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Oroaniar Chapter 1
rganization and description of data

1.1. Introduction

Statistics i 3
StCs 1s a group of me
" cthods th e used
) su S that are g 2C
gtets.eltdf, mterpret data and make decisions vsedto collect, analyse
ati I Vi N B
S 1cs] 1s someﬁmes divided into two main a
L Deﬂsonptwc Statistics b
B 2. Inferential statistics
escriptive statistic sts ¢
stics sists of j
Descrip / €S CONsists of the collection. oreanjzati
; oS co - Organization, summation
Population is a ¢ set of unj |
populatio gom_plete setot units (usually people. obj
A sub re mterested in studvine ‘ PRt events)
subset of the ation selecte
Inforenmio smﬂgﬁg:llguon selected for study is called sampl
. § is an estimate or predict; .
o ‘ i ate or pred G I
information contained in a sample PRI Shout € population based

1.2. The mean

The )
mean for .
average. is found by 1(;lclil_grolllptd data, also known as the arithmet;
: v adding the values he etic
number of values. Thys., ¢ values of the data and dividing by the total
S. & a

A
: Y
L
]

M ,
€an for population data-

JUE -

Mean for sample data: o

W’here N -~ ‘S ‘ - -
p l]atl 1ze ‘S (&)
I size. n 15 san pl& SXZL - (G‘ 7‘17 l t
< . 2N U [)

s the Population

me S
an ] i » )
Ofthe ﬁ)“O\\"]ﬂQ SL\ sam [ C S !
5: “~s ()7 83 /. 8 ¢ Ob t‘l‘\aUOﬂS

ean, and y- (
. Y- (reac oy Y
(read as “x-bar ") is the sample mean




Remark: If the given data set represents a population

Solution:
lunon: Example:
Consider again the seven salaries of employees of a spall
$320, 410, 310, 480, 530, 370, 240

Using the definition of sample mean. we find

5+246+8-7+8 30 6
e e T P T =0, . . . !
6 6 Calculate the median of this population
Solution: '

First of all, let us rank salaries in ascending order;

Thus, the mean of this sample is 6.
$ 240,510,320, 370, 410, 480, 530

Example:
The salaries of all 7 employees of a small company are:
§320. 410,310, 480, 330,370, 240 VI )
y | 3w : , 530, ; N=7 and Ml__l‘ R
Find the mean salary. Ty T T 4
Solution: TI ST s T
_— . . herefore, the median is , . .
Since the given data set includes all 7 employees of the company. 1t $ 240 " ]eg'i'l is the value of the fourth term in the ranked d
. . . T S ety . .
represents the population. Hence. N = 7. The population mean is 510, 320. PT(’J 410, 480. 530
Y
- 1
Y, i
Z ©320 - 410+ 310 - 480 4 330+ 2000 ciq Ty Median
/l T ST T e T T — = - == = = DDV . hus, . , R .
A - / e the median value for this population is $370
oyees of this company 1s $380. The ages of
s . .
g¢s o a sample of 10 university students are

Thus. the mean salary of the empl
18.22.19.20.21. 18,22, 19. 23

Calculate the median of this sample.

Selution;

1.3. The median

The median is the middle term in a data set. Before one can find this poi

the data must be arranged in increasing (ot
caleulation of the median for ungrouped dara consists of the following Wrpere 10
10 values in the data set. Hence

steps:
| Rank the given data set in increasing (or decreasing) order. r hoor y
) & - dad [ sIng = n::l() and 'E}} _! 10+1‘]h 55”1
NN ‘ |2 =i =
2 Find | ©— | term in a ranked data sct. Therefo - c L2 .
2 , re, the media
o anked data
i ) .
. I+l X X th
[he value of | = [ oterm is the median. 5% value = 19 6 val X
2y : value =: 20
: N Median = 19 +2
There are two possibilities ' an=-"_""_195
1) If nis odd, then the median is given by the value of the middle term Hence, the me dian 2_
a -
ranked data. ) ge1s 195
age of the values of t 2

2) If nis even. then the median is given by the aver
two middle teym

10

-

17

\ . First we order .
decreasing) order. The 011;161 the data in increasing order. The ordered vales ar
. 18,18.19,19,20,21.22.22 3 S are

nis giv : “fif
given by the mean of fifth and sixth values in the

replace nby N




1.4. The Mode

The value that occurs most often in a data set is called the mode.

Example:

The tollowing data give the GPA of 7 students
36.32:28:36:3.8:3.6:29

Find the mode.

Solution:

It is helpful to arrange the data in order. although it is not necessary

2.8:2.9,32,3.6:3.6;3.6:3.8

Since 3.6 occurs three times and 3.6 has a frequency larger than any

other number- the mode for the data set is 3.6.

A data set can have more than one mode or no mode at all, whereas it

will have only one mean and only one median.

A data set with each value occurring only once has no mode.

A data set with two (or more) values occurring with the same (highest)

frequency has two (or more) modes.

Example:

Find the mode of the set data set:
23,3, L,2.7.7.301.2

Solution: Since 2 and 3 both occur three times, the modes are 2 and 3.

This data set is said to be bimodal.

Example:

Last year’s income of six randomly selected families were

210.000. 300.000. 325.000, 280.000, 315.000. 410.000

Find the mode.

Selution:

Since each value occurs only once. there is no mode.

Remark: One advantage of the mode is that it can be calculated for

both kinds of data. quantitive and qualitaive, whereas the mean and

median can be calculated only for quantitive data.

Example: ’

6 students are selected at random. Their statuses are:

Senior, sophomore. senior, junior, senior, sophomore.

Find the mode.

Solution:

Since senior occurs more frequently than the other categories. it is the

mode for this data sel. However, we can not calculate the mean and

r\



median for this data set.
For a data set. the mean, mediau, and mode can be quite different.
Consider the following example.
- Example:
The number of days the first six heart transplant patients survived after .
their operations were
15; 3. 46; 623, 126, 64
Find the mean, median, and mode.
Solution:
The sample mean is

a o~

S

. S+3+46+ 623126164 877
x =2 :13+ +623+1 éﬁ.ﬁ_ - -§/-~:14()42days
6 6 G
o find median, first we rank the data. The ordered values are
3,15, 46, 64, 126, 623 n==6

Tl el ;m
Vedian =| el ( e b =350

L2J L2z,

v, iy, N A6 4 6

viedian = 3% value :4 value - 46 : 04 55 days

ince each value occurs only once, there is no mode,
1 this example, the mean is much higher than the median. Only | out of 6

atients survived longer than x = 146.2 days. It is because of only large
srvival time that greatly inflates the mean. In this and similar situations,
1e median should be used as the measure of central tendency.

o sum up, we can not conclude which of the three measures of ceniral
ndency is a better measure overall, Each of them may be better under
fferent situations. But the mean is the most used measure of central
ndency. The advantage of the mean is that its calculation includes cach
vlue of the data set.




Exercises

1. Calculate the mean and median for each of the following data set.

ay6,10,7. 14,8
b)2,1,4,2,1

2. The following data set belongs o a population
3.-7.2.0.-9.12. 10,7

Calculate the mean. median and mode.

3. Find the mode ol each of the tollowing samples
a)3.8.11.9.8,6,8
b)7,12,8,7,10,11,8,6,10, 13,7, 8

10. Consider the tollowing two data sets
Datasel!:10.12,l7 8. 13 A
w Dataset11: 13,15, 20. ] 1g
Notice that each value of ecor
of the second dags f [

. ata set 1s ob g {
corresponding v, > 11 . Calog gy ned by .
core éaam Se[f é{cl) ue of the first data set. Calculate the mezinaf(i)dmg ; o

- ~Omment on the refationsh: rea ot
ase , nsh :
11. Consider the following two data sets: plhemeen he o e
Data ser J: 2,5,7.9.8 '
N Data setI1: 6, 5.1 27 -,
Notice that each valye :‘k/’ N
¢ alue of the second data set js obtained by Multiplvine 1
3 Ying the

COry Sp gy ” C i ct b bj Culate ¢ £d ( cac
[¢] 1 1 e S¢ 3V ( a
€SPOI (i n arue 1 t < St d lti C 1 AN 1oy £ h

4_ !\7\'(‘ Ve 5S¢ 1‘61 aries were gl\' en e \f-"p” g teS(. andg the nme (11 minut ) Ofth S t [¢)

complete it were as follows:
8.12,15.9,6,8.10.9.8.6.7.8
Find the mean. median. and mode.

Answers

5. The grade point average (GPA) of 10 students who applied for financial: ) x 773 Median < g ) ¥=2; Median = 22 2
; =432 x=25:

atd are shown below
2.63.2.50.2.80

Find the mean, median, and mode.

6. During a vear, the major earthquakes had Richter magnitudes as shown

below
7.0,62,77,80,64,62,72,54,64,65,72,54

Find the mean, median, and mode.
7. Eight participants in a bike race had following finishing times in
minutes
28.22.26,33,21.23.37.24
Find the mean and median tor the finishing times.
8. The monthly income in dollars for seven families are
950, 775,925, 2500, 1150, 850. 975
a) Calculate the mean and median income
b) Which of the two is preferable as a measure of center,

and why?

9. The numbers of defective parts observed on 16 different days are Sho“&'ﬂﬂg

below:
P1.14, 18,14, 21,17, 13.21.25.19.17.13.28. 13, 17. 18

. . . e thi
What statistical measures of central tendency would help summarize th

data set?
What information would you report to the production manager?

T4

IVICdIﬁH — .33 no HlOdC . 3. a) 8. ) s 8. *, X = 88 ’\/[ d —
5 l) 4 . -; » WYIC 1an 8 N

j 8 -4 D TQ I i o) "'] X o 6 6
mo € = .. X = < /& s I\ € lan = P 2 1o 10 € 0. .; — N

J\’ledldn - 4 > ae - h) caig 1= D)
O- L1101 ode sl X “~ 6 (R \/ i. [« <
B 1a) S

$. | = ed
_a) A 1160 ;AM"ll&lH‘QSO.
1.5. M i atg
€asures of dlspersi(m for ungr()uped dat:

In Stat 1 [
ISUCS, i1 orde; t
rder to descnbe the data set accuratel) statistician
l ‘ ¢ S 1sticians
/ m J 1 I\ i\ - - nttf”lden(’y., FWO data Sets W’it}] the
R s o, ) Va l'l UO[] ¢
€co pietely d 1te c Sp €ad§ ]]le aria dlﬂUl]Q
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c dd(a Set may C
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R’nd the range.

_ I - 536 Solutioli:
The mean of samplel is = 67 The largest observation is 97- the smallpct o
The range I1s 97 - 44 =53 ~° Sma,,est observation is 44.
. I 536 L
The mean of saniple2 is A- 8 67 1.5.2. The mean absolute deviation

Each of these samples has a mean equal to 67. Hovvever. the dispersion ¢ e mean absolute deviation is defmed exactiv
the observations in the tvo samples differs greatiy. In the first sample all®or  deviation ’refers to the deviation ofeacl ~ "~ W IdS *ncbcate- The
observations are grotiped within 2 units of the mean. Only one observatire P°Pl|lation. The temi "absolute deviation”"”mem el irom tbe mean of

(67) is closer than 13 units to the mean of the second sample, and some 1°S}j\e] va’ue °f the deviation, and the e numencal (1.e.
as far avvay as 30 units. Thus, the mean, median, or mode is ustially notj'mPs  ar|thmetic mean of the absolute dev deviatlOn
itself a sufficient measure to reveal the shape of the distribution of a datret ni>V,As3, ...... avdenote the A’ ' )
set. We also need a measule that can piovide some Mformatfon aBout thgﬂ,mﬁeir inpan . members of a population, whose .
variation among data values. The measures that help ,.s 1o kpou about 1 T “ MabS0iU,e <taoted py M.A.D. s
spread of data set are called the measures of dispersion. The measiires o
Central tendency and dispersion taken together give a better picture of a M AD. - >| |k - M
data set than measure of Central tendency_alone. Sevgra| ﬁﬁti?es that ' '
use ures of d [ the a i
the (\ﬁ%and the or the sample of /zobservations, _

"fined analogousK with niean.it, mean absolute deviation s

1.5.1. Range
Vi _x

The simplest measure of variability for a set of data is the range. M.A.D..

Definition:
The range for a set of data is the difference betvveen the largest and  epslCUiate mean abs°bite deviat

smallest values in the set. HD1 1 is necessary to take followi

Ralnge=Largest value-Smallest value i Find
Exaniiie: x (or/j)
Lje:
Find the range for the sample observations - . .
i Find and ,eCO1n the Signed differences
13,23, 11, 17, 25, 18, 14,24 facord the absolute differences
Solution: :
i FAnd VL rif
We see that the largest observation is 25 and the smallest observation &r ~fi (]'E ix'_*i
isli. The range is 25-11 = 14. 5. FinH u A4
Exatpie: camg)” le mean absolute deviation.
A sample is composed of the observations 'PP°se that samrn
67. 79. 87, 97, 93, 57, 44. 80, 47, 78, 81,90. 88, 91 2i, 17, 3. 25CQ S!asOtthe obse, vations
>« 19,6,and 10
16

17



Find the mean absolute deviation.

Solution:

Perhaps the best manner {0 display the computatiotis in steps 1, 2. 3. and §~ -
is to make use of a table 1.1 composed of three columns 2. =)

ittempted definition is that it would not give us much information ab
apout

he variation present in the data: the mean 51 —

Table 1. ~—— would be zero for

e T 1
{ “
! wvery sample, because the su Z e
! - | : : n ,{-\: '.\A)"" als zere for .
X XX E » ,;] - )equals zero tor every sample.
. ‘ b he positive and negative deviations canc
2 ’ T i em——re 10 use the devi f?c . %}ic\'ldm"m cancel each other out. Hence if we
X, 120 37T A6 6 \d [ 1ations from the mean as a measure of dispersion e
- rev - i ust find another ¢ ach A< e ale 7 SI0I we
y = — == = 15 17 17-15=2 | 2 e erage abosl dppr’oa}h: As we already Know. one way is computine
n 8 3l 3a15=2 2 o ge absolute deviation as a measure of variability. Whik ﬂ} g
8 A re 18 so1 ‘ 3 c s
\ 25 25-15=10 10 o deviation ?et“]?es_ used, the one most often used is based on squarir
: ! i P / stoehn s neaati : arimng
Z‘ v -y 9 G-|3=-6 O Lyiations for a d ninate the negative values. The average of the s na cd
X, S v a data set represent; _ g squar
_r 5 14 i 19 18 -15=4 4 ecial name in C‘tdlb'l»b'el 16p1¢>entmg a population or sample is Oi\f’]?‘ ¢
MoAD = T s _S_ =355 6 . 61529 9 ‘1 statistics. Itis called the variance 5 g a
n ) | P _~ he ati P . o
10 ¢+ 10-13=-3 3 o p—OP“ldithn varianee is denoted by the Greek svimho| o
b —ronounced “sivma sauared” ) The fom SYMDe
, : a o Fyrla [
(20 44 g squared”). ,T he formula for poputation varance s
] 2k . ) . Z(,\. [()\
On the average, each observation 15 5.0 units from the sample. (1) .
O =Ll
1.5.3. The vari d the standard deviati : N
53, ariance a ang i where v — »
e variance and the standard aeviation here v~ population data
L - - T {—~ P ,
A key step in developing a measure of variability that includes all the d #— population mean
items involves the computations of the differences between the data val N - population size

. s 15 tre
and the mean for the data set. The difference between v, and the mean, i quently desirable to have a measure of disper |

2same as those of . o spersion whose units are
i e ‘f]Ubt of the observations. Since the variance is uive ,,(’\ arg
¢ x {or a sample. 1 for a population) 1s called a deviation about the me s, the square root of the variance [sanvenin
B . Ul 3¢ €M need, ¢ varianee would be given in units thal
Since we are seeking a desenptive statistical measure that summarizesi N S
variability or dispersion in the entire data set, we want to consider the

o . , persion that is know .
deviation of each data value about the mean. Thus for a sample size Mg g oo~ s known as the population standard deviation .
. - By definition we have ation and denoted

us, if we take the < } .
ake the square root of the variance. we have the m
: d ¢ measwre of

data values X, X, 500 X,, We will need to compute the deviations

N
¢

(x, ). (x, ~ S DD R x). I /(Z(\, — )

| ————

We might think of summarizing the dispersion ina data set by comput N

the average deviation about the mean. The only trouble with such an

18

=




In many statistical applications, the data set we are working with is a
sample. When we compute a measure of variability for the sample. we (Table 1.2)
often are interested in using the sample statistic obtained as an estimate ¢ : e o

the population parameter, o~ . At this point it might seem that the averag - ;
of the squared deviations in the sample would provide a good estimate o Z.\'/ N T x| (k- xy? ‘ S
the population variance. However. statisticians have found that the aversy v =120 y = /= _ 120 ~ 15 L , : | e
squared deviation for the sample has the undesirable feature that it tcnds:: " ] ‘ﬁ“ﬁ“ﬁ:—f?z( L N
20-18=6 6 _

underestimate the population variance o . Because of this tendency _ 7 17-15=2 1 .
toward underestimation we say it provides a biased estimate. Z (r = x)° 13 13:98=2 | 4 .
Fortunately. it can be shown that if the sum of the squared deviations i | - ) 25 ] 25-15= i .

. : § = _ 1O~ o g : N ! 100
sample 1s divided by (7 — 1) . and notn . then the resulting sample staust? — -1 = T =43.14; ¥ 0s=6 3

. . . . - . . - ) - 1 _ -
will provide an unbiased estimate of the population variance. For this ‘,9 19-15=4 | 16
. R - s e = o T i
reason the sample variance is not detined to be the average squared ds =+ 43.14 = 6.57 ]% 6-15=29 | 8]
.. . ~ . . El . - i | 0, 1 §==_§ 9
deviation in the sample. Sample variance is denoted by 7 and 15 define =5 N
as folfows. O N 02
on
Z(\ - x) m the computational point of view, it is casier and ¢
2 5 tort-cut formulas 1o calculate the vari B anc more eflicient 1 use
Z) N e ~ < vartance. By U51ﬂ(r the sh
rmi Ort-cut
n—1 Ha, we reduce the computation time and round off CITOrS.

To find the sample standard deviation (denoted by s ). one must take the?® short-cut for mulas for kalbllldlln” variance are as follows.
square root of the sample variance: Z

Sample standard deviation = s ='s™ - \ o «d
Example: oo 1 Z v ')2 | 1— 7 P
= , ) L , ) i Z N e ~ . R
FFind the variance and the standard deviation for the sample data e ll' T e L\ - |
21,17.13,25,9,19,6,and 10 _ L ool o
Solution: fample; -
R nd the variance :

and the standard deviation tor 1)

When we compute s ; by applying tormula (2), the computatio and
19015, 15, and 14

- ) . 1€ sample of
can most conveniently be shown in a table. The table will be Composed,luﬁo .
—on:

three columns: a column for the observations x, . a column for the tus apply
.o - . . . r -
deviations of the observations from the sample mean (v, — x), . 1 ( . ) i
. A —-._.E.‘ 2‘\"‘ R
and a column for the squared deviations (v, = v) .(Table.2) i i
[ i
20



Stepl: | spulation data lie within 2 standard dev;
Stepl: Find the sum of values,

> x=16+19+15+15+14=79 L

xample:
tu=70.0=1.5

ations around the mean and so

Step2: Square each value and find the sum
Do =167 4197 157 +157 + 147 =1263

/ 1
v k=3from 1001 - o4, we obtain that
Step3: Substitute in the formula and calculate we let & - R
Lt_elL—\ r 32 “‘ ;' 79~ A p . / 1 -
SN (‘Z'\f”— = 1; 1263-—= =37 youf1--L oy —y00(1 - Lo, 2 100% = 88899,

- - <02 < 22 ‘ ; ¢

T nooA 5 \ Ok S o

L - 1e theorem states that at least 88.89% ot data values will fall within 3
S = \’(,3‘7 = 19

indard deviations of the mean. 88 8¢
70+3.1.5=745 and
70-3-1.5=65.5%

=70, o=15_ a 88.89%, of 1}

O/(’) ()\j’lla 1&”5 \\”] n (1/ b} ) OF
[ (St e < ¢ « IC 1ation 1s )

> : art /i a Sat I)€\ 1ldl(lL v 1 (@]

[ Chce any I A% tance 1s o

| . .. »viatio . ~ A4 e e -
1.5.4. Interpretation of the population standard deviation he data values fall between 74.5 65 5.
. 1 ccitvine the centage
Often in statistical studies we are interested in specity '“lé tllk }:E)lncl\ o 1le of Thumb,
N . ST > specified imterval whel 3 T . . . .
items in a data set that lic within some specified }'\m Two rules are nen adistriburion is bell-shaped the follow Ing statements, which are
iation for the data set are known. Twe :
mean and standard deviation for the data set are knc lled Thumb rule, are trye-
commonly used for forming such estimates dproximately 68% of the
The first is true for any data set. viation of the mean.
dProximately 959% of the population members lie witl
’ ) viations of the meap.

| R Pproximately 99,70/ f
>1 . d1= f the valuPPro Y 99.7% o
For any set of data and any k 2 1, at least 100 ' 1 e )/o 0 Viations of fhe g

. N I example . ) S
in the data set must be within plLH or minus A standard deviations Ofthf) pie, Suppose that SCores on entrance e
N e dd R < : S

population members lie within one standard

hin two standard
Chebyshev’s theorem:

the population members lje within three standard

: xam have a mean of 480
'@ standard deviatiop of 90. If these scores are normally distributed. then
mean. 'ProXimately 689 vyil| fa] between 390 and 570 -
Remark: ) i wered (480 -1
In applying Chebyshev’s theorem we treal cvery data set as it it wer

90 = 390 and 480+ 290 = 570)

. . . edemxilnately 950/’ f he ¢ . - a1l Between 2 0 o
I ¢ or a or a a ‘tandard deVlathn IS us 70 O the Scores \.\,]” fll b tw n ‘O an ] :t)o
th Immul iOl (6] U] ton s
POPUIBUOH, and » pop

e '(480~2 90 =300and 450 - 2-90 = 660)

k 1.5 2 1 2s i Pproximately 99 7 o, of the scores will fall between 210 and 750
mev*ﬁi\—v I T 7 o % i f *’(“'48Oh 3 ’ 90 = 210 and 480 +3. 90 - 750) '
10011 [ sse6% 0 75% L 84% |
LN KT | 1

|
’ 2ast 55.6% of the population data
According to Chebyshev’s rule, at least 55.6% ot the pop

iati d the me: 75% of the
within 1.5 standard deviations around the mean. at least 753%

it




1.5.5. The interquartile range

milarly, since o, = J . ’ _i 23 gl
Quartiles are the summary measures that divide a ranked data set into fi L4 ] L4 L 4 j L 4J‘
equal parts. Three measures will divide any data set into four equal parpe third quartile 1s one-quarter of the way from the &
These three measures are the first quartile (denoted by O, ). the second the 9" observation (18). Thus we have

observation (13)

quartife (denoted by (), ), and the third quartile (denoted by O, ). The daj 4 quartile=0Q, = 8" 1 (9 U 1 L8151 3
o . . ' , P - =1 (8 =19) =15
should be ranked in increasing order before the quartles are determined ' . 4 4 4 4
The quartiles are defined as follow & 1a‘tflliy, the interquartile range is the difference between the third and first
. artiles: >
fn+1)1 . .
Q. =\ Ut ' ) | - ordered observation Interquartile range~/OR = 0, - 0, -
L4 <3 .3 63 9 43
— i “15$~3\'_:“\ - —;;ll7i
3n+1) | 4 "2 4 72 =
, J (/‘I ' ) | . 4 4
0, = | '~——4~*—~JI - ordered observation. ample;
€ foHome are the ages of S s -
e ditference berween the third and the {irst quantiles gives the 47,28,39. 571 ?« :H n\l;ﬁ:inglﬁ()\ ecs of an insurance company
interquartile range. That is 1d the interquartile range
IQR = Interquartile range = Q. — (.. lution;
tus arrange the data i order from smallest to Jarves
Example: 24,28,33,33,37,39,47. 51. 39 )
A teacher gives a 20-point test to 10 students. The scores are shown bel [r(” + ])"t”' ‘9 LG _‘

18,15, 12,6.8.2.3,5,20. 10 B e e Y VU] L L FE Y
II ,') 3,2, | L 4 _[ I. 4 ( ) < S /)_
I'ind the interquartile range. ) - <
Solution: =28+“(33—28):28+2.5:30.5
First, we rank the given data in increasing ovder: 2,;

c 3 - -
2,3,5,6,8,10, 12, 15, 18. 20 3+ T3e o .
=1 4 =l =72 7/’_"__()»/1 '—m'/l)
n=10 4 i P2 ~ V7
r Y 1 - - T <
Pin+1) 4742
0, =] { I )i ordered observation ;,(51"47) =474+ 2 =49
:\ 0! b € lntemuan,]e range is
(iU =0 S
Q=l—— 1 =121 QR =0, =0, =49-305-185
T 4 ; o

Hence, the first quartile is three-quarter way from the 2" data (3) toﬂf

3" third (5). Therefore,

First quartile=0, =3+ ) 5-H=3+ S
i = = b o — = b— = —
1 1T 2 2

24

tn




e

Exercises Consider the following two data sets:
Dataset]: 12,25 37 8. 4]
1. Fmeen_SwQents were selecteq rand.omly a»n‘d qsked how many hours Data set 11 19,32, 44. 15, 48
Eif? studied for the final exam in statistics. Their answers are recorded tice that eac.h value of the second data set is obtained by adding 7 to
s corresponding value of the first data set. Calculate the standard

viation for each of these two data sets using the formula for sample data.
mment on the relationship between the standard deviations.
Tonsider the following two data sets:

8,6.3,0.0,59,2 1,3,7.10,0,3.6
a) Find the range
b) Find the mean absolute deviation

¢) } i‘nd the ;?‘ample va}'iance and sample standard deviation Datasct]: 4.8.15.9. 11
’ ‘d) Pm.d the mte.rquamle range. . Data set 11: 8, 16.30. 18.22
; 'Theﬂf’ollox\'n?g data give the hourly wage rate of all 12 employees of 4 ce that each value of the second data set is obtained by multiplying the
small company responding value of the first data set by 2. Calculate the standard )

25.22.27.36.22.29,22.23,22.28.36. 35

a) Find the population variance and standard deviation
b) Find the mean absolute deviation

riation for each of these data sets using the formula for the sample data
mment on the relationship between the standard deviations
Che number of patients treated at the hospital per day are shown below.

¢k l'nd the range . ta are from a random sample of 12 days:
d) Find the interquartile range. 45.50.36. 59, 28.42. 55, 67. 33. 35. 40. 50
: LOUL D000V, L8 4L L0000,
3. The number of words printed in each of 12 randomly selected npute 1 median. n T
3. words pri 2 ) pute the mean, median, mode, range. variance. and standard deviati
storybooks for children is listed below these data. = ce. and standard deviation
g 217 2% Al4 1097 13 , a7 O/ .
) 502, 213, 3353, 197, 114, 469, 497, 5367, 409, 2){, {09: 414 Light bulbs manufactured by a well-known electrical equipment firm
a) I”\l‘nd the sample variance and sample standard deviation known to have a mean life of 800 hours with a standard deviation of
b) Find the range ) hours.
¢) Find the mean absolute deviation “ind a range | ich it
_ : ge in which it can be guaranteed that 84% of lifetimes of light
d) Find the interquarnle range. bs lie. N ¢ that 83% of liletimes of light
4. The weights of sample of nine football plavers are recorded as followising the rule of thumb. find a range in which it can ¢ t dl
e n an e ar an 7 ; : arang ‘hich 1t can be estunated that
«S.Ffu.i 618. 73,75.69.74.73. 72 'roximately 68% of these light bulbs lie.
a) Find the range ir i ot
a) inc t d s Tires of a particular brand have lifetimes with mean of 29.000 km and
b) Find the variance dard deviation of 3.000 km

¢) Find the standard deviation ind a ranoe in which ;
o e . ) . i ge in which it can be guaranteed that 75% ¢ Setimes of
5. The following data give the number of cars that stopped at a service of this brand lic ” that 73% of the lifetimes of
station dztgugc’sezczh f’{ tgi 11081101%'452?209“";3 ,Tsi11'g the rule of thumb. find a range in which it can be estimated thar
Find the e v i') co. s d’w ?d d lwf‘ i roximately 95% of the lifetimes of tires of this brana lie.

mc the range. variance. an standard deviation. ' The mean of a distribution is 20 and the standard deviation 1s 2
6. The following data give the number of new cars sold at a dealership - Chebyshev's theorem to answer: 1018 .
during a 12-day period st ‘

13.5,9.6.8.11.9.15.4, 11, 7.5

Find the range. variance, standard deviation, and interquartile range.

o l:zztt ?lluat per_cemage oftlwe values will liall between 10 and 30 7

A som lvela;i)lelcemage of the values will fall between 12 and 28 ¢

cciy E;r f) ourly Vwag,es of employees who work in restaurants in a
$ a mean of $5.02 and a standard deviation of $0.09. Using

26 -
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(?hebyshev‘s theorem, find the range in which at least 75% of the data < 1.6. Numerical summary of grouped data

lie. , ‘ o 1.6.1. Mean for data with multiple-observation values
14. The average score on a special test of knowledge has a mean of 935 ¢

a standard dewviation of” Using Chebyshev's theorem, find the range
which at least 88 89 24 of the data will fall.

13, During a recent football season. it was reported that the average uencies, £, /5, . [, respectivelv.
attendance for games was 45,000 The standard deviation in the attenda oy 4 population of N obser ations. so that
figure was o = 4.000 . Use Chebyshev's theorem to answer the followl ,

a) Develop an interval that contains the attendance figure for at least 75 N o= Z /:

of the games. =1

b) The commissioner claims that at least 90% of the games had
attendances between 29.000 and 61.000. Is this statement warranted giv £
information we have? Zf

ypose that a data set contains values m,  m. . occurring with

»mean 1s

L=

b

=5
N

Answers ' 2 i
or a sample of 1 observations. so that

1.a)yiob)28: 30340d)6:2.2)20.320 543034 75 o) 18 ”:g’%f
d110: 3. 2) 53 0?2;9 s =101.62: b) 305 ¢)82.25:d) 156.5: R

> mean is

4.2)10; b) 9;¢) 3 ; 5. range = 26, b)sl =72.25.¢)s =8.50;
6_. range = 11:57 =11.720.s = 3.42. 7. 5 = 14.64 for both data sets Z/

= 4.04ands, =8.08: 9. 45 43.5; S0 range = 30 v = 13436 X = A
s =11.59: 10, a) 550-1050; b 700-900: ll }23.000-35.000: »arithmetic is most con\*enient’]:’ set out in tabular form.

1 o . umple:
b) 23.000-35.000; 12, a)l - = (.96 0r 96% - by (19373 o 93 7507 =,

B

vl the aal)l})]L Ul :_‘ bLL:LJu:l
d the mean.

R R Y T F IO TR B I

13. 54 84-$5.20; 14, 89-101; 15. a) 37.000-33.000.

ution: Score | Frequency

3 (71, ]
) Zf T,
must ﬁﬂd X = e W . We need a
n
mn to display the computation of the
ntity f, . X, (Table 1.3):




Tablel.d

SO ———————

Table 1.3 -lass | Number of sets | i"requéncy | Cumulative
- [ sold | (month) | frequency
~ Score | Frequency 7 L ;; ﬁ e
In the end, i o Y 1 ‘ i i 3 ! 3
(m;y 1 (f) | . : g | i
>osom R LT : | |
B A | | 3 3 I L
XA e = = 2,685 2.7, 1 : 2 2= 4 1 } | 4 : 20
2 ~ - [N . - ! ! Y
z 25 B 6 26 %1 5 | 3 | 2 ; 20
3 l—"‘ P ﬁ‘ ._.: 6 \ () 1 ] ! 33
4 3 Aol 7 | oy
5 1 i B e
Hence the mean of the scores Y S < | N S _—
Is approximately 2.7. ST

— o L .
» 12" and 13" values fall in class 3
“value=3 : 13" value=3.

. +3

C . .. refore, Median = =3
For an ungrouped frequency distribution, find the median by examinin
the cumulative frequency to focate the middle value. as shown in the ne

example. 1.6.3. Mode for data with multiple-observation values

Example: . |
The number of videocassette recorders sold per month over a two-yeaiwe already know. the mode is the most frequently ocewrring value. A

1.6.2. Median for data with multiple-observation values

L3

(B

period is recorded below. Find the median. ilar concept can be used when the data are available in multiple-
Solution: ervation form.
UL umple;
As we know the median is - ' observation. *fOHOWing data were collected on the number of blood tests a hospital
- ducted for a random sample of 50 days. Find the mode.
SR L P R
TN - =] i o ——— -
Since # =24 then median 5 3 Number of £ Frequency
; . S . . tests per day | (days)
To find 12”7 and 13" observations we write corresponding cumulative *\ﬁ% —
frequency distribution (Table 1.4). ) | 5
28 § 12
29 ‘, I8
30 1 3
31 ? 0
32 ! 1
30 31




Solution:

Since 29 days were given on 18 days (the number of tests that occurs n

often), the mode is 29. m) ()
77%#3(77;*{ i ]
. . . . . ( o
1.6.4. Variance for data with multiple-observation values ; P
P2
_ : _ 2 L6
Suppose that a data set contains values 177,11, ,........ , 111, occurring wit N o
frequencies. f, [y f, respectively. 4 3
LF lation of N observati that ution: s
. For a population of & observations. so tha . , . i
22 Forapopuiation ¢ ‘ ,’a ot S nark: The denominator in the formula
) — 6
N = Yo
A Z J fiom;
i=]
. . /=] . - L . . . ; . \ )
The variance is . is obtained by summing the frequencies (Z/‘ =n). It is not

y

The standard deviation iso =vo ™ .
2. For a sample of 1 observations. so that

k
=3
=1

The variance 1s

!zf,(m,—,{‘): Ll 27

= et Y fm = X
a1 n—-109 ‘

. —

S..'

5

The standard deviation is 8z x/s' .
The arithmetic is most conveniently set out in tabular form.

Example:

The score for the sample of 25 students on a 5-point quiz are shown b¢

Find a sample variance and standard deviation.

. T~ B
Score | Frequency

tber of classes.

salculate variance we need three columns to display the computation of

quantities (7, — x)~ a column for the /1, a column for the

—x)and a column for the (m. —1)° . We also need a column for

nd a final column for the products 7. - (m, — x)* . (Table 1.5)

hecessary computations for tinding Z /:(m, - X)" are shown below.
i=i

Table 1.5

core ,Frequenic;iT o -
Gy L m et

vnl')
B N e
W 027527 79 0 700=0
2 | |
3
4
5

¥

to g'q o
!

~J1 ~l

~
'H
C .




Thus we have 7= =

[
i
)\
—
wn
N
1
—
(R
(I

Example:

The number of television sets sold per month over a two vear period is
reported below. Find the variance and standard deviation for the data.

Number of sets ‘ Frequency {mon

sold (m ) i (1)
N
6 | 3
7 8
8 ‘ 1
9 % 6
10 4

Solution:
Let us apply

\lalu a La)k as \11()\)\11 bel oW

Z/ l% N

Pl 24

+ 1 r - P
s = 1500 -24-(7.75)7 = 2.5
23 ’

ind standard deviation we take the square root of variance

s=vst =25=16.

Exercises

___he following numbers of books were read by each of the 28 students in

erature class.

ind the mean Number of F[LR]UL WY
ind the median books (students)
ind the mode 0 ! 2
ind the variance and standard 1 6
_ation. 2 el
3 | 5
4 3

he all forty students in a class found the following figures ror number
ours spent studying in the week before final exam

ind the mean time tor study Time Number of
~ ind the median

Sil\ ‘\ ] requency - o 7: z : - 2 A {how S) students
(m.) (]/M) s T o ind the mode "‘
e M I ind the variance and standard deviation for g \ T
5 i 2 5-2=10 25 30 poputation. 2 | 7
6 3 6-3=18 ’ 206 { 108 3 13
7 8 7.8 =56 49392 4 | 10
8 1 8:1=8 L 64 64 5 : 7
9 . 6 9-6=54 | 81 | 480 X -
10 | 4 10-4=40 | 100 | 400 sample of fifty personal property insurance policies found the
R B N ‘ - — M%of claims over the past 2 vears -
! n =24 Zm,. [, =186 : Z f =1500 %ﬁlms P O* ,,L*,,;-, vr}ﬁ o 3 6
1 P = mollulee | 2 3 3 4 2 3 2
34 35




a) Find the mean number of claims per day policy Frequency distribution. Grouped data and histograms
b) Find the sample median of claims

¢) F f“d the modal ﬂum_ber of claims for this S?H"Ple yose a researcher wished to do study on the monthly earnings of
d) Find the sample variance and standard deviation. yle of 50 employees of a large company. The researcher would tirst

to collect the data by asking each of 30 employees. When data are.
4. For sample of 50 antique car owners, the following numbers of cargred in original form, they are called raw data. In this case, the data
es was obtamned A«res kreqs follows:

) Find the mean age of cars  (inyears) ‘; (ce 510 520 880 820 780 810 580 5533
b) Find the median 17 | 2505 610 620 650 680 350 530 495
¢) Find the modal number 18 ! l 695 610 710 g10 523 530 680 705
d) Find the sample variance and standard g ‘ C 760 590 705 300 390 390 460 590
deviation. 20 . 540 690 480 420 410 595 750 620

585 690 570 560

3. The foflowing data represents the net worth (in miltion of doﬂcus\ « persons do not fike to examine a mass of numbers, and many others

national corporations T Networth ercPt have the time to do so. Therefore, it would be advantageous if the
a) Find the sample mean net worth ~(in million of dollars) | manon could somehow be “compressed ** so that the distribution of
b) Find the median 13 ;~ bservations could be scen at a glance. We find. afier some searching.
¢) Find the mode o ‘he smallest observation is 300 and the largest observation is 880. iet
d) Find the sample variance and H oup the observations. We could subdivide the range of data and count
standard deviation 30 umber of values in each subinterval. If the lowest and highest values

15 | lata set are known, the following expression often is helpful in

10 J nz(mmg both the width of the class interval and the number of classcs

T R — T R

: i /11 7/7?\[1 1l oSt v
Approximate number of classes = -1 alue — Lowest value

Answers. W “ideh of class S
1La)2.04:b)2:¢)2:dy 1 l 04.2.a)3.375;b)3:¢)3:d) 1.08:
3a) 14 b) s ) N3 O()l 754 a) 17 92, 1) 18. ¢) 17: d) 0 89 03 this formula with a trial class width of 100 shows that
5.2)27.7: b) 25: ¢) 25: d) 41 98 6.48. : 880-300 ¢

X 100
ding up, we find that 6 classes would be required for the data.




Table 1.6 ,
T T, T nition:

slass midpoint (or mark) is the average of the two limits (or two

Monthly earnings Number of employees

|
(in dollars) |

301 400 daries)

401- 500
501 - 600
601 - 700

701 - 800 7 ark: _ .
801 - 900 | r class widths may be considered in (1) the decision on the class

1 and the number of classes is up to the user.

Lower limit + Upper limit
2

Class midpoint (or mark) =

The numbers 301, 400, 401, 500 are known as class limus, 1o find {haition: o )
midpoint of the upper limit of the first class and the lower limit of the'quency distribution is a table used to organize data. The left coluimn

second class in table 1.6 we divide the sum of these two limits by 2. d 0135565 or gfﬂupvs,) mc'ludcd numernxcal J'll'[Cl'\"a[S ona '
Thus, midpoint is ble being studied. The right column 1s a list of the frequencies, or

4004 401 er ofob;eryariqns, for each class. Data presented in the form of
= 400.5 juency distributions are called grouped data.
N o = o subintervals into which the data are broken down are called classes. In
Uhe value 400.5 is called the upper boundary of the first class and thejigibution the values 300 and 400 of the first class arc called class
Jower boundary of the sccond class. By usmg this technique. we can 5 por any particular class, the cumulative t:rcquencv is the total ”
convert the class limits of table 1.7 to class boundaries. which are alster of observations in that and previous classes (Table 1 8) -
called real class limits. o -
, -
1 Class MTlahleC:‘aSS lonthly earnings Numberof | C rabll'e 18 N

- o | _width | midpoint (in dollars) ) ‘\ ém 3]02‘@25 ; fr:\”nuLi :LU‘;

50110400 | 30054005 | 100 3305 TR e s

401 to 500 400.5-5005 1 100 450.5 401 to 500 . ‘ E 12
50110600 - 500.5-600.5 100 3503 501-to 600 . Ry oy
60110700 ©  600.5-700.5 00 6305 601 to 700 | | 3
70110800 |  7005-8005 100 . 750, 701 to 800 | ' ;
80110900 | 80059005 | 100 | 8503 801 t0 900

Class | Class boundaries
limits

Definition:

The class boundary is given by the midpoint of the upper limit of one!

and the lower limit of the next class.

Definition: Mition:

{'he difference between the two boundaries of a class is called the clative frequency is the proportion of observations in each class. It is

width. ed as; ‘ '
Class width= Upper boundary — Lower boundary




Relutive frequency of u class =

In addition, we often want to consider the proportion of observations
are either in that or one of the earlier classes. These proportions are ¢ 8

cumulative relative frequencies.

Example in the table 1.9 illustartes how to construct relative frequenc A
+ H
i

sum of all frequencies Z Y
.

Jfrequency of that class f:

n

i1

cumulative relative frequency distributions.

Monthly earnings

Number of  Cumulative Relative

Table

—

i
H
|
|
i

i

j
i !
) ol77 3005 4005 5005 6005 7005 800.5 9005

Cun
Fig. [.1 Monthly earnings salaries

301 but less than 400
401 but less than 500

601 but less than 700
701 but less than 800
800 but less than 900

{in dollars) employees  frequencies  frequencies re
freg trequency histogram
4 4 4/50 4/3
8 12 8/50 2l ark:
307 but less than 600 16 28 16/30 28/5ymbol * -/~ used in the horizontal axis represents a break. called
10 3 10/50 38/-uncation, in the horizontal axis. It indicates that entire horizontal axis
7 ER 7/50 42t shown in this figure. As can be noticed, the zero 1o 3005 portion of
less 5 50 B _Slorizontal axis has been omitted in the figure |.1.

20 o0

Definition:

A histogram is a graph in which classes are marked on a horizontal a¥0/501
and either the frequencies, relative frequencies, or cumulative relative
frequencies are marked on the vertical axis. The frequencies, relative
frequencies, or cumulative relative frequencies are represented by the

heights of the bars. In a histogram. the bars are drawn adjacent

to cach other.

40

Ay

T

5/501 : r .
01 o
1 T
5/50+ | 5 | —
ﬂ—//g ! J | *
0 300.5 4005 5005 6005 7005 8005 9003

Fig 1.2 Relative frequency for monthly earnings salaries

10Wn in the figure 1.2 we see. for example. that 16/50 of all
oyees monthly earnings are between 500.5 and 600.5.




The cumulative relative frequencies are the cumulated sums of the rel

frequencies. For the first class, the cumulative relative frequency is ﬂr—%?;wno data give the hourly wage rates for a sample of 30
same as the relative frequency. For subsequent classes. the ummlami

ces selected from a population.
relative frequency for the class to the cumulative relative frequency i oy 1225 9.20 13.90 810

3 8.75
obtained by adding the relative frequency for the ¢lass to the cumulag 520 1585 1120 1020 1450

5

2_

7.25

1050 8.25
1455 1630
25 10.80

relative frequency of the previous class, 245 1020 1220 1080 9.5 S

6.40 1520 1030 1175 45 13
10.35 975

struct a frequency distribution table. Find the refative frequency

ibution table. Find the relative frequency and cumulative frequencies.

minimum value is data set is 5.20 and the maximum value is 16.50

»ose we decide to group these data using six classes of equal width.

1

T Approximate width of cluss = 9 §0~§~29 1.883

G

=
e

&
oo

,‘
N

<
4

<
o]
+

|
i‘ ‘ound this number to a more convenient number, say 2.
[ 1 we take 2 as the width of each class 10 we start the first class at 5. the
=/ Yes wi 7.7 10 less than S |
3005 1005 E < 7005 8005 9005 e}s '\,:,]t”bble \?Ill(t)ten as 5 to less than 7, 7 10 less than 9. and so on as 1t

7/ n table 1.10.
Fig. 1.3 Cumulative relative frequency for monthly- — Table 110

carnings salarnes Y wage rate } / ; Relative ~ Cumulative relative
dollars) ; . frequencies . frequencies
less than 7 2/30=0.067 1 2/30=0.067
dessthan 9 | 6/30=02 8/30=0.267

Fe
5
2
=
2
=
L
=
o
Ed
=
<
v
v
>
=
jand
=
=
St

The mterpretation of these quantities is very valuable. For
example, 38/50 of all employees™ monthly earnings are less than 700.}
The information contained in the cumulative relative trequency can al® ess than 11 l ‘, 10/30=0.333 } 18/30=0.6
presented pictorially, as in Fig. 1.3 less than | - 330=0.67 23/30=0.767

less than I

4300133 2730=0.9
less than | 7

3/30=0.1 30301

|
1
?
|
S e ST
i

30 } Sum=t o0 Sum=1

S S - !

1.7.1. Less than method for writing classes

The classes in frequency distribution given in table 1.9 for the data on

monthly-earning salaries for 50 employees were written as 301-400, ,togxam for frequencies can be drawn i the sanie way as for the data
101-500. etc. Alternatively, we can write the classes in a frequency 10. (Fig. 1.4; ig.1.5: Fig.1.6)

distribution table using the /ess than method. The technique for writin

classes in previous topic is more commonly used for data sets that do

contain fractional values. The less than method is more appropriate W

data set contains fractional values.




2 S 01
54 1 ! T
z T ).81 ~ | |
b~ ! ; -—*"—; |
[+ 4+ '.6 1 —‘*""“j | | :
| | : ! i
27 | et A
) l | | | | | F 7
,l S de | E L ! l )2+ R i ! i (
0 3 7 9 1 13 15 17 ‘ | : i
V [~ s
— { i
Fig. 1.4 Hourly wage rate 5 ~// 5 = J X = . T

Fig. 1.5 Cumulative relative frequency for hourly wage rate

Exercises

—

g 03 * e survey of 20 patients who smoked, the following data were obtained.
2 ‘ ; value represents the number of cigarettes the patient smoked per day.
? 07 + z truct a frequency distribution, using six classes.
= Y- A o 8 6 14 22 13 17 {9 i
zZ | | | I 18 413 12 45 4SS ¥
£ 017 I S e | |

[ & l JL i ; ! ; - frequency, relative frequency and cumulative relative frequency

! TS 7 9 g3 s sams

0 2 . N
r 75 employees of a large department store, the following distribution
Fig. 1.5 Relative frequency for hourly wage rate=ars of service was obtained. Construct histograms for frequency.
ve frequency. and cumulative relative frequency.

Class limits Frequency

1 ————

‘ 1-5 | 2]
6-10 | 25
11-15 ; I3
1620 0
21-25 8
26-30 | 6

——

44 45




3. In a study of 32 student grade point averages (GPA), the following 1.8. Mean for grouped data
were obtained.

32 2.0 3.3 2.7 2. 39 i 3.5 | Y%tatistical measures we have presented for the central location and
1.7 0.8 2.6 0.6 4.0 3.3 23 1.6 2.8rsion of data sets are computed using the individual data values. The
26 16 1.6 24 2.6 2.3 3.8 2.1 2 %utational procedures we have discussed provide the most common
3.0 1.7 4. 1.2 31

ods for computing measures of central location and dispersion.
Construct histograms for frequency. relative frequency and cumulatiever, in some situations the data available only in grouped or
relative frequency. iency distribution form. In these cases special procedures are used in

- to obtain approximations to the common measures of central location
4. To determine thetr lifetimes, 80 randomly selected batteries were fispersion.
The following frequency distribution was obtained. The data values formulas used to calculate the mean for grouped data are as follows:
hours given in table 1.11 ‘

Construct histograms for frequency, relative frequency and cumulath Z m; - f,
relative frequency. 1 for the population data: M=
Table .11 ' N
Class Frequency N f
_‘Pﬁ)}ﬂ}d?}f s S 1 for the sample data: R N
63.5-74.5 i ) n
74.5-82.5 ' 15 re m, —is the midpoint of i” class, f —is the frequency of i —class.
85.5-96.5 22 . ' ’
96,5107 5 |- s the total number of classes.
107"{_1 1‘8} ; > iculate the mean for grouped data. first find the midpoint of each
11851205 | ; and then multiply by the frequencies of the corresponding classes.

i
sum of these products, denoted byZ /i -m. _gives an approximation

1€ sum of all values. To find the value of the mean. divide this sum by
ntal number of observations in the data, )
nple:
'()_llovxfing table gives the frequency distribution of daily commuting
(in Minutes) from home to work for all 25 employees of a company
Daily commuting | -
_time (minutes)

* (minutes) | Number of employees

0to less than 10 | 4
10 to less than 20 f 9
20 to less than 30 | 6
30 to less than 40 | 4

40 t()lgsgll‘@'l 50

46 47




Calculate the mean of daily commuting time. 1.9. The Median for grouped data

Solution:

Note that because the data set includes all 25 employees of the COMP( -+ the median is different for odd and for even numbers of
)

vations when the data are not in the grouped form. However. if the

. i . ; ionof Y . .
represents the population. Table 1.12 shows the calculation Z’}zlire written in grouped form, then median is simply defined as the

)'/’ observation.

In table 1.12- m, denotes the midpoint of the classes. . ' '
~ _if we have the frequency distribution of 100 observations. then the

Table 1.1
" Daily coiﬁmuting E 7 f - 7,71’*_”' A_ﬁ” observation in order of size would be the median; if we have 101
_tme(mingtes) | U | __vations then the "50.5"" observation would be the median. .
0 toless than 10 4 | > | ad median, first, we need to tind the class which contains the middle
10 to less than 20 | 9 w 1S ; -vation. Let M denotes the number of this class, where M is the some
20 10 less than 30 6 5 25 ?‘ ers from 1 to &. If the median occurs in the fifth class then A=3: if it
30 to less than 40 4 33 -s in the seventh class. then A7=7: and so on.
40710 less than 50 l : J 45 f 1e frequency of the A7 " class be denoted by /. Next. note how
V=23 | 1 Z::m’_' observations are in (M —1) classes preceding the median class:
o i - - =t _te this cumulative frequency by £, ;.
reneral formula for median is
To calculate the mean, we first find the midpoint of each class. The ¢ "
midpoints are recorded in the third column of Table 1.12. The produc 5 Iy
the midpoints and the corresponding frequencies are listed in the fowr  Median =L, + =—— . C

- - - S £y
column of that table. The sum of column, denoted by Z}n 7. give M

approximate total daily commuting time( in minutes) for all 25 emplo L,, - lower boundarv of the median class

The mean is obtained by dividing this sum by the total frequency. : .
s - n— " number of observations
Zm; 7 S = the number of observations in the median class
. - o 35 _ L
Therefore L= =TT 271 40 minutes Fyy_; ~the number of observations in the (M —1)classes
N 25

preceding the median class
width of the median class

Thus, the employces of this company spend an average of 21.40 minu C-
day commuting from home to work.




Solution:

haltway point.

Now let us apply

1500-1600

| Median =

Starting monthly

Example: Find the median of the frequency distribution

Frequency

_salary(in dollars) |

900-1000
1000-1100
1100-1200
1200-1300
1300-1400
1400-1500

7
EF

o | =

To tind the class that contains 6” observation it

cumulative frequency distribution. This class is called the median clmodal class is 20-23, since it has
contains the median:

I

Starting monthly Frequency ' Cumu

salary(in dollars)

First ot all, let us divide n (the number of all observations) to find the

= 6" observation

frequency

900-1000 } 2 | 2
1000-1100 | 4 6
1100-1200 ’ 3 | 9
1200-1300 I : 10
1300-1400 | ] I
0
]

1400-1500
___1500-1600 |

6" observation is in 2" class. So. the median class is 1000-11

lative

Median = L,, +
r case
(1000, n=12. Fy =2 7.o=4- C =100

substituting we get

Median = 1000 -+ 6~42 -100=1100

nedian is 1100. In other words, median as a measure of center
ates that average value of monthly salaries of 12 employees is 1100$.

1.10. Modal class

node for grouped data is the modal class. The modal class is the class
the largest frequency.
the mode of the frequency distribution

is necessary to form ton:

rgest frequency. Sometimes the s T T

oint of the class is used rather 10-15 i J

the boundaries; hence the mode ] ;gb | :j

I be given as 22.5. 70_24 ‘ ﬂ
25-30 4




Exercises

1. Dinner check amounts at the
restaurant have the following

frequency distribution:

Compute the mean. median, and
mode for the above data.

2. The following table gives the frequency distribution of entertainm
expenditures (in dollars) in curried by 30 tamihies durnng the past we

Find the mean. median

and mode.

Dinner check

is frequency distribution represents the data obtained from sample of

(doliars) the mean, median, and mode.
4-8 i o ‘
8-12 | Class | Frequency

12-16 boundaries
16-20 , 15.5-18.5 : 14
20-24 | 18.5-21.5 2
24-28 4 21.5-245 | 18
A 245275 10
275305 | K
30.5-33.5 6

Entertainment

expenditure (dollars)

Number of
families

|
!
|

0-10
10-20
20-30
30-40
40-50
50-60

3. The following table gives the frequency distribution of total hours
studving during the semester for sample of 40 university students en

in an introductory business statistics course .

Find the mean. median

, and mode

of study

Hours

Number of students

24-40
40-36
56-72
72-88
88-104

104-120

s

e
o b S own

wn

n
S}

——pying machine service Fechmcran's. The \/'qlees represent the days
- Fregen service calls for various copying machines.

r 35 antique car owners, the following distribution of cars’

ned. Find the mean, median, and mode.

_ Classlimits ! Frequency
13-1 2
20-26 ! 7
34-40 ‘ S
41-47 &
48-54 | ]
55-61 0
62-68 2
n=35
Answers

8:1
3

25714 2.2720:26 725374 ¢
3.8;31.5; modal class =27

I
-JJ.

107467

age w

as




1.11. Variance and standard deviation for grouped datalate the variance and standard deviation,

ion:
Suppose that we have data grouped into K classes, with frequencies s apply )
A ST , [, - 1f the midpoints of these classes are m,,m,,...., Z ,(m ~u)
the mean and variance of the grouped data are estimated by using g == o
following formulas N
we need to find m, and u
. For a population of N observations. so that - : ; - e e
1. For a population of ’\ observations, so tha mr of Number of " Class mark mf
N = Z f | days absent | employees(f,) | (m.)
=i -2 | 13 1 [
The variance is ’ . 3.5 14 4 56
[ N i B
,, 12 - 68 | 6 ! 7 )
ZJ‘](’”/ - 1) Z’ -, 091 | 4 10 D40
O e = P 12-14 | 3 13 39
N N T DT : ST
— ! 40 t S
The standard deviation iso = va = . 3 : Z m, [, =190
; | ; =
2. For a sample of n observations, so that n= z‘f, S R
The variance is Zm{ i 190
B U= st Ny I
Z]}(mi - x) o N N 40
9 e 1 i 5 . 7 k
g7 = = i omP e x| 2
P P ' Zf m, E I we need to find Zf {m, ~ ‘u)j .
The standard deviation iss = s erto find products f, - (m, ~ 1)” we must first find the square
Example: wties (m, — 437 . We need three columns to display the computation

The following table gives the distribution of the number of days for?
all 40 employees of a company were absent during the last year

Number of days | Number of column for the (m, — 11)" We

J—

quantities (1, — /) —~a column for m, . a column for (m. — u).

also need a column for /. and a final

absent i _employees , .
S S S for the products Ji{m. = ). The necessary computations are
55 14 befowinthe table 113,
6-8 6
9-11 ; 4
12-14 i 3

[y
$

n

N




ot 2 i ST R A
mber of Lom m. f . r fioim”
| P,

u /i ; ! iti
e Table 1.13. m“l”_“ S
T : I N R 4 o M

[

;ﬁ( lass ’ (lass mark ; £ (m, = ) [ Om =) f (s 10-12 ‘ ‘ | r2r 48f1
oL my) ( ; ; 13-15 , 12 Sl 1e8 196 1 2352
! L S eiers 200 17 0 340 289 | 5780
O T B T B v o R T 20 L 280 400 560U
P2 C1 1 4AT75=075 1 056 | T8 NS0 T80 |16
3 7 L6 7475225 506 Jolx - }
4 10 C 4 10-4.75=525, 2756 | 1102 ,
S 3| 3 1347558350 6806 | 20 =0 664
A R T S X 1 & S A »
ibstituting the values in the formula for the sample variance. we
In the end. a n }
. 53531 T Ll S x
T = = = — emT-n-ox = 216 -50- s
0 -13.39 and o =+o” =3.66 ’144;][ mo~n-x «‘( < 771{14_16 S0-(16.64) ]
=7.582

Example: e, the standard deviation is 5 = vs~ =~/7.380 = 2.75
The following table gives the frequency “Gao e - o the standard deviation of the number of orders received at officc of

JR AR ,‘ g Number of -
distribution of the number of orders | 1ail-order company during the past 50 days is 2.75.

received each day during the past 50 days at "“““(:])’!5:‘!5“ - /i 4
the office of a mail-order company. [3-15 L2 1.12. Interquartile range for grouped data
Calculate the vanance and standard }6’1 8 0
deviation. 001 ose that a class, with jower boundarv L and upper boundary (.
Solution: e e 22 s fobser vations. [f these observations were to be arranged in
Because the data includes only 50 days, «ding order, the 7" observation is estimated by
it represents a sample. Hence, we will use sample formulas to calculi 1 (U -1
variance and standard deviation. +(J “';) N for j=1235......f.
Let us apply . “ Y

R - Co s the lower limit of containine 77 observati

Y= ;—1‘4 7,oomso = \1 mit of class containing j" observation

YRR A FOE N

- s ] i > P o o
_ - - 15 the upper Himit of class containing /"
All the intormation required for the calculation of the variance and g ¢4 freque
o A - . ney
standard deviation appears in the following table b y of class containing /" observation
5 ; . ‘ .
¢ location of 7" observation in that class.

R .
terquartile range we need to find

()

~1

(9]
()8




3 (N:_l}

4
LQR. = Interquartile range = Q. - 0, .

i
and Q; =!

As we know

5

o

-
2

(-1 5 -1
J 12 ;
. the first quartile is three-quarters of the way trom the twelves

-vation to the thirteens observation. we have

(S

=1

L+(j—7) =la =4l

o |
I\AJ ‘ (o))

Example: The following table gives the
frequency distribution of the number of

10-i2

1 3 i o
_&@b@quam]e 0, =12" 441(13 ~12"y =

orders rccei\'cd cach day dm'ing the past 50

: ! I
days atthe office of womail-order Compon 3-15 [ =14~ 72(141(2*1 ;):14-»*75»
o Ao 16-18 !
Calculate the interquartile range. 19.7 ] 'nd third quartile, we have
T T T , \ ih T P .
Solution: 3N+1) -1 22 11507 137 [} - g q7m]
First of all. let us write cumulative frequency d distribution - 4 L4 j L 2. 2
Number of orders /. Cumukfore, when the observations are arranged in ascending order. the third
e |_frequtile is half of the way from thirty-seventh to thirty-eighth.
10-12 i 4 4ing at table. we see that the thirtv-seventh observation 1s the first
13-15 P12 | 16 in class the 19-21. which contains t14 observations. We have then
16-18 20 34 =14 L =19 RS
o." / ‘ . ) . .
B 1 B 0 the thirty-seventh observauon us estxmated by
} 1. (U-1L) ~19
Since there are =50 observations, we have ) =19+ (1‘-) — = 19—*’" 19.07
2 f 2 14 14
v AR i larly, the thil‘W-Clthh observations the second value in the same
O, =1~ L= =120 127 - 213 127 so with J =2, weestimate 38" observation by
R L4 4 4 X o
- o - - h i——) (L-~ 9 (0 P21 (: =192
Hence the first quartile is the three-quarters way from the 12” obse/ =192 ) BV 19 o 19.21
to 13™. From cumulative distribution we see that the 127 value is t -

8" value in the class 13-15. In our notation then
J= 8;

. . A P . h S ol
€, Since the third quartile is half of the way from the 37" 1o 38"
ave

fe12:0 =13 U =15  quant |

Uartile = - L th _qepth —
I]]Ll \)bw \auougumuu% 4 ¢ Q3 37 ‘ 2(38 3 )
Lo AT s L =19, 1 (19 19 ) 19 - ~19.14
B R T T 14

. y . . h
Similarly, the 13" observation is the 9" +
with / =9, we have

N

‘alue 11 the same class. s0

juartiles, g

Juartile rap ge=19 =

ly. then the mlexqualt[le range is [ht d fferenc

e between the third and

19.07--14.375=4.69

h



Thus, if the interquartile range is to be used as a measure of dispcrs;bopulaﬁon of all twenty

estimate it by 4.695
Exercises

1. For 30 airplanes that arrived late at an
airport during a week, the time by which
they were late was observed. In the
following table. v denotes the time (in
minutes) by which an airplane was late
and / denotes the number of airplanes.

a) Find the mean

b} Find the median

¢} Find the mode

d) Find the variance and standard deviation
¢) Find the interquartile range

2. The following table gives -
information on the amount {in

dotars) of the electrnic bitls for a .
sample ot 40 families.

a) Estimate the sample mean
by Estimate the median
¢) Estimate the mode

d) Estimate the variance and standard deviation,

¢ kstimate the intequartile range

60

400 fess than 8
§olessthan 12
12 to less than 16
16 to less than 20 |

200 fess than 24

Forecast

g Number of
cial analysts was asked to $ per share i analysts
de forecasts of earnings per 0.5_-1 OS § 2
. of a corporation for next year. ! 0.3—24;1.,? 1
-esults are summarized in the ZQ.S—S{)A} 5 9

30,5413 B

X i Tt T T T

- 2
4010 Jess than oo 1 the cumalative “‘qulé”c{eb’ Ay
60 1o less than 80 { d. the cumulative rfalame frequencies.
80 10 less than |y timate the populat‘mn mean.

“om e timate the population variance.
timate the population standard deviation.
stimate the population mode.
itimate the population median.
stimate the intequartile range.

aich class 1s modal ¢lass?

sample was taken of flights artiving at a major airport 1o study the
lem of air traffic defays. The table shows numbers of minutes late for
~—--———aple of 100 flights.

Amount of efectric . Nunm
hill cdetlara \‘

10-20 | 20-30 3040
berofflighs | 29 T 23 17 01

Py
o Minutes late 0-10

“aw the histo g'ram

' nd the sample relative frequencies

,“,_7,,,”_-4‘,_“»—‘!1?1 and interpret the sample cumulative relative frequencies
stimate the sample mean number of minutes

;t‘lmate the sample variance and standard deviation

timate the sample median number of minutes late

ftlmate the intequartile ran ve

hich is the moda] class for this sample?




5. The following table gives the

e

computers sold during the past 23 weeks

at a computer store.

 Computers sold |
frequency distribution of the number of 4109

Mo 12
161021

22t0 27

281033

|

Calculate the mean. variance. and standard deviation

6. Eighty randomly selected light
bulbs were tested to determine their
lifetimes (in hours), The following
trequency distribution was obtained

06.5-107.5
107.5-118.5

Find the variance and standard deviation.

7. The following data represent the
scores (1n words per minute) of 25

typists on a speed test.

i Find the variance and standard
| deviation.
1

Class hunits

39-63
(:4-68
HY-"3
74-78
79-83
84-88

F




Freq a sample of fifty new full-size cars, fuel consumption tigures were
aed and summarized in the accompanying table

ponsumption | 14-16 | 16-18 | 18-20[ 2022 | 22-24
aberof cars | 3 6 | 3120 1 8
aw the histogram. :
“7d the sample relative frequencies.
1d and interpret the sample cumulative relative frequencies
timate the sample mean fuel consumption.
timate the sample standard deviation of fuel consumption.
Tregimate the sample median fuel consumption.
" timate the sample intequartile range.
hich is the modal class for this sample?

Le fuel capacity in gallons of 30 randomly selected cars is shown

].\‘. e e e ——

5 o Frequency

L O

2an
>dian 42
xdal class 57.
I requriance 72
" andard deviation

E
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gwelve batteries were tested after beiny
sfor one hour. The output (in volis) is
n below. 3§
leach of the following 1

e

:an

zdian 6
xde

nge
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wdard deviation.
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11. For a sample of twenty-five students from a large class. the

accompanying table shows the amount of time students spent studyy

Chapter 2. Probability

2.1. Introduction

——a of probability is a familiar one to everyone. Statements such as the

a test

o T N T P P

~Study time (hours) | 0-2 PoA6 68 810
Number of students 3 8 7

a) Draw the histogram.
b) Find and interpret the cumulative relative frequencies.
¢} Estimate the sample mean studyv time,

d) Estunate the sample median.

¢) Find the modal class.

f) Estimate the sample variance.

o) Estimate the sample standard deviation study time.

h) Estimate the sample intequartile range.

Answers

La) v =36.80:b)32.22:¢330:d) 5- =397 714 5= 2443
ey JR =3528: 2, a) x = 1450:b) 1425 ¢) L d)y 5 = 18.205:
5=427 1) LR =06556:3.8)2/20. 420: 9/20. 3720: b) 2: 60 152
€) 27200 6/20;15/20: 20/20: d) 1 = 480/20 =24 o = 82.75;

e) o =9.097 ; fy median=24.944; 1) LQ.R. =13.735; j) modal class:
20.5-30.3: 4. 5) 0.29: 0.23; 017, 0.4 0.11: 0.06; ¢) 0.29; 4.52: U.69

0.94: 1.0: d) x =2230/100=223 ¢)s =246.170. 5= 156930

median=19.13:2) 23.931: h) modal class 0-10: 5, v =18 98&:

9
§T =4 T600 = 6.69:60, 8 = 21120 s =145 7, 8 = 803
0.2

A ~--~_Mw3»\ng are heard frequently: “You have better to take an umbrella because

LR N

ely to rain”, “It is not likely to snow today”. “He will probably read at
ree books during the next two weeks”, ** T am almost certain that we
home for the holidays™.

:xamples illustrate that most of us use the concept of probability 1 our
ty speech. They also illustrate that there is a great deal of imprecision
d in such statement. For nstance, a family has been arguing about
r they will go to the wife’s home for holidays, and have not reached a
1. Even though the wife may say, “It is almost certain that we will go
or the holidays”, the husband might not even think that such an
nce is likely. This sort of imprecision is intolerable in mathematics.
lifficulties can be avoided if we restrict our discussion of probability to
wvhich are outcomes of experiments that can be repeated. and if we deal
>alized situations,

1 think of probability as the language in which we discuss uncertainty.
we can communicate with one another in this language. we need to
a common vocabulary. Moreover, as in any other language, rules of
w are needed so that a clear statement can be made with our
Jary.

2.2. Random experiment, outcomes, and sample space

ion:

=9, ‘ . . - .
'~ 0m experiment is a process that, when performed, results in one and

8. b) 3/50: 6/50: 13/50: 20/50: 8/50: ¢) 3/50: 9:50: 22/50: 42/50: 50/% of at jeast two observations.

X =19.96:¢)5=2.185: f) median=20.3: g) 1QR. = 3.075;h) modal
¥ =555, b) median=59.4; ¢) modal class;

1L B s =105 11 b) 3/25: 7429
15/25:22/25: 25/25; ¢) 5.24; d) 5.375:e) modal class = 4-6: ) 3.773
2.403: h) 3.64.

)
57.5-725:d) 57 = 566.1:¢) s =23.8: 10. a) x = 3.8 b) median=4:

¢)ymode = 4. d) range = 4. e) §

ion:

1851 . .
:lbie outcomes of a random experiment are called the basic

on:

lof all basic. outcomes is called the sample space.
"e Space will be denoted by S.
1 illustrate :

- tes list of a few examples of random experiments, their
8, and thejr

sample spaces,




ion: .
Table 2.1 nt is a collection of one or more of the outcomes from the sample

{

_Experiment Outcomes i Sample space _
Toss a com once Head, Tail t S={Head, Taiﬁj, an event is denoted by £, F,, I/, , and so forth. We can denote it by
Roll a die once 12,3456 FS={1.2.34.56} o1 jetters too, that is. by 4, B, Cand so forth.

Toss a comn twice PHHHT, THTT - S=1 HHHT. TH o0,
Take a test - Pass, Fail . 571 Pass. Fail } nt that includes one and only one of the outcomes for an experiment is

Selectastudent | Male, Female . 3={Male, Femaly gimple event.

The sample space for an experiment can also be described by drawingon:
Venn diagram. A Venn diagram is a picture (a closed geometric shamt is called a compound event if it contains more than one outcome
a rectangle, a square. or circle) that depicts all the possible outcomesixperiment.

experiment. ion:

Example; nd B be two events defined in sample space S. The intersection of 4
Draw the Venn diagram for the experiment of tossing a coin. epresents the collection of all outcomes that are common to both A and
Solution: s denoted by either A B or 4B.

This experiment has two possible outcomes: head a
given by S= {/ T},
where ff~head, T=Tail.

To draw Venn diagram for this example. we draw a

rectangle and mark two points inside this rectangice
that represent two outcomes. head and tail.

The rectangle is labelled by S because it represents
the sample space. (Fig. 2.1)

Example:

Suppose we randomly select two employees from a company and obind B be two events defined in sample space S. Their union, denoted by
whether the employee selected each time is a male or female. Write d; N

outcomes for this experiment and draw the Venn di
Solution:

Let us denote selection of male by A and that of
female by £ There are four final possible
outcomes: MM, MEF, FM and FF.

We can write sample space as

S { MM MF, FAL FF

The Venn diagram is given in Fig.2.2

66

nd tail. Sample sp 4 B or AB occurs if and only if both 4 and B occur.

enerally, given Nevents £, £, ... E .. their intersection,
| S o P o DR M E,, , is the set of all basic outcomes that belong to every
l erei=12...,N,
2 e
|

the event that a family owns washing machine
event that family owns a VCR. Then intersection of these events

s all the families who own both washing machine and VCR.
ion:

s the set of all basic outcomes in S that belong to at least one of these

agram. . . . g ,
ag nts. The union 4 B oceurs if and only if either A or B (or both)

S o 1y cnerally, given Vevents ELE L E L their union.

o P\ o 12 e W E s the set of all basic outcomes that belong tu at least

hese N events.
o [F iom:
e L . .
PN n;sz_l and B are called mutually exclusive events if they have no
Fig22. aSIC outcomes and their intersection 4™ B is said to be empty set.

|



Definition:
Let £, E.,....... ,E ., be Nevents in the sample space §

+ also mutually exclusive since AN C = & .

) E is the event that number of planes waiting to land is zero, one or
fE UE,U... w F, =S, then these NV events are said to be colleg

exhaustive events.
Definition: 2.3. Three conceptual approaches to probability
Let 4 be an event in the sample space. The complement of event A, {

by A and read as “A bar” or “A complement” is the event that includ™® three Qonceptual gppx'oacl1es to probability:
outcomes for an experiment that are not in A, L. Class‘lcal probability N
Example: 2. Relative frequency concept of probability

A statistical experiment has eight equally likely outcomes that are deg 3+ Subjective probability.
123456 7. and 8. Let A= {25 7Y and B= {2 4.8}
ayFmd AN B

b)Find AU B

¢) Are events 4 and B mutually exclusive events?

d) Are events 4 and B collectively exhaustive events?

2.3.1. Classical probability

al probability assumes that all outcomes in the sample space are
likely to occur. It was developed originally in the analysis of
1g problems, where the assumption of equally-likely outcomes often is

¢) Find Aand B ble. When the assumption of equally likely outcomes is used a basis
Solution: zning probabilities, the approaches is referred 1o as the classical

a) These two events have only one common element 4 ™ B ={2]

by 4 B={2,4,5.7, 8] ing to the classical method, the probability of a single event is equal to
¢) Events A4 and £ are not mutually exclusive events, because they haided by the total number of outcomes for experiment. On the other
common element, and their intersection is not empty set, € probability of a compound event A is equal to number of outcomes

d) Evemts 4 and B are not collectively exhaustive events. because theible to event 4, divided by the total number of outcomes for the

does not equal to sample space. ient.

e) A=141.3,4.6,8} B={1.3.5.6.7! P(A)=— Number of outcomes favorable to A

Example: Total number of outcomes for the experiment

At a busy international airport arriving planes land a first come, firsts

basis. Let 4, B, and C be the events that there are at least five, at most 2.3.2. Relative frequency concept of probability
and exactly two planes waiting to land. respectively. Then R

1. A is the event that at most four planes are waiting to land. erence between classical probability and relative frequency

lity i : ‘
ty is that classical method assumes that certain outcomes are equally

2. B is the cvent that at least four planes are waiting ro land. the outcomes when 3 die is rolled) while relative frequency method
- vhile r e fr ; methot

3.4 is asubset of B i that is if A oceurs, then Boceurs. ! actual experience 1o determine the likelihood of outcomes. In relative
Therefore, AN B = 4. :3// emf:;h(’d> one might actually roll a given die 1000 times and observe

e‘l%er_lcms and use these frequencies to determine the probability
- tis method of assigning a probability to an event is called the
uency concept of probability.

4. ( ts a subset of B; that is if (" occurs, then B occurs.
Therefore, BN C = (.
5. A and B are mutually exclusive; that is, AN B =&

tcom
freq
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y event in the sample space SithenO< P(A) < 1.

Definition: 5 an :
If an experiment is repeated # times and an event A4 (s observed 7 timy; ghat can not occur has zero probability; such event is called an
according to the relative frequency concept of probability: ble event. An event that is certain to occur has a probability equal to |
' nt.
P(A) = 1 alled sure eve

n For impossible event M: P (M) =0
Because relative frequencies are determined by performing an experiFor a sure event C: P(C)=1
probabilities calculated using relative frequencies may change almost be an event in sample space S, and let £, denote the basic outcomes.
time an experiment is repeated. But the variation in probabilities will

if the sample size s large. P(A) = ZP(F )
A
2.3.3. Subjective probability 1e notation implies that the summation extends over all the basic

Lo - . s inA
Sub]gctwe probab{hty uses d probability value based on an educatedum of the probabilities for all the basic outcomes in the sample space
or estimate, employing opinions. s 1.Thus '
In subjective probability, a person or group makes an educated guess: u
chance that an event will occur. This guess 15 based on person’s expe P(S) =Z PE)=PE)+P(E v+ PUE y=1.
and evaluation of solution. For example, a sportswriter may say thatt i=l
65% probability that the Milan will win championship cup next vear.
might say that on the basts of his diagnosis, there 1s a 40% chance the 2.5, Formula for classical probability
will need an operation. A sersmologist might say there is a 60% probs

that an earthquake will occur in a certain area. [ probability uses sample spaces to determine the numerical
Definition: ity that an event will happen.

Subjective probability is the probability assigned to an event based ol probability assumes that all outcomes in the sample space are
subjective judgment, experience, intformation. and belief. likely to occur. For example, when a single die is rolled, each

All three types of probability (classical. relative frequency, and subjer has the same probability of occurring. Since there are six outcomes.
used to solve variety of problems in business, economics, engincering®®me has a probability of 1/6. When a card is selected from an

other fields. deck of 52 cards, we assume that the deck has been shuffled, and
d has the same probability of being selected. In this case, it is 1/52.
2.4. Probability and its postulates om;

| nple space S contains 1 equally likely basic outcomes and the event
Probability. which gives the likelihood of occurrence of an event. is dof 7 of these outcomes (m < n)y, then
by 7. |

, » m
Let S denote the sample space of a random experiment, £ the basic P(A4) =-—
- , - n
outcomes, and 4 an event. The probability that an event 4 will occurs, “The probability of event 4 equals to number of basic outcomes i
N < (9 ]
denoted by P(A). °d by the total number of outcomes in the sample space”.

'The probability has the following impertant properties: write definition above as (1) = niA)

Sy
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ere are nine pairs of socks,

Example: 2 ) 4
For a card drawn from an ordinary deck find the probability of gettinp (black) =P (4) =5 ; P {(brown) =P (B) S
Solution: 5> 4 o i
Let A4- be an event getting a qﬁileen.lSince there are four queens then o1 brown)= P(AU B) = P(A)+ P(B) = ; . 9 _ : |
n(A)=4. Hence, P(A)=—=—.
52 13
Example:
IFind the probability of obtaining an even number in one roll of a die,
Solution: le: } o obabilivy that it is ¢
In this experiment S= {1, 2, 3.4, 5, 61 Let A- be an event that an evel the week is selected at random. Find the probability that it is a
1s observed on the die. Event 4 has three outcomes: 2, 4, and 6 d day.
It any one of these three numbers is obtained, event 4 is said to oceur
PiA) = number of outcomes includedin 4 3 05 o
’ total number of outcomes 6 ’ A= the selected day is Saturday

B=the selected day is Sunday

2.6. Consequences of the postulates 1 1 .
P(A=—; P(By=— and P(4 v B) = P(4)+ P(B) =

SR )

1. Let -1 and B be mutually exclusive events. Then the probability of t

union is the sum of their individual probabilities;

thatis P(Aw B) = P(A)+ P(B)

More generaily, it £, E,,...... . E . are muwally exclusive events, thk contains three red and five blue balls. Define the sample space for
P(E,UE, U...... UE,)=P(E)+P(E) A ... ~ P(E, )Lent of'recording the colours of three balls that are drawn from the box

e, with replacement.

W ELE,, . , £ are collectively exhaustive events, then the proe a sample space for the experiment of putting three different books

:If in random order. If two of these three books are a two-volume

ery, describe the event that these volumes stand in increasing order side

(i.e., volume | precedes volume 11).

wple card is drawn from an ordinary pack of playing cards. What is the

Exercises

of their unton is P(£, U E, U ... Ul )=

Since the events are collectively exhaustive. their union is the whole
space Sand P(S)=1.

Example: : lity that the card is
A drawer contains three pairs of red socks, two pairs of black socks #a) An ace b) A five
pairs of brown socks. If a person in a dark room selects a pair of sockic) A red card dy A club
probability that the pair will be either black or brown. (Note: The sock are 15 slips of paper in a hat, numbered from 1 to 15. If one of slip 1s
folded together in matching pairs). trandom, find the probability that
Solution: a) The number drawn is §
Let us define the following events b) The number drawn is even

A= the selected socks are black ¢) The number drawn is odd

B= the selected socks are brown.
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d) The number drawn is divisible by 3 \n English, mathematics, or history profeséor. »
A hospital has monitored the length of time a patient spends in a hospital

5.7 ts, 4 and B, tually exclusive: P(A) =-and P(B : ) ,
5. Two events, 4 and B, are mutually exclusive: P(A) : nd P( )J probability for numbers of days a patient spends in the hospital, are

Find the probability that wn in following table:
a) Either 4 or B will occur i ‘
b) Both .4 and B will occur nber of days Q_JJJ 4-6 | 7-9 1 10-12 | More than 12 |
¢) Neither 4 nor B will occur robability | 0.14 1 0.39 1023 [ 0.15[0.06 ' 0.03 )

6. The manager of a furniture store sells from zero to four sofas eachd be the event “The patient spends at least one days in the hospital”, and
Based on past experience, the following probabilities are assigned to: the event “The patient spends less than10 days in the hospital”.

zero, one, two, three, or four sofas: ind the probability of event .4
£(0)=0.08 ind the probability of event 8.
P(1)=0.18 ind the probability of the complement of A.
P(2)=032 ind the probability of the union of 4 and B.
P (3)=030 ind the probability of the intersection of .4 and 5.
P (4)=0.12 re 4 and B mutually exclusive events?
100 re 4 and B collectively exhaustive events?

a) Are these valid probability assignments? Why or why not?

b) Let 4 be the event that two or fewer are sold in one week. Find P| Answers

¢) Let B be the event that four or more are sold in one week. Find P

d) Are A4 and B mutually exclusive? Find P(An B)and P(A < B) RRR, RRB, RBR, RBB, BRR, BRB, BBR. BBB) 2.4d,d,a, dad.,,

7. Bektur, Janat, and Linar are the finalists in the spelling contest of Y 1 ] 1
school. The winner and the first runner-up will be sent to a city-wide 1, dyad;,ad\d; ad d, d dya,add; }: 3. a) 3 b) 5 L0 =
competition. 1 7 8 1 8 7 ’ i
a) List the sample space of concerning the out comes of the local cot > 4.a) I‘S" ib) — i) i d) —; 5.a) —:b)0:¢) e 6. a) Yes:
b) Give the composition of each of the fotllowing events 58. 15715 3 15 -

A=Linar wins the local contest 5€)0.12; d) Yes; P(ANB)=0; P(4UB) =0.70; 7.a) {BJ, BL.

B= Bektur does not go to the city-wide contest. 1 —

LB, LI}; ={ . pe : 9 .8 6

8. In a large department store, there are two managers. four departm¢ LIy by 4=( 1B, L7} B={ J1L. LJ}; 8. —;9.a) )
16 clerks, and four stokers. If a person selected at random, find the ¢! 12 13 L 17
that the person is either a clerk or a manager. 75 d) ﬁ »10.2) 0.86; b) 0.91; ¢) 0.14;d) 1; ) 0.77; f) no, because

9. On a small college campus, there are five English professors. four

mathematics professors, two science professors, three psychology pfﬂm B)#3; g) Yes, because P(A U B)y=1.
and three history professors. If a professor is selected at random, find ‘

probability that the professor is the following

a) An English or psychology professor.

b) A mathematics or science professor.

¢) A history, science, or mathematics professor.
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2.7. Counting principle. Permutation and combination  jeon.

. P . . .
; ek umber of permutations, P! of r objects chosen from # is the number of
Counting principle: -

! . ents when r objects are to be selec 1
If the set £ contains 72 elements and the set /' contains m elements, the’l;%"angem]ﬁh.s qumber iSJ ted from a total of 17 and
X . - er. Thi
nx m ways in which we can choose first an element of £ and then gpec m or

'
of . P = e
Example: ) (n—r)!

We toss a coin two times. This experiment has two steps: the first stark:
the second toss. Each step has two outcomes: a head and a tail. Thusy of P, the symbols P, and P (n, r) are frequently used to denote the
outcomes for (wo tosses ofa coin=2x2 = 4. 2r of permutations of »7 objects taken r at a time. Diff '
The four outcomes for this experiment are: HH. AT, TH TT °r ot petmt e ata time. Different authors
. . ey ntly use different symbols.
Generalized counting principle: ’ -

_ ple:
Let £, E, E .....E, besetswith a0y a1, elements. respstudents, Kanat, Askhat, and Marat must be scheduled for a job
Then there are 71, X 7, X Ay X x n, ways in which we can first ciews. In how many different orders can thus be done?
on:

element of £, then an elementof £,,....... . and finally an element{__} . ! . .

: ) , y mmber of different orders is equal to the number of permutations of the
Example: . , o . anat, Askhat, Marat}. So there are 3!=6 possible orders for the
How many outcomes does the experiment of throwing five dice haveews.
Selution: ple:
Let£,.1< <5 be set of all possible outcomes of 7 die. rsons are to pose for a photograph by standing in a row. how many

. Mtarrangements arc possible?
Then £, = {1,2,3,4,5,6} . The number of the outcomes of the experityy, possible

throwing five dice equals the number of ways we can {irst choose anWe are arranging S “objects™ 5 at a time, the number of different

S
of E,.then an element of £, ......, and finally an clement of £. . mentsis given by P’ =5!=1.2.3.4.5 =120,
Thatis 6% 6x6<6x6=6 :Tlg
0 e i '
iliyst;nd five girls :51t I a row 1n a random order, what is the
2.7.1. Permutation )nfy 8t no two children of the same sex sit together?
. wre 10!
Definition: wre 10! ways for 10

persons to sit in a row. In order that no two of the
YS must occupy positions |, 3, 5, 7. 9 and girls
Fvice versa. In each case there are 5!x5! possibilities.

) . , . . 2X si
An n-element permutation of a set with 77 objects is simply called a Sit together, bo

. p . . . ns 2,4,
permutation, denoted by " . The number of permutations of a set ol 6 8,10,0

; - 25181
nelementsis P" =n(n-D(n-2)....... 2-1=n desired Possibility is j ~ (0.008
Example: 10

The 3 digits 1, 2, 3 can be arranged in 3!= 6 different orders:
123, 132, 213, 231, 312, 321




Theorem: The number of distinguishable permutations of 1 objects of ¢
different types, where 7, are alike, 1, are alike,.... . n, are alike and |

=R+, +... +n, is
n! :

g1k 1 3
nmxn, o oxon, !

10!
10 27 120,
= 37 !

le: . -
Fx::;v many ways can two math and three biology books be selected from
n

eight math and six biology books?

~ 0 : P
Example: There are Ct possible ways to select two math books and C. possible ways to
Hodwtlmany’d‘l>ﬂerem 10-letter codes can be made using three a's . four L select three biology books. Therefore, by counting principle,
and three ¢’s”
1 ! . .
Solution: T .C; = —§- . -—6— = 560 is the total number of ways in which two math
13
. ) o : 216! 313!
By theorem. the number of such codes is S 173! =4200. and three biology books can be selected.
31413

2.7.2. Combination

It order is of no importance. then we have a combination rather a permutafig
A combination of n objects taken 7 at a time is a selection of » objects taker
from the 77, without regard to the order in which they are selected or arrang
Order is irrelevant.

Definition:

The number of combinations, C", ot r objects chosen from # is the numberd

possible selections that can be made. This number is
'

Al

ol

T =)

Remark:

A bom;( cl(‘:l;tains 24 transistors, four of which are defective. It four are sold at
random, find the following probabilities:
- a) Exactly two are defective

¢) All are defective

b) None is defective
d) At least one is detective

edk Solution:

There are C? wavs to sell four transistors, so the denominator in each case
willbe C;*=10626
‘ 4 fartive T
a) Two defective transistors can be selected as C and two nondefective ones
sC’. Hence

' CH.C® 1140 190

D lective) = - = -
P(2 defective) cH 10626 1771

. i i 1 I ~20
Some other symbols which are used to denote the number of combinations® b The number of ways to choose no defective is C,

n objects taken r at a time are , C,, C (n, r) and

n
\r
Example:
It aclub has a membership of ten, then how many three-man committees &
possible?
Solution:
Order is not important, so this is combination problem. The number of
possible committees is equal to the number of ways three persons can be
- ~10
selected from ten persons, namely C, .

We have:

78

Hence
C.0_ dsds _lols
c? 10626 3542

n L. ~ C v . VO
¢) The number of ways to choose four defectives from fouris €. or 1. Hence

P(no defective) =

. ¢
P(all defective) = ~(—34— = 1_0—6%

<4
)To find the probability of at least one defective transistor, find the
probabi“t}’ that there are no defective transistors, and then subtract that
pmbabi“ty from 1.
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d) One man and three women
P(at least 1 defective) =1— P(no defective)=1- --—4— =— ¢) Two men and two women.
o A committee of four people is to be formed from six doctors and eight
E;msts Find the probability that the committee will consist of the following:
a) All dentists
b) Two dentists and two doctors
¢) All doctors
with ¢ d) Three doctors and dentist
ne doctor and three dentists
2. How many different messages can be sent by five dashes and three d ¢) One doctor @ e . . X ,
From a faculty of six professors, six associate professors, 10 assistant
3. Roman has eight guests, two of whom are Jane and John. If the guest f and 12 instructors, a committee of size 6 is f d randoml
arrive in a random order, what is the probability that John will not arrivegy essors, anc 1= ’ ot size 615 ormed randomly.
. fhat is probabiliry that

after Jane' a) There are exactly two professors on the comumittee?
4. Find the number of distinguishable permutations of the letters ! ST professors on the co m”‘:‘ cc.
"\}ISSISSIPPI . b) All committee members are of the same rank:

There are 20 chairs in a room numbered 1 through 20. If eight girls an h/(?\ilm;i:js\:{:zec:ﬁ\m i’llftsli;cns] 1]11]1 Ztggﬁrlvie?cg tse‘thsv”]‘g 1?‘“’ \'{)lumes.

< &)
bO\ s sit on these chairs at random. what is the probability that the thirte A P shelf so that books of each set
not separated?

chair is occupied by a boy? f

Exercises

1. How many permutations of the set {¢,b, ¢, d, e} begin with a and eng,

6. If we put five math, six biology. eight history. and three literature bod Answers
a bookshelf at random, what is the probability that all the math books ar
tosethe* 6;2,40320; 3. 0.875; 4. 34 630; 5
7. Five boys and five girls sit in a row at random. What is the probability 1502337600 10. d)54/35)b)613qa ;—c.? 167/6350 20(1)28 : 1010079“ 1(;28 760:
the boys are together and the girls are together? 71612; ¢) 77/204; d) 77/612; )‘7 0‘;12. a))IO, H"ﬂb—)(?()]zl} |

8. A man has 20 friends. If he decides to invite six of them to his birthds A N ,
i o many ehaices docs he have? 31511001 d) 160/1001; e) 48/143: 13. a) 0.228; b) 0.00084: 14. 82944,
9. A panel consists of 20 men and 20 women. How many choices do web
for a jury of six men and six women from this panel?
10. In a company there are seven executives: four women and three meh
Three are selected to attend a management seminar. Find the following
probabilities:
a) All three selected will be women.
b) All three selected will be men.
¢) Two men and one woman will be selected.
d) One man and two women will be sclected.
11. In a class of 18 students. there are 11 men and seven women. Four
students are selected to present a demonstration on the use of the calculd
Find the probability that the group consists of the following:
a) All men
b) All woimen
¢) Three men and one woman
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gired probability is

2.8. Probability rules ‘
P(A)+ P(B)—-P(ANB)=0.018+0.014-0.04 =0.28.

C req
K4uB)=
ko it le: . .
pose that in a community of 400 adults, 300 bike or swim or do both,

by swim and 120 swim and bike. What is the probability that an adult

1. Complement rule:
Let 4 be an event and A its complement. Then the complement rule js

P(4)=1-P(4) b cted at random from this community bikes?
In words, the probability of the occurrence of any event equals one mingution:
probability of the occurrence of its complementary event. bt A be the event that person swims and 7 be the event that he or she bikes,
Example: en P(AU B) =300/400; P(A4) =160/400: P(A B)=120/400 . Hence
A club has a membership of six men and four women. A three-person §, relation P(AU B) = P(4)+ P(B)~ P(4 B) implies that
committec is chosen at random. What is the probability that at least one 300 120 160

an will be selected? KB)=P(AUB)+ P(ANB)—P(A)= "—+ —— - —==0.65.
:v;)ll:t?:)x\nw e }B) ( ' ) © 400 400 400

Let 4- be the event “at least one woman will be selected”. We will start ; )
- i Exercises
solution by computing the probability of the complement: 4 -*no woms
selected”, and then using the complement rule will compute the probabil@%—rhe probability that a randomly selected elementary school teacher from a
of 4. by is a female is 0.68. holds a second Jobis 0.42. and is a female and holds a
- C(’ 1 pond job is 0.29. Find the probability that an elementary school teacher
P(A) = ZT = g ected at rgndom from this city is a female or holds a second job?
3 lt was estimated that 35% of all students were seriously concerned about
And therefore the required probability is P(}ZI) =1-P(4)=1- ']f - igploymem prospects, 20% were scriously poncerned abo_ut grades, and 15%
6 6 freseriously concerned about both. What is the probability that a randomly
2iosen student is seriously concerned about at least one of these two things”
It was found that 45% of students think that professors must be “more
Let 4 and B be two events. The probability of their union is ~ £%0t” to the students. If a student is selected randomly what is the
P(AU B) = P(A) + P(B)— P(A B) zi;bablllt)/.,t}?at he or she will disagree or have no opinion on the issue.
M a statistics class there are 18 juniors and 10 a seniors; 6 of the seniors are

Examnle: Eatllf:,pe;?)(é a] bZ ;)f thez juniors are males. If a student is selected at random,
The probability that a randomly sclected student from a university is as Aty of the following:
a) A junior or a female

is 0.18. a business major is 0.14, and a senior and a business major is 0 Y A sen;
| ss JAen T enior or ale
Find the probability that a student selected at random from this universt JAj or or s fe”?d]“
) A junior or a senjor

2. The addition rule of probabilities:

senior or a business major. Ifa die . . .
Solution: :gfe Is rolled three times, find the probability of getting at least one 6.
1€ 1s rolled three times, find the probability of getting at least one even

Let 4- be the event “Chosen student is a senior student™ and B the even' ppe,
“Chosen student 15 a business major student”. Thus we have

P(4)=0.18, P(B)=0.14 and P(A B) = 0.04




7. A number is selected at random from the set of natural numbers

{1,2,3,....... 1000} . What is the probability that it is divisible by 4 but
by S nor by 72 X contams black chips and white chips. A person selects two chips

8. There are four tickets numbered 1, 2, 3, and 4. Suppose a two-digitn out replacement. If the probability of selecting a black chip and a white
= X T ] A th babil f

will be formed by first drawing one ticket at random and then drawing,® is ;Sth/56 racl)ll;iab 1?13;1 Zt S el( elgl ;)G iﬁ ;Sj;:feiﬁ }laccl)cjctlrp o thzf;rst draw is
second ticket at random from remaining three.(For instance, if the firs , find the p ponthe second draw. given

drawn shows 4 and the second shows 1, the number recorded is 41.) Lj ﬂ?e first chip selected was a black chip.
sample space and determine the following probabilities
a) What is the probability of getting an even number? e A .
b) What is the probability of getting a number larger than 207 , ];8[;0:]% o };l;e ;hélp 5

¢) What is the plObdbi]itV that obtained number is between 22 and 30? ?en P(W/B)= A,,,‘__ S
9. A three-digit number is formed by arranging the digits 1. 5, and 6 in¢ P(B) 3 3 7
random order. nce, the probability of selecting a white chip on the second draw given that
a) List the sample space. p first chip selected was black is 5/7.
b) Find the probability of getting a number larger than 400. ample:
¢) What is the probability that an even number is obtained?” 8 certain region of Kazakhstan, the probability that a person lives at least
Fyears is 0.75 and the probability that he or she lives at least 90 years is

Answer §3 What is the probability that randomly sclected 80-year old person from
B region will survive to become 907

Let B=selecting a'black chip

1.0.81:2.0.40: 3. 0.55: 4. a) 6/7: by 4/7: ¢) 1: 5. 91/216; 6. 7/8; 7. 0.17}tion;
0.5: b) 0.75: ¢) 0167 7.9.b)2'3 c) 1/3: {4 and B be the events that the person selected survives (o become 90
ﬂ 80 years old, respectively. We are interested in P(1/ B). By definition.
2.8.1. Conditional probability : P(ANB)  P(A) - '
Py = LU TD 00T gy
Definition: P(B) P(B) 0.75

Conditional probability is the probability that an event will occur giverf®t® thatin this case P( 4~ B) = P( 1)),
another event has already occurred. If 4 and B are two events, then the
conditional probability of 4 is written as P(A/ B) and read as “the :
probability of 4 given that B has already occurred™. 282. The multiplication rule of probability
It 4 and B are two events, then .
: t4a , . .
nd B be two events. The probability of their intersection is

P(4M B) P(ANB)=P(A/B)- P(B)
P(B/ 4)= — and 0 p
PLA) . (ANBy=P(B/ ). P(4)
, P(ANB) ppo ’
P(A/B) = W 'FI)‘ sfei:;aé Seven nondefective and three defective goods have been mixed
; efective goods, we test them one by one, at random. and without

llaCemem
ectWe What is the probability that we are lucky and find both of the

given that P(A) >0 and P(B)>0. 800ds in the first two tests?
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Solution:

Let D, and D, be the events of finding defective goods in the first and

second tests respectively. We are interested in
P(D,ND,)=P(D,/D,) P(D,)

As we know, there are three defective goods in total 10 goods. Consequen

the probability of selecting a defective good at the first selection ’

isP(D,)= % . To calculate the probability P(D, / D,), we know that the

first good is defective because D, has already occurred. Because the
selections are made without replacement, there are 9 total goods and 2 of
are defective at the time of the second selection. Therefore P(D. /D )=y
Hence the required probability is

302
P(D, A D.)=P(D, /D) P(D,)=—

1
109 15
Remark: Multiplication rule can be generalized for calculating the
probability of the joint occurrence of several events.
For example, if P(AM B) > 0,then

PANBNC)=P(A)-P(B/4)- P(Ci(4~ B))
2.8.3. Multiplication rule for independent events

Two events 4 and /3 are independent if P(4/ B) = P(A)
Fquivalent conditions are P(B/ A) = P(B)or P(4~ B)= P(4)- P(B).
Example:
An urn contains three red balls, two blue balls, and five white balls. A ballis
selected and its colour is noted. Then it is replaced. A second ball is selected
and its colour is noted. Find the probability of

a) Selecting two blue balls

b) Selecting a blue and then white bali

¢} Selecting a red ball and then a blue ball

Solution:
b f P(bl 22 :
a) P (blue and blue)=P(blue)- P(blue)--—  — = —
) ( 10 10 25
. . 2 35 1
b) P (blue and white)=P(blue)  P(white) — -~ = —
10 10 10
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p(red and blue)=P(red) P(blue)= o1

)
E le:

urn cont )
':]lected at random with re

ains five red and seven blue balls. Suppose that two balls are ﬂ
placement. Let A and B be the events that the first
3

| v

4fhie second balls are red, respectively. Then we get (4N B) =
and €

12 12
5 5
NOW" P(AnB)= P(A)P(B) since P(4)= - and P(B)= 1
 Thus 4 and B are independent.
lfw% do the same experiment without replacement, then P(B/ )= =~
45 57 5
e P(B) = P(B. A) P(1)~ P(B/A)-PlA) = Tn 1 12

aséxpected. Thus P(B/ A)# P(B),implying that 4 and B are dependent.

Remark:

Multiplication rule for independent events can a
mote independent events by using the lol*mulg
PANBNC . ~K)=P(A4)-P(B)-P(C):
Théz(pl'oltfz;bility that a specific medical test \Vi[l shO\\_f positive 18 0“\2 1f four
pedi)le are tested. find the probability that all four will show positive.

Iso be extended to three or

........ P{K).

{vtion:
LT, (i=1,2. 3, 4) be the symbol for a positive test result,

. - - 004 —
AT, AT, AT,) = PT,)- P() (1) PTL) = 0327 = 0010
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if 4 and B are mutually exclusive.

Exercises | by Determine P(4 B)

1. Suppose that P(4) = 0.30, P(B) = 0.25 . and P(A B) = 0.20 o Find P(4/ B) if 4 and B are mutually exclusive.

ve ) 5. S at 8 balls are selected at
N , R ‘ o red and five blue balls. buppos'e'thdt eeiee
e e e ’ ‘:n urgnléaivtilt];xcreplacement. What is the probability that the first three are
an om

and the rest are blue balls?

b} Are the events A4 and B independent? Why or why not? ‘
2. Suppose that P(A4) = 0.68 , P(B) = 0.55, and P(A i B) =032 Fy
a) The conditional probability that B occurs, given that 4 occurs. o Answer »
b) The conditional probability that B does not occur given that 4 occurs, § ;'P(A UB) =035, P(4/B)=08: P(B{ A4)=0.67: b) No:
¢} The conditional probability that B occurs given that 4 does not occur, 1.2) . 9: ¢} 0.719: 3. a) 2/7: b) 32/63: ¢) 9/ 6. 4.a)0.2:
3. Concerning the events A and B, the following probabilities are given -316'471" b)0.52 TC%, k) 77]_“ \)T\iO' 6. a) 0.61:b) 0.72: ¢) 0.641;
)035; ¢) 65%; 5. @) 219 b) 712 ) RO- 2.

7 3
P(‘B‘)v——'i’; P(A/’B):%: P(A/B):i‘ ‘(}190503;
Determine * 2.8.4. The law of total probability
Ay P(A~B): by P14} <1 PUB )

Lo A . Theorem:
4. In a study of television viewing habits among married couples, a reseag . = 0 Then for any event A
found that for a popular Saturday night program 23% of the husbands vie§ Let B be an event with P(B) > Oand P(B)> 0. Then foran i
the program regularly and 30% of the wives viewed the program regulary}
The study found that for couples where the husband watches the program
regularly 80% of the wives also watch regularly. B le Yy

¢ - e o - . " < Two balls are selected at random
a) What is the probability that both husband and wife watch the program %Aﬂﬁgn contains 10 white and 6 red baHs.' !\\o balls fm $ »‘li R
regularhy? without replacement. What is the probability that second sclected s :
b) What is the probability that at least one-husband or wife-watches the :So‘ ation:
progran] l‘egu]arly'? g '(be the event tha‘[ secon

P(A) = P(A] BYP(B)+ PLA / BYP(B).

d selected ball (s red, B be event that the {irst balt

¢) What percentage of married couples do not have at least one regular vies iswite. Then P(B) = Lo P(B) - ,6 CP(4/B)= — P(4/B)= {’é - Then by
of the program? . 16 16 13 -

5. Of 20 rats in a laboratory, 12 are males and 9 are infected with a virus. 0 ﬂ)e%w of total probability:

the 12 male rats. 7 infected with the virus. One rat is randomly selected [0 56 3

the laboratory. ,
a}) If the selected rat is found to be infected, what is the probability that it}  Thégrem:
female? . L%{B B

b) If the selected rat is found 10 be a male. what is the probability that it1s § 271722 . o event
infected? | $ample space Sand P(B,) >0 for 1= 1.2.....n, then for any even
¢) Are the events “the selected rat is intected” and ““the selected rat is mat AQ?&
independent? Why or why not?

6. Suppose P(A4y=0.50, P(B) =022

a) Determine P(AU B) if 4 and B are independent.

1516 1516 &
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‘ ' -oduces all its products by three machines. Machines 1; 11; o
P(A)= P(A/B)P(B,)+ P(A4] B,)P(B.) + ...+ P(4/ B, )P(B,) = %{f";fggfc’es 40%; 40% and 20% of the output, where 5%, 4%, and 2% of
an

; e e defective, respectively. What percentage of the total product
= ZP(A /B)P(B,). thelmmPUt: are detecti P y
' i tive’ o ) ‘
L ! ) ?f{)egx contains 18 tennis balls. of which eight are new. Suppose that three
xample: .

= . andom v ed with, and after play are rcturned to the
Suppose that 70% of seniors, 60% of juniors, 55% of the sophomores, an alls are selecFe_cli fdngoi]l]ﬂba‘rglg Zé‘tg\d 1f61‘ A secon dppl;{\a what is the
40% of the freshmen of a university use the library frequently. If 35% of g box. [f.afxothei _tile? ’ aq ;\” nc‘w 5 B
students are freshmen, 30% are sophomores, 20% are juniors, and 15% g probability that F’ei\’ if]L): - ol ﬁudents are required to take calculus and
e . - < e § brary £ NI, lan economical college equ - o
;exlnotx.s, what percent of all students use the library frequently: g@ﬁ"‘"mics course. Statistics shows that 37 % of the students of this college
olution: OLLlY < - o oc 1cs and calculus.
: : . - st s 1 25 % of them get A’s in both economuics and ca
Let 4 be the event that a randomly selected student is using library frequen S 11 calculus and 25 % Ot» his ¢ Z’HQ;, has passed calculus with an A.
Let £, O, J, and £ be the events that he or she is a freshmen. sophomore, omly selectgd student ot this co ge has pas: °d cal
JUnior. or Sénior respectively. Thus whigt is the probability that he or sh§ got A in economics’ . .
Jp' 4) - PG ’F')P(ﬁ‘H P( 4 V;O)P(O) + P(A/TVP(J) + 7,S§ppose that-12 % of the population of a country are unemp\loyed women
(j‘)(; EjP/(RE) O 4 0A3'. ‘O 55 O 3 O 6 05 ’ 67 0.15 =053 ad 17 % of population are unemploymed. What percentage of the
- / =U4-U535+0U55-03+0.6-02+0.7-0.15=0.53. -

g \ : ' inemployed are women?
Therefore. 53% of these students use the library frequently. 3

Answer
Exercises La) 4/15:0) 22/105:¢) 2/35: d) 4/15: ¢) 44/105:
06, 0.676:7.70.6 %,

L. In a country men constitute 58% of the labour force. The rates of
unemployment are 6.2% and 4.3% among males and females respectively.
a) What s the overall rate of unemploved in the country?
b) If a worker selected at random is found to be unemployment, what isthe
probability that the worker is a woman? '
2. In a shipment of 15 air conditioners, there are 4 with defective thermosisf
Two air conditioners will be selected at random and inspected one after |
another. Find the probability that

a) The first is defective.

b) The first is defective and the second good.

¢} Both are defective.

d) The second air conditioner is defective. le 1:

¢) Exactly one is defective. , factory 40%, 30%, and 30% of the goods is produced by machines L1,
3. Suppose that 40% of the students arc girls. If 25 % of the girls and 15%? i respectiVel”y. If 5%, 4%, and 3% of the outputs of these machines is
the boys of this university arc A students, what is the probability that Ltive, what is the probability that a randomly selected good that is tound
randomly selected student is A student? efective is produced by machine 1117

8 formula, let us consider the following example:
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Solution:

Let 1 be the event that a randomly selected good is defective and B befy
'e\/ent that it is produced by machine 1II. We are asked to find P(B,/4)y,
know that

P(B, N A)

PB4 ==

] Tmrem

To tind P(B, M A). note that since P(A/ B, )and P(B,)are known, weg

use relation P(B. v A) = P(4/B.)-P(B.)

To calculate P( A) . we use the law of total probabilitv. Let B, and B, betef

cvents that the good is produced by machines [ and I1. respectively. Hence,
P(A4) = P(A/ B, MP(B, )+ P(A/B,)P(B, )+ P(A/ B.)P(B,)

By substituting we obtain

P, ay= 20
P(4)
_ P(4/B)-P(B))
P(AIB)PIB, )+ Pl B V(B + P(A/B.1P(B.)
0.03-0.3

0.050.410.04-03+003 03 =
The tformula for P(B, 7 A)is a
particular casc of Bayes formula.
Lo write formula for P(B, / A) we
can use tree diagram. (Fig. 2.1).
Letter D stands for “defective” and
N for “not defective™.

// 1 \
o/ |\
03 0
/ i \
\
)3/\0 9s /\ OOJ/ \O9r
N N

V V W
0.02+0.012+0.009=0.041

Fig.2.1. For example |
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(Bayes’ theorem)

LetA and B be two events. Then Bayes’ theorem states that
A/ B)P(B)
P(B/A)= P( —B)—(— and
[ 14
P(B/ A)P(A)
P(A/B)=— —f—). ———————
» P(B)
Tﬁeorem (Bayes’theorem, general form):
#B,.B, B B, be n mutually exclusive and collectively exhaustive

s of the sample space S. Then for any other event 4 of Swith P(4) >0
P(A/B,)-P(B,)
P(A/B)P(B)+P(A/ B2 YP(B,)+..

B,/ 4) =

Em ple 2:

Abox contains 8 red and 11 blue balls. Two balls are selected at random
without replacement and without their colour being seen. If the third ball is
drmn randomly and observed to be red, what is the probability that both of
previous selected balls were blue?

§ﬁgtlon Let BB, BR, and RR be the events that first two sclected balls are
bk&: and blue, blue and red. and red and red. I.et R be the event that the third

+P(A/B)P(B,)

bﬁdrawn is red. We need to find P(BB/ R) . Using Bayes’ formula:

P(R' BB)- P(BB)

Ry= oo -
"" P(R'BB)P(BB) i P(R!BR)P(BR) +...~ P(R RR)P(RR)
s\
: /
pppy = L 10> i/ 1\
18 171 - \ 55/17]
§ 7 28 //88/171 N
== = / A
]9 18 171 RR BR BB
oAl A9 A S
P(BR 18 811 88 7{77/\17 / ‘17 7/ \17
19 18 19 18 171 B R B B R
v " v
:‘;é;rtes'BRisthe union of two i_‘zﬁ 7 _§8_+,§,1_
n 17 171 17 171 17 171

o Fig.2.2. for example 2.




namely, the first ball was blue, the second was red, and vice versa.
Thus,

8.3
n oy 17 171 ~ 036
P(BBIR) =~ L 0.36.

7 7717177 17 1
This can be found easily from tree diagram on Fig. 2.2. as well.

Exercises

L. Given that P(4,) = 0.66, P(A4,) =0.34,P(B/ 4,)=0.57,
P(C/A4)=043,P(B/ 4,)=0.61,P(C/4,)=0.39.find the followin
probabilities: P(A, / B), P(4,/B), P(A,/C), and P(A, /C).

2. A store purchases electric irons from two companies. From company 4,
500 irons are purchased, and 2% are defective. From company B. 850 irons
are purchased, and 2% are defective. Given that an iron 1s defective, find the
probability that it came from company 5.

3. A store owner purchases telephones from two companies. From company
A, 350 telephones are purchased, and 2% are detective. From company B
1050 telephones are purchased, and 4% are defective. Given that a phone s
defective, find the probability that it came from company B.

4. A certain cancer is found in 1 person in 5000. 1f a person does have the
discase, in 92% of the cases the diagnostic procedure will show that he or sh
actually has it. If a person does not have the disease, the diagnostic procedut
in 1 out of 300 cases gives a false positive result. Determine the probability
that a person with a positive lest result has the cancer.

3. Suppose that 5% of the men and 2% of the women working for a
corporation make over 40003 a year. If 30% of the employees of the
corporation are women, what percent of those who make over 40003

a vear are women?

6. Company purchases a certain part from three suppliers A, B, and C.
Supplier A supplies 60% of the parts, B supplies 30% and C supplies 10%.
The quality of parts is known to vary among suppliers, with A, B, and C pa®
having 0.25%, 1%, and 2% defective rates, respectively.

a) What percent of product of the company has a defect?

b) When a defective part is found, which supplicr is the tikely source?
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4t a department store, 20% of all customers spend $50 or less and 80%
more than $50per visit. Of those who spend $50 or less, 75% pay by
whor check and 25% pay by credit card. Of those who spend more than
$58;:30% pay by cash or check and 70% pay by credit card. One randomly

selécted customer, who made a purchase at this store, paid by credit card.
What is the probability that this customer spent more than $30 at his store?
&E.ach day companies mtroduce thousands of new products in the market.
Usnally new products are test marketed before they are introduced for sale.

T probability is 0.65 that a new product introduced by a company will be

s&essful For an eventually successtul product, probability is 0.95 that 50%

o@ore af the people included in the test like it. However, for an eventually

piccessful product, probability is 0.20 that 30% or more of the peaple

uded in the test like it. A company recently introduced a new product.

is the probability that this product will be successful if less than 50% of

eople included in the test like it?

Professor classifies students as most accurate (in calculations and writing).
m@eratelw accurate, or poorly accurate, and finds 50%. 40%, and 10%

-~ rgpectively of all students fall into these categories. Professor found that A
gaile was got by 70% of the most accurate, by 50% of the moderately
agurate, and by 30% of the poorly accurate students.

%%at is the probability that a randomly chosen student is A grade student?
hfjifthe randomly selected student is A grade student. what is the probability
it the student is from group of most accurate student?

, cglfrandoml\ selected student is A grade student, what is the probability that

Qstudent 1s not trom the group of most accurate xtudcms

)
i
E
;
x
i

Answers

P4,/ B)=0.645; P(A, B)=0355: P(4,/C)=0.682;
B4,/0)=0318;2.0.063: 3. 0.857; 4. 0.084; 5. 14.63%; 6. ) 0.65%:
bB;7,0.91: 8. 0.104; 9. a) 0.58: b) 0.6034: ¢) 0.3966.




2.10. Bivariate probabilities
Joint and marginal probabilities

Suppose that a problem involves two distinct sets of events thy.

label 4,, 4, , 4, The events

ey s By By By By A; and By
mutually exclusive and collectively exhaustive within their Sets, |
ntersections 4, M B, can occur between all events from the two sets, Tj,
intersections can be considered as a basic outcome of a random eXperimg
Two sets of events considered jointly in this way, are called bivariate, a,
probabilities are called bivariate probabilities.

R o __ Table2.1.
\Lw>~/j'” BT Bf", B” B/‘ “}
A PUCB) PULNB,) PO B P4 ~B,)
{ N
DA P(A, N By) P(4,nB,)  P(4, N B,) P(4, mB,)
............................................................................. i
i . Y D T T T ’
anlg P(A, B, ) P4, rwB ,) P(4, By P(4, ~B,)
e I
Definition:

In the table 2.1

probabilities. Marginal probability is the probability of a single event with

consideration of any other event. Marginal probability can be computed !

summing the corresponding row or columa.
Example:

All the 420 employees of a company were asked it they smoke or not
whether they are university graduates or not. Based on this information,
following two-way classification table was prepared

| LmvexSIty ‘Nota unwelslt\/
I graduate  graduate
" Smoker | 35 80 o

i |
| Nonsmoker ] | 130 175 |

. the intersection probabilities P(A. ~ B.) arc called jiif

e 2.2. each box that contains a number is called a cell. There are four

1 table 2.2. Each cell gives the frequency for two characteristics.
example, 35 employees in this group possess two characteristics: They are
ersity graduates and smoke. We can interpret the number in other cells

same way. N
dding the row of totals and the column of totals to table 2.2,

we wrile

i Table 2.3,
T University Nota university | Total |
| praduate  graduate | |
i 35 80 s
i 130 175 | 305 |
J 165 255 B

hose one employee is selected at random from these 420 employees. This
- employee may be classified either on the basis of smoker or non-smoker alone
orcgn the basis of university graduate or not. If only one characteristic 15
comsidered at a time, the employee selected can be a smoker. non-smoker. a
university graduatc. or not a university graduate. The probability of each of
thége four characteristics or events is called marginal probabilities because
they calculated by dividing the corresponding row margins (totals for rows) or
solomn margins (totals for the columns) by the grand total. For table 2.3.. the
arginal probabilitics are calculated as follows:
Number of smoker

T otal numbu of employees

115
420

{oker):().274can be interpreted as “The probability that randomly

=0.274

P(smoker) =

ted employee 15 a smoker 15 0.2747, Similarly
30 o

P(nonsmoker) = 221726

420

65
P{unmversity graduate) = Lih . 0.393
420
255
P(not a university graduate) = 20 =0.607

Ngw Suppose that one employee is selected at random from these 420
Wioyees. Furthermore, assume that it is known that this (selected) employee
Smoker. In other words, the event that the employee selected is a smoker




has already occurred. What is the probability that the employee selecteg;
university graduate?
This probability, P (university Uraduatc/slnoker) as we know, is callejd
conditional probability, and it 1s read as “the probability that the emply
selected is a university graduate given that this employee is a smoker”
required conditional probability is calculated as follows:

P(university graduate/smoker) =

]

. Number of smokers who are university graduate 35 0.304

) total number of smokers s T
Example:

For the data of table 2.3. calculate the conditional probability that a randon
sclected employee is a non-smoker given that this employee 15 not a univerg
graduate.
Solution:

We are to compute the probability P(nonsmoker / not a university graduate)

P(nonsmoker/ not a university graduate) =

i Numbq of not a university graduates who do not smoke 1 — 0.6%
5 .686.

total numbex of not university gladuates 2

The probability that randomly selected employee who is not a universh
graduate, does not smoke is 0.686.

Example:

a2

Refer to the information on 420 employees given in table 2.3.. are the everif

“smoker (§8)” and “university graduate (U)” independent?
Solution:

If the occurrence of one event affects the probability of the occurrence Of[hf'»

other event then the two cvents are said to be dependent events. Usi
probability notation, the two events will be dependent if either

P(A/By= P(Ayor P(B/ A)» P(B).
bvents S and U will be independent if P(S) = P(S /(). otherwise they willk
dependent. ‘
Using the information given in table 2.3., we compute the following ™
probabilities

P(S)="1 2 0274: and (S 1 U) =~ 0212

420 165

Because these two probabilities are not equal, the two events are dopeﬂdexl
Here, dependence of events means that percentage of smokers is differt®
from percentage between a university graduates.
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le: )
cent survev asked 100 people it they though women should be permitted
icipate In weightlifting competition. The results of the survey are shown

ithe table. S

P

(Gender Yes  INo . Total |
‘Male 32 48 150
| Female .8 42 150
: | Total ' 40 60 1100

the probabilities

at a randomly selected person is a malc.

e respondent answered “yes”. given that the respondent was a female
e respondent was a male. given that the respondent answered “no”.
&non: L
respondent was a male; ¥=respondent answered "Yes
spondent was a female: N=respondent answered "No”

#We need to compute the probability 7 (male). The probability that
ndomly selected respondent is a male is obtained by dividing total
ber of row labelled “Male” (50) by the total number of respondents

50 1
P{male) = —— =~
100 2
b} he problem is to find P(Y /7). The rule states
P Y
PY/FY— *'(‘” e )
P(F)

V probability P(F ~ 1) s the number of females who responded “yes”

b3
ded by the total number of respondents P(F ~ V)= 00
1
probability P(F)is the probab1 ity of selecting a female:

Py gy PUOY) 81100 4
)= P(F)  50/100 23

%ﬁe problem is to find P(M / M)
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P(MAN) 18/100 3

P(N)  60/100 10

P(M i N) =

Exercises

1. The following table shows the J T

probabilities concerning two events 4 and 5. } 5 b
a) Determine the missing entries, A4 025 0.
b) What is the probability that 4 occurs and £ does !

not oceur? e ]
¢) Find the probability that either 4 or B occurs. L_—M.L\

d) Find the probability that one of these events occurs and other does not.

2. A woman'’s clothing store owner buys from three companies:
A, B, and C. The purchases are shown below:

pioducs | Company A Company B | Company €

| Dresses 0 24 1 18 Lo
Blouses I3 36 ; 15 i

If one item 1s selected at random, find the following probabilities:

a) It is purchased from company A or it is a dress.

b) It was purchased from company B or company C.

¢) It is a blouse or was purchased from company A.

3. In a statistics class therc are 18 local and 10 foreign students: 6 of the
foreign students are females, and 12 of the local students are males. If 2
student is selected at random, what is the probability that

a) randomly selected student is a local or a female?

b) randomly selected student is foreign or a female student?

¢) randomly selected student is a local or a foreign student?

4. Two thousand randomly selected adults were asked if they think they
are financially better off than their parents. The following table gives the
two-way classification of the responses based on the education levels of
the persons included m the survey and whether they are financially better
off, the same, or worse off thau their parents.




; Education level ’ |

' Less than Hight More than |

‘ - High school school high schoo! [
— Rt . Seheol | Mghsehool
Better of | 140 450 420
Sae | 60 250 10 |
M g 20 300 0

S@pose one adult is selected at random from these 2000 adults, find the
ghability that this adult is

ancially better oft his (her) parents or high school student:

more than high school student or financially worse off than his (her)

ts;

inancially better off his (her) parents or financially worse off his (her)

pirents;

d)iﬁnancmlly better off than his (her) parents

)ﬁnanmall) better off than his (her) parents given that he (she) has less

. than high school education:

~ f)financially worse off than his (her) parents given that he (she) has hight

school education

g financially the same as his (her) parents given that he (she) has morc

than high school cduction.

B):Are the events “better off ” and “hight school education” mutually

Klusive? What about the events “less than high school” and “more than

High school”? Why or why not?

iJAre the events “worse off “and “”’'more than high school“ independent”

%y or why not?

iﬁlghty students in a university cafeteria were asked if they favoured a

bn on smoking in the cafcteria. The results of the survey are shown in

!@table.

— S e e e r _—

Chass

3 1lL ':a\four ()Rpose I Ne opmwon :
- Freshmen | 1S P27 ; 8 !
L_Sophomore | 23 | 5 Vo2 ]

Ifa student is selected at random, find these probabilitics:
djHe or she opposes the ban, given that the student is a freshman.
b) Given that the student favours the ban. the student is a sophomore.
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6. The following table gives a two-way classification of 200 randomly |
selected purchases made at department store.

| Paid by cash/check Paid by credit card
. Male 24 46 T
| Female 77 53 B

If one of these 200 purchases is selected at random, find the probability
that it is

a) made by a female

b) paid by cash/check

¢) paid by credit card given that the purchase is made by a male

d) made by a female given that it is paid by cash/check

¢} made by a female and paid by a credit card

t) paid by cash/check or made by a male :
g) Are the events “female” and “paid by credit card” independent? Are
they mutually exclusive? Explain why or why not.

7. Three cable channels (6, 8, and 10) have quiz shows, comedies. and
dramas. The table gives proportions in the nine joint classifications

|" s Channels |

' T i Channel 6 Channel § Channel 10
Type of sho“\\. : e
. Quiz show . 021 0.1) 0.06
Comedy | 0.08 0.21 0.08
Drama L 0.01 0.07 0.17

a) What proportion of shows is quiz show?

b) What proportion of shows does Channel 6 have?

¢) 1f randomly selected show is quiz show, what is the probability that it
was shown on channel 6?

d) If the show was shown on channel 10, what is the probability that it
was comedy?

¢) What is the probability that randomly chosen show is drama, or shown
on channel 8, or both?

8. A supermarket manager classified customers according to whether
their visits to the store as frequent or infrequent and whether they often,
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sometimes, or never make a purchase. The accompanying table gives the
proportions of people surveyed in cach of six joint classifications:

a\l:ing purchase ‘ )
N Often Sometimes Never
Frequency ™
of visit ey i
Frequent 0.12 0.48 0.19 ;
Infrequent 0.07 0.06 008
g What is the probability that a customer is both a frequent shopper and
: o&n purchases?

hﬁ’What is the probability that a customer who never makes pumhasc
visits the store frequently?
J o Are the events “Never makes a purchase™ and “Visits the store
- frgguently” independent?

dp-What is the probability that a customer who infrequently visits the : ;
stofe often makes a purchase?
¢)iAre the events “Often makes a purchase” and “Visits the store
infiequently” independent?
fyWhat is the probability that a customer frequently visits the store?

What is the probability that customer never makes a purchase in this

W What is the probability that a customer either frequently visits the store
gever makes a punchase or both‘7

ding to marital status and whethu or not thLy own stocl\s.

N VO\VI] 5[0(,1\5 E"—'—"*V”’**' o - —1!
Mamal | Yes No |
status ~e | N

' Married [ 0.64 0.13 ;
Single L 0.17 0.06 :

#¥hat is the probability that a randomly chosen salesperson was

M&w?
hat is the probability that a mndomly chosen salesperson does not
Stocks?




¢) What is the probability that randomly chosen single salesperson dogs
not own stocks?

d) What is the probability that a randomly chosen salesperson who owns
stocks was married?

10. Forty-two percent of employees in a large corporation were in favoy
of a modified health care plan, and 22% of the corporation employees
favoured a proposal to change the work schedule. Thirty- four percent of
those favouring the health plan modification favoured the work schedule
change.

a) What is the probability that a randomly selected employee is in favour
of both modified health care plan and the changed work schedule?

b) What is the probability that a randomly chosen employee is in favour
of at least one of these two changes?

c¢) What is the probability that a randomly selected emplovee favouring
the work schedule change also favours the modified health plan?

Answers

LD)P(ANB)Y=0.12,¢c) P(AUB)=052:d) P(4~Bw A B)=027;
2.2)67/118; b) 81/118: ¢) 88/118; 3. a) 6/7; b) 4/7; ¢) 1; 4. a) 0.78; b) 0.55;
¢} 0.79; d) 0.505: e) 0.350; 1) 0.300; g) 0.183: h) “Better off” and “high schulf
education” are not mutually exclusive, “Less than high school” and “ mo
than high school” are mutually exclusive events: i) “Worse off™ and “motf
than high school ™ are not independent events: 3. a) 0.54; b) 0.61; 6. a) 06%
b) 0.51:¢) 0.66:d) 0.76; €) 0.27: 1) 0.74: g) no and no: 7. a) 0.38; b) 0.3;

¢) 0.55; d) 0.26: ¢) 0.57; 8. a) 0.12: b) 0.704; ¢) No: d) 0.333: ¢) No: f) 0%
2)0.27:1)0.87; 9. a) 0.77; b) 0.19; ¢) 0.2609; d) 0.7901; 10. a) 0.1428;

b) 0.4972;¢) 0.6491.

104




Chapter 3
Discrete random variables and probability distributions

3.1. Random variables

Stippose that expeviment of rolling two fair dice to be carred owt
Lt X be the sum ol outcomes. then X can only assume the values
, 12 with the following probabilities:

mr:ﬂzpuun:;
30

2
P(X =3)= PUL22 ) =-=
( )= Pr1.2)(2.D) ¥

PU =)= PLUISL (2.2)) == and so on,

numerical value of random variable depends on the outcomes of the
periment. In this example. for instance. it it1s (3. 2). then Vis 5. and if it
6. 6) then .Y is 12 In this example A'is calied a random vanabic.

andom variable is a variable whose value is determined by the outcome
g random experiment.

tationally. we use capital letters. such as Y. to denote the random variable
corresponding lowercase x to denote a possible value.

‘'of possible values of a random variable might be finite. infinite and
jatable, or uncountable.

Bfinition:

andom variable Y is called a discrete random variable if it can take on
more than a countable number of values.

me examples of discrete random varable:

he number of employecs working at a company.

e number of heads obtained in three wsses of a com.

he number of customers visiting a bauk during any given day.

random variable whose values are not countable is called a continugus

andom variable X is called a continuous if it can take any valuc in an
rval.
¢ are some examples of continuous random variables:
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I. Prices of houses
2. The amount of oil imported.
5. Time taken by workers to learn a job.

3.2, Probability distributions for Discrete Random
Variables

Let X be a discrete random. and x be one of its possible values. The

probability that the random variable X takes the value x is denoted

by P(X =x).

Definition:

‘The probability distribution function, P(vj. of a discrete randon variable

Xindicates that this vanable takes the value v, as a function of . That is
P(x)=P(X =x)_ tor all values of x.

Example 1:
In the experiment of tossing a fair coin three times, let .Y be numbcr of
heads obtained. Determine and sketch the probability function of X

Solution: Table 3.1
First, X is a variable and the number of head: T T T T
> ‘ et neads 7 Oucome Value of X :

in three tosses of a coin can have any of the

values 0. 1.2, or 3. . HIH 2

) . - ! HHT 2
We can make a list of the outcomes and the : HTH N
associated values of .X. (Table 3.1) HTT ;
Note that, for each basic outcome there 1s onty ! THI ,
one value of X. However. several basic .' THT ;
outcomes may yield the same value. We ! TTH | 1
identify the events | T | 0 !
(1.e.. the collections of the distinct b —
values of Xj. (Table 3.2)

lable 3.2

I Numerical value off Composition of the |

[Vasanevent  tevent
' LY=0] oooaTr
i [X=1] U HTT THT. TTHY |
l [X=2] | THHT, HTH. THH)} |
! [X=3] | {HHH} j
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model of a fair coin entails that § basic outcomes are equally likely. so
wh is assigned the probability 1/8.

Tﬁevent [X=0] has a single outcome TTT. so its probability is /8.
Sifilarly, the probabilities of [X=1], [X=2], and [¥=3] are found to be 3/8,
Elﬁ;{and 1/8, respectively. Collecting these results, we obtain the probability
dighribution of X shown in table 3.3.

‘Table 3.3. The probability distribution of .Y, the

number of heads in 3 tosses of a coin. N
Value of ¥ " Probabiliy
‘ 0 ! 1/8 i
l ; 3/8
2 ] 3/8 :
L3 18 |
L Toal = 1.

my ark: When summed over all possible values of X these probabilities
milst add up to 1.

4 P(x)
3/8 I ‘!
]
w1
o
|'
_ vt
.
I
: Lo { 23
Fig. 3.1 Probability function tor example 1.

Inthe development of the probability distribution for a discrete random
¥ifiable, the following two conditions must always be satistied:




e 2 TR

R LT

Properties of probability function of discrete random variables:
Let X be a discrete random variable with probability P(x). Then
1. P(x)=0for any value x.

2. The individual probabilities sum to 1 that isS‘P(x) =1. where the

notation Z indicates summation over all powble values of x.

Another replesentatxon of discrete probability distribution is also useful.

Cumulative probability function /(x, ) :
The cumulative probability function, F(x, ) of a random variable .Y
expresses the probability that .Y does not exceed the value x, as a function
ofx,. That is

Flegh=P(X <1, ),

where the function s evaluated of all values x,,.
F(y,)= ZP(.\-)
Y<T,

Properties of cumulative probability functions for discrete random
variables:

LetXbea discrete randomn variable with cumulative probability
function F'(x,,) . Then we can show that

1. 0< F(x,)<1 for every number x, .

2.1 x,and x,are two numbers withx, <x, . then F(x,) < F(x,).
Example 2:

In the cxperiment of rolling a balanced die twice, let X be the minimum of
the two numbers obtained. Determine and sketch the probability function
and cumulative probability function of .Y,

Solution:

The possible values of Xare 1, 2, 3. 4, 5, and 6. The sample space of this
experiment consists of 36 basic outcomes. Hence the probability of any of
them is 1/36. In our experiment

POX=1=PUOL L2 2. DB DOLHE DS 6)(6 1)1=11/36
PX=2)=P(2.2)(2.3)(3.2) (244202505, 2)0(2.6)(6.2)1=9/3
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PX=3)=P 105,305, 4)(4.3)(3.5)(5,3)(3,6)(6,3)} =7/36
P4 =P 444505 HH(4.0)6.4)1=5/36

pX=3) =P 1(5.5)(5,6) (6.5)} =3/36 .
A=) =P 10, 6); =1/36 v ‘

The graphical representation of P(x) is shown in Fig.3.2,

4 Pl )
10/367 ’
! i
836 1 !
B
6301
N
| | 3 | ?
236 ‘ | }
A S G S U
1 2 3 4 3 6
Fig. 3.2 Probability function for example 2.

et us form cumulative probability function.

1S some number less than |,V ean not be less than x,, . so
F(x, =LP{X<x.)=0 forall x, <1

i$ greater than or equal to | but strictly less than 2, the anly one

ﬂ,‘ ber less than 2, the only way for X'to be less than or equal to x, is it

F(XO) PX <xg)=P(1)=11/36 forall 1<x, <2

Fix,)=pPy < X)) =Py = P2)=20030 for2 <y, <}

Bioui N . . . - .
MUIng in this way we can write cumuiative probability Tancton ws




Filxg)=<2736 if  3<x,<4
?32/36 if 4<x, <5
33736 if S<x, <6
il { X,z 1
F(x, )f
Pt ) »
33/36
32/36
30736 + 27736
Ay 20/36 !
20/36 [———- | ; |
11/36 |
1036+ ! i
: : 3 | X
+ — s

Fig. 3.3. Camulative probability function for example 2.

The cumulative distribution function of X, I7(x, ), is plotted in Fig. 3.3.

{t can be seen that the cumulative probability tfunction mcreases i steps
until the sum 1s .

Example 3:

A consumer agency sarveyed all 2500 famities living in a small town to
collect data on the number of TV sets owned by them The following table
lists the frequency distribution of the data collected by this agency

Number of TV sets owned fo _fL 12 L“; P4
Y T T T TR TN TR LSS ety ahaatai Rl
Number of families (1200 4970 5 730 410 4 270

a) Construct a probability distribution table. Draw a graph of the probability
distribution,
b) Calculate and draw the cumulative probability function,
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ind the probabilities: P(Y=1), P(Y>1). PV <) PI<LX <

gg& tion:

h

mdom variable X in the following table.

IA
J

aIn a chapter 2 we learned that the relative frequencies obtained from an
:zeriment or a sample can be used as approximate probabilities. Using the
elative frequencies, we can write the probability distribution on the discrete

: P(’«\‘)ﬁ
03+
02T |
I |
0.1 ; | X | , -
— L | ; L
0 1 2 3 4
g

b
018 less than 0. then
C O F(x)=P(X<x,)=0 fory, <0
ll’o 18 less than 1, then
Py )= PN Sy = P0)=0.048 for0 <y, <)
tinuing in this way, we obtain

.‘v}:“:;
;’;Pet us form cumulative probabitity distribution function.

Number of TV sets owned, v Probability Plx)
0 i 120/2500=0.048
1 O 07072500=0.388
2 : 730/2500-0.292
3 . S0 25000, 164
4 L 270250020108

Figure 3.4 shows the graphical presentation of the probability distribution.




0 iy, 20
VU4 b Ao
f
v 10436 if 1< Xy <2
F(J\‘())rgﬁ) Rl T N e BN
0892 i < g
i if v, 24
This function is plotted in Fig. 3.5.
Alxy)
‘ j
[T 0.892 7
| ]
0.8+ 0.728 1
| R
0.61 N
| .
i 0.436_ "
0.4+ rbi*j b
| | ’

s ] 1

Fig 3.5 Cumulative probability funcuon for example 3

<) PLY = 1) =388
PLY > =1 = F()=1-0.436 = 0.564
PX <) = F(1)=0.436
PASX <3)=F(3) - F(0)=0.892 - 0.048 = 0 gaq




Exercises

ach of the following tables lists certain values of X'and their
habilities. Determine it each of them satisfies the two conditions required

1 valid probability distribution.

b) ¢)
Y T T T hre TV T i
i -0.39 ; £ 0.22 | ) 0 K6}
| 0.67 o3 ‘ 0.23 P 0.0U
031 s L oes Lo 0,43
O . 2 8 i ‘1 - ; . —— _U‘ : %, {,,7,

or each case, list the values of x and P(xv) and examine if the
gecification represents a probability distribution. If does not. state what
foperties are violated

for x =3,4,5,6
for x=1234

gP(x)=—-(2x~4) for x=-2-1012

20
dP(x)=3/2" for x=234.5
%The following table gives the probability distribution ol a discrete random
wriable X.
X R | 2 3 4 s
12

|
: Eﬁl‘),__ 1003 013 022 031 019 0

4) Draw the probability function.

h) Calculate and draw the cumulative probability function.

§Find PLX =1); P(X <1); P(X >3) 1 PO< X €2)

d) Find the probability that x assumes a value less than 3

¢) Find the probability that x assumes a value in the interval 2 to 4,




4. Despite all safety measures, accidents do happen at the factory. Let X
denote the number of accidents that occur during a month at this factory.
The following table lists the probability distribution
of X,

X 0 1 2 3 4 ]
| Pl 030 020 0.13

a) Draw the probability function.

b) Calculate and draw the camulative probability function,

¢) Determine the probability that the number of accidents thar will vccur
during a given month at this company is exactly 4.

d) What is the probability that number of accidents will be at least 27

¢) What is the probability that number of accidents will be less than 3?
f) What is the probability that number of accidents will be

between 2 to 47

g) Two month are chosen at random. What is the probability that on both
of these months there will be fewer than two accidents?

3. Let X be the number of shopping trips made by family during a month.
The following table lists the frequency distribution of X of 1000 tamilies.

S 6T 80 0]
180 240 210 170 90 40 |

a) Draw the probability function.

b) Calculate and draw the cumulative probability function.

¢) Find the following probabilities P(X = 5); P(X > 6): P(4< X <7);
PN <6).

6. The following table lists the probability distribution of the number of
phone calls received per 10-minute period at an office.

Numbel of phone calls ﬁ‘ 0 ] 2

- b | S S —

_ Probability 0.2 026 034 08 010

e e S

Let X denote the number of phone calls received during a certain 10-mint€
period at this office.
a) Find the probabilities: P(X =1); P(X <2); P(X¥ >2); P1< X £3).

(RE

E}TWO 10-mmute period are chosen at random. What is the probability that
4t least one of them there will be at least one received call?

LIn successive rolls of a fair die, let X be the number of rolls until the

ﬁrst 6. Determine the probability function.

filna tennis championship, player A competes against player B in
wnsecutwe sets and the game continues until one player wins three sets.
Assume that, for each set P (A wins) =04, I’ (B wins) =0.6, and the
gutcomes of different sets are independent. Let X stand for the number of

played.

8 List the possible values of X" and identify the basic outcomes assoclated

h each value.
Obtain the probability distnibution of X\

Answers

a) this is not a valid probability distribution; b) this is not a valid
fobability distribution: ¢) this is a valid probability distribution:

ga) this is a valid probability distribution; b} this is not a valid probability
distribution: ¢) this is a valid probability distribution.

%ﬂns 1s not a valid probability distributton: 3. ) 0.13: 0.16: 0.62: .38 d)
038:¢)0.72: 4,07 0.10: d) 045 €) 0.75. ) 0.45: ¢) 0.3025: 5. ) 0.18; 0.5 1
470; 0.49; 6. a) o 26:0.38: 0.28: 0.78: b) 0.9836.

j -l;.\'zl
/ 0

:8.b) P(3)=0.2800: P (4)=0.3744:




3.3. Expected (mean) value and variance for discrete random variables
3.3.1. Expected value

Once we have constructed the probabilitv distribution for a random \varisde
we ofiten want to compute the mean or evpected value of the radm

variable. The mean of discrete random variable A", denoted either // v
or E()Q, is actually the mean of its probability distribution. The mean

(or expected) value of a discrete random variable is the value that we eqea
to observe per repetition, on average, if \ve perfonn an e\periment a lag
number of times. For exaTpie, we may expect a house salesperson to seli m
average. 3.5 houses pci month. it docs not mean Lhal e.cr, autih i
salesperson Will seli exactly 3.50 houses. (Actually he (or she) can not i
exactly 3.50 houses). This simply means that if we observe for nam
months, this salesperson will seli a different number of houses differert
months. Howvvever, the average of ali sold houses in these months will k2
3.50.

Definition:

The mean (or expected value) of discrete random variable Xis defined as

)% :a)g = (value *probability) = Y .t- R)Q

Here the sum extends over ali distinct values vof X
in order to compute the e.vpected value of a discrete random variable we
must multiply each value of the random variable bv the corresponding velue
of its probability funetion. We then add the 1esulting terms.
Exanrpie:
Sales showv that five is the TaxiTu T number of cars sold on a given day &
car selling company. Table 3.4 shovvs probabilitv-" distribution of cars sold
per day. Find the expected number of cars sold.

Table 34
Solulior:
To find the expected number (or mean) of cars sold, we
multiply each value of Xby its probability and add ihese
results.



n Ry xRY

0.18 0.00
| 039 0.39
2 024 0.48
3 014 0.42
4 004 0.16
5 001 0.05

ux =£J0=JV />(*)=150
infact, it is impossible for company to seli exact!y 1.50 cars in any given
oy But we exavuine selling cars at this company for inany days into the
fuure and see that, the expected value of 1.50 cars provides a good estimate
ofthe mean or average daily sales voliime. The expected value can be
inportant to the managers froiri both planning and decision making points of
view,
Forexatpie, suppose that this company will be dpen 40 days during next
2-month How many cars should the owviler expect to be sold during this
tine?
Whlewe can not specify the exact value of 1.50 cars, it provides an
exected sale of 40 1.50 —60 cars for the next 2-month period.

332 Variance and Standard deviation of disci ete random variable

\Mhilethe expected value gives us an idea of the average or Central value for
trerandom variable, often we would also like to measiire the dispersion or
variahility of the possible values of the random variable. The variance of
dsorete random variable X, denoted by AR measures the spread of its
probability distribution. in defining the variance of a random variable, a
weighted average of the squares of its possible discrepancies about the

nears is formed; the weight associated with (x - L|I )2is the probability* that
trerandom variable takes the value X The variance can be vievved as the
aerae value that will be taken by the fiinction {X = f-i,) 26ver a very large

nurer of repeated trials.
The mathematical expression for the variance of a discrete random variable

5



03 = E[(/Y —Hy )’ ]: Z (v =gy )’ P(x)

The standard deviation, o, , is the positive square root of the variance.
In some particular cases, an alternative but equivalent (sometimes called
shortcut formula) formula for the variance can be used:

oy =E(X) = py =Y xP(x) - p}

Example:
Find the variance for the example in previous topic, for the number of cars

sold per day at a car selling company.
Solution:

Let us apply crj:_ = E[(X — ) J: Z (v—u, )" Pxj.

The calculations are shown in the table 3.5:

B Table3.5
Y (x -~ 1) ( (x—p)* P ‘ (x =107 P(x)
0 T 0-1.50=-1.50] 225 1 018  © 2.25-0.1%=04050
10 1-1.50=-0.50 | 025 1 039 0.250.39::0.0975
201 2150=050 1 025 1024 1 0.250.2420.0600
300 3-150=150 0 225 0 004 | 225014203150
4 4150=250 0 625 ¢ 004 1 6.25- 0.04=0.2500
S LS-150-350 1 1225 1001 1225-0.01=0.1225
| | S py Py =125
i i

We see that the variance for the number of cars sold per day is 1.25.

The standard deviation of the number of cars sold per day is
o=~v1.25=1118.

Remark:

For the purpose of easier managerial interpretation the standard deviation

may be preferred over the variance because it is measured in the same units

as the random variable.




le:
% ¢ following table gives the probability distribution of X

| 0 } 2 3 4 3 7,J
By 1002 020 030 030 010 008 |
pute the standard deviation of x.
» tion;
1 us apply equiv alem (shortcut formula) formula tor the variance

Zx PO - g

ﬁfollowmg table shows all the calculations required for the computation
he standard deviation of x.

a

P(\) X P \) \-? \-3.‘—-]3( Y)
0.02 0000 ‘ 0 0.00 o
0.20 0.20 Lo 0.20
0.30 0.60 4 1.20
0.30 0.90 9 270
0.10 0.40 |16 | 1.60
3 0.08 0.40 s o200
: Z\P(\)-MO D> TPy T I0

! ’perfOI m the following steps to compute the standard deviation by
fteut formula:
p1: Compute the mean of discrete random variable:

(=) xP(x) =250

=7,70-(2.50)" =1.45

= Z,\'?'P(.x) - iy

Ry

: Take positive squarte root of variance.

Oy = \/——

\/143~17U




Example:

A farmer will earn a profit of $30 thousand in case of heavy rain next year,
$60 thousand in case of a moderate rain, and $15 thousand in case of little
rain. A meteorologist forecasts that the probability is 0.35 for heavy rain,
0.40 for moderate rain. and 0.25 for little rain next vear. Let X be the randon
variable that represents next year’s profit in thousands ot dollars for this
farmer. Write the probability distribution of x. Find the mean and standard
deviation of x. Give a brief interpretation of the values of the mean and
standard deviation.

Solution: Table 3.6
The table3.6 lists the probability distribution of x EEERN )
30 7 035 iF
ou i 040
05 o023
The table 3.7 shows all calculations needed for the o )
computation of the mean and standard deviation.
| Table37
x P YPW L P()
300 035 10.5 900 | 315
60 1 040 | 243600 ¢ 1440
05025 | 375235 563
I LY xP(x) = 38.25] DNV P(0) 181125
: i ,i P

o

The mean of xis u, = Z XP(x) = $38.25 thousand. The standard deviation

pp— [,

s 0, =Y P()~ ) =1811.25 (38.25)° =$18.660.
Thus, it is expected that a farmer will earn an average of $38.25 thousand
profits in next year with a standard deviation of $18.660 thousand.

3.3.3. Mean and variance of linear function of a random variable

Let X be a random variable that takes the value ¥ with probability P(x) and
consider a new random variable ¥, defined by Y=a+bA.
Suppose that random variable .V has mean g, . and variance o5

Then mean and variance of Y are
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Uy =E(@+bX)=a+b-u, and
ol =Var(a+bX)=b>c". so that standard deviation of ¥ is

oy :ibj Oy

salesman estimates the [ollowing probabilities for the number of cars
g he will sell in next month.

nd the expected number of cars that will be sold m the next month.

nd the standard deviation of the number of cars that will be sold in
month.

IThe salesperson receives for the month a salary of $300. plus an

dditional $200 for each car sold. Find the mean and standard deviation of
tal monthly salary.

e random variable X has mean

fy =E(X)=) xP(x)=

=0-0.12+1-020+42-025+43-025+4-0.18-2.17.

iance o3 = Z(_x ~ ) P =

=217 (0.12) + (1= 2.17)°(0.20) + (2= 2.17) (0.25) + (3 - 2.17)7 (0.25)
~217)°(0.18)=1.62]

7 A
=y =v1.621=1.273.
Total monthly salary of salespcrson can be written as ¥ =300 + 200.X .
E(Y) = E(300 + 200.X) =300+ 200 - £, =300 +200-2.17 = $734.
i1,) = Var(300 + 200.X) =200° -1.621= 64840,




Summary results for the mean and variance of special linear functiors;

a) Let B in the linear function, Y= @+ Then Y- A for any constanto.
a) =d and Var (a) =0

If a random variable always takes the value d it wiil have a mean dand

a variance 0.

b) Let @- 0 in the linear function, Y- &+bX. Then Y=hX
Hb@ = bi]( and var{bX)-be.

Exercises

L Find the mean and Standard deviation for each ofthe following
probability disti ibutions.

X F{X’ b 1 A é%
0 0.12 6

1 0.27 /

2 0.43 8 0.21
" 0.18 9 0.17

"l'_Given the following probability distribution.
U
rind (X,@' ,a

x R
0 0.4
1 03
0 0.2
J 0.1

3,

Let x be the number of errors that a randomly selected page of a book

contains. The follovving table lists the probability distribution of i\
X 0o 1 2 3 4

RY o073 016 o006 o004 o001

Find the mean and Standard deviation.



4 Suppoese the probability function of a random variable Xis given by the

formula F()9=7—7 l)—(fOFX:Z 3,4,5

Calculate the rean and Standard deviation of this distribution.

5. Given the two probability distributions

cROX W

1 . 0 .
0.6 1 0.2
3 0.2 2 0.4
S 0.2
4 0.1

g Verify that both distributions have the same mean.
bjCompare the two Standard deviations.

6 Aninstant lottery ticket costs $2. Out of a total of 10 000 tickets printed
forthis lottery, 1000 tickets contain a prize of $5 each. 100 tickets have a
priz of $10 each, 5 tickets have a prize of $1000 each, and 1ticket has a
piz of $5000. Let Xbe the random variable that denotes the net amount a
daer wins by playing this lottery. Write the probability distribution ofX
Determire the mean and Standard deviation of X How will you interpret the
values of the mean and Standard deviation of

I ATV repairer estimates the probabilities for the number of hours required
tocomplete somejob as follows:

Time taken (Hours) 1 2 3 4 5

Probability 005 02 035 03 01
g Hd the expected time to complete the job.
b)The TV repairer’s service 1s made up of two parts- a tixed cost of $20,
duws $2 for each hour taken to complete the job. Find the mean and Standard
deviation of total cost.



8. Consider the follovving probability distribution for the random variable

X | PX
10 0.20
20 j 040
30 1025
40 j 015

a) Find the expected value ofX.
b) Find the variance and Standard deviation.
c) If Y- hX +5, find the expected value, variance, and Standard deviation
for Y.
Answers

fa) 1.67; 0.906; b) 7.19; 1.102; 2. 1; 1; 1; 3. 0.44; 0.852; 4.3.12; 1.09;
5a)/l,=11,=2; b) < =0.63; cr2=11,6. 1.6; 54.78; 7. @) 3.2;
b) 26.4; 2.06; 8. a) 23.5; b) 92.75 and 9.63; c) 75.5; 834.75; 28.89.

3.4. Jointlv distributed discrete randoii variable

Although the probability distributions studied so far have involved
only one random variable, many decisions are based 11pon an analysis oftwo
or mole random variables. In problem situations that involve two or more
random variables, the resulting probability distribution is referred to as a
joint probability distribution.

Exainnie:

The number of betvveen-meal snacks eaten by students in a day during firdl
examinations week depeiids on the number of tests a student had to take an
that day. The accompanying table shows joint probabilities, estimated from
a survey.

Table 3.8

Number of Number of tests (X) P(y)
snacks (F) 0 1 2

0 0.05 0.08 0.09 0.22

1 0.07 0.09 011 0.27

2 011 0.04 0.10 0.25

3 0.08 0.07 011 0.26

P{x) 031 0.28 041 1.00
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Definition:
LetX and 7 be a pair of discrete randoin variables. Theirjoint probability
function expresses the probability that simultaneously X takes the specific
vellex and 7 takes the valuey, as a function ofx andy.
Trenotation used is %(x,y) S0,

P\y (x,y) =P(X =xraY - y)
Forexarpie, T V (2,3) =0.11. It means that, the probability that randomly
doen student has 2 tests and eats 3 snacks is 0.11.
Definition:
LetAand 7 be a pair ofjointly distributed random variables. The probability
function of the random variable X is called its marginal probability
function, denoted by Px (x), and is obtained by summing the joint
probabilities Over ali possible vailles; that is

Pxw ='£iHx.,y).

Similarly, the marginal probability function ofthe random variable T is
Py {}) =IM>(x,_y).

Marginal probability' functions Px (x) and P{(y) are shown in the lower

ronand the right column of the table 3.8.
Frexatpie, FA(x = 0) = 0.31 expresses the probability that, randomly

chosen student has no tests is 0.31.
H(y=2)=0.25, expresses the probability that randomly chosen student
eats2 snacks is 0.25.

Properties of joint probability functions of discrete random variables

LetA'and The a discrete random variables with joint probability function
P\r@y) -Then
Lpx y(x,y) >0 for any pairs ofx andy.
2-The sum of the joint probabilities P.:. (n. \) 6ver ali possible pairs
of values niust be 1



3.4.1. Conditional probability function

Lef X and ¥ be a pair of jointly distributed discrete random variables. The
conditional probability function of the random variable I’ given that the
random variable X takes the value x. expresses the probability that ¥ takes
the value y, as a function of y. when the value x 1s specified for .\.

This is denoted by £, , (v / x), and defined as

Py (x
Pooyyix)= S

Py (x)
Similarly, the conditional probability function of X, given F=v is
P
P.\. e (,\‘ ! T) ~ __‘Ll_ .l )
P) (1)

For example, using the table 5.8, we can compute the conditional probabiiny
sty=20 aiven that v=1 as
_ P20 004
e N e T
P 028 7
It ineans, the probability that randomiy chosen student who has 1 test eats?2
snacks is 1/7.
The probability of x =2, given that y=3is
Per(23) 011 1
Pe i (203) =z = o
P-(3) 026 206
It means. the probability that randomly chosen student who eats 3 siacks s §
Ztests s 11726,

3.4.2. Independence of jointly distributed randoin variables

Definition:

Let X and Y be a pair of jointly distributed discrete random variables. They
are said to be independent if and only if their joint probability function is
the product of their marginal probability functions:

Pyl y) =P (x) P(v)

for all possible pairs of values x and v. Otherwise they are sawd (o be
dependent.
As an example, from table 3.8, let x=1, y =2,
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Pey(x, ) = P(L,2)=0.04; P, (1)=028: P.(2)=025.
-1 0.04%0.28-0.25,
sepumber of eaten snacks and number of tests are not independent.

343. Expected value of the function of jointly distributed
' random variables

Xand Y be a pair of discrete random varnables with probabilit
fion P, (x.v).

mean of random variable A is l
Hy = ECN) =D v Ply)

mean of random vériable Yis
uy =E(Y)= y Py)

mean, or expectation of any function g(X.Y) of the random variables
d ¥ is defined as;

E[g(X.1)]=) > g(u.0) Plx.y).

1 example let us calculate means of X, Y. and g(Y ) for the Example
e,
mean of .Y is:

=E(X)=) xP(x) =0-031+1-0.28+2-0.41=0.28 ~ 0.82 =1.1.

ans, on average we expect that each student eats 1.1 snacks per day
g final examination week.
Emean of 1 is:
Uy = £y = Z)‘ POy =

g
022+1-027+2.025+3.026=027+0.35+0.78=[.35
eans, on average, we expect that each student has 1.55 tests per day
g final examination week.




3.4.4. Covariance

Suppose that X and Lare pair of random variables and they are dependent,
We use covariance to measure the nature and strength of the relationship

between them.

Definition:

LetX be a fandom variable with mean ﬁX, and let 'be a random variable
with mean JU'.The expected value of (X- 11y)(T - Lly) is called the
covariance between X and Y, denoted Cov(X. Y), defined as

Cov(X,Y) =E[{X- ux){Y~" )]=Z Z O-MnXy-Mr)-JT1*,¥)m

T v

An equivalent expression for Cov(X,Y) is:

Cov(X, Y) ZE(XY) - fux sy =V A \evaXY)- fi\ sy,
If Cov(X,Y) is a positive. then there is a positive linear association between
X and Y, if Cov{X, Y) is a negative value, then there is a negative linear
association between Jfand Y. An expectation of O for Cov(X,Y) would
imply an absence of linear association between X and Y.
Let us calculate Cov(X,Y) for probability distribution shown in the

table 3.8.
Using an equivalent expression for Cov(X. Y) yields:

Cov{X,f)=z Z A'' P(x'y~_ Av 'Ey

z 7 A HXY)=0400.05+0m00.08 +0 w2 0.09 +
X oy
+1+0m0.07 +1-1m0.09 +1 <2 m0.11 + 2«0 +0.11 + 2 mL«0.04 + 2+20.10 +
+3+0m0.08 + 310.07 + 32 m0.11 = 0.09 + 0.22 + 0.08 +
+0.40+0.21 + 0.66 = 1.66
Cov(X,Y)="£JTx-yP(Xx,y)- Mx Ey =
=1.66-1.1-1.55=1.66-1.705 =-0.045
It means that there is a weak negative association betweeil number of tests
taken a day during a final examination week and number of eaten snacks.
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Exercises

1, Shown below is the joint probability distribution for two random variables

/and
X Y Z
5 10
10 0.12 0.08 0.20
20 0.30 0.20 0.50
30 0.18 0.12 0.30
i 0.60  0.40 1.00

a) Find PXY(10,10), PX(30,5), and PX(20,5).

b) Specify the marginal probability distributions forXand Y

c) Com%e the mean and variance for Aand

d) Are Aand Yindependent random variables? Justify your

answer.
iThere is a relationship betvwveen the number of lines in a newspaper
advertiserent for an apartment and the voliime of interest from the potential
renters. Let voliime of interest be denoted by the random variable /A with the
vale O for little interest, 1for moderate interest, and 2 for heavy interest.
Let Ybe the number of lines in a newspaper. Their joint probabilities are
shown in the table

Number of Volime of interest ()9
lines () 0 1 2

3 0.09 0.14 0.07

4 0.07 0.23 0.16

5 0.03 0.10 0.11

g Hnd and interpretPv Y(2 4).

b Hind the joint cumulative probability function at A=2, 14,
ad interpret your result.

¢ Hnd and interpret the conditional probability function for Y
given

d Fnd and interpret the conditional probability function for A,
gven T1-4.
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e) If the randomly selected advertisement contains 5 lines, what is the

probability that it has heavy interest from the potential renters?

f) Find expected niunber of voliime of interest.

g) Find and interpret covariance betvveen x and v.

h) Are the number of lines in the advertisement and voliime of interest
independent of one another?

3. Students at a university vvere classified according to the years at the
university (x) and number of visits to a musetim in the last vear.

(}'=0 tor no visits, 1tor one visit, 2 for two visits, 3 for more than two
visits). The accompanying table shows joint probabilities.

Number of Years at the university (x)

visits (T) 1 2 3 * 4
0 0.06 0.08 0.07 0.02
1 0.08 0.07 0.06 0.01
2 0.05 0.05 0.12 0.02
3 0.03 0.06 0.18 0.04

a) Find and interpret px Y(4,3)
b) Find and interpret the meai number of X.

¢) Find and interpret the mean number of_ .

d) If the randomly selected student is a ear student, what is the
probability that he or she) visits museum at least 3 times?

e) Ifthe randomly selected student has 1 visit to a museum, what is the

probability that he (or she) is a 3rayear student?
f) Are number of visits to a museum and years at the university independent
of each other?
T it was found that 20% of ali people both watehed the show regularly ad
could correctly identify the advertised product. Also, 27% of ali people
regularly watched the show and 53% of ali people could correctly identify
the advertised product. Define a pair of randorn variables as follovvs:

A=1 ifregularly vvatch the show-; A-0 othervvise

v =\ if product correctly identified; T=0 otherwise.
a) Find the joint probability function ofYand .
b) Find the conditional probability’ function of K given A=0.
c) If randomly selected person could identify the product correctly, what is
the probability that he (or she) regularly watch the show?
d) Find and interpret the covariance betvween A'and v.
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Ansvvers

18 008; 0.18; 0.30; b) PX(10) = 0.20 ; PX(20) = 0.50 ; PX(30) - 0.30 :

£ =0.60; PY10)=0.40;c) JJK=2l;@X=49;vy =7; al =6; d) Ves;
2 8)0.16; b) 0.76; ¢) H3/0) =9/19; /»(4/0) = 7/19 : 1»(5/0) = 3/19;
QP(0/4) = 7146; I»(1/4) = 1/2: I»(2/4) = 8/23; €) 11/24; f) S.15;

0)0.109; h) No; 3. a) 0.04; b) 2.39; ¢) !.63; d) 3/13: e) 3/1i;f)No;

4 (0,Q) =0.40; Px Y(0,2) =0.33 ; /> ~(1,0)= 0.07 , Px Y(11) -0.20,

i B/X0/0) = 40/ 73; Bl r 1/0) = 33/73; ¢) 20/53: d) 0.057.
3.5. The binomial distribution

Anexperiment that satisfies the following four conditions is called a
binomial experiment:

1 There are Nidentical trials. in other words, the given experiment is
repested [kimes. Ali these repetitions are performed under identical
conditiors.

2 Bach trial has two and only two outcomes. These outcomes are usually
cdleda success and a failire.

3 The probability’ of success is denoted byp and that of failiire by q,
mip+ ¢- 1. The probabilitiesp and q remain constant for each trial.

t Tre trials are independent. in other words, the outcome of one trial does
ritaffect the outcome of another trial.

itis importaurt to note that one of the two outcomes of a trial is called a
suooess and the other a failure. Note that a success does not mean that the
corresponding outcome is considered favorable or desirable. Similarly. a
fallure does not necessarily referto an unfavorable or undesirable outcome.
Success and failure simply the naines used to denote the two possible
outoones of a trial.

Trerandom variable Xthat represents the number of successes in [krial for a
binomial experiment is called a binomial random variable.

Binomial formula:

Forabinomial experiment, the probability of exactlv x successes in MNtrials
isgiven by the binomial formula:

P(x) =Cl «pxmrx



where

I total number of trials

[P= probability of success

0= 1- P=probability of failure

x = number of success in [trials

N x —umber of failures in MNtrials.
To find the probabi lity of.r successes in MNtrials for a binomial experiment,
the only values needed are those of n and g. These are called the paraneters
of the binomial distribution or simply the binomial parameters.
ExaTuic:
A certain drug is effective in 30 per ¢ent of the cases in which it has been
prescribed. If a doctor is now administering this drug to four patients, what
is the probability that it will be effective for at least three of the patients?
Solution:
We can consider the administi ation of the drug to each patient as a trial.
Thus, this expel iment has four trials. There are only two outcomes for each
trial: the drug is effective or the drug is not effective. The event
“effective for at least three” can be broken down into two nnituaily
exclusive events (outcomes), “ effective for three or effective for four”.
If we use the term “success” mstead of "'effective” we can say that

P(at least 3 successes) -P (3 successes or 4 successes)=
=P (3 successes)+ P (4 successes)= P(x=3)+P(.\-4).

Now we can find P(x = 3) and P(x —4) separately. Since the drug 1s
effective in 30% of the cases, we_say that the probability that the drug is
effective in any single case is[3-Ud.
Hence, (=1—0=0.7, then the equation of the particular binomial
distribution is
P(x) =rf «0.3" «0.74™

Hence, we have

P(x=3)+P{x=4)- C4 0.33 0.7’i-C4 0.34 0.7° =0.0837.
Practically interpreted, this number means that if the drug is administrated
10 000 sets of four patients, in about 837 of the 10 000 sets will be effective
for at least three patients out of four.



hamide:
itis known from past data that despite ali efforts, 2% of the packages mailed
through post office do not arrive at their destinations within the specified
tine A Corporation mailed 10 packages through post office.
g Hnd the probability that exactly one of these 10 packages will not arrive
atthis destination wvithin the specified time.
B Find the probability that at inost one of these 10 packages will not arrive
atthis destination within the specified time.
Solutions
Letus cali it a success it'a package does not arrive at its destination within
trespecified time and a failure if it does arrive within the specified time.
Tren

«=10; p=0.02; 4=0.98
g For this pait,

X=nnmber of siiccesses=I

IX= number of failures=10-1=9
Substituting ali values in the binomial formula, we obtain:

F{X: 1)=C1+(0.02)1 (0.98)9=0.1667.
Thug there is a 0.1667 probability that exactly one of the 10 packages
niled will not arrive at its destination within the specified time.
b The probability’ that at most one of the 10 packages will not arrive at its
destination within the specified time is given bv the sum of the probabi lities
ofx=0 and . Thus,

R 1= AX=0) + AX=1= (T M.02)° +(0.98)0+
+C00.02)1+(0.98)9=0.8171 + 0.1667 = 0.9838.

Thus the probability that at most one of the 10 packages will not arrive at its
destination wvithin the specified time is 0.9838.

351 Mean and Standard deviation of the binomial distribution

Tremean and Standard deviation for a binomial distribution are
p-11-p anda =-~\n- p- q
where
Nis the total number of ti ials,
/>is the probability of success, and
s the probability of failure.



Example:
The probability that a certain rifleman will get a hit on any given shot at the

rifle range is—36 . If he fires one hundred shots, find the theoretical mean and

standard deviation of x, the number of hits.

3 7

We havern =100, p=— andg=—-
T T
Then. by formula, the mean is
p=n-p=100-—=30
? 10

and standard deviation is

7

=21 =4.583

( 5100 :
c=yn-p-g =100 — =
NPT Ty 1610

Exercises

1. Let x be a discrete random variable that possesses a binomial distribution.
Using binomial formula, find the following probabilities:

a) P(x - 35) for n=8 and p=0.60

b) P(x=3) for n=4 and p=0.30

¢) P(x=2) for n=6 and p=0.20
2. Determine the probability of getting:

a) exactly three heads in 6 tosses of a fair coin;

b) at least 3 heads in 6 tosses of a fair coin.
3. A card is drawn from an ordinary pack of playing cards. and its suit
(clubs, diamonds. hearts. spades) noted. then it is replaced. the pack i3
shuffled, and another card is drawn. This is done until four cards have been
drawn.
a) What is the probability that two spades will be drawn in four draws?
b) What is the probability that at least two spades will be drawn in four

draws?
¢) What is the probability that two red cards will be drawn in four draws? -
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hat is the probability that at most two red cards will be drawn in four
s?

a particular university it has been found that 20% of the students
draw without completing the business statistics course. Assume that
P students have registered for the course.

hat is the probability that two or fewer will withdraw?

hat is the probability that exactly four will withdraw?

What is the probability that more than three will withdraw?

What is the expected number and standard deviation of withdrawals?
for the binomial distribution with #=4 and p~=0.25 find the probability of
a) three or more successes

b) at most three successes

¢) two or more failures.

Calculate the mean and standard deviation of the binomial distribution

a) n=16; p=0.5
b) n=25; p=0.1
c) n=25; p=0.9

% of cars in the country were at least 12 years old. Find the probability
n arandom sample of 10 cars
a) exactly 4 are at least 12 vears old:
b) exactly 2 are at least 12 vears old:
¢) none are at least 12 years old:
d) exactly 5 are at least 12 years old.
Juppose that. for a particular type of a cancer, treatment provides
I more years survival rate of 80% if the disease could be detected at an
stage. Among 18 paticnts diagnosed o have this form of cancer at an
ly stage who are just starting this treatment, tind the probability that
urteen will survival beyond 5-years;
3ix will die within 5-years:
e number of patients surviving beyond §

Ly

S-years will be between 9 and

hat is the probability that none of these goods are detectrve?
hat is the probability that one of these goods is defective?




¢) What is the probability that at least two of th'ese goods are defective?
10. A certain type of infection is spread by contact with an infected person.
Let the probability that a healthy person gets the infection, in one contact,
be /»=0.4.

a) An infected person has contact with five healthy persons. Specify the
distributign o f x = nuinber of persgns who contact the infection.

b) Find F%_S(< 3]: —0]; and

11. A salesman of home computers will contact four customers during a
week. Each contact can result in either a sale, with probability 0.20, or no
sale with probability 0.80. Assume that customer contacts are independent.
LetX denotes the number of computers sold during the vveek.

a) Obtam the probability distribution of A’

b) Calculate the expected value of X

Ansvvers
Ja) 0.279; b) 0.076; c) 0.246; 2. a) 5/16; b) 21/32; 3. a) 0.211; b) 0.262;
c) 0.375: d) 0.688; 4. a) 0.2060; b) 0.2182; c) 0.5886; d) 4; 1.790;
5. a) 0.051; b) 0.996; c) 0.949; 6j1) 8;2; b)2.5; 15; c¢) 22.5; 15;
7. a) 0.0773; b) 0.3010; c) 0.1216; d) 0.0218; 8. a) 0.215; b) 0.082; c) 0.283;
d) 14.4; 1.697; 9. a) 0.784; b) 0.194; c) 0.022; 10. a) binomial distribution
with ;?=5;/>=0.4; b) 0.913; 0.078; 2; IN. a) P(0)=0.4096; />(1)=0.4096;
P(2)=0.1536; / ¥3)=0.0256; P(4)=0.0016; b) 0.8;
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3.6. The hypergeometric probability distribution

inprevious section, we have learned that one of the conditions required to
aoply the binomial probability distribution is that the tiials are independent
othat the probabilities of the two outcomes (success and failure) remains
corstant. 1 the trials are not independent, we can not apply the binomial
probahility distribution to find probability of* successes in I trials. In such
casess we replace the binomial distribution by the hypergeometric
probability distribution. Such a case occurs when a saniple is drawn
without replacement from a finite population.
Pefinitior:
Let

1V-total number of elements in the population

S = number of successes in the population

S:number of failures in the population

'~ number of trials (sample size)

X= number of successes in Ntrials

It X=number of failureg_in krials.
Tre probability of* successes in nrials is givell ?KLS)\

p()Q: Cf-C_~/ = >~ x)! “ (w~ )9\-(N—5—FH—*)!
i,
Exarpie:

Acompany has 12 employees who hold managel ial positions. Of them.
]aefemales and 5 are males. The company is planning to send 3 of tliese
Pmanagers to a conference. If 3 managers are randomly selected out
of 12,

a) find the probability that ali 3 of them are female

b) fmd the probability that at most 1 of them is a female.
Solution:
Letthe selection of a female be called a success and the selection of a male
becailed a failure.
g Fomthe given information,

iV=total number of managers in the population=12

5= number of successes (females) in the population=7
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ATS-number of failures (males) in the population=5
N=number of selections (sample size) =3
j= number of successes (females) in three selections =3
N - X =number of failures (maies) in three selections =0.
Using the hypergeometi ic formula, we find
&x=5=9? GNs el-el  35-
e: e 220
Tluis, the probabi lity that ail three of the seleeted managers are female
is 0.1591.
b) The probability that at most one of them is a female is given by the sum
of the probabilities that either none or one of the seleeted managers isa
female.
To find the probability that none of the seleeted managers is a female:
V=12
5=7
N-S=5

-=0.1591

x=0
n-x=
c:kl m oo
=0.0455
220

To find the probability that one of the seleeted managers is a female:
VT2
S=7
N-S=5
773
n=1
n-x—2

P(x =0) =

Px==4 C 710 o318
c\2 220

I the end,
P(x<3=P(x=0)+ P(x=1=0.0455+ 0.3182= 0.3637 .
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Exercises

LLet"=14, STG and I'F5. Using the hypergeometric probabi lit>
distribution formula, find
d P(x=4); b) P(x=5); c) P(x<1)

2 LetiV=16, S=10, and w=5. Using the hypergeometric probability
distribution formula, find
8 P(x=5); b) P(x - 0); ¢) P(x<1)

IThere are 25 goods, 5 of which are defective. We randomly select 4
goock. What is the probability that three of those four goods are
nondefective and one is defective?
4 Acommittee of two members is to be formed from the list of 8
candidates. Of the 8 candidates, 5 are management and 3 are economics
department students. Find the probability that

a) both candidates are managers

b) neither of the candidates are managers

¢) at Inost one ofthe candidates is a manager.
5Acompany buys keyboards from another company. The keyboards are
received in shipiiients of 100 boxes, each box containing 20 keyboards. The
quelity control department first randomly selects one box from each
shipment, and then randomly selects five keyboards from that box. The
shipment is accepted if not more than one of the five keyboards is defective.
Trequality control inspector selects a box from a recently received
shipment of keyboards. Unknovvn to the inspector, this box contains six
defective keyboards.
g What is the probability that this shipment \vill be accepted?
b What is the probability that this shipment will not be accepted?

Answers

La) 0.0599; b) 0.0030; c) 0.2378; 2. a) 0.0577; b) 0.0014; €) 0.0357;
i 04506; 4. a) 0.3571; b) 0.1071; c) 0.6429; 5. a) 0.5165; b) 0.4835.
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3.7.The Poisson probabiiity distribution

The Poisson probabiiity distribution, named after the French mathematician
Siemon D. Poisson, is another important probabiiity distribution of a
discrete random variable that has a large number of applications.
A Poisson probabiiity distribution is modeled according to certain
assumptions:

1. x is a discrete random variable;

2. The occurrences are random.

3. The occurrences are independent.
in the Poisson probabiiity distribution terminology, the average number of
occurrences in an interval is denoted by A(Greek letter larnbda). Theactual
number of occurrences in that interval is denoted by-v.

Poisson probabiiity distribution formula:
According to the Poisson probabiiity distribution, the probabiiity of x
occurrences in an interval is

where
P(x) =the probabiiity ofjcsuccesses dver an interval;
A=is the mean number of occurrences in that interval
e=2.71828 (the base of natural logarithms)

The mean and variance of the Poisson probabiiity distribution are:

rS

fax =E(X)~A and A\ =E[{X - ux)2]-X .

Remark: As it is obvious from the Poisson probabiiity distribution formula,
we need to know only the value Ato compute the probabiiity of any given
value ofa. We can read the value of e 'afor a given Afrom Tablel ofthe
Appendix.

Fxartpie:

A Computer breaks down at an average of three times per month. Usingthe
Poisson probabiiity distribution formula, find the probabiiity that duringthe
next month this Computer will have
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a) exactly three bieakdovvns;

b) at most one breakdovvn.
Solution:
Let Abe the mean number of breakdowiis per irionth and x be the actual
nuber of breakdovvns observed during the next month for this Computer.
Then A=3.
a)The probability that exactly three breakdowns will be observed during the
next month is

b The probability that at most one breakdovvn will be observed during the
next month is given by the sum of the probabi lities of zero and one
breakdown. Then

Hat most one breakdown) = P (0 ot 1breakdown) = P(x = 0) + P{x- T)=

=0.049787 + 3m0.049787 = 0.1991.

0. 1
ExaTpie:
Acar salesperson selis an average of 0.9 cars per day. Find the probability
ofselling
gexactly 2

b at least 3 cars per day

ofind the mean, variance and Standard deviation of selling cars per day.

Solution:

Let A be the mean number of cars sold per day by this salesperson.

Letx be the number of cars sold by this salesperson. Hence, A=0.9

JP(X=2) = 0.922-Ie~09 0.81 0.2406570 — 0.1647

b P(at least 3cars sold) =P(x =3) + A(n'=4) +

A~P(x=0)- P(x =1)- P(x=2) = 1- 0.0406570 - 0.9 «0.406570 -
-0.1647 =0.0628.

c) fr=A=09

0"=4=09 and € =Va =V0.9 =0.949,
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Exercises

1. Using the Poisson formula, find the following probabilities

a) P(x<2) for

b) P(x =8) for A=5.3
1 Let Xbe a Poisson random vai iable. Using the Poisson probabilities teble.
write the probability distribution ofx for each of the following. Find the
mean and Standard deviation for each of these probability distributions.

a) A=0.6; b) A= 18
3. An average of 7.5 crimes are reported per dav to polige in a city. Usethe
Poisson formula to find the probability that
a) exactly 3 crimes will be repoited to a police on a ceitain day
b) at least 2 crimes will be reported to a polige on a certain day.
4. A mail-order company receives an average 1.3 complaints per day. And
the probability that it will receive

a) exactly 3 complaints

b) 2 to 3 complaints

¢) more than 3 complaints

d) less than 3 complaints on a certain day.
5. An average of 4.5 customers come to the bank per half hour.
a) Find the probability that exactly 2 customers will come to this bank
during a given hour;
b) Find the probability that during a given hour, the number of customers
who will come to the bank is at most 2.
6. An average of 0.6 accidents occur per month at a large company.
a) Find the probability that no accident will occur at this company during a
given month.
b) Find the mean, variance, and Standard deviation of the number of
accidents that wil! occur at this company during a given month.

Ansvvers

ha) 0.1991; b) 0.0771; 2. a) = 0.6; ar=0.7746; b)// =1.8; a =13416;
3. a) 0.03888: b) 0.9953; 4 a) 0.0998; b) 0.3301; c) 0.0431; d) 0.8569;
5. @) 0.0050; b) 0.0062; 6. a) 0.5488; b) /t =0.6; cr2=0.6; er=0.7746.



Chapter 4
Continuous random variables and their probability distributions

4.1. Introduction

Upto this point, we have limited our discussion to probability distributiolis
ofdiscrete random variables. Recall that a discrete random variable takes on
aly some isolated values, usually integers representing a count. We now
tumour attention to the probability distribution of a continuous random
variable- one that can ideal > assunie aiy value in an interval. Variables
measured on an underlying continuous scale, such as wveight, strength, life
legth, and temperature, have this feature.

Hgre4.1 displays the histogram and
polygon for some continuous data set.
Thesmoothed polygon is an approximation
ofthe probability distribution curve of the
continuous random variable X The
probebility distribution curve of a
continuous random variable is also called
itsprobability density function.

fre probability density function, denoted by / (x) possesses the follovving

chaiacteristics:
1 f()9>0 for ali jc

2 The area under the probability density function f(X) over ali possible
values of the random variable ()

isequal to 1b

3 Let dand Dbe t\vo possible

values of the random variable X

withd<D . Then the probability

thatTlies betvveen dand Dis the

LU under the density function

between dand Z2.(Fig.4.2)

4Tre cumulative distribution Fig.4.2. Shaded area is the probability
function R)Q is the area under that.Tlies betvveen dand
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the probability density function f(x) upto x0

F(xO):Xj?f(x)dx

xn

where Xnis the minimum value of the random variable X

4.2. Areas under continuous probability density functions

LetAbe a continuous random variable with probability density function
f(x) and cumulative distribution function F(x) . Then:
1. The total area under the curve / (tc) is 1

2. The area under the curve f(X) to the left of )Os R)Q

where )ﬁis any value that the random variable Acan take.

The area under the probability distribution curve of a continuous random
variable betvveen any two points is betvween 0 and 1, as shown in Figlre 4.

Shaded area is Shaded area is

Fig.4.4. Total area under a
probability distribution curve

Fig.4.3. Area under a
curve betvveen two points

The total area under the probability distribution curve of a continuous
random variable is always 1.0 or 100% as showwn in Figire 4.4.

Remark:
The probability that a continuous random variable Xassumes a single
value is alvvays zero.
This is because the area of a line, which represents a single point,
is zero. (Fig.4.5)
In general, if dand bare two of the values that A can assume, then,
a)=o and R =0.

Fig.4.5 Probability of a single value ofte is zero

Wren determining the probability of an interval dto bwe need not be
concermed if either or both end points are included in the interval. Since the
probabilities of X - aand X ~ UJare both equal to 0.

P(a<x<b) :F(a< X <b) = Ra<x <b) =P(a <X <b)
Exercises

LWhich of the functions sketched in adcould be a probability density
furction for a continuous random variable? Why or why not?
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2. Determine the following probabilities from the curve f(X) diagrammedin
exercise I(a).

a) A0<X<us) b) Ro.5 < X< 1)
C)P(1.5<X<) d) AX=1)
3. For the curve f(X) graphed in exercise 1(c) which of the two intervais
(0< X<O.5) or (15< X< 2) is assigned a higher probability?
4. The time it takes for a TV repair master to finish his job (in hoiirs) hasa
density function of the form
je(x-1)(x-2) If l<x<2
/(v) =] .
( othenvise

a) Determine the constant C
b) What is the probability that a TV repair master will finish the job in less

than 75 minutes? Betvveen 1;and 2 hoiirs?

5. Suppose that the loss in a certain investment, in thousands of dollars, isa
contiliuous random variable Xthat has a density function of the form

vy P (2%x-3x%2) if-1<x<0
[ (*)=<n .
[0 othenvise

a) Calcunlate the value of k
b) Find the probability that the loss is at most $500.
6. Let the random variable .Thas probability densitv function

for 0<x<1
/(v)=j2-x for 1<x<2
JO  othenvise

a) Draw the probability density function

b) Show that the density function has the properties of a proper probability
density function

¢) Find the probability thatVtakes a value between 0.5 and 1.5.

Answers

2. a) 0.25; b) 0.25; ¢) 0.25; d) 0; 3. The interval 1.5 to 2 has higher
probability; 4. a) -6; b) 5/32 ; 1/2; 5. a) -1/2; b) 3/16; 6 c) 0.75.
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4.3. The normal distribution

Tre normal distribution is one of the many probability distributions that a
continuous random variable can possess. The normal distribution is the most
inportant and most \videly used of ali the probability distributions. A large
rurter of phenomena in the real world are 1lormally distributed either
exactly or appimimately.

Tre probability density function for a normally distributed random variable
lis:

f(x)— . RT’ for - @M<A<w0
v2n erl

where ju and a 2 are any number such that - co<// <co and 0<a" <co.

e=271828 _and IN-3.14159... are constants.
Anorrel probability distribution, when plotted, gives a beil-shaped curve
achthat
1. The total area under the curve is 1.0.
2. The curve is symmetric about the mean.
3. The two tails of the curve e\tend indefinitely.
1 The total area under a normal curve is 1.0 or 100%, as shown
inFglre 4.6.

Fig.4 6. Total area under
a normal curve

2 Anormal curve is symmetric about the mean, as shovwn m figlre 4.7.

Consequently 0.5 of the total area under a normal curve lies on the left side
ofthe mean and 0.5 lies on the right side of the mean
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Each of the two shaded areas is 0.5

|

Fig.4.7. A normal curve is symmetric
about the mean

3. The tails of a normal distribution curve extend indefinitely in both
directions without touching or Crossing the horizontal axis.

Each of the two shaded areas is verv close to zero

WHEo L U 3a

Fig.4.8.

Although a normal curve never meets the horizontal axis, beyond the points
repiesented by // - 3crand /r + 3a it becomes so close to this axis that the

area under the curve beyond these points in both directions can be taken as

virtually zeio. These areas are shown in Figure 4.8.

Reniark:

There is not just one normal distribution curve but rather a family

of normal distribution curves. Each different set of values of // and Agives
a different normal distribution.

The value of // determines the ¢enter of a normal distribution on the

horizontal axis. The three distribution curves drawn in Figire 4.9 have the
same mean but different Standard deviations.
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Fig.4.9. Three normal distribution curves with the same
mean but different Standard deviations

Trevalue of A gives the spread of the normal distribution curve. The three
normrel distribution curves in Figure 4.10 have different means but the same
standard deviation.

Fig.4.10. Three normal distribution curves with different
means but the same Standard deviation.

Properties of the normal distribution:
Suppose that the random variable Xfollows a normal distribution. Then the
following properties hold:
1 The mean of the random variable is i,l
2 The variance of the random variable is OL

Var(X) =E(X - fj.)2 =0~
3 By knovving the mean and Standard deviation (or variance) we can define
tre normal distribution by using the notation:

X~N(/t,a2)
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4.3.1. Cumulative distribution function of the
normal distribution

Suppose thatAis a normal random variable with mean L, , and variancea?2
that is X~ Nfud2).

Then the cumulative distribution function
F>0) = Rx< )

This is the area under the normal

probabiliry density function to the left

of ,Mas illustrated in Figure 4.11.

As for any proper density function,
the total area under the curve is 1
that is

F (-00) = Oand F(00) =1
Let Aand Dbe two possible values of A, with ah

Ra<X<- FY- Fa)

The probability is the area under corresponding density function between
dand Das showvn in Figiire 4.12.

Fig.4.12, Shaded area indicates the
probability that Jflies bet\veen dand
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4.4, The Standard normal distribution

TreStandard normal distribution is a special case of the normal
distribution. The particular normal distribution that has a mean of 0 and a
standard deviation of 1is called the Standard normal distribution. it is
customary to denote the Standard normal variable by T.
Definition:
Tre Standard normal distribution has a bell-shaped density with

mean=/r =0

Standard deviation=<r =1
Tre Standard normal distribution is denoted byZ~ MO0, 1). (Fig.4.13)

Fig.4 13.The Standard normal curve

éwill denote the cumulative distribution function of Z by F (2), and for
twonumbers a and b with a<b

P(a <Z <b) =F(b) - F(a)

Now let us see the procedure for finding probabilities associated with a
continuous random variable. We wish to determine the probabiiity of a
random variable having a value in a specified interval from a to b. Thus we
hae to find the area under the curve in the interval from a to b. Finding
aess under the Standard normal distribution curve appeais at first glance to
ke much more difficult. The mathematical technique for obtaining these
aess is beyond the scope of the text, but fortunately tables are available
which provide the areas or probabiiity' values for the Standard normal
distribution. The cumulative distribution function of the Standard normal
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distribution is tabulated in Table 2 in the Appendix. This table givesvii
of

F(x) =P(Z <2z2)
for nonnegative values of Z

For exaTpie the cumulative probabilitv for a Zvaliie of 1.13 from Bd"

F(l.13)=0.8708

Thisisthe area, shown in Figiire 4.14. for Z less than 113,
Because of the symmetry of the normal distribution the probebilit)
Z >-1.13 is also equal to 0.8708.

in general, values of the cumulative distribution function for regy
of ~can be inferred using the symmetry of the probabilitv dersity
To find the cumulative probability for a negative Z (for exarpiei
defined as

Fig.4.15

F(-z..) =P(Z<~z,)=F{-2.25)
We use the complement of the probabilitv for Z—
Figure 4.15.From the symmetry we can see that

H-2.25)=1- RZ<2.25) = 1- F(225)- 1T
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Y eansee that the area under the curve to the left d:Z -ZZis equal to
. areglo the right of Z = 2.25 because of the symmetry of the normal

* lbution
lumplc: Find P(Z>1.35)

4litio:
"eseethat because of the symmetry the probabiiity or area to the right of
ABg.4.16) isthe same as the area to the left of 1.35 (Fig.4.17.)

%1 0 | 0 :13%
Fig.4.16 Fig.4.17

P(z>-1.35) =P(z< 1.35) - F(1.35) =0.9115.
i
m \ariable Z follow a Standard normal distribution. The
50.25 that Z is greater than what number?

nnd such a point z0 that P(Z>zn) ~0.25 .(Fig.4.i81
< ; 15 1-0.25=0.75.

F(z0)=0.75 and z0=0.6"5.
H? >0.675) -0.25.

0.25

Fig.4.18



Exercises

L Find the area under the Standard normal cun’e to the left of

a) z=117; b) 2=0.16;
c)r=-1.83; d z=-2.3
2. Find the area under the Standard normal curve to the righi of
a)2=1.17; b)z =0.60;
c) z=-1.13; d) z = 1.55;

3. Find the area under the Standard normal curve dver the interval

a) z=-0.65 to z=0.65; b)z=-1.04t0 z=1.04;

¢) z=0.32 to z=2.65; d) z=-0.755 to Z=1.254(interpolate)
4. For the randorn variable 2 follows a Standayd distribution, find

a) <0.42); b) 1£<0.42);
c) >1.69); d) >-1.69);
e) P(—2<Z<21); f)P(0.5<Z<0.8);
o) P(-1.62 <z <-0,51); hy RZ<1.64);
1) p(-2.34 <Z <-1.09)
5. Find the z-value in each of thefollowing cases:
a) HZ<2) =0.1736: b HZ>2) = 0.20;
o) A-2<Z<?)-=0s; d) P(~0.6 <z <2)=050

6. Let the randorn variable Z follow a Standard normal distribution.
a) The probability is 0.80 that Z is less than what number?
b) The probability is 0.35 that Z is less than what number?
c¢) The probability is 0.3 that Z is greater than What number?
d) The probability is 0.75 that Z is greater than what number?

Answers

L_a) 0.8790: b) 0.5636; c) 0.0336; d) 0.0107; 2. &) 0.1210; b) 0.2743:
c) 0.8708; d) 0.0606; 3, a) 0.4844; b) 0.7016; c) 0.3705; d) 0.6700;

4, a) 0.6628; b) 0.3372; c) 0.0455; d) 0.9545; €) 0.8670; 0 0.0966;

g) 0.2524; h) 0.9495; i) 0.1283; 5. a) -0.94; b) 0.84; ¢) 1.28 and -1.28;
d) 0.755; 6. a) 0.842; b) -0.386; c) 0.524; d) -0.675.
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4.5. Standardizing a normal distribution

Fortunately, no new tables are required for probability calculations
regarding the general normal distribitions. Any normal distribution can be
eonverted to the Standard normal by the follovving ielation:

Rule:

Let A be a normal ly distributed random variable with mean U and

variancea 2. Then random variable

a

hes a Standard normal distribution.
itfoll ONvs that if a and b are any numbers with a < b, then

where Z is the Standard normal random variable and RZ)denotes its

cumulative distribution function.

Exarpie:

If /AA™N(12,4) find the probability thatty is greater than 16.

Solution:

Tre probability thatAassumes a value greater than 16 is given by the area
underthe area under the normal curve to the right ofx =16, as shown in
Fglre 4.19.

12 16

0 2
Fig.4.19. Finding P(A'>16)



X-u _16-12 _, .
0 2

The required probability is given by the area to the right ofz  2.00.
— H)=P(Z>2)=1- F(2.00) =1- 0.9772=0.0228

Exavupie: . .
Let .T be a continuous random variable that has a normal distribution with

L4 - 50 anda =8. Find the probability P(30 <X <39).

Solution:
The probability P(30 <X<39) is given by the area from x =30 to * -39

underthe normal curve.(Fig.4.20)

6 12 50
-250 -1.38
Fig.4.20

The z-values corresponding to x -30 and x -39 are

30-50
Forv=30; z = 8 2.50;

39-50 _

Forn' =39; -1.38.

We calculate:

P(30 < X <39) = P(-2.50 < Z <-1.38) = 0.9938 - 0.9162 = 0.0776¢
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Exatpie:
Thenumber of caiories in « sa1aa on e lUNCh n <n s is normally distributed
withmean 1, =200 a4 stanaara aeviation u - 5. Find the probability that

tresalad you select Will contain
a) more tlian 208 caiories;
b) betwween 190 and 200 caiories.
Solution:
LettingJf denote the number of caiories in the salad. we have the
standardized variable
z="-200

5
208 — 200
JP{X >208) - P{Z > ———)=P(Z>16)=1- P(Z<16)=

=1-0.9452 =0.0548.
Br\%<X< 200)=P(I%G— - <Z< =

=P(-20<Z <0) = F(0) - F(-2.0) =05- (L- F(2.0)) =
=05-1 +F(2.0)=05-1 +0.9772 =0.4772 .

Exercises

Lif  7/(80,16). find
a) P(X <75); b) P(X>86);
c) F(73<X<89); d)F(81<X<84)
2dfZis normally distributed with a mean of 30 and a Standard deviation
°f5 find
a) P(X <26); b) P(X >37);
) F(20<X <40); d) F(20<A'<40)
M fJhas a normal distribution with ,u=150and a - 5. find b such that
a) P(X <6)=0.9920;
b) P(X >b) - 0.0197 ;
¢) P{X<b) =0.063
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4. Scores on a university entrance examination follow a normal distribution
with a mean of 500 and a Standard deviation of 100. Find the probability thet
a student will score

a) Over 650;

b) less than 250;

c) between 325 and 675;

d) If the university admits students who score éver 670, what proportion of
the student pool would be eligible for admission?

e) What should be the limit if only the top 15% are to be eligible?

5. Accordmg to the children’s growvth chart that doctors use as a reference,
the heights of tvwo-year-old boys are nearly normally distributed with a rmeen
of 85 cm inches and a Standard deviation of 5 cm. If a two year-old boy is
selected at random, what is the probability that he will be betvveen 75 cm
and 92 cm tali?

6. The weights of apples served at a restaurant are normally distributed with
a mean of 125 giams and Standard deviation of 8 giams. What 1s the
probability that the next person served will be given an apple that weights
less than 120 grams?

7. The National bank is reviewing its service cliarge and interest-paying
policies on checking accounts. The bank has found that the avelage daily
balance on personal checking accounts is $55000, with a Standard deviation
of $15000. in addition, the average daily balances have been found to be
normally distributed.

a) What percentage of personal checking accolnt ciistomers carly average
daily balances in excess of $80000?

b) What percentage of the bank’s customers carry daily balances below
$20000?

c) What percentage of the bank’s customer carry average daily balances
betweerr $30000 and $70000?

d) The bank is considering paying interest to customers carrying average
daily balances in excess of a certain amount. If the bank does not \vantto
pay interest to more than 5% of its customers, what is the minimum aerage
daily balance it should be wvilling to pay interest on?

8. The sales of high-bright toothpaste are believed to be approvimately
normally distributed, with a mean of 10 000 tubes per week and a Standard
deviation of 1500 tubes per wveek.

a) What is the probability7that more than 12000 tubes will be sold in any
given wveek?
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B inorder to have a 0.95 probabiiity that the company will have sufficient
stockto cover the weekly demand, how many tubes should be produced?
9. The attendance at football gairies at a certain stadium is normally
distributed, with a mean 0f 45000 and a Standard deviation of 3000.

g What percentage of the time should attendance be between 44000 and
480007

b What is the probabiiity of exceeding 50000?

c) Eighty percent of the time the attendance should be at least how many?
10 The lifetime of a coloi-television picture tube is normally distributed,
ttitha mean of 7.8 years and a Standard deviation of 2 years.

g What is the probabiiity that a picture tube will last more than 10 years?

b Tithe fimi guarantees the picture tube for 2 years. what percentage of the
television sets sold will have to be replaced becaiise of picture tube failui e?
g Ifthe firm is wvilling to replace the picture tubes in a maximum of 1% of
tretelevision set sold, what guarantee period can be offered for the

television picture tubes?

IL Itis estimated that the scores on the university entrance test are
distributed normally with mean of 80 and Standard deviation of 5.
gForarandomly chosen participant taking this test, what is the probabiiity
ofascore more than 727

B Forarandomly chosen participant taking this test, what is the probabiiity
ofascore betvween 73 and 85?

QWhet is the minimum score needed in order to be in the top 5% of ali
participants taking this test?

d Miat is the minimum score is needed to enterto the university if only the
et 70% of ali participants will pass this test?

€) Two participants are chosen at random. What is the probabiiity that at
leest one of them scores more than 85?

Ansvvers

L3 0.1056; b) 0.0668; c) 0.9477; d) 0.2426; 2. a) 0.2119; b) 0.0808:
0.9544; d) 0.9544; 3. a) 162.05: b) 160.3; c) 142.35; 4, a) 0.0668;
'0.0062; c) 0.9198; d) 4.46%0; €) 603.6; 5. 0.8964; 6. 0.266; 7. a) 4.75% ;
B0.99% c) 79.38%; d) $79675; 8. a) 0.0918; b) 12468; 9. a) 0.4706;
0.0475; ¢) 42450; 10. a) 0.1357; b) 0.19%; c) 3.14 years or approximately
vears; iri @) 0.9452; b) 0.7605; c) 88.225: d) 77.375; e) 0.2922.
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4.6. The normal distribution approximation to the binoniial
distribution

Whenever the number of trials in a binomial experiment is sinall it is easy to
find probabilities of the various values of X the number of successes, by

1ising formula

As the number of trials increases, hovvever, the effort involved in answering
guestions about probabilities associated with the experiment quickly

becomes laborious.
For instance, suppose that we want to know the probability that in fifteen

tosses of a fair coin we toss at ieast nine heads. You will undoubtedly agree
that =15 is not a large number of trials. Hotvever, in order to fmd M

we say

P(x>9)=P (x=9 or 10 or 11 or 12 or 13 or 14 or 15) =

So we have seven probabilities to compute, after which we rnust performthe
addition. This is not practically difficult, but it takes a fair amount of tine
To fmd orily one of these probabilities, for exaTpie, we have

101-5! l1e2 34 85
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Therefore

Thus, you see that if we were to calculate other six such probabilities we
would expend a considerable amount of time and enei gy.

insuch cases, the normal distribution can be used to approximate the
binomial probability. Note that, for a binomial problem, the exact

probability is obtained by using the binomial formula. If we apply the

romrd distribution to solve a binomial problem, the probability that we
datain is an approximation to the exact probability.

hamule:

Accordingto an estimate, 50% of the people have at least one credit card. If

arandom sanipie of 30 persons is taken, what is the probability 19 of them
will have at least one credit card?

Solution:

Letn be the total number of persons in the sample, Xbe the number of
persars in the sample who have at least one credit card, and pbe the
probebility that a person has at least one credit card. Then, this is a binomial

prddemwith
[P=0.50; g-1-P=050;
and n-x =30-19 =11.
Wirgthe binomial formula, the exact probability that 19 persons in a
savgeof 30 have at least one credit card is
P(r-19)=C3® 0.59-0.5" =0.0509
Nowlet us solve this problem using the normal distribution as an

approximetion to the binomial distribution. For this exaTpie,
nu=30m0.5 =15 and

o pW-1 5.

nythe nonnal distribution as an approximation to the binomial involves
llowing steps:

nouee P a0 OfOr trelanomid ddributian
nise the normal distribution, we need to knowthe mean and Standard
; iation of the distribution. Hence. the first step in using the normal
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approximation to the binomial distribution is to compute the mean and
Standard deviation of the binomial distribution. As we knowv the mean ad
Standard deviation of the binomial distribution are given by

jFll B and a'SJn N .

Using these formulas, \ve obtain
P-NP —s6-0.50-15;

a —fn~p-qg —Vv30:05.0.5 = 2.74.

The normal distribution applies to a continuous random variable, whereas
the binomial distribution applies to a discrete random variable. The second
step is to convert the discrete random variable to a continuous random
variable by making the correction for continuity.

To rnake the correction for continuity, \ve use the interval 18.5 to 19.5 for ©

persons.
The area under the normal curve beriveen X=18.5 and:r=19.5 wi 1L give (s
the (approximate) probability that 19 persons possess at least one credit
card. We calculate this probability as follows:
Forx=185. 7=28215_4 9.
2.74

For*-19.5; Z _195-15_ 1.64 .
2.74

The required probability is given by the area under the Standard normal
curve beriveen z =1.28 and z =1.64. (Fig 4.21).

0 128 164
Fig.4.21
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Therequired probability is
M185<x 19 5)=P(1.28 <z <1.64)- 0.9495 - 0.8997 - 0.0498.

Thus, based on the normal approximation, the probability that 19 persons in
asample of 30 wi 1L possess at least one credit card is approximately 0.0498.
Earlier, using the binomial formula, \ve obtained the exact probability
0.0509. The error due to using the normal approximation is

0.0509- 0.498 =0.001 1 Thus. the exact probability is nnderestimated by
00011 ifthe normal approximation is used.

Defunition:

Letx be the number of successes from n independent trials. each with
probahility of sticcess p. Then number of successes. x, is a binomial randém
variable and if n Il M >9 (whereq = 1- p ) a good approximation is

) (4.1)
[yinp-q Jn-pq

opif 5<n I M < 9we can use the continuity correction factor to obtain

were Z is a Standard normal random variable.
hample:
LetJhave a binomial distribution with p:0.6 and NE150. Approxiinate the
probehility that

Xlies betvween 82 and 101;

b) x is gleater than 97.

Milution:
LM M=150 0.6 0.4 = 36 >9, then we will use appimimation
aitraut using the continuity correction.

‘incen 0~ g) a = Ttp M =v36 =6 we obtain:

AP@<X<101)=P{—- — <Z<
6
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=r(1.83)- (- F(1.33)=F{1.83)-1 + F(139) =
= 0.9664 -1 +0.9082 = 0.8746 .

b RX97= RZ¥ '6-90) = P(Z >1.17) =

=1- ¥(1.17)=1-0.8790 =0.1210.
Exanipie:
A large-scale survey conducted two years ago revealed that 30% of the adilt
population were regular users of alcoholic beverages. If this is stili the
current rate, what is the probability that in a random sample of 40 adults te
number of users of alcoholic beverages will be

a) less than 15

b) 10 or niore?
Soltition:
For this exaTtpie

17=40, P-0.3; Cro.7.
Since NDMJ= 40 0,3 +0.7 = 8.4 <9 we imist use continuity correction
factor to obtain necessary probabilities.
a) AX<15)= F{Z<\iio+ (:) 2 227 )_Fa< =P(Z 1) = 0.8869.

The probability that 15 out of 40 adults use alcoholic beverages regularly
is 0.8869.

5 RX10)- I:a>v4o 0.3 0.7
= RZ>-0.86) = F(0.86) = 0.8051.

Exercises

f. For a binomial probability distribution, =80 and[2=0.50. Let Xbe the
number of successes in 80 trials.

a) Find the mean and Standard deviation of the binomial distribution.

b) Find P(.v>37)usingthe normal approximation.

c) Find R41 §(§ 44) using the normal approximation

2. For a binomial probability distribution, /7= 120 and p:0.6. Letx be the
number of successes in 120 trials.
a) Find the mean and Standard deviation of the binomial distribution.
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b Find RX<70) using the normal approximation.
QFind P (67 < X< 71) using the normal approxiination
3 Hind the following binomial probabilities using the normal approximation

a) Ne70; />=0.30; P(x = 18)
b) NE200; P=0.70; P(133<x<145)
c)/7=40; [p-0.25; P(x>12)
dn=50;  /7=0.10; RX<7)

4 According to the statistics, 19% of cars in the city were at least 12 years
ddin2004. Assume that this resilt holds true for the current population of
dicars in the city. Random sample of 500 cars are selected at random. Find
tre probability that

a) exactly 92 cars are at least 12 years old.

b) 100 or more cars are at least 12 years old

60 to 98 cars are at least 12 years old?

5 Accordingjo a survey, 30% of credit card holders pay off their balances
infull each month. Assume that this resiilt holds true for the current
population of credit card holders.

g Hind the probability that in a random sample of 400 credit card holders,
exactlv 125 pay off their balances in full each month.

B Fnd the probability that in a random sample of 400 credit card holders, at
lesst 110 pay off their balances in full each month.

0 Whet is the probability that in a random sample of 400 credit card

holcers, 115 to 130 pay off their balances in full each month?

6. A fast food chain store conducted a taste survey before marketing a ne\v
harrburger. The results of the survey showed that 70% of the people who
triedthis hamburger liked it. Encouraged by this resiilt, the company

cecided to market the new hamburger. Assume that 70% of ali people lilce
tishamburger. On a certain day, 40 customers bought this hamburger.

g Hd the probability that exactly 32 of the 40 customers wi 1L like this
harmburcer.

BhWhet is the probability that 25 or less of the 40 customers wi 11 like this
harburger?

¢) Wt is the probability that 31 to 34 of the 40 customers wi 1L like this
harrbourger?
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7. According to a survey, 20.8% of the lawyers and judges are women.

a) Find the probability that in a random sample of 200 lawyers and judges,
exactly 35 are women.

b) Find the probability that in a random sample of 200 !awyers and judges,
at most 45 are vwomen.

c) What is the probability that in a random sample of 200 lawyers and
judges, 43 to 50 are women?

8. Of the customers visiting the stereo section of a large electronic store,
only 25% make a purchase. If45 customers visit the stereo section
tomorrowv, find the probability’ that more than 10 wi Il make a purchase.

9. The unemployment rate in a city is 7.9%. A sample of 100 persons is
selected from the labor force. Approximate the probability that

a) less than 11 unemployed persons are in the sample

b) more than 9 unemployed persons are in the sample.

c) between 8 and 12 unemployed persons are in the sample.

Answers

La) L=40; or=4.472;b) 0.7486; c) 0.2262; 2a) L=72; d=5.367;
b) 0.3557; c) 0.2485; 3. a) 0.0764; b) 0.6393; c) 0.2912; d) 0.8810;

4. a) 0.0413: b) 0.2843; c) 0.3488; 5. a) 0.0378; b) 0.8621; c) 0.5709;

6, a) 0.0525; b) 0.1949; c) 0.1824; 7, a) 0.0371; b) 0.7224; c) 0.3331;



4.7. The exponential probability distribution

Treexponential probability distribution is another important probability
density function. This probability distribution is closely related to the
Poisson probability distribution.

Treexponential probability distribution has only one parameterx which
denotes the average number of occuriences per unit of time.
Remark:

Treexponential distribution differs from the normal distribution in two
important way
1 it is restricted to random variables with positive values;
2. its distribution is not symmetric.
Definition:
Treexponential randgm variable X(x>0) has a probability density function

f(X) = A for X>0

were 4 is the mean number of occurrences per unit time, Xis the number
aftie units until the next occurrence, and €= 2.71828...., then Xis said to
folowan exponential probability distribution. it can be shown that ns

thesae parameter used for the Poisson distribution and that the mean time
letwa occurrences isi I'I

Thecumulative distribution function is

R)Qzl- e~" for X>0

Tredistribution has mean 1ifhnd variance 1/ f]l

"Probability RX>a for the exponential probability distribution is given

areain the tail of the exponential probability distribution curve
yad X~Q, as it shown in Figiire 4.22,



As we know from earlier discussion, for a continuous random variable
X>a is equal to F(X> .Hence for an exponential probability

distribution,
POca)-P(X>a)=em

By 11sing the complementary probability rule, we obtain:
P(x<a)-lI-P(x >a)=1- e~/h

The protzabillity that the n is between two successive occuriences is in the
Interval to “lJ 15

P(a<x<b) =P(x<b)-P(x<a)=(l-e™)-(l-e-A)=
—.e M| e pFg' ™™

P1 obabilities for the exponential probability distribution.

For the exponential probability distribution with the mean number of
occurrences per unit of time equal to #,

P(x>a) =e~J&

P(x<a)=1-e~"

P(a<x<b)= e'* -e~ab.
KxaTuie:
A processing machine breaks down an average of dnce in four vweeks. \What
is the probability that the next breakdown will not occur for at least six
wveeks after the previous breakdovwn? Assume that the time betvveen
breakdowns has an expoiiential distribution.
Solution:
Let x denote the lapse time betvveen any two successive breakdovvns of this
machine. We are to find the probability

P(x =6 weeks)
Because the unit of time forx is in the vveeks, we must define the mean
number of breakdovvns HAper week. Since there is one breakdovvn in four
wveeks,
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AF the rnean number of breakdovvns per week = —=0.25 .

Tre required probabi iity is calculated 11sing the formula F(X>a ) -e .
inour exaTpie, Ac 0.25 and A~ 6 weeks. The required probability is

RX> 6 weeks) = e-0256 = €48-0.2231.

Trevalue of e""13can be found from the Table 1of the Appendix.

Evample:

Ateller at the bank serves, on average, 30 customers per hour. Assume that
treservice time for a customer has an exponential distribution.

gdWhet is the probability that the next customer will take five minutes or
nureto be served?

B FHnd the probability that the next customer will take two minutes or less
tobe served.

QWhat is the probability the next customer will take two to four minutes to
keserved?

Solution:
letv be the time taken by this teller to serve a customer. We must find the
neennumber of customers served per niinute by this teller to define Xper

uitoftime (minute). The teller serves on average 30 customers per 60
mirues. Hence

2=30/60=0.5 customers served per minute.
a)We need to find the probability P(x>5). (Fig. 4.23.)
this case A=5.

Fig.4.23. The probability for F(x>5)
A>5)=e /6=e’055=¢-25=0.082085 =0.0821

leprobability is 0.0821 that a customer wiill take more than five minutes
Jeserved.
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b) We are to find F(X< 2). This probability will be calculated using the

formula F(X< 2)=1- . In this case a = 2 minutes.
So

RX<2)=1- AX>2)=1- 698=1- c-0m2-

=1- e~'° =1- 0.367879 = 0.6321.
Thus, the probability is 0.6321 that a customer will be served in two minutes
or less.

¢) Ra<x<a)y= RX>2) - RX>4) = e"052 - <ross =
- e~ - 8270367879 - 0.135335 - 0.2325,

Thus, the probability that the teller will take two to four minutes to serve a
customer is 0.2325.

Exercises

L Let Xbe a continuous random variable that possesses an exponential
probability distribution with X= 1.0 . Find the following probabilities

a) HX>3); b) HX<4) ; o) H2<X<e)
2. The life of a pie is exponentially distributed with a mean of three days.
What is the probability that a pie that is baked just now will stili be good
after four days?
3. At the suipermarket, a customer has to wait an average of four minutes in
line before being served. The time a customer has to wait is exponentially
distributed.
a) What is the probability that a customer will have to wait for more than
eight minutes in line?
b) What is the probability that a customer will have to wait for three to saen
minutes in line?
4. On average, 20 telephone calls are received per hour at an office. The
time between calls received at this office is e.vponentially distributed.
a) What is the probability that no calls will come in during the next 10
minutes?
b) What is the probability that the next cali will come in within 4 minutes?



5 Aysel works for atoy company and assembles five toys per hour on
aerae The assembly time for this toy follovvs an exponential distribution.
a) Hrdthe probability that the next toy will take more than 15 minutes to
asarble.

bhWhet is the probability that the next toy wiill take less than 8 minutes to
assenhle?

QWhet is the probability that the next toy will take 10 to 16 minutes to
assarble?

kAstudent, working in a part time job, selis life insurance policies. The
pestckta show that he (she) selis, on an average, 10 life insurance policies
perd-week period. Assume that the time betvveen successive sales of life
irsurace policies by student has an exponential distribution.

a Wt is the probability that the next life insurance policy will not be sold
fortwo wweeks?

BWHet is the probability that the next life insurance policy wiill be sold
wthinolie week?

Avhet is the probability that the next life insurance policy will sold in one
tooweeks?

ANSvVers

La)0.0498; b) 0.9817; c) 0.1329; 2. 0.2725; 3. a) 0.1353; b) 0.2986;
La)0.0369; b) 0.7275; 5. a) 0.2725; b) 0.5034; c) 0.1768; 6. a) 0.0067;
BOSL7Y; ¢) 0.0754.
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Chapter 5. Sampling distributions
5.1. Sampling and sanipling distributions

Suppose that we want to select a sample of n objects from a population

of N objects.

A simple random sainple is selected such that every object has an equal
probability of being selected and the objects are selected independently-
the selection of one object does not change the probability of selecting any
other objects.

Tt is important that a sample represents the population as a whole. Tfa
ntarketing manager wants to assess reactions to a new food product, she
would not sample only her friends and neighbors. People must be selected
randomly and independently. Random selection is onr insiirance policy
against allowing personal influence the selection.

We use sample information to make inferences about the parent population.
The distribution of ali values of interest in this population can be represented
by a random variable. 1t would be too ambitious to attempt to describe the
entire population distribution based on a small random sample of
observations. Hovvever, we may well be able to make quite firm inferences
about important characteristics of the population distribution, such as the
population mean and variance.

Sampling distribution:

The probability distribution of xis called its sampling distribution. It lists

the various values that xcan assume and the probability for each value ofr
In general, the probability' distribution of a sample statistic is called its
sampling distribution.
Let us consider sampling distribution in exatpie.
ExaTtpie:
Suppose that there are only five employees working for a small company.
The following data give the annual salaries (in thousands of dollars) of these
employees:

17, 24, 35; 35; 43

Let X denote the annual salary of an employee. We can write the frequenc)
distribution of annual salaries as in table 5.1
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Table3.l Table 5.2

oL X \P(X)
17 1 17 ; 1/5=0.2
24 1 24 1/5=0.2
35 2 35  2/5=04
43 1 43 1/5=0.2
Population fregiiency Population
distribution probability distribution

Dividing the frequencies of classes by the population size we obtain the
relative frequencies, which can be used as probabilities of those classes.
Tale 5.2, which lists the probabilities of various X values, presents the
probability distribution of the population,

Now let us consider ali possible samples of three salaries each, that can be
selected, without replacement, from the population. The total number of
possible samples, given by the combination

Total number of samples= Gz 3—:5'2I—= 10.

Qppse we assigns letters A, B, C, D, and E to the salaries of five
enployess so that

A=17, B=24; C=35; D=35; E=43.
Then 10 possible samples of three salaries are

ABD. ABE, ACD, ACE,
BCD, BCE, BDE, CDE.
fiiese 10 samples and their respective means are listed in Table 5.3.
tethat the values of means of samples in Table 5.3 are rounded to two
-tcimal places.
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Table 5.3
Sample Salai ies in the X

sample
ABC 17, 24,35 25.33
ABD 17. 24,35 25.33
ABE 17, 24, 43 28.00
ACD 17,35,35 29.00
ACE 17,35,43 31.67
ADE 17,35,43 31.67
BCD 24,35,35 31.33
BCE 24,-35, 43 34.00
BDE 24, 35, 43 34.00
CDE 35,35,43 37.67

Aii possible samples and
their means when the sainple size is 3.

By using the values of Xgiven in Table 5.3, we record the frequency
distribution of X in Table 5.4.

Table 5.4

X /
25.33

28.00 1
29.00 1
31.33 1
31.67

34.00 2
37.67 1

Frequencv distribution of X
when the sainple size is 3.

By dividing the frequericies of valions vales of X by the sum of N
frequencies, we obtain the relative frequencies of classes, which can be &
as piobabilities of classes. These probabilities are listed in Table 5.5.
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Thistable gives the sampling distribution OFX.

Table5.5.

X

25.33 2/10=0.20
i28.00 1/10=0.10
;29.00 1/10=0.10
J31.33 1/10=0.10
131.67 2/10=0.20

34.00 2/10=0.20

37.67 1/10=0.10

£>(*)=10 :

Sampling distribution of X

wilien the sample size is 3.
Ifwe draw just one sample of thiee salaries from the population of flve
sdaries, we may draw any of 10 possible samples. Hence, the sample mean

Ican assume any of the values listed in Table 5.5 with the corresponding
probebility. This probability function is graphed in Figlre 5.1. For exaTpie,
treprobability that the mean of a randomly drawn sample of three salaries is
3167is 0.20. This can be written as

Hg 5.1. Probability function of. sampling distribution for means of
samples of three observations selected from the population
of 17.24,35.35,43
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5.1.1. Mean and Standard deviation of X

The mean and Standard deviation calculated for the sampling distribution of

Xare called the mean and Standard deviation of X and denoted by
[i and cr _ respectively.

Let us calculate the mean of the 10 values of Xlisted in Table 5.3.

25.33 + 25.33 + 28.00 + 29.00 + 31.67 + 31.67 + 31.33 + 34 + 34 + 37.67
10

10

Alternatively, we can calculate the mean of the sampling distribution of X
listed in Table 5.5 as

X

- x-FX- 2533.02. 28.0.1. 29.01. 31.33.0 1. 31.67.02.

+ 34 0.2+37.67.0.1- 30.80.
Now let us calculate the mean of population: the annual salaries of ali fie
einployees:

. 17+24+355+35+43 }_24:30.80

The mean of the sampling distribution of Xalways equal to the mean of tre
population.
Mean of the sampling distribution:

The mean of the sampling distribution of A'is equal to the mean of tre
population.
Hence
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Henee, if we take ali possible samples (of the same size) from a population

adcalculate their means, the mean Xof ali these sample means wi 1l be the
sane as the population mean.

Tresample mean Xis called an estimator of the population mean /U When

theexpected value (or mean) of a sample statistic is equal to the value of the
corresponding population mean, that sample statistic is said to be an

ubiaed estimator. For the sample TeanX, In -LI; Hence, Xis an
X

linbiased estimator of/t.

Let us talk about population Standard deviation and Standard deviation of the

sampling distribution of X
A, let us find Standard deviation of salaries of five employees.
Vewil! use

foobtain Standard deviation of population.

(17—30.8)2 +(24-30.8)2+(35-30.8)2+(35-30.8)2+(43-30.8)2
5
144+ 46.24 + 17.64 + 17.64 + 144.84 420.8 A—

Nowlet us calculate the value of a

Wanill use formula

'eobtain
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cr. =7(25.33)2-0.2+(28)2.0.1+ ...+ (37.67)2m0.1 -(30.80)2 -

=~028.32+ 784+ 84.1+ 98.16 + 200.6 + 231.2 + 141.90) - 948.64 =
= V962-68 - 948.64 = n/LLI)4 = 3.747.

As we see, the Standard deviation a of A'iS not equal to the Standard

deviation a of the population distribution. The Standard deviation of Ais
equal to the Standard deviation of the population divided by the square root
of the saniple size.

That is, a [ S
X Jn

We also cali a as a Standard error of X .

X

We use the above formula for Standard error if the sample size is a small in
comparison to the population size. The sample size is considered to be smll
compared to the population size if the sample size is equal to or less than 5%
of the population size, that is, if

n/iv< 0.05
If this condition does not satisfied, we use the follovving formula to

calculate a_.

X
o IN-n

x TIININT

The terin J——~ is érten called a finite population correction factor.

in most piactical applications, the sample size is usually small compared o

the population size.
Consequently, in most cases the formula used for calculating A is

a
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5.1.2. Central limit theorem

llieorem: Whatever the population, the distribution ofX is approximately
roma when Nis laige. In random santpling from the population with mean

iand Standard deviation a, when MNis large, the distribution of Xis

approximately normal with mean L and Standard deviationcr_.

Consequently, '
_X-m X-y
a a/vn
sapproximately N“‘(O,l)

"Population that 1s not
mallvdistributed

Sarpling distribution of
‘far/i5

Saging distribution
[ Xfor Ne20.

Sapling distribution
rfor M50

X

Hg. 5.2. Population distribution and sampling distributions of X
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Remark:
The sample size is usually considered to be large if ™30

The Central limit theorem States that the distribution of X is normally
distributed and can be used to compute a random variable, Z, with mean 0

and variance 1

z_ XU x-H

G @lv n
X

Exanuie:
The amount of telephone bilis for ali households in a large city have a
distribution that is skevved to the right with a mean of $30 and a Standard

deviation equa! to $7. Calculate the mean and Standard deviation of Xaﬂ
describe the shape of its sampling distribution when the sample size is
a) N=35; b) n =70

Solution:
Although the population distribution is not normal, in each case the sanple

size is large (n > 30).
Hence the Central limit theorem can be applied.

a) Let Xbe the mean value of telephone bilis paid by a sample of

households. Then the sampling distribution of Xis approximately ronrd
with
) == ss0 and

ar =d4n =7/V35 =1.18.

X

Figlre 5.3 shows the population distribution and sampling distribution ofd



Fig. 5.4.
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ExaTnic:

Consider a population with mean 75 and Standard deviation of 11.

a) If a random sample of size 64 is selected, \vhat is the probability that tre
sainple mean wiili be between 73 and 78?

b) If a random sample of size 80 is selected, what is the probability that tre
sample mean will be between 68 and 83?

Solution:

We have ~ - 75and d=11. Since =64 is large, the Central limit theorem

telis us that the distribution of Xis approximately normal.

a) To calculate F(73 < X< 78) we convert to the standardized variable

7 X-U
1 ]
aidir
The Z-values corresponding to 73 and 78 are
For 73: 7375 -2
u/ve4 nJ/s8
For 78: e-n 1
11/ve4 /8

Consequently,

P73 <X<78)= P(-l 45 < 2 <073) = F(0.73) - @- F(1.45)) =
= F0.73) - 1+ F(1.45)- 0.7673 -1 +0.9265 - 0.6938.
b) We now have IN=80.

f <o 7S
P(68<Jf<83) =P — 1 <z< wE)1=P(-Beo<z<650=
U1/V80 11/v 80y

-96.50) - (1- P5.69)) = HaT)-1 + HRE)- 1

Exanuyie:
The prices of ali houses in a large city have a probability distribution **

mean of $80 000 and a Standard deviation of $15 000. Let Zbe te
price of a sample of 200 houses selected from this cityT
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a WInt is the probability that the mean price obtained from this sample will
bekvithin $2 000 of the population mean?

b Whet is the probability that the mean price obtained from this sample will

WMwre than the population mear. b> $1 500 or more?
Solution:

[fBsampling distribution of Xis approxiTaieiy normal because the sample
s&is large 2n>30).
dWe need to find the probabilitv

- < - '
Pﬂ80(D<><<82000) J 78000 - 80000 < 82000-80000 't
t 1s000/v200 _  ~ 15000/Vv200 4
=P(-1.89<7<1.89)=F(1.89)-(1-F(1.89)) =
=0.9706 -1 +0.9706 =0.9412.

b Tre probability that the mean price obtained from the sample of 200
tiasswill be more than the population mean by $1 500 or more Is wvritten

]
p(A>81500) P\Z>81°00- 80000 RZ>142) -
15000200 |

=1- F(1.42)=1- 0.9222 =0.0778.
Exercises

large population has mean 90 and Standard deviation 8. Calculate
and c_ for a random sample of size

a)lr=9 and b) /7=36.
ate population has a Standard deviation 10. What is the Standard
: Jhof X for a random sample of size
a) w=25; b)/?=100; and  c) 400
IMira large population with UF60 and or = 12.
ni N <0(5 tind the mean and Standard deviation of the sample

tor the sample size of

2 18 b) 90



4. A population of N=5000 has a cr=20. In each of the following cases
which formula you use to calculate d and \vhv?

Using the appropriate formula, calculate cr_for each of these cases.

a) IE300;  b)/t=200; c)w=500; d) N=100.
5. For a population with /7 = 125and a = 18
a) For a sample selected from this population. U =125andd =3.6.

X X

Find the sample size. Assumeni N<0.05 . .
b) For a sample selected from this population. j,l =125andcr_ =2.25
X

X
Find the sample size. Assume n/ N< 0.05 .
6. The following data show the number of automobiles o\wned in a
population of five families:
2; 1 0; 2; 3
a) List the ten possible santples of size 3 for this population.
(Use sampling without replacement).

b) Using the ten Xvalues, compute the mean and variance of.T .

¢) Compute the mean and variance of the population. Compare your 1esults
to those in part b. lnterpret your findings.

7. For a population, N= 205000 ,/JF66and O-7, find the Z values for

each of the follorving for I

a) X=68.44 b) X=58.75 : ¢) X=62.35
8. A population has a mean of 58 and a Standard deviation of 12. Assuming
ni N<0.05 , find the follorving probabilities for a sample size of 50.

a) P(53.7 < X<56.3); b P(X<69.2)
9. Let Xbe a continuous random variable that has a distribution with
/r=90and er=16. Assumingn |N<0.05, find the probability that tre

sample mean Xfor a random sample of 64 taken from this population will
be

a) less than 82.3;

b) more than 86.7.
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10 The amount of electric bilis for ali households in a city have a skewved
probabilitv distribution with a mean of $65 and a Standard deviation of $25.
Frd the piobability that the sample mean amount of electric bilis for a
random sample of 75 households selected from this city will be

a) more than $70;

b) between $58 and $63;

c) within $6 of the population mean;

d) more than the population mean bv at least $5?
IL The balances of ali saving accounts at a local bank has a mean equal
$6360 and Standard deviation equa) to $5 900. Find the piobability that the
nenof a sample of 80 saving accounts selected from this bank will be

a) less than $46 500;

b) betvveen $40 000 and $49 200;

c) within $1 800 of the population mean;

d) lovver than the population mean by $1 200 or more.
P The mean and Standard deviation of the population are 55 and 7,
respectively. Sample of 40 observations is selected randomly from this
population
gjl'hat is the piobability that sample mean Xwiii bc betvveen 54 and 56?

bHd the shortest interval centered at 55, where XWi|| lie with

nobehility 0.95.
MiConsider a random sample of size 1=100 from a population that has a
tarchrd deviation of A = 20.

arind the probability that the sample mean Xwill lie within 2 units of the

»pulation mean-that is, R—2< X —r<2).
Frdthe number k so that F(-k< X - ju<k) =0.90.
Wt is the probability that vaill differ from IUby more than 4 units?
Answvvers
'gM_-90; a_ =2.67; b) // ) =90; & =1.33; 2.a)2; b) L c) 0.5;

Vi =60; < =2.828; b) /n =60; cr_ =1.265;
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4a) d =1.120; b) er_ =1.414; ¢) a_ =0.849; d) < =2.000; 5. a) ['E25;

b) N=64; 7. a) Z =2.44; b) Z=-7.25; ¢) Z=-3.65; 8. a) 0.1530; b) 0.7611;
9. a) 0.0001; b) 0.9505; 10. a) 0.0418; b) 0.2373; c) 0.9624; d) 0.0418;
ILa) 0.9582; b) 1.0; c) 0.9936; d) 0.0344;12, a) 0.6318; b) [52.82: 57.18];
13. a) 0.6826; b) K3.29; c) 0.0456.

5.2. Sampling distribution of a sample propoil tio
5.2.1. Population and sample proportions

The concept of proportion is the same as the concept of relative frequency
discussed in Chapter 2 and the concept of probabilil) of aucccsS in a
binomial distribution. The relative frequency of a category or class gives tre
proportion of the sample or proportion that belongs to that category or class.
Similarly. the probability of success in a binomial problem represents tre
proportion of the sample or population that possesses a given characteristic

The population proportion, denoted byp is obtained by taking the ratio of
the number of elements in a population with a specific characteristic to the
total number of elements in the population.

The sample proportion, denoted by p(read as ,phat”) gives a similar ratio
for a sample,

Definition: The population and sample proportions, denoted by pandp
lespectively, are calculated as

p_fl and p:h

where

N= total number of elements in the population;

INE total number of elements in the sample;

X- number of elements in the population or sample that possesses a
specific characteristic.
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BExanje:
Suppose atotal of 393 217 families Uve in a city and 123 017 of them own
d least one car. Then,

iV=population size = 393 217

*=families in the population who owii car =123 017.
Tre proportion of families in this city who owii car is

123017 _
N- 393217 ~

low. suppose tirat a saniple of 560 families is taken from this citv and 215
dthem Irave at least one car. Then

INE sample size =560

X= families in the sample who own car = 215.
Tresample proportion is

I 560

522 Sanipling distribution of p . Its niean and Standard deviation

J# like the sample mean, X the sample proportion pis also a rairdom

varidde Hence, it possesses a probability distribution, which is called its
sampling distribution.
kenbe shown by relying on the definition of the mean that the mean value

o‘p-that is. the mean of ali possible values of p is equal to the population

proportiorMjust as the mean of the sampling distribution.
Delinition:

Temean of the sample proportion p is denoted by p._and is equal to the

pulation proportion p. Thus,

Terrean of ali possible pvalues is equal to the population proportion p
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The standai sampie proportion p is denoted by a ad

defined as

This formula is valid whennin <0.05,wheie N - isthe population size.

7 NINB 0.05 , then B is calculated as follows:

_ip g iN-mn

- N iN-1

vwvhere — is called the finite population correction tactor.

V/ir-1

5.2.3. Form ol’the sampling distribution of p
Now that we know the mean and Standard deviation of p , and we wantto
consider the form of the sampling distribution of p . Applying the centa

limit theorem as it relates to the p random variable, we have the follovhng

liclinilion:

According to the centrai limit theorem, the sampling distribution of p is

approximately normal for a sufficiently large sampie size.
Trerandom variable

z=EUL
a

P

1Isappimimately distributed as a Standard normal.
Trisapproximation 1s good if NIDMJ>9.

Summary

Let p be the sampie proportion of success in a random sampie from a
population with proportion of success p.
Trai

fThe sampling distribution of Phas mean[d
BP - H=p.
v ol p

sampling distribution of [Dhas a Standard deviation

@"F) fp-]
P vn \N”

2 value for a value of pis

ifn/N <0.05

ifnin >0.05.

Z:p%,p.

| eaSain, the last approximation is good if M q>9



Kxatpie:
The firm makes deliveries of a large number of products to its customers.
It is known that 75% of ali the oiders it receives from its customers are

delivered on time. Let p be the proportion of orders in a random sample of

120 that are delivered on time. Find the probability that the vakie of p will

be
a) betvveen 0.73 and 0.80;
b) less than 0.72.

Solution:
From the given information,
[7=0.75, ¢=1-/; =1-0.75 =0.25,

where p is the proportion of orders in the population.

The mean of the sample proportion pis
P =P=o.75

P

The Standard deviation of p is
1b.75-0.25

Let us find NHD M.
NIOM| =210 0.75 0.25=39.38.

Sincen «JM=39.38 >9, we can infer from the Central limit theorem thet

the sampling distribution of pis approximately normal.

Next, the two values of pare converted to their respective Zvales by

<7

a For =0.73;
) p 0.0299
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Z_080-0.75 —m67

F = 0.80;
or P 0.0299

Trerequired probability is (Figure 5.5).

Shaded area

-067 O 167
Fig.5.5 />(0.73<[9<0.80)

H73<P<0.80) = />(-0.67 <Z < 1.67) = F(1.67) - (1- HQ6/))=
=0.9525-1 +0.7486 =0.7011.

Ths the probability is 0.7011 that between 73?0 and 80% of orders of the

Lpie of 210 orders will be delivered on time.

DP(§/<0 72)f PiZ <0_g% 0.7% - Pz <-1.01) =

1-1-rf1.01)=1- 0.8438= 0.1567 .

hg the probability that less than 72% of the sample of 210 orders will be
felivered on time is 0.1567.

Exercises

bFera population, iV=40 000 and p 0.65, find the Z value for each of the
lowirg for =200

la) P=059;  b) />=072; ) ~=043; d) PB73

%% of the hotiseholds of a large city own VCRs. Let pbe the population
households who own VCRs in a random sample of 400 hoiiseholds.

probability that the value of Pwill be
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a) between 0.85 and 0.88

b) more than 0.80
3. A doctor believes that 80% of ali patients having a particular disease will
be fully recovered within 3 days after receiving a new drug. Assutne that a
random sample of 230 patients Is selected.
a) What is the mean of the sample proportion of patients?
b) What is the variance of the sample proportion?
c) What is the Standard error (Standard deviation) of the sample proportion?
d) What is the probability that the sample proportion is less than 0.75?
e) What is the probability that the sample proportion is betvwveen

0.78 and 0.85?

4. Sixt) percent of adults favor some kind of government control on te
prices of medicines.
a) Find the probability that the proportion of adults in a random sample of
200 who favor some kind of government control on the prices of medicines
is

i) less than 0.55; ii) betvwveen 0.57 and 0.68.
b) What is the probability that the proportion of adults in a random sample
of 200 who favor some kind of government control is within 0.04 of the
population proportion?
c) What is the probability that the sample proportion is greater than tre
population proportion by 0.06 or more?
5. Stress on the job is a major concern of a large number of people who g
into managerial positions. Eighty percent of ali managers of companies

suffer from stress. Let pbe the proportion in a sample of 100 managers of

companies who suffer from stress.

a) What is the probability that this sample proportion is within 0.08 of tre
population proportion?

b) What is the probability that this sample proportion is not within 0.08 of
the population proportion?

c) What is the probability that this sample proportion is lower than tre
population proportion by 0.10 or more?

d) What is the probability that this sample proportion is greater than te
population proportion by 0.11 or more?

6. A private university has 1250 students. Of these, 357 concerned abouithe
GPA. A random sample of 265 students was taken.
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d What is the Standard error (Standard deviation) of the sample proportion
ofstudents who are concemed about the GPA?
b What is the probability that the sample proportion is less than 0.35?
0 What is the probability that the sample proportion is between
0% and 0.33?
7 A plant has total of 736 employees. Of these, 342 are married. A random
sanple of 170 employees was taken.
g What is the mean of the sample propoition of married employees?
B What is the Standard error of the sample proportion of married
employees?
c) What is the probability that the sample proportion is greater than 0.37?
|[What is the probability’ that the sample proportion is betvveen
043 and 0.53?
8 Suppose that 78% of ali adults like sport.
3 Hnd the probability that the proportion of adults who like sport in a
raxbmsample of 400 is

i) more thian 0.81; ii) betvwveen 0.75 and 0.82

iii) less than 0,80; iv) betvween 0.73 and 0.76
b What is the probability’ that the proportion of adults in a random sample
d400who like sport is within 0.05 of the population proportion?
¢ What is the probability that the proportion of adults in a random sample
af400 \Who like sport is lower than the population proportion by 0.04 or
nure?

Answvers

La)-1.78; b) 2.08; c) -6.53; d) 2.37; 2. a) 0.1426; b) 0.9429; 3. a) 0.80;

40.000696; c) 0.0264; d) 0.0294; €) 0.7470; 4. a) i) 0.0735; ii) 0.7974;
"0.754; ¢) 0.0418; 5, a) 0.9544; b) 0.0456; c) 0.0062: d) 0.0030;

La) 0.0246; b) 0.9956; c) 0.8906; 7. a) 0.4647; b) 0.0336; c) 0.9976;
08223; 8. a) i) 0.0735; ii) 0.8949; iii) 0.8289; iv) 0.8202: b) 0.9844;
0.0268.
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5.2. Sampiing distribution of a sample variance

Like inferences aboiit the population means and population proportions, the T .

population variability may also be point of interest.

in this section we consider inferences for the Standard deviation Qof a

population underthe assumption thatthe population distribution is normal

To make inferences about cr2the natural choice of a statistic is its sanple

analogue, which is sample variance

X
S- an

One simple explanation of using (n-l) as a divisor in the formula for S"

is that in a random sample of Mobservations we have Ndifferent values of

degrees of freedom. But \ve know that there are only 1) different values
that can be uniquely defined. In addition can be showwn that the expected

value of the SZcomputed in this way is the population variance.

The population variance and sample variance are related to a probability
distribution known as the Chi- square distribution whose form depends
on (n 1).

Definition:

Let )(_I, frAbe a random sample from a normal population witn
mean L|I and Standard deviation @ . Then the distribution

\Y

) peyes2

X

is called the Chi- square distribution with V=1 degrees of freedom-
Unlike a normal or Student’s tdistribution, the probability density curve

ofa X2distribution is an asymmetric curve sfretchmg 6éver the positive 3
of the line and having a long right tail. The form of the curve depends ontre

194

valle of the degrees of freedom. (Fig. 5.6). in this figiire V:n-]

Pr° V,deS - “PPer = P0I"'B )4 distributions fer

amthat the area to the right 1S9, \"

yﬁ,'%'y% table, have area

| 'OWer  P°«nt read from the column
lalto the right

N .0.0s- (FIg-5.7).
Liatpie;

uiat

|P P «0.05 pota (is read from the colllmn |abebl A ~ find

17.0.05 ~ 4 /.59 .
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b) What is the probability that sample Standard deviation of scores is
less than 8?
Snlution:

between 0.90 and 0.95

Exercises

LUsing the table for the X| distribution, fmd
_ a) The upper 5 % point when = 9
Exatpie b) The upper 1 Y@point when N:18
FindPCf c) The lower 2.5 % point when 12
d) The lower 1% point when n =24.
TFind the probability of

_ a) XS >30.14
at from nomially distributed population varlance 2 b) <0.831

rvations are selected. <X|
the probability that sample variance 1s g e) 3.25 <15.99, when =11

the probability that sample variance 1s 1 d) 3.49 < Xl <17.53, when N9

- The monthly salaries of part time working students follow a normal
Tstribution with Standard deviation of 3 000 tg. A random sample of 24

Solution

greater

000 tg?

I random sample of 10 households was taken. Suppose that the electric
mey pay fOnOw a normal distribution.

that students scores on the fmal exam follow a ke probability is 0.1 that sample variance is greaterthan what percentage

th Standard deviation 6.6. A random sample ot ~ population variance?
And any pair of numbers, dand b such that the follov/ing statement

B - The probability is 0.90 that the sample variance is betvween A%
ET -00f the population variance.

greater

probability that sample Standard deviation of scoles



5. A production process follows a normal distribution. A sample of 15
prodiiced items was selected.
a) The probability is 0.95 that the sample variance is iriore than wa

percentage of the population variance?
b) The probability is 0.99 that the sample variance is greater than what

percentage of the population variance?
c) Find any pair of numbers, a and b, such that the following statement

holds: The probability is 0.95 that the sample variance is between a %
and b % ofthe population variance.

Ansners

T a) 15.51; b) 33.41; c) 3.82; d) 10.20; 2. a) 0.05; b) 0.025; c) 0.875;

d) 0.875; 3. a) between 0.025 and 0.010; b) betvveen 0.01 and 0.025;

fa) 1.6311; or 163.11 %; b) a =0.37 and b =1.88; the probability is 090
that the sample variance is betvveen 37 % and 188 % of the population
variance; 5. a) 46.92% ; b) 33.28 %; c) a =40.21% and » =186.57 %the
probability is 0.95 that the sample variance is between 40.21 % and

186.57 % of the population variance.
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Chapter 6
Interval estimation

6.1. Introduction

The problem of statistical inference arises vwwhen we wish to make
generalization about a population when only a sample will be available
Once a sample is observed, its nrain features can be determined by the
methods of descriptive summaly discussed in previons ehaptcrs. Our
principal concern is with notjust the particular data set, but vwhat can be said
about the population based on the information extracted from analyzing the
sample data.

Statistical inference deals wvith drarving conclusions about
population parameters from an analysis ofthe sample data.

The value(s) assigned to a population parameters based on the value
dfasample statistic is called an estimate ofthe population parameters.

For exaTpie, suppose the manager selects a sample of 50 new employees

adfinds that the inean time xtaken to learn the job for these employees is
Dhours. If manager assigns this value to the population mean, then 1o

ilus will be called an estimate of/v. Thus, the sample mean Xxis an

estinetor of the population nean a . and the sample proportion p is an
istimator of the population proportionp.

An estimate may be a point estimate or an interval estimate.
Ninitiori:
fevalue of a sample statistic that is used to estimate population parameters
scalled a point estimate.
ahsample taken from a population is expected to yield a different value of
fesample statistics. Thus, the value assigned to a population parameter
& on the point estimate depends on wvhich of the sample is drawn
cnsequently, the point estimate assigns a value to a population parameters
wost ahvays differs from the true value of the population parameters.

h In the case of interval estimation, instead of assigning a simple
‘Heto a population parameter, an interval is constriicted around the point
Imete and then a probability statement that this interval contains the
Jresponding population parameter is made.

199



Definition:

In interva! estimation, an interval is constructed around the point estimate,
and it is stated that this interval likely to contain the corresponding
population palameter.

6.2. Confidence interval and confidence level

Since interval estimators have been described as “likely” to contain the tnhe
but unknowwn value of the population parameters, it is necessary to phiase
such term as probability' statement.

Suppose that a random sample is selected and based on the sarple
information, it is possible to find two random variables A and b Tren
interval extending from dand beither includes the population parameter ar
it does not contain population parameter. However, suppose that the random
samples are repeatedly selected from the population and similar intervals ae
found. In the long run, a certain percentage of this interval will contain te
unknown value. According to the frequency concept of probability, an
interpretation of such intervals follows:

If the population is repeatedly samples and intervals calculated, then

in the long run 90% (or some other percentages) of the intervals woul

The confidence interval calculated in this way is wr,tten as a < 0 <4 wi,h
100+(1- a)% confidence.

Let us find the confidence intervals with any required confidence
level(L a), where a Is any number such that0 a<i

for the number such that
P(Z >za) =a.

A notation 2,, indicates the value in the Standard normal table cuts offa rieht
tal area ofa . (Fig. 6.1). o

Wewill use the notation

glexanie, ifa -0.13 ,then 1- a =0 87
0

contain the true value of the unknown parameter. The interval from dand '

is said to be 90% (or some other percentages) confidence interval estimetor
for population parameters.

Defirgl)on
Let e unknowwn parameter. Suppose that based on sample information,
random variables dand bare found such that

Ra<6d)-1- a,

where d-is any number betvveen 0 and 1
The interval from @to Dis called 100 n(l- a)o/thonfldence interval for#m
The quantity (1- a) is called the confidence level of the interval.

If the population were repeatedly sampled a very large number
tilues, the true value of the parameter ould be contained 1

100 m(1 - a)o/(bf intervals calculated this way.

L F(za) =F(Zo.n) =0.87

~hoT the Standard normal distribution table we obtain %r. * U 25

R(Z>1125)=0.13.

m  SUppose that a 100 «(1 - a)o/Qsonfidence interval is required. (Fig.6.2).
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We h
ave P(z>zal2) =ai 2

By the symmetry about the mean
P{Z<-zan)=al 2.

And it follows that 4 a
Pza2<z<zdd)= -2

where the random variable Zfolknvs a Standard normal distribution.
Kxanipie:
Findthe value of zan\i a=0.\ m
Solution:
a- 01
a 12 =0.05.
P(Z>zal2) =P(.Z>z%H =0.05.
P(Z>zqdb) =F(zom)-0.95 and

Zo-os = 1-645 (Flg 63)



6.3. Confidence intervals for the mean of population that is
normally distributed: population variance known

Let X,,XZ, ........... X,be a random sample of MNobservation from a normal

population with unknown //and known variance cr2. Let xbe the sample
mean. Then 100 (1 a)(y0:on fidence interval for the population mean with
known variances is given by

|

X—za/2' = < H < zal/2 7= >
yjn yin
where za/2is the number for which >Zd2)=a/2 and the random
variable Z has a Standard normal distribution.
Exartpie:
Gwen a random sample of 36 observations from a normal population for

which // is unknorvn and cr = 8, the sample mean is fotmd to be X=45.3.
Construct a 95% confidence interval for//.

Solutioit:
100 (1 —a)%0= 95%
1- A=0.95
a =0.05 and /2 =0.025

2> 255) =P{Z>2,m)=(ozs
> " 0.025 ) = A(ZOLﬁ) = 0975
Za+ =zoo2s ;'1'96

From
- o -~ d
. <P<
X2 o, <PRezei2
j"e obtain that

45.3-1.96- -O=r< U<45.3 +1.96 —7=
v'36 y36

42.69 <//<47.91
4 (42.68, 47.91) is a 95% confidence interval for//.



It means, if sample of 36 observations are drawn repeatedly and
independently from the population, then 6ver a very large number of
repeated trials, 95% of these intervals will contain the valiie of the tiue
population mean.

Exercises

1. Find ze/2for each of the following confidence levels
a) 88%; b) 94%; c) 96%; d) 99%

2. The Standard deviation for a population isa = 12.6. A sample of

36 observations selected from this population gave a mean equal to 74.8.
a) Make a 90 % confidence interva! for//.

b) Construct a 95 % confidence interval for L, .
¢) Determine a 99 % confidence interval for fi.

3. The Standard deviation for a population iser=28.3. A sample of 121
observations selected from this population gave a mean equal to 84.5.
a) Make a 99 % confidence interval for /u

b) Construct a 95 % confidence interval for /n
c) Determine a 90 % confidence interval for u

4. The Standard deviation for a population isa - 6.30. A randoin sanple
selected from this population gave a mean equal to 78.90.
a) Make a 99 % confidence interval for // assuming N =36

b) Make a 99 % confidence interval for ju assuming n =81
¢) Make a 99 % confidence interval for L, assuming n =100
Expiain your results.

5. Given that a sample of size 16 from a normal distribution yielded x=25
The population variance is known to be 64. Find
a) 90 % confidence interval for /t

b) 95 % confidence interval for //
¢) 99 % confidence interval for ju.
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Answers

1.a) 1.555: b) 1.88; c) 2.055; d) 2.575: 2. a) (71.35; 78.26):

b) (70.68; 78.92); c) (69.39; 80.21); 3, a) 82.56 to 86.44; b) 83.03 to 85.97;
) 83.26 to 85.74; 4. a) 76.19 to 81 61; b) 77.09 to 80.71; c) 77.27 to 80.53;
5a) (21.71,28.29); b) (21.08, 28.92); c) (19.85, 30.15).

6.4. Confidence intervals for the intan of popiilation that is
normally distributcd: large sample size

Let Xt,X2,.eene 2(,,be a random sample of n observation from a normal

population with 1inknown ~and unknown variancecr2. Let xbe the sample
raean. If the sample size n is large (n>30), then according to the Central
limit theorem, for a large sample the sampling distribution of the sample

raean X is (appimimately) normal irrespective of the shape of the population
fromwhich the sample is drawn. Therefore, when the sample size is 30 or
larger, we will use the nonnal distribution to construct a confidence intervai
for/z.

Ifthe vai iance of the population is unknovvn, it should be estimated by the
sample variance,.v2, and er replaced by SXin confidence intervai formu la

forthe case when population variance is knovvn.
Remark:
For large sample sizes, SXis usually elose to the true value ofer .

Anapproximate 100 1 - @)% confidence intervai for the population niean
with unknown variance is given by
N < S
%Zal2 <t <. D
Vn -Jn
»here X is based on a sample of at least thirty obseivations, zal2 is the

number for which P(Z >zai2) =a /2 and the random variable Z has a
standard NOrmal distribution.



Enawupie:
A sample of 64 observations from a large population yielded the sample

values, X-172 ands] ~299. Find an approximate 99 % confidence interval
for /11

Solutiol:

First we find the Standard deviation of.t. Because cr is not known, we will
use jwvas an estimator ofcr ,

SX=  =Vv299 =17.29.
Then
100 (- A)%0- 9%
1-a =0.99
d=10.01 and or/2 =0.005
>z7al)~RZ>Zom) = 0.005
>;005) = HZUs) = 0.995

Z0/2 = 20006 = 2.58
Substituting ali the values in the formula, the 99 % confidence interval
for M is

'
X~ Za,2 —f= < /J< X+ Zal,

\n yjn
172 -2.58--%-7-52-9</\<172 +2.58-50

166.4 < Lk177.6
An approximate 99 % confidence interval for Uis (166.4, 177.6).
Exanipie:
Radiation measuiements on a sample of 69 microwave ovens produced
X=0.13 and v. =0.04. Determine a 94 % confidence interval for the mean
radiation.
Solution:
Again since I'E 69 > 29 \ve can use SXas an estimator of A .
Then 100 (1 - a)(VO:onfidence interval for the population mean with

unknowvn variance is given by
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l-a =0.94 .
a =0.06 and  aAl2=0.03
p(Z>zan)=P{Z >z0sa)=0m

WZO(B:F(zom):OQ?

war = Z0MB~
Substituting ali the values in the formula we obtain

0.13-1.88 -0'—04< U<0.13 +1,88 294
V69 V69
0.121 < L1<0.139.

Thus, we can State with 94 % confidence that average radiation measure of
microwave ovens is between (0.21,0.139).

Exercises

L Determine a 90 % confidence interval for [Tif Ne 48, X=86.5,
andst =7.9.

1 Determine a 98 % confidence interval for // if N 150, X= 0.865 ,
adsx =0.057 .

i Asample of size 50 from a population yielded the sample values X= 190,
aanI =800. Find a 95 per ¢ent confidence interval for [J

i For asample data set, X:|6, and SX=5.3

a)Construct a 95 % confidence interval for // assuming N=50.

DConstruct a 90 % confidence interval for /jassuming IE 50. Is the width
Ithe 90 % confidence interval sinailer than the width of the 95 %
sonfidence interval calculated in part a? Ifyes, why it is so?

QFind a 95% confidence interval for /fhssuming I~ 100. Is the width of
795 %confidence interval for L with 100 sinailer than the width of

neb Yo confidence interval for ﬁ with Ik 50 calculated in part a?
Y why?

207



a) A sample of 100 observations taken ffoni a population produced a sample
mean equal to 55.32 and a Standard deviation equal to 8.4. Make a 90 %
confidence interval for/r.

b) Another sample of 100 observations taken from the same population
produced a sample mean equal to 57.40 and a Standard deviation equal
to 7.5. Make a 90 % confidence interval fortu.

e) A third sample of 100 observations taken from the same population
produced a sample mean equal to 56.25 and a Standard deviation equal
to 7.9. Make a 90 % confidence interval for y .

d) The true population mean for this population is 55.80. How many of the
confidence intervals constructed in a-c cover this population mean and how
many do not?

6. The mean annual salaries of managers at the certain company is $80 722
for males and $65 258 for females. These mean salaries are based on
samples of 400 inale and 200 feluale managers. Assume that the Standard
deviation of the annual salaries of inale managers is $11 500 and Standard
deviation of the female managers is s8 400.

a) Construct a 95 % confidence interval for the mean annual salary of male
managers.

b) Construct a 95 % confidence interval for the mean annual salary of
female managers.

7. From a random sample of 70 high school seniors, the sample mean and
Standard deviation of the math scores are found to be 96 and 17 respectively
Determine a 96% confidence interval for the mean math score of ali seniors
in the school.

8. With a random sample of size n 2144, someone proposes

f \
jx—0.12+s¢, x-t0.12msx |
v : "3
to be a confidence interval for /.t. What then is the level of confidence?
Answels

JL (84.63, 88.38); 2. (0.854, 0.876); 3,(182.2, 197.8); 4. a) (14.53, 17.47);
b) (14.76, 17.24); c) (14.96, 17.04); s. a) 53.94 to 56.70; b) 56.17 to 58.63:
c) 54.95 to 57.55; 6. a) ($79 595, $81 849); b) ($64 093. s66 422);
7.91.83 to 100.17; s, 0.8502 or about 85 %.



6.5. Confidence intervals for thc mean of a normal distribution:
population variance unknovvn: small sample size

Noprevious topics we discussed inferences about a population mean when a
large sample is available. Those methods are deeply rooted in the Central

limit theorem, which guarantees that the distribution of X is approximately
normal.
Many investigations reqtiire statistical inferences to be dravvn from small

samples (n <30). Since the sample mean xwill stili be used for inferences
abouty , we must address the question. “what is the sampling distribution of

x when n is not large?”. Unlike the large sample situations, here we do not
jhave an unqualified answer, and Central limit theorem is no longer
applicable.

6.5.1. Student’s / distribution

Consider a sampling situation where the population has a normal
distribution with unknown cr . Because o is unknovvn, an intuitive
approach is to estimate a by the sample Standard s . Just as we did in the
large sample situation, we consider the ratio

this random vai iable does not follovv a Standard normal distribution. Its
distribution is known as Student’s / distribution.

Thegraph of the /-distribution resembles the graph ofthe Standard normal
distribution: they both are symmetric, beli shaped curves with mean equal to
tero. The graph of the Student’s i distribution is lower at the ¢enter and
diller at the extremities than the Standard normal curve. (Fig. 6.4),

lhe new notation t is required in order to distinguish it from the Standard
j(Imal variable Z. As the number of degrees of freedom increases. the
jirfference between / distribution and the Standard normal distribution
decones sinailer and sinailer.



Standard normal

student’s t distribution
with 4 degrees of freedom

The qualification “with (n-1) degrees of freedom” 1s necessary, because
with each different sample size or valiie of ( '}-1). there is a different
distribution.

Dcfinition:

The number of degrees of freedom is detlned as the number of
observations that can be chosen freeiy.

ExaLupie:

Suppose we knowv that the niean number of 5 values is 25. Consequently, the
sum of these 5 values is 125 (5 5 = 125). Now how many values out of 5
can be chosen freeiy so that the sum of these 5 values is 125? The answer is
that we can freeiy choose 5-1=4 values. Suppose we choose 15, 35,45, ad
10 as the 4 values. Given these 4 values and the information that the mean of

the 5 values is 25, the a‘iralue is

125 - (15 + 35+ 45 + 10) = 15

Thus, 6nce \ve have chosen 4 values, the fifth value is automatically
determined. Consequently, the number of degrees of freedom for this

exaTpie is
df=n-1=5-1=4

We subtract | frorn Nbecause we lose one degree of freedom to calculatethe
mean.

The £ table in the Appendix (see table 4) is arranged to give the value tfor
several frequently used values of dand for a number of values ( I'-2).
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Definition:
Arandom variable having the Standard distribution with V/( Greek letter nu)

Degrees offreedom wil 1be denoted by tV(Fig. 6.8). Then t\Alis defined as
the number for which

>cv.a ) =a
Fig.6.8
Exam ple: Find t5)10

Solution:
la words it means we need to find a number that is exceeded with the
probability 0.10 by a Student’s trandom variable with 5 degrees of freedom.

Rt5>t300) —o.10
Fromtabie 4 of the Appendix we read thattJ010 - 1.476. (Fig. 6.9).
Zdeor Student’s / distribution the value t\dZis defined as
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6.5.2. Confidence interval for/t: small samples ExaTtnie:
.For the t distribnition with n =10, find the nurnber b such that
Let us turn our attention to finding 100 «(1- @)% confidence interval for P(-b<t<b)=0.80
Solution:
The probability in the interval
{-b,b) is 0.80. (Fig, 6.11).

“sian W\e must Itave a probability of
0.10 to the right of b and a
probability of 0.10 to the left

Liwhen sample size is small. Using

t

We can derive the formula for 100 m1 - a)% confidence interval for the case
when a small sample is selected frorn a normally distributed populat.on with

' of-b.
mean L, and unknown variance. It is given by )
Fig.6.11
>79010) = 0.10
X~te-l.a2 —r<M<X+*n-l.al2 ' [
Vn Vi Haio = 1-d83
6-1.383 and- 6 - -1.383 .
wvhere r(, d1 is the nurnber for vwwhich Bainle:

mrandom sample of 25 busses shovwvs a sample mean of 225 passengers
Ptfr >tn-land =a /2 camed per day per bus. The sample Standard deviation is computed ro be 60
passengers. Find a 90% confidence interval for the mean nurnber of

The random variable t has a Studenfs t distribiition with passengers carried per bus during a 1-day period.

Solution:
v =(n - ) degrees offreedom. (Fig. 6.10). o confidence interval for the mean ju is given by
S S
X_‘n—halz ’»r: <M< X+ t,_la/2 m—/=
yin

n=25,50 v=«-1=25-1 =24
100 (L - a)% =90 %

1- ar = 0.90

a=0.10and a /2 =0.05

Remark: . H D =
If the sample is available, then Standard deviation can be calculatea «l«2 =24006

P ((24 > '24,0.05) - 0.05

5 = 752 . where 5. 10TAT g m  -2006- 1711
’ n-1 er Substitution we obtain
s2=-L-\Ex2-n 225, Mh.0 o5 7] 60
n-11 5

204.5 </./<245.5 or (204.5,245)5).
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We are 90 % confident the mean number of passengers carried per day by
bus is betrvween 204.5 and 245.5, because 90 % of the intervals calculated in
this manner will contain the true mean nuinber of passengers carried per day
per bus.

Exercises

L in each case, find the number b so that
a) P(t<b)~0.95 when n=7
b) P(-b <t <b) =0.95 when /7=16
¢) P(t>b) =0.01 when ko
d) P(t>b) =0.99 when 77=12
2. For each of the following, find the area in the appropriate tail of the t
distribution
a) t=2.060 and n =26
b) r=-3.686 and n=17
c) t=-2.650 and =15
d) 7=2.845 and n- 22
3. Find the value of t from t- distribution table for each of the follovving:
a) Confidence level = 99 % and d.f.=18
b) Confidence level = 95 % and n =26
c) Confidence level = 90 % and d.f . =15
4. The mean number of the sainple of 25 bolts produced on a specific
machine per day was found to be 47 with a Standard deviation of 2.4.

Assume that the number of bolts produced per day on this machine has a
normal distribution.

Construct a 90 % confidence interval for the popiilation mean//.

5. A random sample of 16 cars, which were tested for fuel consumption,
gave a mean of 26.4 miles per gallon with a Standard deviation of 2.3 miles
per gallon. Assuming that the miles per gallon given by cars have a normal
distribution, find a 99 % confidence interval for the popiilation mean /1.
6. A sample of eight adults was taken, and these adults were asked about the
time they spend per week on spoit activities. Their responses (in houis) are
as follows:

45; 12; 31, 16; 28; 14; 18; 26
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Make a 95 % confidence interval for the mean of time spent per week by ali
adults on sport activities.
Ji A sample of 10 customers who visited a siipermarket was taken. The
ifollowing data give the rnoney (in dollars) they spent during that visit:
[74; 89; 121; 63; 146; 47; 7 91; 28; 84; 76
Assuniing that the money spent by ali customers at this stipermarket has a
normal distribution, construct a 90 % confidence interval for the population
mean.
8 The mean time taken to design a home plan by 20 designers was found to
be 185 minutes with a Standard deviation of 23 minutes. Assume that the
| time taken by ali designers this home plan is normally distributed.
Construct a 99 % confidence interval for the population mean p ,

Ansvvers

| &) 1,943; b) 2.131; c) 2.896; d) -2.718; 2. a) a = 0.025 ; right tail;
b 2.<0.005 ; left tail; c) less than a =0.01; left tail; d) less than a = 0.005 ;
rigilail; 3, a) 2.878; b) 2.060; c) 1.753; 4, a) (46.18; 47.82);

5 J.71; 28.00); 6. (14.52; 32.98); 7. 62.24 to 101.56; 8. (170.29; 199.71).

66. Confidence intervals for population proportion: Large samples

Trereason leading to estimation of a mean also applies to the problem ol
estimation of a population proportion.
I Suppose that n elements are randomly selected frorn the large population.
Ad let n consists ofA'elements possessing some characteristic.
Cormmon sense suggests the sample proportion
X
P=—

Tl

&an estimator ofp .

men the sample size n is only small fraction of the population size, the

--amde count A has the binomial distribution With mean N® and standard
hviation yjri- p m .
Ahenn is large, the binomial variable A is well appro.viinated by a normal
distribution with mean n WD and Standard deviation-Jn m0- ( .

wH is



2 X ~nw

Jn-PH

is approximately Standard normal.
If we divide both numerator and denominator by [we will get a statement
about proportions:

Z- ~n'P)/n= p-p

y'ripgin yjpaln
As we see the denominator of Z containsp and q If sainple size is large
thatn!) .Pg, then a good approximation is obtamed ifreplaces the

point estimator pin the denominator.

Hence, for large sample size, j N q>9\the distribntion of

W
is approximately Standard normal.

We can use this resilt to obtain 100 (1 - a)(VO:onfldence interval for the
population proportion. (Fig.6.12)

Using Fig.6.12 we obtain

1- 8= P(-zn 2 <L <wa2)= R~z < P-p

Ap(l-p)/n



Definition:
if sample of Mobservations selected from the population is large enough that
Mo =G> 9, then a 100 «(1 - a)% confidence interval for the population

ploportion is given by

where p"‘ﬁis the sample proportion and Za,ZS the number for which

Exatpie:

Foma country labor force a random sample of 800 persons was selected
ad 75 people were found unemployed out of random sample of 800

peisons. Compute 90 % confidence interval for the rate of unemployment in
tre country.

Solution:

Tre confidence interval for the population proportion is obtained from

ﬂleobserved p :—8—6(—): 0.09375 and 1- p =0.90075 .
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Since n g =800 .09375 0.90625 = 67.97 > 9 , we say that sample size is

laie and a normal approximation to the sample proportion pisjustified.
Then
100 w1 - A)fY0=00%
1-a =0.90
a=0.1 and  a/2=0.05
> 2A2)=RZ>2005) = 0.05
>700s) = F (2005) = 0.95
2cr2 ~ 2005 = 1-645
After substituting, we obtain
0.09375-0.90625

<p <0.09375 + 1.645-
800

0.0768 < p <0.1107

Therefore, a 90 % confidence interval for the 1ate of unemployment in the
country is ( 0.0768; 0.1107), or (7.68 %, 11.07 %).

Because our procedure will produce true statements 90 (y(bfthe time, we
can be 90 % confident that the rate of unemployment is betvveen

7.68 and 11.07.

Exeicises

L Check if the sample size is large enough to use the normal distributi.on to
make a confidence interval forpfor each of the lollowing cases

a) -60and P-0.30
b) IE 180 and P=0.027
c) N 200 and P=0.73

d) NE 65 and p =0.05

2. A sample of 500 observations selected from a population gave a sample
proportion equal to 0.72.

a) make a 90 % confidence interval forp.

b) construct a 95 % confidence interval forp.
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c) niake a 99 % confidence interval forp .
Interpret your results.
3. A sample selected from a population gave a sample proportion equal
To0.73
a) make a 98 % confidence interval for[Jassuming = 90
b) construct a 98 % confidence interval for Passuming N= 500
c) construct a 98 % confidence interval for Qassuming N=100
Interpret your results.

4. A sample of 87 univeisity students revealed that 53 carried their books
and notes in a backpack. Obtain a 95 % confidence interval for the
population of students who use backpacks.

15 The Beverage Company has been experiencing problems with the
automatic machine that piaces labels on bottles. A sample of 300 bottles
resulted in 27 bottles with improperly applied labels. Using these data,
develop a 90 % confidence interval for the population proportion of bottles
with improperly applied labels.

6 If 65 persons in a random sample of 180 required lawyer Services, then
find and interpret 96 % confidence interval for proportion of persons in the
population who required a lavvyer Services.

7 Let sample proportion p- 0.7 . How large a sample should be taken to be

% % sure that the error of estimation does not exceed 0.02 when estimating
aproportion?

i Asample of 20 managels was taken and they were asked whether or not
they usually take vwork home. The responses are %ﬂ belowv:

N N

N N B s b B B N
N N N ¥

Hake a 99 % confidence interval for the peicentage of ali managers who

take work home.

Ansvvers

La) Yes, sample size is iarge; b) No, sample size is not large; c) Yes.
sanple size is large; d) No, sample size is not large; 2. a) ( 0.687; 0.753);
(0.681; 0.759); c) ( 0.668; 0.772): 3, a) (0.621; 0.839); b) (0.684; 0.776):
%0.627; 0.833); 4.(0.506; 0.712); 5. (0.063: 0.11 7); 6. (0.286: 0.434);
=2017; 8.(0.117; 0.683).
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6.7. Confidence intervals for the difference between
mcans of two normal populations

Let L, X be the mean of the first population and /fybe the mean of the
second population. Suppose we want to make a confidence interval for the
difference betvveen these two population means, that is, /Jux —u'Y.

Let X be the mean of a sample from the first population and Y be the mean

of a sample taken from the second population. Then (X-- Y) is the sample

statistic that is used to make an interval estimate. We will consider several
cases.

6.7.1. Confidence intervals for the difference betwween
means: paired samples

In the case of two dependent samples, two data values-one in each sample-
are collected from the same source and these are called paired or matclied
pairs.
Suppose that N matched pairs of observations, denoted by (X,,Y,); (x2,y 2).,.
..... (xn,yn), are selected from two populations with means //r andyy.
Our aim is to find 100 (1—a)% confidence interval for(//Y- fiY).
To fmd interval estimation we apply follovving steps:

1. Find n differences di - X; - V;

2. Find d

3. Calculate Sd
If the population distribution ol'differences is assumed to be normal, then
100 «(1—a)% confidence interval for the difference betvveen means is given

by

S - S
A~f)(-1,0/2 \}ﬁ<ﬂx —~ Ne)' An-\,al2 'dln

where tn xall is the nurnber for vvhich

> ATH@O0-12) = Y
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The random variable tn, has a Student’s t distribution with (n -1 ) degrees

of freedom.

ExaTuie:

Acompany claims that its special exercise program significantiy reduces
weight. A random sample of seven persons \vere put on exercise program.
The following table gives the \veights (in kg) of those seven persons before
and after the program

Before 68 8l 98 86 110 92 80
After 62 Jie 86 179 1103 87 82

Make a 95 % confidence interval for the mean of the population paired
differences. Assume that the population of paired differences is
(approximately) normally distributed.

Solution:

Letd be the difference between the \veights before and after the program.
Tre necessary calculations are shown in the following table

j Before After Difference d1
i d
j 68 62 6 36
81 76 5 25
98 86 12 144
86 79 7 49
110 + 103 7 49 '
92 87 > 25
80 82 -2 4
=332

mevalues of d and Sdare calculated as follows:
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1 I e - L1 1 i
S, = /—— d-—=n-{d) 1=.1-332-7-571°)=4/17.30=4.16.
4 n-1 Z n(d) k V6( ' v 16

| )

z_

Then
100 (1 a)% =90%
1-a=0.90
a=0.1 and
«i’2=0.05

Tivarz =Top0s =1.943.
In the end, 90 % confidence interval for (u, ~ u, )is

4.16 . . 416
3701943 ——= <y —uy <371+1943
N7 ~7

20< -y <882

Thus, we can state with 90 % -confidence that the mean difference between
the weights before and after exercise program is between 2.6 and 8.82 kg.

Exercises
L. Find the following confidence interval for the difference between two

population means assuming that the populations of paired ditlerences arc
normally distributed

a)n=10 d=236: S, =12.6; confidence level = 99 %
b)n =26 d=13.2; S, =48; confidence level = 95 %
c)yn=14 d=462; S, =13.6;  confidencc level =90 %

2. A company attempts to evaluate the potential for a new bonus plan by
selecting a random sample of $ salespersons to use the bonus plan for a
week period. The weekly sales volumes before and after the bonus plan
implementation shown below

nlglel
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Weekly sales | Weekly sales
Before After
15 18
12 14
5 18 19 |
5 18
! 16 | 18

L

Construct a 90 % confidence estimate for the mean increase in weekly sales
that can be expected 1f a new bonus plan is implemented.

3. A company claims that the course they offer significantly mcreases the
writing speed of secretaries. The following table gives the scores of eight
secretaries before and afier they attended this course.

89 91
P72 93 1110

8

Before 1
- 97

After

i
|
I
|

~2
(943

Make a 90 % confidence interval for the mean (u, — 1, )of the population
paired differences, where a paired differences is equal to the score before
attending the course minus the scorc after attending the coursc.

4, A company sent 7 of its employees to attend a course in building self-
confidence. The following table gives the scores of these employees before
and after attending the course

Before 18

After T

FRa [P S

6 79

[WARINEN
(=)
=]

o

Construct a 95 % confidence interval for the mean of population paired
differences where a paired difference is equal to the score of an employee
‘before attending the course minus afier attending this course.

Answers

3}“1. a) (10.65;36.55); b) (11.26; 15.14); ¢) (39.76; 52.64); 2. 1.40 to 3.00:
L(-16.54; -3.21). 4.(-2.93; 0.07).

N
(8]
("]




6.7.2. Confidence intervals for the difference bettveell
means of t\vo normal populations \vith known variances

Suppose that the random variable Xis based on a random sample of
size Xfrom a normal population with mean // Xand known variancef\ .

Also suppose that the random variable Yis based on a random sample of
size n\from a normal population with mean ﬁyand known variance CI/
The difference between population means has a mean [f.lX' /N)and

al\

variance

Therefore, the random variable
7_ (XY)-(ux-4)

\ nx y
has a Standard normal distribution.
We can use this fact to obtain 100 «(1 - a)o/(l:onfldence interval for the

difference between the population means.

Dcfinition:

When the variances O\ and er,2o0f two normal are known, then
100 -(1—8)0/0:onf|dence interval for (iU(- LIjis given by

(X-Y)~za/2 <Mx - Ar <17-Y) +za2 mi— +
i) Vnvy n

Exanipie:
A sample of size 13 from a normal population with variance 100

yielded X- 31.4 . A sample of size 7 from a second normal population with

variance 80 yielded Y= 38.1 .Find a 95 % confidence interval for(//X- Ar)-
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Solution:

100 (1 —or)% =95%
1- A=0.95
<z=0.05 and /2 =0.025

1'The 95 Yonfidence interval for (ﬂX- [Y)is

314- 38.3-:.96- 100 8£
13

- 15.27 < [IX- [AY<1.87
Remark:
When TXand rWare both large, the normal approximation remains valid if

al'and i/are replaced by their estimators gand %/ When [Xand »,

are greater than 30, an approximate 100 (1 - 0/Osonfidence interval for
Ifv -wmr) s 8iven by

where za : is the number for which

Rz>zdll)=a/2
and Zfollows Standard normal disti ibution.
Exainpie:
Asample of 50 yogurt cups pioduced by the compaily showed that they
contain an average of 146 calories per cup with a Standard deviation of
64 calories. A sample of 60 such yogurt cups produced by its competitor
$howed that they contained an average of 143 calories per cup with a
Stanchrd deviation of 7.2 calories. Make a 97 (y030nfidence interval for the



difference between the mean number of calories in yogurt cups produced by
the two companies.

Solution:
We can refer to the respective samples as sample 1 and sample 2.
Let £, and i, be the means of populations | and 2 respectively. and

let X and Y be the means of the respective samples.
From the given information:

ny =505 X =146; S, =64

n, =60; Y =143; S.=72
Since both sample sizes are large (#, >30,n, >30) we can replace
o and o, by S;and S; respectively.

Then 100 (1 — @)% confidence interval for (s, - 1, )is given by

— N o 57083
(Xo-Yymz e <y oy <(X=Y) oz, Tf’i
\iny ny a ER 1 SRR T
1-a =097
a =0.03 and af2=0015
Ty =Zggps =217

Fmally. substituting all the values in the confidence interval formula, we
obtain 97 % confidence interval for (¢, ~ 1, )as

64’ 727 64 72
(46-143)- 217104 L T2 <4614, 217 S
: Vs e M T < ) V50 60

018<py —pt, <5.82.

Thus, with 97 % confidence we can state that the difference in the mean
calories of the two population of yogurt cups produced by two different
companies is between 0.18 and 5.82.
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Exercises

1, A random sample of size 10 from a normal population with variance 50
gave a mean 43.2. A second random sample of size 18 from a normal
population with variance 72 gave a mean 48.7. Find a 99 per cent confidence
interval for the difference between two population means.

2. A random sample of size 100 yielded the sample values ¥ = 509.

2 =950. A random sample size 100 from another population yielded

Y =447 S} =875 Find a 95 % confidence interval for (sey 1)

3. An urban planning group is interested in estimating the difference
between mean household incomes for two cities. Independent samples of
households in two cities provide the [ollowing results:

City 1 Citv 2
n, =32 n, =36
x, =$500 \. = $375
S, =$150 S, =$130

Develop an interval estimate of the difference between mean incomes in the
two citics. Show the results for confidence coefficicnts of 0.90 and 0.95.

4. The management at the National Bank investigates mean waiting time for
all customers at its two branches. They took a sample of 200 customers from
he branch A and found that they waited an average of 4 60 minutes with a
ptandard deviation-of 1.2 minutes before being served. Another sample of
P00 customers taken from the branch B showed that these customers waited
Bn average of 4.85 minutes with a standard deviation of 1.5 minutes before
being served. Make a 97 % confidence interval for the difference between
e two population means.

p. Rural and urban students are to be compared on the basis of their scores

0 a nationwide university eotrance test. Two random samples of sizes 80
Ind 95 are selected from rural and urban students. The summary statistics
fom the test scores are




Rural Urban
Sarnple size 80 95
Mean 78.6 85.7
Standard deviation 9.1 8.3

Establish a 96 % confidence interval forthe difference in population mean
scores between urban and rural students.

6. A business consultairt wanted to investigate if providing day care facilities
on premises by companies reduces the absentee rate of working mothers
from companies that provide day ¢are facilities on premises. Sarnple of 50
mothers selected from the companies that provide day ¢are facilities was
taken. These mothers missed an average of 6.4 days from work last year
with a Standard deviation of 1.20 days. Another sarnple of 50 such mothers
taken from companies that do not provide day care facilities on premises
shovved that these mothers missed an average of 9.3 days last year with a
Standard deviation of 1.83 days. Construct a 98 % confidence interval for the
difference between the two population means.

Ansvvers

U (-13.24; 2.24); 2. (53.63; 70.37); 3. (68,68; 181.32); (57.89; 192.11);
4. (-0.51; 0.01); 5. (4.37; 9.83); 6. (-3.62 to -2.18 days).

6. 8. Confidence interval for the difference between the population
means: unknown population variances that are assumed to be equal

xt us consider the 100(1 -a)% confidence interval estimation procedure
for the difference betv/een the means of the populations when the population
have normal distributions with equal variances, i.e., crf = ‘?v’ We will

again be assuming that independent random samples are selected from the
f \

populations. In this case the sampling distribution of | X— Y\is normal

regardless of the sarnple sizes involved. The mean of the sampling
distribution is(,0 Y - K)@-

Because of the equal variances O\ = cr2 - A2, we can write
11 /

2
CTy 1, 1 1)
=&y ]

ny xn.

1 2
lcrx

X -y y nx ny \

Ifthe variance (2, is known, then confidence interval population means can
kefound easily. Hovvever, if aZS unknowvn, the two samples variances,
IS and 9, can be combined to compute the following estimate ofcr2:

c2 _

(nx- 1) «S2+ (ny- NmSy

nx+nv-2

[pe pirocess of combining the results of the two independent samples to
Provide an estimate of the population variance is referred to as polling, and

Is referred to as polled estimator ofcr.
Lefinition:
fuppose that two samples of sizes ntand [\are selected from normally

rstributed population with means LIXand jU(, and a common, but unknown

priancecr2. If sarnple means are X and Y, sarnple variances are S?and g,,
len 100(1 - A)%confidence interval for (iU(- Lmis given by



' JTH). . AT
“In,+n,-2,al2 S\i- ﬂ—.d\b(—\. XY +4+((""2,“/2 +I-l

V«V nv Vn ln

were 5 is given by

(rx—l) SiHnr-)-SI
XHW- 2

and t,+,, ’7,dz IS number for \vhich

H,.-2 >t/;,+/?, -iMi23 oy
The random vaiiable tfollows to the Student’s tdistribution with
(?v+ N - 2) degrees of freedom.

Kxatnie:
Independent random samples of checking account balances for customers at

two branches of National Bank showv the follovving results:

Bank branches Number of Sample mean Sample Standard
checking accounts  balance deviation

] X=$150
I Bank A 12 Y= Oco

Bank B 10 Y= $920 SY=s120

Find a 90 % confidence interval estimate for the diffelence betvveen the
mean checking account balances of the two branches.

Solution:

100(1 —6r)% confidence interval is

MHY f o\

X-Y Aiv+n,-2.0/2 's = <Mx - Mr < -Y * Afi,+n,.-2.a/2 s ¢
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I=1bl50" +9-1201
12+10-2

S 1373
K+ I'W- 2=20
100(1-«)%-90%
d/2=0.05

> K,+nr-2.aMl ) = POII. +1,-2 2006) - 0.05 .
20,006 - 1-725

Thus, the interval estimation becomes

(1000-920)-1 725 M37.3m 2 < LIX- L/<{1000- 920) +1.725+137.3+" 2

- $21.40 <y x -ju> <$181.40
|At a 90 % level of confidence the interval estimate for the difference in
mean account balances of two branches of Bank is - $21.40 to Si 81.40.
The fact that the interval includes a negative range of values indicates that
the actual difference in the two rneans {jjx - /i k)may be negative.

[Thus /.lyconld be actually be larger than jU(

Exercises

f_I he following information was obtained from two independent saniples
selected from two normally distributed poptilations with unknown but equal
variances.

-20 X=3.75; X=5.25

=3 7=2850;  OY=4.55

% confidence interval for (iUX-M)_

TThe National Bank is interested in estimating the difference betvveen the
ean credit card balances of its two branches. independent random samples
of credit card customers provide the follovving results:

231



Branch A Branch B

n, =32 n, =36
X, =$500 X, =$375
S, =$150 S, =$130

Construct an interval estimate of the difference between mean balances. Use
a confidence coefficient of 0.99.

3. Production quantities of 1wo workers are shown below. Each data value
indicates the amount of items produced during a randomly selected 1 day
period

Worker 1: 20; 18; 21, 22; 20

Worker 2: 22; 18: 20; 23: 24
Develop a 90 % confidence interval estimate for the difference between the
mean production rates of the two workers.
4. The mean salary of male professors at the universities was 54 340 tg and
that of female professors was 48 080 tg. For convenience, assume that these
two means are based on random samples of 28 male and 26 female
professors. Assume that the standard deviations of the two samples are
3 100 tg and 2 800 tg, respectively.
Construct a 90 % confidence interval for the difference between the two
population means.
5. The following summary statistics are recorded for independent random
samples from two populations:

Sample | Sample 2
n, =7 n, =8

X =862 Y=74.7
LS"‘ -—142 5‘\ == 55

Stating any assumptions that-you need, determine a 98 % confidence
interval for (z, - 41, ).

6. A company is interested in buying one of two different kinds of machines.
Company tested the two machines for production purposes. The first
machine was run for 8 hours and produced an average 123 items per hour
with a standard deviation of 9 items. The second machine was run for 10
hours and produced an average of 114 items per hour with a standard




deviation of 6 items. Assume that the production per hour for each machines
approximately normally distributed. Also assume that the standard deviation
of the hourly production of the two populations 1s equal

Then find a 95 % confidence interval for the difference between the two
population means.

Answers
L (2.21;9.29); 2. (837 7: $212.43%; 3. (Worker 2- Worker 1) 0.87; units 10
3.27 units); 4. (4909.87; 10 7610.13): 5. (-2.84: 25.84): 6. (1.50 16.5(
items).

6. 9. Confidence interval for the difference between the
population proportions: {large samples)

As it was discussed carlier, for a large sample the sample proportion p is
appm\lmdtelv normally distributed with mean p and standard deviation

(1fP’

\’ i

Suppose that a random sample of size 1, observations from a population

with proportion of “success” p,-has a sample proportion of success p .,

and that an independent random sample of size a1, observations from a
population with proportion of “success” p, vields sample proportion g, .

Since n, and n, both are large, their sample proportions p, and p, are
‘approximately normally distributed with means p . and p. . and standard
deviations

)P\( P.\) and
\’ My
[py(-py)
V Ny

Then the random variable p - p, . and the variance

|

respectively.

|
tsa
(9%}




» o _px=pe)  prl-pr)

O—_ =
YR}
P ny ny

The standardized random variable
ip.\A‘p; :"(]7\ ']-7})
Z - N /
[px0=pa)  prO=py)
\: Ny )

1s approximately standard normal.
In order to find contidence interval for (p, —p, ). we must either know or
gstimate the quantity of

Py pop)

ny n,

We can estimate the population proportion p | by the sample proportion p , ;

and we can cstimate the population proportion p, by the sample

proportion p, . T'hen

pel=py) p-py) py-p), pyU=py)
",

1y ", N

Then an approximate 100(1 -- a)% confidence interval is given by

s AN ; . y
‘ Px— Py }_ T APy oDy <| Py=Py |tig,4
N v \ /

where

r—

. ,p_y(l—p_\,_)_‘“p),(l—p,)-

V ny n,

i
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Example: :
Mike and Tom like to throw darts. Mike throws 100 times and hits the target

34 times; Tom throws 100 times and hits the target 49 tmes. Find a 93 %

confidence interval tor(p, —p, ), where p represents the true proportion

of hits in Mike’s tosses, and p, represents the true proportion of hits in

Tom’s tosses.

Solution: -
100(1—a)%=95%  and £, =1.96

) 54
7, = — = 054 -
P =100
) 49
), == 0,49
T

L Uepe) py=py)  10.54.0.

4o zp;\wiwpé_)ﬂ_/_)__,_n(_ Pyl jo.:4.o.4§+0.49»o.31 - 0.0706
\i‘ ny iy \; 100 100

(0.54 - 0.49) -~ 1.96-0.0706 < p, — p, <(0.54 —0.49) +1.96 - 0.0706

-0.088<p, - p, <0.188
Thus. with 95 % confidence we can state that the difference between the
proportions ot Mike's and Tom's tosses 1s between -0.088 and 0.188.

Exercises
L Find a 90 % confidence interval for p . - p,, if a sample of size 200

yielded p, =0.70and a sample of size 300 yielded p, = 0.65.
JZ; Construct a 99 % confidence interval for py ~ p, 1f

3

wn

ny =300, py =0

ny =200, p, =059

o
[9%)
th




3. A sample of 400 observations taken from the first population gave
x, =150 . Another sample of 700 observations taken from the second

population gave x, =225. Make a 96 % confidence interval for p, - p,.

4. A sample of 300 items produced by a supplier A possessed 270 defective
items. A random sample of 360 items produced by supplier B possessed 162
defective items. Compute a 95 % confidence interval estimate for the
difference in proportion defective from the two supphers.

5. Assume that 66 % of single women and 81.9 % of single men own cars.
Also assume that these estimates are based on random samples of 1640
single women and 1800 single men. Develop a 99 % confidence interval for
the difference between the two population proportions.

6. The management of a market wanted to investigate if the percentage of
men and women who prefer to buy national brand products over the store
brand products are different. A sample of 300 men shoppers at supermarkets;
showed that 175 of them prefer to buy national brand products over the store
brand products, Another sample of 800 women shoppers showed that 360 of
them prefer to buy national brand products over the store brand products.
Construct a 95 % confidence interval for the difference between the
proportions of all men and women shoppers at supermarket who prefer to
buy national braud products over the store brand products.

7. A sample of 600 females was selected from ethnic group A and a sample
of 700 from ethnic group B. Each female was asked “Did you get married
before you were 227”. 246 of females from group A and 266 of females
from group B answered “yes”. Find a 95 % confidence interval for the two
population proportions.

8. According to a survey, 1010 adults conducted and 74.2 % of male and
88.8 % of women said that they are concerned about living near a nuclear
power plant. Assume that there were 520 men and 490 women i this
sample.

Construct a 99 % confidence interval {or the difference between the
proportions of all men and all women who are concerned about living near
power plant,

Answers

-0.02; 0.12); 2. (-0.18; 0.06); 3. (-0.006; 0.116); 4. (0.023: 0.157):

L
5.(-0.20: -0.12); 6. (-0.154: 0.046); 7. (-0.02; 0.08); 8.(-0.21: -0.08).

6. 10. Confidence interval for the variance of a2 normal
distribution

We may often need to estimate confidence interval for the population
variance (or standard deviation). .
Like every sample statistic, the sample variance is a random variable and it
possesses a sampling distribution. If all the possible samples of a given size
are taken from a population and their variances are calculated, the
probability distribution of these variances is called the sampling distribution
of the sample variance.

The random variable

-l T -~

follows a Chi-square distribution with (» 1) degrees of freedom.
To find the formula for calculating Contfidence intervals for the variance. it

{is necessary to introduce new notations.
{We will denote y7 = ¢, the number for which Ply> > 77 )=«
(Fig.6.13)

-«

Fig. 6.13.
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Similarly, it follows that x| 1s defined as P? Y>>

IR

[RERS

2
And 77
n- - 7

R ]
- I
n=il-= ;

is definedas P 72 >y

/

Then it follows that P; 7o < ;{"_‘ L l=
\ sy

In the end, as it shown in Fig.6.14

( 2 2 2 1
Pi}j'H_a <X <X 4 I=1-a

;

Using usual procedure we obtain 100(1 - «)%0 confidence interval for

population variance as

/A(n2 T w2 . Z,‘: T2 /}V/J‘v—v’
Fig. 6.14



Or4)5i<dz<(n«Uu§

2 2

X 4 e

N -t -
7 -

where y, , follows a Chi — square distribution with (n —1)degrees of
freedom.

Example:

The variance in drug weights is very critical in the pharmaceutical industry
For a specific drug, with weights measured in grams, « sample of 18 units
provided a sample variance of S~ =0.36

a) Construct a 90 % confidence interval estimate for the population variance
for the weights of this drug.

b) Construct a 90 % confidence interval estimate for the population standard
deviation for the weights of this drug.

Solutign:
From the given information
n=18%: v=n--1=17: ST =036

-and for a 90 % contidence interval, @ =0.1; a/2=0.05.

100 - (1-- @)% confidence interval for o~ is given by

< -

X a X

S

U RO (e

n-Li——‘j—

a) From the Chi- square table we obtain that
2 Ul ,

Knrar2 = Xinow 2759,
i )

s

Xoetd a2 = Xizpes = 8.07

After substitution we obtain

17-0.36 , 17036

LTS N At

27.59 8.67

022<o’ <0.71
b) We can obtain the confidence interval for the population standard
deviation o by taking the positive square root of the two limits of the above
confidence interval for the population variance. Thus, 90 % confidence
interval estimate for the population standard deviation is

(2]
(V¥
O




V022 <o <071

047 <o <0.84
Hence, the standard deviation of all investigated drug is between 0.47 and
0.84 grams at a 90 % confidence level.

Exercises

1, The sample of 15 bus arrivals showed a sample variance at §7 = 4.2 min,
a) Construct a 95 % confidence interval of the variance for the population o
arrival times,
b) Suppose that the sample variance of $7 =3.5min . had been obtained
from a sample of 26 bus arrivals. Determine a 95 % confidence interval of
the variance for the population of arrival times.
2, From production process a random sample of 25 a certain brand of light
bulbs was taken. The variance of the lives of these bulbs was found to be
4710 hours. Assume that the lives of all such bulbs are approximately
normally distributed.
a) Make a 99 % confidence interval for the variance and standard deviation
of the lives of all such bulbs.
3. The time required to complete a certain operation by the sample of 25
emplovees of auditing company has a standard deviation of 3.1 min,
Construct a 98 % confidence interval foro .
4. From a data set of n=10 observation, one has calculated the 93 %
confidence interval for o and obtained the result (0.81; 2.15).
Calculate a 90 % confidence interval foro .
5. Given the sample data

12, 18, 9, 15,
Construct a 95 % confidence interval foro .
6. A sample of 7 observations taken from a population produced the
tollowing data

10, 8. 1 13, 6, 8, 13

Make the 98 % confidence intervals for the population variance and standar
deviation.
7. A random sample of 25 customers taken from the bank gave the variance
of the waiting times equal to 7.9 min. Construct 99 % confidence intervals
for the population variance.

14

N
I

8. Suppose that based on a random sample of size 10 from a normal
distribution, one has found the 95 % confidence interval for the population
mean to be (36.2: 45.8). Using this result determine a 95 % confidence
interval for the population standard deviation.

Answers

¢ la) (2.25:10.44): b) (2.15: 6.67); 2. ) (2481.1; 11429.7) and (49.8: 106.9).
:3.(2.32:4.61)4.(0.86; 1.94); 5. (2.25: 9.66): 6. (3.91; 75.36) and
(1.98: 8.68); 7. (4.16: 19.18): 8. (4.62; 12.25).

6.11. Sample size determination

! The reason why we always conduct a sample observations and not a census
1s that almost always we have limited resources at our disposal. In our
calculations. if a smaller sample can serve our purpose. then we will be
wasting our resources by taking a larger sample. For example, suppose we
want 1o estimate the mean life of certain type of lights bulbs. It a sample of
50 light bulbs can give us the type of contidence interval that we are looking
for, then we will be wasting money and time if we take a sample of much
larger size, say 800 light bulbs. In such cases if we know the confidence
interval that we want, then we can find the (approximate) size of the sample
that will produce the required result.

6.11.1. Sample size determination for the estimation of mean

Suppose that sample of n observations is taken from a normally distributed
population with mean g and known variance o~ . We know that

100 - (1 — )% confidence interval for the population mean g is given by

<H <X+ Zuia

a

/
v il

r= o 2

d

—

Nn

where xis the sample mean and z,,,, is the appropriate cutoff point of the

standard normal distribution. This confidence interval is centered on the
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sample mean and extends a distance of L, the margin of error (also called the
sample error, the bound, or the interval halt width) is given by
o

L=z, =

AN

Suppose that we predetermine the size of L and want to find the size of the
sample that will yield this margin error. From the above expression, the
tollowing formula is obtained that determines the required sample size n.
Definition:

Given the contidence level and standard deviation of the population

(or population variance), the sample size that will produce a predetermined
margin error /. of the confidence interval estimate of 13

n=- % —

(Zq 2 ): o
I

Remark 1:
If we do not know o , we can take a sample and find sample standard
deviation. Then we can use S for o in the formula.
Remark 2:
n must be rounded to the next higher integer, because a sample size can not
be fractional.
Example:
Suppose that we want to estimate the mean family size for all country
tamilies at 99 % confidence level. It i1s known that the standard deviation
o for the sizes of all families m the country is (.45,
How large a sample should we select if we want its estimate to be within
0.02 of the population mean?
Solution:
We want the 99 % confidence interval for the mean family size to be

x+0.02.
Hence, the margin of errors is to be 0.02, that is
L=0.02
The value of = ,for a 99 % confidence level is 2.58.
The value of ¢ is given to be 0.45. Therefore, substituting all values tn the
formula and simplifying, we obtain
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!

_an)0” _(258) (049" 3606 137

n
L (0.02)°

Thus. the required sample size is 3370. If we will take a sample of 3370
families. compute the mean family size for this sample, and then margin of a
99 % confidence interval around this sample. the margin of error of the
estimate will be approximately 0.02.

6.11.2. Sample size determination for the estimation of proportion

Just as we did with the mean, we can also determine the sample size for
estimating the population proportion p.
We know that 100 - (1 —a)% confidence interval for p is given by
e r——
))*‘/ A wm(—-_p ) < ’)4—7 5 E—_—
e \ n SRR R \‘ 1

where p - is the sample proportion.
This interval is centered on the sample proportion and extends a distance L:
——
Ip(l -
L=z, . ,\ |pl-p)
n
This result can not be used directly 1o determine the sample size 7 necessary
to obtain a confidence interval of some specific width. since it involves p .

which 1s not known. But whatever the outcome., p(l - p) can not be bigger

than 0.25, its value when the sample proportion is 0.5. Thus. the largest
possible value for  is given 1 by

075 _ 0.5-24.-

Zarz” I*"‘ Y

Vi

L,-

Using basic algebra, we obtain

[ 052 P
N o= “le

‘and squaring yields




Definition: v
Let a random sample be selected from a normal population. 100 - (1 —&)%

confidence interval for the population proportion, extending a distance of at
most L on each side of the sample proportion, can be guaranteed if the
sample size is

)

0.25-(z,
= ———

L

N

5}

Example:

A public health survey is to be designed to estimate the proportion p of a
population having defective vision. How many persons should be examined
if the public health doctor wishes to be 98 % certain that error of estimation
is below 0.05?

Solution:

The public health doctor wants the 98 % confidence interval to be px 0.05
Therefore L =0.05. The value of = . for a 98 % confidence level 1s2 33
After substituting we obtain that the required sample size 1s
0.25-(z,.)°  025-(233)° .
0o (A’“'i-).‘ =022 ( ﬁ’> =542.89=543.
L (0.05)"

Thus, if the doctor takes a sample of 543 persons, the estimate of p will be
within 0.05 of the population proportion.

Exercises

1. Determine the sample size for the estimate of 4 for the following:

a) L=0.17; o=090: confidence level = 99%
by L=4.1; o=2345; confidence level = 95%
¢y L=259" o=12225:  confidence level = 90%

2. Determine the most conservative sample size for estimation of the
population proportion for the following:

a) .=0.025; confidence level =99 %
b) L=0.045; confidence level =96 %
¢) L=0.015; confidence level = 90 %

%
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3. A sample of 50 workers’ average weekly earmings gave o = $35.
Determine the sample size that is needed for estimating the population mean
weekly earnings with a 98 % error margin of § 3.50.

4. How large a sample should be taken to be 95 % sure that the error of
estimation does not exceed 0.02 when estimating a population proportion?
5. A food service manager wants to be 95 % confident that the error in the
estimate of the mean number of sandwiches dispensed over the lunch hour is
10 or less. What sample size should be selected if o = 407

6. One department manager wants to estimate at 90 % confidence level the
mean amount spent by all customers at this store. He knows that the
standard deviation of amounts spent by customers at this store 15 $ 27. What
sample size he chooses so that the estimate is within $ 3 of the population
mean? ’

7. A teacher wants to estimate the proportion of all students who own
mobile telephones. How large should the sample size be so that the

99 % confidence interval for the population proportion has a maximum
error of 0,037

8. A private university wants to determine a 99 % confidence interval for the
mean number of hours that students spend per week doing homework. How
large a sample should be selected so that the estimate is within | hour of the
population mean? Assume that the standard deviation for the time spent per
week doing homework by students is 3 hours.

Answers

) 61; 2. a) 2653; b) 437: ¢) 3007; 3. 543: 4. 2401, 5, 62;
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APPENDIX

N R

A e-/L
0.00 | 1.000000
0.10 1.904837
0.20 | 818731
0.30 | .740818
040 ! .670320
0.50 | .606531

0.60 1 548812

£ 0.70 496585

0.80 | .449329
0.90 | 406570
1.00 | 367879
110 | 332871
120 | 301194

140 246579
150 | 223130
1.60 | 201897
170 . 182684
180 | 165299
1.90 | 149569
2.00 ¢ .135333
210 122456
220 | 110803
230 | 100259
240 090518
250 082085




Table 1: Values of ¢

-

A e A e A ¢
|
|

2.60 | 074274 1510 | 006097 | 7.60 000501
(2701067206 | 520 | 005517 7.0 | .000453
| 2.80 1 060810 | 5.30 | 004992 © 7.80 | .000410
1290 055023 1540 0 .004517 790  .00037]
13.00 | 049787 | 5.50 | .004087 | 8.00 | .000336
1 3.10 | 045049 | 5.60 | .003698 | 8.10 1.000304 |
1320 | .040762 | 570, 003346 | 8.20 [.000275 |
530 1036883 | 580 .003028 | 830 | .000249 |
3400333731590 | 002739 840 |.000225 |
13,50 | 030197 | 6.00 | 002479 | 850 ! 000204 |
360 1.027324 1 6.10 . .002243 1 8.60 | .000184
3701024724 620002029 1870 | 000167 |
3.80 | 022371 | 6.30 | 001836 © 8.80 | .000151 |
390 .020242 | 640 | 001661  8.90 | 000136 |
4001018316 | 6.50 | 001503 9.00 1 .000123
410 1.016573 1 6.60 1 001360 | 9.10 . .000112
420 0014996 670 | 001231 | 920 | .000101
‘14.30 013569 | 6.80 | 001114 | 9.30 | .00009]
440 1 .012277 1 6.90 | .001008 | 940 | .000083
4.50 (011109 | 7.00 | 000912 | 9.50 .000075 |
4.60 . .010052 | 7.10 | 000825 © 9.60 . .000068
470 | 009095 1 7.20 | .000747 | 9.70 1 .000061
4.80 | .008230  7.30 | .000676  9.80 | 000056
490 | .007447 740 | 000611 | 9.90 | .000050
5.00 | .006738 | 7.50 | .000553 | 10.00 | 000045
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Table 2: Cumulativéd : ribution
z F(z) ‘ z F{z) I“ z l F(z) I z “ F(z) 1& z \ F(z) \ z \ F(2) \
00 | 5000 f | | ! \‘
01 5040 21 5832 41 6391 61 | 7291 81 | 7910 | 101 | 8438
02 | .5080 22 5871 42 6628 62 T324 8217939 1102 ) 8461
03 | 5120 23 5910 43 6664 63 7357 83 7967, 1.03 8485
04 | 5160 24 5948 44 6700 64 7389 84 7995 | 104 | 8508
05 | 5199 25 5987 45 6736 65 1 7422 85 8023 | 105 | 8531
|
06 | 5239 26 6026 46 6772 66 7454 86 8051 | 106 | .8554
07 | 5279 27 6064 47 6803 67 7486 87 8078 | 1.07 | 8577
08 | 5319 28 6103 48 6844 68 7517 88 8106 | 108 | .8599
09 | 5359 29 6141 49 6879 69 7549 89 8133 | 109 | 8621
10 | 5398 30 6179 50 6915 70 | 7380 90 8159 | 1.10 | 8643
11 5438 31 6217 51 6950 |71 761l 91 | 818 | 111 | 8665
12 | 5478 32 6255 52 6985 |72 7642 9 8212 | 112 | 8686
13 1 5517 6293 53 7019 73 | 7673 3 8238 | 113 | 8708
14 | 5557 34 6331 54 7054 74 7704 94 8264 | 1.14 | 8729
15 | 5596 35 6368 55 7088 75 7734 95 . 8289 | 115 | 8749
|
16 | 5636 36 6406 | .56 7123 76 7764 96 8315 | 116 | 8770
17 | 5675 37 6443 57 7157 77 7794 97 8340 | 117 | 8790
18 1 5714 38 6480 58 7190 78 7823 98 8365 | 1.18 | 8810
19 575 39 6517 59 7224 79 7852 99 8389 0 119 | 8830
20 | 5793 40 6554 60 7257 80 7881 1.00 8413 | 120 | 8849
! i
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Table 3: Chi- square distribution
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2.83
2.84
2.85

2.86
2.87
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Table 2: Cumulative distribution function of the Standard normal distribution (continue)

F(z)

.9966
.9967
.9968
.9969
.9970

9971
9972
9973
9974
.9974

9975
.9976
.9977
9977
.9978

9979
.9979
.9980
.9981
.9981

2 F(z)
291 .9982
2.92 .9982
2.93 .9983
2.94 .9984
2.95 .9984
2.96 .9985
2.97 .9985
2.98 .9986
2.99 .9986
3.00 .9986
3.01 .9987
3.02 .9987
3.03 .9988
3.04 .9988
3.05 .9989
3.06 .9989
3.07 .9989
3.08 .9990
3.09 .9990
3.10 .9990

31
3.12
3.13
3.14
3.15

3.16
3.17
3.18
3.19
3.20

321
3.22
3.23
3.24
3.25

3.26
3.27
3.28
3.29
3.30

Fo) -
9991 331
9991 332
9991 333
9992 334
9992 3.35
9992 3.36
9992 337
9993 3.38
9993 3.39
9993  3.40
9993 341
9994 342
9994 343
9994 344
9994 345
9994  3.46
9995 347
9995  3.48
9995 349
9995  3.50

F(2)

.9995
.9996
.9996
.9996
.9996

.9996
.9996
.9996
.9997
.9997

.9997
.9997
.9997
.9997
.9997

.9997
.9997
.9997
.9998
.9998

351
3.52
3.53
3.54
3.55

3.56
3.57
3.58
3.59
3.60

3.61
3.62
3.63
3.64
3.65

3.66
3.67
3.68
3.69
3.70

F@2)

.9998
.9998
.9998
.9998
.9998

.9998
.9998
.9998
.9998
.9998

.9998
.9999
.9999
.9999
.9999

.9999
.9999
.9999
.9999
.9999

371
3.72
3.73
3.74
3.75

3.76
3.77
3.78
3.79
3.80

381
3.82
3.83
3.84
3.85

3.86
3.87
3.88
3.89
3.90

F(2)

.9999
.9999
.9999

.9999

.9999

.9999
.9999
.9999
.9999
.9999

.9999
;7999
.9999
.9999
.9999

.9999
.9999
9999
1.0000
1.0000

z

391
3.92
3.93
3.94
3.95

3.96
3.97
3.98
3.99

F(2)

1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000



Table 4: Cut-off point of Student’s 7 distribution

! 14 L - o i
| | 0100 | 0.050 | 0.025 | 0.010 | 0.005 |
| | ? |
P 5078 0 6514 i2.706 ¢ 31821 03037
o2 1886 | 2920 | 4303 | 6965 | 9925
I3 1638 1 2353 1 3182 | 4541 1 5841
L4155 2132 | 2776 | 3747 0 4604
5 1476 2015 1 2570 3365 0 4032
6 1440 1943 | 2447 1 3043 | 3707
L7 1415 | 1895 1 2365 | 2998 | 3499 |
o8 1397 | 1.860 2306 | 2896 | 3355 |
b9 1383 | 1.833 2262 . 2820 | 3250 |
w0 | 1372 | ousi2 [o2208 | 2764 | 369 |
| } { : | ]
o 1aer o179 2201 2718 3160 |
S LA B SR 1 1.782 2479 D68l 35
13 1350 1.771 2060 . 2650 1 3012
b4 1345 1.761 20145 2624 2.977
B 1341 0 1753 2031 0 2602 0 2.947
16 1337 1 1746 1 2020 2583 2921
LT 1333 1740 2010 0 2567 0 2898
181330 1 173 2001 1 2552 2878
L1990 L1328 | 1729 | 2093 | 2539 0 286l |
Co200 13250 1723 2086 0 2528 PR _{
j i \ ! |
Lo s a7 o080 D o2sis Lo2sst
o220 1 1321 0 a7 2074 2508 | 2819 |
L T BB 1714 D040 2500 Lo
Poo2g b 13I8 L7 2064 2492 ) 2797
P25 L 1316 0 1708 1 2,060 2485 ¢ 2787 |
L2600 1315 0 17060 2056 1 2479 0 2779
27 1314 0 1703 ) 2052 | 2473 L 2971
2% 1313 1701 | 2048 | 2467 | 2763
o290 sl 1699 | 2045 | 2462 | 2756 |
| 30 ‘ 1.310 1697 1 2042 1 2457 | 2750 |
{ i { i i
i 40 | 1303 1.684 2.021 i 2423 i 2.704 ]
L 60 f 1,296 1671 2000 1 2390 | 2660 |
5 t { :
g w1282 1645 | 1960 } 2326 | 2576

252
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