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Generalization of Hurwitz Theorem
In this paper I consider the proof of the main theorem of my diploma thesis.

Let frEEa)a z0...0a,z" .
be a polynomial with real coefficients. Let’s consider the following polynomials
p,LEF fLEUrL ()
q,L2F [ zU] rU_ o

The following lemmas will help us:

Lemma 3.1.1

a). Coefficients of polynomial (2) are connected with coefficients of polynomial (1) by the
formulas:
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b). Coefficients of polynomial (3) are connected with coefficients of polynomial (1) by the
formulas: ) by
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Proof.
a). By definition
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Let’s consider polynomials "£01700 It is clear that if Tk ¢ po pry ik
contain z* iep z}k the zero coefficient. So z* has nonzerolci:cl)1 Z‘Pfl'e _pOIYNOmIHI N does not
g S o kSIS n - ellicients after opening brackets in
£Ur ifand only if . By Newton binomial formula we have:
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So the corresponding coefficients of 2% will be

............

C; "F 5)

Then from (4) and (5) we have
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[f we repeat the explanations we use in a) we receive that coefficients of z* ;
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Now we may formulate and prove the main theorem of this paper.
Theorem 3.1.1 7
Roots of the polynomial /"™ belong to

a). The semi-plane R€Z"7 if and only if the polynomial 7» 211 s the Hurwitz polynomial.

6). The semi-plane R€Z7ifand only if the polynomial 9~ 1 s the Hurwitz polynomial.

g). The domain "1 Rez''ry if and only if the polynomials 97" and Pr. ™ are the Hurwitz

polynomials.
Proof.
a). Let “ be aroot of the polynomial Szl e J1e=0 Thenno problem to see that #~ 7 is
the root of the polynomial 2r' %= JUUrL o
B0~ =16 —r+* = Jo(= 0.
So if ®i+-- % are all roots of the polynomial /' £' then “1™7 @~ " are all roots of the

polynomial 7r-* .80 the polynomial Pr-= " is the Hurwitz polynomial if and only if
Relé,— ri* Rea,—r0, £=0,1,....n

Reg,Or, £=0,1,...54

2

or ;

b). If * isaroot of the polynomial 120 then ~¢/' s the root of the polynomial 9r-* - as
q,FalrF 5 FalrTrF fOEF0

So if %1+ % are all roots of the polynomial FieUthen T®-T T U are all roots of the

polynomial 9r 2L g0 4r£ 1 s the Hurwitz polynomial if and only if
Rel+ o, UrF—Req,0r00, k=0,1,....,n
Rea,lr, k=0,L,...,n
or ; .
B). The proof of this item immediately follows from items a) and b) of our theorem.

Now let’s consider the following general problem:

Let / £ ! be a polynomial with real coefficients, »= kT1b - be a line in the complex plane
z=xl' ¥  Find the necessary and sufficient conditions the coefficients of the polynomial JEt
satisfy such that all roots of the polynomial belong to
a). In the semi-plane V hb .

6). In the semi-plane yOhedd .

The following example shows that in general case this problem has no solution.
Example. Let’s consider the line y=0 ¢ ST2T g any polynomial with real coefficients and *
20 je. M@ 0 then by theorem1.12. it follows that conjugate number

is a complex root of f
7 isthe root of / £ too. So all roots of any polynomial with real coefficients can not belong to

, . |
the semi-plane 10 6 to the semi-plane V 0
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Pesrome
B smoii pabome dokasvieaemcs, Ymo eciu u mo KOPHU MHO2OYACHA npunadnesicam:
a). RONYANOCKOCIU M020a Ut MONLKO M020d, K020d MHO20Y.1eH Typeuya.
6). noayniockocmu mo20d 1 MONLKO M020d, KO20d MHO20YNCH T'ypeuya.
6). obaacmu, ecau u MoALKO ecu noAUHOMbL u noaunozsr I'ypeuya.

Resume
In th{quger_we_prove that if [ ¥Faglaz0)...0a,z" p, e fTE0r" _—
g, F f&Fz0Or0
then roots of the polynomial /' belong to
a). The semi-plane ReZUTif and only if the polynomial Pr'EL

. is the Hurwitz polynomial.
RezOr

. - if and only if the polynomial 9, ! jg the Hurwitz polynomiall.
6). The domain T1- Rezlr, if and only if the polynomials 4, %" and Pr, £
polynomials.

6). The semi-plane

~are the Hurwitz

Ozet
Bu yazida ve eger kamitlamak sonra polinom koklerini ait
a). yari-diizlem ve eger polinom Hurwitz polinom yalnizca.
6). yari-diizlem ve eger polinom Hurwitz polinom valnizca.

6). etki alant ancak ve ancak polinomlart ve eger vardir Hurwitz polinomlar

Tin — xanvikmoiy maodenuemi MeH Kpamuinpiy Kepinici

M.Mazayun




