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We study periodic solutions of a one-degree of freedom microelectromechanical
system (MEMS) with a parallel-plate capacitor under T-periodic electrostatic
forcing. We obtain analytical results concerning the existence of T-periodic solu-
tions of the problem in the case of arbitrary nonlinear restoring force, as well
as when the moving plate is attached to a spring fabricated using graphene. We
then demonstrate numerically on a T-periodic Poincaré map of the flow that
these solutions are generally locally stable with large “islands” of initial condi-
tions around them, within which the pull-in stability is completely avoided. We
also demonstrate graphically on the Poincaré map that stable periodic solutions
with higher period nT, n> 1 also exist, for wide parameter ranges, with large
“islands” of bounded motion around them, within which all initial conditions
avoid the pull-in instability, thus helping us significantly increase the domain of
safe operation of these MEMS models.
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1 INTRODUCTION

Among various actuators, electrostatic ones are among the most commonly used microelectromechanical systems
(MEMS) and nanoelectromechanical systems (NEMS), as they have many advantages including fast response time, small
DC power consumption, and compatible integration and fabrication.1 In the present paper, the proposed electrostatically
actuated MEMS are realized as mass-spring models with two parallel capacitor plates where the one attached to the spring
is movable, and the other is kept fixed, while a periodically varying voltage is applied, as shown in Figure 1. Here, d is the
distance between the plates, k is the stiffness constant of the spring, x∈ [0, d] is the displacement moving plate of mass
m, c is the viscous damping coefficient, 𝜀0 > 0 is the electric emissivity, and finally A is the area of the attracting parallel
plates.

This model was discovered in 1967 by Nathanson et al2 and has been studied since by many researchers. For more
recent studies, see, e.g. previous studies,3–12 and references therein. The oscillations of the system can be modeled by the
second-order singular equation

mẍ(t) + c .x(t) + h(x) = FC = 𝜀0AV 2(t)
2(d − x(t))2 . (1)
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FIGURE 1 The parallel-plate capacitor

The above equation of motion includes Coulomb's inverse-square law for the electrostatic force FC, a stiffness function
h(x) that reduces to Hooke's law for a linear spring, and a viscous dissipation force linearly proportional to the speed of
the moving plate, i.e., c .x.

We consider here a periodically varying AC-DC voltage of the form

V(t) = Vdc + Vac cos(𝜔t) = 𝜆 (1 + 𝛿 cos(𝜔t)) , (2)

with period T = 2𝜋∕𝜔, where 𝜆 = Vdc, 𝛿 = Vac
Vdc

, and assume |𝛿|<1.
Assuming

h(x) = h1x + h2|x|x + h3x3 + …

is an odd function, the model Equation (1) is transformed to its nondimensional counterpart as follows

ẍ(t) + c .x(t) + h(x) = V 2(t)
(1 − x(t))2 , (3)

where

x
d
→ x , t

√
h1

m
→ t , c

√
1

h1m
→ c , V(t)

√
𝜀0A

2h1d3 → V(t) , h(x) → h(x) = x − 𝛼|x|x + … (4)

and

𝛼 = −h2d
h1

. (5)

In this case, the system becomes nonautonomous, while the singular term on the right-hand side makes the analysis
particularly challenging. Recently, this model was considered in13 to study saddle–node bifurcations and analyze the
existence and stability of T-periodic solutions. In Shang,14 the thresholds of AC voltage for pull-in instability in the initial
system and the feedback controlled systems were obtained analytically by the Melnikov method.15 It is worth mentioning
that the Melnikov method has been successfully applied in Awrejcewicz and Holicke16,17 to predict the chaotic behavior
of simple mechanical systems governed by nonlinear second-order differential equations.

Perhaps, the most important phenomenon in all these actuator models is their so called pull-in instability effect,
whereby, when the applied voltage exceeds a certain critical value the moving plate collapses onto the fixed one. In this
case, we say that the pull-in has occurred and the critical value of the voltage is called the pull-in voltage. Clearly, the
singular term in the equation and the presence of a dissipation term make it difficult to compute the exact value of the
pull-in voltage. This is very important as, in practice, one wants to have bounded oscillations and avoid instability effects
when designing micro-resonators.

One way to achieve this is to require that (1) has stable periodic solutions with large regions around them where the
motion is confined for t→∞ avoiding the pull-in instability. For the above mass-spring system, Zhang et al9 describe the
dynamic pull-in as the collapse of the moving structure caused by the combination of kinetic and potential energies. In
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general, the dynamic pull-in requires a lower voltage to be triggered compared to the static pull-in threshold.8,9 Unfortu-
nately, there are few analytical results for mass-spring models based on nonlinear restoring forces. The approach adopted
in Awrejcewicz18 which allows one to follow the stability and predict bifurcations of periodic orbits versus a chosen
parameter is indeed interesting and will be used in our future investigations.

Thus, in Section 2 of the paper, we study the existence of periodic solutions for the model with the same period T as
the time-dependent voltage using elementary analytical tools, so that we may estimate pull-in voltages for this model for
a general nonlinear stiffness function h(x) in (1). Next, in Section 3, we formulate the mathematical model for a MEMS
parallel plate attached to a spring made of graphene, obtain analytical results for its T-periodic solutions and analyze the
properties of its pull-in instabilities.

In Section 4, we perform numerical computations, using the Poincaré map of the flow. As a first step, in the absence
of dissipation (c = 0), we demonstrate the stability of our T-periodic solution, located at the origin of Poincaré map,
by graphically depicting the existence of large domains of bounded oscillations around it, for wide ranges of parameter
values. We then demonstrate on the Poincaré map the existence of stable periodic solutions of period nT, n> 1, further
away from the T-periodic solution, which also possess large “islands” around them, within which the motion remains
bounded away from the pull-in instability. Finally, for very small dissipation,(0< c<<1), the period T solution at the
origin becomes a global attractor, while stable nT-periodic solutions still exist and can attract initial conditions in their
vicinity. Our conclusions are described in Section 5.

2 T-PERIODIC SOLUTIONS: RIGOROUS RESULTS

We begin our study of Equation (1) by investigating analytically the existence of periodic solutions having the same period
T as the periodic forcing term (2). To this end, we define

Vm = min
t≥0

|V(t)| and VM = max
t≥0

|V(t)|,
and state the following result:

Theorem 1. Let c be a non-negative constant, V(t) is a periodic real function, h(x) a continuous real function on (−∞, 1].
Then, the second-order nonlinear differential equation

ẍ + c .x + h(x) − V 2(t)
(1 − x)2 = 0, (6)

admits a periodic solution provided the equation

h(x) = (VM)2

(1 − x)2

has a root in [0, 1). On the other hand, Equation (6) admits no periodic solutions provided the equation

h(x) =
V 2

m

(1 − x)2

has no roots in (−∞, 1), but h(x) has at least one real root on (−∞, 1).

Proof. Following De Coster and Habets,19 a periodic function x(t) is said to be a lower solution if

ẍ + c .x + h(x) − V 2(t)
(1 − x)2 ≥ 0

and an upper solution if

ẍ + c .x + h(x) − V 2(t)
(1 − x)2 ≤ 0
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for all t ≥ 0. We infer from chapter 1, theorem 1.1 of De Coster and Habets 19 that there exists a periodic solution if
there are lower and upper solutions x(t), y(t) respectively such that x(t)< y(t) for all t. Let x𝓁 be any root of the equation

h(x) = (VM)2∕(1 − x)2

in [0, 1]. Then, clearly x𝓁 < 1 and x(t)= x𝓁 satisfies

ẍ + k .x + h(x) − V 2(t)
(1 − x)2 = h(x𝓁) −

V 2(t)
(1 − x𝓁)2 ≥ h(x𝓁) −

(VM)2

(1 − x𝓁)2 = 0,

so that x(t)= x𝓁 is a lower solution. Since

h(1)(1 − 1)2 = 0 ≤ V 2
m ≤ (VM)2 = h(x𝓁)(1 − x𝓁)2,

it follows from the intermediate value theorem for continuous functions that there exists xu ∈ [x𝓁 , 1] such that
h(xu)(1 − xu)2 = V 2

m ≤ V 2(t). Thus, x(t)= xu is an upper solution such that x𝓁≤xu, which gives the first part of the proof.
If the system admits a periodic solution x(t), then this function must have a maximum. This means that there exists

t= t0 such that ẍ(t0) ≤ 0 and .x(t0) = 0. Then, we conclude that

0 = ẍ(t0) + c .x(t0) + h(x(t0)) −
V 2(t0)

(1 − x(t0))2 ≤ h(x(t0)) −
V 2(t0)

(1 − x(t0))2 ,

and hence

h(x(t0)) ≥ V 2
m

(1 − x(t0))2 . (7)

On the other hand, by assumption, h(x) = V 2
m∕(1 − x)2 has no roots in (−∞, 1). Since h is continuous, it follows that

either h(x) > V 2
m∕(1 − x)2 or h(x) < V 2

m∕(1 − x)2 on (−∞, 1). The former is not possible as h(x) has a zero in (−∞, 1).
Hence, we must have h(x) < V 2

m∕(1 − x)2 on (−∞, 1) which contradicts (7).

3 THE CASE OF THE GRAPHENE OSCILLATOR

3.1 Mathematical formulation
To motivate Theorem 1, we now describe our graphene oscillator model in some detail and recall how the nonlinear
equation is derived. We also state other related results. As is well-known, graphene is an ideal material for implementation
in NEMS, and graphene-based materials are being used in practice for designing actuators by material scientists due to
its low density and high strength.20

Both experimental and theoretical studies21,22 suggest that the graphene material obeys the following constitutive
equation

𝜎 = E𝜀 − D|𝜀|𝜀,
where 𝜀, 𝜎, E, and D are the axial strain, axial stress, Young's modulus, and second-order elastic stiffness constant,
respectively.

In the mass-spring model above, the restoring force is related to the constitutive equation in the presence of viscous
damping as follows

Fres = −c .x − EAc
x
L
+ DAc

|||| x
L
|||| x

L
,

where .x = dx∕dt and Ac, L denote the cross-sectional area of the graphene sheet and the length of the graphene sheet,
respectively. The moving plate is subject to an electrostatic Coulomb force expressed in terms of a voltage function V(t)
as follows:

FC = 𝜀0AV(t)2

2(d − x)2 .
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Using Newton's second law of motion we thus arrive at the following nonlinear differential equation

mẍ = Fres + FC,

where ẍ = d2x∕dt2, hence

mẍ + c .x + EAc
x
L
− DAc

|||| x
L
|||| x

L
= 𝜀0AV(t)2

2(d − x)2 . (8)

Numerical simulations7 show that the solutions of (8) differ significantly depending on whether a nonlinear stiffness
constant D is included or not. Recently, the pull-in instability was studied for an undamped (c = 0) mass-spring system
with nonlinear stiffness when the voltage is kept constant. Indeed, Skrzypacz et al4 derived necessary and sufficient
conditions for the occurrence of dynamic pull-in and established an operational diagram for a device made of graphene.

It is easy to see that (6) is equivalent to our graphene model (8). Indeed, if we use Equation (3)–(5) and substitute in the
Equation (8)

x
d
→ x , t

√
EAc

mL
→ t , c

√
L

mEAc
→ c , V(t)

√
𝜀0AL

2EAcd3 → V(t),

and define the parameter

𝛼 = Dd
EL

,

then we obtain the following dimensionless form for the graphene model

ẍ + c .x + x − 𝛼|x|x = V 2(t)
(1 − x)2 , (9)

where c ≥ 0, 𝛼 ≥ 0. Thus, with V(t) = 𝜆 (1 + 𝛿 cos(𝜔t)) and h(x)= x(1− 𝛼|x|) in (6), we recover the graphene model (9).

3.2 Analysis of the pull-in instability
In this Subsection we carry out a rigorous analysis of the existence of T-periodic solutions and estimate the associated
pull-in voltage for our system.

Theorem 2. Let 𝜇𝛼 =
√

4𝛼2 − 4𝛼 + 9 and

A𝛼 = (2𝛼 + 3 − 𝜇𝛼)(5 − 2𝛼 + 𝜇𝛼)(6𝛼 − 3 + 𝜇𝛼)2

4096𝛼3 . (10)

If V 2
M ≤ A𝛼 , the system (9) admits a periodic solution with the same period T as V(t).

Proof. Let us define

𝑓 (x) = (x − 𝛼x|x|)(1 − x)2

and

𝛽 = min(1, 1∕𝛼).

Then, 𝑓 (x) = (x − 𝛼x2)(1 − x)2 on [0, 𝛽], and one can easily find that

x1,2 = (3 + 2𝛼±
√

9 − 4𝛼 + 4𝛼2)∕(8𝛼) and x3 = 1

represent the local extrema of f(x), solving 𝑓 ′(x) = 0. All three roots of 𝑓 ′(x) = 0 are real as 9−4𝛼+4𝛼2 = 8+(1 − 2𝛼)2 >

0 and are positive. Since f(x) ≥ 0 for x∈ [0, 𝛽] and 𝑓 (0) = 𝑓 (𝛽) = 0, the local maximum of the function f(x) on
[0, 𝛽] occurs at the smallest non-negative critical point, that is, at x1 = (3 + 2𝛼 −

√
9 − 4𝛼 + 4𝛼2)∕(8𝛼). Furthermore,

𝑓 (0) = 0 ≤ (VM)2 ≤ A𝛼 = 𝑓 (x1) together with the intermediate value theorem imply that 𝑓 (x) = (VM)2 has a root

KADYROV ET AL.14560
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in [0, 𝛽]⊆ [0, 1]. This shows that x − 𝛼x|x| = (VM)2∕(1 − x)2 has a solution in [0, 1]. One can then conclude based on
Theorem 1 that (9) has a periodic solution with the same period as V(t). This concludes the proof of the theorem.

Remark 1. Notice that in the limiting case, i.e., 𝛼→ 0+, we have A𝛼 = 4
27

, which corresponds to the static pull-in
voltage for the model with linear restoring force.

In the case of negligible damping, i.e., c = 0, and a time-independent applied voltage, i.e., 𝛿 = 0 in Equation (2), it has
been shown that the model Equation (9) subject to zero initial conditions has periodic solutions if

𝜆2 <
(2𝛼 + 3 − 𝜇̃𝛼)(−4𝛼2 + 24𝛼 − 9 + 2𝛼𝜇̃𝛼 + 3𝜇̃𝛼)

648𝛼2 ,

where 𝜇̃𝛼 =
√

4𝛼2 − 6𝛼 + 9.4 Notice that Theorem 2 does not specify the initial conditions for which the periodic solution
exists. However, its amplitude can be estimated using the following

Lemma 1. If x is a periodic solution of (9), then either

max
t≥0

{x(t)} ≤ −1∕𝛼 (11)

or
0 ≤ max

t≥0
{x(t)} ≤ min

{
1∕𝛼, 1 − 2Vm

√
𝛼

}
. (12)

Proof. Following the same argument as in the second part of Theorem 1, we say that x(t) has a maximum at t1 ∈ [0, T].
Thus, it is clear that ẍ(t1) ≤ 0 and .x(t1) = 0. Furthermore, from (9) it follows that

x(t1) (1 − 𝛼|x(t1)|) (1 − x(t1))2 ≥ V 2(t1) ≥ V 2
m ≥ 0. (13)

Now, we consider three cases:

Case 1: |x(t1) |>1/𝛼.
Then, inequality (13) implies that x(t1)≤0. Thus, x(t)≤x(t1)<−1/𝛼.

Case 2: |x(t1) |<1/𝛼.
Then, inequality (13) implies that x(t1) ≥ 0 and x(t)≤1/𝛼. On the other hand, by means of the inequality

4𝛼x(t1) (1 − 𝛼x(t1)) ≤ (𝛼x(t1) + 1 − 𝛼x(t1))2 = 1

we get x(t1) (1 − 𝛼x(t1)) ≤ 1
4𝛼

. Next, from (13), we have that

V 2
m ≤ x(t1) (1 − 𝛼|x(t1)|) (1 − x(t1))2

= x(t1) (1 − 𝛼x(t1)) (1 − x(t1))2 ≤ 1
4𝛼

(1 − x(t1))2
.

So, 2Vm
√
𝛼 ≤ 1 − x(t1), which implies that

x(t) ≤ x(t1) ≤ 1 − 2Vm
√
𝛼

and 2Vm
√
𝛼 ≤ 1.

Case 3: |x(t1)| = 1∕𝛼.

If x(t1) = −1∕𝛼 then (11) is true since x(t)≤x(t1) for all t. If x(t1) = 1∕𝛼, then (13) implies Vm = 0 in which case (12)
holds true since all physical solutions are less than 1.

We note that in general, the case (11) of Lemma 1 cannot be avoided. Indeed, let us take V(t) = V constant and consider
the function f(x)= x− 𝛼x|x|−V2/(1− x)2. Note that over the interval (−∞,− 1/𝛼] the function is continuous and hence
by the intermediate value theorem it has a root since f(− 1/𝛼)< 0 and limx→−∞𝑓 (x) = ∞ as far as 𝛼 > 0. If x0 is one such

KADYROV ET AL. 14561
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root, clearly x(t)= x0 is a constant (hence periodic) solution to (9) and (11) holds. However, it is an interesting problem to
investigate if (11) can be avoided when V(t) is not constant but oscillates periodically in time.

Lemma 2. If x(t) is a periodic solution of (9) then either

min
t≥0

{x(t)} ≥ −
√

T
2c

(
𝛼VM

1 + 𝛼

)2
+ x(t0) (14)

or

min
t≥0

{x(t)} ≥ max

{
−
√

T
2c

(
𝛼VM

𝛼 − 1

)2
+ x(t0),−

√
T

8𝛼c

(
VM

Vm

)2

+ x(t0)

}
, (15)

where x(t0) ≥ − 1
𝛼

or x(t0) ≥ −1−
√

1+4𝛼V 2
M

2𝛼
.

Proof. We assume that there exists t0 such that x(t0) ≥ − 1
𝛼
. Otherwise, integrating (9) over a period, one can see that

TV 2
M ≥

T

∫
0

V 2(s)
(1 − x(s))2 ds =

T

∫
0

x(s) (1 − 𝛼|x(s)|) ds

=

T

∫
0

x(s) (1 + 𝛼x(s)) ds.

The last inequality implies that there is a t0 such that

x(t0) (1 + 𝛼x(t0)) ≤ V 2
M . (16)

Solving (16) yields x(t0) ≥ −1−
√

1+4𝛼V 2
M

2𝛼
.

On the other hand, multiplying (9) by .x and integrating over a period, we arrive at

c

T

∫
0

( .x(s))2 ds =

T

∫
0

V 2(s) .x(s)
(1 − x(s))2 ds. (17)

The last relation together with Cauchy−Schwartz inequality implies that

c

T

∫
0

( .x(s))2 ds ≤ V 2
M

⎛⎜⎜⎝
T

∫
0

( .x(s))2 ds
⎞⎟⎟⎠

1∕2 ⎛⎜⎜⎝
T

∫
0

1
(1 − x(s))4 ds

⎞⎟⎟⎠
1∕2

.

Thus, by Lemma 1 one can easily show that either

⎛⎜⎜⎝
T

∫
0

( .x(s))2 ds
⎞⎟⎟⎠

1∕2

≤ 1
c

(
𝛼VM

1 + 𝛼

)2
(18)

or ⎛⎜⎜⎝
T

∫
0

( .x(s))2 ds
⎞⎟⎟⎠

1∕2

≤ min

{
1
c

(
𝛼VM

𝛼 − 1

)2
,

1
4𝛼c

(
VM

Vm

)2
}

. (19)
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Employing the Cauchy–Schwartz inequality one more time, yields

x(t) − x(t0) =

t

∫
t0

.x(s)ds ≥ −

T

∫
0

[ .x(s)
]−ds = −1

2

T

∫
0

| .x(s)|ds

≥ −
√

T
2

⎛⎜⎜⎝
T

∫
0

( .x(s))2 ds
⎞⎟⎟⎠

1∕2

.

(20)

Now, (18)–(20) imply that either

x(t) ≥ −
√

T
2c

(
𝛼VM

1 + 𝛼

)2
+ x(t0)

or

x(t) ≥ max

{
−
√

T
2c

(
𝛼VM

𝛼 − 1

)2
+ x(t0),−

√
T

8𝛼c

(
VM

Vm

)2

+ x(t0)

}
which proves the assertion.

Let us now consider Equation (9) subject to zero initial conditions. In the next lemma, we determine a lower bound for
the period of the positive oscillations.

Lemma 3. Let x ≥ 0 be a periodic solution of the initial value problem for Equation (9) with zero initial conditions
x(0) = x′(0) = 0. Then, it holds true that the period T of the solution x(t) satisfies

T ≥ 𝜋. (21)

Proof. Multiplying Equation (9) by x(t) and integrating over the period T, yields

T

∫
0

( .x(t))2 dt =

T

∫
0

x2(t)dt − 𝛼

T

∫
0

x2(t)|x(t)|dt −

T

∫
0

V 2(t)x(t)
(1 − x(t))2 dt. (22)

By virtue of Wirtinger's inequality

𝜋2

b

∫
0

𝑓 2(t)dt ≤ b2

b

∫
0

(
𝑓 ′(t)

)2 dt,

which holds for all continuously differentiable functions f(t) on [0, b] with 𝑓 (0) = 𝑓 (b) = 0, it follows from (22) that

(
𝜋2

T2 − 1
) T

∫
0

x2(t)dt ≤ −𝛼

T

∫
0

|x(t)|3 dt −

T

∫
0

V 2(t)x(t)
(1 − x(t))2 dt . (23)

If x ≥ 0, then necessarily
𝜋2

T2 − 1 ≤ 0

since the right-hand side of (23) is negative. This proves the statement of the lemma.

Notice that Lemma 3 states that the zero initial value problem for Equation (9) does not posses positive periodic solutions
of period less than 𝜋.

In the next lemma, we prove again a theorem from23 and show that the pull-in occurs if the applied voltage is
sufficiently large.
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Lemma 4. Consider physically meaningful solutions x(t) of Equation (9) such that x(t)∈ [0, 1]. If the voltage parameter
𝜆> 0 is sufficiently large, then the pull-in occurs at a finite time tp > 0 depending on 𝜆 such that

lim
t→t−p

x(t) = 1 and .x(t) > 0 for all t ∈ (0, tp) .

Proof. Let us consider first the case c> 0. Multiplying both sides of Equation (9) by ect and integrating over the time
interval [0, t] yields

ect .x(t) =

t

∫
0

(
𝜆2(1 + 𝛿 cos(𝜔s))2

(1 − x(s))2 − (x(s) − 𝛼|x(s)|x(s))) ecs ds

and consequently

.x(t) ≥ (
𝜆2(1 − 𝛿)2 − (1 + 𝛼)

) 1 − e−ct

c

due to the assumption x∈ [0, 1]. Integrating once more yields

x(t) ≥ 1
c
(
𝜆2(1 − 𝛿)2 − (1 + 𝛼)

)(
t − 1 − e−ct

c

)

from which we conclude that there exists a finite time tp > 0 such that x(tp) = lim
t→t−p

x(t) = 1 provided that 𝜆 >

√
1+𝛼

1−𝛿
.

In the case of c = 0, integrating both sides of Equation (9) with respect to t yields .x(t) ≥ (
𝜆2(1 − 𝛿)2 − (1 + 𝛼)

)
t.

Therefore, x(t) ≥ (
𝜆2(1 − 𝛿)2 − (1 + 𝛼)

) t2

2
+ x(0). This clearly proves the assertion as in the previous case.

4 A POINCARÉ MAP STUDY: PERIODIC SOLUTIONS WITH HIGHER
PERIOD

The results obtained so far have been entirely analytical and concern conditions for the existence of T-periodic solutions
of our nonautonomous oscillators as well as rigorous estimates of their amplitude. However, they give us no information
about (a) the local stability of these solutions under small perturbations or, in case they are stable, (b) the size of the regions
of bounded motion around them in the (x(t), .x(t)) phase space. To find out, we turn in this section to the computation of
Poincaré maps of the solutions intersecting the plane (x(tk),

.x(tk)) at tk = kT, k = 1, 2, 3, … time intervals.
As is well-known,24,25 every initial condition (x(0), .x(0)) of our three-dimensional flow yields a unique orbit on the

Poincaré map. Thus, computing solutions for a large selection of initial conditions, yields an excellent view of the global
properties of the flow and offers valuable information about the system's global dynamics. Let us illustrate this by applying
the Poincaré map method to analyze the behavior exhibited by a graphene–MEMS model described by the equation:

ẍ + c .x + x − 𝛼x|x| = V 2(t)
(1 − x)2 , (24)

with V 2(t) = (Vd + 𝑓 cos(𝜔t))2. Note that Equation (24) has dimensionless form, c is the damping parameter, 𝛼 is the
nonlinearity parameter, and f and 𝜔 denote the forcing amplitude and frequency, respectively.

Below, we reveal the rich organization of periodic solutions of Equation (24) in phase space, emphasizing the presence
of large islands about them in the conservative case c = 0, noting how these islands can turn to basins of attraction, when
c> 0 but small. Although the flow is dominated by the central periodic orbit (of period T = 2𝜋

𝜔
) and its island of bounded

motion, we discover that varying the forcing frequency leads to the appearance of stable periodic orbits of higher periods,
with sizable islands around them, further away from the period T-solution. The important consequence of this is that
these islands extend the distance away from the T-periodic orbit, within which solutions remain bounded avoiding the
pull-in instability.

In what follows, we fix the parameters (𝛼,Vd, 𝑓 ) = (0.5, 0.01, 0.3) and restrict our attention to the forcing frequency and
the damping coefficient. To examine more clearly the effect of the forcing frequency, we depict in Figure 2 the Poincaré
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map (or Poincaré surface of section [PSS] of the flow24) for different values of𝜔∈ {1.2, 1.25, 1.3, 1.35}, with c = 0. Evidently,
while the central orbit is crucial for the system's stable dynamics, there exist many other periodic orbits with period
T⋆ =nT around it, which are surrounded by islands that vary in size; see, e.g., orbits of periods 4T or 7T in Figure 2. Observe
also that the 3T-periodic points, which have the largest islands around them, move towards the origin as 𝜔 increases, and
disappear approximately at 𝜔 = 1.38.

Of course, these nT-periodic orbits are characterized by different amplitudes, as can be seen in Figure 3 for 𝜔 = 1.3. In
particular, we record here the amplitudes of the solutions associated with initial conditions placed on a 500 × 500 grid of
points over the interval (−0.4, 0.55) × (−0.4, 0.4). The noncolored points lead to unstable orbits that eventually run away to
infinity. The orbits corresponding to the colored points in Figure 3 are either periodic or quasi-periodic and hence exhibit
bounded oscillations around the origin for all time.

It is interesting to examine, finally, the influence of the damping parameter on the properties of some of the higher
period orbits, when we set 𝜔 = 1.21 (compare with Figure 4 for the undamped case) and restrict our attention to orbits
with periods 3T, 4T, 7T, and 18T. Note that it is easy to identify the initial conditions leading to these orbits, using the PSS
plot of the c = 0 case shown in Figure 4.

FIGURE 2 Poincaré Surface of Section for different values of 𝜔∈ {1.2, 1.25, 1.3, 1.35}, with c = 0

FIGURE 3 Amplitudes of the solutions for 𝜔 = 1.3 associated
with an equally spaced 500× 500 grid of initial conditions over the
interval (−0.4, 0.55) × (−0.4, 0.4) [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 4 PSS for c = 0 and 𝜔 = 1.21. The orbits with period
3T, 4T, 7T, and 18T can be easily identified in the plot by counting
the corresponding chains of islands

FIGURE 5 Basins of attraction for the central T-period (blue) and
and the 3T-period (red) orbits, for (c, 𝜔) =

(
10−3, 1.3

)
. The white

regions correspond to unstable behavior [Colour figure can be
viewed at wileyonlinelibrary.com]

Observe that the periodic orbits on these PSS come in pairs of one stable (with islands around it) and one unstable
located at saddle points in between, with thin regions of chaotic behavior around them. When the damping exceeds
a certain threshold, these stableunstable pairs annihilate each other, depending on their rotation number and 𝜔. This
happens via saddle–node bifurcations,24,25 through which the stable and unstable orbits coalesce and disappear. Thus, by
slowly increasing c, one can identify a critical value of damping c⋆ at which these periodic orbits vanish. For example,
such critical values c⋆, corresponding to 𝜔 = 1.21 and different periods T⋆ ∈ {3T, 4T, 7T, 10T}, are 1.15× 10−2, 7.75× 10−5,
1.5× 10−5, and 6.8× 10−6, respectively.

Note first that the period of these orbits is inversely proportional to the value of c⋆ at which they disappear. Furthermore,
the corresponding c⋆ values are also related to the forcing frequency. Indicatively, if we set 𝜔 = 1.3, the 3T-periodic
orbit ceases to exist for c≈ 6.3× 10−3, which is substantially lower than the critical damping level associated with the
3T-periodic orbit for 𝜔 = 1.21.

Still, before these orbits disappear, it is interesting to examine their basins of attraction. Consider for example, the
central period T point at the origin and the 3T-periodic orbit in Figure 5 with c = 10−3. Starting with a 500 × 500 grid of
initial conditions over (−0.41, 0.55) × (−0.41, 0.41) and marking with blue and red colors respectively the initial conditions
leading to the T-period and 3T-period orbits reveals a remarkable picture of intertwined basins spiraling outward from
the origin and leading to a different attractor corresponding to the different color in each case.

5 CONCLUSIONS

In the present paper, we undertook a thorough analytical and numerical study of the dynamical properties of a MEMS
commonly used as an electrostatic actuator. It consists of a one-dimensional mass-spring model with two parallel capacitor
plates, one of which is attached to a spring, while the other is fixed. The system is nonautonomous, with a T-periodic
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voltage applied to the capacitor of the form V(t) = Vdc + Vac cos(𝜔t), with 𝜔 = 2𝜋∕T. Its equation of motion,

mẍ(t) + c .x(t) + h(x) = 𝜀0AV 2(t)
2(d − x(t))2 ,

includes a stiffness function h(x) and a viscous dissipation force linearly proportional to the speed of the moving plate.
Most importantly, it contains a singularity at x(t)= d, known as the pull-in instability, which causes the solutions to
diverge, if x(t) reaches a value sufficiently close to d. Therefore, our main purpose in this paper was to study periodic solu-
tions of the above equation with large regions of initial conditions around them, for which the motion remains confined
as t→∞ avoiding the pull-in instability.

Our first step was to obtain analytical results concerning the existence of periodic solutions with the same period T as
the forcing term. They are known to be generally stable with large domains of initial conditions around them where the
motion can be periodic, quasi-periodic or even chaotic. Indeed, we were able to estimate pull-in voltages for this model
for a wide class of nonlinear stiffness functions h(x). Next, we considered the model of a MEMS with one of its capacitor
plates attached to a spring made of graphene, where h(x)∝ x|x| and obtained rigorous results concerning its T-periodic
solutions in connection with the initial conditions and parameter values of the problem.

Our analytical results, however, cannot ascertain the stability of these fundamental solutions, either locally or globally.
Local stability, of course, can always be studied by linearization and application of Floquet theory, which involves the
expansion of the periodic solution in Fourier series and the study of the eigenvalues of an (infinite) Hill's matrix. However,
since we are ultimately interested in locating phase space regions where the motion is bounded and the pull-in instability
is avoided, we decided to integrate numerically the differential equations for the graphene system and reveal directly local
and global stability properties of the system plotting the orbits on a (T-periodic) Poincaré map of the flow.

Thus, we were able to obtain valuable information about the system's dynamics, for a wide range of parameter values:
First, in the absence of damping, we graphically depicted large regions of bounded oscillations around the T-periodic
solution located at the center of the two-dimensional PSS. Secondly, we demonstrated the existence of stable (longer)
periodic orbits of period nT, n> 1, whose islands of bounded motion further extend the domain of stable oscillations of
the model. Finally, in the presence of small dissipation, we displayed large basins of attraction around these fundamental
solutions and obtained maximal sets of initial conditions for which the pull-instability is entirely avoided.

ACKNOWLEDGEMENTS

SK acknowledges the support from a grant from the Ministry of Education and Science of the Republic of Kazakhstan
within the framework of the Project AP08051987. KK acknowledges useful discussions with Professor Christos Spitas
and partial support for this work by funds from the Ministry of Education and Science of Kazakhstan, in the context of
the Nazarbayev University internal grant HYST (2018-2021). AK was supported in part by Nazarbayev University FDCR
Grants N 090118FD5353

CONFLICT OF INTEREST

The authors declare no potential conflict of interests.

AUTHOR CONTRIBUTIONS

Shirali Kadyrov: Formal analysis, Methodology, Writing - original draft. Ardak Kashkynbayev: Formal analysis,
Methodology Piotr Skrzypacz: Supervision, Conceptualization, Formal analysis, Methodology, Writing - original draft.
Konstantinos Kaloudis: Simulation, Validation, Writing - original draft. Anastassios Bountis: Methodology, Writing -
review and editing.

ORCID

Ardak Kashkynbayev https://orcid.org/0000-0002-1338-2058
Piotr Skrzypacz https://orcid.org/0000-0001-6422-5469
Konstantinos Kaloudis https://orcid.org/0000-0002-5782-7493

KADYROV ET AL. 14567

 10991476, 2021, 18, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.7725 by Suleym

an D
em

irel U
niversity, W

iley O
nline L

ibrary on [16/06/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://orcid.org/0000-0002-1338-2058
https://orcid.org/0000-0002-1338-2058
https://orcid.org/0000-0001-6422-5469
https://orcid.org/0000-0001-6422-5469
https://orcid.org/0000-0002-5782-7493
https://orcid.org/0000-0002-5782-7493


REFERENCES
1. Purtova T, Schumacher H. Overview of RF MEMS technology and applications. Handbook of Mems for Wireless and Mobile Applications.

Elsevier; 2013:3-29 https://doi.org/10.1533/9780857098610.1.3.
2. Nathanson HC, Newell WE, Wickstrom RA, Davis JR. The resonant gate transistor. IEEE Trans Electron Dev. 1967;14(3):117-133.

https://doi.org/10.1109/t-ed.1967.15912
3. Skrzypacz P, He JH, Ellis G, Kuanyshbay M. A simple approximation of periodic solutions to microelectromechanical system model of

oscillating parallel plate capacitor. Math Methods Appl Sci. 2020. https://doi.org/10.1002/mma.6898
4. Skrzypacz P, Kadyrov S, Nurakhmetov D, Wei D. Analysis of dynamic pull-in voltage of a graphene MEMS model. Nonlinear Anal: Real

World Appl. 2019;45:581-589. https://doi.org/10.1016/j.nonrwa.2018.07.025
5. Hajjaj AZ, Jaber N, Ilyas S, Alfosail FK, Younis MI. Linear and nonlinear dynamics of micro and nano-resonators: Review of recent

advances. Int J Non-Linear Mech. 2020;119:103328. https://doi.org/10.1016/j.ijnonlinmec.2019.103328
6. Gong Q, Liu C, Xu Y, et al. Nonlinear vibration control with nanocapacitive sensor for electrostatically actuated nanobeam. J Low Freq

Noise Vibr Active Control. 2018;37(2):235-252. https://doi.org/10.1177/1461348417725953
7. Wei D, Kadyrov S, Kazbek Z. Periodic solutions of a graphene based model in micro-electro-mechanical pull-in device. Appl Comput Mech.

2017;11(1):81-90. https://doi.org/10.24132/acm.2017.322
8. Flores G. On the dynamic pull-in instability in a mass-spring model of electrostatically actuated MEMS devices. J Diff Equ.

2017;262(6):3597-3609. https://doi.org/10.1016/j.jde.2016.11.037
9. Zhang WM, Yan H, Peng ZK, Meng G. Electrostatic pull-in instability in MEMS/NEMS: A review. Sensor Actuat A: Phys. 2014;214:187-218.

https://doi.org/10.1016/j.sna.2014.04.025
10. Ibrahim MI, Younis MI. The dynamic response of electrostatically driven resonators under mechanical shock. J Micromech Microeng.

2010;20:025006. https://doi.org/10.1088/0960-1317/20/2/025006
11. Ai S, Pelesko JA. Dynamics of a canonical electrostatic MEMS/NEMS. J Dyn Diff Eqs. 2007;20(3):609-641. https://doi.org/10.1007/s10884-

007-9094-x
12. Omarov D, Nurakhmetov D, Wei D, Skrzypacz P. On the Application of Sturm's Theorem to Analysis of Dynamic Pull-in for a

Graphene-based MEMS Model. Appl Comput Mech. 2018;12(1):59-72. https://doi.org/10.24132/acm.2018.413
13. Gutierrez A, Torres PJ. Non-autonomous saddle-node bifurcation in a canonical electrostatic MEMS. Int J Bifurc Chaos Appl Sci Eng.

2013;23:1350088 (9p.). https://doi.org/10.1142/S0218127413500880
14. Shang H. Pull-in instability of a typical electrostatic MEMS resonator and its control by delayed feedback. Nonlinear Dyn.

2017;90(1):171-183. https://doi.org/10.1007/s11071-017-3653-4
15. Awrejcewicz J, Holicke MM. Smooth and nonsmooth high dimensional chaos and the Melnikov-type methods. Vol. 60. World Scientific; 2007.
16. Awrejcewicz J, Sendkowski D. Stick-slip chaos detection in coupled oscillators with friction. Int J Solid Struct. 2005;42(21–22):5669-5682.

https://doi.org/10.1016/j.ijsolstr.2005.03.018
17. Awrejcewicz J, Pyryev Y. Chaos prediction in the duffing-type system with friction using Melnikov's function. Nonlinear Anal: Real World

Appl. 2006;7(1):12-24. https://doi.org/10.1016/j.nonrwa.2005.01.002
18. Awrejcewicz J. Bifurcation portrait of the human vocal cord oscillations. J Sound Vib. 1990;136(1):151-156. https://doi.org/10.1016/0022-

460x(90)90945-v
19. De Coster C, Habets P. Two-point boundary value problems: lower and upper solutions. Mathematics in Science and Engineering. Elsevier;

2006, 205.
20. Huang Y, Jiajie L, Yongsheng C. An overview of the applications of graphene-based materials in supercapacitors. Small.

2012;8(12):1805-1834. https://doi.org/10.1002/smll.201102635
21. Lee C, Wei X, Kysar JW, Hone J. Measurement of the elastic properties and intrinsic strength of monolayer graphene. Science.

2008;321(5887):385-388. https://doi.org/10.1126/science.1157996
22. Lu Q, Huang R. Nonlinear mechanics of single-atomic-layer graphene sheets. Int J Appl Mech. 2009;1(03):443-467. https://doi.org/10.

1142/S1758825109000228
23. Yang Y, Zhang R, Zhao L. Dynamics of electrostatic microelectromechanical systems actuators. J Math Phys. 2012;53(2):022703.

https://doi.org/10.1063/1.3684748
24. Strogatz SH. Nonlinear dynamics and chaos: with applications to physics, biology, chemistry, and engineering. CRC Press; 2018.
25. Wiggins S. Introduction to applied nonlinear dynamical systems and chaos. Vol. 2. Springer Science & Business Media; 2003.

How to cite this article: Kadyrov S, Kashkynbayev A, Skrzypacz P, Kaloudis K, Bountis A. Periodic solutions
and the avoidance of pull-in instability in nonautonomous microelectromechanical systems. Math Meth Appl Sci.
2021;44:14556-14568. https://doi.org/10.1002/mma.7725

KADYROV ET AL.14568

 10991476, 2021, 18, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.7725 by Suleym

an D
em

irel U
niversity, W

iley O
nline L

ibrary on [16/06/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1533/9780857098610.1.3
https://doi.org/10.1109/t-ed.1967.15912
https://doi.org/10.1002/mma.6898
https://doi.org/10.1016/j.nonrwa.2018.07.025
https://doi.org/10.1016/j.ijnonlinmec.2019.103328
https://doi.org/10.1177/1461348417725953
https://doi.org/10.24132/acm.2017.322
https://doi.org/10.1016/j.jde.2016.11.037
https://doi.org/10.1016/j.sna.2014.04.025
https://doi.org/10.1088/0960-1317/20/2/025006
https://doi.org/10.1007/s10884-007-9094-x
https://doi.org/10.1007/s10884-007-9094-x
https://doi.org/10.24132/acm.2018.413
https://doi.org/10.1142/S0218127413500880
https://doi.org/10.1007/s11071-017-3653-4
https://doi.org/10.1016/j.ijsolstr.2005.03.018
https://doi.org/10.1016/j.nonrwa.2005.01.002
https://doi.org/10.1016/0022-460x(90)90945-v
https://doi.org/10.1016/0022-460x(90)90945-v
https://doi.org/10.1002/smll.201102635
https://doi.org/10.1126/science.1157996
https://doi.org/10.1142/S1758825109000228
https://doi.org/10.1142/S1758825109000228
https://doi.org/10.1063/1.3684748
https://doi.org/10.1002/mma.7725

	Periodic solutions and the avoidance of pull-in instability in nonautonomous microelectromechanical systems
	Abstract
	1 INTRODUCTION
	2 T-PERIODIC SOLUTIONS: RIGOROUS RESULTS
	3 THE CASE OF THE GRAPHENE OSCILLATOR
	3.1. Mathematical formulation
	3.2. Analysis of the pull-in instability

	4 A POINCAR MAP STUDY: PERIODIC SOLUTIONS WITH HIGHER PERIOD
	5 CONCLUSIONS
	REFERENCES



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


