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Abstract

We consider bicommutative algebras under mutation products. We obtain that
any bicommutative algebra under the mutation product satisfies Lie-admissible
identity, which follows from two independent identities of degree three. Moreover,
we obtain all identities of degree four.
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Amnarna

biz 6ukoMMyTaTHBTI aaredpaJsap/ibl MyTaIs KOOEeHTIHIICIHIEe KAPaCThIP/IbIK,.
Biz myTanusa kebeiTinici OOWBIHINA Ke3-KeJITreH OMKOMMYTATUBTI ajreOpaHbIH
VIIHIN JIopeskesii ekl ToyeJici3 Tele-TeHJIriHeH MblraThiH JIn-ajamuccudsr Tere-
TeHJIINH KaHaraTTaHIbIpaThIHbIH KopceTTik. OraH Koca, 013 TOPTIHII JoperKeieri
OapJILIK Telle-TeHIKTeP/Il TalThIK.



AnHOTAIINA

Mur paccMmaTpuBan OMKOMMYTATHBHBIE aJreOpbl OTHOCUTE/IHLHO ITPOU3BEIe-
Huit myTaruit. Mbl moryanin, 9ro Jgiodas OUKOMMYyTaTUBHASA aaredpa OTHOCUTE b
HO ITPOU3BEJ/IEHNST MY TAIlUN yIOBJIETBOPSET JI1-10IyCTUMOMY TOXKIECTBO, KOTOPOE
caelyeT U3 JIBYX HE3aBUCHMBIX TOXKJIECTB TPeTheil cTenenn. bojee Toro, Mbl 1mo-
JIYIUJI BCE TOXKJIECTBA YE€TBEPTOIl CTENeHn.
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1. Introduction

An algebra B that satisfying the following identities:
a(bc) = b(ac)
(ab)e = (ac)b

is called bicommutative algebra [1],[2]. D. Burde and co-authors also call bi-
commutative algebras LR - (left and right) algebras in their work [3]. A. Dzhu-
madildaev, N. Ismailov and K. Tulenbayev found the basis of free bicommu-
tative algebras [2]. Moreover, A. Zhumadildaev and N. Ismailov considered
bicommutative algebras in commutator product [1].

The mutation product was first considered in associative algebras [4]. The
mutation product appeared in theoretical physics in the 1980’s [5], [6]. For the
first time, F. Montaner studied the identity satisfied by mutations of associative
algebras [4]. In [7] the mutations of non-associative algebras are considered. A.
Elduque and co-authors comprehensively explained the structural theory of
mutation algebras [8].

For fixed elements p and ¢ of the algebra, the mutation product in the
algebra is defined as follows:

(a,b) = (ap)b — (bg)a.

The algebra B,, = (B, (-, -)) is called a mutation of the given algebra B.

Let us denote the class of bicommutative algebras by Bicom. Let Bicom,,,
be the class of mutations of bicommutative algebras for fixed p,q € B. That is,
Bicom,, , elements are algebras of the form B, ,, where B € Bicom.

The aim of this work is to find identities for Bicom,,. If p =0, ¢ = (), then
the mutation product becomes the commutator product:

(a,b) = ab — ba = [a, b] (the commutator).

In this work, we prove that any bicommutative algebra under mutation

product satisfies two identities of degree 3, and we find all identities of degree
4.



2. Bicommutative algebras
under mutation product

2.1 Mutation product and identities in degree
three

Let

e, {(b,a), )
f3(a,b,¢) = {(¢,a),b) = ((b, a), c) = ((¢, b), a) + ((b, ), a) = (b, {¢, a)) + (¢, (b, a))
fa(a, b, ) = (a, (¢, b)) = (a, (b, ) + (b, {a, ¢)) — (b, (¢, a)) = {¢, (a, b)) + (¢, (b, a))

(a,b) = (ap)b — (bg)a.

Lemma 2.1.1. Let (B, -) be a bicommutative algebra. Then (B, ( , )) satisfies

)
the identity fi(a,b,c) = 0.

Proof. We will prove that

fl(a7b7 C) - <<b7 CL>,C> - <<b7 C>,CL> - <Cv <a7b>> + <a7 <C’ b>> = 0.

By direct calculations, we have

{(b,a),c) = (((ba)c)p)p — (((ab)c)p)q — c(((ba)p)q) + c(((ab)q)q),
—((b, ¢),a) = =(((ba)c)p)p + (((ca)b)p)q + b(((ac)p)q) — c(((ab)q)q),
—(¢, {a, b)) = —c(((ab)p)p) + c(((ba)p)q) + (((ab)c)p)q — (((ba)c)q)q,

(a, (c,b)) = c(((ab)p)p) — b(((ac)p)q) — (((ca)b)p)q + (((ba)c)q)q

The sum of the above elements gives us the desired result.



Now, we prove that the bicommutative algebra under mutation product
satisfies additional identities except fi(a,b,c).

Lemma 2.1.2. Let (B, -) be a bicommutative algebra. Then (B, (, )) satisfies
the identities fa(a,b,c) =0, f3(a,b,c) =0. and fi(a,b,c) =0.

Proof. Firstly, we will prove that
f2(a7 ba C) - <<CL, b>7 C>+<<Ca CL>, b>_<<b7 a>7 C>_<<a7 C>7 b>_<<ca b>7 a>+<<b7 C>7 a> = 0.

By direct calculations, we obtain

({a, ), c) = (((ab)c)p)p — (((ba)c)p)g — c(((ab)p)q) + c(((ba)q)q),
((e;a),b) = (((ca)b)p)p — (((ab)c)p)g — c(((ba)p)q) + b(((ac)q)q),
—{(b,a), c) = —=(((ba)c)p)p + (((ab)c)p)q + c(((ba)p)q) — c(((ab)q)q)
—({(a,c),b) = —=(((ab)c)p)p + (((ca)b)p)q + b(((ac)p)q) — c(((ba)q)q)

—{(¢; 0),a) = —(((ab)e)p)p + (((ca)b)p)q + b(((ac)p)q) — c(((ba)q)q)

((b; ¢}, a) = (((ba)e)p)p — (((ca)b)p)q — b(((ac)p)q) + c(((ab)q)q).

The addition of the above elements yields the expected outcome. Now, we prove

the following identity:
f3(a7 b, C) - <<Ca a>7 b>_<<b7 CL>, C>—<<C, b>7 CL>—|—<<b, C>7 a>_<b7 <Cv a>>+<cv <b) CL>> = 0.

By direct calculations, we have

((c,a),b) = (((ca)b)p)p — (((ab)c)p)q — c(((ba)p)q) + b(((ac)q)q),
—{(b,a),c) = —(((ba)c)p)p + (((ab)c)p)q + c(((ba)p)q) — c(((ab)q)q),
—{(¢,b),a) = —=(((ab)e)p)p + (((ca)b)p)q + b(((ac)p)q) — c(((ba)q)q),

((b, ¢}, a) = (((ba)c)p)p — (((ca)b)p)q — b(((ac)p)q) + c(((ab)q)q)
—(b, {¢,a)) = —c(((ba)p)p) + b(((ac)p)q) + (((ca)b)p)q — (((ab)c)q)q

(¢, (b,a)) = c(((ba)p)p) — c(((ab)p)q) — (((ba)c)p)q + (((ab)c)q)q.

The desired result can be achieved by adding the elements mentioned above.
Now, we prove the following identity:

f4(a7 b, C) - <CL, <C7 b>>_<a7 <bv C>>+<b7 <a7 C>>_<b7 <Cv a>>_<cv <a7 b>>+<cv <b7 CL>> =0.
By direct calculations, we have
(a,(c, b)) = c(((ab)p)p) — b(((ac)p)q) — (((ca)b)p)q + (((ba)c)q)q,

—(a, (b, c)) = =b(((ac)p)p) + c(((ab)p)q) + (((ba)c)p)g — (((ca)b)q)q,
3



(b, {(a, c)) = b(((ac)p)p) — c(((ba)p)q) — (((ab)c)p)q + (((ca)b)q)q,
—(b, {c,a)) = —c(((ba)p)p) + b(((ac)p)q) + (((ca)b)p)q — (((ab)c)q)q,
—(c,{a,b)) = —c(((ab)p)p) + c(((ba)p)q) + (((ab)c)p)g — (((ba)c)q)q,

(¢, (b, a)) = c(((ba)p)p) — c(((ab)p)q) — (((ba)c)p)q + (((ab)c)q)q.

The desired result can be achieved by adding the elements mentioned above. [

Lemma 2.1.3. The identity fo(a,b,c) and fi(a,b,c) follows from the identities
fi(a,b,c) and f3(a,b,c).

Proof. There are 12 nonassociative monomials of degree 3, and we present them
in the following order:

{{(a,0),¢), {{a,¢),b), {(b, a), ), (b, ©), a), {{c, a), 1), ({¢, b), @),
(a, (b)), (@, (¢, b)), (b, (a, €)), (b, (¢, @), {¢; (a, D)), {c, (b, a)) }.

We select the coefficients of the monomials relative to the order of the above
monomials. In other words, the columns correspond to the monomials and the
rows represent each polynomial with all possible permutations of f; and f3 in
the variables a, b, c.

Then we have the following matrix, which first 6 rows are all permutations
of f; and the next 6 rows of fs:

(0 1 0 0 -10 0 0 1 =10 0
1 0 -1 0 0 0O O O 0 0 1 -1
o o0 o0 1 o0 -1 1 -1 0 0 0 O
-10 1 o0 O O o0 o0 0 0 -1 1
o o0 o0 -1 0 1 -1 1 0 O 0 O
A _ o -1 0 o0 1 o0 o0 o0 -1 1 0 O
=10 0 0 -1 0 1 0 0 -1 1 1 -1
o 0 0 1 0 -1 0 0 1 -1 -11
o -1r0 o0 1 0 -11 0 0 -1 1
o 1 o0 o0 -1 0 1 -1 0 0 1 -1

-10 1 o0 o0 o0 1 -1 -1 1 0
\ 1 0 -1 0 0 0 -1 1 1 10 0
Then we see that rank(A;) = 4. Now, we create a matrix of size 18 x 12

without changing columns, as in the previous matrix. Here, columns represent
monomials of degree three, while the rows represent every polynomial resulting
from all possible permutations of fi, fo and fs.
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Then we see that rank(As) = 4. Therefore, the identity fo follows from f;
and f3. We form the matrix whose rows are the polynomials with all possible

permutations of f;, where i € {1,2,3,4}. Also, write the columns as a previous

madtrices.
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Then rank(As) = 4. Hence, the identities fs(a,b,c) and fy(a,b,c) follows from
the identities fi(a,b,c) and f3(a,b,c).
[]

Let

L(gjl: x2, $3) = Z Sg’I’L(O') (<<x0(1)7 x0(2)>7 $0(3)> o <x0(1)7 <x0(2)7 $0(3)>>) = 0.

0ES3

Corollary 2.1.4. Any bicommutative algebra under the mutation product is
Lie-admassible algebra.

Proof. Since, fo(a,b,c) =0 and fy(a,b,c) =0 we have L(a,b,c) = 0. O

Theorem 2.1.5. Fvery identity of degree no more than 3 satisfied by the mu-
tation products in every bicommutative algebra is a consequence of identities:

fila,b,¢) = {{(b,a),c) — ((b,c),a) — (c,{(a,b)) + {(a,{c,b)) =0 (2.1.1)

f3(a7b7 C) - <<C> a>7b>_<<b> CL>,C>—<<C, b>7a>+<<b7 C>7a>_<b7 <Cv CL>>+<C, <b7 CL>> =0
(2.1.2)

Proof. Let F(a,b,c) =
A1 {{a, b), c) + Ao ({c,a),b) + A3{(b,a), c) + A\sy{{a, c), D)

+A5((c, b), a) + A¢((b, c),a) + Az{a, (b,c)) + As(b, (¢, a))
+)\9<C, <a, b>> + )\10(6, (a, C>> + )\11<C, <b, a)) + )\12(@, <C, b>>

be a nonassociative polynomial, i.e., an element of the free nonassociative alge-
bra of degree 3.

Let B be the free bicommutative algebra with generators a, b, ¢ with mul-
tiplication (a,b) — ab. We calculate F'(a,b,c) € B in terms of the mutation
product (a,b) = (ap)b — (bq)a.

We have F'(a,b,c) =

Ai{(a; b), ¢) + Aa((e; @), b) + A3{(b, @), ¢) + Aal(a, ©), b)

+A5({c,b),a) + Ag{(b, c),a) + Az{a, (b,c)) + As(b, (c,a))
+)\9<C, <CL, b>> + )\10(6, (a, C>> + )\11<C, <b, a>> + )\12(&, <C, b>>



+(A3 + Ae)(
+(A3 + Xg)c
4
+

((ba)c)p)p
(((ab)g)q)
A7+ A10)b(((ac)p)p)
A7+ Ao)(((ca)b)g)q
As + A11)e(((ba)p)p)
As + Ann)(((ab)e)g)q

)e((

)

_|_

_l_

_|_

A9 + Ai2)c(((ab)p)p)

(
(
(
(
(
()\9 + Ai2)(((ba)c)q)q

+ )
+(=A1 = A5 — A7 — A (((ba)c)p)g
+ )\7—)\11)0(((6@ )q)
Ao)(((ab)e)p)g
10)¢((
12) (((

++

Ao)e(((ba)p)g)
+ )\4 — )\6 2 ( ca)b) )

+ — A2)b(((ac)p)q).

Since, the mutation products of {a, b,c} are expressed with the set of ele-
ments

{(((ab)c)p)p, (((ba)e)p)q, c(((ab)p)q), c(((ba)q)q), (((ca)b)p)p, (((ab)c)p)p,

c(((ba)p)q), b(((ac)q)q), (((ba)c)p)p, c(((ab)q)q), (((ca)b)p)q, b(((ac)p)q),
b(((ac)p)p), (((ca)b)q)q, c(((ba)p)p), (((ab)c)q)q, c(((ab)p)p), (((ba)c)q)q}

in the free bicommutative algebra in degree 3, we see that F'(a,b,c) = 0 gives
us system of 18 linear equations with 12 unknowns \;, where ¢ = {1,..., 12}.
We see that this system has rank 8, and we can take A\, Ajg, A\11 and Ao as free
parameters and express the other parameters in the following way:

Ao = A1 — Ao + i,
A3 = —A1 — A1 + Ao,
Ay = =,

As = — A1+ Ag — A1,
A6 = A1+ An — A,

(=
(=X
(=X
(=X
(=
(=A

A7 = =M,
/\8 — _)\117



Therefore,
f = A291 + Aoge + A\gs + M1gs =0

where
g1 = ({b,a),c) = ((b,c),a) — (¢, (a, b)) + {a, {¢, ),
g2 = ({¢,0),a) = (a, (b)) — ((¢,a),b) + (b, (a, ),
g3 = {(a, ), ¢) + {(¢,a),b) — ((b,a),c) = ({a, ), b) = {{¢,b),a) + {(b, c), a)
g1 = ({¢,a),b) = ((b,a), ) — ((¢,b), a) + {(b,c),a) — (b, {¢,a)) + (c, (b, a))

We see that the following equalities hold:

gl(a7b7 C) - <<b7 CL>,C> o <<b7 C>,CL> - <Ca <a7 b> + <CL, <Cu b> - fl(aaba C)v

g2(a,0,¢) = (¢, b), a) = (a, (b)) = ({¢,a),b) + (b, {a, c)) = = fi(a, c,b),
g3(a,b,c) = {{a,0),¢) + ({c, > b) = (b, a),c) = ((a,c),b) = {{c;b), @)
+ (b, ¢), a) = fala, b, ),
g(a,b,¢) = ({¢, a),b) = ((b,a), ) = ({¢, b), @) + {{b, ¢),a) = (b, (¢, a))
+(c, (b, a)) = f3(a, b, ¢).

This means that any identity of degree 3 of the class Bicom,,, follows from
the identities {f1, f3}. And by Lemma 2.1.3, the proof is complete. O

Now, we prove that a bicommutative algebra, under mutation product, sat-
isfies identities of degree four that do not follow from fi(a,b,c) and f3(a,b,c).

2.2 Mutation product and identities in degree

four
Let

fila, by e, d) = ({{a,b),¢),d) — ({{a, d),b), c) + (b, {(d, a),c)) — (d, {{b,a),c))

f2(a bv ¢, d) - <<<b C>7a>7d> o <<<bv d>7a>c> + <Cv <<d7a b>> o <d7 <<C7 CL> b>>
+ <CL, <Cv <b7 d>>> o <CL, <d7 <b,C >> o <b7 <Cv <CL d>>> + <b7 <d7 <CL C>>>

f3(a, b, ¢,d) = {((b, a), ¢}, d) = ({(b,d), a),c) + (a, ({d, ), b)) — (d, ({a, ), b))
—(d, {{b,a), c)) + (d, ((b, ), a)) — {a, (b, {¢,d))) + (a, {c, (b, d)))
- <CL, <da <b7 C>>> + <b7 <d7 <CL, C>>>a

f4(avbv G, d) — <<a7b>7 <Cv d>> - <<C7 a>7 <d7 b>> - <CL << C> b>> — (G \\a d> b>>
— (¢, {{b,a),d)) + (¢, {{b,d), a)) + (¢, {{d, a), b)) + (d, ({a, ), b))
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Now, we proved that the bicommutative algebra under mutation product

The sum of the above elements gives us the desired result. The remaining five
satisfies additional identities except fi(a,b,c,d), where i € {1,2,3,4,5,6}.

identities f;(a,b,c,d) = 0, where ¢ € {2,3,4,5,6} are also prove by the same

calculations.



Lemma 2.2.2. Let (B, -) be a bicommutative algebra. Then (B, (, )) satisfies
the identity f(a,b,c,d) =0, where (a,b) = (ap)b — b(qa).

<<<a7b>7c>7d> - <<<a7b>7d>7c>7
<<CL, b>7 <Ca d>> - <<Cv d>7 <CL, b>>7
<a7 <bv <Cv d>>> - <b7 <CL, <Cv d>>>

Proof. By direct calculations, we obtain

(({a, ), c),d) = (((((ab)c)d)p)p)p — (((((ba)c)d)p)p)q — c(((((ab)d)p)p)q)
+ c(((((ba)d)p)q)q) — d(((((ab)c)p)p)q) + d(((((ba)c)p)q)q)
+ d(c((((ad)p)q)q)) — d(c((((ba)q)q)q)) = ({{a,b),d),c)

{(a, ), {c,d)) = c(((((ab)d)p)p)p) — d(((((ab)c)p)p)q) — c(((((ba)d)p)p)q)
+ d(((((ba)e)p)g)q) — c(((((ab)d)p)p)q) + c(((((ba)d)p)q)q)
+ d(((((ab)c)p)g)q) — d(((((ba)c)q)q)q) = ({c,d), (a, b))

(a, (b, (c,d))) = c(b((((ad)p)p)p) — d(b((((ac)p)p)q) — c(((((ab)d)p)p)q)
+d(((((ab)e)p)g)q) — c(((((ba)d)p)p)q) + d(((((ba)c)p)q)q)
+ (((((ca)b)d)p)q)q — (((((da)b)c)qg)q)q = (b, (a, (¢, d)))

Now, we have proved that the above identities are equal to each other.

Theorem 2.2.3. Fvery identity of degree no more than 4 satisfied by the mu-
tation products in every bicommutative algebra is a consequence of identities:

fila,b,¢,d) = ({(a,b), c),d) — (({a,d), b}, c) + (b, {{d; a), ¢)) — (d, {(b,a),c)) = 0.

10
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Let B be the free bicommutative algebra with multiplication (a,b) — ab.
We calculate F'(a,b,c,d) € B in terms of the mutation product (a,b) = (ap)b—

algebra of degree 4.
(bg)a.

We have

F(a,b,c,d)

(((((ab)e)d)p)p)p(A1 + Az + As)

—(((((ba)e)d)p)p)g(A1 + As + A1+ Aoz + Aag + Asg + Aao + Aas + Aag + Aao

4+ A50 + A3 + Aga + Ago + )\70)
—c(((((ab)d)p)p)q) (A1 + Aa + As 4+ Ag + A1z + A5 + Mg + Ais + Aar + Aoz + Ago

+ A1+ Mg + Asa + Aes + Aes + Ars + Arg + As3)

+e(((((ba)d)p)q)q) (A1 + Az + A1 + Ao 4+ A13 + Arg + Aag + Aar + Aoo + Ao

+ Aoy + )\26 + )\28 + >\45 + )\47 + )\50 + )\52 + )\69 + )\71 + >\81

+ )\83)
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—d(((((ab)e)p)p)q) (A1 + A3+ A1+ A2 4+ Aiz + Aia + Ao + o1 + Aoz + o3
+ As3)
+d(((((ba)c)p)q)q) (A + Mg+ Ag 4 Ag + A1z + Ais + Aig + Ais + Aog + Aas + Asg
+ A1+ Ao + Asa 4+ Ae3 + Ags + Arz + Arg + Ass)
+d(c((((ab)p)q)q)) (A1 + Ag + A11 + Aas + Aog + Az + Aag + Aas + Aag + Mg
+ /\50 + )\63 + )\64 + )\69 + )\70)
—d(c((((ab)p)q)a)) (M + Az + Aa)
(ba)c)d)p)p)p(A2 + As + Ae)
(ca)b)d)p)p)q(Xa + A3 + A2 4 Xog + Ags + Aze + Mgz + Mg + As1 + As2
+ As7 + Asg + Arp 4 Ar)
—b(((((ac)d)p)p)q) (A2 + Az 4+ Aa + X6 + A1a + Ais + A7 + Ais + Mg + Aog + Ao
4+ A33 4+ A35 4+ As1 + As3 + As7 + Asg + A7s + A7 + A9 + )\81)
+c(((((ab)d)p)q)q) (A2 + A5 4+ Ao + A2 + Ais + Aig + Mg + Aot + Aog + Aso
—d(((((ba)c)p)p)q) (A2 + As + Ao + Mg + Ais + A1 + Aig + Aor + Aoz + Az
+ A36 + Az + Mg 4 Asg + Asg + Agr + Arz + Arr 4 Ago + Ass)
+d(((((ca)b)p)q)q) (A2 + Az + Mg+ Ag + Arg + A1 + A7 + Ais + Arg + Mg + Aas
+ A33 + A35 + A51 + As3 + As7 + Asg + Ars + A7+ Aqg + >\81)
+d(b((((ac)p)q)q)) (A2 + A3 + A2 + Aog + Ag5 + Azg + Aaz + Aag + As1 + Aso
+ As7 + Ass + At + Ar)
—d(c((((ab)q)q)q)) (A2 + A5 + o)
—(((((da)b)c)p)p)q(Aa + A6 + Ag 4+ Aag + Ag0 + A3z + Asa + Ax + A2 + Asg + Ass
+ As0 + Ago + Aes + Aeo)
+c(b((((ad)p)q)q))(Aa + X6 + Ag + Aag + Aso + Asz + Aga + Aa1s + Ao + As3 + Asa
+ )\59 + )\60 + )\65 + >\66)
—(((((ab)e)d)p)p)q(As + A7 4 Ao + Az1 + Aga + Agr + Asg + Mz + Agg + Ass
+ As6 + A61 + g2 + Ag7 + Aes)
—c(((((ba)d)p)q)q) (A5 + A6 + A7 4 Ag + A1z + Mg + Aig + A1z + Aoz + Aoz + Aoy
+ A31 + A37 + Ao + A5 + Ao + Ae1 + A6 + A3 + A+ Aso
+ As4)
+d(((((ab)e)p)q)q)(As + As + A7 4 Ag 4 A1z + g + Mg + A1z + Aoz + Aoz + Aoy
+ A31 -+ A37 -+ Ao+ As5 + 6o + Ag1 + g + A3+ Ars + Aso
+ As4)
+d(c((((ba)p)q)q))(As + A7 4 Ao + Azt + Az 4 Az + Agg + Aaz + Agg + Ass
+ >\56 + )\61 + )\62 + )\67 + )\68)
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+(((((ca)b)d)p)p)p(A7 + As + Ag)

+b(((((ac)d)p)q)q) (A7 4 Ag + Ao + A1 + A7 + Mg + Aig + Ao + Aog + Asg

d(((((ca)b)p)p)q) (A7 + As + Ao + Aip 4 Az + Aig + Ajg + Aog + Aoy + Asg
+ Ao + g+ Aag + Ag2 + Ags + Aes + Ao + Aso + As2)

—d(b((((ac)q)q)q)) (A7 + As + o)

+(((((da)b)e)p)p)p(Aro + Aix + Ai2)

—c(b((((ad)q)q)q)) (Mo + A1 + Ai2)

+c(((((ab)d)p)p)p) (A1 4 Aig + Aag + Azz + Azg + As1 + As2 + A1 + Ae2)

—d(((((ba)c)q)q)q) (A3 + A1 + Aog 4 Azz + Azs + Ast + As2 + Ae1 + A2)

+b(((((ac)d)p)p)p)(>\14 + A5 + Aag + Aag + Aog + A31 + A30 + Aag + A0 + Ass
+ As6)

—d(((((ca)b)q)q)q)(Aia + Ais + Azz 4+ Aas 4+ Aas + Azt + Az2 4+ Aag + Aso + Ass
+ As6)

+C(((((b@)d)p)p)p)o\16 + A7+ A35 + A36 + A39 + Aag + As7 + Ass + g3 + >\64)

—d(((((ab)c)q)q)q)(km + A7+ A35 + A36 + Az9 + Aag + As7 + Asgs + g3 + )\64)

+d(((((ba)c)p)p)p)(Aig + A2z + Asz + Aas + Aag + Asg + Aeo + Aeo + A7o)

—c(((((ab)d)q)q)q) (A9 + A2z + Az3 4+ Aas + Aag + Asg + Ao + A6 + Aro)

+d(((((ab)e)p)p)p)(A20 + A21 + Aaz + Aag + Asz + Asa + Ag7 + Aes)

—c(((((ba)d)q)q)q) (A2 + A2t + Aaz + Aag + As3 + Asa + A7 + Aes)

+d(((((ca)b)p)p)p)(A2a + Aa1 + Aa2 + Mgz + Mg + Ao + oo + Ar1 + Ar2)

—b(((((ac)d)q)q)q) (Ao + Aa1 + Aa2 + Aaz + Aag + Ags + Aes + A7 + Ar2)

+(((((ca)b)d)p)q)a(Aas + Azt 4+ Aaa + Aag + Aag + Asa + Ass + Aeo + Aes + Aro
+ A7z + Ag2)

—d(b((((ac)p)p)q))()\g5 + A31 + Aag + Aag + Mg + Asa + As5 + Ago + Aes + Ao

+(((((da)b)c)p)a)q(Aas + Ao + Asz + Azs + Azg + Ago + Aso + As2 + Asg + Ass
+ Ag2 + Aga + )\80)

—c(b((((ad)p)p)q)) (Aag + Aag + Az + Asg + Asg + Aap + Asp + Asz + Asg + Asg
+ A62 + Aea + Aso)

+(((((ba)c)d)p)q)q(As7 4 Aaz + Az + Mg + As1 + Asz 4 As1 + Aes + A7 + Az
+ A7s + A7+ Asq)

—d(c((((ab)p)p)a))(Asr + Mgz + Aaz + Mg + As1 + Asg + Ae1 + Aes + Ao + Ao
+ A7+ Arr + Agq)

+(((((ab)e)d)p)q)q)(As3 + Ass + Azg 4 Aa1 + Aus + Mz + As7 + Asg + Mgz + Aes

+ X9 + A7+ Arg + Agt + Ag3)
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+d(c((((ba)p)p)q))(Ass 4+ Ass + Asg + Aa1 + Aas + Aaz + As7 + Aso + Ae3 + Aes
+ >\69 + )\71 + )\79 + )\81 + >\83)
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_)\1 - >\37
_)\2 - )\57

_)\7 o )\87

Aoy = —A13 = As — A1y — A1g — A1z — Aig — A9 — Ao — Aar — Aog — Agg

A2 = —A10 — A1,

A6
Ag

following way:
Ay



Asy = Ao — A13 — Arg — A5 — Aig — Aog — Aop — Aoz — Ags — Agg — Aag — Aug
+ A5 — Aso — As1 — As2 — Asz + A7,

As6 = —A14 — A5 — A2z — Aas — Aog — A3t — As2 — Agg — Asp — Ass,

Asg = A1+ A1 — Aig — A7 — A1g — Aoa + Aoz + Agg — A3z — Ags — Aze + Agg
+ As0 — As7 — Asg — Ago + As,

Aoz = —A13 — A1g — Aag — A7 — Asg — A1 — As2 — Aet,

A6z = —A13 — Ag — A5 — Aig — A7 — Aig — Aoz — Aos — A3t — Az — Agr — Agg
— A9 — As1 — Ass — As7 — Ae1 + Aso,

Aoa = A13 + Ara + A1z + A1g + Aoz + Aos + Agt — Aze + Asz — Ago + Ao + A5t
+ Ass — Ass + A1 — Aso,

Ags = —A10 — A1l + A3+ Ay + Ay + A+ Atz + A+ Arg + Ao + Ao + Ao
+ Aoz + Aog + Aag + A3+ Ags + Asg — Aar — Ao+ Ast + Aso + A7+ Asg
— X665

Aes = —A10 + A1z + Arg + A5+ Aig + Aoz + Ags + Agg + Aog — Auz — Agg + Ay
— A5+ Aso + As1 + As2 — Ag7 — A7,

A69 = —A1 + Atg + A5+ A7+ Aig — Ao — Aga + Aoz + Aoz + Azp + Ags — Agg
— Ag5 + Mg — A5 + Azt + Ass + Ast — 67 + Ase,

A70 = —A11 — A — A5+ Ag — Aig + Aar + Aoo — Aoz — 205 — Aog — A31 + 36
+ A1z — A6 — 219 + A5 — Aso — Ast — Ass + Asg + Aer — As — As2,

A71 = A0+ A1 — Ao — Aag — A3 — Az5 — Asg — A7 — Aus — Azt — Asz — Asp
— Asg — A2,

A73 = A11 + Arg + Ais — Ag + At + Agg — Aoz + Aoz + Ao + Aog — Aze + Aag
— A5+ Aso + Ast + Asz — Asg — Ago + As,

A75 = —A11 — Aig + A1+ Arg + Ao+ Aop + Aoo — Aoz — Ao — Aog — Azt + Ase
— A37 — A2 — Mg + A5 — Aso — A1 — Asz — Ass + Asg — Ag1 — Ags + Aso,

A7 = A1+ A — A1 — A9 — Ao — Aar — Aaa + Aoz + Ags + Ao + Azt — Asg
— Ag3 — Mg+ Mg — As + Aso + Ass — Asg — Ag7 — A2 + Aso,

At9g = —A15 — A1g — Ao — A2 — Ao — A1 + Azt + Azz + Ag2 + Ass + Aeo + Ae1
+ Aes — As — Aso,

Ag1 = —A11 — Aig + A1g + Arg + A2+ Aar + Ago — Aoz — Aas — Aog — A31 + A3e
+ Az + Aag — Mg + A5 — Aso — Ass + Ass + Aer + A2 — Ao,

As3 =0,

Agt = —Ag0 — As2

We write the 61 free parameters generated by us with the 84 nonassociative
monomials of degree 4 (2.2.7), substituting them with the remaining pivots.
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), 0),d) + X ({(b, c), a), d) + A3(({a, ©),b), d) + (=1 — A3)
<<<a7d> b> >+>\5<<<b7a> >d> ( Ay — >\5)<<<b7d>7a>ac>+)\7<<<C7a>7b>7d>
( )‘7_)‘8)<<<Cvd>7 >7b>+)‘10<<<d7a>>b>7c>

11)<<<d ¢),a),b) + Mz({a,b), (¢, d))
b,c)) + Ais((b, a), (¢, d)) + Mz ((c, a), (b, d))
b,¢)) + A ((d, b), (a,¢)) + An ((d, c), (a, b))
(a,c)} (— >\13—>\14—>\15—)\16—)\17—>\18
{

), d) + Aas({a, {c, >

>7d> +)‘32<< >

), d) ((b

< >7 >+)‘40<<67 b7

d, {a,b)),c) + A\ {{d, {a,c)),b
d < >7 >+>‘48<< 7<C7 b>>7a

+ Asola, ((b,d),c)) + As1{a, ({¢,b),d)) + As2{a, {{c,d), b)) + A3

+ (A0 — A1z — Adig — A — Aig — Aog — Ao — Aoz — Aas — Aas — Aag — Agg

+ A5 — As50 — As1 — As2 — As3 + A7) {a, ((d, c), b)) + As5(b, {{a, c),d))

+ (=Aa — A5 — Aoz — Aas — Aas — Azt — Azg — Agg — Aso — As5) (b, ({a,d), c))

+ A57(b, ((c,a),d)) + Ass(b, {{c,d),a)) + (A1 + A11 — A1 — A\17 — A19 — A2

+ Ao5 + A2g — A33 — Ag5 — Age + Agg + Aso — As7 — Ass — Ago

+ As)(b, ({d, a), c)) + Xeo(b, ({d, ), a)) + Ae1{c, ((a,b),d)) + (A3 — Ais

— Aog — A37 — A3g — As1 — As2 — )\61)<C, <<CL, d>, b>> + (—)\13 — Mg — A5 — Agg

— A7 — A8 — A2z — Azs — A3t — A35 — Asr — A39 — Ao — A5t — Ass — As7 — Aat

+ )\80)<C, <<b, a), d>> + ()\13 4+ A4+ A5+ Aig + Aoz + Ao + A3p — A3 + A37

— Ao + A9 + Ag1 + As5 — Asg + Ag1 — )\80)<C, <<b, d>, a>> + (—)\10 — A1+ A3

+ Atg + A1s + A1e + A17 + Mg+ Arg + Ao+ Agg + Aor + Ago + Aoz + Aog + A3

+ X35+ A3 — M1 — M2+ g1+ As2 + Ag7 + Asg — )\66)<Ca <<d, CL>, b>>

+ Xes(c, ({d,b),a)) + Ne7{d, ({a,b),c)) + (—A10 + A1z + A1g + A5 + Ais + Aog

+ Aos + Aog + Aog — Mgz — Aag + Mg — As + Aso + As1 + As2 — Aer

— )\7) <d, {(a, C>, b>> + (—)\1 4+ Mg+ A5 + A7+ Aig — Aap — oo + Aag + Aos

+ A31+ Ass — Az — Aus + Aag — As + Ast + Ass + As7 — Aer

+ )\gQ)(d, <<b, a), C>> + (—/\11 — A4 — A5+ Mg — Mg + o1 + Aog — Aag — 205

— A6 — A31 + A36 + Aaz — Aag — 210 + A5 — Aso — At — Ass + Ass + Aer — Ag

— Xs2){d, ({b,c),a)) + (Ao + A1 — A2 — Aog — A3 — Ag5 — Azg — Aaz — Agg
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— A5t — A2 — Asy — Asg — An2)(d, ((c, @), b)) + Ana(d, ({c,b),a)) + (A1 + Mg
+ A5 — A1g + A1g + A0 — A2 + Aoz + Aoz + Aog — Aze + Aag — A5 + Aso + Asg
+ As3 — Ass — Ao + As){a, (b, (¢, d))) + Asla, (b, {d,c))) + (—A11 — A4 + A6
+ Atg + A2 + Aa1 + Aga — Aoz — Aas — Aog — A31 + A3 — Azr — Aa2 — Agg + As
— As0 — As1 — Asg — Ass 4+ Ass — Ae1 — Aes + Aso)(a, (¢, (b, d)))

+ Ar6(a, (¢, (d,0))) + (M1 + Aa — Aig — Ao — A2 — Aot — Aoo + Aoz + Aos

+ Ao + A31 — A6 — Aa3 — Aag + Agg — A5 + Aso + Ass — Asg — Agr — A2

+ As2){a, {d, (b, c))) + As{a, (d, (c,b))) + (=15 — Ad1g — A9 — Ao — Agg — Aoy
+ )\31 + )\37 + )\42 + )\55 + )\60 + /\61 + )\66 — >\8 — )\80)<b, <C, <CL, d>>>

+ )\80<b, <C, <d, CL>>> + (—)\11 — M4+ Mg+ Mg + Ao+ Aop + Aag — Aog — Aas
— A2 — A31 + A36 + Aaz + Aag — Ao + A5 — Aso — Ass + Asg + Aer + Aro

- )‘82)<b7 <d7 <CL, C>>> + )‘82<b7 <d7 <Ca a>>> + (_)‘80 - /\82)<Cv <d7 <b7 a>>>

Now, let us denote the 84 nonassociative monomials of degree 4 in 2.2.7 as
e; where i € {1,2,3,...,84}. Therefore, we decompose each monomial by \;.

Ai(er — eq + esg — egg) + Aa(ea — es + €65 — €71 + €75 — er7 — eqg + €s1)

+ A3(es —es +egs — e71) + As(es — e + 54 — egs — €69 + €70 — €73 + €75 — er7
+ eg1) + Ar(er — eg + esq — egs) + As(es — eg + es9 — erp + er3 — exg) + Ao(ero
— €12 + €51 — €65 — €63 + 1) + A1(ern — ez + esg — egs — erp + en + ez — ers
+ €77 — eg1) + Miz(e13 — e — €54 — €2 — €63 + €64 + €65 + €68) + Aa(€14 — €24
— €54 — €56 — €63 T 64 + €65 + €68 1 €69 — €70 + €73 — €75 + er7 — es1) + Ais(ers
— €24 — €54 — €56 — €63 1 €64 1 €65 + €68 + €69 — €70 + €73 — €79) + Aig(€16 — €
— €59 — €63 T €65 + €70 — €73 + €75 — €77 + eg1) + Mir(e1r — e — es9 — €63 + €65
+ €69) + Mis(e1s — €24 — €54 — €62 — €63 + €64 + €65 + €68 + €69 — €70 + €73 — €79)
+ Aig(e1g — ean — €59 + €65 + €75 — €77 — €79 + €g1) + Azo(€20 — €24 — €54 + €65
+ €73 — e79) + Aar(e21 — e — €54 + €65 — €69 + €70 + €75 — €77 — erg + €s1)

+ Aoa(e22 — eas — €59 + €65 — €69 + €70 — e73 + €75 — €77 + eg1) + Aaz(eas — en
— €514 — €56 — €63 T 64 + €65 + €68 1+ €69 — €70 + €73 — €75 + er7 — es1) + Aas(€2s
— €514 — €56 T €59 — €63 + €64 + €68 1+ €69 — 2€70 + €73 — €5 + €77 — €eg1)

+ Ag6(€26 — €51 — €56 + €59 + €6z — €70 + €73 — €75 + €77 — ez1) + Aag(eas — €54
— €62 T €65 + €63 — €71) + Az1(€31 — €56 — €63 + €64 + €69 — €70 — €75 + €77 + erg
— eg1) + As2(e32 — €56) + Ag3(ess — es9) + Azs(ess — es9 — €63 + €65 + €69 — er1)
+ Az6(€36 — €59 — €64 + €65 + €70 — €71 — €73 + €75 — €77 + ez1) + Asr(esr — eqo
— €63 T €61 — €75 + €79) + Azs(ess — €62) + Asg(e39 — €63) + Aao(ea0 — €64)

+ Ag1(eqr — eg5) + Aa(es2 — €5 — €75 + er9) + Maz(ea3 — ess — €69 + €70 — er7
+eg1) + Maleas — eas) + As(eas — €69) + Aag(eas — €70) + Aar(esr — enn)

+ Ag(eas — €71 — er7 + eg1) + Ag(eag — es4 — €56 + €59 — €63 + €6a + €68 + €69
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— €70 — €70 + €73 — €75 + €77 — €s1) + Aso(es0 — esa — €56 + €59 + egs — €7 + €73
— 75+ er7 — es1) + Asi(es1 — esq — eg2 — €63 + e6a + €65 + €68 + €69 — €70 — €71
+ €73 — €75) + Asa(es2 — €54 — €62 + €65 + €68 — €71) + Asz(es3 — €54 + €73 — e73)
+ Ass(€s55 — €56 — €63 + €64 + €69 — €70 — €75 + €77 + €79 — ez1) + As7(esr — €59
— €63 T €65 + €60 — €71) + Asg(€s8 — €59 — €64 + €65 + €70 — €71 — €73 + €75 — ey
+ eg1) + Aeo(eo — es9 — €73 + er9) + Xe1(es1 — €62 — €63 + €4 — €75 + €79)

+ Ao6 (€66 — €65 — €75 + €79) + Agr(€67 — €68 — €69 + €70 — €77 + €s1) + Ara(ern

— e71 — €77 + eg1) + Aso(€so + €63 — €64 + €75 — €79 — €s4) + Aga(€z2 + €69 — enp
+ €77 — €81 — 684) = 0.

So, we have obtained 61 identities. Now, we need to show that all of them
follows from the Theorem 2.2.3.

We select the coefficients of the monomials based on their order in the
preceding list 2.2.7. In other words, the columns of a matrix correspond to
the monomials and the rows of a matrix represent each polynomial with all
possible permutations of f; where ¢ € {1,2,3,4,5,6} in the variables a, b, ¢, d.
The resulting matrix achieves a rank of 106.

After that, we construct a matrix without changing its columns; however,
the rows represent every polynomial resulting from all possible permutations of
fila,b,c,d) where i € {1,2,3,4,5,6} and other 61 identities. The rank of this
matrix is also 106. Hence, the 61 identities follows from the identities in the
Theorem 2.2.3.

[]
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3. Base elements under mu-

tation product

3.1 List of base elements of degree three and
four

Below is the list of base elements of degree 3:
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of base elements of degree 4:

+—

Below is the lis

20



({(0,0), @), d) = (((((ba)c)d)p)p)p — (((((ca)b)d)p)p)q — b(((((ac)d)p)p)q

+c(((((ab)d)p)g)q) — d(((((ba)c)p)p)q) + d(((((ca)b)p)q)q)

({(b,d), a), c) = (((((ba)c)d)p)p)p — (((((da)b)c)p)p)q — b(((((ac)d)p)p)q

+d(((((ab)e)p)a)q) — c(((((ba)d)p)p)q) + d(((((ca)b)p)q)q)

+c(b((((ad)p)q)q)) — d(c((((ab)q)q)q))

(3.1.18)
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({a, (b, e)), d) = b(((((ac)d)p)p)p) — c(((((ab)d)p)p)q) — (((((ba)c)d)p)p)

({a, (b,d)), c) = b(((((ac)d)p)p)p) — d(((((ab)c)p)p)q) — (((((ba)c)d)p)p)
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>~
===
QL ~
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= 82
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S = 8
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((b; {a,d)), c) = b(((((ac)d)p)p)p) — d(((((ba)e)p)p)q) — (((((ad)c)d)p)p)

(b, (d, a)), c) = d(((((ba)c)p)p)p) — b(((((ac)d)p)p)q) — (((((da)b)c)p)p)
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((c, (b, d)), a) = c(((((ba)d)p)p)p) — d(((((ca)b)p)p)q) — (((((ba)c)d)p)p)
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({d, (b, )), a) = d(((((ba)c)p)p)p) — d(((((ca)b)p)p)q) — (((((ba)c)d)p)p)

({d; {¢,a)), b) = d(((((ca)b)p)p)p) — d(((((ab)c)p)p)q) — (((((ca)b)d)p)p)



(a, ({d,b), c)) = d(((((ab)e)p)p)p) — b(((((ac)d)p)p)q) — d(c((((ab)p)p)q)

(a, ({d, c), b)) = d(((((ab)c)p)p)p) — c(((((ab)d)p)p)q) — d(b((((ac)p)p)q)

(b, ((a, ¢}, d)) = b(((((ac)d)p)p)p) — c(((((ba)d)p)p)q) — d(b((((ac)p)p)q)
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(b, {{d; ), a)) = d(((((ba)c)p)p)p) — c(((((ba)d)p)p)q) — d(b((((ac)p)p)q)

(e {{a,b),d)) = c(((((ab)d)p)p)p) — c(((((ba)d)p)p)q) — d(c((((ab)p)p)q)

(¢, ((a, d), b)) = c(((((ab)d)p)p)p) — d(((((ca)b)p)p)q) — c(b((((ad)p)p)q)



(d, ({a,b), c)) = d(((((ab)e)p)p)p) — d(((((ba)e)p)p)q) — d(c((((ab)p)p)q)

(d, ({a, c), b)) = d(((((ab)e)p)p)p) — d(((((ca)b)p)p)q) — d(b((((ac)p)p)q)

(d, {(b, a), c)) = d(((((ba)c)p)p)p) — d(((((ab)c)p)p)q) — d(c((((ba)p)p)q)

~ )
s =
= O
~— —~ O
~ O 3
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4. Basis elements in bicom-
mutative algebras

4.1 Young diagrams

Let’s consider an ordered set X. We investigate Young diagrams of two spe-
cific forms: (n) and (n—k, 1¥), where k ranges from 1 to n—2, aiming to identify
basis elements at degree n. These Young diagrams are populated with elements
from X, satisfying conditions suchasa; < as < --- < apand by < by < --- < by,
with both k£ and [ being positive integers for aq,...,ar,b1,...,0; € X. These
arrangements can then be mapped to monomials representing bicommutative
base elements as follows.

ap b1 bg bl

as

s an(. - (as(( .. ((arby)ba) .. D)) -..).

ak

We present the construction of the multilinear base elements of
Bicom({a,b,c}) as an example and suppose that a < b < c.

ajblel, (ab)c, blaje], (ba)e, LE 1 bl (ca)b
c alb bla
— b(ac), — c(ab), — c(ba).
b c c
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Proposition 1. k+1=n

ap|by|ba|...| b e
a2
< as c >:
Qg
a bl bQ bl C lerlqkfl
a2
ay
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a1

by

by |. ..

bi

a2

ag




Proof. 1t is easy to see that

ap | by | ba|...| b pl Q- ap | by | ba|...| b pl qkfl\
a9 a2
¢ — (cq)
ag Qg /
bilay|as|...|a;|pF? \ (51 ai|az|...|ag p* C]l
bg b2
+ | = ple—(cq) |
bl / \ bl
ai| by | by b pl qk
al bl b2 . bl pl+1 qkfl
a2
a2
Qg
Qg
c
; by laj|as|...|a pk_qu_l
bl ay|as|...|ag| c |p"|q b
2
ba ,
+ — -
by
by
c
where k + [ = n.
Proposition 2. k+1=n
(=)
aq bl b2 bl p q
az
< as e >
ag
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(+) ai | b1 | by | b pl qk
ap | b1 |ba|...| by | C PlH?k_l\
a2
a2
ag
ag
c
Proof. It is easy to see that
ay | by [ba|...| b pl gk_l ay | by | be | b pl gk_l\
a3 a2
p|c—(cq)
ag ag /
bilay|as|...|app* Y q \ /bl ai|as|...lap 1 ¢
ba ba
- plet(cq) | —
b / \| b
aq bl bg bl pl qk
ap | by |ba|...| b | c pl—qu_l
as
as
ag,
Qg
c
T bi lay|as|...|ap pF g™t
bilaj|as|...lap| c |DP"|q )
2
ba ,
by
by
c

(+)

where k+1=n

Lemma 1. If n is odd, then

({(({ar, az), az)...), an)
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(+) | a1 | a2 ap
ay | az ap | P - E
i=3 | Qi
(+) (+)
ay |az | a; | p q q ap|az | p
" as as
i=3
Qp, G,
If n is even, then
((...{{a1,a9),a3)...),a,) =
. (—)
(-) ay | az anp q
ap | az Qp | P - E
i=3 | Qi
(-) (-)
ay | as | a; P|q q ai | az q
" | as as
4o E I
i=3
Qp, Qn,

Proof. Assume that the above formulas true for £ < n. So, k = n — 1. Let
n — 1 is even, then n is odd and

—
~—

((...<<a1,a2>,a3>,...,an_1>,an>::
- Zlar|a (L1 q
(|ar|az|...pn— P >
i=3| %i
(-) (—)
ap | az | a; q q ap a2 | p
i as as
- |
i=3
(n—1 (n—1
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By Prop 1 and Prop 2:

(+)

(

as

(n—1

Qn

+
(@) (w)]
Q ]
i
I
S
—
= .
(]
J .
I
]
° N
-
S| S S| S
i
| +
*
IT
~— q
= o
IS
S,
I
3
= T
I
I [
- .
N
5 ~
- 3
—
3
(&N
= —
|
— g
S |

plp|pu

Qn

Q;

a2

ai

(+)

Qn

as

/
\

(

an

az

[y
)
S
[\
-
— o <
3 -] 3
[y
[y
IS
S
)
N
-
— e} <
- -} -]

n
ai

38



5. Conclusion

In conclusion, we consider bicommutative algebras under mutation products.
We obtain that any bicommutative algebra under the mutation product satisfies
Lie-admissible identity, which follows from two independent identities of degree
three. Moreover, we obtain all identities of degree four and our article has been
submitted to the journal ”SDU Bulletin”.
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