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Abstract

We consider Jordan brackets in a free assosymmetric algebra. We investigate
expansions of left-normed Jordan brackets in free assosymmetric algebra and give
a conjecture. In general, we show the proposition and some examples then the
proof. For associative algebras P.M. Cohn gave a criterion for Jordanian elements
generated by three elements, but we further advanced to assosymetrical algebras
not with three elements, but with four, and we showed five elements, but we have
the degree and the elements are equal. In general, we have shown a special case,
but in the end, there are assumptions that it can work on any dimension n.



Annarmoa

bi3 epkin accumMeTpusiIbIK, ajiredpaja, J»kopmaH kKaxkiiajgapblHIa KapacTblpa-
MbI3. EpKiH acuMMeTpusIbIK ajaredpajia coJl KakK HOpMaJlaHFaH MOpJIaH YKaKIia-
JIAPBIHBIH, bIJIBIPAYBIH JIDJIEJIJIETT, O0IPKaMIbl aJifa TapTaMbl3. 2KaJbl, 613 YChIHbI-
CTBI YKoHE Keitbip MbIcaiiapibl, ColaH KeiiH jpJiesal Kkepceremis. AccormuaTuBri
asireOpaJsiap yurd 11.M. Kon yir sjieMeHTTeH KypbLIFaH HOPAAHIbIK SJIeMEHTTeP-
JIiH, KpuTepuitin 6ep;ii, 6ipak 613 oaH 9pi acCUMETPUJILIK ajredpaJiapra KOITiK
VIII 9JIEMEHTI eMec, TOPT-ey »KoHe Oec JIEMEHTT aJlJIbIK , Oipak 6i3/1e JoperKe »KoHe
9JIeMeHTTEep caHbl TeH. ZKaJibl, 613 epekine »Kargaiibl KOPCeTTiK, Oipak COHbIH/IA
OJI Ke3 KeJIPeH N eJINEeMiHe »KYMbIC icTell ajajbl jiereH oJzKaMaap oap.



AnHoranuga

Mpub1 paccmarpuBaeM KOpJ/IaHOBbIE CKOOKH B CBOOOJIHOI aCCOCMMMETPUYHON aJi-
rebpe. MbI jloKa3bIBaeM Pas3JIoXKeHUs JIEBOHOPMUPOBAHHBIX »KOPJAAHOBBIX CKOOOK
B CBODO/THOI aCUMMETPUYHOIT a/iredpe 1 BbIIBUTaeM IuoTe3y. B obieM, Mbl IToKa-
3bIBaEM IIPeJIJI0yKeHNe 1 IPUMEPOB, a 3aTeM JI0Ka3aTe/1bCTBO. s accoruaTuBHbIX
asreop II.M. Kon gas kKpurepuii >KOpJaHOBBIX 3JIEMEHTOB, IIOPOXKIEHHBIX TPEMSI
9JeMeHTaMI, HO Mbl Jlajiee TePENIn K aCCOCUMMETPUYHBIM ajredpaM He ¢ Tpe-
MsI 9JIEMEHTaMHU, & C YeThIPbMsI, 1 IIOKa3aJIi IsITh 9JIEMEHTOB, HO UMeeM CTEIeHb
1 9JIeMeHThl paBHBI. B o01ieM, Mbl MOKa3aJ 9acTHBIN cjydail, HO B UTOre eCThb
IPEJIITOJIOYKEHUsI, YTO OH MOXKeT paboTaTh Ha JIH000H pasMepHOCTH 1.
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Chapter 1

Introduction

Assosymmetric rings first appeared in the paper by Kleinfeld [9] in 1957. He
proved that an assosymmetric ring of characteristic different from 2 and 3 without
ideals I # 0, such that I? = 0 is associative. Furthermore, assosymmetric algebras
were studied in [2],[1],[10], [8],|6]. A base of free assosymmetric algebras was
exhibited in [4].

Assosymmetric algebras are defined by the following left-symmetric and right-
symmetric identities:

(z,y,2) = (v, 2,9), (2,9,2) = (y, 7, 2), (1.1)

where (z,y,z) = (xy)z — z(yz). The variety of assosymmetric algebras admits
the commutative associative and associative algebras as a subvariety.
Let A®) = (A, {,}) be a subalgebra of A under Jordan product (anticommuta-
tor) i.e. multiplication is defined by the anticommutator product {a, b} = ab+ba.
Let A be a variety of assosymmetric algebras. We define A™*) as a class of al-
gebras of the form A™) where A € A. In [1], established that any assosymmetric
algebra under Jordan product satises three polynomial identities

{a,b} = {b,a} (commutativity),

{a,{b,b},c} = 2{b,{a,b,c}} (Lie triple),

and Glennie identity of degree 8.

Let X = {x1,29,...} be aset and A(X) be a free assosymmetric algebra gen-
erated by X. A polynomial in A(X) is called Jordan element of A(X) if it can be
expressed by elements of X in terms of anticommutators. For associative algebras
P.M. Cohn gave a criterion for the Jordan elements generated by three elements
[3]. In addition, he gave a criterion of homomorphic images to be special and
showed that the homomorphic image of the free special Jordan algebra generated
by three elements is exceptional.

In this study, we describe all Jordan elements up to degree 6 in a free assosym-
metric algebra generated by proposition (3.1.1)).



1.1 Motivation

We investigate expansions of left-normed Jordan brackets in free assosymmetric
algebra and give a conjecture. In general, we show the proposition and some
examples then the proof.

1.2 Aims and Objectives

We consider Jordan brackets in a free assosymmetric algebra. If we take As-
sosymetic algebra as a mountain and we study inside the cave there is a lot that
we do not know, and our goal is to make our part of the contribution to the study.
There are still open questions, we will not be able to answer practically the weight
of the question in the mountain is very many grains. in our duty, advance the
process a few steps

1.3 Thesis Outline

First chapter is [Introduction| chapter. It is this one part of that you are currently
reading now and there is all about what’s to come. Provides a basic overview of
our work. In Chapter [2f we showing short history review related work.In Chapter
Bl we have main result our works and formulate the problem to solve, propositions,

theorems and proof. And in the|Conclusion|chapter’s have result and we conclude
our conclusion.




Chapter 2

Background and literature
review

2.1 Ring

The theory of rings has an in-depth historical inquiry into some basic standard
branches of mathematics and we have the beginning of the hundred years of the
nineteenth century, such as which we know today and they are the theory of
algebraic numbers, field theory, the theory of polynomial forms, the theory of
quaternions and the theory of algebraic and of course, functions of hypercomplex
numbers, etc. All these areas of unification reached its apogee in the works of the
German mathematicians Emmy Noether (1882-1935) and Wolfgang Krull (1899-
1970). Using these, by combining strength in place to give us the abstract notion
of a ring, these two famous mathematicians published nineteenth-century sys-
tematic and comprehensive explanations of their researched theorem, especially
this factorization theorem, which are common and understandable to all these
domains|5].

2.2 Group

For the first time in the history of the group, the famous mathematician Lagrange
used in his works in his research, he opened the topic of whether it is possible to
express the roots of a polynomial in some way using the addition operations to
find its coefficient, multiplication, division, subtraction and, of course, extracting
the root ( solution of the problem of equations in radicals). We have known since
the time of ancient Greece for polynomials of the second degree such formulas
in general terms are known. By the works of the famous Italian mathematicians
Del Ferro and Tartaglia, and of course our common well-known Cardano, such
formulas were found in their time for simple polynomials of the third degree. The
beautiful Ferrari method is used to find a solution for a non-simple equation of the
fourth degree, which reduces to the previously known solution of the equations
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of the third and the usual common known second degrees. Lagrange in modern
times established a general idea for us to reduce the solution of these equations,
which are given for the degree n = 2, 3, 4, to the solution of which is the so-called
resolving our equation for an understandable and lesser degree. However, in this
case, n = 5, the resolvent turns out to be for a sixth-degree equation. In his
study of this issue in the works of Lagrange, for the first time, permutations of
the group appear. For example, for the possibility that for reducing the solution
of polynomial equations that are of the fourth degree and for solving the usual
equation of the well-known third degree, the presence in the group of which is a
substitution of the fourth degree Sy with an invariant subgroup. All this starting
time our parts, we have identities idea. An element y of an algebra is called a left
(right) adverse of an element x of the algebra in case x+y=yx (x+y = xy), and is
called simply an adverse in case it is both a left and a right adverse. An adverse
of x is denoted z4 [11].

2.3 Fields

A very important milestone on the way to the devastating development of a
structural approach to algebra was one of the interesting publications that were
published [12] in 1910, the work of which the authors is one of the brightest
mathematicians Ernst Steinitz on the topic of abstract field theory: Corper’s
algebraic theory. In this work, our Steinitz presented a very marvelous exhaustive
account of the results of the theory up to that time and, at the same time, opened
important new avenues for the investigation of any abstractly constructive and
formulated algebraic concept. Frenkel’s definition on abstract rings is a classic
and accepted example of work published under the direct influence of Steinitz. In
that article, Steinitz well formulated a new program and one could say directions
for future research, which he fully applied for the first time to a specific topic
(abstract fields), but which could also be extended to perfection, and in fact
some time later was adopted, for algebra Bosch and in general. Steinitz began
that article by bluntly declaring his new methodological view: he proclaimed what
today would somehow be called a "program for structural research", and although
only for a particular or specific algebraic field, i.e. for the study of a part fields.
His subject matter would be abstract only of the fields, as they were defined with
Weber in his 1893 paper. But his study of the field would slightly diverge from
Weber’s study on an important part of the meaning. And this is before the story
for the field and the concept of where it began about him and interest|5].

2.4 Algebra

Abstract algebra is both a mathematical discipline and also structural algebra
or called modern algebra, meaning, unlike classical algebra, which focuses on the

9



formal form of manipulating abstract symbols to solve normal equations, and the
new image of algebra has a special look. In we began to give representations in
the Modern Algebra textbook (Waerden 1930), which "inverted the conceptual
hierarchy of classical algebra" (Corry 2016), bringing its hypothetical algebraic
structures to the fore and considering the properties of numbers, polynomials, etc.
as corollaries abstract algebra steel slightly widely used [7].

10



Chapter 3

Main result

3.1 JORDAN ELEMENTS IN ASSOSYMMET-
RIC ALGEBRAS

Let A(X) be a free assosymmetric algebra on X. Denote by [z;x;, - x; | or
T T, - x; a left-normed element (--- (x;x;,)xiy -+ )z, for x;, ..., x; € X.
The element
(@5 Ty YY) =
Liy (xlz( o (xZnI: - [(yiw Yiss yi3)7 yi4] T 7yim] o ))

is called ordered expression, where x;,,...x; , Vi, ...,y € X and we have order
iy, <z, < - < woand ¥, <y, < --- <y, . In [4] was proved that the
set of left-normed and ordered expression elements forms a basis for the free
assosymmetric algebra A(X) over field of characteristic # 2,3. A multiplication
rule of the base elements was given in [4], here we give it as proposition.

Proposition 3.1.1

(u1,v1){u1,v1) = 0, (3.1)

[z](u, v) = (zu,v), (3.2)

(w,)[z] = D (w1u, zov), (3.3)

[zly] = [zy] - Z (ly2 = 1){@1y1, 22y2)- (3.4)

Let F(X) be a free nonassociative algebra on the set X. We define reversal
operator p on F(X) as linear mapping p : F/(X) — F(X) defined as follows

p(xi) = x;, for x; € X,

pluv) = p(v)p(u), for u,v € F(X).

11



If w € F(X), then p(u) is called the reverse of u, and u is reversible, if

p(u) = u.
Now we give our main result of this paper.

Theorem 3.1.2 Fuvery reversible element w € F({x1,x9, x3}), with length < 4
is Jordan element in a free assosymmetric algebra A({x1,x2, x3}).

A free assosymmetric algebra A(X) in degree 3 has a 7-dimensional polylinear
part with a basis

{$19€25£37 L1X3X2, LaX1X3, LaL3XL], L3T1X2, L3T2X1, («%'1, T2, 1’3)}

By the Propostion [3.1.1} other 6 right-bracketed elements are linear combina-
tions of basic elements:

T (TiyTiy) = T4, Tiy @iy — (Tiy, Tiys Tiy), (3.5)

where z;,, x;,, v;, € X.

A free assosymmetric algebra A(X) in degree 4 has a 29-dimensional polylinear
part with a basis: 24 elements of the left-normed form Z,(1)Z(2)%(3)%s(1) Where
o € Sy, and

{[(Q?l, X2, $3)7 $4]7 55'1(372, xs3, 1.4)7 1:2(3:17 X3, 374)7 xQ(xla T2, 1:4)7 'CU4<'CU17 Za, x3)}

Lemma 3.1.3 The polynomial x; x;,x;, + xiyxi,xi, — (Ti), Tiy, Tiy) s a Jordan
element in A(X), that is

Ti iy Tiy + Ty iy, — (Tiy, Tiyy Tiy) =

12{{@, w3, }, w4, } — 12{{zi), 23, }, wiy } + 12{{xi, T4y }, 4,

where x;,, x;,, Ti, € X.
Proof 3.1.4 By definition of {a,b} = ab+ ba we have
{{xiv xi2}7 562‘3} = (xilxiz)xi3 + (372'23:1'1)3:1'3 + xis(xith) + 332‘3(331‘1331'2) -
by Proposition we have
= Tjy XiyTig + LigLi Lig + LigLijgLiy + LigLij Ly — 2($i1, Liy, xia)'

By the same way we obtain

{{[131'1, xig}? 332'2} = Xy TigTiy + Tigliy Liy + TiyLigTjy + iy Ty Tiy — Q(xil? Liys 513’2'3),
and

{{xiw 561'3}, xil} = Tj iy Tiy + Tiy TiygTiy + Ly Ty Tiy + TiyTiyTiy — 2(xi17 Liy, xls)

12



Let SJ(X) be the free special Lie-triple algebra on X under anticommutator,
i.e., subalgebra of A(X)™) = (A(X),{, }) generated by X.

Lemma 3.1.5 The following element
i\ Ty LigTiy, + Ligig iy iy — 2(Tiys Tiy Ligiy) — (Ligy Tiy Ty Lig) — Ly Tiy Ty i)
is a Jordan element in A(X), where z;,, x;,,x;, € X.

Proof 3.1.6 Write a = b if a — b € SJ(X). Then by Lemma and (3.29)

we have
$i1$i2$i3 + Ly (I’Z‘QZL'Z'?’) = I’i1$i2$i3 + l’i3$i2$i1 — (:132-1, Ligs $i3) = 0. <36)
Since, IC% = %{xl, x1} is a Jordan element, we put :c% = x1271 instead of x1 in

(13-8), then by Proposition we have

((x121)xe) 3 + T3(22(2121)) = ((1201)20) 23 + ((T322)21) 21—
2(x1, x12023) — (X9, T2 123) — (T3, T12122) — 2[(21, T1, T2), 23] = 0
By Lemma[3.1.5 in [0] we have [(z1, 21, 22), 23] = 0. Hence,

Tiy Tiy TiyTiy + Ty Ty Tiy Tiy —
2<xi17xi1xi2xi3> - <xi27xilxi1xi3> - <xi37 xi1xi1xi2> = 0.
Lemma 3.1.7 The following element
Ly LiyLijg Ly + Ly TigLipgLijy — 2<xi17aji1xi2xi3> - <xi27xilxi1xi3> - (a:¢3,xi1xila:¢2>
is a Jordan element in A(X), where x;,, x;,, x;, € X,

Proof 3.1.8 Writea = b if a —b € SJ(X). Then by Lemma and (3.29)

we have
{xilxh‘ris + LigLig iy — (xiw Liys xig)? xh} = 0.
By definition of {a,b} = ab+ ba we obtain

Tj, TiyTiu Tiy + Ty Ty, T Ty — (X4, Ty Tiy )i+

Tj, - Tiy TiyTiy + Ty - TigTiy Tiy — iy (T4, Tiy, Tiy) = 0.

Using Proposition|3.1.1| we have
Ty TigTigTiy + TiyLipy Ty Tjy + Tjy iy Tip Ty + Ty Uiy iy Tjy — 5[(%@1, Liy, 332'2), xis]_
4<xi17 xilxizxi3> - 2<xi27 xi1xi1xi3> - 2<xi37 xi1xi1xi2> = 0.
By Lemma in (0] and Lemma we have
Ty TiyLigTiy + Tiy TigliyTiy —
2<xi17xi1xi2xi3> - <xi27xi1xi1xi3> - <xi37 xilxilxi2> =0.
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Lemma 3.1.9 The following element
Ly Ty Tjy Tig + Tiy iy Tjy Tiy — 2<xi17 xilxizxi3> - <xi27 $i1xi1xi3> - <xi37 xilxilxi2>
is a Jordan element in A(X), where x;,, x;,, x;, € X.

Proof 3.1.10 Writea=bifa—b e SJ(X). Then by Lemma and (3.29)

we have

Tiy @i Tiy + iy (T4, T4,) = Tiy@i, Tiy + Tiy @iy Tiy — (T4, Tiyy Tiy) = 0. (3.7)

. 2 1 . ‘ . 2 . ' . )
Since, xi = 5{xi,, v, } is a Jordan element, we put vy = x; 1, instead of z;,

in (3.8]), then by Proposition we have

($i2 (xilxh))xis + xi2((xi1xi1)xi3) = Ly Tiy Tijy Ljg + Ly Tjy Tiy Tig—
2(1132'1, xilxizxi3> - <xi27 xilxilxi3> - <xi37 xilxilxi2> - 3[(55'2‘1, Liy, xlé)? xig] = 0.

By Lemma[3.1.9 in [0] we have [(z1, 21, 22), x3] = 0. Hence,
LiyTiy Tiy Tig + LiyTiy Tiy Tig—
2<xi17xi1xi2xi3> - <xi27$ilxi1xi3> - <5Ei37 xilmilxi2> = 0.
Lemma 3.1.11 The following element
iy TigTiy Tigg T TiyTiy TiyTiy — 2Tiys Tiy Tiy i) — (Tiy, Tiy Ty Tig) — (T, Tiy Ty Tiy)
is a Jordan element in A(X), where x;,, x;,, x;, € X,

Proof 3.1.12 Writea =bif a —b € SJ(X). Then by Lemma and (3.29)

we have
iy iy Tiy + Tig (Tiy Tig) = Ty Tiy Tig + Ty iy Tiy — (T iy Tiy) = 0 (3.8)

Since, we put {x;,x;,} instead of x;, in (3.8), then by Proposition we

have
({xixi, Y )xiy, + i (i {2y, i, }) =
((wiywi))wi ) Tiy + (m4,25,)Ti, ) Tiy + @iy (T4, (Tiyx4,)) + Tig (T4, (24,24,) ) =
TijgTiy Tiy Tiy + T Ty Ti Tiy + Ly T4 TinyTiy + Tjy T Ty Tipy—
Wxi, Ty TiyTiy) — 2(msy, Ty, T Tiy) — 2(4,, Ty i, T4y) — A(T4,, T4y, 24,), T4,] = 0.

By Lemma |3.1.11) in [6]

[(mim Ly, xiz)) xig] =0
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and by Lemma |3.1.9] we have

$i2$il$ill‘i3 + ZUZ'QI'ilJ}ilQ?Z'S —

2<xi17'xilxi2xi3> - <xi27xi1xi1xi3> - <‘ri37 xilxil‘ri2> = 0.
Hence,
Lj LiyLijy Ly + LjgLijy Lo Lijy —
2(Tiy, Tiy iy Tiy) — (Tiy, Ty Tiy Tiy) — (Tiy, Tiy T3y Tiy) = 0.

Proof 3.1.13 (Proof of Theorem [3.1.2) For length of u is 2, there is only one
type of reversible elements, that is

Tiy iy + TipTiy = {jSl, xi2}'
If length of u is 3, then in F(X) we have one form of reversible elements
U= ($i1$i2)$i3 + xig(xith)?

where x;,, x;,, T;, € X. The above element u in A(X) by Proposition is equal
to
xilxigxig —|_ xigxigxil - (:Ui17 xiz) xi3)7

and by Lemma [3.1.3 it is Jordan element. Now assume that the length of u is 4,
then we have the following reversible elements in F'(X)

{((wi, i) iy )wi, + iy (w3, (03,20,)),
(xhxh)(xi?,xu) + (xi4$i3)($i2xi1)7 <39)
iy (Tiy i) i) + (2, (w3,20,)) 24, }

where x;,, iy, Tiy, Ti, € X.
In A(X), by the Proposition elements of (3.9) can be expressed by base
elements in A(X) in the following form

Liy ($i2($i3$i4)) = iy TigLijgliy — 2[(1‘@'1, Liz xiS)’ xi4]_ (310)
L (‘rim Liz, xi4) — Li (xim Lig, xi4) — Lig (xiw Liy) xi4) - xi4(xi17 Ly xifﬁ)’

(23,23, (T3,74,) = 24, 24,053,705, — [(Tiy, Tiyy Tiy) 5 Tiy|—
(3.11)
',L.il (',L.i27 xi:}? '/L.i4) - xig (x’h) xig) xi4)7

xi1((gji2xi3)xi4)) = Ljy Ly Lig Ly — 2[(in1, Liy xi3>’ ZISZ‘4]— (312)
T, (xiu Ligs xi4) — Tig (xiw Liy) xi4) — Ty (xil’ Ly xifﬂ)’

(5’72'1(5’72'2%3))%4 = Ljy LigTjg Ly — [(1'2'17 Lig, xi3)7 $i4] - xi4(gji17 Lig £L’¢3), (313)

where Ly Liyy Ligy Tiy € X.

15



Therefore, all reversible elements (3.9)) are equal to each other in A(X) :

((331'1372'2)37@'3)37@'4 + $i4($i3<mi2xi1)> =
(xhxiz)(xisxiz;) + ('xuxis)(ajizxil) -
xil((xizxis)xu)) + ($i4($i3xi2))xi1 —
iy Ty iy Tiy + iy iy iy iy — 2[(@iy, Ty, Tig), Ty | —
Liy (xiw Lig;s xi4) — Liy (xiw Lig ;s ‘,L.i4) — Lig (xiw Liy ;s $i4) — Liy (:Eiw Liy ;s xiz’,)'

If X = {x1, 29,23} then by Lemmal|3.1.5}13.1.73.1.9| and [3.1.11| we have they are
Jordan elements. And this completes the proof.

See Appendix 77.

3.2 JORDAN ELEMENTS IN ASSOSYMMET-
RIC ALGEBRAS N 5

Assosymmetric algebras are defined by the following left-symmetric and right-
symmetric identities:

(z,y,2) = (v, 2,9), (2,9,2) = (y,7,2), (3.14)

where (z,y,z) = (xy)z — x(yz). The variety of assosymmetric algebras admits
the commutative associative and associative algebras as a subvariety.
Let A®) = (A, {,}) be a subalgebra of A under Jordan product (anticommuta-
tor) i.e. multiplication is defined by the anticommutator product {a, b} = ab+ba.
Let A be a variety of assosymmetric algebras. We define A™*) as a class of al-
gebras of the form A, where A € A. In [6], established that any assosymmetric
algebra under Jordan product satises three polynomial identities

{a,b} = {b,a} (commutativity),

{a,{b,b},c} = 2{b,{a,b,c}} (Lie triple),
and Glennie identity of degree 8.

Let X = {x1,29,...} be aset and A(X) be a free assosymmetric algebra gen-
erated by X. A polynomial in A(X) is called Jordan element of A(X) if it can be
expressed by elements of X in terms of anticommutators. For associative algebras
P.M. Cohn gave a criterion for the Jordan elements generated by three elements
[3]. In addition, he gave a criterion of homomorphic images to be special and
showed that the homomorphic image of the free special Jordan algebra generated
by three elements is exceptional.

Let A(X) be a free assosymmetric algebra on X. Denote by [z; x;, - - - x; ]
Or Ty Ty, + -+ &y, a left-normed element (- - (xy,xi,)x, - )z, for xy, ...z, € X.
The element

(i, Ty i i) =
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Liy (xlz( o (:Eln[ . [(yiw Yiys yi3)7 yi4] U 7yim] © ))

is called ordered expression, where x; , ... x; ,Yi,--.,¥i, € X and we have order
iy, <z, <o < axoand y, <y, < o0 < g In [4] was proved that the
set of left-normed and ordered expression elements forms a basis for the free
assosymmetric algebra A(X) over field of characteristic # 2,3. A multiplication
rule of the base elements was given in [4] here we give it as proposition. Some
times x;, — “a’, z;, = “b", v, = ¢, ¥, = “d’, x;, = “¢’, here we give it as
proposition.

Proposition 3.2.1

(u1,v1) o (ur,v1) = 0, (3.15)

[z] o (u,v) = (zu,v), (3.16)

(u,v) olz] = Z (x1u, T9V), (3.17)
lofyl =[xyl — > (lv2 — L) (2191, way0). (3.18)

Every reversible element u € F({x1, z2, x3}), with length 4 is Jordan element
in a free assosymmetric algebra A({xy, xo, z3}).

A free assosymmetric algebra A(X) in degree 3 has a 7-dimensional polylinear
part with a basis

{5519625637 L1X3x2, TaX1X3, LaL3L], L3T1X2, L3T2XY, (371, Py 5133)}

By the Propostion (3.3.1]), other 6 right-bracketed elements are linear combi-
nations of basic elements:

(xil7 Liy, 513'2‘3) = Ljy LiyTjg — Ty (xi2$i3)7 (319)
$i1($i2xi3) = Ty TjyTjy — (a:i17xi27a:i3>7

Theorem 3.2.2 From using proposition and next propositions ,
and we can find {{{a, b}, ¢}, d},

{{{a, b}, ¢}, d} = (((ab)c)d) + (((ba)c)d) + (((ca)b)d) +
+ (((cb)a)d) + (((da)b)c) + (((db)a)c) + (((dc)a)b) +
+ (((dC)b)CL) - ]0/(0’7 b; C); d/_ 4/@, (ba G d/_

- 4/b; (a, & d)/ - 4[67 (a7 b7 d)/ - 4/617 (a, b: C)/

Proposition 3.2.3 By propostion , we can find ((a,b,c)d),
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((a,b,c)d) = <1, abc> old] =< 1,abcd > +
+ <d, abc> = [(a, b, ¢), d] + [d (a, b, c)].

There is we can take,
< 1,abc > o[d] = [(a, b, c),d] + [d(a,b, )] (3.20)
Proposition 3.2.4 By propostion (3.3.1)), there is our (d(a,b,c)) = [d] is equal
(d(a,b,c)) = [d]o < 1,abc >=< d, abc >= [d(a, b, c)]
There is we can take [d] o < 1, abc >,
[d]o < 1,abc >= [d(a, b, c)] (3.21)

Proposition 3.2.5 By propostion ([3.3.1]), we can write (d((ab)c) = [d] o [abc]
and this 1s,

(d((ab)c) = [d] o[abc] = [dabc] - 2 < 1, abed > -

— <a, bed> — <b, acd> — <c, abd> = (((da)b)c) —
— 2[(a, b, ¢), d] — (a(b, ¢, d)) — (b(a, ¢, d)) —
— (¢(a, b, ¢)) = (((da)b)c) — 2[(a, b, ¢), df -

— [a, (b, ¢, d)] — [b, (a, ¢, d)] — [c, (a, b, d)]

There is [d] o [abc] is equal

[d] o [abc] = (((da)b)c) — 2[(a, b, c),d] — [a, (b, c,d)] — [b, (a,c,d)] — [c, (a,b,d)]
(3.22)

Proof 3.2.6 By definition of {a, b} = ab + ba and proposition we have

{{{a, b}, ¢}, d} = (((ab)c)d) + (((ba)c)d) +
+ (((c(ab))d) + ((c(ba))d) + (d((ab)c)) +
+ (d((ba)c)) + (d(c(ab))) + (d(c(ba)))

So when we have {{{a,b},c},d} we using and propositions ,
and this one gived

{{{a,b},c},d} = {((ab)c) + ((ba)c) + ((ca)b) +
+ ((cb)a) — 2(a,b,c), d}= [abc] + [bac] + [cab] +
+ [cba] — 2<1,(abc)>, d = [abc] o|d] + [bac] o [d] +
+ [cab] o[d] + [cba] o [d] - 2 < 1,abec > o[d] +
+ [d] o[abc] 4 [d] o [bac] + [d] o [cab] + [d] o [cbal
— 2[d] o < 1,abc >= [abcd] + [bacd] + [cabd] +
+ [cbad] — 2<1, abcd> — 2<d, abc> + [dabc] —
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— 2<1, abcd> — <a, bed> — <b, acd> — <c, abd> +
+ [dbac] — 2<1, abcd> — <a, bed> — <b, acd> —
— <c, abd> + [dcab] — 2<1, abed> — <a, bed> —
— <b, acd> —<c, abd> + [dcba] — 2<1, abed> —

— <a, bed> — <b, acd> — <c, abd> — 2<d, abc> =

= (((ab)c)d) + (((ba)c)d) + (((ca)b)d) + (((cb)a)d) —
— 2[(a, b, ¢), d] — 2[d (a, b, c)] — 2[(a, b, c), d] +

+ (((da)b)c) - /CL (b; ¢ d)/_ /b (CL, ¢ d)/ -
— [c (a, b, d)] + (((db)a)c) — 2[(a, b, ¢), d] —
— [a (b, ¢, d)] — [b (a, ¢, d)] — [c (a, b, d)]+
+ (((dc)a)b) — 2[(a, b, ¢), d] — [a (b, ¢, d)] —
— [b (a, ¢, d)] — [c (a, b, d)] + (((dc)b)a) —
— 2[(a, b, ¢), d] — [a (b, ¢, d)] — [b (a, ¢, d)] —
— [e (a, b, d)]— 2[d (a, b, c)] = (((ab)c)d) +
+ (((ba)c)d) + (((ca)b)d) + (((cb)a)d) +
+ (((da)b)c) + (((db)a)c) + (((dc)a)b) +
+ (((dc)b)a) — 10[(a, b, c), d] — 4[a, (b, ¢, d)] —
- 4/b: (a, ¢ d)/ o 4[07 (a’7 b7 d)/ _ 4/d7 (ar b7 C)/

Theorem 3.2.7 By definition of {a, b} = ab + ba and proposition we
have

{{a, b}, {c, d}} = (((ab)c)d) + (((cd)a)b) +
+ (((ab)d)c) + (((dc)a)b) + (((ba)c)d) + (((cd)b)a) +
+ (((ba)d)c) + (((dc)b)a) - 4[a, (b, c, d)] - 4[b, (a, c, d)] -
- 4[67 (aa b7 d)/ - 4[d7 (ay b: C)/ - 8/((17 b: C)? d/

Proposition 3.2.8 Proposition we can find (ab)(cd),
(ab)(cd) = [ab] o [ed] = [abed]— < a,bed > — < byacd > — < 1,abed > (3.23)

Proof 3.2.9 By definition of {a, b} = ab + ba and proposition we have
{{a, b}, {c, d}} = ((ab)(cd)) + ((ba)(cd)) + (ab)(dc) + (ab)(cd) + + ((dc)(ab))
+ ((ba)(dc)) + ((ba)(cd)) + ((dc)(ba)) |

So when we know a, b, ¢, d we can use proposition and proposition

to proof

{{a, b}, {c, d}} = (ab)(cd) + (cd)(ab) + (ab)(dc) + (dc)(ab)+
+ (ba)(cd) + (cd)(ba) + (ba)(dc) + (dc)(ba) =
= [abcd] - <a, bed> - <b, acd> - <1, abed> +
+ [cdab] - <c, abd> - <d, abc> - <] abed> +
+ [abdc] - <a, bed> - <b, acd> - <1, abcd> +
+ [deab] - <c, abd> - <d, abc> - <1, abed> +
+ [bacd] - <a, bed> - <b, acd> - <1, abcd> +
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+ [edbal - <c¢, abd> - <d, abc> - <1, abcd> +

+ [badc] - <a, bed> - <b, acd> - <1, abcd> +

+ [debaf - <c, abd> - <d, abc> - <1, abed> =

= [abed] + [edab] + [abde] + [dcab] + [bacd] +
+ [edbal + [bade] + [dcbal - 4<a, bed> - 4<b, acd> -

- 4<c, abd> - 4<d, abc> - 8§<1, abcd> =

— ((b)e)d) + ((cd)a)b) + (((ab)d)c) + (((dc)a)h) +
+ (((ba)e)d) + (((cd)b)a) + (((ba)d)c) + (((dc)b)a) -

- 4[&, (67 ¢, d)/ - 4/[)7 (a7 & d)/ - 4[07 (a, b: d)/ -

- 4/d: (a, b7 C)/ - 8/(@, b, C): d/

Theorem 3.2.10 By definition of {a, b} = ab + ba and proposition we
have

{{{{a, b}, ¢}, d}, e} = [abcde] + [bacde]+
+ [cabde] + [cbade] + [dabce] + [dbace]+
+ [dcabe] + [dcbae] + [eabed] + [ebacd]+
+ [ecabd] + [ecbad] + [edabe] + [edbac]+
+ [edcab] + [edcbal - 20<a, bede> - 20<b, acde>-
- 20<c, abde> - 20<d, abce> - 20<e, abcd>-
- 8<ab, cde> - 8<ac, bde> - 8<ad, bce> - §<ae, bed>-
- 8<bc, ade> - 8<bd, ace> - 8<be, acd> - 8<cd, abe>-
- 8<ce, abd> - 8<de, abc> - 34<1, abcde>

when our multiply elements of on left side we use formula 5 from proposition
3.3.1

Proposition 3.2.11 By proposition our le] o [abed] is equal

[e] o[abcd] = [eabed] — 3 < 1, abede > —2 < a, bede > —
- 2<b, acde> - 2<c, abde> - 2<d, abce> - <ab, cde> -
- <ac, bde> - <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe>

Proof 3.2.12 By definition of {a, b} = ab + ba and proposition we have

{{{{a, b}, ¢}, d}, e} = ((((ab)c)d)e) + ((((ba)c)d)e) +
+ (((c(ab))d)e) + (((c(ba))d)e) + ((d((ab)c))e) +
+((d((ba)c))e) + ((d(c(ab)))e) +((d(c(ba)))e) +

+ (e(((ab)e)d)) + (e((ba)c)d) + (e(c(ab))d) +
+ (e((c(ba))d)) +(e(d((ab)c))) + (e(d((ba)c))) +
+ (e(d(c(ab)))) + (e(d(c(ba))))

Then By theorem and propositoion (3.3.11) we can show {{{{a, b},
c}, d}, e}
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{{{{a, b}, c},d}, e} = {(((ab)c)d) + (((ba)c)d) +
(b)) + ((e)a)d) + (((da)b)e) + (((db)a)e) +
+ (((dc)a)b) + (((dc)b)a) - 10[(a, b, ¢), df -

- 4/& (b, G d)/ - 4/b (a, G d)/ - 4/6 (Cl, b7 d)] -

- 4[d (a, b, c)], e} = {[abed] + [bacd] +
+ [cabd] + [cbad] + [dabe] + [dbac] +
+ [deab] + [dcbaf - 10<1, abed> - f<a, bed> -

- 4<b, acd> - 4<c, abd> - /<d, abc>, e} =
= [abcd] ole] + [bacd] o [e] + [cabd] o [e] +
+ [cbad] ole] + [dabc] o [e] + [dbac] o [e] +
+ [deab] o[e] + [dcba] o [e] — 10 < 1, abed > ofe] —

- 4<a, bed> ole] —4 < b,acd > ole] —

- J<c¢, abd> ole] — 4 < d,abc > ole] +
+ [e] olabed] + [e] o [bacd] + [e] o [cabd] +
+ [e] o[cbad] + [e] o [dabc] + [e] o [dbac] +
+ [e] o[dcab] + [e] o [dcba] 4+ 10[e]o < 1, abed > —

- Jle] o < a,bed > —4[e]o < b,acd > —

- 4le] o < ¢,abd > —4e]o < d,abc >=
= [abede] + [bacde] + [cabde] + [cbade] +
+ [dabee] + [dbace] + [dcabe] + [dcbae] -

- 10<1, abede> - 10<e, abcd> - J<a, bcde> -

- 4<b, acde> - 4<c, abde> - 4<d, abce> - J<ae, bcd> +
- 4<be, acd> - J<ce, abd> - j<de, abc> +
+ [eabed] - 8<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [ebacd] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [ecabd] - 3<1, abcde> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [ecbad] - 3<1, abcde> - 2<a, bede> - 2<b, acde> -
- 2<c, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [edabe] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [edbac] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [edcab] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
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- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [edcbal - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -

- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +

-10<e, abcd> - 4<ae, bed> - 4 <be, acd> -
- 4<ce, abd> - 4<de, abc> =
= [abede] + [bacde] + [cabde] + [cbade] +
+ [dabce] + [dbace] + [dcabe] + [dcbae] +
+ [eabcd] + [ebacd] + [ecabd] + [ecbad] +
+ [edabe] + [edbac] + [edcab] + [edcba] +
- 20<a, bede> - 20<b, acde> - 20<c, abde> -
- 20<d, abce> - 20<e, abcd> - 8<ab, cde> -
- 8<ac, bde> - 8§<ad, bce> - 8<ae, bed> -
- 8<bc, ade> - 8§<bd, ace> - 8<be, acd> -
- 8<cd, abe> - 8<ce, abd> - 8<de, abc> -
- 34<1, abcde>

Theorem 3.2.13 By definition of {a, b} = ab + ba and proposition we
have

{{{a, b}, ¢}, {d, e}} = [abcde] + [bacde] +

+ [cabde] + [cbade] + [deabc] + [debac] +

+ [decab] + [decba] + [abced] + [baced] +

+ [cabed] + [cbaed] + [edabe] + [edbac] +
+ [edcab] + [edcbal - 28<1, abcde> -

- 20<d, abce> - 20<e, abcd> - 16<a, bcde> -
- 16<b, acde> - 16<c, abde> - §<ad, bce> -
- 8<ae, bed> - 8<bd, ace> - 8<be, acd> -

- 8<cd, abe> - 8<ce, abd> - 8 <de, abc

Proposition 3.2.14 By proposition we have,

[abc] o [de] = [abcde] - <1, abede> -
- <a, bede> - <b, acde> - <c, abde> -
- <ab, cde> - <ac, bde> - <bc, ade>

Proposition 3.2.15 By proposition we have,

[de] o [abc] = [deabc] - 2< 1, abede> -
- 2<d, abce> - 2<e, abcd> - <a, bede> -
- <b, acde> - <c, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> - <ce, abd>

Proposition 3.2.16 By proposition we have,
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<1, abc> o [de] = <1, abede> +
+ <d, abce> + <e, abcd> + <de, abc>

Proposition 3.2.17 By proposition we have,

[de] o <1, abc> = <de, abc>
Proof 3.2.18 By definition of {a, b} = ab + ba and proposition we have

{{{a, b}, ¢}, {d, e}} = (((ab)c)(de)) + (((ba)c)(de)) +
+(((c(ab))(de)) + (((c(ba))(de)) + ((de) ((ab)c)) +
+ ((de)((ba)c)) + ((de)((c(ab))) + ((de)((c(ba))) +

+ ((ed)((ab)c)) + ((ed)((ba)c)) + ((ed)(c(ab))) +
+ ((ed)(c(ba))) + (((ab)c)(ed)) + (((ba)c)(ed)) +
+ ((c(ab))(ed)) + ((c(ba))(ed))

Then by proposition (3.3.14}), (3.3.15) and we can showing {{{a, b}, ¢},
{d, e}},

{{{a? b}7 C}, {d7 6}} - {((ab)c) + ((ba)c) +
+ ((ca)b) + ((cb)a) - 2(a,b,c), det+ed} =
= [abc] o [de] + [bac] o [de] + [cab] o [de] +
+ [cbaf o [de] - 2<1, abc> o [de] + [de] o [abe] +
+ [de] o [bac] + [de] o [cab] + [de] o [cba] -

- 2[de] o <1, abc> + [abc] o [ed] + [bac] o [ed] +
+ [cab] o [ed] + [cba] o [ed] - 2<1, abc> o [ed] +
+ [ed] o [abc] + [ed] o [bac] + [ed] o [cab] +
+ [ed] o [cba] - 2[ed] o <1, abc> =
= [abede] - <1, abcde> - <a, bede> - <b, acde> -
- <c, abde> - <ab, cde> - <ac, bde> - <bc, ade> +
+ [bacde] - <1, abede> - <a, bede> - <b, acde> -
- <c¢, abde> - <ab, cde> - <ac, bde> - <bc, ade> +
+ [cabde] - <1, abede> - <a, bede> - <b, acde> -
- <¢, abde> - <ab, cde> - <ac, bde> - <bc, ade> +
+ [cbade] - <1, abcde> - <a, bede> - <b, acde> -
- <¢, abde> - <ab, cde> - <ac, bde> - <bc, ade> -
- 2<1, abcde> - 2<d, abce> - 2<e, abcd> - 2<de, abc> +
+ [deabe] - 2<1, abede> - 2<d, abce> -

- 2<e, abed> - <a, bcde> - <b, acde> -

- <c¢, abde> - <ad, bce> - <ae, bed> -

- <bd, ace> - <be, acd> - <cd, abe> - <ce, abd> +
+ [debac] - 2<1, abcde> - 2<d, abce> -

- 2<e, abcd> - <a, bede> - <b, acde> -

- <c¢, abde> - <ad, bce> - <ae, bed> -
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- <bd, ace> - <be, acd> - <cd, abe> - <ce, abd> +
+ [decab] - 2<1, abede> - 2<d, abce> -

- 2<e, abed> - <a, bede> - <b, acde> -
- <c¢, abde> - <ad, bce> - <ae, bed> -

- <bd, ace> - <be, acd> - <cd, abe> - <ce, abd> +
+ [decba] - 2<1, abede> - 2<d, abce> -

- 2<e, abed> - <a, bede> - <b, acde> -
- <c, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> -

- <ce, abd> - 2 <de, abc> +
+ [abeed] - <1, abede> - <a, bede> -
- <b, acde> -<c, abde> - <ab, cde> -
- <ac, bde> - <be, ade> + [baced] -

- <1, abcde> - <a, bede> - <b, acde> -
- <c, abde> - <ab, cde> - <ac, bde> -
- <bec, ade> + [cabed] - <1, abede> -

- <a, bede> - <b, acde> - <c, abde> -
- <ab, cde> - <ac, bde> - <bc, ade> +
+ [cbaed] - <1, abede> - <a, bede> -

- <b, acde> - <c, abde> - <ab, cde> -
-<ac, bde> - <bc, aed> -

- 2<1, abede> - 2<d, abce> - 2<e, abcd> -
- 2<de, abc> + [edabc] - 2<1, abcde> -
- 2<d, abce> - 2<e, abcd> - <a, bede> -
- <b, acde> - <c, abde> - <ad, bce> -
- <ae, bed> - <bd, ace> - <be, acd> -
- <cd, abe> - <ce, abd> + [edbac] -

- 2<1, abcde> - 2<d, abce> - 2<e, abcd> -
- <a, bede> - <b, acde> - <c, abde> -
- <ad, bce> - <ae, bed> - <bd, ace> -
- <be, acd> - <cd, abe> - <ce, abd> +
+ [edcab] - 2<1, abede> - 2<d, abce> -
- 2<e, abed> - <a, bede> - <b, acde> -
- <c, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> -
- <ce, abd> + [edcbal - 2<1, abede> -

- 2<d, abce> - 2<e, abcd> - <a, bede> -
- <b, acde> - <c, abde> - <ad, bce> -
- <ae, bed> - <bd, ace> - <be, acd> -
- <cd, abe> - <ce, abd> - 2 <de, abc> =
= [abede] + [bacde] + [cabde] + [cbade] +
+ [deabc] + [debac] + [decab] + [decba] +
+ [abeed] + [baced] + [cabed] + [cbaed] +
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+ [edabe] + [edbac] + [edcab] + [edcbal -
- 28<1, abede> - 20<d, abce> -
- 20<e, abcd> - 16<a, bede> -
- 16<b, acde> - 16<c, abde> - 8<ad, bce> -
- 8<ae, bed> - 8<bd, ace> - 8<be, acd> -
- 8<cd, abe> - 8<ce, abd> - 8 <de, abc>

Theorem 3.2.19 By definition of {a, b} = ab + ba and proposition we
have

{{{a, b}, {c, d}}, e} = [abcde] +
+ [cdabe] + [abdce] + [dcabe] + [bacde] +
+ [cdbae] + [badce] + [dcbae] + [eabed] +
+ [ecdab] + [eabdc] + [edcab] + [ebacd] +
+ [ecdbal + [ebadc] + [edcba) -

- 32<1, abede> - 20<a, bede> - 20<b, acde> -
- 20<c, abde> - 20<d, abce> - 16<e, abcd> -
- 8<ab, cde> - 8<ac, bde> - 8<ad, bce> -

- 8<bc, ade> - 8§<bd, ace> - 8<cd, abe> -

- 8<ae, bed> - 8<be, acd> - 8<ce, abd> -

- 8<de, abc> - 16<e, abcd>

Proof 3.2.20 By definition of {a, b} = ab + ba and proposition we have

{{{a, b}, {c, d}}, e} = (((ab)(cd))e) + (((ba)(cd))e) +
+ (((ab)(dc))e) + (((ab)(cd))e) + (((dc)(ab))e) +
+(((ba)(dc))e) + (((ba)(cd))e) + (((dc)(ba))e) +
+ (e((ab)(cd))) + (e((ba)(cd))) + (e((ad)(dc))) +
+ (e((ab)(cd))) + (e((dc)(ab))) + (e((ba)(dc))) +

+ (e((ba)(cd))) + (e((dc)(ba)))

When we have {{{a, b}, {c, d}}, e} we using theorem and proposition
we can write

{{{a, b}, {c, d}}, e} = {(((ab)c)d) + (((cd)a)b) +
+ (((ab)d)c) + (((dc)a)b) + (((ba)c)d) +
+(((cd)b)a) + (((ba)d)c) + (((dc)b)a) -

- 4/&, (b, ¢ d)/ - 4/67 (Cl, G d)/ - 4/07 (CL, b7 d)/ -
- 4/d7 (a, b7 C)/ - 8/(@, b: C)) d/: 6} -
= [abed] o [e] + [edab] o [e] + [abdc] o [e] +
+ [dcab] o [e] + [bacd] o [e] + [cdbal o [e] +
+ [badc] o [e] + [dcba] o [e] - 4<a, bed> o [e] -
- 4<b, acd> o [e] - 4<c, abd> o [e]- 4<d, abc> o [e] -
- 8<1, abed> o [e] + [e] o [abed] + [e] o [edab] +
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+ [e] o [abdc] + [e] o [dcab] + [e] o [bacd] +
+ [e] o [cdba] + [e] o [badc] + [e] o [dcba) -
- 4le] o<a, bed> - jle] o<b, acd> - }[e] o<c, abd> -
- 4le] o<d, abc> - 8fe] o<1, abed> =
= [abcde] + [cdabe] + [abdce] + [dcabe] +
+ [bacde] + [cdbae] + [badce] + [dcbae]+
- 4<a, bede> - J<ae, bed> - 4<be, acd> -
- 4<b, acde> - 4<c, abde> - 4<ce, abd> -
- 4<d, abce> - 4<de, abc> - 8<1, abcde> -
- 8<e, abed> + [eabed] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde>
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [ecdab] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde>
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [eabdc[- 3<1, abcde> -
- 2<a, bede> - 2<b, acde> - 2<c, abde>
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [edcab] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde>
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [ebacd] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde>
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [ecdbaf - 3<1, abcde> -
- 2<a, bede> - 2<b, acde> - 2<c, abde>
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [ebadc] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde>
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [edcbal - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde>
- 2<d, abce> - <ab, cde> -<ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> - J<ae, bed> - 4<be, acd> -
- 4<ce, abd> - J<de, abc> - 8<e, abcd> =
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= [abede] + [cdabe] + [abdce] + [dcabe] +
+ [bacde] + [cdbae] + [badce] + [dcbae] +
+ [eabed] + [ecdab] + [eabdc] + [edcab] +
+ [ebacd] + [ecdba] + [ebadc] + [edcba] -

- 32<1, abcde> - 20<a, bede> - 20<b, acde> -
- 20<c, abde> - 20<d, abce> - 16<e, abcd> -
- 8<ab, cde> - §<ac, bde> - 8<ad, bce> -

- 8<bc, ade> - 8<bd, ace> - 8<cd, abe> -

- 8<ae, bed> - 8<be, acd> - 8<ce, abd> -

- 8<de, abc> - 16<e, abcd>

S ={oce€S,lo(l) >0(2)...>0() <o(l+1)<o(l+2)...<o(n),1 <
[ <n}
S’ is the set of ordered expression elements generated by X.

{. .. {{xl, xg}, 1‘3} .. :L“n} = Z xg(l)l‘g(g)ig(g) . x‘g(n)—

oeS]

n

_ZZk—2(1+2n—k(n_k)) Z (uy,us),

k:?) U= ULUQ = T1T2...Tn
|ug| =n—k+3

where the length of u is equal to k.

3.3 JORDAN ELEMENTS IN ASSOSYMMET-
RIC ALGEBRAS N 6

Assosymmetric algebras are defined by the following left-symmetric and right-
symmetric identities:

(7,9, 2) = (,2,9), (v,9,2) = (y,2,2), (3.24)

where (z,y,z) = (xy)z — x(yz). The variety of assosymmetric algebras admits
the commutative associative and associative algebras as a subvariety.

Let A®) = (A, {,}) be a subalgebra of A under Jordan product (anticommuta-
tor) i.e. multiplication is defined by the anticommutator product {a, b} = ab+ba.

Let A be a variety of assosymmetric algebras. We define A" as a class of
algebras of the form A™) where A € A. In [dzhumadil2018assosymmetric|,
established that any assosymmetric algebra under Jordan product satises three
polynomial identities

{a,b} = {b,a} (commutativity),

{a,{b,b},c} = 2{b,{a,b,c}} (Lie triple),
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and Glennie identity of degree 8.

Let X = {x1,29,...} be aset and A(X) be a free assosymmetric algebra gen-
erated by X. A polynomial in A(X) is called Jordan element of A(X) if it can be
expressed by elements of X in terms of anticommutators. For associative algebras
P.M. Cohn gave a criterion for the Jordan elements generated by three elements
[3]. In addition, he gave a criterion of homomorphic images to be special and
showed that the homomorphic image of the free special Jordan algebra generated
by three elements is exceptional.

Let A(X) be a free assosymmetric algebra on X. Denote by [z; z;, - - x; ]
oI X;, Ti, -+ - 4, a left-normed element (--- (xyx,)xi, -+ )z, for ;... z; € X.
The element

(i, Ty i i) =
iy (@i, (- (@i, [ (Wi Yias Vo) Wid] -+ Wi - +)

is called ordered expression, where x;,,...x; , Vi, ...,y € X and we have order
iy, <wz, < - < axoand y, <y, < -0 <y . In [4] was proved that the
set of left-normed and ordered expression elements forms a basis for the free
assosymmetric algebra A(X) over field of characteristic # 2,3. A multiplication
rule of the base elements was given in [4] here we give it as proposition. Some
times x;, — “a’, x;, = “b’, ¥, = ‘¢, x;, = “d’, x;;, = “€’, here we give it as
proposition.

Proposition 3.3.1

(u1,v1) o {ur,v1) =0, (3.25)

[x] o (u,v) = (zu,v), (3.26)

(u,v) o [x] = Z (x1u, T2V, (3.27)
wlofyl =leyl — Y (lyo — 1) {z1n. w2pn). (3.28)

Every reversible element u € F({x1, z2, x3}), with length 4 is Jordan element
in a free assosymmetric algebra A({zy,xs, z3}).

A free assosymmetric algebra A(X) in degree 3 has a 7-dimensional polylinear
part with a basis

{$1ZL‘2333, T1X3T2, LaX1T3, L2T3X1, L3TL1XL2, T3L2X1, (371, T2, 333)}

By the Propostion (3.3.1]), other 6 right-bracketed elements are linear combi-
nations of basic elements:

(xil? Liy, 33@3) = Ljy LiyTijg — Ty (xizx%é)? (329)
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Liy (xileé) — Tjy TjyTjy — (ZCil,$Z’2,ZCi3),

Theorem 3.3.2 From using proposition and next propositions ,
and we can find {{{a, b}, ¢}, d},

{{{a, b}, ¢}, d} = (((ab)c)d) + (((ba)c)d) + (((ca)b)d) +
+ (((cb)a)d) + (((da)b)c) + (((db)a)c) + (((dc)a)b) +
+ (((dC)b)CL) - ]0/(&, b; 0)7 d/_ 4/% (bz ¢ d/_

- 4/b7 (a7 c d)/ - 4[07 (CL, b7 d)/ - 4/d7 (CL, b, C)/

Proposition 3.3.3 By propostion , we can find ((a,b,c)d),

((a,b,c)d) = <1, abc> old] =< 1,abcd > +
+ <d, abc> = [(a, b, ¢), d] + [d (a, b, c)].

There is we can take,
< 1,abc > o[d] = [(a, b, c),d] + [d(a,b, )] (3.30)
Proposition 3.3.4 By propostion (3.3.1), there is our (d(a,b,c)) = [d] is equal
(d(a,b,c)) = [d]o < 1,abc >=< d,abc >= [d(a, b, c)]
There is we can take [d] o < 1, abc >,
[d]o < 1,abc >= [d(a, b, c)] (3.31)

Proposition 3.3.5 By propostion ([3.3.1]), we can write (d((ab)c) = [d] o [abc]
and this 1s,
(d((ab)c) = [d] o[abc] = [dabc] - 2 < 1,abed > -
— <a, bed> — <b, acd> — <c, abd> = (((da)b)c) —
— 2[(a, b, ¢), d] — (a(b, ¢, d)) — (b(a, ¢, d)) —
— (c(a, b, ¢)) = (((da)b)c) — 2[(a, b, ¢), d] —
— [a, (b, ¢, d)] — [b, (a, ¢, d)] — [c, (a, b, d)]

There is [d] o [abc] is equal

[d] o [abc] = (((da)b)c) — 2[(a, b, c),d] — [a, (b, c,d)] — [b, (a,c,d)] — [c, (a,b,d)]
(3.32)

Proof 3.3.6 By definition of {a, b} = ab + ba and proposition we have

{{{a, 0}, ¢}, d} = (((ab)c)d) + (((ba)c)d) +
+ (((c(ab))d) + ((c(ba))d) + (d((ab)c)) +
+ (d((ba)c)) + (d(c(ab))) + (d(c(ba))
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So when we have {{{a,b},c},d} we using and propositions ,
and this one gived

{{{a,b}.c}.d} = {((ab)c) + ((ba)c) + ((ca)b) +
+ ((cb)a) — 2(a,b,c), d}= [abc] + [bac] + [cab] +
+ [cba] — 2<1,(abc)>, d = [abc] o|d] + [bac] o [d] +
+ [cab] o[d] + [¢ba] o [d] - 2 < 1,abe > o[d] +
+ [d] olabc] + [d] o [bac] 4 [d] o [cab] + [d] o [cbal
— 2[d] o < 1,abc >= [abcd] + [bacd] + [cabd] +
+ [cbad] — 2<1, abcd> — 2<d, abc> + [dabc] —
— 2<1, abcd> — <a, bed> — <b, acd> — <c, abd> +
+ [dbac] — 2<1, abed> — <a, bed> — <b, acd> —
— <¢, abd> + [dcab] — 2<1, abed> — <a, bed> —
— <b, acd> —<c, abd> + [dcba] — 2<1, abed> —
— <a, bed> — <b, acd> — <c, abd> — 2<d, abc> =
= (((ab)c)d) + (((ba)c)d) + (((ca)b)d) + (((cb)a)d) —
— 2[(a, b, ¢), d] — 2[d (a, b, c)] — 2/(a, b, c), d] +
+ (((da)b)c) = [a (b, c, d)] — [b (a, ¢, d)] —
— [c (a, b, d)] + (((db)a)c) — 2[(a, b, ¢), d] —
— [a (b, ¢, d)] — [b (a, ¢, d)] — [c (a, b, d)]+
+ (((dc)a)b) — 2[(a, b, ¢), d] — [a (b, ¢, d)] —
_ /b (CL, ¢ d)/ - /C (CL, b} d)/ + (((dc)b)a) -
— 2[(a, b, ¢), d] — [a (b, ¢, d)] — [b (a, ¢, d)] —
— [e (a, b, d)— 2[d (a, b, c)] = (((ab)c)d) +
+ (((ba)c)d) + (((ca)b)d) + (((cb)a)d) +
+ (((da)b)c) + (((db)a)c) + (((dc)a)b) +
+ (((dec)b)a) — 10[(a, b, ¢), d] — 4a, (b, ¢, d)] —
— 4[b7 (a7 ¢ d)/ T 4[07 (a,, b7 d)/ o 4/d7 (ar b, C)/

Theorem 3.3.7 By definition of {a, b} = ab + ba and proposition we
have

{{a, b}, {c, d}} = (((ab)c)d) + (((cd)a)b) +
+ (((ab)d)c) + (((dc)a)b) + (((ba)c)d) + (((cd)b)a) +
+ (((ba)d)c) + (((dc)b)a) - 4[a, (b, ¢, d)] - 4[b, (a, ¢, d)] -
- 4fc, (a, b, d)] - 4]d, (a, b, c)] - 8[(a, b, ¢), d]

Proposition 3.3.8 Proposition we can find (ab)(cd),
(ab)(cd) = [ab] o [ed] = [abed]— < a,bed > — < byacd > — < 1,abed > (3.33)

Proof 3.3.9 By definition of {a, b} = ab + ba and proposition we have
{{a, b}, {c, d}} = ((ab)(cd)) + ((ba)(cd)) + (ab)(dc) + (ab)(cd) + + ((dc)(ab))
+ ((ba)(dc)) + ((ba)(cd)) + ((dc)(ba)) |

So when we know a, b, ¢, d we can use proposition and proposition

to proof
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{{a, b}, {c, d}} = (ab)(cd) + (cd)(ab) + (ab)(dc) + (dc)(ab)+
+ (ba)(cd) + (cd)(ba) + (ba)(dc) + (dc)(ba) =
= [abed] - <a, bed> - <b, acd> - <1, abed>
+ [edab] - <c, abd> - <d, abc> - <1, abed>
+ [abdc] - <a, bed> - <b, acd> - <1, abed>
+ [dcab] - <c, abd> - <d, abc> - <1, abed>
+ [bacd] - <a, bed> - <b, acd> - <1, abed>
+ [edbal - <c¢, abd> - <d, abc> - <1, abcd>
+ [badc] - <a, bed> - <b, acd> - <1, abed>
+ [dcbal - <c¢, abd> - <d, abc> - <1, abcd> =
= [abcd] + [cdab] [abdc] + [decab] + [bacd] +
+ [edbal + [badc] + [dcbal - 4<a, bed> - 4<b, acd> -
- 4<c, abd> - 4<d, abc> - 8§<1, abcd> =
— ((b)e)d) + (((ed)ay) + (((ab)d)c) + (((de)a)s) +
+ (((ba)c)d) + (((cd)b)a) + (((ba)d)c) + (((dc)b)a) -
- 4[(17 (67 ¢, d)/ - 4/[)7 (a7 & d)/ - 4[07 (a7 b: d)/ -
- 4/d7 (CL, b7 C)/ - 8/(&, b, C), d/

Theorem 3.3.10 By definition of {a, b} = ab + ba and proposition we
have

I+ + + + + + +

{{{{a, b}, ¢}, d}, e} = [abcde] + [bacde]+
+ [cabde] + [cbade] + [dabee] + [dbace/+
+ [dcabe] + [dcbae] + [eabed] + [ebacd]+
+ [ecabd] + [ecbad] + [edabc] + [edbac]+
+ [edcab] + [edcba] - 20<a, bede> - 20<b, acde>-
- 20<c, abde> - 20<d, abce> - 20<e, abcd>-
- 8<ab, cde> - 8<ac, bde> - 8<ad, bce> - 8<ae, bed>-
- 8<bc, ade> - 8<bd, ace> - 8<be, acd> - 8<cd, abe>>-
- 8<ce, abd> - 8<de, abc> - 34<1, abcde>

when our multiply elements of on left side we use formula 5 from proposition
3.3.1

Proposition 3.3.11 By proposition our [e] o [abed] is equal

[e] o[abcd] = [eabed] — 3 < 1, abede > —2 < a, bede > —
- 2<b, acde> - 2<c, abde> - 2<d, abce> - <ab, cde> -
- <ac, bde> - <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe>

Proof 3.3.12 By definition of {a, b} = ab + ba and proposition we have

{{{{a, b}, ¢}, d}, e} = ((((ab)e)d)e) + ((((ba)c)d)e) +
+ (((c(ab))d)e) + (((c(ba))d)e) + ((d((ab)c))e) +
+ ((d((ba)c))e) + ((d(c(ab)))e) +((d(c(ba)))e) +
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+ (e(((ab)e)d)) + (e((ba)c)d) + (e(c(ab))d) +
+ (e((c(ba))d)) +(e(d((ab)c))) + (e(d((ba)c))) +
+ (e(d(c(ab)))) + (e(d(c(ba))))

Then By theorem and propositoion (3.53.11) we can show {{{{a, b},
c}, d}, e}

{{{{a,b}, ¢}, d}, e} = {(((ab)c)d) + (((ba)c)d) +
£ ((eap)d) + (((D)a)d) + (((da)b)c) + (((dB)a)e) +
+ (((dc)a)b) + (((dc)b)a) - 10[(a, b, c), d] -
- 4/& (b, G d)/‘ 4/b (CL, C d)/‘ 4/6 (a, b7 d)/_
- 4[d (a, b, c)], e} = {[abcd] + [bacd] +
+ [cabd] + [cbad] + [dabe] + [dbac] +
+ [dcab] + [dcba/ - 10<1, abed> - f<a, bed> -
- 4<b, acd> - 4<c, abd> - /<d, abc>, e} =
= [abed] ole] + [bacd] o [e] + [cabd] o [e] +
+ [cbad] ole] 4 [dabc] o [e] + [dbac] o [e] +
+ [dcab] ole] 4 [dcba] o [e] — 10 < 1, abed > ofe] —
- 4<a, bed> ole] —4 < b,acd > ole] —
- J<c¢, abd> ole] — 4 < d,abc > ole] +
+ [e] olabed) + [e] o [bacd] + [e] o [cabd] +
+ [e] o[cbad] + [e] o [dabc] + [e] o [dbac] +
+ [e] o[dcab] + [e] o [dcba] 4+ 10[e]o < 1, abed > —
- 4le] o < a,bed > —4[e]o < b,acd > —
- 4le] o < ¢,abd > —4[e]o < d,abc >=
= [abede] + [bacde] + [cabde] + [cbade] +
+ [dabee] + [dbace] + [dcabe] + [dcbae] -
- 10<1, abede> - 10<e, abcd> - 4 <a, bcde> -
- 4<b, acde> - 4<c, abde> - 4<d, abce> - J<ae, bcd> +
- 4<be, acd> - J<ce, abd> - j<de, abc> +
+ [eabed] - 8<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [ebacd] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [ecabd] - 3<1, abcde> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [ecbad] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [edabc] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
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- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [edbac] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [edcab] - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c¢, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
+ [edcbal - 3<1, abede> - 2<a, bede> - 2<b, acde> -
- 2<c, abde> - 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> - <cd, abe> +
-10<e, abcd> - }<ae, bed> - 4<be, acd> -
- 4<ce, abd> - /<de, abc> =
= [abede] + [bacde] + [cabde] + [cbade] +
+ [dabce] + [dbace] + [dcabe] + [dcbae] +
+ [eabcd] + [ebacd] + [ecabd] + [ecbad] +
+ [edabc] + [edbac] + [edcab] + [edcba] +
- 20<a, bede> - 20<b, acde> - 20<c, abde> -
- 20<d, abce> - 20<e, abcd> - 8<ab, cde> -
- 8<ac, bde> - 8<ad, bce> - 8<ae, bed> -
- 8<be, ade> - 8<bd, ace> - 8<be, acd> -
- 8<cd, abe> - 8<ce, abd> - 8<de, abc> -
- 34 <1, abede>

Theorem 3.3.13 By definition of {a, b} = ab + ba and proposition we
have

{{{a, b}, ¢}, {d, e}} = [abcde] + [bacde] +

+ [cabde] + [cbade] + [deabc] + [debac] +

+ [decab] + [decba] + [abced] + [baced] +

+ [cabed] + [cbaed] + [edabc] + [edbac] +
+ [edcab] + [edcbaf - 28<1, abcde> -

- 20<d, abce> - 20<e, abcd> - 16<a, bede> -
- 16<b, acde> - 16<c, abde> - 8<ad, bce> -
- 8<ae, bed> - 8<bd, ace> - 8<be, acd> -

- 8<cd, abe> - 8<ce, abd> - 8 <de, abc

Proposition 3.3.14 By proposition we have,

[abc] o [de] = [abcde] - <1, abede> -
- <a, bede> - <b, acde> - <c, abde> -
- <ab, cde> - <ac, bde> - <bc, ade>

Proposition 3.3.15 By proposition we have,
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[de] o [abc] = [deabc] - 2<1, abede> -
- 2<d, abce> - 2<e, abcd> - <a, bede> -
- <b, acde> - <c, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> - <ce, abd>

Proposition 3.3.16 By proposition we have,

<1, abc> o [de] = <1, abede> +
+ <d, abce> + <e, abed> + <de, abc>

Proposition 3.3.17 By proposition we have,

[de] o <1, abc> = <de, abc>
Proof 3.3.18 By definition of {a, b} = ab + ba and proposition we have

{{{a, b}, ¢}, {d, e}} = (((ab)c)(de)) + (((ba)c)(de)) +
+(((c(ab))(de)) + (((c(ba))(de)) + ((de) ((ab)c)) +
+ ((de)((ba)c)) + ((de)((c(ab))) + ((de)((c(ba))) +

+ ((ed)((ab)c)) + ((ed)((ba)c)) + ((ed)(c(ab))) +
+ ((ed)(c(ba))) + (((ab)c)(ed)) + (((ba)c)(ed)) +
+ ((c(ab))(ed)) + ((c(ba))(ed))

Then by proposition (3.3.14}), (3.3.15) and we can showing {{{a, b}, ¢},
{d, e}},

{{{a? b}7 C}, {d7 6}} - {((ab)c) + ((ba)c) +
+ ((ca)b) + ((cb)a) - 2(a,b,c), det+ed} =
= [abc] o [de] + [bac] o [de] + [cab] o [de] +
+ [cbaf o [de] - 2<1, abc> o [de] + [de] o [abe] +
+ [de] o [bac] + [de] o [cab] + [de] o [cba] -

- 2[de] o <1, abc> + [abc] o [ed] + [bac] o [ed] +
+ [cab] o [ed] + [cba] o [ed] - 2<1, abc> o [ed] +
+ [ed] o [abc] + [ed] o [bac] + [ed] o [cab] +
+ [ed] o [cba] - 2[ed] o <1, abc> =
= [abede] - <1, abcde> - <a, bede> - <b, acde> -
- <c, abde> - <ab, cde> - <ac, bde> - <bc, ade> +
+ [bacde] - <1, abede> - <a, bede> - <b, acde> -
- <¢, abde> - <ab, cde> - <ac, bde> - <bc, ade> +
+ [cabde] - <1, abede> - <a, bede> - <b, acde> -
- <¢, abde> - <ab, cde> - <ac, bde> - <bc, ade> +
+ [cbade] - <1, abcde> - <a, bede> - <b, acde> -
- <¢, abde> - <ab, cde> - <ac, bde> - <bc, ade> -
- 2<1, abcde> - 2<d, abce> - 2<e, abcd> - 2<de, abc> +
+ [deabe] - 2<1, abede> - 2<d, abce> -
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- 2<e, abed> - <a, bede> - <b, acde> -
- <c¢, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> - <ce, abd> +
+ [debac] - 2<1, abcde> - 2<d, abce> -
- 2<e, abcd> - <a, bede> - <b, acde> -
- <c, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> - <ce, abd> +
+ [decab] - 2<1, abede> - 2<d, abce> -
- 2<e, abed> - <a, bede> - <b, acde> -
- <c¢, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> - <ce, abd> +
+ [decba] - 2<1, abede> - 2<d, abce> -
- 2<e, abed> - <a, bcde> - <b, acde> -
- <c¢, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> -
- <ce, abd> - 2 <de, abc> +
+ [abeed] - <1, abede> - <a, bede> -
- <b, acde> -<c, abde> - <ab, cde> -
- <ac, bde> - <be, ade> + [baced] -
- <1, abcde> - <a, bede> - <b, acde> -
- <c¢, abde> - <ab, cde> - <ac, bde> -
- <bec, ade> + [cabed] - <1, abcde> -
- <a, bede> - <b, acde> - <c, abde> -
- <ab, cde> - <ac, bde> - <bc, ade> +
+ [cbaed] - <1, abede> - <a, bede> -
- <b, acde> - <c, abde> - <ab, cde> -
-<ac, bde> - <bc, aed> -
- 2<1, abcde> - 2<d, abce> - 2<e, abcd> -
- 2<de, abc> + [edabc] - 2<1, abcde> -
- 2<d, abce> - 2<e, abcd> - <a, bede> -
- <b, acde> - <c, abde> - <ad, bce> -
- <ae, bed> - <bd, ace> - <be, acd> -
- <cd, abe> - <ce, abd> + [edbac] -
- 2<1, abede> - 2<d, abce> - 2<e, abcd> -
- <a, bede> - <b, acde> - <c, abde> -
- <ad, bce> - <ae, bed> - <bd, ace> -
- <be, acd> - <cd, abe> - <ce, abd> +
+ [edcab] - 2<1, abede> - 2<d, abce> -
- 2<e, abed> - <a, bede> - <b, acde> -
- <c¢, abde> - <ad, bce> - <ae, bed> -
- <bd, ace> - <be, acd> - <cd, abe> -
- <ce, abd> + [edcba] - 2<1, abede> -
- 2<d, abce> - 2<e, abcd> - <a, bede> -
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- <b, acde> - <c, abde> - <ad, bce> -
- <ae, bed> - <bd, ace> - <be, acd> -
- <cd, abe> - <ce, abd> - 2 <de, abc> =
= [abede] + [bacde] + [cabde] + [cbade] +
+ [deabc] + [debac] + [decab] + [decba] +
+ [abeed] + [baced] + [cabed] + [cbaed] +
+ [edabe] + [edbac] + [edcab] + [edcba) -
- 28<1, abcde> - 20<d, abce> -
- 20<e, abcd> - 16<a, bcde> -
- 16<b, acde> - 16<c, abde> - §<ad, bce> -
- 8<ae, bed> - 8<bd, ace> - 8<be, acd> -
- 8<cd, abe> - 8<ce, abd> - 8 <de, abc>

Theorem 3.3.19 By definition of {a, b} = ab + ba and proposition we
have

{{{a, b}, {c, d}}, e} = [abcde] +
+ [cdabe] + [abdce] + [dcabe] + [bacde] +
+ [cdbae] + [badce] + [dcbae] + [eabed] +
+ [ecdab] + [eabdc] + [edcab] + [ebacd] +
+ [ecdba] + [ebadc] + [edcba) -

- 32<1, abcde> - 20<a, bede> - 20<b, acde> -
- 20<c, abde> - 20<d, abce> - 16<e, abcd> -
- 8<ab, cde> - 8<ac, bde> - 8<ad, bce> -

- 8<bc, ade> - 8<bd, ace> - 8<cd, abe> -

- 8<ae, bed> - 8<be, acd> - 8<ce, abd> -

- 8<de, abc> - 16<e, abcd>

Proof 3.3.20 By definition of {a, b} = ab + ba and proposition we have

{{{a, b}, {c, d}}, e} = (((ab)(cd))e) + (((ba)(cd))e) +
+ (((ab)(dc))e) + (((ab)(cd))e) + (((dc)(ab))e) +
+ (((ba)(dc))e) + (((ba)(cd))e) + (((dc)(ba))e) +
+ (e((ab)(cd))) + (e((ba)(cd))) + (e((ab)(dc))) +
+ (e((ab)(cd))) + (e((dc)(ab))) + (e((ba)(dc))) +
+ (e((ba)(cd))) + (e((dc)(ba)))

When we have {{{a, b}, {c, d}}, e} we using theorem and proposition
we can write

{{{a, b}, {c, d}}, e} = {(((ab)e)d) + (((cd)a)b) +
+ (((ab)d)c) + (((dc)a)b) + (((ba)c)d) +
+ (((cd)b)a) + (((ba)d)c) + (((dc)b)a) -

- 4/(17 (b, ¢ d)/ - 4/6: (a, ¢ d)/ - 4[07 (a7 b, d)/ h

36



- 4/d: (a, b, C)/ B 8/(@, b, C): d/: 6} -
= [abcd] o [e] + [edab] o [e] + [abdc] o [e] +
+ [deab] o [e] + [bacd] o [e] + [cdba] o [e] +
+ [badc] o [e] + [dcbal o [e] - 4<a, bed> o [e] -
- 4<b, acd> o [e] - 4<c, abd> o [e]- 4<d, abc> o [e] -
- 8<1, abed> o [e] + [e] o [abed] + [e] o [cdab] +
+ [e] o [abdc] + [e] o [dcab] + [e] o [bacd] +
+ [e] o [edba] + [e] o [bade] + [e] o [dcba) -
- 4le] o<a, bed> - 4[e] o<b, acd> - 4[e] o<c, abd> -
- Jle] o<d, abc> - 8le] o<1, abed> =
= [abede] + [cdabe] + [abdce] + [dcabe] +
+ [bacde] + [cdbae] + [badce] + [dcbae]+
- 4<a, bcde> - J<ae, bed> - 4<be, acd> -
- 4<b, acde> - 4<c, abde> - 4<ce, abd> -
- 4<d, abce> - J<de, abc> - 8<1, abcde> -
- 8<e, abcd> + [eabed] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde> -
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [ecdab] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde> -
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [eabdc]- 3<1, abcde> -
- 2<a, bede> - 2<b, acde> - 2<c, abde> -
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [edcab] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde> -
- 2<d, abce> - <ab, cde> - <ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -
- <cd, abe> + [ebacd] - 3<1, abede> -
- 2<a, bede> - 2<b, acde> - 2<c, abde> -
- 2<d, abce> - <ab, cde> - <ac, bde> -

- <ad, bce> - <bc, ade> - <bd, ace> -

- <cd, abe> + [ecdbaf - 3<1, abede> -
2<a, bede> - 2<b, acde> - 2<c, abde> -
- 2<d, abce> - <ab, cde> - <ac, bde> -

- <ad, bce> - <bc, ade> - <bd, ace> -

- <cd, abe> + [ebadc] - 3<1, abcde> -
2<a, bede> - 2<b, acde> - 2<c, abde> -
- 2<d, abce> - <ab, cde> - <ac, bde> -

- <ad, bce> - <bc, ade> - <bd, ace> -
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- <cd, abe> + [edcbal - 3<1, abede> -

- 2<a, bede> - 2<b, acde> - 2<c, abde> -
- 2<d, abce> - <ab, cde> -<ac, bde> -
- <ad, bce> - <bc, ade> - <bd, ace> -

- <cd, abe> - J<ae, bed> - 4<be, acd> -

- 4<ce, abd> - J<de, abc> - 8<e, abcd> =
= [abcde] + [cdabe] + [abdce] + [dcabe] +
+ [bacde] + [cdbae] + [badce] + [dcbae] +
+ [eabcd] + [ecdab] + [eabdc] + [edcab] +
+ [ebacd] + [ecdba] + [ebadc] + [edcba -

- 82<1, abede> - 20<a, bede> - 20<b, acde> -
- 20<c, abde> - 20<d, abce> - 16<e, abcd> -
- 8<ab, cde> - 8<ac, bde> - 8<ad, bce> -

- 8<bc, ade> - 8§<bd, ace> - 8<cd, abe> -

- 8<ae, bed> - 8<be, acd> - 8<ce, abd> -

- 8<de, abc> - 16<e, abcd>

Theorem 3.3.21 By definition of {a, b} = ab + ba and proposition we
have

{{{{{a, b}, C}, d}; 6}7 f} - /adeef/ + /baCdef/ +

+ [cabdef] + [cbadef] + [dabeef] +

+ [dbacef] + [dcabef] + [dcbaef] +

+ [eabedf] + [ebacdf] + [ecabdf] +

+ [ecbadf] + [edabef] + [edbacf] +

+ [edcabf] + [edcbaf] +[fabede] +

+ [fbacde] + [fcabde] + [fcbade] +

+ [fdabce] +[fdbace] + [fdcabe] +

+ [fdcbae] + [feabed] + [febacd] +

+ [fecabd] + [fecbad] + [fedabe] +

+ [fedbac] + [fedcab] + [edcbaf] -

- 50<1, abcdef> - 36<a, bedef> -
- 36<b, acdef> - 36<c, abdef> - 36<d, abcef> -
- 36<e, abcdf> - 24<ab, cdef> - 24<ac, bdef> -
- 24 <ad, beef> - 24<ae, bedf> - 24 <bc, adef> -
- 24 <bd, acef> - 24 <be, acdf> - 24<cd, abef> -
- 24<ce, abdf> - 2/<de, abcf> - 16<abc, def> -
- 16<abd, cef> - 16<abe, cdf> - 16<acd,bdf> -
- 16<ace, bdf> - 16<ade, bcf> - 16<bcd, aef> -
- 16<bce, adf> - 16<bde, acf> - 16<cde, abf>

Proposition 3.3.22 By proposition we have,
[abede] o [f] = [abede f]
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Proposition 3.3.23 By proposition we have,

|f] o [abcde] = <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
- <e, abedf> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <ae, bedf> - <bc, adef> -
- <bd, acet> - <be, acdt> - <cd, abef> -
- <ce, abdf> - <de, abcf> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
- <ace, bdf> - <ade, bef> - <bcd, aef> -
- <bce, adf> - <bde, act> - <cde, abf>

Proposition 3.3.24 By proposition we have,
<1, abede> o [f] = <f, abede> + <1, abede>
Proposition 3.3.25 By proposition we have,
f] o <1, abede> = <f, abede>
Proposition 3.3.26 By proposition we have,
<e, abed> o [f] = <fe, abce> + <e, abedf>
Proposition 3.3.27 By proposition we have,
[f] o <d, abce> = <fd, abce>
Proposition 3.3.28 By proposition we have,
<d, abce> o [f] = <fd, abce> + <d, abcef>
Proposition 3.3.29 By proposition we have,
|f] o <ab, cde> = <fab, cde>
Proposition 3.3.30 By proposition we have,
<ab, cde> o |f| = <fab, cde> + <ab, cdef>
Proposition 3.3.31 By proposition we have,
[f] o <ab, cde> = <fab, cde>

Proof. By definition of {a, b} = ab + ba we have
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{{{{{a, b}, ¢}, d}, e}, £} = ((((ab)c)d)e)f) + ((((ba)c)d)e)f) +
+ ((((c(ab))d)e)t) + ((((c(ba))d)e)f) + (((d((ab)c))e)f) +
+ (((d((ba)e))e)f) + (((d(c(ab)))e)f) +(((d(c(ba)))e)f) +

+ ((e(((ab)e)d))f) + ((e((ba)e)d)f) + ((e(c(ab))d)f) +
+ ((e((c(ba))d))f) + ((e(d((ab)e)))f) + ((e(d((ba)c)))f) +
+ ((e(d(c(ab))))f) + ((e(d(c(ba))))f) + (f((((ab)c)d)e)) +
+ (f((((ba)c)d)e)) + (f(((c(ab))d)e)) + (f(((c(ba))d)e)) +
+ (f((d((ab)c))e)) + (f((d((ba)c))e)) + (f((d(c(ab)))e)) +

+ (f((d(c(ba)))e)) -+ (f(e(((ab)e)d))) + (f(e((baje)d)) +

+ (f(e(c(ab))d)) + (f(e((c(ba))d))) + (f(e(d((ab)c)))) +

+ (f(e(d((ba)e)))) + (f(e(d(c(ab))))) + (e(d(c(ba)))))

Than by proposition [3.3.2243.3.31) we showing {{{{{a, b}, c}, d}, e}, f}

{H{{{{a, b}, ¢}, d}, e}, f} = [abcde| + [bacde| +
+ [cabde| + [cbade| + |dabce] + [dbace| +
+ [dcabe| + |dcbae] + |eabed] + [ebacd] +
+ lecabd] + [ecbad] + [edabc| + [edbac]| +

+ |edcab] + |edcba] — 20<a, bede> —

- 20<b, acde> — 20<c, abde> — 20<d, abce> —
- 20<e, abed> — 8<ab, cde> — 8<ac, bde> -
— 8<ad, bce> — 8<ae, bed> — 8<bc, ade> —

- 8<hd, ace> — 8<be, acd> — 8<cd, abe> —
- 8<ce, abd> — 8<de, abc> - 34<1, abcde>, f =

— [abede] o [f] + [bacde| o [f] + [cabde] o [f] +
+ [cbade] o [f] + [dabce| o [f] + [dbace]| o [f] +
+ [dcabe] o [f] + [dcbae| o [f] + [eabed| o [f] +
+ lebacd] o [f] + [ecabd| o [f] + [ecbad]| o [f] +
+ ledabe| o [f] + [edbac]| o [f] + [edcab| o [f] +

+ |edcba] o [f] — 20<a, bede> o [f] — 20<b, acde> o [f] -

— 20<c, abde> o [f] = 20<d, abce> o [f| — 20<e, abed> o [f] -
— 8<ab, cde> o [f] — 8<ac, bde> o [f] — 8<ad, bee> o [f] -
— 8<ae, bed> o [f| = 8<bc, ade> o [f| — 8<bd, ace> o [f] -
- 8<be, acd> o [f| — 8<cd, abe> o [f] — 8<ce, abd> o [f]| -

- 8<de, abc> o [f] - 34<1, abede> o [f] +
+ [f] o [abede| + [f] o [bacde| + [f] o [cabde] +
+ [f] o [cbade] + |f] o |dabce| + [f] o [dbace| +
+ [f] o [dcabe| + [f] o [dcbae| + [f] o [eabed] +
+ [f] o [ebacd] + [f] o |ecabd]| + [f]| o [ecbad| +
+ [f] o [edabe| + [f] o [edbac| + [f] o [edcab] +
+ [f] o [edcba] — 20[f] o <a, bede> — 20[f] o <b, acde> -

— 20[f] o <c, abde> — 20[f] o <d, abce> — 20[f] o <e, abed> -
— 8|f] o <ab, cde> — §|f] o <ac, bde> — §|f] o <ad, bce> -
— 8[f] o <ae, bed> — 8[f] o <bc, ade> — §|f] o <bd, ace> -
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— 8|f] o <be, acd> — 8|f| o <cd, abe> — 8|f] o <ce, abd> -

— 8[f] o <de, abc> - 34][f] o <1, abede> =

= |abedef]| + [bacdef] + [cabdef]| +
+ [cbadef] + [dabcef] + [dbacef] +
+ [dcabef] + [dchaef] + [eabedf] +
+ [ebacdf| + [ecabdf]| + [ecbadf] +
+ |edabcf] + |edbact] + [edcabf] +
+ ledcbaf| — 20<a, bedef> — 20<b, acdef> -

— 20<c, abdef> — 20<d, abcef> — 20<e, abedf> -
— 8<ab, cdef> — 8<ac, bdef> — 8<ad, bcef> -
— 8<ae, bedf> — 8<be, adef> — 8<bd, acef> —
- 8<be, acdf> — 8<cd, abef> — 8<ce, abdf> —

- 8<de, abef> - 34<1, abedef> +
20<af, bede> — 20<bf, acde> -

— 20<cf, abde> — 20<df, abce> — 20<ef, abed> -
— 8<abf, cde> — 8<acf, bde> — 8<adf, bce> -
— 8<aef, bed> — 8<bcf, ade> — 8<bdf, ace> —
- 8<bet, acd> — 8<cdf, abe> — 8<cef, abd> —

- 8<def, abc> - 34<f, abcde> +
+ [fabede| - <1, abedef> - <a, bedef> -

- <b, acdef> - <c, abdef> - <d, abcef> -

- <e, abedf> - <ab, cdef> - <ac, bdef> -

- <ad, bcef> - <ae, bedf> - <bc, adef> -

- <bd, acef> - <be, acdf> - <cd, abef> -

- <ce, abdf> - <de, abcf> - <abc, def> -

- <abd, cef> - <abe, cdf> - <acd,bdf> -

- <ace, bdf> - <ade, bef> - <bced, aef> -

- <bce, adf> - <bde, act> - <cde, abf> -

+ [fbacde| - <1, abedef> - <a, bedef> -

- <b, acdef> - <c, abdef> - <d, abcef> -

- <e, abedf> - <ab, cdef> - <ac, bdef> -

- <ad, bcef> - <ae, bedf> - <bc, adef> -

- <bd, acef> - <be, acdf> - <cd, abef> -

- <ce, abdf> - <de, abct> - <abc, def> -

- <abd, cef> - <abe, cdf> - <acd,bdf> -

- <ace, bdf> - <ade, bef> - <bced, aef> -

- <bce, adf> - <bde, act> - <cde, abf> -

+ |fcabde| - <1, abedef> - <a, bedef> -

- <b, acdef> - <c, abdef> - <d, abcef> -
<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, beef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abcf> - <abe, def> -
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- <abd, cef> - <abe, cdf> - <acd,bdf> -
- <ace, bdf> - <ade, bef> - <bcd, aef> -
- <bce, adf> - <bde, acf> - <cde, abf> -
+ |fcbade| - <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abct> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
<ace, bdf> - <ade, bef> - <bed, aef> -
<bce, adf> - <bde, acf> - <cde, abf> -
+ [fdabce| - <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
- <e, abedf> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <ae, bedf> - <bc, adef> -
- <bd, acef> - <be, acdf> - <cd, abef> -
- <ce, abdf> - <de, abct> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
- <ace, bdf> - <ade, bef> - <bced, aef> -
- <bce, adf> - <bde, act> - <cde, abf> -
+ [fdbace| - <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
- <e, abedf> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <ae, bedf> - <bc, adef> -
- <bd, acef> - <be, acdf> - <cd, abef> -
- <ce, abdf> - <de, abcf> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
- <ace, bdf> - <ade, bef> - <bced, aef> -
- <bce, adf> - <bde, act> - <cde, abf> -
[fdcabe] - <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
- <e, abedf> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <ae, bedf> - <bc, adef> -
- <bd, acet> - <be, acdf> - <cd, abef> -
- <ce, abdf> - <de, abcf> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
<ace, bdf> - <ade, bef> - <bced, aef> -
<bce, adf> - <bde, acf> - <cde, abf> -
+ [fdcbae] - <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
- <e, abcdf> - <ab, cdef> - <ac, bdef> -
- <ad, becef> - <ae, bedf> - <bc, adef> -
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<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abct> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
<ace, bdf> - <ade, bef> - <bced, aef> -
<bce, adf> - <bde, acf> - <cde, abf> -
[feabed| - <1, abedef> - <a, bedef> -

<b, acdef> - <c, abdef> - <d, abcef> -
<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abcf> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
<ace, bdf> - <ade, bef> - <bced, aef> -
- <bce, adf> - <bde, act> - <cde, abf> -
+ [febacd] - <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
- <e, abedf> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <ae, bedf> - <bc, adef> -
- <bd, acef> - <be, acdf> - <cd, abef> -
- <ce, abdf> - <de, abcf> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
- <ace, bdf> - <ade, bef> - <bced, aef> -
- <bce, adf> - <bde, act> - <cde, abf> -
+ |fecabd| - <1, abcedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abcf> - <abe, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
- <ace, bdf> - <ade, bef> - <bcd, aef> -
- <bce, adf> - <bde, act> - <cde, abf> -
+ |fecbad] - <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abcf> - <abe, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
- <ace, bdf> - <ade, bef> - <bcd, aef> -
- <bce, adf> - <bde, act> - <cde, abf> -
+ |fedabc| - <1, abedef> - <a, bedef> -
- <b, acdef> - <c, abdef> - <d, abcef> -
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<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abcf> - <abc, def> -
- <abhd, cef> - <abe, cdf> - <acd,bdf> -
<ace, bdf> - <ade, bef> - <bced, aef> -
<bce, adf> - <bde, act> - <cde, abf> -
+ [fedbac| - <1, abedef> - <a, bedef> -
<b, acdef> - <c, abdef> - <d, abcef> -
<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abct> - <abc, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
<ace, bdf> - <ade, bef> - <bced, aef> -
<bce, adf> - <bde, act> - <cde, abf> -
+ |fedcab| - <1, abedef> - <a, bedef> -
<b, acdef> - <c¢, abdef> - <d, abcef> -
<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abcf> - <abe, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
<ace, bdf> - <ade, bef> - <bced, aef> -
<bce, adf> - <bde, acf> - <cde, abf> -
+ |edcbaf| - <1, abedef> - <a, bedef> -
<b, acdef> - <c, abdef> - <d, abcef> -
<e, abedf> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <ae, bedf> - <bc, adef> -
<bd, acef> - <be, acdf> - <cd, abef> -
<ce, abdf> - <de, abcf> - <abe, def> -
- <abd, cef> - <abe, cdf> - <acd,bdf> -
<ace, bdf> - <ade, bef> - <bcd, aef> -
- <bce, adf> - <bde, act> - <cde, abf> =
= |abedef| + [bacdef| + [cabdef| +

+ [cbadef]| + [dabcef] + [dbacef]| +

+ [dcabef| + |dcbaef| + [eabedf] +

+ [ebacdf] + [ecabdf] + [ecbadf] +

+ |edabcf] + [edbact]| + [edcabf] +

+ |edcbaf| +[fabede] + [fbacde| +

+ [fcabde| + [fcbade| + [fdabee] +
+|[fdbace| + [fdcabe] + [fdcbae] +

+ [feabed| + [febacd] + [fecabd] +
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+ [fecbad] + [fedabc| + [fedbac| +
+ |fedcab] + [edcbaf] -

- 50<1, abedef> - 36<a, bedef> -
- 36<b, acdef> - 36<c, abdef> - 36<d, abcef> -
- 36<Ce, abedf> - 24<ab, cdef> - 24<ac, bdef> -
- 24<ad, beef> - 24<ae, bedf> - 24<bc, adef> -
- 24<bd, acef> - 24<be, acdf> - 24<cd, abef> -
- 24<ce, abdf> - 24<de, abct> - 16<abc, def> -
- 16<abd, cef> - 16<abe, cdf> - 16<acd,bdf> -
- 16<ace, bdf> - 16<ade, bef> - 16<bcd, aef> -
- 16<bce, adf> - 16<bde, acf> - 16<cde, abf>

Theorem 3.3.32 By definition of {a, b} = ab + ba and proposition we

have {{{{a, b}, ¢}, d}, {e f}}and when we have {{{{a, b}, ¢}, d}, {e f}} we
using theorem and and proposition and we can write

{{{{a; b}, ¢}, d}, {e f}} = (((ab)e)d) + (((ba)c)d) +
+ (((c(ab))d) -+ ((c(ba))d) + (d((ab)c)) +

+ (d((baje)) + (d(c(ab))) + (d(c(ba))), (ef) + (fe) =
= ((((ab)e)d)(ef)) + ((((ba)e)d)(ef)) + ((((c(ab))d)(ef)) +
+ (((c(ba))d)(ef)) + ((d((ab)e))(ef)) + ((d((ba)c))(ef)) +
+ ((d(c(ab))) (ef)) + ((d(c(ba)))(ef))

+ ((eh)(((ab)e)d)) + ((ef)(((ba)e)d)) + ((ef)(((
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+ ((fe)(d(c(ab)))) + ((fe)(d(c(ba)))) =
— [abcdef] + [bacdef] + [cabdef] + [cbadef] +
+ |dabcef] + |dbacef| + [dcabef| + |[dcbaef] +
+ lefabed] + [efbacd]| + [efcabd] + [efcbad] +
+ |efdabc| + [efdbac| + |efdcab| + [efdcba] +
— |abcdfe| + [bacdfe] + [cabdfe] + [cbadfe] +
+ |dabcfe| + |dbacfe|] + [dcabfe] 4 [dcbafe| +
+ [feabed] + [febacd] + [fecabd] + [fecbad] +
+ [fedabc| + [fedbac| + [fedcab] + [fedcba] -

- 60<1, abedef> - 20<e, abedf> - 20<f, abede> - 40<ef, abed> -
- 40<a, bedef> - 24<ae, bedf> - 8<af, bede> - 16<aef, bed> -
- 40<Db, acdef> - 24<be, acdf> - 8<bf, acde> - 16<bef, acd> -
- 40<c, abdef> - 24<ce, abdf> - 8<cf, abde> - 16<cef, abd> -

- 40<d, abcef> - 24<de, abct> - 8<df, abce> - 16<<def, abc>
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Proposition 3.3.33 By proposition we have,

((((ab)c)d)(ef)) = [abed] o [ef| = [abedef] -

- <1, abcdef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <be, adef> -
- <bd, acef> - <cd, abef> - <abe, def> -
- <abd, cef> - <acd, bef> - <bcd, aef>

Proposition 3.3.34 By proposition we have,
((ef)(((ab)c)d)) = [ef] o [abed] = [efabed] - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> =

By proposition (3.3.1)) we have,

Proposition 3.3.35 <1, abed> o [ef| = <1, abedef> +
+ <e, abcdf> + <f, abcde> + <ef, abed>

Proposition 3.3.36 By proposition we have,
[ef[ o <1, abed> = <ef, abcd>
Proposition 3.3.37 By proposition we have,
<a, bed> o [ef] = <a, bedef> + <ae, bedf> + <af, bede> + <aef, bed>

Proposition 3.3.38 By proposition we have,
[ef] o <a, bed> = <aef, bed>

Then by proposition (3.3.33) - (3.3.38) we can start proof part

{{{{a, b}, ¢}, d}, {e, f}} = {(((ab)c)d) + (((ba)c)d) +
+ (((ca)b)d) + (((cb)a)d) + (((da)b)c) + (((db)a)c) +
+ (((dc)a)b) + (((de)b)a) — 10[(a, b, c), d] - 4 ¢, d)] -
c, d)] — 4fc, | - c
)
) )

7b7
) +
a +

: [a, (b, ¢, d)
- 4[b (a <a7 b? d) [d )] {e f}} -
{((( bje)d) + (((baje)d) + (((c (((cb)a)d) +
+ (((da)b)e) + (((db)a)e) + (((d (((de)b)a) -
- 10[(a, b, ¢), d] — 4[a, (b, ¢, d a, ¢, d)| -
B 4[C <a7 b, d)] [ g (aa b, C)]? ( ( € } -

(a
a)b)d
C)))
| =4, (
er)+
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—{|abcd] + [bacd] + [cabd]| + [cbad] +
+ [dabc| + [dbac] + [dcab] + [dcba] -
- 10<<1, abedef> - 4<a, bedef> - 4<b, acdef> -
- 4<c, abdef> - 4<d, abcef> -
- 10[(a, b, ¢), d] — 4]a, (b, ¢, d)| — 4[b, (a, ¢, d)] —
- 4le, (a, b, d)] - 4[d, (a, b, ¢)], [ef|+]|fe]} =
= |abed] o [ef| + [bacd| o [ef] + [cabd] o [ef] +
+ [cbad]| o |ef] + [dabc| o [ef] + [dbac| o [ef] +
+ [dcab] o [ef] + [dcba] o [ef] - 10<1, abed> o [ef] -
— 4<a, bed> o [ef| — 4<b, acd> o |ef] -
- 4<c, abd> o [ef| — 4<d, abc> o [ef| +
+ lef] o [abed| + [ef] o [bacd] + [ef] o [cabd]| +
+ [ef] o [cbad] + [ef] o [dabc] + [ef] o [dbac] +
+ lef] o [dcab] +ef] o [dcha| - 10[ef] o <1, abed> -
— 4lef] o <a, bed> — 4[ef| o <b, acd> —
- 4lef] o <c, abd> — 4fef| o <d, abc> +
+ [abed| o [fe] + [bacd| o [fe] + [cabd]| o [fe] +
+ [cbad] o [fe] + [dabc| o [fe] + [dbac| o [fe] +
+ |dcab| o [fe] + [dcba] o |fe] - 10<1, bed> o |fe] -
— 4<a, bed> o [fe] — 4<b, acd> o [fe] —
- 4<c, abd> o [fe] - 4<d, abc> o [fe] +
+ [fe] o [abed] + [fe] o [bacd| + [fe] o [cabd] +
+[fe] o [cbad]| + [fe] o [dabc| + [fe] o [dbac| +
+ |fe] o [dcab| + |fe| o [dcba] - 10[fe] o <1, bed> —
- 4[fe] o <a, bed> — 4[fe] o <b, acd> -
- 4[fe] o <c, abd> — 4|fe] o <d, abc> =
= [abcdef] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcet> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [bacdef| - <1, abcdef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acet> - <cd, abet> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [cabdef] - <1, abcedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [cbadef]| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -

47



- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [dabcef] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acet> - <cd, abet> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [dbacef]| - <1, abedef> - <a, bedef> - <b, acdef>> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ |dcabef] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ |dcbaef] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> -

- 10<1, abedef> - 10<e, abedf> - 10<f, abede> - 10<ef, abed> -
- 4<a, bedef> - 4<ae, bedf> - 4<af, bede> - 4<aef, bed> -
- 4<b, acdef> - 4<be, acdf> - 4<bf, acde> - 4<bef, acd> -
- 4<c, abdef> - 4<ce, abdf> - 4<cf, abde> - 4<cef, abd> -
- 4<d, abcef> - 4<de, abct> - 4<df, abce> - 4<def, abc> +

+ lefabed| - 2<1, abedef> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
+ lefbacd] - 2<1, abedef> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
+ lefcabd| - 2<1, abedef> -
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- <a, bedef> - <b, acdef> - <c¢, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefcbad] - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c¢, abdef> -

- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abef> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ [efdabc] - 2<1, abedef™> -

- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefdbac] - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -

- <d, abcef> - <ab, cdef> - <ac, bdef> -

- <ad, beef> - <bc, adef> - <bd, acef> -

- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefdcab] - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -

- <d, abcef> - <ab, cdef> - <ac, bdef> -

- <ad, beef> - <bc, adef> - <bd, acef> -

- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +

+ lefdcba] - 2<1, abedef> -

<a, bedef> - <b, acdef> - <c, abdef> -
<d, abcef> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <bc, adef> - <bd, acef> -

- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abcf> - <af, bedef> -

- <bf, acdef> - <cf, abdef> - <df, abcef> =
- 10<ef, abed> - 4<aef, bed> — 4 <bef, acd> —
- 4<cef, abd> — 4<def, abc> +
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+ [abedfe| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +

+ [bacdfe]| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +

+ [cabdfe| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abeft> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +

+ [cbadfe] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +

+ |dabcfe] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +

+ |dbacfe| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcet> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +

+ |dcabfe| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +

+ [dcbafe] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> -

- 10<1, abedef> - 10<e, abedf> - 10<f, abede> - 10<ef, abed> -
- 4<a, bedef> - 4<ae, bedf> - 4<af, bede> - 4<aef, bed> -
- 4<b, acdef> - 4<be, acdf> - 4<bf, acde> - 4<bef, acd> -
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- 4<c, abdef> - 4<ce, abdf> - 4<cf, abde> - 4<cef, abd> -
- 4<d, abcef> - 4<de, abct> - 4<df, abce> - 4<def, abc> +
+ |feabed] - 2<1, abedef> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, becef> - <bc, adef> - <bd, acef> -
- <cd, abet> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
+ |febacd] - 2<1, abedef™> -
<a, bedef> - <b, acdef> - <c¢, abdef> -
<d, abcef> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <bc, adef> - <bd, acef> -
<cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
+ |fecabd| - 2<1, abedef> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <bc, adef> - <bd, acef> -
- <cd, abet> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
+ |fecbad] - 2<1, abedef™> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <bc, adef> - <bd, acef> -
- <cd, abet> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
+ |fedabc| - 2<1, abedef> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <bc, adef> - <bd, acef> -
- <cd, abet> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
+ |fedbac| - 2<1, abedef> -
<a, bedef> - <b, acdef> - <c, abdef> -
<d, abcef> - <ab, cdef> - <ac, bdef> -
<ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abet> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
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- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ [fedcab| - 2<1, abedef> -
- <a, bedef> - <b, acdef> - <¢, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ |fedcbal - 2<1, abedef™> -
- <a, bedef> - <b, acdef> - <¢, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -

- <bf, acdef> - <cf, abdef> - <df, abcef> =
- 10<ef, abed> - 4<aef, bed> — 4 <bef, acd> —
- 4<cef, abd> — 4<def, abc> =
= |abcdef] 4 [bacdef] + [cabdef] + [cbadef] +
+ |dabcef] + |dbacef| + [dcabef| + [dcbaef] +
+ [efabed] + [efbacd] + [efcabd] + [efcbad] +
+ [efdabc| + |efdbac| + [efdcab] + [efdcbal +
= |abcdfe| + [bacdfe] 4 [cabdfe|] + |cbadfe] +
+ [dabcfe| + |[dbacfe] 4 [dcabfe] + [dcbafe] +
+ |feabed| + [febacd] + |fecabd| + |fecbad| +
+ [fedabc| + [fedbac| + [fedcab] + [fedcba] -

- 60<1, abcdef> - 20<<e, abedf> - 20<f, abcde> - 40<ef, abed > -
- 40<a, bedef> - 24<ae, bedf> - 8<af, bede> - 16<aef, bed> -
- 40<b, acdef> - 24<be, acdf> - 8<bf, acde> - 16<bef, acd> -
- 40<c, abdef> - 24<ce, abdf> - 8<cf, abde> - 16<cef, abd> -

- 40<d, abcef> - 24<de, abct> - 8<df, abce> - 16<def, abc>

Teorem is proved

Theorem 3.3.39 We have {{{a, b}, {c, d}}, {e f}} by definition of {a, b} =

ab + ba and proposition when we have {{{{a, b}, ¢}, d}, {e f}} we can
using theorem and and proposition ,



+ ((fe)((ab +(
+ ((fe)((b a) d))) +
— |abcdef] + [cdabef] + [abdcef] + [dcabef] +
+ |bacdef| + [cdbaef] + |badcef| 4 [dcbaef] +
+ |efabed| + |efedab] + [efabdc| + |efdcab] +
+ |efbacd] + |efedba] + [efbadc] + [efdcbal +
+ |abcdfe| + [cdabfe] 4 [abdcfe] + |dcabfe] +
+ |bacdfe] + [cdbafe] + [badcfe] + [dcbafe] +
+ [feabed| + [fecdab] + [feabdc| + [fedcab] +
+ [febacd| + [fecdba] + [febadc] + [fedcbal -
- 40<a, bedef> - 24<ae, bedf> - 8<af, bede> - 24<aef, bed> -
- 40<b, acdef> - 24<be, acdf> - 8<bf, acde> - 24<bef, acd> -
- 40<c, abdef> - 24<ce, abdf> - 8<cf, abde> - 24<cef, abd> -
- 40<d, abcef> - 24<de, abct> - 8<df, abce> - 24<def, abc> -
- 56<1, abcedef> - 16<e, abedf> - 16<f, abcde> - 32<ef, abed> +

Proposition 3.3.40 By theorem and by proposition we can find
[abcd] o [ef]

[abed] o [ef] = [abedef] -
- <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bec, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef>

Proposition 3.3.41 [ef] o [abed] = [efabed] - 2<1, abedef> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> =

Proposition 3.3.42 <1, abed> o [ef| = <1, abcdef> +
+ <e, abcdf> + <f, abcde> + <ef, abcd>

Proposition 3.3.43 [ef/ o <1, abcd> = <ef, abed>
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Proposition 3.3.44 <a, bed> o [ef| = <a, bedef> +
+ <ae, bedf> + <af, bede> + <aef, bed>

Proposition 3.3.45 [ef/ o <a, bed> = <aef, bed>

Then by proposition (3.3.40)) - (3.3.45]) we can proof (3.3.39)),

{{{a, b}, {c, d}}, {e f}} = {((ab)(cd)) + ((ba)(cd)) +
+ (ab)(dc) + (ab)(cd) + ((de)(ab)) +
+ ((ba)(de)) + ((ba)(cd)) + ((dc)(ba)), (ef) + (fe)} =
= [abed] o [ef] + [edab] o [ef] + [abdc| o [ef] + [dcab] o [ef] +
+ |bacd| o |ef] + [cdbal o [ef| + [badc| o |ef] + [dcbal o [ef]| —
- 4<a, bed>o |ef] — 4<b, acd>o |ef] — 4<c, abd>o [ef]| -
- 4<d, abc>o [ef] — 8<1, abed>o [ef] +
+ [ef] o [abed]| + [ef] o [cdab] + |ef] o [abdc| + [ef] o [dcab] +
+ lef] o [bacd] + |ef] o [cdba] + [ef] o [badc] + [ef] o [dcbal —
- 4lef] o <a, bed> — 4fef] o <b, acd> — 4[ef] o <c, abd> —
- 4lef] o <d, abc> — §[ef] o <1, abed> +
+ |abed] o [fe] + [cdab| o |fe] 4 [abdc| o |fe] 4 [dcab] o |fe] +
+ [bacd] o [fe] + [edba] o [fe] + [badc| o [fe] + [dcba] o [fe] —
- 4<a, bed>o |fe] — 4<b, acd>o [fe] — 4<c, abd>o [fe| —
- 4<d, abc>o [fe] — 8<1, abed>o [fe] +
+ |fe] o [abed] + |[fe] o [cdab] + |fe] o [abdc| + |[fe] o [dcab] +
+ |fe] o [bacd| + [fe] o [edba] + [fe] o [badc| + |fe] o [dcba| —
- 4[fe] o <a, bed> — 4[fe] o <b, acd> — 4[fe] o <c, abd> —
- 4[fe] o <d, abc> — 8|fe] o <1, abed> =
= [abcdef] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acet> - <cd, abet> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [cdabef] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ |abdcef] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef>
+ |dcabef| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcet> - <bc, adef> -
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- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [bacdef]| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [cdbaef| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [badcef] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [debaef| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acet> - <cd, abet> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> -
- 4<a, bedef> - 4<ae, bedf> - 4<af, bede> - 4<aef, bed> -
- 4<Db, acdef> - 4<be, acdf> - 4<bf, acde> - 4<bef, acd> -
- 4<c, abdef> - 4<ce, abdf> - 4<cf, abde> - 4<cef, abd> -
- 4<d, abcef> - 4<de, abcf> - 4<df, abce> - 4<def, abc> -
- 8<1, abedef> - 8<e, abedf> - 8<f, abede> - 8<ef, abed> +
+ [efabed] - 2<1, abedef™> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefedab] - 2<1, abedef> -
<a, bedef> - <b, acdef> - <c, abdef> -
<d, abcef> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ [efabdc]| - 2<1, abedef™> -
- <a, bedef> - <b, acdef> - <c, abdef> -
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- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefdcab| - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -

- <d, abcef> - <ab, cdef> - <ac, bdef> -

- <ad, bcef> - <bc, adef> - <bd, acef> -

- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefbacd]| - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -

- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefedba| - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, bcef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefbade| - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -

- <d, abcef> - <ab, cdef> - <ac, bdef> -

- <ad, bcef> - <bc, adef> - <bd, acef> -

- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ lefdebal - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -

- <d, abcef> - <ab, cdef> - <ac, bdef> -

- <ad, bcef> - <bc, adef> - <bd, acef> -

- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
- 4<aef, bed> — 4<bef, acd> — 4<cef, abd> —
- 4<def, abc> — 8<et, abed> +
+ labedfe| - <1, abedef> - <a, bedef> - <b, acdef> -
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- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ |edabfe| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ |abdcfe| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aet>
+ [deabfe| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, beef> - <bc, adef> -
- <bd, acef> - <cd, abet> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [bacdfe]| - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, becef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [edbafe] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acet> - <cd, abet> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ [badcfe] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> +
+ |debafe] - <1, abedef> - <a, bedef> - <b, acdef> -
- <c, abdef> - <d, abcef> - <ab, cdef> -
- <ac, bdef> - <ad, bcef> - <bc, adef> -
- <bd, acef> - <cd, abef> - <abc, def> -
- <abd, cef> - <acd, bef> - <bcd, aef> -
- 4<a, bedef> - 4<ae, bedf> - 4<af, bede> - 4<aef, bed> -
- 4<b, acdef> - 4<be, acdf> - 4<bf, acde> - 4<bef, acd> -
- 4<c, abdef> - 4<ce, abdf> - 4<cf, abde> - 4<cef, abd> -
- 4<d, abcef> - 4<de, abcf> - 4<df, abce> - 4<def, abc> -
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- 8<1, abcdef> - 8<e, abedf> - 8<f, abcde> - 8<ef, abed> +
+ [feabed] - 2<1, abedef™> -
- <a, bedef> - <b, acdef> - <¢, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -

- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ |fecdab] - 2<1, abedef™> -

- <a, bedef> - <b, acdef> - <¢, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ [feabdc]| - 2<1, abedef™> -

- <a, bedef> - <b, acdef> - <¢, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ [fedcab] - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c¢, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ |febacd] - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
+ |fecdba] - 2<1, abedef> -

- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, beef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdef> - <cf, abdef> - <df, abcef> +
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+ |febadc| - 2<1, abedef> -
- <a, bedef> - <b, acdef> - <c, abdef> -
- <d, abcef> - <ab, cdef> - <ac, bdef> -
- <ad, becef> - <bc, adef> - <bd, acef> -
- <cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abct> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
+ |fedcbal - 2<1, abedef> -
<a, bedef> - <b, acdef> - <c, abdef> -
<d, abcef> - <ab, cdef> - <ac, bdef> -
<ad, becef> - <bc, adef> - <bd, acef> -
<cd, abef> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <de, abcf> - <af, bedef> -
- <bf, acdet> - <cf, abdef> - <df, abcef> +
- 4<aef, bed> — 4<bef, acd> — 4<cef, abd> —
- 4<def, abc> — 8<ef, abed> =
labcdef| + |cdabef] + |abdcef| 4 |dcabef] +
[bacdef] + [cdbaef]| + [badcef] + [dcbaef] +
lefabed| + [efedab] + |efabdc| + [efdcab] +
letbacd] + [efcdba] + [efbadc] + [efdcbal +
+ labcdfe] + [cdabfe] + [abdcfe] + [dcabfe] +
+ [bacdfe| + [cdbafe| + [badcfe| + |dcbafe] +
+ [feabed] + [fecdab] + [feabdc| + [fedcab] +
+ |febacd| + |fecdba| + [febadc| + [fedcbal -
- 40<a, bedef> - 24<ae, bedf> - 8<af, bede> - 24<aef, bed> -
- 40<Db, acdef> - 24<be, acdf> - 8<bf, acde> - 24<bef, acd> -
- 40<c, abdef> - 24<ce, abdf> - 8<cf, abde> - 24<cef, abd> -
- 40<d, abcef> - 24<de, abct> - 8<df, abce> - 24<det, abc> -
- 56<1, abedef> - 16<e, abedf> - 16<f, abcde> - 32<ef, abed> +

+
+
+

Theorem 3.3.46 We have {{{a, b}, ¢}, {{d, e}, f}} by definition of {a, b} =

ab + ba and proposition when we have {{{a, b}, ¢}, {{d, e}, f}} we can
using theorem and and proposition ,

{{{a, b}, ¢}, {{d, e}, f}} = [abc] o [def] +
+ [bac] o [def] + [cab] o [def] + [cba] o [def] +
+ |abc] o [edf] 4 [bac| o [edf]| + [cab] o [edf] + [cba] o [edf]| +
+ labc| o |fde] + [bac| o [fde| + [cab] o [fde| + [cba] o [fde] +
+ |abc| o |efd] + [bac| o [efd] + [cab] o |efd] + [cba] o [efd] +
+ [def] o |abc| + [def] o [bac| + [def] o [cab] + [def] o [cba] +
+ ledf] o [abc| + [edf] o [bac] + [edf] o [cab] + [edf] o [cba] +
+|fde] o [abc| + [fde] o [bac| + [fde] o [cab] + [fde] o [cba] +
+ lefd] o [abc| + [efd] o [bac| + [efd] o [cab] + [efd] o [cba] +
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+ |abe] o 2<<1,def> + [bac| o 2<<1,def> + [cab] o 2<1,def> + [cba] o 2<1,def>
+
+ [def] 0 2<1, abc> + [edf] o 2<1, abe> + [fde| o 2<1, abe> + [efd] o 2<1,
abc> -
- 2<1,def> o [abc| - 2<<1,def> o |bac| - 2</1,def> o |cab] -
- 2<1,def> o [cha] - 2<1,def> o 2<1, abc> -
- 2<1, abc> o |def]| - 2<1, abe> o [edf]- 2<1, abe> o [fde] -
- 2<1, abc> o |efd] - 2<1, abc> o - 2<1,def> =
labedef] + [bacdef]| + [cabdef] + [cbadef] -+
+|abcedf| + [bacedf]| + [cabedf| 4 [cbaedf] +
+ |abcfde] + [bacfde] + [cabfde| + [cbafde| +
+ |abcefd| 4 [bacefd] + |cabefd| + [cbaefd]| +
+ |defabc| + |defbac] 4 [defcab| + [defcbal +
+ [edfabc| + |edfbac] + [edfcab] + [edfcbal +
+ [fdeabc| + [fdebac| + [fdecab] + [fdecba| +
+ [efdabc| + |efdbac] + [efdcab] + [efdcba] +
- T2<a, bedef> - 72<b, acdef> - 72<c, abdef> -
- T2<ab, cdef> - 7T2<ac, bdef> - 72<bc, adef> -
- 40<d, abcef> - 32<ad, bcef> - 32<bd, acef> -
- 32<cd, abef> - 32<abd, cef> - 32<acd, bef> - 32<bcd, aef> -
- 40<e, abcedf> - 32<ae, bedf> - 32<be, acdf> -
- 32<ce, abdf> - 32<abe, cdf> - 32<ace, bdf> - 32<bce, adf> -
- 40<f, abcde> - 32<af, bede> - 32<bf, acde> -
- 32<ct, abde> - 32<abf, cde> - 32<acf, bde> - 32<bct, ade> -
- 10<abc, def> - 10<def, abc> - 8<de, abct> -
- 8<df, abce> - 8<ef, abed> -80<1, abcdef>

Proposition 3.3.47 By proposition we have

{{a,b}, ¢} = ((ab)ec) + ((ba)ec) + ((ca)b) +
+ ((cb)a) — 2(a,b,c) = [abc] +[bac] +
+ [cab] + [cbal - 2<1, abc>

Proposition 3.3.48 By proposition we have

[abc] o [def] = [abcdef] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, beef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bed, aef> -
- <e, abcdf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> -
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Proposition 3.3.49 By proposition we have
[def[ o <1, abc> = < def, abc>

Proposition 3.3.50 By proposition we have

<1, abc> o [def]| = <1, abedef> + <d, abcef> +
+ <e, abcdf> + <f, abede> + <de, abcf> +
+ <df, abce> + <ef, abcd> + <def, abc>

And we have

{{a,b}.c} = {(ab) + (ba), c}=
= ((ab)e) + (c(ab)) + ((ba)e) + (c(ba)) =
= ((ab)e) + ((ba)e) + ((ca)b) — (ab,c) +
+ ((eb)a) — (ab,c) = ((ab)e) + ((ba)e) +
+ ((ca)b) + ((ch)a) — 2(a,b,c) =

— [abc| +[bac] + [cab] + [cba| - 2<1, abc>

Then by proposition (3.3.47) - (3.3.50)) we can proof (3.3.46)),

{{{a, b}, ¢}, {{d, e}, f}} ={labe]| +[bac| +
+ [cab| + [cbal] - 2<1, abe>, |def]| +
+ |edf] + [fde] + [efd] — 2<1,def>} =
= |abc| o |def| + [bac| o |def] + [cab] o [def] + [cba] o [def] +
+ |abe] o [edf] + [bac] o [edf] + [cab] o |edf] + [cbal| o [edf] +
+ |abc| o |fde| + [bac| o [fde| + [cab] o |fde| + [cba] o [fde] +
+ labe| o |efd] + [bac| o [efd] + [cab] o [efd] + [cba] o [efd] +
+ |def] o |abc| + [def] o [bac] + |def]| o [cab] + |def] o [cba] +
+ |edf] o [abc| + [edf]| o [bac] + [edf] o [cab] + [edf] o [cba] +
+|fde] o |abc| + [fde] o |[bac| + [fde] o [cab] + [fde] o [cba] +
+ lefd] o [abc] + [efd] o [bac] + [efd] o [cab] + [efd] o [cba] +
+ [abc| o 2<1,def> + |bac| o 2<<1,def> + [cab] o 2<1,def> + [cba] o 2<1,def>
+
+ [def] o 2<1, abc> + [edf] o 2<1, abe> + [fde] o 2<1, abe> + [efd] o 2<1,
abc> -
- 2<1,def> o [abc| - 2<<1,def> o |bac| - 2</1,def> o [cab] -
- 2<1,def> o [cba] - 2<1,def> o 2<1, abc> -
- 2<1, abc> o |def] - 2<1, abe> o [edf]- 2<1, abc> o [fde] -
- 2<1, abc> o |efd] - 2<1, abc> o - 2<1,def> =
= [abcedef] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aet> -

—_— —_— ——
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- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [bacdef| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, becef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aet> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [cabdef| - 2<1, abcdef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, becef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [cbadef] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bct, ade> +
+|abcedf] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcet> - <ad, bcet> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abcdf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bct, ade> +
+ [bacedf] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
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- <d, abcef> - <ad, becef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [cabedf| - 2<1, abcdef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, becef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [cbaedf] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, becef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abcdf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bct, ade> +
+ [abefde] - 2<1, abedef™> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcet> - <ad, bcet> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bct, ade> +
+ |bacfde| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [cabfde| - 2<1, abedef> -
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- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, becef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ |cbafde] - 2<1, abedef™> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, beef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abcdf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bct, ade> +
+ [abeefd| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcet> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bcf, ade> +
+ [bacefd| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [cabefd| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bced, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
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- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [cbaefd| - 2<1, abcdef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abcdf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bcf, ade> +
+ |defabe| - 2< 1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcet> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bcf, ade> +
+ |defbac| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [defcab] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ [defcba] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aet> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
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- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ ledfabe| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcet> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <act, bde> - <bcf, ade> +
+ ledfbac| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ ledfcab| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ |edfcbal - 2<1, abedef™> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aet> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ |fdeabc| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
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- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ |fdebac| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ |fdecab] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bced, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ |fdecbal - 2<1, abcedef™> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aet> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ |efdabc| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aet> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ lefdbac| - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
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- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ lefdcab] - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bed, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> +
+ |efdcbal - 2<1, abedef> -
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aet> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abede> - <af, bede> - <bf, acde> -

- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> -
- 2<abc, def> - 2<bacl, def> - 2<cab, def> - 2<cba, def> -
- 2<def, abc> - 2<edf, abc> - 2<fde, abc> - 2<efd, abe> -

- 2<1, abcdef> - 2<a, bedef> - 2<b, acdef> -
- 2<c, abdef> - 2<ab, cdef> - 2<ac, bdef> -
- 2<bc, adef> - 2<abc, def> -

- 2<1, abedef> - 2<a, bedef> - 2<b, acdef> -
- 2<c, abdef> - 2<ab, cdef> - 2<ac, bdef> -
- 2<bec, adef> - 2<abc, def> -

- 2<1, abedef> - 2<a, bedef> - 2<b, acdef> -
- 2<c, abdef> - 2<ab, cdef> - 2<ac, bdef> -
- 2<bec, adef> - 2<abc, def> -

- 2<1, abcdef> - 2<a, bedef> - 2<b, acdef> -
- 2<c, abdef> - 2<ab, cdef> - 2<ac, bdef> -
- 2<bc, adef> - 2<abc, def> -

- 2<1, abedef> - 2<d, abcef> - 2<e, abedf> -
- 2<f, abede> - 2<<de, abef> - 2<df, abce> -
- 2<ef, abed> - 2<def, abc> -

- 2<1, abedef> - 2<<d, abcef> - 2<e, abedf> -

68



- 2<f, abede> - 2<de, abcf> - 2<df, abce> -
- 2<ef, abed> - 2<def, abc> -
- 2<1, abedef> - 2<d, abcef> - 2<e, abedf> -
- 2<f, abede> - 2<<de, abef> - 2<df, abce> -
- 2<ef, abed> - 2<def, abc> -
- 2<1, abedef> - 2<d, abcef> - 2<e, abedf> -
- 2<f, abcde> - 2<de, abct> - 2<df, abce> -
- 2<ef, abed> - 2<def, abc> =
= [abcdef] + [bacdef] + [cabdef] + [cbadef] +
+|abcedf| + [bacedf]| + [cabedf| 4 [cbaedf] +
+ |abcfde] + [bacfde] + [cabfde| + [cbafde| +
+ |abcefd| 4 [bacefd] + |cabefd| + [cbaefd]| +
+ |defabc| + |defbac] 4 [defcab| + [defcbal +
+ [edfabc| + |edfbac] + [edfcab] + [edfcbal +
+ [fdeabc| + [fdebac| + [fdecab] + [fdecba| +
+ [efdabc| + |efdbac] + [efdcab] + [efdcba] +
- 2<a, bedef> - 2<b, acdef> - 2<c, abdef> -
- 2<ab, cdef> - 2<ac, bdef> - 2<bc, adef> -
- <d, abcef> - <ad, bcef> - <bd, acef> -
- <cd, abef> - <abd, cef> - <acd, bef> - <bcd, aef> -
- <e, abedf> - <ae, bedf> - <be, acdf> -
- <ce, abdf> - <abe, cdf> - <ace, bdf> - <bce, adf> -
- <f, abcde> - <af, bede> - <bf, acde> -
- <cf, abde> - <abf, cde> - <acf, bde> - <bcf, ade> -
- 2<abc, def> - 2<def, abc> - 2<<de, abcf> -
- 2<df, abce> - 2<ef, abecd> -2<1, abedef> =
= |abedef] + [bacdef] + [cabdef] + [cbadef] +
+|abcedf] + [bacedf] + |cabedf] + [cbaedf] +
+ [abcfde] + [bacfde] + [cabfde| + [cbafde| +
+ [abcefd] + [bacefd] + [cabefd] + [cbaefd] +
+ |defabc| + [detbac| + |defcab| + |defcba| +
+ |edfabc] + [edtbac| + [edfcab] + [edfcbal] +
+ |fdeabc| + [fdebac| + [fdecab| + [fdecba| +
+ [efdabc| + |efdbac] 4 [efdcab] + [efdcbal +
- T2<a, bedef> - 72<b, acdef> - 72<c, abdef> -
- T2<ab, cdef> - 72<ac, bdef> - 72<bc, adef> -
- 40<d, abcef> - 32<ad, bcef> - 32<bd, acef> -
- 32<cd, abef> - 32<abd, cef> - 32<acd, bef> - 32<bcd, aef> -
- 40<e, abedf> - 32<ae, bedf> - 32<be, acdf> -
- 32<ce, abdf> - 32<abe, cdf> - 32<ace, bdf> - 32<bce, adf> -
- 40<f, abede> - 32<af, bede> - 32<bf, acde> -
- 32<ct, abde> - 32<abf, cde> - 32<acf, bde> - 32<bcf, ade> -
- 10<abc, def> - 10<def, abc> - 8<de, abef> -

—_— — —_———
—_——
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- 8<df, abce> - 8<ef, abed> -80<1, abcdef>

3.3.1 Conjecture

Sl ={oe€S,lo(l)>0c(2)...>0() <o(l+1) <o(l+2)... < o(n),1 <l <n}
S’ is the set of ordered expression elements generated by X.

{. .. {{xl, xg}, xg} . xn} = Z xg(l)x0(2)$g(3) . xg(n)—

oS!

= 2214 2" M — k) > (ur, us),

k:3 U= ULUQ = TITQ...Tn
lug| =n—k+3

where the length of u is equal to k.
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Chapter 4

Conclusion

We have shown the definition of the Lie and Jordan criteria for a free definite
algebra - this is one of the most popular questions in algebra. This issue has been
resolved, or largely resolved, for some manifolds, but is still open for others. It
is well known that manifold associative algebras are a classic illustration of this
approach. For associative algebras, there is a well-known Dynkin-Specht-Wever
criterion for Lie elements, but for Jordan elements the question remains open.
P.M. Kohn gave a criterion for Jordan elements generated by three elements.
In this note, we consider one of the generalizations of associative algebras as
asosymmetric algebras and describe Jordan elements up to degree 5 in the free
assymmetric algebra generated by three elements.

In the second part, we consider Jordan brackets in a free asymmetrical al-
gebra. We have shown decompositions of left-normed Jordan brackets in a free
asymmetrical algebra and made a conjecture that is still not wrong, but not per-
fect. In general, we have shown a proposal and some examples, and then a proof.
For associative algebras P.M. Cohn gave the criterion for the Jordanian elements.
generated by three elements, it was in the first part and then we switched to
asymmetrical algebra not with three elements, but with four, and we showed five
elements, the end stopped at the sixth power but we have manual work up to
seven elements but this is not complete and what we have shown there the degree
and the number of elements are equal. In general, we have shown a special case,
but, after all, there are suggestions that it can work in any dimension n.
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Appendix A
Appendix

A.1 conjecture

1) "Bulletin" EURASIAN MATHEMATICAL JOURNAL (EMJ) first Publica-
tion "JORDAN ELEMENTS IN ASSOSYMMETRIC ALGEBRAS"

2) "Conference speaker" AMLG Conference IMMM (2022) topic is "JORDAN
ELEMENTS IN ASSOSYMMETRIC ALGEBRAS"

3) "Bulletin" Suleyman Demirel University Bulletin second pulication "JORDAN
ELEMENTS IN ASSOSYMMETRIC ALGEBRAS N 5"

4) "Conference speaker" Young Scholars Conference (ITYSC 2022) "JORDAN EL-
EMENTS IN ASSOSYMMETRIC ALGEBRAS"

72



References

1]
2]
3]
[4]
5]
6]
7]
8]

[10]

11

12|

AH Boers. “Mutation algebras of a nonassociative algebra”. In: Indagationes
Mathematicae 6.1 (1995), pp. 25-33.

AH Boers. “On assosymmetric rings”. In: Indagationes Mathematicae 5.1
(1994), pp. 9-27.

PAUL MORITZ Cohn. “On homomorphic images of special Jordan alge-
bras”. In: Canadian Journal of Mathematics 6 (1954), pp. 253-264.

Leo Corry. “The origins of the definition of abstract rings”. In: Modern Logic
8.1-2 (2000), pp. 5-27.

Leo Corry. “The origins of the definition of abstract rings”. In: Modern Logic
8.1-2 (2000), pp. 5b-27.

Askar Dzhumadil’daev. “Assosymmetric algebras under Jordan product”.
In: Communications in Algebra 46.1 (2018), pp. 129-142.

Thomas Hausberger. “Abstract Algebra Teaching and Learning”. In: Ency-
clopedia of mathematics education (2020), pp. 5-9.

Hyuk Kim and Kyunghee Kim. “The structure of assosymmetric algebras”.
In: Journal of Algebra 319.6 (2008), pp. 2243-2258.

Erwin Kleinfeld. “Assosymmetric rings”. In: Proceedings of the American
Mathematical Society 8.5 (1957), pp. 983-986.

David Pokrass and David Rodabaugh. “Solvable assosymmetric rings are
nilpotent”. In: Proceedings of the American Mathematical Society 64.1 (1977),
pp- 30-34.

Irving E Segal. “The group algebra of a locally compact group”. In: Trans-
actions of the American Mathematical Society 61.1 (1947), pp. 69-105.

Ernst Steinitz. “Algebraische Theorie der Korper.” In: (1910).

73



	Introduction
	Motivation
	Aims and Objectives
	Thesis Outline

	Background and literature review
	Ring
	Group
	Fields
	Algebra

	Main result
	JORDAN ELEMENTS IN ASSOSYMMETRIC ALGEBRAS
	JORDAN ELEMENTS IN ASSOSYMMETRIC ALGEBRAS N 5
	JORDAN ELEMENTS IN ASSOSYMMETRIC ALGEBRAS N 6
	Conjecture


	Conclusion
	Appendix
	conjecture

	References

