteMin operations.
The last element extracted from the heap is our answer. It should be clear that by
changing the heap order property, we could solve the original problem of finding
the kth largest element. oo . Co
. -The correctness of the algorithm should be clear. The worst-case timing is
O(N) to construct thi€ heap, if BuildHeap is used, and O(log N) for each DeleteMin.
Since there are k DeleteMins, we obtain a total running time of O(N + klog N). If
k'="O(Nflog N), then the running time is dominated by the BuildHeap operation
and is O(N). For larger values of k, the running time is O(klogN). If k = [N/2],
then the running time is &N logN). ~~ - | e
Notice that if we run this program fork = N and record the values as they leave
the heag, we will have essentially sorted the input file in O(N log N') time. In Chapter
7, we will refine this idea to obtain a fast sorting algorithm known as beapsort.

Algorithm 6B
For the second algorithm, we return to the original problem and find the kth largest
element. We use the idea from algorithm 1B. At any point in time we will maintain
asetS of-the k largest elements. .After.the first k elements are read; when a new
element'ns read it is compared with the kth largest element; which we denote by
Si.. Notice that Sy is the smallest element in S. If the né® element is larger, then it
replaces S in S. § will then have a new smallest element, which may or may not be
the newly added element. At the end of the input, we find the smallest element in §
and return it as the answer. ’ : T )
- This is essentially the same algorithm described in Chapter. 1. Here, however,
we wdl use a-heap to implement S. The first k .elements are placed into the
heap in total time O(k) with a call to BisildHeap. The time to process each of
the remaining elements is O(1), to testif the element goes into §, plus O(logk),

" unit, which we will refer to as a tick.

- depend on the number of customers or events

- would take 1,000 timnes longer!

. departing customer and checking the line
. customer waiting. If so, we add that custol

AFPLICATIONS OF PRIORITY QUEUES

to delete S, and insert the new element if this is necessary. Thus, the total time is
O(k+ (N —k)logk) = O(N log k). This algorithm also gives a bound of 8(N log N)
for finding the median. - T

In Chapter 7, we will see how to solve this problem in O(N) average-time.

In Chapter 10, we will see an ¢legant, albeit impractical, algorithm"to solve' this

problem in O(N) worst-case time.

o~

6.4.2. Event Simslation ' ' T

. In Section 3.4.3, we described an isﬁpomnt qi;euing i)robiem.Rewll'_rthat we have

a system, such as a bank, where customers arrive and wait on a line until one

- of k tellers is-available, Customer arrival is governed by a probability distribution
" function, as is the -service time (the amount of time to be served once a teller is

available). We are interested in statistics such as how long on average a customer
has to wait or how long the line might be.

~ With certain probability distributions and values of k, these answers can be
computed exactly. However, as k gets larger, the analysis becomes ooqsxderably
more difficult, so it is appealing to use a computer to simulate the operation of the
bank. In this way, the bank officers can determine how many tellers are needed to
ensure reasonably smooth service. ) o

A simulation consists of processing events. The two events here are (a) a

customer arriving and (b) a customer departing, thus freems up a teller. L

" We'can use the probability functions to generate an input stream COnSIStg of
ordered pairs of arrival time and service time for each customef, sorted by arrival
time. We do not need to use the exact time of day. Rather, we can use¢ a quaptum

One way to do this simulation is to start a simulation clock at zero ﬁcllf‘st-hwe
then advance the clock one tick at.a time, checking to'sce if there is an event. m‘:se
is; then we process the event(s) and compile statistics. When there are 0o verC\fs,tO.
left in the input stream and all the tellers are free..th::a ?;’é.:_“,‘?‘,‘h,‘,“’“ t;:x: oes not

- oy e o X is j r

The problem with this simulation mwg{iherc ol ‘tybxm,émts,l’ﬂf s omer),
bat instead depends on the number of ticks, which is-‘:l‘witsp :;tgziuiﬁzl:p ;&
To see why this is important, suppose we changed the uld be that the simulation
multiplied allthe times in the input by 1,000, The result wo

The key to avoiding this problem is to advanceAﬂi:n dxkix:: ﬁ‘; ’;::tt :z:
time at each stage. This is conceptually easy to do. At yéo arrives or (b) one
that can occur is either (a) the next customer in the “;fe‘;t :h:'.evénts will happen
of the customers at a teller leaves. Since all the HIES W& - e ) o tucure and
are available, we just need to find the : o

process that event. . : L. - thering statistics for the
If the event is a departure, processing md“‘ti:‘ sf: whether there is another

(Ql;lﬂ:if pr w,hat%v:r th.:at‘;sucs are
i ~ t departure
required, compute the time when that customer will ;eage_, and adc ! epa

1o the set of events waiting to happen. 97 .
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~.If the event is-an arrival, we check-for an available teller. If there is none,

we place-the arrival on the line (queue); otherwise we give the customer a teller,
compute the customer’s departure time, and add the departure to the set of events

*» The waiting line for customers can be implemented as a queue. Sirice we neéd
to find the event nearest in the future, it is appropriate that the set of departures

waiting to happen be organized in a priority queue. The next event is thus the next

arrival or next departure (whichever-is sooner); both are easily available. o

It is then straightforward, although possibly time-consuming, to write the
simulation routines. If thiere are C customers (and thus 2C events) and £ tellers, then
the running time of the simulation would be O(Clog(k + 1))* because computing
and processing each event takes O(log H), where H = k + 1 is the size of the heap.

6.5. d-Heaps

Binary heaps are so simple that they are almost always used when priority queues
are needed. A simple generalization is a d-beap, which is exactly like a binary heap
except that all nodes have d children (thus, a binary heap is a 2-heap). .

- Figure 6.19 shows a 3-heap. Notice that a d-heap is much shallower than a
binary heap, improving the, running time of Inserts to O(logy N). However; for
large d, the DeleteMin operation is mare expensive, because even though the tree is
shallower, the minimum of d children must be found, which takes d — 1 comparisons
using a standard algorithm. This raises the time for this operation to O(d-log, N)L I
d is a constant, both running times are, of course, O(log N). Although an array can
still be used, the multiplications and divisions to find children and parents are now
by d, which, unless d is a power of 2, seriously incieases the running time, because’
Wwe can no longer implement division by a bit shift. d-heaps are interesting in theory,

vecause there are many algorithms where the number of insertions is much greater
than the number of DeleteMins (and thus a theoretical speedup is possible). They are
also of interest when the priority, queue is too lagge to fit entirely in main memory.
In this.case, a d-heap can be advantageous in much the same way as B-trees. Finally,
there is evidence suggesting that 4-heaps may outperform binary heaps in practice.

Figare.6.19 ' A d-heap

*We use O(C loglk + 1)) instead of O(C Tog ] 15 avoid confuton for the € = Tcase. .
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e ost glaring mofthe.hwp‘!mpl% tation; aside from the inabi'ity
6&: Pirfds,.is;thatmmhinhgmqheepsmqm-wahan%ogqgm?m
: tion is known as:a Merge. Thére:are'quite a few ways of implementing

m so that the running time of.a Mergeis O(logN). We w‘“mmth;;e
data structures, of various complexity, that support the Merge °P”°ti°“m e
We will defer any complicated analysls umlChapttf'llj'- R v

6.6. Leftist Heaps L

It seems difficult to design a data’ structure that efficiently suppo.rtsanll:tgin&;&t
is, processes a. Merge in O(N) time) and uses only. an array, as in a bigary.eap.
?’hg:&oh f:r ':hi?f that merging would s:ealm mm c;gtyn;;;s one arrazn u;:
hich would take &(N)) time for equal-sized heaps. Tor this reason, 2
:l;:aﬂ:n:dwdawsv;ucmm that support efficient merging require Si;e use qf pom&
that this will make all the other opetations slower; pol

In o .,. ‘can eg‘Pect a . o v te: teo .~ »
m‘;z;cut;:ib‘;eis génerally more'time-consuthing than multiplication and division
by2.;v. - AT '

. Like a binary heap,'i:lefust, i .heaplias'bdd_'!as_grqvcmralj proputy‘anth & i da:;;dzlang
propercy. Indeed, alefgst heap, ike virtually all héags wsed, has She S5 620 o 0
property we have already seen. Furthiermore, a leftist heap isalsoa | heans are ot
Onl;'edxffercnr'ty nce between alefﬁsthapagéabinarymlefustﬂ_ st heaps et
-perfectly balanced, but actually attempt to be very-upb I
6.6.1. Leftist Heap Properly T Ll : oé&c N
We define the null path 'Imgb’ Nplmﬁm r;%d'ax;g l;qept}!:-f.wa g d;h°‘>mmm
 from X to a node without two . e N the null path
gzaltehcgﬁgl is 0:) ;hile Npl (NULL)=o-dl. In the tree in F'S““’ ‘_6'20. g ﬁf‘ pa
indicated inside the tree nodes. RO inimum of the
N b Tt o
null path lengths of its cl_:ﬂdren,*'mis:z}pp.hl@ to ¢ es vt o Qe
because the null path length o NULLB "0 o0y in i ieapy the ol pith
" “The leftist heap-property is that for every n £ the.righit child. This property is-
lesigth of the lefe child is at least as large as that of the rigk el Thi propetny ®
BgumG.zo Null path lengths for twotrées,ﬂnly ﬂ“l@&mmm _us{ v

- - ey e . .
AN >
T : o Y )
‘

oo
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ought to be short. Indeed, the rigi:t-path c_iown~ a leftist heap is as short as any in the
heap. Otherwise, there would be a-path that goes thmugh-som: node X and takes
the left child. Then X would violate the leftist property. .~ -

'_;“»- -‘.3; ';‘ ,‘x“.-;. :'_ . . * C— ".“::A. ‘-., “,
- Alefist tree with r modes om ihe right path mist have ar least 2" — Tvipdes.” .

N T e g T

+:The proof is by induction, Ify = 1, there miust be at.least one tree gode,.
FWise, suppose. that the theorem is true for1,2,....,r. Consider a leftist .

. mee'with 7.+ 1 nodes on the right path. Then the root has a.right subtree with
7 nodes on the right path, and a lefe subtree with at least r nodes on the right,

- path (otherwise it would,not be. lefrist), Applyiag the inductive hypothesis to

.-+these subtrees yields a- minimum of 2" ~ 1 nodes in each subtree. This plus the-

. root gives at least 271 - 1 nodes in the tree, proving the'theorem, . . .

- From this'théorem, it follows immediately that 2 lefuist tree of N riodes has'a_
right path containing at most [log{N + 1)|xiodes, The general idea for the leftist heap”
Operations is to perform all the work on the right path, which is, guaranteed to be -
short. The only tricky part is that performing Inserts and Merges on the right path
could destroy the leftist bieap property. It turhs out io bé extremely easy to restore
theproperty.  c T 7T T SR NECITIMTY easy o restore

heap with a larger heap, We will first give  simple recuirsivé solution and thén show
Row this might be dono nonrecursively, Our input is the two leftist heaps, H; and -
H3, in'Figiire 6.21. Yéu should chieck that these heaps really are leftist, Notic that -
the smallest clements are at the roots, In addition to space for the data and left and -
right pointers, each cell will have an entry that indicates the null path length,

Heither of the two heaps is empty, then we can return the other heap. Otherwise,
to merge the two heaps, we compare their roots. First, we recursively merge-the heap
with the larger root with the right subheap of the heap with the smaller root. In our -
example, this means we recursively merge H, with the subheap of H, rooted at 8,
qbtainiﬁgdzehapirj‘l?igme 6.22, _ T

Since this tree is formed recursively, and we have not yet finished the description
of the algorithns, e cannot at this point show how this heap was obtained. How-
e\lr,er, it is reasonable to assume that the.resulting tree is a leftist heap, because it ;v:s » L e o
obtained via a’recuisivestep.'l'hisismuchlikc the inductive hypothesis in a proo: 4 Co I R PR "._i‘:"'as*?yla;"‘ sht chitld
induction. Since we can handle the base case (which occurs when one tree is empty), o 523 Reiult of aptachig mmﬁofpuvmusw ) 21
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. - .- #ifndef _LeFtHeap ... . .. o (. ienin oned
eap order property, it is not leftist Leftheap H... o ., 5 oo twain e

because theiléfy : . 2
mm:ﬁﬂ"‘:‘?‘ Ofﬂltfr;ot has a null path:length of T whereas the right struct TreeNode; O s IS *
However, it is e Bth 0f 2. Thus, the leftist property is violated at the root. typedef struct TreeNode *PriorityQueue;. . . ey
subtree of e r;'ztsywsge that the remainder of the tree must be:Jeftist. The right . ~ e P
has not been chan';@dm" ust, because of the recursive step. The left subtree of the root /* Minimal set of priority queue operations */ S
root. W s°.it-.°°° must still be leftist. Thus, we need.only to fix the /* Note that nodes will be shared among several */ . -
chirt\ ¢ can qxlaked:eenmgpe.elefﬁmbymaelyswapping the root’s left and right : /* leftist heaps after a merge; the user gust */
i lti:; gﬁ:ﬁ 6.2;: and upa'faﬁngthc null path length—the new mull path len oth /* make sure to not use the old leftist heaps,*/
that if the null pﬁ: length is io?:m‘g’ 4L ¢—completing the Merge, Notice : PriorityQueve Initializa( void )i a
the heap will not be leftist but merely rand en.all.nul'lpa:h.lmgthsmu be 0, and * ElementType FindMin( PriorityQueue H ); -
but the time bound we will claim 'Y ran °m-lnth!3§3$e,'thealgorithmwillwork, - int IsEmpty( PriorityQuese W)y ~—— =~ =~ " "' 0
' mmpﬁmofhdgoﬁm‘ﬁ" ‘3‘."°££‘ be valid, eode. Thetras PriorityQueue Merge(-PriorityQueué Hi, PriorityQuéue HZ Y;:
Fi ; a gorithm translates directly into code. type definition ' e i a - v e
(Fig. 6.25) is the same gs.the binary tree, except that it is augmented with the Np/ " pdefing InseFE( X, H) ( H = Inserti( (X, H))
: S "2 element is i i /* DeleteMin macro is left as amixércise */: - 2
mmanfmptymmdlepobmmdlemtwmhwdwd;nge'me i oo BT N T TSI
way to implement this is to have the insertion routine return a pOinte;' to th?:::: PriorityQueue Insertl( E‘Ieme:tg:;q X, Pr:;o;itypueue H); .
; AT - ' i . DeleteMinl( PriorityQuete-H 35 © - o
binary heap Insert (which does -feturn i SNy v»".".'f’.”we"f.-h.-s o " ¢ PR :
I | : Ve . not anYthll‘lg). m .last ll..pe in Figure 6.25 .. #endif .., .- ‘ e - B .

mﬁﬁ: ::}treel w'"h: called Insert1; the Insert macio will make an insertion | '
course, but the alterntive. et S icr08 this way may not be the best or safest _ /* Place in inplementation file s/ !xi%< -0
will fiood the code with © d“laﬂns f .P"Oﬂnyu_eue as-a pointer to a TreeNode, {stﬂlCt TeeNode :: o ,m '
Because Insert is a macro and is textually substituted by the preprocessor, any ElementType Element; .~ = ...
. Pr-ior-ityQueue l.efﬁ:: V‘i‘v‘?-'-‘—‘ > e P2l )

oyl

L B
”,

E

~ .

utine thét, calls Insert m‘?‘_"f_‘,.“,“‘”‘?}?. see the macro definition, Figure 6.25 would for Left;: |
Peme 624 Result of swappiog childeen of Hysioot ~ . - B A s
| | : ‘v }; - - . L. - P
g, VAR oTR

ONg o - o
| . . Figure 6.25 Leftist heap type declarations: 171;-"I£.5:3'71"'3 & "3 '
typically be a header file, so placinig the macro'deck hénm%thtﬁrat:mmbk '
-coursé, As'we will see later,:DelsteMin alsoiice _Lﬁ)&'wt??&?w‘:_ o
The ‘routine to merge (Fig, 5.26) i dilver designed 0 SRA% R S0
and ensure that Hy has the smaller root-"The actual P o tgins ey
?53;6.‘27). ‘Note thdtiﬁewwml” should S e ';'.ipa"« RN
e e e mage i profortionil P f s gl St she
right patlis; because comstant-work “‘W‘:Ti=’ﬁmww b bnd i 2o
o 'mtheﬁmpm’awea;w:dgwwm? o Hy a‘hd.pa'ﬁﬂwi-’in" o
R Todo e e g sl e e

P JUg
L ma ean

*Asother osibility 1 f acoepe dhe Incompatible FggyRaces 8 & ey B &



Priorityqueve T
?erge( PriorityQueue H1, PriorityQuéue H2 ) -

TFC HL == NULL )
L return H2; - ‘ T
if( "2. had m"'l' )‘.; e ~ oo

. return H1; < - - T

Af( H1->Element < H2->Elexent )
] return Mergel( Hi, H2 );

- else T e

/*. 1%/

/* 2%/

/* 3%
/* a4/
/* 5%/

/* 6%/

/* 7%/ ) return Mergel( H2, H1);.

Figare 626 Driving routine for merging leftist heaps .. ...

static Priorityqueve. < .

Mergel( PriorityQueue H1, PriorityQueue H2 )
/* 1%/ - 1f( Hl->Left == NULL ) 7/« Single. node ./ :
/* 2%/ Hl->Left = H2; /* Hl->Right is already NULL

. ) H1->Np1 is already 0 */
else ,
{ . : '
~ Hl->Right = Merge( Hl->Right, H2 ); - . -
1f( Hl->Left->Npl < H1->Right->Np1.)
SwapChildren( H1 ); )

H1->Npl = Hl-’>Right6Np'l»r~+ 1; . s

/* 3%/
/* 4%/
/* 5%/
/* 6%/

/* v/

. ’

return H1;

Figare 6.27 Acihalrouﬁncmmergeleftistheaps :

3,6,7,8,18 and the resulting tree is shown in Figure 6.28. A second pass is made
up the heap, and child swaps are performed at nodes. that viclate the leftist heap -

property. In Figure 628, th.ere is a swap at nodes 7.and 3, and the same tree as before

is.obtained. The nonrécursive version is-simpler to visualize but harder to code. We - .

leave it tothc reader to show that the recursive and nonrecursive procedures do the

same thing.

-A8 mentioned. above, we can carry out i'néerﬁons by malung the 1tem tobe
inserted a.one-node heap and performing a-Merge.To perform a DeleteMin, we -

merely destroy the root, creating two heaps, which can then be merged, Thus. the - :
time to perform a DeleteMin is Oflog N ). These two.routines are coded in Figure6.29--
DeleteMin can be written as a macro that ¢calls DeleteMin1 and .

and Figure 6,30, Delet
FindMin. This is left as an exercise to-the reader.
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1%/

Hgnfeé.zs Result.of merging right paths of Hy and Ha - .-

~ - e
Now .

jori tyQueue : : '
;;s::tlz‘mﬁl’lemenﬂype’x. PriorityQueue H )

{ PriorityQueue SingléNode;:

4 SingleNode = malloc( si;eof( struct TreeNodé )_‘);f~ |
* 2% if( SingleNode == NULL oy o

V//* g*; -+ FatalBrror( "Out of spacelll i
S 7 .else C R ;

oL { % me S - . 51#9M‘EL>NP]:"".°7 o
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/* DeleteMinl returns the new tree; */
/* To get the minimum, use FindMin */
/* This is: for convenience */ '
PriorityQuéue L
DeleteMinl( PriorityQueue H )
{ C
- PriorityQueue LeftHeap, RightHeap;
/* 1%/ if( IsEmptyC H) )
{ i .
/* 2%/ Error( "Priority queue is empty"” );
/*"’3*/ return H; -
/* 4%/ Leftﬂeap = H->Left;
/* 5%/ . RightHeap = H->Right;
/* 6%/ free( H );
/* 7%/ return Merge( LeftHeap, RightHeap );
} , :

Figure 6.30 DeleteMin routine for leftist heaps

6.7. Skew Heaps

A skew heap is a self-adjusting version' of a leftist heap that is incredibly simple
to implement. The relationship of skew heaps to leftist heaps is analogous to the
relation between splay trees and avL trees. Skew heaps are binary trees with heap
order, but there is no structural constraint on these trees. Unlike leftist heaps, no
information is maintained about the nuil path length of any node. The right path of
a skew heap can be arbitrarily long at any time, so the worst-case running time of
all operations is O(N). However, as with splay trees, it can be shown (see Chapter
11) that for any M consecutive operations, the total worst-case running time is
O(M log N). Thus, skew heaps have O(log N) amortized cost per operation,

- Aswith leftist heaps, the fundamental operation on skew heaps is merging. The
Merge routine is once agai recursive, and we perform the exact same Operations
as before, with one exception. The difference is that for leftist heaps, we check to
see whether the left and right children satisfy the lefrist heap order property and
swap them if they do not. For skew heaps, the swap is unconditional; we always do
it, with the one exception that the largest of all the nodes on the riglit paths does
not have its children swapped. This one exception is what happens in the natural
recutsive implementation, so it is not really a special case at all. Furthermore, it is
not tiecessary to prove the bounds, but since this node is guaranteed not to have a
right ¢hild, it would be silly to gerform the swap and give it one. (In our example,
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Figure 631 Two skew heaps Hy and Hy'
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Figure 6.33 Rwultofhe;gingskcwheﬁpsﬁ; and H,

this becomes the new left path (see the preceding example to convince yourself).
Thismakasitv,erymytomergetwos’kewhwpsvisuaﬂy.‘ R

The implémentation of skew heaps is left as a (trivial) exercise. Note that
because a right path could be long, a recursive implementation could fail because of
lack of stack space, even thiough performance would otherwise be acceptable, Skew
heaps have the advantage that no extra space is required to maintain path lengths
and no tests are required to determine when to swap children. It is an open problem
to determine precisely the expected right path length of both leftist and skew heaps
(the latter is undoubtedly more difficult). Such a compatison would make it easier
to determine whether the slight loss of balance information is coinpensated by the
lack of testing. ‘ ' o

6.8. . Binomial Quenes .-

Although both leftist and skew heaps support merging, insén:ion, and DeleteMin -
all effectively in O(logN) time per -operation, there is room for iimprovement -

because we know that binary heaps support insertion in comstant average time per
operation. Binomial queues support all three operations in O(log N) worst-case time
per operation, but insertions take constant time on average. S

68.1. Binonsial Quewe Structire . S e
Binomial giieues differ from all the priority queue implémentations that we"have
seen in that a binomial queue is not a heap-ordered tree but rather a_ collection
of heap-ordered trees, known as a forest. Each of the heap-ordered trees is of 3

*This is mt ﬁcﬂy themmeuthemumn mplcmumnon(lmy:ddq themmenme bounds). If we- .

ouly swap children for nodes on the right path that are above the point where the merging of right paths
terminated due to exhaustion of one heap’s right path, we get the same resalt as the recussive version.
202°

;tree, By1, to the root of

Hy: o ©

ngte&s; Binoxﬁial.queue Hj with six clements ) m“be -
- S ial the name will be.obr
constrained form known as'a binomial tree (the reason for £1e 2 e weeofhght0.

: i inomial tree of every lmght. A ttaching a
later). There is at most one binomia tree 78 © v by 4 i
_is a one-node tree; a bm°“::;g?£;; m Bj-1. Figure 6.34 sh@ ln-nomlal

y ,B,andB“, e ’. Ca . i
m:r&:?h?@ we see that a :b‘mommlf wmg: exactly 2* pod;c,;a and-ﬁ
chi +++s Bg-1. Binomial trees 0 thicient (4). If we impose heap or
;:tﬂmd;:: ffo;fé;s ,at,d:ptlh d is the biﬂm bmoml:l%“ O:f any height, we g:; »
‘on thé binomial trees and allow at oSt 277, 0 oyerrion: binomiabtrees. 7
i resent a priority queue of any gz by.the forest B3, Bz, Bo.
banc, pronty deueof s 13 conld b eIt ok 5 ey,
4 . : e 4 4
' We mi ite this representationas 1101, W=7 = = pe representation
We might write this rep dB'u‘e'\prﬁeﬂt_ e in 875

but also represerits the fact that B3, By, an _°A__ . be répresented as in
Biisnot. . l a pnonty qu'eu.eb-sixélii’mﬂlw could be rep: ‘
“Figure 6.35. . 203



The minimum element can then be f; by scannis . ‘
g _ C : ound by scanning the r6ots of afl .
m&aematmosg!ogNé@ﬂummgg,?dtemhimmmbefoundﬁg:lom 4

operation in-O(1)-time, if we- remember ‘ :
g o (1)t e.lfwe:rsfnembumup@gethemmmmwhenitchangs
4 Mﬁfgl;stwoﬁn?mm!‘?“misac?nugmanymyopemﬁomwhichwewiﬂ
sevmcnel examp! .Conm. .dzetwabmomxa.!qneum,H1 and H>, with six and
ements, respectively, pictured in Figure 6.36. ;

time. Alternatively, we can'maintain kdowledge of the miinimum and pérform the -

cry 35:{"“ R R R L R R i '
Fgore 67 Merge of the two By tree in Hy and H
RS Gige et ".;:: . T, L - .’ .

@

SR s D NS e e O L, L

123 3

of height 2 in H3 and merge the other two, creating a biriomial tree of height 3.

Since Hy and H; have no trees of height 3, this tree becomes part of H3 and we are

finished. The resulting binomial queue is shown in Figure'6:38. - - - - "
Since merging two binomial trecs takes constant time with almost any reasonable
implementation, and there are O(logN) binomial trees, the merge takes O{log N)
time in the worst case. To make this operation efficient, we need to keep the trees in
the binomial queue sorted by height, which is certainly a simple thing to do.
Insertion is just a special case of merging, since we merely create a one-node tree

and perform a merge. The worst-case time of this operation is fikewise O(log N). -

More precisely, if the priority queue into which the element is being inserted has
the property that the smallest nonexistent binomial tree is B;, the running time is
proportional to i + 1. For example, H (Fig. 6.38) is missing a binomial tree of height
1, so the insertion will terminate in two steps. Since each tree in a binomial queue
is present with probability }, it follows that we expect an insertion to terminate in

jermore, an analysis will show that .

two steps, so the average time is constant. Furth analysis will th
performing N Inserts on an initially empty binomial queue Will také"O(N) worst-
case time. Indeed, it is possible to do this operation using only N — 1 comparisons;
we leave this as an exercise. .

As an example, we show in Figures 6.39 through 6.45 the binomial queues that
are formed by inserting 1 through 7-in order. Inserting 4 shows off a bad case. We
merge 4 with Bo, obtaining a new tree of height 1. We then merge this tree with By,
obtaining a tree of height 2, which is the new priority queue.‘We count this as three
steps (two tree merges plus the stopping case). The next insértion:
is another bad case and would require three trec merges. i

A DeleteMin cin be performed by first finding the binomial tree with the
smallest root. Let this tree be By, and let the ori inal priority queue be H. We remove

the binomial tree B; from the forest of trees in H, forming ‘the new binomial queue
. V . -e trees Bo’ B],.... s Bk—:'n:h}lic'sl

". We also remove the root of By, creating b >
finish the operation by merging H :
a DeleteMin on H3, which is shown again

collectively form priority queue H". We

As an example, su| we perform , whic g
h i p“ll,'sowcobtainthe-twqpnopty-queueslj "and. -

in Figure 6.46. The minimum root is : n
H" in Figure 6.47.and Figure 6.48. The binomial queue that results from merging
H'and H" istheﬁnalanswerandisshowninﬁgu.l‘@@”- s the ocigi

For the analysis, note first that the DeleteMin operation b e qpmnt::
binomial queue into two. It takes ‘OflogN) time to fﬂd the mth;nmms
minimum element and to creaté the queucs H' and H". = Ao x queues
takes O(log N) time, so the entire DeleteMin operation takes (log .

had

e 2
\

683. Hmplementation of Binomlal Quewes

The DeleteMin operation requires the ability to find al th%;‘;:%m;
quickly, so, the standard representation of gener al m‘? ¢ to its first child (if
each node are kept ina, linked list, a'ndm:ﬁch?lgdd::h-be ordered by the size of their
any). This operation also requires that the + to merge two trees. When two

subtrees. Wealsonecd'to_makcsmd‘athiswwtod;e other. Since this new

trees are merged, one.of the trees is added as 8 cmk:aiq:hesul réewin decres E

tree will be the largest subtrec, itmakesgsgs“wmain

afer 7 i inserod.
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e 07 68, 5 BENOMIAL QUEUES

. AR — —
./* Return. the. result of merging .equal-sized.T1 and T2 */

Srme ate L
S

 BinTree -l R
- CombineTrees( BinTFée Tt, BinTree T2 )
{ ,

+f( Ti->Elemént > T2-3Elemient )
, return CombineTrees( T2, T1);
" T2->NextSibling = Ti->LeftChild; ~ 7
i Ti->LeftChild = T2;. L
" return T1; R o
' A }

Figure 6,34 Routine to.merge two equal-’éi,'zi:g'_bihof ’
' mial trees - -

Ce U PR

We provide a simple implementation 6f the Merge routine. The routine combines

H, and Ha, placing theé résilt in Hy aid making H, empty. At any point we are

. dealing with trees of rank i. T; and Ty aré thie trees in Hy and Ha, respectively, and
Carry is the tree carried from a previous step (it right be NULL). " is 1 if Ty
exists and is 0 otherwise, and the samie is érue for the other trees. Depending on each

" of the eight mbkm,wgmm::mmmimme Carry tree of rank
' oceeds from rank Oito the last rank in the resulting

Higure 6.5’1 Representation of binomial queue H3

typedef struct. BinNode ;Pos_'iﬁ'.ori;- .

typedef struct Collection *BinQueve; - . i + 1 is formed. This process pr !
: T e binomial queue. The code is shown in Figure 6.5 -
{s truct BinNode ' : The DeleteMin routine-for binaty queues is given in Figure 6.56. .
We can extend binomial queues to support some of the nonstandard operations

such as DecreaseKey and Delete, when the position of

E'Iemenf‘l*ype El . ,
Position Lem:id' = ; : that binary heaps allow, ) _
Position - ‘NextSi b;l;il'ig-' : - _ the affected element is known. A DécredseKey is a PercolateUp, which can be
| oo e L,erformgdinO(IOgN)'"tig_ﬁeifweaddgﬁe]dm&t_:hnodepoinﬁngto&sparmnAn
S S . ' : arbitrary Delete can be performed by a combination of DecreaseKey and DeleteMin
oS {struct Collection o . - ‘ in O(log N) time. ’ S :
int CurrentSize; L N ' ' T
" BinTree TheTrees[ MaxTrees']; ™ . - S ! Figure 6.55 Routine to merge two prioritygyeues
P, .- S —— — * Mer two ‘binomial queues .*/ | ]
Figore 6.52 gmom:al,qmtypé:dedamﬁm,- . — ,/'* msgmmiz.e for carly termination */
o oo wit T L e e /* H1 contains merged result */_, ot
L inguie . i o - :
_ Merge( BinQueue H1, BinQueue H2 )
— " BinTree T1, T2, Carry-= NULL;
.i‘.i" ot int 1, j.= .
' if( H1->CurrentSize + H2->CurrentSize > Capacity 3.

' uld exceed capacity”™ ); -

ET Error( "Merge WO
Figure 6.53 Merging two binomial treeggg :
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Y - -
et éu';.g‘.- -

1->Current$1ze += H2->CurrentSiz
e; .
{fOf( i= 0. i=1; ) <= H1->CurrentSize;. u-o-, j *=2)
M= H1->The'l'rees[ il; = H2->TheTrees[ il:

swit 1
; ch( HT:I.+2* !!1'2+4*1!,Carry)

case 0: /* No trees .
e« case 1: /* Only H1 */
. break; -
case 2: 7' Only H2 */ .
:%-f_ll:hhe'rrees[ 11712 .
~> eTrees ils= o’
_ braak: - (i1 NULL
LLrLe e e, CASE .43/ On'ly carry ..
st “1->The]'rees[ 1 ],=Ca T
.. Carry = NULL; "y' ‘o
" ‘break;” - -
Casecz‘ /*HlandHZ*/ B
oy sl e rey = Co@ine‘l‘rees(n Er D
Lolmnet g:ghﬂmf 17 = HZ->TheTrees[ ilw mju_

: - ‘casec:r /*H1 and Carry wf o N
STy l‘y-CoubiueTrees(n Ga' Y
S 1—>The‘rrees[ 4 =.] = NULL: rry )' -

el .. break; . .
[ P T “ ,Casec:. /ﬁﬁ and Cal'l‘y t/ i . -0
N SRR rry =: Combine]‘rees( 12, Ca"-' >H
e an ame. oo - H22>TheTr Trees( 1] = NULL- L
break:
case 7: /* A1l three */
Hl->TheTrees[ i ] = Carry;
carry = = CombirieTrees( T1, T2 i

- . H2->ThéTreésf i ] = e A
| break 47 NULL
}. . e "'«}';3 i :
-return Hi;' S s
} .
. RN T
210

~
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De'leteﬂ‘lnc Bmtmeueqﬂ-) 533 SRR
- { : ESTRE @ LR L Py .«f”f A
L 1nti 1,,‘2 ....
“ 7 int MinTree; 7* The,tree trith the mn‘lm 1tem */
_Bngeue DeletedQueue. . . .
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MinItem = Infinity;
for( i = 0. i < MaxTrees; i+ )

o et

if( H->TheTrees[ i ] &

H->TheTrees[ i J->Element < HinItem ) .

. q
Ciil e oo /% Update-mindmum /T st ;
MinItem: -_H»‘lhe‘l‘rees[ ‘I . 1 -sE‘Imnt- S
MinTree = i; . cel w e
} CyLond e e ot &
[S5S SRNEI F R AN A IO
' De'let:ed‘l'ree = H->TheTrees£ M‘InTree Jo e
: OMROOET DeletedTree; . ERTIVERE .
DelétedTree = DeletedV ree->LeftCh1‘ld, . N
free( OldRoot ). et e . o
STIG - all® Dot

De'letedQueue Imtia]:ize( 3 H
:De'letedQueue»currentSize,- .

for( § = MinTree - 13 2203 3= )..

De1emdl'ree.
NextS'lbling;
-gNextSibI'lng NULL‘

" Del etedQum»TheTrees{ Ji
= DeletedTree->

De'lctedQueue->TheTrees[ 3.

DeletedTree =
} .

H—&The'l’rees[ ‘MinTree.
H->CurrentS1ze -- De

e
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CHAPTER 6/PRIORTTY QUEURS (HEAPS)
In this chapter we have seen various implementations and uses of the priority queue
ApT. The standard binary heap implémentation is elegant because of its simplicity
and speed. It requires no pointers and only a constant amount of extra space, yet
supports the priority queue operations efficiently. T

- We considered the additional Merge operation and developed three implemen-
tations, each of which is unique’in its.own. way; The Jeftist heap is a wonderful
example of the power of recursion. The skew heap represents a-remarkable data
structure because of the lack of balance criteria. Its analysis, which we will perform
in Chapter 11, is interesting in its own right. The binomial queue shows how a
simple idea can be used to achieve a good time bound. -

We have also seen several uses of priority queues, ranging from operating

systems scheduling to simulation. We will see their use again in Chapters 7, 9,
and 10. o .

Exercises -

6.1 Suppose that we replace the DeleteMirn function with FindMin. Can both Insert
and FindMin be implemented in constant time? .- .
6.2 a. Show the result of inserting 10, 12, 1, 14,6,5,8,15,3,9,7,4, 11, 13, and
2, one at a time, in;o an initially empty binary heap.
b. Show the result of using the linear-time algorithm to build a binary heap

using the same input. . S
6.3 Show the result of performing three DeleteMin operations in the heap of the

previous exercise. ) , .
6.4 Write the routines to do a percolate up and a percolate down in a binary heap.
6.5 Write and test a program that performs the operations Insert, DeleteMin,
BuildHeap, FindMin, DecreaseKey, Delete, and IncreaseKey in a binary heap.
6.6 How many nodes are in the large heap in Figure 6.13? )
6.7 a. Prove that for binary heaps, BuildHeap.does at most 2N ~ 2 comparisons
. betweenclements.’... R T Tt
b. ‘Show that a heap of eight elemients can ke constructed [n eight comparisons
between heap elements, - : .
~**c. Give an algorithm to build a binary heap.in &N + O(iogN) element
comparisons. . ST S
6.8 Show that the expected depth of the kth smallest element in 2 large complete
heap (you may assume N = 2% — 1) is bounded by logk. o ,
6.9%a. Give an algorithm to find all nodes less than some value, X, in a binary heap.

Your algorithm should run in O(K), where K is the number of nodes output.
b. Does your algorithm extend to any.of the other heap structures discussed iz

this chapter? 212
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PUBY AT
*c. Give an algorithm that finds mg;:m item X in a binary heap using at..

"
RN

t 3N/4 compagisonis. "™ - .
'6.10 Prol::sse::’&my ithm to-insert M-nodes into a binary heapgn N eclements in

oM +logquglp'gN).ﬁmc.Proveyourﬁn;ebf:uund.. y',&;._\ |
6.11 Write a program to take N clements and do the owing:

a. Insert them into a heap one by one. L , -
b. Byild a heap in linear time. . ; , SN
Com;lare the running time 6f both algorithms for sor@d, WM and
random inputs.. - :

Each DeletéMin operition uses 2logN comparisons in the worst-case. .\ .
.12 Each DeleteMin operatior: uses 21 T o _ logN, +
6 .’a.'PrOpose »; scheme so that :‘h.e DeleteMin operdtibn uses ouly log

. : “This need not imply less
loglogN +‘0(1)oompaqsom"bgtwee31elemel!fs;'ﬂ!1§ dnof implyfess

data movement:- T o - LLE MR N’%-\('E)(i)
ARSI RIEIRY 1ogN + logloglogN
**b. Extend yomthCmpm(a)sodmOﬂlY * . °8 P

comparisons are performec.l.
*+¢, How far can you take this idea?

d. Do the savings in comparisénsicompe:‘xsane for the increased complexity of
. Do , re

alor{th;m? ) f”‘:‘t-.‘. (4
s i aY:;fa;i; stored as-an array, for an entzy.located in position i,.Wf.xeregr'
" the parents and children?” 7 b
6.14 Suep]l:ose we need to, perforni'M PercolateUps and N DeleteMins on P
thatinitially has' N elements. i o m s of M, N; and

: at'is the total running time of all A :
: ?fvgai‘sith;hat'is the running time of all heap _opm‘tlons?
c: Ifd = 8(N), whqtisthet’cmlmnningume? »

*d. Whet choice of d migimises the ofal SR8, ,both . Delgtabfin-and

615 A minmax heap is admm?}:%f tate it jdentical 10.a binary

i 1 K .. &5 X The e Gy M k ‘t'he
DeleteMaz in Ol 08 e ety i hi o any hode, X, af i gt fhe
. heap, but the heap GRet ORI e bl thathe grandgoreat

key stored at X is atodd dépth; dwfkeyf red at

(where this makes sense), agd for aney::::x . grapdparent, Sec Figure 6:57- .
] - el DRI e

- Xis I“Be‘ than trhe parent bﬂt %m .'a‘m:'mf nme[unmb?» REEI

i find the niini : B RS L T
b ,GNe‘a_nalgon e DMM&MDMW' Vooeg U Trer
¢ "Giveana grithm o perior =2 linear Pine? i e ey

fd CanyoubuldaminmachaR B DeletaMar;zind Morse

v, Suppose wis: wonld like to suppors, Deleteim CERQ GG

%7 Propose a data stichure:to support alloperations:i SLGBTITLT T
oy X0 : ‘ . 8. . ) o '-’ )

' 6.16 Merge the two leftist heaps in Figure i‘;‘ﬁ!m‘dﬂ s niilly émpty e
6.17 Show the gesult of insefting keys1 €012 T

. heap. o 213
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Figure 6.57 Mmmaxhwp

Figare 6.58

6.18 Proveord:sprove-Aperfecd
7 yhhnwduxfomﬁk k —
msetted*mordermtoanmmallyemptylefustheap -eys e 2 ar

:;z Gnveanmmpleofmputd:atgmcmwsthebestlefhstheap
-a. Can leftist heaps efficiently support DecreaseKey? -
. OnWhatchanges,lfany(lfposmblc),arerequuedtodothls?
laz;:;:ytod;let;;oda&omaknownpos:honma!efnstheaplstousea
- tegl}; 0 delete a node, merely mark. it deleted; When a FindMirn or
eleteMmmperfommed,thetelsapownualpmblemnfdze ‘oot is marked
nddmeedstobefo dzenodehastobeacmallydeletedandtheree!mnmmum
el ktl;zd, which may involve deleting otlier marked nodes. In this
. ds’ eth cost_one unit, but the cost of a DeleteMin or FindMin
“depends on the number of nodes that.are marked deleted: Suppose that after

a’ DeleteMin or FindMin there are k fewer miarked nodes than beforé the

- operation.

*a. Show how to perform the DeleteMm in O(k logN ) time.
214

* **b. Propose anmplcmmtanon, with an analysis to ahowxdmttheumem

perform the DeleteMin is. O(k log{2N/k)), - - -

622 WemperformbIdepmhnmumeforlcfnstheapsbyconmdenngach
elementasaone-nodcla&lsthup,plamgalldmeheapsonaquene,and
performing the followisig step: Until only one heap:is on'the: qucue, dequeue
/twoheaps,mu'gedxem,andenqumetheresdt. e

. a Ptovedlatthlsalgonthm:sO(N)mtheworstcase U o
b, Whym:ghtthmalgonthmbep:e&tabletqdnalgogthmdambedmthe
text? <

623 Mcrgethetwoskewheapsmﬁgyreé.ss ' :

6.24 Showtheresultofmsemngkeysltoﬁmordﬂmtoaskewheap.

625 vaeordwprove.Aper&alybalanwdmforms:fd:ckcysltoz"—lare
msemedmordermtoanmmallyemptyskewheap co

626AskewheapofNelememsmnbebuﬂtumngﬂmsmndardbma:yheap
_ algorithm. Canweusedmsamemcrgmgmwgydesmbedmﬁxcmse6.22

' forskewheapsmgetanO(N);unnmgnmc? T

6.27 Prove dmtabmom:altreeB;,hasbmommltreesBo, Bx, 9y aschlldren
of the root.

628 Provethatabmommlcreeofhuglukhas(d)nodesatdepthd

6.29 Mcrgethetwobmom:alqueusmfwe&” calalae

6.30 a. ShowdmNInsertsmwanmxmllyemptybmmmlq“‘“"m OiN)

time in the worst case. . .-
b. Gwcanalgond:mtobm!dabmomml queue ofNelements,nsmgat most
_ N - 1.comparisons, between clements. . .
Lt P:oposeanalgonthmwmsertMnodesmwabmommquOme's
: your bound.. -

. inOM +logN)worst-casenme.Prove
631 Wntcanef&aentmutm:w puﬁomlmrfmsbmmmlqueues Donotcall
Me'ge‘ ‘ . ’ ‘.‘ . N - . .
A' S et .".:_‘: PRRCTR N R : St
Figare 6.59 T




6.32 For the binemialquepes. ;= - - - |
T ‘ﬁi’shp‘oblm &7t S .mﬂu'?ge("i,'lH)lsma"d_’e?M.bd'f i Yy d*co( l,eto ﬁx

E b.whmem e L
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53 o Moty e Mrge o kel o i i v he v
S e v extend m ey 16 allow’at mbst two 76es of the same

. _» i ; oblam-”. l v.wom"' 4 PSS TR 2T Yy

6.34 s;,mmg O(log N) for the othér 0peratgoizs? “ease cine for. gy while
Suppose you have a number of boxss, eackof which Ginhold total weight C-
- The objece by o2 ods, < Ny Whichy Welgh wivsva; 3033 . 0K, respectivly..
than its mmtyl;ﬁ‘ﬂd“ items without placing more weight in any b:x

" and the items have ‘.’.3“333 few boxes as possible, Formstance, if.C =35,
- ghc e ttems have weights 2,2, 3, 3, then we can solve the problem with two.

. problem is very hard, and iio efficient solition is know
Write programs to i T % and no Ci:ﬁaent solution is known.
gies: -~ > implement efficiently the following approxitnation strate-
*2. Place . gl . eI e -
the weiglit in the first box for which it fits (creating a new box if there

mugngj’:“"".iftﬁer.éa;%nom' left in
e g W dE T

is no box with' élicugh r"obm)(’l'hmsu'aﬁegy and all thatfollow would give*

 three boxes, which is suboptimal.) p
4 *:. :ll:::emm in'the box with the most:room forit. * -

. e t. .ne . 2o et e B
% fowinge e 1 the most filed bor that cin acoept i without over

.,

e, A

"d.Al:c ] . “.l e ‘ T
638 S "“jn"f '*m:awsmmhamd by presirtiig the iems by weight?
Suppose % want 45 edd the DecressedKeps(h) Sperstion 1o the hesp
t of this opération is that all Kéys in-the héap have their

by an-aniount A. For the hieap implementation of your choicé;

explain the necessary modifications
. . .- . 80 that au Oth s [ .
_ running tinies and DecreaseAllKeys runs in O(1). €r operations retain their

6.36 Which of the two selection algorithms has the better time bound? ~~ *

5
ey

e by o o ot T T
mmﬁﬁ.;tm ﬁt')Om 4. ',m [27): The linear-time algorithm for its.
Crane [11] and described ;o'fxnd‘,m,ﬂips was in [19). Leftist heaps were invented by
Tatian [23) Bisoiat et [21]. Skew heape were developed by Sleacor 2ud
e oy ot ducies were invented by, Vullemin [26]; Brown provideds.
carchlly mplemented, e a1y pesforr el i practice )

' 6.7(b~c) is taken from [1 e - ‘ . :
for constructing binary | 7). Exercise 6.9(c) is from [6]. A method

d cting binary heaps that uses about 1.52N comparisonsloln av::age is
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described. in [22]: Lazy deletion: in leftist heaps (Exercise 6.21) is from [10]. A
solution to Exercise 6.33 can be found in [8]. S

Min-max heaps (Exercisé 6.15) were originally described in [1]. A ore efficient
imiplementation of the operations is given in [18) and [24]. Alternative representa-
tions for double-ended priority queues are the deap and diamond dequeue. Details
can be found in [5], [7), and [9). Solutions-to 6.15(¢) are iven in.[12] and [20).

A theoretically interesting priority queue represenitation is the Fibonacci heap
[16], which we will describe in Chapter 11. The Fibonacéi heap allows all operations
to be performed in O(1) amortized time, except for deletions, which ate O(logN).
Relaxed beaps [13] achieve identical bounds in the worst case (with the exception of
Merge). The procedure of [3] achieves optimal worst-case bounds for all operations.
Another interesting implementation is the pairing beap [15], which is- described
in Chapter 12. Finally, priority queues that work when the data consist of small
integersarcdescribedin[Z]and[?.S].' e e
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CHAPTER 7

, ~Sorting

In this chapter we discuss the problem of sorting an array of elements. To simplify
matters, we will assume in our examples that the array contains only integers, al-
though, obviously, more complicated structures are possible. For most of this chapter,
we will also assume that the entire sort can be done in main memory, so that the num-
ber of elements is relatively small (less thana million). Sorts that caninot be performed

in main memory and must be done on disk or tape are also quite important. This
al sorting, will be discussed at the end of the chapter.

type of sorting, known as extern
Our investigation of internal sorting will show that

o There are several easy algorithms to sort in O(N 2),
o There is an algorithm, Shellsort, that is very simple to code,

and is efficient in practice. ‘ . -

o There are slightly more complicated O(N log N) sorting algorithms. °

e Any general-purpose sorting algorithm requires 3(N log N) comparisons.
The rest of this chapter will describe and analyze the various sorting al.gori.:hms.
These algorithms contain interesting and important ideas for code optimization as
le where the analysis can be

well as algorithm design. Sorting is also an examplc W :
precisely performed. Be forewamned that where appropriate, We will -do-as much

analysis as possible.

such as insertion sort.
runs in o(N?2),

7.1. Preliminaries - ‘
eable. Each will be passed an array

¢ describe will all be interchan

ments and an integer containing the number of elements.
We will assume that N, the number of elements passed to our SOrting rt;uugaw,

has already been checked and is legal. In accordance with C conventions, the data

will start at position 0 for all the sorts. _ L L)) \
We wilf also assume the existence of the “<'_’ and >‘d opgator_s., which

can be used to place a consistent ordering on the input. Bcs‘detsa S‘;ﬁ‘gﬂ;‘;‘:

operator, these are the only operations allowed on the input Cat: &

these conditions is known as comparison-based sorti0E: ‘
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PSS :
7.2. - Insertion Sort ]
....... AT et WOUA - -

of N -1 passes For pas; t ™ sort. ;
x =1 - ¥or pass P = 1 through N ~ 1, ingert
elements in positiony 0 > 1, insertion sort ensures that the
eats-in posions O through P are in sorted ion so! :
Pesitions § throu sorted order. Inserti makes use
ﬂ!eﬁct that éle;!:g.;msgnpomuonsOthronghP—1arealreadyl::;low:l‘ttobezsom‘:if

Tosp; aind all Tarues st Pyt tise Of swaps. The
mp; andall Targer éleinents @nq;m'pwﬁgﬁ?)'mmé'vcd oheé spot '
techmquedlatwasusédm '

Then Twip'is placed'in the correct spot. This 3 the same

ml'm pi! I‘.‘- . NNy - O e
T {tlonofb ]:h&aps

wmi‘monwﬁaﬁzreaghpm .'_,,_I-“' -74, i -“" ..

void :
' ?’nsertionSort( ElementType A[ ], in

int j, P;

] o E‘lement-r e 'Ta IO
R B R TR L A SR

' " S L My apes e s e
* eyl AL ] e ARF 2217

tN) .

W

for( j=P; §> 088 A[j-]r]>7lm: .‘f‘;‘:;
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73. ALOWER EOUND FOR SIMPLE SORTING ALGORITHNS

. - .
AT A SV < R - R V4
I SN IR
PR .

723, Awabysiy of Fusertion Sore [ ¥ i
Bécause of the nested loops, each of whichi can take N iterations; insértion‘sor is
O(N?). Furthermore, this bound is tight, because inpu in reverse.ordéx, can achieve
this bound; A precise. calcnlation shows that the test at line-4 can be executed at, .
most P + 1 times for each value of P. Summing over all P gives a total of .. ..

v .
Y TR, 11

e s

N ‘

D i=243 444+ N=ONY)
i=2 N ) . .

Wt e R T R I

On the other hand, if the input is presorted, the running time is O(]N.); because

the test in the inner for loop always fails immediately. Indeed, if the input is almost

sorted (this term will be more rigorously defined in the next section), insertion sort

will rin quickly. Because of this widé varidtion, it is worth dnalyzing the average-case

behavior of this algorithin, Tt tarns out that the averags case is ®(N?) for insértion

sort, as well as for.a variety of other sorting algorithms, as the next section shows.

LML e

.
! -~ . PO .
LR HEATON wyo.ov Y
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S e Teetlm e AR
PRI RN RS DS DA L . &

7.3." ALower Bouid for Simple Sorting Algorifhitns . . .~
of muinberdis any ordered B, 7] e the geoperey.
ion, the input

An inviersion ifi an array.q ig'any orderedp :
" In the example of the lst section,  List 34, 8,64,

that i < j but Ali] > A[j} he {npit list 3 7
51, 32, 21 had nine inversions, namely (34, 8),.(34,32), (34,21), (64,51), (64,32),
(64,21), (51, 32), (51,21), and (32, 21). Notice that this is exactly the number of
swiss that needed to be (iplicily) performed by inserton sort. Ths s akvays the .
case, because swapping two adjacent elements that are oug of place femoves cxactly .
on¢ invérsion, and a sorted array has no inversiofs. Sitice there is O(N} other Work
involved in the algorithm, the running time of insection sort is O(I +:N), where 1
is the number of inversions in the (();x(%n)alarray Thus, insértion sort runs in linear
time if the number of inversions is | . . P e
We can compute precise bounds on the average m_nnmg.nm_a-o.f insértion sort--
by computing the. average number of irtversions in a permutation. As usual, eclleﬁmng
average is a.difficult proposition, We will assume thﬂﬁthm-ﬂl}?ﬂozdﬂph_?}w e e;:ms :
(if we-allow; duplicates, it is not-even clear what the average number tlnpof z |
.is). Using this assumption; we can assnmethatﬂlfmnﬁs some W .
first N integers (since only relative orderl.l‘l&l&w)" Ty meqmlly at
likely, Under these assumptions, we have the.following theatemsoc: - 5 -~ "
el s T . AL e oL C v T

T e

THEOREM 7.1. o o IR

i R [V I oy st J S1ee L tele N ‘ d]&m . 3

“he* averidge numiber of inversions i aft ""‘fyofN; At R
- SETIRIYIN . . N o )

CONNE1E T T

}e
wise
) .. g . . .

wpb el R R 30

o}

’ N I T LR

COUPROOR: . - b o mT Al R ST Sl Bal .

sttt T

. list of the example is°21; 32, 51, 64;8,34: COBEED 7 i1 . this ordered '
in-the list (x,y); with'y > 2 lerly,~1 . exacﬂy oneof ‘L and:L, tlus ordered

o ‘ 221" "



'péirrcpmmtsanmvemon.mmtalnumbcrofthmepausmahstLand

ltsreverseL,rsN(N—I)IZ.Thus,anavetagehsthashalfduSamount,or

- N(N —1)/4 inversions. -

““Thig theorem iniplies that insertion sort is quadrauc on average. It also provxdea £
a very strong lower bound about any’ algonthm that only em:hanges ad]acent ele-

ments.

THEOREM 732, ) .
Any algorithm tbatsombyexcbangmg ad;acent elements reqmres Q(N?) time
}onaverage.j.g < R
..lnnl L

e,

Thea average nnmber o{mvemons is mmally N (N 1)/4 Q(N 2, Each swap
" removes only one inversion, so {}(N2) swaps are required. .

This is an mmple of a lower-bound, proof. It is valid ot only for insertion sort,

_ which performs adjacent exchanges implicitly, but also for other simple algonthms
such as bubble sort and selection sort, which we will not describe here. In fact, it is
valid over an entire class, of sorting ‘algorithms, including those undiscovered, that ,
-perform .only adjacent* exchanges Because of this, this proof cannot be confirmed .
empirically. Although this lower-bound proof is rather simple, in general provmg
lower bounds is much more complicated than 'proving upper bounds and in some
casés resembles voodoo.

. This lower bound shows us- that in order for a sorting algonthm to run in \

subquadratic, or o(N2), time; it must do comparisons and, in particular, exchanges -

between elements that are far apart. A sorting algorithm makes | progress by eliminat-
ing inversions, and to run efﬁcxently, it must ehmmate more than just oné mvers:on:

permhange

74Shellsort

Shellsort, named a.fter its mvenmr., Donald Shell, was one of the ﬁrst algonthms
to break the quadratic time barrier, although it was not until several years after

its initial discovery that a subquadratic time bound was proven. As suggested in :
theprevious section, it.works by- compmng elements that are distant; the distance: .
between comparisons decreases as the algorithm runs until the last phase, in'which -

adjacent elements are compared. For this reason, Shellsort is sometimes referred to..'
as diminishing iricrement sort.

Shellsort uses a sequence; by, hz, .» by, called the mcrement sequence Any
increment sequence will do as long as In =.1, but some choices are better than
others (we will discuss that question later). After a phase, using some increment by,
for every i, we have A[§] s A[i + b;] (where this makes sense); all elements spaced
by, apart are sorted. The file is then said to.be. bj-sorted. For example, Figure.7.3
shows an array after several phases of Shellsort. An important property of Shellsort
{which we state without proof) is that an bj-sorted file that'is then h,-q-sorted-
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1 9% 123 17"95 38 58 41 75 15

;‘3_'5_ 177 117 28 13, 41,75 45 96 583.,‘1”'94.,,,95‘
28" 12° i 15 41,“,58 17,94 75% 81 96 95,
15 17" 28 35. 41 _)Ss s, mrsgg 795,96

ﬁgnre 73 Qhéllsort after ach pass”

Bl

remains h,,-sorted I dus were not the case, the algomhm would hkely be oflmle

value, since work done by early phases wo

beundonebylaterp“
Thegcneralstrawgytobk-kornsfora ". sit op,:,mh,,,%&r v ..,N 1,
-place the élementmthe correct spot dmong i, i L i = 3by, ough
not affect'the implementition, a catefuf’bcﬁmmimon ‘shows that the ad o o an.
. by-sortisto puformanmsemonsort onky mdepcndcht suba:ra m’l:lps Eservanon
wxﬂbeihﬁomntwhenweanalyze:hemnnmgumeomhellso;t, S
A popular (but poor). choice for - iricrement’ sequientce’
sugg&ted w Shcll' bg = lNIZL ﬁud bk = [bk+fﬂl Fign}ez7 2l r"r.,. 3 i
‘that impléritnts. Shellsort using this uence ’We later’ th
*increment sequenms’tbaf givéa m@lﬁﬁm algoritt
time; éven a minor dmsnwllyaﬁectperformanoe( cise 7.
TheprogrammFigmeWtavoxdstheexphatuscofswapsmt};'e ‘manner

asounmplemenmnonofmsemwsom N e
. ‘ - . = ) . E :1“_‘ ’ ’ .’I‘ i -;
Hgnre74 ShellsortrouuneusmgShell’smaemcnts . e
(bettcrmcmmenmarepowble) RN
A vmd ‘ o Lo e
Sﬁe‘l’lsort( E‘Iement‘Type A[ ]. int N )
{ “int1,7 3, Increment, g " ‘“ ‘( o
»E?ément‘l'wt Top; <" ;;; e e
'/* it/ ) for( Increment = Nif 25 “Incmmént > 0"Ianwfnt /=:2 )
/* 2%/ . for( de Increment- <N i i s st
o ' P LR IC TFILL T P15 i LS
£ = ALY 1
;: 3*5 f::( j =15 j?‘ Incre'?enr;é '::t--]- ;ncrement,.)
A AFC Tlp < Arj - 1 cm Eribert
e AL 33 = AL § - Tncrient T00
o et o @IS T U e gl e
/*.j7*/ : .J_‘i-.‘ : ,on. m‘eﬂk: o s .?.., w....
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7.7'4.1: SR obeellgaﬁ : oo Co suggested a Mﬂymmmmmwhkhﬁlmbmmﬁinpmcﬁoe
Although Sheflsort is simple t6 code, the analysis of its running timé s quite sncther (and theoretically). His increments are of the form 1,3, 7,28 1. Althiough these
story. The running time of Shellsott dépends on the choice of increment sequence, ; increments are almost identical; the key. difference is. that consecutive increments
and the proofs can be rather involved. The average-case analysis of Shelisort isa- have no common factors. We now analyze the worst-case running time of Shellsort
long-standing open problem, except for the ‘st trivial increment sequerices. We for this increment sequence. The proof is rathet complicated.
will prove tight worst-case bounds for two particular increment sequences. a R R : R
T SR . THEOREM74. . ., . v . . N
T The worst.case nnming time of Shellsort using Hibbard's increments is 8(N7).
The worst-case running time of Shellsort, using Shell’s increments, is 6(N?). - % I ws o : S
v £ radmices showing do e ’ S ' ) * . “‘We will prove only the upper bound and leave the proof of the lower boupd_gs
, LSS prootiequires Showing not only an upper bound on the worst-case running an exercise. The proof requires some well-kriown results from additive number
.. fime but also showing that, there exists some inpu that actually cakes (N7} theory. Referénces to these results are provided at the énd'of the-chapter: ~"©
, ame to run, We P rove the fo\'w'er' béund first, by constructing a pad case. First, For the upper bound, as before, we bound the running time of each pass
i WN 0 be 3 po vze.;fof 2. This makes all the increments even, except for and sum over all passes. For ‘increments by > N2, we will use the ‘bound
thedllasf increment, which is 1. Now, we will give as input an array, InputData, * O(NZ2fhy) fcom the previous theorem. Although this bound holds for the dther
‘ ‘m;jmf"'bmefé NP2 largest pumbers in the even positions and the N/2 smallest . increments, it is too large o be useful. Intuitively, we must take advantage of
By the odd positions (for this proof, the first position is position 1). . the fact that this increment sequénce is special. What we need to show is that
As dll the increivents except the.Jast are even, when we come to the last pass, for any element Ap'in position P, when it is time to perform an hy-sort, there
the N/2 lacgesi. numbers are still all in even positions and the N/2 smallest ave only a few elements to the left of position P that are larger than Ar. .=
:humlee:s are still all in odd positions. The ith smallest number (i =< N/72) is - When we come to by-sort the input array, we know that it has alresdy. been
. :'el us in position. 2/ — 1 before the beginning of the last pass, Restoring the ith + bysq- and byyz-sorted. Prior to the by-sort, consider elements in positions P and
" elemet to its correct place requires moving it i — 1 spaces in the array. Thus, P—i,i = P.Ifiisa multiple of bys1 Of b2, then clearly A[P - i] < A[P}. We
wg;zel:dy place the N/2 smallest elements in the correct place requires at least can say more, however. If iis expressibleasa linear combination (in nopnegative
2.;=1i — 1 = O(N?) work. As an example, Figure 7.5 shows a bad (but not integers) of g4 and b2, then A[P = i] <A[P). As an example, when we
the worst) input when N = 16. The number of inversions remaining after the. come to 3-sort, the file is already 7- and 15-sorted. 52 is expressible as a linar
. 2-s01:t isexactly 1 +2+3+4 45+ 6 + 7 = 28; thus, the last pass will také _ combination of 7 and 15, because §2=1%7+3#15. 1-1-'“5’, A[100] mppotbe
considerable time. : ' ‘ larger than A[152] because A[100] = A[107) = Al122] = A[137] = A[152].
To finish the proof, we show the upper bound of O(N2). As we have : Now, bpsz = 2hper + 1,50 Brar and bz caqnqtshareacpmmon factor.
observed before, a pass with increment by consists of b insertion sorts of " In this case, it is possible to show that all integers that are at least as large 3
?bout N/by elements. Since insgttion sort is quadratic, the total cost of a pass  (bpe1 = Dibeaz — 1) = 8h} + 4h; can be e?rprased_ sed as°a linear oqm?:méhoq
& O(f"'(N””')z) = O(N?/b). Summing over all.passes gives a total bound of bis+1 and by (see the reference at the end of the chapter) s e
O(Ziwl.N 2/b;) = O(N 23t 1 1/h;). Because the increments form a geometric . .~ " ‘This tells us that the body of the for loop at lme 4 m’l':nesexm bz::io:;
seties 1V;r’l’t_h<comm2. Thon rati«:’;;‘n and the largest term in the series is by = 1, - 8hy +4 = Olhy) tintes for each of thie N —bj, positions: This gives 2 BotTq ¢
i=11/hi < 2. Thus we obtain-a total bound of O(N?). -. - L O(N ) per pass. S Y~
The problem wi NP o ( '-.) ¥ e o 'U:i)n%ertl[:: f.ct that about half the increments satisfy h"<.,--‘./-ﬁ’ and
The problem with Shell’s increments is that pairs of increments are not nec- o thattiseven,theto'talrunningtimcls , .
essarily relatively prime, and thus the smaller increment can have little effect. Hibbard - assuming that === T
Figare 7.5 Bad cise for Shellsort with Shell’s incremen ” o & N | = Ol N N 2 uht)' |
(positions are numbered 1t0 16) . s K L -~ 0 -gNh +k.%+1N Thi O kz_l . k_-%ﬂ -

Because both sums are geometncsenes, and smcebuz =9( IN ),tlns simpli-

|
o
|

fiesto _. o | L
- o(Nb,n)+o(,,5—)=0(N’”_)r e
' o " 225 :
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. The average-case running time of Shellsort, using Hibbard’s increments, is
thought to be O(N*%), based. on simulations, but nobody has been able to prove
this. Pratt has shown that the 8(N¥2) bound applies to a wide range of increment

Sedgewick has proposed several increment- sequences that give an O(N*?)
worst-case running time (also achievable). The average running time is conjectured
to be O(N%) for these increment sequences. Empirical studies show that these
sequences perform significantly better in practice than Hibbard’s. The best of these
is the sequence {1, 5,19,41,109,...}, in which the terms are either of the form
9-4~9-2'+1or4 - 3-20+ 1. This is most easily implemented by placing these

values in an.array. This increment sequence is the best known in practice, although-

there is a lingering possibility that some increment sequence might exist that could
give a significant improvement in the running time of Shellsort. :

There are several other results on Shellsort that (generally) require difficult
theorems from number theory and combinatorics and are mainly of theoretical
interest. Shellsort is a fine example of a very simple algorithm with an extremely
complex analysis, - ) .,

The performance of Shellsort is quite acceptable in practice, even for N in the
tens of thousands, The simplicity of the code makes it the algorithm of choice for
sorting up to moderately large input.

7.5. Heapéort |

As mentioned in Chapter 6, priority queues can be used to sort in O(N log N) time.
The algorithm based on this idea is known as beapsort and gives the best Big-Oh
running time we have seen so far. In practice however, it is slower than a version of
Shellsort that uses Sedgewick’s increment sequence.

. Recall, from Chapter 6, that the basic strategy is to build a binary heap of N
elements. This stage takes O(N) time. We then perform N DeleteMin operations.
The elements leave the heap smallest first, in sorted order. By recording these
elements in a second array and then copying the array back, we sort N elements.
Since each DeleteMin takes O(log N) time, the total running time is O(N logN).

The main problem with this algorithm is that it uses an extra array. Thus, the

memory requirement is doubled. This could be a problem in some instances. Notice

that the extra time spent copying the second array back to the first is only O(N), so
that this is not likely to affect the running time significantly. The problem is space.
A clever way to avoid using a second array makes use of the fact that after each
DeleteMin, the heap shrinks by 1. Thus the cell that was last in the heap can be
used to store the element that was just deleted. As an example, suppose we have a
heap with six elements. The first DeleteMin produces A;. Now the heap has only
five elements, so we can place A, in position 6. The next DeleteMin produces A;.
Since the heap will now only have four elements, we can place A; in position 5.
Using this strategy, after the last DeleteMin the array will contain the elements
in decreasing sorted order. If we want the elements in the more typical increasing
226
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sorted order, we can change the orde:in)g ln1;:'01)&e1'ty so that the parent has a larger
the child. Thus we have a (max)heap. N

key tIhnmozlmr implementation, we will use a (max)hegp, but avoid the actual Am'.fo:
the purposes of speed. As usual, everything is done in an array. The ﬁmmpt::llgi:
the heap in linear time. We then perform N = 1 DéleteMaxes by mpll;u“s y

clement in the heap with the first, decrementing the heap size, and perco un?let ov;n.
When the algorithm terminates, the array contains the elements in sorted order. For
instance, considér the input sequence 31,41, 59,26, 53, 58, 97. The resulting heap is

ywn in Fi 7.6, ) Lo : .

Showfzglzrela;t;c shows "the heap that results after the first DeIeteMax. As tht;
figures imply, the last element in the heap-is 31; 97has béen placed u'x-) a part.o
the heap arfay that is technically no longer pait of the heap. After 5 more deleteMax

Figare 7.6 (Max)heap after Buil_dHeat,pﬁase -

[T IO
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#define LeftChild( i ) G2.5.C1).+1.)

void
?erchwm( ElementType A[ ], int i, int N)
int Child;
ElementType Tmp;
/* 1%/ {for( Tmp = AL i ]; LeftChild( i ) <.N; i = Child )
;: g:; . c_gzw-- LeftChild( i ): :
if( Child != N - 1 && A[ Chil i
5: g:; .1 , [ Child + 1] > AL Child 1)
if( Tmp < A[ Child ] )
/* 6%/ A[ i1 = A[ Child 1;:
else : '
/* 7%/ break;
}
/* 8% AL 1 =Tmp;
}
void :
?eapsort( ElementType A[ ], int N )
int i;
/% 1%/ for( i =N/ 2; 1 »= 0; i-- ) /* BuildHeap *
[* 2%/ - @ PercDown( A, i, N ); ) / . -/
/* 3%/ forCi=N-1;4>0; i--) . '
{
/* 4%/ Swap( &A[ 0 ], &A[ i i /* D #
/% 5%/ } PercDown( A, 0, 1'[)? 127/ . SleteNax */
}

Figure 7.8 Heapsort

operations, d.ze hm_p will actually have only one element, but the elements left in the
heap Ta‘lhrray will be in sorted order. '

_The code to perform heapsort is given in Figure 7.8. The slight complicati
. ¢ co ; 8. plication
;s dll:", unlike thc.b;nary l?eap, where the data begin at array index 1, the array
or heapsort contains data in position 0. Thus the code is a little different from the
binary heap code. The changes are minor. - '

7.5.1. Amalysis ‘ofﬂm

As we saw in Chapter 6, _die first phase, which constitutes the building of the heap,
uses at most 2N comparisons. In the second phase, the ith DeleteMax uses at most
2|log i | comparisons, for a total of at mosf 2N log N — O(N) comparisons (assuming

- 7.5. HEAPSORT

N = 2). Consequently, in the worst case, at most 2N log N — O(N) comparisons
are used by heapsort. Exercise 7.12(b) asks you to show that it is possible for all of
the DeleteMax operations to achieve their worst case simultaneously.

Experiments have shown that heapsort is an extremely stable algorithm: On

-average it uses only slightly fewer comparisons than the worst-case bound suggests.

Until recently, however, nobody had been able to show nontrivial bounds on
heapsort’s average running time. The problem, it seems, is that successive DeleteMax
operations destroy the heap’s randomness, making the probability arguments very
complex. Recently another approach proved successful.

THEOREM 7.5.
The average number of comparisons used to heapsort a random permutation

of N distinct items is 2N logN — O(N loglog N}.

PROOF:
The heap construction phase uses 8(N) comparisons on average, and so we

only need to prove the bound for the second phase. We assume a permutation
of {1,2,..., N} ;

Suppose the ith DeleteMax pushes the root element down d; levels. Then
it uses 2d; comparisons. For heapsort on any input, there is a cost scquence
D:dy,ds,...,dn that defines the cost of phase 2. That cost is given by
Mp = Z?{.ld;;dlenumberofcomparisonsusedisthus 2Mp. : :

Let f(N) be the number of heaps of N items. One can show (Exercise 7.42)
that f(N) > (N/(4e)}N (where e = 2.71828...). Wc will shpw&that only an
exponentially small fraction of these heaps'(in parucular. (1’_\1 116)%) hgve a cost
smaller than M = N(logN — loglogN — 4). When this is sl}own, it follows
that the average value of Mp is at least M minus a term that is o(1), and thgs
the average number of comparisons is at least 2M. Consequently, our basic
goal is to show that there are very few heaps that hav.:r small cost sequences.

Because level d; has at most 2% nodes, there are 24i possible places that the
root element can go for any d;. Consequently, f?l' any sequénce D, the number
of distinct corresponding DeleteMax sequences is at most

Sp = 2d19d2 ... 29N :
A simple algebraic': manipulation shows that for a given sequence D

Sp = ZMD .

Because cach d; can assume any value between 1 and |[log N}, ;hgri: are
at most (log N)N possible sequences D- It follows that the number of distinct
g M is at most the number of cost

DeleteMax sequences that require cost exactly
sequences oﬁml cost M times the number of DeleteMax sequences for each

: N2M follows immediately.
£ these cost sequences. A bound of (logN) .
g The total r?umber of heaps with cost sequence less than M is at most

M-1 y
S (log N)V2' < (logN)" i
i=1 = 229
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-If we choose M- = N(log N —loglog N — 4), then the number of heaps that .

have cost sequence. Iess than M is at most (N/16)¥, and the theorem follows
“from our - earlier comments.

",_.I/J.smsamoreoomplcxafgnmmt,xtm beshowndmthmpwrtalwaysumat
least N'log N ~ O(N) comparisons, and that thiere ‘are inputs that can achieve this
bound! k- seemsthattl:eangecaseshould also be 2N log N ~ O(N) comparisons
(rather than the 'more liiear secOnd term in Theorem 7 5), whether this is provaBle

(or even'true) is open.

7.6. Mergesort

We now turn our attention to mergaort. Metgesort runs in O(N log N) worst-case
nmnmgume,andﬂxenumberofcompansonsusednsncarlyopnmal Itxsaﬁne
example of a recursive algonthm.

The fundamental operation in this algorithm is mergmg two sorted lists. Because
d!ehstsaresmd,thmcanbedonemonepassthroughd:cmput, if the output is
put in a third list. The basic algorithm takes two input arrays A and B, an
output array C, and three counters, Aptr, Bptr, and Cptr, which are initially set to

the beginning of their respective arrays. The smaller of A[Aptr] and B[Bptr] is copied
to the next entry in C, and the appropriate counters are advanced. When either input
hstnsexhausmd,themmnderofthe other list is copied to C. An example of how
the merge routine works is provided for the fol!owmg input.

1]13]24[26] [2 [15[27]38
T T i T
Aptr .. - -~ Bptr ' T Cptr

IfthearrayAcontamsl 13,24, 26, and B contains 2, 15,27 38, thenthealgomhm‘

procwdsasfollows-F’ust,acompansonlsdonebetwemlandZ lnsaddedtoC
andthen13and2arecompa:ed

1113124126 |2 |15]27]38 1
T - ) T
Aptr ‘ Bptr Cptr

2is added to C, and then 13 arid 15 ate compared.

1[13|24]26| [2[1s|27]38] [1[2]
T - N |
Aptr Bptr . - Cprr

13 is added to C, and then 24 and 15 are compared. This proceeds until26and27
are compared.

9290

-and solved recursively. The aonquemlg
" answers. Dmde-and-conquer is a very po

- point. This could be fatal ora machine v
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11132426 2115127138 1]2]13

Aptr Bptr S Cpr
1]13]24[26] [2]1s|27]38] [1]213]15
T T _ - 1.
Aptr Bptr - : . Cptr
1]13]24]26] [2[1s]27]38] [1]2[13]1s]24]
- Aptr Bptr . : Cptr
26 is added to C, and the A array is exhausted.
1]13[24|26| |2 |1s|27]38] | 1.[2]13|15{24]26
t T e cT
Aptr Bper - ptr

" The remainder of the B array is then copiedto C. -

T T3 122126 [z [15]27]38] [1]2]13]15[24]26]27|38 1
,A;tr ' Bptr Cptr
hstsisdearlyhnear,because atmost N -1
the total number of elements. To see this, note
ent to C, except the lastoompansm, wluch adds N

The time to merge two soited:
comparisons are made, where Nis
that every comparison adds an elem

!
“ eaﬁm)etgesort algorithm is therefore casy to. describe. I N = 1, dt:c: is onlyn
one element to sort, and the answer is at hand. Otlxen'ni‘:c,lv mxzh mn:?:obe
the first half and the seoondhalf MQvamwammm hen be
ed together using the mergin, rithm:descti instance,
tnl;:rgelght?elgement array. 24,13, 26 1,2,27,38;15, ‘we reciiréively soft theﬁ:;;foux
andlastfourelements,obmnmgl 13,24,26,2; 15,27, 38. Then we merge' dnt:m
halves-as above, obtaining the final list 1,2 13,15, 242:)% 3t8“) This alg;:xom w:
into smaller
a classic divide-and-conquer strategy- Theph!::cleg :m e eine toguther he

werﬁlluseofrecumonthat,wemllae

Me;geson is just a driver for the excoaie ;QWWMS",' b deciared locally for each.
The Merge routise is subtle: It:a ild be.logN temporary arrays active at:any

recussive call of Merge, then there: wmmumoxy On the other hand, if the
281



void _ ) .
‘MSort(-ElementType A[ ], ElementType TmpArray[ ],
int Left, int Right )

{
. int Center;
" 1£( Left < Right )
{ 4 ’
Center = ( Left + Right ) / 2; .
MSort( A, TmpArray, Left, Center ); :
MSort( A, TmpArray, Center + 1, Right ); |,
Merge( A, TmpArray, Left, Center + 1, Right );
} .
}
void

C :lergesdr:( ElementType A[ ], int N )
ElementType *TmpArray;

TmpArray = malloc( N * sizeof( ElementType ) );
if( TmpArray != NULL )
{ o 2.

MSort( A, TmpArray, O, N - 1);
free( TmpArray ); - '

else :
) FatalError( "No space for tmp array!!!" );

ﬁm7:9 Mergesort routine

merge routine dynamically allocates and frees the minimum amount of temporary
memory, considerable time will be used.by malloc, A close examination shows that
since Merge is the last line of MSort, there only needs to be one temporary array
active at any point. Further, we can use any part of the temporary array; we will.use
the same portion as the input array A. This allows the imprgvement described at the
end of this section. Figure 7.10 implements the Merge routirie.

7.6.1. Analysis of Mergesort ,

Mergesort is a classic example of the techniques used to analyze recursive routines:

we have to write a recurrence relation for the runnirig time. We will assume that N

is a power of 2, so that we always split into even halves. For N = 1, the time to

mergesort is constant, which we will denote by 1. Otherwise, the tine to mergesort

N numbers is equal to the time to do two recursive mergesorts of size N/2, plus the
232
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/* Lpos = start of left half, Rpos = start of right half %
void _ '
Merge( ElementType A[ ], ElementType TmpAr‘-ray[ 1,

int Lpos, int Rpos, 1nt. RightEnd )

“int i, LeftEnd, NumElements, TmpPos; -

LeftEnd = Rpos - 1} ‘
TmpPos = Lpos; . A
NumElements q'R'IghtEnd - Lpos -ﬁ-l,

*mai'n]oop*/ L o :
{:h'i‘le( Lpos <= LeftEnd & Rpos <= R1ght§nd )
ifC A[ Lpos ] <= A[ Rpos 1) .
TmpArray[ TmpPos++ ] = A[ Lpos++ ]'»,

else o L .
“TmpArray[ TmpPos++ ] = AL Rpos++ Ji'.

wh:lle( Lpos <= LeftEnd ) /*.cOp'y res;: of first half *,

TmpArray[ TmpPos++ ] = A[ Lpos++ 15 S
wh'i'lelzp:posygn :gghtﬁnd ) /* Copy ;e;t.of second half
" TmpArray[ TmpPos++ ] = AL Rpos++ B

- /* Copy TapArray back */ St
1/’or(°?y= O?Ai < NumElements; i++, Rightgrfd-- )
A[ RightEnd ] = TmpArray[ RightEnd ;.

}

-The reason for doing thls will become apparent 9?0?“

Figure 7:10 Merge routine .
time to merge; which is linear. The following equatiO_ns,. say this exactly:

T1)=1 .
T(N) = 2T(NR2) +N .-

which can be solved several ways. We will

- This is a standard recurrence relation,dmde o eoungence felation through by N.

show two methods. The first idea is to Tlusyxelds -

T(N) _ T(NR)

N2 y ﬁaalsowrite
This equation is valid for'anyNthatji“Wwfw-fz’s?we'.l y .
T(NR) _ T(NA) |, |
NZ. NA .

:233



cand.s ... .. -
VOT(NM) T(N/s)'-+~ L
N/4 ~ N/8

2 5 RN B '

Now add up all the equations. This means that ‘'we add_all of the terms on the
left-hand side and set the result equal to the sumof all of the terms.on the right-hand
side. Observe that the term' T(N/2)/(N/2) appears on both sides and thus cancels. In
fact, virtually all the terms appear on both sides and cancel. This is called telescoping
asum.Afterevgrythingisaddo;d,theﬁnalresultis .
TIN) _TQ) ., o . . S
N =1 tleN -

because all of the othernerms cancel and there are log N equations, and so all the 1s
at the end of these équations add up to log N. Multiplying through by N gives the
- T(N) = NiogN +N-=.O(NlogN): - . :
'~ Notice that if we'did not divide through by N.at the start of the solutions, the
sum would not telescope. This is why it was necessary to divide through by N.
_ Analternative method is to substitute the recurrence relation continually on the
right-hand side. We have e ‘ :
"~ T(N)=2T(NR)+N A
Since we can substitute N/2 into the main equation;
2T(N/2) = 2(2(T(N/4))+ N/2) = 4T(N/4) + N .
we have N )
T(N) = 4T(N/4) + 2N 4 -
Again, by substituting N/4 into thc main equation, we see that
4T(N/4) = 4(2T(N/8)) + N/4) = 8T(N/8) + N:
Sowebave -
" T(N) = 8T(N/8) + 3N
Continuing in this manner, we obtain -
T(N) = 2*T(N/2Y) + k-N
Using k = log N, we obtain : R
T(N) = NT(1) +NlogN = NlogN+N =~
The choice of which method to use is a matter of taste. The first method tends to
produce scrap work that fits better on a standard, 84 X 11 sheet of paper, leading to

fewer mathematical errors, but it requires a certain amount of experiénce to apply.

The second method is more of a brute fozrgg approach.

arrangement of the entire set i
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Recall that we have assumed N = 2*. The analysis can be refined to handle
cases when N is not a power of 2. The answer turns out to be almost identical (this
is usually the case). .

Although mergesort’s running time is O(N log N), it is hardly ever used for
main memory sorts. The main problem is that merging two sorted lists requires
linear extra memory, and the additional work spent copying to the temporary
array and back, throughout the algorithm, has the effect of slowing down the sort

~ considerably. This copying can be avoided by judiciously switching the roles of A

and TmpArray at alternate levels of the recursion. A variant of mergesort can also be

implemented nonrecursively (Exercise 7.14), but even so, for serious internal sorting

applications, the algorithm of choice is quicksort, which is described in the next
section. Nevertheless, as we will see later in this chapter, the merging routine is the
cornerstone of most external sorting algorithms. A

7.7. - Quicksort

As its name implies, quicksort is the fastest known sorting algorithm in practice. Its
average running time is O(N logN). It is very fast, mainly due to a very ught and
highly optimized inner loop. It has O(N?) worst-case performance, but this can be
made exponentially unlikely with a little effort. The quicksort algorithm is snm?le
to understand and prove correct, although for many years it had the reputation

. of being an algorithm that could in theory be highly optimized but in practice

was impossible to code correctly. Like mergesort, quicksort is a divide-and-conquer
recursive algorithm, The basic algorithm to sort dn array consists of the following
four easy steps:

1. If the number of elements in § is 0 or 1, then:return. .

2. Pick any element v in S. This is called the pivot.

3. Partition S — {v} (the remaining -elements in 8) into two disjoint groups:

S1={x€S—-{v)}x = vhand$S: = fxes-={vlx = v}
* 4. Return {quicksort(S;) followed by v followed by quicksort(S2)}.

Since the partition step ambiguously describes what to do with elemeats equal
to the pivot, ;lix’a‘rsubecouies a design decision. Part of a good implementation is
handling this case as efficiently as possible. Intuitively, we would hoP_e that about
half the keys that are equal to the pivot go into St and the other half into.S,, much

as we like binary search trees to be balanced. o
wFigure 7. :lul'y shows the action of quicksort on a set of numbers. f;‘l}e pivot s f:h°'
sen (by chance) to be 65. The remaining elements in the set are partitioned into two
smaller sets, Recursively sorting the set of smaller numbers yields 0, 13, 26, 31,43, 57
(by rule 3 of recussion). The set of large aumbers is 'snmda;ly sorted. T@; ,“°“°Fl
Ao 'thny;Obm::di) ¢ it is not cleai'v.why it is
It should be clear that. this algorithm works, but 1 a
any~ f;s:e: than mergesort. Like mergesort, it recurs .W_ely 591_%3 two gbpt%blen;_s
and requires linear additional work (step 3), but, unlike m:ague”b':’ N ,:,lf: prod-
lems are not ateed to be of equal size, which is poten be;“f d. T i;eaI?n
that quicksort is faster is that the partitioning step can acrually L for place



Figare 7.1 The steps of quicksort illustrated by example R

recursive calls, more makes up for the lack of eq;:al sized

.- The algorithm as described so far lacks quite a few details, which we now fill . :

Thm are many ways to implement steps 2 and 3; the method presented here is the
résult of extensive analysis-and empirical study and represents a very efficient way

to implement quicksort. Even the slightest deviations from this method can cause

surprisingly bad results.
771 PlokingtbePoot. - v -
Although thé algorithn as described works 1o niatter which element s chosén'as .

pivot, some choices are obviously better hiani others.

.and would slow down quicksort consi
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Awmng Way

The popular, uninformed choice is to use the first element as the pivot. This is
acceptable if the input is random, but if the input is presorted or in reverse order,
then the pivot provides a poor partition, because either all the elements go into §;
or they go into S,. Worse, this happens consistently throughout the recursive calls,
The practical effect is that if the first element is used as the pivot and the input
is presorted, then quicksort will take quadratic time to do. essentially nothing at
all, which is quite embarrassing. Moreover, presorted input (or input with a large
presorted section) is quite frequent, so using the first element as pivot is an absolutely
borrible idea and should be discarded immediately. An alternative is choosing the
larger of the first two distinct keys as pivot, but this has the same bad properties as
merely choosing the first key. Do not use that pivoting strategy either.

A Safe Maneuver

A safe course is merely tochoose the pivot randomly. This strategy is generally
perfectly safe, unless the random number generator has a flaw (which is not as
uncommon as you might think), sigce it is very unlikely. that a random pivot would
consistently provide a poor partition. On the other hand, random number generation
is generally an expensive commodity and does not reduce the average running time

of the rest of the algorithm at all. ‘

Median-of-Three Partitioning ' o

The median of a group of N numbers is the [N/2] th largest number The best choice
of pivot would be the median of the array. Unfortunately, this is hard to. calculate
derably. A good estimate can be obtained
by picking three elements raridomly and using the median of these threc as pivot.
The randomness turns out not to help much, so the common course is to use as
pivot the miedian of the left, right, and center elements. For instance, with input
8,1,4,9,6,3,5,2,7,0 as before, the left clement is 8, the right element is 0.and the
center (in position |Left + Right)/2)) element is 6. Thus, the pivot would be v=6.
Using median-of-three partitioning clearly eliminates the bad case for sorted input
(the partitions become equal in this case) and actually réduces the running time of
quicksort by about § percent. L ' '

7.7.2. Partitioning Strategy . . .
- 1 itioni . os used in practice; but the one described here
There are several partitioning strategies used in practice, .
is known to give good results. It is very, €asy, a8 wedmﬁl:'st see, to"d:o this :038 or
inefficiently, but it is safe to use a known method-Tht : step is ge;t d: p;iv;:
element out of the way by swapping it with the last element. ; mth e
element and j starts at the next-to-last element. If the original input was the same
before, the following figure shows the ctren gsxmanon. ‘ :



For now we will asstime that all the elements are distinct. Later on we will worry
about what to do in the presence of duplicates. As a limiting case, our algorithm
must do the proper thing if all of the elements are identical. It is surprising how easy
itis to do the wiong thing. o ' _
" "What our partitioning stige wants fo do is to move all the small elements to
the left-part-of the array and all the lafge elements to the right part. “Sinall” and
“large” are; of course, rélative to the pivot. ' '
While § is to the left of j, we move i right, skipping over elements that are smaller
than the pivot. We move j left, skipping over elements that are larger than the pivot.
When / and j have stopped, i is pointing at a large element and j is pointing at a
small element. If i is to the left of j, those elements are swapped. The effect is to push
a large element to the right and a small element to the left. In the example above, i
would not move and j would slide over one place. The situation is as follows.

We then swap the elements pointed to by i and j and repeat the process until i

¢

* pivot will wind up in 5.

. end of the array, no swaps will
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Before Third Swip
‘z 1 4 5§ 0 3 9 8 7 ¢
1 tot
T | -

At this stage, i and ; have crossed, so no swap is performed. The final part of the
partitioning is to swap the-pivot element with the elément pointed to by i.

When the pivot is swapped with i in the last step, we know that every element
in a position P < i must be small. This is because either position P contairied a small
‘element to start with, or the large element originally in position P was replaced
during a swap. A similar argument shows that clements in positions P > i must be

One important detail we must consider is how to handle keys that are equal to
the pivot. The questions are whether or not i should stop when it Sees a key equal
to the pivot and whether or not j should stop when it sees a key equal to the pivot.

. Intuitively, i and j ouglit to do the same thing, since otherwise.the partitioning step

is biased. For instance, if i stops and j does not, then all keys that are equal to the

- To get an idea of what might be good, we cdnsid“e:,_ the case where all the keys
in the array are idéntical. If both i and j stop, there will be many swaps between
identical elements. Although this seems useless, the positive 'egfeqt is that i and ; will
cross in the middle, so when the pivot is replaced, the partition creates two nearly
equial subarrdys. The mergesort analysis tells us that the total running time would
then be O(N logN). o S S )

* If neither  nor j stops, and code is present to preverit them from running off the
be performed. Although this seems good,-a correct
the pivot into the last spot that i touched, which
(or last, depending on the exact implementation).
This would create very uneven subarrays. If all the keys are identical, the running
time is O(NZ). The effect is the same as using the first element as a pivot for
presorted input. It takes quadratic time to do nothing! -

Thus, we find that it is better to do the unnecessary swaps and create even
subarrays than to risk wildly uneven subarrays. Therefore, we will have both i and j
stop if they encounter a key equal to the pivot. This tu;-ns 3:;: to b#tthe only one of

5 sibilities that does not take quadratic time for this input. - 4
the foAl:rﬁl::ts zl:nh::?t may seem that worrying about an array of identical elements
is silly. After all, why would anyone wang £9 sort 5,000 identical elements? However,

implementation would then swap
would be the next-to-last position



recall that quicksort is recursive. Suppose- there are -106,000 elements, of which
5,000 are identical. Eventually, quicksort will make the recursive call on only these

5,000 elements. Then it really will be important to make sure that 5,000 identical °

elements can be sorted efficiently.

~

1.73. SmallArrays . . : :

For very small arrays (N. < 20), quicksort does not perform as well as insertion
sort. Furthermore, because quicksort is recursive, these cases will occur frequently.
A common sclution is not to use quicksort recursively for small arrays, but instead
use a sorting algorithm that is efficient for small arrays, such as insertion sort. Using
this strategy can actually save about 15 percent in the running time (over doing no
cutoff at all). A good cutoff range is N = 10, although any cutoff between 5 and
20 is likely to produce similar results. This also saves nasty degenerate cases, such
as taking the median of three elements when there are only one or two.

7.7.4. Actual ,Qulcksoﬁkouﬂm

The driver for quicksort is shown in Figure 7.12. - .
The general form of the routines will be to pass the array and the range of the
array (Left and Right) to be sorted. The first routine to deal with is pivot selection.
The easiest way to do this is to sort A[Left], A[Right], and A[Center] in place. This
has the extra advantage that the smallest of the three winds up'in A[Lef?], which is

where the partitioning step would put it anyway. The largest winds up in A[Right];

which is also the correct place, since it is larger than the pivot. Therefore, we can
place the pivot in A{Right — 1] and initialize i and j to Left + 1 and Right —2
in the partition phase. Yet another benefit is that because A[Left] is smaller than
the pivot, it will act as a sentinel for j. Thus, we do not need to worry about
j running: past the end. Since i will stop on keys equal to the pivot, storing the
pivot in A[Right — 1) provides a sentinel for i. The code in Figure 7.13 does the
median-of-three partitioning with all the side effects described. It may seem that it
is only slightly inefficient to compute the pivot by a method that does not actually
sort A[Left], A[Center], and A[Right], but, surprisingly, this produces bad results
(see Exercise 7.38). .. .. . A

- The real heart of the quicksort routine is in Figure 7.14. It includes the

partitioning and recursive. calls. There are several things worth noting in this.

Figare 7.12 Dﬁyef for quicksort ‘

IR S

void _
" Quicksort( E’lem'enthe AL ], int N)

{
: © Qsort( A, 0, N-1);

''73. QuiCESORT
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/* Return median of Left, Center, and Right'/ .
/% Order these and hide the pivot */ '

ElementType - o ' e
Median3( ElementType A[ 1, int Left, intvllhvgi::t )

int Center = ( Left + Right D WA TR

'§FC AL Left ] > A[ Center 1) -~ :
Swap( &A[ Left ], SA[ Center ] );
 §fCA[ Left 1 > A[Right 1) -~ -
Swap( &A[ Left ], &A[ Right ] )i - . ol
if( A[ Center ] > A[ Right J) b3 TR
- Swap( SA[ Center ], &A[ Right ] )3 .

| /* Invariant: AL Left.] o= A[‘:‘Ce.l-lter 1 <= AL Right] */

8A[ Center 1, &AL Right - 1] ); /* Hide pivpt */
, f!:ﬂfn AE Right - 1 J; “* - /* Return pivot */
y - _

Figare 7.13° Code to perform median-of-three paitifioning -

ofementation. Line 3 il §and.jf 1 pse e ot v, o et
implementation. Line 3 initializes i and j fo 1 past |

ial i is. initialization. depends on the fact that
there are no.special cases to consider., This lm b program will not work f you
try to use it without change with a simple pi‘-w::'}‘; strategy, because i and j start in
the wrong place and there is no longer a sentinellof /. . ..~ - - o g

" The Swap at line 8 is sometimes written explicitly, for ,qpeedﬁ d purposes wdel:norh:l:e
algorithm to be fast, it is necessary to force the OomPﬂ“bm ‘;zr &ﬂo; that do not e
Many compilers will do this automatically, if asked to, but for .
diff can be significant. . . ] :

: e?;;eﬁ;f lines Sg:l:d 6 show why quicksort 18 SO ﬁﬂb:t-"lfhe fal:t!;e'ral:;z m
algorithm consists .of an increment/decrement (bYl;t‘“mh’Ch o(l::lelsst,zllsurp ssingly
jump. There is no extra juggling as there is in MErge> ' the statements in Figure t!angli 15
ericky. It is tempting to replace lines 3 through 9 Wit Al = AL = Pivor.
This does not work, because thgrewouldbeaﬁ}nﬁmt‘ ;°°g. A e

. ' : Coal . . A
7.7.5. Analysis of Quicksort . - 1 ;-mum solving &
Like mergesort, quicksort is- recursive, and hf?"e’ l:i anar ywassummg a random.
recurrence formula. We will do the analysis :::t:ﬁ for. spaall files. Wé will take
pivot {no median-of-three partitioning) agd 80 e e of quicksort is equal toithe.
T(0) = T(1) = 1, as in mergesort. The ruaniié timie speat in'the partition:(the’
running time of the two recursive calls plus the linear Ge SRR
241
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/* 1%/

/* 2%/
/* 3*/
/*- 4#/

[* 5%/
/* 6%/
/* 7/

/% 8%/

/% 9%/
/*10%/

/*11%/
/*12%/

[*13%/

‘ #define Cutoff ( 3) -

void .
‘ ?sort( E'IementType Af ], int Left, int Right )

int 1, j,
ElementType. ,P‘ivot,

CiFC Left + Cutoff <= Right )

{v
Pivot = Hed1an3( A, Left, Right );
i= Left' j = R‘ight - 19 C-
for( ; ;)
{

while( A[ ++i ] < Pivot ){ }
while( A[ --3 3 > Pivot ){ }
Cif(1i < §)
-Swap( &AL 1 1, &A[J]).
else
break;

} v -~ .
Swap( &A[ i ], &A[ Right ~ 1] ); /* Restore pivot

Qsort( A, Left, i - 1);
Qsort( A, 1 + 1, Right ); .

else /* Do ‘an insertion sort on the subarray */
InsertionSort( A + Left, Right - Left + 1);

Figare 7.14 Main quicksort routine

/% 3%/

/* 4%/

/* s*/
/* 6%/
/% 7%/
/* 8%/

/* 9%/

]-Left+1 J:-R'ight-z
for( 5 ;)

}

whileC AL i1 < Pivot ) i+
while( AL j ] > Pivot ) j--:
ifCi<j) :
Swap( 8A[ i 1, &AL j ] );
else . :
break;
L‘k .

Figare 7.15 Asmallchangetoqmcksort,whxchbmks ’

the algorithm
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pivot selection takes only constant time). This gives the basic quicksort relation -
T(N) = T+ T(N—i—-1)+cN. .- (7.1)
where i = |S1llsthenumberofelememsms1 Wewﬂllookatdxreecasw .

Worst-Case Aaalysis

The pwot:st.hesmall&stelement,allthenme Thcnx = Oand |fwe xgnore T(O) =1,
~which nsmslgmﬁmnt,thetecurrcnccns T

T(N) = T(N-1)+¢N, N>1 ; (7.2)
We telescope, using Equation (7.2) repeatedly. Thus : = .A .
TIN-1=TIN-2+dN=-1 =~ 03
. TIN-2)=T(N=3)+eiN -2} B 2
, T(2) = T(1) +¢c(2) {7.5)
Adding up all these e‘quations yields - .
T(N) = T(1)+ th = O(N?) (7.6)
' i=2 )
as claimed earlier.
Best-Case Analysis .
In the best case, the pivot is in the middle. To slmphfythemadq,weassumethatﬂxe

tkough this gives.
two subarrays are &chexactlyhalfthesxzeoftheungnal,andal
a s(l)xgll:t overY;nmatc, thls is aoceptable beeause we are 0 only mmned ina 318'011

answer

T(N) = 2T(N/2) + ¢cN (7 7)
Divide both sides of Equauon (7.7) by N . | o
TN) _ T(NR) e
N~ NR _ oo Do
'Wemlltelescopeusmgthlsequanon e
T(N/2) - T(Nl4) ‘ N (7.9)
N2~ N S
T(N/4), _ T(NIS) g T .“ B (7719)
N TN TS e e
R /)
@ Td,, o
2 1 - - 243 .
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We add all the equations from (7.7) to {7.11) and note that there ate log N of them:
T(N) _ T(1)

| N _1_ + clogN . . ) . [712}
which yields A
T(N)=cNlogN +N = O(N logN) - (7.13)

Notice that this is the exact same analysis as mergesort, hence we get the same
answer. : '

Average-Case Analysis
This is the most difficult part. For the average case, we assume that each of the
file sizes for S is equally likely, and hence has probability 1/N. This assumption is
actually valid for our pivoting and partitioning strategy, but it is not valid for some
others. Partitioning strategies that do not preserve the randomness of the subfiles
cannot use this analysis. Interestingly, these strategies seem to result in programs
that take longer to run in practice.

With this assumption, the average value of T(i ), and hence T(N —i — 1), is
(UN) SN0 T(j). Equation (7.1) then becomes :

; 2 [N _ _
T(N) = & %T(/) +cN‘ g | (7.14)
If Equation ( 7.14) is multiplied by N, it becomes
N-1 _ '
NT(N) = 2{ > T(j) |+ eN? ' - (7.15)
: j=0 B3 40 . .

We need to remove the summation sign to simplify matters. We note that we can
telescope with one more equation.

N-2
(N—I)T,‘(N—l)=2[ZTU)}+“N-1P SRR (A1)
. i=0

If we subtract (7.16) from (7.15), we obtain

NT(N)-(N-1)T(N~1)=2T(N -1)+ 2N —¢ Rt (7.17)

We rearrange terms and drop the insignificant —c on the right, obtaining _
NT(N)= (N +1)T(N—1)+ 2¢N (7.18)

We now have a formula for T(N) in terms of T(N — 1) only. Again the idea is
to telescope, but Equation (7.18) is in the wrong form. Divide Equation (7.18) by
N(N +1). . )

TN) _TN-1), 2

= (7.19
N +1 N N+1 (7.19)
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Now we can telescope.

T -1 - Tﬁ’ _12) + ij—‘ : (7.20)
N T ~ .
T(N-2) T(N-3) + 2c (7.21)
N=-1  _N-2 N-1
T M2 | 7.22)
3 2 . _
* Adding Equations (7.19) through (7.22) yields :
1
™) T, 51 (7.23)
N+1_ 2 ‘& .
The sum is about log,(N + 1) +y— 3, where y =~ 0.577 is known as Euler’s constant,
so
DTN e i (7.24)
T
And so B
T(N) = O(N losN) . - |
Although this analysis seems complicated, it really is not—the steps are natura

¢ ions.” alysis can actually be taken
SRigeryou Hwe scensBuTRE L relanons‘;:sh :i:i:nl):d above has also been

. The hi optimized version that was ; A
ﬁ;d, ax(:d tl-lgxl:] fcsjt gets extremely difficult, mvolvu}g cg:xeﬁl;c:;fm::;ﬁs
and advanced mathematics. The effect of equal keys hﬂ:l-?in s0 -
and it turns out that the code presented does the right thing.

7.7.6. A HW‘W".HMAIWW S:Iem, hich we have seen in
; which
Quicksort can be modified to solve the selection pro o can indethe kehilargeat

i jority queue, :
hapters 1 and 6. Recall that by using a priofity queuc, W ik thEmicdisi
((c:)rasl:nzi‘wt) element in O(N + klogN). For the special case of fin _ g e e
is gi N log N) algorithm. ’ : : htati
e o the ey in O(N log )t ne ight expec 0 obian
beter cime bound for selction. The algort™n WIetlr;acf-, the first three steps are the
element in a set § is almost identical to quicksort. denote the number of elements
came. We will call this algorithm quickselect. Let |S;| denot ; _

: : e .
in §;. The steps of quickselect ar element in § as the answer. If a cutoff

= en k = 1 and return the :
- ;fnl'ssfmalit ,:;:'rh:;rlskis being used and [S| = ‘CUTOFF, then sort § an re@n
the kth smallest element.

2. Pick a pivot element, v € S. it
. as done with quickso
3. Partition § — {v} into §y and 32,2155“'



CHAFIER 7/50RTING

4, If k < |Sy), then the kth smallest element must be in S1. In this case, return
quickselect (Sy, k). If k = 1 + |3}, then the pivot is the kth smallest element
and we can return it as the answer. Otherwise, the kth smallest element lies
in 7, and itis the (k— |S;] — 1)st smallest element in ;. We make a recursive
call and return quickselect (S2, & — [S1] — 1).

In contrast to quicksort, quickselect makes only one recursive call instead of
two. The worst case of quickselect is identical to that of quicksort and is O(N 2),
Intuitively, this is because quicksort’s worst case is when one of 8; and S is empty;
thus, quickselect is not really saving a recursive call. The average running time,
howevér,.is O(N ). The analysis is similar to quicksort’s and is left as an exercise.

" The implementation of quickselect is even simpler than the abstract deseription

qight imply. The code to do this is shown in Figure 7.16. When the_algorithm

Figure 7.16 Main quickselect routine . |

|
int 1, 3;
EletngntType Pivot;
[* 1%/ i if( Left + Cutoff <= Right )
/*2%/ . . -Pivot = Median3( A, Left, Right );
/3% . - 1= Left; j = Right - 1;-
/* 4%/ for( ; ;) T '
{ . ) _

/* 5*/ . whileC A[ ++1 ] < Pivot ){ }
/* 6%/ whileC A[ --§'] > Pivot ){ }
/*7*/ . if(i<])
/* 8%/ - . ~ Swap( &AL i ], &AL § 1 )5

' else . . v
/% 9% . break; . _
/*10*/ - -Swap( 8AL i 1, &AL Right - 1] ); /* Restore pivot */
/1% ke d)
7*412%/ - Qselect('A, k, Left, i - 1);
/*13*/ else if( k> i'+1) 2
e L/ . Qselect( A, k, i +1, Right );

" .else /* Do an insertion sort on-the subarray */

/*15*%/ InsertionSort( A + Left, Right - Left + 1 );

/* Places the kth smallest element in the kth position */
/* Because arrays start at 0, this will be index k-1*/
void v : .
Qselect( ElementType A[ ], int k, int Left, int Right

{

}
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.loss of efficiency.” - -~

"average, for any sorting algorithm that uses only comparisons,

79. AGENERAL LOWER BOUND FOR SORTING

terminates, the kth smallest element is in position k. This destroys the original
ordering; if this is not desirable, then a copy must be made. .

Using a median-of-three pivoting strategy makes the chance of the worst case
occurring almost negligible. By carefully choosing the pivot, however, we can
eliminate the quadratic worst case and ensure an O(N) algorithm. The overhead
involved in doing this is considerable, so the resulting algorithm is mostly of
theoretical interest. In Chapter- 10, we will examine the linear-time worst-case
algorithm for selection, and we shall also see an interesting technique of choosing
the pivot that results in a somewhat faster selection algorithm in practice.’

7.8. Sorting Large Structures

Throughout our discussion of sorting, we have assumed that the elements to be
sorted are simply integers. Frequently, we need to sort large structures by a certain
key. For instance, we might have payroll records, with each record consisting of
a name, address, phone number, financial information such as salary, and tax
information. We might want to sort this information by one particular field, such as
the name. For all of our algorithms, the fundamental operation is the swap, ‘but here
swapping two structures can be a very expensive operatipn, because the structures
are potentially large. If this is the case, a practical solt!non is to have the input array
contain pointers to the structires. We sort by comparing the keys the pointers point
to, swapping pointers when necessary. This means that all the dat.a.gxovemen.t is
essentially the same as if we were sorting integers. This is known as indirect sorting;
we can use this technique for most of the data structures we have described. This
justifies our assumption that complex structures can be handled without tremendous

7.9. A General Lower Bound for Sorting | o

' gori ing, it i that this is as
Alth have O(N log N) algorithms for sorting, 1t|§notc!qar hat th
gbo: :sgts‘v:v san do.In thisofection, we prove that any algorithm fox: sorting t;hat uses
only comparisons reqaires {}{N log N) compansons (apd_hqmel nme)tn;mg :'v%as;
case, so that mergesort and heapsort are ‘optimal to within a ;_?;nsmn_ or. The
proof can be extended to show that (N log N) comparisons ;E&M ; ea 00

uicksort is optimal on average to thhm a constant factor. o . ,
! Speciﬁc'al;l,y, we will prove the following mult: Anrhwmngt dgg‘:ﬁﬁl‘;&“;ﬁ
only comparisons requires [log(N 1)] comparisons in the V;Om i aﬁy
comparisons on average. We will assume that all N elements are cisunict, S5
sorting algorithm must work for this case. . . )
7.9.1. Decision I'rees ) -

) unds. In our context,

40 piove lower bo
A decision tree is an abstraction used ‘to prove lower UOF D o e
a decision tree is a binary tree. Each node represents & set of possible orderings,



* lacbee
a<ce<b
e e < |b<acel -
- |b<e<a

© {e<a<d

- je<b<a)]

b<a<c
b<c<a

o : . . a<c/ c<a _
- . . . bca<c b<c<a N
e : . i - G:s . ) .

Figare 7.17 A decision tree for three-clement insertion sort

consistent with comparisons that have been made, among the elements. The results
of the comparisons are the tree edges. . ’

The decision tree in Figure 7.17 represents an algorithm that sorts the three
clements a, b, and c. The initial state of the algorithm is at the root, (We will use
the terms state and node interchangeably.) No comparisons have been dong, so all
orderings are legal. The first compirtison that this particular algotithm performs
.compares g and b. The two results lead to two possible states. If g < b, then only
three possibilities remain. If the algorithm reaclies node 2, then it will coiiipare 4
and c. Other algorithms might do different things; a different algorithm would have

a different decision tree. If @ > ¢, the algorithm enters state 5. Since there is only

one ordering that is consistent, the alg'oridlm can terminate and report that it has
completed the sort. If a < c, the algorithm cannot do this, because there are two
possible orderings and it cannot possibly be siire which is correct. In this case, the
algorithm Will require one more comparison. o o

" Bvery algorithm that sorts by using only comparisons can be represented by a
decision tree. Of course, it is only feasible to draw the tree for extremely*small input
sizes. The number of compatisons used by the sorting algorithm is equal to the
depth of the deepest leaf. In our case, this algorithm uses thrée comparisons in the
worst case. The average number of comparisons used is equal to the average depth
of the leaves, Since a decision tree is large, it follows that there must be some long
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-. . Immediate fromtheprecedmglemmn _,
_— e

- ROOE:
- froin the preceding lemma.

" JHEOREM7.7.

| O(NlogN).compgrisons.. .. ...

JogiN1) = logIN(N = T{N - 21520

7.9. A GENERAL LOWER BOUND FOR SORTING

paths. To prove the lower. bounds, all ‘that needs 0 be shown aré some baéi; tree
properties.c - - 1 1 RETL AR o

b Vel o
A I R R I
LA -,'." RIS g 30 . A
" L s

et T be a binary trée of depth.d. Then T has at most 27 leaves..

[ ez e .
fis by induction. If'd = Dj'then there is at most one léaf, so the basis
;Ishtitim((;d:serv:'me, we have a root, which cannot be a leaf, and a left and right

subtree, each of depth at mostd — 1. By the induction hypothesis, they can each

have at most 24~1 leaves, giving a total of at most

2% Jeaves. This‘proves'the
lemma. _ .

Abinm'ytreewithlgléavésnmstbavedeptbatleastnoglc} e

Any sorting algontbm that uses ondy comparisons beuuefm elements requxres at

least {log{N )| comparisons in the worst case. - .. = e e
o o . . (,J;“ ._ ) . a‘~ -

A deasnon tree to sort N' elémghts must ave N ! leaves, The thieorem follows

An)} sorting dlgoﬁtbﬁ,tkat, uses only

DR PANEY
- .

; Fer the'pre.a'lous eoreuu«log(l\_m com. g N R L """'..1"\ .
P . O - R e PR 'r;i}.:'...~. st

e:€+iog;2‘+ logll‘ Se et

-

.= logN +log(N - 1) +log(N "2)"'
= logN +log(N — 1)+ 16g(N =21+~

= Nl . E— >~*_4 .!_:ﬁ:s-‘, A y ‘,“
- _2_03 2 : St | '

: P‘~ —_:Ei.'ﬁu B A VE; o "i
o -i-logN o v s r ’r';v:;' NPT R
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249



", CHAPTER 7/S0RTING

o This type of lower-bound argument, when tsed to prove :

is sometimes known as an information-theoretic lower bo!:md. 'I?h:, ;::term
says that if there are P different possible cases to distinguish, and the questions are
of the.fox:m YES/NO, then [log P] questions are always required in some case by
any algorithm to :v,plvgthe problem. It is possible to prove a similar result for the
average-case running time of any comparison-based sorting algorithm. This result is
implied by the following lemma, which is left as an exercise: Any binary tree with L
leaves has an average depth of at least logL. - . :

7.10. Bucket Sort
Although we proved in the previous section that any general sorting algorithm that

uses only comparisons requires (N log N) time in the w tha
i ; . orst
still possible to sort in linear time in some special cases. case, recall thar it is

A simple example s bucket sort. For-bucket sort to work, extra information

must be available. The input A;, A, ... » AN must consist of only positive in
:ltlnaller than M (vaiopsly extensions to this are possible:) If thji li,sﬁthe casefetiir:
he algorithm is simple: Keep an array called Count, of size M, which is initialized
fo,all Os Thus, Count has M cells, or buckets, which are initially empty. When A;’
is .rea.d, increment Count|A;] by 1. After all the input is read, scan the Count array
printing out a representation of the sorted list. This algorithm takes O(M +N); thé'
proof is left as an exercise. If M is O(N), then the total is O(N Yy ’
] Although th:s. algorithm seems to violate the lower bound, it turns out that it
does not because It uses a more powerful operation than simple comparisons. By
incrementing the @p@priate* bucket, the algorithm essentially performs an M-way
comparison in unit'time. This is similar to the strategy used in extendible hashing
Liz?ezn 5.6). This is clearly not in the model for which the lower bound was
This algorithm does, however, question the validity of the model used in brovi
the.lower bound. The model actually is a strong modtgl; because aelﬁigxéiﬁ
somlx;g algorithm cannot make assumptions about the type of input it can expect to
see, but must make dccnsfons based on ordering information only. Naturally, if there
is extra information available, we should expect to find a more efficient algorithm,

since otherwise the extra information would be wasted.
Although bucket sort seems like much too trivial an algorithin to be useful, it

turns out that there are many cases where the input is on} i
using a method like quicksot is really overkill, put is only small integers, so that

7.11. External Sorting

So far, all the algorithms we have examined require thatsthe‘ink)ut fit into main
ftir;e;::);y;ngzr; atjgﬁi;zoweyer, ;ﬂll)lications where the input is much too large to
] . section will discuss external sorti; i i
designed to handle very large inputs. sortng algorithins, which ar
250
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7.11.1. Why We Need New Algoritbms R o :
Most of the internal sorting algorithms take advantage of the fact that memory is
directly addressable. Shellsort compares elements A[i] and A{i - b;] in one time unit.
Heapsort compares elements A[f] and A[# #2 + 1] in orie time unit. Quicksort, with -
median-of-three partitioning, requires comparing A[Left], A[Center], and A[Right]
in a constant number of time units. If the input is on a tape, then all these operations
lose their efficiency, since elements on a tape can only be accessed sequentially, Even..
if the data is on a disk, there is still a practical loss of efficiency because of the delay
required to spin the disk and move the disk head. . St b
To see how slow external accesses really are, create a random file that is large,
but not too big to fit in main memory. Read the file in and sort it-using'an efficient
algorithm. The time it takes to:sort the input is certain to be insignificant compared
to-the time to read the input, even though sorting is an O(N log N') operation and
reading the input is only O(N). - . R
7.11.2. Model for External Sorting . . ..
The wide variety of mass storage devices makes external sorting much more device-
dependent than internal sortirig. The algorithms that we will consider vyorls on tapes,
which are probably the most restrictive strage medium. Since access to an element
on tape is done by winding the tape to the correct location, tapes can-be efficiently
accessed only in sequential order (in either direction). = - "% -
We will assume that we have at least three tape drives-to perform the sarting.
We need two drives to do an efficient sort; the third drive simplifies matters. I 00&7‘
one tape drive is present, then we are in trouble: any algorithm will require ((N*)
tape accesses. .. : N SRR -

7.113. The Simple Algoritbm

The basic external sorting algorithm uses the Merge routine from mergesort. Suppose .
we have four tapes, Ty, Tizy To1, Tha, which are two iriput and two output tapes.
Depending on the point in the algorithm, the 4 and b tapes are either input tapes or
output tapes. Suppose the data‘is initially on T.1. Suppdse farther that die.’mald al
memory can hold (and sort) M records at a time. A natural first stepthl:nw rea .
records at a time from the input tape, sort the re_cogds 19@3“7’ and e wnte
sorted records alternately to Ty and Ty We will ‘call each set Ofth sorted recor dsa.
run. When this is done, we rewind all the tapes. Suppose We have the same iput as
our example for Shellsort.. =~ - < o .
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IfM=3,thenaftertixemnsa.re.- the o )

17 - 28 . 99 15
44 58 75 ,

. Now Ty and Ty, contain a group of runs. We take the first run from each
’tlaihpeandmerge‘ them, writing the result; which is a run twice as long, onto T;.

' en-.wentakf: the next run from each tape, merge these, and write the fesult to
T2 'We continue th.xs process, alternating between T}y and Ty, until either Ty or
Ty, is empty. At this p?int either both are empty or there is one run.left. In the
latter case, we copy this run to the appropriate tape. We rewind all four tapes,
and repwt.the.san.:e steps, this time using the 2 tapes as input and the b tapes as
;);tg;t.N'Ihls will give runs.of 4M. We continue the process until we get one run of
. This algorithm will require flog(N/M)) passw, lus the initial run-c i
pass. For-mst?nce, if we have 10 million recordspof 128 bym~uch?nasntr:€f?>nu§
megabytes of internal memory;-then the first pass will create 320 runs. We would
then need nine more passes to complete the sort. Our example requires[log 13/3] = 3
more passes, which are shown in the following figure.

—

12 35 81 94
17 28 41 58 75

S—

s
—

81 94 9 99

75
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7.11.4. Biudiiway Aerge :
If we have extra tapes, thcnwémn'éxpecttomduég the number of passes required
to sort our input. We do this by extending the basic (two-way) merge to a k-way |
Merging two runs is done by winding each input tape to the beginning of
each run. Then the smller elemient is found, placed on an output tape, and the
appropriate input tape is advanced. If there are k input tapes, this strategy works _
the same way, the only difference being that it is slightly more complicated tc find
the smallest of the & elements. We can find the smallest of these eléments by usinga -
priority queue. To obtain the next eleméat to write on the output tape, we performa
DeleteMin operation. The appropriate input tape is advanced, and if the run on the
input tape is not yet completed, we Insert the new element into the priority queue.
Using the same example as before, we distribute the input onto the thrée tapes.

I T |
T
Ts . 4 .
To1 11 81 94 41 58 75

Ti2 12 35 96 15

T | 17 28 99 |- oL -

“~

————

We then need two more passes of three-way. merging to complete the sort.

11 1217 28 35 81
15 41 58 75

Afterthe initial run construction phase, thc number of passes requ n
k-way merging s [logs(N/M )], because the runs:gct "“‘(‘;‘;;?:’gel'f“ v::‘;;m
For the example abqve,_die.fomu!aisschﬁed’ﬂn“ﬂwq e would reau
tapes, then k.= 5, and our large example from the previous section WOWld require -
flogs 320] =4 passes. cod S
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7.11.5. Polyphase ierge

The k-way merging strategy developed in the last section requires

1y mergin egy d _ es the use of 2k
;anl,laesk'l'hxs could be prohibitive for some applications. It is po‘:sibie to get by with
ly k + 1 tapes. As'an example, we will show how to perform two-way merging

using only three tapes. : ¢
.. Suppose we have three tapes, T, B, and T;, and an input file on T that wi |

L3 - v .- o ’ T

produce dui‘! runs. One option is to put 17 runs on each of Tzl;nd T;. We éotxhlzttmun
:hertge result onto T, pbmmmg one tape with 17 runs. The problem is that since
€ runs are-on one tape, we must now put some of these runs on T; to perform

another merge. The logical way to do this is to copy the first eight runs from T onto.

T; and then perform the merge. Thi t i extra
fhanton wge;(f,. m e X 'ﬂns has the effect of adding.an half pass for
An altegnative method is to spli igi ' ppose w

. tive : plit the original 34 runs unevenly. Suppose t
il onT anfl 13 runs on T5. We would then merge 13 runs’;ntop;':)befv;:ep;}
anads pt{.i cﬁt this point, we could rewind T; and T3, and merge T;, with 13 runs.
an hz, w’uld lhas 8 runs, onto T3. We could then merge 8 runs until T; was empty,,
4 :ndvzg ud %vefs l;'uns left on T; and 8'1"u_ns on T;. We could then merge TI‘ and
pa,ss. on. The fo owmg. table shows thé number of runs on each tape after each

'cl:m -TAfter After  After  After  Afer  After  After
st - T+T; . Ti+T: Ti+Ty To+T; T+ T, T1+Ts T:+Ts

T 0 13 5 0

3
L | 21 g 0 5 2
| 13 0 8 .3 0
e e

__The original distribution of runs makes a great deal of differeizc; i
;;213 ;:n; are cllpl:ced on T, with 12 on T, then after the first merge, ::ro!l;!sta?: %
s on T’ alx; th?run'son Tz.A.fteranothermerge,thereare 10 runs on T; and 2
e be3f t this point the going gets slow, because we can only merge two.sets
o runs ore T3 is exhausted. Then T; has 8 runs and T; has 2 runs. Again, we
can m)(') :eg:s:o ietlfac;f t1"_’:111.&;, obtain;ntgh T; with 6 runs and T with 2 runs. After
s 0 runs
one 1iun to another tape, and then weagan ﬁ;i:l:h t;l; t;z:;ea.re' Py We must copy
- Fit bt:nr:s out thabl;r the first distribution we gave is optimal. If the number of runs
sa Pibonac:;i num| ber: N, then the best way to distribute them is to split them into
e Fibona ‘umbers Fy_y and Fy ;. Otherwise, it is necessary.to pad the tape
oach dune Y runs in order to get thc'number'of runs up to a Fibonacci number. We
aweW ee details of how to place the initial set of runs on the tapes as an exercise.
numbersc?n etx;enq th{s toa k-way merge, in which case we need kth order Fibonacci
or the.distripution, where the kth order Fibonacci number js defined as

L oers L .
FO(N) = FO(N - 1)+ FR(N = 2) + ... 4 FO(N — k), with the appropriate initial

conditions FU(N) = 0,0 = N < k-2, Fik —1) = 1.
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7.116. Replacement Selection. ,

The last item we will consider is construction of the runs. The strategy we have used
so far is the simplest possible: We read as many records as possible and sort them,

writing the result to some tape. This seems like the best approach possible, until one

realizes that as soon as the first record is written to an output tape, the memory it

used becomes available for another record. If the next record on the input tape is

larger than the record we have just output, then it can be included in the fun. .

' Using this observation, we can give an algorithm for producing runs. This

technique is commonly referred to as replacement selection. Initially, M records are
read into memory and placed in a priority queue. We perform a DeleteMin, writing
the smallest record to the output tape. We read the next record from the input tape.
If it is larger than the record we have just written, we can add it to the priority Gueue.
Otherwise, it cannot go into the current run. Since the priority queue is smaller by
one element, we can store this niew element in the dead space of the priority queue
until the run is completed and use the-element for the next run. Storing an element
in the dead space is similar to-what is done in heapsort. We continue doing this
until the size of the priority queue is zero, at which point the run is over. We start a
new run by building a new priority queue, using all the elements in the dead space.
Figure 7.18 shows the run construction for the small example we have been using,
with M- = 3. Dead elements are indicated by an asterisk. -

In this example, replacement selection produces only three runs, compared with
the five runs obtained by sorting. Because of this, a three-way merge ﬁmshes in one
pass instead of two. If the input is randomly distributed, replacement selection can

-be shown to produce runs of average length 2M. For our large mmplg we would

Figare 7.18 Example of run construction

|’ | 3 Elements In Heap Array Next Element Read
_ H[0) - H[1] HR] [ -
Runl | 11 94 81 . 11 9%
81 94 96 o8 12¢
94 9 12¢ 94 3t
9  35° 12¢ % e
| 17e 35 12¢ | EndofRun.  Rebuild Heap
Run 2 12 35 17 ' 12 »,99
17 35 99 17 .28
28 99 5 28 58
3 "~ 99 S8 35 a1
41. 99 58 4 B
- 58 99 75* " 58, endoftape ||
: a 7S 9. . .
| o 75+ | EndofRun. Rebuild Heap ||
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expect 160 runs instead of 320 runs, s0 a five-wa four passes
; . y merge would ire’ :
In this case, we have not saved a pass, although we might if wergegtulﬁzlf;‘:nd have-

125 runs or less. Since ‘external & eo I ~
... As we have seeti, it is’ possible for replacement selection to dp fio better tha,
the standard alomdbon Ty oo o Tepiacement s to do no better th
;‘;Sns::nt‘;x,m g’iﬁggh@ - Howeter, the input i requeily sorted or nearly sorted to
This Kind of inpu o e et selection produces only a few very long runs
remely vauable, e oo nd makes replacement seection
immary . . - :/, ‘.“I’ ; . T T o e

1

Sy .
LR OIS

For-most gﬂleral mtemal som Jications, either ingurt :, Shellsort
£ most ge | sorting applications, either insertion sort, Shellsort;
_ z;l:dkso; willebe the qumd of chou:e, and the decision of which to use will der:e:;
mos a,jlgo ﬁthmm;e of the input. Figure7.19 shows the running time obtained for
on various file sizgs (on a relatively slow computer): R

I

- ~-The data-was chosen to b?random permutations of N iptegers, and the umes ,

i;t(i)gtewmcko 25;!1[! fnf:rementso ment - Based on hp.egallx millions of sorts; ranging ‘in size from
con;ectuted - bcn’O N %pected running time of Shellsort with these increments is
onjectured to (.. )‘.The heapsort routine is the same as in Section 7.5. Two
dos cuoft,Frmanatl, e s e el o srstogy anddo o
it Fo A were random. The second uses medi -

hﬂ;‘: f:dr:::hmng au.d‘ a cutoff of ten, Further optimizations were possible Weacl:)-:lfi
: e median-of-three routine in-line instead of using'a ﬁmctic&i, and we

assembly language. We have made an honest a
. attempt to code all- i ie
butiof course ‘the performance can vary somewhat from Cmacehaliner?: m?n ?f?'cndy’

Figmye 719 (;om?arisoq of diffetient sorting algo-

rithms (all times are in seconds)
N Im%‘nﬁ; Sort shellion Heapsort | Quicksort | Quicksort (opt.)
) | OIN")?) | O(NlogN) | ONlogN) | O(NlogN)

10" '

Jo i 3100044 1.0.00041° | 0.00057 | 0.00052. 00046
s o.ggm | 000171 [ 0.00420 | 0.00284 - 00244
] s 6:’64 .| 002927 | 005565 | 0.03153 7| 02587
) 0000 ) - 58.864 | 042998 | 071650 | 036765 | . 31532

Doooo | NA" | 57298 | “sesst | az298 | a3
000000 | NA J 71164 . | 104.68 47065
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The highly optimized version of qmcksorns as fast as Shellsort even for very
small input sizes. The improved version of quicksort still has an O(N 2) worst case
(one exercise asks you to construct a small example), but the chances of this worst

case appearing are so negligible as to not be a factor. If you need to sort large files,

quicksort is the method of choice. But never, ever, take the easy way out and use
the first element as pivot. It is just not safe to assume that the input will be random.
If you do not want to worry about this, use Shellsort. Shellsort will give a small
performance penalty but could also be acceptable, especially if simplicity is required.

Its worst case is only O(N*3); the chance of that worst case occurring is likewise

negligible. ‘ .
Heapsort, although an O(N log N) algorithm with an appareatly -tight inner
loop, is slower than Shellsort. A close examination of the algorithm reveals that in
order to move data, heapsort does two comparisons: An improvement suggested
by Floyd moves data with essentially orly one comparison, but implementing this
improvement makes the code somewhat longer. We leave it to the reader to decide
whether the extra coding effort is worth the increased speed (Exercise 7.40)."
Insertion sort is useful only for small or very nearly sorted inputs. We have not
included mergesort, because its performance is not as. good as quicksort for main
memory sorts and it is not any simpler to code. We have seen, however, ;hat merging

is the central idea of external sorts.

Exercises

7.1 Sort the sequerfce 3,1,4, l,'S, 9,2, 6, 5 using insertion sort.

7.2 What is the running time of insertion sort if all keys are equal? '

7.3 Suppose we exchange elements Ali] and A[i + k], which wercongmally out of
. order, Prove thit at least T and at most 2k — 1 inversions are,removegt :

7.4 Stiow the result of running Shellsort on the input 9,8,7, 6,5, 4,3,2,1 using the

increments {1, 3,7} - N o |
7.5 a. What is the running time of Shellsort using the two-increment sequence
T ap - | RO
b. Show that for any N, there exists a.three-increment sequence’ such ‘that
Shellsort runs in O(N 58) time. '
c. Show that for any N, there exists a
runs in O(N*?) time. |
7.6*a. Prove that the running time of Shellsort is {3
form 1, ¢, 22, ..., ¢ foranyintegere. . - o
#*b. Prove that for these increments, the average running ame is:8(N").
*7.7 Prove thatif a k-sorted file is then b-sorwd, it Mmms k-sorted. ok
*7.8 pmve'mat'memnﬁnggﬁesfsheuw@.mdgeWtwm
by Hibbard, is (N2) i the worst case. Hins You c2b BEO%e 5 PE0 0
byconsideringthe‘specialw‘sepfwhatsh,ﬂ“”".d‘-’“‘- e are

six-incremcntW such that Shellsort

(NZ) using ix;;tenients of the
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0 or 1. Set InputDatali] = 1 lfl is.
expressible as a lin
“he-1s .. “ Pierzj+1 and 0 otherwise a linear combination of i,

7.9 Determ:;:etherunmngtlmeofShellsort for
a. sorted input '
*b. reverse-ordered j input . ‘
7.10 Do either of the following modifications to the Shellsort routine coded in
| Fig. 74affecttheworstcasetunnmgume?
a. Before line 2, subtract one from Increment if it is even,
b. Before line 2, add one to Increment if it is even,

7.11. Show how heapsort: ptocecses the input 142, 5. ,
111,242,811, 102. P 43,123, 65,453,879, 572,434,

7.12 a Whatj is the runmng time of heapsort for presorted input?
*b. Prove that the worst case bound for heapsort is achievable.

7.13 Sort 3,1, 4, 15,9, Z,Gusmgmergecort.
7.14 How would you implement mergesort without using recutsion?
7.15 Determine the running time of mergesort for

a. sorted input '

b. reverse-ordered i;lput

¢. random input

7.16 In theberanalysns of. -mergesort, constants have been disregarded. Prove that the |
numm of comparisons ubed in the worst case by mergesort is NflogN]--

2MlosNT 4 1,

7175°rt31415926535us' icksort with median-
mSandacutOl‘f of 3. ing quicksort with median-of-three pamnon-

7.18 Using the quicksort implementation in this cha . .
time of quicksort for ‘ $ chapter, determine the running

a. sorted input
b.. reverse-ordered input .
¢. random input
7.19 Repeat Exercise 7.18 when the plvotns chosen as
a. the first element :
b. the largest of the first two nondxsnnct keys
¢. a random element
*d. the average of all keys in the set

7.20 a. For the quicksort im plementauon in dm cha . . o
when all Keys are equal pter, what is the runnmg time ’

b. Suppose we change the partitionin
' g strategy so that neither i nor j stops*
whl:l an eleplent with the same key as the pivot is found. What fixes need
to be made in the code to guarantee that quicksort works, and what is the’

c. Suppose we change the pamnomng strategy so that i stops at dn elemen
with the same key as the pivot, but j does not stop in a similar case. Wha
fixes need to be made in the code to guarantee that quicksort works, anc
when all keys are equal, what'is the running time of quicksort? =

7.21 Suppose we choose the middle key as pivot. Does this make it unlikely tha
quicksort will require quadratic time? )

7.22 Construct a permutation of 20 elements that is s as bad as possxble for qmcksor
using median-of-three partitioning and a cutoff of 3. - o

7.23 “Write a program to implemerit the selection’ algorithm.

7.24 Solve the followmg recurrence: T(N) = (I/N)[ =Nt TG)) + cN T(O)

7.25 A sorting algonthm is stable if elements with equal keysare left in the sam
order as they occur in the input. Which of the somng algonthms in this chapte
are stable and which are not? Why? . \

7.26 Suppose you are given a sorted list of N.elements followed by f (N) randoml\
ordered elements. How would you sort the entire hst if o )

, f(N) oap . B R
b. f(N) O(logN)? : .

c. f(N) = O(JN)

*d. How large can f(N) be for the entire list still to be sortable mO(N) time
7.27 Prove that any algorithm that ﬁndsanelementXmasomdhstof N element

ﬁ)

. requires f}{log N) comparisons.
7.28 Using Stirling’s formula, N | = (Nle)" J21rN nge a precise esnmaue fo
log(N!).

7.29*a.. In how many ways can two sorted arrays of N elemenes be merged? ‘
*b. Give a nontrivial lower bound on the number of compansons reqmted i
- miérge two sorted lists of N elements,
730 Prove that sorting N elements thhmwgerkeysmd:crahge 1 S Key =M
takes O(M + N)) time using bucket sort.
7.31 -Suppose you have an array of N-elements containing only two dssnnctkeys

true and false. Give an O(N) algorithm to rearrange. the list 5o that all fals

 elements precede the frue elements. You may use only.constant extra $pace.

7.32 Suppose you have an array of N elements, containing thréé: ﬁﬂm&a k?;s,ll z:
false, and maybe. Give an O(N ) algorithin to rearrange: the list so Yor -

elements precede maybe elements; which in turn wad"- melements. ;

may use only constant extra space. '
7.33 ‘a. Prove that any companson~based algondlm to sost 4 elm's m“m

" comparisons. : SO -
b. Give an algorithm to sort 4 elements in 5 coums"“s' "

7;34-.a Prove -that. 7 comparisons are reqm:ed - sort‘ 3 élemems usmg am
comparison-based algorithm. - S

*b Give an algonthm tosort § elements with 7 t:oml’ﬁl!'l-’“’ns
259
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7.35 Write an i i ] . '
™ follows efficient version of S:;ee!lsort ;an,d_ compare performance when the
- . Shell’s original sequence ' . .
b. Hibbard’s ificrements -
¢ Knuth’s increments: b; = 4(3' +1) ‘
d..Gonnet’sincremenm-b,—l‘ﬁLéhdb""” ith by = 1
-onne; ents: by = e = [t (with by = 1if b, =
& Gonne's s = Ul = 181, =
7.36 Implement imi rersior i i
tioﬁs o thealelw vession of quicksort and experiment with combina-
~ a. Pivot: first it, middle. ‘median
P ofﬁ:!:.mfnt, middle- element, random elemeng median of three,
'b. Cutoff values from 0 to 20, ‘
7.37 Write a routine that reads in two alphaberi '
forming s thiv, alphs Do phabetized ﬁle.s and merges them togeéther,
7.38 Suppose we implement the median of thr i rind 1
1 ; ee routine as follows: Find the media
:ﬁ ;‘:g.leftg;:n[&nter], A[R:gl.tt], and swap it with A[Right]. Ptoceedz;?ti t'.h::l
oo R:'ggt i 2(;.mng step starting i at Left and j at Rigbt.— 1 (instead of Left +1
a. Suppose the input is 2, 3 4, ... N-1 1 is i i
| o z ﬁmeofthisveréi:)nofq" rt;N, . For this input, what is the
- Suppose the input is in reverse order. F is i F i runnin
time of this version of quicksort? * thls i9put, what i the ®
7.39 Prove that any compéﬁson-based i ithn requi
ons o averagy sed sorting algorithm requires (N log N com-

;o exl:f:;lthergby pushing the hole down; we stop when it is safe to place the
o e dent in the hole. The alwrfmte strategy is to move elements up and
_ j%lw: as far as possible, without testing whether the new cell can be
m.lmaertedder. d 2 ﬁx.thwould place the new cell in a leaf and probably violate the heap
Wrine, o fix the hw'p order, percolate the new cell up in the normal manner.
a routine to include this idea, and compare the running time with a
standard implementation of heapsort.
7.41 Propose an algorithm to sort a large file using only two tapes. © =
742 a. fll:eow that a lovyer bound of N1/22N on the number of heaps is implied by
fac.t ?hat build-heap uses at most 2N. comiparisons.
ras b. Use Stirling’s formila to expand this bound. |
43 ANSI C requires the routine gsor? to be present in C librarics. gsos
4 e present in C libraries. gsort is typicall
. it;;::;mteontse; b}r qulcksortv (but dus is not required). Expelimgnt witht?aﬁtamz
aputs i .qsort can be driven to quadratic behavior. Try random 0s
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‘Knuth’s book [13] is a comprehensive; though somewhat dated, reference for

sorting. Gonnet and Baeza-Yates [5] has some more recent ;qésu!ts,' as well as a huge
bibliography. T T .

The original paper detailing Shellsort is [22]. The paper by Hibbard [6] suggested
the use of the increments 2% = 1-and tightened the code by avoiding swaps. Theorem

. 7.4 is from [13). Pratt’s lower bound, which uses a more complex method than that
" suggested in the text, can be found in [15]. Improved increment sequences and upper

bounds appear in [10], [21], and [24]; matching lower bounds have been shown

"in [25]. A recent result shows that no increment sequence-gives an O(N logN)

worst-case running time [14]. The average-case running time for Shellsort is still

| unresolved. Yao [27) has performed an extrémely complex ‘analysis for the three-

increment case. The result has yet to be extended to more increments. Experiments

" with various increment sequences appearin [23).- - T
2] provided the linear-time

Heapsort was ifvented: by Williams [26}; Floyd [
- algorithm for heap construction. Theorem 7.5 is from (16]. = . =~ -
An exact average-case analysis of mergesort has been claimed in [4); the paper
detailing the results is forthcoining. An algorithm to perform merging in linear time
'without extra space is described in [9]. T .
Quicksort is from Hoare [7]. This paper analyzes the basic algorithm, describes
‘most of the improvements, and includes the selection algorithm. A detailed analysis
and empirical study was the subject of Sedgewick’s d:ssertatlon 20]. b_iany 9f the
important results appear in the three papers [17]; [18}; and [12]1»__[:1!ierV}des a
detailed C implementation with some additional improvements, and points out that
‘most implementations of the gsort library routine are easily driven to quadratic
behavior. : . :
Decision trees and sorting optimiality are discussed in Ford and Johnson [3].
This paper also pravides an algorithm that almost meets the lower bound in terms
of number of comparisons (but not other :%ma(;;s" This algorithm was eventually
-shown to be slightly suboptimal by Manacher {12}. = =~ . . & . -
" External sogrl:ihyg is cogéréd in fictail in [11]. Stable sorting, described in Exercise

7.25, has been addressed by Horvath [8].

1. J. L. Bentley and M. D. McElroy, “Engineering a Sort Function,” SOfuuare—-Pracm and
Experience, 23 (1993), 1249-1265. . . :. S of the ACM, 7 (1964), 701

2. R. W. Floyd, “Algorithm 245: Treesort 3,” -« / !
* 3. L.R. Ford and S. M. Johnson, “A Tournament Problem,” American Mathematics Montbly,

" 66 (1959), 387389, ~ . o
"4, M. Golin and R. Sedgewick, “Exact Analysis of Mergesort, Fourth SIAM Conference on
Discrete Mathematics, 1988. : ) ‘
5. G. H. Gonnet and R. Baeza-Yates, Handbook of Algorithms and Data Structures, 2nd ed.,
" Addison-Wesley, Reading, Mass., 1991. ) . L
6. T. H. Hibbard, “An Empirical Study of Minimal Storage Sorting,” Communications of

the ACM, 6 (1963),206-213. S
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