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these you can learn somethmg new and prevent yourseli f om 
mak пЛһе same crror m the future. Work on problems more than 
o n t  Work on problems until you can do them qmckly. 
Remember the process ıs usually more ımportant ıhan the ıtsult 

TbeVastest wav to get into trouble m statıst.cs ıs to not do 
İ v v o r k  Remember, sumlar problems wıll probably bhovv up 
on auizzes and exams, where you wıll be expected to work them 
cjuicklv and accurately, probably vvıthout the book m troııt ol yom 
Tip6: Contrary to many students’ opmıons. your mstımtoı a 
vou to sueceed. Exıremely rare ıs the ınstıuctoı xv к  
intentionallv put completely dıfferent matenal on an cxam that 
was covered in elass. For this reason, pay attentıon to youı 
instructor and take notes. Then read your notes. and be sure you 
understand them. fılling any mıssmg detaıls. Rev,ew youı nott..

The'eoal of this book ıs to present statıstıcs m a elem and 
t res ing wav. Students. who will use this book are no 

required to hm e a strong background in - th e m a t .e ,  
chapiers are dıvıded into sectıons, and eaclı stctıon 
„edssrrrv theoretrcal background and solved problems. A se. o 
elere,ses appears a, ,he end of each secnon. Ans»ers are nght

һГіһТіті. an>' suggestıon from readers would be greatl) 

apprecıated.

Dr. Humbet Alıyev

Chapter 1
Organization and deseription of data 

11. Introduction

Statıstıcs ıs a group of methods that are used to collect analvse 
presem, mteıpret data and make decisions.
Statistics is sonıetimes divided into two main areas:

!. Descnptive siatistics 
2. Inferential siatistics.

Descriptıve statistics consists of the colleclion. orsanization sunımat юп 
and presentatıon ol data. ІІ Ы1І0П'
А рориШшг .s a complete set of uı.its (usually people. objeets. cventsj 
that we aıe ınterestcd in studyinu,
A subset ot the popıılatıon seleeted for stııdv ıs called a sample 

1.2 . The ınean

averaae^efr!!leT ,f0^ Û gr0Uped daTa’ 3İS0 kll0vvn as the arithmetic 
numb^r^values Thut 1g ° f ̂  data and dividin* by the rota

klean for population data: 

Mean for sample data:

.V

V

u -  -
;Y

Ь :
J -  i

П
«vhere N ~ ic ti,

^  6 P°pulatl011 size. /; -  ıs sample size. ı, - (Greek leıter

Ё З Щ а й ^ ^ о п  mean' and (read as At -bar A ıs the sample ınean. 

" ak “'“ "*  те5аГ Л е A ' "8 -  sample obserr anons:r O, ö, /_ g

M
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Solution:
; the defin ition of sample mean, w e imdUsing

t ■ 6 8 -r / 4 S -'6 - 6  .

are:

6 6
Thus, the mean of this sample ıs 6.
E.vampie:
The salaries of ali 7 employees ol a .small company t 

$ 320. 410, 310, 480, 530, 370, 240
Find the mean salary.

Smce'the a iven data set includes ali 7 employees of the company. ıt 
represents"the population. Hence. AT 7 . The populatıon nıe

Л'

X  320 - 410 + 3 10 -  480
i l  - -  ~  ' -  ------------------------------------------- n

ıean salary of the employees ofthis company ıs $380.

Kem ark: ff the g 'ven data set represents a population. replace n by N  

Ехатріе:
Consider again the seven salaries of employees of a small company

$ 320,410,310,480,530,370,240
Calculate the nıedian ofthis population.
Solution:
Fiıst of ali, let us ıaıık salaries ın ascendinu order'

$  240, 310, 320, 370. 410, 480,530
ı 1 ıh r . 1 1lı

N=1 and Ar n 1
- 4 ''

;an ıs

., 530 ..r 370 - 240 2660 _

L 2 : i 2 i

Therefore, the medıan is the value of the fourth term in the raııked data
$ 240,310,320.13701,410 480 syo

VI
Median

Thus. the mean sal

1.3. The nıedian

Sa80 . Thııs, the median vaiue tor th i s population is $370 
Ехатріе:
The ages of a sample of 10 university students are 
„  , 18,22. 19.20.21. 18,22, 19.23. I
calculate the median of thıs sample.
Solution:

data set. Before one can fmd tlıis poinr  pjr t , . .
the data must be arranged in inereasing (or d e c r c a s m g )  o r d e r ^ T h e  ^  j 7 j  8> 23 * ^
The nıedian is the middle term in a - —   ------------ -

be arranged in inereasing (or decreasmg) order he 1 /, 18. 18 19 19 20 ^
calculatıon of the median for ungrouped data consısts of the tolloıvı 0 Гһеге are 10 values in the data set. Henc
steps:

Rank the given data set m inereasing (or decreasın 

-  1 term in a raııked data set.

m order. n = 10 and I - - - 1
2

10 + 1
? ~ 5.5'

2. Find i - y

1 -+1 ■!l>The value of [ 1 term is the median.

■ a S d a a 016 med'an ‘S gİVen by lhe mean of flfth and sixth values in the

5 value = 19 . 6"' value 20
j

There are tvvo possibilities
Median = I ^ T 20 _ j 9 s

■ the value of the middle term Mence, the median age i
1 1J 9 1  t ı ı  e v * w  ~  • - -

1) If n is odd, then the median is given b y '
raııked data. , л ı ıps0ft
2) lf ,, ıs even. then the median is given by the average ot the value,
tvvo middle term

is 19.5.

10



1.4. The Mode

The value that occurs most often in a data set is called the mode. 
Ехатріе:
The t'oi lovving data give the GPA ol 7 students

З.бГз.2: 2 .8; 3.6: 3.8; 3.6: 2.9
Find the mode.
Solution:

İt is helpfııl to arrange the data in order. althotıgh it is not necessaıy 
2.8; 2.9; 3.2; 3.6; 3.6; 3.6: 3.8

Since 3.6 occurs three times and 3.6 has a freqııency larger than any 
other number- the mode for the data set is 3.6.
A data set can have more than one mode or no mode at ali, vvhereas it 
\vi!l have only one mean and on!y one median.
A data set with each value occurring only önce has no mode.
A data set vvith tvvo (or more) valııes occurring with the sanıe (highestl 
lrequenc) has tvvo (or more) modes.
Ғ.хатріе:
Find the mode of tlıe set data set:

2. 3, 3, 1,2. 7, 7. 3. 1. 2
Solution: Since 2 and 3 both occur three times. the modes are 2 and 3. 
This data set is said to be bimodal.
Ехатріе:
Last year’s income of six randomly selected families were

210.000. 300.000. 325.000, 280.000, 315.000, 410.000 
Find the mode.
Solution:
Since each value occurs only önce, tlıere is no mode.
Reınark: One advantage of the mode is that it can be calculated for 
both kinds of data. quantitive and qualitaive, svhereas the mean and 
median can be calculated only for qııantitive data.
Ехатріе:
6 students are selected at raııdom. Their statuses are:

Senior, sophomore. senior, junior, senior, sophomore.
Find the mode.
Solution:
Since senior occurs more frequentlv than the other categories, it is the 
mode for this data set. However, \ve can not caleulate the mean and



median forthis data set.
For a data set. the mean, median, and rnode can be quite different. 
Coıısider the following ехатріе.
Ехатріе:
The number of days the First six heart transplant patients survived after 
their operations were

15; 3; 46; 623; 126; 64 
Find the meaıı, median, and mode.
Sotution:
The sample mean is

İ* 15 + 3 + 46 + 623 -126 + 64 871 fi46.2 da vs
6 6 6 

Го find median, first we rank the data. The ordered values are 
3,15,46.64.126,623 n = 6

vledian =

vledian =

! 7.54'n  + 1 Т '  6  

. " T "  j  '  2 j
3rd value t 4"’ value 46 + 64 55 days

ince each value occurs only oncc, there is no mode. 
i this ехатріе, the mean is much lıigher than the median. Only I out of 6

atients survived longer than .y -  146.2 days. İt is because of only largo 
.ırvival time that greatly inflates the mean. In this and simılar situations, 
te median should be used as the measure of Central tendency. 
o sum up, we can not coııclude wbich of the three measures of c-entra! 
ndency is a better measure overall. Each of them may be better under 
fferent situations. But the mean is the most used measure of ceniral 
ndency. The advantage of the mean is that its calculation includes each 
ılue of the data set.



Exercıses

]mg 3 to the

-  Cmsr;der lhe "■ "« ''" 'S  «  dna sets:
Data set h 10. 12, j 7 , g 15
Data set H: 1 3 , 1 5 , 2 0  1 ] ]g 

Notice that each value of cL ' o ^
corresponding value of the lîrst da tî se t  V I ' ]  by addl -  -  •
these data sefs. Comment on the relation 5  C,Uİate the mea» for each of 
İ L  Coıısider the folloıving t\vo л “ Г һір 1,м" сеі’ <lK , n ° —

Data set 1 ; 2 . 5 , 7 9 g 
Data set fi: 6, 15 . 21 77  04

. . .  r  • datf Set b obtai^  by multiplvinu the4. Twe!ve secretarıes were gıven a typıngtest, and the time (m mmutes) to0f these data c^c r \ . . _  a ta set b3 3. Calculate rh<> =7 ^

1_. Calculate the nıean and median for each of the following data set
a) 6, 10, 7. 14, 8
b) 2, 1, 4, 2, 1

2. The follovving data set belongs to a populatıon 
5. -7. 2.'0, -9. 12, İÜ, 7 

Calculate the mean. median and mode.
5. Fiııd the mode of each of the folloıving samples 

3 ) 5 . 8 . 11 . 9 . 8 , 6 , 8  
b) 7, 12,8, 7, 10, 11,8, 6, 10, 13 ,7 ,8

veen the tvvo mean s.
sets. Comment on the relationship bcı^ 16 ^  Iû'' eacil 

A

5. The grade point average (GPA) of 10 snıdems who applied for financiaİi a) ■* = 9; tMedıan = 8 ;

eomplete it \vere as follocvs:
8. 12, 15. 9, 6, 8, 10, 9. 8. 6, 7. 8 

Find the mean. median. and mode Answers

aid a re shovvn belovv
3,15, 3.62. 2.54. 2.81. 3.97. 1.85. 1.93. 2.63. 2.50. 2.80 

fiııd the mean, median, and mode. mode
6. During a year, the majör earthquakes had Richter magnitudes as shovvıı 
belovv

7.0, 6.2, 7.7, 8.0, 6.4, 6.2, 7.2, 5.4, 6.4. 6.5, 7.2, 5.4 
Find the mean, median, and mode.
7. Light participants in a bike race had follovving fınishing times in 
miııutes

28. 22. 26, 33, 21.23. 37, 24 
Find the mean and median for the finishing times.
8. The ımonthly income in dollars for seven famılies a re

950,775. 925, 2500. 1150,850.975
a) Calculate the mean and median income
b) \VI11ch of the two is preferable as a measure of çenter, 

and wlıv?

Median = 3 .
’: b) x  -  2  ; Medtan = 2  •

3 ; no mode ; i  a) 8: b) 7 8; 4 .
h  x = 2.5 :

>; э. ,v = 7 7

Medtan = 5.45
-•38: Median = 2.715  ■

— -r ~ ^-^3 ; Median •. 8 :

-  a) -V = 1160.7-
ıno mode ,7. a = 26.75 »

;no  mode ;6. .t = 6.6: 

i an = 2 5 -
1 Medtan = 950

‘•5 M « u resofc,ispersi(H, foroııgı.()ııi)eıi(|aia

«* — O « a ,1S« M„s
- -  ■may have complefely dıfferent sorM d^T^ 0 ^  SCtS Wİth the

ame

эг the other data
a*ues of obser' "'aVe comP̂ etelv differ 

r da;

disPe‘'smn,spread, andvar

set. ,m,ch ,aCaeror sınailer ıhan
The

9. The numbers of defective parts observed on 16 different days are 5Ь°л<,,ии|„. ,,rıv
beioıv: onsider thp f  1011 1а' c the same meaning.

11. 14. 18, 14,21, 17, 13.21.25, 19. 17. 13,28. 13. 17, 18 _ Sa , İ0W'ngtW0sampfes'
What statistical measures of Central tendencv woııld lıelp summarıze tlu£ Sam^j6* ^6 67 67 67 68
data set? . Ple2: 4T 44, 50 ' 54,‘ 6T 90 9 1  9?
W hat Information would vou repon to the production maııager? .* ' '

14



I -
The mean of samplel is

The mean of sanıp le2 is
I

A' -

536

536
8

= 67

67

Fı’nd the range. 
Solutioıı:
The largest observation is 97- the smallpct 
The range ıs 97 -  4 4  = 53 ’ Sma,,est observation is 44.

1.5.2. The mean absolute deviation

Each of these samples has a mean equal to 67. Hovvever. the dispersion c e mean absolute deviation is defmed exactiv
the observations in the tvvo samples differs greatiy. In the fırst sample all̂ or devıatıon ’refers to the deviation ofeacl ^  ^ W° ldS *ncbcate- The
observations are groııped within 2 units of the mean. Only one observatire P°Pl|lation. The temi "absolute deviation”"  ̂mem eı irom tbe mean of 
(67) is closer tlıan 13 units to the mean of the second sample, and some î°sı}jve]  va ûe ° f  the deviation, and the Гіе numencal (ı.e.
as far avvay as 30 units. Thus, the mean, median, or mode is ustıally notjl'mP*-v ar|thmetic mean of the absolute dev devıatl0n
itself a suffıcient measure to reveal the shape of the distribution of a datret лі >ЛУ ,A'3, ......a v denote the A’ '

— ' •• ■ - • ■ .k-m*  ' members of a population, whoseset. We also need a measuıe that can 
variation among data values. The measures that help 
spread of data set are called the measures of dispersion. The measııres o 
Central tendency and dispersion taken together give a better picture of a 
data set than measure of Central tendency alone. Several quantities that 
used as measures of dispersion are the range, the mean absolute deviat 
the variance, and the Standard deviation

pıovide some information about ths ц . Their іпряп , .
isııres thal help „s ю kpou about ,1 т “ П abS0İU,e <taoted by M.A.D.

mean

M A D. -  > ı .
I k -

ıs

M\

N

or the samp|e of /z observations,
"fıned analogousK with nıean.it , mean absolute dev

1.5.1. Range

The simplest measure of variability for a set of data is the range. 
Defiııition:
The range for a set of data is the difference betvveen the largest and 
smallest values in the set.

Raııge=Largest value-Smallest value 
Ехапщіе:
Find the range for the sample observations 

13,23, 1 1, 17, 25, 18, 14,24 
Solution:
We see that the largest observation is 25 and the smallest observation 
i s l i .  The range is 25-11 = 14.
Ехатріе:
A sample is composed of the observations

67. 79. 87, 97, 93, 57, 44. 80, 47, 78, 81,90. 88 , 91

16

iation ıs

V ! X: -  X!
M . A . D . ..

epsalCUİate mean abs°bıte deviat 

i  Find

ЮП 11 is necessary to take foIlowi

x  ( o r  / j )

i  Find and ,eC01n the Sİgned differences 
record the absolute differences

i  Find V L  rlf
&г ~лііогЕ іх'-* і

5. FinH u ' ,=l
çamg)^ le mean absolute deviation.
'PP°se that samrn

2 i, ! 7, J3 25C°Q S! qS 0t the obse,vations 
’ • I9, 6 , and 10
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Find the mean absolute deviation.

Peî'haps^dıe besv manner to dısplay the computatıons m steps 1, h  h  ^  
is to make use of a table 1.1 composed of three columns ,

ıttempted defmıtion is that it vvouid not gıve us much Information about

he variation preseni: in the data: the mean would be zero tor

ı:

I 120

I -

= 15

M . A . D .

44
T 5.5

ıvery sample, because the sum £  {.y, - y ) epual.s zero tor every sample.

he posıtıve and negative devıatıons eaneel each otlıer out. Heııce if vve 
-re to use the devıatioııs from the mean as a

9 H'st fin d another approaclı. As vve already knon. one vvay ıs coı 
 ̂ іе aveıage absolute deviation as a measııre ot variability While this

~  ı p c t e ı ı r p  t c  е л г п р һ і і п о г  *1, ^  _______ _ л  i •

measııre ot dispersıon ve 
ûınputııu

leasure is sometimes used, the one most ofteıı used is based on squarin« 
ö ıe deviations to eliminate the negative valııes. The average of the sqnared 

;viations tor a data set representing a population or sample is şiven a 
^ )ecıal name in statistıcs, İt ıs called the variance.
5 he population variance ıs denoted by the Greek Symbol o  
—ronounced “sığma squared”y The formula Aia i or population vanana

У
On the average, cach observatıon ıs 5.5 ımıts from the sample.

1,5.3. The variance and the Standard deviation

\  kev step m developing a measure of variability that mcludes ali the d 
items iııvolves the computauons of the differences betvveen the data val.

(D o '  —
(-v, -- m

N
wher e л population data 

/t -  population mean
A7 - population size

u u 'u " " " " v-- -----г ' ... . , v j mMJ s fr^uentlv desırable to lıave ;
and the mean for the data set. The dılterence betvveen л; and the ; u measure of dispersıon \vhose ımıts are 

; same as those ol the observations. Since the varia
( x for a sample. /./ for a population) is called a deviation about the the root of the variance uould be given m ımits that

• . • .1  ______ - , * . .  -V tl-1 n t  e m  1-n m  'Л Г I i . .

iance is »iven m

\  \  І Л Д  ct O U l l / | Z l v .  r  I . ----------

Since vve are seeking a descript.ve statistical measure that summanzesiUSf jf W£ ^  (he ç roo( f h
. . . .  .i ___*:_j u , out «ip \v«mf to consider tne . . . .... -

as the population Standard deviation and denoted
Since vve are seerang л ".............  . , , ‘ mc squaı
variability or dispersion m the entıre data set. we vvant to consıdeı the persion that js knovvn г
deviation of each data value about the mean. fhus foı a samp e size t 0  By delmitioıı vve lıave 
data values лу, x2,.......x n, vve will need to compute the deviatıons

(ү, V ) .1 V — v ) ............(ЛТ _A')-
W e miaht think of summarizing the dispersıon in a data set by comput 
the average deviation about the mean. The only trouble vvıth such a

te variance. ne hat e the measure of

( T  ~  Ver
І Л т  / '  >
İj'}__

N

18 ! 9



t

İn many statistical applications, the dala sel \ve are vvorking vvıth ıs a 
sample. When vve compute a meastıre of variabılity for the sample. w e 
often are interested in using the sample statistic obtaiııed as an estiıııate c 
the population parameter, a 2 . At this point it might seem tlıat the averag 
ol'the squared deviatioııs in the sample \voulcl provide a good estimate o s 
the population variance. Hovvever. statisticians have found tlıat the a v e r a j .  = ] 20 : л 
squared deviation for the sample has the undesirable feature that it tendsm
underestimate the population variance o"  . Because of this tendency 
tovvard underestimation we say it provides a biased estimate. V  f r
Fomınatelv. it can be shown tlıat i 1' th e sum of the squared deviatioııs in , ~  '
sample ıs dıvided Ъу{п -  1). and notn . then the resultmg sample sıatıstf ~ n — \ = '
vvill provide an ımbiased estimate of the population variance hor ıhis r~r ,-------
reason the sample variance is not detined to be the average squared ~ v \  “+0. 
deviation in the sample. Sample variance is denoted b\ 5 '  and ıs defınet 
as toliovvs.

fTable 1.2)

• -  15

-x)-

43.14:

6.57

X; ; X -,V | Oy

~ 1T ~ !----------------- 1
! 21-15=6 36

17 1 7 - 1 5 = 2  : 4
13 J 3 - 1 5 = - 2  i 4
2 5 1 2 5 - 1 5 - 1 0  1 1 0 0
9 i 9 - 1 5 - - 6  : 3 6
19 i 19-15=4 ! 16
6 : 6-1 s=-9 ! 8]

10 O j; 2 5
i 2 0 502

-t')'

V h t  Vi
(2) :ut

-om the computational point of vıevv. it is easmr and mor* , 
_______  * * m  Urm ıı.as H, en,en,a,e J K S T  “  " *
" ~ 1 2 T la' " e ,edllce ÖK «»ııputalion lime and loıınd h'f eırors

To fınd the sample Standard deviation (denoted by s ), one must take theıe sil0lt_cul tormulas lor ealeulating variance are as follocvs 
square root of the sample variance:  ̂ j ; j y  ^ j

-vr
Sample Standard deviation -  s \ s :d

E\ample:
hmd the variance and the Standard deviation for the sample dala 

21, 17. 13, 25, 9, 19, 6, and 10 
Solution:

СГ =

s~ =~

M /V ' M

1|
i l v ( 2 > , Г

n -Л ,Xe - n

SâmDİef

Vv hen vve compute s~ by applymg formula (2), the computatıoı І̂чПСе:_апс!. r*le standard deviati
can most conveniently be sltovvn in a table. The table vvill be cornPose4lution- 
three colımms: a colıımn for the observations лу. a eolıımn tor the -t us app]y

deviatioııs of the observations from the sample mean (x : -  x ) ,

and a eolımm for the squared deviations(.c, -  л ) .(ГаЫе i .2)

л ,  ............~  o t u m

l6> 19- 15, 15, and J4
ion for the sample of

,v = V

20



Stepi: Find the sum of values,
= 16+ 19+ 15+ 15+ 14 = 79

Step2: Square each value and fınd the sum 
J V  = 162 + 192 = 152 + 152 + 142 = 1263 

Step3: Substıtute in the fomıula and calculate

ıpulation dala lie within 2 Standard deviations around the 
ı.
vample:
:t// = 70 , <т = 1.5

mean and so

s = £ 0 - £ ' Vi r

L

!l

/7

___J

1263-
79'

we let k  = 3 from 100' 

I I
k-

~ 1% we obtain that

)0 100! ı 1000 , ,  =  S S. 8 9 %

= V3.7 =1.9

t ı r  i  : 9 ;  9

ıe theorem States that at least 88.89% of data val ııes vvill fail withiı
orİlence the sample variance is 3.7 and sample Standard devıation is 1.9. t °ns ot the mean. 88.8979 of data fal Is \vithin (// ±3<r)

70 a 3 -1.5 = 74.5 and
1.5.4. Interpretation of the population Standard deviation 70 -  3 -1.5 = 65.5

,r "  '  ™- "  = ' 5 ■ »' 88 S9"'" oflbe Ш  valms fail bepveen 74.5. 65.5
Often in statıstical studies we are interested in specitŞ ıng the pcrcentage 
items in a data set that lie within soıne specıfied interval \vhen on İv th° -*c Thumh
nıeaıı and Standard deviation for the data set are knovvn. Tvvo rııles are ben a distriburion ıs bell-shaped the Го11ол\ 
eommonly used for forming such estimates eĉ 34ıurnb rule, are trııe:
The fırst is tı ue for anv data set. 3proximately 68% of the populat

vıation of the mean.

( Vatio'ns^fthe meanf tlle po|n,l‘l,'on members ’ie \vithin two Standard
Fo, any set of data and atty* > 1, at least 100 ■ | 1 - - j%  of the 99 .7«of the pop„la,i„„ members lie

mg statements, vvhich are 

tıon members lie ıvıthın one Standard

tlıree Standardof the mean.
in the data set ırıust be vvithin plus or minus k Standard deviations of ft)r example, suppose thar «,„«0  „

^  Standard devYatım/ % e" 'аПСе ^  haVe 3 mcan ^  480u *1 tbtse scores are nor,v>Q 1 n a=...:ı__ , .
een 390 and 570 ;

90 7 570)

mean. 
Rem ark:________ ’ProKİmately 6 8 % wih fal] b e tw e î  — ^  ™  " ° rmall> distribu* d-
In applying Chebyshev’s theorem we treat cvery data set as ıf ıt werea (480- 1 . 9 0  _ 390 and
population, and the formula for a population Standard deviation ıs use£İPProxımately 95% 0f the scom

k
( 4 8 0 - 7 . 9 0  sc o re s  vvı11 tal1 betvv^ ^  з о о  and 6 6 o

-  9 0  -  3 0 0  a n d  4 8 0  ( - 2 - 9 0  = 6 6 0 ) .

100-1
1

’y к -J'
55.67 7 5 %

Pproximately 9 9

84°
І 4 8 0 - 3 .9о = ofn*6 Y °reS wil1 faN bet'veen 210 and 750 

210 and 480 4 3•90 = 750)

Accordmg to Chebyshev’s rule, at least 55.6% of the population data 1 
vvithin 1.5 Standard deviations around the mean, at least 75% of the



1.5.5. The interquartile range
milarly, since Q. -  j — 7 -İÜ i _ { £2.11 i  J yh

Quartiles are the summary measures that divide a ranked data set into fi 
equal paıts. Three measures will divide any data set into four equal partıe third quartile ıs one-quarter of the way from the 8'л observatior (15) 
These three measures are the fırst quartile (denoted byQ, ). the second the 9'1' observation (1 8). Tluıs we have 
quartile (denoted b\ (d ,), and the third quarti îe (deııoted b\ Q , ). Tiıe da( jrcj qUartile=0 _  g"' 4 \ { g w «o ) 1 7
shoukl be ranked in increasing order before the qııamles are determined A
The Ljuartiles are detined as follous

\ n  + 1)]";

11 ~ 15 -

Q.

a

4 j

3 • (/7 -r 1)

ordercd observation

- ordercd observation.

the ditference betvveeıı the third and the fırst yuaniles gives the 
interqııartile range. That is

1QR = Interquartıle range -  Q ; -  O. .

Ехапіріе:
A teacher gives a 2û-point test to 10 stııde 

! 8̂  15. 12, 6. 8. 2. 3. 5, 20. 10 
Find the interquartile range.
Sotution:
First, \\e rank llıe given data in increasing order:

2 ,£  5, 6, 8, 10, 12. 15, 18. 20 
n = 10

nally, the interqaartiie range is the d,'(Terence beuveen the third and tir 
artıles.

Interquartile range- ]QR -  t i - O- -
_ ,  c 3 , 3 63 9 45-  1 5----3 — ----------- = — = 1 1 as

4 2 4 2 4
amplc:
:e following are the ages of nine emplovees of e 

47,28, 39, 51.33, 37. 59. 24, 33 ' 
ıd the interquartile range. 
lution:
t us arrange the data in order from smallest to lar^esl 

24,28,33,33.37. 39 47 sı so

st

an Insurance company

The seores are slıovvn bel ~(д + і)~ th

- 4 J
9  i  i !------- i = (y s ) i,; =

4 j 1 J

= 28 + 1 (з з -28) = 28 + 2.5 = 30.5 

3(«.+ l)T" f 3 . ıoT" г

tt

(n v 1)7'" 1
' Г г і  - !7,

=  7  '■ -(£

- ordered observation.

4 i

4? + - ( 52- 47) = 47 + 2 = 49
ıe interquartiJe range is

^  = Qi -  Q} = 49 - 3 0 . 5  = 1 8 . 5 .

Hence, the fırst quartile is three-quarter way from the 2"d data (3) to# 
3'"' third (5). Therefore.

First quartile-"6, = 3 + — (5 -3 ) = 3 + ^-~ —



Exercises

1. Fifteen studeııts vvere selected randomly and asked how many houı 
cach studied for the final exam in statistics. 1 heır ansvvers are recordt 
here

8,  6.  3 ,  0 ,  0 ,  5,  9 ,  2 ,  1 , 3 ,  7. 10 ,  0 ,  3 .  6

a) Find the range
b) Find the mean absolute dcvıatıon
c) Find the sample variance and sanıple Standard deviation
d) Find the interquartile range.

2. The follovving data gi\e the hourly \vage rate of ali 12 employees c 
sınaiI company

2 i 02  2 7 .  3 6 .  2 2 .  2 9 .  2 2 .  2 3 .  2 2 .  2 8 .  3 6 .  33

a) Find the population variance and Standard deviation
b) Find the mean absolute deviation
c) Find the range
d) Find the interquartile range.

3. I he number of vvords pnnted m eaclı ot 12 randomly selected 
stoıybooks for children is listed belovv

502, 213, 335, 197, 414, 469, 497, 367, 409, 297, 309, -
a) Find the sample variance and sample Standard deviation
b) Find the range
c) Find the mean absolute deviation
d) Find the ınterquartıle range.

4. The vveiehts of sample of nine football players are recorded <
“  7 8 % 2 .  6 8 .  7 3 ,  7 5 .  6 9 .  7 4 ,  7 3 .  72

a) Find the range
b) Find the variance
c) Find the Standard deviation

5. The follovving data give the number of cars that stopped at a 
station duriııg each of the 10 hoıırs obscrved

29, 35. 42, 31, 24, 18, 16, 27, 39, 34 
Find the range. variance, and Standard deviation.
6. The follovving data give tlıe number of nevv cars sold at a dealersh 
during a 12-day period

1 3 . 5 , 9 . 6 , 8 .  1 1 . 9 .  1 5 . 4 ,  1 1 , 7 .  5

Fivul the range. variance, Standard deviation. and mlerquartıle range.

Consider the fol lovving two data sets:
Data se ti :  12,25,37. 8.4 i 
Data set II: 19, 32, 44, 15, 48

ıtice that each value of tlıe second data set is obtained by adding 7 to 
: corresponding value of the first data set. Calculate the Standard 
viation for each of these tvvo data sets usıng the form ula for sample data. 
mment on the relationship betvveen the Standard deviatıons.
Consider the follovving tvvo data sets:

Data set I : 4, 8. 15, 9, 1 1 
Data set 11: 8. 16, 30. 18. 22

atice that each value ol'the second data set is obtained bv multiplyina the 
■respondıng value of the First data set by 2. Calculate the Standard 
/iation for each of these data sets ıısıng the form ula for the sample data. 
mment on the relationship betvveen the Standard deviatıons.
The number of patients treated at the hospital per d ay are shown below. 
ta are froın a random sample of 12 dav s:

45. 50. 36. 59, 28. 42. 55. 67. 33, 35, 40, 50 
npute the mean, median. mode, range. variance. and Standard deviation 
these data.
 ̂Light bulbs manufactured bv a \vell-known electrical eqııipment Frm 
knovvn to have a mean life of 800 hoıırs with a Standard deviation of 

) hours.
-ind a range in vvhiclı it can be guaranteed that 84°-o of liletimes of light 
bs lie.

tollovjsmg the rule of tlnımb, fmd a range m vvhiclı it can be estımated that 
ıroximately 68% of these light bulbs lie.
Tiıes of a particular brand have lifetimes vvith mean of 29.000 kın and 
ıdard deviation of 3.000 km.
•ind a range in vvhiclı it can be guaranteed that 75% of the lifetimes of 

rvıee of this brand lie.
Jsmg the rule of tlnımb. find a range in vvhiclı it can be estımated that 
ıoximately 95% of the lifetimes of tıres of th is branu lie.
The mean of a distributıon ıs 20 and the Standard deviation ıs 2. 

ip Chebyshev’s theorem to ansvver: 
t-t least vvhat percentage of the valııes w i 11 fail betvveen 10 and 30 0 
4t least vvhat percentage of the values vvıll fail betvveen 12 and 28 ?
A sanıple of hourly vvages of employees who work in restaurants m a 
e City has a mean of $5.02 and a Standard deviation of $0.09. Using



1.6. Nunıerical summary of grouped data
1.6.1. Meaıı for data with multiple-observatioıı values

Chebyshev’s theorem. find the range in vvhiclı at least 75% of the data ■> 
lie.
14, The average score on a specıal test of kncnvledge has a meaıı of 95 ;
a Standard deviation of 2. Usmg Chebysbev's theorem. find the range it t ı t t , ,
\vhıch at least 88-89 % ot the data w ılı tali.
15. During a recent football season. it vvas reported that the average juencies, f  ........... , / .  respectively.
attendaııee for games vvas 45.000 The Standard deviation in the attendaror a population of .Y obser\ anons, so inat 
figüre vvas a  = 4.000 . Use Chebyshev's theorem to ansvver the folluvvı
a) Develop an interval that contains the attendaııee figüre for at least 75’ ^  = У , J
of the games. _ ,=i
b) The comrnissioner claıms that at least 90%> of the games had ■' mean ,s
attendances betvveen 29.000 and 61.000. Js this sratement vvarranted gıv 
information w e have?

u  =
I  f, m.

Ansvvers

f ; t |  10: b) 2.8: e) 1 1.3: 3 4; d) 6; T a) 29.52: 5.43; b'ı 4.75; c ) 15: 
d) 10:3. a) % =10325.9; s = 101.62; b) 305; e) 82.25; di 156.5:

4. a) 10; b) 9; c) 3 ; 5. range = 26 ; b) s2 = 72.25 ; e)s = 8.50 ;

(n_ range =  1 1 : = 1 1 . 7 2 0 : 5  -  3.42; 7. s = 14.64 for both data sets 

8. 5, = 4.04 and v;, = 8.08; 9. 45: 43.5; 5ü; range = 39 , ,v" -  134.36: 
5 = 11.59 ; И). a) 550-1050; b) 700-900: İL  a) 23.000-35.000:

1

A1
’or a sample of n observations. so that

, = 1
î mean ıs

t f  -

b) 23.000-35.000; 12. a) 1 0.96 or 96% : %0.9375 or 93.74«

■ anthmetic is most conveniently set out in tabular form 
tmoie:

13. S4.84-S5.20; 14, 89-101; 15. a) 37.000-53.000.
■ scuıe lor the samplt of 25 muJcım-, o< 
d the meaıı,

U t i o ı ı ;
6

' y ' . f :  ■ m ,

must find x = ------------  W e need a
n

tmn to display the computation of the 
ntit>"/ (Table 1.3):

Score 
(m. )

0

Frcqueııey

l / J

6
12

ı s

28 29



Tab le  1.4

Tabi e

In the end, Score i Frequency ' f. m
(ni;) \ (/■) |

x — -
67
25

-2.68*2.7.
1
2
6 
i Л

Hence the mean of the scores 
Is appro.Kİmately 2.7. n -  20

llass Number of sets i Trequency Cumulative
sold | (month) frequency

T l
'

i_ _  . -  . . i

1 î -X
1 JV j

9
i 4

2 i 8 11
3 1 5 16
4 ! 4 20

‘ 5 5 ! ç 0 1
7 6 6 ’ 1 23
1 7 7 1; 1 24

n -- 24

12 and 13"valııes fail in class

1.6.2. Median for data vvith multiple-observation values value j , lo value o.

„ . _ , . ,. , . . îrefore, Median = = 3.For an ungrouped frequency dıstrıbutıon, fınd the median by exammmj 2
the cumulative frequency to locate the middle value. as shovvn in the nt
ехатріе. 1.6.3. Mode for data vvith multiple-observation values
Ехатріе:
The nıımber of videocassette recorders solü per moıılh över a two-yearwe already knovv. the mode is the most freqııently оесштіпд value. Л 
period ıs reeorded belovv. Find the median. Har coııcepı can be ıısed vvhen the data are available ın multiplc-
Solution: ervation form.

n  -t 1 i
As we knovv the median i s ------1 observatıon.

unple:

24  ̂ 1

; follovving data vvere collected on the number of blood tests a hospital 
ducted for a random sample of 5ü days. Fınd the mode.

Since n ~ 24 then median = i
L 2 I 2

To find 12 " ' and ! У " observations we vvrite corresponding cumulative 
frequency distribution (Table 1.4).

Number of Frequency
tests per d ay (days)

26 >

27 9
28 12
29 18
30 - \

31 0
32 1

30 31



Solution:
Since 29 days were given on 18 days (the number of tests that occurs n 
often), the ınode is 29.

1.6.4. Variance for data with multiple-observation values

Suppose that a dala set contains values m , . m , ,........ , m k occurr

frequencies. ..............respectively.

_L For a popıılatıon ot /V observatıons. so that

Score i Frequencv
O 7,-) J  ( f )
~~ö !— î

1 j 2
2 | 6
3 i 12
4 3

ution: 5 |
nark: The deııominator in the formu la

/=1

The variance is

! ; > ,  Y  %r: m

a
N N  ' l

The Standard devıation iscr = Ver' .
2. For a sample of n  observations, so that

n = İ f
1-1

l'he variance is

—  -------- ıs obtained by surnming the frequcncıes ( V  /  -  r ı ). Jt is not
n

ıber of elasses.
lalculate variance we need three columns to display the computation of 

quantities (m- — x)  a column tor the n ı ,, a column for the

-  x )  and a column for the ( m : - .  We also need a column foı 

nd a final column for the produets f  -: ■ (m, -  x)2 . (Table 1.5) 

necessary computations tor fuıding f ) { m ,  -  x Y  are shovvn below.

X  • _л ' )2

1 -İl I / . 111; - li ■ X

The Standard deviation is s -  л/\
The arithmetic is rnost convenienıly set oııt in tabular tonu.
Ехатріе:
The score for the sample of 25 stııdents on a 5-point qııiz are shovvn 
Find a sample variance and Standard deviation.

î o r e F r e q u e n c y

( m  -  x'n i ) ( f i )
( / «  - . V )

0 1 гТ ) - 2 . 7 = - 2 ' ? 7 ' 7 7 Q

]

2
2 I t O 1! --

j

2 . 8 9

6 2 - 2 . 7 = - 0 . 7 0 . 4 9

bel3 1 2 3 - 2 . 7 = 0 . 3  i 0 . 0 9
4

3 4 - 2 . 7 =  1 . 3 1 . 6 9
j

________ [ 5 - 2 . 7 = 2 . 3  ! 5 . 2 9

Table 1.5 

/  ' ( /7f  ~  -t')

0 ' 7.29-U "
1 2.89=2.89
2 • 0.49 0.98
3- 0.09=0.27
4 -  1.69=6.76
5-  5.29=26.45



Ү / , ( » т  ~ ХУ
Thus we ha ve

37.35
24

S/ m
.56 186

24
/ v

5 = 21.56 93

Ехашріе:
The number of television sets sold per month över a t\vo year period is 
reported belovv. Fıııd the variance and Standard devıatıon tor tlıe data.

Number of sets j Frequencv (mos

= — fl500 -  24 ■ (7.75)2 ] = 2.5 
23 ' 1

Ind Standard deviation we take the square root of variance 

5 = Vs'2 = V2.5 =1.6.

Exercises

1 (m .') | ( f ;) he follovving numbers of books vvere ı•cad bv eaeh of the 28 students m
5 ! erature ciass.
6 ; 3 ind the mean Number of Frequencv

8 ind the median books : (students)
8 1 ind the mode 0 n

9 6 ind the variance and Standard 1 6
10 j 4 ation. ■ "*1 : ı°

Solution:

Let us apply

Make a tablo as slıovvn belovv
n - E/: m- — n ■ x

Sets
(77/.)

Frequency

Ш
m ; ■ /; m ; "

' / - ' m 2

5 2 5-2 = 10 25 50
6 6-3 = 18 36 10S
7 8 7-8 = 56 49 392
8 1 8-1 = 8 64 64
9 6 9 • 6 = 54 Sİ 486
10 4 ^ . 10-4 = 40 L l00 400

0 6
/7 = 24

_ . .
V m  -f;  =186 У J /~ - 772 ■ ” = 1 500

he ali forty students in a ciass lound the follovving tlgures tor number 
ours spent studying in the \\eek before lana! e\am 
ınd the ınean time for study l ime Number ol
ind the median ı h otı ıs) ! s r u c i e n ı
ind the mode

- 'пс* ^1е variance and Standard deviation for 
population.

1
~) J 1
3 1 15
4 i 10
S i n

t sample ot fdty personal propeny Insurance potıcıes found ıhe 
nyjngjmmbers of daints över the past 2 years
t l b e r  O t  l  İn ı i n .. O i ’  :  /

Tberofgolieıes
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a) Find the mean number of claims per d ay policy
b) Find the sample median of claims
c) Find the modal number of claims for this sample
d) Find the sample variance and Standard deviation.

4. For sample of 50 antıque car owners, the following numbers
ages vvas obtained Ages
a) Find the mean age of cars (in vears)
b) Find the median i 7
cj Find the modal number 18
d) Fmd the sample variance and Standard i 9
deviation. 20

Frequency distribution. Grouped data and histograms

)Ose a researcher wished to do study on tine monthly earnings of 
>le of 50 employees of a large company. The researcher would lirst 
to collectthe data bv asking each of 50 employees. When data are 

car!cted in original form, they are called raw data. İn this case, the data 
reqıs follows:
(e; 510 520 880 820 780 810 580 555

2 505 610 620 650 680 350 530 495
1 695 610 710 810 525 530 680 705
: 760 590 705 300 590 390 460 590
: 540 690 480 420 410 595 750 620

585 690 570 560

5. The following data represents the net worth (in million of dollars) cy persons do not lıke to ехатіпе a mass of numbers, and many otheı s 
national corporations İket w oılh ! FreqP* have t>me t o do so. Therefore, it vvould bc'advantageous if the
a) Find the sample mean net \vorth -m п1|ціоп 0f dollarsj i nratıon could somehow be "compressed “ so that the distribution of
b) Find the median yv
c) Fmd the mode
d) Find the sample variance and 
Standard deviation

10

. 3 0

40

■bservations could be seen at a glance. \Ve find. after some searching, 
■he smallest observation ıs 300 and tlıe laıgest observation ıs 880. Let 
]Oup the observations. We could subdivide the range of data and count 
umber ofvalues in each sııbinterval. İf the lowest and highest values 
data set are known, the follovving expression ofteıı ıs helpful in 
mining both the wıdth ol tlıe class interval and the number of classcs 

—ed:

Ansıvers. A.pproximate number of classes = ^ f sJ J ^ L z J ^ î E ^ İ
Wuhh o f class

T a) 2.04: b) 2: c) 2; d) 1.09; 
3. a) 1.4: b) 1; e) 0; d) 3.061: 
5. a) 27.7; b) 25: c) 25; d) 41

1.04; 2. a) 3.375; b) 3; c) 3: d) 1.08; 1.07 
1.75: 4. a) 17.92: b) 18; c) 17: d) 0.89 
98; 6.48.

p ^ is  formııla vvıth a trial class vvidtlı of 100 shovvs that 
880 - 300

100
-5.8

‘dfog tıp, we fmd that 6 classes would be required for the data.



T a b l e  ! .6

Monthly earnings 
(in dollars)

Number of employees

301-400 4
401- 500 8
501 - 600 16
601 - 700 10
701 - 800 T
801 - 900 4

lition:
;lass midpoint (or mark) is The average of the t\vo limits (or two 
daries)

, Lower limit s-Upper limit
Class midpomt (or mark) = ---------------- -----------------

ark:
r class vvidths may be considered in (1); the dccision on the class 
ı and the number of elasses ıs ııp to the ııser.

The ııumbers 301, 400, 401, 5 00 are knovvn as class limits. I o fin d thâlîİfilli .
limit of the:4uency dıstrıbutıon ıs a table tısed to organize elata. İne lett colLinin

;d elasses or groups) ineluded numerical mtervals on a
midpoint of the upper limit of the first class and the iovver 
second class in table 1.6 we divide the sum of these two limits b\ 2 
Thus, midpoint is

400 -t- 401 400.5
2

The \alise 400.5 is caüed the upper boundary oi’the hrst clas

ble being studied. The right coJumn ıs a üst of the l'requencies, or 
ter of observations, for each class. Data presented in the form of 
ıjuency distributions are called grouped data.
»ubintervals into vvhich the data are broken do\vn are called elasses. 

and thejjstrjjjUtjon t|ıe vaıues 300 and 400 of the first class are called class
lıı

lovrer boundary ot the second class. By using ıh is technıque. «e  can 5 Forany partictı iar class, the cumulative frequency is the total 
convert the class limits ot table 1.7 to class boımdaıies. vvhich aıe alsc,er 0pobservations in that and pıevious elasses. (Table 1.8)
called real class limits.

Table İ T Table 1.8
Class Class boundaries Class 1 C ln$s lonthly earnings Number of Cumulative
limits 1 \vidth midpoint (in dollars) emplovees frequencıes

301 to 400 300.5-400.5 100 350.5 301 to 400 4 4
401 to 500 400.5-500.5 100 1 450.5 401 to 500 8 12 ■
501 to 600 500.5-600.5 100 ; 550.5 501 to 600 16 °8
601 to 700 600.5-700.5 100 650.5 601 to 700 10 38
701 to 800 700.5-800.5 i 100 ; 750.5 701 to 800 45
801 to 900 800.5-900.5 1 100 i 850.5 801 to 900 5 50

Definitioıı:
The class boundary is given by the midpoint of the upper limit ot one> 
and the İovver limit of the next class.
Definitioıı: iİÎİ2£i
the dıfterence betvveen the two boundaries ot a class is called the cMive frequency is the proportion of observations in each class. İt is 
width. ed as;

Class \vidth- Upper boundary -  Lovver boundary

38 39



D , . r , freauency o f that classKe latıve Jrecjuency of a class — --------------- —----------------
sum o f ali frecjuencies ı ı

I //-1
In addition, \ve offeıı \vant to consider the proportion of obseıvations 
are eitlıer in that or one of the earlier classes. These proportions are a 
cumulative relative frequeııcies.
Ьхатріе in the table 1.9 illustartes how to eonstruct relative frequenc 
cumulative relative frequency distributıons.

Table ! 9

У

Monthly earnings 
(in dollars)

Nuınber of 
employees

Cumulative
frequeııcies

Relative
frequencies

301 but less than 400 4 4 4/50
401 but less than 500 8 12 8/50
501 but less than 600 16 28 16/50
601 but less than 700 10 38 10/50
701 but less than 800 7 45 7/50
800 but less than 900 s 50 5/50

50 :)Ü.O0m

-//-
300.5 400.5 500.5 600.5 700.5 800.5

Hg. 1.1 Monthh earnmgs salarıes 
t requeney h istogram

900.5

4/5
ark:

-8/pymbol " -//- " used m the horızontal axıs represents a break. called 
j8/.-uncation, in thejıorizontal a.\is. İt iııdicates that entıre Iıorizontal a.vıs 
45/t shovvn in thıs ttgure. As can be notıced, the zero to 300.5 portıon of 
Jiöonzontal axis has been omitted in the figüre 1,1.
od

♦ V
Definition:
A histogram is a graph in which classes are marked on a lıorizontal ax:0/50- 
and eitlıer the frequencies, relative freqııcncies, or cumulative relative 
frequencies are marked on the vertical axis. T'he frequcncies, relative 
lrequeııcıes. or cumulative relative frequcncıes are represented bv the 
heights of the bars. İn a histogram. the hars are dra\\ n adjaceııt 0/50“ 
to eaeh other.

5/50-

- //-
500.5 400.5 500.5 600.5 700.5 800.5 900.5

Fig- 1-2 Relative frequency for monthly earnings salarıes

>own in the figüre i .2,, we see, for ехатріе. that 16/50 of ali 
У es monthly earnings are betvveen 500.5 and 600.5.
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The cumulative relative frequencies are the cumulated sums of the rel
frequeneies. For the ftrst class, the cumulative relative freguency .s t g ^  data g|Ve the houHv wage rates for a sample of 30 
same as the telam e trequency. For subsequem classes. the cumulamt from a populatl0IL
relative rrequency tor the class to the cumulative relative trequency i$ ----  ------ ----
obtamed by adding the relative frequency for the class to the cumulati 
relative frequency of the prevıoııs class.

* У

o . 0 +

ît 0.8

■£  0.6 -• 

ü 0.4

02

12.25 9.20 13.90 8.10 7.30 7.25 8.75
5.20 15.85 11.20 10 20 14.50 10.50 8.25
7.45 10.20 12.20 10.80 9.25 J 4.35 16.50
6.40
10.35

15.20
9.75

10.30 1 ! .75 12.45 ; 3.27 10.80

İtruct a trequency distribution table. Fıııd the reialıve lnsquerıc> 
ibution table. Find the relative frequency and cumulative frequencıes. 
tion:
minimum value is data set is 5.20 and the masumum valııe is 16.50 
>ose we decide to groııp these data usmg sı\ classes of equal vvidth.

Approximate width o f class 16.50-520
6

= 1.883

- / / - 300.5 400.5 500.5 600.5 T)0.5 800.5 900.5

Fig. 1.3 Cumulative relative frequency for ımonthly- 
earnings salanes

'ouııd thıs nuıııber to a more convement number, say 2. 
ı vve take 2 as the vvıdtlı of each class. ]f we start the first class at 5. the 

"*.es wi 11 be vvritten as 5 to less Ihan 7. 7 to 1e s s  than 9. and so on as ıt 
rn in table 1.10.

The interpretatıon of these quantıtıes is verv valuable. For 
evarnple. 38/50 of ali employees’ monthly carnmgs are less than 700..
The inforrnation contaiııed m the cumulative relative Ircguencv can al 
presented pictorially. as in Fig. 1.3

1.7.1. Less than  method for writing classes

The classes in frequency distribution given in table 1.9 for the data on
monthly-earnuıg salaries for 50 employees were vvritten as 301-400, - — —  -
401 -500. ete. Alternatively, vve can vvrite the classes in a frequency 3 e (Fig, 1.4; Fig. 1.5; Fig 
distribution table using the less than method. The technique for vvritin! 
classes in previous topic is more commonly ıısed for data sets that do ı 
contain traetionai values. The less Ihan method ıs more approprıate vvl 
data set eontains fractional values.

y vvage rate / i Relative , Cumulative relative
dollars) | frequencies frequencıes
less than 7 2/30-0.067 1 2/30=0.067
;less than 9 6 j 6/30=0.2 8/30=0.267
ess than 11 10 10/30=0.333 | 18/30=0.6
less than 13 5 i  5/30=0.167 1 23/30=0.767
less than 15 4 : 4 -'30=0.1 77 ^720=09
less than 17 3 i 3/30=0. L |  30; 3ü— i 

| Sur.30 Sıım--1. .00

>togıam for lrequencıes can bc dravvıı  m İne s a ı ic  \ v a \  cis t u r  t i ı t  J a ia

.6 )
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Fig. 1.5 Cumulative relative frequency for bourly wage rate

Exeıcises

sıırvey of 20 patients who smoked, the folknvirtg data were oblained. 
value represents the number of cigarettes the patient smoked per dav. 
truct afrequency distribution, ıısing six classes.

8 6 ” 14 22 "l3 17 i 9 il
18 14 13 12 15 15 5 M

" 1 1
' frequency, relative frequency and cumulative relative frequency

15 grams.
r 75 employees of a large department store, the following distribution 

Fig. 1.5 Relative frequency for hoıırly vvage rateîars of service was obtained. Construct histograms for frequeııcy.
ve frequency. and cumulative relative frequency.

Ciass limits 
1 -5 

6-10 
11-15 
16-20 
21-25 
26-30

Pregııcnc)
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1.8. Mean for grouped data3. In a study of 32 student grade point averages (GPA), the followin>' 
were obtained.
3,2 2.0 3.3 2.7 2.1
1.7 0.8 2.6 0.6 4.0
2.6 1.6 1.6 2.4 2.6
3.0 1.7 4.0 1.2 3.1
Construct İliistograms for frequency.

.9 j  .Ş 

1.6
I 93tatistical measures we have presented for the Central location and 
- 8;rsion of data sets are computed ıısing the indi vidual data vaiues. The 
2.9jutational procedures we have dıscussed provide the most coınmon 

ods for coınputing measures of Central location and dispersion. 
Construct histograms for frequency. relative frequency and cumulatiıever, in some situations the data available only in grouped or 
relative frequency. ıency distribution form. In these cases special procedures are used in

•to obtain approximatioııs to the comıııon measures of Central location
4. To determuıe theır lıfetımes. 8ü randomly selected batteries \vere lispersıon.
The following frequency distribution vvas obtained. The data vaiues formulas used to calculate the mean for grouped data are as tollovvs: 
lıours given in tablc 1.11
Construct histograms for frequenc>. relative frequency and cumulati> E  m - • f ;
relative frequenc\.

Table 1.11
ı for the population data:

M  =  ■ -

Class Freqııcncy
boıındanes
63.5-74.5 j 10
74.5-85.5 | 15
85.5-96.5 i 22

96.5-107.5 ! 17
107.5-118.5 1 1
118.5-129.5 N

5>//;
ı for the sample data: д -- -------------

n
re m- -  is the midpoint of ı ,h class, / -  is the frequency of ıth -elass. 
s the total nıımber of elasses,
ılculate the mean for grouped data. fırst tind the midpoint of eaclı 
and then multiply by the lrequencıcs of the corresponding elasses.

>unı of these produets, denoted Ь у ^ ■ nı, , gıves an approxımation

ıe sum of ali vaiues. To fmd the value of the mean. div ide th is sum by
)tal number of observations in the data
üfikı
ollowing table gives the frequency distribution of daily comnnıting 
m mmutes)Jrom lıome to work for ali 25 employees of a company 

Daily comnnıting
Jdme_(minutes)_
0 to less than 10 
İÜ to less than 20 
20 to less than 30 
30 to less than 40 !
40 to less than 50

Number of empiovees 
4
9
6
4
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Calculate the meaıı of daily coımnuting time. 
Solution: 1.9. The Median for grouped data

in table 1.12- m, denotes the midpoint of the classes.

Note that because the data set includes ali 25 employees of the comPj| ^  fhe medjan ıs different for odd and for even numbers of

represents the population. Table 1.12 shows the calculation of '5~'7«.'vati°ns w'ıen ^ıe c'ata a,e not *n l*ıe g^oupedtoım. Howeveı. ıf the n
~  !ire written in grouped form, thcn median is simply defineci as the

У’ observation.
Table 1 12 • if we have the frequency distribution of 1 00 observations. then the 

I ^observation in order of size would be the median; if we have 101
___j______ -vationsthen the "50.5"“ observation would be the median.

I nd median, fırst, \ve ııeed to fuıd the class which contaiııs the middle
i -vation. Let Mdenotes the number of this class, where M  is the some
! ers from 1 to k. If the median oecıırs in the fıfth class then Л/=5: if it
I -s in the seventh class. then Л/-7; and so on.

Daily commuting 
time (minutes)

f. : m

0 to less tlıaıı 10 4 s
10 to less tlıan 20 9 15
20 to less tlıan 30 6 25
30 to less tlıan 40 4 35
40 to less tlıan 50 2 45

N  = 25

To calculate the mean, vve fırst find the midpoint of eaclı class. The c? 
midpoints are recorded in the third column of Table 1.12. The produc 
the mıclpomts and the corresponding frequencies are listed in the four 
column ot that table. The sum of column, denoted bv ■ f  . gıves

approximate total daily commuting time( in minutes) for ali 25 emplo 
The mean is obtained bv dividing this sum by the total frequeııcy.

j—  -----іе frequency of the M class be denoted b\ . Next. note hou
observations are in (M  -  1) classes preceding the median class:

i /=1__ te this cumulative frequency by
general formula for median is 

n

2> / ;
Therefore /J

N
535
2S 21.40 minutes

Fhııs, the employees of this company spend an average of 21.40 minıı 
dav commııling from home to vvork.

48

Median

L:VI -  lovver boundary of the median class 
n ~ number of observations 
f u  ~ the number of observations in the median class 
FM-\ ~the number of observations in the {M -1) classes 

preceding the median class 
width of the median class



Ехатріе; Fiııd the median of the frequency distribution
'--/O

Staıting monthly 1 
__saiary(in dollars) j

Freqııency
2

Median -  L K< a........... -  ■ C
f u

900-1000 r case
1000-1100 i 4 : 1000; /7=12; СА, Ч = 2:
1100-1200 i J substituting we get
1200-1300 1 6 - 2
1300-1400 1 Median = 1000 1------- -100 = 1100

4
nedian is 1100. In other vvords, median1400-1500 !

15001600 :
0
1 ateş that average value of monthly salar

____________________  i /7-12

C -:100

100$.

Solution:
Mrst ot ali, let us divide n (tlıe ııumber of ali observations) to find tlıe

ldO. Modal class

halfvvay poiııt.

Median observatıon ■ !
i i  i

■ 6"' observatıon

ııode for groııped data is tlıe modal class. The modal class is the class 
the largest frequency. 
iple:

-r “ the mode of the frequencv distribııtıon
i o tmd the class that contaıns 6 observation it is ııecessary to form tion:
cumulative frequency distribuîion. This class is called the median clanodal class is 20-25. since iı has -----
contains the median:

Staıting monthly 
saiary(in dollars)

Freqııeııcy ; Cumulative

;rgest frequency. Sometimes ıhe 
oint of the class is used rather 
the boundarıes; heııce the mode 
I be given as 22.5.

900-1000 | o 0
1000-1100 ! 4 ! 6
1100-1200 3 0
1200-1300 11 10
1300-1400 1 1 i
1400-1500 0 11
1500-1600 1 12

Class 
~ Я 0  ' 

10-15 
15-20 
20-25 
25-30 
30-35

іҮф.сік \

ı 2
i 3

..J._ »--20

6J' observation is in T ut class. So. the median class is 1000-1100. 
No\v let us apply
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Exercises

T. Diııner clıeck amoıınts at the 
restaurant have the following 
frequency distribution:
Compute the nıeaıı. median, and 
mode for the above data.

Diııner clıeck 
(do Hars) 

4~8 
8-12 
12-16 
16-20 
20-24 
24-28

is frequeııcv distribution represents the data obtained frorn sample of
___jpying machine service technicians. The values represent the days
^ıeceen service calls for various copying machines.

___ the mean, median, and mode.

;2. The follovving table gives the freqııeııcy distribution of entertaınm 
expenditıues (in dollars) in currıed bş 50 tamılıes dıırıng the pası we 
Find the mean. median and mode.

Entertainment 
e.vpenditine (dollars)

0-10 
10-20 
20-30 
30-40 
40-50 
50-60

Number of 
familıes 

5
10 
15 
1 o

3. The folloıviııg table gives the frcquency distribution of total hours 
stııdying during the semester for sample of 40 ımiversıty students em 
in an introductory business statistics course .
Find the mean. median, and mode

Hoıırs Number of students
of study
24-40 3
40-56 5
56-72 10
72-88 ! ^

88-104 5
104-120

____1
5

Class
boundaries ;

Frequency

15.5-18.5 14
18.5-21.5
21.5-24.5 18
24.5-27.5 i i0
27,5-30.5 i 5
30.5-33.5 6

e car owners. the followmg distribution of
іе mean, median, and mode.

Class limits ! Frequency
13-19 'T

20-26 ! 7
i -i

34-40 S
41-47 6
48-54 1
55-61 0

62-68 j •D

j n = 3 5

\nsw ers

•8: 12.57; 14; 2. 27 20; 26 7; 2S; 3. 7,-: 
- modal class =27-33.

40' ~4.67' 80; 4. 217?: 23 4P -
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1.11. Variance and Standard deviation for grouped dataılate the variance and standaıd deviation.
ion:

Suppose that we have data grouped into K classes, wıth frequencies 5 apply 
........... , f k . If the midpoints of these classes are m {, m2,......

the rnean and variance of the grouped data are estimated by using 
follovving formulas

1. For a population of /V observations. so that 

The variance is

y.t  "1
_

/V
o"

.¥ ■М'

vve need to find m, and ju
j Numberof Nıımber of : Class mark j m

days absent employees ( f ) (m,)
0-2 ! 13 [ J 13
3-5 i 14 4 ; 56
6-8 | 6 7 j 42
9-11 i 4 10 ! 40
12-14 ı n

J 13 ; 39
40 I s

The Standard deviation is er = угт'

2. For a sample of n observations, so that 

The variance is
k

Y /̂iC’k - - v )2

I /
V  m î =190

I
И

1
n -1 n - 'Z/ m  7 -  n

m - ■ f]

N
4.75

k
we need to fin d f: ■ (mi -  u y

The Standard deviation is 5 = ks  
E\ample:

er t0 fıncl Products / .  ■ (m. -  ju)' \ve must first fin d the square

———~— . Itıes (mi ¥  e need tlıree columns to displav the computatıon
1 he follovving table gıves the dıstributıon ot the nıımber ol days lort
ali 40 employees of a company were absent during the last year __ 9l)antıtıes (m. -  f_ı) — a column for m , , a column for (m -  u ) .

Nuntbeı of days j Numbeı of column forthe (m. — / j )~ . We also need a col umn for f. and a final 
absent y employees^ f

0_2 13 r he Products/,. ■ (m, - //) o The necessarv computations are
3-5 : 14 tbelovv in the table 1,13.
6-8 I 6

9-11 | 4
12-14 i 3
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In the end.

umber of
fable 1.13. orders

Class 
| i

Class mark 
(m,.)

f  T
1

{ m ,  -  f i ) {m: -  jLi)" j 
i______

1 1 13 1-4.75--3.75 14.06 i 182.1
i ? 4 14 | 4-4.75=-0.75 0.56 ! 7.8b
| Л

-J 6 ! 7-4.75'-=2.25 5 , 0 6  : 30.3r
4 10 4 i 10-4.75=5.25 j 27.56 i 110.2
5 П 3 13-4.75=8.25 ! 68.06 1 204.1

! | 5353

10-12
13-15
16-18
19-21

f i W; / m.; f  : m,

4 11 44 \ 121 484
12 14 168 i 196 2352
20 17 340 j 289 5780
14 20 280 i 400 5600

Л7-50 i 832 | 14216

832
5u

-  16.64

ıbstituting the values in the formu la for the sample variance, we

er~
535.51

40
13.39 and er = V c ' 1.66 1 1, m~  - n ■x 

7.582
50

- [l4216 -  50 ■ (16.64):

Ғ.хапіріе:
The follovving table gıves the freqııencv 
dıstrıbııtion of the number of orders 
received each day during tlıe past 50 days at 
the office of a ınail-order company.
Calculate the variance and Standard 
deviation.
Soluttun:
Because the data includes only 50 days, 
it represents a sample. Hence, we will use sample formulas to calculü 
variance and Standard deviation.
Let us apply

N'uınber of 1 /
orders |_.... ~~ - - |

4
13-15 i 12
16-18 20
19-21 : 14

e, the Standard deviation is s -  V-s* -  v 7.580 = 2.75 . 
s the Standard deviation of the number of orders received at offıcc of 
rail-order company during tlıe past 50 days is 2.75.

1.12. Interquartile range for grouped data

ose that a class, vvith lovver boundarv L and upper boundary U. 
-ins/observatioııs. Ifthese observations vvere to bc arranged in 
ding order, the /''' observation is estimated by

1 •, ( U  -  L )

f
L  +  ( J  ~  ~ )  ■ for / = 1,2,3. f .

i r m 7 ■ n ■ x ь the lovver limit of class containing observation 
ls the црре,- limit uf 1 ' ' ~"!class cuntanı luı î

Ali the information required for the calculation of the variance and s tjle fr , .
Standard deviation appears in the follovving table Ячепсу of class containing j  obseıvaıion

5 the location of j ' h observation in that class. 
aterquartile range we need to fmd
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0, =Г-"-±Іі ,„dL 4 j - J ; . 4  J
As vve knovv I.Q.R. -  Interquartile range = Q, -  O, .

. 1. V U - L )
L + U - ^ - — — (9

.15-13 5
-)--------- = 14— = 14.41

Ехашріе: The following table gives tbe ~
frequency distribution of the number of _Number of oıders 
orders received each d ay dııving the past 50 10-11

16- ıs
19-2 I

Calculate the interqııartile range.

Solution:
First of ali. Set us \vrite cumulatıve freguencv distribution

Number of orders

. the first quartile is three-quarters of the vvay from the t\velves 
•vation to the thirteens observation. vve have

quartıle = Q x = 12'*+ | ( 1 3 fA ~]2'") =

1 3  5 1
= 14— + — (14-----14-o = 14.375 .

4 4 12 4
jnd third quartile, we have

3-(JV + l) _|"150T
4 4

, y h

3 7 .i ;  -  7?f/f + —- (3 8 -  3 7 "'

/. i Ttımuhfore, vvhen the observations are arranged in ascending order. the third 
I treqwj|e is half of the w av from thirty-seveııth to thim-eiahth.

10-12 
13-15 
16-18 

_____ 19-2/

Since there are A'=50 observations, we have

A r 1 Y" 15

4
12
20
14

O, =  12

4 ing at table. \ve see tlıat the thirty-seventlı observation is the first 
M in elass the 19-21. vvhiclı contains 114 observations. W e have then 
361; /  =14; 1 = 19; LT = 21

— Д  the thirty-seventh observation us estimated bv

2 /  2 14 14
larly, the thirty-eighth observations the secotıd value in the same 

il e ■ 12 " i . so vvitlı j  = 2 , vve estimate 3Sobservation b\
; K  ( U - L )  „ 1 21-19

sel-' ~ ) --- = 19a (2 -  -  )■ ~> 19-- = 19.21 
14f  2 14

e, since the third quarti!e is half of the wa\ from the 37'" to 38”' 
ave

L *■+ J ; 4 1 4

Hence the first quartile is the three-cjuarters vvay from the 12/Л obsei- 2 
to 13'". From cumulative distribution we see that the 12'" value isti 
8' value in the elass 13-15. In our notation theıı
j  — 8; / = 1 2 ;  L = 13; U  = 15 .

. lV /, , Зчиапііе (t . 3 - ' . : , ss ;
1 hc i 2 u b s ır \ a t ı011 ;s esınrıateu o_; '  '

i İ 1 I 0 '  ~ 1 -• O 1 . 15- 33  . 1 . . , . _1 q 1 1 3 1 2
= J  -  1 - 4 14 2 1 4  14 14

Similarly, the 13'" observation is the 9'" value m the same elass. the 'nterquartile range is the difference betvveen the third and
• o i Huartıîes. sovvıth / -  y , \ve have , -) 1

T'artıle range-19— -1 4  - -  = 19.07 -14.375 = 4.695
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fhus, if the interquartile range is to be used as a measure of dispersi^0pU|atjon 0f ali tvventy
estimate it by 4.695

Exercises

E For 50 airpianes that anived late at an 
airpoıt during a \veek. the time by \vhich 
thev were late was observed. In the 
follovving table. л denotes the time (in 
mınutes) by which an aırplane \vas late 
and /'denotes the number of airpianes.

a) Finci the mean
b) Find the medıan 
e ) Find the mode
d) Find the variance and Standard deviation
e) Find the interquartile range.

2. The following table gıves 
informaıion on the amoımt (in 
dollars) of the electnc biliş for a 
sample of 40 families.

cial analysts was asked to 
de forecasts of earnings per 
• of a Corporation for next year. 
•esults are summarized in the

Forecast 
$ per share

0.5-10.5
10.5- 20.5
20.5- 30.5
30.5- 40.5

~ Г “

Number of 
analvsts

2

0 to less than 20 
20 to less than 40 
40 ıo less than 60 
60 to less than 80

80 ıo less than S uo

T.
_L
I nd the relative frepuencies.
I ıd the cumulative trequencies.
| d the cumulative relative frequencıes.
' Timate the popu İation mean.
-timate the population variance. 
timatethe population Standard deviation.
Timate the population mode. 
itimate the population median.
Timate the intequartile range. 
nich class is moda! class?

sample was taken of flights arrivine at a maior airport to slııdv the 
lem of air traffıc delays. The table shows numbers of minutes late for

a) F.stimate the sample mean
b) Fstımate the median
c) Estimate the mode
d) Estimate the variance and Standard deviatioıı.
e) Estimate the intequartile range

Amount of electnc 
bili .dc-harm 

■I iС' less ıhan 8 
8 to less tlıan 12 
12 to less than 16 
16 to less than 20 
20 to less than 24

N um
nple of 100 flights.

-ınutes late
ber of flights

0-10 10-20 20-30 
1 7 '  '

30-40
!4

40-50_ : 50-60
~ ıT  T 6

aw the histogram
nd the sample relative frequencies
nd andinterpret the sample cumulative relative frequencies
Timatethe sample mean number of mınutes
•timate the sample variance and Standard deviation
timatethe sample median number o! mınutes late
Timatethe intequartile range
hıch ıs the modal class forthis sample?
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5. The following table gives the 
frequency distribution of the nuınber of 
computers sold dnrıııg the pası 25 vu-elo 
at a Computer store.

Computers sold J 
4 to 9 i

! 0 (o ! 5 
16 to 21 
22 to 27 
28 to 33

Calculate the mean. variance. and Standard deviation

6. Eightv randomly selected l i g h t ______________
bulbs were tesıed to determme their ____ Cdass lımjts
lifetimes (in hours), The foüovvmg 52.5-63-5
frequency distribution \vas obtained 63.5-74.5

'■'4T-8 5.5
85.5- 96.5

96.5- 107,5 
_____ 107.5-118.5

Fıııd the variance and Standard deviation.

7. The follovs ing data represent the 
scores (in \vords per minııte) of 25 
typists on a speed test.

Fmd the variance and Standard 
deviation.

Class liınits 
54-58 
59-63 
64-68 
o9-“73 
74-78 
79-83 
84-88
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Freqr' a sarnpie offifty nevv full-size cars, fuel consıımption fıgures were 
aed and summarized in the accompanying table

ponsumption 14-16 16-18
aber of cars 3 6 1

18-20 i 20-22
20

22-24' 
8

pvv the histogram.
~ıd the sample relatıve frequencıes. 
ıd and interpret the sample eıımulative ıelative frequencies 
timate the sample mean fuel consıımption. 
timatethe sample Standard devıation of fuel consumptioıı. 

’pr~qJimate the sample median fuel consıımption. 
imatethe sample intequartile range.

,hich is the modal ciass for this sample9

jje fuel capacity in
ı v •

gallons of 30 raııdoıvıly select ed cars ıs shcnvn

|.
5

Ciass Frequencv
]2 S—7  ^ j 6

;an 27.5-42.5 1 3
;dian 42.5-57.5 j 5
)dal ciass 57.5-72.5 ; 8

reqUtriance 72.5-87,5 6
ıındard deviation 8 '.5-102.5 L... . _____

y\velve batteries vvere tested afiler being 
^forone hour. The output (in volts) ıs 
jiı below.
«each of the follovving

;an
edian
îde
tnge
nance
uıdard deviation.

V o Һ s i rrequency"1 ... ı ..
4

i l

Щ
3

i

}



11. For a sample of twenty-flve students from a large class. the 
accompanying table shows the amount of time students spent study»
a_test_ _ _ _____ __ ________  _ __ _ _

Chapter 2. Probability 

2.1. Introduction

2-4 i 4-6 j 6-8
4 i 8 1 7

Stııdy time (bours) j 0-2_
Nttmber of'students J __ 3 _____

aı Draw the histogram.
b) Fınd and interpret the cumulatıve relatıve frequencies. 
c ) F.stimate the sample mean studv time.
d) Estimate the sample median.
e) Find the rnodal class.
f) Estimate the sample variance.
g) Estimate the sample Standard deviation study time.
h) Estimate the sample intequarti!e range.

Ansvvers

E a) t = 36.8ü; b) 32.22: c) 30; d) 5' = 597.714; s 

e) l . R .  = 35.28 ; 2. a) ,r -  14.50: b) 14,25: c) 14; d) Л'

24,45 

= 1 8 .:

,a of probability is a familiar one to everyone. Statements such as the 
jjg are heard frequently: “You have better to take an umbreila because 
ely to rain”, “It is not lıkely to snow today”, “He wi 11 probably read at 
ree books dunng the next two weeks”, “ I ant almost certam that vve 
home for the holidays”.
:xamples illustrate that most of us use the concept of probability m our 
ty speech. They also illustrate that theıe is a great deal of imprecısıon 
d in such statemeııt. For instance, a familv has been arguing about 
r they will go to the wıfe’s home for holidays, and have not reached a 
r. Even though the wife mav say, “It is almost certain that we will go 
or the holidays”, the husband mıght not even thmk that such an 
nce is likely. This şort of imprecision is intolerable in mathematics. 
liffıculties can be avoided ifwe restrict our discussion of probability to 
.vhich are outcomes of experiments that can be repeated, and if \ve deal 

ı)5: ialized situations.
s - 4.27 • e) l.R = 6.556: 3. a) 2/20- 4/20' 9/20' 5/20' b) 2; 6 15;1 probability as the langııage in which vve discuss uncertainty.

4ЯП/20 — 04 : R1 75- We СаП commun‘cate w*fh one another in this language. we need to
' ~ ' a   ̂ a common vocabulary. Mc

a clear statement can be made vvith our

c) 2/20; 6/20; 15/20; 20/20; d) M a common vocabulary. Moreover, as m any other langııage. rules of 
e) cr = 9.097 ; 0  median=24.944; i) I.Q.R. =13.735; j) modal classur are needed so that 
20.5-30.5; 4. b) 0.29; 0.23; 0.17: 0.14; 0.1 1: 0.06; e) 0.29: 0.52: ü.69;ary.

0.94; 1.0; d) v = 2230/100 = 22.3 ; e).v: = 246.1 76

median=19.13;g) 25.93 1: h) nıodal class 0-10: 5, r ~ 
44.760; л' -■ 6.69; 6. .s7 ~ 21 1.2: v 14 5; 7,

.69 ;f) 2.2. Random experiment, outcomes, and sample space

s s
I 8.98;
-- 80.3: ton:

8. b) 3/50; 6/50; 13/50; 20/50; 8/50; c) 3/50; 950; 22/50: 42/50: 50/5b of at ieast tvvo observatıon;
om experiment is a process that, vvhen performed, results in one and

юп:
л; = 19.96 ; e) .v =2.185; t) median=20.3; g) I.Q.R. = 3.075; h) modal;ssib|e outcomes Qf 

20-22; 9. a) ,v = 55.5; b) median=59.4; c) modal class;
a random experiment are called the basic es.

ton:
of ali basic outcomes is called the sample space.

/25 , Si , f eWİ!lbedenotedbyS.
s rates üst of a few examples of random experiments, their 

15/25: 22/25: 25/25; c) 5.24; d) 5.375;e) modal class = 4-6; f) 5.77*8* and their sample spaces 
2.403; h) 3.64.

57.5-72.5: d) .r  = 566.1 :e) .v =23.8: 10. a) r = 3.8; b) median=4; 
c) mode -- 4; d) range = 4; e) 5 ' =1.1 1; f) ,v =1.05; JJL b) 3/25:
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Experimeırt 
Toss a coin önce 
Roll a die önce 
Toss a coın tvvice 
Take a test 
Select a stilden!

O u t c o mes 
Head, Tail 
1.2,3,4,5,6 
İ l i l . I I I . IM . I  I 
Pass, Fail 
Male, Female

ıu».
Table 7 1 nt is a collection of one or ntore of the outcomes froın the sample 

I Sample space
' .V ; i iead. TaıfTv, an event is denoted byE),E 2, E3, and so forth. We can denote it by
l 1,2,3,4,5,6} er |etters too. that is. by A, B, C and so forth.
! s={ n ı ı .H 1 . 1 ıı.;ion:
: Pass, Fail } nt tj,at includes one and only one of the outcomes for an experiment is

S ! \l;ı!c. ҒетаЦ simple event.

The sample space for an e\perimeut can also be described by drawintj0n:
Venn diagraın. A Venn diagram is a picture (a closed geometric shapnt is called a compound event if it contains more than one outcome 
a rec-tangle, a square. or circle) that depicts ali the possibie outcomeskxperiment. 
experiment. jop;
I viinı itle: nd B be two events deflned in sample space S. The intersection of A
Draw the Venn diagram for the experiment of tossing a coin. epresents the collection of ali outcomes that are common to both A and
Solutıon: s denoted by either A Г\ B or AB.
d'hi s experiment has two possibie outcomes: head and tail. Sample sp: A n  B or AB occurs if and only if both A and B oceur.
gıven by S-  (Я T}; 
vvhere //"head, T=Tail.
To dravv Venn diagram for tiıis ехатріе. we draw a 
rectangle and mark t\vo points inside this rectanglc 
that represent tsvo outcomes. head and tail.
The rectangle is labelled by Vbecaııse it represents 
the sample space. (Fig. 2.1)

Ехатріе:

_enerally, given Лг events E , , E ,,...... . E .... their intersection.

A П ..... ro En , is the set of ali basic outcomes that belong to ever)
ere 1 = 1,2,.... , N  .
'ıkı
the event that a family ovvns washing machine
event that family ovvns a VCR. Then intersection of these events
s ali the families who ovvn both vvashing machine and VCR.
ion:

Sııppose wc raıtdomly select tvvo employecs Irotn a ccmpany and ob*d B be two events dctined in sample space 5. Their „„ion. denoted bv 
vvlıcıbeı the cmployec selected cad, nmc ,s a male o, tarrale. Wnle i ,s the sel of a„ bas,c Dlllcom<!s s  ^
omcomes lor rhrs ехрепте,,, and dratv rlre Venn dragon,,. ms. The ^  A g  if eltiler d

Let us denote selection of male by M and that of 
female bv F. Tilere are four final possibie 
outcomes: MM, MF, FM, and FF.
We can vvrite sample space as 
5= { MM, MF, FM FF)
The Venn diagram is given in Fig.2.2

У • MM  snerally, given V  events E , , E , , ........., , their union.

• FM •

• FF

Fig.2.2.

MS* ^ ..... , is the set of ali basic outcomes that belong to at least
hese N  events. 
ion;

-~#ntsA and B are called mutııally exclusive events if they have no 
П ^as'c outcomes and their intersection А с л В  is said to be empty set.
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Defınition:
Let E., E , , ......., E д/ be N  events in the sample space S.

o  E д, --S. then these -V events are said to be colleci

: also mutually exclusive since A n C = 0 .
C is the event that nurnber of planes waiting to land is zero, one or

2.3. Three conceptııal approaches to probability

i i /•; ., /: ......... 1
exhaustive events.
Defınition:
Let A be an event in the sample space. The compiement of event A, i
by A and read as “A bar' or “A compiement” is the event that includfe three conceptual approaches to probability:
outcomes for an experiment that are not in A. 1. Classical probability
p  , 2. Relatıve frequency concept ot probability
A statistical experiment has eight equaliy likelv outcomes that are eten3• Su4İect,ve Probabl ıty.
i. 2. 3. 4. 5. 6. 7, and 8. 1 e: i |2. 5. 7} and /ty {2. 4. 8 
a ) Fınd A Г\ B
b) Find A u  B
c) Are events A and B mutually exclusive events?
d) Are events A and B coliectivelv exhaustive events?
e) Find A and B 
Solution:

2.3.1. Classical probability

: / 11

al probability assumes that ali outcomes in the sample space are 
likely to occur. İt vvas developed originally in the analysis of 
ıg problems, where the assıımption of equallv likely outcomes often is 
ble. When the assıımption of eqııally likely outcomes is used a bas i s 
jning probabilities, the approaches is referred to as the classical

ıng to the classical method. the probability of a single event is equal to 
haided by the total number of outcomes for ехрептет. On the other 

ıe probability of a compound event Л is equal to ııuınber of outcomes

a) These two events have only one coramoıı element A Гл B
b) A kj B ‘={2, 4, 5. 7, 8 }
c) Events A and B are not mutually exc)usive events. because they 
common element, and their interseetion is not empty set.
d) Events A and B are not collectıveh evhaustive events. because тоһіе to event A. divided by the total number of outcomes for the
does not equal to sample space. tent-
e) A -  {l , 3, 4. 6, 8 E B = {E 3. 5. 6. 7j Pf q'j -  . Number of outcomes favorable to A
Evample: Total number of outcomes for the experıment
At a busy International airport arriving planes land a first eome, flrst s
basis. Let A, B, and C be the events that there are at least П ve, at most 2.3.2. Relative l’requency concept of probability
and exaetly t\vo planes cvaiting to land, respeetively. Then
1. A is the event that at most foıır planes are cvaiting to land.
2. B is the event that at least foıır planes are cvaiting to land.
3. A is a subset ofB ; that is if A occurs. then B occurs. 
Therefore, A O B ~ A .
4. C is a subset of B\ that is if C occurs, then B occurs. 
Therefore, B п С  = C .
5. A and B are mutually exciusive; that is, A n  B = 0  .

erence betvveen classical probability and relative freqııencv 
1ІУ ıs that classical method assumes that certain outcomes are equally 
t e outcomes when a die is ıolled) vvhile relative frequency method 

ı aetual ехрегіепсе to determine the likelihood of outcomes. İn relative 
ty one might actually roll a given die 1000 times and observe

equencies and use these freqııencies to determine the probability 
come. Tlıis method of assigning a probability to an event is called the 
requency concept of probabüity.
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Defınition: 5 any event in tbe sample space S, then 0 < P(A) < 1.
if an experimeııt ıs repeated n  tirnes and an event A is observed/ tim^ tbat can not occur has zero probability; suclı event is called an
according to the relative frequency concept of probability: bje event. An event that is certain to occur has a probability/ equal to 1

P( 4) _ L  alled sure event.
” n For impossible event M'.P (M) =0

Becaııse relative frequencies are determined by performing an ехрегііҒог a sure event C\ P (C) =1
probabilities caiculated using relative freqtıencies m ay change almost be an event in sample space S, and iet iydeııote the basic outcomes. 
time an experiment is repeated. But the variation in probabilities vvili
if the sample size ıs large. P(A)  -  P(E  )

A

2.3.3. Subjective pıobability ıe notation imphes that the summatıon extends över ali the basic

Subiective probability' uses a probability' value based on an educate<fS '" 1 .  ; ,J * f um ot the probabilities toı ali the basic outcomes m the sample spaceor estmıate, employıng opımons. j
In subjective probability, a person or group makes an educated guessı „
chance that an event vvill occur. This guess ıs based on person's ехреі P(S) = I  P(Ei) = P{El) + P{E2 H-....... P(£„ )■-=!.
and evaluation of solution. For ехатріе, a sportsvvriter may say that t /=ı 
65% probability that the Milan wi 11 win championship cup next year..
might say that on the basis of his diagnosis, there ıs a 40% chance the 2.5. Formula for classical probability 
w i! 1 nced an operation. A seismologist might say there is a 60% probı
that an earthquake w i 11 occur ın a certain area. I probability uses sample spaces to determine the numerical
Defınition: ity that an event vvill happen.
Subjective probability' is the probability assigned to an event based od probability assumes that ali outcomes in the sample space are 
subjective judgment, ехрегіепсе, information. and belief. likely to occur. For ехатріе. when a single die ıs rollcd. each
Ali tlıree types of probability (classical. relative frequency, and subjet has the same probability ofoccurring. Since there are six outcomes. 
used to solve variety of problems in business, economics. engineeringcome has a probability of 1/6. When a card is selected from an 
other fieids. deck of 52 cards, we assume that the deck has been shuffled, and

d has the same probability of being selected. In this case, it is 1/52.
2.4. Probability and its postulates

■nple space S contaıns n equally likely basic outcomes and the event A 
Probability, vlıich gives the likelilıood of oecurrence of an event. is <tof /nofthese outcomes (m < n) then 
bv P.

D , m
Let S denote the sample space of a random experimcnt, E t the basic P(A) -  —-

/2
outcomes, and A an ovam. The probability that an event A tvill occur t, “ Theprobability of evrat A equalS to number ot bas,e outcomes m
c eııote > ( /  ) ■ У t e *otal number of outcomes in tbe sample space".
The probability has the following important properties: лг*ір . n ^

^ ıte  definition above as P(A)
MS)
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Ov. , ,

Ехашріе:
еГе are nine pairs of socks,

2
For a card drawn from an ordinary deck tmd the probabiiity of gettin|p (Ыаск) =P (A) = —; 
Solution: ^
Let A- be an event getting a queen. Since there are four queens then

P (brown) =P (B) = -  
9

or brovvn )= P{A u  B) = PİA)  + P(B)  -  ■
4
9

nM ) = 4. Hence, PM ) = —  = — .
52 13

Ехатріе:
Find the probability of obtaining an even number in one rol i of a die.
Solution: Sâi
In thıs exper.ment S= {1, 2, 3. 4, 5, 6} .Let A- be an event that an eve,f week is selected at random' Fınd the Probablllt> that .t ıs, a 
ıs observed on the die. Event A has three outcomes: 2, 4, and 6 d day. 
ifam  one of tlıese three numbers is obtained, event A is said to occur

number of outcomes ıncluded m A 3
p(A)  = ----------------------------------------------= -  = ü.b

total number of outcomes 6

2.6. Consequenees of the postulates

n:

A= the selected day is Saturday 
B= the selected day is S un day

P{Â)=~; P(B)= \  and P( A u  B)  = P( A) + P(B) = ~
7

Exercises

1. Let A and B be mutually exclusive events. Then the probability of ti 
union is the sum of their individua! probabilities; 
that is P( A u  B) = P(A)  + P(B)

More generaily, it b t, E 2,.......,Ь N are mutually exclusive events, tk contains three red and fi ve blue bal İs. Define the sanıple space forP( ғ  v i F { ı { i F ) = P( F ) + Pf F ) -ı -ь Pi F iient °f recordiııg the colours of three balls that are dravvn from the bo.\
1 * .......  ' * /  J[> ......  ̂ "Jtıe,withreplacement.

2. II E . ,E 2,......., L /V aıe collectively exhaustive events, then the pide a sample space for the experiment of putting three dıfferent books
of their union isP(£ , u f u .......o f v) = 1. dF'n ranc*om order. If l\vo ofthese three books are a two-volume
c;;,,™ m ; i i o u ■ ■ , , іГУ> describe the event that these volıımes stand in increasımt order sidebince the events aıe collectively exhaustıve. their union ıs the wholeV; a __ ,
snace У and P(  У) -  1 V0'Ume 1 Precedes volüme II).

iple card is dravvn from an ordinarv pack of playiııg card.s. \Vhat is rhe 
Ехатріе: lıty that the card is
A dravver contains three pairs of red socks. tvvo pairs of black socks ala) An ace д fjve
pairs of brovvn socks. If a person in a dark room selects a pair of socksc) A red card j)  A club
probability that the pair vvill be either black or brovvn. (Note: The socb are 15 slips of paper in a hat, numbered from 1 to 15. If one of slip ıs 
iolded together m rnatchıng pairs). t random, fınd the probability that
Solution: a) The number dravvn is 5
Let us define the follovving events b) The number dravvn is even

A - the selected socks are black c) The number dravvn is odd
B - the selected socks are brovvn.
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d) The number drawn is divisible by 3 English, mathematics, or history professor.
 ̂ , , D t . D. A 1 , p ,D,A hosDİtal has monitored the length oftime apatient spends in a hospital

— • 1 ' s v probabilıty for numbers of days a patıent spends in the hospıtal, are
Find the probabi 1 itv that

a) Either A or B vvill occur
b) Both A and B will occur
c) Neither A nor B vvill occur

wn in following tabie:

nber of days 0 1-3 4-6 7-9 10-12 More than 12 !
robability 0.14 0.39 0.23 0.15 0.06 0.03 i

6. The manager of a furniture store selis from zero to four sofas eacM be the event “The patıent spends at least one days m the hospital”, and 
Based on past ехрегіепсс, the following probabilities are assigned to? the event “The patıent spends less thanlO days m the hospıtal’ .
zero, one, tvvo, three, or four sofas: ind the probability of event A

P (0) =0.08 ind the probability of event B.
P (1) =0.18 ind the probability of the complement of A .
P (2) =0.32 ind the probability of the union of .d and B.
P (3) =0.30 ind the probability of the intersection of A and B.
P 04} =0.12 re A and B mutually exclusive events?

I 00 re ̂  ^ d  B  collectively exhaustive events?
a) Are tlıcse valid probability assignments? Why or \vhy not?
b) Let A be the event that tvvo or fevveı are sold in one vveek. Find P| Ansvvers
c) Let B be the event that four or nıore are sold in one vveek. Find P{
d) Are A and B mutually exclusive? Find P(A n  B) and P(A u  B) ^RR, RRB, RBR, RBB, BRR, BIiB. BBR.BBB};2. {d ^^a , d, ad-,,
7. Bektur. Janat, and Linar are the finalists in the spelling contest ofb . _, ]

irsf піппйг-пп vvill be sent to \  cirv-vvid/1" ’ W xM xd 2M A  >  ̂ {<id2a, ad](P }; 3, aschool. The vvinner and the fırst runner-up vvill be sent to a city-vvide 1 ’ ' 2““ i}““ ı1'l2;uu2l,ı i ■ \u u 2u, u u / . o. a) ^  . b) c )
1

1 7 1coırıpetıtıon.
a) List the sample space ofconcerning the out eomes of the local coıb âz a) ~ ; b) —  ;c) ; d) —; 5, a)
b) Give the composition of each of the follovving events ^  ^  3

/i=Linar \vins the local contest 
B~ Bektur does not go to the city-vvide contest.

— ; b) 0; c) - - ; 6. a) Yes; 15 15 “
58; c )0.12; d) Yes; P(AnB) = 0 ; P(A и й ) = Ü.70; 7. a) {BJ, BL.

LJ\; Şk —  ; 9. a) — ; b) 
13 17 ' r

L,LBt 12/1 ■ ь 11=1 / r ı л ■ /
8. İn a large department store, there are tvvo managers. four departmfl ’
16 clerks, and four stokers. If a person selected at randoın, find tlıe pf 12 
that the person is either a derk or a manager. Г ’ d) J7? i I<L a) 0.86; b) 0.91; c) 0.14; d) 1; e) 0.77; f) no, because
9. On a small college carnpus, there are five English professors. four
mathematics professors, tvvo Science professors, three psychology рг(Г* ' *  ®  > g) Yes, because P ( A  u  B )  

and three history professors. If a professor is selected at randoın, find 
probability that the professor is the follovving
a) An English or psychology professor.
b) A mathematics or Science professor.
c) A history, Science, or mathematics professor.

1
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ı ı :

( n - r ) \

2.7. Counting principie. Permutatioıı and combinatıon jtjon;
umber of permutations, P" of r objects chosen from n is the number of

Counting principie: , de arraneements when r objects are to be selected from a total of n and
If the set E contains n elements and the set F  contaıns m elements, the order This number is 
n x m \vays in which we can choose First an element of E and then e?
of f . =
Ехашріе:
\Ve toss a coiıı two times. This experiment has tvvo steps: the tirsi s%k:
the second toss. Eaclı step has tvvo outcomes: a head and a tail. Thus,y the symbols a Pr and P (n, r) are frequently used to denote the
outcomes for tvvo tosses of a coin-2 x 2 = 4 . »r  0f  permutations of n objects taken r at a time. Different authors
The four outcomes for this experıment are: HH HT, TH. 11 ,nt|y use different symbols.
Geneı alized counting nrinciple: D|e'.
Let E ^ E  , ,E :(......Ek be sets vvith я , , n2. n , ......... elements. resptstU£jenjSj Kanat, Askhat, and Marat ınust be scheduled for a job
Then there are n, х ж  xn , x .......x nk w ay s in vvhich we can fırst dıews- how ıtıany diffeıent oıdeıs can this be done ’

on:
element of E ], then an element o f  E 2,........, and tmally an elemenhjmber of different orders is equal to the number of permutations of the
Ехаіпріе: anat, Askhat, Marat}. So there are 3 !=6 possible orders for the
How many outcomes does the experiment of throwing five dice have!ews,
Solution: Bİ£î
Let E  1 < / < 5 be set of ali possible outcomes of ı'h die. rsons are t0 Pose for a photograph by standıng in a rovv. how many

' nt arrangements are possible'?
Then E-, = 11,2,3,4,5,6} . The number of the outcomes of the experıı%n:
throvving five dice equals the number ofvvays \ve can first choose atıive arearrangmg 5 “objects” 5 at a time, the number of different

;ments is given byPc = 5!= 1 • 2 ■ 3 • 4 • 5 = 120 .
Jİe:

of E ,. then an element of £ 7 ......... and fmally an element ot F 5

1 hat is 6 x 6 x 6 < 6 x 6 -• h

2.7.1. Permutation
boys and five giriş sit in a rovv in a random order, vvhat is the 
1 <ty at no tvvo children of the same sex sit together?

Detinition:

>n:
ire 10!w... İJC S[tt^ S ôr ^  persoııs to sit in a rovv. In order that no two of the

An //-element permutation of a set vvith n objects is simply called a ^ ^ogether, boys must 0CCL1P> positions 1,3, 5, 7, 9 and giriş 
permutation, denoted byP„". The number of permutations of a set d ' ^  or vıce veı sa. In eaclı case there are 5!x5! possibilities.

n elements is P„n = n(n -1 )(n - 2 ) ...... 2 1 = n\ deS‘red P°ssibility is ‘  51 * (1.008 .
Ехашріе:
'Гһе 3 digits 1, 2. 3 can be arranged in 3!= 6 different orders:

123. 132. 213, 231, 312, 321
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Theoreın: The number of distinguishable permutations of n objects of £ 
different types, where n, are alike, 7 7 ,  are alıke,.......nk are alike and
n ~ n, +  и, + ......+  n, is

nl
«, !x ....x nk!

Ехатріс:
How nıany different 10- letter codes can be made using three a’s . four b\
and three c's? 
Solution:

10!

10!

317!
: 120.

By theorem. tlıe number of such codes is ' = 4200
3!-4!-3!

2.7.2 Combinatioıı

If order is of no importance. then we have a combinatioıı rather a permutati» 
A combinatioıı of n objects taken r at a time is a seiection of r objects taken 
from thc /7, without regard to the order m wlııch they are selected or arrangd 
Order is irrelevant.
Defınition:
The number of combinations, C " , of r objects clıosen from n is the numberb
possible selections tlıat can be rııade. This nıımber is

, „ ı

c :  = -

ways can two matlı and three biology books be selected from 
eight matlı and six biology books?
Solution: ö
There are C,s possible ways to select two matlı books and ( ' possible vvays to
select three biology books. Therefore. by countmg principle,

8! 6!

2 " 2!6! 3!3!
and three biology books can be selected.
Eıample:
Ab0x contains 24 transistors, four of which are defective. If four are sold at

£» ,£ 6 = ---- — 560 is the total number of wavs in which two matlı

random, fınd the follovving probabilıties:
i a) Exactly two are defective b) None is defective

c) ALI are defective df At least one is defective
Solution:
There are C;4 wavs to seli four transistors. so thc denominator in each case 

will.be C;4 = 10626

r\-(n -  7' ) !

Remark:
Some other symbols which are used to denote the number of combinations^

n objects taken r at a time are n Cr , C (n, r) and ” .
\ r )

Ехатріе:
ifa  clııb has a membership of ten, then ho\v nıany three-man committeesaH
possible9
Solution:
Order is not important, so th is is combination problem. The number of 
possible committees is equal to the number of vvays three persons can be 
selected froııı ten persons, namely Cju.
We have:
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a)Two defective transistors can be selected as C 4 and tvvo noııdefective ones 

O f . Hence

P(2 defective) = -
C? • C;° 1140 190

C: 10626 1771

b)The number of ways to choose no defective is C f  
Hence

P(no defective) - C f 4845 1615
C f  10626 3542

c)The number of vvays to choose four defectives from four is Cf . or 1. Hence

C4 1
P(all defective) = — = -------

V C f  10626
^)Tofınd the probability of at least one defective transistor, fmd the 
Probability that there are no defective transistors, and then subtract that 
pr°bability fr0m 1.
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P (at least 1 defectıve) = 1 -  P( no defectıve) = 1
C f  1927
C; 3542

Exercises

1. How man)' permutations ol the set {cı,b, c,ci,e\ begin with a and end 
with e?
2. Hovv many different messages can be sent by fıve dashes and three
3. Roman has eight guests, two of whom are Jane and John. If the guests 
aiTİve in a random order, vvhat is the probability that John w il l not aırive 
afterJane°
4. Find the number of distinguishable permutations of the letteıs 
M1SSTSSIPPI.
5. There are 20 clıairs in a room numbered 1 through 20. If eight giriş 
boys sit on these chairs at random. vvhat is the probability that the thirtea
clıair is occııpied by a boy?
6. If vve put fıve math, six biology, eight history. and three liteıature book 
a bookshelf at random, vvhat is the probability that ali the math booksaıt

d) One man and three vvomen
e) Two men and tvvo vvomen.

д committee of four people ıs to be forrned from six doctors and eight 
•ntists Find the probability that the committee vvill consist of the follovving:

a) Aîl dentists
b) Tvvo dentists and tvvo doctors
c) Ali doctors
d) Three doctors and dentist
e) One doctor and three dentists

, From a faculty of six professors, six associate professors. 10 assistant 
fessors, and 12 instructors, a committee of size 6 is forrned randomly. 
et is probability that

a) There are exactly tvvo professors on the committee'?
b) Ali committee members are of the sanıe rank?

i. Almaş has three sets of classics in literatüre, each set having four volumes. 
how many vvays can he put them in a bookshelf so that books of each set 
not separated?

Ansvvers

together? .. k6; 2,40320; 3. 0.875; 4. 34 650, 5. 0.6; 6. 0.00068; 7. 0.0079; 8. 38 760;
7. Five boys and fıve giriş sıt in a rovv at random. What is the probabılıty||502337600; 10. a) 4/35; b) 1/35; c) 12/35; d) 18/35; İL  a) 11/102;
the boys are together and the giriş are together0 f7/612; c) 77/204; d) 77/612; e) 77/204; 12. a) 10/143: b) 60/143:
8. A man has 20 friends. If he decides to incite six of them to his birthdıçj 15/1001; d) 160/1001; e) 48/143: 13. a) 0.228; b) 0.00084; 14. 82944. 
paıty, hovv many choices does he have‘?
9. A panel consists of 20 men and 20 vvomen. Hovv many choices do vve! 
for a jury of six men and six vvomen from this panel0
10. İn a company there are seven executives: four vvomen and three men.
Three are selected to attend a management seminar. Find the follovving 
probabilities:

a) Ali three selected vvill be vvomen.
b) Ali three selected,vvill be men.
e) Tvvo men and one vvoman vvill be selected. 
d) One man and tvvo vvomen vvill be selected.

11. In a class of 18 students. there are 11 men and seven vvomen. Four 
students are selected to present a demonstration on the use ol the calc#
Find the probability that the group consists of the follovving:

a) Ali men
b) Ali vvomen
c) Three men and one vvoman ^
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2.8. Probability rules 

1. Complement rule:
Let .4 be an event and A its complement. Then the complement rule is;| 

/ ’(.)) = 1 -  P(A)
In vvords, the probability of the occurrence of any event equals one minj 
probability of the occurrence of its complementary event.
Ехатріе:
A club has a membership of six men and four vvomen. A three-pcrson 
committee is clıosen at random. What is the probability that at least one!

• reauired probability is
= P(A) + P{B) -  P(A n  B) = 0.018 + 0.014 -  0.04 = 0.28 .

gle:
jposethat in a community of 400 adults, 300 bike or swim or do botlı, 
Swim and 120 swım and bike. What is the probability that an adult 
sted at random from this community bikes?

fA be the event that person swims and B be the event that he or she bikes. 
|n P(AuB)  = 300/ 400; P(A) = 160/400: P(A n B) = 120/400 . Hence 
îrelation P(A u  B) = P(A) -r P(B) -  P(A n  B) implies that

woman vvill be selected? | b) = P(A<j B) + P(A n  B) -  P(A) -- — -  0.65 .
Solution: | "^0 ^00 ^00
Lct A- be the event “al least one woııran wıll be selected”. We vvill start'

— Exercises
solution by computmg the probability' ot the complement: A  -“no vvornı
selected”, and then using the complement rule vvill compute the probaW|Theprobabi|ity thaî a random|y selected elementary school teacher from a 
o t ^  |y is a female is 0.68. holds a second job is 0.42. and ıs a female and lıolds a

p,~: __ C? _ 1 iondjob is 0.29. Find the probability that an elementary school teacher
^  '  - ’10 -- ^eted at random from this city ıs a female or holds a second job?

It vvas estimated that 35% of ali stııdents vvere seriously concerned about 
_ jployment prospects, 20% vvere seriously concerned about grades, and 15% 
6 şreseriously concerned about botlı. What is the probability that a randomlv 

jpsen student is seriously concerned about at least one ofthese tvvo things?
İt was found that 45% of students thınk that professors must be “more 
prant to the students. If a student is selected randomly vvhat is the 
l abilhy.that he or she vvill disagree or have no opiııion on the issue. 
n * statistics elass there are 18 juniors and 10 a seniors; 6 of the seııiors are 

«aes, and 12 of the juniors are males. ifa  student is selected at random,
“ me probability' of the follovving: 

a) A junior or a female 
h) A senior or a female

C, 6
And therefoıe the required probability isF(.4) = 1 - P ( A )  = 1 -  

2. The addition rule of probabilities:

1 5

Let A and B be two events. The probability of their unıon is 
P(A kjB) = P(A) + P(B)  -  P(A n  B)

Ехатпіе:
The probability that a randomly selected student from a universitv is asıl 
is 0.18. a bıısiness majör is 0.14, and a senior and a business majör is Ol 
Find the probability that a student selected at random from this universiÜ . . . ,
senior or a business majör. İfad' ' ^ ni01 or a sen'or
Solution: lf a ь'е 'S r°he0 three times, find the probability of getting at least one 6.
Let A- be the event “Chosen student is a senior student” and B the e v e n t ,s r°hed thıee times, find the probability of getting at least one eveıı
“Chosen student ıs a business majör student”. Thus vve have 

Д Л ) = 0.18, P(B) = 0A4  and P(A n B )  = 0.04
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7. A number is selected at random from the set of natura I numbers
{1,2,3,.......,1000}. What is the probability that it is divisible by 4 butnj
by 5 nor by 7?
8. There are four tickets ııumbered 1, 2, 3, and 4. Suppose a tvvo-digitm 
will be formed by fırst dravving one ticket at random and then dravving J

ale:
,xcontains biack chips and white clıips. A person selects two chips
outreplacement. If the probability ot selecting a biack chip and a white
is 15/56, and the probability of selecting a biack chip on the fırst draw is

, . , , . . /r, .  ̂ ~ 1* frnd the probability of selecting the white chip on the second dravv. given
second ticket at random from remaınıng three,(f or ınstance, it the Orst#’ ^  cJ. seIected was a b)ack ch|p
drawn shorvs 4 and the second shows 1, the number recorded ıs 41.) Lisf̂ ııtıon:sample space and determine the following probabilities
a) What is the probability ol getting an even number9
b) What ıs the probability of getting a number larger than 20?
c) What is the probability that obtained number is between 22 and 30? İen P(W/B)  
9. A three-digit number is formed by arranging the digits 1. 5, and 6 inı|
random ordeı.
a) List the sample space.
b) Find the probability of getting a number larger than 400.
c) What is the probability that an even number ıs obtained?

Let 2?=selecting a biack chip 
)T=selectinğ a vvhite chip.
_ P(W n  B ) _ 15 / 56 _ 5

P(B) ~ 3/8  ~7

Ansvver

L 0.81: 2. 0.40; 3, 0.55; 4, a) 6/7: b) 4/7: c) 1:5.91/216:6. 
0.5: b) 0.75; c) 0.167; 9, b) 2/3; c) 1/3;

2.8.1. Conditional probability

7/8:

İnce, the probability of selecting a vvhite chip on the second dravv given that 
fırst chip selected vvas biack is 5/7. 
ırnple:
certain region of Kazakhstan. the probability' that a person lives at least 

fyears is 0.75 and the probability that he or she lives at least 90 years is 
I3- Wllat is the probability that randomly selected 80-year old person from 
|  region will survive to become 90?

О.ПШіоп:
fA and B be the events that the person selected survives to become 90 
P 80 years old. respeetively. We are interested in P( A / B) . Bv definition,

P(A/ B) = Л  1 " И) = Pt >i = M İ  
P(B) P(B) 0.75

= 0.84
Definition;
Conditional probability is the probability that an event vvill occur givenl°̂ e that in this caseP(A  o  B) = P(A)).  
another eveııt has alreadv occurred. If A and B are tvvo events, then the 
conditional probability of A is vvritten as P ( A/  B)  and read as “the 
probability of A given that B has already occıırred”.
If A and B are tvvo events, then

2.8.2. The multiplication rule of probability’

IA and B be ı

P(Bl  A) =

P ( A / B )

P(A o  B)
~ Ң Л ) 
P(A n  B)

and «o

P(B )

given that P(A) > 0 and P(B)  > 0 .

tvvo events. The probability- of their interseetion is
P(A n B ) ~  Р(А / B) ■ P(B)

Р( АъВ)  = Р(В/ A)- P(A)
Ы.

S o î S r ?  nondefective anci tlıree defeetive goods ha ve been ıni.ved 
•lacenıent t .ec^v.e we test them one by one, at random. and vvithoııt 
’ectivp „ ’ , ^  ^ıe probability that vve are lucky and tind both of the 

ve goods in the fırst tvvo tests?
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Solution:
I et Д  and D2 be the events of finding defective goods in the first and 
second tests respectively. We are interested in

P ( D , / )  ) / ’( /)  İ D ,) ■ / ' ( / )  )
As we kno\v, there are three defective goods in total 10 goods. Consequent|, 
the probability of selecting a defective good at the first seiection 

3
is P(D , ) = — . To caiculate the probability P(D^ ! D ]) , \ve knovv that the

first good ıs defective because D, has already occıırred. Because the 
selectıoııs are made vvithout replacement, there are 9 total goods and 2 oftheı 
are defective at tiıe time of the second seiection. Therefore P{D-, / D ) =2/9. 
Hence the reqııired probability is

« A  n  D ; ) = P(D,_ / D , ) . P(D,

Renıark: Multiplicatıon rule can be generalizcd for calculating the 
probability of the joint occurrence of seveı al eveııts.
For ехашріе, if P(A глВ)>  0,then

P { A . B  O  P ( A )  ■ P ( B  i  A )  ■ P ( C  i  ( A  n  B ) )

2.8.3. Multiplication rule for independent events

T\vo events A and B are independent if P(A i B) = P(A)
Fquivalent conditions are P ( B  /  A )  =  P ( B )  orP ( A  rv B )  -  P ( A )  P ( B ) .

Ехатріе:
An urn contains three red balls, two bine balls, and five vvhite balls. A ball is 
selected and its colour is noted. Then it is replaced. A second ball ıs seleeted 
and its colour is noted. Fmd the probability of

a) Selecting two blue balls
b) Selecting a blue and then vvhite ball
c) Selecting a red ball and then a blue ball 

Solution:
1  ~> i

a) P (blue and blue)=P(blue)-P(blue)---“— = —
10 10 25

b) P (blue and vvhite)^P(blue) • P(vvhite)~—— — ~ —
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c)f(red and blue)=F(red) ■ F(blue)= 10 10 50

An um
i£lcontains îıve r

îlected at

and the second

ams I1V.  red and seven blue balls. Suppose thattvvo balls are 
andom vvith replacement. Let.d and B be the events that the first

balls are red. respectively. Then we get P ( A n B ) 12 ı:
5 and P(B) =

12Now P(AnB)  = P{A)P(B) since P{A) = — 

and B are independent.

experiment vvithout replacement. then P(Bi Л)

4 5 5 7 f
P(B ■ A) ■ P(A) ~ P ( B A ) -  P ( A )

|fwedo the sam e -

«hile P(B) 1112  111 -

ts P(B; A) r- P(B), implyıng that .d and B are dependent.asexpected. Thus

Multiplication rule for independent events can also be extended to Uıee oı 
more independent ev ents by using the iormula 
P(ÂnB n C n .....о Л  = P(A) ■ P(B) ■ P(C) •
Ехатріе:

■PİK).

The probability- that a specıltc mcdical test w i II shovv posıtıve ıs 0.32. Tl louı 
peopie are tested, tmd the probability that ali four w ili shovv posıtıve.

Solution:
LetTj (;=1, 2, 3, 4) be the syrnbol for a positive test result.

P(T, n P n  71 o  TA) = P(T}) • />( /1) - P{'1\) ■ P İ L ) = !)- '2 0.010



Exercises

T Suppose thatP(A) -  0.30, P(B)  = 0.25 , and P( A n  B ) = 0.20
a) Fmd/Ü.Tu 5), P(A/B) ,  P ( B ! A ) .
b) Are the events T and B independent? Why or why not?

2, Suppose thatPtyf) ~ 0.68 ,P(B) = 0.55 , and P(A n  B) — 0 
a) The conditional probabüity that B occurs, given that/1 occurs.

T7

b) Determine P(A u  B) if A and B are mutually exclusive.

t Find P( A / B) if A and B are mutually exclusive.
!  has three red and fıve blue balls. Suppose that 8 bal İs are selected at 

,th replacemeıu. Wl,ar ,s tire probability that the f im  three are
P^M idthe rest are blue balls?

Ansvver
b) The conditional probability that B does not occur given that A occurs.
c) The conditional probability that B occurs given that/i does not occur. 
3. Concerning the events A and B, the following probabilities are given

P(B) -  -  ; P(A!B)-- P( A ' B) -  1 .

Delermı ne

a) PiA'-J B) -  0.35 ; P{A!B)  = 0.8; P(B / /0-0.67: b) No:
^«r fi47T b) 0.529; c) 0.719; 3. a) 2/?: b) 32/63; c) 9/16; 4, a) 0.2; 
J(h35; c) 65%; 5. a) 2/9; b) 7/12; c)No; 6. a) 0.6T. b) 0.72; c) 0.641;
l  0.00503;

2.8.4. The la\v of total probability

Theorem;
a) P(A o  B) ; b)P(.f);  o  P(B: A)

4. In a study of television vie\ving habits amoııg married couples, a researe! -J - _ .
foıınd that for a popular Saturday night program 25% of the husbands view Let B be an event with P(B) > 0 and P(B) > 0 . Ihen oı any e\en
the program regularly and 30% of the wives vievved the program regularly.
1 he study found that for couples vvhere the hıısband \vatches the program 
regularly 80% of the vvives also watch regularly.
a) What is the probability that both hıısband and \vife vvatch the program 
regularly?
b) What is the probability that at least oııe-hıısband or \vife-vvatches the 
program regularly?
c) What percentage of married couples do not have at least one regularvie* 
of the program?
5. Ol 20 rats in a laboratory, 12 are males and 9 are infected with a virüs. Of 
the 12 male rats. 7 infected w ith the virüs. One rat is randomly selected 
the laboratory.
a) İf the selected rat ıs found to be infected, what is the probability' that iti*1 
female?
b) If the selected rat is foıınd to be a male. what is the probability that it 
infected?
c) Are the events "the selected rat ıs infected” and “the selected rat ıs mü£ 
independent7 Why or why not?
6. Suppose P( A) = 0.50. P(B)  = 0.22 .

a) Determine P(A O B) ifA and B are independent.

P İ  A )  -  P ( A  i B ) P \ B )  r P (  A 1 B ) P ( B ) ,

An um contains 10 vvhite and 6 red balls. i wo balls aıe selected at ıandom  ̂
without replacement. What is the probability that sccond selected ball ıs rec .

aon;
event that secorıd selected ball ıs red, B be event that the lırst balı

’ /' ı.l //i . Then by
15  ̂ 15

Let л be the

ispite. ThenPOB) -  . P(B) ~ , P(A! B )
16'  ' 16

the law of total probability;
6 10 5 6 3

ҢЛ) = PiA B)P(B) v P( A / B)P(B) = ■- - -  - = T7'

Theorem:
bet(S., f i, ,....... , B „ ]  be a set of nonempty, mutually evclusıve subsets ot

thesample space S and P(fi;) > 0 for i = 1,2,.... »- then tor any event
4 of S,
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Р(А) = Р(А / Д, )P(Bt ) + Р(А / В2 )Р(В2) + ....+ Р ( А / В ,, )Р (£ „)
/?_

= Ү р (А/Ві)Р(В

Ехашріе:
Suppose that 70% of seniors, 60% ofjuniors, 55% of tlıe sophomores, „„„ 
40% of the freshmen of a umversity use the library frequentiy, If 35% of al 
students are freshmen, 30% are sophomores, 20% are jııniors, and 15%are 
seniors, w hat percent of ali students use the library frecjuentlv?
Solution:
Let.4 be the eventthat a randomly selected student is using library 
Let A, O, J, and A be the eveııts that he or she is a freshmen, sophomore, 
jıınıor. or senior respectively. Tlıus 
P{ A) = P( Al F)P(E') + P(A / O)P(O) + P( A / J)P(J)  -f
-r P(A i E)P(RE) = 0.4 ■ 0.35 + 0.55 ■ 0.3 -e 0.6 ■ 0.2 + 0.7 • 0.15 = 0.53. 
rherefore, 53% of these students use the librarv frequently.

Exercises

L In a country men constitute 58% of the labour force. The rates of 
ıınemplovment are 6.2% and 4.3% among males and females respectively.
a) VVIıat ıs the overall rate of unemployed in the country?
b) If a worker selected at random is found to be unemployment. \vhat is the 
probability that the vvorker is a woman?
2 . In a shipment of 15 air conditioners, there are 4 with defective theraıostf 
l\vo air conditioners will be selected at random and inspectcd one after 
another. Find the probability that

a) The first is defective.
b) 1 he first is defective and the second good.
c) Both are defective.
d) The second air conditioner is defective.
e) Exactly one is defective.

3. Suppose that 40% of the students are giriş. If 25 % of the giriş and 15%of 
the boys of this umversity are A students, \vhat is the probability that 
randomly selected student is A student?
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* factory produces ali its products by three machines. Machines I; 11;
' 'd  !U produces 40%; 40% and 20% of the output, where 5%, 4%, and 2% of 
theiroutputs are defective, respectively. What percentage of the total product 
is defective?
5 ДЬох contains 1 8 tennis balls. of which eight are ne\v. Suppose that three 
ballsare selected randomly, played vvith, and after play are returned to the 
box lf another three balls are selected for a second play. what is the 
probability that they are ali new?
6 İnan economical college ali students are required to lake calculus and 
«onomics course. Statistics shovvs that 37 % of the students of this college 
getA’s in calculus and 25 % of thcm get A’s m both economıcs and calculus. 
tfnpdomly selected student of this college has passed calculus with an A, 
»htt'is the probability' that he or she got A in economics?
7.Stçpose that 12 % of the population of a country are unemployed women 

17% of population are unemplovmed. What percentage of the 
unemployed are women?

Ansvver

l  a) 54%; b) 0.334; 2. a) 4/15: b) 22/105: c) 2/3 5: d) 4/15: e) 44/105: 
î 0.19; 4. 4%; 5, 0.148: 6 . 0.676: ~L 70.6 %.

2.9. Baves' theorem

, we begin o ur analysis vvith initial or prior probability estimates for 
speeîfic events or iııterest. Tlıen, form sources such as a sample, a special 
rep<Şt, a product tcsl, ete., vve obtain some additional informatmn about the 
ev6fts Given this ne\v information, vve vvant to revise and update the prior 
Probability values. The new or revised probabilities lor the events are relerred 

ior probabilities. Bayes’ theorem, vvhiclı wi11 be presented shoıtlv. 
Provıdes a means of computing these revised probabilities. To mtroduce 

Şs formula, let us consider the follovvmu ехатріе:

.. actory 40%. 30%, and 30% of the goods is produced by machines I. II, 
respectively. If 5%, 4%, and 3% of the outpuls of these machines is

defeeti1Ve, what is the probability that a randomly selected good that is found
tobedefective is produced by machine III9
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Solution:
Let A be 1 he event that a randomly selected good is defective and B} Ье%

event tlıat it ıs produced by machine III. We are asked to fin d A A  / A). % 
know that

P(B3 n  A)
P(B-J A)

P{A)
To f'ınd P( B? n  A) , note that since P(A i  B3) and P(B , ) are known: weci| 
use relatioıı P(B,  n  A) -  P(A i B , ) - P(IP }

To calculate P( A) . we use the law of total probabıIıtyo I.et B, and B , bethe 
events that the good is produced by machmes I and II. respectivelv. Hence, 

P(A)  / 't . i  />’ Ü \ B  ) -r P ( A İ B : )P(B2) + P(A / B )P( B,)
By substituting \ve obtaın

P[ />' П A)P(B3 i  A )

P ( A )

P { A ! B 3) - P ( B , )
P( A i  B, )P( B, } * PiA / 5, )P(B-; ) 

0.03-0.3
0.05 ■ 0.4 + 0.04 • 0.3 + 0.03 ■ 0.3 

The form ula for P{ B-, / A) is a 
particular casc of Bayes’ formula.
To vvrıte formula for P(B, / A) we 
can use tree diagram. (Fig. 2.1). 
Letter D stands for “defective” and 
iVfor “not defective".

P(A; B,)P(BA) 

-*Q.22.

0.4/ o.: \0.:

\

\о .950'0; Л О '% 
N D 

i

U Л
\  0.03/ \°-9; 
N D N

0.02+0.012+0.009=0.041 

Fig.2.1. For ехатріе 1.
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P ( B )

Tüeorem (Bayes’theorem, general form):
iJ  ........BN be ;? rnutually exclusive and collectively exhaustive
ефіБ of the sample space S. Then for any otlıer event A ol 5' wıth P(A ) > 0 
#  P{A! Bn) ■ P { B j

' P(A / B, )P(Bl ) + P(A i B2 )P(B2) + .... + P(A / Bn )P(Bn)

Erample 2 :
A-box contains 8 red and 11 blue balls. Iıvo bal 1 s are selected at random 
witbout replacement and \vıthout their colour being seen. If the tlınd bal 1 ıs 
drawn randomly and observed to be red, vvhat is the probability that both of 
pr̂ vious selected balls were blue?
Solution: Let BB, BR, and RR be the events that fırst two selected balls are 
bl̂ e and blue, blue and red. and red and red. I ,et R be the event that the third
batt.dravvn is red. We need to fınd P(BB / R) . l^sıng Bayes tornanla:

P(R / RB) ■ P(BB)
~P(r Tb R)P(BR)PfjBB-R)-.

P(R i BB)P(BB) --P{R , RR)P{RR)

Nmv P(BB) .

7
18

?{BR) = il . A
19 18

where BR is the union of tvvo 
events:

10 55 /
\

18 ~ 171 
28

28/171/
/ 8 8 171

\
\55/17

~ 171 RR BR BB

8 11 _ 88
I 1 л  ---
17 /  X 1 '

A  --
/  \17

, l / \
17/  \

19 18 171 ' B R B R B

_  ^8_ _7____
Г7 ' 171 + 17 171

\ b  
R
i

1
17

70
171



namely, the fırst ball was blue, tlıe second was red, and vice versa. 
Thus,

81 . 5i
P{BBİ R),  «  O M .

17 171^17 171^ 17 171
This can be found easily from tree diagrarn on Fig. 2.2. as vvell.

Exercises

L Given \ һ г х Р { А ))  = 0.66 , P { A - , )  = 0.34,P(B!Д ) = 0.57,
P(C / Aj) = 0.43 , P( B i A2) = 0.61, P(C / A?) = 0.39. fin d the following 

probabilities: P(A, / B), P(A, iB), P(A; / C), and P(A-, ! C).
2. Л store purchases electric irons from tvvo companies. From companyd, 
500 irons are purchased, and 2% are defective. From company B. 850 irons 
are purchased, and 2% are defective. Given that an iron is defective, findthe 
probabilitv that it came from company B.
3. A store ovvner purchases telephoncs from tvvo companies. From company 
A, 350 telephones are purchased, and 2% are defective. From company B 
1050 telephones are purchased, and 4% are defective. Given that a phoneis 
defective, fınd the probability that it came from company B.
4. A ceıtain cancer is foıınd in 1 person in 5000. ifa  persoıı does havethe 
disease, in 92% of the cases the diagnostic procedure vvill shovv that he orslif 
actually has it. ifa  person does not lıave the disease. the diagnostic procedure 
in 1 out of 500 cases gives a false positive result. Determine the probability 
that a person vvitlı a positive test result has the cancer.
5. Sııppose that 5% of the men and 2% of the vvomen vvorking for a 
Corporation rnake över 4000$ a year. If 30% of the cmployees of the 
Corporation are vvomen, vvhat percent of those vvlıo make över 4000$ 
a year are vvomen?
6. Company purchases a certain part from three suppliers A, B, and C. 
Supplier A supplies 60% of the parts, B supplies 30% and C supplies 10%. 
The quality of parts is knovvn to vary arnong suppliers, with A, B, and C patis 
having 0.25%, 1%, and 2% defective rates, respeetively.
a) What percent of produet of the company has a defect?
b) Wlıen a defective part is found, vvlıieh supplier is the likely source?
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7.  $  a department store, 20% of ali customers spend $50 or less and 80% 
spşari more than $50per visit. Of those who spend $50 or less, 75% pay by 
сайіог check and 25% pay by cıedit card. Of those who spend moıe than 
$5$>;30% pay by cash or check and 70% pay by credit card. One randonıly 
sejpted customer, who made a purchase at this store, paid by credit card.
Vpit is the probability that this customer spent more than $50 at his store?
8. jjach day companies introduce thousands of new products in the market. 
UŞUally new products are test marketed before they are introduced for sale. 
m  probability ıs 0,65 that a ne\v product introduced bv a company vvill be 
sefeessful. For an eventually suc-cessful product, probability is 0.95 that 50% 
ojtpıore of the people inclııded in the test like it. Hovvever, for an eventually' 
ayjıccessful product, probability is 0.20 that 50% or more of the people 
fjSpided in the test like it. A company ıecently introduced a ııevv product.

it is the probability that this product vvill be successful if less than 50% of 
горіе included in the test like it?

Nofessor classifies students as most accurate fin çalculations and vvriting). 
mOİJerately accurate, or poorly accurate, and fınds 50%, 40%, and 10% 
respectively of ali students fail into these categories. Professor found that A 
grade was got by 70% of the most accurate, by 50% of the moderately 
accurate, and by 30% of the poorly accurate students.
ajğŞMıat is the probability that a randonıly chosen student is A grade student? 
ІщҒ the randonıly seleeted student is A grade student. w hat is the probability 
tlâtthe student is from group ol most accurate student? 
cgfrandomly seleeted student is A grade student, w hat is the probability that



A, and
mutually evclusive and collectively exhaustıve vvithin their sets 
intersections A, r-.B-, can occur between ali events from the two sets, Tlıa
intersections can be considered as a Basic outcome of a random ехрегіпи 
Fwo sets of events considered jointlv in this way, are called bivariate, andj 
probabilities are called bivariate probabilities.

Table

ІЛ etble 2.2. each box that contains a nıımber is called a celi. There are foıır 
celİs in table 2-2- Each celi gives the frequency for two characteristics. 
PorKcample, 35 employees in this group possess tvvo characteristics: They are 
mtfversity graduates and smoke. We can interpret the number m other cells

same way.
Byadding the row of totals and the column of totals to table 2.2, vve vvritc 
taWe 2.3.

Table 2 ’

A;
A„

5 , B:
P(A) гл B, )

B.
P(A, r-, B )
P(A2 o 5 ,) P(A2 n  B2)

P(A, n B 2 ) 
P(At n 5 3)

____ '>
P(A, B,.)
P{A, r \Bk)

Universitv Not a universitv

S#k<

m .

j graduate graduate
;r ! 35

! i 1 I 1 1
°°

i
o!

1

115
toker 130 175 305

! 165 255 420

A„ ! P(An o i , )  Р (Л „ пВ 2) PiA B ) !>(. 1 P İ J

Dellnition:
In the table 2.1., the intersection probabilities / ’< I B , are calledjo®
probabilities. Marginal probability is the probabiiity of a single event wiW 
consideration of any other event. Marginal probability can be computedl? 
summing the corresponding row or column.
Evamnle:
Ali the 420 employees of a compaııy \vere asked if they smoke or not 
whetlıer they are university graduates or not. Based on this information,* 
iollovving two-way classificatioıı table was prepared.

____________  Table 2.2,

Smoker
Nonsmoker

j University 
_j__ .graduate

Not a university 
graduate___

35
130

80
175

Sgpose one empioyee is selected at random from these 420 employees. This
employee may be classified either on the basis of smoker or non-smoker alone
or on the basis of university graduate or not. lf only one characteristic is
considered at a time, the employee selected can be a smoker. non-smoker. a
university' graduate. or not a university graduate. The probability of each of
these foıır characteristics or events is called marginal probabilities because
they calculated by dividing the corresponding rovv margins (totals for rows) or
column margins (totals for the columns) by the graııcl total. For table 2.3., the
mfcgmal probabilities are calculated as follotvs:
?  . Number of smoker 115■i, P(smoker) ----------------------------------- “ ------= 0.274

t Total number oi employees 420
oker) = 0.274 can be interpreted as “The probability that rarıdomly 
ed employee ıs a smoker ıs 0.274”. Sımılarly

305 
420

165 _
420 ~

255 
420

/Tnonsmoker) -  --'iv  -  0.726

P(umversity graduate) '

P(not a university graduate) =

' 0.392

= 0.607

Now . suppose that one employee is selected at random from these 420
eraPİoyees, Fıırthennore. assume that it is known that this (selected) employee 
ls$smoker. In other words, the event that the employee selected is a smoker



= 0.304.

= 0.6

has already occurred. What is the probability that the empioyee selected 
university graduate?
This probability, P (university graduate/smoker), as we kno\v, is called| 
condıtıona! probability, and ıt ıs read as “the probability that the ещрЦ 
selected is a university graduate given that this empioyee ıs a smoker”,^ 
required conditional probability is calculated as follows 

P{university graduate/smoker) -
_ Number of smokers who are university graduate 35 

total number of smokers 11;
Ехатріе:
For the data of table 2.3. calculate the conditional probability that a randoml 
selected empioyee is a non-smoker given that this empioyee ıs not a univeraı 
graduate.
Solution:
We are to compute the probability /'(nonsmoker / not a university graduate), 

P(nonsmoker/ not a university graduate) =
-  ^ umber of not a university graduates who do not smoke 175 

total number of not university graduates 255
The probability that randomlv selected empioyee vvho is not a universiş 
graduate. does not smoke is 0.686.
Ехатріе:
Reter to the information on 420 employees given in table 2.3.. are the eve*, 
“smokcr (S)” and “university graduate (U)” mdependent?
Solution:
lf the occurrence of one event affects the probability of the occurrence of* 
otlıer event then the tvvo events are said to be dependent events. №  
probability notation, the tvvo events will be dependent if either

P(/I / R ) 7= P(/İ) or P(B i A) v P( B).
Events S and U wıll be independent HP(S) -  P(S f U ) , othenvise they wil№ 
dependent.
Using the information given in table 2.3., we compute the follovving 
probabi îities

P(S) = -1---  = 0.274: and P(S / U) = ---5- = 0.212 .
' 4 2 0  165

Because tlıese tvvo probabilities are not equal, the tvvo events are dep®11̂ 111 
Here, depeııdence of events means that percentage of smokers ıs differel11 
from percentage betvveen a university graduates.
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fgnıplgl
д^епГsurvev asked 100 people it they though vvomen should be permıtted 
tO jarticipate in vveightlifting competition. The results of the survey are shown 
jrfthe table.

' Gender j Yes No I Total i
; Male 1 O Л! 3 ~ 18 i 50 |
! Female 8 42 ! 50 i
| Total i 40 60

:...ı
ooГ

''

»
Fjjdthe probabilities

tat a randomlv selected person is a raalc.
ıe respondent answered “yes”, given that the rcspondent was a fenıale 

tH’he respondent was a male. given that the respondent ansvvercd “no". . 
Stftation:
UtM=respondent vvas a male; Y-  respondent ansvvered “Yes”
/^respondent vvas a female; A’—respondent ansvvered "No”.
a}We need to compute the probability P (male), The probability that 
randomlv selected respondent is a male ıs obtained by divıdiııg total 
number of rovv labelled “Male” (50) by the total number of respondents
( Ш ) .

n( , 50 1
P(male) = ----= —

100 2
b)Jhe problem ıs to fin d P{Y i F ) . The ıule States

i  P( F Г) V)
t  P ( Y ! F ) - - - v -;J P(F)

^  probability P(F .m }’) ıs the number of females who responded “yes"

diyidecl by the total number of respondents P(F n  Y) -  —
- 10°

‘■S probability P(F)  is tlıe probability of selecting a female:

İ  U S U ;50

İV»

P( YiF):

100 

P(F n  Y) 8/100

P{F) 50/100 
^Theproblem is to fmd P(M İN)
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Р(М / N) -=PİM гл N) 18/100 __ 3 
P(N) ~ 60/100 " 10

Exercises

L The following table shows the 
probabiliıies coııcenıing t\vo events A  and B .

a) Determine the missing entries.
b) What is the probability that A occıırs and B  does
not occıır?
c) Find the probability that either Л or B  occurs.
d) Find the probability that one of tlıcse events occurs and ot her does not.

2. A ıvoman’s clothmg store ovvner buys from thıee companies:
Л, B, and C. The purchases a re shown belo\v:

If one item is selected at random, find the foilovving probabilities:
a) İt is purchased from company A or it is a dress.
b) İt was purchased from compaııy B or company C.
c) İt is a blouse or ıvas purchased from company A.
3. İn a statistics dass there a re 18 local and 10 loreign students: 6 of the 
foreigıı students are females, and 12 of the local students are males. If a 
stııdent is selected at random, vvhat is the probabi litv that
a) raııdomly selected stııdent ıs a local or a female?
b) randornly selected student is foreigıı or a female student?
c) randornly selecıed student is a local or a foıeign student?
4. Two thousand randornly selected adults were asked if they think they 
are financially belter off tlıan their pareııts. Mı e foilovving table gives the 
tvvo-ıvay classification of the responses based on the edııcation levels of 
the persons iııclııded in the survey and vvhether they are financially better 
off the same, or vvorse off tlıan their pareııts.

! Product 
j Dresses 
! Blouses

i Company A ; Company B i Company C 
T 1 /I ! 1 O İ i o24 ! 18

j 36 15
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r-T Edııcation level
_îto Less than Hight More than

High school school high school
Bbtter off 140 450 420
Same 60 250 1 10
Worse off 200 300 70

Sslppose one adulı is selected ar random (rom these 2000 adulls. find the 
i (^babilitv thaı this adulı is
(pnancially better off his (her) parents or high school student;
Шпоге than high school student or fmancially vvorse off thaıı his (her)

cffmancially better off his (her) parents or fmancially vvorse off his (her) 
pfents;

f̂mancially better off than his (her) parents
e) fmancially better off than his (her) parents given that he (she) has less 

j tip high school edııcation:
f) fînancially worse off than his (her) parents given tirat he (she) has hight 
school edııcation
g) fmancially the saıne as his (her) parents given that he (she) has morc 
tttthigh school eductıon.
h) Are the events “better off ” and ”hight school educatıon” mutually 
ftelusive? What about the events “less than high school” and “more than 
Mjgh school”'7 Why or ıvhy not?
ı)Arethe events “vvorse off “and “”more than hinh school” mdependcnt'l’ 
%  or why not?
f̂eighty students in a university cafeteı ia were asked if tlıey favoured a 

bffl on smoking in the cafcteria. The resnlts of the survey are shovvn in 
thetable.

Ciass
Freshnren 

omorc

jyavour
15" "" 
23

Oppose No opinıon I
8 i

ffa student is selected at random, find these probabilities:
îj;He or she opposes the ban, given that the student is a freshman.
b)Given that the student favours the ban, the student is a soplıomore.



6. The following table gives a two-way classification of 200 randomly 
selected purchases made at departmeııt store.

_____________ I Paid by cash/check_______Paid by credit card
i Male j 24 46
i Female______ j 77__________________________ 53 _____

If one of these 200 purchases is selected at random, find the probability 
that it is
a) made by a female
b) paid by cash/check
c) paid by credit card given tlıat the purchase is made by a male
d) made by a female given that it is paid by cash/check
e) made by a female and paid by a credit card
f) paid b\ cash/check or made by a male
g) Are the events “İcmale” and “paid by credit card” independent? Are 
tlıey mutually exclusive? Ехріаіп \vhy or why not.
7. Three cable channels (6, 8, and 10) lıave qııiz sho\vs. comcdies. and 
dramas. The table gives proportions in the nine joint classificatioııs

Channels
! .... i Channel 6 Channel 8 Channel 10
: Tvpc of shovv •*v. î

i Quiz shovv ; o d 0.1 I 0 06
i
i Comedy 0.08 0.21 0.08

Drama 0.01 0.07 0.17

a) What proportion of shovvs is qııiz show?
b) What proportion of shows does Channel 6 have?
c) If randomly selected sho\v is quiz show, what is the probability that it 
was shown on channel 6?
d) If the shovv \vas shown on channel 10. what is the probability that it 
was comedy?
e) What is the probability that randomly chosen show is drama, or shovvn 
on channel 8, or both?
8. A süpermarket manager classified customcrs according to whether 
their visits to the store as frequent or infreqııent and vvhetlıer they often,
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sometimes, or never make a purchase. The accompanying table gives the 
prûportions of people surveyed in each of six joint classifıcations:

a}What is the probability that a custoıner is both a frequent shopper and
uurchases?

b) .What is the probability that a custoıner wlıo never makes purchase 
visits the store frequently?
c) \Are the events “Never makes a purchase" and "Visils the store 

■ ftftjuently” independent?
d}What is the probability- that a custoıner who infrequently visits the 
store often makes a purchase?
e) -Are the events “Often makes a purchase” and “Visits the store 
fflftequently” independent?
f) What is the probability that a custoıner frequently visits the store? 

is the probability that custoıner never makes a purchase in this
SIÇ?
ĥ jjVhat is the probability that a custoıner either frcquently visits the store 
of|ever makes a purchase, or both?

!fhe accompanying table shovvs proportions of salespeople classifıed 
feding to marital status and \vhether or not they own stoeks.



c) What is the probability that randomly chosen single salesperson does 
not own stocks?
d) What is the probability that a randomly chosen salesperson who ovvns 
stocks was married?
10- Forty-two percent of employees in a large Corporation vvere in favour 
of a modifıed health çare plan, and 22% of the Corporation employees 
favoured a proposal to change the work schedule. Thirty- four percent of 
those favouring the health plan modifîcation favoured the vvork schedule 
change.
a) What is the probability that a randomly selected employee is in favour 
of both modified health çare plan and the changed vvork schedule?
b) What is the probability that a randomly chosen employee is in favour 
of at least one of these tvvo changes?
c) What is the probability that a randomly selected employee favouring 
the vvork schedule change also favours the modified health plan?

Ansvvers

L b) P(A n  B) -  0.12; c) P( A u  5) = 0.52; d) P( A n B \j An B) - 0.27;
2. a) 67/118; b) 81/118; c) 88/118; 3, a) 6/7; b) 4/7; c) 1; 4. a) 0.78; b) 0.55; 
c) 0.79; d) 0,505; e) 0.350; f) 0.300; g) 0,183; h) '‘Berter otf” and “hichsdıod 
educatıon” arc not mutually exclusive. “Less than high school” and “ mm 
than high school" are mutually exclusıve evenis; i) 'lWorse o ff’ and “mm 
than high school “ are not mdependent events; 5. a) 0.54; b) 0.61; 6. a) 0.65;
b) 0.51: c) 0.66; d) 0.76; e) 0.27: t) 0.74: g) no and no; 7. a) 0.38: b) 0.3:
c) 0.55; d) 0.26; e) 0.57; 8, a) 0.12; b) 0.704: c) No; d) 0.333; e) No: 
g) 0.27; h) 0.87; 9. a) 0.77; b) 0.19; c) 0.2609; d) 0.7901; 10. a) 0.1428; 
b) 0.4972; c) 0.6491.



\ Chapter 3
,t Discıete random variables and probability distributions 

3.1. Random variables

Sltppose that evperiment of rollıng tvvo fa ir dice to be carried om 
LetAbe the sııın oi outcomes. tlıeıı A can oniv assııme the values 
2,3,4.......... . 12 vvıth the follovving probabi 1 ities.

P S d . h :  -  — 
3ö

Ң . Х  '1 

P{ X

P{X - 4 )  -  P{(1,3);(3,1);(2,2)} =

3) “  ^ { ( 1,2); ( 2,1) | -  - ~
36

3
36

and so on.

numeıical valııe of random variable depends on the ourcomes of the 
«fperıment. İn th is evample. for instance. i fil is (3. 2). rlıeıı . fis 5. and ıf iı 
İg6. 6) then X is 12. İn ıh is ехатріе A- is calice! a random vanabic. 

finition:
ındom variable is a variable whose valııe is determined by the outeome 
random ехрептет.
itionally. we use capita! letters. such as Af to denere the random variable 
corresponding lovvercase x to denote a possible valııe.

•ofpossibie values of a random variable miglu be fin i te. infinite and 
ıntable, or uncountable. 

litioıı:
andonı variable A' is cailed a diserete random variable if it can take on 

jjmore thaır a coııntable ııumber of values. 
fce examples of diserete random variable: 
рГһе ııumber of emplovecs working at a compaııy. 

iıenumber of lıeads obtained in three losses of a coin.
; nıımber of cııstomers visiting a bank dııring any gıveıı day. 

random variable whose values are not coııntable ıs cailed a continuous 
fdom variable. 
înition:
andonı variable X is cailed a continuous if it can take any valııe in an

are some examples of continuous random variables:



3.2. Probability distributions for Discrete Random 
Variables

Let A' be a discrete random. and x be oııe of its possible values. Tlıe 
probability that tlıe random variable A'takes tlıe value x is denoted 
by P(X = x).
Defiııitioıı:
The probability distributioıı furıction, !\ \ of a discrete randuir, variabk 
.Y indicates that thıs varıable takes tlıe value л, as a furıction ol ..s That is 

P(x) — P(X — x), lor ali values of v
Ехатціе 1:
İn the experiment of tossing a fair coin thıee times, let.Ybe number of 
heads obtained. Determine and s kete h the probability funetion of A'. 
Solution: Table 3.1
First, X is a variable and the number of lıeads 
in tlıree tosses of a coin can have anv of the 
values 0. 1,2, or 3.
We can make a list of the outeomes and the 
associated values of A'. (Table 3.1) 
brüte that. for each basic oııtcome there ıs on!\ 
oııe value of Af. Horvever, several basic 
oııtcoınes ınay yield the saıne value. We 
identify the events 
(i.e., the collections of the distiııct 
values of Ay. (Table 3.2)

j Numerical value ot] Conıposıtion of the 
1 X as an event i event

[TM)] • ı ı ı :  ;
[x=-i] ( i ı ı ı .  u n .  ı m ;  |
[X~2] {HHT. HTH. ТНЩ
rx= 3 i {HHH} ;

' Oııtcome ; Value ot A ;
MUM J I

i HHT O

m ıı ">
ııı 1 1

J

THH 7

THT ! 1 
l

TTH i 1 i
ГГТ 1 0

Table 3.2.
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f model of a fa i r coin entails t fi a t 8 basic oııtcomes are equallv likeh. so 
is assigned the probability 1/8.

1# event [A=0] has a single outcome TTT. so its probability is 1/8.
Siffiilaıly, the probabiIities of [X=\ j, [X~2], and f.Y=3] are found to be 3/8. 
3/|,and 1/8, respectively. Collecting tirese results, vve obtain the probability 
distribution of X  shown in table 3.3.

Table 3.3. Fhe probability distribution of Л', the
ırumbeı of heads in 3 tosses of a coiır.

I \  aitle . 1 ,V Probabi 1 ip>
1 0 ! 1/8 jt 1 1 ! 3/8 |K ! 3/8 ;
İ n i 1/8 !
| Total 1 ı . !

Remark: When sıımmed över ali possible valııes of .V. tirese probabilıties 
mest add up to 1.

Ttje.graphical representation of the probability o fX  the nımrber of heads in 
rsses of a coiır is sho\vn in Fig. 3.1.

t
3/8 |

?/) I

'

j

0 1 2  3 '

Л'
->

Fig. 3.1 Probability funetioır tor esaınple 1.

lo the development of the probability distribution for a discrete randonr 
vîriable, the follovving tvvo conditions ırrust ahvays be satısfied:

k
*3ğ

1 0 7



Properties of probability function of discrete random variables:
Let.Tbe a discrete random variable with probability P(x). Then
1. PU) > 0 for any value x.

2. The individual probabilities sum to I ■. that i s ^  P(x)  1, \vhere the

notation ^  indicates summation över ali possible values of v.

Another representation of discrete probability distribution is also ııseful. 

Cumulative probability function F( x .,):

The cumulative probability function, F'(xQ) of a random variable X  
expresses the probability' tlıat X  docs not exceed the value лу as a function 
of X ,. That is

F ( \ 0 )-- P( X  <x!}),
\vhere the function is evaluated of ali values лу ,

Fı v. i • V  Pı x ı
v<v,.

Properties of cumulative probability functions for discrete ı andoın 
variables:
LetA'be a discrete random variable with cumulative probability
function F(.y„) . Then vve can show that
1. 0 < F( x 0) < 1 for every number лy .
2. If .e, and лу are two numbers with.v, < .t , .  then.F(.v;) < F(x-,). 
Ехапіціе
İn the cvperiment of roîling a balanced d i e tvvicc. let .T be the minimum of 
the tvvo numbers obtained. Determine and sketch the probability function 
and cumulative probability function of V.
Solutioıı:
The possible values of A"are 1, 2, 3, 4, 5, and 6, The sample spaee of this 
experiment consists of 36 basic oııtcomes. Hencethe probability of any of 
them is 1/36. In our experiment
P ( X - 11 P | ( 1.1)(1,2)(2Л K' ,3)(3,1)(1,4)(4.1)(1.5)(5,1)(1.6X6.1) j = 11/36 
P(X~2)-P ((2.2)(2,3)(3,2)(2,4)(4,2X2.5 )(5.2)(2,6)(6,2)}=9/36
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#r=3)=/4(3,3X3,4X4,3X3,5)(5,3 )(3,6)(6,3)}=7/36 
Д /==4)=/>і!(4,4)(4.5)(5 - 4 )(4.6) (6.4) î =5/36 
р(Л'=5) =Р К5- 5К5, 6) (6, 5)} =3/36 
ДЛЧ.'; • !(6, 6;; =1/36
Хһеgraphical representation of Р(х) is shovvn in Fig.3.2

P(x)

ı o/3 6 - ■ |
1 i

8/36 -  i
| i

6/36 I

4/36 -  ! I
!

2/36 -  1 j
I ! ! x-------- ------- 1-------1  1 1 ►

1 2 3 4 5 6
l ig 3.2. Probabilitv function for ехатріе 2.

Nov\ letus form cumulative probabilitv function.
,(?-Vs some mımbcr less than I. .\'can not be less tharı лу. so 

< F ( x ,,) = P ( X  < x, , ) - 0 for ali ,v„ < 1
*o'S greater ıhan or equal to 1 but stnctly less than 2, the only one

2, the onlv vvay forA'to be less than or equal to .v, ıs if
Hence

:. F (x0) = P{X  < x0) -  P{ 1) -11 /36  for ali 1 < x0 < 2

1“̂ ,s greater than or equal to 2 but strictlv less than 3. .Yis less than or 
tothexn it and only if eiıher Л=! or A'=2. so

F(xo) = f\X < .V(i) = P( I) -  P(2) = 20 / 3o for 2 < r,. < t .t^U,ng jn this w ay w e can vvrite cumu!at;\ e- probabilit) Гапсіл :-l i .la



'0 ıf ,vc < i
11/36 it 1 < a, < 2
20/36 if 2 < x0 < 3
27/36 ıf 3 sî x o <4
32/36 if 4 < xn < 5
35/36 if 5 < .y,, < 6
1 if v „ : i

30/36

20/36

10/364-

5/36
32/36

27/36
20/36

36
1
ij 1

1 2  3 4 5 6
Fig. .3.3. Cumulafive probabiiity function tor ехатріе 2.

The cumulative distribution function ofX, F{x0), is plotted in Fig. 3.3.
İt can be seeıı that the cumulative probabiiity function increases iti steps 
ümit the sum is I 
ЕлатЫе 3:
A consumer agency surveyed ali 2500 families Jıvıng in a small tovvn to 
eollect data on the number of TV sets cuııed by theın The follotving table 
iısts the l'requency distribution of the data eolleeıed by thıs agency

Number of TV sets owned____ ,0    j_l _! 2 j_3 j4
Number of families } 120 j 970 j 730 , 410 ] 270

a) Construct a probabiiity distribution table. Draw a graph of the probabiiity
distribution,
b) Calculate and draw the cumulative probabiiity function.
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cJJFind the probabi!ities: P(X= 1), P{X> i). P(X  < 1), PQ < X  < 3).

Stjfation:
a)ln a chapter 2 we learned that the relative frequencies obtained irom an 
eajeriment or a sample can be ıısed as approximate probabilities. Using the 
rartive freqııencies, we can write the probability distribution on the discrete 
rştdom variableX in  the fol!owing table.

Number of TV sets ovvned, :v i Probabılity P(x) |
Ü ! 1202500-0.048
i 070 2 500—0.3 88

730/2500-0.292 |
3 4 i ü-72 5G0:--i>. i 6u
4 1 270/75ö0='0.108 ;

Figüre 3.4 shovvs the graphical presentatıoıı of the probabi 1 ity distribution.

P(x) j

0.3-

0. 2+

--------- 1-------1-------1------ t------1------ ».
0 1 2  3 4

Figüre 3.4

^Letııs form cumulative probabılity distribution function. 
iess dian 0, then
F(x0) -  P(X < x0) o for T0 < 0 

% '0 is less ıhan i , then
F(.xl;) = P(X < xu) r: 2(0) = 0.048 for0 < .v(; < 1 

^ntmuing in this vvay, we obtain



Ғ ( х 0) = 1

[0 jf -9, < 0
10.048 ,i'j 0  ̂ . i , ,

10.436 ıf 1 < x(]
i°.72 8 ;r ~ı .

i 0.892 if
t 3 + 'o
!J ıf Л>; > 4

Tlıis fıı net i on is plotted in Fig. 3.5.

0.892
0.8 +

j
0 . 6-1ı

I
0 . 4  "f-

0.'

0.728 i

0.048

f'ig- J.7. C umulatıve probabılıty fimciıoıı lor e

0.388
P (X  > 1) - 1 - F ( l )  - 1 - (j.436 - 0.564 
Ң Х  < 1) = f (  i) 0.436

Д1 < X < 3) = F(3) -  F(0) -  0.892 -  0.048 = 0.844

caniple
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Exercises

Іасһ ofthe follovving tables lists ceıtain values of A' and their 
pabilities. Determine if o açlı of them satisfies the t\vo conditions requıred 
iavalid probability distribution.

b) c)
P (X )  j L J f  _r i  a  р і х )

p
-0.39 i 1 o 0.32 0 i 0.16

» 6 0.67 ı
i -1
; j 0.23 ! i ı o.oü

§1 0.31 ! - 0.6^ ,! 2 1 0.43
İ 0.28 3 : 0.41

-J

For each case, list the values of .v and P(.v) and ехатіпе if the 
fecıfication represents a probability distribution. İf does not. State what 

emes are violated

= — ( x - 2 )  
10

for x = 3,

— (-V — 2) 
2

IIfö

II ro for .V = --

= 3/2-' for x  -  2

p h e  follovving tabIe gives the probability distribution of a diserete randoın 
%riable X.

I 0 I
i 0.03 0.13 0.2 0.31 0.19 0.12

ŞDravv the probability funetion.
ŞCalculate and dravv the cumulativc probability funetion. 
c)Fin.d P ( X  = 1); P ( X  < 1); P ( X  > 3): P(0 < A < 2)
Ü)Find the probability that.v assumes a valııe les.s ıhan 3
6) Find the probability that.v assumes a valııe in the ınterval 2 to 4,



4. Despite ali safety measures, accidents do happeıı at the factory. LetA 
denote the number of accidents tlıat occur during a month at th is factory. 
The follovving table lists the probability distribution
of Al _____________________________

X  ~  | 0 1 2 3 ~  4 1
> ( a- )____i_0.25 0.30 ~ ' 0.20___ (Ш_____ 0 4Û_____ ~

a) Dravv the probability function.
b) Calcuiate and dravv the cumıılatıve probability fıınction.
c) Determine the probability that the number of accidents that vvill occur 
during a given month at th is companv is exactlv 4.
d) VVhat ıs the probability that number of accidents vvill be at least 2?
e) What is the probability that number of accidents vvill be less thau 39
f) What ıs the probability that number of accidents vvill be 
betvveen 2 to 4?
g) 1 vvo month are chosen at random. VVhat is the probability that on both 
ol these months there vvill be fevver than two accidents9
5. LetA be the number of slıoppmg trips made bv famıly- during a moııtlı. 
T he iollovvıng table lists the freqııencv distribution of A'of 1000 famiiies.

: x  ; 4 5______  6 _ 7______8 _ Ö" 10
i. 1 _____ LjTOy___180 240 ~ 210 1 70 J  ou 40

a) Dravv the probability function.
b) Calcuiate and dravv tlıe cumuiative probability function.
e) Find the follovving probabilities P ( X  = 5); P ( X  > 6); P ( 4  < X  < 7);
P ( X  < 6).

6. The follovving table lists the probability distribution of the number of 
phone calls received pev 10-minute period at an offıce.

■ Number of phonc calls | Ö 1 2 3 4
; Probability___________I 0.12___U.?.(> _ 0,34 _ 0.18 0.10

LetA' denote the number of phone calls received during a certain 
period at this offıce.
a) Find the probabilities: P ( X  - 1); P ( X  < 2); P ( X  > 2); P (  1 < X  < 3).

^  T vvo 10-mınute period are chosen at random. What is the probability that 
at least one of them there vvill be at least one received cali?
7. In successive rolls of a fair die, let X  be the number of rolls until the 
firstö. Determine the probability function.
fcinatennis championshıp, player A competes agaınst player B m 
consecutive sets and the ganıe continues until one player wins three sets. 
Assume that, for each set P (A vvins) =0.4, P (B vvins) -0.6, and the 
outcomes of dıfferent sets are independent. Let A'stand for the number of 
»tsplayed.

List the possible values of A'and identıfy the basic outcomes associated 
« h  each valııe.
^Obtain the probability distribution of.17 

"f Ansvvers

|a )  this is not a valid probability distribution; b) this is not a valid 
probability' distribution: c) this is a valid probability distribution:
Цa) this ıs a valid probability distribution: b) this is not a valid probability 
distribution: c) this is a valid probability distribution,
<6 th is is not a valid probability distribution: 3_. c) 0.13: 0.16: 0.62: 0.38: d? 
$38: c) 0.72: 4, c) 0 .10: d) 0.45; e) 0.75: f) 0.45; g) 0.3025; 5. c ) 0.18; 0.5 
$.70, 0.49; 6. a) 0.26; 0.38: 0.28; 0.78; b) 0.9856.”'
.iaJ:-. ■ ■ '

-  \  -V- i5
. 8. b) P (3) -0.2800: P (4) -0.3744:

(51=0,3456:



3.3. Expected (mean) value and variance for discrete random variables

3.3.1. Expected value

Önce we have constructed the probabilitv distribution for a random variable. 
we ofîten want to compute the mean or evpected value of the random 
variable. The mean of discrete random variable A'', denoted either // v 
or E(X), is actually the mean of its probability distribution. The mean 
(or expected) value of a discrete random variable is the value that vve ехреа 
to observe per repetition, on average, if \ve perfonn an e\periment a large 
number of times. For ехатріе, vve may expect a house salesperson to seli on 
average. 3.5ü houses pcı month. İt docs not mean Lhal e . сг, а н т іһ  іһь 
salesperson \vi11 seli exactly 3.50 houses. (Actually he (or she) can not seli 
exactly 3.50 houses). Tlıis simply means that if vve observe for mam 
months, this salesperson will seli a different number of houses different 
months. Hovvever, the average of ali sold houses in these months vvill be

Definition:
The mean (or expected value) of discrete random variable X is defined as

Here the sum extends över ali dıstinct values .v of X.
İn order to compute the e.vpected value of a discrete random variable we 
must multiply each value of the random variable bv the corresponding value 
of its probability funetion. We then add the ıesulting terms.
Ехапгріе:
Sales shovv that five is the т а х іт и т  number of cars sold on a given day at 
car selling company. Table 3.4 shovvs probabilitv-' distribution of cars sold 
per day. Find the expected number of cars sold.

3.50.

/лх = E(X) = (value • probability) = Y .t -  P(x)

Table 3.4
Solulioıı:
To find the expected number (or mean) of cars sold, we 
multiply eaclı value of x by its probability and add ıhese 
results.



Л' P(x) x-P(x)
0.18 0.00

I 0.39 0.39
2 0.24 0.48
3 0.14 0.42
4 0.04 0.16
5 0.01 0.05

цх = £(JO = J V />(*) = 1.50
.Ү

İnfact, it is impossible for company to seli exact!y 1.50 cars in any given 
day. But we ехашіпе selling cars at this company for ınany days iııto the 
future. and see that, the expected value of 1.50 cars provıdes a good estimate 
of the mean or average daily sales volüme. The expected value can be 
important to the managers froırı both planning and decision making points of 
vievv,
Ғогехатріе, suppose that this company vvill be öpen 40 days during next 
2-month. How many cars should the ovvııer expect to be sold during this
time?
While we can not specify the exact value of 1.50 cars, it provides an 
expected sale of 40 1.50 — 60 cars for the ııext 2-month period.

3,3.2. Variance and Standard deviation of discı ete random variable

\Vhile the expected value gives us an idea of the average or Central value for 
the random variable, often we vvould also like to measııre the dispersion or 
variability of the possible values of the random variable. The variance of
discrete random variable X, denoted by a2x . measures the spread of its 
probability distribution. İn defıning the variance of a random variable, a 
weighted average of the squares of its possible discrepancies about the
means is formed; the weight associated with (x -  ц )2 is the probability' that 
the random variable takes the value x. The variance can be vievved as the 
average value that vvill be taken by the fıınction {X - f-i, )2 över a very large 
number of repeated trials.
The mathematical expression for the variance of a discrete random variable 
is
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а2х =■ e\[X - цх ) 2 ]= ^  (x -  ju Y)- P(x).
The Standard deviatıon, ax , is the positive square root ofthe variance. 
In some particular cases, an altemative but equivalent (sometiırıes called 
shortcııt formula) formula for the variance can be used:

У  H(X' )  fl\; - y . V / ' C v )  f, \
Examı>le:
Find the variance for the ехатріе in previous topic, for the number of cars 
sold pcr day at a car selling companv.
Solution:
Let us apply cr" = /.'!(.-V -  u K f i  У  (д -  n . )' P(x).
The calculations are shovvn ın the table 3.5:

Table.3.5
X ( . t  -  m ) ( A  M ) ~  ' P(x) j ( A  -  U ) 1 ■ P(X )

0 O 0
 il 1 O ?  O s  i 0.18 : 2.25-0.18=0.4050

1 1-1.50—-0.50 0.25 1 0.39 0.25-0.39=0.0975
2-1.50=0.50 0.25 i 0.24 i 0.25-0.24-0.0600

-> 3-1.50=1.50 2.25 i 0.14 i 2.25-0.14=0.3150
4 4-1.50=2.50 6.25 0.04 i 6.25- 0.04=0.2500
S 5-1.50=3.50 12,25 ; 0.01 12.28 0.01=0.1225

| j ^ ( *  -  f-if • P(x)  = 1.25

W e see that the variance for the nıımber of cars sold per day is 1.25.
The Standard deviation ofthe number of cars sold per day is

a - VI ~25 =1.118.
Renıark:
For the purpose of easier managerial inteıpretation the Standard deviation 
may be pıeferred över the variance because it is measured m the same units 
as the raııdom variable.
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jfollo'ving tabie gives the probability ciistribution ofA".

3 4 5
Ш

0
0.02 0.20

2
OJİT 0.30 0.10 0.08

gjnpute the Standard deviation of x. 
ation:

İus apply equivalent (shortcut form ula) formula for the varıaııce 
a i = ̂ x2P(x) -

t;followıng table shows ali the calculations reqııired for the computatıon 
Bie Standard deviation of.v.

| | P(x) A- foV! A? .YVP(v)
*0 . 0.02 0.00 0 0.00
t  ' 0.20 0.20 1 0.20

0 0.30 0.60 4 1.20
0.30 0.90 9 2.70

A. 0.10 0.40 16 1.60
:fc 0.08 0.40 25 2.00

I V  xP(x) = 2.50 X  ’ /,( u .70

ırm the follcnving steps to cornpııte the Standard deviation by 
rtcııt formula:

, Compute the mean of discrete randoın variable:
/./ -  V . , / 4 ^  2.50

(»2: Compute the value oГ^Т.г:Р(л').

: Substitute the values of fi and X x̂ P(x) in the shortcut formula for 

variance
a\  ^ J \ x 2P(x) -  f i \  =7,70 -  (2.50)2 -1.45 

. Take positive sqııare root of variance.

a l  =vl.45 .20 .
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Е хаш ріе:
A tarmer will earn a profit of $30 thousand in case ofheavy rain nextyear, 
$60 thousand in case of a moderate rain, and $15 thousand in case of little 
rain. A meteorologist forecasts that the probability ıs 0.35 for heavy rain., 
0.40 lor moderate rain, and 0.25 for little rain next year. Let Abe the random 
varıable that represents next year’s profit m thousands of dollars for thıs 
farmer. Write the probability distribution ofx. Find the mean and Standard 
deviation of .t. Give a brief interpretatioıı of the valııes of the ınean and 
Standard deviation.
Solution: Table 3.6
The table3.6 lists the probability distribution of jc I д- Г P(xj'■

I 30 i 0.35 i
' 60 i 0.40
i 15___i 0.25 i

The table 3.7 shows ali calculations ııeeded for the 
computatıon of the mean and Standard deviation.

Table 3.7
V ! m ! v/>(v) j x~ 1 x2 • P( V)
30 I 0.35 I 10.5 900 : 315
60 | 0.40 I 24 ; 3600 ; 1440
15 , 0.25 1 3'75

?/5 ; 56.25
. .  . . .

i i £ v P ( v ) - 38.25

The mean of v is u, - \P(x) = $38.25 thousand. The Standard deviation

is a x хУ л  /' ı ,  ı - / / '  V1811.25 (38.25) -$18.660.

Thus, it is expected that a farmer will earn an average of $38.25 thousand
profits in next year with a Standard deviation of $18.660 thousand.

3.3.3. Mean and variance of linear function of a random variable

Let Abe a random variable that takes the valııe x vvith probability P{x) and 
consider a nevv random variable T, defined by Y ~ a + b \ .

Suppose that random variable A has mean//,  . and variance гт 
Then mean and variance of Y aı e
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and

' О у

•salesman estimates the lollovving probabilıties for the number of cars 
thetvill seli m next month.

kamber cars 
îrobability

s 0 1 2 3 4 !
0.12 0.20 0.25 0.25 0.18 i

’rnd the expected nıımber of cars that vvill be sold in the next month. 
ind the Standard deviatıon of the number of cars that \vill be sold in 
month.

pıe salesperson receives for the month a salary ofS300. plus an 
|fttioııal $200 for eaeh car sold. Find the nrean and sıandard devıation of 
j j o t a l  monthly salary.

Iition:
be randonı variable A"has rncan 

/4- = E ( X ) = ' £ xP(x) =
W
jfc =0-0.12 -r 1-0.20 + 2-0.25 + 3-0.25 +■ 4 - 0.18 -  2.17 .

Ş)f(ariance 0 4  -  (s; - //,.)" ■ F 4 \ )

Ф -2.17): (0.12) + (1 -2 .1 7 ) : (0.20) + ( 2 - 2 Л 7 ) ' (0.25) + (3 -  2.17)'(0.2 

# - 2 .1 7 ) 4 0 .1 8 ) =  1.621

can be vvritten as Y = 300 + 200A’ .

Щ=Е(Ү) = £(300 + 200X1 = 300 + 200 - ,ux = 300 + 200 -2.17 = $734.

= Var(300 + 200.A) = 2002 • 1.621 = 64840 .

#=$254.64.

f  = уІст\ -V l.621 =1.273.
S  v •'
c|Total monthly salary of salesperson
4n



Summary results for the mean and variance of special linear functions;

a) Let b=0 in the linear function, Y = a + ҺХ . Then Y - a for any constanto.
E{a) = a and Var (a) =0

lf a random variable always takes the value a, it wiil have a mean a and 
a variance 0.
b) Let a -  0 in the linear function, Y - a + ЬХ . Then Y = bX .
E(bx) - b ■ fux and var{bx)-b2a~x .

Exercises

L Find the mean and Standard deviation for each of the following 
probability distı ibutions.

b) 1 A' P(V
6 0.36
/ 0.26
8 0.21
9 0.17

X P{x)
0 0.12
1 0.27
2 0.43
Л 0.18

~L Given the following probability distribution. 
Find E(X),a' ,a

X P(x)
0 0.4
1 0.3
o 0.2
J 0.1

3,
Let x be the number of errors that a randomly selected page of a book
contains. The follovving table lists the probability distribution of л\

X 0 1 2 3 4
P(x) 0.73 0.16 0.06 0.04 0.01

Find the mean and Standard deviation.
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4. Suppose the probability function of a random variable X is given by the

formula P(x) = —  ■ — for x =2, 3, 4, 5
77 x

Calculate the rnean and Standard deviation of this distribution.

5. Given the two probability distributions

A' P(x) X P (x)
1 0.2 0 0.1

0.6 1 0.2
3 0.2 2 0.4

o
J 0.2
4 0.1

a) Verify that both distributions have the same mean.
bjCompare the tvvo Standard deviations.

6. An instant lottery tıcket costs $2. Out of a total of 10 000 tickets printed 
forthis lottery, 1000 tickets contain a prize of $5 each. 100 tickets have a 
prize of $10 each, 5 tickets have a prize of $1000 each, and 1 ticket has a 
prize of $5000. Let x be the random variable that denotes the net amount a 
player vvins by playing this lottery. Write the probability distribution of x  
Determine the mean and Standard deviation of x. How vvill you interpret the 
values of the mean and Standard deviation of xl
I A TV repairer estimates the probabilities for the number of hours required 
tocomplete somejob as follows:

Time taken (Hours) 1 2  3 4 5
Probability 0.05 0.2 0.35 0.3 0.1

a) Find the expected time to complete the job.
b) The TV repairer’s service ıs made up of tvvo parts- a tixed cost of $20, 
plus $2 for each hour taken to complete the job. Find the mean and Standard 
deviation of total cost.



8. Consider the follovving probability distribution for the random variable

X | P(x)
10 0.20
20 j 0.40
30 1 0.25
40 j 0.15

a) Find the expected value of X.
b) Find the variance and Standard deviation.
c) If Y -  ҺХ + 5, find the expected value, variance, and Standard deviation 
for Y.

Answers

f a )  1.67; 0.906; b) 7.19; 1.102; 2. 1; 1; 1; 3. 0.44; 0.852; 4.3.12; 1.09;
5. a) / / , = / / , =  2; b) <r, = 0.63; cr2 = 1.1 ;6. 1.6; 54.78; 7. a) 3.2; 
b) 26.4; 2.06; 8. a) 23.5; b) 92.75 and 9.63; c) 75.5; 834.75; 28.89.

3.4. Jointlv distributed discrete randoııı variable

Although the probability distributions studied so far have involved 
only one random variable, many decisions are based ııpon an analysis oftwo 
or moıe random variables. In problem situations that involve two or more 
random variables, the resulting probability distribution is referred to as a 
joint probability distribution.
Ехаіппіе:
The number of betvveen-meal snacks eaten by students in a day during final 
examinations week depeııds on the number of tests a student had to take on 
that day. The accompanying table shows joint probabilities, estimated from 
a survey.

Table 3.8
Number of 
snacks (F)

Number of tests (X) 
0 1 2

P(y)

0 0.05 0.08 0.09 0.22
1 0.07 0.09 0.11 0.27
2 0.11 0.04 0.10 0.25
3 0.08 0.07 0.11 0.26

P{x) 0.31 0.28 0.41 1.00
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Definition:
LetX and 7 be a pair of discrete randoın variables. Their joint probability 
function expresses the probability that simultaneously X  takes the specific 
value x and 7 takes the valuey, as a function ofx andy.
The notation used is PA Y(x,y) so,

P\.y (x, y) = P(X = x  глҮ -  y)
Ғогехатріе, T V (2,3) = 0.11. It means that, the probability that randomly
chosen student has 2 tests and eats 3 snacks is 0.11.
Definition:
LetA'and 7 be a pair ofjointly distributed random variables. The probability 
function of the random variable X  is called its margiııal probability 
function, denoted by Px (x) , and is obtained by summing the joint 
probabilities över ali possible vaiııes; that is 

Px W  = '£іҢ х ,у ).

Similarly, the marginal probability function of the random variable T is 
Py {}’) =]Г>(х,_у).

-V

Marginal probability' functions Px (x) and PY (y) are shown in the lower 
rowand the right column of the table 3.8.
For ехатріе, Px (x = 0) = 0.31 expresses the probability that, randomly 
chosen student has no tests is 0.31.
Pf(y = 2) = 0.25, expresses the probability that randomly chosen student
eats2 snacks is 0.25.

Properties of joint probability functions of discrete random variables

LetA'and Tbe a discrete random variables with joint probability function 
P\\r (a\ y) -Then
1. Px  y (x, y) > 0 for any pairs of x and y.
2-The sum of the joint probabilities P.: . (л. \ ) över ali possible pairs 

of values nıust be 1.



3.4.1. Conditional probability fuııction

Lel X and F'be a pair of jointlv distributed disc-rete random variables The 
conditional probability fuııction of the random variable Г, given that the 
raııdom variable X takes the value x. expresses the probability that Y takes 
the valuey, as a function ofy, when the value x ıs specified for.Y.
Thıs ıs denoted by PY/ Y (y i x ) , and defîned as

Py j  y  ( У  / X  )

PX W
Similarly, the conditional probability function of.Y, given Y~y is

Руу.гХ-У)Py  y ( X r )  = -
Pylr)

P) v (2 / f);

hor ехаіпріе, using the table 3.8, vve can compute the couclitıonal prubabiiift
of given that ү= I as

Py v (2.1) 0.04 1
(1)’ ~ 0.28 ~ 7

İt jneans, the probability that randomly chosen student vvho has 1 test ears2 
snacks is 1/7.
The probability of x = 2 , given that y  — 3 is

p  r : X ) - PJ ^ K 0 A l - U
x ” ’ ' / ’ ( ')  0.26 26

İt meaııs. the probability that randomly chosen student who eats 3 snacks has 
2 tests is 11/26.

3.4.2. Independcnce of jointlv distributed random variables 

Definition:
Let/Y and T be a pair ofjointly distributed discrete random variables. They 
are said to be independent if and only if their joint probability function is 
the prodııct of their marginal probability functions:

PX Y(x , y )  ı . i  I '  ı V I

for ali possıble pairs of vaJues x and y. Othervvise they are said to be 
dependent..
As an ехатріе, from table 3.8, let ,v =■ 1, y  -  2,



S 0.04 ^ 0.28 • 0.25,
fftınmher of eaten snacks and number of tests are not indepeııdent.
ШШ

3^3. Expected value of the function of jointly distributed 
'g random variables

lXand Fbea pairof discrete ıandonı variables wiıh probability 
Seti on P y y ( л . y ).
: mean of random varıable A’ ıs

/л ■■ ı.i.Yi ~Y^\ F{\)

i mean of random variable Y is
Uy ^  J ’-P(y)

'mean. or evpectation of any function g ( X . Y) of the random variables 
d Y is defined as;

£[g(X,  Y)} ^ X  Z! g(x’ Y) ' p (-x' •>') ■

’a ехатріе let us calculate meaııs of ,Y, Y. and g(X: Y) for the Ехатріе 
'e.
mean of is:
-E(X)  = ]T .v ■ P(x) = 0 ■ 0.31 + 1 ■ 0.28 + 2 ■ 0.41 = 0.28 -  0.82 = 1.1.

ans, on average vve expectthat each student eats 1.1 snacks per day 
hgfinal exaınmation week. 
mean of Y is:

,, ^E(Y) = J^yP(y)^M

0.22 + 1 • 0.27 + 2 ■ 0.25 + 3 ■ 0.26 = 0.27 + 0.5 a- 0.78 --1.55 
ans, on average, we expect that each student has 1.55 tests per dav 

7g final examination week.



3.4.4. Covariance

Suppose that X  and Lare pair of random variables and they are dependent, 
We use covariance to measure the nature and strength of the relationship 
between them.
Definition:
Let X  be a random variable with mean fix , and let ГЬе a random variable 
with mean jur .The expected value of (X - // y )(T -  цү) is called the 
covariance between X  and Y, denoted Cov(X. Y ) , defined as

Cov( X , Y) = E[{X -  ц х ){Y ~ ^ )] = Z  Z  O - М л Ху - М г )- Л*, У) ■
.T V

An equivalent expression for Cov(X,Y) is:

Cov(X, Y) = E(XY) -  fux ■ fjy = V  ^  \- • v ■ P(x,y) -  f i\  ■ fJy .
X  y

If Cov(X, Y)  is a positive. then there is a positive linear association between 
X and Y, if Cov{X, Y) is a negative value, then there is a negative linear 
association between Jfand Y. An expectation of 0 for Cov(X,Y) would 
imply an absence of linear association between X  and Y.
Let us calculate Cov(X,Y) for probability distribution shown in the 
table 3.8.
Using an equivalent expression for Cov(X. Y) yields:

Cov{X, f ) = Z  Z  A' ' '  P (x ' y ^_  Av ' Ey
.X v

Z Z  А' • )■’ • P(x,y) = 0 • 0 • 0.05 + 0 ■ 1 ■ 0.08 + 0 ■ 2 ■ 0.09 +
X  y

+1 • 0 ■ 0.07 + 1 -1 ■ 0.09 +1 •. 2 ■ 0.11 + 2 • 0 • 0.11 + 2 ■ 1 • 0.04 + 2 • 2 • 0.10 +
+ 3 • 0 ■ 0.08 + 3 • 1 • 0.07 + 3 ■ 2 ■ 0.11 = 0.09 + 0.22 + 0.08 +

+ 0.40 + 0.21 + 0.66 = 1.66 
Cov(X,Y) = ' £ J T x - y P ( x , y ) - Mx ■ Ey  =

X  y

= 1.66 -1.1-1.55 = 1.66 -1.705 = -0.045 
It means that there is a vveak negative association betweeıı number of tests 
taken a day during a final examination vveek and number of eaten snacks.
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E x e r c i s e s

1, Shown below is the joint probability distribution for two random variables 
/and Y, ________________________________________

X Y
5 10 Z

10 0.12 0.08 0.20
20 0.30 0.20 0.50
30 0.18 0.12 0.30i 0.60 0.40 1.00

a) Find PXY (10,10), PXY (30,5), and PXY (20,5).
b) Specify the marginal probability distributions forXand Y.
c) Compute the mean and variance for X and Y.
d) Are X and Y independent random variables? Justify your 
answer.

İThere is a relationship betvveen the number of lines in a newspaper 
advertisement for an apartment and the volüme of interest from the potential 
renters. Let volüme of interest be denoted by the random variable X, with the 
value 0 for little interest, 1 for moderate interest, and 2 for heavy interest.
Let Y be the number of lines in a newspaper. Their joint probabilities are 
shown in the table

Number of 
lines (У)

Volüme of interest (X) 
0 1 2

3 0.09 0.14 0.07
4 0.07 0.23 0.16
5 0.03 0.10 0.11

a) Find and interpret P v Y (2,4).
b) Find the joint cumulative probability function at A=2, 1—4, 
and interpret your result.
c) Find and interpret the conditional probability function for Y, 
given X=0.
d) Find and interpret the conditional probability function for A, 
given Y-4.
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e) If the randomly selected advertisement contains 5 lines, what is the 
probability that it has heavy interest from the potential renters?
f) Find expected nıunber of volüme of interest.
g) Find and interpret covariance betvveen X and Y.

h) A re the number of lines in the advertisement and volüme of interest 
independent of one another?
3. Students at a university vvere classified according to the years at the 
university ( X )  and number of visits to a museıım in the last vear.
(}'=0 tor no visits, 1 tor one visit, 2 for tvvo visits, 3 for more than tvvo 
visits). The accompanying table shows joint probabilities.

Number of 
visits (T)

Years at the university ( X )

1 2  3 * 4
0 0.06 0.08 0.07 0.02
1 0.08 0.07 0.06 0.01
2 0.05 0.05 0.12 0.02
3 0.03 0.06 0.18 0.04

a) Find and interpret P x  Y (4,3)
b) Find and interpret the meaıı number of  X.
c) Find and interpret the mean number of Y.
d) If the randomly selected student is a 2"a year student, what is the 
probability that he or she) visits museum at least 3 times?
e) If the randomly selected student has 1 visit to a museum, what is the 
probability that he (or she) is a 3ra year student?
f) Are number of visits to a museum and years at the university independent 
of each other?
T İt w as found that 20% of ali people both vvatehed the shovv regularly and 
could correctly identify the advertised product. Also, 27% of ali people 
regularly vvatched the shovv and 53% of ali people could correctly identify 
the advertised product. Define a pair of randorn variables as follovvs:

A=1 if regularly vvatch the shovv-; A-0 othervvise
Y = \  if product correctly identifıed; T=0 otherwise.

a) Find the joint probability function of Yand Y.
b) Find the coııditional probability' function of Қ given A=0.
c) If randomly selected person could identify the product correctly, what is 
the probability that he (or she) regularly vvatch the shovv?
d) Find and interpret the covariance betvveen A'and Y.
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A n s v v e rs

1. a) 0.08; 0. ] 8; 0.30; b) Px (10) = 0.20 ; Px (20) = 0.50 ; Px (30) -  0.30 :

/>.(5) = 0.60; PY (10) = 0.40; c) jux = 2l;ax =49;/vy =7; al =6; d) Yes;
2. a) 0.16; b) 0.76; c) P( 3 /0 ) = 9/19; /»(4/0) = 7/19 : /»(5/0) = 3/19; 
d) P(0 / 4) = 7 / 46; /»(1/4) = 1/2; /»(2/4) = 8/23; e) 11/24; f) S.15;
g)0.109; h) No; 3. a) 0.04; b) 2.39; c) ! .63; d) 3/13: e) 3/1 i; f)No;
4. &)PX y(0,Q ) = 0.40; Px y (0,1) = 0.33 ; />  ^(1,0) = 0.07 , Px y (1,1) - 0.20, 
b) Py x (0/ 0) = 40 / 73; Pyı r (1 / 0) = 33/73; c) 20/53: d) 0.057.

3.5. The binomial distribution

Anexperiment that satisfıes the foIlowing four conditions is called a 
binomial experiment:
1. There are n identical trials. İn other vvords, the given experiment is 
repeated n times. Ali these repetitions are performed under identical
conditions.
2. Each trial has two and only two outcomes. These outcomes are usually 
called a success and a failııre.
3. The probability' of success is denoted by p  and that of failııre by q, 
mip +  q =  1. The probabilitiesp  and q remain constant for each trial.
t. The trials are independent. İn other words, the outcome of one trial does 
not affect the outcome of another trial.
İtiş importaııt to note that one of the two outcomes of a trial is called a 
success and the other a failure. Note that a success does not mean that the 
corresponding outcome is considered favorable or desirable. Similarly. a 
failure does not necessarily referto an unfavorable or undesirable outcome. 
Success and failure simply the naınes used to denote the two possible 
outcomes of a trial.
The random variable x that represents the number of successes in n trial for a 
binomial experiment is called a binomial random variable.
Binomial formula:
Fora binomial experiment, the probability of exactlv x successes in n trials 
is given by the binomial formula:

P(x) = C'l ■ p x ■ qn'x
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where
n = total number of trials 
p = probability of success 
q = 1 -  p = probability of failure 
x - number of success in n trials 
n -  x — number of failures in n trials.

To find the probabi lity of.r successes in n trials for a binomial experiment, 
the only values needed are those of n and q. These are called the parameters 
of the binomial distribution or simply the binomial parameters.
Ехатціс:
A certain drug is effective in 30 per çent of the cases in which it has been 
prescribed. If a doctor is now administering this drug to four patients, what 
is the probability that it will be effective for at least three of the patients? 
Solutioıı:
We can consider the administı ation of the drug to each patient as a trial. 
Thus, this expeı iment has four trials. There are only tvvo outcomes for each 
trial: the drug is effective or the drug is not effective. The event 
“effective for at least three” can be broken down into two nnıtuaily 
exclusıve events (outcomes), “ effective for three or effective for four”.
If we use the term “success” mstead of "effective” we can say that

P (at least 3 successes) -P  (3 successes or 4 successes)=
=P (3 successes)+ P (4 successes)= P(x=3)+P(.\-4).

Now vve can find P(x = 3) and P(x = 4) separately. Since the drug ıs 
effective in 30% of the cases, we say that the probability that the drug is 
effective in any single case isp-03.
Hence, q = 1 — p = 0.7, then the equation of the particular binomial 
distribution is

P(x) = r f  • 0.3' • 0.74”'
Hence, we have

P(x = 3) + P{x = 4) -  C4 0.33 0.7’ i-C44 0.34 0.7° =0.0837. 
Practically interpreted, this number means that if the drug is administrated to 
10 000 sets of four patients, in about 837 of the 10 000 sets will be effective 
for at least three patients out of four.



hamide:
İt is knovvn from past data that despite ali efforts, 2% of the packages mailed 
through post office do not arrive at their destinations within the specified 
time. A Corporation mailed 10 packages through post office.
a) Find the probability that exactly one of these 10 packages will not arrive 
attlıis destination vvithin the specified time.
b) Find the probability that at ınost one of these 10 packages will not arrive 
attlıis destination within the specified time.
Solutions
Let us cali it a success it'a package does not arrive at its destination within 
the specified time and a failure if it does arrive vvithin the specified time.
Then

«=10; p=0.02; 4=0.98
a) For this paıt,

x = nıımber of sııccesses=l 
n-x = number of failures=10-l=9 

Substituting ali values in the binomial formula, we obtain:
P{x = 1) = C,10 • (0.02)1 (0.98)9 =0.1667.

Thus, there is a 0.1667 probability that exactly one of the 10 packages 
mailed vvill not arrive at its destination vvithin the specified time.
b) The probability' that at most one of the 10 packages vvill not arrive at its 
destination vvithin the specified time is given bv the sum of the probabi 1 ities 
of,x=0 and x=l. Thus,
P(x< 1) = P(x = 0) + P(x = 1) = C'0° ■ (0.02)° • (0.98)10 +

+ C,10 ■ (0.02)1 • (0.98)9 =0.8171 + 0.1667 = 0.9838.
Thus, the probability that at most one of the 10 packages vvill not arrive at its 
destination vvithin the specified time is 0.9838.

3.5.1. Mean and Standard deviation of the binomial distribution

The mean and Standard deviation for a binomial distribution are 
p - ı ı -  p  and a  = ~\n- p-  q ,

where
n-is the total number of tı ials,
/>is the probability of success, and 
q-is the probability of failure.



Ехатріе:
The probability that a certain rifleman vvill get a hit on anv given shot atthe

rifle range is — . If he fires one hundred shots, fınd the theoretica] mean and 10
Standard deviation o f x  the number of hits.

Solutioıı:
3 7

W e lıave // = 100; p ~  —  and q =  —  10 10
Then. by formııla, the mean is

/ı = np =100- — = 30 
10

and Standard deviation is

a = Jn ■ p ■ q - /100 • — • — -  v'21 = 4.583 .
v V ıo ıo

E.vercises

T Let v be a discrete random variable that possesses a binomial distribution. 
Using binomial form ula, fınd the î'ollovving probabi 1 iıies:

a) P(.v -■ 5) for 77~8 andp=0.60
b) P(x - 3) for 77=4 and /7=0.30
c) P(x-2) for 77=6 and/7=0.20

2. Determine the probability of getting:
a) exactly tlıree heads in 6 tosses of a fair coin;
b) at least 3 heads m 6 tosses of a fair coin.

3. A card is drawn from an ordinary pack of playing cards. and its süit 
(clubs. diamonds, hearts, spades) noted. then it is replaced. the pack is 
shuffled, and another card is drawn. Th i s is done ııntil four cards lıave been 
dravvıı.
a) What is the probability that two spades vvill be dravvıı in four dravvs?
b) What is the probability that at least two spades vvill be dravvn in four 
draws?
c) What is the probability that tvvo red cards vvill be dravvn in four dravvs?
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hat is the probability that at ıııost two red cards wi 11 be drawn in four
,s?
da particular universitv it has been found that 20% of the students 
ıdraw without completing the busıness statistics course. Assume that 
students have registered for the course.
’hat is the probability that two or fewer will vvithdravv? 
hat is the probability that exactly four vvill withdraw? 
hat is the probability that ınore thaıı three wj 11 withdraw? 
hat is the expected ııumber and Standard deviation of vvithdravvals? 

orthe binomial distri bution with n=4 and p-0.25 fin d the probability of
a) three or more successcs
b) at most three successes
c) two or more failures.

alculate the meaıı and Standard deviation of the binomial distribution

a) Л7— 16; /7=0.5
b) 77=25 ; /3=0.1
c )  n=-25; p= 0.9

p% of cars in the coııntry vvere at least 12 years old. Find the probability 
: in a random sanıple of 10 cars

a) exactly 4 are at least 12 years old:
b) exactly 2 are at least 12 years old:
c) none are at least 12 years old:
d) exactly 5 are at least 12 years oid.

uppose that. for a particular type of a cancer, treatment provides 
r more years survival rate of 80% if the disease could be deteeted at an 

y stage. Among 18 paticııts diagnosed to have tlıis form of cancer at an 
.y stage who are just starting this treatment, find the probability that 

urteen will survival beyond 5-years; 
x vvill die \vithin 5-years:

' e ııumber of patients sıırviving beyond 5-years \vill be betvveen 9 and 
fpclusive);
s’nd the expectation and Standard deviation of the ııumber of 5-vears 
f’ivors.
' is kııown that 3% of produced goods have some defeets. Eight of these
ds are seleeted randomly.
/hat is the probability that none of these goods are defeetive?
7hat is tlıe probability that one of these goods is defeetive?



c) What is the probability that at least tvvo of th'ese goods are defective?
10. A certain type of infection is spread by contact vvith an infected person. 
Let the probability that a healthy person gets the infection, in one contact, 
be /»=0.4.
a) An infected person has contact vvith five healthy persons. Specify the 
distribution o f X =  nuınber of persons who contact the infection.
b) Find P[X < 3]: P[X = 0]; and E[X\.
11. A salesman of home computers vvill contact four customers during a 
vveek. Each contact can result in either a sale, vvith probability 0.20, or no 
sale vvith probability 0.80. Assume that customer contacts are independent. 
LetX denotes the number of computers sold during the vveek.
a) Obtam the probability distribution of A'
b) Calculate the expected value of X

Ansvvers
JL a) 0.279; b) 0.076; c) 0.246; 2. a) 5/16; b) 21/32; 3. a) 0.211; b) 0.262;
c) 0.375: d) 0.688; 4. a) 0.2060; b) 0.2182; c) 0.5886; d) 4; 1.790;
5. a) 0.051; b) 0.996; c) 0.949; 6 jı)  8;2; b)2.5; 1.5; c) 22.5; 1.5;
7. a) 0.0773; b) 0.3010; c) 0.1216; d) 0.0218; 8. a) 0.215; b) 0.082; c) 0.283;
d) 14.4; 1.697; 9. a) 0.784; b) 0.194; c) 0.022; 10. a) binomial distribution 
vvith ;?=5;/>=0.4; b) 0.913; 0.078; 2; П. a) P(0)=0.4096; />(1)=0.4096; 
P(2)=0.1536; / >(3)=0.0256; P(4)=0.0016; b) 0.8;

136



3.6. The hypergeometric probability distribution

İn previous section, we have learned that one of the conditions reqııired to 
apply the binomial probability distribution is that the tıials are independeııt 
so that the probabilities of the tvvo outcomes (success and failure) remains 
constant. If the trials are not independent, we can not apply the binomial 
probability distribution to fınd probability o f*  successes in n trials. In such 
cases we replace the binomial distribution by the hypergeometric 
probability distribution. Such a case occurs when a sanıple is drawn 
without replacement from a finite population.
Pefınitioıı:
Let

IV-total number of elements in the population 
S = number of successes in the population 
N - S = number of failures in the population 
n = number of trials (sample size) 
x= number of successes in n trials 
n - x = number of failures in n trials.

The probability of* successes in n trials is giveıı by
S\ (N-S)\

p(x) = C f -С_~/ = Л'Қ2> ~ x)! ‘ (w ~ x)\-(N — S — n + *)!

C? ___ ili___n](N - n)\
Ехатріе:
Acompany has 12 employees who hold manageı ial positions. Of them.
1 are females and 5 are males. The company is planning to seııd 3 of tlıese 
12 managers to a conference. If 3 managers are randomly selected out 
of 12,

a) find the probability that ali 3 of them are female
b) fmd the probability that at most 1 of them is a female.

Solution:
Let the selection of a female be called a success and the selection of a male
becailed a failure.
a) From the given information,

İV==total number of managers in the population=12 
5= number of successes (females) in the population=7

137



A'TS-number of failures (males) in the population=5 
n= number of selections (sample size) =3 
jc= number of successes (females) in three selections =3 
n -  x = number of failures (maies) in three selections =0. 

Using the hypergeometı ic formula, we find
D, r , c? c„N:s e l - e l  35-ı P(x = 3) = -

e : e 220
- = 0.1591

Tluıs, the probabi I ity tlıat ail three of the seleeted managers are female 
is 0.1591.
b) The probability that at most one of them is a female is given by the sum 
of the probabilities that either none or one of the seleeted managers is a
female.
To fınd the probability that none of the seleeted managers is a female:

jV=12 
5=7 
N-S= 5

x=0
n-x=

P(x = 0) =
c: ■ cl m  ıo

c 220
= 0.0455

To find the probability that one of the seleeted managers is a female:
jV=T2 
S=7 
N-S=5
77=3 
л'=1 
n-x—2

P(x = 1) = 4  C:
c \2

7-10
220

■ 0.3182

lıı the end,
P(x <  1)  =  P(x =  0) +  P(x =  1) =  0.0455 +  0.3182 =  0.3637 .
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Exercises

L Let ^=14, S=6, and n=5. Using the hypergeometric probabi Iit> 
distribution formula, fınd
a) P(x = 4); b) P(x = 5); c) P(x < 1)

2. Let İV=16, S=10, and w=5. Using the hypergeometric probability 
distribution formula, fınd
a) P(x = 5); b) P(x -  0); c) P(x < 1)

İThere are 25 goods, 5 of which are defective. We randomly select 4 
goods. What is the probability that three of those four goods are 
nondefective and one is defective?
4. A committee of two members is to be formed from the list of 8 
candidates. Of the 8 candidates, 5 are management and 3 are economics 
department students. Find the probability that

a) both candidates are managers
b) neither of the candidates are managers
c) at ınost one of the candidates is a manager.

5. A company buys keyboards from another company. The keyboards are 
received in shipıııents of 100 boxes, each box containing 20 keyboards. The 
quality coııtrol department fırst randomly selects one box from each 
sbipment, and then randomly selects five keyboards from that box. The 
shipment is accepted if not more than one of the fıve keyboards is defective. 
The quality control inspector selects a box from a recently received 
shipment of keyboards. Unknovvn to the inspector, this box contains six 
defective keyboards.
a) What is the probability that this shipment \vill be accepted?
b) What is the probability that this shipment will not be accepted?

Answers

La) 0.0599; b) 0.0030; c) 0.2378; 2. a) 0.0577; b) 0.0014; e) 0.0357; 
i 0.4506; 4. a) 0.3571; b) 0.1071; c) 0.6429; 5. a) 0.5165; b) 0.4835.
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3.7.The Poisson probabiiity distribution

The Poisson probabiiity distribution, named after the French mathematician 
Siemon D. Poisson, is another important probabiiity distribution of a 
discrete random variable that has a large number of applications.
A Poisson probabiiity distribution is modeled according to certain
assumptions:

1. x is a discrete random variable;
2. The occurrences are random.
3. The occurrences are independent.

in the Poisson probabiiity distribution terminology, the average number of 
occurrences in an interval is denoted by A(Greek letter larnbda). Theactual 
number of occurrences in that interval is denoted by-v.

Poisson probabiiity distribution formula:
According to the Poisson probabiiity distribution, the probabiiity of x 
occurrences in an interval is

where
P(x) = the probabiiity of jc successes över an interval;
A = is the mean number of occurrences in that interval 
e = 2.71828 (the base of naturaI logarithms)

The mean and variance of the Poisson probabiiity distribution are: 
f.ıx =E (X )~Â  and a \  = E[{X - /u x)2] - X  .

Remark: As it is obvious from the Poisson probabiiity distribution formula, 
we need to know only the value Ato compute the probabiiity of any given 
value of a:. We can read the value of е 'я for a given A from Tablel of the 
Appendix.

Ғхатріе:
A Computer breaks down at an average of three times per month. Usingthe 
Poisson probabiiity distribution formula, find the probabiiity that duringthe 
next month this Computer w i 11 have
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a) exactly three bıeakdovvns;
b) at most one breakdovvn.

Solution:
Let A be the mean number of breakdowııs per ırıonth and x be the actual 
ııumber of breakdovvns observed during the next month for this Computer. 
Then A=3.
a)The probability that exactly three breakdowns will be observed during the
next month is

b) The probability that at most one breakdovvn w i 11 be observed during the 
next month is given by the sum of the probabi 1 ities of zero and one 
breakdown. Then
F(at most one breakdown) =  P(0 ot 1 breakdown) =  P(x =  0) +  P{x -  T) =

Ехатріе:
A car salesperson selis an average of 0.9 cars per day. Find the probability 
of selling
a) exactly 2
b) at least 3 cars per day
c) find the mean, variance and Standard deviation of selling cars per day. 
Solution:
Let A be the mean number of cars sold per day by this salesperson.
Letx be the number of cars sold by this salesperson. Hence, A =0.9

b) P(at least 3 cars sold) = P(x = 3) + ^(л' = 4) +
=1 ~P(x = 0) -  P(x = 1) -  P(x = 2) = 1 -  0.0406570 -  0.9 • 0.406570 -

-0.1647 = 0.0628.
c) /r = A = 0.9

о " = Я  = 0.9 and <t = Va =V0.9 =0.949.

= 0.049787 + 3 ■ 0.049787 = 0.1991.0! 1!

a) P(x = 2) = 0.92 • e~09 0.81 0.406570 = 0.1647
2! 2
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Exercises
1. Using the Poisson formula, find the following probabilities

a) P(x < 2) for Л — 3
b) P(x = 8) for Я = 5.3

1. Let x be a Poisson random vaı iable. Using the Poisson probabilities table. 
vvrite the probability distributioıı ofx for each of the following. Find the 
mean and Standard deviation for each of these probability distributions.

a) Я = 0.6 ; b) Я = 1.8
3. An average of 7.5 crimes are reported per dav to poliçe in a city. Usethe 
Poisson formula to find the probability that
a) exactly 3 crimes will be repoıted to a poliçe on a ceıtain day
b) at least 2 crimes will be reported to a poliçe on a certain day.
4. A mail-order company receives an average 1.3 complaints per day. Find 
the probability that it will receive

a) exactly 3 complaints
b) 2 to 3 complaints
c) more than 3 complaints
d) less than 3 complaints on a certain day.

5. An average of 4.5 customers come to the bank per half hour.
a) Find the probability that exactly 2 customers will come to this bank 
during a given hour;
b) Find the probability that during a given hour, the number of customers 
who will come to the bank is at most 2.
6. An average of 0.6 accidents occur per month at a large company.
a) Find the probability that no accident will occur at this company during a 
given month.
b) Find the mean, variance, and Standard deviation o f  the number o f  
accidents that wil! occur at this com pany during a given month.

Ansvvers

ha) 0.1991; b) 0.0771; 2. a ) =  0.6; cr = 0.7746; b ) / /  = 1.8; cr = 1.3416; 
3. a) 0.03888: b) 0.9953; 4  a) 0.0998; b) 0.3301; c) 0.0431; d) 0.8569;
5. a) 0.0050; b) 0.0062; 6. a) 0.5488; b) /t = 0.6; cr2 =0.6; er = 0.7746.



Chapter 4
Continuous random variables and their probability distributioııs 

4.1. Introduction

Upto this point, we have limited our discussion to probability distributioııs 
ofdiscrete random variables. Recall that a discrete random variable takes on 
only some isolated values, usually integers representing a count. We novv 
turn our attention to the probability distribution of a continuous random 
variable- one that can ideal 1> assunıe aııy value in an interval. V ariables 
measured on an underlying continuous scale, such as vveight, strength, life 
length, and temperature, have this feature.

Figüre 4.1 displays the histogram and 
polygon for some continuous data set.
Thesmoothed polygon is an approximation 
of the probability d istribution curve of the 
continuous random variable X. The 
probability distribution curve of a 
continuous random variable is also called 
itsprobability density function.

fhe probability density function, denoted by / (x) possesses the follovvıng 
chaıacteristics:
1. f(x)> 0 for ali jc.
2. The area under the probability density function f(x) över ali possible
values of the random variable X 
is equal to 1.
3. Let a and b be t\vo possible 
values of the random variable X, 
witha <b . Then the probability 
thatTlies betvveen a and b is the 
Ш  under the density function 
betvveen a and Z?.(Fig.4.2)
4. The cumulative distribution 
function F(x0) is the area under

f(x)

Fig.4.2. Shaded area is the probability 
that.Tlies betvveen a and b.
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the probability density function f ( x )  upto x0
xo

F(x0)= jf(x)dx
x n

vvhere xn is the minimum value of the random variable X.

4.2. Areas under continuous probability density functions

LetAbe a continuous random variable with probability density function 
f(x)  and cumulative distribution function F(x). Then:
1. The total area under the curve / (tc) is 1.
2. The area under the curve f(x) to the left of x0 is F(x0) ,  
vvhere Xq is any value that the random variable Acan take.
The area under the probability distribution curve of a continuous random 
variable betvveen any two points is betvveen 0 and 1, as shown in Figüre 4.

Shaded area is Shaded area is

Fig.4.3. Area under a Fig.4.4. Total area under a
curve betvveen two points probability distribution curve

The total area under the probability distribution curve of a continuous 
random variable is alvvays 1.0 or 100% as shovvn in Figüre 4.4.

Remark:
The probability that a continuous random variable x assumes a single 
value is alvvays zero.
This is because the area of a 1 ine, vvhich represents a single point, 
is zero. (Fig.4.5)
In general, if a and b are two of the values that A can assume, then,

P{a) = 0 and P{b) = 0.

Fig.4.5 Probability of a single value of te is zero

When determining the probability of an interval a to b, we need not be 
concerned if either or both end points are included in the interval. Since the 
probabilities of X  -  a and X  ~ b are both equal to 0.
P(a < X <b) = P(a < X  <b) = P(a < X  <b) = P(a < X  < b).

Exercises

L Which of the functions sketched in a-cl could be a probability density 
function for a continuous random variable? Why or why not?
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2. Determine the following probabilities from the curve f(x) diagrammedin 
exercise l(a).

a) P(0 < X < 0.5) b) P(0.5 < X < 1)
c)P(l.5<X<2) d) P(X = 1)

3. For the curve f(x) graphed in exercise l(c) which of the two intervais 
(0 < X < 0.5) or (1.5 < X < 2) is assigned a higher probability?
4. T he time it takes for a TV repair master to finish his job (in hoıırs) has a 
density function of the form

jc ( x - l ) (x - 2 )  ıf 1 < x < 2
/ ( v )  = j

(0 othenvise
a) Determine the constant c.
b) What is the probability tlıat a TV repair master vvill finish the job in less

than 75 minutes? Betvveen 1 * and 2 hoıırs?
2

5. Suppose that the loss in a certain investment, in thousands of dollars, is a 
contiııuous random variable X that has a density function of the form

... . |/r (2x -3x2) i f - l < x < 0
/  (*) = < л

[0 othenvise
a) Calcıılate the value of k.
b) Find the probability that the loss is at most $500.
6. Let the random variable .Thas probability densitv function

/(.v) = j 2 - x
jo

for 0 < x < 1 
for 1 < x < 2 
othenvise

a) Draw the probability density function
b) Show that the density function has the properties of a proper probability 
density function
c) Find the probability thatVtakes a value between 0.5 and 1.5.

Answers

2. a) 0.25; b) 0.25; c) 0.25; d) 0; 3. The interval 1.5 to 2 has higher 
probability; 4. a) -6; b) 5/32 ; 1/2; 5. a) -1/2; b) 3/16; 6, c) 0.75.
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4.3. The normal distribution

The normal distribution is one of the many probability distributions that a 
continuous random variable can possess. The normal distribution is the most 
important and most \videly used of ali the probability distributions. A large 
number of phenomena in the real world are ııormally distributed either 
exactly or appımimately.
The probability density function for a normally distributed random variable 
lis:

f ( x ) — ..... ..... [2,T ’ for -  OO < А' < co
V 2n er1

where ju and a 2 are any number such that -  co < // < co and 0 < a" < co. 
e=2.71828__and n - 3.14159... are constants.
Anormal probability distribution, vvhen plotted, gives a beil-shaped curve 
such that

1. The total area under the curve is 1.0.
2. The curve is symmetric about the mean.
3. The two tails of the curve e\tend iııdefınitely.

1. The total area under a normal curve is 1.0 or 100%, as shown 
in Figüre 4.6.

Fig.4 6. Total area under 
a normal curve

2. A normal curve is symmetric about the mean, as shovvn m figüre 4.7. 
Consequently 0.5 of the total area under a normal curve lies on the left side 
of the mean and 0.5 lies on the right side of the mean
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Each of tbe two shaded areas is 0.5

/u
Fig.4.7. A normal curve is symmetric 
about the mean

3. The tails of a normal distribution curve extend indefinitely in both 
directions without touching or Crossing the horizontal axis.

Although a normal curve never meets the horizontal axis, beyond the points 
repıesented by // -  3cr and /r + 3a it becomes so close to this axis that the 
area under the curve beyond these points in both directions can be taken as 
virtually zeıo. These areas are shown in Figüre 4.8.
Renıark:
There is not just one normal distribution curve but rather a family 
of normal distribution curves. Each different set of values of /./ and a gives 
a different normal distribution.
The value of // determines the çenter of a normal distribution on the 
horizontal axis. The three distribution curves dravvn in Figüre 4.9 have the 
same mean but different Standard deviatıons.

Each of the two shaded areas is verv close to zero

и-Ъо ц fu + 3a

Fig.4.8.
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Fig.4.9. Three normal distribution curves vvıth the same 
mean but different Standard deviations

The value of a gives the spread of the normal distribution curve. The three 
normal distribution curves in Figüre 4.10 have different means but the same 
Standard deviation.

Fig.4.10. Three normal distribution curves with different 
means but the same Standard deviation.

Properties of the normal distribution:
Suppose that the random variable Xfollows a normal distribution. Then the 
follovving properties hoId:
1. The mean of the random variable is fu :
2. The variance of the random variable is oL

Var(X)  = E ( X  -  fj.)2 = o~
3. By knovving the mean and Standard deviation (or variance) we can define 
the normal distribution by using the notation:

X ~ N ( / t , a 2)
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4.3.1. Cumulative distribution functioıı of the
normal distribution

Suppose thatA is a normal random variable with mean ц , and variancea2 

that is X ~ N(/u.ct2) .
Then the cumulative distribution function 

F(x0) = P(x < x0)
This is the area under the normal 
probabiliry density function to the left 
of ,T0as illustrated in Figüre 4.11.
As for any proper density function, 
the total area under the curve is 1. 
that is

F (-oo) = O and F(oo) = 1

Let a and b be tvvo possible values of A', vvith a<b.
Then

P(a < X < b) - F{b) - F(a)
The probability is the area under corresponding density function between 
a and b as shovvn in Figüre 4.12.

Fig.4.12, Shaded area indicates the 
probability that Jflies bet\veen a and b
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The Standard normal distribution is a special case of the normal 
distribution. The particular normal distribution that has a mean of 0 and a 
Standard deviation of 1 is called the Standard normal distribution. İt is 
customary to denote the Standard normal variable by T.
Definition:
The Standard normal distribution has a bell-shaped density with 

mean= /r = 0
Standard deviation=<r = 1

The Standard normal distribution is denoted byZ~ .'V(0, 1). (Fig.4.13)

4.4. The Standard normal distribution

Fig.4 13.The Standard normal curve

We will denote the cumulative distribution function of Z by F  (2), and for 
two numbers a  and b  with a < b

P(a <Z <b) = F(b) -  F(a)

Now let us see the procedure for fınding probabilities associated vvith a 
contiııuous random variable. We wish to determine the probabiiity of a 
random variable having a value in a specified interval from a  to b . Thus we 
have to find the area under the curve in the interval from a  to b . Finding 
areas under the Standard normal distribution curve appeaıs at fırst glance to 
be much more diffıcult. The mathematical technıque for obtaining these 
areas is beyond the scope of the text, but fortunately tables are available 
which provide the areas or probabiiity' values for the Standard normal 
distribution. The cumulative distribution function of the Standard normal
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distribution is tabulated in Table 2 in the Appendix. This table givesviüi
o f

F(x)  = P ( Z  < z) 

for nonnegative values of z.
For ехатріе the cumulative probabilitv for a Zvalııe of 1.13 from ТаЫеГ

F(l. 13) = 0.8708
Thisisthe area, shown in Figüre 4.14. for Z less than 1.13, 
Because of the symmetry of the normal distribution the probabilit) 
Z > -1.13 is also equal to 0.8708.
İn general, values of the cumulative distribution function for neg 
of ~ can be inferred using the symmetry of the probabilitv density 
To find the cumulative probabiIity for a negative z (for ехатріеі 
defıned as

Fig.4.15

F(-z..) = P(Z<~z„)=F{-2.25)
We use the complement of the probabilitv for Z - 
Figüre 4.15.From the symmetry we can see that

F(-2.25) = 1 -  P(Z <2.25) = 1 -  F(2.25) - 1T
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ч' can see that the area under the curve to the left of Z -  -2.25 is equal to 
. arealo the right of Z = 2.25 because of the symmetry of the normal 
• ıbution.

lumplc: Find P(Z>-1.35)
4 lütioıı:
êseethat because of the symmetry the probabiiity or area to the right of 

^Bg.4.16) is the same as the area to the left of 1.35 (Fig.4.1 7.)

(l .35 -1 0 I
Fig.4.16

0 : 1.35
Fig.4.17

iple:
P(z > -1.35) = P(z< 1.35) -  F( 1.35) = 0.9115.

m \ ariable Z follow a Standard normal distribution. The 
5 0.25 that Z is greater than vvhat number?

nnd such a point z0 that P ( Z >z n) ~ 0.25 . ( Fig.4. i 8 1 

<4 ; ıs 1-0.25=0.75.

F(z0) = 0.75 and z0=0.6"5. 
Ң? >0.675) -0.25.

0.25

Fig.4.18
-o
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Exercises

L Find the area under the Standard normal cun'e to the left of
a) z = 1.17 ; b) 2 = 0.16.;
c) r = —1.83; d) z = -2.3

2. Find the area under the Standard normal curve to the righı of
a)2=1.17; b)z =0.60;
c) z = -1.13; d) z = 1.55;

3. Find the area under the Standard normal curve över the interval
a) z =-0.65 to z = 0.65 ; b)z = -1 .04 to  z = 1.04;
c) z = 0.32 to z = 2.65; d) z = -0.755 to z = 1 .254(interpolate)

4. For the randorn variable 2  follows a Standard distribution, find
a) P(Z < 0.42); b) P(Z < -0.42);
c) P(Z > 1.69); d) P(Z > - 1 .69);
e) jP(—1.2 < Z < 2.1); f) P(0.5 < Z < 0.8);
g) P(-1.62 < Z < -0,51); h) P(Z <1.64);
ı) jp(-2.34 < Z < -1.09)

5. Find the z-value in each of the following cases:
a) P{Z <z) = 0.1736; b) P(Z > z) = 0.20;
c) P(-z < Z < z) = 0.8; d) P(-0.6 < Z < z) = 0.50

6. Let the randorn variable Z follow a Standard normal distribution.
a) The probability is 0.80 that Z is less than vvlıat number?
b) The probability is 0.35 that Z is less than what number?
c) The probability is 0.3 that Z is greater than v\ hat number?
d) The probability is 0.75 that Z is greater than what number?

Answers

L a) 0.8790; b) 0.5636; c) 0.0336; d) 0.0107; 2. a) 0.1210; b) 0.2743;
c) 0.8708; d) 0.0606; 3, a) 0.4844; b) 0.7016; c) 0.3705; d) 0.6700;
4, a) 0.6628; b) 0.3372; c) 0.0455; d) 0.9545; e) 0.8670; 0  0.0966;
g) 0.2524; h) 0.9495; i) 0.1283; 5. a) -0.94; b) 0.84; c) 1.28 and -1.28;
d) 0.755; 6. a) 0.842; b) -0.386; c) 0.524; d) -0.675.

154



4 .5 .  S t a n d a r d i z i n g  a  n o r m a l  d i s t r i b u t i o n

Fortunately, no new tables are required for probability calculations 
regarding the general normal distribııtions. Any normal distribution can be 
eonverted to the Standard normal by the follovving ıelation:

Let A be a normal ly distributed random variable vvith mean u and

variance a 2. Then random variable

where Z is the Standard normal random variable and F(z) denotes its 
cumulative distribution function.
Ехатріе:
If X~ N(12,4) find the probability thatty is greater than 16.
Solution:

The probability thatAassumes a value greater than 16 is given by the area 
underthe area under the normal curve to the right ofx  =16, as shovvn in 
Figüre 4.19.

Rule:

a

has a Standard normal distribution.
İtfollONvs that if a and b are any numbers vvith a < b, then

12 16

0 2

Fig.4.19. Finding P(A'>16)



Х - ц  _ 16-12 
o  2

-  = 2.00.

The required probability is given by the area to the right of z 2.00.

Ехашріе: . .
Let .T be a continuous random variable that has a normal distributıon wıth
ц  -  50 and a  = 8 . Find the probability P(30 < X  < 39).
Solution:
The probability P(30 <X<39)  is given by the area from x =30 to * -39 
underthe normal curve.(Fig.4.20)

P(30 < X  < 39) = P (-2.50 < Z < -1.38) = 0.9938 -  0.9162 = 0.0776•

—__H ) = P(Z > 2) = 1 -  F(2.00) = 1 -  0.9772 = 0.0228

16 12 50

-2.50 -1.38
Fig.4.20

The z-values corresponding to x  -30 and x -39 are

For.v=30; z =
30-50 2.50;

8

Ғогл' =39;
39-50 = -1.38.

8
We calculate:
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Ехатріе:
Thenumber of caiories i n  a  s a l a d  o n  t h e  lunch m e n ü  is normally distributed 
with mean ц  = 200 a n d  S t a n d a r d  d e v i a t i o n  u  -  5 . Find the probability that 
the salad you select will c o n t a i n

a) more tlıan 208 caiories;
b) betvveen 190 and 200 caiories.

Solution:

LettingJf denote the number of caiories in the salad. we have the 
standardized varıable

z = ̂ - 2 0 0  

5
2Q8 — ?00

a) P{X > 208) -  P{Z > ----- ------ ) = P(Z > 1.6) = 1 -  P(Z  < 1.6) =

= 1-0.9452 = 0.0548.

b) P ( \ %< X <  200) = P (İ9C— -  < Z < =

= P(-2.0 < Z <0) = F(0) -  F(-2.0) = 0.5 -  (1 -  F(2.0)) = 
=0,5 -1 + F (2.0) = 0.5 -1  + 0.9772 = 0.4772 .

Exercises

1-If 7/(80,16). find
a) P(X < 75); b) P(X>86);
c) F (73< X < 89); d )F (81<X <84)

2dfZis normally distributed with a mean of 30 and a Standard deviation 
°f 5, find

a) P(X < 26); b) P(X > 37);
c) F(20 < X  < 40); d) F(20 < A" < 40)

 ̂lfJhas a normal distribution with ,u = 150 and a  -  5. find b such that
a) P ( X  < 6) = 0.9920;
b) P ( X  > b )  -  0.0197 ;
c) P { X < b )  = 0.063
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4. Scores on a university entrance examination follow a normal distribution 
with a mean of 500 and a Standard deviation of 100. Find the probability that 
a student will score
a) över 650;
b) less than 250;
c) between 325 and 675;
d) If the university admits students who score över 670, what proportion of 
the student pool would be eligible for admission?
e) What should be the limit if only the top 15% are to be eligible?
5. Accordmg to the chıldren’s grovvth chart that doctors use as a reference, 
the heights of tvvo-year-old boys are nearly normally distributed with a mean 
of 85 cm inches and a Standard deviation of 5 cm. If a two year-old boy is 
selected at random, vvhat is the probability that he will be betvveen 75 cm 
and 92 cm tali?
6. The weights of apples served at a restaurant are normally distributed with 
a mean of 125 gıams and Standard deviation of 8 gıams. What ıs the 
probability that the next person served will be given an apple that weights 
less than 120 grams?
7. The National bank is revievving its service clıarge and interest-paying 
policies on checking accounts. The bank has found that the aveıage daily 
balance on personal checking accounts is $55000, with a Standard deviation 
of $15000. İn addition, the average daily balances have been found to be 
normally distributed.
a) What percentage of personal checking accoıınt cııstomers carıy average 
daily balances in excess of $80000?
b) What percentage of the bank’s customers carry daily balances below 
$20000?
c) What percentage of the bank’s customer carry average daily balances 
betweeıı $30000 and $70000?
d) The bank is considering paying interest to customers carrying average 
daily balances in excess of a certain amount. If the bank does not \vantto 
pay interest to more than 5% of its customers, vvhat is the minimum average 
daily balance it should be vvilling to pay interest on?
8. The sales of high-bright toothpaste are believed to be approvimately 
normally distributed, with a mean of 10 000 tubes per week and a Standard 
deviation of 1500 tubes per vveek.
a) What is the probability7 that more than 12000 tubes vvill be sold in any 
given vveek?
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b) İn order to have a 0.95 probabiiity that the company wi11 have sufficient 
stockto cover the weekly demand, how many tubes should be produced?
9. The attendance at football gaırıes at a certain stadium is norm ally  
distributed, vvith a mean of 45000 and a Standard deviation of 3000.
a) What percentage of the time should attendance be between 44000 and 
48000?
b) What is the probabiiity of exceeding 50000?
c) Eighty percent of the time the attendance should be at least how many?
10. The lifetim e o f  a coloı- television  picture tube is norm ally distributed, 
ttith a mean o f  7.8 years and a Standard deviation o f  2 years.
a) What is the probabiiity that a picture tube wi11 last more than 10 years?
b) Tf the fimi guarantees the picture tube for 2 years. what percentage of the 
television sets sold will have to be replaced becaııse of picture tube failuı e?
c) Ifthe fırm is vvilling to replace the picture tubes in a maximum of 1 % of 
the television set sold, what guarantee period can be offered for the 
television picture tubes?
İL It is estimated that the scores on the university entrance test are 
distributed normally vvith mean of 80 and Standard deviation of 5.
a) For a randomly chosen participant taking this test, what is the probabiiity 
ofascore more than 72?
b) For a randomly chosen participant taking this test, vvhat is the probabiiity 
ofascore betvveen 73 and 85?
c) What is the minimum score needed in order to be in the top 5% of ali 
participaııts taking this test?
d) Miat is the minimum score is needed to enterto the university if only the 
best 70% of ali participants vvill pass this test?
e) Two participants are chosen at random. What is the probabiiity that at 
least one of them scores more than 85?

Ansvvers

L a) 0.1056; b) 0.0668; c) 0.9477; d) 0.2426; 2. a) 0.2119; b) 0.0808:
0.9544; d) 0.9544; 3. a) 162.05: b) 160.3; c) 142.35; 4, a) 0.0668;
'0.0062; c) 0.9198; d) 4.46%; e) 603.6; 5. 0.8964; 6. 0.266; 7. a) 4.75% ; 
b) 0.99%; c) 79.38%; d) $79675; 8. a) 0.0918; b) 12468; 9. a) 0.4706;

0.0475; c) 42450; 10. a) 0.1357; b) 0.19%; c) 3.14 years or approximately 
vears; İri a) 0.9452; b) 0.7605; c) 88.225: d) 77.375; e) 0.2922.
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4.6. The normal distribution approximation to the binonıial 
distribution

Whenever the number of trials in a binomial experiment is sınall it is easy to 
fınd probabilities of the vaıious values of x, the number of successes, by 
ıısing formula

As the number of trials increases, hovvever, the effort involved in answering 
questions about probabilities associated with the experiment quickly 
becomes laborious.
For instance, suppose that we want to know the probability that in fıfteen 
tosses of a fair coin we toss at ieast nine heads. You will undoubtedly agree 
that n =15 is not a large number of trials. Hotvever, in order to fmd P(x>9) 
we say

P(x > 9 ) = P (x=9 or 10 or 11 or 12 or 13 or 14 or 15) =

So we have seven probabilities to compute, after vvhich we rnust performthe 
addition. This is not practically diffıcult, but it takes a fair amount of time. 
To fmd orıly one of these probabilities, for ехатріе, we have

101-5! 1 • 2 • 3 • 4 ■ 5
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Therefore

---------0 .092 .
32768

Thus, you see that if we were to calculate other six such probabilities we 
would expend a considerable amount of time and eneı gy.
İn such cases, the normal distribution can be used to approximate the 
binomia! probability. Note that, for a binomial problem, the exact 
probability is obtained by using the binomial formula. If we apply the 
normal distribution to solve a binomial problem, the probability that we 
obtain is an approximation to the exact probability. 
hamule:
Accordingto an estimate, 50% of the people have at least one credit card. If 
arandom sanıpie of 30 persons is taken, what is the probability 19 of them 
will have at least one credit card?
Solutioıı:
Letn be the total number of persons in the sample, x be the number of 
persons in the sample who have at least one credit card, and p be the 
probability that a person has at least one credit card. Then, this is a binomial 
problem with

Using the binomial formula, the exact probability that 19 persons in a 
sample of 30 have at least one credit card is 

P(.r-19) = C,3g0 0.519 -0.5" =0.0509 
N'ow let us solve this problem using the normal distribution as an 
approximation to the binomial distribution. For this ехатріе, 

n ■ p = 30 ■ 0.5 = 15 and 
n-  p ■ q-l .5 .

mg the nonnal distribution as an approximation to the binomial involves 
e follovving steps:
Як

m p u te  p and o for the binomial distribution.
nıse the normal distribution, we need to knowthe mean and Standard
; iation of the distribution. Hence. the first step in using the normal

p =0.50; q - 1 -  p = 0.50 ;
n - x  = 3 0 - 1 9  = 11.and
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approximation to the binomial distribution is to compute the mean and 
Standard deviation of the binomial distribution. As we knovv the mean and 
Standard deviation of the binomial distribution are given by

ju = ıı ■ p and a -sjn ■ p ■ q .
Using tlıese formulas, \ve obtain 

p-np — 30 • 0.50 -1 5 ;

a  = fn ~ p - q  = V30 ■ 0.5 ■ 0.5 =  2.74.
Steu2:Convert the discrete random variable to a continuous random variable. 
The normal distribution applies to a continuous random variable, whereas 
the binomial distribution applies to a discrete random variable. The second 
step is to convert the discrete random variable to a continuous random 
variable by making the correction for continuity.
To rnake the correction for continuity, \ve use the interval 18.5 to 19.5 for 19 
persons.
Sler>3:Conıpute the requiredprobability using the normu/ distribution.
The area under the normal curve beriveen x =18.5 and:r=19.5 wi 11 give us
the (approximate) probability that 19 persons possess at least one credit
card. We calculate tlıis probability as follows:

TJ _ ,o  .  18.5-15For *=18.5: z = ----------- = 1.28;
2.74

19 5 - 15
For*-19.5; z — ———— —— = 1.64 .

2.74

The required probability is given by the area under the Standard normal
curve beriveen z =1.28 and z =1.64. (Fig 4.21).

0 1.28 1.64 
Fig.4.21

162



/>(18.5 < x ^ 19 5) = P(  1.28 < z < 1.64) -  0.9495 -  0.8997 -  0.0498.

Thus, based on the normal approximation, the probability that 19 persons in 
asample of 30 wi 11 possess at least one credit card is approximately 0.0498. 
Earlier, using the binomial formula, \ve obtained the exact probability 
0.0509. The error due to using the normal approximation is 
0.0509 -  0.498 = 0.001 1. Thus. the exact probability is ıınderestimated by 
0.0011 ifthe normal approximation is used.
Defıııitioıı:
Let x be the number of successes from n independent trials. each with 
probability of stıccess p.  Then number of successes. x, is a binomial randöm 
variable and if n ■ p  ■ q > 9 (where q = 1 -  p  ) a good approximation is

The re q u ire d  p r o b a b i l i ty  is

opif 5 < n ■ p  ■ q < 9 we can use the continuity correction factor to obtain

where Z is a Standard normal random variable. 
hample:
LetJhave a binomial distribution with p =0.6 and n =150. Approxiınate the 
probability that

a) x lies betvveen 82 and 101;
b) x is gıeater than 97.

Vılution:
>шп- p ■ q = 150 ■ 0.6 ■ 0.4 = 36 > 9 , then w e vvill use appımimation 
•vithout using the continuity correction.
'incen ■ p- 90, a  = ̂ n- p  ■ q = v' 36 = 6 vve obtain:

[ y j n p - q  J n - p q
(4.1)

4 P(82 < X < 101) = P{ — - —  < Z <
6
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= Ғ(1.83) -  (1 -  Ғ( 1.33)) = Ғ( 1.83) -1  + Ғ(1.33) = 
= 0.9664 -1  + 0.9082 = 0.8746 .

97 -  90
Ь) Р(х > 97) = P(Z > - ) = P(Z > 1.17) =

6
= 1 -  Ғ(1.17) = 1-0.8790 = 0.1210.

Ехапіріе:
A large-scale survey conducted two years ago revealed that 30% of the adıılt 
population vvere regular users of alcoholic beverages. If this is stili the 
current rate, what is the probability that in a ran d om sample of 40 adults the 
number of users of alcoholic beverages will be

a) less than 15
b) 10 or nıore?

Soltıtion:
For this ехатріе

/7=40, p- 0.3; q~ 0.7.
Since n ■ p ■ q = 40 • 0,3 • 0.7 = 8.4 < 9 we ımıst use continuity correction 
factor to obtain necessary probabilities.

The probability that 15 out of 40 adults use alcoholic beverages regularly 
is 0.8869.

f. For a binomial probability distribution, n =80 andp =0.50. Let x be the 
number of successes in 80 trials.
a) Find the mean and Standard deviation of the binomial distribution.
b) Find P(.v>37)usingthe normal approximation.
c) Find P{41 <x<, 44) using the normal approximatioıı
2. For a binomial probability distribution, /7 = 120 and p =0.6. Let x be the 
number of successes in 120 trials.
a) Find the mean and Standard deviation of the binomial distribution.

a) P(x < 15) = P{Z <
V40 • 0.3 • 0.7
15 + 0 .5 -12 ) = P(Z < —) = P(Z<\ .21) = 0.8869. 

2.9

b) P(x > 10) = P(Z >
V40 • 0.3 • 0.7

= P{Z > -0.86) = F(0.86) = 0.8051.

Exercises
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b) Find P(x < 70) using the normal approximation.
c) Find P(67 < x < 71) using the normal approxiınation
3. Find the fo!lowing binomial probabilities using the normal approximation

a) n =70; />=0.30; P(x = 18)
b) n =200; p =0.70; P(133<x<145)
c )  /7=40; p- 0.25; P(x>12)
d) n =50; /7=0.10; P(x<7)

4. According to the statistics, 19% of cars in the city were at least 12 years 
old in 2004. Assume that this resıılt holds true for the current population of 
ali cars in the city. Random sample of 500 cars are selected at random. Find 
the probability that
a) exactly 92 cars are at least 12 years old.
b) l 00 or more cars are at least 12 years old
e) 90 to 98 cars are at least 12 years old?
5. Accordingjo a survey, 30% of credit card holders pay off their balances 
infull each month. Assume that this resıılt holds true for the current 
population of credit card holders.
a) Find the probability that in a random sample of 400 credit card holders, 
exactlv 125 pay off their balances in full each month.
b) Find the probability that in a random sample of 400 credit card holders, at 
least 110 pay off their balances in full each month.
c) What is the probability that in a random sample of 400 credit card 
holders, 115 to 130 pay off their balances in full each month?
6. A fast food chain store conducted a taste survey before marketing a ne\v 
hamburger. The results of the survey showed that 70% of the people vvho 
tried this hamburger liked it. Encouraged by this resıılt, the company 
decided to market the new hamburger. Assume that 70% of ali people lilce 
this hamburger. On a certain day, 40 customers bought this hamburger.
a) Find the probability that exact!y 32 of the 40 customers wi 11 like this 
hamburger.
b) What is the probability that 25 or less of the 40 customers wi 11 like this 
hamburger?
c) What is the probability that 31 to 34 of the 40 customers wi 11 like this 
hamburger?
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7. According to a survey, 20.8% of the Iawyers and judges are women.
a) Find the probability that in a random sample of 200 lawyers and judges, 
exactly 35 are women.
b) Find the probability that in a random sample of 200 !awyers and judges, 
at most 45 are vvomen.
c) What is the probability that in a random sample of 200 lawyers and 
judges, 43 to 50 are women?
8. Of the customers visiting the stereo section of a large electronic store, 
only 25% make a purchase. If 45 customers visit the stereo section 
tomorrovv, find the probability' that more than 10 wi 11 make a purchase.
9. The unemployment rate in a city is 7.9%. A sample of 100 persons is 
selected from the labor force. Approximate the probability that
a) less than 11 unemployed persons are in the sample
b) more than 9 unemployed persons are in the sample.
c) between 8 and 12 unemployed persons are in the sample.

Answers

JL a) ц = 4 0 ; cr = 4.472 ; b) 0.7486; c) 0.2262; 2. a) ц = 72 ; a = 5.367; 
b) 0.3557; c) 0.2485; 3. a) 0.0764; b) 0.6393; c) 0.2912; d) 0.8810;
4. a) 0.0413: b) 0.2843; c) 0.3488; 5. a) 0.0378; b) 0.8621; c) 0.5709;
6, a) 0.0525; b) 0.1949; c) 0.1824; 7, a) 0.0371; b) 0.7224; c) 0.3331;



4.7. The exponential probability distribution

The exponential probability distribution is another important probability 
density function. This probability distribution is closely related to the 
Poisson probability distribution.
The exponential probability distribution has only one parameterX, which 
denotes the average number of occurı ences per unit of time.
Remark:
The exponential distribution differs from the normal distribution in tvvo 
important way

1. it is restricted to random variables with positive values;
2. its distribution is not symmetric.

Definition:
The exponential random variable X(x>0) has a probability density function

f(x) = Л ■ e~Âl for x > 0
where Я is the mean number of occurrences per unit time, x is the number 
oftime ıınits until the next occurrence, and e = 2.71828...., then Xis said to 
follow an exponential probability distribution. İt can be shown that Л is 
tlıesame parameter used for the Poisson distribution and that the mean time 
betvveen occurrences is i/Л . 
îhecumulative distribution function is 

F(x) = 1 -  e~" for x > 0 

The distribution has mean 1 i Л and variance 1 / Л2.

'Probability P(x > a) for the exponential probability distribution is given 
area in the tail of the exponential probability distribution curve 

yond x~a, as it shown in Figüre 4.22,



As vve know from earlier discussion, for a continuous random variable 
P(x > a) is equal to P(x > a) . Hence for an exponential probability 
distribution,

P(x>a)-P(x > а) = е_д<1

By ıısing the complementary probability rule, we obtain:

P ( x < a ) - l - P ( x  > а) = 1 - е~Лл

Tlıe probability that the л is between two successive occurıences is in the 
ınterval “a" to “b” ıs

P(a<x<b)  = P ( x< b ) -P ( x< a )  = ( l - e ”̂ ) - ( l - e -A,) =

= l - e ""-l + e~** =e-*-e'™.
Pı obabilities for the exponential probability distribution.

For the exponential probability distribution with the mean number of 
occurrences per unit of time equal to Я,

Р(х>а) = е~Ла

P(x <a) = l - e ~^
P( a< x < b ) =  e '*  - е~яь.

К хатц іе :

A processing machine breaks down an average of önce in four vveeks. What 
is the probability that the next breakdown will not occur for at least six 
vveeks after the previous breakdovvn? Assume that the time betvveen 
breakdowns has an expoııential distribution.
Solution:
Let x denote the lapse time betvveen any two successive breakdovvns of this 
machine. We are to fınd the probability 

P(x > 6 weeks)
Because the unit of time forx is in the vveeks, vve must define the mean 
number of breakdovvns Я per vveek. Since there is one breakdovvn in four
vveeks,
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A = the rnean number of breakdovvns per week = — = 0.25 .

The required probabi i ity is calculated ıısing the formula P(x > a ) - e ' .
İn our ехатріе, A = 0.25 and a - 6 weeks. The required probability is

P(x > 6 weeks) = e -0'25’6 = e~hS =0.2231.

The value of e"1'3 can be found from the Table 1 of the Appendix.
Evample:
A teller at the bank serves, on average, 30 customers per hour. Assume that 
the service time for a customer has an exponential distribution.
a) What is the probability that the next customer vvill take fıve minutes or 
more to be served?
b) Find the probability that the next customer vvill take tvvo minutes or less 
tobe served.
c) What is the probability the next customer vvill take tvvo to four minutes to 
be served?
Solution:
let.v be the time taken by this teller to serve a customer. We must find the 
mean number of customers served per nıinute by this teller to define X per 
unit oftime (minute). The teller serves on average 30 customers per 60 
minutes. Hence

2=30/60=0.5 customers served per minute. 
a)We need to find the probability P(x>5). (Fig. 4.23.)
İn this case a =5.

Fig.4.23. The probability for F’(x>5)

A>5) = e /lö = e”0,5:5 = e -2'5 =0.082085 = 0.0821
ıeprobability is 0.0821 that a customer vvill take more than five minutes

J be served.
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b) We are to find P(x < 2). This probability will be calculated using the

formula P(x < 2) = 1 -  . In this case a = 2 minutes.
So

P(x < 2) = 1 -  P(x > 2) = 1 -  ё~Х а = 1 -  e -0'5'2 -  

= 1 -  e~'° = 1 -  0.367879 = 0.6321.
Thus, the probability is 0.6321 that a customer w i 11 be served in two minutes 
or less.

c )  P(2 < x  <  4) =  P(x > 2)  - P(x > 4 )  =  e ' 0'5'2 -  <Г0'5'4 =

-  е~' - e~2 = 0.367879 -  0.135335 -  0.2325.

Thus, the probability that the teller will take two to four minutes to serve a 
customer is 0.2325.

Exercises

L Let x be a continuous random variable that possesses an exponential 
probability distribution with X = 1.0 . Find the following probabilities

a) P(x > 3); b) P(x < 4) ; c) P(2 < x < 6)
2. The life of a pie is exponentially distributed with a mean of three days. 
What is the probability that a pie that is baked just now will stili be good 
after four days?
3. At the süpermarket, a customer has to wait an average of four minutes in 
line before being served. The time a customer has to wait is exponentially 
distributed.
a) What is the probability that a customer will have to wait for more than 
eight minutes in line?
b) What is the probability that a customer will have to wait for three to seven 
minutes in line?
4. On average, 20 telephone calls are received per hour at an office. The 
time between calls received at this office is e.vponentially distributed.
a) What is the probability that no calls will come in during the next 10 
minutes?
b) What is the probability that the next cali will come in within 4 minutes?



5. Aysel vvorks for a toy company and assembles five toys per hour on 
average. The assembly time for this toy follovvs an exponential distribution.
a) Find the probability that the next toy vvill take more than 15 minutes to 
assemble.
b) What is the probability that the next toy vvill take less than 8 minutes to 
assemble?
c) What is the probability that the next toy vvill take 10 to 16 minutes to 
assemble?
kAstudent, vvorking in a part time job, selis life insurance policies. The 
pastdata show that he (she) selis, on an average, 10 life insurance policies 
per4-week period. Assume that the time betvveen successive sales of life 
insurance policies by student has an exponential distribution.
a) What is the probability that the next life insurance policy will not be sold 
fortwo vveeks?
b) What is the probability that the next life insurance policy vvill be sold 
within oııe week?
AVhat is the probability that the next life insurance policy vvill sold in one 
totvvo weeks?

Ansvvers

La)0.0498; b) 0.9817; c) 0.1329; 2. 0.2725; 3. a) 0.1353; b) 0.2986;
La)0.0369; b) 0.7275; 5. a) 0.2725; b) 0.5034; c) 0.1768; 6. a) 0.0067; 
b)0.9179; c) 0.0754.
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5.1. Sampling and sanıpling distributions

Suppose that we want to select a sample of n objects from a population 
of N objects.
A simple random saınple is selected such that every object has an equal 
probability of being selected and the objects are selected independently- 
the selection of one object does not change the probability of selecting any 
other objects.
Tt is important that a sample represents the population as a whole. Tf a 
ntarketing manager wants to assess reactions to a new food product, she 
would not sample oııly her friends and neighbors. People must be selected 
raııdomly and independently. Random selection is oıır insıırance policy 
against allowing personal influence the selection.
We use sample information to make inferences about the parent population. 
The distribution of ali values of interest in this population can be represented 
by a random variable. It would be too ambitious to attempt to describe the 
eııtire population distribution based on a small random sample of 
observations. Hovvever, we may well be able to make quite fırm inferences 
about important characteristics of the population distribution, such as the 
population mean and variance.
Sampling distribution:

The probability distribution of xis called its sampling distribution. It lists

the various values that xcan assume and the probability for each value ofr 
In general, the probability' distribution of a sample statistic is called its 
sampling distribution.
Let us consider sampling distribution in ехатріе.
Ехатріе:
Suppose that there are oııly five employees working for a small company. 
The following data give the annual salaries (in thousands of dollars) of these 
employees:

17; 24; 35; 35; 43

Let X  denote the annual salary of an employee. We can write the f r e q u e n c \  
distribution of annual salaries as in table 5.1

Chapter 5. Sampling distributions
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Т а Ы е З . І Т а Ы е  5 .2

2L. X  \Р(Х)
17 1
24 1
35 2
43 1

17 ; 1/5=0.2
24 1/5=0.2
35 2/5=0.4
43 1 /5=0.2

Population freqııency 
distribution

Population
probability distribution

Dividing the frequencies of classes by the population size we obtain the 
relative frequencies, which can be used as probabilities of those classes. 
Table 5.2, which lists the probabilities of various X  values, presents the 
probability distribution of the population,
Now, let us consider ali possible samples of three salaries each, that can be 
selected, without replacement, from the population. The total number of 
possible samples, given by the combination

< 5!Total number of samples= C\ = —— = 10 .

Suppose we assigns letters A, B, C, D, and E to the salaries of fıve 
employees so that

A=17; B=24; C=35; D=35; E=43.

Then 10 possible samples of three salaries are

ftıese 10 samples and their respective means are listed in Table 5.3. 
te that the values of means of samples in Table 5.3 are rounded to two 

-tcimal places.

3!-2!

ABD.
BCD,

AB E, 
BCE,

ACD,
BDE,

ACE,
CDE.
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Table 5.3
Sample Salaı ies in the 

sample X
ABC 17, 24,35 25.33
ABD 17. 24,35 25.33
ABE 17, 24, 43 28.00
ACD 17,35,35 29.00
ACE 17,35,43 31.67
ADE 17,35,43 31.67
BCD 24,35,35 31.33
BCE 24,-35, 43 34.00
BDE 24, 35, 43 34.00
CDE 35,35,43 37.67

Aii possible samples and 
their means when the saınple size is 3.

By using the values of Xgiven in Table 5.3, we record the frequency

distributiön of X in Table 5.4.
Table 5.4

X /
25.33
28.00 1
29.00 1
31.33 1
31.67
34.00 2
37.67 1

Frequencv distributiön of X 
when the saınple size is 3.

By dividing the frequeııcies of vaıioııs vales of X by the sum of  ̂
frequencies, we obtain the relative frequencies of classes, which can be u5t 
as pıobabilities of classes. These probabilities are listed in Table 5.5.
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This table gives the sampling distribution ofX.
Table5.5.

X P(X)
25.33 2/10=0.20

i 28.00 1/10=0.10
; 29.00 1/10=0.10
j 31.33 1/10=0.10
1 31.67 2/10=0.20

34.00 2/10=0.20
37.67 1/10=0.10

£ > ( * )  = 1.0 :

Sampling distribution of X 
vvlıen the sample size is 3.

If we draw just one sample of thıee salaries from the population of flve 
salaries, we may draw any of 10 possible samples. Hence, the sample mean

Ican assume any of the values listed in Table 5.5 with the corresponding 
probability. This probability function is graphed in Figüre 5.1. For ехатріе, 
the probability that the mean of a randomly drawn sample of three salaries is 
31.67 is 0.20. This can be written as

Fig 5.1. Probability function of. sampling distribution for means of 
samples of three observations selected from the population 
of 17. 24,35.35,43
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5.1.1. Mean and Standard deviation of X
The mean and Standard deviation calculated for the sampling distribution of

X are called the mean and Standard deviation o f  X and denoted by 
/.i and cr _ respectively.

Let us calculate the mean o f the 10 values o f X listed in Table 5.3.

25.33 + 25.33 + 28.00 + 29.00 + 31.67 + 31.67 + 31.33 + 34 + 34 + 37.67

Alternatively, we can calculate the mean of the sampling distribution of X 
listed in Table 5.5 as

=  X- P(X) =  25.33 ■ 0.2 +  28 • 0 . 1 +  29 • 0.1 +  31.33 ■ 0 . 1 +  31.67 ■ 0.2 +

+  34 0.2+ 37.67 - 0.1 =  30 . 80 .

Now let us calculate the mean of population: the annual salaries of ali five 
eınployees:

The mean of the sampling distribution of X always equal to the mean of the 
population.
Mean of the sampling distribution:

The mean of the sampling distribution of A" is equal to the mean of the 
population.
Hence

10

10

x

17 + 24 + 35 + 35 + 43 154---- = 30.80
5M = 5
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Hence, if we take ali possible samples (of the same size) from a population

and calculate their means, the mean X of ali these sample means wi 11 be the 
same as the population mean.

The sample mean X is called an estimator of the population mean /u, When 
theexpected value (or mean) of a sample statistic is equal to the value of the 
corresponding population mean, that sample statistic is said to be an

unbiased estimator. For the sample теап Х , /л -Ц- Hence, X is an

ıınbiased estimator o f  / t .

Let us talk about population Standard deviation and Standard deviation o f  the 

sampling distribution o f  X .
First, let us fınd Standard deviation of salaries of five employees.
We wil! use

x

to obtain Standard deviation of population.

\(17 — 30.8)2 + (24-30.8)2 +(35-30.8)2 +(35-30.8)2 +(43-30.8)2
5

1.44 + 46.24 + 17.64 + 17.64 + 144.84 420.8 л—

Now let us calculate the value o f  a

Wewill use formula

'e obtain
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С Г _  = ^ ( 2 5 . 3 3 ) 2 -0.2 + (28)2 • 0.1 + ... +  (37.67)2 ■ 0.1 -(30.80)2 =

=  ^ 028.32 +  78.4 +  84.1 +  98.16 +  200.6 +  231.2 + 141.90) -  948.64 =

= V962-68 -  948.64 = л/Ш)4 = 3.747.

As w e see, the Standard deviation a  o f  A" is not equal to the Standard

deviation a  of the population distribution. The Standard deviation of A is 
equal to the Standard deviation of the population divided by the square root 
of the sanıple size.

That is, a  ■==
x Jn

We also cali a  as a Standard error of X .
x

We use the above formula for Standard error if the sample size is a small in 
comparison to the population size. The sample size is considered to be small 
compared to the population size if the sample size is equal to or less than 5% 
of the population size, that is, if

n/iV< 0.05
If this condition does not satisfied, we use the follovving formula to
calculate a _ .

x

o İ N  - n
a  = - = = - . . / -----------
x J ı ^ İN - 1

N - n
The terin J — —-  is örten called a fınite population correctıon factor.

İn most pıactical applications, the sample size is usually small compared to 
the population size.
Consequently, in most cases the formula used for calculating a is

a
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5.1.2. Central limit theorem

Ilıeorem: Whatever the population, the distribution ofX  is approximately 
normal when n is laiğe. In random santpling from the population with mean

fi and Standard deviation a, vvhen n is large, the distribution o f  X is 

approximately

Consequently,

approximateIy normal with mean ц  and Standard deviation c r _ .
x

is approximately N ~ (0,1)

'Population that ıs not 
rmallv distributed

Sampling distribution of 

:for /7=5

Z =X- /и X- ц
a a / v n

Sampling distribution 

i X for n =20.

Sampling distribution

Г for n =50

X

X

Fig. 5.2. Population distribution and sampling distributions of X .
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Remark:
The sample size is usually considered to be large if n > 30 .

The Central limit theorem States that the distribution of X is normally 
distributed and can be used to compute a random variable, Z, with mean 0
and variance 1:

z  _ X- И _  x- H
G (7 I V  П

X

Ехапщіе:
The amount of telephone biliş for ali households in a large city have a 
distribution that is skevved to the right with a mean of $30 and a Standard

deviation equa! to $7. Calculate the mean and Standard deviation of Xand 
describe the shape of its sampling distribution when the sample size is 

a) n =35; b) и =70

Solution:
Although the population distribution is not normal, in each case the sample 
size is large (n > 30).
Hence the Central limit theorem can be applied.

a) Let X be the mean value of telephone biliş paid by a sample of 35

households. Then the sampling distribution of X is approximately normal 
with

/j _ = /л = $30 and
x

ar = d 4 n  =7/V35 =1.18.  
x

Figüre 5.3 shows the population distribution and sampling distribution of d



Fig. 5.4.
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Ехатпіс:
Consider a population with mean 75 and Standard deviation of 11.
a) If a random sample of size 64 is selected, \vhat is the probability that the 
saınple mean vvili be between 73 and 78?
b) If a random sample of size 80 is selected, vvhat is the probability that the 
sample mean vvi11 be between 68 and 83?
Solution:
We have ^ -  75 and a = 11. Since n =64 is large, the Central limit theorem

telis us that the distrıbution of X is approximately normal.

a) To calculate P(73 < X < 78) we convert to the standardized variable

7 х - и
аі47г'

The Z -values corresponding to 73 and 78 are

For 73:
7 3 -7 5  - 2  
11 / V 64 П /8

For 78: 

Consequently,

76 -  75 1 
11/ V 64 П /8

P(73 < X < 78) = P(-l .45 < Z < 0.73) = Ғ(0.73) -  (1 -  F(1.45)) =
= F(0.73) -  1 + F(1.45) -  0.7673 -1  + 0.9265 -  0.6938. 
b) We now have n =80.

f  <:o _ 7 S
P(68<Jf<83) = P — Д  < Z <  ■ -O. ! = P(-5.69 < Z < 6.50) =

U 1/V 80 11/v 80 y
-- Я6.50) -  (1 -  P(5.69)) = F(b.50) -1  + F(5.69) ~ 1.
Ехапщіе:
The prices of ali houses in a large city have a probability distribution "•

mean of $80 000 and a Standard deviation of $15 000. Let Zbe the 
price of a sample of 200 houses selected from this cityT.
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a) Wlmt is the probability that the mean price obtained from this sample will 
bekvithin $2 000 of the population mean?
b) What is the probability that the mean price obtained from this sample will
Ишге thaıı the population meaı. b> $1 500 or more?
Solution:

Гһв sampling distribution of X is арргохітаіеіу normal because the sample
size is large (n >30).
al We need to find the probabilitv

Pf|8000 <X < 82000)
J  7 8 0 0 0  -  8 0 0 0 0  <  < 82000-80000 "| 
t 1 5 0 0 0 / V 2 Ö Ö  _  ~ 15000/V 200 J

= P ( - 1 . 8 9 < Z < 1 . 8 9 )  =  F ( 1 . 8 9 ) - ( 1 - F ( 1 . 8 9 ) )  =

= 0.9706 -1  + 0.9706 = 0.9412.
b) The probability that the mean price obtained from the sample of 200 
tıouses wiII be more than the population mean by $1 500 or more ıs vvritten
I

P(A'>81500) P\Z>81500 -  80000 ! 
15000/V2ÖÖ J P(Z >1.42) -

= 1 -  F ( 1.42) = 1 -  0.9222 = 0.0778.

Exercises

large population has mean 90 and Standard deviation 8. Calculate
3nd c _  for a random sample of size

a)/7 =9 and b) /7 =36.
,arge population has a Standard deviation 10. What is the Standard

: 10n of X for a random sample of size
a) w =25; b)/?=100; and c) n - 400

1Mdcr a large population with ,u = 60 and cr = 12.
n l  N  <0.05 , tlnd the mean and Standard deviation of the sample

tor the sample size o f
a )  18; b )  9 0



4. A population of N=5000 has a cr = 20. In each of the following cases 
which formula you use to calculate a and \vhv?

Using the appropriate formula, calculate cr_ for each of these cases.
X

a) n =300; b)/t=200; c)w=500; d) n =100.
5. For a population with / /  =  125 and a  =  18
a) For a sample selected from this population. u = 125 and a = 3.6.

x  x

Find the sample size. Assumeni  N <0.05 .
b) For a sample selected from this population. ju = 125 and cr_ =2.25

x  x

Find the sample size. Assume n/  N < 0.05 .
6. The following data show the number of automobiles o\vned in a 
population of fıve families:

2; 1; 0; 2; 3
a) List the ten possible santples of size 3 for this population.
(Use sampling vvithout replacement).

b) Using the ten X values, compute the mean and variance of .T .
c) Compute the mean and variance of the population. Compare your ıesults 
to those in part b. Iııterpret your fındings.
7. For a population, N = 205000 ,/л- 66 and o - 7 , find the Z values for 
each of the follorving for n =49.

a) X = 68.44 ; b) X = 58.75 : c) X = 62.35
8. A population has a mean of 58 and a Standard deviation of 12. Assuming 
n i N < 0.05 , find the follorving probabilities for a sample size of 50.

a) P(53.7 < X < 56.3); b) P(X < 59.2)
9. Let X be a continuous random variable that has a distribution with 
/r = 90and er = 16. Assumingn İN < 0.05 , find the probability that the

sample mean X for a random sample of 64 taken from this population will 
be

a) less than 82.3;
b) more than 86.7.
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10. The amount of electric biliş for ali households in a city have a skevved 
probabilitv distribution with a mean of $65 and a Standard deviation of $25. 
Find the pıobability that the sample mean amount of electric biliş for a 
random sample of 75 households selected from this city will be

a) more than $70;
b) between $58 and $63;
c) vvithin $6 of the population mean;
d) more than the population mean bv at least $5?

İL The balances of ali saving accounts at a local bank has a mean equal 
S45 3 60 and Standard deviation equa) to $5 900. Find the pıobability that the 
mean of a sample of 80 saving accounts selected from this bank vvill be

a) less than $46 500;
b) betvveen $40 000 and $49 200;
c) within $1 800 of the population mean;
d) lovver than the population mean by $1 200 or more.

12. The mean and Standard deviation of the population are 55 and 7, 
respectively. Sample of 40 observations is selected randomly from this 
population.

ajl'hat is the pıobability that sample mean X w i i i bc betvveen 54 and 56?

b)Find the shortest interval centered at 55, where X will lie with 
mobability 0.95.

MİConsider a random sample of size n =100 from a population that has a 
tandard deviation of a = 20.

aTind the probability that the sample mean X will lie vvithin 2 units of the 

»pulation mean-that is, P(-2 < X — /r < 2).

Find the number k so that P(-k < X -  ju<k) = 0.90 .

What is the probability that X vvill differ from /u by more than 4 units?

Ansvvers

'a) M _ —90; a_  =2.67; b) // =90; ct_ =1.33; 2. a) 2; b) 1; c) 0.5;
X

v*) ц : =60; <y_ =2.828; b) /л =60; cr_ =1.265;
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4. a) a =1.120; b) er_ =1.414; c) a _  =0.849; d) <7 =2.000; 5. a) n =25;
X  X  X  X

b) n =64; 7. a) Z =2.44; b) Z=-7.25; c) Z=-3.65; 8. a) 0.1530; b) 0.7611;
9. a) 0.0001; b) 0.9505; 10. a) 0.0418; b) 0.2373; c) 0.9624; d) 0.0418; 
lLa) 0.9582; b) 1.0; c) 0.9936; d) 0.0344;12, a) 0.6318; b) [52.82: 57.18]; 
13. a) 0.6826; b) k= 3.29; c) 0.0456.

5.2. Sampling distribution of a sample propoı tioıı 
5.2.1. Population and sample proportions

The concept of proportion is the same as the concept of relative frequency 
discussed in Chapter 2 and the concept of probabilil) of aucccsS in a 
binomial distribution. The relative frequency of a category or class gives the 
proportion of the sample or proportion that belongs to that category or class. 
Similarly. the probability of success in a binomial problem represents the 
proportion of the sample or population that possesses a given characteristic

The population proportion, denoted by p, is obtained by taking the ratio of 
the number of elements in a population with a specifıc characteristic to the 
total number of elements in the population.

The sample proportion, denoted by p (read as ”p hat”) gives a similar ratio 
for a sample,

Definition: The population and sample proportions, denoted by p andp, 
ıespectively, are calculated as

p = — and p=-
Л n

where
N = total number of elements in the population; 
n = total number of elements in the sample; 
x - number of elements in the population or sample that possesses a 

specifıc characteristic.
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Ехапщіе:
Suppose atotal of 393 217 families üve in a city and 123 017 of them own 
al least one car. Then,

İV = popıılation size = 393 217
.* = families in the population who owıı car =123 017.

The proportion of families in this city who owıı car is

low. suppose tirat a sanıple of 560 families is taken from this citv and 215 
of them Irave at least one car. Then 

n = sample size =560
x = families in the sample vvho own car = 215.

The sample proportion is

5.2.2. Sanıpling distribution of p  . Its nıean and Standard deviation

Just like the sample mean, X, the sample proportion p is also a raırdom 
variable. Hence, it possesses a probability distribution, which is called its 
şampling distribution.
İt can be shown by relying on the defınition of the mean that the mean value

of p- that is. the mean of ali possible values of p  is equal to the population 
proportion̂  just as the mean of the sampling distribution.
Delinition:

The mean of the sample proportion p  is denoted by p .  and is equal to the

Te mean of ali possible p values is equal to the population proportion p.

_ 123017
N ~ 393217

—  = 0.31 .

ıı 560

p
p u la tio n  proportion p.  Thus,
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The standai sampie proportion p  is denoted by a  and

defıned as

This formula is valid when n  i  N  < 0.05 , wheıe N  -  is the population size.
Tf n 1N > 0.05 , then r> is calculated as fo!1ows:

_ j p  q  İ N  -  n
; ı n İ N - 1 '

vvhere —  is called the fin ite population correction tactor.
V Лг - 1

5.2.3. Form ol’ the sampling distribution of p

Now that we know the mean and Standard deviation of p , and we w a n tto  

consider the form of the sampling distribution of p  . Applyıng the cent'a 

limit theorem as it relates to the p  random variable, we have the follovhng

188

llclinilion:

According to the centrai limit theorem, the sampling distribution of p  is
approximately normal for a sufficiently large sampie size.
The random variable

z=EUL
a

p

ısappımimately distributed as a Standard normal.
This approximation ıs good if n ■ p ■ q > 9.

Summary

Let p be the sampie proportion of success in a random sampie from a 
population with proportion of success p.
Theıı

fThe sampling distribution of p has meanp
E \P = H =p.

V  J  p

sampling distribution of p has a Standard deviation

PO- ~ P) _ fp ■ q 
n V n

a \Î I ÎP V n İN- 1

2 value for a value of p is

z = p̂ p .<y
| ea§aın, the last approximation is good if n p q> 9.

if n / N  < 0 . 0 5  

if n  1 N  >  0.05 .
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Кхатріе:
The firm makes deliveries of a large number of products to its customers.
It is known that 75% of ali the oıders it receives from its customers are

delivered on time. Let p be the proportion of orders in a random sample of

120 that are delivered on time. Find the probability that the vakıe of p will 
be

a) betvveen 0.73 and 0.80;
b) less than 0.72.

Solution:
From the given information,

Let us find n - p ■ cj .
n ■ p ■ q =210 0.75 0.25 = 39.38.

Sinceи • p ■ q = 39.38 > 9 , we can infer from the Central limit theorem that 

the sampling distribution of p is approximately normal.

Next, the two values of p are converted to their respective Z vales by

/7 = 0.75, ç = l - / ;  = l-0 .7 5  = 0.25, 
where p is the proportion of orders in the population.

The mean of the sample proportion p is
p = p = 0.75

p

The Standard deviation of p  is

10.75-0.25

<7
p

a) For p = 0.73;
0.0299
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For p - 0.80; Z  _  0.80 -  0.75 — ■ 67 
0.0299

The required probability is (Figüre 5.5).

S had e d area

-0.67 0 1.67
Fig.5.5 />(0.73 < p < 0.80)

/>(0.73 < p < 0.80) = />(-0.67 < Z < 1.67) = F(1.67) -  (1 -  F(0.67)) =
= 0.9525-1 + 0.7486 = 0.7011.

Thus, the probability is 0.7011 that between 73?̂ o and 80% of orders of the 
йшріе of 210 orders will be delivered on time.

І л 0 .72-0.75b) P(p < 0.72) = P{Z < — — ----- •) = P(Z < -1.01) =y J 0.0299
1 = 1-  F ( l .01) =  1 -  0.8438 =  0 . 1567 .

hus, the probability that less than 72% of the sample of 210 orders will be
felivered on time is 0.1567.

Exercises

b For a population, iV=40 000 and p = 0.65, fînd the Z value for each of the 
lovving for n = 200

l a )  p =0.59; b) />=0.72; c) ^ =0.43; d) p = 0.73

'^% of the hoııseholds of a large city own VCRs. Let p be the population 
households who own VCRs in a random sample of 400 hoııseholds.

probability that the value of p vviII be
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a) between 0.85 and 0.88
b) more than 0.80

3. A doctor believes that 80% of ali patients having a particular disease will 
be fully recovered within 3 days after receiving a new drug. Assutne that a 
random sample of 230 patients ıs selected.
a) What is the mean of the sample proportion of patients?
b) What is the variance of the sample proportion?
c) What is the Standard error (Standard deviation) of the sample proportion?
d) What is the probability that the sample proportion is less than 0.75?
e) What is the probability that the sample proportion is betvveen 

0.78 and 0.85?
4. Sixt) percent of adults favor some kiııd of government control on the 
prices of medicines.
a) Find the probability that the proportion of adults in a random sample of 
200 who favor some kind of government control on the prices of medicines
is

i) less than 0.55; ii) betvveen 0.57 and 0.68.
b) What is the probability that the proportion of adults in a random sample 
of 200 who favor some kind of government control is vvithin 0.04 of the 
population proportion?
c) What is the probability that the sample proportion is greater than the 
population proportion by 0.06 or more?
5. Stress on the job is a majör concern of a large number of people who go 
into managerial positions. Eighty percent of ali managers of companies

suffer from stress. Let p be the proportion in a sample of 100 managers of 
companies who suffer from stress.
a) What is the probability that this sample proportion is vvithin 0.08 of the 
population proportion?
b) What is the probability that this sample proportion is not vvithin 0.08 of 
the population proportion?
c) What is the probability that this sample proportion is lovver than the 
population proportion by 0.10 or more?
d) What is the probability that this sample proportion is greater than the 
population proportion by 0.11 or more?
6. A private university has 1250 students. Of these, 357 concerned abouıthe 
GPA. A random sample of 265 students vvas taken.
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a) What is the Standard error (Standard deviation) o f  the sam ple proportion 
of students who are concem ed about the G P A ?
b) What is the probability that the sample proportion is less thaıı 0.35?
c) What is the probability that the sample proportion is between 
0.25 and 0.33?
7. A plant has total of 736 employees. Of these, 342 are married. A random 
sample of 170 employees was taken.
a) What is the mean of the sample propoıtion of married employees?
b) What is the Standard error of the sample proportion of married 
employees?
c) What is the probability that the sample proportion is greater tlıan 0.37? 
|What is the probability' that the sample proportion is betvveen
0.43 and 0.53?
8. Suppose that 78% of ali adults like sport.
a) Find the probability that the proportion of adults vvho like sport in a 
random sample of 400 is

i) more tlıan 0.81; ii) betvveen 0.75 and 0.82
iii) less tlıan 0,80; iv) betvveen 0.73 and 0.76

b) What is the probability' that the proportion of adults in a random sample 
of 400 who like sport is vvithin 0.05 of the population proportion?
c) What is the probability that the proportion of adults in a random sample 
of 400 \vho like sport is lower thaıı the population proportion by 0.04 or 
more?

Ansvvers

La)-1.78; b) 2.08; c) -6.53; d) 2.37; 2. a) 0.1426; b) 0.9429; 3. a) 0.80; 
40.000696; c) 0.0264; d) 0.0294; e) 0.7470; 4. a) i) 0.0735; ii) 0.7974; 
’)0.754; c) 0.0418; 5, a) 0.9544; b) 0.0456; c) 0.0062: d) 0.0030;
La) 0.0246; b) 0.9956; c) 0.8906; 7. a) 0.4647; b) 0.0336; c) 0.9976; 

0.8223; 8. a) i) 0.0735; ii) 0.8949; iii) 0.8289; iv) 0.8202: b) 0.9844; 
0.0268.
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5.2. Sampiing distribution of a sample variance

Like inferences aboııt the population means and population proportions, the 
population variability may also be point of interest.
İn this section we consider inferences for the Standard deviation a of a 
population underthe assumption thatthe population distribution is normal 
To make inferences about cr2 the natural choice of a statistic is its sample 
analogue, which is sample variance

- Y
X 1 x;-x \t T v  JS' = n -1

One simple explanation of using (n -1 ) as a divisor in the formula for S~ 
is that in a random sample of n observations we have n different values of 
degrees of freedom. But \ve knovv that there are only {n -l)  different values 
that can be uniquely defined. In addition can be shovvn that the expected 
value of the S2 computed in this way is the population variance.
The population variance and sample variance are related to a probability 
distribution known as the Chi- square distribution whose form depends 
on (n- 1).
Definition:
Let X],X2,...... fr^be a random sample from a normal population witn
mean ц and Standard deviation a . Then the distribution

Xv
_ V

■ x  \) ( » - ! ) • ‘S2
a~ O'

is called the Chi- square distribution with v = n -1  degrees of freedom- 
Unlıke a normal or Student’s t distribution, the probability density curve 
of a x2 distribution is an asymmetric curve sfretchmg över the posıtıve 
of the 1 ine and having a long right tail. The form of the curve depends

side
on the

value of the degrees of freedom. (Fig. 5.6). İn this figüre v = n-]
T  3 Pr° V,deS ,Һ<І “PPer *  P0İ"B Xl distributions fer
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sucn that the area to the right İsa . v
I  '0VVer P°«nt read from the column y 2 in th,
I a lto  the right Xy.,-am the table, have area

t - : ;
11 ̂ '.o.os- (Fıg-5.7).

Цатріе;

ЛЦЦіОП;

| P P « 0 .05 pota (is read from the colllmn |аЬеЫ a ^  find
17.0.05 ~  4  / . 5 9  .
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b) What is the probability tlıat sample Standard deviation of scores is 
less than 8?
Snlution:

between 0.90 and 0.95

Exercises

LUsing the table for the xl distribution, fmd
a) The upper 5 % point vvhen n = 9
b) The upper 1 % point when n =18
c) The lovver 2.5 % point when n =12
d) The lower 1 % point when n =24.

TFind the probability of
a) xls >30.14

b) <0.831

e) 3.25 <xl <15.99, vvhen n =11 

d) 3.49 < xl < 17.53, when n -9
-  The monthly salaries of part time vvorking students follow a normal 
Tstribution with Standard deviation of 3 000 tg. A random sample of 24

Ехатріе
FindPCf

Solution

variance 2at from nomıally distributed populatıon
rvations are selected.
the probability that sample variance ıs g
the probability that sample variance ıs 1

greater

000 tg?
ı random sample of 10 households was taken. Suppose that the electric 
mey pay f0n0w a normal distribution.
he probability is 0.1 that sample variance is greaterthan what percentage 

 ̂population variance?
^nd any pair of numbers, a and b, such that the follov/ing statement
B - The probability is 0.90 that the sample variance is betvveen a %
Ш Ь 0/ e  . .E l 0 oî the population variance.

greater

that students scores on the fmal exam follovv a 
th Standard deviation 6.6. A random sample ot ^

probability that sample Standard deviation of scoıes



5. A production process follows a normal distribution. A sample of 15 
prodııced items was selected.
a) The probability is 0.95 that the sample variance is ırıore than vvlıat 
percentage of the population variance?
b) The probability is 0.99 that the sample variance is greater than what 
percentage of the population variance?
c) Find any pair of numbers, a  and b ,  such that the following statement 
holds: The probability is 0.95 that the sample variance is between a  %

and b  %  of the population variance.

d) 0.875; 3. a) between 0.025 and 0.010; b) betvveen 0.01 and 0.025; 
f a )  1.6311; or 163.11 %; b) a  =0.37 and b  =1.88; the probability is 0.90 
that the sample variance is betvveen 37 % and 188 % of the population 
variance; 5. a) 46.92% ; b) 33.28 %; c) a  =40.21% and b  =186.57 %-the 
probability is 0.95 that the sample variance is between 40.21 % and 
186.57 % of the population variance.

Ansners

T a) 15.51; b) 33.41; c) 3.82; d) 10.20; 2. a) 0.05; b) 0.025; c) 0.875;
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Chapter 6 
Interval estimation

6.1. Introduction

The problem of statistical inference arises vvhen we wish to make 
generalization about a population when only a sample vvill be available 
Önce a sample is observed, its nrain features can be determined by the 
methods of descriptive summaıy discussed in previoııs ehaptcrs. Our 
principal concern is with not just the particular data set, but vvhat can be said 
about the population based on the information extracted from analyzing the 
sample data.

Statistical inference deals vvith drarving conclusions about 
population parameters from an analysis of the sample data.

The value(s) assigned to a population parameters based on the value 
of a sample statistic is called an estimate of the population parameters.
For ехатріе, suppose the manager selects a sample of 50 nevv employees

and fınds that the ınean time x tak en to learn the job for these employees is 
10 hours. If manager assigns this value to the population mean, then 10

iıours wi 11 be called an estimate of/v. Thus, the sample mean x is an

estimator of the population ınean a . and the sample proportion p  is an 
istimator of the population proportion p .

An estimate may be a point estimate or an interval estimate.
Ninitiorı:
he value of a sample statistic that is used to estimate population parameters 
s called a point estimate.
ach sample taken from a population is expected to yield a different value of 
he sample statistics. Thus, the value assigned to a population parameter 
ased on the point estimate depends on vvhich of the sample is drawn 
cnsequently, the point estimate assigns a value to a population parameters 
wost ahvays differs from the true value of the population parameters.

h In the case of interval estimation, instead of assigning a simple 
:l-ie to a population parameter, an interval is constrııcted around the point 
’lmate and then a probability statement that this interval contains the 
)rresponding population parameter is made.

I .
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Definition:
In interva! estimation, an interval is constructed around the point estimate, 
and it is stated that this interval likely to contain the corresponding 
population paıameter.

6.2. Confıdence interval aııd confıdence level

Since interval estimators have been described as “likely” to contain the true. 
but unknovvn value of the population parameters, it is necessary to phıase 
such term as probability' statement.

Suppose that a random sample is selected and based on the sample 
information, it is possible to fınd two random variables a and b. Then 
interval extending from a and b either includes the population parameter or 
it does not contain population parameter. However, suppose that the random 
samples are repeatedly selected from the population and similar intervals are 
found. In the long run, a certain percentage of this interval will contain the 
unknown value. According to the frequency concept of probability, an 
interpretation of such intervals follows:

If the population is repeatedly samples and intervals calculated, then 
in the long run 90% (or some other percentages) of the intervals would 
contain the true value of the unknown parameter. The interval from a and b 
is said to be 90% (or some other percentages) confıdence interval estimator 
for population parameters.
Definition:
Let Ө be unknovvn parameter. Suppose that based on sample information, 
random variables a and b are found such that

P(a < Ө <b) = 1 -  a ,

where a -is any number betvveen 0 and 1.
The interval from a to b is called 100 ■ (1 -  a)% confıdence interval for# ■ 
The quantity (1 -  a ) is called the confıdence level of the interval.

If the population were repeatedly sampled a very large number 
tiıues, the true value of the parameter Ө would be contained 1
100 ■ (1 -  a)% of intervals calculated this way.

The confidence interval calculated in this way is wr,tten as a < û < 4 wi,h 
10ü • (1 -  a)% confıdence.
Let us fınd the confidence intervals with any required confıdence 
l e v e l(1 a) ,  where a  ıs any number such that0 <a < 1 
We will use the notation for the number such that

P(Z >za ) = a .
A notation 2„ indicates the value in the Standard normal table cuts offa rieht 
taıl area of a  . (Fig. 6.1). to

[Іехатріе, ifa  -0 .13  , then 1 -  a  = 0 87 
So,

Ш  F (za) = F(Zo.n) = 0.87

^ һ о т  the Standard normal distribution table we obtain %r. * U 25 

P(Z> 1.125) = 0.13.

■  SUppose that a 100 • (1 -  a)% confidence interval is required. (Fig.6.2).

1 - a
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We have
P(Z>zal2) = a i  2

By the symmetry about the mean
P{Z<-zan ) = a l  2.

And it follows that
a a .P(-zaı2<Z<zal2) = — - —

where the random variable Zfolknvs a Standard normal distribution. 
Кхапіріе:
Findthe value of za n \i a=0. \  ■
Solution:

a -  0.1 
a 12 = 0.05.

P(Z>za/2) = P(.Z>zOJ05) = 0.05.
P(Z>zq,o5) = F(zom)-0.95 and 

z0 -0 5  = 1-645 (Fig. 6.3).



6.3. Confidence intervals for the mean of population that is 
normally distributed: population variance known

Let X,, X2,...........X„ be a random sample of n observation from a normal

population with unknown //and known variance cr2. Let xbe the sample 
mean. Then 100 • (1 a)% con fidence interval for the population mean with 
known variances is given by

<j a
X —  z a /2 ' ı—  <  H  <  z a/2  ? =  > 

yjn yjn

where za/2is the number for which P(Z > zal2) = a / 2 and the random 
variable Z has a Standard normal distribution.
Ехатріе:
Given a random sample of 36 observations from a normal population for

which // is unknorvn and cr = 8, the sample mean is fotmd to be x = 45.3. 
Construct a 95% confidence interval fo r //.
Solutioıı:

100 (1 — a)% = 95%

From

j "e o b ta iıı t h a t

1 - a =: 0.95
a  = 0.05 and a /2  = 0.025
P(Z>2 л ) :“ a > 2 / = P{Z>z,m) = 0.025
P(Z > ” 0 .0 2 5  ) = ^ (zo. ü25) = 0.975

za + = Z 0 .0 2 5  ;-1.96

C 7 aX~ Zai2'Tr<P<X+ z a i 2 ■ —  
V»

45 .3 - 1.96- -Д=г< u <45.3 + 1.96 —7 =
v'36 уЗб

42.69 </ /<47.91
4  (42.68, 47.91) is a 95% confidence interval fo r //.



It means, if sample of 36 observations are drawn repeatedly and 
independently from the population, then över a very large number of 
repeated trials, 95% of these intervals will contain the valııe of the tıue 
population mean.

Exercises

1. Find ze /2for each of the following confidence levels
a) 88%; b) 94%; c) 96%; d) 99%

2. The Standard deviation for a population is a = 12.6. A sample of
36 observations selected from this population gave a mean equal to 74.8.

a) Make a 90 % confidence interva! for / / .
b) Construct a 95 % confidence interval for ц .
c) Determine a 99 % confidence interval for f i .

3. The Standard deviation for a population is er = 8.3. A sample of 121 
observations selected from this population gave a mean equal to 84.5.

a) Make a 99 % confidence interval for /u
b) Construct a 95 % confidence interval for /л
c) Determine a 90 % confidence interval for u

4. The Standard deviation for a population is a -  6.30. A randoın sample 
selected from this population gave a mean equal to 78.90.

a) Make a 99 % confidence interval for // assuming n =36
b) Make a 99 % confidence interval for ju assuming n =81
c) Make a 99 % confidence interval for ц  assuming n =100 

Ехріаіп your results.

5. Given that a sample of size 16 from a normal distributioıı yielded ,x = 25 
The population variance is known to be 64. Find

a) 90 % confidence interval for /t
b) 95 % confidence interval for /./
c) 99 % confidence interval for ju .
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Answers

1. a) 1.555: b) 1.88; c) 2.055; d) 2.575: 2. a) (71.35; 78.26):
b) (70.68; 78.92); c) (69.39; 80.21); 3, a) 82.56 to 86.44; b) 83.03 to 85.97;
c) 83.26 to 85.74; 4. a) 76.19 to 81 61; b) 77.09 to 80.71; c) 77.27 to 80.53; 
5. a) (21.71,28.29); b) (21.08, 28.92); c) (19.85, 30.15).

6.4. Confidence intervals for the intan of popıılatioıı that is 
normally distributcd: large sample size

Let X t , X 2,.......... 2(„be a random sample of n observation from a normal

population with ıınknown ^and  unknown variancecr2. Let xbe the sample 
raean. If the sample size n is large (n> 30), then according to the Central 
limit theorem, for a large sample the sampling distribution of the sample

raean x is (appımimately) normal irrespective of the shape of the population 
from which the sample is drawn. Therefore, when the sample size is 30 or 
larger, we will use the nonnal distribution to construct a confidence intervai 
for /z.
İfthe vaı iance of the population is unknovvn, it should be estimated by the 
sample variance,.v 2, and er replaced by sx in confidence intervai formu la 
for the case when population variance is knovvn.
Remark:
For large sample sizes, sx is usually elose to the true value of er .
An approximate 100 ■ (1 -  a)% confidence intervai for the population nıean 
with unknown variance is given by

- S - SX— Za/2 7— < /t < X+ z a  12
V n  -Jn

»here x is based on a sample of at least thirty obseıvations, zal2 is the 
number for vvhich P(Z > zai2) = a / 2 and the random variable Z has a 
Standard normal distribution.



п:

Елашріе:
A sample of 64 observations from a large population yielded the sample

values, x -172  a n d s] ~ 299. Find an approximate 99 % confidence interval 
for /л.
Solutioıı:

First we fınd the Standard deviation o f.t . Because cr is not known, we will 
use j v as an estimator of cr ,

sx = = V299 =17.29.
Then

100 • (1 -  a)% - 99%
1 - a  = 0.99
a = 0.01 and ör/2  = 0.005 
P(Z > zau)~ P(Z > zo m ) = 0.005 
P(Z > z0 005 ) = F(züoo5) = 0.995 

Zo/2 = Z0.005 = 2.58
Substituting ali the values in the formula, the 99 % confidence interval 
for jJ. is

X ~ Z a , 2  ' — f =  < / J < X +  Z a / ,

\ n yjn
17.29 17.29

172 -2 .5 8 -------- < ^ < 172  + 2.58---------
8 8

166.4 < /u <177.6
An approximate 99 % confidence interval for u is (166.4, 177.6).
Ехапіріе:
Radiation measuıements on a sample of 69 microwave ovens produced

x = 0.13 and v. = 0.04. Determine a 94 % confidence interval for the mean 
radiation.
Solution:
Again since n = 69 > 29 \ve can use sx as an estimator of a .
Then 100 • (1 -  a)% confidence interval for the population mean with
unknovvn variance is given by
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1- a  = 0.94
a = 0.06 and a i 2 = 0.03
p (Z > za n ) = P {Z  > z osa) = O m  

P(Z > z 0 03) = F ( z o m) = 0.97

“ a / 2  =  Z0.03 ~
Substituting ali the values in the formula we obtain

0.04 0.04
0.13 -1 .88 •—= <  u < 0.13 +1,88 •—= =

V69 V69
0.121 < ц < 0.139.

Thus, we can State with 94 % confıdence that average radiation measure of 
microwave ovens is between (0.21,0.139).

Exercises

LDetermine a 90 % confıdence interval for /л if n = 48, x = 86.5 , 
andst =7.9.

1 Determine a 98 % confidence interval for // if n = 150, x = 0.865 , 
and sx = 0.057 .

i  A sample of size 50 from a population yielded the sample values x = 190,  
and sl =800. Find a 95 per çent confidence interval for pı.
i  For a sample data set, x = l6, and sx =5.3
a)Construct a 95 % confidence interval for // assuming n = 50.
D Construct a 90 % confidence interval for /j assuming n = 50. Is the width 
Іt!ıe 90 % confidence interval sınailer than the vvidth of the 95 %
•onfıdence interval calculated in part a? If yes, why it is so? 
c)Find a 95% confidence interval for /л assuming n - 100. Is the width of 
^95 % confidence interval for ц with n = 100 sınailer than the vvidth of 
ne95 % confidence interval for f i with n = 50 calculated in part a?
‘Ч  why?
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a) A sample of 100 observations taken ffonı a popıılation produced a sample 
mean equal to 55.32 and a Standard deviation equal to 8.4. Make a 90 % 
confidence interval fo r /r .
b) Another sample of 100 observations taken from the same population 
produced a sample mean equal to 57.40 and a Standard deviation equal 
to 7.5. Make a 90 % confidence interval for t u .

e) A third sample of 100 observations taken from the same population 
produced a sample mean equal to 56.25 and a Standard deviation equal 
to 7.9. Make a 90 % confidence interval for ц .

d) The true population mean for this population is 55.80. How many of the 
confidence intervals constructed in a-c cover this population mean and how 
many do not?
6 . The mean annual salaries of managers at the certain company is $80 722 
for males and $65 258 for females. These mean salaries are based on 
samples of 400 ınale and 200 feıuale managers. Assume that the Standard 
deviation of the annual salaries of ınale managers is $11 500 and Standard 
deviation of the female managers is $ 8  400.
a) Construct a 95 % confidence interval for the mean annual salary of male 
managers.
b) Construct a 95 % confidence interval for the mean annual salary of 
female managers.
7. From a random sample of 70 high school seniors, the sample mean and 
Standard deviation of the math scores are found to be 96 and 17 respectively 
Determine a 96% confidence interval for the mean math score of ali seniors 
in the school.
8. With a random sample of size n  ^144, someone proposes

f \
j x — 0 . 12 • s ç; x-t  0.12 ■ s x I
V ’ ' J

to be a confidence interval for / . t . What then is the level of confidence? 
Answeıs

JL (84.63, 88.38); 2. (0.854, 0.876); 3,(182.2, 197.8); 4. a) (14.53, 17.47);
b) (14.76, 17.24); c) (14.96, 17.04); 5 .  a) 53.94 to 56.70; b) 56.17 to 58.63:
c) 54.95 to 57.55; 6 . a) ($79 595, $81 849); b) ($64 093. $ 6 6  422);
7. 91.83 to 100.17; 8 , 0.8502 or about 85 %.
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6.5. Confidence intervals for thc mean of a normal distribution: 
populatioıı variance unknovvn: small sample size

№ previous topics we discussed inferences about a population mean when a 
large sample is available. Those methods are deeply rooted in the Central

limit theorem, which guarantees that the distribution of X  is approximately 
normal.
Many investigations reqııire statistical inferences to be dravvn from small

samples ( n  <30). Since the sample mean xwill stili be used for inferences 
about ц , we must address the question. “what is the sampling distribution of

X  when n  is not large?”. Unlıke the large sample situatıons, here we do not 
j have an unqualifıed answer, and Central limit theorem is no longer 
applicable.

6.5.1. Student’s / distribution

Consider a sampling situation where the population has a normal 
distribution with unknown cr . Because o  is unknovvn, an intuitive 
approach is to estimate a  by the sample Standard S . Just as we did in the 
large sample situation, we consider the ratio

îhis random vaı iable does not follovv a Standard normal distribution. Its 
distribution is known as Student’s / distribution.
îhegraph of the /-distribution resembles the graph of the Standard normal 
distribution: they both are symmetric, beli shaped curves with mean equal to 
tero. The graph of the Student’s i distribution is lower at the çenter and 
diller at the extremities than the Standard normal curve. (Fig. 6.4),
!he new notation t  is required in order to distinguish it from the Standard 
j(|mal variable Z. As the number of degrees of freedom increases. the 
jiıfference between / distribution and the Standard normal distribution 
decomes sınailer and sınailer.



Student’s t distribution 
with 4 degrees o f freedom

-------1------1------1------1---- 1----- 1---- 1----
-3 - 2 - 1  0 1 2  3

Fig.6.7.

The qualıfıcatıon “wıth (n -1) degrees of freedom” ıs necessary, because 
with each different sample size or valııe of ( n -1). there is a different t 
distribution.
Dcfinition:
The number of degrees of freedom is detlned as the number of 
observations that can be chosen freeiy.
Ехашріе:
Suppose we knovv that the nıean number of 5 values is 25. Consequently, the 
sum of these 5 values is 125 (5 ■ 25 = 125). Now how many values out of 5 
can be chosen freeiy so that the sum of these 5 values is 125? The answer is 
that we can freeiy choose 5-1=4 values. Suppose we choose 15, 35,45, and 
10 as the 4 values. Given these 4 values and the information that the mean of
the 5 values is 25, the 5th value is

125 -  (15 + 35 + 45 + 10) = 15
Thus, önce \ve have chosen 4 values, the fifth value is automatically 
determined. Consequently, the number of degrees of freedom for this 
ехатріе is

d.f. = n - l = 5 - l = 4
We subtract I frorn n because we lose one degree of freedom to calculatethe 
mean.
The t- table in the Appendix (see table 4) is arranged to give the value t for 
several frequently used values of a and for a number of values (n -1).

Standard normal
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Defınition:
A random variable having the Standard distribution with v ( Greek letter nu)
Degrees offreedom wil 1 be denoted by tv (Fig. 6.8). Then tva is defined as
the number for which

> ‘ v .a  ) = a

Exam ple: Find t5 010
Fig.6.8

Solution:
la vvords it means we need to find a number that is exceeded vvith the 
probability 0.10 by a Student’s t random variable vvith 5 degrees of freedom.

From tabi e 4
P(t5 > t5 010) — 0.10

of the Appendix we read thattJ010 = 1.476. (Fig. 6 .9) .  

za/2 for Student’s / distribution the value tva/2 is defined as
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6 . 5 . 2 .  Confidence interval fo r / t : small samples

Let us turn our attention to fınding 100 • (1 -  a)% confidence interval for 

j_i when sample size is small. Using

t  =
s  i 4n

We can derive the formula for 10 0  ■ (1 -  a)%  confidence interval for the case 
when a small sample is selected frorn a normally distributed populat.on witlı 
mean ц and unknown variance. İt is given by

X~t«-l.a'2 —г<М<Х+*п-1.а!2 ' Г
V n V 11

vvhere r(1_, аП_ is the nurnber for vvhich

P t f ^  > tn- l.an J  = a /2

The random variable t has a Studenf s t  distribııtion vvith 
V  = ( n - 1) degrees offreedom. (Fig. 6.10).

Remark: . H
If the sample is available, then Standard deviation can be calculatea

5  = л/5 2 , where 5- -
ІО т -я -Г

n - 1
or

s2 =-L-\£x,2-n
n - l  I

Fig.6.11

Ехатпіе:
. For the t  distribııtion vvith n  =10, fınd the nurnber b such that 

P ( - b < t < b )  =  0.80
Solution:
The probability in the interval 
{ - b ,b )  is 0.80. (Fig, 6.11).
We must Itave a probability of 
0.10 to the right of b and a 
probability of 0.10 to the left 
of -b .
So

> 9̂,0.10 ) = 0.10
Hş.o.ıo = 1 -d 83
6 -1.383 and -  6  -  -1.383 .
Exa ııınle:
■random sample of 25 busses shovvs a sample mean o f  225 passengers 
camed per day per bus. The sample Standard deviation is computed ro be 60 
passengers. Fınd a 90% confidence interval for the mean nurnber of 
passengers carried per bus during a 1 -day period.
Şolution:

°/o confidence interval for the mean ju is given by

S s
n - h a / 2  ’ ~ r =  < M <  X +  t „ _ l a / 2  ■ — / =

yjn
n = 25, so v = « -1 = 25 -1 = 24 
100 ■ (1 -  a ) %  =90 %

1 -  ar = 0.90
a  = 0.10 and a  /2  = 0.05

«-1,«.'2 = '24,0.05
P ( ( 24 >  '24,0.05) -  0 .0 5  

m  ' 24,0.05 = 1-711 
er Substitution we obtain

X —  t

■71, 60.711 • —  < /2 < 225 ■225 - 1 . 7 1 ] .  — < -  7 ]

204.5 </./<245.5 or (204.5,245,5).

60
5
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We are 90 % confıdent the mean number of passengers carried per day by 
bus is betrvveen 204.5 and 245.5, because 90 % of the intervals calculated in 
this manner will contain the true mean nuınber of passengers carried per day 
per bus.

Exercises

L İn each case, find the number b so that
a) P(t<b)~ 0.95 when n =7
b) P(-b < t < b) = 0.95 when /7=16
c) P(t>b) = 0.01 when n =9
d) P(t>b) = 0.99 when 77=12

2. For each of the following, find the area in the appropriate tail of the t 
distribution

a) t = 2.060 and n = 26
b) r = —3.686 and n = 17
c) t = -2.650 and /7 = 15
d) 7 = 2.845 and n -  22

3. Find the value of t from t -  distribution table for each of the follovving:
a) Confıdence level = 99 % and d . f . =18
b) Confıdence level = 95 % and n =26
c) Confıdence level = 90 % and d. f . =15

4. The mean number of the saınple of 25 bolts produced on a specific 
machine per day was found to be 47 with a Standard deviation of 2.4. 
Assume that the number of bolts produced per day on this machine has a 
normal distribution.
Construct a 90 % confıdence interval for the popıılation mean / / .
5. A random sample of 16 cars, which were tested for fuel consumption, 
gave a mean of 26.4 miles per gallon with a Standard deviation of 2.3 miles 
per gallon. Assuming that the miles per gallon given by cars have a normal 
distribution, find a 99 % confıdence interval for the popıılation mean /л.
6. A sample of eight adults was taken, and these adults were asked about the 
time they spend per week on spoıt activities. Their responses (in houıs) are 
as follows:

45; 12; 31; 16; 28; 14; 18; 26
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Make a 95 % confıdence interval for the mean of time spent per week by ali 
adults on sport activities.
Ji A sample of 10 customers who visited a süpermarket was taken. The 

ifollowing data give the rnoney (in dollars) they spent during that visit:
[74; 89; 121; 63; 146; 47; ’ 91; 28; 84; 76
Assunıing that the money spent by ali customers at this süpermarket has a 
normal distribution, construct a 90 % confıdence interval for the population 
mean.
8. The mean time taken to design a home plan by 20 designers was found to 
be 185 m inutes with a Standard deviatıon o f  23 m inutes. Assume that the 

| time taken by ali designers this home plan is normally distributed.
Construct a 99 % confidence interval for the population mean p ,

Ansvvers

İ  a) 1,943; b) 2.131; c) 2.896; d) -2.718; 2. a) a = 0.025 ; right tail;

I
b) a < 0.005 ; left tail; c) less than a = 0.01; left tail; d) less than a = 0.005 ; 
right tail; 3, a) 2.878; b) 2.060; c) 1.753; 4, a) (46.18; 47.82);

5.(24.71; 28.09); 6. (14.52; 32.98); 7. 62.24 to 101.56; 8. (170.29; 199.71).

6.6. Confıdence intervals for population proportion: Large samples

The reason leading to estimation of a mean also applies to the problem ol 
estimation of a population proportion.

! Suppose that n elements are randomly selected frorn the large population.
And let n consists ofA'elements possessing some characteristic.
Cornmon sense suggests the sample proportion

X
P = —

Tl

as an estimator of p .
m en the sample size n is only small fraction of the population size, the 
:-am.ple c o u n t  A  has t h e  binomial d i s t r i b u t i o n  with m e a n  n ■ p and S t a n d a r d

hviation yjrı- p ■ q .
A'hen n is large, the binomial variable A is well appro.viınated by a normal 
distribution with mean n ■ p and Standard deviation-Jn ■ p- q .

■hat is



2 _ X  ~п ■ Р

Jn-P-Я
is approximately Standard normal.
If we divide both numerator and denominator by n we will get a statement 
about proportıons:

Z  = ~ n ' P ) /n =  p - p
y' r ı p q i n  y j p a ! n

As we see the denominator of Z containsp and q. If saınple size is large 
thatn ■ p ■ q >9, then a good approximation is obtamed i freplaces  the

point estimator p in the denominator.

Hence, for large sample size, j n ■ p- q > 9 \ the dıstribııtion of

■\jp- qlr
is approximately Standard normal.
We can use this resıılt to obtain 100 • (1 -  a)% confıdence interval for the 
population proportion. (Fig.6.12)

Using Fig.6.12 we obtain

1 -  a = P(-zn.2 <Z <za2)= P(~za!2 <- p-p
^ p ( l - p ) / n



( р

iрО - р)
п\

г

Definition:
If sample of n observations selected from the population is large enough that 
n ■ p ■ cj > 9 , then a 100 • (1 -  a)%  confidence interval for the population 
pıoportion is given by

where p ~ —— is the sample proportion and za, 2 is the ııumber for vvhich

From a country labor force a random sample of 800 persons was selected 
and 75 people were found unemployed out of random sample of 800 
peısons. Compute 90 % confidence interval for the rate of unemployment in 
the country.
Şolution:
The confidence interval for the population proportion is obtained from

n

Ехатріе:

The observed p =---- = 0.09375 and 1 -  p = 0.90075 .
I  800

■
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Since n ■p-q = 800 ■ 0.09375 0.90625 = 67.97 > 9 , we say that sample size is

laiğe and a normal approximation to the sample proportion p is jııstified. 
Then

Therefore, a 90 % confıdence interval for the ıate of unemployment in the 
country is ( 0.0768; 0.1107), or (7.68 %; 11.07 %).
Because our procedure vvill produce true statements 90 % of the time, we 
can be 90 % confıdent that the rate of unemployment is betvveen 
7.68 and 11.07.

L Check if the sample size is large enough to use the normal distributi.on to 
make a confidence interval forp for each of the lollowing cases

a) n - 60 and p - 0.30

c) n = 200 and p = 0.73

d) n = 65 and p = 0.05
2. A sample of 500 observations selected from a population gave a sample 
proportion equal to 0.72.

a) make a 90 % confidence interval forp .
b) construct a 95 % confidence interval forp .

100 ■ (1 -  ct)% = 90%
1- a  = 0.90
a =0.1 and a /2 = 0.05
P(Z > zal2) = P(Z > z005) = 0.05 
P(Z > zoos) = F (z005) = 0.95 

2 c r  2 ~ 2 0.05 = 1-64 5
After substituting, we obtain

< p <0.09375 + 1.645- 0.09375-0.90625
800

0.0768 < p < 0.1107

Exeıcises

b) n = 180 and p = 0.027
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c) nıake a 99 % confidence interval forp .
Interpret your results.
3. A sample selected from a population gave a sample proportion equal
To 0.73

a) make a 98 % confidence interval forp assuming n = 90
b) construct a 98 % confidence interval for p assuming n = 500
c) construct a 98 % confidence interval for p assuming n = 100 

Interpret your results.
4. A sample of 87 univeısity students revealed that 53 carried their books 
and notes in a backpack. Obtaiıı a 95 % confidence interval for the 
population of students vvho use backpacks.

15. The Beverage Company has been experiencing problems with the 
automatic machine that piaces labels on bottles. A sample of 300 bottles 
resulted in 27 bottles with improperly applied labels. Using these data, 
develop a 90 % confidence interval for the population proportion of bottles 
vvith improperly applied labels.
6. If 65 persons in a random sample of 180 required lawyer Services, then 
fınd and interpret 96 % confidence interval for proportion of persons in the 
population vvho required a lavvyer Services.

7. Let sample proportion p - 0.7 . How large a sample should be taken to be 
95 % sure that the error of estimation does not exceed 0.02 vvhen estimating 
a proportion?
i  A sample of 20 manageıs was taken and they were asked whether or not 
they usually take vvork home. The responses are given belovv:

Yes Yes No No No Yes No No
No No Yes Yes No Yes Yes No
No No No Yes

Hake a 99 % confidence interval for the peı centage of ali managers vvho 
take vvork home.

Ansvvers

La) Yes, sample size is iarge; b) No, sample size is not large; c) Yes. 
sample size is large; d) No, sample size is not large; 2. a) ( 0.687; 0.753);

(0.681; 0.759); c) ( 0.668; 0.772): 3, a) (0.621; 0.839); b) (0.684; 0.776):
c)(0.627; 0.833); 4. (0.506; 0.712); 5. (0.063: 0.11 7); 6. (0.286: 0.434);
U =2017; 8.(0.117; 0.683).
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6.7. Confidence intervals for the difference between 
mcans of two normal populations

Let ц х be the mean of the fırst population and /лү be the mean of the 
second population. Suppose we want to make a confidence interval for the 
difference betvveen these two population means, that is, /ux — u Y.

Let X  be the mean of a sample from the fırst population and Y be the mean

of a sample taken from the second population. Then (Х-- Y) is the sample 
statistic that is used to make an interval estimate. We wi11 consider several 
cases.

6.7.1. Confidence intervals for the difference betvveen 
means: paired samples

In the case of two dependent samples, two data values-one in each sample- 
are collected from the same source and these are called paired or matclıed 
pairs.
Suppose that n matched pairs of observations, denoted by (x,, y , ); ( x 2 , y 2).,.
..... ( x n , y n ) , are selected from two populations with means / / r andцү.
Our aim is to fınd 100 (1 — a)% confidence interval fo r(//Y -  fiY).
To fmd interval estimation we apply follovving steps:

1. Find n differences d i -  x; -  y ;

2. Find d
3. Calculate Sd

If the population distribution ol'differences is assumed to be normal, then 
100 • (1 — a)% confidence interval for the difference betvveen means is given
by

S - S
^ ~ f ) ( - l , o / 2  f = < ^ X  ~~ № )' ^ n - \ ,a !2  ' I

V n dn
where tn_x аП is the nurnber for vvhich

>  ^,7-i.o- / 2 )  =  Y
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The random variable tn_, has a Student’s t distribution with ( n -1 ) degrees 
of freedom.
Ехатціе:
A company claims that its special exercise program signifıcantiy reduces 
weight. A random sample of seven persons \vere put on exercise program. 
The following table gives the \veights (in kg) of those seven persons before 
and after the program

Before 68 i 81 98 i 86 110 92 80
After 62 J ı e 86 1 79 1 103 87 i 82

Make a 95 % confıdence interval for the mean of the population paired 
diffeı ences. Assume that the population of paired differences is 
(approximately) normally distributed.
Solution:
Let d be the difference between the \veights before and after the program. 
The necessary calculations are shown in the following table

j Before
i________

After Difference
d

d'1

j 68 62 6 36
81 76 5 25
98 86 12 144
86 79 7 49
110 • 103 7 49 '
92 87 > 25
80 82 -2 4

=332

■evalues of d and Sd are calculated as follows:

I
n 7
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- j j y
-і

U ^ ( 3 3 2 - -7-5.71') =л/17.30 =4.16.

Тһеп
100 (1 -  а)% = 90%
1 -  а  = 0.90 
а -  0.1 and
а /2 = 0.05
0і-і,о/2 = 6j.o.os = 1.943.

İn the end, 90 % coııfidence iııterval for ( / /v -  /uy )is

5.71 1.943- Щ - < ц х - і һ  < 5 .71- 1.943 4 
V 7 V 7

2.6 < ц х  -  Цу  < 8.82

Tlnıs, ve can State vvith 90 % coııfidence that thc mean difference betıveen 
tlıe ıveights before and after exercise program is betvveen 2.6 and 8.82 kg.

Evercises

L Find the foliovving coııfidence iııterval for tlıe difference betwecıı tvvo 
population means assuming that the popıılations of paired diflerences are 
normally distributed

a) n =10 d =23.6; = 12.6; coııfidence level = 99 %

b ) n =26 d = 13.2; sd= 4.8; coııfidence level -- 95 %
c) n =14 d =46.2; Sd= 13.6; coııfidence level = 90 %
2. A company attempts to evaluate the poteııtial for a new bonus plan by 
selecting a random sample of 5 salespeı sons to use tlıe boııus plan for a 
vveek peıiod. The ıveekly sales volumes before and after the bonus plan 
implementation shown bel ov



Weekly sales Weekly sales
Before After

15 18
12 14
18 19
15 18 

1 o

Construct a 90 % confidence estiınate for the mean increase in vveekly sale.s 
that can be expected if a new bonus plan is implemented.
3. A company claims that tJıe coıırse they offer signifıcaııtly increases the 
vvriting speed of secretaries. The follovving table gives the scores of eight 
secretaries before and afterthey attended this coıırse.

Before 81 ! 75 89 91 65
After 97 I 72 93 110 78

Make a 90 % confidence iııterval tor the mean (// v -  uy ) of the population 
paired differences, vvhere a paired differeııces ıs equal to the sc-ore before 
attending the coıırse minus the scoıe after attending the coıırse.
4. A company sent 7 of its employees to attend a course in building self- 
confıdence. The follovving table gives the scores of these employees before 
and after attending the coıırse

Before____ i 8 _ ! 5 1 9__  6 8 5 __
After T l  (T ~\1....... T 5 1 11 ' 6 ' " .... ’ ч

Construct a 95 % confidence inlerval for the mean of population paired 
differences \vhere a paired difference is equal to the score of an employee 
before attending the course minus after attending this course.

Answers

|T a) (10.65; 36.55); b) (11.26; 15.14); c) (39.76; 52.64); 2, 1.40 to 3.00; 
£(>16.54; -3.21); 4.(-2.93; 0.07).
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6.7.2. Confıdence intervals for the difference bettveeıı 
means of t\vo normal populations \vitlı known variances

Suppose that the random variable X is based on a random sample of 
size n x from a normal population with mean // x and known variance <j\ .
Also suppose that the random variable Y is based on a random sample of 
size nY from a normal population with mean fjy and known variance cTy . 
The difference between population means has a mean [f.ıx - /лү )and

aı\
variance

Therefore, the random variable

-7 _ (X-Y)-(ux -/Jy)

\  nx ”y
has a Standard normal distribution.
We can use this fact to obtain 100 ■ (1 -  a)% confıdence interval for the 
difference between the population means.
Dcfinition:
When the variances o\ and er,2 of tvvo normal are known, then 
100 • (1 — a)% confıdence interval for (jux - цү ) is given by

( X - Y ) ~ z a/2
C Ty

< Mx - A r  < 1 ^ -  Y) + za/2 ■ I—  +
i) V n.v n

Ехапіріе:
A sample of size 13 from a normal population with variance 100

yielded X - 31.4 . A sample of size 7 from a second normal population with 

variance 80 yielded Y = 38.1 .Find a 95 % confıdence interval for(//x - Ar)-
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S o lu t io n :

100 • (1 — or)% =95%
1 -  a = 0.95
<z=0.05 and a /2  = 0.025

I The 95 % confidence interval for (pıx - pıy ) is

(31.4 - 38. 1) - ! .  96 -
100 80
13 1

- 15.27 < pıx - pıY <1.87
R e m a rk :
When n x and nY ar e both large, the normal approximation remains valid if

are greater than 30, an approximate 100 • (1 -  a)% confidence interval for

Ifv ~ M r ) ' ls 8iven by

where z a  : is the number for which
P(z> zall) = a/2

and Z follows Standard normal distı ibution.
Е хаіпріе:
A sample of 50 yoğurt cups pıoduced by the compaııy showed that they 
contain an average of 146 calories per cup with a Standard deviation of 
6,4 calories. A sample of 60 such yoğurt cups produced by its competitor 
$howed that they contained an average of 143 calories per cup with a 
Standard deviation of 7.2 calories. Make a 97 % confidence interval for the

a I- and <jy are replaced by their estimators S} and Sy. When nx and »,
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difference between the mean ııumber of calories in yoguıt cups produced by 
the two companies.

Solution:
We can refer to the respective samples as sample 1 and sample 2.
Let /./ v and be the means of populations 1 and 2 respectively; and

let X and Y be the means of the respective samples.
From the giveıı information:

Since both sample sizes are largc ( nx > 3 0 , >  30) we can replace

Finally. substituting ali the vahıes in the confıdence interval formula, vve 
obtain 97 % confidence interval lor ( / /v -  )as

Thus, vvith 97 % confıdence we can State that the difference in the mean 
calories of the two population of yoğurt cups produced by two different 
companies is between 0.18 and 5.82.

n x  -  5 0 ; X - 146;

nY - 60; Y —143;

er; and a\ by S t-and Sy respectively.
Then 100 ■ (1 -  a)% confidence interval tor ( / / , - uy ) is given by

«■'2

1 -a = 0.97
a - 0.03 and a i 2 = 0.015

' f 4 ~ 7 2” ' 6 Д ~ O *
1146 -143) -  2.17 ■ J  —  + — ...< u v -  < (146 -143) -r 2.17 ■ J —  -

\: 50 60 л V 50 60

0.18 < /лх - /.tY < 5.82 .
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Exercises

L A random sample of size 10 from a normal population with variance 50 
gave a meaıı 43.2. A second random sample of size 18 from a normal 
population \vith variance 72 gave a mean 48.7. Find a 99 per çent confıdenee 
interval forthe difference betvveeıı two population meaııs.

2. A random sample of size 100 yielded the sample valuesX -  509.
S2K - 950 . A random sample size 100 from another population yielded

Y = 447 Sf- — 875 . Find a 95 % confidence interval for(/r x uY).
3. An urban planning groııp is interested in estimatiııg the difference 
betvveen mean household incoınes for tvvo cmes. Iııdependent samples of 
households in two cities provide the follovving resıılts:

City 1 Citv2
a, =32 36

v, =$500 л 2 r' S 375
S, =$150 S 2 =S130

Develop an interval estimate of the difference betvveen mean incomes in the 
Ştwo cities. Shovv the resıılts for confidence coefficients of 0.90 and 0.95.

The ınanagcment at the National Bank iııvestigates mean vvaiting time for 
ıll customers at its tvvo branches. They took a sample of 200 customers from 
the branch A and foıınd t hat they vvaited an average of 4 60 minutes witl t a 
ıtandard deviation of 1.2 minutes before being served. Another sample of 
>00 customers laken from the branch B shovved that these customers vvaited 
ın average of 4.85 minutes vvith a Standard deviation of 1.5 minutes before 
leing served. Make a 97 % confidence interval for the difference betvveen 
he tvvo population means.
i Rural and urban students are to be compared on the basis of their scores 
[n a nationvvide university entrance test. Tvvo random samples of sizes 80 

d 95 are selected from rural and urban stııdents. The sıımmary statistics 
'om the test scores are

7 0 7



Rural Urban
Sarnple size 80 95
Mean 78.6 85.7
Standard deviation 9.1 8.3

Establish a 96 % confidence interval forthe difference in population mean 
scores between urban and rural students.
6. A business consultaırt wanted to investigate if providing day çare facilities 
on premises by companies reduces the absentee rate of working mothers 
from companies that provide day çare facilities on premises. Sarnple of 50 
mothers selected from the companies that provide day çare facilities was 
taken. These mothers missed an average of 6.4 days from work last year 
with a Standard deviation of 1.20 days. Another sarnple of 50 such mothers 
taken from companies that do not provide day çare facilities on premises 
shovved that these mothers missed an average of 9.3 days last year vvith a 
Standard deviation of 1.83 days. Construct a 98 % confidence interval for the 
difference between the two population means.

Ansvvers

U (-13.24; 2.24); 2. (53.63; 70.37); 3. (68,68; 181.32); (57.89; 192.11);
4. (-0.51; 0.01); 5. (4.37; 9.83); 6. (-3.62 to -2.18 days).

6. 8. Confidence interval for the difference between the population 
means: unknown population variances that are assumed to be equal

x t  us consider the 100(1 -a)% confidence interval estımation procedure 
for the difference betv/een the means of the populations when the population 
have normal distributions with equal variances, i.e., crf = <y~v. We will 
again be assuming that independent random samples are selected from the

f  \

populations. In this case the sampling distribution of | X- Y \ is normal

regardless of the sarnple sizes involved. The mean of the sampling 
distribution is(,ü Y - My)-
Because of the equal variances cr\ = cr2 - a2, we can vvrite

ı 1
1 2 2 
I c r  x  CTy I ,

/
1 l )

=  J < J ------H---------- |

x - y  y  n x  n y x n . n y \

If the variance cr2, is known, then confidence interval population means can 
be found easily. Hovvever, if a2 is unknovvn, the two samples variances,
|S; and S2, can be combined to compute the following estimate ofcr2:

c2 _  (nx - 1)  • S 2 +  (ny -  !)■ Sy
- —  ■ -

nx + n v - 2

[pe pı ocess of combining the results of the two independent samples to 
Provide an estimate of the population variance is referred to as polling, and

ıs referred to as polled estimator of c r .
Lefinition:
fuppose that two samples of sizes nt and nv are selected from normally 

rstrıbuted population with means цх and juY, and a common, but unknovvn

priance cr2. If sarnple means are X  and Y, sarnple variances are S2 and Sf,, 
len 100(1 -  a)%confidence interval for (jux - Цу) is given by



jnr+n,. ( - - i „ /Я.Т+П,-
' l n , + n , - 2 , a / 2  'S\i- ~<MX~ Vy < Х-Ү +4+«,-~2,“/2

V «v ”v v /  V ”v'”r;

were 5 is given by

S -
j(nx-l)-Sİ+(nr-l)-SÎ 
\ nx+nv- 2

and t„ +„ ~2,a/2 ıs number for \vhich

+n,.-2 >t/;, +/?, - İ M İ  2 J ry '

The random vaıiable t follows to the Student’s t distribution with 
(/? v + n - 2) degrees of freedom.

Кхатпіе:
Independent random samples of checking account balances for customers at 
two branches of National Bank shovv the follovving results:

Bank branches Number of Sample mean Sample Standard
checking accounts balance deviation

! Bank A 12 -4
' 1! O o o

Sx =$150

Bank B 10 Y = $920 
_____________

SY = $120

Find a 90 % confıdence interval estimate for the diffeıence betvveen the 
mean checking account balances of the two branches.
Solution:
100(1 — ör)% confıdence interval is

Х - Ү A ı v+n„- 2 .0 /2  ' S  ■.

nr + nv
<  M x  -  M r  <

f _ \
Х - Ү '*’ ^fi,+n,.-2.a/2 ’ S  '
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І = 1 Ы 5 0 ’ +9-1201  
12 + 10 -2

S = 137.3 
пх + nv -  2 = 20 
100(1-«)% -90%  
a / 2 = 0.05

->  К , + п г - 2 . а П  )  =  P O ı ı .  + ıı, -2 20.0.05) -  0.05 .

^20,0.05 -  1-725
Thus, the interval estimation becomes

"22"(1000- 920) -1 .725 ■ 137.3 ■ < цх - Цү < (1000 -  920) +1.725 • 137.3 • ̂ ~22

-  $21.40 < ц х -ju> <$181.40
| At a 90 % level of confîdence the interval estimate for the difference in 
mean account balances of two branches of Bank is -  $21.40 to Sİ 81.40. 
The fact that the interval includes a negative range of values indicates that 
the actual difference in the two rneans {j j x  -  /і к )may be negative.

|Thus /.ty coııld be actually be larger than jux .

Exercises

f_l he following information was obtained from tvvo independent sanıples 
selected from two normally distributed poptılations with unknown but equal 
variances.

O<NII X = 33.75; Sx =5.25

ny= 23; 7 = 28.50; SY =4.55

% confîdence interval for (ju x-Mr)-
T The National Bank is interested in estimating the difference betvveen the 

ean credit card balances of its tvvo branches. İndependent random samples 
of credit card customers provide the follovving results:
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Branch A 
л, = 32

X, = $500 
S, -  $150

Construct an interval estimate of the 
a confidence coeffıcient of 0.99.

Branch B 
n2 =36

Хг -$375  
$4 = $130

ifference betvveen mean balances. Use

3. Production quantities of ıwo vvorkers are shown belovv. Each dala value j 
indicates fhe amount of items produced dur i ng a randomly selccted I dav
peri od

Worker 1: 20; 18; 21; 22; 20
Worker 2: 22; 18; 20; 23: 24

Develop a 90 % confidence interval estimate forthe difference betvveen the j
mean production rates of the tvvo vvorkers.
4. The mean salary of rnale professors at the universıties was 54 340 tg and 
tlıat of female professors was 48 080 tg. For convenicnc-e. assume thatthese 
tvvo means are based on random samples of 28 male and 26 female 
professors. Assume tlıat the Standard deviatioııs of the tvvo samples are
3 100 tg and 2 800 tg, respeetively.
Construct a 90 % confidence interval for the difference betvveen the tvvo 
population means.
5. The follovving sumtnary statistics are recorded for independent random 
samples from tvvo populations:

Şaınple i Şanıpie 2

» X
- -  7 n v - 8

X-  86.2 ¥  -74 .7
■S.v =  14.2 Sy - 5.5

Stating anv assumptioııs that-you need, determine a 98 % confidence 
interval for (// v. - / / ,• ) .
6. A company is interested in buying otıe of tvvo diffeıent kinds of machines. 
Company tested the tvvo machines for production puıposes. The First 
machine vvas run for 8 hours and produced an average 123 items per hour 
vvith a Standard deviation of 9 items. The second machine was run for 10 
hours and produced an average of 114 items per hour vvith a Standard



deviation of 6 items. Assume that the production per hour for each machines 
appro\imately normally distributed. Also assume that the Standard deviation 
of the houriy production of the tvvo popıılations is equal 
Then 11 nd a 95 % eonfidence interval for the difference betvveen the tvvo 
population means.

Answers

L (2.21; 9.29); 2. ($37.57; $212.43); 3. (Worker 2- ty'orker 1); 0.87; uııits to 
3.27 units); 4. (4909.87; to 7610.13); 5. (-2.84; 25.84); 6. (1.50 to 16.50 
itemsj.

6. 9. Confidence interval for the difference betvveen the 
population proportions: (large samples)

As it was discussed earlier, for a large sample the sample proportion p  is 
appro.vimately normally distributed with ınean p  and Standard deviation

iP - 0 - P)
\ ! n
Suppose that a random sample of size n x observations from a population

vvıtb proportion of “success” p A-has a sample proportion ofsuccess p x , 
and that an independent random sample of size ny observations İrem a

population with proportion of “success” pY yields sample proportion pv
Since « vand nr bothare large, their sample proportions p x and py are 
approximately normally distributed with means p v and px . and Standard 
deviations

ІР х У - Р . г ) and

Pr 0-~Pr ) respectively.
»У

:Then the random variable p K - pr, and the variance



Рх О ■ р - ) , Рг О -  Рг )
Рг-Ру П у

The standardized random variable

2:
! Р х - Р ;  - U' . ~Pr)
V_______ /

jp .Y  П -  P  x ) + P y ^ - P y )

V »v ">

ıs арргохіпшеіу Standard normal.
In order to fin d conildence interval for{/? v - p y)- we musl either knovv or 

estimate the quantity of
P x ( ] P . \ )  + Py P y )

П х  / 1;

We can estimate the population pıoportion p x by the sample propoıtion p x ; 

and we can estimate the population propoıtion p Y by the sample

proportion p  y . Tlıen

Px.0-P>. > .. P t O -  P> ) 5 P.yO-P.v) , P y^ - P y)
” ,x ’h  11X 11Y

Then an approximate 100(1 a)% conildence interval is given by

( ' " 1 ( ■' ' \
i Р х - Р ү  t ү* a ! 2 - Л < Р х  P y < I P x - P y ! + z„ , 2 - A  
v J  V /

vvhere

A
P , П ■ P y '1 ^ P y ( ] - P y )

II y  Пу



Ехатріе:
Міке and Тот likc to throw daıts. Міке llırovvs ] 00 times and hits the target 
54 times; Toın tlırovvs 100 tımes and hits the taıget 49 times. Find a 95 % 
confıdence interval tor( p x - p y), where p  v repıesents the true proportion 
of hıts ın Mike's tosses, and p } repıesents the true proportion of hıts ın 
Tom's tosses.
Solution:

100(1 -  a ) %  -  95% and г0 (n5 = 1.96

P s =
54
100

0.54

49
100Pr  ------  " ;<)

4 = ! (Li İ ! ZP.Iİ + P r < l ~ Pr)   ̂ 10.54-0.46 + 0.49 0.51 _. () 0?(]
|  ıı ү n y 100 100

(0.54 -  0.49) -  1.96 • 0.0706 < p x -  p Y < (0.54 -  0.49) + 1.96 • 0.0706
-  0.088 < p  v - p v <0.188
Tlıus. vvith 95 % confidcnee we can state that the differeııce betweeıı the
proportıons of M ike's and Tom 's tosses ıs betvvecn -0.088 and 0 .1 88.

Exercises

1. Find a 90 %  confıdence interval lor p x -  p r , if a sample of size 200

yielded p  v -  0.70 and a sample of size 300 yielded p y  0 . 6 5  .

2. Construct a 99 % confıdence interval for p x -  p Y ıf

II UJ O o P x = 0.53

n Y - 2 0 0 ; P  i = 0.59



3. A sample of 400 observations taken from.the fırst population gave 
x, —150. Another sample of 700 observations taken from the second 
population gave av =  225 . Make a 96 % confıdence interval forp, -  p 2 .

4. A sample of 500 items produced by a supplier A possessed 270 defective 
items. A random sample of 360 items produced by supplier B possessed 162 
defective items. Compute a 95 % confıdence interval estimate for the 
difference in proportion defective from the tvvo suppliers.
5. Assume that 66 % of single \vomen and 81.9 % of singte men own cars. 
Also assume that these estimates are based on random samples of 1640 
single vvomen and 1800 single men. Develop a 99 % confıdence interval lor 
the difference betvveen the tvvo population proportiotıs.
6. The management of a market \vanted to investigate if the percentage of 
men and \vomeıı vvho prefer to buy national braııd products över the store 
brand products are different. A sample of 500 men shoppers at süpermarkete; 
shovved that 175 of them prefer to buy national brand products över the store; 
brand products, Another sample of 800 vvomen shoppers shovved that 360 of 
them prefer to buy national brand products över the store brand products. 
Construct a 95 % confıdence interval for the difference betvveen the 
proportions of ali men and vvomen shoppers at süpermarket vvho prefer to 
buv national braııd products över the store brand products.
7. A sample of 600 females vvas seleeted from ethnic group A and a sample 
of 700 from ethnic group B. Each female vvas asked “Dıd you get marrıed 
before you were 227”. 246 of females from group A and 266 of females 
from group B ansvvered “>ey”. Fınd a 95 % confıdence interval for the two 
population proportions.
8. According to a survey, 1010 adults conducted and 74.2 % of male and 
88.8 % of vvomen said that they are coııcerned about liviııg near a nuclear 
povver plant. Assume that there were 520 men and 490 vvomen in this 
sample.
Construct a 99 % confıdence. interval for the difference betvveen the 
proportions of ali men and ali vvomen vvlıo are concerned about living near 
povver plant.

Ansvvers

L (-0.02; 0.12); 2. (-0.18; 0.06); 3. (-0.006; 0.116); 4. (0.023; 0.157);
5, (-0.20; -0.12); 6. (-0.154; 0.046); 7, (-0.02; 0.08); §.(-0.21; -0.08).
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6. 10. Confıdence interval for the variance of a normal 
distribution

We may often need to estimate confıdence interval for the population 
variance (or Standard deviation).
Like every sample statistic, the sample variance is a random variable and it 
possesses a sampling distribution. If ali the possible samples of a given size 
are taken from a population and their variances are calculated, the 
probability distribution of these variances is called the sampling distribution 
of the sample variance.
The random variable

a 1
follovvs a Chi-square distribution vvith {n -  l)degrees of freedom.
To fmd the form ula for calculating Confıdence iııtervals for the variance. it 
is necessary to introdııce nevv notations.
W e vvill denote %î ~ Xn~\ the nuınber tor vvhicb P \ x X , > ) - a
(Fig.6.13)

Fig. 6.13.
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Similarly, it follovvs that %' u is defıned as/-1; x„-\ > X'

And a ıs defıned asP; x l  > XX
i ------ i 'i

a

Tlıen it follovvs that P\ < j 1
; a

in the end. as it slıown in Fig.6.14

P\,X2 а < Х І < Х 2 : 1 — cc

Using ıısual procedure vve obtain 100(1 - a f o confıdence iııterval fot 
population variance as

Xf\
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vvhere x,,~\ follows a Chi - square distribution with (n - 1) degrees of 
freedom.
Ехашріе:
The variance in drug vveights is very crirical in the pharmaceıılical industry 
For a specifıc drug, with vveights measured in grams, a sample of 18 units
provided a sample variance of S -  0.36
a) Construct a 90 % conftdence interval estimate lor the population variance 
for the vveights oi'this drug.
b) Construct a 90 % confidence interval estimate for the population Standard 
deviation for the vveights of this drug.
Solution:
Krom the given information

n —18: v - n  1 = 17: V O 36:
; and for a 90 % confidence interval, a -0.1; a / 2 -  0.05 .
• 100 ■ (1 -  a)% confidence interval for cr' ıs given bv

-...ş-- -----  ’■ < — -------
X a  X a

a) From the Chi- square table vve obtain that

ХІып.-хҺть ” 27.59;

X„--l.]-ai2 X ] 7,0.95 ”'8.67 
After substitution vve obtain

17j 0.36 ^ 2 17'0.36
27.59 <CT 8.67 

0.22 < cr2 <0.71
b) We can obtain the confidence interval for the population Standard 
deviation a by taking the positive square root of the two limits of the above 
confidence interval for the population variance. Thus, 90 % confidence 
interval estimate for the population Standard deviation is
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\/0.22 < a  < л/0.71 
0.47 < a  <0.84

H e n c e ,  t h e  S t a n d a r d  d e v i a t i o n  of a l i  i n v e s t i g a t e d  d r u g  i s  b e t v v e e n  0.47 a n d  

0.84 g r a m s  a t  a  90 % c o n f î d e n c e  l e v e l .

Exercises

L The sample of 15 bu s arrivals showed a sample variance at S 2 = 4.2 nıin.
a) Construct a 95 % confîdence interval of the variance forthe populatıon of 
arrival times.
b) Suppose that the sample variance of 5 2 =3.5 mm . had been obtained 
from a sample of 26 bus arrivals. Determine a 95 % confidence interval of 
the variance for the populatioıı of arrival times.
2. From productioıı process a random sample of 25 a certain brand of light 
bulbs \vas taken. The variance of the lives of these bulbs was foımd to be 
4710 hours. Assume that the lives of ali such bulbs are approximately 
normallv distributcd.
a) Make a 99 % confîdence interval for the variance and Standard deviation 
of the lives of ali such bulbs.
3. The time required to complete a certain operation bv the sample of 25 
employees of auditing company has a Standard deviation of 3.1 min. 
Construct a 98 % confîdence interval fo ra  .
4. From a data set of n=10 observation, one has calculated the 95 % 
confidence interval for a  and obtained the result (0.81; 2.15).
Calculate a 90 % confidence interval fo ra  .
5^(1 iven the sample data

12, 18, 9, 15, 14
Construct a 95 % confidence interval fo ra  .
6. A sample of 7 observations taken from a populatioıı produeed the 
lollovving data

10, 8. 13, 15. 6, 8. 13
Make the 98 % confidence intervals for the populatioıı variance and standaıd 
deviation.
7. A random sample of 25 customers taken from the bank gave the variance 
of the vvaiting tinıes equal to 7.9 min. Construct 99 % confidence intervals 
for the populatioıı variance.

Ş^Suppose that based on a random sample of size 10 from a normal 
distribution, one has found the 95 % confidence interval for the populatioıı 
mean to be (36.2; 45.8). Using this result determine a 95 % confidence 
interval for the populatioıı Standard deviation.

Ansıveıs

L a) (2.25: 10.44); b) (2.15; 6.67); 2. a) (2481.1; 11429.7) and (49.8; 106.9): 
3. (2.32; 4.61) 4. (0.86; 1.94); 5. (2.25; 9.66); fr (3.91; 75.36) and 
(1.98: 8.68); 7, (4.16; 19.18); 8. (4.62; 12.25).

6.11. Sample size determination

The reason vvhv we alvvavs conduct a sample observations and not a census 
is that alnıost alvvays w e have limited resources at our disposal. İn our 
calculatioııs. ifa sınailer sample can serve our purpose- then w e w i 11 be 
vvastmg our resources by taking a larger sample. for ехатріе, suppose we 
want to estimate the mean life of certain type of lights bulbs. ifa  sample of 
50 light bulbs can give us the type of confidence interval that \ve are looking 
for, then vve vvill be vvasting money and time if we take a sample of nuıch 
larger size, say 800 light bulbs. İn such cases if vve knovv the confidence 
interval that we vvaııt, then vve can fmd the (approximate) size of the sample 
that vvill produce the required result.

6.11.1. Sample size determination for the estimatioıı of mean

Suppose that sample of n observations is taken from a normally distributed 
populatioıı \vith mean ju and knovvn variance a  '.  W e knovv tlıat 
100 ■ (1 — a)% confidence interval for the populatioıı mean n is given by

a a
X ~ Z a : l  - —  < H < x X - Z a i l '  —

ліп V n

tvhere vis the sample mean and zan is the appropriate cutoff point of the 
Standard normal distribution. This confidence interval is centered on the
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sample mean and exteııds a distance of L, the margin of error (also called the 
sanıple error, the bound, orthe interval halfwidth) is gıven by

L”-.„ -X»
Suppose that we predetermine the size of L and want to fınd the size of the 
sample that will yield this margin error. From the above expression, the 
following formu la is obtained that determines the required sample size n. 
Definition:
Given the confıdence level and Standard deviation of the popıılation 
(or popıılation variance), the sample size that will produce a predetermined 
margin error L of the confidence interval estimate of // is

L
Remark 1:
If w e do not kno\v<7 . w e can take a sam ple and fınd sam ple Standard 
deviation. Then w e can use S for <ı in the formula.
Remark 2:
n mııst be rounded to the next higher integer, because a sample size can not 
be fractional.
E.vample:
Suppose that we want to estimate the mean family size for ali eountrv 
families at 99 % confidence level. İt ıs knoıvn that the Standard deviation 
er for the sizes of ali families in the eountrv is 0.45.
Hovv large a sample should we select if we want its estimate to be vvithin 
0.02 of the popıılation mean?
Solution:
We want the 99 % confidence interval for the mean family size to be

.x-± 0.02.
Hence, the margin of errors is to be 0.02, that is 

L  ~ 0.02
The value of z,.x 2for a 99 % confidence level is 2.58.
The value of a is given to be 0.45. Therefore, substituting ali values in the 
formula and simplifying, we obtain



п = -= i 2'58) (° ’45) = 3369.8 « 3370
1}  ( 0 .02)2

Thııs, the required sample size is 3370. If we will take a sample ot 3370 
families, compute the mean family size for this sample, and then ınargin of a 
99 % confidence interval around this sample. the margin ot error of the 
estimate vvill be appıoximately 0.02.

6.11.2. Sample size determination for the estimation of proportion

Just as we did vvitlı the mean, \ve can also determine the sample size for 
estimating the population proportion p.
W e knovv tlıat 100 • (1 -  a)% confidence interval for p is given by

P ~ - a
\p(\-p) \p( 1 p)

V ----------< P < P + Z a ‘2 ■}— ------ —V n V n

w here p - is the sample proportion.
This interval is centered on the sample proportion and extends a distance L\

V n
This rcsult can not be ıısed directly to determine the sample size n necessary 

to obtain a contıdence interval of some specifıc vvidth. since it involves p .

which is not known. But whatever the outcome, p( 1 - p) can not be bigger
than 0.25. its value when the sample proportion is 0.5. Tlıus. the largest 
possible valııe for L is given by

2 ’
j0.25 _ 0.5-z

л/к
Using basic algebra, we obtain

V il ~-
and squaring yields

0.5 • z.
L

t). 2 5 • ( t



Definition:
Let a random sample be selected frotn a normal population. 100 • (1 -a)% 
coııfıdence interval forthe population proportion, extending a distance of at 
most L on each side of the sample proportion, can be guaranteed if the 
sample size is

0.25 • (z ,) '  
n —---------. •• —

L1
Ехапшіе:
A public Health survey is to be designed to estimate the proportion p of a 
population lıaving defective visioıı. How many persons should be examined 
if the public health doctor wishes to be 98 % cenain that error of estirnatioıı 
is belovv 0.05'?
Soluüoıı:

The public health doctor vvants the 98 % coııfıdence interval to be px 0.05 
Therefore L - 0.05 . The value of z0 - for a 98 % confıdence level is 2 33. 
After substituting we obtain that the required sample size ıs

n  - -
0.25 0.25 • (2.33)'' = 542.89 * 543.1: (0.05);

Thus, if the doctor takes a sample of 543 persons, the estimate of p  will be
within 0.05 of the population proportion.

Exercises

E Determine the sample size for the estimate of u for the folknvıng:
a) L ~ 0.17 ; a- 0.90 : coııfıdence level =■ 99%
b) Z, — 4.11 a-  23.45 ; confıdence level -  95%
c) ./, = 25.9 ; a = 122.25 ; confidence level -  90%

2. Determine the nıost conservative sample size for estimation of the 
population proportion for the follovviııg:

a) L = 0.025 ; confıdence level = 99 %
b) L - 0.045 ; confıdence level = 96 %
c) L -  0.015 ; confıdence level = 90 %
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3. A sample of 50 vvorkers’ average weekly earnings gave cr = $35. 
Determine the sample size that is ııeeded for estimating the population mean 
weekly earnings with a 98 % error margin of $ 3.50.
4. How large a sample should be taken to be 95 % sure that the error oi 
estimation does not exceed 0.02 vvhen estimating a population proportiotı?
5. A food service manager wants to be 95 % confident that the error in the 
estimatc of the mean number of sandvviches dispensed över the lunch hour is 
10 or less. What sample size should be selected if er -  40?
6. One department manager vvants to estimate at 90 % confidence level the 
mean amount spent by ali customers at thıs store. İ le knovvs that the 
Standard deviation of amounts spent by customers at tlııs store ıs $ 27 W'hat 
sample size he chooses so that the estimate is within S 3 of the population 
mean?
7. A tcacher \vants to estimate the proportion of ali students vvho o\vn 
mobile telephones. Ho\v large should the sample size be so that the
99 % confidence ınterval for the population propoıtion has a maximum 
error of 0.03?
8. A private university vvants to determine a 99 % confidence interval for the 
mean number of hours that students speııd per vveek doing homevvork. Hovv 
large a sample should be selected so that the estimate is vvithin 1 hour of the 
population ınean? Assume that the Standard deviation for the time spent peı 
vveek doing homevvork by students is 3 hours.

Answers



APPENDIX

л _лe

0 .0 0 1.000000
0.10 .904837

: 0.20 .81873 1
| о.зо .740818
! 0.40 .670320

0.50 .606531
0.60 .548812
0.70 .496585
0.80 .449329
0.90 .406570
1.00 .367879
1.10 .332871
1.20 .301194
1.30 .272532

! 1.40 .246579
1.50 .223130
1.60 .201897
1.70 .182684
1.80 .165299
1.90 .149569

j 2.00 .135335
2.10 .122456
2.20 .110803
2.30 .100259
2.40 .090518
2.50 .082085
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Table 1: Values of e

A -/! 6 6 i Л
i
1 e ' A

2.60 .074274 5.10 .006097 7.60 .000501
2.70 .067206 5.20 .005517 7.70 .000453
2.80 .060810 5.30 .004992 7.80 .000410
2.90 .055023 5.40 .004517 7.90 .000371
3.00 .049787 5.50 .004087 8.00 .000336
3.10 .045049 5.60 .003698 8.10 .000304
3.20 .040762 5.70 .003346 8.20 .000275
3.30 .036883 5.80 .003028 8.30 .000249
3.40 .033373 5.90 .002739 8.40 .000225
3.50 .030197 6.00 .002479 8.50 .000204
3.60 .027324 6.10 .002243 8.60 .000184
3.70 .024724 6.20 .002029 8.70 .000167

L
O oo O .022371 6.30 .001836 8.80 .000151 ı

3.90 .020242 6.40 .001661 8.90 .000136 j

4.00 .018316 6.50 001503 9.00 .000123
4.10 .016573 6.60 .001360 9.10 .000112
4.20 .014996 6.70 .001231 9.20 .000101
4.30 .013569 6.80 .001114 9.30 .000091
4.40 .0 12277 6.90 .001008 9.40 .000083
4.50 .011109 7.00 .000912 9.50 .000075 i
4.60 .010052 7.10 .000825 9.60 .000068 I

4.70 .009095 7.20 .000747 9.70 .000061 |
4.80 .008230 7.30 .000676 9.80 .000056 !
4.90 .007447 7.40 .000611 9.90 .000050 !
5.00 .006738 7.50 .000553 10.00 .000045



6VZ
5966' 
6966 
£966' 
£966' 
1966

0966'
6966’
£966'
9S66
5966

£566'
£566'
1 966' 
6666 
8666

9666'
5666'
£ 666 '

1666'
0666’

8£ 66 ' 

9£66 
6566' 
Zİ6 6'
1 £ 66'

0£T 6c66 T 867' 1986' ‘ 0£'£ ~ 66£6'
69T £ c66 667 £886 61 7 8 ££6'
89'£ 5766 £67 | 6886' 817. £££6'
£97 ££66 £67; j 0586' £17 j 9££6'
997 0£66' 1 67 9686 917 ' 61 £6

597 8166
t
! ovz £686 817 £ 1 £6'

697 9166 6£7 8£86 617 90£b
£97 £ 166 8 £7 6£86 £17. 6696
£97 1166 L i C 0£86 £17 £696
197 6066 9£"£ 9£86 i 17 9896'

097 9066 5£'£ I £86 017 8£96'
65 £ 6066 6£"c £186' 607 I £96'
8 57 1066 C v ' / £186' 807 6996'
£57 8686 ££'£ 8086 £07 9896
957 9686 1 £7 £086 907 6696

587 £686' 0£7 86£6 507 1696'
657 0686 6£"£ £6£6' 607 £796'
£57 £886 8£7 88£6 £07 8(96'
£57 6886' ££'£ £8£6' £07 9196
157 1886 9£7 Ш6' 107 8096'

087 8£86 5£7' ZLL6' 007 ! 66 8 6
66 £ 5786' Pc Z L9L6' 66' 1 ; 1656'
86 £ i 1 £86 ££7 19L6 86' 1 i £856’
£67' 8986 ZZ’c 9876' £6' 1 1 £756'
967 6986' 1£7 0876' 96 1 I 6956’

56'1 
66 'l 
£ 6 ' [  
£6'I 
16' l

06'I
68'I 
88'l 
£8'l 
98'I

58'( 
6 8 ' l 
£8' I 
£81 
I 8' I

08' I
6Z5 I 
86'I 
££' I 
9£'l

56'[ 
VU I 
£'£'[ 
ZU 1 
IL

I'able 2: t umüIâTîve aistrıbutıon  ıunctıon  ot tne Standard norm al aısirvSûtîon

6556' 
£656' 
5 £86'
5 6 5'6 
5186'

5086'
5666
6866
6666 '

£966

£566’
1666
6£66
8166'
9066

6656 
£8 £ 6 ' 

0££6 
£S£6’ 
56£6'

Zi £6
6 I £6 
90£6 
£ 6£ 6 ' 
6LZ 6'

0П  
69'! 
89' I 
£9' I 
99'I

59' l 
69'1 
£9 1 
£91 
19 I

09'I 
65' 1 
85' i 
£51 
98' 1

551 
65' l 
£ 5  1 
£ 5 ' 1 
15" l

05'l 
66' 1 
86'1 
£61 
9P'l__

S9£6 
1 5 £6 
9666 
£££6 
£0£6

£616' 
££16' 
£916' 
£616' 
1 £ 16'

5116'
6606
£806'
9906'
6606'

££06'
5106'
£ 668 '

0868'
£968'

6668 ' 

8£  68 ' 

£068' 
8888 
6988

560 
66 ' 1 
£6 1 
£ 6' 1 
I 6' I

06'l 
6f 1 
8£ " 1 
£ £ ' l  

9£'l

5£' I
6£1 
££" 1 
££' 1

0£' I 
6£'l 
8£'l 
££'[ 
9c I

Sc'I 
6с' 1 
££' I 
ZZ’l 
IZ'I

Z F(z) z F(z) Z  | -7 1! F{z)  1 F(z) l z _ 1 F(z) \

.00

.01
.5000
.5040 .21 .5832 .41 .6591

i
.61

- " İ  

.7291 j
1

.81 i .7910
!

1.01 ' .8438
.02 .5080 .22 .5871 .42 .6628 .62 .7324 .82 .7939 1.02 .8461
.03 .5120 .23 .5910 .43 .6664 .63 .7357 .83 .7967 j 1.03 8485
.04 .5160 .24 .5948 .44 .6700 .64 .7389 .84 .7995 i 1.04 .8508
.05 .5199 .25 .5987 .45 .6736 .65 .7422 .85 8023 1.05 .8531

.06 .5239 .26 .6026 .46 6772 .66 .7454 .86 .8051 1.06 .8554

.07 .5279 .27 .6064 .47 .6803 .67 .7486 .87 .8078 1.07 .8577

.08 .5319 .28 .6103 .48 .6844 .68 .7517 .88 .8106 1.08 .8599

.09 .5359 .29 .6141 .49 .6879 .69 7549 .89 .8133 1.09 .8621

.10 .5398 .30 .61 79 .50 .6915 .70 .7580 90 ,8159 1,10 .8643

.11 .5438 .31 .6217 .51 .6950 .71 .7611 .91 .8186 1.11 .8665

.12 .5478 .32 .6255 .52 .6985 .72 .7642 .92 8212 1.12 .8686

.13 .5517 .3 3 .6293 .53 .7019 .73 .7673 .93 , .8238 1.13 .8708

.14 .5557 .34 .633 1 .54 .7054 .74 .7704 .94 .8264 1.14 .8729

.15 .5596 .35 .6368 .55 .7088 .75 .7734 .95 .8289 1.15 .8749

.16 .5636 .36 .6406 : .56 .7123 .76 .7764 .96 .8315 1.16 i .8770
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Table 2: Cum ulative distribution function of the Standard norm al distribution (continue)

z F(z) z F(z) Z F(z) z F(z) z F(z) z F(z) Z F(z)

2.71 .9966 2.91 .9982 3.11 .9991 3.31 .9995 3.51 .9998 3.71 .9999 3.91 1.0000
2.72 .9967 2.92 .9982 3.12 .9991 3.32 .9996 3.52 .9998 3.72 .9999 3.92 1.0000
2.73 .9968 2.93 .9983 3.13 .9991 3.33 .9996 3.53 .9998 3.73 .9999 3.93 1.0000
2.74 .9969 2.94 .9984 3.14 .9992 3.34 .9996 3.54 .9998 3.74 .9999 3.94 1.0000
2.75 .9970 2.95 .9984 3.15 9992 3.35 .9996 3.55 .9998 3.75 .9999 3.95 1.0000

2.76 .9971 2.96 .9985 3.16 .9992 3.36 .9996 3.56 .9998 3.76 .9999 3.96 1.0000
2.77 .9972 2.97 .9985 3.17 .9992 3.37 .9996 3.57 .9998 3.77 .9999 3.97 1.0000
2.78 .9973 2.98 .9986 3.18 .9993 3.38 .9996 3.58 .9998 3.78 .9999 3.98 1.0000
2.79 .9974 2.99 .9986 3.19 .9993 3.39 .9997 3.59 .9998 3.79 .9999 3.99 1.0000
2.80 .9974 3.00 .9986 3.20 .9993 3.40 .9997 3.60 .9998 3.80 .9999

2.81 .9975 3.01 .9987 3.21 .9993 3.41 .9997 3.61 .9998 3.81 .9999
2.82 .9976 3.02 .9987 3.22 .9994 3.42 .9997 3.62 .9999 3.82 ,?999
2.83 .9977 3.03 .9988 3.23 .9994 3.43 .9997 3.63 .9999 3.83 .9999
2.84 .9977 3.04 .9988 3.24 .9994 3.44 .9997 3.64 .9999 3.84 .9999
2.85 .9978 3.05 .9989 3.25 .9994 3.45 .9997 3.65 .9999 3.85 .9999

2.86 .9979 3.06 .9989 3.26 .9994 3.46 .9997 3.66 .9999 3.86 .9999
2.87 .9979 3.07 .9989 3.27 .9995 3.47 .9997 3.67 .9999 3.87 .9999
2.88 .9980 3.08 .9990 3.28 .9995 3.48 .9997 3.68 .9999 3.88 9999
2.89 .9981 3.09 .9990 3.29 .9995 3.49 .9998 3.69 .9999 3.89 1.0000
2.90 .9981 3.10 .9990 3.30 .9995 3.50 .9998 3.70 .9999 3.90 1.0000 I

2 5 0



Table 4: Cut-off point of Student’s t distribution

I 17 a
0.100 0.050 0.025 0.010 0.005

i i 3,078 6.3 i 4 12.706 3 ı..821 o3.o5 /
2 1.886 2.920 4.303 6.965 9.925
Л 1.638 2.353 3.182 4.54 1 5.841
4 1.533 2.132 2.776 3.747 4.604
5 1.476 2.015 2.57! 3.365 4.032
6 1.440 1.943 2.447 3.143 3.707
7 1.415 1.895 2.365 2.998 3.499
8 1.397 1.860 2.306 2.896 3.355
9 1.383 1.833 2.262 2.821 3.250
10 1.372 1.812 2.228 2.764 3.169

1 1 1.363 1.796 2.201 2.718 .3.160
ı i .336 1.782 2. i 79  ̂ Л О  i  ̂,'j :  :
13 1.350 1.771 2.160 2.650 3.012
14 1.345 1.761 2.145 2,t>24 ? 977
15 1.341 1.753 2.131 2.602 2.947
16 1.337 1.746 2.120 2.583 2.921
17 1.333 1.740 2.110 2.567 2.898
18 1.330 1.734 2.101 2.552 2.878
19 1.328 1.729 2.093 2.539 2.861
20 1.325 1.725 2.086 2.528 2.845

21 1.323 1.721 2.080 2.518 2.831
09 1.321 1.717 2.074 2.508 2.819
o-; 1 319 ı ->u 060 ? 0̂0 80"
24 1.318 i.711 2.064 2.492 2.797
25 1.316 1.708 2.060 2.485 2.787
26 1.315 1.706 2.056 2.479 2.779
27 1.314 1.703 2.052 2.473 2.771
28 1.313 1.701 2.048 2.467 2.763
29 1.311 1.699 2.045 2.462 2.756
30 1.310 1.697 2.042 2,457 2.750

40 1.303 1.684 2.021 2.423 2.704
60 1.296 1.671 2.000 2.390 2.660

00 1.282 1.645 1.960 2.326 2.576
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